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GLOBAL CLASSICAL SOLUTIONS TO HYPERBOLIC
GEOMETRIC FLOW ON RIEMANN SURFACES

FAGUI L1U AND YUANZHANG ZHANG

We consider the Cauchy problem for hyperbolic geometric flow equations
introduced recently by Kong and Liu motivated by the Einstein equation
and Hamilton Ricci flow, and obtain a necessary and sufficient condition
for the global existence of classical solutions to this kind of flow on Riemann
surfaces. The results show that the scalar curvature of the solution metric
gij converges to one of flat curvature, and the hyperbolic geometric flow
has the advantage that the surgery technique may be replaced by choosing
a suitable initial velocity tensor.

1. Introduction

Let /Il be an n-dimensional complete Riemann manifold with Riemann metric g;;.
The general evolution equation
0%gij o
atgzlj + 2R+ (g, a—‘f) —0
for the metric g;; has been recently introduced by Kong and Liu [2007] and called
the generalized hyperbolic geometric flow (denoted by HGF). Here & are some
given smooth functions of the Riemann metric g and its first derivative with respect
to ¢, and R;; are the components of the Ricci curvature tensor. In this paper, we
may the HGF the Kong-Liu hyperbolic geometric flow. The local existence and
nonlinear stability have been proved by Dai, Kong and Liu [> 2010; 2008]. See
the celebrated survey paper [Kong 2008] for progress on this new topic.

In this paper, we study the evolution of a Riemann metric g;; on a Riemann
surface .l by its Ricci curvature tensor R;; under the HGF equation

2
0°8ij
ot?

= —2Rij.
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Here, we are interested in the initial metric
(1) ds* = up(x)(dx*+dy*) atr=0

on a surface of topological type R?, where uq(x) is a C? function with bounded
C? norm and satisfies

2) 0<k<up(x) <M < o0,

where k and M are positive constants.

On this surface, the HGF equation simplifies because all of the information about
curvature is contained in the scalar curvature function R. In our notation, R = 2K,
where K is the Gauss curvature. The Ricci curvature is given by R;; = %Rg,-.,-, SO
the HGF equation simplifies to

0%gij
ot?

The metric for a surface can always be written (at least locally) as g;; =u(t, x, y)d;;,
where u(t, x, y) > 0, and J;; is Kronecker’s symbol. Therefore, we have

) R:_Alnu'
u

3)

= —Rgij.

Thus, Equation (3) reduces to u;y — Alnu =0.
The initial data u(x) depends only on x and not y; therefore, we may consider
the Cauchy problem

uy — (In u)x =0,

&) u=uog(x) attr=0,
ur=ui(x) attr=0,

where u1(x) € C' with bounded C' norm.
By using the transformation

(6) ¢=Inu,
Kong and Liu have proved the following theorem.

Theorem 1.1 [Kong et al. 2009]. Suppose that u;(x) > |uy(x)|/~/uo(x) for all
x € R. Then, the Cauchy problem (5) admits a unique global solution for all t € R.

Moreover, if uj(x) = uy(x)/~/uo(x), and there exists a point xo € R such that
uy(xo) <0, then the Cauchy problem (5) admits a unique classical solution only in

[0,T) x R, where
2

inf {u(¥)ug ()}

In this paper, we will prove the following theorems without using (6).
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Theorem 1.2. Suppose that
g (x)
Vuo(x)
g (x)
Vup(x)

Then (5) admits a unique global solution for all t € R.

(N ur(x) +

>0 forallx eR,

(8) up(x) —

>0 forallx eR.

Theorem 1.3. If there exists a point xo € R, such that

U (xo)

9 uy(xp) + ——= <0,
Vio(xo)
or there exists a point xg € R such that
g (xo)
(10) 1 (xo) — — == <0,
Vio(xo)

then (5) admits a unique classical solution only in [0, T) x R.

Remark 1.4. Following Theorem 1.2, it is easy to see that Cauchy problem

0%gij o
61‘21] = —2R;; fori,j=1,2,
(11) gij = uo(x)d;; for t =0,
a ..
%:ul(x)a,, fort=0andi, j=1,2

has a unique smooth solution for all time 7 € R, and the solution metric g;; assumes
the form

(12) gij =ul(x,1)0;; fori,j=1,2.

Theorems 1.2 and 1.3 will be proved in Sections 3 and 4. Using Theorem 1.2,
we can further prove this:

Theorem 1.5. Suppose that

(13) inf{ul(x)+&} >0 and inf{ul(x)— M} > 0.
x Vo (x) x Vuo(x)

Then (11) has a unique classical solution of the form (12) for all time. Moreover
the scalar curvature R(x, t) corresponding to the solution metric g;; satisfies

R(x,t) >0 ast— o0,
and there exists positive constant ki > 0 independent of t and x such that

R(x,t) <k; forall (t,x)eR" xR.
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Theorem 1.5 shows that any metric on a simply connected noncompact surface
converges to one of flat curvature by choosing a suitable initial velocity tensor
0gij(x,0)/ot, but the general case of a metric in R? is still open. Theorem 1.3
shows that if we do not choose suitable a initial velocity tensor dg;;(x, 0)/0t, the
solution to Cauchy problem will blow up in finite time.

2. Preliminaries

We need only discuss the classical solution on # > 0. The result for + < 0 can be
obtained by changing ¢ to —¢.
Let

(14) u;=ov and u,=w.

Then, it follows from the first equation in (5) and (14) that

(15) u;=v, w;—0o,=0, u,—(l/u)wxz—wz/u2.

It is easy to see that the eigenvalues of equations (15) are
M=—A, =0, Iz=41i, i=1/Ju,

and the matrix L(U) (where U = (u, w, v)7) of left eigenvectors and the matrix
R(U) of right eigenvectors are respectively

L(U) 0 1 1
LU)=|LWU) |={1 0 0],
I3(U) 0—-11
01 O
RWU)=(rU),rn(U),r3(U)=| 40 =4
10 1
Since VA;(U)r;i(U)=0fori=1,2,3, (15)is alinear degenerate strict hyperbolic
system.
Set
(16) p=v+iw and g¢g=v—iw.

Lemma 2.1. p and g satisfy

(17a) pi—Apy = $22p(g — p),
(17b) ur = 5(p+q),
(17¢) 4+ 1qx = $2%q(p — q).
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Proof. Noting that 4, = /1 vand A, = —%Pw, we calculate
—Apx = (0 + Aw); — A(v + Aw)y
=0, — Aoy + Aw; — Awy) + w (A, — Ady)
—%Pw(v + Aw) = %lz(q —p)p.
In a similar way, we can prove (17¢), and (17b) is obvious. Ul

Let
r=px+ %/Ipq and s=g¢g;— %/lpq.

Lemma 2.2. r and s satisfy

(18) re— Ay = 122(2q =3p)r + 5,2°p*(4p — 59),
(19) S+ Asy = %/12(2p—3q)s+31—2/13q2(5p—4q).
Proof. Let
Ly =g—/1i and L2——+/1—
ot ox ox
Then,

Lipc = 12%((2q = 3p)ps + pas) + s p(p — @)%,
Lygx = $2%((2p —39)qx +apx) — §4°q(p — q)*.
Noting that

Li(2p) = —34’plg + p), Ly(Aq) = —372q(p+9),
Lig=—32"pg* —§L1(pq),  Lap=+:4qp* + §L2(Apq),
by a direct calculation, we easily prove (18) and (19). O

Noting that (5), (14) and (16), we write at t =0
p=po(x) =u1(x) + Lo()ug(x), u=uo(x),
q = qo(x) = u1(x) — Ao (x)ug(x),
where Ao(x) = 1//ug(x).

Theorem 2.3 (the existence domain D(T') of the classical solution to (5)). If there
exists a positive constant M such that

(20)

1) 0<pkx,t)<M; and 0=<gq(x,t) <M,
then on D(T),

luCx, )l = M(T), |ux(x,0)| =M(T), |ui(x,0)] <M(T),
Ir(x, )l = M(T), |s(x, )] <= M(T),
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where M(T) is a positive constant, and
D(T)={(x,t)|xeR, 0<t<T, T >0}

Then, by the local existence theorem of the classical solution to quasilinear hyper-
bolic systems, (5) admits a unique global classical solution ont > 0.

Remark 2.4. Theorem 2.3 shows that if a singularity occurs in a C! solution to
Cauchy problem (17) and (20) in finite time, then the solution itself should go to
infinity at the starting point of the singularity [Li and Liu 2003].

Proof of Theorem 2.3. Through any point (¢, x), let

x=x1(t, f1), x=x2(t, ), x=ux3(t,p3)

be the 11, 4, and A3 characteristics, respectively, that satisfy

dxy dx; dx;

_:/1 :_/1’ —:/1 :0’ —:A :/1,

ar ! a7 a
x1(0, 1) = p1, x2(0, 2) = po, x3(0, B3) = fs.

Along the 1, characteristics, integrating (17b) yields

1 t
2) ) =uolf) + 5 [ o+ (e, po) ).
0
Then, it follows from (17b), (21) and (22) that
lusl <M(T) and O <inf, ug(x) <u(x,t) < My(T);

hereafter the M;(T) fori = 1,2, ... denote positive constants.
Along the 1 characteristics x =x (¢, 1), we have by integrating (18) and noting
(21) that

[r(x, )] < My(T)+ M3(T) /Ot R(t)dt, where R(t) =sup, |r(x,1)|,

Thus, by the Bellman lemma, we get |r(x, t)| < M4(T). Similarly, we can prove
|s(x, )] < Ms(T). Noting that (uy); = %(r +5), it is easy to see that

lux (x, )| <= Mo (T). 0

3. Global classical solution: Proof of Theorem 1.2

According to the local existence and uniqueness theorems of the classical solutions
to the quasilinear hyperbolic systems [Li and Yu 1985], to prove Theorem 1.2 it
suffices to establish uniform a priori estimates of the C' norms of p, ¢ and u.
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Lemma 3.1 [Hong 1995; Kong 1998]. Consider

Uy +A~1(xa t)ux = A(X, t)(u - D)a
v+ A2 (x, oy = B(x, 1)(0 —u),

where L1, Ay, A and B are continuous functions, and A1 < 1,. If A and B are both
nonpositive, then

min(ug(x), vo(x)) <u(x,t),v(x,t) <max(uo(x), vo(x)).

Lemma 3.2. On the existence domain of the classical solution to the Cauchy
problem (17) and (20), if (7) and (8) hold, then

(23) 0<p(x,1) <sup,cg po(x),
(24) 0<q(x,t) <sup,cgqo(x),
(25) 0 < infyepuo(x) <u(x,t) <sup, uo(x)+Ct,

where C > 0 is a constant.

Proof. Along the 1 characteristics, we have

po) = pognexo( | 12 = p)sate, ). 3.

By (7) and (20), we have po(x) > 0 for all x € R. Thus, we obtain p(x, ) > 0.
Similarly, we can prove ¢ (x, t) > 0. By these two inequalities, we have

%izp >0 and %izq > 0.
Thus, following Lemma 3.1, it is easy to see that

p(x,t) <sup, po(x) and g(x,t) <sup, go(x).

Integrating (17b), we get
) =)+ 5 [+t p). 0

Thus, because p(x,t) >0 and g(x, t) > 0, we obtain (25). O
Proof of Theorem 1.2. 1t follows easily now from Lemma 3.2 and Theorem 2.3. [
Remark 3.3. By (4) and (25), and under the assumptions of Theorem 1.2, we have

|R(x, )| <= M7(T).
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4. Blow-up of classical solutions: Proof of Theorem 1.3

We now investigate the blow-up phenomena of the hyperbolic geometric flow.
Let

(26) m=~Ap and n=+q.
Noting that
122¢ = X((nu), — 2(nu),) and 12%p = L((nu), +i(lnu),),

then, following (14), (16), and (17), we can prove the following lemma.

Lemma 4.1. m and n satisfy

27) m; — Am, = —%/13/2m2,
(28) ne+An, = —11n?.
Att =0, set

m=mpy(x) = s/;—(ul(x) + () ),
29) ug(x)

n=no(x)= 1 (u (x)— o) )
T Yo\ Vot )
Proof of Theorem 1.3. Without loss of generality, we suppose that (9) holds; if (10)
holds, we proceed similarly.
It follows from (27) and (28) that m; — Am, <0 and n; + An, < 0. Thus, it is
easy to see that

(30) m(x,t)+n(x,t) <My and My=supmo(x) -+ supng(x).

Noting that ug(x) > k > 0, it follows from (9) and (29) that m(xp) < O.
Integrating (27), along A4, characteristics, we get

(€29) m(xo, t) = mo(xo)/ F (¢, x0),

where
t
(32) F(t,x9)=1 +mo(x0)/4/ 232 (x1 (x0, 7),7)dt and 232 =y 34,
0
By (17b) and (26), it is easy to see that (1/4), = %(m +n). Therefore, we have

(33) wH(x, 1) = ug/A'(xo) + %/ (m 4+ n)(x2(x0, 7), 7)d.
0

By (2), (30) and (33), we have
(34) w(x,00= k% and  uw¥(x, 1) < M+ Mot
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Case (i). If My < 0, then there exists 7o = 8M>/*/(3(—My)) > 0, such that
u(x,t) <0 and > 1.

This implies the system in (5) is meaningless for ¢ > 7y, that is, it admits a unique
local classical solution.

Case (ii). If My =0, then, by (32) and (34), it is easy to find that
F(xp,t) <1+ %mo(xo)M_y“f.

Since F(xg,0) =1 > 0 and mo(xp) < 0, there exists tg = 4M3/4/(—m0(xo)) > 0,
such that

(35) F(xp,t) = 0" ast— t -
So that there exists finite time 7 = T (xg) > 0, such that
(36) m(xg,t) > —00 ast— T".

Case (ii1). If My > 0, then, it follows from (32) and (34) that

2m(xp) 3My
F()C(),l) < 1+3—A401n(1 +Wt)

Thus, noting that F(xg,0) = 1 > 0 and mg(xg) < 0O, there exists #, > 0 such that
F(xo,t) — 0" as t — ., and then (36) follows. O

5. Asymptotic behavior: Proof of Theorem 1.5
We next will give the asymptotic behavior of the scalar curvature R(x, 1).
Proof of Theorem 1.5. 1If (13) holds, then, by Lemmas 3.1 and 3.2, we have
Ci<pkx,t)<Cy; and C;=<gq(x,t)=<C,,

where here and below C; fori = 1,2, ... denote positive constants independent
of ¢ and x. Thus, by (2) and (22), one can get

37) C3(1+1) <u(x,t) < Cq(1+1),
and then

A+t <o <cfa+nM<c)

(1 +1).
It follows from (32) and (37) that

Cs(1+1In(1+1)) < F(x, 1) < Ce(1 + (1 +1)/4).
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Therefore, by (13) and (31), we obtain

C7 CS

0< — <m(x, 1) < ——————.
=T+ (140l smx, 1) = 1+1In(1+1)
Similarly, we have

(33)
C7 Cs

0< —F——— <n(x,t) < ————.

110404 =nl,1) = 1+In(1+1)

Thus, m(x,t) = 0 and n(x, t) — 0 as t - +o0.
Noting (37), (38) and (39), we have

(39)

p= ﬁm =u'*m, q= %n =u'*n, u, = % = %u3/4(m —n),
and
C C
(40) = ) (1) £
1+1In(1+1) 1+1In(1+1)
Thus, it is easy to see that
(1 +l‘)3/4
41 <Cy——F—r.
(41 lux| < 91+1n(1+t)
It is easy to derive that
Px—4q 1
(42) e = = AT = qu P (pe— g + 5
Let p = p/u and g = g /u.Then, following [Kong et al. 2009], we have
(43) Llp_x:_Alﬁx_qux;
(44) Lrqx = —Azpx — Bagx,
where

Ar=324+39), Bi=3p, Ar=3q, Ba=;(2p+39).
Thus, by [Kong et al. 2009], one can get
(45) |ﬁx(x,t)|5|6x(x:t)|fclo-

Noting that p, — gy = ux(p — q)/u + u(px — g»), and using (4) and (42), we
have

2 2 = -

1,5 Uy Px—qx _ Uy Px—qx ux(m—n)
46)  R= 5l —uu) =3 s =mm =53~ iz ad
Therefore, it follows from (34), (40), (41), (45) and (46) that

i Ciz Cis(1 1)
RS o +07 T a0 T Tr0a +ind+ny




SOLUTIONS TO HYPERBOLIC GEOMETRIC FLOW ON RIEMANN SURFACES 343
Therefore, R(x,t) — 0 as t — 4o00. O
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