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Let g be a finite-dimensional complex simple Lie algebra and A be the finite-
dimensional hereditary algebra associated to g. Let U,f .(g) (respectively
Uff (g)) denote the two-parameter quantized enveloping algebra of the pos-
itive maximal nilpotent (respectively Borel) Lie subalgebra of g. We study
the two-parameter quantized enveloping algebras U,*; .(g) and UESO (g) using
the approach of Ringel-Hall algebras. First of all, we show that U,f L(g) is
isomorphic to a certain two-parameter twisted Ringel-Hall algebra H, ;(A),
which generalizes a result of Reineke. Based on detailed computations in
H, ;(A), we show that H, ;(A) can be presented as an iterated skew poly-
nomial ring. As an result, we obtain a PBW-basis for H, ;(A), which can
be further used to construct a PBW-basis for the two-parameter quantized
enveloping algebra U, ;(g). We also show that all prime ideals of U,‘!'s (g9)
are completely prime under some mild conditions on the parameters r, s.
Second, we study the two-parameter extended Ringel-Hall algebra H, ;(A).
In particular, we define a Hopf algebra structure on H, ;(A); and we prove
that U ,Z? (g) is isomorphic as a Hopf algebra to the two-parameter extended
Ringel-Hall algebra H, ;(A).

Introduction

The interest in two-parameter quantum groups (or multiparameter quantum groups)
arose in the early 1990s. Various definitions (or constructions) of two-parameter
quantum groups (or multiparameter quantum groups) have appeared in the vast
literature [Artin et al. 1991; Chin and Musson 1996; Dobrev and Parashar 1993;
Doi and Takeuchi 1994; Jing 1992; Kulish 1990; Reshetikhin 1990; Sudbery 1990].
In particular, Takeuchi [1990] defined the two-parameter quantum groups associ-
ated to the general linear Lie algebras gl, and the special linear Lie algebras sl,.
These quantum groups are certain two-parameter deformations of the universal
enveloping algebras U(g) of the Lie algebras g. Motivated by the connections
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to the study of down-up algebras, Takeuchi’s two-parameter quantum groups have
been reinvestigated by Benkart and Witherspoon [2004b]. In contrast to Takeuchi’s
two-parameter quantum groups, the two-parameter quantum groups they defined
have the opposite coproduct.

Recently, more research efforts have been focused on finding similar construc-
tions of the two-parameter quantum groups associated to other finite-dimensional
complex simple Lie algebras g and Kac—Moody algebras, and studying their ring-
theoretic properties and representation theory [Bergeron et al. 2006; Benkart et al.
2006; Benkart and Witherspoon 2004a; Hu et al. 2008; Hu and Pei 2008]. For
the finite-dimensional simple Lie algebras g, Hu and Pei [2008] formulated a
uniform construction of the two-parameter quantum groups U, (g) in terms of
Ringel form. All these constructions and their modifications can also be unified
by using the methods of Kharchenko [2002; 1999], in which a variety of quantum
enveloping algebras were constructed from certain quantification matrices. The
two-parameter quantum groups U, ;(g) are similar to the one-parameter quantum
groups in many aspects: They are also Hopf algebras and admit both the triangular
decompositions and the Drinfeld double realizations. Indeed, they share a similar
representation and structure theory with their one-parameter analogue. However,
the two-parameter quantum groups possess a more complicated structure and less
symmetry, which makes them more difficult to study.

To effectively study the two-parameter quantum groups U, (g), it is natural
to first study their important subalgebras such as U ,‘FS (g) and UESO (g), which can
be regarded as the two-parameter quantized enveloping algebras of the nilpotent
subalgebras n and the Borel subalgebras b* of g.

In this paper, we will study these algebras from the viewpoint of two-parameter
Ringel-Hall algebras. This approach has played a very important role in the study
of one-parameter quantum groups U, (g) [Green 1995; Lusztig 1993; 1990; Ringel
1990b; 1996; 1993; 1990c; 1990a; Xiao 1997]. It is well known that the quantized
enveloping algebras U, (g) can be realized as the reduced Drinfeld doubles of the
extended Ringel-Hall algebras H, (A) of a certain finite-dimensional hereditary
algebra associated to g. The one-parameter quantized enveloping algebra U, (g) is
first defined via generators and relations. Thus a first priority in the study of U, (g)
is to provide more information on the Hopf algebra structure of U, (g) and construct
good bases for U, (g) as an algebra. These can be successfully fulfilled by using the
Ringel-Hall algebra realization of U, (g). Furthermore, this realization contributes
significantly to the construction of canonical bases for U ; (g) via the representation
theory of finite-dimensional hereditary algebras [Ringel 1996; Lusztig 1990]. For
more details about Ringel-Hall algebras and their applications to the study of one-
parameter quantum groups U, (g), see [Green 1995; Ringel 1990b; 1996] and the
references therein.
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Let g be a finite-dimensional complex simple Lie algebra of type A, D, E and A
be the finite-dimensional hereditary algebra associated to g. Indeed, A is the path
algebra of the corresponding Dynkin quiver associated to g. Reineke [2001], for the
purpose of studying the monoid ring arising from generic extensions, defined a two-
parameter Ringel-Hall algebra H, ;(A) of A. He proved that H,. ;(A) is isomorphic
to Takeuchi’s two-parameter quantization U, s(n"), where U, ;(n™) = U, (g) is
the two-parameter quantized enveloping algebra of the nilpotent subalgebra n™ of
the Lie algebra g.

In this paper, we will generalize Reineke’s definition to any finite-dimensional
complex simple Lie algebra g. In the case of nonsimply connected Lie alge-
bras, there are no quivers and path algebras available, so we will take A to be
the corresponding finite-dimensional hereditary tensor algebra associated to the
k-species [Dlab and Ringel 1975; 1976]. By Ringel’s results [1990c; 1990a], the
Hall polynomials exist for the extensions between modules in the category A-mod.
Reineke’s definition of two-parameter Ringel-Hall algebras depends solely on the
existence of Hall polynomials, and it can thus be applied to all finite-dimensional
complex Lie algebras. For any finite-dimensional simple Lie algebra g, we shall
prove that the two-parameter quantized enveloping algebra U,J’f ;(g) is isomorphic
to the two-parameter Ringel-Hall algebra H, ;(A), where A is the corresponding
finite-dimensional hereditary algebra associated to g [Dlab and Ringel 1975; 1976].

Following Ringel [1996], we shall carry out some standard calculations inside
the algebra H, ;(A). As aresult, we are able to prove that H, ;(A) can be presented
as an iterated skew polynomial ring. An immediate application is that the skew-
polynomial ring presentation of H, ;(A) will yield a natural PBW-basis for U;Ls (9)
through the previous isomorphism. We further prove that all prime ideals of U r+ ()]
are completely prime based on some mild conditions on the parameters r, s. This
result has also been proved in [Benkart et al. 2006] for the case of the Lie algebra
g = sl,, by using results in [Kharchenko 2002].

For the purpose of studying the two-parameter quantized enveloping algebra
U ESO (g), we will extend the two-parameter Ringel-Hall algebra H, ;(A) by adding
the torus part to it. Furthermore, we will define a Hopf algebra structure on the
extended Ringel-Hall algebra H, ;(A). In particular, we will prove that UESO (g) is
isomorphic to the extended Ringel-Hall algebra H, ;(A) as a Hopf algebra. The
result gives the possibility of realizing the two-parameter quantum groups U, ;(g)
as the Drinfeld doubles of two-parameter extended Ringel-Hall algebras associated
to certain finite-dimensional hereditary algebras A.

The paper is organized as follows. In Section 1, we recall the definition and some
basic results of two-parameter quantum groups. In Section 2, we recall Reineke’s
construction of two-parameter Ringel-Hall algebras and prove some basic results.
In Section 3, we define the extended two-parameter Ringel-Hall algebras and then
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propose a Hopf algebra structure for it. We establish the Hopf algebra isomorphism
between the two-parameter quantization UESO (g) and the extended two-parameter
Ringel-Hall algebra.

1. Definition and basic properties of the two-parameter quantum groups
Urs(9)

Let g be a finite-dimensional complex simple Lie algebra. The two-parameter
quantum groups U, (g) associated to g have been constructed in the literature
[Bergeron et al. 2006; Benkart and Witherspoon 2004b; Takeuchi 1990]. A simpler
uniform definition of U, ;(g) in terms of Ringel form has recently been proposed
in [Hu and Pei 2008]; we now recall the definition of U, ;(g) used there and state
some basic properties of them.

Let C = (a;j)i, jer be the Cartan matrix corresponding to the Lie algebra g. Let
{d;i | i € I} be a set of relatively prime positive integers such that d;a;; = d;jaj;
for i, j € I. Let Q(r, s) be the function field in two variables r, s over the field
Q of all rational numbers. We may also choose complex numbers r, s € C so that
r2 #~ s2. Let us write r; = r% and s; = s%.

Let (-, -) be the corresponding bilinear form (so-called Ringel or Euler form)
defined on the root lattice 9 = 7! associated to g. More precisely, the bilinear form
is defined as follows:

d,'al'j if i <j,
(i, j) =Aai,0;) = yd; ifi = j,
0 ifi > j.

Definition 1.1 [Bergeron et al. 2006; Benkart and Witherspoon 2004b; Hu and

Pei 2008]. The two-parameter quantum groups U, (g) are the Q(r, s)-algebras
:I:l 141

generated by the generators ¢;, f;, w;~", w;~ subject to the relations
+1, 41 _ 41 41 R D=2 RS V=S |
w; Wy =wy W, w, u)J =w; w7,
wiilw;_il _ w}:l:lwl_:l:l’ w:l:lw:Fl — = w/:l:lwl{qzl’
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wifj=r (VAN ])fjel,’ wifi=r I g4 fiwl,
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where C,'(;'() = (risi_])k(k_])/zrk<j’i)s_k<i’j> for i # j, and for a symbol v, we set up
the notation
o"—1 |
(n)v = lea (n)v = (1)0 (2)1) o (n)m
!
(1) =2 o,
o (k)y!l(n—k),!

and (0),!=1.

Remark 1.1. In the sequel, if needed, we may change the base field from the
function field Q(r, s) to the complex number field C by choosing r, s € C in so
that rs" = 1 implies n = m = 0, or we may restrict the base ring to the rational
number field Q or the local ring Q[r, s](-—1,5—1)-

From [Bergeron et al. 2006; Benkart and Witherspoon 2004b; Hu and Pei 2008],
we know the algebra U, ;(g) has a Hopf algebra structure with the corresponding
comultiplication, counit and antipode defined as follows:

A(wlzl:l) — w[:l:l ® wi:Ha A(wl/:l:l) — w[{:l:l ® U);ZH,
Alei) =¢;® 1+ w; Qe;, A(f)=1® fi + fi uwj,
e = e =1, e(e)=e(f;) =0,
S(wiil) = wijFl, S(wl{il) = wal,
S(ei) = —w; e, S(f)=—fiw "

Let U,st (9) and U, ((g) be the subalgebras of U, (g) generated by e; for i € [
and by f; fori € I, respectively. Let Ur? ,(g) be the subalgebra of U, ;(g) generated
by wiil , wl{il for i € I. The following result about the triangular decomposition
of U, ;(g) was obtained in the papers above.

Proposition 1.1. U, ;(g) has the standard triangular decomposition

Urs(9) UL (9) ® Uy (9) ® U/t (g).

Let us denote by Z/ the free abelian group of rank || with a basis denoted by
21,22, ...,27|- Given an element a € 7!, say @ = »_a;z;, we set |a| = a;. The
algebras U,,JFS (g) and U, (g) are 7!-graded algebras by assigning to the generator
e; and f;, respectively, the degree z;. Given a € Z!, we denote by Ur,is (9)q the set

of homogeneous elements of degree a in Ur’is (g); thus we have the decomposition

U@ =P UL@a and U (@ =D U, @

Let UE? (g) (respectively UEYO (g9)) be the subalgebra of U, ,(g) generated by
/£1

e, wfcl (respectively f;, w;”"), then we have the following result.
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Proposition 1.2 [Bergeron et al. 2006; Benkart and Witherspoon 2004b; Hu and
Pei 2008]. The algebra U, s(g) can be realized as a Drinfeld double of Hopf sub-
algebras Ufso(g) and Ur,fso(g) with respect to the pairing (-, -), that is,

Urs(9) = DU (9), UZ(9)).

To better understand U, 4(g), it is natural to further study the subalgebras U, r+ ()]
and Ufso(g). We will address this problem in the forthcoming sections via the
approach of Ringel-Hall algebras.

2. Two-parameter Ringel-Hall algebras H, ;(A)

In this section, we will first recall Reineke’s construction of the two-parameter
Ringel-Hall algebra H, ;(A), where A denotes the finite-dimensional hereditary
algebra associated to a complex simple Lie algebra g of type A, D, E. Indeed, A is
the path algebra of the corresponding Dynkin quiver associated to g. Then we will
define the corresponding two-parameter Ringel-Hall algebra H, ;(A) of the finite-
dimensional hereditary algebra A, which is the corresponding finite-dimensional
hereditary algebra associated to any finite-dimensional complex simple Lie alge-
bra g. We will take A as the tensor algebras of the associated k-species in the
nonsimply connected cases. Note that Reineke’s construction is still valid due to
the existence of Hall polynomials for A-modules.

To further study the properties of H,;(A), we will carry out some calculations
similar to ones done in [Ringel 1996]. These will yield a skew polynomial ring
presentation of H, ;(A), which immediately enables us to construct a PBW-basis
for H,;(A). This PBW-basis will be used to construct a PBW-basis for U, ;(g).
Based on certain mild restrictions on the parameters r, s, using the stratification
theory of prime ideals developed in [Goodearl and Letzter 2000], we will further
prove that all prime ideals of H, ;(A) are completely prime. Finally, we establish
the relationship between the algebra Urf ;(9) and the two-parameter Ringel-Hall
algebra H,  (A) by proving that they are isomorphic to each other as algebras.
Thus all the results obtained on H, (A) can be transformed to Urf’s (g) via this
algebra isomorphism.

2.1. Preliminaries on k-species. In this subsection, for the reader’s convenience,
we shall recall some basic information about k-species. The study of k-species
is a very important research topic that has generated a vast literature. We shall
only briefly mention some results that relate the study of k-species to the study
of finite-dimensional hereditary algebras and Lie algebras, and cite some relevant
references. See [Dlab and Ringel 1975; 1976; Ringel 1976] and the references
therein for a detailed account of the structure and representation theory of k-species
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and their connections to other subjects. In particular, the following presentation of
the material is borrowed from the Dlab and Ringel references.

Gabriel [1972] observed that there is a one-to-one correspondence between the
set of indecomposable representations of these graphs (“quivers”) with a positive
definite quadratic form and the set of positive roots of this quadratic form. Later,
Bernstein, Gel’fand and Ponomarev [1973] showed that this result can be proved
directly, by using appropriate functors (the BGP reflection functors) to construct
all indecomposable representations from the simple ones in the same way that the
canonical generators of the Weyl group are used to produce all positive roots from
the simple roots. Dlab and Ringel [1975; 1976] extended this method. To deal
with all Dynkin diagrams (not necessarily those of type A, D or E), they fur-
ther considered valued graphs (and therefore “species”). For the valued graphs of
Dynkin type, they obtained the same one-to-one correspondence between the set of
indecomposable representations and the set of positive roots of the corresponding
quadratic form, thus generalizing Gabriel’s result for the type A, D or E diagrams.
In [1976], they also considered valued graphs with positive semidefinite quadratic
form (that is, extended Dynkin diagrams) and described all the indecomposable
representations up to homogeneous ones.

A valued graph I' := (T, d) consists of a finite set I (of vertices) together with
a set d of nonnegative integers d;; for all i, j € I' such that d;; = 0 and there exist
positive integers {¢;};cr that satisfy

d,'jGj = dj,'él' for all i, ] erl.

A pair {i, j} of vertices of I' is called an edge of the graph I' if d;; # 0. An
orientation of Q of a valued graph (I, d) is given by assigning each edge {i, j}
of I' an order (which is denoted by an arrow i — j ). We usually call (T, d, Q)
a valued quiver. Given any orientation € and any vertex i € I', we can define a
new orientation s5;Q of (I', d) by reversing the direction of the arrows along all
edges containing i. A vertex i € I' is called a sink (or source) with respect to
the orientation Q if i <— j (or i — j) for all neighbor vertices j € I of i. An
orientation is said to be admissible if there is an ordering i, io, ..., i, of I' such
that each vertex i, is a sink with respect to the orientation s;, | - - - s;,5;, Q for all
1 <t < n; such an ordering is called an admissible ordering for Q.

For a given valued graph I' = (I, d), one can associate a symmetrizable Cartan
matrix C = (a;;);, jer by setting the entries of C as follows:

a;; =2 and a,-j:—d,-j for i#jel.

Conversely, for any symmetrizable Cartan matrix C, one can associate a valued
graph ¢ as well. It is easy to see that the mapping from the valued graph (I, d)
to the Cartan matrix C defines a one-to-one correspondence between the set of



220 XIN TANG

valued graphs and the set of symmetrizable Cartan matrices. This correspondence
indicates a close relationship between the study of valued graphs and the study of
Lie algebras, as we shall further explain below.

Let k denote a finite field and let (I', d, Q) be a valued graph together with
an admissible orientation €. Following [Gabriel 1973], by definition, a k-species
F =M, Q) = (F;, iM;) of type (I',d, Q) (which is also called a realization
of the valued graph (I, d, ) in [Dlab and Ringel 1976]) consists of a family of
(F; — Fj)-bimodules ; M ;, where the fields F; are finite field extensions of k in an
algebraic closure of k such that dim; F; = ¢; and dim(; M ;) F; = d;j. Note that & is
called connected provided the corresponding graph is connected; an oriented cycle
of ¥ is given by a sequence of vertices i1, i2, ..., ix—1,ix =i such thati; — i;
forall 1 < j <k — 1. From now on, we shall always assume that (I', d, Q) is
connected and contains no oriented cycles.

A representation (V;, ;¢;) of the k-species & is given by a set of vector spaces
(Vi)F, and F;-linear mappings V; ® ;M; — V;. Such a representation is called
finite-dimensional provided all the vector spaces V; are finite-dimensional vector
spaces. A homomorphism a = (a;) : (Vi, j¢i) = (V/, j¢!) is given by a set of
Fj-linear mappings a; : V; — V! such that a ;¢; = j¢!(a; @ 1). We shall denote by
rep ¥ = L(M, Q) the category of all finite-dimensional representations of (M, ).
It is an abelian category. A k-species & is said to be of finite representation type if
the category rep & has only finitely many indecomposable objects.

[Dlab and Ringel 1975, Theorem B]. A k-species is of finite representation type
if and only if its diagram is a finite union of Dynkin diagrams.

Given a k-species ¥, one denotes by Q' the rational vector space of all vectors
x = (x;);er over the rational number field. There is a quadratic form defined on
Q" where n = |I'| as follows: For any x € @", let

2
(x,x) = Zfixi —Zmijxixj,

where €; = dimy F; and m;; = dimy(; M;). Given any representation (V;, j¢;) of
the k-species (Jl, Q), one can define the dimension vector mapping

dim: L(M, Q) — Q"

by setting dim(V) = (x;), where x; = dim(V;)f, for all i € I'. Dlab and Ringel
[1975; 1976] proved that the k-species & is of finite representation type if and
only if the corresponding quadratic form is positive definite, that is, the underlying
graph is a Dynkin diagram. In particular, we shall quote the following two results:

[Dlab and Ringel 1976, Proposition 1.2]. (a) (I', d) is a Dynkin diagram if and
only if its quadratic form is positive definite.
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(b) (T, d) is an extended Dynkin diagram if and only if its quadratic form is pos-
itive semi-definite.

[Dlab and Ringel 1976, Proposition 2.6]. Let (M, Q) be a realization of the val-
ued graph (I, d).

(a) If (I', d) is a Dynkin diagram, then the mapping dim provides a one-to-one
correspondence between all positive roots of (I, d) and all indecomposable
representations in L(M, Q).

(b) If (I, d) is an extended Dynkin diagram, then the mapping dim provides a one-
to-one correspondence between all positive roots of (I, d) of nonzero defect
and all indecomposable representations in L(M, Q) of nonzero defect.

The results on the representations of valued graphs can be translated into the rep-
resentation theory of finite-dimensional associative algebras over a field, or more
generally into that of certain classes of artinian rings [Dlab and Ringel 1976]. For
any given artinian ring R, one can define a valued graph, we will not discuss the
detailed construction here. Conversely, for any given k-species ¥ on a given valued
graph (T, d), one can define its associated tensor algebra A = T (¥) by

A=EPA®

t>0
where

AO=T]F. AV=]]iM;, and AP =A"Du0AD forr>2
iel heQ

with the componentwise addition and the multiplication induced by taking tensor
products. Note that for an admissible orientation Q of (I, d), the tensor alge-
bra A of (I, d, Q) is a finite-dimensional hereditary k-algebra. An algebra R is
said to be of finite representation type if there are only finitely many indecompos-
able finite-dimensional R-modules. Each finite-dimensional hereditary k-algebra
of finite representation type can be identified with the tensor algebra of some k-
species. Itis well known [Dlab and Ringel 1975] that the category A-mod of finite-
dimensional A-modules is equivalent to the category rep(¥) of finite-dimensional
representations of the k-species & over the field k.

[Dlab and Ringel 1975, Theorem C]. A finite-dimensional k-algebra R is hered-
itary of finite representation type if and only if R is Morita equivalent to the tensor
algebra T (), where & is a k-species of finite representation type.

In the rest of this paper, we will not distinguish between these two categories.
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2.2. Two-parameter Ringel-Hall algebra H,  (A). As above, let k be a finite
field. Let A denote a finite-dimensional associative hereditary algebra over k.
Denote by ¢ = |k| the cardinality of the base field &, and let » be a number such
that v2 = ¢. We shall also assume that A is finitary, that is, the cardinality of the
extension group Ext! (S, §’) is finite for any two simple A-modules S and S’

It is well known that this finitary condition is satisfied by the algebra A as long
as A is a finitely generated k-algebra over a finite base field k. By %, we will
denote the set of all isomorphism classes of finite-dimensional A-modules. We set
%P1 =P — 0, where 0 denotes the subset of % consisting of the only isomorphism
class of the zero A-module. For any o € %, we choose a module representative u,,
for the isomorphism class a. We denote by a,, the order of the automorphism group
Auty (u,) of the A-module u,,. It is easy to see that the number q,, is independent
of the choices of the representatives u,, for any o € P.

For any given three representatives u,, ug, u, of the elements a, g,y € P re-
spectively, we denote by gZ 5 the number of submodules N of u, satisfying the
conditions N = ug and u, /N = u,,.

For any two given A-modules M, N, let us set

(M, N) = dimgy Hom(M, N) — dimy Ext' (M, N).

Since the algebra A is hereditary, it is well known that (M, N) depends only on
the dimension vectors dim(M) and dim(N) of the A-modules M and N. Thus for
any given two elements a, f € %, we can define the notation

(a, B) = (uq, up)

where u, and uz are any chosen representatives of a and 8 respectively. Note that
(-, -) is a bilinear form that is not necessarily symmetric. However, using (-, - ),
we can also define a symmetric bilinear form (-, - ) by setting

(a, p) = {a, p) + (B, a).

In the rest of this paper, we will be mostly dealing with the form (-, - ) instead.
Let A-mod denote the category of all finite-dimensional A-modules. Note that
there exists a fine symmetry between elements in the category A-mod:

Theorem 2.1 [Green 1995, first formula]. Assume that A is hereditary and finitary.
Leta, B,a’, B’ € P. Then

1
2 A A -1_ 2 : | Ext (”pa uz)l a o BB
aaaﬂaa/aﬂ’ ga,ﬂga/ﬁ/aj - |H0m(u u )IgPO'gﬂﬂ’gd’rga'raﬂaﬂaﬁ/a‘[/'
AEP p,o,0' ,T€P P> T

Let g be a finite-dimensional complex simple Lie algebra of type A, D or E;
and let A be the finite-dimensional hereditary algebra associated to g. As a two-
parameter twist of Ringel-Hall algebra, the two-parameter Ringel-Hall algebra
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H, s (A) was first defined by Reineke [2001] for the purpose of studying the monoid
ring of generic extensions. We will first recall some details of its construction.

Since g is a finite-dimensional complex simple Lie algebra of type A, D or E,
we can associate a Dynkin quiver A to the Lie algebra g, so that the path algebra
A := kA of the Dynkin quiver A is a finite-dimensional hereditary algebra of
finite representation type. Reineke [2001] introduced a two-parameter Ringel—
Hall algebra, which was used to realize Takeuchi’s two-parameter quantization
U, s(nT), with n* the maximal nilpotent Lie subalgebra of the Lie algebra g. To
avoid colliding notation, we will denote Reineke’s version of the two-parameter
Ringel-Hall algebra by H, ;(A) instead of the original H(2). Reineke proved that
the two-parameter Ringel-Hall algebra H, (A) is indeed isomorphic to the two-
parameter quantization U, (n").

It is natural to extend Reineke’s construction to finite-dimensional complex sim-
ple Lie algebras of other types. This can be done in terms of k-species due to the
existence of Hall polynomials [Ringel 1990a; 1990c]. We will first write down the
details of the formulation of the two-parameter Ringel-Hall algebra H, ;(A) for
any complex simple Lie algebra g of other types. During the process, the algebra A
is taken as the tensor algebra of the k-species associated to the nonsimply connected
simple complex Lie algebra g. Then we will show that two-parameter Ringel-Hall
algebra H, (A) is isomorphic to the two-parameter quantization UZFS (g) for any
Lie algebra g, which generalizes Reineke’s result of [2001].

From now on, we will always assume that g is a finite-dimensional complex
simple algebra and let A be the corresponding hereditary path algebra (or the tensor
algebra of the k-species for nonsimply connected cases). Note that there exist Hall
polynomials F AL4 n (x) associated to modules M, N and L in A-mod such that for
these A-modules, we have 81%4, y=F 151 ~ (@), where g is the cardinality of the base
field k. For a detailed account of the existence and calculation of Hall polynomials
in A-mod, see [Ringel 1996; 1993].

Recall that % is the set of isomorphism classes of finite-dimensional A-modules.
Let us denote by H, ;(A) the free Q(r, s)-module generated by the elements of the
set {u, | o € P}. In addition, we define a multiplication on the free Q(r, s)-module
H,;(A) by

Uglg = ZS_(“’/”FJ;M (rs Yu; for anya, f € P.
reP
Then it is easy to see that we have the following result:
Proposition 2.1 (see also [Reineke 2001]). If A is the finite-dimensional corre-

sponding hereditary algebra associated to the Lie algebra g, then the algebra
H, s(A) is an associative Q(r, s)-algebra under the multiplication defined above.
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The proof is a straightforward verification and we will omit it.

2.3. Ring theoretical properties of H, ;(A). Now we will investigate some ring-
theoretic properties of the two-parameter Ringel-Hall algebra H,  (A). We first
verify some basic identities for H, ;(A) following along the lines in [Ringel 1996].
These calculations are the same as those done there, with some slight modifications.

First, we introduce a new Q(r, s)-basis for H,;(A). For any chosen element
a € P, we have an element u, € H, (A). We denote by €(a) the k-dimension of
the endomorphism ring of the module representative u, corresponding to a.

For any given module M of the algebra A, we denote the isomorphism class of
M by [M] and by dim(M) the dimension vector of M, which is an element of the
Grothendieck group Ko(A) of the category A-mod of all finite A-modules modulo
the exact sequences.

According to [BernStein et al. 1973; Dlab and Ringel 1975; Gabriel 1972], there
is a one-to-one correspondence between the set of all positive roots for the Lie
algebra g and the set of indecomposable modules in A-mod (see Section 2.1). Let
a € ®T be any positive root; we denote by M (a) the indecomposable module
corresponding to @. For any map a : ®* — N, set

M(a) = Mp(a) = ) al@)M(a).
acd+
Then it is easy to see there is a bijection between the set % of isomorphism
classes of finite-dimensional A-modules and the set of all maps a : @ — Ny. We
will not distinguish an element a € % from the corresponding map associated to a,
and we may denote both of them by « if no confusion arises.
For any o € P, let us set dima = >, _,+ a(a)a. Then we have

dim(M(a)) = dima.

For any given o € %, we denote by dim(a) = dim(u,) the dimension of the
A-module u, as a k-vector space. Furthermore, let us set

(ua> — Sdim(ua)—e(a)ua .

For convenience, we may sometimes simply denote u, by a for any a € % and
denote F,7, p (rs~1) by géﬂ if no confusion arises. In particular, we will carry out
all the computations in terms of a instead of u, in the rest of this subsection.

Obviously the set {(a) | a € P} is also a Q(r, s)-basis for the algebra H, ;(A).
Note that (a;) = a; for any element a; € P corresponding to the simple root a;.
Thus the multiplication in H, ;(A) can be rewritten in terms of this new basis as

(o) (B) = s~ <P (dimadimf) By s« B gly(a)  forany a, f € P.

AEDP
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Furthermore, let us write
e(a, f) = dimi Hom (M (a), M(f)) and ¢ (a, f) = dimy Exty (M (a), M(B)).
Then we have the following proposition, similar to the one in [Ringel 1996].

Proposition 2.2. Letay, ..., a; €P suchthat fori < j, we have both €(a, a;) =0
and {(a;, o) = 0. Then

(Di_y o) = () -~ {ar).

Proof. Without of loss of generality, we may assume that t =2. Letus seta; = a
and a = B. Since ¢ (a, f) =0, we have

(a, B) = e(a, p) — (o, p) = e(a, ).
Since e(f, o) = 0, we also have
e(a®p) =ela,a)+ela, f)+e(f, p)+e(f, a)
=e(a,a)+e(B, p) +e(a, p).
Thus
6(0( 6918) - ((X, ﬂ) - 6(0(, 0!) _e(ﬂ’ IB)
=e(a,a) +e(B, ) +ela, p) —ela, f)+(a, ) —e(a, a) —e(B, B) =0.

Since ¢ (a, f) =0, that ggﬂ # 0 implies that y = a @ f. Since e(f, a) =0, we

have gggaﬁ = 1. Therefore, we may finish the proof:

(0!) (ﬁ) — Sdim(a)-i—dim(ﬂ)—e(a)—e(ﬂ)aﬁ
= <O —wp)=e@=<() g1, g )
=(a®p). O
Theorem 2.2. Let o, f € P such that e(B, o) =0 and ¢ (a, ) = 0. Then we have
(Bria) =r@Ps @y gy + DT o)
y€J(a.p)

where the coefficients c, are in Z[r*!, st and J(a, B) is the set of all elements
A € P that are different from a @ f and giﬂ # 0.

Proof. First, by Proposition 2.2, we have (a)(f) = (a & ).
Note that (£){a) = Zy c; y . Thus we have the relationship c; = sdim(V)_E(V)cy
between the coefficients ¢, and c;. By [Ringel 1996], we also have

g;fﬁ — (rsfl)e(a,ﬂ) )
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Note that €(a @ f) = €(a) +€(f) +e(a, B). Thus
Chop = Gdim(A)—e(B)+dim(a)—e (o) g—(B,a) gZ;eﬁ
= gAim@®p)—e(@) =€)+ (B.a) (g~ Tye(@.f)
— gdim@®p)—e(@)—e(B)+((B.a)—e(@.B) e f)

_ (@) ¢ (B.0) ([dim@SB)—€(@Dp) _ (0.8 —(f0) gdim(@@h)—e (@ Dp)

Finally, we have c(’x@ﬁa @ p =r®Ps=ha) g p). O

According to the representation theory of finite-dimensional hereditary algebras
of finite representation type [BernStein et al. 1973; Dlab and Ringel 1976], we
can give a total ordering on the set of positive roots of the Lie algebra g. Fol-
lowing Ringel [1996], we will order all positive roots in a way a1, as, ..., @; SO
that Hom(M (a;), M(a;)) # 0 implies i < j, where M (a;) is the indecomposable
module corresponding to the positive root @;. Such an ordering will be called
A-admissible.

Lemma 2.1 [Ringel 1996]. A total ordering a;, .. ., a,, of all the positive roots is
A-admissible if and only if (a;,a;) > 0 implies i < j. Such an ordering has the
additional property that (a;, a;) <0 impliesi > j.

From now on, we will always fix such a A-admissible ordering on the set of all
positive roots.

Proposition 2.3. For any o € P, we have (o) = (a(ay)ay) - - - {a(ay)an).

Proof. Since the ordering of the positive roots a; is admissible, e(a;, a;) = 0
for any i < j. In addition, we also have ((a;,a;) = 0. Note that, as a module,
a =@, a(a;)M(a;); then the result follows from Proposition 2.2. O

Now let us consider the divided powers of (a) by setting

t ! 3 piel@) _ gie(a)
(a)’, where [t]e(a) = H @) _ge@) -

i=1

1

(@) = —
7] a)

Lemma 2.2. Let a be a positive root and t > 0 be an integer. Then (ta) = (a)®.
Proof. The proof is adapted from [Ringel 1996]. Let ¥ be a reduced k-species,
where k is a finite field. Then the number of filtrations

tMy(a)=MyD>M;---ODM, =0

of the module t My (a) with composition factors isomorphic to the module My (a)
is given by evaluating the following polynomial in x at the number |k| = rs~!:
(k€@ _ ) (xc@U=D _1)... (x€@ _ 1))
(@) — 1y |
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Since ¢ (a, a) = 0, we have
a' = s O[]l (4)s <@g = sTE@I=D R o a.

Therefore,

t(dim(a)—e(a)) ,

1 P s—e(a)t(t—l)[t]! .

a) = @3
[t]!e(a) ( ) [t]!é(a)
— S75(a)t(t71)+t(dim(a)fe(a))ta

(@) =

— Stdim(a)fe(a)t(tfl+1)ta — Stdim(a)fe(a)tz — stdim(a)fe(m)ta — (ta). 0

For each positive root a;, let us define the symbol X; = (a;).

Proposition 2.4. Let o € P. Then o can be regarded as a map o : @ — N.
Setting o.(i) = a(a;), we have

m
_ (@) (a(m)) _ 1 a(l) a(m)
<a>—X1 "'Xm _( — )Xl "‘Xm .
i=1 [a(l)]f(ai)

Proof. By Proposition 2.3, we have (a) = (a(Day)---{a(m)a,). By Lemma 2.2,
we also have (a(i)a;) = X i(a @) Thus the first equality holds. The second equality
can be proved by using the divided powers. U

Theorem 2.3. The monomials X‘f(l) XM ith o(l),...,a(m) € Ny form a
Q(r, s)-basis of H, s(A), and for i < j, we have

XJXZ — r(dlm Xi,dlij)S—(dlm X_,',dlm X[)XLXJ

E Ai+1 aj-1
+ c(ai+1,...,aj,1)Xl._’H ”'Xj—l

1G,])
with coefficients c(ajy1, ...,aj—1) in Q(r, s). Here the index set 1(i, j) is the set
i—1
of sequences (aj+1, - - - aj—1) of natural numbers such that Z;:[H aa; = a; +aj.

Proof. Given a(1), ..., a(m) €Ny, define an element o € P by setting a (a;) = a (7).
According to the previous proposition, we have (a) = X fa(l)) e X,(,‘f ) " Thus
the monomials given in the theorem are exactly nonzero scalar multiples of the
elements in %. Therefore, these monomials form a Q(r, s)-basis of H, ;(A).

Leti < j. We can apply Theorem 2.2 to the positive roots a; and a ;. We need to
show that for any f8 € J (i, j), the element £ is a scalar multiple of some monomials
Xi“rll .. 'ij with Z{:_iil aar=a; ta;.

Let f € J(i, j), and let §(t) = f(a;). Since gfjai # 0, there is an exact sequence

0— M(a;) > @ p()M(a;) > M(a,) — 0.

t=1
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Let us write f = (f;); with f; : M(a;) — p(t)M(a;). The exact sequence
does not split; otherwise, f = a; @ a;, which contradicts the assumption that
L e€J(i, j). Letus consider some ¢ with f(¢) > 0. We claim that f; 0. Otherwise,
the cokernel of f would split off S(¢) copies of M(a;); and since the cokernel
of f is indecomposable, this would mean that the exact sequence splits. Since
Hom(a;, a;) # 0, it follows that i <. In addition, we can exclude the case i =1,
since in this case, f; and therefore f would be a split monomorphism. Altogether,
we have i < t. The dual argument applied to g shows that ¢ < j. According to

Proposition 2.2, we know that (f) is a scalar multiple of X' --- X ;l’ . The exact
sequence exhibited above shows that Zf;ﬂr] a@wa;=a;+aj. O

Now we define some algebra automorphisms and skew derivations on H, 5(A).
Namely, for any d € Z", there is an algebra automorphism /, of H, ;(A) defined by
ly(w) = pldimw.d)g—{d.dimw)y, “where w is any homogeneous element of H, ;(A).

Lemma 2.3 [Ringel 1996]. Let R be a ring and let | be an endomorphism of R.
For any r € R, we define a map J, : R — R by

or(x)=rx —I1(x)r foranyx € R.
Then the map o, is an l-derivation.

Proof from [Ringel 1996]. First, the map J, is additive. In addition, forany x, y € R,
we have

or(xy)=rxy —1(xy)r =rxy —1(x)ry +1(x)ry —1(x)I(y)r
= (rx —1(x)r)y +1(x)(ry —1(y)r)
= 0r(x)y +1(x)0, (y).
Thus the map J, is an [-derivation of R. (|

Definition 2.1. Let R be a domain with 1 # 0, let 61 : R — R be a ring homo-
morphism and let J; : R — R be a o;-derivation, so that for all a,b € R, we
have

e o1(a+b)=01(a) +o1(b),
e g1(ab) =o1(a)o(b),
e d1(a+b)=61(a)+6,(b),
o d1(ab) = 61(a)b + o1 (a)d (b).
Then the skew polynomial ring R[X, 01, d1] is the set of noncommutative poly-

nomials R[X] with addition defined as commutative polynomials, and with mul-
tiplication defined distributively over addition and by the commutator rule

Xia =o01(a)X1 +61(a),
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valid for all @ € R. We set Ry = R[ X1, g1, d1], and let o be a ring homomorphism
of R, and ¢, be a o,-derivation of the ring R,. Then we can define another skew
polynomial ring R, = Ri[X>, 02, 02]. Similarly, we can iterate this process to
define R, for any n > 2. These rings R, are called iterated skew polynomial rings.

Let H; denote the Q(r, s)-subalgebra of H, ;(A) generated by the generators
X1,..., X ;. Thus we have Hy = Q(r, s) and for any 0 < j < m, we have

Hj=H;_[X;,1;, ;]

with the automorphism /; and the /;-derivation J; of H;_;. The automorphism /;
can be explicitly defined by

ZJ(XI) :r(dimX,v,dimX_,)s—(dimX_/,dimXi)Xi fori < ]
The skew derivation J; can be defined by

0; (X)) =X;X; —[;(X)Xj = D claipr,....aj- DX - X7
13,j)

Theorem 2.4. The automorphism [; and the skew derivation J; satisfy the relation
ljéj = r<aj’aj)si<aj’aj)5jlj.
Proof. Suppose i < j. Then [;(X;) = rl@i-aj)g—ta;.ai) X, Thus, we have
5jlj(X,‘) = I‘(ai’aﬁSi(aj’a")éj (Xl)

Let us write d =a; +a . Note that J; (X;) is a linear combination of monomials
of the form

it aj-1 Jj—1 . L
XX where >/ aa, =a; +a;=d.

Thus we know that J;(X;) belongs to H,(A). Since we have
(d,aj)=(ai+aj;,a;)=(a;,a;)+(a;,a;),
(aj,d)=(aj,a;+aj)=(a;,a;)+(aj,a;),

it follows that

1;6;(X;) = ridais= a5 (X;)
= plaa)) Haga) g~aga)=taa) 5 X )
= rlaai g =@l g1, (X)) O

Theorem 2.5. The two-parameter Ringel-Hall algebra H, ;(A) can be presented

as an iterated skew polynomial ring.

Proof. The proof follows from the previous theorem. U
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Let R be a ring. Recall that an ideal P C R is said to be prime if P # R and if
whenever the product A B of two ideals A and B of R is contained in P, at least one
of A and B is contained in P. Anideal P C R is called completely prime if P # R
and if whenever the product ab of two elements of R is contained in P, at least
one of the elements a and b is contained in P. In the case of commutative rings,
prime ideals are exactly completely prime ideals. In the case of noncommutative
rings, a completely prime ideal is a prime ideal, but a prime ideal is not necessarily
a completely prime ideal. Concerning prime ideals, we have the following result
for the algebra H, ;(A).

Corollary 2.1. Suppose the multiplicative group generated by r and s is torsion-
free. Then any prime ideal of H, () is completely prime.

Proof. The proof follows directly from a result on prime ideals of iterated skew
polynomial rings, due to Goodearl and Letzter [2000]. ]

2.4. An algebra isomorphism from Ur",' .(g) onto H, ¢(A). In this subsection, we
introduce an algebra isomorphism from the two-parameter quantized enveloping
algebra Urf’s (g) onto the two-parameter Ringel-Hall algebra H, ;(A). Via this iso-
morphism, all results established in the previous subsection on H, (A) will be
transferred to the two-parameter quantized enveloping algebra U;; (g). For the
convenience of this paper, we will awkwardly denote the nontwisted Hall algebra
multiplication by o in the one-parameter nontwisted generic Ringel-Hall algebra
H,(A) (which can be defined due to the existence of Hall polynomials). Recall
also that v? = g.

First, we need an important lemma on a two-parameter version of the quantum
Serre relations, which was proved to hold in the case of one-parameter nontwisted
Ringel-Hall algebra H, (A).

Lemma 2.4. Let a; € P correspond to the simple module S;. Then we have the
identities

lfa,-/-

1—aj; k) 1—aij—k .
SO, el gt =0 pori # 5
k=0 i

in Hy s(A\), where ci(f) = (r,-si_])k(k_l)/zrk<j’i>s_k<i’j>fori #j.

Proof. The idea of the proof is to reduce these identities to those that have been
proved in [Ringel 1990b] to hold for the one-parameter nontwisted generic Ringel—
Hall algebra H, (A). Though this reduction is straightforward, we will provide the
details. For convenience, we shall set m = 1 — g;; in the rest of this proof.
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First, we assume thati < j. Then we have (i, j) =d;a;; and (j, i) =0. Therefore,

m
k(M (k) m—k k
Z(_l) (k)”_ucij g, Ua;lly,
k=0 "
= m
_ Z(_l)k ( i )r-fl (risi—l)k(k—l)/ZrkU,t)s—k(z,J)uz—kuajul;i
k=0 i

m
:Z(_l)k(’:) (g YD 20D G = n =)/ 2060+ on =) ) K 0)
=0 Tis; le(mfk) Ollg, 0 u;fk)

m
—((i,iym?— i, J m — - o(m— o
— ¢~ (iiym m/2+m(l’]>)z(_1)k(1¢),_Sfl(risi G 1)/2ual(m k)oua_, ou’®.
k=0 v

Note that the following result was proved for the nontwisted generic Ringel-Hall
algebra H,(A) in [Ringel 1990b]:

m

m [ — o(m— o
S0 (), @HE DR o o1l 0
k=0

Due to the existence of Hall polynomials [Ringel 1990a; 1990c], we can set
rs~! = ¢. Thus we have proved that the statement is true for i < j, as desired.

Now let us assume that i > j. Then (i, j) =0 and (j,i) = dja;; = d;ja;; =
d; (1 — m). Furthermore, we have

m
m k _
D) el
k=0 ¥

m
_ Z(_l)k ('Z) y (rl_si—l)(m—k)(m—k—1)/2r(m—k)(j,i)s—(m—k)(i,j)u’;iuajuzzi—k

k=0 r,-sl
m
_ Z(_ 1)k (’Z ) | (rys; 1) —k=1)/2,.(m—k) (.1}
Fis:
k=0 l

s =GO D RN o0 6y, o 42

m
_ 3 m—m?) (i) Z(_l)k (’Z)r.s—l (risi—l)k(k—l)/zusz) oltg, 0 Mme_k)-
k=0 5

The following result was proved for the nontwisted generic Ringel-Hall algebra
H,(A) in [Ringel 1990b]:

m

m N o olm—
S (L), DD o, e =0
k=0
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Once again, thanks to the existence of Hall polynomials, we can set rs~! =g
and thus the result follows as desired. ([

The next result was first proved by Reineke for the case of a finite-dimensional
complex simple Lie algebra g of type A, D or E in [Reineke 2001], and we show
that the result holds for all finite-dimensional complex simple Lie algebras g. The
proof is more or less the same as the one used in [Reineke 2001].

Theorem 2.6 (see also [Reineke 2001]). With the multiplication defined above,
H, s(A) is an associative Q(r, s)-algebra. In particular, the map

n.e — a;
extends to a Q(r, s)-algebra isomorphism
n: U,TS (9) = Hrs(N).

Proof. First, note that the quantum Serre relations of U ,+S (g) are preserved by the
map 7. Thus the map # indeed defines an algebra homomorphism from the two-
parameter quantized enveloping algebra Urf ;(g) into the two-parameter Ringel—-
Hall algebra H, ;(A). It only remains to show that the map # is a bijection.

We first show that the map # is surjective by verifying that the algebra H, ;(A)
is generated by the elements u; that correspond to the simple modules S; of the
algebra A. Let u, be any element in H, ;(A). Then we have

Hm 1 a(ar) a(am)
ua:( Y )ual ---uam”‘.
i=1 [a(l)]f(ai)

Now it suffices to prove that u, is generated by u; for any o corresponding to
an indecomposable module. We prove this claim by using induction. Note that
¢ (a, o) =0. Thus, we have

uo(:u‘li1 ---uﬁ”— Z s(ﬁ’muﬂ.
dimjg?:égima

However, one sees that the dimension of the module ug is less than that of the
module u#,. Thus by induction on the dimension, we can reduce to the case where
dim(u,) = 1. In this case, the only possibility is that u, = u; for some i. Thus we
have proved the statement that every u,, is generated by u;, which further implies
that the map # is a surjective map. We also note that the map # is a graded map.

Finally, we show that the map # is injective. Let B := Q[r, s](-—1),s—1) denote the
localization of the polynomial ring Q[r, s] at the maximal ideal (r — 1, s — 1). Then
we know that B = Q[r, s](-—1,5—1) is a local ring with residue field QQ and fractional
field Q(r, s). Let U; denote the free B-algebra generated by the generators e;
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subject to the quantum Serre relations holding in Ur“’“s (g). Also let US (g) denote
the universal enveloping algebra of n* defined over the base field Q. Then we have

Uh(@=Q(,s)®s Uy and Ug(g) =Q®pUy.
For any f € N, we have the following result via Nakayama’s lemma:

dimg Ug(g)/; = dimg(Q ®p U;;))ﬁ
> dimqy,) (Q(r, 5) ®p Ug)p = dimag.s) U, (8)p
= dim@(r,s) Hr,s (A)/)'

Using [Ringel 1993, Corollary 2] and the PBW-theorem, we also have
dimg U (9)p = dimgqy.s) Hys(A)g.

Thus we have proved that the map # is injective. Therefore, the map # is an
algebra isomorphism from U;: ;(g) onto H,(A), as desired. U

Based on the previous theorem, the following corollary is in order:

Corollary 2.2. The algebra U:S (9) has a Q(r, s)-basis parameterized by the iso-
morphism classes of finite-dimensional representations of the algebra A.

Theorem 2.7. All prime ideals of U ;Ls (g) are completely prime under the condition
that the multiplicative group generated by r and s is torsion-free.

Proof. This follows since U, ;(g) is isomorphic to H, ;(A) as an algebra and since
all prime ideals of H, ;(A) are completely prime under the condition. (]

3. The extended two-parameter Ringel-Hall algebras H, ;(A)

In the one-parameter quantum group case, the torus part was added to the Ringel-
Hall algebra for the purpose of realizing the Borel subalgebra U, qzo(g) of the one-
parameter quantum group U, (g). In the two-parameter case, we can do the same.
Here, we spell out the details. In particular, we will first define the extended
Ringel-Hall algebra H,  (A) by adding the torus part. Then we propose a Hopf
algebra structure on this extended two-parameter Ringel-Hall algebra H, (A).
As an application, we will prove that UESO (g) is isomorphic to the extended two-
parameter Ringel-Hall algebra H, ;(A) as a Hopf algebra. The approach used here
is very similar to those in [Ringel 1996; Green 1995; Xiao 1997]. In addition, an
analogous result is obtained for the algebra Uri,o (g). By patching them together
via the triangular decomposition of U, s(g), we derive a PBW-basis of U, ,(g).
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3.1. Extended Ringel-Hall algebras H, ;(A). To realize the Borel subalgebras
UESO(g) and Ufso(g) of the two-parameter quantum group U, (g), we need to en-
large the Ringel-Hall algebras H,  (A) defined in the previous section. We are
going to enlarge H, (A) by adding the torus part to it. Namely, we will define
H, s(A) to be the free Q(r, s)-module with the basis

{kqu) | a € Z[1], 1 € P}.
In addition, we are going to define an algebra structure for IT(A) by

UgUB =D ;e s‘<""ﬁ>F;;,uﬂ(rs_l)u;~ for any a, f € P,
koup =r<ﬁ’“>s_(“’ﬁ>u/;ka for any a € Z[I], f € P,
kokg = kpk, for any a, f € Z[1].

Lemma 3.1. For any elements x,y,z € Z[I] and o, f,y € P, we have

[(kxuq) (kyup)](ketig) = (kyug)[(kyup)(kzuy)].
In particular, the multiplication defined in Pm is associative.

Proof. First, we have

(uqup)u, = (Zsfm’ﬂ)giﬂul)uy = Z s7<“’ﬁ>7<“+ﬂ’y>giﬂy uy,

AP NeP
gty ) = ua(Zs‘w’”géyuz) = > s @h gl .
AeP N eP

So we have just proved that (uqup)u, = u,(ugu,). In addition, we have the
results

[(kxua)(kyuﬁ)](kzuy) — r—(a,y)—<a+ﬁ,z)S()‘,a)+(z,a+ﬂ>kx+y+xua ugly
(kxug)[(kyup)(kouy)] = r—(a,y-i—z)—(ﬂ,z)S(y+z,a)+(z,ﬁ)kx+y+zua Upiy .

Also, we have (kyuy)[(kyug)(kou,)] = [(kyug)(kyup)l(k,u,), which further
implies that the multiplication is associative. O

Proposition 3.1. With the above defined multiplication, H, ;(\) is an associative
Q(r, s)-algebra.

Proof. This follows directly from the previous lemma. U

Theorem 3.1. The map n extends to a Q(r, s)-algebra isomorphism from Ufso(g)
onto H, s(A) via the map n(w;) = k; and n(e;) = ug,.

Proof. The proof is straightforward. U
Corollary 3.1. The set BT = {w,n~ (1) | a € Z[I1, 2 € P} is a Q(r, s)-basis of
Urzso (9)
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3.2. A Hopf algebra structure on H, ;(A). Now we are going to introduce a Hopf
algebra structure on the extended two-parameter Ringel-Hall algebra H, ;(A).

Theorem 3.2. The algebra H, ;(\) is a Hopf algebra with the Hopf algebra struc-
ture defined as follows.

(1) Multiplication:

uauﬂzzie@s*“’/”)giﬁm foranya, p € B,
kqup = r(ﬂ’a>s_(“’ﬁ>uﬁka foranya e Z[1], p € P,
kokp = kpk, forany a, p € Z[1].

(2) Comultiplication:
Auy) = Za,ﬂe@ r(h) (aaa[;/al)giﬂuakﬁ ®up forany 2 e P,
Aky) =ky R kg forany a € Z[11].
(3) Counit: €(u;) =0 forall 2 #0 and €(k,) = 1 for any a € P.
(4) Antipode:
o) =0+ > ()"

m>1

Z —INY (i) G A 7 i
X (I"S ) i<j —al gilh_.lmghm)‘mk_,hun—
TeP,A1,A2,...; Am€P

for any element 1 € P and o (k,) = k_,, for any a € Z[I].
The proof of this theorem consists of two lemmas.
Lemma 3.2. The comultiplication A is an algebra endomorphism of H, s(A).

Proof. First, A(kyky) = A(kyxty) = kyty ® kyyy. Thus, A(kiky) = A(ky)A(ky).
To prove that A is an algebra homomorphism of H, (A), it suffices to show that
A(uqupg) = A(ug)A(ug). Since

_ /, / 2
Ug'Up :ZS (o ﬂ)ga’ﬁ’ul,
AEP
we have

A(u(l/uﬂ/) = A(Z s_<a’ﬂ>g$/ﬂ/u2)
LEP

= ZS_<a P >gi/ﬂ/A(M})
reP

Y aga
= S D S @y

a
1,0, feP /




236 XIN TANG

and
A )A(up) = Z (p.0) %% a1 o
a’ p) = r o 8% upks @i
p,0EP a
"o’ a/)’aa”/ 4
x ( Z r<p ? )Tgﬁ)/o./up/kg/ ®u0-/)
p o' €P B
LS e Gl

a
P X gpagp,a,upko-up,kl,/@uau(,,
p.o.p o' €P «p

= > (p.0) (0 )40 0) (—(o.p))~(0,0") = (p.p") Lo o dp' Do

Agag
p.0.p',0'€P @ %p

X gz;gﬁfa,gzp/gfg,uakﬂ Qug.
Note that dim(u,) + dim(ug) = dim(u ;). Thus, we have
dim(ug) 4 dim(up) = dim(u;) = dim(u,) 4 dim(up)
and
dim(u,) +dim(uy) = dim(u,), dim(u,) +dim(u,/) = dim(ug);
dim(u,) +dim(u,) = dim(u,), dim(uy)+dim(u,) = dim(ug).
In addition, we have kg = k, k,/. Thus we have
(@, By ={(p, o)+ (p, o) +{p',0)+(o,0"),
(@, BY=(p,p") +(p. o) +(0,p") +(0,0").

Therefore, we only need to show that

., Qgdpagapg z : —IN—(p,ay o B o P
: gaﬂga’ﬂ’ a = (rS ) o >gpp’g0—g—’gpg-g/)/o-’apaa'ap/a()'/a
LEP A p,o,p 0’ €P

but this is true according to Green’s formula.
Lemma 3.3. For any A € %P, we have
puo @ DA(u,)=d0 and u(1®c)A(uy)=7d0.

Proof. First of all, we have

al/a}hnﬁ—l A
A(u/l) = : " a, gi/ierlu/Vk/lerl ® uﬂm+l *

;L/y;Lln+l eP

Thus we further have

Z X dmg1) W Pt )

,u(O' ® I)A(”)») = }’< ) a - gl’im+1k—)~m+1a(ui’)u)~m+1 .
A A

A\ dm+1 €P
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To prove the first identity, it suffices to prove that
A/,}. aya, +1 A
o(u;) =00 — E r m+l)a—mg/l’/lm_Hk_lerlo-(u”)MAerl'
N EP i1 P g
Since we have

@, -a
o(uy)=0dy0— Z(—l)m Z (rs ™12y o) 2

a)
m>1 T/ EP, A1 erer A €P1 ‘

A '
X ggl...,lmggl...gmk—l’”n’a

we will have the result

2 Amat) GV Chnir
o(uy) =00 —k_u; — Pl ) Lt gt kg
al m—+1
A\ Am+1€PL

x Z(_l)m Z (rs_])zi<j('1i’}'.i>—ail C W

ay
m>1 r'eP,

Moeres A €P V T’ ,
Do m ST 8 eim 8oy sim X Ktz

:5/10_](71”/1 —Z(_l)m Z (rs_l)Zk<j<)“ial./)r(l>)~m+l>

m>1 r'eP
' g b
A A A €D

aﬂl"'aim almﬁ»l A ' <7[/ A
Amt1) 5T
x ;i 831t 8K k=i z S G s U
TeP
a}, ..'al a/l
m 1 m m+1 A
=3d10 — E (=1 z A — 8y d s K= iUz -
m>1 TP ;
i],...,ime@l

Since gél,,,ai # 0 implies dimu; = dimu,, + - - - dimu,,, we may assume that
dim(uy) =dim(uy,) +- - - +dim(u;,), dim(u;)+dim(u,,,,) = dim(u;),
dim(u, ) =dim(u,,) + - - - +dim(u;,), dim(uz)+dim(u,,,,) = dim(u,).

Therefore, we have the result

o(u;)=00—k_u;+ Z(—l)m

m>2
Z N VI s ) P
(}’S ) i<j\tishj Tgilmlmg/h--%mk—l””
7 eP :
/11,...,/1,,169)1
=)0+ E (=" Z (rs—l)z,-<,-<w.f>w
) a
m>1 ) TP A
/Lla'“:ill‘le@l

A T
X & edm 81 k_jur.

m

T

So we have proved the statement by the definition of ¢. Similarly, we can verify

that u(1 ® o) A(uy) = d0.

O
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Remark 3.1. The proofs of the two lemmas above are slightly modified versions
of those in [Xiao 1997].

3.3. A Hopf algebra isomorphism from U,Z,? (g) onto H, ;(A). Here we prove
that the Borel subalgebras Ur?so(g) and Ufso(g) of the two-parameter quantum
group U, ;(g) can be realized as the extended two-parameter Ringel-Hall algebras
H,(A) and H-1 ,-1(A) as Hopf algebras. As a result, we shall derive a PBW-
basis for the algebra U, ;(g).

Theorem 3.3. We have

Uri‘o(g) = Hr,s (A) and Ur?so(g) = Hsfl,rfl (A)
as Hopf algebras.

Proof. Let us define a map ¢ : UE?(Q) — H, ;(A) by setting ¢(E;) = us, and
¢(w;) = k;. Then it is easy to verify that ¢ is a bijection and respects the Hopf
algebra structures. Thus it is a Hopf algebra isomorphism. Similarly, we can prove
that Ufso(g) is isomorphic to H;-1 ,-1(A) as a Hopf algebra. O

Let B~ be the basis constructed for Urﬁo (g) via the algebra H;-1 ,-1(A); then
we have the following:

Corollary 3.2. The set BYUB™ is a Q(r, s)-basis for the two-parameter quantum
groups Ups(g).
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