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OF REPRESENTATIONS OF BRAID GROUPS
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BYUNG HEE AN AND KI HYOUNG KO

We propose a family of homological representations of the braid groups on
surfaces. This family extends linear representations of the braid groups
on a disc, such as the Burau representation and the Lawrence-Krammer—
Bigelow representation.

1. Introduction

1A. Preliminaries and history. Let X(g, p) be a compact, connected, orientable
2-dimensional manifold of genus g with p boundary components. Set ¥ = X (g, p).
Let {z?, cees zg} be a set of n preferred distinct points in X for n > 0, and let
=2 — {Z(l), R 22}. We call X, the surface £ with n punctures.

For integers n, k > 0, we consider three types of configuration spaces as follows:
The space of k-tuples of distinct points in X, is denoted by

Pn,k(z):{(zla---,zk)ean'--X2n|Zi7éZj fori#j},

the space of subsets of k elements in X, is denoted by

B (Z)={{z1,..., 2%} C Ty},

and the space B, () of pairs of disjoint subsets of n elements and k elements in
Y is denoted by

Bn;k(z) = {({Z15 ---,Zn}, {Zn-‘rla ---:Zn+k}) | Zi € 25 Zi #Zj for i #J}

It is easy to see that B, x(X) = P, x(Z)/Sk and By:x(Z) = Pon+xk(Z)/Sp X Sk,
where the symmetric group Si acts on P, ;(XZ) by permuting components of a
k-tuple and similarly S,, X Sy C S+« acts on Py 11 (X).

The braid groups on a surface X are defined by the fundamental groups of con-

figuration spaces. Choose a basepoint {z2+1, cees z2+k} noXif o . If X is
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closed, then place it anywhere in X,,. The pure k-braid group on X, is defined and
denoted by
P (2) =71(Puk(2), (Zyrs- -0 Zyis)-

Similarly, the (full) k-braid group on %, is given by
B, i(2) = 71 (Buk (D), {21 - -5 Zna)s

and the intertwining (n, k)-braid group on X is given by

Bk () = w1 (Buk (Z), ({20, .o 2 {20 hs s 2o D).

It is sometimes easier to understand if these groups are regarded as subgroups of
Bo,»+4(X). The intertwining (n, k)-braid group B,,.x () is the preimage of S, x S
under the canonical projection: Bg ,44(X) — S,4«. In addition, B, x(X) is the
subgroup of (n+k)-braids in B,,.; (X) that become trivial by forgetting the last k
strands, and P, x(X) is the subgroup of (n+k)-braids in B, ;(X) that are pure,
that is, the induced permutation is trivial. If the surface X is the 2-disc D, we will
call the braid groups classical. For example, By , (D) denotes the classical n-braid
group studied by E. Artin.

In the 60s and 70s, presentations for braid groups on various surfaces were
found, on the 2-sphere and the projective plane in [Fadell and van Buskirk 1962;
Van Buskirk 1966], on the torus in [Birman 1969], and on all closed surfaces
in [Scott 1970]. The study of braid groups on surfaces has been revived recently.
Gonzélez-Meneses [2001] found new presentations of the braid groups on surfaces,
and the authors of [Bellingeri 2004; Bellingeri and Godelle 2007] found positive
presentations of the braid groups B, x(X) for all surfaces X, with or without bound-
ary. Here, we are interested in braid groups on surfaces with nonempty boundary
and will use Bellingeri’s presentations.

Boundary components of a surface can be traded with punctures when we con-
sider braid groups. Let ¥ = X (g, p) and ¥’ = Z(g, p + q). Then there are
continuous maps i : X, — X" and j : £’ — X, that are homotopy inverses each
other. The induced maps i : Bytgk(X) = B,k (X') and j: Bk (X') = Buig ik (X)
on configuration spaces are also homotopy inverses each other and induce isomor-
phisms i, and j, on fundamental groups [Bellingeri 2004; Paris and Rolfsen 1999].
Therefore we may assume X = X (g, 1) by treating all but one boundary component
as a puncture whenever we deal with a surface with nonempty boundary.

We use Bellingeri’s presentation [2004] for the braid group B, (2 (g, 1)):

e The generators are o1, ..., 01,41, ...,4g,b1,...,bg,{1,..., (0
e The relations are
(BRy) [0}, 0] for i — j| > 2;

(BRZ) 0/0;j0; =000 for |l —]| = 1;
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(CRy) lar,0il, [br,0il, [, 0i] fori > 15

(CRy) la;, 01ar01], [br, 01br01], [{, 01401];

(CR3) [a,, 0, aso1], [ay, 0] bso1l, by, 07  aso1], [by, 0, 'bsor] forr <s,
lar, o1 ' Cun], [br, 07 G0, [Gn o) ' Cuot] for ¢ < u

(SCR) o1b,01a,01 = a,01b,.

The corresponding result for configuration spaces of pure braids by Fadell and
Neuwirth can be generalized to show that the projection B,.x(X) — Bp,(X) is
a fiber bundle with fiber B, x(X). Except for the cases ¥ = S? and T = RP?,
Gongalves and Guaschi [2003] completely determined when the short exact se-
quences of braid groups derived from Fadell-Neuwirth fibrations split. In particu-
lar, the short exact sequence derived from the fibration above, that is,

1 — Bn,k(z) - Bn;k(z) - BO,n(E) - 1,

always splits for £ > 1 if ¥ has nonempty boundaries.

The braid groups are closely related to the mapping class groups. Birman [1974]
determined when surface braid group embeds into the corresponding mapping class
group. In particular, if 60X is nonempty, By ,(X) embeds into the mapping class
group on X, and so an n-braid on X can be regarded as a homeomorphism of X
that preserves the set of n punctures.

The classical braid groups have various representations that can be as simple
as taking exponent sums or taking induced permutations. The braid action on the
punctured disk D, gives rise to a faithful representation into automorphism groups
of free groups, and a characterization of automorphisms coming from braid actions
is possible. Each representation serves its own purpose. It is common to try to
construct a linear representation to have a better understanding of a given group
via matrices over a certain commutative ring and their multiplications.

For the classical braid groups, linear representations are abundant. Burau in
1936 and Gassner in 1961 found linear representations of By ,,(D) and Py _, (D), re-
spectively. These representations are derived from braid actions on homologies of
appropriate coverings of D,,. These representations take the form of (n—1) x (n—1)
matrices that can also be computed via Fox’s free differential calculus on auto-
morphisms of free groups mentioned above. The Burau representation is faithful
for n < 3 but not for n > 5 [Bigelow 1999]. The faithfulness of the Gassner
representation is known only for n < 3.

Lawrence [1990] discovered a family of linear representations of By ,(D) via
a monodromy on a vector bundle over P, (D). Krammer [2000] defined a free
Z[g*', t*']-module V using forks and relations between them, and he proved using
an algebraic and combinatorial argument that the braid group acts on V faithfully
for braid index 4. This representation is essentially the same as the one considered
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by Lawrence for k =2 but uses the configuration space B, (D) instead of P, »(D)
and is now called the Lawrence—Krammer—Bigelow representation. Bigelow rein-
terpreted this representation using covering spaces and covering transformation
groups instead of vector bundles and local coefficients. Then the monodromy cor-
responds to the braid action on homology groups of covering spaces, as it did for the
Burau representation and the Gassner representation. Bigelow [2001] constructed
a linear representation using homology group Hz(én,z(D)) of the covering space
Bn,z(D) whose covering transformation group is (g) @ (¢), and he proved that
R ® V is isomorphic to R ® Hz(f}n’z(D)). Also, Krammer [2002] and Bigelow
[2001] independently proved that the Lawrence—Krammer—Bigelow representation
is faithful for all » > 1, and so the classical braid groups are linear. Bardakov
[2005] applied this linearity to show that the braid groups of the sphere and pro-
jective plane are linear. Bigelow and Budney [2001] proved using the Lawrence—
Krammer—Bigelow representation and a suitable branched covering that the map-
ping class group of genus 2 surface has a faithful linear representation. However,
Paoluzzi and Paris showed that there is a difference between V and Hz(l}n,z)(D)
as a Z[qil, t*11-module for n > 3 and a found basis for a Z[qil, t*1]-module
Hz(én,Q(D)); so the exact definition of “Lawrence—Krammer-Bigelow represen-
tation” became somewhat ambiguous.

For any k£ > 1, Bigelow [2004] considered the braid action on the Borel-Moore
homology group H,PM(E,,,;( (D)). He obtained a family of representations via the
induced action on the image of H,?M(Bn,k (D)) in H,PM(B,,,;((D), 61§n,k(D)). For
simplicity, we will consider the braid action on the free module HEM(Bn’k(D)),
whose basis can be easily described by forks to obtain a linear representation.
We will call these representations homology linear representations. The Burau
representation, and the Lawrence—Krammer—Bigelow representation of By ,(D)
are homology linear representations

@ :Bo, (D) GL( (" 7). zig* 1)

obtained from the braid action on homologies of covers of B, x (D) when k =1
(r =1 in this case) and k = 2, respectively [Bigelow 2004]. For k > 3, Zheng
[2005] proved that @ is faithful for all n > 1.

Overview. We construct a family of homological representations of braid groups
on a surface with nonempty boundary; these extend the homological linear repre-
sentations of the classical braid group. In Section 2, we first try to follow how the
homology linear representations of By , (D) were constructed via a covering of the
configuration space B, x (D). In the case of the disk, the braid action automatically
commutes with covering transformations, or in other words, braids act trivially on



A FAMILY OF REPRESENTATIONS OF BRAID GROUPS ON SURFACES 261

local coefficients. However, in the case of surfaces of genus > 1, this condition
forces the variable g to equal 1; see Lemma 2.6. Then the braid action becomes
almost trivial. For example, if kK = 1, the action of aiz is trivial. To get around this
problem, we introduce in Section 3 the intertwining braid group B,,.; (¥) to replace
B, «(X). As we mentioned earlier, this group is a semidirect product of B, x(X)
and By ,(X). Although the braid action does not preserve the local coefficient
given by the B, x(X) factor, the By ,(X) factor of B,.x(X) can adjust the coeffi-
cient so that the braid action becomes compatible. We will extend the coefficient
ring for homology representations to give room to control the braid action, at the
expense of giving up its commutativity, so that it becomes more interesting and
still preserves coefficients. Eventually we obtain in Theorem 3.2 representations
of braid groups on surfaces that extend homology linear representations of the
classical braid group. Also we explicitly compute the representations in the form of
matrices using a geometric argument. We extend the intersection pairing between
HPM(B, x(D)) and its dual space H(B, (D), dB, (D)) and use bases for the
two spaces that are described by forks and noodles; see Theorem 3.4.

In Section 4, we argue that the construction of our representations is natural
and that there are no other alternatives if one wants to obtain an extension of the
homological representation using covers of the configuration space B, (D). We
show that the intertwining braid group B,.x(X) is the normalizer of B, x(X) in
By .14 (X) so that the intertwining braid group B,.,(X) is such a group that is
unique and maximal up to a meaningless extension; see Theorem 4.2. The coef-
ficient ring for our representations is the integral group ring of a quotient group
of B,.x(X). Theorem 4.3 shows that for k > 3 the quotient group is uniquely
determined if one wants to extend homology linear representations of the classical
braid group. For k =1, 2, the quotient group is the simplest that serves our purpose.
Theorem 4.4 shows that the braid action on the quotient group is virtually unique.

Our construction involving the group extension B,.x(X) of B, x(X) is purely
algebraic, without a good geometric interpretation. Thus, some useful geometric
tools are not available. For example, the intersection pairing mentioned above is
not invariant under the braid group action. This seems to make it difficult to discuss
properties of our representations such as faithfulness and irreducibility. Although
the corresponding representation of the classical braid group is faithful for k =2 and
irreducible for k < 2 [Jones 1987; Zinno 2001], the faithfulness and irreducibility
of our representations are beyond the scope of this article.

2. Homology linear representations

We first review the construction of homology linear representations of the classical
braid group By ,(D) using the configuration space B, x(D); we then discuss the
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difficulty in extending these homology linear representations to the braid group
By, (X) on a surface X with nonempty boundary. As we noted earlier, boundary
components can be traded with punctures. From now on, we assume that ~ denotes
a compact, connected, oriented surface with exactly one boundary component and
that n and k are positive integers.

Homology linear representations of classical braid group. Let ¢ : B, (D) — G
be an epimorphism onto a group G. Consider the covering p : Enjk(D) — B, x(D)
corresponding to Ker ¢. Since the classical braid group embeds into the mapping
class group of the punctured disk D,,, we may assume we have a homeomorphlsm
ﬁ B, x(D) — B, (D) for each # € By,. By the lifting criteria, /8 lifts to E

n,k(D) — Bn,k (D) if and only if B,(Ker¢) C Ker¢. Equivalently, there is an
induced automorphism f; on G such that fy¢ = &P

Now we consider Borel-Moore homology [Borel and Moore 1960; Hughes and

Ranicki 1996] defined by

HPM (B 1(D)) = 1im Hy (B k(D), p~' (By k(D) \ A)),

where the inverse limit is taken over all compact subsets A of B, x(D).

The middle-dimensional homology group H,PM(E,,, ¢ (D)) is afree Z[G]-module
of rank ("*}%) (see [Bigelow 2004]) and § induces a map f, : HPM(B, 1 (D)) —
HEM(B, 1 (D)) such that

Bi(ye) = B:(y)Bi(c) fory e G and c € HEM(B, (D).

Thus the map S, is a Z[G]-module homomorphism if and only if Bi(y) =y forall
y € G if and only if

() ¢ =pp. forall feBy,.

Notice that the condition (x) also implies S, (Ker¢) C Ker¢. Here we need
to know that the induced homomorphism S, depends only on the isotopy class of
the homeomorphism f. In fact, since D has a boundary, we choose the basepoint
{ZS IRTREES z2 41} of By (D) in oD, and then the isotopy preserves the basepoint
and gives the same induced map f.. Consequently, if we choose a group G and
an epimorphism ¢ : B, x (D) — G satisfying (x), we obtain a family of represen-
tations @y from By ,(D) to Autz[G](H,?M(En,k(D))), the group of Z[G]-module
automorphisms on H,?M(f?,,,k (D)); the @y, are defined by

Ok (B) = s : HEM (B, 1 (D)) — HEM(B, 1 (D)).

Because we want to get a linear representation, G should be abelian. By the
presentation given in Section 1A, B, (D) is generated by 71, ..., n, 015 - -+, Ok—1.
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Suppose that ¢ : B, x(D) — G is an epimorphism such that (%) holds and G is
abelian. Each generator o; of By ,(D) acts trivially on B, (D) except for

@):(G) = Gging " and (GG = G

Then the condition () implies that ¢(¢;) = ¢ ((6,)+(Ci+1)) = @ (&i+1)- Hence
for k =1, G is a quotient of (g), and ¢(;) =¢q fori =1,...,n. For k > 2,
G is a quotient of (g) @ (f), and ¢((;) =¢q and ¢(oj) =t fori =1,...,n and
j=1,...,k—1

We define a group G p and an epimorphism ¢p : B, x (D) — G p depending only
on k as follows:
(@) ith=1,
()@ (t) ifk>2.
Theorem 2.1 [Bigelow 2004; Lawrence 1990]. Let ¢p : B, x(D) — Gp be the
epimorphism defined above. Then there is a homomorphism

¢p Bk (D) — Gp = {

@y : Bo,(D) — Aut (HEM (B, 1(D))).
Z[Gpl

In fact, ® is the Burau representation and @, is the Lawrence—Krammer—Bigelow
representation.

Naive extension to braid groups on surfaces. Let X be a surface of genus g > 1
having one boundary component. The assumption 0 £ # & is necessary for another
reason besides the two mentioned at the end of Section 1A. Suppose that 0 X = &
and f € By ,(X) uniquely determines the isotopy class of a homeomorphism
B B, x(X) — B, x(X). Then we must choose the basepoint {z2+1, ... ,Z?,+k}
in the interior of . We can easily find a homeomorphism /3 : B, 1 (X) — B, ()
that is isotopic to the identity via an isotopy that does not preserve the basepoint.
Then S represents the identity element in By, (X) but B, : HPM(B, (X)) —
HPM(B, x(Z)) may be nontrivial. Thus no representation can be obtained in this
way if 0X = @.

We need to define what it means to say that a representation of the braid group
By, () extends homology linear representations of the classical braid groups.

Definition 2.2. Given a ring R, let M be an R-module on which the braid group
By ,(X) acts as R-module isomorphisms. The R-module M is an extension of
homology linear representations of the classical braid groups By , (D) if there exists
a Z[G p]-submodule M’ of M such that

(i) M’ is invariant under the action by the subgroup By , (D) of By ,(X); and

(ii) for some £k > 1, R contains Z[Gp] as a subring and there is a Z[Gp]-
isomorphism from H,?M(Bn,k(D)) to M’ that commutes with the By _,(D)
action.
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As in the classical braid cases, we have to look at the action of By ,(X) on
B, «(X). The following lemma helps us to observe the action we want.

Lemma 2.3 [Birman 1974; Fadell and Neuwirth 1962; Gongalves and Guaschi
2003]. Let &, : By.x(X) — Bo,,(X) be the projection onto the first n coordinates.
Then the space By.x(X) is a fiber bundle with fiber B, x(X), and the induced short

exact sequence

(ﬂ'n)*
1— Bn,k(z) I Bn;k(z) _— BO,n(Z) -1

splits for all k > 1.

This lemma shows us how to decompose a braid § € B,.x(X) into a product
B = pi1p2 for f1 € Bo,(X) and pr € B, x(X). Letz: By ,(X) — B,.x(X) be the
splitting map. Then the lemma shows that B,,.;(Z) can be generated by the sets

Xl ={O_-],-"5O_-n—laﬁ]5~~'3ﬁgazla"'>}~g}a
X2={0-15"'50-](—1’Cl5"'3{”)//‘1,"",[15’511’"',/lg}5
where the generators in X are the images of generators in By ,(X) under the
inclusion map 1.
Then the action of Bg ,(X) on B, x(X) is equivalent to the conjugate action in

B,.x(X) if we regard these two groups as subgroups of B,.;(X). The following

easy lemma shows how By ,(X) acts on B, x(X).

Lemma 2.4. Each generator of By ,(X) acts on B, x(X) as follows.

(1) Forl<i<n-—1, 1
CNOE {ZC"“Q .

2) For1 <r <pg,

(1)« (1) :,ur[l,ur_l,

_ _ [arciane g ifs=r,

() (pts) {[u,,a]us[ur,m—l ifr <s,

_ Arttr ! ifs=r,
r )% /ls = .

(#r)+(4:) {[ﬂr,aus[ur,m—l ifr <s.

3) For1 <r <g,

(Zr)*(a) = A;«C]/lr_l,

7 /lré’lll_lﬂrﬂlr(flﬂ_l ifs=r,
lr *\Us) = ! r :
(rdelis) {[lraé’l]ﬂs [).,,(1]_1 ifr <s,
A1 Ay Ay ifs=r,

/_1r * /15 =
( )( ) {[lrsfl]ls[ir,(l]_l ifr<s'
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(4) All other generators act trivially.
We can find the presentation for B,.; (X) using this lemma as follows.
Lemma 2.5. The braid group B,,.x (X) admits the presentation in which

o the generators are

X1 =AG1s ooy Oty il e e flgs Ay ey Aghs
Xo=1{01,. ., 0k—1,Cts s s Mds ey Hgs ALy ooy Agls
e the relations are
(1) (BRy) through (SCR) among generators in X1,
(i) (BRy) through (SCR) among generators in X,, and
(iii) x~'yxX = (&) (y) forallx € X and y € X»,

where the action by X, is given in Lemma 2.4.

Proof. By Lemma 2.3, the intertwining braid group B,,.x (X) is a semidirect product
of the normal subgroup B, (%) and By ,(Z), where By ,(X) acts on B, x(X) by
conjugation as shown in Lemma 2.4. Then it is easy to show that the semidirect
product B,,.;(X) admits the desired presentation. U

For surfaces, the condition (x) implies an undesirable consequence:

Lemma 2.6. Let ¢ : B, x(X) — G be an epimorphism satisfying ¢ = ¢ for any
LeB,i(X). Thenp(gi)=1fori=1,...,n.

Proof. As seen earlier, the hypothesis on ¢ implies that (x,);(y) =y forally e G
andr =1,...,g. But by Lemma 2.4(2), we have

(1) () = (1) (Ar)) = ¢ Goppir ey )
= dU)P (1)) = O () (BT = AP (D).

Since (u,):(¢(Ar)) = ¢(4,) by hypothesis, ¢(¢1) = 1 and so ¢(¢;) = 1 for all
1 <i <nbyLemma 2.4(1). O

This lemma says that the condition () forces us to set ¢ = 1 in the group G p.
Thus Z[G p] cannot be a subring of Z[G], and so a naive attempt to obtain a rep-
resentation of the braid group By ,(X) using a covering of B, x(X) corresponding
to any epimorphism ¢ : B, x(X) — G cannot give an extension of any homology
linear representation of the classical braid groups.
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3. A family of proposed representations

As we have seen in the previous section, we are forced to take a rather small cov-
ering of B, x(X) in order that the condition (x) be satisfied, that is, the braid action
commutes with covering transformations so that it preserves the coefficient. The
remedy we propose in this article is to use the same configuration space B, (X)
with an extended coefficient ring so that we have some room to adjust coefficients to
make the braid action compatible with the coefficients. This remedy is a reasonable
thing to do if we hope to construct an extension of homology linear representations
of the classical braid groups. Indeed, we successfully obtain an extension that
seems the most general among ones obtained from coverings of B, x(X).

3A. Existence of extensions of homology linear representations. We first con-
sider the intertwining braid group B,.x(X). Note that B,.;(X) is a candidate for
group extension of B, ;(X) by Lemma 2.3, and By ,(X) acts on B,.x(X) by right
multiplication and acts on B, x(X) by conjugation because B,,.x(X) is the semi-
direct product of By ,(X) and B, x(X).

Let Hy be the abstract group depending only on k that admits for £ > 2 the
presentation in which

« the generators are q,t,ml,...,mg,fl,...,fg,ml,...,mg,fl,...,{’g;

« the relations are such that all generators commute except that
[me, 6:1=1> and [m,,€]=[m,, ]=q.
Define yy to be the epimorphism from B,,.; (X) to the group Hy such that

V/Z(ai):t: V/Z(Cj):qs WE(&m)zl’
ps(u)=me, ys(G) =1L, yy(@)=m,, ys() =40,

where ] <i<k—1, 1<j<n, 1<m<n-—1landl1<r <g. If k=1, then we
redefine Hy to be the quotient of the group above by t = 1. Then Hp is isomorphic
to G p defined earlier for all k > 1, and is a subgroup of Hy for any X and k > 1.
Even though Hs (or Hp) depends on whether k = 1 or k > 2, our notation does
not show it for the sake of simplicity.

Let ¢5 : B, (X) — Gy be the restriction of yy to B, (X) onto Gy, the
subgroup w5 (B, x(X)) of Hx. Then Gy is generated by

{q:t:mla~-->mg:€l:---7€g}-

Since any two elements of Gy commute up to multiplications by central elements
g and ¢, it is a normal subgroup of Hy. We can find the covering p : l;,,’k(z) —
By, k(%) corresponding to Ker ¢s. Since the braid group By _,(Z) embeds into the
mapping class group of punctured surface X,, a braid § € By ,(X) determines a
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homeomorphism ﬁ_ : By x(X) = By x(X). Recall that the induced homomorphism
B on B, 1 (X) is in fact the same as the conjugation by () where 1 : B ,(X) —
B,.x(X) is the splitting map in Lemma 2.3.

Lemma 3.1. With the notation above, the homeomorphism j : By (2)— By (2)
lifts to a homeomorphism f : B, x(X) — B, x(X) for any p € By ,(X), and the
restriction ¢s of yy satisfies fips = ¢s P

Proof. By the lifting criteria, £ lifts to /3 if and only if j,(Ker ¢5) C Ker ¢ if and
only if there is an induced automorphism f; on G given by f:¢s = ¢x Bs. Thus
it suffices to show that ¢x B, (W) = 1 for any W € Ker ¢s and € By ,(Z). Let W
be a word in the generators {u;, 4;, 0, (i} of B, x(Z). Since the presentation for
Hy shows that any two elements are commutative up to multiplications by central
elements ¢ and ¢, we have

pr (W) =W (u; < mi, di < C,0; < 1,6 < q)=qt' [[m e},

where W ({x; < y;}) denotes the word obtained from W by replacing the generators
x; by the generators y;.

Suppose ¢y (W) = 1. Then a; = b; =0 for all 1 <i < g. Thus for generators
oy, lr, Ar for Bg ,(X), we have

¢E ((5-r)* (W)) = ¢2 (W(gr <~ Cr(r-ﬁ-l{r_la Gl < (r))
=Wy < mi, bi < ,00 <, <q)=1,
bs ((f1r)s (W) = s (W (A < Arptrly ' 17 h))
=W(ui < mi, i < i, Ay < q ', 00 < 1,8 < q)
=q Wi <mi, b < liop < 1,0 < q)=1,
b5 ((A)s W) = s (W (ir < 20127 w1 2007 27Y)
=Wy <mj, pup <—qmy, i <{€;,0;i <1, <q)

=q“W(u; < mg, i < Li,0i <1, <—q)=1.

Therefore ¢ (B(W)) = 1 and so B:(¢s (a)) = ¢z (B«(a)) forall a € B, x(T). O

By the lemma above, we have a Z-module automorphism /A, on HEM(En,k(E)).
Note that /§* is not necessarily a Z[ G s ]-module homomorphism since the condition
() may not hold, that is, the automorphism f; of Gz may not be the identity.

On the other hand, By ,(X) acts on B,,.;(X) by right multiplication and so there
is an induced action of f on Hy given by f-h =hyy (p) for h € Hy. Itis possible
to alter the induced action by multiplying with a certain function y from By ,(X)
to the centralizer of Gz in Hx. We will discuss this possibility in Theorem 4.4.
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Using the Z-module automorphism ﬁ* and the action on B,,.x(Z) by By ,(XZ), we
construct a Z[ Hy ]-module automorphism ® B, on Z[Hx 1®z(Gy1 HEM (Buk (L))
by

(BRBIM@c)=(f-h)®Pu(c) forhe Hsy and c € HPM(B, 1(2)).

Theorem 3.2. Let ¥ be a compact, connected, oriented 2-dimensional manifold
with nonempty boundary. Define the group Hs (depending on k) and the epimor-
phism w5 : B, (X) — Hs as above. Let ¢x be the restriction of yy to B, 1 (Z).
Set Gz = ¢s (B, 1 (X)). Then there is a homomorphism

i : Bou(2) > Aut Z[Hs] @zi65) B (Bui()), B> p&p.,
z

where the action of [ on Hy is given by f-h = hy (p) for h € Hyx.
This family ©y, of representations is an extension of a homology linear represen-
tation of the classical braid group By, (D) in the sense of Definition 2.2.

Proof. Clearly @y is a group homomorphism. To see the well-definedness and the
Z[ Hy ]-linearity of ®;(f), we claim that

B-(hh')y=(B-h)p;(h') forallhe Hs,h' € Gy.
Then, for ¢ € H,PM(B,,,;((Z)),

(BRBIRQNc)=(B-h)®Bu(h'c) = (B-h) & s (h")Bi(c)
= (B-m)B; (1) @ Bu(c) = (B f) (' © )
=hi' (BRBI(1®c).

Here the last equality is clear by the definition of the action by /.

To show the claim, choose a € B, «(X) so that ¢ (a) =h’. By Lemma 3.1, we
have

B:(¢s (@) = ¢s (Bi(@) = w5 (Bu(@) = ws (B ap) = w5 (B) ' px (@) ys (B).
Thus

B (') = hh'yy (B) = (hys (B) (w5 (B) ™ W w5 (B)) = (B - h) By ().

To show that @y is an extension of a homology linear representation of the
classical braid groups, we regard an n punctured disk D, as a subspace of X,.
Then the configuration space B, (D) is a subspace of the configuration space
B, x(Z). For the covering p: En,k(Z) — B, (X) corresponding to ¢ 5, we denote
a connected component of p~!(B, ) by E’n,k(D). Since Gp embeds into Gy,
the restriction p|Bn’k(D) : f?,,,k(D) — B, k(D) is the coyering over B, (D) corre-
sponding to g, . (p) : By k(D) = Gp. In fact, H,?M(Bn,k(D)) is a submodule of
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H,?M(Bn,k(Z)) as Z[G p]-module. One can see this more explicitly in the proof
of Lemma 3.3. Each braid § € By ,(D) gives a Z[Hp]-module automorphism
b ®/)~’* on Z[Hp] ®z16,] H,?M(Bn,k(D)). Since G p = Hp, this automorphism is
the same as f, on H,?M(f?n,k (D)), which is the homology linear representation of
the classical braid group. U

In Section 4, we will show that if one wants to obtain a result similar to the
theorem above, the extension B,.x(Z) of B, x(Z) is determined uniquely up to
redundant coefficient extension, and the quotient Hy is uniquely determined for
k > 3 and is the simplest for k > 1 in the sense that any proper quotient of Hs does
not contain G p properly.

Computation of the proposed representations. We now compute explicit matrix
forms of the representations described in Theorem 3.2; these turn out to be ex-
tensions of the Burau and Lawrence—Krammer-Bigelow representations of the
classical braid groups. The following lemma and its proof show not only that
H,?M(En,k (2)) is a free Z[G g ]-module but also how to choose a basis. The lemma
is an extension of the corresponding lemma on a disk by Bigelow [2004], and we
borrow the main idea of his proof.

Lemma 3.3. The homology group H PM(En,k(E)) is the direct sum of

(2g+n];|—k—2)

copies of Z|Gx] for € = k and is trivial otherwise.

Proof. Let d be a metric on X that can be either hyperbolic or Euclidean. Suppose
punctures z?, ..., 20 lie on a geodesic. Let 7j be the geodesic segment joining z(}
and Z?+1 forl <j<n-—1.Forl <i<g,leta; and f; be geodesic loops based
at z? that represent the meridian and the longitude of the i-th handle, so that the
ai, Bi, and y; are mutually disjoint. Let I be the union of all of these arcs, so that

I, is a disjoint union of open 2g 4+ n — 1 geodesic segments. Consider

Br =B, (') ={{z1, ..., 2z} CT,}.

Then it is not hard to see Br is homeomorphic to a disjoint union of (2g+"k+ kfz)
open k-balls that can be parametrized by (2¢g +n — 1)-tuples (r1, ..., r244n—1) Of
nonnegative integers that add up to k so that the i-th segment of I',, contains r;
points from {z, ..., z¢}.

Let p: Bn,k(Z) — B, x(X) be the covering corresponding to the epimorphism
¢z : B,k (X) = Gx. We will be done if we can show that the map

HPM(p~'(Br)) — HPM (B, k(X))
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induced by the inclusion is an isomorphism, since H, EM(BF) is isomorphic to the
direct sum of (2g+"k+k_2) copies of Hy (DK, Sk=1).
Define a family of compact subsets A, of X, by

Ac={z1,...,u} € Byua(Z) 1d(zi, 2j) = € fori # j, d(zi,2)) = € for all , j}.

Since any compact subset of B, x(X) is contained in A, for sufficiently small € > 0,
it suffices to show that

He(p~'(Br), p"'(Br — A)) = He(Buyi(Z), p~' (Byi(2) — Ao))

is an isomorphism.
Let Z, C X be the closed e-neighborhood of I', and let B = B, x(X,). Then
the obvious homotopy collapsing from B, x(X) to B, gives the isomorphism

He(p™' (Be), p~ ' (Be — Ae)) = He(By i (2), p~ ' (Bui(Z) — Ao)).

Let B be the set of {x1,...,x;} € B¢ such that for each x; there exists a unique
nearest pointin I',. Then B is open and contains AN B,. By excision, the inclusion
induces an isomorphism

He(p™'(B), p™ (B — Ao)) = He(p~"(Be), p~ (Be — A)).

Finally, the obvious deformation retract from B to Br gives an isomorphism
H(p~'(B), p~'(B—Ad) = He(p~'(Br), p~' (Br — A.)). O

We remark that B, = B, x(X¢) and Br = B,, x(I') do not have the same homotopy
type even though I' is a deformation retract of X.. This is because I' is a 1-
dimensional complex and movements of points in I" avoiding collision are more
restricted.

Let I (n, k, g) be the set of (2g +n — 1)-tuples of nonnegative integers that add
up to k. The proof of Lemma 3.3 shows that a typical basis for H,?M(En,k(Z)) as
free Z[ Gy ]-module can be indexed by the set I (n, k, g). The proof also shows that
a basis for H,PM(B,Z,;((D)) can be chosen as a subset of a basis for HEM(En,k(Z)).
Thus the homology linear representations for By ,(D) appears in matrix forms of
proposed representations for By ,(X) as minors.

Krammer [2000; 2002] and Bigelow [2001; 2003; 2004] have shown that there
is a natural and useful way of describing a basis geometrically. Recall the loops
a; and f; and the arcs y; from the proof of Lemma 3.3. For (1, ..., r44n—1) €
I(n,k, g), choose r; disjoint duplicates of a; or f;_g or y; 2, if 1 <i < g or
g+1<i<2gor2g+1<i<2g+4n—1,respectively. For each i, join these r;
disjoint duplicates to 6 £ by mutually disjoint arcs (that determine a basing). This
geometric object is called a fork. In fact, a fork uniquely determines a k-cycle in
H,?M(f?n,k(Z)) by lifting the Cartesian product of k curves together with basing
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9

Figure 1. An example of a fork F' (left) and its dual noodle N (right).

arcs in the fork. The basing is required to have a unique lift. For example, the fork
corresponding to (0,2, 1,0,0,3) € 1(3, 6, 2) looks like the set of curves on the
left of Figure 1.

As Bigelow [2004] showed for the case of the disk, the Poincaré duality, the
universal coefficient theorem, and Lemma 3.3 imply that the ordinary relative
homology H (én,k(Z), aén,k(z)) is the dual space of the Borel-Moore homology
H,?M(Bn,k(Z)) in the sense that there is a nonsingular sesquilinear pairing

(-, ) HEM(By 4 (2)) x H(By i (2), 0B, 1 () — Z[S],

where S is a skew field containing Z[Gx]. In fact, the group Gy is biordered,
and so it can embed into a skew field such as the Mal’cev—Neumann power series
ring [Mal’cev 1948; Neumann 1949]. Explicitly, the pairing above is defined by
setting, for cycles F € HEM(B, x(X)) and N € Hy(B,x(Z), 8B, k(X)) in each
homology group,
(F,N)= D> y(F.yN),
y€Gs

where (-, -) counts the intersection number.

Letaj,..., a;f, B, ;, VAT y;‘; be pairwise disjoint arcs that start and
end at 0, and suppose a; (or S, Orf/k') interse~cts only a; (or f;, or y;) once
transversely. We form a basis of Hy(B,«(X), 0B, (X)) by duplicating the ],
B or y}k., depending on a given (2g +n — 1)-tuple in I (n, k, g). This geometric
object is called a noodle. In fact, a noodle uniquely determines a relative k-cycle
in Hy (1§n,k(2), 81§n,k(2)) by lifting the Cartesian product of k arcs in the noodle.
For example, the noodle corresponding to (0,2, 1,0, 0, 3) € 1(3, 6,2) looks like
the set of arcs on the right of Figure 1.

For a k-cycle F determined by a fork and a relative k-cycle N determined by a
noodle, the sesquilinear pairing (F, N) computes algebraic intersections between
them with coefficients in Z[G s ]. This pairing can easily be computed by recording
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intersections between the fork and the noodle on X. The basis determined by forks
and the basis determined by noodles are dual with respect to the pairing.

In the case of a disc, Bigelow [2004] showed that this pairing is invariant under
the action by By , (D). However, in the case of a surface X of genus > 1, it cannot
be invariant under the action by By ,(X). In fact, the pairing cannot be preserved
by any braid group action given by a representation ¥ into Autz[c Z](HEM(E,,J()).
Suppose it is preserved, that is,

(F,N) = (Y(B)(F), ¥ (F)(N)).

for any f € Bo ,(X), a k-cycle F determined by a fork, and a relative k-cycle N
determined by a noodle. Then for any y € G,

y(F,N)=(yF,N)
= (YA F), Y(B)(N))
=B (Y (B)(F), Y(B)(N)) =B (y)(F, N).

The property y = f;(y) for all y € G would force us to set g = 1 in G5, and so
it was abandoned.
Nonetheless, we can extend this pairing to the pairing (-, - ) g, from

Z[Hs1®7165] HBM (B, 4 (2)) X Z[Hs1®7(G5) Hi(By i (X), 0B, i(2))
to S’ defined by

<Zi & Fi, Zj thj>HZ = Zgi(Fi, Nj>h;15
i,J

where g;, h; € Z[Hs] and S’ is the skew field containing Z[Hy]. Note that this
extended pairing cannot be invariant under the braid group action given by @
either. However it can be used to compute proposed representations @y explicitly.
The following theorem summarizes the above discussion.

Theorem 3.4. Let the F; and N; be k-cycles and relative k-cycles in dual bases
determined by forks and noodles. Then @y (p) for each f € By ,(X) is represented
by a matrix with respect to the basis {F; | 1 <i < (28+”:k_2)} whose (i, j)-th entry

is given by y B)(B(F), N;) Hy , which is an element of Z[Hx ] rather than of S'.

As an example, we will show the matrix form of the representation @ of the 3-
braid group By 3(X) is an extension of the Burau representation when X = X (2, 1).
Since k = 1, the basis of HPM(BM (X)) determined by forks can be expressed
by {71, 72, @1, a2, B1, B2} and similarly the dual basis of H;(B31(Z),dBs,1(Z))
determined by noodles is written by {y}, 73, a, a3, 1, B3 }.

Figure 2 shows the action of ¢ on the fork £;. It also shows intersection points
p1 and p, with y7 and p3 with f]. In the covering space, the intersection point
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Figure 2. An example of the pairing of a fork and a noodle. At
left: fork f, and ;. At right: fork and noodles.

p1 lies on the sheet transformed by ¢ since the fork wraps a puncture, and p,
lies on the sheet transformed by ¢g since the fork contains the longitude of the
first handle and wraps a puncture. We have the negative sign for p, since the
orientation is switched. Finally, p3 lies on the sheet containing the base point of
the covering space. Therefore we have @ (o1)(f1) = f1+q(1—<¢1)y1. By a similar
computation, we can obtain every entry of ®;(a):

—q 1,g(l—my) gl —ma) q(1—¢1) g(1—£2)

0 ! I
1 0
Di(0r) = ( ) @ Iy,
q —q
b 0
L 0imig gma—1)1 61 —1 q(la—1)
| 1 0'mq q(my— 1= 2—
Crlu =m0 10 0 ’
RS S NN SR
0] 0 ! I
b 0
R
_loo 1 0 0 0
q) =m s
=T =1 mag =1 6= 1
0o 0 L
L 0
SRR
| q
O(41) =t 0: 0 1 : 0 ,

10,q0mig—1) qmy—1)! t1g q(t2—1)
00 0 0 10 1
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L 0
e R
| o, 0
Dy(dr) =102 777:7770 77777 a
00, 0 0 "1 0

1 ijl—l q(mzq—l)jt’l—l rq

Similarly, we can compute the matrix form for k& = 2 that is the extension of
Lawrence—Krammer—Bigelow representation. For g = 1 and n = 3, we have by
Lemma 3.3 a 10 x 10 matrix for each generator. Fix a basis for H?M(1§3,2(2)) as
shown in Figure 1. Let

w1 =1(0,0,2,0), w;2=1(0,0,1,1), w22=1(0,0,0,2),
ap0=1(2,0,0,0), ap1=(1,0,1,0), app=1(1,0,0,1),
bo,o=1(0,2,0,0), bo1=1(0,1,1,0), bor=(0,1,0,1), z=(1,1,0,0)

in (3,2, 1). Then the action of o on this basis is as follows:

Dy (01)(w1,1) = 1q7w1 1,
@y (01)(w1,2) = —1qw1,1 —qw1 2,
Dy (01)(02.2) = w11+ 41wy 2 +wa o,
®3(01)(d0,0) = do,0+q (1 +1~") (1 =mit)ao,1 +¢*(mi — (1+0)m1+ 1wy 1,
D3 (01)(a0,1) = —qao,1 +q°t(mi—Dwy 1,
@3 (01)(ao,2) = ao,1 +ao2+qt(1—mpwy1+q(1—m)wi 2,
®3(01) (bo,0) = bo,o+q(1+1~ (A= L10)bo,1 +¢* (L1 —(1+0) L1+ Dwy 1,
®,(01)(bo,1) = —qbo,1 +q°t (L1 —Dwy 1,
D5 (01)(bo,2) = bo,1+bo2+qt (1=L)w1+g(1—L)wi 2,
O3(01)(2) = ¢t~ =t€n)ao,1+q (1 =m1)bo,1+q* (1 +my (€1 = 1) =1L )wy 1 +2.

The correspondence between the basis {v; x} in [Bigelow 2001] and our basis is
vip=—tq twi ),

v13=—tq w11 +q(1 -t w2+ q*w),

)
023 =—Iq "W2>.

Then the action of ®; on the basis {v;,} together with substitution ¢ — —7 is
exactly that of Lawrence—Krammer—Bigelow representation in [Bigelow 2001].
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4. Justification of the proposed representations

To add to the family of representations proposed in the previous section, we will
now investigate the possibility that there may be other representations of the surface
braid groups that extend the homology linear representations of the classical braid
groups. One may try to consider alternatives in the three ways — a group extension
of B, x(X) other than B,,.;(X), a quotient group of B,,.,(X) other than Hy, and an
action on Hy by By ,(X) other than right multiplication via the quotient map.

Group extension of B, (X). To make adjustment of coefficients in the most flex-
ible way, we may try to find the largest possible group extension E, ;(X) of
B, «(X) such that By ,(X) acts on E, x(X). If we regard By ,(Z) and B, x(X)
as subgroups of some large braid group B ,4«+¢(X), then By, (X) acts naturally
on By ,4k+¢(Z) as well as on B, x(X) by conjugation. Thus we assume that
B, (X)) CE, «(X) CBoptrte(X) for some £ > 0.

Lemma 4.1. Let X be a surface with nonempty boundary and let ¥’ be a col-
lar neighborhood of 0Z. Let N (B, (X)) denote the normalizer of B, (%) in
Bo,nti+e(X) for some £ > 0. Then N(B, (X)) =B,k (X) x By, ¢ (X).

Proof. We first identify B, ;(X) and By ,(X) with the corresponding subgroups
of Bo n4k+¢(X) via the embeddings that add trivial £ and k + ¢ strands, respec-
tively. Then we will show N(B, (X)) = B,:x(X) x By ¢(X’) as subgroups of
BO,n—i—k—H”(Z)- It is clear that Bn;k(Z) X Bo,g(zl) - N(Bn,k(E)) since Bn,k(E)
is a normal subgroup of B,.;(X) from the short exact sequence of Lemma 2.3
and since elements of Bg /(X") commute with those of B, (X). Conversely,
let f € NB,ik(X)) C Bopik+e(X). Any element o € B, x(X) and its con-
jugate B~ 'ap € B, (X) induce permutations that preserve the sets {1, ..., n},
{n+1,....,n+k}and{n+k+1,...,n+k+}. Itis easy to see that the induced
permutation of £ itself must fix these three sets since a can be arbitrary in B, x(X).
Thus f € B,,44./(X) and the split exact sequence

(”n )*
1= By (2) —— By (2) — = Bo ik (2) — 1

gives a unique decomposition g = £, for 1 € Bo n4+x(Z) and S € B, 14 ¢(2).
In fact, B = (7, 44)«(f) € B,.x (X) since the epimorphism (7,4 ). forgets the last
¢ strands or replaces them by the trivial £-strand braid.

For any o € By, ¢ (2) C Bonsk (2) C Bonire(E), we have (w40)« (85 ' af) =
ﬁz_locﬁz since ﬁz_locﬁg € By n4+«. On the other hand, (nn+k)*(ﬁ2_1aﬁ2) = o since
(mn+k)+ replaces the last £ strands by the trivial braid. Thus we have S, Lapr =a.
From the presentation of B ,,+x+¢(X) in Section 1A, it is easy to see that > must
be a local braid in order for f, to commute with every element of B, x(X). Thus
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we have 8, € Bp¢(X’), where X’ is an annulus that is a collar neighborhood of 9
in . Consequently, we have shown N (B, x(2)) C B,:x(Z) x B ¢(X') O

By this lemma, the extension E, x (X) of B, x(X) can be taken as a subgroup of
B,.x(Z) x B (X'). We remark that B,,.x(X) x Bg;(X) is also a subgroup of the
intertwining braid group B,.x4+/(Z).

Then we follow the construction given in the discussion before Theorem 3.2
with E, () replacing B,,.x (X).

Let w : E, x(X£) — H be an epimorphism onto a group H. If we choose an
action of By ,(Z) on the extension E, x(X), then the action is carried over H via
w and it is convenient to use the convention that (5,5;) - h = f2 - (B - h) for
Bi1, 2 € Bon(X) and h € H. To obtain a Z[ H]-module automorphism f ® B, on
Z|H]®zi61H, ,?M(f?,,,k(Z)) that is an extension of a homology linear representation
of the classical braid group, this induced action of By ,(X) on H needs to satisfy
two conditions.

(i) Lifting criteria: f; exists and B (¢ (a)) = #(B(a)) for all & € B,, 1 (T), where
¢ = l//an,k(z).

(ii) Linearity and compatibility: hh'(f-1) = - (hh') = (B-h)ps(h') forall h € H
and i’ € G = (B, 1 (2)).

As in the proof of Theorem 3.2, we then have

(BB @h c)=(BRB)(hh ®c)=hh'(B& f)(1®c)
forallh € H, h' € G and ¢ € H?M (B, x(2)).

Theorem 4.2. Suppose there are an epimorphism y : E, (X) — H and an action
of Bo.»(X) on H satisfying the two conditions above. Let Py be the representation
obtained from y and the action. Then

Vi = 17111 Qz1an ¥y
for a representation Y, obtained from an epimorphism y' : B, (X) - H' C H
and an action By ,(X) on H', where 171y is the identity map on Z[H].

Proof. Let H ={f-1€ H|f €Bo,(Z)}¢B, (X)) and ' :B,x(X) — H' be a
surjection defined by w/(f) = -1 for f € By ,(X) and ¥’ = ¢ on B, 4 (X). Then
since

y'(Brf2) = (Brf2) - 1=fo-(Br- D)= (- D(B2- 1) = y'(B1)w' (B2)

forall 81, B2 € By ,(X), the surjection y’ becomes a homomorphism that preserves
the semidirect product structure. Also we have

¢/ = ’///|B,1,k(2) = l/lan,k(Z) = ¢



A FAMILY OF REPRESENTATIONS OF BRAID GROUPS ON SURFACES 271

and so ¢ and ¢’ induce the same homology group H,?M(Bn,k(ﬁ)), and two Z-
module automorphisms obtained from S coincide.

Consider two representations W, and ¥, corresponding to y and y’, respec-
tively. Then ¥y (f) gives a Z[ H]-homomorphism on Z[H ] ®z[c) H,?M(En,k(Z))
and W, (p) gives a Z[H']-homomorphism on Z[H'] ®zc) H,?M(Bn,k(Z)). Since
Z[H] = Z[H] ®ziu Z[H'], the representation Wi (f) is a Z[ H]-homomorphism
on Z[H] ®zn ZIH'] ®2716) HPM (B, 1(2)) defined by

Ye(B)(hh' @ c)=hh' (B-1)® Pu(c) =h @K' (B-1) ® Bulc)

forallh e Z[H], h € Z[H'] and c € H,?M(Bn,k(il)). As claimed, this is equal to
Izt @z Y (B). O

This theorem implies that we may assume that B,,.x (X) C E, x(Z) without loss
of generality. Then by Lemma 4.1, E, x(X)=B,.x(Z) xB for some subgroup B of
Bo.¢(X’) and the theorem says that any family of representations obtained by using
E, «(X) is merely a trivial extension of the family of representations proposed in
Section 3.

Quotient of B,;;(X). According to the scheme described in Theorem 3.2, it is
important to find a good epimorphism y : B,.;(X) — H onto some group H.

Since X is not a sphere, the inclusion B, (D) <> B, (%) induces a monomor-
phism B, (D) < B, x(X); see [Birman 1974]. Similarly, B,.x (D) < B,.x(X)
induces a monomorphism B,,.x (D) <> B,,.x(Z) (to be regarded as an inclusion).

We first determine an epimorphism wp : B,.x (D) — Hp to extend the map ¢p :
B, «(D) — Gp for the classical braid groups. Since we want to obtain homology
linear representations for the classical braid groups, we should use that Hp = Gp,
and all of the extra generators 61, . . ., 6,1 of B,.x (D) should be sent to the identity
by wp, as we have seen earlier in Section 3A. Then yplp, . (p) = ¢p. For some
extension H of Gp, let y : B,.x(X) — H be an epimorphism. To obtain an
extension of homology linear representations of the classical braid groups via y,
we require the condition

(1) W|Bn;k(D) =V¥bD

This condition is nothing but a reinterpretation of Definition 2.2 and is necessary
to make the diagram
B, k(D) ——— B,k (D) —— B,k (%)

|+ |vo v



278 BYUNG HEE AN AND KI HYOUNG KO

commutative, so that y|g D) = ¢p and we can then apply the construction of
Theorem 3.2. We first show that the condition (1) imposes restrictions on the choice
of H.

Theorem 4.3. Let y5 :B,,.1(X) — Hy be the epimorphism defined in Section 3A.

(1) Let h : Hy — H be an epimorphism such that h o y satisfies (1). Then h is
an isomorphism.

(2) Let w : B,.x(£) — H, an arbitrary epimorphism onto a group H, satisfy (}).
Then w5 factors through y, and H is isomorphic to Hy for k > 3.

Proof. (1) It suffices to show that h/(W) = 1 implies W = 1 for any word W in
generators of Hy. Assume k > 2. Using the relations of Hy, a given word W can
be put into the form

g _
W = q¢°t¢ H W;, where W; = m?’[ib’m?"{’f".
i=1

First consider [W, ¢,]. Note that W, commutes with the other W; as well as ¢
and ¢. Since £, commutes with all generators except m, and only W, contains m,,

we have
_ _ —1_
W, 2= (g TT W) & (a' TTwi) &
i i

- -1 _
=W, (q"t" I Wi)fr (q“t" I Wi) wole!
i#r i#r
=W, e, wle!
= (mtr (b E0) e i £07) '
= (el 80 (el )

o arp —arp—1 _ _a
=mylm, 0 =q".

—a, p—1
m_ L,

The last equality follows from the relation [m,, £,] = ¢. By applying 4 and using
h(W) =1, we have

h(g™) = h(W, £,1) = h(W)h(@)h(W) ' h(Z,) ™" = 1.

By (1), & is the identity on G p that is the subgroup generated by ¢ and ¢, and ¢
and ¢ are of infinite order. Thus (g% )=q¢% =1 implies a, =0. Similarly, b, =a, =
b, =0 by considering [W, m,], [W,¢,], and [W, m,]. Therefore W, = 1. Since r
is arbitrary other than 1 < r < g, we now have W = ¢t?. Then 1 = h(W) = ¢°t¢
implies ¢ = d = 0. Consequently, W = 1.

For the case k = 1, the proof is similar but simpler since t =1 in Hy.
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(2) Consider the commutative diagram

B,k (Z) Y HZ=B,.(X)/Kery

|- !

~ /
Hs =B, (X)/Ker yy —— B,.1(2)/(Ker y - Ker yry),

which consists of obvious quotient homomorphisms. Note that the condition (})
is equivalent to B,.x(D)/(Ker w N B,.x(D)) = Gp. Thus Kery N B,.x(D) =
Ker yy NB,.x (D) since yy also satisfies (7). Then

(Ker y - Ker y3) N By (D) = (Ker y N By (D)) - (Ker g N By (D))
= Ker Vs mBn;k(D)~

Thus ho yy satisfies (1) and A is an isomorphism by part (1). Therefore vy factors
through v via h=! o g for k > 1.

For k > 3, we will show y : B,,.x(X) — H factors through vy, that is, there is
an epimorphism 4 : Hy — H such that hys = y. Then Hy is isomorphic to H
since y also factors through .

Recall the presentation for B,.x(X) in Lemma 2.5. The condition (}) implies
w(oi)) =q, w() =t and y(o,) =1foralll <i <k-1, 1 <j<n,and
1 <m <n—1. Since k > 3, the relation (CR;) among generators in X, is not
vacuous and so the relations (CR;) through (CR3) for X, and the condition ()

imply
Ly (ur), ql =Ly (4r), ql =y (ur), t1 =y (4,), t]1 =g, t] =1

for all 1 <r < g. Also the relation Lemma 2.5(iii) implies

(i), ql =y (), ql =y (i), t1=[w(A), t]=1 foralll <r <g.

Thus g and ¢ lie in the center of H. Using this, all other relations in Hs can be
shown to hold in H. Therefore y induces an epimorphism % : Hy — H. U

Hence Hy is the unique quotient group of B,,.x (%) satisfying (f) for k > 3. For
k < 2, the condition () does not uniquely determine a quotient group of B,,.x(X).
To take advantage of representations in analyzing the surface braid group By ,(X),
one may prefer a simpler coefficient ring as long as the representation carries
enough information. For the classical case, there are also several groups satisfying
the condition (x) if we do not assume they are abelian. For the surface braid groups,
we cannot obtain any interesting representation if an abelian coefficient ring is used,
as discussed in Section 2. Theorem 4.3(1) says that Hy is the simplest quotient
group satisfying (1) in the sense that any further quotient of Hy violates (7).

We now discuss possible actions of By ,(X) on Hy induced from .
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Theorem 4.4. Let y5 : B,k (X) — Hy be the epimorphism defined in Section 3A.
Let B - h denote any action on h € Hy by p € By ,(X) that is induced from yy and
satisfies the two conditions given above Theorem 4.2. Then

B-h=hyx(B)ys(B)
for some function y : By ,(X) = Cuy, (Gx) with the property that

(x> ws) :Bou(X) > Cuy (Gx) X Hy
is a homomorphism, where Cy, (Gx) denotes the centralizer of Gs in Hy.

Proof. By the hypotheses of the action, we have

W(B-1)=p-(0")=B- D) and  B(h)=wy(B) W ys(B)

for all A’ € Gy. By combining these two equations, we have
ws(B) "y (B)=(B- DR (B ).

and so (B - Dy (B)~' € Cuy(Gx). Hence (B-1) = x(B)ws(B) for a function
X :Bon(X) = Cuy(Gx). Since y (BiB2)ys(Bi1f2) = (B1f2) - 1=B2-(B1- 1) =
B ys (B x (B2)ys (B2), we have

x(B1B2) = x (B ws (Bx (B ws (B
This implies that

(x (Brf2)s s (B182) = G (B ws (BX (B)ws (B) ™', ws (B152))
=B, ws (B))(x (B2), w5 (B2))-
Therefore (yx, ) :Boy(X) = Cu,(Gx) x Hx is a homomorphism. (]

The function y in this theorem behaves like a character of By ,(XZ). In fact,
if k > 2, it can be shown that Cy,(Gx) = Z(Hxz) = (q) @ (t). Hence y can be
any homomorphism from By ,(X) to Z(Hy). In this case, the representations ‘P
obtained from w are given by ¥y = y ® @ for some character y, where @y is the
proposed representation in Theorem 3.2.
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