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THE EXISTENCE AND MONOTONICITY OF A
THREE-DIMENSIONAL TRANSONIC SHOCK IN A FINITE
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JUN L1, ZHOUPING XIN AND HUICHENG YIN

We establish the existence of a multidimensional transonic shock solution
in a class of slowly varying nozzles for the three dimensional steady full
Euler system with axially symmetric exit pressure in the diverging part lying
in an appropriate scope. We also show that the shock position depends
monotonically on the exit pressure.

1. Introduction and the main results

The transonic shock problem in a de Laval nozzle is a fundamental one in fluid
dynamics and has been extensively studied by many authors under the assump-
tion that the transonic flow is quasi-one-dimensional or the transonic shock goes
through some fixed point in advance [Chen et al. 2006; Chen et al. 2007; Chen
and Feldman 2003; Chen 2008; Courant and Friedrichs 1948; Embid et al. 1984;
Glaz and Liu 1984; Kuz’min 2002; Liu 1982a; 1982b; Xin et al. 2009; Xin and
Yin 2005; 2008a; 2008b; Yuan 2006]. Courant and Friedrichs [1948, page 386]
proposed a physically more interesting transonic shock wave pattern in a de Laval
nozzle as follows: Given an appropriately large end pressure p,(x), if the upstream
flow is still supersonic behind the throat of the nozzle, then at a certain place in
the diverging part of the nozzle a shock front intervenes and the gas is compressed
and slowed down to subsonic speed. The position and the strength of the shock
front are automatically adjusted so that the end pressure at the exit becomes p,(x).
This means that the position of the transonic shock should be completely free.
Indeed, the assumption that the shock goes through some fixed point at the wall
of the nozzle in advance may lead to overdetermined boundary conditions for the
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transonic shock problem for the full Euler system with the given exit pressure; see
[Xin et al. 2009; Xin and Yin 2008a] for details. Here, we focus on the existence
of a solution to this transonic shock problem for the three-dimensional full Euler
system when the exit pressure p,(x) is axisymmetric and lies in an appropriate
scope without other artificial constraints. In particular, we show the shock position
depends monotonically on the exit pressure.

The steady and nonisentropic Euler system in three-dimensional space is

div(pu) =0,
(1-1) divipu @u)+VP =0,
div((p(e+ zlul®) + Pyu) =0,

where u = (u1, uz, us3), p, P, e and S stand for the velocity, density, pressure, inter-
nal energy and specific entropy, respectively. The pressure function P = P(p, S)
and the internal energy function e = e(p, S) are smooth in their arguments. It is
assumed that 8, P(p, S) > 0 and dse(p, S) > 0 for p > 0.

For the ideal polytropic gases, the equations of state are given by

P
(y=Dp’

where A, ¢, and y are positive constants, and 1 < y < 3 (in air, y =~ 1.4).

We now describe the class of de Laval nozzle that will be studied later on;
see also [Li et al. 2010a; 2010b]. The wall T" of the nozzle is assumed to be
C3’“—regular for Xo—1<r = ()cl2 +x§ + x%)]/2 < Xo+ 1, where Xp > 0 is
a fixed large constant, and a € (0, 1) and I" consists of two curved surfaces I1;
and II,; here II; includes the converging part of the nozzle, and II, constructs
a symmetric curved diverging part of it. See Figure 1. More precisely, I1, is
represented by the equation x% —|—x32 = xl2 tan? @y with x; > 0 and Xo <r < Xo+1,
where 6 satisfies 0 < 8y < 7 /2 and is sufficiently small. For simplicity, we assume
that the C3*-smooth supersonic incoming flow (S > Py (x), ugy (x)) is spherically
symmetric near r = Xo; here S; (x) = S, is a constant, P, (x) = P, (r), and
uy (x)=U, (r)x/r. This assumption is easily satisfied because of the hyperbolicity
of the supersonic incoming flow and the symmetry of I1,.

Let shock X in the nozzle be given by x; = 5(x") with x" = (x2, x3), and denote
the flow field behind the shock by (ST (x), P*(x), u*(x)). The Rankine-Hugoniot
conditions on X imply

P=Ap’e5% and e=

[(1, =V n(x')) - pul =0,
(1-2) [((1, =Vun(x)) - pu)ul + (1, =V (x")' [P]1 =0,
[(1, =Vyn(x") - (p(e+ 2ul*) + P)u] = 0.
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subsonic

X1

Figure 1

Here the brackets around function denotes the jump of that function across X.
In addition, P (x) should satisfy the physical entropy condition

(1-3) P*(x)> P™(x) onux;=7n(xz,Xx3);

see [Courant and Friedrichs 1948].
On the exit of the nozzle, the pressure is prescribed and axisymmetric:

(1-4) PY(x)=P.+eP@®) onr=Xo+1

Here P, is a positive constant, ¢ > 0 is sufficiently small, 0 =r ! arcsin(x% +x32)1/ 2,

and P(0) € C%*[0, 6y] with P'(0) = P'(6p) = 0. We require that for given exit
pressure P,, the Euler system (1-1) has a radial symmetric transonic shock lying
atr =ro € (Xo, Xo+ 1) with supersonic incoming flow (S, P, (r), (U, (r)/r)x)
for r € (Xo, ro). For the range of P, and detailed information on the corresponding
transonic shock solution (S, Poi(r), (Uoi(r) /r)x), see Theorem A.1.

The wall of the nozzle is assumed to be solid; thus

(1-5) xju) tan? 0y — xoud — x3uf =0 on Iy,

Finally, we assume X and 6; to be suitably large and small respectively so that
(1-6) Xofh=1 and 1no <60 < no.

Here 70 > 0 is a constant.

Note that (1-6) means that the nozzle wall 11, : x% + x32 = xl2 tan® @, is close to
the cylindrical surface x% + x32 =1for Xg<r<Xo+1.

The main results in this paper can be stated as follows:

Theorem 1.1 (existence and monotonicity). Under the assumptions above, with

_ Uy (Xo) y+3
Mo OO = s on TV 2
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and ¢ < 1/X3, the problem (1-1) with the conditions (1-2)—(1-5) has a solution
(ST (x), PT(x), ut(x); n(x2, x3)) that admits the following estimates:

(i) n(x2, x3) € C**(8,), with S, = {(x2, x3) : ((x2,x3), X2, x3) € T} being the
projection of the shock surface ¥ onto the (x;, x3)-plane. Moreover, there exists a
constant Cy > 0 (depending only on a and the supersonic incoming flow) such that

17(x2, x3) — (g — x5 — x3) /[l Loo(s5,) < CoXoe,
v X2,X3 (ﬂ(XZ, x3) — (”o —x2 —x3) )”CZ’“(S._») < Coe.

(ii) Denote by

Q= {(x1, x2, x3) : (32, x3) <x1 < (Xo+1)>—x3 —xD)1?, x3+x3 < x} tan® 6}

the subsonic region. Then (S*(x), P (x), ut(x)) € C>*(Q,) satisfies
(ST (), PT(x), ut(x)) — (S5, By (), ity )l c2a(@,) < Coé,

where il ] Fx) = U+(r)x/r and (S, P+(r) +(r)) stands for the extension of the
background solution (S, P+(r) U, +(r)x /r) in Q described in more detail in
Theorem A.1 and Remark A.3.

(iii) The position of the shock surface depends on the given exit pressure monoton-
ically and continuously.

Remark 1.2. Showing that the shock position depends monotonically on the exit
pressure is one of the keys to the existence result described by Theorem 1.1. When
the exit pressure changes at order O(g), the shock position will change at order
X0O(¢) instead of O(1)e; this will be crucial in our analysis.

Remark 1.3. The condition

_ _ Uy (Xo) y+3
Moo =20 "Gy ~V 2

on the supersonic Mach number is there to ensure that the shock position along
the nozzle wall is monotonic in the subsonic pressure across the shock; this is the
initial step toward showing the monotonic dependence of the shock position on the
exit pressure. See (4-34), (4-36), (4-38), and (4-39) for more details.

Remark 1.4. Although in [Li et al. 2010a] we established by a completely different
method (see [Li et al. 2009a] also) the existence of a three-dimensional transonic
shock for a variety of conic nozzles with axisymmetric exit pressures, we did not
show monotonic dependence of the shock position on the exit pressure.

There has already been much work on the steady transonic problem; see [Bers
1950; 1951; Cani¢ et al. 2000; Chen et al. 2006; Chen et al. 2007; Chen and
Feldman 2003; Chen 2008; Courant and Friedrichs 1948; Embid et al. 1984; Glaz



TRANSONIC SHOCK IN A NOZZLE WITH AXISYMMETRIC EXIT PRESSURE 113

and Liu 1984; Kuz’min 2002; Li et al. 2009a; 2009b; 2010a; 2010b; Liu 1982a;
1982b; Morawetz 1994; Xin et al. 2009; Xin and Yin 2005; 2008b; 2008a; Yuan
2006; Zheng 2003; 2006] and the references therein. In particular, for a three-
dimensional nozzle with a symmetric diverging part and a symmetric supersonic
incoming flow near the diverging part of the nozzle, Xin and Yin [2008b] and
Courant and Friedrichs [1948] have shown that there exist two constant pressures
P and P, with P; < P, such that if the exit pressure P, is in the interval (P, P,),
then the transonic shock exists uniquely in the diverging part of the nozzle, and
the position and the strength of the shock are completely determined by P, and
the resulting ordinary differential equations. Xin and Yin [2008b] also established
global existence, stability and long time asymptotic behavior of an unsteady sym-
metric transonic shock under the exit pressure P, when the initial unsteady shock
lies in the symmetric diverging part of the three-dimensional nozzle; on the other
hand a steady symmetric transonic shock is dynamically unstable if it lies in the
symmetric converging part of the nozzle. In [Li et al. 2009b], we established for the
two-dimensional steady Euler system, by a monotonicity argument on the shock
position and the exit pressure, uniqueness and existence of a completely free two-
dimensional transonic shock in a nozzle with variable end pressures at the exit.
For the three-dimensional steady Euler system, we have shown in [Li et al. 2010b]
the uniqueness of a completely free three-dimensional transonic shock solution
of class C>“ in a nozzle with general exit pressure; this regularity is higher than
the C%“ regularity of solutions in Theorem 1.1. In this paper, we will focus on
the existence and monotonicity property of a completely free three-dimensional
transonic shock for a certain class of the exit pressures.

Next we comment on the proofs of the main results in this paper. In almost all
previous results dealing with transonic shocks in a nozzle with given exit pressure
except, except for those in [Li et al. 2009b; 2010a; 2010b; Xin et al. 2009], the
authors assume that the shock goes through a fixed point in advance; this plays
the crucial role in the analysis, in particular, in the process of determining the
shock position. However, for de Laval nozzles, this assumption is not physical
since the shock position should be determined by the supersonic incoming flow,
the geometry of the nozzle and the exit pressure, as pointed out by Courant and
Friedrichs. Moreover, this constraint may lead in general to an over-determined
problem. In [Li et al. 2009b; 2010a; 2010b], we have successfully removed this
condition, and further determined the shock position and transonic flow in the
nozzle. This leads to the well-posedness of the transonic shock problem in the
two-dimensional case and the uniqueness of solutions to it in the three-dimensional
case, as well as some new observations and techniques.

A key step in [Li et al. 2009b; 2010b] is to derive a priori gradient estimates
instead of the solution itself, in order to establish that the shock position along
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the walls of the nozzle varies monotonically with exit pressure. This leads to
the determination of a unique shock position and the desired stability estimates.
However, it seems difficult to apply these methods directly to obtain the existence
of the transonic shock in a three-dimensional nozzle. The main reasons are as
follows: C>* regularity of the solution in the subsonic region plays a fundamental
role in the theorems, but this higher order regularity is a source of great difficulties
for nozzles with variable exit pressure. Compared with two-dimensional case, it
seems much more difficult to find higher order compatibility conditions near the
intersection curve of the shock surface with the wall of the nozzle, which is nec-
essary to ensure C>“ regularity of the solution nearby. In the two-dimensional
case, higher order compatibility at the intersection points of the shock curve with
the walls of the nozzle can be found directly from the Euler system together with
the no-flow boundary condition of the walls of the nozzle, and Rankine—Hugoniot
conditions on the shock curve. This yields naturally C>* regularity of the solution
in [Li et al. 2009b]; similar approaches cannot be applied in the three-dimensional
case; see [Xin and Yin 2008b, Lemma 6.1]. In addition, for the axially symmetric
exit pressure in this paper, it is natural to introduce spherical coordinates in the
space variables, which brings new technical difficulties in finding compatibility
conditions on the symmetry axis and handling singularities and source terms in
the transformed equations near the symmetry axis. Due to the singularity near the
symmetry axis and the source terms for the Euler system in spherical coordinates,
the key gradient estimate method in [Li et al. 2009b] cannot be applied here; see
(2-8) and Remark 3.3.

To overcome these difficulties, our strategy is as follows: First, we will give
some rather delicate computations and analysis of the three-dimensional Euler
system and the related axisymmetric functions near the xj-axis and the nozzle
wall; this is to establish C>* regularity of the solutions; see Lemmas B.1-B.7
and Section 3. Second, to derive that the shock position is monotonic in the end
pressure, we will focus directly on the first order elliptic system and how the two
pressures and two shock positions (see (4-17)) differ from those in the gradient
estimates of [Li et al. 2009b; 2010b]. The key step is to establish an ordinary
differential-integral inequality in the difference of pressures (see (4-45)). Based
on this result and the continuous dependence of the shock position on the exit
pressure, we can finally complete the proof of Theorem 1.1.

The rest of the paper is organized as follows. In Section 2, we will reformu-
late the three-dimensional problem (1-1) with the boundary conditions (1-2)—(1-5).
First we transform the nozzle wall into a cube surface, and decompose the velocity
ut as the radial speed U 1+ and two angular speeds U2+ and U3+ . In the Euler system
on (S*, P*, U, Uf, US), with the exit boundary condition (1-4), it is natural to
search for a solution with U;r = 0. Furthermore, we decompose the Euler system
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(1-1) as a 2 x 2 first order elliptic system for p* and U2+ /U, and two algebraic
equations in U 1+ and specific entropy S respectively. In Section 3, we use the
decomposition in Section 2 to linearize the compressible Euler system, establish
an existence result under the assumption that the shock goes through some fixed
point at the nozzle wall in advance, and obtain some key estimates based on the
background solution. We note that this solution does not satisfy the boundary
condition (1-4) unless the exit pressure is adjusted by an appropriate constant. In
Section 4, we establish that the shock position is monotonic in the end pressure. In
Section 5, we use the continuous dependence of the solution on the shock position
to the existence result in Theorem 1.1. In Appendix A, we list some properties
of the background solution. We give some useful inequalities and estimates in
Appendix B. Finally, in Appendix C we give a detailed discussion of the regularity
of C3% solutions to problem (1-1) with (1-2)—(1-5).

We will use the following conventions:

O (&) means that there exists a generic constant C; > 0 independent of X, and
& such that || O ()|l c1.« < Cie.

O(1/X(') for m > 0 means that there exists a generic constant C; > 0 indepen-
dent of X and ¢ such that |O(1/X§)llcr« < Co/X('.

2. Reformulation of the problem

In this section, we will reformulate the nonlinear problem (1-1) with (1-2)—(1-5)
to obtain a coupled first order elliptic system in the angular velocity exponent U2+
and the density p™, and two first order equations, one in the radial velocity U 1+
and the other in the specific entropy S*. As in [Xin and Yin 2008b], we will need
to derive relations between (pt, U1+ ) and (U, U3Jr ) in the shock X. Due to the
symmetry of the nozzle wall I1, and the supersonic incoming flow in the diverging
part, it will be more convenient to use the spherical coordinates

(2-1) xy=rcosf, xp=rsinfcosp, x3=rsinfsing
and velocity decomposition
Ul+ = uf cosd —i—u;“ sinf cos ¢ —i-u;r sinf sing,
(2-2) U =uf sinf —uj cos@ cosp —ui cosOsing,
U3+ = —u; sing + ué’ cos @,

where 6 € [0, 8], ¢ €[0,27],and r = (xl2 +x§ +x32)1/2.
In the spherical coordinates (2-1), set

V= (a,, 14, 1
r rsind

a(,) and U = (Uy, Us, Us).
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Then (1-1) and (1-2) are transformed respectively into

[ (pTU)+ (%, —% coté’)pJr (U, U =0,

—((U)? +(U;)?)

- -~ T p+
(2-3) ‘(U*-V)U++V€r +% U U + (U )?cotd | =0,
r U US — US U cotd
| (- V)sT =0,
and
- 1. . 0, )_
01 (1. 007~ 85) =0,
. 1. - OpT
(2-4) ] [pU®U—|—PI]-(1,:69r,—~ . )20
r rsing
i - O,
[+ 3102 + PO (1, 1arF, -2 ) =0,
| r 7 sing

where r =7 (6, ¢) is the equation of the shock surface X in the spherical coordinates

(r, 0, 9).
Meanwhile, (1-4) and (1-5) are correspondingly changed into

(2-5) PY(r,0,9)=P.+ecP@®) onr=Xo+1
and
(2-6) U2+ =0 onf =40,

For the axisymmetric exit pressure (1-4), we will search for solutions of (2-3)-
(2-6) in the form

Q-7 (ST, PH, U7 =(ST(,0), PT(r,0), U (r,0), Uy (r,0),0; 7)),

that is, we look for a solution and shock surface independent of the variable ¢.
In this case, using the notation

UE(U],UZ), ULE(—UL Ul), VE(ar,—(l/l")a(.)),
we can simplify (2-3) and (2-4) to
V.-(ptU") + %p+(2, —cotd) - Ut =0,

1

U+
(2-8) (U+V)U++FVP++_2(U+)J_=O’
r

(U-V)ST =0,
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and
1 (.22) 0.
2:9) Lpueu+pi (1. :((g))) —o,
| [(pe+ 31U+ PYU]- (1, ff/((—g))) —0.
For convenience, we use the transformation
(2-10) yi=r and y;= X0,

to change the fixed wall I, into y, = 1.
In the following, we will drop the + superscripts for simplicity in presentation.
In this case, (2-8) and (2-9) can be rewritten respectively as

P »2 _
V- (pU) + EU . (2, —cot(X—O)) =0,
(2-11) (U.vy)U+lvyP+2UL=O,
P Y1
(U-V,)S =0,
and
[pU] 1
(2-12) [pU QU + PI] | Xo&'(0n2) | =0,
[(p(e+ 3IUIP) + P)U] <)

where V, = (0y,, —(Xo/y1)dy,) and (y2) =7 (y2/X0), and (2-5) and (2-6) become
respectively

(2-13) P(y)=P.+&P(y2/Xo) ony =Xo+]1
and
(2-14) U,=0 ony =]1.

Next, we derive boundary conditions of (P, S, U;) on the shock surface.
It follows from (2-12) that

_<0n) [pU1Us]

2-15 ! = .
(2-15) O NPT
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This, together with (2-12), yields on X that
Gi(p, U, S) =[pUillpU} + P]— p*U U} =0,
G2(p, U, S) =[pU} + PlipU3 + P1— (pU  Uz)* =0,
Gs(p, U, S) =[(pe+ 1p|U*+ P)Uil[pU} + P]
— pUi(pe+ Lp|lU* + P)UF =0.

(2-16)

It follows from a direct computation and the implicit function theorem that at
the shock position X

Q2-17) (S—SF, P— Py, Ui — Uy (ro)
= (81, &2, &) (U3, Py — Py (r0), Uy — Uy (ro)),

where g; is smooth in its arguments and satisfies g;(0,0,0) =0 for j = 1,2, 3.
Moreover, by (1-6), the expected estimates in Theorem 1.1, and Remarks A.2
and A.3, it can be verified that

8 =(0(e)+ 0(1/X)(0Us) + O(&(y2) —ro)) fori=1,2,3.

This implies that on the shock surface, the influence of U, and &(y;) — rp on
S— SS“, Uy — l}ar and P — 160+ can be almost neglected.

On the other hand, due to (2-1) and (2-10), the extension (S;, Py (r), Ui (r))
of the background solution in Appendix A will be changed into

(2-18) (S, PE(), U (),

which satisfies for large X

d* Py d* Uy C
(2-19) o O) 0 O € k=123,
dy, dy 0

where the constant C > 0 is independent of X (see Remark A.2).
To treat the system (2-11) with (2-12)—(2-14), we introduce new coordinates

yi—<0n)
2-20 ="
(2-20) DT X0+ —<(n)

which changes the free domain

and 2z =y,

(2-21) Ry ={(y1,y2) :{(n) <y <Xo+1, 0 <y, <1}
into a fixed square
(2-22) Ey={(z1,220):0<z1 <1, 0 <z < 1}.

There coordinates will decouple the system (2-11) with (2-12)—(2-14).
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With some abuse of notation, we set

(2'23) (Sa P> Ul’ UZ)(Z) = (S, P, U], UZ)(f(ZZ) +Z1(X0 +1 _f(ZZ))> ZZ),

(2-24) (B, U @) = (B, Ui (ro + 21(Xo + 1 — rg)).
Define
(2-25) w = U, /Uj.

We now derive a first order elliptic system in w and P.
In fact,

2 X ((the third equation in (2-11)) — U, x (the first equation in (2-1 1))),
1

together with the fourth equation in (2-11), yields

X 2 2
o= (s = )0 L0, P— 24 e 32 0.

n pU2 y P yP vy Xo
While
#ll]f X ((the second equation in (2-11)) — U; X (the first equation in (2-1 1)))
yields
Ot 5 Xo COt;;_f) * )}2_10(# ylP)ayl P+ y%asz - w;—({)—Z =0.

In the (z1, z») coordinates, we then have in E

d;,w — a0, P = F(S, P, Uy, Us; &),

2-26
(2-26) B0+ - cot 2w+ oy, P = Fx(S, P, Uy, Un: &),
where
ay = Xo(Xo +1 —I’Q) 1
ro A ) (U (0))2

4 — 1o ( 1 1 )
Xo(Xo+1=r0) \ 5 () (TS (0)2  yP,(0))’
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and

Fi(S, P,U, Uy )

_ Xo 1w o
_5(Zz)+Z1(Xo+1—§(z2))(pU12 yp)((Zl D (z2)2,

+ (Xo+ 1 —E(22))3.,) P + y%amP — a0, P
w(Xo+1—E(22)) w?(Xo+ 1 —E(22)) 2

Fa)ta Kot 1—¢() ) taXot+1—2) X
FZ(S, P, U1, Uz; f)

S@)+uXo+1-¢8(z2) (1 1
= 0., P — s —— o, P
Xo(Xo+1—<¢(22)) pU; VP
71— 1)¢(z 1—2z1)¢(z 2
_ﬂ((l )f(z)am_'_azz)],_'_( 1)5(2)6le+w+2.
yP\ Xo+1—-¢4(22) Xo+1—-<¢(22) Xo
It should be noted that in (2-26),
w2 (Xo+1—E(z2)) &) 1 2
cot— and — cot—uw
() +uXo+1-¢(z2)  Xo Xo  Xo

are singular at zo = 0, and thus special care is required in our analysis.
In addition, it follows from the first equality and the fourth equality in (2-9) that

17712 V) P
Ly +——]=0.
[2 y—1p

This, together with the first and the fifth equation in (1-1) yields the Bernoulli’s
law

y P 1 _ 2 Y P()_(XO)
(2-27) Wi +wh) + ——= = LUy Xo))* + —2—".
> y—1p 270 7 =1 pgy (Xo)

In terms of the fourth equation in (2-11), the equation for the entropy becomes

(2-28) ((1 L Xow(l—z)EG2) )821

() +z1(Xo+1-E(22))
_ Xo(Xo+1-¢())w ) _o
) +uXo+1-E(z) 7 '

The related boundary conditions of (S, P, U;, U,) are

(2-29) (S, P, Up)(0,22) — (S§, By, U (0)
= (&1, &2, 83)(U3(0, 22), Py (E(z2)) — Py (ro), Uy (E(z2)) — Uy (r0)).
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and
(2-30) P(1,22) = P.+eP(z2/X0).
(2-31) Ux(z1,1) =0,

where the shock &(z;) is determined by
_<(z2) (pU1U1)(0, z2)
Xo p(0,22)U3(0, 22) + P(0, 22) — Py (£(22))

Consequently, in order to show Theorem 1.1, we only need to solve the problem
(2-26)—(2-28) with conditions (2-29)—(2-32).

(2-32) ()=

3. The existence of a three-dimensional transonic shock
for undetermined exit pressure

We will now establish the existence of a three-dimensional transonic shock in a
nozzle when the transonic shock is assumed to go through some fixed point on the
wall and when the end pressure P, + ¢ Py(0) in (1-4) is adjusted by an appropriate
constant. It follows from this that if one can show that the shock goes through
some a point at the wall and if the corresponding adjustment constant on the end
pressure is zero, then Theorem 1.1 will be proved.

Theorem 3.1. Let the three-dimensional nozzle and the supersonic incoming flow
be described as in Section 1. Assume further that

(3-1) ¢(1) = ro,

where 7y € (ro — 6X8/28, ro + 6X8/28) with C > 0 some fixed constant. Then
for e <1 /XS and large Xy, there exists a constant Cy such that the problem
(2-26)—(2-28) and (2-32) with conditions (2-29), (2-31) and (3-1) has a C** (Ey)
transonic solution (S(z), P(z), U1(2), Ua(2); £(22)) when (2-30) is replaced by

(3-2) P=P,+cP(z2/X0)+Co onr=Xo+1.
Moreover,

(3-3) € —Follcsepo, < Ce

and

B-4) (S, P,UN = (ST, P (21), U @)l 2y + 102l 2,y +1Col < C.

Here C is a generic nonnegative constant that is independent of Xo and ¢, and
(S, P (z1), Ut (21)) is the background solution representing a radially symmet-
ric transonic shock at position ro with exit pressure P,.
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Due to singular terms in (2-26) on {z» = 0}, special attention must be paid to
handle the possible nearby singularities of the solution. Fortunately, this difficulty
can be overcome and C>* regularity of the subsonic flow can be established.

We define iteration spaces as follows:

(3-5) S, =1{&(z2) € CH[0, 11: |E=Foll c3apo,y < 0, &' (0)=E'(1)=0, P (0)=0}
and

(3-6) Es={(S, P, U1, U2): (S, P, UL, Up) = (S}, B U, 0)l oy <6,
aZZ(S’ P, Ul)(Zl, O) = aZz(Sa Pa Ul)(Z], l) = (Oa 05 O)a
Uz(z1,0) =Ua(z1, 1) = 3222U2(Zl, 0) =0},

with ¢ > 0 and J > O to be determined.
The proof of Theorem 3.1 is divided into four steps.

Step 1 (approximating shock). For (S’ , P(q, S‘), Vi, V) € Es, we may by (2-32)
define the approximating shock location as
(22 = _<(22) (gV1V2)(0, 2)
(3-7) Xo P(g,5)(0,22) — Py (£(22) + (g V)(0, 22)
¢(1) =ro,
which has a unique solution ¢(z2) € c3e([o, 1]). It follows from the compatibility

conditions in (3-6) that £(z,) satisfies at zo = 0, 1 the last two conditions in (3-5),
and

(3-8) 1€(z2) = ollcae < ClIVallc2e < C6.
In addition, as in (2-29), on z; = £(z2) we may require that
(3-9) (S, P,U0,22) — (S, B, (o). U (Fo))
= (81, &2, &)((V2)%, Py — Py (7o), Uy — Uy (7).
It can be verified directly that 6,,(S, P, U1)(0,0) =0o,,(S, P, U;)(0,1) =0.

Step 2 (approximating the specific entropy S). By (2-28), we approximate S by
solving the problem
(3-10)
Xo(1—21)¢(22) V2 Xo(Xo+1-E¢(22))V2
Vl + 71 6Z2 S == 0
(22t 21(Xo+1—-E(z22) () +21(Xo+1-E(z2)

in E+,
i +21((V2)*(0, 22), Py (£(22)) — Py (Fo), Uy (E(22)) — Uy (7o) = S
at z; = 0.
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Due to (3-6), this problem has a unique solution S € C>*(E,). Moreover, by
Remarks A.2 and A.3, we have

C -
”S — S;”Cz,a =< C||V2||%:2,a —+ _X ||é‘f — r0||c3,a
0
(3-11) 1 1
< C(IVallcze + ) Valeae = € (54 1)

Differentiating (3-10) with respect to z, and noting &'(1) = Va(z1, 1) = 0, we
have
Xo(Xo+1—¢(22)0,V
$(z2) +21(Xo+1—¢(z22))
02,5(0,0) =0,,5(0,1) =0,

V10;,(0,8) — (0;,8) =0along zp =0o0rz, =1,

which implies that
(3-12) 02,8(z1,0) =0,,8(z1, 1) = 0.
Thus, S belongs to Es for small 4.

Convention 3.2. The reader may have noticed that X sets the length scale for
many quantities here. Since this trend will continue, we now declare that any
symbol with check above it is that symbol divided by X. For example, 7, =z,/ X,
and 1 = 1/X,.

Step 3 (approximating P and w). By (2-26), the second equality in (3-9) and
(2-30)—(2-31), the approximate pressure P and w can be obtained from the bound-
ary value problem

d1w —a10,P = Fi(8, P(q, 5), Vi, V2; ),
Srw + 1 cotFrw +ad1 P = F>(S, P(g, S), Vi, Va; &),
P(0,22) — P (7o)
= 22(V3(0, 22), Py (£(22)) — Py (Fo), Uy (€(z2)) — Uy (7)),
P(1,22) = P, +eP(%) + Co,
w(z1,0)=0, w(z;,1)=0.

(3-13)

Here a; and a, are defined as a; and a, in (2-26), but with (9, U(;r , 130+ : 70)
replaced by (5, U+, Pt: 7). Note that the boundary condition w(z;,0) = 0
comes essentially from requiring C>* regularity of the solution (P, w), by assum-
ing P’ (0) = 0 in (1-4). The constant Cy will be chosen so that the solvability
condition in (3-13) can be fulfilled. More concretely, it follows from the second
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equation in (3-13) and w(z;, 0) = 0 that

22
w(z) = ,12/ sin §(F — @01 P)(z1, s)ds.
2.Jo

Since w(zy, 1) =0, we have

1
/ sin§(F»(S, P(q, S), Vi, Va; &) — @201 P) (21, s)ds = 0.
0

In particular,

1
(3-14) / sin§(F (S8, P(q, 5), Vi, Va; &) — @01 P)(1, 5)ds = 0.
0

We will take this as the solvability condition of (3-13) that determines the unknown
constant Cy.
Next, since P, (z;) satisfies

@0, P (z1) — Fa (ST, P (z1), US (z1),0:79) =0 inE, and P}(1)=PF,
a direct computation yields

orw — a1, (P — P = Fi(8, P(q, ), V1, Va; &),
ow + 1 cotZrw + @01 (P — P) = Fa(S, P(q, 5), Vi, Va; €)

(3-15) — Fa(Sy, P (21), U (21), 0; 7o),
(P — P)(0,22) = £2(VZ(0, 22), Py (E(22)) — Py (7o), Uy (E(22)) — U (o)),
(P — P1)(1,22) = £ P(%2) + Co,

w(z1,0) =0, w(z1,1)=0.
Next, we derive a second order elliptic equation for P — 13';r from (3-15).
Applying &;, and —(6;, + 1 cot(Z2)) to the first and second equation in (3-15)
respectively and adding up yields

(3-16)
01(@201(P — P, (21))) + 02(@102(P — P, (1)) + @i cot 2205 (P — P;f (z1))

=01(F2(8, P(q, ), Vi, Va; &) = Fa(SF, B (1), U (z1), 0: 7o)
— 0 (Fi(S, P(q,8), V1, V2: &)) — L cot 22 F1 (S, P(q, 5), Vi, Va5 &) in Ey,
(P — P)(0,22) = &2(V5(0, 22), Py (£(z2)) — Py (7o), Uy (£(22)) — Uy (o))
(P — P)(1,22) = 2P (%) + Co,

(P —Pr(z1))=0 onz=0o0rz=1,
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where the fact that ., (P — P.")(z1, 0) = ., (P — P.")(z1, 1) =0 comes from (3-15)
and Fi(S, P(q, ), V1, V2; O)(z21,0) = Fi(S, P(g, S), V1, V2; {)(z1, 1) = 0.
We now decompose the problem (3-16) as P(z) = P1(z) + P2(z), with

01(@201(P1 — P (21))) + 82(@162(Py — P (21))) + @y cot 2202 (Py — B (21))
=01 (F2(S, P(q, S), Vi, Va; &) — Fa (S, BF (1), U (1), 05 7))

— a2 (Fi(S, P(q, S), Vi, V2; &) — L cot 22 F1(S, P(g, S), Vi, Va3 &),
(3-17)

P1(0, 22) — P (0) = 22(V2(0, 22), Py (E(22)) — Py (7o), Uy (E(22)) — Uy (o)),
Pi(1,22) — P (1) = ¢P (%),
0r(Py — ﬁj(zl)) =0 onzy;=0o0rz=1,

and

6_12812})2 + 6_11822P2 + 6:Z1 cotz20,P» =0 in E.,
P(0,z2) =0,
P(1, z2) = Co,

52P2=0 011Z2=001‘22=1.

(3-18)

We first treat the problem (3-17).
It follows from Lemma B.5 (for the case of kK = 1) that (3-17) has a unique
C>“(E,) solution Pj(z) satisfying

1P1(2) = P} (z1) | 2
< C|IF(S, P(g, S), Vi, Va; &) — Fa(S], P (z1), Ut (21), 0; 7o)l o1
+CIIFi(S, P(q, 5), Vi, Va; )llcra + Cel| P (32) | c2a
+Cll22(V5(0, 22), Py (£(z2)) — Py (7o), Uy (£(22)) — Uy (o))l e

Though (V22(X07L 1—28(22)))/(E(z2)+z1(Xo+1—E(22))) cot 2, may be singular
in Fi, it follows from Lemma B.3 that

H Vi(Xo+1—E(z2)) cot
) taXo+1-2@))

=CValicte
Cl,a

‘i cotzp Vs H
Cle(EL)

< ClIValicaa.
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Thus,

1P1(2) = P;f (z1)ll 2
<05 =S cza + 0DIP(q, ) — B |l 2
(3-19) + 00 +0) Vi = U 2+ O + 5+ 8) | Val o2
CGaF e, + 01 +0)1€ = Follc2e + O (e)
Next, note that the problem (3-18) has a solution

(3-20) P>(z) = Coz1,

which is unique by Lemma B.5.
In this case, by the second equation in (3-15), (3-14) can be changed into

1
(3-21) / sin$(F2(S, P(q, S), Vi, Vas &) — Fa(Sy 5 B, (1), Uy (21), 05 7o)
0
—ax(01 P1 — 01 P (z1)) — a2Co) (1, 5)ds = 0.
Note that @ = O(1) > 0 since (S}, P.F, U+) is subsonic. Then we can choose

a unique constant Cy such that (3-21) holds. Moreover, it follows from (3-19) and
the expression of F, that Co admits the estimate

(3-22) |Gyl
1
1 . S =
Zm/ sin§(F2(S, P(q, S), Vi, Va: &)
2Xo sin” 53~ [Jo

2X R R .
’ — Fy(SF, B (21), U (1), 0; 7o)

—&2(611)1 —Glﬁj(zl)))(l,s)ds
< 1P1) = P (1)l o
1 < < 5 ~ g
+ 572” Fy(S, P(q,8), Vi, Va: &) — Fa(S;, P (z1), U (1), 0: 70) | o1
<Cl+*+e).

Collecting all the estimates (3-17)—(3-22) shows that there exists a unique con-
stant Cq such that the second order elliptic equation (3-16) with mixed boundary
conditions has a unique solution P(z) satisfying

(3-23)  IP = Pl llc2a +1Col < |1P1 — P |l c2a 4+ CICol < C (6407 +e).
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With P(z) so determined, we can obtain w in E by solving the problem
diw=a1: P+ Fi(S, P(g,5), Vi, V2: O),
(3-24) &w + 1 cotLow = Fr(S, P(q, S), V1, Va; &) — @201 P,
w(z1,0) =0.

It follows from Lemma B.7 that (3-24) has a unique solution w due to (3-13).
On the other hand, by w(z1, 0) = 0, we arrive at

(3-25) lwllcza < C(la1wllcta + 1620l

We now estimate [|01w||c1«(g,y and [[Q2w]cre(g,).-
By the first equation in (3-15) and (3-23), we have

(3-26) lorwlicre < C(IP = Bl + I Fillcre) < CG+6% +¢).

Next, it follows from the second equation in (3-15) that

22 - -
32 w@ = e [ sns(RG. PG5,V
2Jo A ~ ~
— Fy(S;), P (z1), Uf (z1), 05 7o)
— (01 P — 01 P (21)))ds.
Furthermore, a direct but careful computation using (3-27) and (3-21) yields
(3-28) w(z1,0) = 8%,w(z1,0) = w(l, 1) =0.

Indeed, w(z1,0) = w(1, 1) = 0 comes directly from (3-21), (3-24) and (3-27),
while c’%w(zl, 0) = 0 follows from the following computations:
Applying 0., two both sides of the second equation in (3-24) yields

1 _
———w=20,F—a0; ,P.

3-29 02w+ 1cot20,,w —
( ) 2 20z, X% sin2 %,

Note that for small z5,

¥ v 1
02w+ 1cotZrd,,w — w
2 20 X2sin® %,
2 1 L
=0 w+ X% S5 (0;,wXpsinzy cos 2 — w)
= 22w+ — o (GuwXo(a +0oE)(1 — 1 +0(3)
2 X3sin®Z \
1
—zz/ O, w(z1, 0Z2)d0)
0
1
=0lw+ — (0,wz2 — 0, w(z1, 0)z2 — 302 (21, 0)23 + 0(23))

X% sin® 22
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=302 w(z1,0) + 0(22),

and it follows from &,, P(z1, 0) = 0 and the expression of F, that 52
and 0;, F>(z1, 0) = 0. Consequently, (3-29) shows that c’%w(zl, 0) =

In addition, because 0, w(zy, 1) = 0, which comes from 6,, P(zi, 1) =0 and
Fi(S, P(g,S), Vi, V2: E)(z1, 1) =0, and w(l, 1) = 0, we have

P(z1,0)=0

2122

(3-30) w(z1, 1) =0.
Finally, it follows from the second equation in (3-15) and Lemma B.6 that
lo2wllce + 13wl
< C(I1F2(5, P(g. 8). Vi, Va: &) = Fa(SF. PF (21). U (2), 0: 7)o

+ 1P = Bf(z1)llc20)
<CGl+*+e).

This, together with (3-26), yields
lwll 2
< C(IF:(S, P(q, ), Vi, Va; &) — Fa (S, Pr (1), US (z1), 05 7o)l ot

(3-31) X
+1IP = B lcow + | Fill i)

<CO+0*+e).

Thus, it follows from (3-16), (3-22)—(3-24), (3-28), (3-30) and (3-31) that there
exists a unique constant Cy such that the first order elliptic system (3-13) has a
unique solution (P (z), w(z)) satisfying the estimates

(3-32) IP — Pl c2a + llwll c2a 4+ 1Col < CO+ 0% +¢).
and
(3-33)  9P(z1,0) =& P(z1, 1) = w(z1,0) = w(z1, 1) = 3w(z;,0) =

Step 4 (approximating the radial velocity U;). Due to (2-27), the radial velocity
U, can be uniquely determined from

2]/ P (0+)2 2y P+

Ui+ )+
! “ V_lpa

(3-34) —lp
Ui(z) > 0.

It follows from (3-11) and (3-32) that U;(z) satisfies
1U1 = U llc2e < C(Sllwllcaa + 1S = S llc2a + 1P = P [l c2a)

(3-35) y
<C(+6+¢).
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By (3-12), (3-28) and (3-30), a direct computation yields
(3-36) 0,U1(z1,0) = 0,,U1(z1, 1) = 0.

All the constants C in (3-8), (3-11), (3-32) and (3-35) depend only on the su-
personic incoming flow and ||ﬁ(22)||c2‘a, so we can choose 0 = O(1)e > 0 and
0 = O(1)e > 0 such that (S, P, U;, Uy; &) obtained in Steps 1-4 belongs to the
space Es. Consequently, we can define a map 7 from E; to itself by

(3-37) T(S, P(q,S), Vi, Va) = (S, P, Uy, Ua).

Proof of Theorem 3.1. It suffices to prove that the mapping T defined in (3-37) is
contractible in C1"*(E.).
For any two given elements (S, P, Vi1, V21) and (S2, P», Vi2, Va2) in Eg, set
T(S1, Py, Vi1, Va1) = (81, P, Uiy, Uay),
T(S2, P2, Viz, Va2) = ($2, P2, Upz, Upa),
and denote the corresponding approximating shocks (obtained by solving (3-7)) by
&1(z2) and & (z2), respectively. Below we will use the fact that o = O(1)e > 0 and
0=0(1)e > 0in (3-5) and (3-6).
Define
(W1, Wa, W3, Wy) = (81 — S2, Pt — P2, Uy — Upz, Uz — Un),
(W1, Wa, Wa, W) = (S1 — S5, Py — Po, Vi1 — Vi, Vai — V).

For convenience, we set also

U21 U22 ~ V21 V22
Ws=———" Ws=———" Weg=¢1(22) —&(22).
Un Un Vit V2
Next, we derive some useful estimates on W; fori = 1,2, ---, 6, so that the

contractible property of 7' can be established.
First, it follows from (3-7) and a simple computation that

Wi(z2) = O(e) W1 + O(e) Wy + O(e) W3
(3-38) +O0(1)Wa+ O(FWs in[0,1],
We(1) = 0.

This yields

3
(3-39) IWellc2ep0,11 < C(e > I Willera + ||W4||cu,a).
i=1
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Second, it follows from (2-28) and Lemma B.8 that

4

(3-40) IWillcre = € (2 D IWillcre + 11 Welleae ).
i=2

Next, it follows from (3-13) and (3-21) that
O Ws —a16:Wa = O(e) Wy + O(e) Wa + O () W5
+ O0(1)Ws + 0(e)We + O(e)0, Wa
+ 0o Ws + 0(HW(22),
8 Ws + 1 cot(Z2) Ws + @20 Ws
= 0()Wi +0(HWr+ 0(1)Ws
+ 0(e)Ws+ 0(1)We + 0 (1)8; Wa
+ 0(£)a, Wy + 0(6)01 Ws + 0 (e) W, (22),
W2(0, 22) = O(£) Wa(0, 22) + O (1) Wi (22),
Wa(1, z2) = constant,
Ws(z1,0)=0, Ws(z;,1)=0.

Then it follows from Lemma B.5 for the case k = 0 and (B-31) of Lemma B.6
that

(3-41)

5
(3-42)  [Wallcie + [[Wsllcr + [constant| < C(Zum e + ||W6||cz,a)-

i=1

Finally, it follows from the algebraic equation (2-27) that

(3-43) W =01)W;+O01Q)W2+ O(e)Ws.
This yields
(3-44) IW3llce < C(IWillcre + [Wallcre +&l|Wsllcre).

Collecting all the estimates (3-39), (3-40), (3-42) and (3-44) obtained thus far,
we arrive at

3 5
(3-45) D IWillcre + 1 Wsllere < CA+2) D Wil et
i=1 j=1
In terms of the definitions of Wy, W5, W4 and W5, one deduces from (3-45) that
4

4
(3-46) S Willcra <€A +) D Wil

i=1 j=1
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Since Xy is large and ¢ is small, C(i +¢) < 1 holds true in (3-46). This implies
that the mapping T from Zs into itself is contractible in C'*(E,). Therefore,
it follows from the contractible mapping theorem that there exists a unique fixed
point of T in the function space Es, which completes the proof of Theorem 3.1. [J

We complete this section by pointing out some refined estimates on the solution

obtained in Theorem 3.1. First, we note that by some elementary analysis for
ordinary differential systems, one can verify the following fact, which has been
given in [Li et al. 2009b, Proposition 5.3]:
Suppose (Sar,l, ﬁ(;’rl ), lA]afl (r) and (SSCZ, 13(;52(1’), l?&(r)), with r € [Xo, Xo+ 1]
given in Remark A.3, are two extended subsonic flows that correspond to the shock
positions ro,1 and ro 2 with ro; € (X9, Xo+ 1), and constant end pressures Py ., and
P . respectively. Then there exists a uniform constant C > 1 independent of Xy
such that for large X

1Sy P (), Ugh () = (St Bofy (), U W) L caanxo, xo41
(3-47) < ClPye— Pil,

(Xo/O) Pre — Prel <lro2 =701l < CXolPre — Prel.
This result combines with Theorem 3.1 to give another:

Theorem 3.1'. Under the assumptions of Theorem 3.1, we have

(3-48) IE = rollzeion) < CXy %6, 1IE lc2ago.1) < Ce

and

(3-49) (S, P, UD = (S5, B (1), U @)l c2aeqe,) +1Col < Cy/ Xz,
(3-50)  110,,(S, P, Uy) — 0,,(S5» By (z1), Uy @) ey + 102l c2a e

<Ce.

Here the generic constant C > 0 is independent of X and ¢, but may depend on C.

Remark 3.3. In Theorems 3.1 and 3.1” or the problem (1-1) with (1-2)—(1-5),
it seems difficult to find higher order compatibility conditions at the nozzle wall
so that the solutions will achieve C** regularity; this is due to the source terms
in (2-8). For more details, see Appendix C.

4. The monotonic dependence of the shock position on the exit pressure

The key to proving Theorem 1.1, as in [Li et al. 2009b], establishing the monotonic
dependence of the shock position on the end pressure. For this end, we assume that
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the problem (2-26)—(2-28), (2-32) with (2-29) and (2-31), has two solutions

(S, P, Uy, Ua; &) € CH(E4) x CH([0, 1),
(S, P, Vi, Vo &) € CP*(EL) x C>%([0, 1)

when the exit pressure boundary condition (2-30) is replaced respectively by

(4-1) P(l,22) = P.+eP1(22),
(4-2) P(1,20) = P, + e Py(%2).

Theorem 4.1. If (P, p, Uy, Us, S; &) and (P, q,Vi, Vs, S: &) both satisfy the es-
timates (3-48)—(3-50), and

_ Uy (Xo) y+3
Mo X0V ==y V2

(4-3) 1&(1) = & (D] < CXoell Py (22) — P2(22) | crago. 1y

then

and
@-4) (S, P, UL, Up) — (S, P, Vi, V)l craqe,) + I1€] — Ell crago.ny
< Ce|P1(Z2) — ﬁz(iz)llcha[o,l]-

Furthermore, if P\(1,22) — P>(1, z2) = C = O (/Xoe) and &(1) < &(1), then
&1(z2) < &(z2) and the constant C is positive. Moreover, there exists a generic
constant C > 1 such that

(4-5) @M -am) =€ = CEO-&M).
Proof. Without loss of generality, we assume

(4-6) (1) <&().
With some abuse of notation, we set

Wi(z)=S-5, Wae)=P-P, Wi(z) = Ui — Vi,
Uu W

Wi(z) =Ur — Vs, WS(Z):FI_VI’ We(z2) =<1 — &.

The proof of Theorem 4.1 will be divided into five steps.
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Step i (the estimate of Wg). It follows from (2-32) that Wg(z2) satisfies

3

Wi(z2) =D 0(e)W; + O(DWa+ O () We,
4-7) i=l1

We(1) = &1 (1) — &(1)
and

4 3
Wi (z2) =D 0@Wi+ 0@ We+ D 0(&)aW;

(4-8) i=1 i=1

+ O(1)o,Wa + O (&) We(z2),
W(1) = 0.

By (4-6), we have

4

(49)  IWi(zllcre = CeE) =& (D) +12Wallen) + Ca (X IWillcre )

i=1
and
[Wellcza < C((&(1) = &1(1) + Wy (22) [l o)

(4-10) i
< C(&M) = &M) +eWallca) +Co (DN Willere).

i=1
Step ii (the estimate of Wy). First, we solve the first order system (2-28) in the
coordinate z = (z1, z2). Let zé (s; z)(z%(s; 7)) be the characteristic going through
z = (21, z2) and reaching (0, £)((0, £)) at s = 0 corresponding to the vector field
(U1, U2)((V1, V2)), that is,

dzy(s:z) _ Xo(Xo+1 —&1(z2h))
ds o A]

u@) =2, z0;2)=4,

Uz (&1(23) +5(Xo +1—E1(23)), 20)s

where
Al = (&) +5sXo+ 1= E @)U + UaXo(1 —5)E[ (2).

Set I(s;z) = zé(s; 7) — z%(s; z), and note that z%(O; z) = f and z%(O; )= 5.
Then we have

% = 0(e)l + 0(£) W3 (s, 2)) + O () Wa(s, 2))

(4-11) + 0(e) We(z3) + O () W (23)
100;2)=B—p, Iz1;2)=0.
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By the C%* regularity of solutions, we can check that the coefficients of /(t; z)
in (4-11) are in C"*. Based on this, we intend to derive the C'-* estimate of § — 5.
Indeed, by (4-11), we can arrive at

I8 — Bl < C(el|Wall oo + | Wall e + &l Woll oo + &2 | We(z2) | 1)
On the other hand,

s _ 1
Z%(S;Z)=—/O Xo(Xo+1—-¢1(25))

" Uap(&1(z)) +1(Xo+ 1 —&1(2D)), zh)dt + B,

and

_ /Z' Xo(Xo+1—<1(z21))
=— 1
0 1

Ur(&1(23) +1(Xo+ 1 = &1(z21)), 23)d1 + .

Similar relations hold for z%(s; z), z2,and ﬁ corresponding to (Vi, V»).
Hence, one can obtain

p—j= /0 (0(&)Ws(t, 24) + O()Wat, 2b)
+ 0(e)Ws(z2) + O (HWi(Zh) + 0(e)l(t; 2))dt,

(4-12) ‘
I(s:2) = / (OE@Wi, )+ O(Wir, =
+ 0(e)We(2) + O (WD) + 0(e)1(1; 2))dt
and
(4-13) 102, (B, B)llcra < Ce,  N10,(B, P)llcra < C.

It follows from (4-12) and (4-13) that
(4-14) 1B = Blicre < C(elWllcra + | Wallcre + &ll Well c2.0).
In addition, by (2-28) and the characteristics method, we have

Wi(z) = Wi(0, B(z1,22)) + O(e) (B(z1, 22) — B(z21. 22)),

(4-15) .
W1(0, z2) = O(e)W4(0, z2) + O (1) We(22).

Combining (4-15) with (4-14) yields

IWillce < C(ell(eWa, eWs, Wa)llcra + 1l Wellc2e + €1l — Bllcre)
(4-16) < C(1(&) = & (1) + 2l (e Wa, Ws, Wa)cr
+1IW @)l era).
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Step iii (the estimates of W, and Ws). By the system (2-26) and the related bound-
ary conditions, a direct computation yields
O Ws —ard:Wo = 0 (e) - (Wi, Wa, W3, We) + O(D)Ws + 0 ()01 Wa
+ 0w+ 0()W(z2),
02 Ws + 1 cot(Z) Ws + 20, Wa
= 0(1)- (W1, Wa, W3, W, 01 W2)
(4-17) + 0(e) - (Ws, 5. Wo, 01 Ws, W),
W2(0, 22) = O(&)Wa(0, 22) + O (1) We(22),
Wa(1,22) = e P1 (%) — e Py (%),
Ws(z1,0) =0,
Ws(z1,1) =0,
where a; and a, are positive constants that are defined like a; and a; respectively
in (2-26) for the background solution, but with shock position at r = &; (1) rather
than at r = ry.
As in (3-16)—(3-18) and (3-21), we decompose W, = W51 + W»; so that
Gr0F Way + @103 Wa1 + (@1/ Xo) cot(Z2)d2 Way
=a1(0(1)- (W1, Wa, W3, 01 W2)
+ 0(e) - (Ws, 02 W2, 01 Ws, W) + as(z) W)
—3(0(e) - (Wy, Wa, W3, W, 01 W) + O(1) - (Ws, 8, Wa, W)
- X, Leot(Z)
X (0(2) - (W1, Wa, W3, We, 1 W2) + O(1) - (Ws, 82 Wa, W¢)),
W21 (0, 22) = O(e) W4 (0, 22) + O (1) Ws(22),
Wai(1, z2) =0,
02 Wai(z1,0) =0,
Wi (z1,1) =0

(4-18)

and
@207 W + @103 Waz + (@1 / Xo) cot(22)0 War = 0,
W2(0, z2) =0,
(4-19) Wa(l, 22) = & Pi(%2) — e P2 (%),

W (z1,0) =0,
0oWal(z1,1)=0
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and
] v
(4-20) / sin§ (0 (1) - (Wi, Wy, W, 0, W2) + O(e) - (Ws, &, Wa, 61 Ws, We)
0
+ a3(2) We — 20, Way — @20, Wa2) (1, 5)ds =0,
where a3(z) = O(i). In particular, due to the estimates (3-48)—(3-50), we have

@2 a3@)=—(—15 - )

pUZ 7P
s P( 11—z &H(22) +21(Xo + 1 =6 (22)) )
P\ XoXo+1-81(z) | Xo(Xo+1—& ()Xo + 1 —&(22))
+0(e) <O.

Similar to the estimates in (3-42), by (B-20) in Lemma B.5 for the case k = 0,
we have

6
(4-22) IWarllcragey < € D IIWillcrae,),
i=1
(4-23) IWarllcraqe,y < CellPr(Z2) — Pa(E)llcrago.ny-

In particular, for the case of P(1, z2) — f’(l, 72) = C, we can determine Wy =
Cz; as in Section 3. Thus it follows from (4-20) and a,(z) = O(1) > 0 that

4-24) C<C(I&EM) —&M)+TIWillcre + 1Watllcre + 1IWsll o1
+ el Wsllcre + LI We(z2)llone).-

Similar to the estimates for (3-21), (3-26) and (3-31), together with (4-9) and
(4-22)—(4-23), we get

(4-25) IWatllere < C((EA) —E Q)+ (Wi, W3, Ws, W)l cre)
+Ce||P1(Z2) — Pa(Z2) |l o
(4-26) IWsllere < C((EA) = &) + (Wi, War, W3, Wi)llcra)

+Cel| Pi(22) — P2l cre-
Thus, combining (4-25) and (4-26) with (4-23) yields

4-27)  [Wallcre + [ Wsllere < C((E(1) — & (1) + 1(Wr, Wi, Wé)llql,a)
+ Ce||P1(22) — P2(22) ll e

Step iv (the estimate of W3). It follows from (2-27) that

(4-28) W3 =0(@)Ws+O0()W+ O0(1)W,.
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This yields
(4-29) IWsllcra < C(IWillera + I Wallcra + &l Wsllcra).

Step v (the estimate of W, (0, z2)). Note that the supersonic background solution
(py > Py, Uy ) satisfies the system (2-11), that is,

d(p, Uy) _ _ZpO_UO_

b

d
4-30) o Mo no 2
d(po (Uo ) + P, ) _ _2/70 (Uo )
dy; oo
Set
mo(y1) = (pg Uy)*,
o _ y Py _
mn) =py Uy Y+ By ma= == +3(Up)”
Y =1 pg

It follows from Bernoulli’s law, (2-27), that m, is a constant.
In addition, by (2-16) and (2-27), we have on z; =0

2 2
P2ULU2
Uy = Jmg+ 22122

pEL= U2—|—P]

(4-31) (UU)2
pU1U2 Y P 1,0 2
U2gPpem 4 22 T P vyl
s U+ P 2=y Ty,

This implies

_ (mo+p*UiU3/1pU3 + P))°

(4-32) —P+(pU1U2)2/[pU22—|—P]’
my— P Yy P 2 2
U= , my=———+3 Lw+ud.
e o 1 +4

Substituting the first two expressions in (4-32) into the third equality in (4-32)
yields on z; =0

4-33) Lom - P)Y+ Lp(ml — P) — mymy

2 2 2 2 2

U1U 1 2 U0, (my—P) 5
ImoU3 -1 /m Us).

[ U2+P] 2m0 272 [ U2+P]( m + 2

— my gL 172

Since (S, P, Uy, Us; &) and (S, P, Vi, Va; &) both satisfy (4-33), it follows
from a direct computation and the estimates (3-48)—(3-50) for (S, P, Uy, Us; &)
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and (S‘, }3, Vi, Va; &) that

(4-34)  ay(z22)Wo = as(22) We(22) + O (e*) Wy + O (e*) W2 + O (e*) W3
+0(e)Ws+ 02X, ) W,

where
as(e2) = Ty @) = Hm @) +m(@) = P = Py = T (P )
N 2 ~
= —Lmi (o) = (1 (o) = Py’ () — y—_ylp(r(m +0(/Xoe)
(4-35)
= A O o) = B o)+ 0/ Xoe)
1 ~
= ﬁﬁg (r0) (Ug (r0))* — (B (1)) + O(/Xoe) <0
and
1
as(z2) = m> / (G + (& — E))ds
0
1
— 2 (&) +mi (&) — P — 13)/0 my (& +s(& — &))ds
1
(4-36) - yyjf’ /0 my (& +s(& —&))ds
= mam)y(ro) — (m1(ro) — By (ro))m’ (ro) — —— Pyt (ro)m (ro)

y—1
+ O(\/ Xoé‘)
(pg Uy )*)(ro) - 5
= 22— ((y + D) Py (o) — Pyf (r0)) + O (v/Xoe).
(y — Dro
Next, we analyze the sign of as(z2) for small ¢ and especially the sign of
(y + D Py (ro) — PO+(VA0)-
In fact, by (4-32), P0+ (ro) is a solution of the algebraic equation

@-37)  F(s) = 4(mi(ro) — 5)2 + ——s(my (r0) — s) — mamo(ro) = 0.

y—1
Since
FRpen =0, F'()=~115 <o,
F(By (o) = -7 (05 Uy V) 00) = 7 By (o)

_Po (ro)

T (U5 o)) = o (o) > 0,
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which follows from direct computations, F(s) is a concave function and P, (ro)
is a left zero point of F(s).

Using the assumption M, (Xo) > +/(y + 3)/2 on the Mach number for the super-
sonic incoming flow, we have

(py (ro))?c*(py (ro))

F((y + D Fy (r0)) = (2Wy (r0))* = (7 +3)c*(pg (ro))) > 0.

2(y — 1)
This shows that
(4-38) Py (ro) > (y + 1) Py (ro).

Combining (4-38) with (4-36), we have
(4-39) as(z)=0(1) and as(z2) > 0.

On the other hand, by the estimates (4-9), (4-10), (4-16), (4-27) and (4-29), we
have

4
(4-40) D [IWillcre + I We(z2)l o1

i=1 v - . - .
<Cl&() =M+ CellPi(z2) — P2(22)llcra
This, together with (4-34)—(4-36), yields
@41 Wa(0,22) = bi(& (1) —&(1) = bas || Pi(Z2) — Pa(Z)llcrego, s
where b; for i = 1, 2 is a generic positive constant of order O(1).

Based on Steps i—v, we can prove Theorem 4.1.
Using (4-21) and substituting (4-40) into (4-20) (noting that (4-20) holds for all
z1 € [0, 1]), we have, for all z; € [0, 1],

1
(4-42) /0 sin3 (B3(@(1) — & (1))
— bse|| Py (22) — P2(22) ¢ — 81 Wa1) (21, 5)ds <0,

where b; for i =3, 4 is a generic positive constant. In particular,
by = C(=Xoa3(x) + €)= 0(1) > 0

because az(z) = O(1) < 0 in (4-21).
If we assume
by bs

(4-43) el P1(Z2) — Pyl e < min{ 255" 2

}(62(1) — &),
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is false (that is, that this statement is true with “>"" instead of “<’’), then (4-3) has
been shown. If we assume (4-43) is true, then this means W (0, z2) > 0. Due to
W2 (0, z2) = Wa1(0, z2) + W22(0, z2) and Wy (0, z2) = 0 in (4-18), we then get

(4-44) W21(0, z2) > 0.
On the other hand, it follows from (4-42) and (4-43) that for z; € [0, 1]

1
(4-45) a1 ( / sWai (21, 5) sin Eds) > 0.
0

Combining (4-44) with (4-45) yields

1
/ Wa1(1, s) sinsds > 0.
0

However, this contradicts that W»; (1, z2) = 0 in (4-18). Thus (4-43) does not
hold, that is, we have shown that there exists a constant C > O such that

15 (1) — & ()] < CXoell Pr(Z2) — P2(Z2) | ot

Combining this with (4-40), we complete the proof of (4-3) and (4-4).
Finally, by (4-24) and (4-25) and an argument analogous to the one for (4-3)
and (4-4), we can also show (4-5). We omit the details. O

Remark 4.2. From (4-3) of Theorem 4.1, we have established that the position
of the shock depends continuously on the exit pressure. If the condition (2-30)
is replaced by P(1,z2) = P, + eP(%,) + C, then (4-5) establishes that the corre-
sponding position of the shock depends monotonically on the exit pressure. Thus,
the constant Cy in Theorem 3.1" can be considered as a function of the variable
y1 € (X0, X9+ 1), which is denoted by Cy(y;). Furthermore, it follows from (4-5)
that the function Cy(y;) is Lipschitz continuous and decreasing.

5. Proof of Theorem 1.1.

First, we prove that the system (2-26)—(2-28), (2-32) with (2-29)—(2-31) has a
solution.

Denote by Py = P, — /Xo¢ and P, = P, + /Xoe the exit pressures of the
symmetric transonic shock solutions with corresponding shock positions at y; =ry
and y; = rp, respectively. Then it follows from (4-5) in Theorem 4.1 that r; > r;
holds true.

For each fixed point (y, 1) with y} € [r2, r1], it follows from Theorem 3.1 and
Remark 4.2 that there exists a constant Co(y]) such that problem (2-26)—(2-28),
(2-32) with (2-29), (2-31) and the exit pressure P = P, + & Py(0) + Co(y]) has a
unique solution (S, P, Uy, Us; £(z2)) that admits the estimates in Theorem 3.1,
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If yj = r2, it follows from (3-4) and (3-47) that

(5-1) ICo(r2) — v/ Xoe| < Ce.

This implies that Cy(r2) > 0. Analogously, we have Cy(r;) < 0. Therefore, in
terms of Theorem 4.1 and Remark 4.2, there exists a unique point y? € (rp, 1) such
that Co(y?) = 0, that is, the system (2-26)—(2-28), (2-32) with (2-29)—(2-31) has
a unique angular symmetric solution (S, P, p, Uy, Us; &). Also, by Theorem 3.1,
this solution also satisfies the estimates

(5-2) € —rollLepo,11 < CXoe, 1€l c2010,17 < Ce
and
(5-3) I(S, P, Uy) = (S5, Py (z1), U @)l czaqe,) < Ce.

According to the constructions of the spaces of S, and Es in Section 3, we can
derive that

0.,8(z1,0) =0,,P(z1,0) =0,U1(z1,0) =0,
0.,8(z1, 1) =0,,P(z1,1) =0,U1(z1,1) =0,
Ua(z1,0) = 02,Ux(21,0) = Uz (21, 1) =0,
&0)=¢cP0)=¢'(1)=0.

Next, we verify that the axisymmetric solution (S, P, U;, U,; &) satisfies all the
estimates in Theorem 1.1 in the (x{, x7, x3) coordinate system.

(5-4)

The transformation (2-20) keeps the equivalence of C>* norms between the co-
ordinates (y;, y2) and (z1, z2). Denoting the solution by ((S, P, Uy, U2)(y); £(32))
in the coordinates (y;, y»), we have

(5-5) IE(2) —rol < CXoe, 1€ () llcrajo. < Ce
and
(5-6) I(S, P, Uy, Us) — (S5, By (1), Ug™ (), O llc2e(r,) < Ce.

In addition, it follows from (5-4) and a direct computation that

3y, S(y1,0) =0y, P(y1,0) = 0,,U1(y1,0) =0,
0y, S(y1, 1) =0y, P(y1, 1) = 0,,U1(y1, 1) =0,
Ua(y1,0) = 85,Us(y1,0) = Ua(y1, 1) =0,
&0)=cP0)=¢'(1)=0.

(5-7)
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Therefore, by the inverse transformations of (2-1) and (2-2), the solution to the
problem (1-1) with (1-2)—(1-5) has the form

) (x% +x32)1/2
(S, P)(x1, x2, x3) = (S, P)((x2 +x3 +x3)"2, X0 arcsm( :
a2 Tes (x4 x3 +x3)1/2

and
uj . x1 (x5 +x3)1/?
uy | (x1, x2, x3) = Xy —x1x2/(x2 +x2)1/2
(xf4x3+x3)1/2 373

X3 —x1x3/(x22 —i-x32)1/2

Ui 2, 2, 212 : (3 +x3)"? )
. X7 +x5+x , X arcsin R
(Uz) (( 1 2 3) 0 ((x12+x§+x32)1/2>

us

and the shock position x| = 7(x2, x3) is given by the implicit function

2,2, 12 (3 +x9)'?
5-8) G(x1,x2,x3)=(x7+x5+x —¢&| Xparcsin =0,
(5-8) G(x1,x2,x3) = (x]+x5+x3) f( 0 ((x12+x22+x§)1/2))

where we have for small ¢

X1

= >0
(x? +x3 +x32)1/2

. 3+ ))Xo(x22+x32)1/2
X1

+¢' (Xo arcsin
((x12+x22+x32)1/2 xi+x3 43

because |&'| < Ce.
Thanks to (5-7) and Lemmas B.3 and B.4, we know that

(ST (), PF (), uf (), uy (x), ug (x))

belongs to C>*(Q. ) and satisfies the estimates in Theorem 1.1.
Finally, we show that #(x>, x3) € C 3.a (Se) and satisfies Theorem 1.1(1).
Since the shock surface x; = #(x3, x3) is determined by (5-8),

(5-9 g — (g — x3 — x| 1(s,) < CIIE = rollLeo.1) < CXoe.

In addition, #7(x>, x3) satisfies the Rankine—Hugoniot conditions (1-2), so we
have
_ [puiuallP + pu3l — [purusllpusus]
TP £ 1P+ pid] — [puaus
_ [puusllP + pu3) = [pusuallpusus]
[P+ pudllP + pu3] — [pugus)?

(5-10)

X3

Similarly, #o(x2, x3) = (rg - x% - x32)1/ 2 also satisfies (5-10) when the solution

(p*, P, u%) is replaced by the corresponding background solution in (5-10).
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Therefore, by Remark A.2, (5-9) and the interpolation theorem in Hélder space,
we have

” sz,X3 (’7(-)‘:27 x3) - (r(% - X% - x:%)l/z) || Cz’“(se)
< Cle+ VeSS, P i} g, 03 15 )2l — (5 — x5 — x3) [l 23,
< Ce.
This completes the proof of Theorem 1.1. (|
Appendix A.

In this appendix, we will describe the transonic solution of the problem (1-1) with
(1-2)—(1-5), when the exit pressure is a suitable constant P, under the assumptions
given in Section 1 on the nozzle walls and the supersonic incoming flow. Such
a solution, called a background solution, can be obtained by solving the related
ordinary differential equations. Related analysis has been given in [Courant and
Friedrichs 1948, Section 147] and the details can be seen in [Xin and Yin 2008b].
For the reader’s convenience and because it’s needed for the computations in this
paper, we will give a detailed statement.

Theorem A.1. Ifthe three-dimensional nozzle wall " and the supersonic zncomlng
flow are as deﬁned in Section 1, then there exist two constant pressures P, and P,
with P1 < P2 such that if the exit pressure Pe € (P1, Pz), then the system (1-2) has
a symmetric transonic shock solution

(PO_(r)’ ul_,O(x)a uz_’o(x), MS_,O(X)’ SO_) forr <Tro,
(P()Jr(”), ”to(x)a MZO(X), M;:O(X), Sar) forr > rg,
where ”;,ro(x) = U(;“(r)xi/rfori =1,2,3, Xo <ro <Xo+1, Sar is a constant,
and (POJF(”), U(;r(r)) is C3-smooth.

See Theorem 1.1 in [Xin and Yin 2008b] for the proof.
Next, we cite two useful remarks, which were stated in [Xin and Yin 2008b].

(P,ul,uz,ua,S)=[

Remark A.2. By the assumption (1-6), we have for rg <r < Xg+1

dkur d*p;’ C
0 () 0 O S i=1.2.3.
drk drk X’é

Remark A.3. One can obtain an extension (47 (r), U, +(r)) of (p (r), Uy (r)) for
r € (Xo, Xo + 1) by solving the Euler system.

Appendix B.

We now give some elementary facts and computations often used in Section 5.
Compared with the similar results in [Li et al. 2010a, Appendix B], the estimates
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here are more delicate since we require them to be independent of Xy. Here and
in what follows, X is defined as in Section 1 and C stands for a generic positive
constant that is independent of Xg.

For the convenience, we set

Ei={(z1,220)€R*:0<z1 <1, 0<z, <1},
E2={(X],XQ,X3)ER3ZO<X1 <1, x%—{—xg < 1},
E3:{(Z1,22,z3)€R3:O<zl <1,0<zp<1, 0<z3 <2m},
Ey={(x1,x) € R?: x2+x2 <1}.

Lemma B.1. Let

1 (f +x9)'2 1 X
o= (o (797) |
Xo Xo (xF+x3)12 ) (x2 +x3)12

Then we have

(B-1) Pl core,y < C.

Proof. Note that ¢ (x1, x2) can be rewritten as

fol (cos(p) — cos(sp))ds x

P(x1, x2) = Xosin P
1, . o .
_ 20 fo (sm(%(l +5)p) sm(%(s —1D)p))ds
p X sin(p) ’
where p = (x7 +x3)!1/2
It is easy to see that
(B-2) ¢l L=Ey) < C.

For any two distinct points (xy1, x21) and (x2, x2) in Ejy, it follows from a
direct computation that

(B-3) d(x11,x21) —p(x12, x0) =11 + b+ I3,

where, with a = (xlz1 +x221)1/2 and b = (x122 +x222)1/2,

I = (I cot(a) — %)w,
a

b

(o 1y a2 (G —x) (4 xn) + (a1 — x22) (621 +x22))
I = (1 cot(a) a) ab(a +b)

_ 18 (o)~ L Teotdy + 1)
I; = b(lcot(a) P lcot(b)+b.
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Now we only estimate /3 since the treatments on /; and I, are analogous or even
simpler.
Assume that a > b without loss of generality. Then a direct computation yields

ab sin(b — a) — X sin(@) sin(b) (b — a)

|3] < PN
Xy sin(a) sin(b)ab

Since

lab sin(b — a) — Xo sin(a) sin(b) (b — a)|

1l
= )l; — aab/ / (cos(sbh — a) — cos(sd) cos(tl;))dsdt‘
0o Jo

b= al ab(sin(a) sin(b) + 2 sin(b) sin(2h)),
0

=<

we have |I3] < C|a — b| and hence
(B-4) | (x11, X21) — P (x12, X22)| < Cla —b.
Combining (B-4) with (B-2) yields Lemma B.1. U
Remark B.2. By the computation of | /3|, we show that
XO_1 cot((x% +x32)1/2X0_1) — (x% +x32)_1/2
is in C%!(E4) and is no greater than C.

Lemma B.3. (i) For ¢(z1,22) € C*(E) with 0 < a < 1, there exists a constant
C > 1 such that

1
(B-5) ZlpCxr. (F+29) ) caqy < Ipllceen = Cligr, (3+29)) oy

If $(z1,22) € CH*(Ey) for some k € {1,2} and 6,,¢(z1,0) = 0, then there
exists a constant C > 1 such that

1
cle@r @3+ ) ey < Illcrae,)
< Clig@r, 03+ 2Dl sy

(B-6)

(i) Ifp(z1, 22) € CKH*(Ey) with some k € {1, 2} and ¢ (z1, 0) =0, then there exists
a constant Co > 1 such that

(B-7) I cotZ2)pll ck1ae,y < Cllllcrae,)-

Proof. Since (B-5) and (B-6) can be verified directly, we omit the proof. Next we
show (B-7).
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Using ¢(z1, 0) = 0, we have

72 cos(Z2)
Lcot(%)¢ (21, 22) = oG z;¢(21, s22)ds
0
1
Zp—sinzg
=cos(Z2) (1 + ;) / 05,9 (21, 522)ds,
sinZ, 0
this yields for k =1 or 2
B-8) [TcotE)e (1, 22) | ctrr,
22 —sin 22
(i [ 2] ettc
- + sinZy  llck=teqo,1) 1028t
Since
Zp —sinZp
sin Ez

= / (1 —cos(sz2))ds

sin Zz
27

1
2 1 v N\ 2
= —— sin(3sz ds
smzz/o ( (2 2))

d (52 — Siﬂ(fz))
dzn sin 2
2sinZy — 275 cos 2

= Rl /(s1n(2SZ2))2ds+

Xo sin® 22

d? (52 —sin 52)
dz% sin 2

272 + 275 cos

1
/ sin(sz;)sds,
0

Xosinzo

? 2y —sin(22)

Xg sin® %,

1
/ (sin($s%2))*ds
0

2sinZy —2Zcos(Z2) ' . . 2
— sin(szp)sds + e R~
X sin” 2o 0 X sinzp

1
/ cos(sZy)s’ds,
0

and because

1 1
/ (sin(35%2))°ds < 3%3, and / sin(§sZ2)ds < 3%,
0 0

we have
720 — Xpsinz
s lemon =€
Xosinzp cL1o,1]

Combining this with (B-8) yields (B-7) for k =1 or k =2. O
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LemmaB.4. (i) For ¢(z1, 22) € CH*(Ey) with some k =1{0, 1} and ¢(z;, 0) =0,

3
Xi
B-9) > 2—21/2¢(x1, (x5 +x3)'7?) < Clig(z1, 22)lcka(ky).-
Sl (3 +x3) ke (Ey)
(ii) For ¢ € C**(E\) and ¢(z1,0) = 02 ¢(z1,0) =0,
3 X
(B-10) ———— (1, (5 + D)) < Clig 1, 22l c2ery)-
igz: (3 +x3)!/2 C2a(Ey) .

Proof. Put p = (x2 —1—)632)1/2 Set

Vi(xr, x2, x3) = (6i/p)p (a1, (3 +x5)'/?) - fori =2, 3.
Then
(B-11) I VillLoo(ey) < @ (r)llLoee,) fori=2,3.

Since V, and V3 have the analogous forms, it suffices to treat V5.

(1) First we show (B-9).

For any two distinct points (xy1, x21, x31) and (x2, X22, x32) in E;, we may
assume without loss of generality that |xp;| > [xp]. Put a = (x22l + x321)1/ 2 and
b= (x3, +x3,)"/%. Then

x21 X2
Va(xi1, x21, x31) — Va(x12, x22, X32) = 795(9611, a)— 7¢(x12, b)

(B-12)
=Ji+ 4+ Js.
where
X221 — X
hi= =g a),
x22 ((x21 — x22) (x21 +x22) + (x31 — x32) (x31 + X32)
b =— ( )¢(X11,61),

ab(a+b)
22
= 7(45(3611, a) — ¢ (x12,b)).
By ¢(z1, 0) = 0 and the assumption |x21| > |x22], a direct computation yields

(Jx21] 4 |x22 )=
alfa

17
lx21 — x22]% <277 %[plalx21 — x22[%,

1l < [¢]a

X221 (Ix21 = x22| + |x31 — x32])
(B-13) 2l =29l e

< 227 [Pla (Ix21 — x22|* + |31 — x32|%),

|51 < [l (Ge11 — x12)% + (21 — x22)% + (x31 — x32)7)

a/2
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Here [¢], denotes the Holder seminorm with exponent a.
Combining (B-13) with (B-12) and (B-11) yields

(B-14) IVallce(ey) < Cllgllcecky)-
If € CH*(E>) and ¢ (21, 0) = 0, we have

O Va = (x2/p) 0, P (x1, p),
2 2
6x2V2 3¢(X1, ,0)+ 22¢(x1) p)

X2X3
aX3V2:_p_¢( 19p)+ p Zz¢(xlap)

Next, we only analyze 0y, V> since the treatment of dy, V2 and 0y, V2 is similar.

Rewrite 0y, V2 as 0y, Vo = Js + Je, where
2
= /0 (0sCx1, 0p) — Bsp (1, )0 and Jo = Byp (a1, p).

Js =

For convenience, we set

1
V(s p) = /0 (0 (51, 0p) — 00agb (61, p))E.

Then V (x1, 0) = 0. Applying the same argument as for (B-14) yields
(B-15) I 5llce(Ey) < Cligllcre(k,)-

In addition, by (B-5), we have
(B-16) I J6llca(ky) < Cli@llcra(g,)-

Thus, combining (B-15) and (B-16) with (B-14) yields (B-9).

(i1) We now show (B-10).
For ¢(z) € C>*(E;) with ¢(z1,0) = afng(z], 0) =0, we have

o5V —62 ¢ (x1, p),

2 2
xlx2V2 aZl¢(xl’p)+p_aZ2122¢('x]’p)

/ (02 P (x1, 0p) — 02 (1, PO+, (31, ),

X2X
aﬁ%lxz Va= _?amgb(xl’ p)+—- P 212245(361: p)-
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It follows from ¢ (z1, 0) =0, 82 ¢(z;, 0) = 0 and (B-9) that

4]
(B-17) 185 Vallceey < Clidllcraey)-

In a similar proof as for (B-15) and (B-16), we have
3
(B-18) D87 Vallceqz < Cllglicaae)
i=2

The quantities 63'_ % V, for i, j =2, 3 can also be estimated in the same way.
Therefore, due to (B-17), (B-18) and (B-9), we have proved (B-10). [l

LemmaB.5. Letk=0ork=1. If fi(z1, 220) € C&*(E)) and g;(z3) € C*1-¢[0, 1]
with g/(0) = g/(1) =0 for i = 1,2 and 0, fi1(z1,0) = f2(z1,0) = 0, then the
problem

02U 401U + 1 cot(32)0;,U = 0, f1 (21, 22) + 0z, fo (21, 22)
+1cot(2) fo(z1,22) in Ey,
U(0, 22) = g1(22),
U(l1, z2) = g2(22),
0,U(z1,0) =0,
0,U(z1,1)=0

(B-19)

has a unique solution U (z) € C*1-%(E/) that admits the estimate

2
(B-20) U@ llersragey < C D (1@l cracey) + l18illcrriag,1)-

i=1
Proof. Again let p = (x% + x32)1/ 2. First, we consider the elliptic problem

+by(x1, X2, X3)00; Ur = D _Fi(x1, %2, %3) i En,

i=1
U1 (0, x2, x3) = g1(p),
Ui(1, x2, x3) = g2(p),
p_l(xzc'ﬁx2 + x30x,) U1 (x1, x2,x3) =0 onp=1.

(B-21)



150 JUN LI, ZHOUPING XIN AND HUICHENG YIN

where

bi(x1, X2, x3) = (I cot(p) — pxita/p fori=1,2,
Fy(x1, x2, x3) = 0x, f1(x1, p),
F(x1, X2, x3) = p~ ' (x20x, +x30,) fo(x1, p)

+ 1 cot(p/Xo) fax1. p).

We turn to the existence and uniqueness of the solution to the problem (B-21).
According to the theory on second order elliptic equations with cornered bound-
aries and mixed type boundary conditions (see [Azzam 1980; 1981; Gilbarg and
Hormander 1980; Gilbarg and Trudinger 1983; Lieberman 1986; Vekua 1952]),
we need to analyze the regularity of b; (x1, x2, x3) and F;(xy, x2, x3) fori =1, 2.

First, it follows from Lemma B.1 that b; (x1, x», x3) satisfies

(B-22)

(B-23) ||bi(xlax25x3)||ca(E2) = C.

In addition, F»(x1, x3, x3) can be rewritten as

3
(B-24)  F(x1,x2,x3) = Zax,' (%fz(xl, p)) + (1 cot(p) — p~h folx1, p).
i—2

Since f>(z1, 0) =0, it follows from Lemma B.4 that

3

(B-25) Z‘
i=2

On the other hand, by Remark B.2, we have

(B-26) (1 cot(p) — p~ 1) falx1, p)liceer) < Cll follce ey

Because g/(0) = g/(1) =0 for i = 1,2 and &, fi(z1, 0) = 0, the compatible
conditions at the corners for the problem (B-21) are satisfied. Moreover, by using
(B-5) and (B-6) in Lemma B.3, we have

X ‘
— ) <C a fork=0,1.
p f(x1, p) Chriy) = Il 2l croe ey

lgillciaey < Cllgillciago,yy fori=1,2and j=1,2,
I fillctaesy < Cll fillctag,y forl=0,1.

Then by the results in [Lieberman 1986], the problem (B-21), which has the
divergence form of a seconder order elliptic equation and the regularities of (B-23)—
(B-26), has a unique solution Uj(xy, x2, x3) such that

(B-27)

2
(B-28) U1 () ety < C Z(”fi(z)”C“(El) + ligillcrao.n)-

i=1
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Furthermore, for f;(z) € C"*(E) and g; € C>%[0, 1], due to the compatibil-
ity conditions at the corners, it follows from [Xin et al. 2009, Lemma A] that
Ui(x1, x2, x3) is in Cc (E,) and satisfies the estimate

2
(B-29) U1 () 2,y < C Z(Hﬁ(Z)HCLa(E]) + 18 ll c2.ep0.17)-
im1

Next, we prove that the solution Uj(xy, x2, x3) in (B-21) is cylindrically sym-
metric. We use the transformation

X1 =Xx1, Xp=2x2c08y9+x38inyg, X3= —xpsinyg-+ x3co0Syq,

with yg € [0, 27 ] being any fixed constant.

It is easy to verify that U;(x) also solves the problem (B-21). Thus, by the
arbitrariness of yg, Uj(x) is cylindrically symmetric with respect to (x;, x3), that
is, U (x) has the form U;(x) = U;(xy, p).

In addition, using the coordinate transformation

(B-30) X1 =21, X)=20C0823, X3=Zzpsinzs,

Ui (x) can be expressed as U; = U;(z1, z2). Finally, it follows from (B-28)—(B-29)
and Lemma B.3 that

(B-31) IU1(z1, 22)lcra(e,) = U (x1, p)llcka(y)
2

<C Z(”fi(Z)HC“—‘»“(El) + lIgillctago.1) fork=1lork=2 U

i=1

Lemma B.6. If F(z) € C*(E}), then the function

22
U(z) = 5 /0 sinsF(zy, s)ds
satisfies
(B-32) 102, U () llce(eyy < CIF (@)l ce(ky)-
Further, if F(z) € C*(E)) and 8., F (z1,0) =0, then U (z) satisfies
(B-33) 162,U @ llceey < CIF @)l ctaey)-

Proof. First, U(z) can be rewritten as

(B-34) U(z)= 1V2/2sinf(F(zl,s)—F(zl,0))ds+Xotan(%22)F(zl,0).
0

sin z
A direct computation yields

(B-35) ||6f (Xotan(322) F (21, 0))llceey) < ClIFllce(e,) fork=1ork=2.
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Based on (B-34)—(B-35), in order to show Lemma B.6, it suffices to consider
the case of F(z1,0) =01in (B-32) and F(z1,0) =0, F(z1,0) =0 in (B-33).

First, we prove (B-32) with F'(z;,0) =0.

It follows from a direct computation that

COs 22 2
aZZU(ZI’ZZ):F(Zb@)_.—ZV/ sin(s) F(z1, s)ds
Xosin“ zp Jo
1 &
:m/ (sinZ, cos§ F(z1,z2) —sin§ cos Z, F(z1, 5))ds.
0 2Jo

This easily implies
(B-36) 105U @)l Lo (£1) < CIF (@)L (E))-

We now estimate [0,,U (z)], in Ej.
For any two different points (711, z21) and (z12, z22) in Ej, we may assume
without loss of generality that zo; > z22. Then

(B-37) 0,U(z11, 221) — 0, U (212, 2220) = K1 + K2 + K3,
where
1 221 . .
K, =,—2v/ (cos(3)(sinZ21 F (211, 221) — sin 222 F (212, 222))
Xosin“ 231 Jo . .
—sins(cos(zzl)F(Zn,s)
—cos(Zn)F(z12,5)))ds,
1 221 L. . L .
Ky=——F—— sin Zp2 cos(S) F (212, z22) — sins cos(222) F (212, 8))dSs,
2= X g, /222 (sin 222 cos($) F (212, 222) (Z22)F (212, 5))
© (sinZx — sinZ1) (sin 225 + sin 2o
3:

Xo(sin Zp; sin Zp;)?

222
X / (sin 222 ¢c08(8) F (212, z22) — sin § cos(Z22) F (z12, s))ds.
0
It follows from F'(z11,0) =0 and a direct computation that

L .. 1
K| < (Isin Zo1 — sin Z2o|2, * [F 14

v

XO sin 221
. v 2 2.0/2
+sin(222) ((z11 — 212)” + (221 — 222)7) " 221[F ]

. v v v 1 .
+ sin(Z21)[cos Zo1 — cos Zxlz5; “[Fla + sin(Za1)z21 1211 — 212/ *[Fla)

< CIF1u((z11 — 212)* + (z21 — Zzz)z)a/z,
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|K>| < (sin(Z22)[sin 221 — sin 222]29;[ Fla + |c0s(Z21) — cos(222) |25, [ F1a)

sin? 75

< C[F1.((z11 — 212)* + (z21 — Zzz)z)a/z,

|sin Zpo — sin Zp1|(sin Zpp + sin Zo1)

K3 < XoGin T, s 5y)? $in(222)253 “[ Fla
< CIFla((z11 — 212)* + (221 — Zzz)z)a/z-
This implies
(B-38) [0:,U(2)]a < C[Flq-

Combining (B-38) with (B-35) and (B-36) yields (B-32).
Second, we prove (B-33) in the case of F(z1,0) = 0, F(z1, 0) = 0. Note that

v . l4cos?zy [
02U (2) = 0, F (21, 22) — L cot(Z2) F (21, 22) + 2—3\/2/ sin(s$) F(z1, s)ds.
Xjsin” 22 Jo
By (B-7) of Lemma B.3, we have
(B-39) 102, F (21, 22) — 1 cot(Z2) F (21, 22)llcair) < ClIF llcrace)-

In addition, a direct computation yields

l+cos?Zy [ | 14cos® 2 o
7 . 3v / sin($) F(z11, )ds — %/ sin($)F (212, 8)ds
X sin” 221 Jo X{sin® 222 Jo

= K4+ K5+ Ko+ K7,

where

1 +cos?(Z ar !
K, = (C21) sm(s)s( / (6ZZF(Z11,¢9S)—8ZZF(112,0s))d0)ds,
0

X(% sin’ Z1 Jo

1 2y 221 1
Ks = M/ sin(:g')s (/ 812F(Z12’ 9S)d49>ds,
0

2 3
X{sin® 221 Jzy

_ (cos 21 — c0s 222)(cos 221 + €08 222)

22 1
< [ sin@s( [ oG 65)a0)ds.
0 0

(I + cos? Z27)(sin Zp — sin o1 ) (sin® Z2 + sin Z2; sin 21 + sin® Zo1)

6 . 3 v
XS sin® 221

K7

X3 (sinZy sin )3

222 1
X / sin(s)s (/ 0., F(z12, Hs)dﬁ)ds.
0 0
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Hence, by using F(z1,0) = 6;, F(z1,0) = 0, we have

sin(Z21)23,

|K4| < [0, Flalzi1 — z12|* < Cl0, Flalzin — z12l%,

X5 sin® %5,
sin(Z21)z21 221 — 222
X2 sin® 25

|Ks| < [0, Flazfy < ClOz, Flalzor — 222]%,

2sin(} (221 — 222))

. 3y

|Kel| <
X(z) sin” Zo;

[0,, Flaz33® sin(Z22) < Cld,, Flalzat — 2221%,

.2 v v
3 sin” Zo1|sin 2p2 — sin 2| 2ta

|K7] < sin(222)[0;, Flaz5, * < Clo;, Flalzor — 222]%.

X3 (sin 21 sin Z27)3
This leads to
(B-40) [02,U (2)]a < Clo, Fla.

Combining (B-40) with (B-39) and (B-32), we complete the proof of (B-33).
Therefore, the proof of Lemma B.6 is completed. O

Lemma B.7. The problem
o1w=a1P+ Fi(S, P(q,5), Vi, V2: &) inEy,
(B-41) dw + 1 cot(2)w = F>(S, P(q, S), Vi, Va; &) — a0 P in Ey,
w(z1,0)=0
is well posed if
(62, + L cot(Z2)) (@162 P + Fi (S, P(q, 5), Vi, Va: &)
— 0., (F2(S8, P(q, §), V1, Va: &) — a0, P) =0,
(@162 P + Fi (S, P(q, S), Vi, V2;: £))(z1,0) = 0.

Proof. Define w; fori =1,2 as
(B-42) ) )
owy =a10P + Fi(S, P(q,S), Vi, V2; &) in Ey,

1 2 = =
wi(l,z7) = —V/ sin(s)(F»>(S, P(q, S), Vi, Va; &) —ax01 P)(1, s)ds
sin(22) Jo
and

&rwa + 1 cot(Za)wr = Fo(S, P(q, S), Vi, Va; ) —ad1 P in Ey,

(B-43)
w2(z1,0) =0.

Obviously, w; and w, can be determined uniquely.
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From (B-43), w; has the expression
(B-44)

22 - -
wa(z1,22) = —= / sin(5)(F2(S, P(g, S), Vi, V2; &) —axd1 P) (21, s)ds.
0

sin 7
Also it follows from (B-42) and the second equality in B.7 that w(z;,0) =0
By (B-43) and (B-44), we arrive at

w2(z1,0)=0 and w;(1, z2) = wa(l, z2).

Next, we show w; = w> in Ej.
Note that (6, + 1 cot(z2)) times the first equation in (B-42) minus J,, applied
to the first equation in (B-43) yields

(B-45) (0z, + 1 cot(22))0;, (w1 —w2) =0 in Ey,
w1(z1,0) = w2(z1,0) =0,  wi(1, z2) = wa(l, z2).
One concludes easily that w; = w, holds true in E;, completing the proof. [
Lemma B.8. Let (Sl, ﬁl, Vi, V21) and (32, ﬁz, Via, sz) be in Es such that

T(S1, P1, Vi1, Va1) = (S1, P1, Uiy, Uny),
T(S, P2, Via, Vi2) = (S, P2, Una, Un),

where the mapping T is defined in (3-37). Denote by & (z2) and &(z2) the cor-
responding approximate shocks by solving (3-7). Define W; fori = 1,2,3,4 as
in Section 3 with respect to (Sy, Py, U11, Uzy) and (S, Pa, U12, Uy), and define
W (l =1,2,3, 4) with respect to (Sl, P1, Vi, V21) and (Sz, Pz, Via, V22)
Set
Un Un ~ Vi Vn

Ws=—— ——=, Ws=— ——=, We=E(22)—E(2).
U Uiz Vi Viz

Then under the assumptions of Theorem 3.1, we have
4
(B-46) IWillereqz.y = € (6 D Willcrae, + 1 Wsllcraqe,)-
i=2

Proof. In the coordinate z = (z1, z2), the characteristics z, ! (s; z) and 75 2(s; z), which
go through the point (z1, z2) and correspond to the vector fields (Vi;, V1) and
(V12, Va2) in the right hand side of (2-28) respectively, can be defined as

dztiz; 2) _ Xo(Xo +Ii'— 1(z3)) Vo (51 () +5(Xo+1—=E&1(2h)), Zé)’

B =2, 20;2)=p, 230,2)=p fori=1,2,
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where
Ai = (&) +5(Xo+ 1 =& Vi + Vai Xo(1 = )& () fori =1,2.
Set I(s; z) = z%(s; 7) — z%(s; 7). Noting that zé(O; z) = f and z%(O; 2) =, we
have

4L~ 0} +0EWs(s, ) + O Wa(s, 2

(B-47) + 0 () We(2)) + 0 (*) Wi (2)),
10;2)=p—B, 1z1:2)=0,

where we point out that the coefficients of /(¢; z) are in C La which will be used
to derive the C!* estimate of § — 5.
By (B-47), we can arrive at

18— Bz < Il < C@OIWsllze + | Wall oo + Sl Well oo + 0% | We (22) | 1)
Note that

(s:2) = _/S Xo(Xo+1—¢1(zd))
0 Ay

Var (61(23) + 1 (Xo+ 1 — &1(2D)), z3)dt + B,

which implies, in particular, that

_ /Z‘ Xo(Xo+1—<1(z21))
2=— 1
0 1

Va1 (&1(z3) + 1 (Xo + 1 — &1(z21)), 23))dt + B

Similar expressions hold for z%(s; z) and z» with S replaced by B. Thus, we
may obtain

b f— /0 (0O Ws(t, )+ O W4t 24) + 0O We(2h)
+ 0 ()W) + 0 ©O)I(t; 2))dt,

(B-48) s
(5 2) = / (0 Ws(t, 1)+ O()Wa(r, 1) + OO We(z)
" + 0(*)W(23) + O )(t; 2))dt
and
(B-49) 182, (Bs P)llcra < Ce,  1162,(B, B)llcre < Ce.

In addition, it follows from (B-47) and (B-48) that

(B-50) I8 = Bllcta < CONW3llcra + | Wallcre + 0l Well c2.0).
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This, together with (2-28) and the characteristics method, yields
Wi(z1,22) = Wi(0, B(z1, 22)) + 0(0) (B(z1, 22) — B (21, 22)),
(B-51)  Wi(0,22) = O(8*)Wa(0, 22) + O(8) W3 (0, 22) + O () Wa (0, 22)
+0(1)We(z2),
and
(B-52) 118(2) = B@licree,)
< C(0IWsllcrace,) + IWallcree, ) + 6l Well c2apo, 1)) -
Combining (B-52) with (B-51) yields (B-46), proving Lemma B.8. O

Remark B.9. If we choose
(52, P2, Via, Vi) = (82, P2, Upa, Ux) = (S, P, U7, 0),

where (S, 130+ , U(;r , 0) is the background solution given in Appendix A with the
exit pressure P,, then, by the C>* regularity of (S, 130+ , lA](;r , 0), we can conclude
that

4
(B-53) IWillcaae.y = €(8 DN Willcaaqe,y + T Wsllcsee,) ).
i=2

In fact, in this case, the corresponding coefficients of /(s; z) in (B-47) and (B-48)
are in C>%. As in (B-50), we can derive that

(B-54) [BR) = B@lc2ee,)
< COIWilcrae,) + 1 Wallczeg,) + 0l Well c3.000,17)-
Subsequently, (B-53) can be shown by using (B-51) and (B-54).

Appendix C.

Here, for the problem (1-1) with (1-2)—(1-5), we give a detailed discussion of the
higher order compatibility conditions on the nozzle wall and address the crucial
difficulty in obtaining C>* regularities of solutions — that is, the appearance of
the source terms in (2-8).

Due to the right hand conditions (1-2), the following expressions hold:

Gi(p,U, S) =[pUillpU; + P1— p?U U3 =0,
Ga2(p, U, S) =[pU} + PlipU; + P1 — (pUiU)* =0,
G3(p, U, S) =[(pe+3pIUI> + PYUil[pU3 + P]

— pUi(pe+ 3p|UI* + P)UZ =0.

(C-D
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Since Uy =0, P =0,,S = 0,,p = 0;,U1 =0, at the point My := (21, 22) = (0, 1),
taking the tangential derivatives of second order and third order respectively along

the shock surface yields at My
(p02,U1 + U102, p)[P1 = 2p* U1 (8, U2)” = 0,

2pU10, Uy + UieZ, p + 07, P)IIP] = 2p U (9, U2)* =0,

4
(C-2) ((ﬁp 3010

T2 P+ 1U%02 p+ pUi2 UL + p (@, Uz)z))[P]

y—l 22

+U1(

14
y—1

—2pU (L= P + 1pUR) @, U2 = 0.

and
(po3 Uy + U182 p)[P1— 6p*U;0.,U202 Uy =0,

Z

(2pU102, Uy + Uia p + 07, P)IIP] — 6p°Ud,,U,02,U> =0,

2
) ((ﬁp +1pUT) U,

+U; (%63 P+1U03p+ pUrd Us +3po, Uza;Uz)) [P]

_1 22

14
y—1
From the first two equations in (C-2) and (C-3), we have at My

—6pU1( P+ %pr)amUzagzUz —0.

(C-4) 02 P+ pU 02Uy =0, 02 P+ pU,d;U; =0.
It follows from the first and the third equations in (C-2) and (C-3) that at My

(yyjpagz UL+ Uy (yyjaip + pUI U+ p (@, U2)2>)[P]
2
—VTylpUlP(azzUz)z —0,
(C-5)

(% POU+U, (yyjagp + pUIBL UL +3po, Undl, Uz))[P]

6
—y—_ylpUIPazzUzafoz —0.

Since 632 U, + i cot(i)@Zz U, =0 at My due to (3-5) and (3-6) and by the expres-
sion of F, in (2-26), this together with (C-4) and (C-5) yields

L 4
(C-6) Q(82P+1cot(1)d2 P) = (y—_ylpUlP = 2pU1[P])6ZZU28Z22U2 at My
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where
U?—yP
_ P TR
(y —Dply

On the other hand, it follows from the first equation in (2-26), the expressions
of F| and F3, and (3-6) and (3-7) that 8., P = 6,, F» = F1 =0 at My and

(C-7) Q

(C-8) a1(@3 P +1cot(1)62 P) = —02 F1 — 10, F1  at My.
Also, since
EOM) +Tcot(HE@(1)=0 and 82U, + I cot(1)a,Ur =0

at My, Equation (C-8) yields

Xo(Xo+1— _ 2(8.,U2)*(Xo+1— .
—O( ‘0+2 gt)(<3Z3P—i-lcot(1)az2 P) = (0 U2)( g+ <) cot(1)
EpU; : : EU;
at My, so that
(C-9) a2 P +1cot(1)d2 P = 2p cot(1)(2,,U2)*
at My. Thus, it follows from (C-9) and (C-6) that
2
(C-10) 0+ _lelp—Ul[P]=o or ,Us=0 at M.
Meanwhile, in the general case,
0+ 2 U1P—U1[P]=;(pU12—VP)+ 2 U P—U[P]
y—1 (y—=DpU y—1
1 5— V11 Y
= —U+U Py +—UP—————P
e I e I D VY7
1 A P 2
=—U +U P, + ———((y+DpU; — 0.
-1 1 15 (y—l)pUl((y UL —7) #

Thus, combining this with (C-9) yields 6,,U> = 0 at M, if the solution is in C3¢.
On the other hand, it follows from (2-26) that

6zzU2 f
U, Xo(Xo+1-¢)

0., (P — Py =0,

where 15(;’ denotes the background pressure when the shock position lies at r =&(1).
However, it seems to be rather difficult to show 6, (P — ﬁo+ ) = 0 at the point M
in general (although 6,, (P — 150+ ) = 0 there by (3-6)).
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