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We prove that one-sided topological Markov shifts (X4, 04) and (X, o)
for matrices A and B with entries in {0, 1} are continuously orbit equiva-
lent if and only if there exists an isomorphism between the Cuntz—Krieger
algebras 04 and Op keeping their commutative C*-subalgebras C (X 4) and
C(Xp). The “if” part (and hence the “only if”’ part) above is equivalent
to the condition that there exists a homeomorphism from X, to Xp inter-
twining their topological full groups. We will also study structure of the
automorphisms of 04 preserving the commutative C*-algebra C (X 4).

1. Introduction

The study of orbit equivalence of ergodic finite measure preserving transformations
was initiated by H. Dye [1959; 1963], who proved that two such transformations
are orbit equivalent. W. Krieger [1976] has proved that two ergodic nonsingular
transformations are orbit equivalent if and only if the associated von Neumann
crossed products are isomorphic. In topological setting, Giordano, Putnam and
Skau [Giordano et al. 1995; 1999] (see also [Herman et al. 1992]) have proved
that two minimal homeomorphisms on Cantor sets are strong orbit equivalent if
and only if the associated C*-crossed products are isomorphic. In a more general
setting, J. Tomiyama [1996] (see [Boyle and Tomiyama 1998; Tomiyama 1998])
has proved that two topological free homeomorphisms (X, ¢) and (Y, y) on com-
pact Hausdorff spaces are continuously orbit equivalent if and only if there exists
an isomorphism between the associated C*-crossed products preserving their com-
mutative C*-subalgebras C(X) and C(Y). He also proved that it is equivalent to
the condition that there exists a homeomorphism % : X — Y such that & preserves
their topological full groups.

In this paper we study the relationship between the orbit structure of one-sided
topological Markov shifts and the algebraic structure of the associated Cuntz—
Krieger algebras. Let (X4, 04) be the right one-sided topological Markov shift
defined by an N x N square matrix A with entries in {0, 1}, where o4 denotes

MSC2000: primary 46L55; secondary 46L.35, 37B10.
Keywords: topological Markov shifts, orbit equivalence, full group, Cuntz—Krieger algebra.

199


http://pjm.berkeley.edu
http://dx.doi.org/10.2140/pjm.2010.246-1

200 KENGO MATSUMOTO

the shift transformation on X 4. The one-sided topological Markov shifts are no
longer homeomorphisms in general and the Cuntz—Krieger algebras cannot natu-
rally be written as a crossed product by Z. Hence Giordano, Putnam and Skau’s
and Tomiyama’s method cannot be applied to study one-sided topological Markov
shifts and Cuntz—Krieger algebras. However, in this paper, theorems similar to
theirs will be proved in our setting by using a representation of 04 on a Hilbert
space having its complete orthonormal basis consisting of all points of the shift
space X 4.

Let ® 4 be the C*-subalgebra consisting of all diagonal elements of the canonical
AF-algebra 4 inside of O4. It is naturally isomorphic to the commutative C*-
algebra C (X 4) of all complex-valued continuous functions on X 4. Let [0 4], be the
topological full group of (X4, 64) whose elements consist of homeomorphisms 7
on X 4 such that 7 (x) is contained in the orbit orb,, (x) of x under o4 forall x € X4
and such that its orbit cocycles are continuous. We say that (X 4, o4) and (Xp, op)
are continuously orbit equivalent if there exists a homeomorphism 4 : X4 — Xp
such that A (orb,, (x)) = orbs, (h(x)) for x € X4 and if their orbit cocycles are
continuous.

We will prove the next three theorems, where condition (I) is that of [Cuntz and

Krieger 1980, page 254].

Theorem 1.1. Let A and B be irreducible square matrices with entries in {0, 1}
satisfying condition (1). Then the following three assertions are equivalent:
o There exists an isomorphism ¥ : 04 — Opg such that ¥ (D 4) = Dp.
e (Xa,04) and (Xp, op) are continuously orbit equivalent.
o There exists a homeomorphism h : X 4 — X p such that ho [64lcoh™ =[o5],.
To prove this theorem, we study the normalizer N (04, ® 4) of © 4 in 04, which

is defined as the group of all unitaries u € © 4 such that u® qu™ =9 4. We denote
by U(D 4) the group of all unitaries in 2 4.

Theorem 1.2. Let A be a square matrix with entries in {0, 1} satisfying condi-
tion (). Then there exists a splitting short exact sequence

1= WD p) —> N0, Ds) — [o4)e — 1.
Let Aut(04, © 4) be the group of automorphisms o of 04 such thata (D 4) =D 4.

Denote by Inn(0O4,®4) the subgroup of Aut(O4,®4) of inner automorphisms
on 04. We set Out(04, D 4) to be the quotient Aut(04, D 4)/Inn(04, D 4).
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Theorem 1.3. Let A be an irreducible square matrix with entries in {0, 1} satisfy-
ing condition (I). Then there exist short exact sequences

1= ZL (WD) > Aut(O, D4) > N([oal) — 1,
1= BLU®D ) > In(04, D4) 5[4l — 1,
1 H, (WD) —> 0ut(04, Da) -5 N(l0alo)/loalc — 1.
They all split. Hence Out(C 4, ® ) is a semidirect product
Out(04, D) = N([o4l)/[0alc - H,, (WD 4)).

where N ([c4].) denotes the normalizer of [o4]. in the group Homeo(X 4) of all
homeomorphisms on X 5, and Z}. (U(D4)), B, (UW(Dr)) and H}, (U(D 4)) are
the group of unitary one-cocycles for ¢ 4, the subgroup of Z (}_A UW(D 4)) of cobound-
aries and the cohomology group Z} (WD a))/ B} (WD 4)) respectively.

Similar theorems hold for the pair of the canonical AF-algebra & 4 inside of Oy4
and its diagonal algebra ® 4; these are studied in Section 7.

In [Matsumoto 2009], the results of this paper have been generalized.

Throughout the paper, we denote by Z, and N the set of nonnegative integers
and the set of positive integers respectively.

2. Preliminaries

Let A=[A(, j)]l[.YjZ1 be an N x N matrix with entries in {0, 1}, where 1 < N € N.
Throughout the paper, we always assume that A satisfies condition (I) in the sense
of Cuntz and Krieger [1980]. We denote by X 4 the shift space

Xa={(n)nen € {1, ..., NN | A(xp, x041) = 1 for all n € N}

over {1,..., N} of the right one-sided topological Markov shift for A. It is a
compact Hausdorff space in natural product topology. The shift transformation
o4 on X4 is defined by a4 ((x;)nen) = (Xn+1)nen and is a continuous surjective
map on X 4. The topological dynamical system (X4, o4) is called the (right one-
sided) topological Markov shift for A. The condition (I) for A is equivalent to the
condition that X 4 is homeomorphic to a Cantor discontinuum.

Aword u = puy---ug for u; € {1,..., N} is said to be admissible for X 4 if u
appears somewhere in some element x in X 4. The length of u is k and denoted
by |u|. We denote by Bi(X4) the set of all admissible words of length k € N.
We denote by By(X ) the empty word &. We set B.(X4) = (Uz— Br(Xa), the
set of admissible words of X 4. For x = (x,),en € X4 and positive integers k, [
with k <[, we put the word xpx ;j = (Xk, Xk+1, . .., X1) € Bj_x+1(X4) and the right
infinite sequence Xk o0y = (Xk, Xk41,...) € Xa.
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The Cuntz—Krieger algebra O 4 for the matrix A has been defined by the universal
C*-algebra generated by N partial isometries Sy, ..., Sy subject to the relations

N N
> 8;Sr=1 and S7S;=> AG,))S;S; fori=1,...,N
j=1 j=1

[Cuntz and Krieger 1980]. If A satisfies condition (I), the algebra O4 is the unique
C*-algebra subject to these relations. For a word y = uj--- up € Bp(Xa), we
let S, = 8y, -+ Sy, By the universality of the relations above, we get an action
p: T — Aut(0,), called the gauge action, from the correspondence S; — e¥~''S;
fori=1,...,Nand eV"" € T ={eY"" |t € [0,2x]}. It is well known that the
fixed point algebra of O4 under p is the AF-algebra %4 generated by elements
S, Sy with u,v € B4(X,4) and || = |v| [Cuntz and Krieger 1980]. Let &', be the
C*-subalgebra of %4 generated by elements S, S}, with u,v € B,(X4). Hence
9**11‘5 = Uflozl F", is a dense *-subalgebra of 4. We denote by E : 04 — F 4 the
conditional expectation defined by E(a) = [} pi(a)dt for a € O4. Let D4 be the
C*-subalgebra of %4 consisting of all diagonal elements of & 4. It is generated
by elements S, S for x4 € B,.(X4) and is isomorphic to the commutative C*-
algebra C(X4) of all complex valued continuous functions on X4 through the
correspondence S, S € Dy <> xu € C(X4), where y, denotes the characteristic
function on X 4 for the cylinder set U, = {(xp)nen € Xa | X1 = f1, ..., Xk = pi}
for u = py--- ur € Br(X4). We identify C(X 1) with the subalgebra D 4 of 04.
Then the following lemma is well known and basic in our further discussions.

Lemma 2.1 [Cuntz and Krieger 1980, Remark 2.18], and see [Matsumoto 2000,
Proposition 3.3]. The algebra ® 4 is maximal abelian in O 4.

In [1996; 1998], Tomiyama has used the structure of pure state extensions of
point evaluations of the underlying space to study the orbit structure of topological
dynamical systems of homeomorphisms on compact Hausdorff spaces; see also
[Tomiyama 1992a; 1992b]. However for the Cuntz—Krieger algebras, the structure
of the pure state extensions of point evaluations of the underlying shift space is
not clear. Instead of point evaluations, we will use a representation of the Cuntz—
Krieger algebra O4 on a Hilbert space having the shift space X4 as a complete
orthonormal basis, as follows. Let $4 be the Hilbert space with complete or-
thonormal system e, for x € X 4. This Hilbert space is not separable. Consider the
partial isometries T; fori =1, ..., N defined by

eix 1if ix € Xy,
Tie, = .
0 otherwise,
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where ix denotes ix = (i, x1, X2, ...) for x = (x,)nen € X 4. It is easy to see that
these isometries satisfy the relations

N N
> T Ti=1 and TT,=> AG, )HT;T; fori=1,...,N.
Jj=1 j=1
Since A satisfies condition (I), the operator 7; is nonzero for eachi =1,..., N,

so the correspondence S; — T; yields a faithful representation of 04 on $4. We
regard the algebra 04 as the C*-algebra generated by 7; fori = 1,..., N on the
Hilbert space $4 by this representation, and write 7; as S;; see [Matsumoto 2000,
Lemma 4.1].

3. Topological full groups of Markov shifts

For x = (x,)nen € X4, the orbit orb,, (x) of x under o4 is defined by

orbg, () = | | o1 (04 x)) € Xa.

k=01=0
Hence y = (y»)nen € X4 belongs to orb,, (x) if and only if there exists an admis-
sible word 1 - - - ux € Bx(X 4) such that

y=(,ul,...,,uk,X[J,-l,X[+2,...) forsomek,lez+'

We denote by Homeo(X 4) the group of all homeomorphisms on X 4. We define
the full group [o4] and the topological full group [o4]. for (X4, c4) as follows.

Definition. Let [04] be the set of all homeomorphism 7 € Homeo(X 4) such that
7(x) € orb,, (x) for all x € X 4. We call [04] the full group of (X4, 04). Let [64],
be the set of all 7 in [o 4] such that there exist continuous functions k, [ : X4 — Z
such that

(3-1) k@) =P (x) forall x € X4.

We call [0 4], the topological full group for (X 4, 04). The functions k and [ above
are called orbit cocycles for 7, and are sometimes written as k, and [, respectively.
We remark that the orbit cocyles are not necessarily uniquely determined by 7.

Examples. (i) Put F = [} (1)] Define 7 € Homeo(X ) by setting
(23 1’ 1>x47x57"‘) if(xl’x2>x3)=(13 1’ ]‘)’
t(x,x2,...) =1 (1L, 1, 1, x4, x5, ...) if (xp, x2,x3) = (2, 1, 1),
(x1, X2, X3, X4, Xs,...) oOtherwise.

Since of(t(x)) =op(x) for all x € X, by putting k(x) =/(x) =1 forall x € X,
we see that 7 belongs to [oF]..
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(i) More generally, suppose A is an N x N matrix with entries in {0, 1}. For
ie{l,...,N}and p € N, we put

Wp(i) ={(ur, .., up) € Bp(Xa) | Alup, i) =1}

We denote by &(W,(i)) the group of all permutations on the set W,(i). Put
S,(A) = 6(W,(1)) x --- x &(W,(N)). Then an N-family s = (s1,...,5n) €
S, (A) of permutations defines a homeomorphism 7, € Homeo(X 4) by setting

Ts(X1, ooy Xy Xpids v o) = (Sxp (X1 -+ 05 Xp)s Xpy1, .. .)  forx € Xy,

For all x € X4, it is easy to see that 7,(x) belongs to orb,, (x) and satisfies (3-1)
for k(x) =1(x) = p. Hence 7, yields an element of [o4],.

Let A be an arbitrary fixed N x N matrix with entries in {0, 1} and satisfying
condition (I). The following lemma is direct.

Lemma 3.1. [04] is a subgroup of Homeo(X 4) and [0 4], is a subgroup of [o4].

Although o4 itself does not belong to [g4], the following lemma shows that g4
locally belongs to [ 4], and the group [o4]. is not trivial in any case.

Lemma 3.2. Assume that A is irreducible. For any u € By(X,), there exist

7, € [oalc and continuous functions krﬂ,l : X4 — Z4 such that

T

azr" (x)(rﬂ (x) = all;“ (x)(x) forx € X4,
(3-2) T (y) =0a(y) fory eU,,

kr!,(y) =0, lr,,(y) =1 fory e U,u-

Proof. For u = (u1, (o) € B2(X4), we have two cases.

Case 1: u; = uy. Puta= u;. Since A is irreducible, there exists b; € {1, ..., N}
such that by # a and A(by,a) = 1. Put {by,...,by_1} = {1,..., N}\{a}. Let
{bi,, ..., bj,} be the set of elements of {by, ..., by_;} satistying A(a, b;,))=---=
A(a, bi,,)=1. Theset {b;,, ..., b;, } is nonempty because A satisfies condition (I).

Define a homeomorphism 7, : X4 — X4 by setting

[o4(x) €U, if x € Uy,
blabilx[loo) (S Ublahil ifx = abilx[3,oo) (S Uab,.1 ,

7, (x) = )
blabiMx[ggoo) € Ublab[M if x = ab,-MxB,oo) (S UdbiM’

blaax[_g,oo) € mea if x = blaX[3,oo) € Ub|lla

| x otherwise.
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We set
[0 if x e Uy, 1 ifx € Uy,
1 lfx (S Uabil’ 0 lfx € Uab,-l ’
k() =1 ) =1" "
1 ifxe UﬂbiM’ 0 ifxe UﬂbiM’
2 ifx € Upg, 1 if x € Upgq,
|0 otherwise, |0 otherwise,
so that
k”‘ (x)(r#( ) = T"( )(x) for x € X4.

Hence 7, € [04]c and 7, (y) =04 (y), k., (y) =0, and [;, (y)=1fory € Uy = Upqa-

Case 2: uy # po. Puta=py and b= u;. Define a homeomorphism 7, : X4 — X4
by setting
oalx) e U, ifx €Uy,
T, (x) =qax € Uy if x € Up,

X otherwise.

We set

0 ifxeUy, 1 ifxeU,,
ki, (x)=11 ifxeU, l;,(x)=10 ifxeU,,

0 otherwise, 0 otherwise,

so that
kT“(x)(r#( ) =0, b (0 )(x) for x € X4.

Hence 7, € [04]. and

t,(y) =04(y), kg, (y)=0, [, (y)=1 foryeU,="Ug. U

By a similar argument, this lemma holds for any word ¢ with any length |u| > 2.

Lemma 3.3. For x = (x;)nen € Xaand j €{1,..., N} with jx = (J, x1,x2,...)
in X 4, there exists © € [o4]. such that t(x) = jx.

Proof. If x = j*° = (J, j,...), we may choose id as 7. If x # j°, there exists
keNandief{l,..., N} withi # jsuchthatx,=jfor1 <n<k—1and x; =1i.
Put

=(j,....J,i))eB(Xa) and v=(j,...,j,i)=ju € Brr1(Xa),
— —
k=1 k
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so that x € U,,. Define 7 : X4 — X4 by setting

(s Y15 ¥2,...) ifyeUy,
TV Y2, Y3, - ) =1 (02, ¥3, ¥4, ...) iy €Uy,
(y1, ¥2, ¥3,...) otherwise.
Since U, NU, = &, we see that 7 : X4 — X, yields an element of [o4].. O
Put [o4lc(x) ={t(x) € Xa | T € [04a].} for x € X4.
Lemma 3.4. [04].(x) =orb,, (x) forx € X4.

Proof. For any 7 € [04], there exist continuous functions k, [ : X4 — Z such that
t(x) = (u1(x), ..., k(o) (X)s X1(x)+15 X1(x)425 - - - ) for some (u1(x), ..., pre(x))
in By(x)(X4). Thus 7(x) € orb,, (x) is clear, and hence [o4].(x) C orb,, (x).

Now for the other inclusion. By the previous lemmas, for x = (x,)nen € X4
and j ={1,..., N} with jx € X4, there exist 71, 72 € [04]. such that

r(x)=(j,x1,x2,...) and 72(x) = (x2,x3,...),

so that [o4].(x) > (j, x1, x2,...), (x2,x3,...). Since [o4] is a group, we see that

loale(x) > (u1, .o\ pks X141, X142, ...) forallk,l e Z,, and
(rs oo i) € Bi(Xa)  with (1, .. iy X141, X142, - . ) € Xa.
Hence [04].(x) D orb,, (x). O

4. Full groups and normalizers

In this section, we will study the topological full group [c4]. and the normalizer
N(Oa,D4). Wedenote by U(O 4) and WU(D 4) the groups of unitaries of 04 and D 4
respectively. The normalizer N (04, ® 4) of © 4 in 04 is defined by

N, D4)={v € W(O4) | 0D 0" =Dy}

We will identify the algebra C (X 4) with the subalgebra ® 4 of 0 4. For v € U(0,),
we put Ad(v)(a) =vav* for a € 04.

Proposition 4.1. For t € [04]., there exists a unitary u; € N(04, D 4) such that
Adu)(f)=fot™" for f €Dy,
and t € [oa]e = u; € N(O4, D4) is a group homomorphism.

Proof. Let the C*-algebra 0 4 be represented on the Hilbert space $) 4 with complete
orthonormal basis {e; | x € X4}. Then the generating partial isometries S; for
i=1,...,N acton H4 by Sie, =e¢;, if ix € X4, and otherwise S;e, = 0. Since
7 : X4 —> X4 18 a homeomorphism, the operator u, on §)4 defined by u. e, = e (y)
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for x € X4 yields a unitary on $4. We will prove that u, belongs to 04. Let
l,k:Xa — Z4 be continuous functions satisfying (3-1). Since both k(X 4) and
[(X 4) are finite sets of Z, there exist

k =max{k(x) |x € X4} and [=max{l{(x)|x e X,} inZ,.
Take pu(x) = (u1(x), ..., tr@x)(x)) € Brx)(X4) such that
T(x) = (u1(x), ooy ko) (X), XI0)+15 X1(x)425 XI(0)+35 - - - )-

The set of words {(z1(x), ..., trx)(x)) € Brx)(X4) | x € X4} is a finite subset of

Wi(Xy) = U Bj(Xy).

The map x € X4 — (u1(x), ..., trx)(x)) € Wi (X 4) is continuous, where Wi (X 1)
is endowed with discrete topology. For any word v =vy - --v; € Wi (X4) with j <k
and 0 < n </, the sets

Ey={xeXalpmix)=vi,..., texy(x) =v;} and F, ={x € Xs|l(x)=n}

are clopen in X 4. Define the projections Q, = yg, and P, = xr, in ® 4. Since X4
is composed of disjoint unions

XA = U E, = UF,,,

I)EW(XA) n=u,...,
we have
> 0= Y n-
veWi(X4) n=0,...,]

For x € X4 and v € W with 0 < n §l~, we have x € E, N F, if and only if
er(x) = Svea/';(x), so that

Cot) = Z Z( > S;)PnQvex for x € X 4.

..... Ivew; EeB,y(Xa)

Therefore

n=0,..,.1 veW; EeBy(X4)
which belongs to the algebra 0 4. The equality
Ad(u,)(f)= for™! for feDy.

is straightforward from the definition u e, = e;(y) for x € X4 of u,. O
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For v € N(Oy4,® 4), Ad(v) induces an automorphism on the algebras 04 and D 4.
Let 7, denote the homeomorphism on X 4 induced by Ad(v) : © 4 — D 4 satisfying
Ad(w)(f) = for,”! for f € ®4. We will prove that 7, gives rise to an element
of [o4].. We fix v € N(Oy4,® ) for a while.

Lemma 4.2. There exists a family v,, for m € Z of partial isometries in O4 such
that all but finitely many v, for m € Z are zero, and with these properties:

() o= ZmeZ 0, Where the nonzero v,,, m € Z are finite.

(2) oD a0, CDy and v, D Avy, C Dy form e Z.

*

v are projections in D 4 form € Z.

(3) v;,0m and vy
@) vpvw =v,00, =0form #m'.
(5) vy € Fa.

Proof. Put g(t) =v*p,(v) € 04 fort € T. For f € D4, we have
pi(v) fp: ()" = p: (0f 0*) = v f V7,

so that v*p,(v) commutes with each element of © 4. By Lemma 2.1, g(¢) belongs
to the algebra © 4. We put

2 27
O :/ pi(@)e™Y""dr and  g(m) :/ g(e™""dr form e Z.
0 0

Then v,, =vg(m). Since g(t) € D 4, we have

gt) =p;(0*p_;(v)) =g(—t) and g(t)g(s) =" p; () p; (0" ps(v)) = g(t +5),

so that g(m) for m € Z are projections in © 4 such that g(m)g(m’) =0 for m £ m’.
Regard g(1) € D, as a function on X 4. For x € X, we see that |g(7)(x)|> =
(g(®)ex | g(t)ex) = 1, so that by Parseval’s identity

27 2 2
1= [ sowPa =3 [ so@e ] = S lamee

meZ meZ

Put E,, =supp(g(m)) a clopen setin X 4 for m € Z. By the equality above, we have
Xa=U,ez Em and E,,NE, = @ for m # m’. By the compactness of X 4, all but
finitely many E,, are empty. Then elements v0,, = g(m) and v,,0;, = vg(m)v*
are both projections in ® 4. It follows that

U@ av,, =08(M)Dag(m)0* C Dy and 0, D0, = ZM)IV* D 0g(m) C Dy,

because g(m) € D 4. Therefore parts (1), (2), (3) and (4) hold. For part (5), we
have

27
v():vg'(O):v/ v*p;(0)dt = E(v) € Fa. O
0
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Lemma 4.3. For a fixed n € N, there exist partial isometries v,,v_, € F, for
each u € B,(X 4) satisfying the following conditions:
(1) v, = ZNGB xSy, andv_, = ZﬂeB (XA) Z)_NSZ.

2) 1) v, SﬂvﬂvﬂS;, Sﬂv_ﬂ _u ﬂandv R

0,0, =ZD:D#, vnv:=2S 0,0 Sy
Vnln = ZS I 0y Sy vo_yvl, = Zv—uv—u’
where the sums are over all u € B,(Xy).
3) v, M —v_ﬂ _, =0 for u,v e B,(Xa) with u #v.
@ vﬂS)Avﬂ, Z@Avﬂ, vfﬂCDAvfﬂ and vfﬂ’DAvfﬂ are contained in ® 4.
Proof. For i € B,(X4), putv, = E(S;v) and v_, = E(vSy). They belong to F4

and satisfy S, S0, =0, and v_ﬂSZS# =wv_,. Then we have

# are projections in ® 4 such that

,un

2r
S*o =/0 Supi(v)e” VeIt gy — E(S,v) = vy,

2r
0_n Sy =/ pi(0)eY S, dt = ES,) =v_,.
0

— — *
Hence we have v, = 3. cp (x,) Sutp and v, = > cp x,) 0—uS

P Thus (1)
holds. We then have

ﬂ —U:S#SZvn_g(n)v*S S*z)g(n)

Suvuvy, S* =8,8,0,0,5,8, =8,S,08mW"S, S,

uPpPnCnPpPp uPpe

* __ ® ok * __ * A
Su Zu —uSu S S T _nSﬂS# S S g( n)Sﬂ P
v_, 0, =v_,8,8,0", =0g(-n)S, S, &(—n)".

Since g(n) and g(—n) are projections in D 4, and vD 40* =D 4, the elements above
are projections in ® 4, so that (2) and (3) hold. Since

v, =S, =8v8Mm and v_, =v_,8, =vg(-n)S,
the assertion (4) is immediate. O
Let u € 04 be a partial isometry satisfying
uDu* C®y and u*Du CDy.

Define the projections p, =u*u and g, =uu™ € ® 4 and clopen sets X, = supp(p,)
and Y, = supp(g,) C X4. Then Ad(u) : D 4 p, — Daq, yields an isomorphism
and induces a homeomorphism #,, : X,, — Y, such that

Ad(u)(g) = gohy ' €Daqu(=C(Y,)) for g € Dapu(=C(Xy)).
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Lemma 4.4. Keep the notation above. For x € X, puty = h,(x) € Y,. Then we
have

ISy it #Sx =1 forallneN.

Proof. Since Syll ul lel,,ﬂ 1 USx I =1 for
all n e Nor ||S5, Sy, Il =0 for all n > Ny for some Ny. It suffices to show that

831U Sxpy 7 0 for all n € N. One then sees that

i, n]
(S;[l,n] ln]S* u*s yi,m €oa” (y) | eﬂA”(y)) = (Ad(u)(){)ey | ey)’

is a partial isometry, we see that |55,

where y denotes the characteristic function on X4 for the cylinder set Uy, ,, of the
word x[1 ,]. Since
AdW)()ey = (x o hyH(ey = x ()ey = ey,
we obtain
(3114 Sx11.0 S50 Syt €onn o) | €oan () = (ey [ €y) =1,
so that Sy, ,,uSx, ,, # 0. g

The following is key:

Lemma 4.5. Keep the situation above. Assume that u € % 4. Then there exists
k € N such that for all x = (x,)nen € Xy, we have y, = x,, for all n > k, where
Y = (Vn)nen = Ay (x).

Proof. Suppose that for any k € N there exist x € X,, and N > k such that yy # xpn.
Now u € Fy4, and take u’ € 9«71‘“ for some k¢ such that ||u —u'|| < 5. Take x € X,

and No > ko such that y, 7 x, . Since u " belongs to % A" tit can be written as

u' = z cenSeSy €F ™1 for some cep€C.
&neBNy-1(Xa)

Hence we have

* / _ * *
SyH,NOq]u lel,No—lJ - c)’ll,No—llaxll,No—IJSy[l,NofnSYU,NO—IJSXH,NO*Hlel,No—IJ
so that
* / _ * * —
y[l’Nolu Sx[l,N()] - CY[I,NO—I],X[I,NO 1 Sy/v0 S} 1,Ng— ]Syn No— I]Sx [1,Ng— ]SX[I,NO—I]SXNO =0
because yy, # xn,. Hence we have ST u'Sy,,, =0 forn > Ny. For n > Ny, it

then follows that

/ 1
” i, ] [1,,1] || = ”S;k“’n] (l/t —Uu )SX[L,,] || < 2"
This contradicts the preceding lemma. ([

Thus we have this:
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Lemma 4.6. For a partial isometry u € % 4 satisfying
uDAu* C D and u*Du C Dy,

there exists k, € N such that the homeomorphism h, : supp(u*u) — supp(uu™)
defined by Ad(u)(g) = g oh;! for g € D au*u satisfies the condition

aﬁ” (hu(x)) = alg“ (x) for x € supp(u*u).

Proposition 4.7. For any v € N(O4,® 4), the homeomorphism t, on X 4 induced
by the automorphism of © 4 defined by the restriction of Ad(v) to D 4 gives rise to
an element of the topological full group [c4]..

Proof. For v € N(O4,®4), let v, m € Z be the partial isometries in O4 as in
Lemma 4.2. Take K € N such that v,, = 0 for all m € Z with |m| > K, and hence
v=>K_ 0n Wehave

K

K
Ad@)(f) =D vafoi+vofos+ D v_nfo*, for feDy.

n=1 n=1
Since Z)ml)m and Uml)m are pl‘O]eCtlonS m @A, W€ may put Clopen sets

X" = supp(v’v,) and Y

= supp(v,v,,) form € Z with |m| < K
in X 4 such that X 4 is made of disjoint unions: X =, <x X = Upmi<k Y™,
Since vg € F 4, by Lemma 4.6, there exists kg € N such that

(4-1) of(ro(x)) = (x) forx e X,
where 79 : X O _, (0) is the homeomorphism satisfying Ad(vo)(f) = f o7, ~! for
fe @Avovo. For v,,, v_pand 1 <n < K, by Lemma 4.3, we have, for f € D4

op fo, = Z Suvu foy,S, and v_, fol,= Z 0y S, [SuvZ,.

HEB,(X4) UEB,(X4)

Put

XX””) = supp(vaﬂ) Xl(q_"’”) = supp(Sﬂvfﬂv_ﬂSZ),

Ylgnnu) Ylg_nnu)

= supp(S, 0,0, S,), = supp(v—, v~ ).

By Lemma 4.3, X1(4m) = UﬂEBIm\(XA) Xz(ém’ﬂ) and Yf(Xm) = U/lEB\mI(XA) Y(m ") for
|m| < K. There exists a homeomorphism

Tny : XU S Y form e Z with |m| < K
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such that
Ad(S,0,)(f) = fot,,, for feDaviv,,
Ad(w_,S3) (@) =got’, ,, forgeDaSw* 0 S
forn e Nwithl <n < K. Asv,,v_, € Fy, there exist k¢, ), K(—n,,) € N such
that

kn kn )+ ,
73" (T (X)) = 0" (x)  for x € X4,
oﬁ“"”ﬁn (T(=n, ) (X)) = alg("”’) (x) for x € XI(“_"’”).
Since we have (
T(n, ) (%) for x € XU,
7,(x) = § 1o (x) for x € X1(40)3

Tnyx)  forxex{"
and X 4 is made of disjoint unions as

x2=xPu |y U xP=yvPu U U r™m.
1<|m|<K /JEB‘,M(XA) 1<|m|<K IUEB|m‘(XA)
where Xg)), Xi‘m’”) and Y/go), Yf(‘m’”) for 1 <|m| < K and u € B};,|(X4) are clopen
sets, we conclude that 7, € [oa].. O

There is a natural embedding id of the unitaries U(D 4) into N(O4, D 4). For
v € N(Oyz,®,), the induced homeomorphism 7, on X4 gives rise to an element
of [o4]. by the above proposition.

Theorem 4.8. The sequence 1 — WU(D 4) 1) N(O4,D,) SN [cale — 1 is exact
and splits.

Proof. By Proposition 4.7, the map 7 : v € N(04,D4) — 7, € [04] defines a
homomorphism. It is surjective by Proposition 4.1. Suppose that 7, = id on X4
for some v € N(O4,® 4). This means that Ad(v) =id on ® 4. Hence o commutes
with all of elements of ©4. By Lemma 2.1, v belongs to ®©4. Therefore the
sequence is exact. As in Proposition 4.1, for 7 € [o4]., the unitary u, defined by
setting u, e, = e (y) for x € X4 gives rise to a section of the exact sequence. Hence
the sequence splits. ([

5. Orbit equivalence

Definition. Two topological Markov shifts (X 4, 04) and (X, op) are said to be
topologically orbit equivalent if there exists a homeomorphism % : X4 — Xp such
that 2 (orb,, (x)) =orb,, (h(x)) for x € X 4. In this case, (g4 (x)) € orb,, (h(x)) for
x € X4, so that h(aa(x)) € U2y U2y o5 ok (h(x)). Hence there exist functions

ki,li: Xa— 7y suchthat o' (h(oa(x))) = o4 (h(x)),
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and similarly there exists functions
ky,ly: Xp — Z, suchthat 62 (h=1 (55 (y))) = 62 (A~ (y)).

We say that (X4, 04) and (Xp, op) are continuously orbit equivalent if there
exists a homeomorphism % : X4 — X p and continuous functions k1, /1 : X4 — Z
and ko, [, : Xp — Z4 such that, for x € X4 and y € X,

5-1) o) D ha@) =onPh(x), o2V es()) =iV (7 ().

Example. Let Ay = [11] and F = [!]]. The subshift X is the set of all
sequences (x,)qen Of 1, 2 such that the word (2, 2) is forbidden. Define a homeo-
morphism & : Xr — X4, by substituting the word 2 for the word (2, 1) from the
leftmost in order; for example

h(1,2,1,1,2,1,2,1,1,1,1,2,1,2,1,2,1,1,1,1,1,2,1,1, 1, ...)
=(1,2,1,2,2,1,1,1,2,2,2, 1,1, 1, 1,2, 1, 1, ...) € Xap,.
Fori =1,2, put
Ur,i = {x = (Xxn)nen € XA[z] | x1 =i},
UA[z],i =1{y=0nlnen € XA[Z] | yi =1i}.
By setting

|k1(x) =0, i(x)=1 forxeUp,u, [kz(y) =0, Lb(y)=1 foryeUapy.,
ki(x)=1, L1(x) =1 forx e Upp, ka(y) =0, Lb(y)=2 forye Uap.a,

we see that (Xr, or) and (X 4,, 0ap,) are continuously orbit equivalent.
The following lemma is straightforward.

Lemma 5.1. If h : X4 — Xp is a homeomorphism satisfying og(x)(h(aA x) =
Ué(x)(h (x)) for x € X 4 for some functions k,l : X 4 — Z, then by putting
n—1 n—1
K'(0) =D k(oj () and I"(x)=2 1(a}(x),
i=0 i=0
we have
agn(x)(h(UX(x))) = ag(x)(h(x)) forx € Xp andn € N.

Lemma 5.2. If h : X4 — Xp is a homeomorphism, and ki,l; : X4 — Z+ and
ka, b : Xp — Z4 are continuous functions satisfying

o5 (h(oa () =03V R() and o7 (7 (o)) = (B ()
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forx e Xqpandy € Xp, then

h(orbs, (x)) = orb,, (h(x)) forx e Xa.
Hence if (X4,04) and (X, op) are continuously orbit equivalent, then they are
topologically orbit equivalent.

Proof. By Lemma 5.1, we have

W) oyt Vol

so that 2(c;(x))) C orbg, (h(x)). For z = (u1, ..., m, X1, x2,...) €0, (x), we
have again by Lemma 5.1

lm( )

(h(x)) forxe XjpandneN

A(trs s s X1, X2s . D)) =0 D@0 (@) = O (h(x)).

Hence h(u1, ..., > X1, %2,...) C O Bl (Z) K (Z)(h(x)) C orbg, (h(x)). Thus we

have h(orb,, (x)) C orb,, (h (x)). For the other inclusion relation, we similarly have
h=1(orb,, (y)) C orb,,(h~!(y)) for y € Xp. This implies that orb,, (h(x))) C
h(orb,, (x)), so that h(orb,, (x)) = orb,, (h(x)). oo

Proposition 5.3. [fho[oal.oh™! =[og]. for some homeomorphismh: X 4 — X,
then (X 4, 04) and (Xp, o) are continuously orbit equivalent.

Proof. Assume that ho[o4]. oh™! =[og].. Forany y € X, put x = h~1(y), so
that 2([o4].(x)) =[opl.(h(x)). By Lemma 3.3, we have [o4].(x) = orb,, (x) and
(051 (2(x)) = 01by, ((x)). 50 h(0rbg, (x)) = Orbg, (h(x)).

We will next show that there exist continuous cocycle functions for 4. By
Lemma 3.2, For any x4 € B2(X,), there exist 7, € [04]. and k,ﬂ, l,ﬂ :Xp—> 2y

satisfying (3-2). Put 7, = ho 7, oh™Veholoslcoh ! =[og].. Forx € Uy, we
have h(ca(x)) = 7, (h(x)). Since t;, € [63]., one may find k%, , I5, : Xp — Z such
that

kY zr
o " (y)(rh () = ,, )

Fory e h(Uy,), put x = h=1(y) so that

.
(hoos() =ay "

Let {u®, ..., ™)} be the set By(X 4) of all admissible words of length 2. Define
kh lh XA — 74 by setting

"
O_zzh(h(x)) (h(x)) forxeU,.

ki) = k2" (h(x)) and 1 (x) =14"(h(x)) forx € Uyo.

They are continuous and satisfy

1() I} (x)

(hooa(x)) =0y (h(x)) forxeX,.
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lh.

Similarly there exist continuous functions ké’, 5« XB — Z such that

h
0_1/;2()’)(]1—1 ()

oop(y) =07 (h"'(y)) forye Xs.

Hence (X4, 04) and (X, op) are continuously orbit equivalent. O
We also have the converse:

Proposition 5.4. If (X 4, 04) and (Xp, op) are continuously orbit equivalent, then
there exists a homeomorphism h : X4 — Xp such that holoal.oh™ '=[o5],.

Proof. Suppose there exists a homeomorphism /4 : X4 — Xp, h(orb,, (x)) =
orb,, (h(x)) for x € X4 and there exist continuous functions ki, : X4 — Z4
and kp,lr : Xp — Z, satisfying (5-1). For n € N, let kY, [ : X4 — Z, and
ky, 15 : Xp — Z be continuous functions as in Lemma 5.1 such that

SO =oiVne), o0 @) =00 )

for x € X4 and y € Xp. For any 7 € [04]., there exist continuous functions
ky,l; : X4 — Z, such that

(5-2) o

(5-3) sz(x)(T x)) = Jk(x)(x) x € Xa.
Fory € Xp, putx = h=1(y). We set m =k, (x) € N. By (5-2) and (5-3), we have
Mt (x k(7 (x m ki (7 (x L (x
op V@) =a, " ”(h(oA @ =0y " kO ).

We set n =1, (x) € N. By applying o B  to the equality above, we have by (5-2)

(@) =ap Dol (ol ()

k’”(f(X)) l (x) k’"(T(X))-H (x)

= (h(x)) =

kY () +I] (2 (x))
Op

(h(x))

and hence

Ué’f )+ (7 () k"’ (z)+1] (X)( ).

(hotoh™'(y) =
By putting
KEO) = K )+ 1 (e () = ke O (01 () + 15O e (= (),
B =k @)+ =k O o+ 0 0,

we have
h(y, h(y
agf(’)(horoh_l(y))ZUII;T(})()’) forall y € Xp,

so that hotoh~! €[op]. and ho[oa].oh™ C[og].. Similarly h=Vo[ogl.oh Cloale,
and we conclude that ho[oal.0h~! = [o5],. O
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Proposition 5.5. [f there is an isomorphism ¥ : 04 — Op such that ¥ (D) =Dp,
then there is a homeomorphism h : X 4 — Xp such that ho[oa]. o h~'=1[og]..

Proof. By Theorem 4.8, there exists a group isomorphism 7 [o4lc = [oB]: such
that the following diagram is commutative:

1> UDy) —E N(O4, Da) — [04]c — 1

j‘{’laL(@A) l‘l‘ L\TJ

| - WD p) —> N(Op, Dp) — [o5]c — |

For any v € N(O4, D 4), put Ad(w)(f) =ovfo* for f € 4. Let 7, € Homeo(X4)
be the homeomorphism on X, satisfying Ad(v)(f) = for, ! for f € D,. Let
h: X 4 — Xp be the homeomorphism satisfying ¥ (f) = foh~! for f € ® 4. Since
Y:N(Oy,®D4)— N(Op,Dp)isanisomorphism and {7, |0 € N(Oy, D 4)}=[04lc,
the identity ¥ o Ad(v) o ¥~! = Ad(¥(v)) implies that ho[o4].0h ™! =[op].. O

Proposition 5.6. If (X 4, 04) and (X g, o) are continuously orbit equivalent, then
there exists an isomorphism ¥ : 04 — Op such that ¥ (D 4) = Dp.

Proof. Although the proof is essentially same as that of Proposition 4.1, we give
a complete proof for completeness. Let & : X4 — Xp be a homeomorphism giv-
ing rise to continuous orbit equivalence between (X4, 04) and (Xp, op). Take
continuous functions ki,l; : X4 — Z4 and kp, I, : Xp — Z satisfying (5-1).
Represent O4 on $H4 and Op on Hp as usual. We will prove that there exists a
unitary uy : H4 — $Hp such that

Ad(up)(©04) =05 and Ad(up)(f)= foh™! for f eDy.

We respectively denote by e# for x € X4 and ef for y € Xp the complete ortho-
normal systems on $4 and Hp coming from the shift spaces. Define the unitary

i Ha — Hp by setting upe; = eh( for x € X4. We will first prove that
Ad(uh)(@A) = Op. Denote by SA and SB the canonical generating partial iso-

metries for S; in 04 and in Op respectively. For y € X5, we have
B ey —1
uhSAuhe {eh(ill_l(y)) i .(y) X

0 otherwise.

Set X = {y e Xp | ih"'(y) € Xa}. Put z = ih"'(y) € X4. By the equality
h(oa (z)) =y with (5-1), we have h(z) € 65" @ (o} @ (y)). Thus

h(z) = (u1(2), .. s 11, 2) (@) Yhy@+1> Yha(@)+1s - - +)

for some u1(2) - - p1,(;)(2) € By (;)(Xp). Since both the maps ki, [ : X4 — Z4
and the map y — z =ih~'(y) are continuous, there exist finite numbers

ki = max{k;(z) | y € Xg)} and [} =max{l;(z)|ye€ Xg)}.
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The set {(11(2), - .., 11,(:)(2)) € By (XB) | y € Xg)} of words is a finite subset
of Wfl (Xp) = Uj:() 7 B;(Xp). The map

.....

YEXW = (1), .., i) € Wi (Xp)

is continuous, where Wi (X p) is endowed with discrete topology. For a word
V=1 vjeW (XB)andO<n<k1,thesets

EY =(yeXg | m@=vi,..., po@=v;) and F=(yeX |k(@)=n)
are clopen in X (i), where z =ih~!(y). We define projections in D 3:
OV =xp0, PO =xp0. PY=1x40

Since we have disjoint unions

W= U m= U

VEWil (XB) n=0,...,
we have
pO — Z Q(i) — Z P(l)
%
veW; (Xp) n=0,..

For y € Xg) andv € Wl~] (Xp)withO0<n < kl, we have y € ESi) N F,fi) if and only
if h(ih~1(y)) = vo i (y), and the latter condition is equivalent to the condition that

Se

B
Chin=1(y)) = °v €op(y)-

@) (@) O H® B _ B* B
Since y € E)'’NF," if and only if P,’ Q’ ey, B and 8 o) = ZéeBn(XB) S27ey,
we have

; B*\ p(i) (D) ,B 0]
Chiin—1(y) = Z > ( > s )Pn(’)QS’)ey for y € X3’
Lk vEW;, (XB) ¢eB,(Xp)
Hence
uhSAuhe Z Z ( Z Sf*) Pn(i)Ql(j)ef fory € Xg).
n=0,..., k] veW, (XB) ¢eB,(Xp)
Therefore we have

wshi= XS (st 5 s)enere

=0,..., k] veW]l(XB) feBn(XB)

Since P,fi), Qgi) and PY) are projections in ® g, we have Ad(uh)(SiA) € Op, so that
Ad(up)(04) C Op. Since uj = uy,-1, we symmetrically have Ad(u};)(0p) C Oy, so
that Ad(u,)(04) = 0p.
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It is direct to see that Ad(u;)(f) = f oh™! for f € D, from the definition
uhe;‘ = ef(x) for x € X 4, so we have Ad(u,)(D4) =Dp. U

Therefore we have also proved Theorem 1.1.

6. Normalizers of the full groups and automorphisms of 0 4
In this section, we will study the normalizer subgroup
N([o4l:) ={p € Homeo(X4) |poTop™ V€[04l forall 7 €[]}

of [04]. in Homeo(X 4), which is related to the automorphism group Aut(04, © 4).
We set

N[oa] ={h € Homeo(X 4) | h(orb,, (x)) = orb,, (h(x)) for x € X4},
N.[oa] = {h € Homeo(X 4) | there exist continuous functions
ki,l1,ko,lp: X4 — Z4 such that, for x € X4,
o) (h(o4()) = 0" (h(x)),
o3 0a)) =07 (7 (x))
Lemma 6.1. N [c4] is a subgroup of N[o4].

Proof. By Lemma 5.2 for X4 = Xp, we see that N.[o4] is a subset of N[o4]. It
remains to show that for ¢, y € N.[o4], the composition y o ¢ belongs to N.[c4].
For n € N, take continuous functions k7 ,I7 k¥ I X4 — Z, such that

Lo> 1o %1y ty
(6-1) o @) =04 (o),
(6-2) o Wi =0y ()).
As in Lemma 5.1, we write k?w, lf(p, kq‘ v l”’ as k” l;, k'y’/, 1" respectively. By
applying (6-2) for ¢ (o4 (x)) as x, we have
" e o@a =y " (wpeat).

Put n = kq)(x) and m = l(p(x). By (6-1) for n = 1, we have o} (p(ca(x))) =
oy (p(x)) so that

ki, (p(@a(x))) I (p(0a(x)))

o4 (y oy (p(x))) =0, (¥ (p(0a(x)))),
and hence
o hn WO IOOD L (o)) = o OO (a0,
By (6-2) we have
z’;,(ca(zm(x») l;’,’(w(X))( (0 () = k’;}(¢(x))+l';,(¢(oA(X)))(Vl((p(UA(X))))'
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We put

ko () = K2 (@) + 10 (p(04 () and Ly (x) = 129 (X)) + KL, (p (04 (X)),

where n = k; (x)and m = l(}, (x). The functions k., l,,, : X4 — Z are continuous
and satisfy

k (x) yp (X)
VO wea) =0y (we ).
Similarly, we may find continuous functions k,,-1,,-1, l,-1,,-1: X4 — Z satisfying

ky1,-1(x)

o 0y oAt =o'

0y (),
so that w op € N.[o4]. [l
Lemma 6.2. N.[o4] = N([o4].).

Proof. For ¢ € N.[oa] and 7 € [04]., we will first prove that p o 7 o q)‘l €loale.
For n € N, take continuous functions kY, I{, k7, I5 : X — Z satisfying

oA o)) = ol (p(x)),

@' @l =07 (™' (1))

forall x € X4. For 7 € [o4],, let k; : X4 — Z be a continuous function satisfying
(3-1). By (6-3) we have

(6-3)

(6-4) oy g

k (™' (x)) I} (zp~" (x))

(p(ci(ze™ (D)) =0, (p(zo™"' ().

Puty = ¢~'(x), n=k.(y) and m = I, (y). By (3-1), we have o (z (y)) = o' ()
so that

1T (1)) = T (w1 (7)),

O (o the equality above, we have by (6-3)

By applying o,

kP )+ (2 () k(())k() k(())l()
a T e () =0, Yoo =0, e (0.

Put

kpep=1(x) =K1 (V) + 1 (x(»)  and  Lyrp-1(x) = k1 (z(¥) + 17 (),

1,1

where y =9~ (x), n=k.(y), m =1;(y). The functions k1, 7 ,-

are continuous and satisfy

1 XA—)ZJ’_

Do =0 ).

Hence p oz o q)—] € loale, sothat p € N([oalc)-
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We will next prove the other inclusion N.[o4] D N([o4].). Forp € N([o4].) we
have ¢ o[aA]cogo_1 (y)=l[oalc(y) forallye X 4. Putx = (p‘l (y). By Lemma 3.4,
we see that

¢ (orbg, (x)) = [a4]c(p(x)) = orb,, (¢ (x)).

Let {,u(l), - ,u(M)} be the set Bo(X4). For each word y(i), Lemma 3.2 shows
that there exist 7; € [64], and continuous functions k@, 1@ : X 4, — Z + such that
7i(y) =0a(y) foryeU,» and aA (Z)(rl( ) = a/l; (Z)(z) forze Xy.

Put 7 =¢port, 09!, sothat

pooa(y)=1t(p(y)) foryeU,o.

Since 7 € [o4]., we may find continuous functions k;,l; : X4 — Z such that
ot @) =059 forzeXa.

Hence we have

o Opoaa(y) =iV (p(y) foryeU,o.
Define k¥, 1{ : X4 — Z, by setting
ki (») =k:(y) and [{(y)=1(y) foryeU,o.

Since U,o is clopen and X 4 is a disjoint union Ul 1 Uy, the functions k(” l(” are
both contmuous and satisfy

1()/) |(Y)

(pooa(y)) =0, "(p(y)) forye Xa.

Similarly we may find continuous functions k2 R 12 : X4 — Z, that satisfy

kz () 1 ()

(0 logax) =0} (p7'(x)) forxe Xy,

so that ¢ € N.[o4]. Therefore N.[oc4] D N([o4].) and hence N .[o4] = N([o4].).
O

Proposition 6.3. For a homeomorphism h € N.([c4]) there is an automorphism
an € Aut(O4, D 4) such that ap(f) = foh™! for f € D4. The correspondence
h € N.([oa]) > ap € Aut(04, D 4) is a homomorphism.

Proof. Since a homomorphism / € N.([o4]) gives rise to a continuous orbit equiv-
alence on (X4, 04), the claim follows from Proposition 5.6 and its proof. O
Conversely, for any automorphism o € Aut(04, © 4), we denote by ¢, the homeo-

morphism on X 4 induced by the restriction of o to © 4 such that a(f) = f o qﬁ(;]
for f € ®4.

Proposition 6.4. ¢, belongs to N([o4]).
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Proof. For 7 € [04]., define u, € N(O4,® ) to be the unitary constructed in
Proposition 4.1 such that Ad(u,)(f) = f ot ™! for f € D4. Since Ad(a(u;)) =
o 0oAd(u;)oa~" on Oy, the condition a (D) = D4 implies a(u;) € N(O4, D 4).
We see that

Ad(a(u)(f) =aoAdur) oa™ (f) = folpaor " 0, ").
Since the homeomorphism 7, defined by a(u.) € N(O4, D 4) belongs to [o4].
and satisfies Ad(a(u;))(f)= for a’(ir), we conclude that
i = @uot og, ) = guotog,,
which belongs to [o4].. |
We denote by ¢4 : ® 4 — D4 the homomorphism defined by

N
pala) = Z SiaS; foraeDg.
i=1
In identifying © 4 with C(X 4) as usual, we see p4(f) = f oo for f € C(X4). A
unitary one-cocycle for ¢ 4 is a WU(D 4)-valued function U : Z 1 — WU(D 4) satisfying

Ulk+1) = U(k)(pﬁ(U(l)) fork,l € Z, (see [Matsumoto 2000]).

Let Z}, L (UW(D4)) be the set of all unitary one-cocycles for g4; it is an abelian
group in natural way. As in [Matsumoto 2000] (see also [Cuntz 1980; Katayama
and Takehana 1998]), for U € Z;A U(D 4)), put

AUY(S,) =UK)S, for u € Bu(X,).

Then A(U) gives rise to an automorphism of 04 such that A(U)|p, = id. We note
that the correspondence U € Z ;A UMD 4)) > U() € U(D4) yields an isomor-
phism of abelian groups, and hence we may identify Z rer (UMD 4)) with U(D 4).
By [Matsumoto 2000, Lemma 4.8], 4 : Z;A U(D4)) = Aut(04, D4) is an injective
homomorphism of groups.

Let V:Z, — UMD 4) be a U(D 4)-valued function on 7, satisfying

V(k) =vpX (v*) forkeZ.,
for some unitary v € U(D4). Then V is called a coboundary for ¢ 4. Since
VK94 (VD) =09} (0)¢h gy (07) = V (k +1),

a coboundary V for ¢4 is a unitary one-cocycle for p4. Let BOI,A (UMD 4)) be the
set of all coboundaries for p4. It is easy to see that B} (U(D4)) is a subgroup of
Z} (UW(D4)). We remark that if U € Z} (U(D,)) satisfies U(1) = vga(v*) for
some v € U(D 4), then U (k) = vwﬁ(v*) for k € N, and hence U € B;A UD ).
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Define H;A (U(D 4)) by the quotient group Z;A (OIL(BDA))/B;A (UMD 4)), called
the cohomology group for ¢ 4.

Theorem 6.5. There exist short exact sequences

() 1> ZL UD 1) > Aut(O4, D) > N(loale) — 1,

(@) 1— BL,U®4) > In(04,D4) -5 (041 = 1,

(3) 1> H!, (WD) > Out(04, D4) 2> N({oal)/loale — 1.

They all split. Hence Out(04, ® 4) is a semidirect product
Out(04,D4) = N([o4le)/[04le - H, , (WD a)).

Proof. (1) Since N([o4].) = N:[04] by Lemma 6.2, Propositions 6.3 and 6.4 imply
that the homomorphism ¢ : Aut(04, ©4) — N([oal.) is defined and is surjective.
By [Matsumoto 2000, Lemma 4.8], the map 4 : Z;A U(D4)) = Aut(O4,D,) is
injective. Let a € Aut(04,® 4) be such that ¢, = id and hence a|p, = id. By
[Matsumoto 2000, Corollary 4.7], a|p, = id if and only if & = A(U) for some
U e Z;A (U(D4)). Hence we have Ker(¢) = Z;A (U(D4)). By Proposition 6.3,
for ¢ € Nc[o4], there exists an automorphism a, € Aut(04, D 4), which is of the
form a, = Ad(u,), where u, : H4 — $H4 is a unitary as defined in the proof of
Proposition 5.6. It is clear to see that ¢, = ¢. Hence the sequence splits.

(2) Theorem 4.8 implies the homomorphism ¢ : Inn(04, ® 4) — [04]. is defined
and surjective. For a € Inn(04, ® 4), take v € U(O4) such that « = Ad(v). Hence
v belongs to N(O4, D). Suppose that Paqp) = id in [o4]c. By (1), there ex-
ists a cocycle U € Z;A (U(D 4)) such that Ad(v) = A(U). By [Matsumoto 2000,
Lemma 5.14], we see that v € U(D4) and U(1) = v (v*). Hence U belongs to
B; | (U(D 4)). Since the sequence (1) splits, the section in (1) yields a section in
(2). Hence (2) splits.

(3) The exact sequence follows from (1) and (2), and splits. O

7. Orbit equivalence and AF-algebras

In this section, we will show that the discussions in the previous sections can be
applied to the pair (¥4, D 4) of the AF-algebra &, and its diagonal algebra 2 4,
instead of the pair (04, 4) that we have studied. For x = (x,),en € X4, the
uniform orbit orb,, [x] of x under o4 is defined by

orbg, [x]= | J o (ck(x)) C Xa.
k=0
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Hence y = (yu)nen € X 4 belongs to orb,, [x] if and only if there exist k € Z and
an admissible word g - - - ug € Br(X4) such that
Y=(l15 s fks Yht1s Yht2s - -+ )

Let [[o4]] be the set of all 7 € Homeo(X 4) such that 7 (x) € orb,, [x] for all x € X 4.
Let [o4]aF be the set of all 7 in [ 4] such that there exists a continuous function
k: X4 — Z+ such that

(7-1) @) =0t (x) forall x € X,.

We call [04]ar the AF-full group for (X4, 04). Since X4 is compact, a homeo-
morphism 7 € Homeo(X 4) belongs to [o4]ar if and only if there exists a con-
stant k € Z, such that aﬁ(r(x)) = aﬁ(x) for all x € X4. We set, for x € X4y,
[oalap(x) = {z(x) | 7 € [0alaF}. It is immediate that [64]ap(x) = orb,,[x]. Let
N(%F4,D 4) be the normalizer of 4 in %4, which is defined as the group of all
unitaries u € %4 such that u® 4u* =2 4. The algebra ® 4 is also maximal abelian
in % 4. By an argument similar to the proof of Proposition 4.1, we have this:

Lemma 7.1. For any t € [0 4] aF, there exists a unitary u, € N(Fa, D 4) such that

Ad(uc)(f)=for™" for f €Dy,
and the correspondence t € [0 A]ar — U, € N(F4, D 4) is a group homomorphism.
By Lemma 4.5 we have the following:

Lemma 7.2. For u € N(%4,94), let h, € Homeo(X ) be the homeomorphism
on X 4 induced by the restriction of Ad(u) to D 4 such that Ad(u)(f) = foh,!
for f € © 4. Then there exists a number k € N such that aﬁ (hy(x)) = a'g (x) for
x € X4. Namely h, € [04]aF-

Therefore by a proof similar to that of Theorem 4.8, we have this:

Proposition 7.3. There exists a short exact sequence
1= WD a) > N(F s, Da) — [oalar — 1

that splits.

We say that (X 4, 04) and (X, o) are uniformly orbit equivalent if there exists
a homeomorphism 4 : X4 — X such that i(orb,,[x]) = orb,,[A(x)] for x € X4
and for 71 € [o04]ar and 7, € [op]aF there exist constants k;, k» € Z such that

oy (h(z1(x)) =05 (h(x)) and o2 (h(2(y)) = o2 (A ()

for x € X4 and y € Xp. The next theorem then follows from an argument similar
to those in the proofs of Propositions 5.3, 5.4, 5.5 and 5.6 and Theorem 1.1.
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Theorem 7.4. The following three assertions are equivalent:

o There exists an isomorphism ¥ : F 4 — Fp such that ¥ (D 4) = Dp.
o (X4,04) and (Xp, op) are uniformly orbit equivalent.

o There is a homeomorphism h : X 4 — Xp such that ho [0 s]aF oh™ ' =[og]AFR.

Let Aut(%4, D 4) be the group of all & € Aut(%F,4) such that a(D4) = D 4.
Denote by Inn(%4, ©4) the subgroup of Aut(%4,D4) of inner automorphisms
on % 4. We set Out(F 4, D 4) to be the quotient group Aut(F 4, D 4)/Inn(F 4, D 4).
We may argue as in Section 6, to obtain this:

Theorem 7.5. There exist short exact sequences
o 1> Z} (UD) > AutF g, D) <> N(loalar) > 1,
o 1 BL (WD) —> Inn(F g, D) > [oalar — 1,

e 15 H! (WD 1)) —> Out@ 4, Da) —2> N((oalar)/[oalar — 1.

They all split. Hence Out(F 4, D 4) is a semidirect product

Out(Fa, Da) = N(loalar)/[oa]AF - H;A (U(DA)),

where N ([0 4]aFR) is the normalizer subgroup of [oa]ar in [loa]l.

Concluding remarks. After the December 2007 submission of this paper, related
results have appeared in [Matui 2009; Matsumoto 2009; 2007; 2010]. The last
paper shows that if the sizes of the matrices A, B are less than or equal to three,
then the topological Markov shifts (X4, 04) and (Xp, o) are continuously orbit
equivalent if and only if the Cuntz—Krieger algebras 04 and Oy are isomorphic.
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