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PAINLEVE ANALYSIS OF GENERALIZED ZAKHAROV
EQUATIONS

HASSAN A. ZEDAN AND SALMA M. AL-TUWAIRQI

We consider the invariance and integrability properties of the generalized
Zakharov equations and obtain an exact invariant solution. We derive the
Painlevé property of these equations and obtain some exact solutions using
the truncated Painlevé expansion.

1. Introduction

We consider the generalized Zakharov equations (GZEs) for the complex envelope
E(x, t) of the high-frequency wave and the real low-frequency field 7 (x, t) in the
form

(1) iE,+ Exx —2B|E|*E +2En =0,
(2) Net — Nxx = _(lElz)xxa

where the cubic term in Equation (1) describes nonlinear self-interaction in the
high-frequency subsystem; such a term corresponds to a self-focusing effect in
plasma physics. The coefficient f is a real constant that can be positive or negative.
The sound velocity and the coupling constant in Equation (2) have been normalized
to unity for simplicity. The GZEs are a universal model of interaction between
high- and low-frequency waves in one dimension. The collisions between solitary
waves of GZEs have been simulated in detail in [Hadouaj et al. 1991]. When =0,
this system is reduced to the classical Zakharov equations for plasma physics.
Several aspects of the GZEs have been studied. Malomed, Anderson, Lisak,
Quiroga-Teixeiro and Stenflo [1997] analyzed them using a variational approach.
Wang and Li [2005] introduced periodic wave solutions using the extended F-
expansion method. By considering the modified Adomian decomposition method,
Wang, Dai, Wu, Lei and Zhang [2007] calculated exact and numerical solutions.
Zhang [2007] constructed exact traveling wave solutions by a direct algebraic
method. Li, Li and Lin [2008] used the exp-function method to obtain exact so-
lutions. Javidi and Golbabi [2008] obtained exact and numerical solutions by the
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variational iteration method. Abbasbandy, Babolian and Ashtiani [2009] applied
homotopy analysis method to obtain a solution.

The objective of this work is to investigate the symmetry and conduct Painlevé
analysis of GZEs. It will be organized as follows. In Section 2, we obtain the Lie
point symmetry group of GZEs and its similarity reductions. Moreover, we also
construct explicit analytic invariant solutions. In Section 3, we inspect the singu-
larity structure of GZEs by means of the Weiss—Tabor—Carnevale procedure. In
Section 4, we obtain some exact solutions using the truncated Painlevé expansion.

2. Symmetry analysis

Symmetry is one of the most important concepts in the area of partial differential
equations [Bluman and Kumei 1989]. To find the Lie symmetries of the GZEs,
we express the complex envelope as E(x, t) = u(x, t) +iv(x, t), with real high-
frequency waves u(x, t) and v (x, t). Substituting it into Equations (1) and (2) and
separating the imaginary and real parts we obtain the equations

Upy — 0 — 28> +0P)u +2nqu =0,
3) ut+vxx—2ﬁ(u2+vz)v+2m):O,
Nt — Hxx = _(uz +1)2)xx-

Consider a one-parameter Lie group of infinitesimal transformations of the form

u—U=u+epi(x,t,u,v,n)),
v—=>V=0v+edh(x,t,u,0,1),

@) n—>AN=n+eps(x,t,u,v,n),
x—> X =x+eli(x,1,u,0,1),
t—>T=t+e&(x,t,u,v,n) fore<l,

with infinitesimal generator
S . 0 0 0 0 0
&) X—f]a‘*‘@a‘f—(ﬁl%"f‘(ﬁz%‘f—(%a-

Require that (3) are invariant under (4) by direct substitution [Bluman and Kumei
1989]. Eliminate u,, v;, #;; using (3), and set to zero all coefficients of the indepen-
dent terms of the polynomials of u, v and # and their partial derivatives. We then
obtain the determining equations for the infinitesimals. By solving these equations
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we have
¢1 = —(ks + kat +kst*)o,

b2 = (k3 + kat + kst*)u,
¢3 = Sky+kst,
Si=ki, &H =k,

where ki, ko, k3, ka and ks are arbitrary parameters. The infinitesimal generator of
the Lie algebra associated with each parameter k; is obtained from the generator (5):

5 9 5 o 10
=2 ,=2 =l _nlilo
1S5 2Ty ATl e Ty
0 0 2 0 2 0 0
3 =45 o’ S= UG T e Ty,

The similarity solution can be obtained from the invariant surface equation

dt _ dx du dv dn

ky ki —(kstkat+kst2)o  (katkat +hstDu  ka/2 + kst

For the most general generator X, we obtain the similarity solution

t) = —t —t —t+ F
u(x, ) ccos(3k2 - % + o + 1(Z)),

k k k
v(x,t)=c sin(—st3 NI I

4+ F2)),
% T TRt ‘(Z))

ks 5 | k4
)= —t"+ —t+ F(2),
n(x, 1) ! Tt 2(2)

where F; and F, are similarity functions of the similarity variable z = k1t — ko,
satisfying the similarity equations

0=—k3(F — (F))?) + kiko F| — 2ko F> + k3 4 2¢2 ko,
(6) 0 =13 (F) 4+ (F)*) + kiky F| — 2ky F> + k3 + 2¢* fka,

0= Fj +ks/ (ko (ki — k3)),

where prime denotes differentiation with respect to z. Solving equations (6), we
obtain the solution

1

Fi = 55 (~hika+Vkik) = 43k —2ka(a — )z +ap,
2

F,=a,

where ag and a; are arbitrary constants. Hence the exact invariant solution to
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GZEs (1) and (2) can be written as

E(x,t)=c exp(zl—k3 (k%(%k5t3 +kat® + 2k3t)
2

+(k1r—kzx)J(k1k2)2—4k§(k3—2k2(a1—czﬁ)>—k1k2+zk;ao)),

)= —1t"+—t i
n(x,t) T +2k2 +a

3. Painlevé analysis

The Painlevé test is one of the impressive ways to test whether partial differential
equations are integrable or nonintegrable. Myrzakulov [1999] has confirmed the
Painlevé nature of the (24 1)-dimensional Zakharov equation. In this paper we
will show that GZEs possess the Painlevé property. Various approaches can be
applied to investigate the Painlevé integrability. Here we will use WTC method
[Weiss et al. 1983]. Consider Laurent expansion of the solutions of (3) in a local
neighborhood of a movable singular manifold ¢ (x, t) = 0:

o0

00 00
u(e,n) = w0 oG =0 000 =3 nglte,
Jj=0

Jj=0 j=0

where u(x,t), v;j(x,t) and #5;(x,t) are analytic functions and the three a; are
integers to be determined. It is sufficient to substitute

u(x,t) =uop™, ov(x,t)=000", n(x,t)=nop”®,

into equations (3) to find the dominant behavior and leading exponents o;. Bal-
ancing the dominant terms, we get a; = ap» = —1 and a3 = —2, and the equations

4 4
P82+ (- f)g? N TR (- pe

The first shows that either ug or vg is arbitrary. Substituting the series expansion

2,2 2
uy+o5 =Py —

u=uop ' +u, ¢, v=vep T 0,8, m=mep P+ e

into equations (3) and collecting the coefficients of u,, v, and #, for leading terms,
the resonance are found to have the values r = —1, 0, 2, 3, 3, 4. As usual, the res-
onance r = —1 represents the arbitrariness of the singularity manifold ¢ (x, t) =0,
and the remaining resonance values indicate the arbitrariness of five functions (one
of {uo,09, 70}, one of {us,02, 72}, two of {u3,v3, #3} and one of {u4,04, 4}).
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4. Some solutions to the generalized Zakharov equation

When an equation has the Painlevé property, one can find some kinds of exact
solutions by truncating the Painlevé expansion of the solution about the movable
singularity manifold at the constant level term, leading to the so-called Backlund
transformation of the equation. For GZEs, the transformation has the form

D u=uep ur, v=vop ' +o1, n=mp+me¢ +m.

Our approach to finding an exact solution for u, » and # is similar to that of
[Choudhury 2006]. Substituting equations (7) into equations (3) and equating the
coefficients of ¢~ fori =0, 1,2, 3, 4 to zero, we obtain this system of PDEs:

(8) 0=—2Bujvy —2B0] +201m +u; + 01 xx,
9) 0= —2Buive —4Puguivy — 6vov] + 20171 + 20012 + Uo; + V0 xxs
(10) 0= —4Buguivo—2Budvi—6v501+201170+200m1 — ot —200 x bx —00Pxx
(11) 0= —2Bugvo — 20} + 20010 + 2005,
(12) 0= —2pu; —2Bu10} +2u1my — 014 + Uy xxs
(13) 0= —6Bugui — 4Bu1vov1 — 2Pugvy + 2u1ny + 2ugns — vo ;s + Uo xx
(14) 0 = —6Bufu1—2pu1v§—4puovov+2u1 no+2uon +vod: —2uo + $x —oPxx,
(15) 0= —2pug — 2Bugog + 2uorno + 2uody,
(16) 0= 1241 +2u7 , +207 , + 2u111 xx + 20101 xx — 2,5
(17) 0= n1,1 +4uo xtt1,x +400,x01,x + 2u110 xx +2UU1 xx
+20100,xx + 20001, xx — 1, xx>
(18) 0= —2771,t¢t /s No,tt — 4ul¢xu0,x + ZM(Z),X - 4M0¢xul,x
— 401300,x + 207, — 400V 1x + 2071« — 2U0U 1 Prx
— 20001 Pxx + N1 Pxx + 2uotto xx + 20000, xx — N0.xx>
(19) 0=2m¢; — 40, — 2n0us + 4uoui$; +4vov197 — 21143
—8uoByito,x — 800Bv0,x +4hx0,x — 2uiPrx — 205¢ux + 270G
(20) 0 = 6107 + 6ugh? + 6052 — 6102
Substituting a trial solution ¢ (x, 1) = 1 + exp(i Q(x, t)) into system (8)—(20),
we consider two cases:

Case 1. Let vo(x, t) =exp(i Q(x, t)) be the arbitrary function; then equation (11),
(15) and (10) become

QD) 0=-2e"CE 2B+ 02) + puf — no),
22) 0= —2up(e*2(B+ Q) + Bug — no),
(23) 0= —2Bufv, +v1(—6Be*2 +2n9) +2¢' %y
— eiQuo(4,Bu1 +iQ;)+ 3e%0 Qi — ieZiQQxx.
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It is convenient to separate (23) into two equations:

0= —eiQuo(i Qt) - ieZiQQxxa
0= —2Bugv1 +01(—68¢*C +250) +2¢'C 1 — 4fe' Cugus +3¢€ 07

Solving the first for ug we get ug(x, t) = — QxxeiQ/Q,. Substituting this into (21)
we obtain

mo(x, 1) = (PO + Q7 Q3 + f07.)e¥¢/ Q7.
Letting Q(x,t) = f1(¢t)x + f2(¢) and substituting this into system (8)—(20), we
find that (20) has the form

0=6e" D (f — B(xf + )2 + fE(=1+ B —x*f2 =2xf| f5 — f72)),
0= fi'— B&Sf{+ ) + fE(=1+ B = x> f2 =2xf| f — f5).

Equating the coefficients of x2, x! and x° in the second equation to zero, we
obtain
0=—f7 +Bft+ fi' = BF? = fLF7
0=—2pf{f; =211 1113,
0=—fP(B+ D).

The first two are satisfied if f](#) = c;. Substituting this into the last and solving

for f,, we get 7
—ci(ecr+p—1
= [GHPZD, L,
—p—c3

Substituting all the above results into equations (10), (13) and (14) and solving
for vy, u; and #; we find v (x, 1) = —1/2,
_ VBBt -1

2¢1(B+c})

and #71(x,t)=—(B +c%) exp(ih(x,1)),

uip(x,t)

where h(x, 1) = cix+ca4++/ (1 = f — )t /v/—f — 2. Solving (8) or (9) or (12)

for 1>, we get

e B - +ch)— 21—
4c% B+ c%)
Substituting all the results into the truncated expansion (7), we obtain the corre-
sponding exact solution of GZEs (3):

iVi-p-d
261\/T—C%’
B —ci+ch—p*1—ch)
4c%(,b’+clz)
(B+c)explih(x, 1)) ( exp(ih(x, 1))
+ 1 +exp(ih(x,t)) (1 +exp(ih(x, 1)) a 1).

7’]2()(7, t) =

b

1 exp(ih(x,t))
2 " 14exp(ih(x, 1)’

u(x,t)=— o(x,1)= —

nx,t) =
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Figures 1, 2, 3, 4 and 5 illustrate the solution for certain S, c; and c;.

Figure 1. Clockwise from top left: Graphs of u(x, t), v(x, t) and
n(x,t) for f=0.05 ¢y =—03i andc; =1i.

4 L7
e
2L
'S

10

Figure 2. Clockwise from top left: Graphs of u(x, ), v(x,t) and
n(x,t) for f =2, ¢y =—0.3i and c; = —i.
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Figure 3. Clockwise from top left: Graphs of u(x, t), v(x, t) and
n(x,t) for f =—0.05, ¢; = —3i and ¢, = 0.4i.

Case 2: Let
uo(x, ) =exp(iQ(x, 1))

be the arbitrary function. Then separate (14) into two equations:

0=ivgQ; —ie'?Qyy,
0= —2u;(3Be*C + pvd — no) + e 22 +vo(—4fv1 +i Q) + 362 02).

From the first we obtain vg(x, t) = QxxeiQ/Q,. Solving (11) for #9, we get
no(x, 1) = (BO7 + Q7 03 +07,)e*?/ 07

Letting Q(x, t) = f1(t)x + f2(¢) and substituting this into system (8)—(20), we
find that (20) assumes the form

0= 6T — Bxf] + )7+ (=14 B —x* f2 = 2xf f5— D).
0= fi = BOS+ )+ FR(=1+ B —x2f2=2xf{ fs — £
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Figure 4. Clockwise from top left: Graphs of u(x, t), v(x, t) and
n(x,t) for f =—1, ¢; =0.05i and ¢, = —i.

Figure 5. Clockwise from top left: Graphs of u(x, t), v(x, t) and
n(x,t) for f =—0.5,c; =—0.3 and ¢, = —i.
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Equating the coefficients of x2, x! and x? in the second of these to zero, we obtain

0=—fE+BfE+ fi = BI*— fL 15
0=—=28ffs—2ffl [,
0=—f2B+ f1).

The latter two are satisfied if f;(f) = c;. Substituting this into the first equation
above and solving for f>, we get

_ 202 -1
fz(r)zt\/ C‘(_C‘ﬁff% v

Substituting all the above results into Equations (10), (14) and (19) and solving
for vy, uy and #; we find

up(x,t)=-1/2,
ivV(=p—ci+1)
D]()C, t)= D) 5
2Cl(ﬂ+cl)

mx,t)y=—( +c%) exp(ih(x, 1)),

where i (x, 1) = c1x 4 ¢ + t5/¢3(1 — f — ) /v/— — . Solving (8) or (12) or
(13) for #,, we get

B —ci+ch)—p*(1—c})
4c%(ﬂ+c%)

7’]2()(:, t) =

b

Substituting all the results into the truncated expansion (7), we obtain the corre-
sponding exact solution of GZEs (3):

iv1i—p— c%
20/ -p—c}
exp(ih(x,t
ulx, 1) = _% + 1+:X(p(i(h(x,))t))
pU—G+ch— 1=
4ei(B+c7)
4 07 +c%) exp(ih(x, t))( exp(ih(x,t)) B 1)'
1 +exp(ih(x,t)) 1+exp@ih(x,t))

v(x,t)=

nix, 1) =

Figures 6, 7, 8, 9 and 10 illustrate the solution for certain f, ¢; and c;.
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Figure 6. Clockwise from top left: Graphs of u(x, t), v(x, t) and
n(x,t) for §=0.05, ¢y =—0.3i and ¢; =i.
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Figure 7. Clockwise from top left: Graphs of u(x, t), v(x, t) and
n(x,t) for f =2, ¢c; = —0.3i and ¢; = —i.
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Figure 10. Clockwise from top left: Graphs of u(x,t), v(x, )
and 7(x, t) for § =—0.5, ¢y =—03 and c; = —i.
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