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A FAMILY
OF REPRESENTATIONS OF BRAID GROUPS
ON SURFACES

BYUNG HEE AN AND KI HYOUNG KO

We propose a family of homological representations of the braid groups on
surfaces. This family extends linear representations of the braid groups
on a disc, such as the Burau representation and the Lawrence-Krammer—
Bigelow representation.

1. Introduction

1A. Preliminaries and history. Let X(g, p) be a compact, connected, orientable
2-dimensional manifold of genus g with p boundary components. Set ¥ = X (g, p).
Let {z?, cees zg} be a set of n preferred distinct points in X for n > 0, and let
=2 — {Z(l), R 22}. We call X, the surface £ with n punctures.

For integers n, k > 0, we consider three types of configuration spaces as follows:
The space of k-tuples of distinct points in X, is denoted by

Pn,k(z):{(zla---,zk)ean'--X2n|Zi7éZj fori#j},

the space of subsets of k elements in X, is denoted by

B (Z)={{z1,..., 2%} C Ty},

and the space B, () of pairs of disjoint subsets of n elements and k elements in
Y is denoted by

Bn;k(z) = {({Z15 ---,Zn}, {Zn-‘rla ---:Zn+k}) | Zi € 25 Zi #Zj for i #J}

It is easy to see that B, x(X) = P, x(Z)/Sk and By:x(Z) = Pon+xk(Z)/Sp X Sk,
where the symmetric group Si acts on P, ;(XZ) by permuting components of a
k-tuple and similarly S,, X Sy C S+« acts on Py 11 (X).

The braid groups on a surface X are defined by the fundamental groups of con-

figuration spaces. Choose a basepoint {z2+1, cees z2+k} noXif o . If X is

MSC2000: 20F36, 57M07, 57TM10.
Keywords: homological representation, surface braid group.
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closed, then place it anywhere in X,,. The pure k-braid group on X, is defined and
denoted by
P (2) =71(Puk(2), (Zyrs- -0 Zyis)-

Similarly, the (full) k-braid group on %, is given by
B, i(2) = 71 (Buk (D), {21 - -5 Zna)s

and the intertwining (n, k)-braid group on X is given by

Bk () = w1 (Buk (Z), ({20, .o 2 {20 hs s 2o D).

It is sometimes easier to understand if these groups are regarded as subgroups of
Bo,»+4(X). The intertwining (n, k)-braid group B,,.x () is the preimage of S, x S
under the canonical projection: Bg ,44(X) — S,4«. In addition, B, x(X) is the
subgroup of (n+k)-braids in B,,.; (X) that become trivial by forgetting the last k
strands, and P, x(X) is the subgroup of (n+k)-braids in B, ;(X) that are pure,
that is, the induced permutation is trivial. If the surface X is the 2-disc D, we will
call the braid groups classical. For example, By , (D) denotes the classical n-braid
group studied by E. Artin.

In the 60s and 70s, presentations for braid groups on various surfaces were
found, on the 2-sphere and the projective plane in [Fadell and van Buskirk 1962;
Van Buskirk 1966], on the torus in [Birman 1969], and on all closed surfaces
in [Scott 1970]. The study of braid groups on surfaces has been revived recently.
Gonzélez-Meneses [2001] found new presentations of the braid groups on surfaces,
and the authors of [Bellingeri 2004; Bellingeri and Godelle 2007] found positive
presentations of the braid groups B, x(X) for all surfaces X, with or without bound-
ary. Here, we are interested in braid groups on surfaces with nonempty boundary
and will use Bellingeri’s presentations.

Boundary components of a surface can be traded with punctures when we con-
sider braid groups. Let ¥ = X (g, p) and ¥’ = Z(g, p + q). Then there are
continuous maps i : X, — X" and j : £’ — X, that are homotopy inverses each
other. The induced maps i : Bytgk(X) = B,k (X') and j: Bk (X') = Buig ik (X)
on configuration spaces are also homotopy inverses each other and induce isomor-
phisms i, and j, on fundamental groups [Bellingeri 2004; Paris and Rolfsen 1999].
Therefore we may assume X = X (g, 1) by treating all but one boundary component
as a puncture whenever we deal with a surface with nonempty boundary.

We use Bellingeri’s presentation [2004] for the braid group B, (2 (g, 1)):

e The generators are o1, ..., 01,41, ...,4g,b1,...,bg,{1,..., (0
e The relations are
(BRy) [0}, 0] for i — j| > 2;

(BRZ) 0/0;j0; =000 for |l —]| = 1;
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(CRy) lar,0il, [br,0il, [, 0i] fori > 15

(CRy) la;, 01ar01], [br, 01br01], [{, 01401];

(CR3) [a,, 0, aso1], [ay, 0] bso1l, by, 07  aso1], [by, 0, 'bsor] forr <s,
lar, o1 ' Cun], [br, 07 G0, [Gn o) ' Cuot] for ¢ < u

(SCR) o1b,01a,01 = a,01b,.

The corresponding result for configuration spaces of pure braids by Fadell and
Neuwirth can be generalized to show that the projection B,.x(X) — Bp,(X) is
a fiber bundle with fiber B, x(X). Except for the cases ¥ = S? and T = RP?,
Gongalves and Guaschi [2003] completely determined when the short exact se-
quences of braid groups derived from Fadell-Neuwirth fibrations split. In particu-
lar, the short exact sequence derived from the fibration above, that is,

1 — Bn,k(z) - Bn;k(z) - BO,n(E) - 1,

always splits for £ > 1 if ¥ has nonempty boundaries.

The braid groups are closely related to the mapping class groups. Birman [1974]
determined when surface braid group embeds into the corresponding mapping class
group. In particular, if 60X is nonempty, By ,(X) embeds into the mapping class
group on X, and so an n-braid on X can be regarded as a homeomorphism of X
that preserves the set of n punctures.

The classical braid groups have various representations that can be as simple
as taking exponent sums or taking induced permutations. The braid action on the
punctured disk D, gives rise to a faithful representation into automorphism groups
of free groups, and a characterization of automorphisms coming from braid actions
is possible. Each representation serves its own purpose. It is common to try to
construct a linear representation to have a better understanding of a given group
via matrices over a certain commutative ring and their multiplications.

For the classical braid groups, linear representations are abundant. Burau in
1936 and Gassner in 1961 found linear representations of By ,,(D) and Py _, (D), re-
spectively. These representations are derived from braid actions on homologies of
appropriate coverings of D,,. These representations take the form of (n—1) x (n—1)
matrices that can also be computed via Fox’s free differential calculus on auto-
morphisms of free groups mentioned above. The Burau representation is faithful
for n < 3 but not for n > 5 [Bigelow 1999]. The faithfulness of the Gassner
representation is known only for n < 3.

Lawrence [1990] discovered a family of linear representations of By ,(D) via
a monodromy on a vector bundle over P, (D). Krammer [2000] defined a free
Z[g*', t*']-module V using forks and relations between them, and he proved using
an algebraic and combinatorial argument that the braid group acts on V faithfully
for braid index 4. This representation is essentially the same as the one considered
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by Lawrence for k =2 but uses the configuration space B, (D) instead of P, »(D)
and is now called the Lawrence—Krammer—Bigelow representation. Bigelow rein-
terpreted this representation using covering spaces and covering transformation
groups instead of vector bundles and local coefficients. Then the monodromy cor-
responds to the braid action on homology groups of covering spaces, as it did for the
Burau representation and the Gassner representation. Bigelow [2001] constructed
a linear representation using homology group Hz(én,z(D)) of the covering space
Bn,z(D) whose covering transformation group is (g) @ (¢), and he proved that
R ® V is isomorphic to R ® Hz(f}n’z(D)). Also, Krammer [2002] and Bigelow
[2001] independently proved that the Lawrence—Krammer—Bigelow representation
is faithful for all » > 1, and so the classical braid groups are linear. Bardakov
[2005] applied this linearity to show that the braid groups of the sphere and pro-
jective plane are linear. Bigelow and Budney [2001] proved using the Lawrence—
Krammer—Bigelow representation and a suitable branched covering that the map-
ping class group of genus 2 surface has a faithful linear representation. However,
Paoluzzi and Paris showed that there is a difference between V and Hz(l}n,z)(D)
as a Z[qil, t*11-module for n > 3 and a found basis for a Z[qil, t*1]-module
Hz(én,Q(D)); so the exact definition of “Lawrence—Krammer-Bigelow represen-
tation” became somewhat ambiguous.

For any k£ > 1, Bigelow [2004] considered the braid action on the Borel-Moore
homology group H,PM(E,,,;( (D)). He obtained a family of representations via the
induced action on the image of H,?M(Bn,k (D)) in H,PM(B,,,;((D), 61§n,k(D)). For
simplicity, we will consider the braid action on the free module HEM(Bn’k(D)),
whose basis can be easily described by forks to obtain a linear representation.
We will call these representations homology linear representations. The Burau
representation, and the Lawrence—Krammer—Bigelow representation of By ,(D)
are homology linear representations

@ :Bo, (D) GL( (" 7). zig* 1)

obtained from the braid action on homologies of covers of B, x (D) when k =1
(r =1 in this case) and k = 2, respectively [Bigelow 2004]. For k > 3, Zheng
[2005] proved that @ is faithful for all n > 1.

Overview. We construct a family of homological representations of braid groups
on a surface with nonempty boundary; these extend the homological linear repre-
sentations of the classical braid group. In Section 2, we first try to follow how the
homology linear representations of By , (D) were constructed via a covering of the
configuration space B, x (D). In the case of the disk, the braid action automatically
commutes with covering transformations, or in other words, braids act trivially on



A FAMILY OF REPRESENTATIONS OF BRAID GROUPS ON SURFACES 261

local coefficients. However, in the case of surfaces of genus > 1, this condition
forces the variable g to equal 1; see Lemma 2.6. Then the braid action becomes
almost trivial. For example, if kK = 1, the action of aiz is trivial. To get around this
problem, we introduce in Section 3 the intertwining braid group B,,.; (¥) to replace
B, «(X). As we mentioned earlier, this group is a semidirect product of B, x(X)
and By ,(X). Although the braid action does not preserve the local coefficient
given by the B, x(X) factor, the By ,(X) factor of B,.x(X) can adjust the coeffi-
cient so that the braid action becomes compatible. We will extend the coefficient
ring for homology representations to give room to control the braid action, at the
expense of giving up its commutativity, so that it becomes more interesting and
still preserves coefficients. Eventually we obtain in Theorem 3.2 representations
of braid groups on surfaces that extend homology linear representations of the
classical braid group. Also we explicitly compute the representations in the form of
matrices using a geometric argument. We extend the intersection pairing between
HPM(B, x(D)) and its dual space H(B, (D), dB, (D)) and use bases for the
two spaces that are described by forks and noodles; see Theorem 3.4.

In Section 4, we argue that the construction of our representations is natural
and that there are no other alternatives if one wants to obtain an extension of the
homological representation using covers of the configuration space B, (D). We
show that the intertwining braid group B,.x(X) is the normalizer of B, x(X) in
By .14 (X) so that the intertwining braid group B,.,(X) is such a group that is
unique and maximal up to a meaningless extension; see Theorem 4.2. The coef-
ficient ring for our representations is the integral group ring of a quotient group
of B,.x(X). Theorem 4.3 shows that for k > 3 the quotient group is uniquely
determined if one wants to extend homology linear representations of the classical
braid group. For k =1, 2, the quotient group is the simplest that serves our purpose.
Theorem 4.4 shows that the braid action on the quotient group is virtually unique.

Our construction involving the group extension B,.x(X) of B, x(X) is purely
algebraic, without a good geometric interpretation. Thus, some useful geometric
tools are not available. For example, the intersection pairing mentioned above is
not invariant under the braid group action. This seems to make it difficult to discuss
properties of our representations such as faithfulness and irreducibility. Although
the corresponding representation of the classical braid group is faithful for k =2 and
irreducible for k < 2 [Jones 1987; Zinno 2001], the faithfulness and irreducibility
of our representations are beyond the scope of this article.

2. Homology linear representations

We first review the construction of homology linear representations of the classical
braid group By ,(D) using the configuration space B, x(D); we then discuss the
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difficulty in extending these homology linear representations to the braid group
By, (X) on a surface X with nonempty boundary. As we noted earlier, boundary
components can be traded with punctures. From now on, we assume that ~ denotes
a compact, connected, oriented surface with exactly one boundary component and
that n and k are positive integers.

Homology linear representations of classical braid group. Let ¢ : B, (D) — G
be an epimorphism onto a group G. Consider the covering p : Enjk(D) — B, x(D)
corresponding to Ker ¢. Since the classical braid group embeds into the mapping
class group of the punctured disk D,,, we may assume we have a homeomorphlsm
ﬁ B, x(D) — B, (D) for each # € By,. By the lifting criteria, /8 lifts to E

n,k(D) — Bn,k (D) if and only if B,(Ker¢) C Ker¢. Equivalently, there is an
induced automorphism f; on G such that fy¢ = &P

Now we consider Borel-Moore homology [Borel and Moore 1960; Hughes and

Ranicki 1996] defined by

HPM (B 1(D)) = 1im Hy (B k(D), p~' (By k(D) \ A)),

where the inverse limit is taken over all compact subsets A of B, x(D).

The middle-dimensional homology group H,PM(E,,, ¢ (D)) is afree Z[G]-module
of rank ("*}%) (see [Bigelow 2004]) and § induces a map f, : HPM(B, 1 (D)) —
HEM(B, 1 (D)) such that

Bi(ye) = B:(y)Bi(c) fory e G and c € HEM(B, (D).

Thus the map S, is a Z[G]-module homomorphism if and only if Bi(y) =y forall
y € G if and only if

() ¢ =pp. forall feBy,.

Notice that the condition (x) also implies S, (Ker¢) C Ker¢. Here we need
to know that the induced homomorphism S, depends only on the isotopy class of
the homeomorphism f. In fact, since D has a boundary, we choose the basepoint
{ZS IRTREES z2 41} of By (D) in oD, and then the isotopy preserves the basepoint
and gives the same induced map f.. Consequently, if we choose a group G and
an epimorphism ¢ : B, x (D) — G satisfying (x), we obtain a family of represen-
tations @y from By ,(D) to Autz[G](H,?M(En,k(D))), the group of Z[G]-module
automorphisms on H,?M(f?,,,k (D)); the @y, are defined by

Ok (B) = s : HEM (B, 1 (D)) — HEM(B, 1 (D)).

Because we want to get a linear representation, G should be abelian. By the
presentation given in Section 1A, B, (D) is generated by 71, ..., n, 015 - -+, Ok—1.
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Suppose that ¢ : B, x(D) — G is an epimorphism such that (%) holds and G is
abelian. Each generator o; of By ,(D) acts trivially on B, (D) except for

@):(G) = Gging " and (GG = G

Then the condition () implies that ¢(¢;) = ¢ ((6,)+(Ci+1)) = @ (&i+1)- Hence
for k =1, G is a quotient of (g), and ¢(;) =¢q fori =1,...,n. For k > 2,
G is a quotient of (g) @ (f), and ¢((;) =¢q and ¢(oj) =t fori =1,...,n and
j=1,...,k—1

We define a group G p and an epimorphism ¢p : B, x (D) — G p depending only
on k as follows:
(@) ith=1,
()@ (t) ifk>2.
Theorem 2.1 [Bigelow 2004; Lawrence 1990]. Let ¢p : B, x(D) — Gp be the
epimorphism defined above. Then there is a homomorphism

¢p Bk (D) — Gp = {

@y : Bo,(D) — Aut (HEM (B, 1(D))).
Z[Gpl

In fact, ® is the Burau representation and @, is the Lawrence—Krammer—Bigelow
representation.

Naive extension to braid groups on surfaces. Let X be a surface of genus g > 1
having one boundary component. The assumption 0 £ # & is necessary for another
reason besides the two mentioned at the end of Section 1A. Suppose that 0 X = &
and f € By ,(X) uniquely determines the isotopy class of a homeomorphism
B B, x(X) — B, x(X). Then we must choose the basepoint {z2+1, ... ,Z?,+k}
in the interior of . We can easily find a homeomorphism /3 : B, 1 (X) — B, ()
that is isotopic to the identity via an isotopy that does not preserve the basepoint.
Then S represents the identity element in By, (X) but B, : HPM(B, (X)) —
HPM(B, x(Z)) may be nontrivial. Thus no representation can be obtained in this
way if 0X = @.

We need to define what it means to say that a representation of the braid group
By, () extends homology linear representations of the classical braid groups.

Definition 2.2. Given a ring R, let M be an R-module on which the braid group
By ,(X) acts as R-module isomorphisms. The R-module M is an extension of
homology linear representations of the classical braid groups By , (D) if there exists
a Z[G p]-submodule M’ of M such that

(i) M’ is invariant under the action by the subgroup By , (D) of By ,(X); and

(ii) for some £k > 1, R contains Z[Gp] as a subring and there is a Z[Gp]-
isomorphism from H,?M(Bn,k(D)) to M’ that commutes with the By _,(D)
action.
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As in the classical braid cases, we have to look at the action of By ,(X) on
B, «(X). The following lemma helps us to observe the action we want.

Lemma 2.3 [Birman 1974; Fadell and Neuwirth 1962; Gongalves and Guaschi
2003]. Let &, : By.x(X) — Bo,,(X) be the projection onto the first n coordinates.
Then the space By.x(X) is a fiber bundle with fiber B, x(X), and the induced short

exact sequence

(ﬂ'n)*
1— Bn,k(z) I Bn;k(z) _— BO,n(Z) -1

splits for all k > 1.

This lemma shows us how to decompose a braid § € B,.x(X) into a product
B = pi1p2 for f1 € Bo,(X) and pr € B, x(X). Letz: By ,(X) — B,.x(X) be the
splitting map. Then the lemma shows that B,,.;(Z) can be generated by the sets

Xl ={O_-],-"5O_-n—laﬁ]5~~'3ﬁgazla"'>}~g}a
X2={0-15"'50-](—1’Cl5"'3{”)//‘1,"",[15’511’"',/lg}5
where the generators in X are the images of generators in By ,(X) under the
inclusion map 1.
Then the action of Bg ,(X) on B, x(X) is equivalent to the conjugate action in

B,.x(X) if we regard these two groups as subgroups of B,.;(X). The following

easy lemma shows how By ,(X) acts on B, x(X).

Lemma 2.4. Each generator of By ,(X) acts on B, x(X) as follows.

(1) Forl<i<n-—1, 1
CNOE {ZC"“Q .

2) For1 <r <pg,

(1)« (1) :,ur[l,ur_l,

_ _ [arciane g ifs=r,

() (pts) {[u,,a]us[ur,m—l ifr <s,

_ Arttr ! ifs=r,
r )% /ls = .

(#r)+(4:) {[ﬂr,aus[ur,m—l ifr <s.

3) For1 <r <g,

(Zr)*(a) = A;«C]/lr_l,

7 /lré’lll_lﬂrﬂlr(flﬂ_l ifs=r,
lr *\Us) = ! r :
(rdelis) {[lraé’l]ﬂs [).,,(1]_1 ifr <s,
A1 Ay Ay ifs=r,

/_1r * /15 =
( )( ) {[lrsfl]ls[ir,(l]_l ifr<s'
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(4) All other generators act trivially.
We can find the presentation for B,.; (X) using this lemma as follows.
Lemma 2.5. The braid group B,,.x (X) admits the presentation in which

o the generators are

X1 =AG1s ooy Oty il e e flgs Ay ey Aghs
Xo=1{01,. ., 0k—1,Cts s s Mds ey Hgs ALy ooy Agls
e the relations are
(1) (BRy) through (SCR) among generators in X1,
(i) (BRy) through (SCR) among generators in X,, and
(iii) x~'yxX = (&) (y) forallx € X and y € X»,

where the action by X, is given in Lemma 2.4.

Proof. By Lemma 2.3, the intertwining braid group B,,.x (X) is a semidirect product
of the normal subgroup B, (%) and By ,(Z), where By ,(X) acts on B, x(X) by
conjugation as shown in Lemma 2.4. Then it is easy to show that the semidirect
product B,,.;(X) admits the desired presentation. U

For surfaces, the condition (x) implies an undesirable consequence:

Lemma 2.6. Let ¢ : B, x(X) — G be an epimorphism satisfying ¢ = ¢ for any
LeB,i(X). Thenp(gi)=1fori=1,...,n.

Proof. As seen earlier, the hypothesis on ¢ implies that (x,);(y) =y forally e G
andr =1,...,g. But by Lemma 2.4(2), we have

(1) () = (1) (Ar)) = ¢ Goppir ey )
= dU)P (1)) = O () (BT = AP (D).

Since (u,):(¢(Ar)) = ¢(4,) by hypothesis, ¢(¢1) = 1 and so ¢(¢;) = 1 for all
1 <i <nbyLemma 2.4(1). O

This lemma says that the condition () forces us to set ¢ = 1 in the group G p.
Thus Z[G p] cannot be a subring of Z[G], and so a naive attempt to obtain a rep-
resentation of the braid group By ,(X) using a covering of B, x(X) corresponding
to any epimorphism ¢ : B, x(X) — G cannot give an extension of any homology
linear representation of the classical braid groups.
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3. A family of proposed representations

As we have seen in the previous section, we are forced to take a rather small cov-
ering of B, x(X) in order that the condition (x) be satisfied, that is, the braid action
commutes with covering transformations so that it preserves the coefficient. The
remedy we propose in this article is to use the same configuration space B, (X)
with an extended coefficient ring so that we have some room to adjust coefficients to
make the braid action compatible with the coefficients. This remedy is a reasonable
thing to do if we hope to construct an extension of homology linear representations
of the classical braid groups. Indeed, we successfully obtain an extension that
seems the most general among ones obtained from coverings of B, x(X).

3A. Existence of extensions of homology linear representations. We first con-
sider the intertwining braid group B,.x(X). Note that B,.;(X) is a candidate for
group extension of B, ;(X) by Lemma 2.3, and By ,(X) acts on B,.x(X) by right
multiplication and acts on B, x(X) by conjugation because B,,.x(X) is the semi-
direct product of By ,(X) and B, x(X).

Let Hy be the abstract group depending only on k that admits for £ > 2 the
presentation in which

« the generators are q,t,ml,...,mg,fl,...,fg,ml,...,mg,fl,...,{’g;

« the relations are such that all generators commute except that
[me, 6:1=1> and [m,,€]=[m,, ]=q.
Define yy to be the epimorphism from B,,.; (X) to the group Hy such that

V/Z(ai):t: V/Z(Cj):qs WE(&m)zl’
ps(u)=me, ys(G) =1L, yy(@)=m,, ys() =40,

where ] <i<k—1, 1<j<n, 1<m<n-—1landl1<r <g. If k=1, then we
redefine Hy to be the quotient of the group above by t = 1. Then Hp is isomorphic
to G p defined earlier for all k > 1, and is a subgroup of Hy for any X and k > 1.
Even though Hs (or Hp) depends on whether k = 1 or k > 2, our notation does
not show it for the sake of simplicity.

Let ¢5 : B, (X) — Gy be the restriction of yy to B, (X) onto Gy, the
subgroup w5 (B, x(X)) of Hx. Then Gy is generated by

{q:t:mla~-->mg:€l:---7€g}-

Since any two elements of Gy commute up to multiplications by central elements
g and ¢, it is a normal subgroup of Hy. We can find the covering p : l;,,’k(z) —
By, k(%) corresponding to Ker ¢s. Since the braid group By _,(Z) embeds into the
mapping class group of punctured surface X,, a braid § € By ,(X) determines a
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homeomorphism ﬁ_ : By x(X) = By x(X). Recall that the induced homomorphism
B on B, 1 (X) is in fact the same as the conjugation by () where 1 : B ,(X) —
B,.x(X) is the splitting map in Lemma 2.3.

Lemma 3.1. With the notation above, the homeomorphism j : By (2)— By (2)
lifts to a homeomorphism f : B, x(X) — B, x(X) for any p € By ,(X), and the
restriction ¢s of yy satisfies fips = ¢s P

Proof. By the lifting criteria, £ lifts to /3 if and only if j,(Ker ¢5) C Ker ¢ if and
only if there is an induced automorphism f; on G given by f:¢s = ¢x Bs. Thus
it suffices to show that ¢x B, (W) = 1 for any W € Ker ¢s and € By ,(Z). Let W
be a word in the generators {u;, 4;, 0, (i} of B, x(Z). Since the presentation for
Hy shows that any two elements are commutative up to multiplications by central
elements ¢ and ¢, we have

pr (W) =W (u; < mi, di < C,0; < 1,6 < q)=qt' [[m e},

where W ({x; < y;}) denotes the word obtained from W by replacing the generators
x; by the generators y;.

Suppose ¢y (W) = 1. Then a; = b; =0 for all 1 <i < g. Thus for generators
oy, lr, Ar for Bg ,(X), we have

¢E ((5-r)* (W)) = ¢2 (W(gr <~ Cr(r-ﬁ-l{r_la Gl < (r))
=Wy < mi, bi < ,00 <, <q)=1,
bs ((f1r)s (W) = s (W (A < Arptrly ' 17 h))
=W(ui < mi, i < i, Ay < q ', 00 < 1,8 < q)
=q Wi <mi, b < liop < 1,0 < q)=1,
b5 ((A)s W) = s (W (ir < 20127 w1 2007 27Y)
=Wy <mj, pup <—qmy, i <{€;,0;i <1, <q)

=q“W(u; < mg, i < Li,0i <1, <—q)=1.

Therefore ¢ (B(W)) = 1 and so B:(¢s (a)) = ¢z (B«(a)) forall a € B, x(T). O

By the lemma above, we have a Z-module automorphism /A, on HEM(En,k(E)).
Note that /§* is not necessarily a Z[ G s ]-module homomorphism since the condition
() may not hold, that is, the automorphism f; of Gz may not be the identity.

On the other hand, By ,(X) acts on B,,.;(X) by right multiplication and so there
is an induced action of f on Hy given by f-h =hyy (p) for h € Hy. Itis possible
to alter the induced action by multiplying with a certain function y from By ,(X)
to the centralizer of Gz in Hx. We will discuss this possibility in Theorem 4.4.
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Using the Z-module automorphism ﬁ* and the action on B,,.x(Z) by By ,(XZ), we
construct a Z[ Hy ]-module automorphism ® B, on Z[Hx 1®z(Gy1 HEM (Buk (L))
by

(BRBIM@c)=(f-h)®Pu(c) forhe Hsy and c € HPM(B, 1(2)).

Theorem 3.2. Let ¥ be a compact, connected, oriented 2-dimensional manifold
with nonempty boundary. Define the group Hs (depending on k) and the epimor-
phism w5 : B, (X) — Hs as above. Let ¢x be the restriction of yy to B, 1 (Z).
Set Gz = ¢s (B, 1 (X)). Then there is a homomorphism

i : Bou(2) > Aut Z[Hs] @zi65) B (Bui()), B> p&p.,
z

where the action of [ on Hy is given by f-h = hy (p) for h € Hyx.
This family ©y, of representations is an extension of a homology linear represen-
tation of the classical braid group By, (D) in the sense of Definition 2.2.

Proof. Clearly @y is a group homomorphism. To see the well-definedness and the
Z[ Hy ]-linearity of ®;(f), we claim that

B-(hh')y=(B-h)p;(h') forallhe Hs,h' € Gy.
Then, for ¢ € H,PM(B,,,;((Z)),

(BRBIRQNc)=(B-h)®Bu(h'c) = (B-h) & s (h")Bi(c)
= (B-m)B; (1) @ Bu(c) = (B f) (' © )
=hi' (BRBI(1®c).

Here the last equality is clear by the definition of the action by /.

To show the claim, choose a € B, «(X) so that ¢ (a) =h’. By Lemma 3.1, we
have

B:(¢s (@) = ¢s (Bi(@) = w5 (Bu(@) = ws (B ap) = w5 (B) ' px (@) ys (B).
Thus

B (') = hh'yy (B) = (hys (B) (w5 (B) ™ W w5 (B)) = (B - h) By ().

To show that @y is an extension of a homology linear representation of the
classical braid groups, we regard an n punctured disk D, as a subspace of X,.
Then the configuration space B, (D) is a subspace of the configuration space
B, x(Z). For the covering p: En,k(Z) — B, (X) corresponding to ¢ 5, we denote
a connected component of p~!(B, ) by E’n,k(D). Since Gp embeds into Gy,
the restriction p|Bn’k(D) : f?,,,k(D) — B, k(D) is the coyering over B, (D) corre-
sponding to g, . (p) : By k(D) = Gp. In fact, H,?M(Bn,k(D)) is a submodule of
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H,?M(Bn,k(Z)) as Z[G p]-module. One can see this more explicitly in the proof
of Lemma 3.3. Each braid § € By ,(D) gives a Z[Hp]-module automorphism
b ®/)~’* on Z[Hp] ®z16,] H,?M(Bn,k(D)). Since G p = Hp, this automorphism is
the same as f, on H,?M(f?n,k (D)), which is the homology linear representation of
the classical braid group. U

In Section 4, we will show that if one wants to obtain a result similar to the
theorem above, the extension B,.x(Z) of B, x(Z) is determined uniquely up to
redundant coefficient extension, and the quotient Hy is uniquely determined for
k > 3 and is the simplest for k > 1 in the sense that any proper quotient of Hs does
not contain G p properly.

Computation of the proposed representations. We now compute explicit matrix
forms of the representations described in Theorem 3.2; these turn out to be ex-
tensions of the Burau and Lawrence—Krammer-Bigelow representations of the
classical braid groups. The following lemma and its proof show not only that
H,?M(En,k (2)) is a free Z[G g ]-module but also how to choose a basis. The lemma
is an extension of the corresponding lemma on a disk by Bigelow [2004], and we
borrow the main idea of his proof.

Lemma 3.3. The homology group H PM(En,k(E)) is the direct sum of

(2g+n];|—k—2)

copies of Z|Gx] for € = k and is trivial otherwise.

Proof. Let d be a metric on X that can be either hyperbolic or Euclidean. Suppose
punctures z?, ..., 20 lie on a geodesic. Let 7j be the geodesic segment joining z(}
and Z?+1 forl <j<n-—1.Forl <i<g,leta; and f; be geodesic loops based
at z? that represent the meridian and the longitude of the i-th handle, so that the
ai, Bi, and y; are mutually disjoint. Let I be the union of all of these arcs, so that

I, is a disjoint union of open 2g 4+ n — 1 geodesic segments. Consider

Br =B, (') ={{z1, ..., 2z} CT,}.

Then it is not hard to see Br is homeomorphic to a disjoint union of (2g+"k+ kfz)
open k-balls that can be parametrized by (2¢g +n — 1)-tuples (r1, ..., r244n—1) Of
nonnegative integers that add up to k so that the i-th segment of I',, contains r;
points from {z, ..., z¢}.

Let p: Bn,k(Z) — B, x(X) be the covering corresponding to the epimorphism
¢z : B,k (X) = Gx. We will be done if we can show that the map

HPM(p~'(Br)) — HPM (B, k(X))
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induced by the inclusion is an isomorphism, since H, EM(BF) is isomorphic to the
direct sum of (2g+"k+k_2) copies of Hy (DK, Sk=1).
Define a family of compact subsets A, of X, by

Ac={z1,...,u} € Byua(Z) 1d(zi, 2j) = € fori # j, d(zi,2)) = € for all , j}.

Since any compact subset of B, x(X) is contained in A, for sufficiently small € > 0,
it suffices to show that

He(p~'(Br), p"'(Br — A)) = He(Buyi(Z), p~' (Byi(2) — Ao))

is an isomorphism.
Let Z, C X be the closed e-neighborhood of I', and let B = B, x(X,). Then
the obvious homotopy collapsing from B, x(X) to B, gives the isomorphism

He(p™' (Be), p~ ' (Be — Ae)) = He(By i (2), p~ ' (Bui(Z) — Ao)).

Let B be the set of {x1,...,x;} € B¢ such that for each x; there exists a unique
nearest pointin I',. Then B is open and contains AN B,. By excision, the inclusion
induces an isomorphism

He(p™'(B), p™ (B — Ao)) = He(p~"(Be), p~ (Be — A)).

Finally, the obvious deformation retract from B to Br gives an isomorphism
H(p~'(B), p~'(B—Ad) = He(p~'(Br), p~' (Br — A.)). O

We remark that B, = B, x(X¢) and Br = B,, x(I') do not have the same homotopy
type even though I' is a deformation retract of X.. This is because I' is a 1-
dimensional complex and movements of points in I" avoiding collision are more
restricted.

Let I (n, k, g) be the set of (2g +n — 1)-tuples of nonnegative integers that add
up to k. The proof of Lemma 3.3 shows that a typical basis for H,?M(En,k(Z)) as
free Z[ Gy ]-module can be indexed by the set I (n, k, g). The proof also shows that
a basis for H,PM(B,Z,;((D)) can be chosen as a subset of a basis for HEM(En,k(Z)).
Thus the homology linear representations for By ,(D) appears in matrix forms of
proposed representations for By ,(X) as minors.

Krammer [2000; 2002] and Bigelow [2001; 2003; 2004] have shown that there
is a natural and useful way of describing a basis geometrically. Recall the loops
a; and f; and the arcs y; from the proof of Lemma 3.3. For (1, ..., r44n—1) €
I(n,k, g), choose r; disjoint duplicates of a; or f;_g or y; 2, if 1 <i < g or
g+1<i<2gor2g+1<i<2g+4n—1,respectively. For each i, join these r;
disjoint duplicates to 6 £ by mutually disjoint arcs (that determine a basing). This
geometric object is called a fork. In fact, a fork uniquely determines a k-cycle in
H,?M(f?n,k(Z)) by lifting the Cartesian product of k curves together with basing
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9

Figure 1. An example of a fork F' (left) and its dual noodle N (right).

arcs in the fork. The basing is required to have a unique lift. For example, the fork
corresponding to (0,2, 1,0,0,3) € 1(3, 6, 2) looks like the set of curves on the
left of Figure 1.

As Bigelow [2004] showed for the case of the disk, the Poincaré duality, the
universal coefficient theorem, and Lemma 3.3 imply that the ordinary relative
homology H (én,k(Z), aén,k(z)) is the dual space of the Borel-Moore homology
H,?M(Bn,k(Z)) in the sense that there is a nonsingular sesquilinear pairing

(-, ) HEM(By 4 (2)) x H(By i (2), 0B, 1 () — Z[S],

where S is a skew field containing Z[Gx]. In fact, the group Gy is biordered,
and so it can embed into a skew field such as the Mal’cev—Neumann power series
ring [Mal’cev 1948; Neumann 1949]. Explicitly, the pairing above is defined by
setting, for cycles F € HEM(B, x(X)) and N € Hy(B,x(Z), 8B, k(X)) in each
homology group,
(F,N)= D> y(F.yN),
y€Gs

where (-, -) counts the intersection number.

Letaj,..., a;f, B, ;, VAT y;‘; be pairwise disjoint arcs that start and
end at 0, and suppose a; (or S, Orf/k') interse~cts only a; (or f;, or y;) once
transversely. We form a basis of Hy(B,«(X), 0B, (X)) by duplicating the ],
B or y}k., depending on a given (2g +n — 1)-tuple in I (n, k, g). This geometric
object is called a noodle. In fact, a noodle uniquely determines a relative k-cycle
in Hy (1§n,k(2), 81§n,k(2)) by lifting the Cartesian product of k arcs in the noodle.
For example, the noodle corresponding to (0,2, 1,0, 0, 3) € 1(3, 6,2) looks like
the set of arcs on the right of Figure 1.

For a k-cycle F determined by a fork and a relative k-cycle N determined by a
noodle, the sesquilinear pairing (F, N) computes algebraic intersections between
them with coefficients in Z[G s ]. This pairing can easily be computed by recording
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intersections between the fork and the noodle on X. The basis determined by forks
and the basis determined by noodles are dual with respect to the pairing.

In the case of a disc, Bigelow [2004] showed that this pairing is invariant under
the action by By , (D). However, in the case of a surface X of genus > 1, it cannot
be invariant under the action by By ,(X). In fact, the pairing cannot be preserved
by any braid group action given by a representation ¥ into Autz[c Z](HEM(E,,J()).
Suppose it is preserved, that is,

(F,N) = (Y(B)(F), ¥ (F)(N)).

for any f € Bo ,(X), a k-cycle F determined by a fork, and a relative k-cycle N
determined by a noodle. Then for any y € G,

y(F,N)=(yF,N)
= (YA F), Y(B)(N))
=B (Y (B)(F), Y(B)(N)) =B (y)(F, N).

The property y = f;(y) for all y € G would force us to set g = 1 in G5, and so
it was abandoned.
Nonetheless, we can extend this pairing to the pairing (-, - ) g, from

Z[Hs1®7165] HBM (B, 4 (2)) X Z[Hs1®7(G5) Hi(By i (X), 0B, i(2))
to S’ defined by

<Zi & Fi, Zj thj>HZ = Zgi(Fi, Nj>h;15
i,J

where g;, h; € Z[Hs] and S’ is the skew field containing Z[Hy]. Note that this
extended pairing cannot be invariant under the braid group action given by @
either. However it can be used to compute proposed representations @y explicitly.
The following theorem summarizes the above discussion.

Theorem 3.4. Let the F; and N; be k-cycles and relative k-cycles in dual bases
determined by forks and noodles. Then @y (p) for each f € By ,(X) is represented
by a matrix with respect to the basis {F; | 1 <i < (28+”:k_2)} whose (i, j)-th entry

is given by y B)(B(F), N;) Hy , which is an element of Z[Hx ] rather than of S'.

As an example, we will show the matrix form of the representation @ of the 3-
braid group By 3(X) is an extension of the Burau representation when X = X (2, 1).
Since k = 1, the basis of HPM(BM (X)) determined by forks can be expressed
by {71, 72, @1, a2, B1, B2} and similarly the dual basis of H;(B31(Z),dBs,1(Z))
determined by noodles is written by {y}, 73, a, a3, 1, B3 }.

Figure 2 shows the action of ¢ on the fork £;. It also shows intersection points
p1 and p, with y7 and p3 with f]. In the covering space, the intersection point
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Figure 2. An example of the pairing of a fork and a noodle. At
left: fork f, and ;. At right: fork and noodles.

p1 lies on the sheet transformed by ¢ since the fork wraps a puncture, and p,
lies on the sheet transformed by ¢g since the fork contains the longitude of the
first handle and wraps a puncture. We have the negative sign for p, since the
orientation is switched. Finally, p3 lies on the sheet containing the base point of
the covering space. Therefore we have @ (o1)(f1) = f1+q(1—<¢1)y1. By a similar
computation, we can obtain every entry of ®;(a):

—q 1,g(l—my) gl —ma) q(1—¢1) g(1—£2)

0 ! I
1 0
Di(0r) = ( ) @ Iy,
q —q
b 0
L 0imig gma—1)1 61 —1 q(la—1)
| 1 0'mq q(my— 1= 2—
Crlu =m0 10 0 ’
RS S NN SR
0] 0 ! I
b 0
R
_loo 1 0 0 0
q) =m s
=T =1 mag =1 6= 1
0o 0 L
L 0
SRR
| q
O(41) =t 0: 0 1 : 0 ,

10,q0mig—1) qmy—1)! t1g q(t2—1)
00 0 0 10 1
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L 0
e R
| o, 0
Dy(dr) =102 777:7770 77777 a
00, 0 0 "1 0

1 ijl—l q(mzq—l)jt’l—l rq

Similarly, we can compute the matrix form for k& = 2 that is the extension of
Lawrence—Krammer—Bigelow representation. For g = 1 and n = 3, we have by
Lemma 3.3 a 10 x 10 matrix for each generator. Fix a basis for H?M(1§3,2(2)) as
shown in Figure 1. Let

w1 =1(0,0,2,0), w;2=1(0,0,1,1), w22=1(0,0,0,2),
ap0=1(2,0,0,0), ap1=(1,0,1,0), app=1(1,0,0,1),
bo,o=1(0,2,0,0), bo1=1(0,1,1,0), bor=(0,1,0,1), z=(1,1,0,0)

in (3,2, 1). Then the action of o on this basis is as follows:

Dy (01)(w1,1) = 1q7w1 1,
@y (01)(w1,2) = —1qw1,1 —qw1 2,
Dy (01)(02.2) = w11+ 41wy 2 +wa o,
®3(01)(d0,0) = do,0+q (1 +1~") (1 =mit)ao,1 +¢*(mi — (1+0)m1+ 1wy 1,
D3 (01)(a0,1) = —qao,1 +q°t(mi—Dwy 1,
@3 (01)(ao,2) = ao,1 +ao2+qt(1—mpwy1+q(1—m)wi 2,
®3(01) (bo,0) = bo,o+q(1+1~ (A= L10)bo,1 +¢* (L1 —(1+0) L1+ Dwy 1,
®,(01)(bo,1) = —qbo,1 +q°t (L1 —Dwy 1,
D5 (01)(bo,2) = bo,1+bo2+qt (1=L)w1+g(1—L)wi 2,
O3(01)(2) = ¢t~ =t€n)ao,1+q (1 =m1)bo,1+q* (1 +my (€1 = 1) =1L )wy 1 +2.

The correspondence between the basis {v; x} in [Bigelow 2001] and our basis is
vip=—tq twi ),

v13=—tq w11 +q(1 -t w2+ q*w),

)
023 =—Iq "W2>.

Then the action of ®; on the basis {v;,} together with substitution ¢ — —7 is
exactly that of Lawrence—Krammer—Bigelow representation in [Bigelow 2001].
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4. Justification of the proposed representations

To add to the family of representations proposed in the previous section, we will
now investigate the possibility that there may be other representations of the surface
braid groups that extend the homology linear representations of the classical braid
groups. One may try to consider alternatives in the three ways — a group extension
of B, x(X) other than B,,.;(X), a quotient group of B,,.,(X) other than Hy, and an
action on Hy by By ,(X) other than right multiplication via the quotient map.

Group extension of B, (X). To make adjustment of coefficients in the most flex-
ible way, we may try to find the largest possible group extension E, ;(X) of
B, «(X) such that By ,(X) acts on E, x(X). If we regard By ,(Z) and B, x(X)
as subgroups of some large braid group B ,4«+¢(X), then By, (X) acts naturally
on By ,4k+¢(Z) as well as on B, x(X) by conjugation. Thus we assume that
B, (X)) CE, «(X) CBoptrte(X) for some £ > 0.

Lemma 4.1. Let X be a surface with nonempty boundary and let ¥’ be a col-
lar neighborhood of 0Z. Let N (B, (X)) denote the normalizer of B, (%) in
Bo,nti+e(X) for some £ > 0. Then N(B, (X)) =B,k (X) x By, ¢ (X).

Proof. We first identify B, ;(X) and By ,(X) with the corresponding subgroups
of Bo n4k+¢(X) via the embeddings that add trivial £ and k + ¢ strands, respec-
tively. Then we will show N(B, (X)) = B,:x(X) x By ¢(X’) as subgroups of
BO,n—i—k—H”(Z)- It is clear that Bn;k(Z) X Bo,g(zl) - N(Bn,k(E)) since Bn,k(E)
is a normal subgroup of B,.;(X) from the short exact sequence of Lemma 2.3
and since elements of Bg /(X") commute with those of B, (X). Conversely,
let f € NB,ik(X)) C Bopik+e(X). Any element o € B, x(X) and its con-
jugate B~ 'ap € B, (X) induce permutations that preserve the sets {1, ..., n},
{n+1,....,n+k}and{n+k+1,...,n+k+}. Itis easy to see that the induced
permutation of £ itself must fix these three sets since a can be arbitrary in B, x(X).
Thus f € B,,44./(X) and the split exact sequence

(”n )*
1= By (2) —— By (2) — = Bo ik (2) — 1

gives a unique decomposition g = £, for 1 € Bo n4+x(Z) and S € B, 14 ¢(2).
In fact, B = (7, 44)«(f) € B,.x (X) since the epimorphism (7,4 ). forgets the last
¢ strands or replaces them by the trivial £-strand braid.

For any o € By, ¢ (2) C Bonsk (2) C Bonire(E), we have (w40)« (85 ' af) =
ﬁz_locﬁz since ﬁz_locﬁg € By n4+«. On the other hand, (nn+k)*(ﬁ2_1aﬁ2) = o since
(mn+k)+ replaces the last £ strands by the trivial braid. Thus we have S, Lapr =a.
From the presentation of B ,,+x+¢(X) in Section 1A, it is easy to see that > must
be a local braid in order for f, to commute with every element of B, x(X). Thus
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we have 8, € Bp¢(X’), where X’ is an annulus that is a collar neighborhood of 9
in . Consequently, we have shown N (B, x(2)) C B,:x(Z) x B ¢(X') O

By this lemma, the extension E, x (X) of B, x(X) can be taken as a subgroup of
B,.x(Z) x B (X'). We remark that B,,.x(X) x Bg;(X) is also a subgroup of the
intertwining braid group B,.x4+/(Z).

Then we follow the construction given in the discussion before Theorem 3.2
with E, () replacing B,,.x (X).

Let w : E, x(X£) — H be an epimorphism onto a group H. If we choose an
action of By ,(Z) on the extension E, x(X), then the action is carried over H via
w and it is convenient to use the convention that (5,5;) - h = f2 - (B - h) for
Bi1, 2 € Bon(X) and h € H. To obtain a Z[ H]-module automorphism f ® B, on
Z|H]®zi61H, ,?M(f?,,,k(Z)) that is an extension of a homology linear representation
of the classical braid group, this induced action of By ,(X) on H needs to satisfy
two conditions.

(i) Lifting criteria: f; exists and B (¢ (a)) = #(B(a)) for all & € B,, 1 (T), where
¢ = l//an,k(z).

(ii) Linearity and compatibility: hh'(f-1) = - (hh') = (B-h)ps(h') forall h € H
and i’ € G = (B, 1 (2)).

As in the proof of Theorem 3.2, we then have

(BB @h c)=(BRB)(hh ®c)=hh'(B& f)(1®c)
forallh € H, h' € G and ¢ € H?M (B, x(2)).

Theorem 4.2. Suppose there are an epimorphism y : E, (X) — H and an action
of Bo.»(X) on H satisfying the two conditions above. Let Py be the representation
obtained from y and the action. Then

Vi = 17111 Qz1an ¥y
for a representation Y, obtained from an epimorphism y' : B, (X) - H' C H
and an action By ,(X) on H', where 171y is the identity map on Z[H].

Proof. Let H ={f-1€ H|f €Bo,(Z)}¢B, (X)) and ' :B,x(X) — H' be a
surjection defined by w/(f) = -1 for f € By ,(X) and ¥’ = ¢ on B, 4 (X). Then
since

y'(Brf2) = (Brf2) - 1=fo-(Br- D)= (- D(B2- 1) = y'(B1)w' (B2)

forall 81, B2 € By ,(X), the surjection y’ becomes a homomorphism that preserves
the semidirect product structure. Also we have

¢/ = ’///|B,1,k(2) = l/lan,k(Z) = ¢
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and so ¢ and ¢’ induce the same homology group H,?M(Bn,k(ﬁ)), and two Z-
module automorphisms obtained from S coincide.

Consider two representations W, and ¥, corresponding to y and y’, respec-
tively. Then ¥y (f) gives a Z[ H]-homomorphism on Z[H ] ®z[c) H,?M(En,k(Z))
and W, (p) gives a Z[H']-homomorphism on Z[H'] ®zc) H,?M(Bn,k(Z)). Since
Z[H] = Z[H] ®ziu Z[H'], the representation Wi (f) is a Z[ H]-homomorphism
on Z[H] ®zn ZIH'] ®2716) HPM (B, 1(2)) defined by

Ye(B)(hh' @ c)=hh' (B-1)® Pu(c) =h @K' (B-1) ® Bulc)

forallh e Z[H], h € Z[H'] and c € H,?M(Bn,k(il)). As claimed, this is equal to
Izt @z Y (B). O

This theorem implies that we may assume that B,,.x (X) C E, x(Z) without loss
of generality. Then by Lemma 4.1, E, x(X)=B,.x(Z) xB for some subgroup B of
Bo.¢(X’) and the theorem says that any family of representations obtained by using
E, «(X) is merely a trivial extension of the family of representations proposed in
Section 3.

Quotient of B,;;(X). According to the scheme described in Theorem 3.2, it is
important to find a good epimorphism y : B,.;(X) — H onto some group H.

Since X is not a sphere, the inclusion B, (D) <> B, (%) induces a monomor-
phism B, (D) < B, x(X); see [Birman 1974]. Similarly, B,.x (D) < B,.x(X)
induces a monomorphism B,,.x (D) <> B,,.x(Z) (to be regarded as an inclusion).

We first determine an epimorphism wp : B,.x (D) — Hp to extend the map ¢p :
B, «(D) — Gp for the classical braid groups. Since we want to obtain homology
linear representations for the classical braid groups, we should use that Hp = Gp,
and all of the extra generators 61, . . ., 6,1 of B,.x (D) should be sent to the identity
by wp, as we have seen earlier in Section 3A. Then yplp, . (p) = ¢p. For some
extension H of Gp, let y : B,.x(X) — H be an epimorphism. To obtain an
extension of homology linear representations of the classical braid groups via y,
we require the condition

(1) W|Bn;k(D) =V¥bD

This condition is nothing but a reinterpretation of Definition 2.2 and is necessary
to make the diagram
B, k(D) ——— B,k (D) —— B,k (%)

|+ |vo v
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commutative, so that y|g D) = ¢p and we can then apply the construction of
Theorem 3.2. We first show that the condition (1) imposes restrictions on the choice
of H.

Theorem 4.3. Let y5 :B,,.1(X) — Hy be the epimorphism defined in Section 3A.

(1) Let h : Hy — H be an epimorphism such that h o y satisfies (1). Then h is
an isomorphism.

(2) Let w : B,.x(£) — H, an arbitrary epimorphism onto a group H, satisfy (}).
Then w5 factors through y, and H is isomorphic to Hy for k > 3.

Proof. (1) It suffices to show that h/(W) = 1 implies W = 1 for any word W in
generators of Hy. Assume k > 2. Using the relations of Hy, a given word W can
be put into the form

g _
W = q¢°t¢ H W;, where W; = m?’[ib’m?"{’f".
i=1

First consider [W, ¢,]. Note that W, commutes with the other W; as well as ¢
and ¢. Since £, commutes with all generators except m, and only W, contains m,,

we have
_ _ —1_
W, 2= (g TT W) & (a' TTwi) &
i i

- -1 _
=W, (q"t" I Wi)fr (q“t" I Wi) wole!
i#r i#r
=W, e, wle!
= (mtr (b E0) e i £07) '
= (el 80 (el )

o arp —arp—1 _ _a
=mylm, 0 =q".

—a, p—1
m_ L,

The last equality follows from the relation [m,, £,] = ¢. By applying 4 and using
h(W) =1, we have

h(g™) = h(W, £,1) = h(W)h(@)h(W) ' h(Z,) ™" = 1.

By (1), & is the identity on G p that is the subgroup generated by ¢ and ¢, and ¢
and ¢ are of infinite order. Thus (g% )=q¢% =1 implies a, =0. Similarly, b, =a, =
b, =0 by considering [W, m,], [W,¢,], and [W, m,]. Therefore W, = 1. Since r
is arbitrary other than 1 < r < g, we now have W = ¢t?. Then 1 = h(W) = ¢°t¢
implies ¢ = d = 0. Consequently, W = 1.

For the case k = 1, the proof is similar but simpler since t =1 in Hy.
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(2) Consider the commutative diagram

B,k (Z) Y HZ=B,.(X)/Kery

|- !

~ /
Hs =B, (X)/Ker yy —— B,.1(2)/(Ker y - Ker yry),

which consists of obvious quotient homomorphisms. Note that the condition (})
is equivalent to B,.x(D)/(Ker w N B,.x(D)) = Gp. Thus Kery N B,.x(D) =
Ker yy NB,.x (D) since yy also satisfies (7). Then

(Ker y - Ker y3) N By (D) = (Ker y N By (D)) - (Ker g N By (D))
= Ker Vs mBn;k(D)~

Thus ho yy satisfies (1) and A is an isomorphism by part (1). Therefore vy factors
through v via h=! o g for k > 1.

For k > 3, we will show y : B,,.x(X) — H factors through vy, that is, there is
an epimorphism 4 : Hy — H such that hys = y. Then Hy is isomorphic to H
since y also factors through .

Recall the presentation for B,.x(X) in Lemma 2.5. The condition (}) implies
w(oi)) =q, w() =t and y(o,) =1foralll <i <k-1, 1 <j<n,and
1 <m <n—1. Since k > 3, the relation (CR;) among generators in X, is not
vacuous and so the relations (CR;) through (CR3) for X, and the condition ()

imply
Ly (ur), ql =Ly (4r), ql =y (ur), t1 =y (4,), t]1 =g, t] =1

for all 1 <r < g. Also the relation Lemma 2.5(iii) implies

(i), ql =y (), ql =y (i), t1=[w(A), t]=1 foralll <r <g.

Thus g and ¢ lie in the center of H. Using this, all other relations in Hs can be
shown to hold in H. Therefore y induces an epimorphism % : Hy — H. U

Hence Hy is the unique quotient group of B,,.x (%) satisfying (f) for k > 3. For
k < 2, the condition () does not uniquely determine a quotient group of B,,.x(X).
To take advantage of representations in analyzing the surface braid group By ,(X),
one may prefer a simpler coefficient ring as long as the representation carries
enough information. For the classical case, there are also several groups satisfying
the condition (x) if we do not assume they are abelian. For the surface braid groups,
we cannot obtain any interesting representation if an abelian coefficient ring is used,
as discussed in Section 2. Theorem 4.3(1) says that Hy is the simplest quotient
group satisfying (1) in the sense that any further quotient of Hy violates (7).

We now discuss possible actions of By ,(X) on Hy induced from .
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Theorem 4.4. Let y5 : B,k (X) — Hy be the epimorphism defined in Section 3A.
Let B - h denote any action on h € Hy by p € By ,(X) that is induced from yy and
satisfies the two conditions given above Theorem 4.2. Then

B-h=hyx(B)ys(B)
for some function y : By ,(X) = Cuy, (Gx) with the property that

(x> ws) :Bou(X) > Cuy (Gx) X Hy
is a homomorphism, where Cy, (Gx) denotes the centralizer of Gs in Hy.

Proof. By the hypotheses of the action, we have

W(B-1)=p-(0")=B- D) and  B(h)=wy(B) W ys(B)

for all A’ € Gy. By combining these two equations, we have
ws(B) "y (B)=(B- DR (B ).

and so (B - Dy (B)~' € Cuy(Gx). Hence (B-1) = x(B)ws(B) for a function
X :Bon(X) = Cuy(Gx). Since y (BiB2)ys(Bi1f2) = (B1f2) - 1=B2-(B1- 1) =
B ys (B x (B2)ys (B2), we have

x(B1B2) = x (B ws (Bx (B ws (B
This implies that

(x (Brf2)s s (B182) = G (B ws (BX (B)ws (B) ™', ws (B152))
=B, ws (B))(x (B2), w5 (B2))-
Therefore (yx, ) :Boy(X) = Cu,(Gx) x Hx is a homomorphism. (]

The function y in this theorem behaves like a character of By ,(XZ). In fact,
if k > 2, it can be shown that Cy,(Gx) = Z(Hxz) = (q) @ (t). Hence y can be
any homomorphism from By ,(X) to Z(Hy). In this case, the representations ‘P
obtained from w are given by ¥y = y ® @ for some character y, where @y is the
proposed representation in Theorem 3.2.
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PARAMETRIZATION OF HOLOMORPHIC
SEGRE-PRESERVING MAPS

R. BLAIR ANGLE

We investigate holomorphic Segre-preserving maps sending the complexi-
fication Il of a generic real analytic submanifold M < CV of finite type at
some point p into the complexification .Il" of a generic real analytic sub-
manifold M’ € CV’ that is finitely nondegenerate at some point p’. We
prove that for a fixed M and M’, the germs at (p, p) of Segre submersive
holomorphic Segre-preserving maps sending (./it, (p, p)) into (M, (p’, p’))
rationally depend upon their K-jets at (p, p), for some fixed K depending
only on M and M’, and these maps are uniquely determined by their K-
jets. If, in addition, M and M’ are algebraic, we prove that any such map
must be algebraic. It follows that the set of germs at (p, p) of holomorphic
Segre-preserving automorphisms of the complexification .l of a generic real
analytic submanifold M that is finitely nondegenerate and of finite type at
p is an algebraic complex Lie group. We explore the relationship between
this automorphism group and the group of automorphisms of M at p.

1. Introduction

Let M C C" be a real analytic submanifold of codimension d, defined locally near
p € M by the real-valued real analytic function p(Z, Z). The complexification M
of M is a holomorphic submanifold of C*V given locally for (Z, ) € CV x CV near
(p, )by M ={(Z,0): p(Z,7) =0}. Assume M is generic (see Section 2), and
let M’ € C' be a generic real analytic submanifold of codimension d’, let p’ € M’,
and let .’ denote its complexification. Let U € C" be an open neighborhood of p,
and define *U :={Z : Z € U}. Consider a holomorphic map ¥: (U x*U, (p, p)) =
(CN', (p', p)) of the form

where H : U — CV and A : *U — CV'. Assume that % (MN (U x *U)) C A
These maps will be the chief object of study in this paper. We will call such a map

MSC2000: 32A10,32H02, 32H12, 32V35, 32V40.
Keywords: holomorphic Segre-preserving map, complexification, real analytic submanifold, finite
jet determination, algebraic submanifold, finitely nondegenerate, finite type.
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a holomorphic Segre-preserving map (HSPM) since it preserves Segre varieties in
a sense that will be made precise in Section 2. With the notation §(z) := ¢ (),
we observe that if H = H, then H is a holomorphic map defined on U sending
(M NU, p)into (M’, p’). Such maps have been extensively studied. However,
HSPMs are relatively new; see [Zhang 2007; Angle 2008a; 2008b] for related
recent work. Under certain restrictions, the collection of germs of HSPMs sending
(M, (p, p)) into (M, (p’, p’)) is, in a manner to be detailed in subsequent sections,
“bigger” than the collection of germs of holomorphic mappings sending (M, p)
into (M’, p’). We shall see several examples of this in Section 5.

For pg € C™, let 7 ,,,(C™) denote the holomorphic tangent space of C™ at p.
Let g?p, S T p) (C?M) denote the set of all vectors of the form

N N N
Zafaz +Zb~ such that Zaj% and ij%

j=1 j=1 J j=1 J

are tangent to M at p. A vector of the form Z 1a;(0/0Z;) tangent to M at p is
known as a holomorphic tangent vector, and a Vector of the form Z j=1bj (6/0Z ; i)
tangent to M at p is known as an antiholomorphic tangent vector. For any germ
at (p, p) of an HSPM % sending (AL, (p, p)) into (M, (p’, p’)), we have

0
gb(p p)%(J , p)‘/m) < g(p’,ﬁ/)‘/w’

where we define

DI : T o5 (CN) = Ty 5y ([CN) by (D, 5 H (D)) (9) = L(p 0 )

for any germ at (p/, p’) of a holomorphic function ¢ : C2N" — C. We say that %
is Segre submersive at (p, p) if

Dp, p>%(J ol = T (5 p/)M/
This definition is independent of choice of coordinates for M and M’.

Given M and M’ satisfying certain geometric conditions, our main result is
Theorem 1.1, which states that the germs at (p, p) of HSPMs that are Segre sub-
mersive at (p, p) and send (UM, (p, p)) into (M, (p’, p')) rationally depend upon
their K-jets, for some fixed K depending only on M and M’. This result was
motivated by, and is a generalization of, results due to Baouendi, Ebenfelt, and
Rothschild [1999a] and Baouendi, Rothschild, and Zaitsev [2001]. We also men-
tion a recent paper of Lamel and Mir [2007] for related results. Before stating
Theorem 1.1, we present some more notation. Let JX(CV,CN'), , denote the
set of K-jets at p of germs of holomorphic maps from (C", p) into (CV " p). (In
this paper, we assume that J X (CV, CV /)(p, ) includes only derivatives of positive
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order.) Let jlf represent the corresponding K -jet map defined on the set of germs
at p of holomorphic mappings given by

ko= (252 w)

1<la|<K

Theorem 1.1. Let M C CV be real analytic, generic, and of finite type at p. Let
M’ € CV' be real analytic, generic, and finitely nondegenerate at p'. Assume that
M is of codimension d, that M’ is of codimension d’, and that N —d > N' — d’.
Then there exist positive integers

N-d\
K>1 and 1<r< R
N —d’

depending only on M and M', and CN "valued holomorphic functions @1, ..., O,
defined on an open subset of CN x JK(CV, (I:N/)(p,p/) x JK(CN, CN/)(;,,[,/) of the
form

)
(1-2) @, (Z,A,T) = Z B4 D

/ o I / (Z_p)V
7 Q1 (A7 05N

2

where sf, and Lﬁ are nonnegative integers, P)f are CV'-valued polynomials, and Ql1
and le are C-valued polynomials with real coefficients, such that the following
holds. Let #(Z,) = (H(Z), H()) be a germ at (p, p) of an HSPM sending
M, (p, p)) into (M, (p’, p')) such that ¥ is Segre submersive at (p, p). Then
there exists [, with 1 <1 <r, such that

(1-3) H(Z)=®(Z, jy (H), j§ (H)),
(1-4) H() =B, jy (H), jy (H)),

for (Z, ¢) sufficiently close to (p, p). Furthermore, for any
(Ao, To) € TK(@CN, ) 0 x T5(CY, €V )

such that Ql1 (Ao) #0and le(Fo) # 0, the map @, is holomorphic in a neighbor-
hood of (p, Ao, I'o).

The appearance of ®; in (1-4) is interesting and will be instrumental in the
proof of Corollary 1.4. See Section 2 for precise definitions of finite type and finite
nondegeneracy.
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Define

Aut(M, p):= {H :(CN, p)— (CV, p) | H is a germ at p of a holomorphic map,
H is invertible at p, and H(M) C M},

Autc (ML, (p, p)) := {3 (C*N, (p, p)) > (C*N, (p, p)) | % is a germ at (p, p)
of an HSPM, ¥ is invertible at (p, p), and # (M) C Jl/t}.

We call Aut(M, p) the group of automorphisms of M at p, and Autc (M, (p, p))
the group of holomorphic Segre-preserving automorphisms of M at (p, p). Let
J 15( (CN) := JK(CV, CN)(p.p) be a simplification of notation, define GI’,( (CY) to
be the set of all elements of J If (CV) that correspond to invertible mappings at p,
and define a jet map 775,, 5 on the set of germs at (p, p) of HSPMs such that for
%= (H, H), n ;%) :=(jXH, jX H). Noting that M = M" implies that r = 1
in Theorem 1.1, we have the following corollary.

Corollary 1.2. Let M € CV be a generic real analytic submanifold of finite type
at p and finitely nondegenerate at p. Then there exists an integer K depending
only on M such that 17([[(,’ 5 restricted to Aute (M, (p, p)) is a homeomorphism onto
a closed, holomorphic algebraic submanifold (Lie group) of GII,((CN) X G[—If (CM).

Remark 1.3. One consequence of Corollary 1.2 is that j f restricted to Aut(M, p)
is a homeomorphism onto a closed, real algebraic submanifold (Lie group) of
Gg (CM). This fact has already been proven in previous work. For M a hyper-
surface, Baouendi, Ebenfelt, and Rothschild [1997] showed that jf (Aut(M, p))
is a closed, real analytic submanifold (Lie group) of Gf (CM). However, they did
not show that it is also real algebraic. In [1999a], they proved this fact for M a
submanifold of any codimension.

Since jf (Aut(M, p)) is a real algebraic submanifold, it is natural to consider
its complexification as a holomorphic submanifold of Gg (CV) x Gg (CN). We
will denote this complexification C{ jlf (Aut(M, p))}. What is the relationship
between C{ jlf (Aut(M, p))} and ;7(’;’ »(Autc (UL, (p, p)))? The following corol-
lary of Theorem 1.1 says that the former is always contained in the latter, and
they are necessarily of the same dimension. In Section 5 we will give examples
demonstrating both equality and strict containment.

Corollary 1.4. Let M and K be as in Corollary 1.2. Let B € GX (CV) x G&(CV)
denote the connected component of C{j ,{( (Aut(M, p))} containing (1d, 1d"), where
Id (respectively, 1d') is the point in Gf (CN) (respectively, Gllf (CY)) correspond-
ing to the identity map on CV. Let € C Gllf (CM) ng (CN) denote the connected
component of r/{;, »(Autc (UL, (p, p))) that contains (1d, Id"). Then

(i) Cljy (Aut(M, p))} S 1§ 5 (Autc (L, (p, p))),
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(i) B =€, and

(iii) ;75)’1;) (Autc (M, (p, p))) and (D{jf (Aut(M, p))} are made up of finitely many
disjoint cosets of R.

The following application of Theorem 1.1 states that Segre submersive HSPMs
sending (M, (p, p)) into (M, (p’, p’)) are uniquely determined by a finite number
of derivatives.

Theorem 1.5. Let M and M’ be as defined in Theorem 1.1. Then there exists
an integer K, depending only on M and M’, such that the following holds. Let
¥1(Z, ) = (HI(2), Hi(0) and H2(Z, ¢) = (Ha(Z), H2(0) be germs at (p, p)
of HSPMs sending (M, (p, p)) into (M, (p’, p")) such that ¥, and ¥, are Segre
submersive at (p, p). If

Jy () =jF(Hy) and jX(H) = j5(Hy),
then %1(2,[)5%2(2,4’)

One of the strengths of Theorem 1.1 lies in the fact that the form of ®; leads
to Corollaries 1.2 and 1.4. These maps, however, depend upon the jets of both H
and A. In Theorem 1.6, we see that it is in fact possible to find functions that
express ¥ entirely in terms of the L-jets of H (or of H) for some L.

Theorem 1.6. Let M and M’ be as in Theorem 1.1. Then there exist positive
integers r and L, depending only on M and M’, and C*N "valued holomorphic
functions ®!, ..., ®! defined on an open subset of C*N x J*(CV, CN/)(p’p/) and
(D%, e <I>3 defined on an open subset of C*N x JL(CV, CN,)([,,;,/) such that the
following holds. Let #(Z, () = (H(Z), H()) be a germ at (p, p) of an HSPM
sending (M, (p, p)) into (M, (p’, p")) such that ¥ is Segre submersive at (p, p).
Then there exist 1 <1y, 1, <r such that

H(Z,0)=D)(Z.¢, ) (H)),
WH(Z,0) =D} (Z, ¢, j5(H))

for (Z, ©) sufficiently close to (p, p).

The following example shows that Theorem 1.6 does not necessarily hold if M’
is finitely degenerate at p’.

Example 1.7. Let M = M’ C C? be given by M = {Im w = |z|*} and its complexi-
fication by M = {w — 7 = 2iz%y?}, where (z, w) and (x, 7) are coordinates on C2.
We note that M is of finite type but finitely degenerate at 0. Let H(z, w) = (z, w).
We can find two distinct maps H(y, 7) and H,(x, t) such that ¥, = (H, H,)
and ¥, = (H, H;) both send (M, 0) into (M’, 0) and are Segre submersive at 0.
Indeed, let H(y,7) = (x, ) and let H2(x, 1) = (—y, 7).
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Finally, we present a result on algebraicity. Recall that a real analytic mapping is
said to be real analytic algebraic if all of its components are real analytic algebraic,
and a real analytic submanifold is said to be real algebraic if it can be given by
real analytic algebraic defining functions; similarly a holomorphic map is said to
be holomorphic algebraic if all of its components are holomorphic algebraic, and
a holomorphic submanifold is said to be holomorphic algebraic if it can be given
by holomorphic algebraic defining functions.

Theorem 1.8. Let M and M’ be as in Theorem 1.1, and assume that M and M’
are real algebraic. Then any germ at (p’, p') of an HSPM sending (M, (p, p)) into
', (p’, p") that is Segre submersive at (p, p) is holomorphic algebraic.

The layout of this paper is as follows. In Section 2, we present some additional
background material. Section 3 contains the reformulations and proofs of three of
the main results as given in Section 1, while Section 4 is dedicated to proving the
main results of Section 1. Section 5 consists of several examples of HSPMs and
automorphism groups. In particular, examples demonstrating both equality and
nonequality of C{;jX (Aut(M, p))} and 7,  (Autc(ML, (p, p))) are provided. See
[Angle 2008b] for additional examples.

2. Additional background

Let M € CV be a real analytic submanifold of codimension d. Recall that this
means that given any p € M, there exists a real vector-valued real analytic function
p=(p1, ..., pqg) defined in a neighborhood of p, satisfying dp; A- - -Adpg 0 at p,
such that M is given locally near p by the vanishing of p. We refer to p as the local
defining function for M near p. If, in addition, near any p € M, there exists a local
defining function p satisfying the stronger condition dzp; A --- A dzpg # 0 at p,
then we say that M is generic. If M is generic, it can be shown (see for example
[Baouendi et al. 1999b]) that there exists a holomorphic change of coordinates
Z = (z, w) € CN~¢ x C¢ vanishing at p and an open neighborhood Q of 0 such
that in these coordinates M is locally given by {(z, w) € Q:w = Q(z, z, w)}, where
0@z, x,1)=(0Q(z, x, 1), ..., 0%z, x, 7)) is a C?-valued holomorphic function
defined near 0 in CV=7 x CN=? x C¢ and satistying Q(0, y,7) = 0(z,0,7) = 1.
Such coordinates are called normal coordinates.

A vector field of the form Z?’Zl a;(Z, Z) (a/aZj) tangent to M near p, where
the a; are smooth functions on M, is called a CR vector field. We say that M is
of finite type at p (in the sense of [Kohn 1972] and [Bloom and Graham 1977])
if the CR vector fields, their complex conjugates, and all repeated commutators
of these vector fields span the complexified tangent space of M at p. Letting
(pj)z:=(p;/0Zi,...,0pj/0Zy)and L* :=LT" --- Ly, wherea = (ai, ..., 0p)
and Ly, ..., L, is a basis for the CR vector fields of M near p, we say that M is
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finitely nondegenerate at p if there exists a nonnegative integer K such that
2-1) span{L%(p;)z(p) : la| < K, 1 < j <d} =C".

We say that M is k-nondegenerate at p if k is the smallest K for which (2-1)
holds. It is not difficult to show that if M is given in normal coordinates by w =
Q(z,z, w), then M is k-nondegenerate at 0 if and only if the matrix whose rows
are (Q;IX“ (0,0,0))1<t<n—q for |a| < K and 1 < j <d hasrank N —d for K >k
and rank less than N —d for K < k.

Let M € CV be the generic real analytic submanifold {Z € Q: p(Z, Z) = 0},
where Q is a nonempty open subset of CV, p(Z, ¢) is holomorphic on Q x *Q,
and ozp(Z, ) # 0 for all (Z, ) € Q x *Q. The complexification of M is then
given by M ={(Z,0) e Qx*Q: p(Z,) =0}. Given any (Z, ) € Q x *Q, we
define the Segre varieties of M by

Y7:={Ce*Q:p(Z,0)=0) and T:={ZeQ:p(Z,¢)=0}.

Segre varieties are named for the Italian geometer Beniamino Segre who introduced
them [1931]. We note here that Jl is sometimes referred to as the Segre family
associated with M; see [Chern 1975; Faran 1980], for example.

Now let M’ € C"*! be the generic real analytic submanifold given by M’ =
((Z' eQ':p'(Z', Z') =0}, where Q' is a nonempty open subset of C"*!, p/(Z’, ")
is holomorphic on Q' x *Q/, and 67 p'(Z', ") # 0 for all (Z',¢') € Q' x *Q.
Denote the complexification of M’ by .l" and its Segre varieties by X/, and ’2\2/.
Let p e M and p’ € M’, and let y : Q x *Q — C>**2 be a holomorphic map
sending (L, (p, p)) into (M, (p’, p)). Furthermore, we will assume that for any
(Z, ) € M, there exists (Z', ') € M’ such that

(2-2) y({Z) x Zz) S{Z'}y x 7,
(2-3) w(Ze x () € Thx ().
Proposition 2.1. The map v, when restricted to M, is an HSPM of the form (1-1).
Faran [1980] proved this for hypersurfaces, but it also holds in higher codimension.

Proof. We show it is true in a neighborhood of (Z, () = (Zy, (o) € M. Write
w(Z,0) = (d1(Z,0), p2(Z, 7)), where ¢ and ¢, are CV'-valued holomorphic
functions, and write (o = (¢}, () € CV7 x C?. As M is generic, the implicit
function theorem implies that (after a possible rearrangement of coordinates) there
exists a C?-valued holomorphic function 6, satisfying 6(Zo, ¢;) = ¢/, such that
(Z, 5, 0(Z, &) € M for any Z sufficiently close to Zo. For any Z near Z, define
H(Z) := ¢1(Z,¢),0(Z,¢y)). We claim that H(Z) = ¢1(Z,¢) on . This is
because (2-2) implies that ¢;(po, ¢) is constant for all { € X, for any py. A
similar argument applies to ¢,. U
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3. Reformulations

In this section, we will assume unless said otherwise that M € C"*+¢ and M’ C C"*¢
are real analytic generic submanifolds of codimensions d and e, respectively. We
will additionally assume that there are open neighborhoods 0 € U € C”*¢ and
0 € U’ € C"*¢ such that M is given by

M={z,w)elU:w=_0(@7z )},
where Z = (z, w) are normal coordinates, and M’ is given by
M ={,w)eU" w'=0'(,7 w),

where Z' = (7/, w’) are normal coordinates. We also assume that p(z, w, y, 1) :=
w — Q(z, x, t) is holomorphic on U x *U and dzp(z, w, y, t) is nonvanishing
on U x *U. Similarly, we assume that p'(z, w’, y',t") == w' — Q'(Z, /', ') is
holomorphic on U’ x *U’ and 0z p’(z', w’, x’, t') is nonvanishing on U’ x *U’. So
the complexifications . and M’ of M and M’ are respectively given by

M={(z,w, y,7) e U x*U:w=0(z,x,1)}
and
./‘/1,/ — {(Z/, U)/, X/’ T/) e U/ X *U/ : w/ — Q/(Z/, X/, T/)}’
where ¢ = (y, 1) € C" xC? and ¢’ = (', 7') € C"* x C¢. Unless otherwise specified,

we will assume any (germ of an) HSPM ¥ sends (A, 0) into (', 0) and is given
in the form

(3-1) H(Z,0)=(H(Z), HO) = (f(2),8(2), [(©), 50,

where f = (f',..., fM and f = (f',..., f") are C"-valued holomorphic func-
tions, g = (g',...,¢°) and g = (8!, ..., g°) are C®-valued holomorphic func-
tions, and we write z = (21,...,2Zm), W = (w1, ..., wg), 2 = (2}, ..., z,), and
w' = (w}, ..., w,), and similarly for y, 7, ', and 7’.

Reformulation of Theorem 1.1. We begin with a technical definition.

Definition 3.1. Let M C C"*“ be of codimension d and M’ € C"*¢ be of codi-
mension e, and assume m > n. Let # be an HSPM. Let u = (u1, ..., u,) for some
I<pu;<---<pup,<mandv=_y,...,v,) forsome 1 <v; <--- <v, <m,and
assume that

ofk o fk
det(L(O)) £0 and det( ! (0)) £0.
0z, I<k,i<n O Xy, I <k,l<n

Then we say that the map ¥ satisfies condition D,,,.
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Any given ¥ may satisfy condition D, for several different x4 and v, as the
following example illustrates.

Example 3.2. Let M C C* and M’ C C3 be given by

M = {Imw = |21 * +2Re(z3Z1 — 2322) — |22},

M’ ={Imw' =2} * +|z5]%).
Note that M is of finite type at 0, and M’ is finitely nondegenerate at 0. Let # be
given by #(z, w, x, 1) = (21423, 21 —22, W, X1 — )2, X2+ X3, 7). Then ¥ satisfies

condition D,,, for any permissible x and v. That is, u can be any one of (1,2),
(1, 3), or (2,3), as can v.

Our main theorem, from which Theorem 1.1 follows, is Theorem 3.3. Before
we present it, we introduce some notation. Given an HSPM %, we can write

JEH = (F20)1<12m,1=j<n> (&) H),

where ( jOK )'H represents the remaining derivatives of H at 0. Given any A in
JE @4, C"¢)(0,0), we will then write

(3-2) A= (A" 1<r<mi<j<n, A),

where ( j({( H)/! is exactly fZ{ (0). We define a similar decomposition for jOK H.

Theorem 3.3. Let M C C"*¢ be of codimension d and of finite type at 0. Let
M’ C C"*¢ be of codimension e and k-nondegenerate at 0. Then there exists a pos-
itive integer K depending only on M and M’ such that for each o = (a1, . .., ay)
withl<a;<---<a,<mandeach f=(f1,...,B)withl < <--- < f, <m,
there exists a C""¢-valued holomorphic function defined on an open subset of
Cm-i—d % JK(([:m—b—d’ Cn+€)(0,0) % JK(Cm—t-d, Cn+e)(0,0) oftheform

RYP(A,T)
(det(A"%) 1 <y, j<n) 7 (det(T"Pi) <, j<n) o

Y

b

33) oMz, A T)=>
Y

where R(yx’ﬁ are C"*-valued polynomials and s.g, and tp, are nonnegative inte-
gers, such that if ¥(Z, ) = (H(Z), H(()) is a germ at O of an HSPM satisfying
condition D,,,, then

(3-4) H(Z)=""(Z, jg (H), jo (H)),

(3-5) H() =" (. jo (H). jo (H)),

for (Z, ¢) sufficiently close to 0. Furthermore, for any (Ao, o) such that
det(AG)i<pjen 0 and  det(Ty") 1<y jon #0,

the function ®*F is holomorphic in a neighborhood of (0, Ag, T'¢).
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Remark 3.4. It is implicit in the hypotheses of Theorem 3.3 that m > n. However,
if we assume that m < n, even if the matrices (f;(0)) := ( fZ{ (0))1<i<m,1<j<n and
( fx 0)) :=( fxz (0))1<i<m,1<j<n have maximal rank, the theorem will not hold. Let
M C C* be defined by M = {Im w; = |21| Im ws = |z2|%}. Let M’ € C* be defined
by M' = {Imw' = |z} 1>+ |z2|2 + |z3| }. Then M is of finite type at 0, and M’ is
1-nondegenerate at 0. For any positive integer r, define

¥ (z, w0, x,7)

= (21, 22, w1, wiHwa, 1 =2 T =2 7], x2, T + 11, AT =20t =2 ).
Observe that 3¢, is an HSPM sending (i, 0) into (', 0) and is a biholomorphism
near 0.

The proof of Theorem 3.3 will be based on arguments from [Baouendi et al.
1999a; 2001]. Before proving the theorem, we first introduce a few lemmas.

Lemma 3.5. Let #(Z,¢) = (H(Z), H()) be an HSPM that sends (M, 0) into
(M, 0). Then % (Z, ) = (H(Z), H(0)) is an HSPM sending (M, 0) into (M, 0).

Proof. Let p = (p1, . .., pa) be a defining function for M, and let p" = (p}, ..., p,)
be a defining function fqr M'. For j =1,...,eand k = 1,...,d, there exist
holomorphic functions a; such that

d
3-6)  pi(H(2), HQ)) =D al(Z,)p(Z,¢)  implies

k=1

d
G PHQ.H@Z) =D al(Z,O)p(Z.¢)  implies

k=1
3-8)  p(HZ), HQ) =D @ Dpu(¢. 2) = D @i, Z)pilZ, ).
k=1 k=1
Equations (3-7) and (3-8) follow from the reality of the p;. [l

The following notation will be used in Lemmas 3.6, 3.7, and 3.10. Let M, M’,
and 9 be as in Theorem 3.3. We will write j5¥ H = ((jé()”H (8:¢(Z))|a1<k);
where the remaining derivatives of H at Z are represented by (jX)”H. Given any
A € JX (@ C') (2.1 (z)), we will also write

(3-9) A= (A1, Ay),

where (j; K H), is exactly (g;4(Z))jaj<x- We do a similar decomposition for J; KA.

Lemma 3.6. Let M and M’ be as in Theorem 3.3. Then for any f = (B1, ..., Bn)
and oo = (ay,...,a,), with 1 <oy < --- < a, < m, there exists a C°-valued
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holomorphic function ¢g defined on an open subset of CK# x C"+4 x C"*4, for
some integer Kg, of the form

PYF (A1) ;
3-10 (A, Z,0)= e 21N,
10 a ! y%;c (det(AJ- @) < j 1<p)abrox g

where 1,5, 5. are nonnegative integers, Pya f . are C®-valued polynomials, and ¢§

identically vanishes whenever = 0 and Ay = 0, such that if ¥ is a germ at 0 of
an HSPM satisfying condition D, then for (Z, () € M sufficiently close to 0,

(3-11) 0.5 (f(2). F(©). 80 =85 G (). 2,0
(3-12) 0, (f(©). £(2),82) = ;i\ (H). . 2).

Also ¢§ is holomorphic near (M\g, 0, 0) for any Ag such that det(Aé’a’)lngS,, #0.

Proof. For j =1,...,m,

d
0 0
-1 L= r 9
(3-13) =a +Z1 0%, 1 D)5,
r=
are vector fields tangent to Jl. Let Z := (2, ..., 2y,). Applying L,,,..., L, to
(3_14) g(Za w) = Q/(f(za w)a ﬁ(%a T))

we get (in matrix notation)

(3_15) gﬁ(Z7w)+Q2(Z> X,T)gw(z, U))
= (ff(za w) + QE(Z, X T)fw(Z, U))) Q;’(f(zs U)), H(X, T))

for all (z, w, y,7) € M. By assumption, (f;(0)) is invertible, so we have near
(Z, w’ X’ T) = (O’ 03 0, 0)’
(3_16) Qé’(f(zﬂ w)a H(X, T))

= (f2(z, w)+ Q:(z, X, T) fu(z, ) "' (g2(2, W) + Q:(2, 1, )& (2, W)).
We claim that the right hand side of (3-16) can be written in the form

P# 5(]%(1'1))

3-17 _TVoMLEN T gy 5’
G- 2 Gatrzyyt ¢

7,0

where each pf s 1s an n x e polynomial matrix and each s,,¢ is a nonnegative
integer. This comes from writing the right hand side as

(B-18)  (f+ Q:f0) (g2 4 Qs80) = U+ £ £ Q) (£ )(g: + Q:80)
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The last factor on the right of (3-18) can clearly be written in the form (3-17),
as it is independent of det(f;(Z)). The second can be written in the form (3-17)
since for any invertible matrix A, we can write A~' as (1/det A)(adj A). The
first can also be written in the form (3-17). Indeed, since f;l 0) f,(0)Q:(0) =0,
then for (z, x, 7) sufficiently close to 0, we have (I + B)™' = >°%2(—1)/ B/,
where we define B := f{l fw Q3. We then use the aforementioned formula for the
inverse of a matrix, and the claim is proved. Defining j,H = ((j})'H, (j})'H).
where (j})'H = (g:,(Z)) and ( j2)'H represents the remaining derivatives at Z, it
immediately follows that (3-17) can be written in the form

H <1y/
Pyon GV H) 1,
(3-19) = —Z7(() B
y,za;f (det(f:(2))nr ’

We get (3-11) from (3-16) and (3-19) by inductively applying the L; and using
the chain rule. To complete the proof of the lemma, we use Lemma 3.5 to see that
(H, H ) sends .l into " and satisfies condition D, ,. So as we have seen in this
proof,

(3-20) 0.,(F(2), F(©).80) = (iYL (H). Z.,0).

Taking the complex conjugate of this entire equation gives (3-12).
The fact that gbg = 0 whenever ¢ = 0 and A, = 0 follows from (3-16), the
definition of the L ; given in (3-13), and the fact that Q_4(z, 0, 0) =0 for any f. [J

Lemma 3.7. Let M and M’ be as in Theorem 3.3. For each f = (B1, ..., Buie)
and o = (ay,...,0,) with1 < a; < --- < a, < m, there exists a C""*-valued
Jfunction ‘I’g, holomorphic on an open subset of C"+ x C"+4 x CK# for some
integer Kg, of the form

(A1) .
321 YZ, ) A Pyl 77 FONE,
( ) ﬁ( C ) Z (det(Ar a[)lsl’rin)taﬁyﬁk C 2

where P;‘ f (A1) are C""-valued polynomials and t,p, 5 are nonnegative inte-
gers, such that if % is a germ at 0 of an HSPM satisfying condition D, then for
(Z, ¢) € M sufficiently close to 0,

(3-22) P H(z)=wy(z.¢, jEV(@)),
(3-23) PHCQ) =Y} Z. j; (H)).
Also, ‘Pg is holomorphic near (0, 0, Ag) for any Ao such that det(Ag’a’)1<l r<n 70.

Proof. As M' is k-nondegenerate at 0, assume the vectors @géal 0, .. /jnlln 0)
span C", where each ji € {1, ..., e}, each |a | <k, and o'=(",..., ’e). From
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Lemma 3.6, we have for each (Z, ¢) € J

07, (F(), £(2),8(2)) = <¢ DG, ¢, 2)
(3-24)

0 (F(©). £(2).8(2) = (b)), ¢, 2),

where ¢5 = ((¢5 ) L (¢§ )¢). Using this system of equations, coupled with the
fact that normal coordinates for M’ imply that Q' (', 0, w') = Q'(0, 7/, w') = w’,
we can apply the implicit function theorem to find a map B” : C" x C" — C"*¢,
holomorphic near 0, such that

(3-25) H(Z)=B"(f(©). (¢ G A, ¢, Z))1<12n).-

If we Taylor expand, we can write the right hand side of (3-25) as

(3-26) D Ay (RDZCPRS,
op.y

where we remind the reader that A, corresponds to (g 42()), and A corresponds
to the remaining derivative§ of A at ¢. We claim that each A £ is rational. This
follows from the fact that f(0) = 0, the form of ¢g as given in (3-10), and the fact
that qﬁ/’f, = 0 whenever 7 = 0~and Ay = 0 (refer to the statement of Lemma 3.6).

Furthermore, each A}, By (Ay) is of the form given in the right hand side of (3-21).
This can be seen by Taylor expanding B" as given in (3-25) and plugging in (3-10).
Define

(3-27) V(2.0 Ry i= D Ang (R)Z°¢P K.
a,B,y

This proves (3-22) for |f| = 0. For |f| > 0, as every point in J is of the form
(z, w, x, O(x, z, w)), we have

— gV N -k 7
(3'28) H(Z, U)) = ‘PO (Za w, x, Q(Xa < U)), ](){,Q()(,Z,w))(H)).

We inductively differentiate (3-28), applying the chain rule, and (3-22) follows.
To get (3-23), we know from Lemma 3.5 that (A, H) sends .l into (' and
satisfies condition D, ,. So

(3-29) FHZ) = (z. ¢, jFV(H)).
Taking the complex conjugate of both sides of this equation, the lemma follows. [J

Now we define the r-th Segre mappings of M at 0. These mappings were first
introduced by Baouendi, Ebenfelt, and Rothschild [1996] and will prove extremely
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useful in completing the proof of Theorem 3.3. Given a positive integer r, let
tO, R "1 € €™ and define v” : C'" — C"1d by

(3-30) " (Y, Y =W (L YY),
where u” : C'" — C? is given inductively by
33D u'(@®) =0, W@, ..., Y=0¢" ", w1, ..., ") forr > 2.

Definition 3.8. Let V and W be finite-dimensional complex vector spaces. Let
Ro(V x W, V) denote the ring of germs of holomorphic functions f at V x {0}
in V x W which can be written in the form f(A, ') = > p,(A)T'*, where each
Po(A) is a polynomial function on V.

The following lemma is proved in [Baouendi et al. 2001]:

Lemma 3.9. Let Vy, Vi, Vo, Vl be finite-dimensional complex vector spaces with
fixed bases and x¢, x1, Xo, X1 be the linear coordinates with respect to these bases.
Let p € Clxg] and p € C[xg] be nontrivial polynomial functions on Vy and 170
respectively, and let

¢ = (o, 1) :Cx Vox Vi = Vo x V

be a germ of a holomorphic map with components in Ry(C x Vo x Vi, Cx Vy), such
that ¢(C x Vp x {0}) C Vo x {0}, and satisfying p(¢o(1/p(x0), x0,0)) £ 0. Then
given any h € Ro(C x Vo x Vi, C x Vo) there exists h € Ro(C x Vy x Vi, C x Vy)
such that

3 sy e ) = (e on)

with q(x) := p(x0)' p(¢o(1/p(x0), X0, 0)) for some positive integer t. Also, h
vanishes on C x Vy x {0} if h vanishes on C x V x {0}.

Lemma 3.9 will be key in establishing the following lemma.

Lemma 3.10. Let M and M’ be as in Theorem 3.3. Given any 8 = (B1, ..., Bn)
ando = (ay,...,o0n),withl <py <---<fB,<mandl <oy <---<a, <m,
and any positive integer s, there exists a C"¢-valued function E?’ﬁ (x, A, T) holo-
morphic on an open subset of C™ x J*K(C"+4, C"¢) g ) x J*K(C™ 4, C"F¢) 0.0
of the form

aﬂs(A F)

(3-33) %P (x, A, r)_z T r)

where each Pya P is a e valued polynomial, and

QIS (A,T) := (det(A"™) )“rrs (det(T"1) 1 <y <n) 7

1<ril<n
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for some nonnegative integers uqp, 5 and vqp, s, such that if ¥ is a germ at 0 of an
HSPM satisfying condition D, , then

(3-34) H@' (@, ..., 7)) =200, ..., 07, sk H, jSF A,

(3-35) A, ..., 07 =20 (..., 7Y sk E, j§FH),

for t°, ..., t*7! sufficiently close to 0. Furthermore, for any (Ag, I'o) such that
det(Ag’a’)lfr,lfn # 0 and det(l“(r)’ﬂ’)lfr,lin # 0, the function E?’ﬁ is holomorphic
on a neighborhood of (0, Ag, I'y).

Proof. We inductively prove something stronger. First, we simplify notation
slightly. Define

p*(A1(2)) := det(A " (Z))1<ri<n;

B R1(©)) 1= det R (O)r<rizn,
where A is as defined in (3-9) (and A; is defined similarly). We will show that

for any y and s, there exist nonnegative integers a; 5 b}, Y and holomorphic maps

®?’ﬁ " with components in

97%0(@ % ka+|y\(Cm+d, Cn+e)(0’0) % Jks+|y|(([:m+d’ ([:n+e)(0’0) % €,

C x Jks-i-\yl(cm-i-d, Cn+e)(0’o) x Jks+ly '(Cm+d, Cn+e)(0’0))
such that
(3-36) " H@*(°,...,t*7 1)

=®é"”( N ,jé”V'H,j’“*'VH,ro,...,ts1)
p*(A1(0) % p¥ (A1(0))7w

and
(3-37) " H@*(,....r*7 1Y)

_ QUi 1 s+l gy ksHyl gy L0 s—1
= O (p”(Kl(O))“iﬂﬁﬂ(Al(0))1’5#’]0 H, jy H,t", ...t )
First, we reformulate Lemma 3.7 with new notation. Let leH =(( le)/ H,( le)’ 'H),
where (le)”H = (8:(Z))|aj=<i, and (j’Z)’H represents the remaining derivatives
at Z. (A similar decomposition applies to H). According to Lemma 3.7, there
exist maps 05 with components in %Ro(C x Ch x C2m+2d 5 ClY ,Cx ch ), for some
integers l; and I”, such that for (Z, ) € M,

1
AUy )

— ~ 1
(3-39) " H () =06" (—
"\ pr(GET Y Hy

63 o @ =0 GETY ALz GEY ),

.k .k
LGE Y H, ¢ Z, <JZ”'>”H).
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It is easy to show that (3-36) and (3-37) hold for s = 1 by letting (Z, ) = ((z, 0), 0)
in (3-38) and (Z, ¢) = (0, (x, 0)) in (3-39). So now assume (3-36) and (3-37) hold
for s replaced by s — 1, for some s > 1. We will show they hold for s.

For any s, it is clear from the definition of the Segre mappings that

(3-40) @, ... 7N, 01! L ) et
Using this fact in (3-38), we see that

o' H@ (Y, ...,*7 1)

1 ety | ! 75

=ev( T VA

T\ mypg kY] 757\ 51, ?
PG o) H)

o (%, .., 0! L e, (A ﬂl))”ﬁ).

o5l ..,

But by our induction hypothesis,

.k 7
j +lyl H
Rt (LI Sl S}

_ ®Uf’A _ 71 . .ks+|A|—kH,
s—1 ~ at 1 b 1 JO
P’ (A1(0))®« p#(A1(0))7x

jks—&—lA\—k[:*I tl ts_l))
0 ’ 9 vy .
[A|<k+|y|

For convenience, we write the tuple on the right hand side of the above as (A, B)
where B corresponds to (g« (s-1@!, ..., t“l)))|a|5k+|y |, and A corresponds to
the remainder. We plug the last equation into the previous to get

OTHW (..., ) =06y (ﬁ A0, Y ol L e, B).
Thus, (3-36) follows from Lemma 3.9.

To finish the proof, we need only show (3-37). Here we apply Lemma 3.5,
which tells us that (A, H) sends Jl into J' and satisfies condition D, u- S0 by

(3-36), we see that
" Hw (1, ...,

— VMUY
- ®s

( = aS 1., e bS 9j(])cs+‘y|ﬁ9 j(])cs—‘r‘ylH’ to”"ﬁts_l)'
pY(A1(0))% pi (A1 (0))7

As pY and p# are polynomials with real coefficients, we take the complex conjugate
of both sides of the above to see that (3-37) holds true. |

We are almost ready to complete the proof of Theorem 3.3. First, however, we
present three lemmas. Lemma 3.11 can be found (using slightly different language)
in [Baouendi et al. 1999a] and is thus presented here without proof. Lemma 3.12
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is a generalization of a lemma found in [Baouendi et al. 2001]. Lemma 3.13 can
be found in [Baouendi et al. 2001] and is presented here without proof.

Lemma 3.11. Let M be as in Theorem 3.3. Then there exists an integer r such that
the matrix

aUZr
a(to’ tr—H , tr+2, e, t2r—l)

(3-41) (

1 r—=1 _r r—1 1
O, x", ..., x" " x",x", . x ))

has rank m +d for all (x', ..., x") € U\ V, where U C C'™ is an open neighbor-
hood of the origin, and V is a proper holomorphic subvariety of U. In addition,

(3-42) 02, x', ... x" X, L xh =0,
(Here, 0¥ is as defined in (3-30).)

Lemma 3.12. Let V : (C" x C™2,0) — (CV,0), r, > N, be a holomorphic map
defined near 0 satisfying V (x, &)|z=0 = 0, with (x, ) € C" x C"?, and assume the
matrix ((0V/0&)(x, 0)) has an N x N minor that is not identically 0. Then there
exist holomorphic maps (defined near 0)

(3-43) 5:(C",00 > C and ¢:(C" xCN,0)— (C?,0)

with d(x) # 0, such that

(3-44) V(x,¢(x, %x))) —z

forall (x, Z) € C"" x CN such that 5(x) # 0 and both x and Z /(x) are sufficiently
small. Furthermore, if V is holomorphic algebraic, then given any sufficiently
small xo satisfying 6(xo) # 0, the map ¢.,(Z) := ¢(xo, Z/(x0)) is holomorphic
algebraic for all Z in a neighborhood of 0.

Proof. Write & = (&', £”), where

=, el and &= (Evyr,..., &) eCN,

Assume, without loss of generality, that det((6V/9¢')(x, 0)) £ 0. We wish to
solve the equation Z = V(x,¢’,0) for &’. Since V(x,0) = 0, we can write
Z=V(x,&,0)=a(x, )¢, where a(x, ') is an N x N matrix of holomorphic
functions defined near 0. By expanding a(x, £’), we can write

(3-45) Z=V(x,¢&,0) =alx,0& + (N R;(x, ENéi<j=n,

where each R (x, ¢’) is an N x N matrix of holomorphic functions defined near 0.
Define d(x) := det((6V/0&")(x, 0)). Using the fact that (adj(A))A = det(A)[
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for any square matrix A, we multiply the far left and far right sides of (3-45) by
b(x) := adj(a(x, 0)), noting that a(x, 0) = (6V /o) (x, 0), to get
(3-46) b()Z —d(@)E = b)) Rj(x, )N 1<jz=n = 0.

Divide both sides of (3-46) by d(x)? and substitute &’ =¢’/d(x) and Z = Z /d (x)?
to get

b()Z —& = b)) R;j(x,d(x)ENE ) 1<j<n = 0.
By the implicit function theorem, there is a unique holomorphic solution & =
0(x, Z) defined near 0O such that #(0) = 0. Thus, the first part of the theorem
follows by letting d(x) := d(x)* and

d(x,y) = (dx)0(x,y),0) for (x,y)eC" xCN.

If V is algebraic, the last part of the theorem follows from the algebraic implicit
function theorem; see [Baouendi et al. 1999b] for example. O

Lemma 3.13. Let Vy and V) be finite-dimensional vector spaces with fixed linear
coordinates xo and x, respectively. Let P(xo, x1, A1) € Ro(Vy x V| x C, Vp) with
P(x9,0,0) =0. For a given integer | > 0, consider the Laurent series expansion

(3-47) P(xo, = /1) = ey (o 22"

veZ
Then co(xg,0) =0, and ¢, € Ro(Vy x V1, Vo) for everyv € Z.

Proof of Theorem 3.3. Let r be as in Lemma 3.11. Take x = (x!, ..., x") e C" and
y=0" ...,y HeC™ LetL(x,y):=0"x', ..., x", x" "4y~ . xl4yh
and V(x, y) := 0> (L(x, y)). In Lemma 3.12, we take r| = r, = rm. From (3-42),
we see that V (x, 0) =0. Also, from Lemma 3.11, we see that the other hypothesis
of Lemma 3.12 holds. Thus we apply Lemma 3.12. Let J and ¢ be as given in the
lemma. We plug these into (3-34) to see that

_ Z . rk
(3-48) H(Z)=25" (L (x, ¢(x, Wc))) je*H, ji* H).
We rewrite the right hand side of (3-48) as
_=uvf ok 2kg 2
(3-49) H(Z) = aé‘r“(JO’ H, jo* A, m,x),
noting that the components of
’Eg;v . J2rk((]:m+d, Cn+e)(0,0) % J2rk(Cm+d’ Cn+e)(0,0) % q:m+d % q:rm — q:n+e

are holomorphic on an open neighborhood of

J2rk (Cm—i-d’ q:n—"_e)(0,0) % J2rk (Cm—i-d’ C’H—e)(O,O) % Cm—i—d x C'™ .
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Now choose xog € C'™ such that 4(¢) := d(txg) # 0, for t € C. Since H(Z) is
independent of x, we can replace x = txg in (3-49). There exists a smallest integer
I such that (d'/dt! )3(0) = (. To make our calculations easier, consider a holomor-
phic change of variable 4 = h(t) near the origin in C, where / is determined by
d(txo) = A'. So we now have

V4
ﬁa

1) =B (G H, AL £ xoh™ ()

Sy ok o
‘=‘2r (.]grkHa .](?rkH’ /119
=H(Z).

(3-50)

N .
Observe that the components of Z,, are in

%O(erk (Cm+d, @n+e)(0,0) % JZrk (Cm+d, Cn+€)(0,0) % (]:m-l—d % C,
JZrk (Cm—i-d’ C’H_e)(O,O) % J2rk (Cm—i-d’ CIH_@)(O,O))-

To conclude the proof, we expand the left hand side of (3-50) as a Laurent series
in A. Since H(Z) is independent of 1, we can let H (Z) be the constant term of the

Laurent series. By Lemma 3.13 and the form of E’z‘r’” given in (3-33), we see that

this is exactly of the form (3-3). B
Applying Lemma 3.5, we see that (A, H) sends .l into U’ and satisfies condi-
tion D, ,. From (3-4), we have

(3-51) H(Z)= """ (Z, Jo (H), jo’((ﬁ)) :
Take the complex conjugate of this entire equation, and (3-5) follows. ([
Reformulation of Theorem 1.6.

Theorem 3.14. Let M and M' be as in Theorem 3.3. Then there exists a positive

integer L, depending only on M and M’, such that for each o = (a1, . .., a,) with
<oy <---<o,<mandeach = (P1,...,Pn) withl < | <--- < f, <m,
there exist C*"*%¢-valued holomorphic functions (D{ll’ﬂ and (Dg’ﬂ defined on an open

subset of C"+4 x Cm+d x JL(Cmd, C'¢) .0y such that if ¥ is a germ at 0 of an
HSPM satisfying condition D, then

(3-52) W(Z,0)=(H(Z), H) =" (Z,¢, jiH),
(3-53) H(Z,0)=(H(Z), H)=D5"(Z,¢, jEH),

for (Z, 0) sufficiently close to 0.

Proof. We will prove (3-52); the proof of (3-53) follows similarly. We will show
inductively that there exist C"*¢-valued holomorphic functions B;Z’ﬂ " defined on
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an open subset of J&HI7I(CmFd € ey ) x C™S, such that
(3-54) OTHW (0, ..., 7y = BT (g 0T,
(3-55) AW, ..., 7)) = BT (g g 0, e,

where 9= H and ¥ = H if s iseven, and Y = H and ¥ = H if s is odd.

For s = 1, we see that (3-54) and (3-55) hold true by letting (Z, ¢) = ((z, 0), 0)
in (3-22) and (Z, ¢) = (0, (x,0)) in (3-23). For some s > 1, assume (3-54) and
(3-55) hold for s — 1. Assume, without loss of generality, that s is even (a similar
proof works for s odd). Since @@, .., 0, sl L ) e M, we see
from (3-22) that

(3-56) PHW'(°,...,r* ")

V(540 s=1\ S g—1(41 s—1y ck+IBI 77
_‘Pﬂ(v (T S W S} (I ),]UHOl ..... ,H)H)~

Using (3-55), we see then that
(3-57) PHW' @, ..., 1)
=W, ..., 01l e,

vy k(s—1)+ -
BT G HL ) <keim).

Now define BX"F(A,19,...,1*~1) to be the right hand side of (3-57), with the
jets of H replaced by the appropriate corresponding coordinates of A.

Using Lemma 3.5, we see that (A, H) satisfies condition D,, and sends .
into . So, we have from (3-54)

(3-58) FHWC, ...,y =B GO, O, e,

Taking the complex conjugate of both sides gives us (3-55).
Let r be as given in Lemma 3.11. We know from (3-54) and (3-55) that

(3-39) HY (@, ..., ) = B0 H, O, Y,
(3-60) H¥+1°, ..., 7)) = By Gt m, 0, . ).
Since o' 110, ..., 71, 0)=0! (¢, ..., t'~") for any positive integer [, we see from
Lemma 3.11 that the matrix
v+l 1 ~1 —1 1
(3-61) (a(to,t’+1,t’+2,...,t2’—1)(0’x X T XX, L x ,0))

has rank m +d for all (x1,...,x,) € U\ 'V, for U C C™ an open neighborhood
of the origin and V a proper holomorphic subvariety of U, and we also see that

(3-62) o, XY, XX L X 0)=0.
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We can now use (3-59) and (3-60) to obtain (3-52) and (3-53) by following exactly
the proof of Theorem 3.3. U

Reformulation of Theorem 1.8.

Theorem 3.15. Let M and M’ be as in Theorem 3.3, and assume that M and M’
are real algebraic. If ¥ is a germ at 0 of an HSPM satisfying condition D, for
some u and v, then ¥ is holomorphic algebraic.

Proof. An inspection of the proof of Lemma 3.6 shows that the ¢§ as given in (3-10)
are holomorphic algebraic (as M is real algebraic). When solving the system of
equations in (3-24), apply the algebraic implicit function theorem to see that BY
as given in (3-25) is holomorphic algebraic (as M’ is real algebraic). Thus, an
inspection of the proof of Lemma 3.7 shows that the ¥ as given in (3-21) are
holomorphic algebraic. An examination of the proof of Lemma 3.10 then reveals
that the E?’ﬁ as given in (3-33) are holomorphic algebraic. Finally, in the proof of
Theorem 3.3, choose x( sufficiently small and satisfying d(xp) # 0, and substitute
x =xgin (3-48). By Lemma 3.12, we see then that H (Z) is holomorphic algebraic.
Similarly, H (¢) is holomorphic algebraic. (]

4. Proofs of main results

In Section 1, we presented results 1.1, 1.2, 1.4, and 1.5, all of which follow natu-
rally from Theorem 3.3. We also presented Theorem 1.6, which is a direct result
of Theorem 3.14, and Theorem 1.8, which is a direct result of Theorem 3.15. In
this section, we provide their proofs. First we make the following observations.

Observation 4.1. If M € CY and M’ Cc CV " are generic submanifolds of codimen-
sions d and d’, respectively, given in normal coordinates by w = Q(z, x, ) and
w' = Q'(z, x, t'), respectively, then a germ at 0 of an HSPM % = (f, g, f, &)
sending (M, 0) into (', 0) is Segre submersive at 0 if and only if the matrices
(f2(0)) and ( fx (0)) have rank N’ — d’. This follows from the fact that a basis
for the antiholomorphic vectors tangent to M (respectively, M’) at 0 is given by
{0/0z; : 1 < j < N — d} (respectively, {9/0z; : 1 < j < N'—d'}), while a
basis for the holomorphic vectors tangent to M (respectively, M") at 0 is given by
{0/0zj : 1 < j < N —d} (respectively, {9/0z; : 1 < j < N"—d'}), coupled with
the fact that g;,(0) = g,,(0)=0for j=1,...,N —d.

Observation 4.2. For p € CV, let ¢ : (CV,0) — (C", p) be a biholomorphism
near 0, and for p’ € CV', let ¢’ : (CV', 0) — (CV', p’) be a biholomorphism near 0.
Then for any nonnegative /, there exist vector-valued polynomial functions F; and
G, such that if i : (CV, 0) — (C"', 0) is any holomorphic map, and / : (CV, p) —
(CN', p)is given by i :=¢/ o ho ¢!, then jLh = Fy(jih) and jih = G,(jLh).
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Proof of Theorem 1.1. This theorem follows from Theorem 3.3, Observation 4.1,
and Observation 4.2. The boundaries on r given in Theorem 1.1 follow from the
fact that there are (’:Z) possibilities for u and (";’ ) possibilities for v in Theorem 3.3.
Therefore, there are (') (") possible choices for ®*# in (3-3). O

Proof of Corollary 1.2. Without loss of generality, assume p = 0. Since M = M’,
we have r = 1 in Theorem 1.1. Define ® := ®; as given in (1-2). It then follows
from Theorem 1.1 that 116( is continuous and injective on Autc (M, 0). To show
that ;7{)( is a homeomorphism from Autc (U, 0) onto 176( (Autc (UM, 0)), we need
to show the continuity of (;7(’)( )y~ Let A i A j» Mo, Ao belong to G’(‘)(CN ) and
assume (A, Aj) € nf(Autc(M, 0)) converges to (Ao, Ag) € 5k (Autc (AL, 0)).
Then Theorem 1.1 tells us that

) NN, K) = (D(Z, Aj, K)), D, Aj, A))),
)N (Ao, Ro) = (@ (Z, Ao, Ao), D, Ao, Ao)).

It follows that (75) ™' (A}, A;) converges to (nX)~1(Ag, Ao).

We now show r/é{ (Autc (M, 0)) is a closed, holomorphic algebraic submanifold
of Gg (CY) x Gé( (CM). Let p(Z, Z) be a defining function for M near 0. Write
= (1, 0) € CV=4 x C4, where d is the codimension of M. After a possible
rearrangement of coordinates, since M is generic, there exists a holomorphic map
0 : CN x CN=? — ¢4 satisfying #(0) = 0 such that for all Z and ¢ sufficiently
close to 0, we have (Z, {1, 60(Z, (1)) € M. Given (Ao, Ag) € GK(CV) x GE(CM),
(Ao, Ao) € nf (Aute (ML, 0)) if and only if the following three conditions hold:

4-1) Ao = (Sy (Ao, No))jy <k
4-2) Ao = (Sy (Ko, Ao))jy <k »
(4-3) p(D(Z, Ao, Ro),D(1,0(Z, (1), Ko, Ap)) =0,

where Sy, are the rational coefficients in the Taylor expansion given in (1-2). Equa-
tions (4-1) and (4-2) can be expressed as a finite set of polynomial equations in
Ao and A as each S, is rational. We claim that (4-3) can be expressed as an
infinite set of polynomial equations in A and A¢. Indeed, we can write the Taylor
expansion as

p(®(Z, Ao, Ro), B(¢1,0(Z, (1), Ko, Ao)) = D Rap(o, A)Z%¢] .
a.p

Observe that each R,y is rational. This can be seen by noting that ® (0, I, A)=0
and #(0) =0, and by noting the form of @ given in Theorem 1.1. The claim follows
since the set of polynomial equations comes from setting the numerators of R,z
equal to O for all o and f.
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Thus, we see that ;7([)( (Autc (M, 0)) is a closed, holomorphic algebraic subvariety
of the space G{){ (CN) x G(’f (CN) since it is given by the vanishing of a set of
polynomial equations. To see it is actually a submanifold, note first that it is a
subgroup of GX(CV) x GX(C") since multiplication can be defined as follows.
Given any (A1, A1), (A2, Az) € 5 (Autc (UM, 0)), let ; and 9, respectively,
be the corresponding automorphisms in Autc (L, 0). Now compose #; and 5,
and apply 776( to this composition. Under this multiplication, 7](1)( (Autc (M, 0)) is a
closed subgroup of the Lie group G(I)( (CY) x G{f (CM), and is thus a Lie subgroup;
see [Varadarajan 1974], for example. ]

Proof of Corollary 1.4.

Lemma 4.3. Let A = (a;j) be a d x d invertible matrix, where each a;; € C.

Let by, ...,bg € C. Let By be the matrix obtained by replacing row m of A with
(am1 + b1, ..., ama + by) and By be the matrix obtained by replacing row m of A
with (a1 — b1, ..., amg — bg). Then at least one of By or B; is invertible.

Proof. Without loss of generality, assume m = 1. Let A, := (—1)"*! det M,,, where
M, is the (d —1) x (d — 1) matrix obtained by deleting the first row and n-th column
of A. Assume that det By = det B, = 0. Then expanding along the first row of B;
gives

(4-4) (a1 +b)A1+ -+ (a1g +ba)Aa =0,
and expanding along the first row of B, gives
(4-5) (a1 —b))AL+ -+ (a1g — bg)Ag = 0.

Adding (4-4) and (4-5) gives 2a;1A1 + ...+ 2a14As = 0. However, this implies
that det A = 0, a contradiction. O

We now prove Corollary 1.4. Without loss of generality, assume p = 0. Let
r(A, A) = (ri(A, A), ..., rs(A, A)) be a defining function for j (Aut(M, 0)) as
a real algebraic submanifold of GX (C"), where A € GX(C"); see Remark 1.3.
The complexification C{ jOK (Aut(M, 0))} of this submanifold is thus a complex
submanifold of G&(CV) x GX(CV) given by the vanishing of r(A, A), where
A € GE(CV). Let p(Z, Z) be a defining function for M near 0. Since M = M’, it
is clear from the statement of Theorem 3.3 that we can choose » =1 in Theorem 1.1.
Do so, and define ® := @, as given in (1-2). From Theorem 1.1, we see that for
any A € G(I)(((EN),

p(®(Z,A,N),D(Z, A, N)=A(Z, N, Z, N)r(A, A)+B(Z,\, Z, Np(Z, Z),
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where A is a real analytic d x s matrix, and B is a real analytic d x d matrix.
Complexify to get

p(O(Z, A, A), D, A, A))=AZ, A, &, A)r(A, AN+ B(Z, A, 7, N)p(Z, ().

Notice that this gives us exactly what we want. This equation says that if (A, A)
is in C{j& (Aut(M, 0))}, then (®(Z, A, A), (¢, A, A)) is in Aute (AL, 0). Now
we need only show that

(4-6) n (©(Z, A, R), B, K, A)) = (A, K).
We have the equations

(%D (0, A, A)) i<k = A+ C(A, Ar(A, A),
@200, A, A)juj<k = A+ C(A, A)r(A, A),

for C a real analytic matrix. Complexify these to get

(3@, A, A))jgj<k = A+ C(A, R)r(A, R),
@200, A, A<k = A+ C(A, M)r(A, K),

and the first part of Corollary 1.4 is proved.

Since we are assuming p = 0, we take Id = Id" in Corollary 1.4. To prove the
second part of Corollary 1.4, first we show that 775 (Autc (M, 0)) is a complexi-
fied submanifold near (Id, Id). In other words, 5 (Autc (M, 0)) = CR, where R
is a real submanifold of G(I)( (C") (here CR denotes the complexification of R).
We know from Corollary 1.2 that ;76( (Autc (M, 0)) is a complex submanifold of
Gé( (CN) x Gé( (CM). Near (Id, Id), let §;(A, A), ..., 5, (A, A) be defining func-
tions for 116( (Autc (L, 0)). We will assume without loss of generality that these
functions are defined on a ball B of sufficiently small radius centered at (Id, 1d);
this way if (I', A) is a point in B, then so is (A, T) and (A, ). Now we set
s;(A, A) to one of the following:

si(A, K) :==5;(A, K)+5,(K, A,
si(A, K) == i5;(A, K) —i5 (R, A),

We choose between these options as follows. Start with j = 1. From Lemma 4.3,
we can replace §; with one of the above s;, and in at least one case the differentials

of s1, 82, ..., 8 will be linearly independent near (Id, Id). Choose s; so that this
is the case. Now do the same thing for j = 2, then j = 3, and so forth. Let
% be the submanifold defined by s1(A, A) = --- = 5,(A, A) = 0. If (A, A) is

in 75 (Autc(M, 0)), then from Lemma 3.5, we have (A, A) € 75 (Autc (ML, 0)).
Thus, §.,-(1A_{, A) = 0, which implies § j (A, A) = 0. In other words, near (Id, Id),
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;7(1)( (Autc (M, 0)) € R. But these two submanifolds have equal dimensions. So we
see that, in fact, 17([)( (Autc (M, 0)) = R near (Id, Id).

Now we need only show that ® = CR for some real submanifold R C G(’f (CM),
and we will have proved our claim. Let

4-7) R:={A:s1(A,A)=---=s5,(A,A)=0}.

Clearly R is a nonempty set as it contains the point A = Id. Since each s; is a
real function and the differentials of sy, ..., s; are linearly independent, R is a real
submanifold.

From Theorem 1.1, we see that if (H, H) € Autc (A, 0) and j&(H) = jX (H),
we must have H = H. Thus, near (Id, Id),

CLjf (Aut(M, 0)} N {A = A} = 5§ (Autc (ML, 0)) N{A = A}

4-8
9 =CRN{A =A)},

implying that jOK (Aut(M, 0)) = R. Thus their complexifications must be equal
as well. That is, C{j (Aut(M, 0))} = X (Autc (M, 0)) near (Id, Id). But both of
these are algebraic holomorphic submanifolds. So if they are equal near (Id, Id),
then using the notation given in the statement of this corollary, we must have 8 =6.

The third part of the corollary comes from the fact that ;1(1)( (Autc(M, 0)) is a
Lie subgroup. Thus, each of its connected components is a coset of %B. Since
C{ jOK (Aut(M, 0))} C 77([)( (Autc (U, 0)) and they are both algebraic holomorphic
submanifolds, each component of C{ jOK (Aut(M, 0))} is exactly equal to one of the
components of 7 (Autc (A, 0)). Algebraicity implies that there are finitely many
such components. ([

Proof of Theorem 1.5. Assume first that M and M’ are given in normal coordinates
and that p =0 and p’ =0. The equalities of the K -jets imply, in particular, that ¥,
and ¢, both satisfy condition D, for some x4 and v. Theorem 1.5 now follows

from Theorem 3.3 and Observations 4.1 and 4.2. |
Proof of Theorem 1.6. This follows from Theorem 3.14 and Observations 4.1
and 4.2. We leave the details to the reader. O

Proof of Theorem 1.8. As M and M’ are real algebraic, they have real analytic
algebraic defining functions. When M and M’ are expressed in normal coordinates,
the new defining functions can also be chosen to be real analytic algebraic. This
follows by using the algebraic implicit function theorem in the derivation of the
new defining functions; see [Baouendi et al. 1999b] for precise details on deriving
normal coordinates and the algebraic implicit function theorem. Also, if Z= 0(Z)
is a holomorphic algebraic change of coordinates, then ¢ ~! is a holomorphic alge-
braic function; this is also a direct consequence of the algebraic implicit function
theorem. Theorem 1.8 now follows from Theorem 3.15 and Observation 4.1. [
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5. Examples: HSPMs and automorphism groups

For n > 1, there exist M, M’ C C"*! defined near O such that there exist no holo-
morphic maps H satisfying

(5-1) H is invertible near 0, H(M) < M', H(0)=0,

yet there exist HSPMs satisfying

(5-2) %€ is invertible near 0, (M) C M', F(0) =0.

Example 5.1. For n > 1, let (zy,..., 24, w) and (2], ..., z,,, w) be coordinates
on C"*! and define

n n
M=[Imw=Zej|zj|2] and M/={Imu)’=20jlzlj|2],
j=1 Jj=1

where €;,0; € {—1, 1}. Both M and M’ are of finite type and finitely nondegen-
erate at 0. If [3°; €;] # |>_; o], then there are no holomorphic maps satisfying
criteria (5-1). (Indeed, M and M’ have different Levi signatures at 0.) However,
for a, c; € C\ {0}, the family of maps given by

%(Z: w, x, T)

aoi o aoy,
= Elclzln cevy anlcnflznflv fncnzna awa _le LI} —anlv _th at
& Cn—1 Cn

satisfy criteria (5-2).
This can also occur in C? as the next example illustrates.

Example 5.2. Let M, M’ C C? be given by

M = {Imw = |z]* + 2Re(z*Z*(1 + iRe w))},

M ={Imw’ = 7> +2Re(z*7*(1 — iRe 0'))}.
Notice that M and M’ are of finite type and finitely nondegenerate at 0. It can be
shown [Chern and Moser 1974] that there are no maps H satisfying criteria (5-1).
(Indeed, as M and M’ are in Chern—-Moser normal form, the fact that the co-
efficients i and —i are unequal implies that there does not exist a holomorphic

map H satisfying criteria (5-1).) However, it is easy to check that the HSPM
#H(z, w, x,7)=(iz, —w, iy, —1) satisfies (5-2).

Now we will look at some examples of automorphism groups. In Example 5.3,
we find that C{ jOK (Aut(M, 0))} and 116( (Autc (M, 0)) are equal.

Example 5.3. Let M be the Lewy hypersurface of C2. It is given by

M= {Imw = |z*}.
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We note that M is finitely nondegenerate and of finite type at 0. It can be shown
(see [Angle 2008b] for the calculations) that every holomorphic Segre-preserving
automorphism of Jl at O is of the form

(5-3) %(z w, r):( a(z+ pw) adw
T 1—(y +iBPyw—2ifz 1—(y +ifPw—2ifz
aly +,5~T) oaT )
1—(y —iBB)e +2ify 1=(y —ipP)r+2iBy

where 7, 8, f € C and a, @ € C\ {0}. Also, every automorphism of M at 0 is of
the form

a(z+ pw) o w )
1—(y +ilfPDw —2ipz 1 —(y +ilp1>)w —2ifz

where o € C\ {0}, p € C, and y € R. The automorphisms in (5-4) follow directly
from the automorphisms in (5-3), but those in (5-4) have actually been known for

some time [Chern and Moser 1974].
We use (5-3) and (5-4) to show that C{j& (Aut(M, 0))} = n¥ (Autc (M, 0)): Let

(5-4) H(z, w) = (

ww? ww? TT?

(AL, AL NS A AT AT AR AR

be coordinates on G%(CZ) x G (Cz) where

s r+5f p 6r+sg
Ay ,s corresponds to PRl Az, s corresponds to PRl
. r+s £ . o't s
A rps corresponds to —f, A%, . corresponds to g"
4 axra.[s X axra.[s
Then (5-4) implies that C{ jg (Aut(M, 0))} is given by
55 [ A =AS=AIAL, A8, =A% +2iALA],
A8, =2iAS AT, A8, =—2iAJA],
g i g f
Al = A“’f", AL =2i—2" Az Ax A Niowlh
| ! N AN
. 3 i IS i g AS
A; Az AN

AS =N = A8 =A8 =0}.

It follows from (5-3) that 113 (Autc (UL, 0)) is also given by (5-5).
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More interesting, however, are submanifolds for which C{ jOK (Aut(M, 0))} is
not equal to ;7{){ (Autc (UL, 0)).

Example 5.4. Let M C C? be given by
M = {Imw = |z]> + (Re z?)|z|*}.

Note that M is finitely nondegenerate and of finite type at 0. Baouendi et al. [1997]
showed that there are only two automorphisms of M at 0, namely H(z, w) =(z, w)
and Hy(z, w) = (—z, w). Thus, C{jOK (Aut(M, 0))} also has only two elements.
However, the group of holomorphic Segre-preserving automorphisms of Jl at 0
(which according to Corollary 1.4 consists of a finite number of elements) contains
at least four maps,

Hi(z,w, y,1)= (2, w, x, 1), Ho(z,w, x,1)=(—z,w, —x, 1),
Hi(z,w, x,1)= (=2, —w, y,—1), Hs(z,w, x,7)=(,—w,—x,—1).

The next two examples will compare 176( (Autc (M, 0)) and C{ jOK (Aut(M, 0))}
for the family & given by

F={M={Imw=clzI”" + ez} [ 1 <m <n,|c1]’ +|c2f” #0}.

We exclude the Levi flat case, M = {Im w = 0}, since there is no finite jet determi-
nation for this M. Notice that each submanifold in & is of finite type and finitely
degenerate at 0.

Example 5.5. Assume c; # 0 and ¢, = 0. Calculations in [Angle 2008b] show
that any holomorphic Segre-preserving automorphism of Jl at 0 is given by

¥z, w, x,7) = (f (2 w), gz w), f(x,7),8(x, 1))
(5-6) _ ( az ama™w ay am&’"r)
C\M+aw’ 1+taw’ Y15z l4at )’

where a, @ € C\ {0}, a € C, and f and f are expressed in terms of any branch of
the m-th root.
It immediately follows that any automorphism of M at O is of the form

az |a|2mw)
Yitaw’ 1+ow )’

where a € C\ {0}, a € R, and f is expressed in terms of any branch of the m-th
root.

(5-7) H&w0=(
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In this case, ng(AutC(Jl/L, 0)) = C{ j02(Aut(M ,0))}. Indeed, from (5-7), we see
that C{ jg (Aut(M, 0))} is given by
5-8)  {AS=AZ=(A)" (ALY, AG, =2m(AD)" (A" A

w ww Zw?

AS, =2m(AD)" N (A" AL,,

A=A, =AL= A= AL, = A%
A AT o Af —AB_AE AR —
=A/ =Al, =N, =AS =AS =AS =0}
It follows from (5-6) that 113 (Autc (L, 0)) is also given by (5-8).

Example 5.6. Assume c1, ¢y # 0. Calculations in [Angle 2008b] show that any
holomorphic Segre-preserving automorphism of it at 0 is of one of the n —m forms

(5_9) %C(Zaw, X,T): (ClZ,CmU), (C/G)X,Cm‘[),

where a € C\ {0} and ¢ € {¢¥7"/*=™) .y =0, ..., n—m—1} (that s, ¢ is a primitive
(n —m)-th root of unity).
It immediately follows that any automorphism of M at O is of the form

(5-10) H(z,w) = ("2, w), where e R.
Thus, we see from (5-10) that C{ jo1 (Aut(M, 0))} is given by
(A =AS=1, AJAL =1, Al =A] = A$ = A2 =0}

and thus has positive dimension. For n =m+ 1, (5-9) implies C{ j& (Aut(M, 0))} =
np(Autc (AL, 0)). For n > m + 1, however, C{j; (Aut(M, 0))} & 5} (Autc (M, 0)).
Indeed, we see from (5-9) that n(l) (Autc (M, 0)) is equal to the disjoint union of
exactly n — m distinct cosets of C{ jO1 (Aut(M, 0))}.
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CHERN CLASSES ON DIFFERENTIAL K-THEORY

ULRICH BUNKE

In this note we give a simple, model-independent construction of Chern
classes as natural transformations from differential complex K-theory to
differential integral cohomology. We verify the expected behavior of these
Chern classes with respect to sums and suspension.

1. Statements

Complex K -theory and integral cohomology HZ are generalized cohomology the-
ories that have unique differential! extensions (12 LR, I, a, f ) and (1-72, R,1, a, f )
with integration. These extensions are multiplicative in a unique way. We refer to
[Bunke and Schick 2010] for a description of the axioms for differential extensions
of cohomology theories and a proof of these statements.

The i-th Chern class is a natural transformation of set-valued functors

ci: K? - g7¥*

on the category of topological spaces. The product HZ® := Hizo HZ7?% is a functor
with values in commutative graded rings. We consider the subfunctor

HZ{" = 1+4]];o HZ* C[];og HZ*

i>0
that takes values in the subgroup of units. The total Chern class
ci=14+ci+ecr+- 1 K- HZS

is a natural transformation of group-valued functors.

Let Q% (..., K*) € Q*(..., K¥) denote the graded ring valued functors on
smooth manifolds of smooth differential forms with coefficients in K* and its sub-
functor of closed forms. We use the powers of the Bott element in K2 to identify
the functors

Q... K" ZQY(...) and Q7'(...,K*)=ZQ(...).

MSC2000: 19L10.
Keywords: differential K -theory, Chern classes.

In previous work, we used the term “smooth cohomology” instead of “differential cohomology”.
We were convinced by D. Freed that the latter is the better name.
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We therefore have natural transformations

a: QM 5 K% and R:K°— o

where a only preserves the additive structure, and R is multiplicative.
We consider the symmetric formal power series

ch:=> (" — 1) € Qllx;, xp, ... 1]

i>1

in infinitely many variables. We write ch; for the homogeneous component of
degree i. Then there are polynomials C; € Q[sy, 52, ... ] of degree i (where s; has
degree i) such that C;(chy, ..., ch;) = o; is the i-th elementary symmetric function
in the x;. The polynomial C; induces a natural transformation C; : Q% — Q2% that
maps the even form o = wg + w2 + w4 + - - -, where wy; € Q*k(Mm ), to

Ci() :=Ci(w, ..., wy) € Q¥ (M).

The following theorem states that the Chern classes have unique lifts to the differ-
ential extensions and that these lifts are compatible with the group structures.

Theorem 1.1. (i) For every i > 1, there exists a unique natural transformation
“ A —9i
¢ K O HZ™

of set-valued functors on smooth manifolds such that the following diagram
commutes:

QeY Ci Q2

(D RO g7

K'—> H7!
(ii) The total class ¢ = 1+¢,+--- : KO — HZ,"" preserves the group structure.

Berthomieu [2008] has already constructed lifts of the Chern classes. Our goal
is to give a much simpler, model-independent treatment. Further new, but not
very deep, points of the theorem above are the assertions about uniqueness and
the second statement. Our method of proof is different from Berthomieu’s and is
in fact a specialization of a general principle used in [Bunke and Schick 2010]
and [Bunke 2009a] for the construction of lifts of natural transformations between
cohomology functors to their differential refinements.
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In the next two paragraphs we connect the differential Chern classes on differen-
tial K-theory with previous constructions of differential Chern classes in specific
geometric situations.

If V:=(V,h", VV) is a hermitian vector bundle with connection over a mani-
fold M, then we have the classes

eSS (vye HZY (M)

constructed in [Cheeger and Simons 1985]. In the model of differential K -theory
[Bunke and Schick 2009], the geometric bundle is a cycle for a differential K-
theory class [V] € I%O(M). We have ¢;([V]) = 6I.CS(V).

An even geometric family € over M (see [Bunke 2009b] for this notion) gives
rise to a Bismut superconnection A(%) on an infinite-dimensional Hilbert space
bundle H (€) over M. This superconnection

A(€) = D(€) + V7 ® 4 higher terms

extends the family of Dirac operators D(€). If the kernel of D(€) is a vector
bundle, then it has an induced metric #5"P®) and connection V<" (P®) obtained
from V#(® by projection. We thus get an induced geometric bundle

H(€) = (ker(D()), kP, gherP@)

and can define the class CCS H(¢)eH HZ® (M ). One goal of [Bunke 2009b], which
was not quite achieved there, was to extend this construction to the general case
where we do not have a kernel bundle. By assuming that index(D (%)) € K°(M)
belongs to the i-th step of the Atiyah—Hirzebruch filtration (that is, that it van-
ishes after pull-back to any (i — 1) -dimensional complex), we constructed in that
book’s 4.1.19 a class ¢;(€) € HZ® "(M)? such that I(¢;(€)) = c;(index(D(€))).
On the other hand, the geometric family € represents a differential K -theory class
[€,0 ek O(M) in the model [Bunke and Schick 2009], and we have I ([€, 0]) =
1ndex(D(%)) The class ¢; ([€, 0]) € HZ '(M) satisfies I (¢;(€)) =c; (index(D(€)))
also and thus gives a second differential refinement of the i-th Chern class of the
index of D(€). But in general the class ¢;(¢€) differs from ¢;([€, 0]). This can
already be seen on the level of curvatures. Namely, we have

R(¢i(€)) = R([€,0Dpi) and  R(¢;([€, 0D) = Ci(R([¢, 0D)),

where ;] denotes the degree-2i component of the form w. In a sense, this note
gives the right answer to the problem considered in [Bunke 2009b].

2In [Bunke 2009b] we indexed the Chern classes by their degree, while here we adopt the usual
convention.
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odd .

Finally we discuss odd Chern classes. In topology, the odd Chern classes ¢ :

K~! — HZ' are related with the even Chern classes by suspension:

EO(EM_,_) Cli+1/2 ’H\Z’H_I(ZM_,_)
K='(M) ’ HZ7!(M).

In the smooth context, the suspension isomorphism is replaced by the integration
J along S '~ M — M. We have the following odd counterpart of Theorem 1.1.

Theorem 1.2. For odd i € N, there are unique natural transformations

~ A Al
c?dd:K ' S HZ

such that R
A~ Ci —_
RO(S' x M) — 2 7S x M)
| |
A e —
K= (M) ’ HZ (M)

commutes. The transformation satisfies I o él.Odd = c?dd ol.

Let 7 : W — B be a proper K -oriented map between manifolds. Then we have
an Umkehr map 7, : K*(W) — K*7"(B), where n =dim(W)—dim(B). An integral
index theorem is an assertion about the Chern classes ¢ ((x)), or ¢2%(x(x)) for
x € K*(W), for example, an expression of these classes in terms of the classes
cx(x) or ¢2%4(x), respectively. A prototypical example is given in [Madsen 2009].
The construction of differential lifts of Chern classes makes it possible to ask for
geometric refinements of these kinds of results. An example of such a theorem
related to the Pfaffian bundle is discussed in [Bunke 2009c].

2. Proofs

Let Ko >~ Z x BU be a representative of the homotopy type of the classifying
space of the functor K°. By [Bunke and Schick 2010, Proposition 2.1], we may
choose a sequence of manifolds (¥;)g>o together with maps x; : ¥ — Ko and
ki : Hx — Hyy1 such that

(1) Ky is homotopy equivalent to a k-dimensional C W-complex,
(i) g : Hr = K41 1s an embedding of a closed submanifold,
(iii) xj : Hp — Ky is k-connected, and

(V) Xg41 0Kk = Xg.
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Let u € K°(Kj) be the universal class represented by the identity map Ko — Kp.
By [Bunke and Schick 2010, Proposition 2.6] we can further choose a sequence
iy € 120(37{;() such that I (itx) = x;u and xti;41 = iy for all k > 0. Then by [ibid.,
Lemma3.8] and 2j —1 <k, we have H 2i=1(Hy, R) =0. We consider the canonical
natural transformation i : HZ* — HR* and the de Rham map Rham : Q% — HR*.
Since the latter is multiplicative, we have

1r(c; (I (dx))) = Ci(ch(I (iix))) = C;(Rham(R (itx))) = Rham(C; (R (iix))).
If we choose k > 2i, then the diagram

HZ" () ——~ HZY (%)

Q2 (%) — HRZ (%)

is cartesian. Hence for k > 2i, there exists a unique class Z; x € HZ” (K1) such
that

1(Zix) =ci(I(ix)) and  R(Z;) = Ci(R(ilp)).
Also, we have «}Z; k41 = Zix. For k < 2i, we define z; j := (« o - - - 0 k5, _|)zi 2i-

We now define the natural transformation ¢;. We start with the observation that
if ¢; exists, then it satisfies ¢; (i) = Zj k-

Let w € I%O(M). By [ibid., Proposition 2.6] we have KO(M) = colimg [ M, Hy],
and the underlying class I (&) € K°(M) can be written as I () = f*x;u for some
k and f : M — ;. We choose a form p € Q°4(M) such that & = f*iix +a(p).

We consider a form /5 € Q°4([0, 1] x M) that restricts to p on {1} x M and to 0
on {0} x M. We get a class = pry, w+a(p) € KO([0, 1] x M). Note that

Wloyxm = fHix and  D|pyxm = 0.

If ¢; exists, then by naturality and the homotopy formula [ibid., (1)], we have

Ci(@loyxm) = *Zik,  Ci(@lj1yxm) — Ci(Doyxm) = a( R(¢;(0))).
[0,1]x M/M

Furthermore, by the commutativity of the upper square in (1), we must require
R(& (@) = Ci(R())-

Therefore we are forced to define

@) &) = [z +af /

[0,11xM/M

Ci(R(@))).

We see that if ¢; exists, it is automatically unique.



318 ULRICH BUNKE
Lemma 2.1. The definition of ¢;(w) by (2) is independent of the choices of p, p
and f : M — ¥.

Proof. Let us start with a second choice 5’ and write W = pri, W +a(p’). Then
we can connect p with o’ by a family of such forms, for example, the linear path.
This path can be considered as a form p on [0, 1] x [0, 1] x M. By construction
Pli0,11x{j}x M 1s constant and has no component in the direction of the first variable
for j =0, 1. This implies that

3) R(D) 0,17 (jyxm = 0.

We set i := pry; w+a(p) e KO([0, 11 x [0, 1] x M). By Stokes’ theorem we have

d Ci(R((D))) = Ci(R(D)) — C; (R(
/[O,I]X[O,I]XM/M (R /[O,l]xM/M (RG) /[O,I]XM/M (R())

(these are the contributions of the faces {j} x [0, 1] x M) since the integral over the
other two faces [0, 1] x {j} x M vanishes by (3). Since a annihilates exact forms,
this implies that

o /[o,uxM/M Ci(RG) =af /[O,HxM/M Ci(R(DY)).

Assume now that we have chosen a different p’. Then a(p’ — p) = 0 so that by
the exactness axiom [Bunke and Schick 2010, (2)] there exists a class v € K! (M)
with R(0) = p’ — p. Let é € K'(S") be a lift of the generator of K'(S') = Z with
R(¢) = dt. We consider the form & € Q°44([0, 1] x M) with no dt component

given by
5'|{t}><M :2/ R(éxﬁ),
[0,t]xM/M

where we identify S >R /Z and view the interval [0, ¢] as a subset of S I Then
Glioyxm =0,  Gliyxm =p —p, dé=dt Apry R(D) = R(éx D).
We now consider

b= pri, i +pri;a(p) +a(6) € K°([0, 1] x M)

and calculate modulo the image of d

/ Ci(RG)) = / Ci(R(pry () + priy dp + R(@ x )
(0,11 M /M S'xM/M

/ Ci(R(pry () + R x )
SIxM/M

/ Ci(R(pry, () + & x 0)).
SIxM/M
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It follows that

Rham /[O’uXM/M Ci(R())) = Rham /S o GRS () 425 )

— / Rham(C; (R (pry, (D) + € x 0)))
SIxM/M

_ / 1r(ci (1 (priy (©) + & x 9))).
SIxM/M

In other words, Rham( f[o 1xM/M C; (R(lg))) is an integral class, and this implies

a(/[O,l]xM/M Ci(R(g))) B

by [Bunke and Schick 2010, (2)].

If p was the path connecting p with 0, then we construct the path p’ from p’ to 0
by concatenatmg p with ¢ (we may change p to ensure a smooth concatenation).
Then we get @' :=prj, © +a(p’) € K°([0, 1] x M) and

a(/[o,uxM/M Ci(R(J/))) = a(/[OMXM/M C; (R(J)))) +a(/[071]XM/M C, (R(5)))

—af /[O’l]xM/M Ci(R(D)).

Thus our construction of ¢; is independent of the choice of p.

Finally we verify that ¢; () is independent of the choice of f : M — ;. If
we replace k by kK + 1 and f by x; o f, then we obviously get the same result.
For two ch01ces fM — He and [ M — Hyp, there exists k” > max{k, k'}
such that Kk o f and Kk, o f' are homotopic. Here K : JH; — I denotes the
composition Kl] :=kKj_10---0kK; for j > i. Therefore it remains to show that a
choice f/: M — ¥ homotopic to f: M — ¥, gives the same result for ¢; ().
Let H :[0,1] x M — ¥ be a homotopy from f to f’. Then we use H in the
construction of ¢; (prj, w) € H HZ ([0, 1] x M). If we let ¢ '() denote the result of

the construction based on the choice of f’ we have by the homotopy formula
&) — &) =a / RGi(pryy ) = / by C) =0, O

. A -
Lemma 2.2. The construction of &; defines a natural transformation ¢ : K — HZ"
of set-valued functors on smooth manifolds.

Proof. Let g : N — M be a smooth map between manifolds. Let @ € K O(M)
and assume that we have constructed ¢; () using the choices of f : M — ¥y,
p € QM) and jp € Q°4([0, 1] x M). Then we construct ¢;(g*®) using the
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choices fog: N — Xy, g'p e QOdd(N) and (id xg)*p € Q°4([0, 1] x N). With
these choices we get (id xg)*w g'w e KO([0, 1] x N) and

ca@ =g rara(f - CR@)
=(fog)Zix+a ( /[ . C; (R((id x g)*lf))))
=(Foorauta(f  CRE))=éts0)

This finishes the proof of Theorem 1.1(i).
To show the part (ii), we consider the natural transformation

A A A

B:K°x K- HZ®
given by
B(i, b) := é() UE®) — é(ib +0) € HZ™ (M) for id, b € KO(M).
If we apply I, we get
[(B(, 9)) = (D) UEWD)) — 1(E(d + 1))

= 1(E(@))VI(®)) —1(e(+0))

=c(I(w)Uc(I®))—c(I(w)+1(®))=0
LetC=1+C;+Cy+--- € Q[[s0, 51, ...]]. Then we have the identity

C(so+ 50,51+ 87,...) =C(s0,51,...)C(s45 S5 --).

Indeed, if ch = 2 i1(e* — 1), then C(chl, . ) = [1;>1(1 +x;). If we introduce
another set of variables x/ and set ch' = 2is1 (¢ — 1), then

C(ch; +ch), chy+chy,...) =[] +x)(1+x)

i>1

= C(chy, chy,...)C(ch],ch),...).
We now calculate
R(B(, 6)) = R(E(D) UE(D)) — R(E(@ + 1))
= R(¢(0))UR(c(D)) — R(¢( +0))
= C(R(0)) AC(R(D)) — C(R()+ R (D)) = 0.

Thus B factorizes over the subfunctor H R4 JHZ°% ¢ HR/7°Y ¢ HZ%, where
the inclusion is induced by a. Let p € QY (M) and j:=1 pry pE Q°44([0, 11x M).
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Then we have
B(id+a(p), 0)—B(, 0) = B(pry d+a(p), 0)lgyxm—Bpry d+a(p), 9)loxm

Because B takes values in the homotopy invariant subfunctor HR°4/H7°4 we
conclude that B(i +a(p), 0) = B(w, 0). Similarly, we see that B(w, 0 +a(p)) =
B(w, 0). Hence B has a factorization over a natural transformation

K% K° > HR®Y/H7°4 ¢ HR/7°%.

Such a natural transformation between homotopy invariant functors on manifolds
must be represented by a map of classifying spaces

K() X Ko — K(R/Z, Odd),

where K(R/Z, odd) :=\/,., K(R/Z,2i + 1) is a wedge of Eilenberg—Mac Lane
spaces, that is, by a class in B € H°Y (K x Ky; R/Z). Since K and therefore K x
Ky are even spaces, we know that Hoqq (Ko x Ko; Z) =0. Then we have H°%(K( x
Ko; R/Z)=Hom(Hyqq(Kox Ko; Z), R/Z) =0 by the universal coefficient formula.
We see that B = 0 and therefore B = 0. This finishes the proof of Theorem 1.1(ii).

O

Proof of Theorem 1.2. We let ¢ € K'(S') be, as above, the unique element with
R(é) = dt, with I(¢) = e € K'(S") the canonical generator, and with é|,, = 0 for
a basepoint * € S'. Then we define for odd i € N and £ € K~1(M)

&R == / Cit+1)2(€ X X).
Note that
1(/ Cii+1)2(e x f)) =/C(i+1)/2(6 x I(X)).

We have a natural inclusion ﬁ*(ZM+) C HZ*(S' x M) since the subspace of
classes whose restriction to {*} x M vanishes. Since e|, = 0, we see that e x I (X)
belongs to this subspace. The restrlctlon of [ to this subspace coincides with the
suspension isomorphism HZ*" (2M+) = HZ*(M), we have [(e x x) = x with
inverse x — e X x. Therefore

/C(i+1)/2(€ x [ (%)) = M1 (%)).

In this way we get a natural transformation that has the required property.
Since [ : K%(S' x M) — K~!(M) is surjective it is clear that 6?‘” is unique. [
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LAPLACIAN SPECTRUM FOR THE NILPOTENT KAC-MOODY
LIE ALGEBRAS

DMITRY FUCHS AND CONSTANCE WILMARTH

We prove that a maximal nilpotent subalgebra of a Kac—Moody Lie algebra
has an (essentially unique) Euclidean metric whose Laplace operator in the
chain complex is scalar on each component of a given degree. Moreover,
both the Lie algebra structure and the metric are uniquely determined by
this property.

1. Introduction

Let g be a real Lie algebra that is either finite-dimensional or has a grading g =
DBz g® such that all the chain spaces

CP@= @ @ 2n-rgh)
k1+-~+kq=k

are finite-dimensional. (We consider only the case g = ®(k1,..-, k) (0.....0) gkioeorkn)
where the notation (ky,...,k;) = (€1,...,¢{,) means that k; > €y, ..., k, > {,,
and (ki, ..., k,)# (€1, ..., ¢,), and all the spaces g(kl »kn) are finite-dimensional.)
Suppose that for each value of k, some Euclidean structure is fixed for g®). Then
Euclidean structures arise in all the chain spaces C;k) (g), and they give rise to
canonical isomorphisms between the chain spaces and the corresponding cochain
spaces, Cgk) (g) = (Cék) (g))*. Thus, we can regard the boundary and coboundary
operators as acting in the same spaces, that is,
0: CP(@—CcP (@ and o: P (@)~ ¥ ().

and to form the Laplace operators A : C;k) (g) > Ctgk) (g). Chains (cochains) that
are annihilated by A are called harmonic. The finite-dimensional version of the
Hodge—de Rham theory yields the following result.

MSC2000: primary 17B56, 17B67; secondary 81R10.
Keywords: Kac—Moody algebras, Laplace operators.
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Proposition 1. Every harmonic chain (cochain) is a cycle (cocycle), and every ho-
mology (cohomology) class of g with trivial coefficients is represented by a unique
harmonic chain (cochain). In particular, there are canonical isomorphisms

Ker(A: C(g) > CP(9)) = H(9) = H{}, (9).
For details, see [Fuchs 1986, Section 1.5.3]

Remark. The results discussed below indicate that not only the kernel but also the
whole spectrum of the Laplacian must have significance for the (co)homology. We
will return to this matter in subsequent publications.

The first computation of the spectrum of the Laplace operator in the cochain
complex of an infinite-dimensional Lie algebra was done by I. M. Gel’fand, B. L.
Feigin, and D. Fuchs (of this paper) [1978], with a subsequent important correction
made by F. V. Weinstein [1993], for a maximal nilpotent subalgebra of the Virasoro
algebra; this nilpotent Lie algebra is denoted as L(1). It has a basis {e; | i > 0}
with the commutator operation [e;, e;] = (j —i)e;4;. We introduce in this algebra

a Z-grading and a Euclidean structure, letting dege; =i and ||¢; || = 1. For positive
integers iy, ..., I, such thati, —i,_y >3 forr=2,...,¢q, let
i
. . N ..
E(lls""lq)=2(3)_ Z Lelm,
s=1 I1<t<m=<q

0 ifr=1andi; <3,
1 ifr=1andi; >3,
0 ifl<r<gandi, —i,—; =3,
1 ifl<r<gqgandi,—i,—; >3,

it ... ig) =

q
alit,....ig) =D ap(ir,....ig).
r=1

It is easy to check that £(1,4,7,...,3¢g —2) = E(2,5,8,...,3¢g—1) =0, and
all other values of the function E are positive.

Theorem 2 [Gel’fand et al. 1978; Weinstein 1993]. The set of eigenvalues of the
Laplace operator A: Cy(L1(1)) = C.(L1(1)) coincides with the set of numbers
E(iy,...,ig). The multiplicity of the eigenvalue E(iy, ...,i,) equals 201 -lg),
(Occasional coincidences E(iy, ..., 1) = E(ig ey i;,) are possible; in such cases
the multiplicities are added.)

For a sketch of a proof see [Fuchs 1986, Section 2.3.1(B)].

S. Kumar [1984], using ideas from [Kostant 1963], calculated the spectrum of
the Laplacian for a maximal nilpotent subalgebra of the Kac—Moody Lie algebra
(see also the related works [Feigin 1980] and [Lepowsky 1979]). He noted that
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actually the Laplace operator is scalar in every homogeneous component with re-
spect to the canonical Z"-grading (where r is the rank of the algebra), and derived
a simple formula relating the eigenvalue to the degree.

Here, we develop a different approach to the calculating the Laplace spectrum.
In so doing, we will not only obtain a fairly elementary proof of the Kumar for-
mulas, but in addition prove that the relation between the Laplace eigenvalues
and degrees uniquely determines both the Lie algebra structure and the Euclidean
structure (which may be regarded as an alternative description of the class of Kac—
Moody Lie algebras).

We supply below all the necessary definitions; for the general theory of Kac—
Moody Lie algebras, see [Kac 1990].

Let A = ||a;;|| be an n x n matrix with all the diagonal entries equal to 2 and
all nondiagonal entries being nonpositive integers. We assume the matrix A is
symmetrizable, which means that there exists a diagonal matrix D whose diagonal
entries d, . .., d, are positive integers such that the matrix DA is symmetric. We
may also assume the matrix A is irreducible, which means that there is no partition
of {1, ..., n} into nonempty parts I, J such that g;; =0 foralli € I and j € J.
Let G = G(A) be the (real) Kac-Moody Lie algebra with Cartan matrix A, and let
N = N (A) be the corresponding nilpotent Lie algebra. In other words, N has a sys-
tem of generators ey, ..., ¢, with the defining set of relations (ad ¢;) %/ tle ;i =0.

..........

ators involving precisely k; letters e¢; for i = 1, ..., n. The following statement,
proved in Section 2, is our main result; compare with [Kumar 1984, Theorem 2.1].

Theorem 3. There exist unique Euclidean structures in the spaces N %1
that |le;|| = 1 fori =1, ..., n and such that the corresponding Laplace operator
A: k")(N) — ki k")(N) is the multiplication by

1
Eky, ... .ky) =D diki — 3 > dajjkik;.
i i,j

Moreover, if a Z"-graded Lie algebra is generated by r generators of degrees
1,0,...,0),...,(0,...,0,1)

and the Laplace operator in its cochain complex with respect to some Euclidean
structures in the homogeneous components is described by the formulas above,
then there exists an isometric isomorphism between this Lie algebra and the nilpo-
tent Kac—Moody Lie algebra N.

Proposition 4. If E(k) # 0, then HPOWN (A)) =0.

This follows from Proposition 1 and Theorem 3.
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Proposition 4 is not new: it is essentially contained in [Kac and Kazhdan 1979],
which yields a description of a Bernstein—Gel fand—Gel fand resolution of the
trivial module over a Kac—Moody Lie algebra. This is also a free resolution of
the trivial module over N (A).

2. Proof of Theorem 3

2.1. The Laplace operator has order 2. In the standard calculus, a linear operator
D : C*®(R) — C*(R) is a differential operator of order 1 (thatis, D(f)=af’+bf
where a and b are functions), if the identity

D(fg)=D(f)g+D(g)f—D()fg

holds for any functions f and g. Similarly, an operator of order 2 is characterized
by the identity

D(fgh)
=D(f9)h+D(fh)g+ D(hg) f — D(f)gh— D(g) fh— D(h) fg + D(1) fgh

(and so on, but we do not need operators of orders greater than 2). It is well known
that the commutator of operators of order p and g has order p +¢q — 1.

In the noncommutative (supercommutative) case of chains/cochains of a Lie
algebra (with a Euclidean structure), the notion of a differential order looks slightly
different. In particular, the operator d: C,(g) — C.(g) has order 1, meaning

S(c1 Acx) =6(ci) Acr+ (—1)125(ca) Aer for ¢ € Cyy(g).
However, the operator 0: C,(g) — C.«(g) has order 2, which means that

o(c1 Acy Acs)
_ _1\dd; _1\41(d2+d3)
=d(cinc) Aes+ (=D)PPa(cr Acz) A+ (1) d(ca Ae3) Acy
— a(Cl) ANC)NC3— (—l)dldza(CQ) ANCINC3 — (—1)(d1+d2)d3a(03) ANClLNC)

for ¢; € C4(g). Since the Laplace operator is a (super)commutator of 0 and J, it
also has order 2, and we have the following lemma.

Lemma 5. The Laplace operator A : C,(g) — C.(g) has order 2, that is,

A(Cl AN VAN C3)
= Alci A Acs+ (=DPBAr Acs) Ay + (= DTETB A ey Aes) Aey

—A(c)Aca A3 — (—l)dleA(CQ) ACLAC3— (—1)(d'+d2)d3A(C3) ACLAC

forall c; € Cy(g).
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Remark. It is important that Lemma 5 is compatible with Theorem 3 in the sense
thatif g= N = N(A) and ¢; € Csl_p")(N), where (p;) = (pi1, ..., pin), then every
term in the equality of Lemma 5 is ¢; A ¢z A ¢3 times an approrpiate eigenvalue
of A, and the equality becomes

E(p1+p2+p3)=E(p1+p2)+E(p1+p3)+E(p2+p3)—E(p1)—E(p2)—E(p3),

which is true (because E is a polynomial of degree 2).

2.2. Construction of a Lie algebra with a given Laplace operator. Let A, a;;,
D and d; be the same as in Section 1. We will now construct a graded Lie al-

,,,,, k) with Euclidean structures in the summed-
over (finite-dimensional) spaces satisfying the conclusion of Theorem 3 (with N
replaced by g). We will see that g is unique up to an isometric isomorphism,
provided that dim g% = dim g(®1.0-0 = ... = dim g% = 1. (Later on,
we will see that g=N(A).)

First consider a given graded Lie algebra g with Euclidean structures in g1+
Choose an orthonormal basis in each g(k), where (k) = (ki, ..., k,); then wedge
products of the elements of the bases in g form orthonormal bases in the chain
spaces (A7g)®). For a fixed (k) > (0, ...,0), consider the matrix with rows
(columns) labeled by the elements of our orthonormal bases in (A9g)*) with ¢
even (odd). Let the shaded blocks represent the boundary/coboundary operators
in the chain/cochain complexes of g, and let the unshaded blocks be zero. To
illustrate:

(A°g)®
(Atg)®
(A’g)®

g We® (W

Take two rows or two columns of the matrix D) corresponding to basis elements
ce(A1g)® for ¢’ € (A1 g)® (so ¢ and ¢’ have the same parity) and compute their
dot product. If |¢' — g| > 2, then this dot product is obviously zero. If |¢' —g| =2,
it is also zero because of the relations 600 =0 and dod = 0. Finally, if ¢’ = ¢, then
this dot product is the coefficient at ¢’ in A(c) (and the coefficient at ¢ in A(c")).

If the Laplace operator A: Cik) — Cik) is multiplication by a positive number 4,
then the dot product of every two different rows, as well as of every two different
columns, is equal to zero, and the dot-square of every row or column is equal to 4;
in other words, the whole matrix D) is an orthogonal matrix times .

We are ready for the construction announced in the beginning of the section. We
use the induction with respect to |k| =k; +- - - +k,. We put dim g(®0:1.0---0 —
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and choose (arbitrarily) nonzero vectors e| € g(l’o """ O .., e, € g(o """ 0.1 to have
length 1. Take a (k) = (ky, ..., k,) where the k; are nonnegative integers such that
ki+---4k, > 1. If E(k) <0, we put g¥) = 0; let E(k) > 0. By the induction
hypothesis, the matrix D) from above is fully determined, except the bottom left
(shaded) block. Away from this block, the dot product of every two distinct rows or
columns is zero, and the dot-square of every row or column is equal to E (k). This
follows from the identities 000 =0, dod =0 and also from Lemma 5 and the remark
after it, which implies that the Laplace operator A : C(Sk) — Cék) with g > 3 (fully
determined) is multiplication by E (k). Thus, the columns of our matrix disjoint
from the bottom left box are pairwise orthogonal and have dot-squares E (k). We
can construct the missing columns making the whole matrix an orthogonal matrix
times «/E (k). Since the dot-squares of the rows above the bottom left block are al-
ready equal to E (k), the new columns will be confined to this block. Thus, we will
have a g® (with dimg® =3 _, ., dim(A99)® =" 5 1y dim(A7g) D) with
aready orthonormal basis, and the new box yields a bracket [ -, - ]: (A2g)® — g®,
Moreover, the orthogonality of the columns of the new box to the columns of the
box next to the right means precisely that this bracket satisfies the Jacobi identity.
(Notice that it could happen that > 422, even AIM(AY g®=> 423, odd AIM(AY )
in this case we do not need any new columns and may simply put g = 0.)

This completes the construction promised in the beginning of the section; the
uniqueness is obvious.

End of the proof. It remains to prove that the Lie algebra g of Section 2.2 is N (A).
This follows from three remarks.

First, it follows from the construction of Section 2.2 that if (ki,...,k,) >
0,...,0)and k; +- - - +k, > 1, then the bracket mapping [ -, -]: (Azg)(k) — g(k)
is onto; hence, g (like N(A)) is generated by e, ..., e,.

Second, the defining relations (ad e;)~%i*!e ; = 0 hold. Indeed, the degree (k)
of (ad ei)_“".f“e ; 1s described by the equalities k; = —a;; +1, k; =1 and k; =0
for s # 1, j. Hence,

E(k) =3 diki — 5 3 aijkik;
= dl'(—a,'j +1) +dj —di(—aij + 1)2 —dj —d,-aij(a,-j +1)
= —d,'(,l,'j +d; +dj —d,-aizj +2d,-a,-j —d; —dj +d,a12J —d,-a,-j =0.
By construction, this means that g®) = 0; hence (ad ;)% *'e ; = 0. Thus, there
is a graded epimorphism N (A) — g.

Third, it is true that dim g® = dim N (A)® for all (k). Indeed, for any (k) with
E (k) # 0, the dimensions dim g are determined inductively from the relation
3 (=1)? dim(A?g)® = 0. A similar relation, > (—1)? dim(AYN (A))® =0 (for
the same values of (k)), follows from Proposition 4 and the Euler—Poincaré lemma.
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In addition to that, dim g® =dim N (4)® =1if (k)=(0,...,0,1,0,...,0), and
g® =N(A)® =0if (k) = (ky, ..., k,) > (0) withk; +- - -+k, > 1, and E (k) <O0.
Hence, our epimorphism N(A) — g is actually an isomorphism.

3. Conclusion

3.1. Canonical basis in N (A). The construction of Section 2.2 shows that a max-
imal nilpotent subalgebra of a Kac—-Moody Lie algebra has a canonical Euclidean
metric. The metric depends on the choice of generators of length 1, but the com-
mutator relations do not depend on anything. For example, a maximal nilpotent
subalgebra of the rank 2 exceptional Lie algebra G, has dimension 6. The Cartan
matrix is A = [_% _é] There is a basis {eg.1, €10, €1.1, €12, €13, €23} in N(A)
with dege; ; = (i, j) and the commutation relations

leo,1, €1,0] = V3er1, leot,er1]=2e2, [eo,1,e12] = \/56‘1,3,
[e10, 151 = V3ex3, le1.1,e12]=~3er3.

If we regard this basis as orthonormal, then the Laplace operator in C ,Ep 9 is the
multiplication by 3p +¢ — 3p% — ¢> +3pq.

A more interesting example is provided by the twisted affine Kac—Moody Lie
algebra Ag) with Cartan matrix A = [_:‘; _é] This Lie algebra (after factor-
ing over the one-dimensional center) is embedded into the current Lie algebra
sI3) @R[z, t~1. It is well known that it has a basis e; such that [e;, ejl=aijjeit|,
where the numbers «a;; depend only on i, j mod 8 (see [Kac 1990, Exercise 8.16]).

The basis given in [Kac 1990] is not precisely our canonical basis; to get ours,
we need to modify it by some coefficients:

r t23 0 0 — 0 l2s 0
ess =21 00 0 |, essi1 =210 0 2 |,
| 0 0 —¢% (00 0
T 0 00 0 0 07
€8s+2 = 0 00|, egs13 = t2s+1 0 01,
>+ 00 0 2+ g
5 ‘t2s+1 0 0 ‘0 t2s+1 0 -
€8s+4 = g 0 —21‘2S+] 0 ,  €8s45 = 210 0 _[2'9+1 ,
|0 0 ¥t 0 0 0
[0 0 ¢t T 0 0 0
ess+6 = 4 00 O R egs17 = 2512 0 0
_O 0 0 i 0 t2s+2 0
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The commutation relations of this basis are given by the formula [eg;, egy4 1=
aijes(s+s')+(i+j) for 1 <i <8and 1 < j <8, with the 8 x 8 matrix ||a;;|| being

SebB&cod
cHe N HeH

|
| «I
;lmooowooo

Y Ry

SN uwasbe

Y
TS SRS

|
%o%wooow

The natural grading of the Lie algebra Agz) is given by the rule thatif —1 <s <6,
then

(4n+s,2n) ifs <1,

d =
CWM“{MWH—1M+Di“>L

The Laplace operator A: C ip RN Cip 9 with respect to the metric determined
by the basis {e;, i > 0} is the multiplication by 4p + ¢ — 4p> — ¢> +4pq.

3.2. Some remarks on the multiplicative structure in H*(N (A)). It follows from
our results (and actually can be proved directly) that there is a basis in H*(N(A))
represented by uniquely chosen monomial cochains (that is, products of elements
of the basis in C'(N(A)) = N(A)* dual to our canonical basis). This gives rise
to a description of the multiplication in H*(N(A)), which, however, is not very
explicit. Let us begin with a couple of simple remarks.

First, it follows from the description above that the multiplication in H*(N (A))
is “square-free”: the square of any cohomology class is zero.

Second, every monomial cochain representing a nonzero element of H*(N (A))
should contain at least one factor from C (10’___’()’ 1.0....0) (N (A)); this implies that the
cohomological length of H*(N(A)) does not exceed the rank of G(A), that is, the
size of A.

Third, in the finite-dimensional case, the multiplication in H*(N (A)) satisfies
the Poincaré duality: If a nonzero element a« € H?(N(A)) is represented by a
monomial cochain ¢;, ... ¢;,, then the complimentary monomial cj, ... cj,, where
g+r=d=dim N(A), also represents a nonzero cohomology class € H" (N (A)),
and af is a nonzero element in HY(N(A)) = R. It follows from the preceding
remark that in the finite-dimensional case of rank 2 there are no other nonzero
products. (It seems likely that in the infinite-dimensional case of rank 2, the mul-
tiplication in H*(N (A)) is trivial.)
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Now, let us consider some examples. Let N(A) = n(n) be the Lie algebra of
(strictly) upper triangular n X n matrices, associated to the Cartan matrix
- o 1 -
-1 2 -1

1 2 -1
-1 2]

For this Lie algebra, dimn(n) = %n(n — 1) and dim H*(n(n)) = n!. The basis in
H*(n(n+1)) is parametrized by the integral points of the ellipsoid xf +--- +x,% =
X1X3 4+ X2X3 + -+ -+ X—1X, + X1 + - - - + X, O, still better, by the elements of the
Weyl group S,,+1 whose action on the ellipsoid above is generated by the reflections
Si(xt, oo x) =, o, X1, —Xi XX+, X, ., xp) fori=1, ..., n
(in this formula, x¢ and x,y; are taken to be zero). If (p1,..., py) =0(0,...,0)
for ¢ € S,41, then the corresponding cohomology class 7, is in H(n(n + 1)),
where ¢ is the length of ¢. In this case, (pi, ..., p,) has a unique presentation as
the sum ZZ:] {is, js} of different points of the form

{i,j}=0,...,0,1,...,1,0,...,0) forl<i<j<n+1
) )

and the class y, is represented by the monomial cochain ¢;, j, - - - ¢; oda® where ¢; ;
takes the value 1 on the one-entry matrix E; ; and takes the value O on all other such
matrices. Moreover, if the presentations ¢ (0, ..., 0) = > {is, js},0/'(0,...,0) =
> {i;, j;} are disjoint and > {is, js}+ D {i;, j/} =17(0,...,0), then y,y, = y,; in
all other cases, y, 7, = 0.

For example, there are 6 permutations in S3: o1 = (1,2,3), oo = (2, 1,3),
03=(1,3,2),04=(2,3,1), 05 =(3,1,2) and o6 = (3, 2, 1). Accordingly, there
are 6 integral points on the ellipse x> 4+ y> —x — y — xy = 0, given by

0-1(09 O)Z(O, O)> 0-4(09 0):(172):(0, 1)+(1> 1)3
0-2(0> O)Z(I’O)a 0-5(0a 0):(2’ 1):(150)+(1’1)9
03(0,0)=(0,1), 06(0,0)=(2,2)=(1,0)+ (0, 1)+ (1, 1),

the cohomology of n(3) is spanned by

vor =1 € HMQB)), 70,5 70, € H' (n(3)),
Voo € H(3)), Yoy, Vo5 € H*(n(3)),
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Yo, Yoy = —Vo3Vos = Vog» and all other products of cohomology classes of pos-
itive dimensions are zero. Similarly for n(4) (we write ok for the permuta-
tion (i, j, k,1)):

01234)(0,0,0) = (0,0,0), 00134(0,0,0)=(1,0,0), 071324(0,0,0)=(0,1,0),
0(1243(0,0,0) = (0,0, 1), 03214(0,0,0) =(1,0,0)+ (0, 1,0) + (1, 1, 0),
02314(0,0,0)=(0,1,0)+ (1, 1,0), 0¢341(0,0,0) = (0,0, 1)+ (0, 1, 1) + (1, 1, 1),
o03124)(0,0,0) = (1,0,0)+(1,1,0), 03142(0,0,0) =(1,0,0)+ (0,0, 1)+ (1,1, 1),
0(2143)(0,0,0) = (1,0,0) 4+ (0,0, 1), 0(2413(0,0,0)=(0,1,0)+(1,1,0)+(0, 1, 1),
01342)(0,0,0) = (0,0, 1)+ (0,1, 1), 04123)(0,0,0) =(1,0,0)+(1,1,0) 4+ (1, 1, 1),
0(1423)(0,0,0) = (0,1,0)+ (0, 1, 1),  0(1432)(0, 0, 0) = (0, 1, 0) + (0,0, 1) + (0, 1, 1),
03241(0,0,0)=(1,0,0)4+ (0,0, 1)+ (0, 1, 1) + (1, 1, 1),

024311(0,0,0)=(0,1,0)4+ (0,0, 1)+ (0, 1, 1) + (1, 1, 1),

03412)(0,0,0) = (0,1,0)+(1,1,0)+ (0, 1, 1) + (1, 1, 1),
04213(0,0,0)=(1,0,0)4+(0,1,0)+ (1, 1,0) + (1, 1, 1),

o@132(0,0,0)=(1,0,0)4+ (0,0, ) + (1, 1,00+ (1, 1, 1),

0421)(0,0,0)=(0,1,0)+ (0,0, 1) + (1, 1,00+ (0, 1, 1) + (1, 1, 1),
o0@231(0,0,0)=(1,0,0)4+ (0,0, 1)+ (1,1,0)+ (0,1, 1)+ (1,1, 1),
0312)(0,0,0)=(1,0,0)+(0,1,0)+(1,1,0)+ (0, 1, 1)+ (1, 1, 1),

04321)(0,0,0) = (1,0,0)+(0,1,0)+ (0,0, 1) + (1, 1,0)+ (0, 1, ) + (1, 1, 1).

The cohomology classes of the corresponding monomial cochains form a basis in
the cohomology:

a4 =1 € H(n(4)),

V2134, V(132495 V(1243) € H' (n(4)),

Y2314)s Y (3124)» V(2143)> Y(1342), Y (1423) € H>(n(4)),
G214y, Y(2341)> Y (3142)> P2413)s P (4123)» V(1432) € H> (n(4)),
Y(241)s 7(2413) V(3412)> Y(@213), Y(a132) € H*(n(4)),
Y3421y, Y(4231), Ya312) € H (n(4)),

s € Ho(n(4)).

The multiplication is described by the following relations:

Y (2134)7(1243) = Y(2143);

V(2134)7(2314) = —)(1324) 7 (3124) = V(3214),
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V(1324)7(1342) = —Y(1243)7(1423) = 7 (1432)>
V(2134)7(2341) = Y (3241)>

Y (1324) 7 (2341) = Y (2431)»

Y(1324) Y (4123) = —7Y(4213),
V(1243) 7 (4123) = —7V(4132);
Y(1243)7 (3412) = Y(2314) Y (2341) = —7Y(3421)>»

—Y(3124)Y(2341) = P (1342) Y (4123) = Y (4231)»

V(2134) Y (3412) = Y (1423) 7 (4123) = Y (4312);
—V(2134)V(1243) Y (3412) = —7V(2134)Y(2314) Y (2341) = V(1324) VY (3124) Y (2341)
= V(1324)7(1342) Y (4123) = —7(1243) Y (1423) Y (4123)

= Y(3142) Y (2413) = Y (4321)-

Although the procedure always determines the multiplication in H*(N (A)), it
does not give a satisfactory explicit description even of the ring H*(n(n)), for
reasons unclear to us.
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SIGMA THEORY AND TWISTED CONJUGACY CLASSES

DACIBERG GONCALVES AND DESSISLAVA HRISTOVA KOCHLOUKOVA

Using Sigma theory we show that for large classes of groups G there is a
subgroup H of finite index in Aut(G) such that for ¢ € H the Reidemeister
number R(¢) is infinite. This includes all finitely generated nonpolycyclic
groups G that fall into one of the following classes: nilpotent-by-abelian
groups of type FP..; groups G/G” of finite Priifer rank; groups G of type
FP, without free nonabelian subgroups and with nonpolycyclic maximal
metabelian quotient; some direct products of groups; or the pure symmetric
automorphism group. Using a different argument we show that the result
also holds for 1-ended nonabelian nonsurface limit groups. In some cases,
such as with the generalized Thompson’s groups F, o and their finite direct
products, H = Aut(G).

1. Introduction

We study the Reidemeister number R(¢) for elements ¢ of subgroups of finite index
in Aut(G) for large classes of groups G. The Reidemeister number R(¢) counts the
twisted conjugacy classes {gago(g)_l}geg for a € G. The study of R(p) began in
the Nielsen—Reidemeister fixed point theory. Following [Taback and Wong 2007],
we say a group G has the property R if R(¢) is infinite for every automorphism ¢
of G. Many classes of groups have the property Ry: nonelementary Gromov hy-
perbolic groups [Levitt and Lustig 2000; Fel’shtyn 2001], nonabelian generalized
Baumslag—Solitar groups [Levitt 2007], saturated weakly branch groups (including
the Grigorchuk group and the Gupta—Sidki group) [Fel’shtyn et al. 2008a], and the
Thompson’s group F [Bleak et al. 2008].

Fel’shtyn et al. [2008b] showed that for a finitely generated polyfree group G
with nonzero Euler characteristic, there is a subgroup H of finite index in Aut(G)
such that the Reidemeister number is infinite for every element of H.

In Sections 4a and 4c, we will show that to the groups in the list above that
have the R, property, we can add the generalized Thompson’s groups F, o and
any finite direct product of such groups (with possibly different 7).
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Furthermore we study large classes of groups G where it is possible to show
that there is a subgroup H of finite index in Aut(G) such that R(g) is infinite for
every ¢ € H. These are all finitely generated nonpolycyclic groups G such that

(1) G is nilpotent-by-abelian of type FPo;
(2) G/G" is of finite Priifer rank but not polycyclic;

(3) G is of type FP, with no free nonabelian subgroups and its maximal meta-
belian quotient is not polycyclic;

(4) G is some direct product of groups;
(5) G is the pure symmetric automorphism group;
(6) G is a Houghton group H,,.

The proofs of these results, found in Section 4, rely on the structure of the
invariant £!(G) for the groups G described above. In the preliminaries we detail
the properties of this invariant. It appeared first in the study of finitely presented
metabelian groups G [Bieri and Strebel 1980] and was later defined for any finitely
generated group G [Bieri et al. 1987]. The geometric invariant X' (G) is invariant
under the action of the automorphism group of G, which is fundamental for the
proofs. In many cases we do not know the full automorphism group Aut(G),
but using Sigma theory we can nevertheless obtain sufficient information on how
Aut(G) can act on the abelianization of G.

In the final section we show that to the list above we can add

(7) G is any 1-ended nonabelian nonsurface limit group.

Orientable surface groups of genus at least 2 and nonorientable surface groups
of genus at least 3 are Gromov hyperbolic [Gersten 1999, 3.17.5], and hence as
mentioned before have R,. Nonorientable surface groups of genus 1 or 2 are not
limit groups since in the first case they have torsion and in the second they are
virtually abelian but not abelian.

Limits groups appeared in the solution of the Tarski problem by O. Kharlampov-
ich, A. Myasnikov, and independently by Z. Sela. The definition of limit groups
was suggested by Z. Sela, and it turned out that the class of limit groups coin-
cides with the class of finitely generated, fully residually free groups studied by G.
Baumslag, O. Kharlampovich, A. Myasnikov, and V. Remeslenikov. The class of
limit groups includes finitely generated free groups, finite rank free abelian groups,
and surface groups of Euler characteristic at most —2. Limit groups are CAT(0)
[Alibegovié¢ and Bestvina 2006]. Unfortunately we cannot use X'(G) to study
the Reidemeister numbers for a limit group G because the set £!(G) is empty
[Kochloukova 2010]. Instead we use the structure theorem of Aut(G) for 1-ended
limit groups G given in [Bumagin et al. 2007].
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2. Preliminaries

2a. Sigma invariants for finitely generated groups. Let R be an associative ring
with 1. All modules and actions in this paper are left ones. For an R-module M,
we say that M has type FP,, if there is a projective resolution

o> P> Py —>--—>Php—>M—>0

such that all projective modules P; are finitely generated for i < m. A group G is
of type FP,, if the trivial module Z is of type FP,, as a ZG-module. Every group
is of type FPy, and G is of type FP; if and only if G is finitely generated. If G is
finitely presented (that is, there is a K (G, 1) with a finite 2-skeleton), then G is of
type FP;. The converse does not hold [Bestvina and Brady 1997].

The homological invariants (G, Z) were defined in their current form in
[Bieri and Renz 1988], but in the case that m = 1 and G is metabelian, they can
be traced back (under different notation) to [Bieri and Strebel 1980], where they
played a crucial part in classifying finitely presented metabelian groups.

For a general finitely generated group G, define the character sphere

S(G) = (Homz(G, R) \ {0})/ ~,

where R is considered a group via addition, and y; ~ y if there is a positive real
number r such that r y; = y». Write [y ] for the class of y in S(G), and define

2"(G,7Z)={[x1€S(G)|Zis of type FP,, as a ZG ,-module},
where G, is the monoid {g € G | y(g) = 0}. By definition,
"G, 2) =S(G)\ 2"(G, Z).

It is known that £™ (G, Z) is always an open subset of S(G) and can be empty
(as in the case of a noncyclic free group). If £ (G, Z) is not empty, then G is of
type FP,,, but the converse does not hold (for example, when G is noncyclic free).
The following theorem shows that the invariants X (G, Z) are responsible for the
homological type of subgroups of G that contain the commutator.

Theorem 2.1 [Bieri and Renz 1988, Theorem B]. If N is a subgroup of G that
contains the commutator and G is of type FP,,, then N is FP,, if and only if
S(G,N):={[x1€ S(G) | x(N) =0} € £"(G, 2).

There is a homotopical version X" (G) of £™(G, Z). In the dimension m =
1 the invariants coincide, that is, 2!(G, Z) = X!'(G), and in general "(G) C
2™ (G, Z), but the inclusion can be strict for m > 2 [Meier et al. 1998]. As before,
the superscript ¢ means complement in S(G).
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In general it is hard to calculate all the invariants (both homological and homo-
topical versions for arbitrary dimension m). In this paper we apply some structural
results about ! (G)¢ to the theory of twisted conjugacy classes.

2b. A Sigma invariant for a metabelian group. In this section we discuss the
original Bieri—Strebel invariant [1980]. This is the form that will be used in the
proof of Theorem 4.6.

Let Q be a finitely generated abelian group, and let A be a finitely generated left
Z Q-module. If not otherwise stated, all modules in this paper are left ones. Then

Z4(Q)={lx]€ S(Q) | Ais finitely generated as a ZQ ,-module}

and
(D) =S(Q)\ Z4(Q).
Bieri and Strebel [1981, (1.5)] showed that X9 (Q) is additive, that is, if

0>A —>A— A—0
is a short exact sequence of finitely generated ZQ-modules, then
23(0) = X3, (Q)U X}, (0).

It follows from the definitions that if y is a real character of a finitely generated
metabelian group G such that A is an abelian normal subgroup of G with Q =G/A
abelian, and if y (A) # 0, then [y] € Z1(G). If y(A) =0, then [y] € Z'(G)° if
and only if [y ] € Z4 (Q) (here we consider y as a character of Q since y (A) =0).

Let I be the annihilator of A in ZQ, thatis, I = {A € ZQ | AA = 0}, and let
Py, ..., P be the minimal associated primes of A as a Z(Q-module. Then we have
by [Bieri and Strebel 1981, (1.12)]

ZA(Q) = 250,/(0) = U 270/p,(Q).

1<i<s

2c. Twisted conjugacy classes. Let ¢ : G — G be a group endomorphism. The
set of equivalence classes {ga(o(g)*l}geg for a € G is denoted by R[p]. The
cardinality of R[] is denoted by R(¢p) and called the Reidemeister number of ¢.

Let H be a normal subgroup of a group G invariant under an endomorphism ¢.
Denote by ¢’ the restriction of ¢ on H and by ¢ the endomorphism induced by ¢
on Q = G/H. Then by [Gongalves 1998] and [Gongalves and Wong 2003, (2.2)],
there is an exact sequence of sets

(2-1) Rlp'1 — Rlpl - R(p] — 0.
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By [Jiang 1983, page 33], if G/H is abelian, nontrivial, torsion-free, and the map
idp —@ is not surjective (that is, ¢ is a linear operator with eigenvalue 1), then
R(®) is infinite and consequently R(¢) is infinite.

3. General results

A point [y] of the character sphere S(G) is called a discrete point (or a rational
point) if [y ] = [u] for some character x4 such that Im(u) = Z. In this case we call
x discrete or rational.

Lemma 3.1. Let G be a finitely generated group such that

NG =1l s D)

is finite, nonempty, and contains only discrete points, and let ¢ be an automorphism
of G. Let N = (; Ker(y,), let V. = Homz(G/N,R), and let O be the element of
Endz (V) induced by ¢.

Then 0 permutes the images ¥ ; of x; in V., where every y; is chosen so that the
coordinates of y; are integers with maximal common divisor 1.

Proof. Since £ '(G)¢ is invariant under automorphisms, we have (i D) =Ti)xG)s
where 7 is some element of the symmetric group S,, and the r; are positive real
numbers. By assumption, the coordinates of the entries of ); (with respect to some
fixed basis of the free abelian group G/N) are coprime integers. Then every r; is
a positive integer.

We aim to show that r; =- - - =r,, = 1. Indeed for k =m!, we have 6* (D) =2ix;
for some positive integer A; divisible by r; for every i. Now ¢ is invertible and N
is a characteristic subgroup of G, so @ is an automorphism of V, and so 6 is
invertible. Furthermore X = {;}1<i<m spans V. Then by picking up a subset ¥ of
X that is a basis of V, we see that the operator §* is diagonalizable with eigenvalues
A; (note that a fixed }; can always be included in some Y). Then H)?i ey 4i =1,
so A; =1for y, € Y. Thenr; =1 as required. ]

Theorem 3.2. Let G be a finitely generated group such that

NG =1l s D)

is finite, nonempty, and contains only discrete points. Let N = (), Ker(y;), and let
V = Homz(G/N, R). Suppose that the image of {1, ..., ym} in V is a basis of
V as an R-vector space. Then R(p) is infinite for every ¢ € Aut(G), that is, G has
the property Rxo.

Proof. By the previous lemma, we can fix representatives y; (remember we can
multiply any y; with a positive real number) so that the map 6 € Endz(V'), induced



340 DACIBERG GONCALVES AND DESSISLAVA HRISTOVA KOCHLOUKOVA

by ¢, permutes the elements of {}1, ..., xu}, where {¥1, ..., x¥m} is the image of
{x1,..., ym}in V. Then

OF 1+ +Tm)=T1++Zn and Fi++7n #0

in V, that is, § has eigenvalue 1. Then R(®) is infinite by the preliminaries from
Section 2c; hence R(p) is infinite. (|

Theorem 3.3. Let G be a finitely generated group such that
UG =Ll L)

is finite, nonempty, and contains only discrete points. Let N = (); Ker(y;) and
V = Homz(G/N, R). Suppose that the image of {x1,..., ym} in V lies in an
open half subspace. Then R(p) is infinite for every ¢ € Aut(G), that is, G has the
property Reo.

Proof. As in the proof of the previous theorem, we can fix representatives y; such
that w = 1 +---+ ¥ is fixed by 6, where Y, is the image of y; in V. Since
{X1,..., xm} lies in an open half subspace of V, we deduce that w #= 0. We
continue as in the proof of the previous theorem. U

Corollary 3.4. Let G be a finitely generated group such that
UG =Ll - D)

is finite, nonempty, and contains only discrete points. Then there is a subgroup of
finite index H of Aut(G) such that R(¢) is infinite for every ¢ € H.

Proof. By Lemma 3.1 the image of Aut(G) in Endz(V) permutes the characters
X1sX2»---» Xm» Where the coordinates of y, are integers with maximal common
divisor 1, and V = Homz(G/N, R) is defined as before. Let H be the kernel
of the action of Aut(G) on Endz(V). Then the elements of H fix every x,; in
particular the map induced by ¢ on the maximal torsion-free abelian quotient of G
has eigenvalue 1. We continue as in the proof of the previous theorem. ([

Proposition 3.5. Let G be a finitely generated nilpotent group, and let ¢ € Aut(G)
be such that ¢ (g) is conjugate to g for some element g € G of infinite order. Then
R(9) is infinite.

Proof. We induct on the nilpotency length of G. The case when G is abelian is
obvious and well known.

Suppose that G is nonabelian. Let Z(G) be the center of G, so G = G/Z(G)
is of nilpotency length strictly smaller than the nilpotency length of G.

Let @ be the automorphism of G induced by ¢. If there is an element of G
of infinite order that is sent by » to a conjugate, then by induction R(p) = oo,
s0 R(p) = 0o. We can assume that there isn’t an element of G of infinite order
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that is sent by ¢ to a conjugate. The conditions of [Gongalves and Wong 2003,
Lemma 2.1] then hold, and hence it suffices to show that R(¢") = oo to deduce
that R(p) = oo, where ¢’ is the restriction of ¢ to N.

Let g € G be an element of infinite order such that ¢ (g) € g. By the preceding
paragraph, the image of g in G has finite order. If g ¢ Z(G), some nontrivial power
of g is in Z(G), so we can assume that g € Z(G). Then g% = g and p(g) = g.

Consider one twisted conjugated class

Xy = {ahg' (@) Yuez) for some h € Z(G).

Because there is an element of infinite order in Z(G) that is fixed by ¢’, we see
that {ago’(a)_l}aez((;) is a subgroup of infinite index in Z(G); hence X, is a coset
class of a subgroup of infinite index in Z(G). In particular this shows that we
have an infinite number of twisted conjugacy classes X; when & € Z(G), that is,
R(p") = 0. O

4. Applications

4a. On the generalized Thompson’s group and some soluble groups. For a group
G of piecewise linear transformations of the unit interval, we say that G is ir-
reducible if G does not fix a point of (0, 1). There are two distinguished real
characters p and 4 of G defined by A(f) =log, f’(0) and p(f) =log, f'(1).

Theorem 4.1. Let G be a finitely generated, irreducible group of piecewise linear
transformations of the unit interval; let p and 1 defined above be nonzero rational
nonantipodal characters such that A(Ker(p)) = Im(1) and p(Ker(4)) = Im(p).
Then R(p) is infinite for every ¢ € Aut(G), that is, G has the property Ro.

Proof. By [Bieri et al. 1987, Theorem 8.1], the invariant £!'(G)¢ is equal to
{[p], [11}, and by hypothesis the conditions of Theorem 3.2 are satisfied. O

The generalized Thompson’s group F, o, where n > 2 (we use the notation of
Brin and Guzman [1998], which differs from the notation in [Brown 1987a]), is
defined with the infinite presentation

1 . .\
(x0, X1, X2, ... |xj XiXj=Xjip—1 for0 < j <i);

the case n = 2 is the classical Thompson’s group F. The groups above were
first defined and shown to be of type FP in [Brown 1987a]. Some other groups
of PL functions on the interval are known to be of type FPy [Stein 1992]. The
automorphism group of F}, o is understood completely only for n =2 [Brin 1996],
and only some partial results are known for general n > 2 [Brin and Guzman 1998].
Although we do not know much about the full automorphism group of F;, o, we
can still deduce the following result from Theorem 4.1. This answers a question
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asked in [Bleak et al. 2008], where it was shown that the classical Thompson’s
group F has the property Roo.

Corollary 4.2. The generalized Thompson’s group Fy o has the property Ro.

Proof. The generalized Thompson’s group F;, o has several presentations as a group
of PL functions of different intervals. In [Brin and Guzman 1998, Lemma 2.3.1], a
description of F}, o is given as the group of PL functions f on the interval [0, n—1],
where the set Y of break points is finite, the image of Yy under f is inside Z[1/n],
the slopes of all linear functions are integral powers of n, and the slopes of f at 0
and n — 1 can be arbitrary integral powers of n. Furthermore F}, ¢ does not fix a
point on the open interval (0, n — 1). In that paper, the elements of F}, o act on the
right of the interval, but by setting f(x) = (x) f ~!, we get an action on the left. By
obvious rescaling (that is, a linear map that gives a bijection between the interval
[0,n — 1] and [0, 1]), we get a description of F} o as a subgroup of PL functions
acting on the left of the interval [0, 1], and then we can apply Theorem 4.1.  [J

All X-invariants are calculated [Bieri et al. 2010] for the original Thompson’s
group F, but for the generalized ones these invariants are not known except in
dimension 1.

Theorem 4.3. Let G be a nonpolycyclic nilpotent-by-abelian group of type FP .
Then R(p) is infinite for every ¢ € Aut(G), that is, G has the property Rc.

Proof. Soluble groups of type FP are nilpotent-by-abelian-by-finite, so assuming
that G is nilpotent-by-abelian is not a very strong restriction.

By the classification of soluble groups of type FP»,, G is constructible, that is,
built from the trivial group by finite and HNN extensions [Kropholler 1993].

Suppose that the commutator G’ is not finitely generated; hence = !(G)¢ is not
empty by Theorem 2.1. By [Bieri and Strebel 1982], X!(G)¢ is a finite set of
discrete points {[y1], ..., [y ]} that lies in an open hemisphere of S(G). Then we
can apply Theorem 3.3.

Finally if the commutator G’ is finitely generated, G is polycyclic since it is
nilpotent, a contradiction. ]

A group G is said to be of finite Priifer rank if there is a number d such that
every finitely generated subgroup is generated by at most d elements. In particular
if ] - A— G — Q — 1 is a short exact sequence of groups with A and Q abelian,
and G finitely generated, then G has finite Priifer rank if and only if the torsion
part of A is finite and A ®7 Q is finite-dimensional as a Q-vector space. By the
link between valuation theory and X (Q) [Bieri and Groves 1984, Theorem 8.1],
by the existing bijection between X (Q) and X 1(G)¢ explained in the penultimate
paragraph of Section 2b, and because G has finite Priifer rank, £'(G)¢ is a finite
set {[x1l, ..., [xml}, where yi1, ..., ym are discrete characters.
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Lemma 4.4. Let G be a finitely generated metabelian group of finite Priifer rank
that is not polycyclic. Then there is a subgroup of finite index H of Aut(G) such
that R(p) is infinite for every ¢ € H.

Proof. Since G is not polycyclic, G’ is not finitely generated, and so X! (G)¢ is not
empty by Theorem 2.1. On the other hand X' (G)¢ is a finite set of discrete points.
Then we can apply Corollary 3.4. (]

Corollary 4.5. Let G be a finitely generated group such that G/G" is of finite
Priifer rank and G/G" is not polycyclic. Then there is a subgroup of finite index
H of Aut(G) such that R(p) is infinite for every ¢ € H.

Proof. By the previous lemma there is a subgroup H of finite index in Aut(G/G")
such that for every pg € Hy the number R(¢o) is infinite. Then we can define H
as the full preimage of Hy in Aut(G). ([

4b. More on groups with metabelian quotients of type FP;.

Theorem 4.6. Let G be a finitely generated metabelian group such that G is not
polycyclic and X' (G)¢ is not a finite union of subspheres. Then there is a subgroup
of finite index H of Aut(G) such that R(p) is infinite for every ¢ € H.

Proof. As before since G is not polycyclic (in this case, this is equivalent to G’ not
being finitely generated) X '(G)¢ is not empty by Theorem 2.1.
We view A = G’ as a left ZQ-module via conjugation, where Q = G/G’; we
denote this ZQ-action on A by o, that is, if g = gA and a € A, then goa = gag ™.
Let Py, ..., P; be all minimal associated primes of the ZQ-module A; see

[Bourbaki 1989]. Let I be the annihilator of ZQ in A, that is,
I={Ae€ZQ|10A =0}

Then Py, ..., Py are the minimal prime ideals above /. Let ¢ be the automorphism
of O = G/G’ induced by ¢. We extend @ by linearity to a ring endomorphism ¢
of ZQ so that the restriction on Z is identity, and note that for A € I we have
04=¢04)=9p(LoA)=0(L)op(A) =¢p(L)o A, so ¢(I)=1. Then ¢ permutes
the finite set of prime ideals Py, ..., Ps. Thus by going down to a subgroup of finite
index in Aut(G), we can assume that ¢(P;) = P; for every i, and so ¢ induces an
automorphism ¢; of R; =ZQ/P;. By construction, ¢; is the identity on the image
of Zin R;.
Let @; be the extension of ¢; to the field of fractions K; of R;. Let

Q;,=0/T;, whereT;={geQlq—1¢€P;}.

By [Roseblade 1978, Theorem D] or [Bieri and Groves 1986, corollary on p. 426],
the group of automorphisms of K; that fixes the prime subfield k; and permutes the
elements of Q; induces a finite group on B;/A;, where B; is a minimal subgroup of
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Q; such that k; (B;) C K; is a purely transcendental extension with rank that equals
the rank of the torsion-free group Q;/B;, and A; is the subgroup of elements of
Q; that are algebraic over k;. The group of automorphisms of K; induces a finite
group on A; since the Galois group of a finite field extension is finite. Thus the
group of automorphisms of K; that fixes the prime subfield k; and permutes the
elements of Q; induces a finite group on B;.

Then by going down to a subgroup of finite index H in Aut(G), thatis, ¢ € H,
we can assume that ¢; is trivial on B;, that is, for B; = S;/T; with S; < Q we
have ¢(s) € sT; for every s € S;. Then if B; is infinite, the map induced by ¢ on
G/G' ®z Q has eigenvalue 1, and we can apply the observations from Section 2c.
Thus we can assume henceforth that the B; are all finite.

We claim that if B; is finite, then

Z70/p(Q)=1{lx1€ S(Q) | x(S) =0} =:S(Q, S)),

where S; is defined as above, that is, S; is the subgroup of Q such that S;/T; = B;.
Indeed by [Bieri and Groves 1984, Theorem 8.1], the class [y ] is in ZQQ/P,- (Q)if
and only if there is a real valuation of ZQ/P; whose restriction on Q; = Q/T; is
induced by y. Since K; is a purely transcendental extension of k; (B;) with degree
exactly the rank of the torsion-free abelian group Q;/B; for every real valuation w
of k;(B;) and any character y : Q; — R such that y and w coincide on B;, there
is a valuation of K; that extends both w and y. Furthermore any real valuation of
k(B;) sends the finite group B; to zero. Thus any real character of Q; extends to
a real valuation of K; and so by restriction to a real valuation of ZQ/P;. Since
T; — 1 maps to 0 in ZQ/ P; and any real valuation of ZQ/ P; sends O to infinity for
[x]e E%Q/P,-(Q)’ we always have y (T;) = y (1) = 0. Since B; is finite for every
real character y such that y (7;) = 0, we have y (S;) =0.
Then as mentioned in Section 2b,

ZI(G)C = ZE(Q) = Z;A%Q/I(Q) = Ui Z:‘%Q/PI.(Q)-
That is, ZZI(G)C is a finite union of subspheres S(Q, S;), a contradiction. O

Corollary 4.7. Let G be a group of type FP,. Suppose it does not contain a free
subgroup of rank 2, and G/ G" is not polycyclic. Then there is a subgroup of finite
index H of Aut(G) such that R(gp) is infinite for every ¢ € H.

Proof. By [Bieri and Strebel 1980, Theorem 5.5], the maximal metabelian quotient
G/G" of G has type FP,, and £!'(G/G")¢ does not have antipodal points. By
Theorem 2.1, since G/G” is not polycyclic, '(G/G”)¢ is not empty. Since any
subsphere of S(G) has antipodal points, X' (G/G")¢ does not contain a subsphere.
Then by Theorem 4.6 there is a subgroup Hy of finite index in Aut(G/G") such
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that R(¢po) is infinite for every ¢po € Hy. Finally define H to be the full preimage
of Hy in Aut(G). U

4c. Direct products of groups. The direct product of groups is a particular case
of a more general construction: A graph product G of groups is constructed from
a graph A and vertex groups G, associated with every vertex v in the set V of
vertices of A. Then G is the free product of all G, factored by the normal subgroup
generated by [G,, G, ], where v and w are any adjacent vertices in A.

Theorem 4.8 [Meinert 1995, Theorem A]. Let G be a graph product with a finite
underlying graph A and finitely generated vertex groups {G,}ycy. Let y : G — R
be a nonzero homomorphism. Let A be the full subgraph of A spanned by all
vertices V' = {v € V | x(G,) # 0}. Then [x] € £'(G) if and only if one of the
following conditions holds:

(1) If A" = {vo}, then [)(|GD0] € Zl(GUO), and each vertex of V \ {vg} is adjacent
to vyg.

(2) If A’ has at least 2 vertices, then it is connected, and each vertex of V\ V' is
adjacent to some vertex of A'.

If applied to a finite graph A in which every pair of vertices is linked by an
edge, then this theorem gives a simple formula for the ! invariant of a direct
product of finitely many groups. There were some attempts to prove analogues
for higher-dimensional invariants X" (G, Z) and £"(G) for G a direct product of
groups (such analogues are called direct product conjectures). These conjectures
turn out to be false in both homological and homotopical versions [Meier et al.
1998; Schiitz 2008], but hold if we consider invariants with coefficients in a field
[Bieri and Geoghegan 2010].

Corollary 4.9. Let H =G % - - - X Gy, and let £ (G;)¢ be finite (possibly empty)
and contain only rational points (if any) for all 1 < i < n. Suppose further that
2 Y(G))¢ is not empty for at least one i. Then there is a subgroup of finite index Hy
of Aut(H) such that R(¢) is infinite for every ¢ € Hy.

Proof. By Theorem 4.8, X!'(G)¢ is finite, nonempty, and contains only discrete
points. Thus we can apply Corollary 3.4. ([

Corollary 4.10. Let H = G| x - -+ X G, where G; are generalized Thompson’s
groups (not necessarily isomorphic). Then H has the property R.

Proof. Let p; and /; be the characters of H that are zero when restricted to G
for j # i, and are the classical p and 4 from Section 4 when restricted to G;. By
Theorem 4.8, X!(H)¢ = {[A], [pil}1<i<m- Then we can apply Theorem 3.2. [
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Examples. Here we exhibit groups G that have abelianization Z and nonempty
2!(G)°. Let G be a knot group with commutator G’ infinitely generated. For
every knot group, we have G/G’ ~ Z. By Theorem 2.1, since G’ is infinitely
generated, 2 !(G) # S(G).

Let D be the double of G, that is, we make the free amalgamated product
G %2 G, where 77 is the torus subgroup of G. Thus D is a 3-manifold group
and D/D’ ~ 7. By the results of Thurston [1986] for 3-manifold groups and
their translation into algebraic language [Bieri et al. 1987, Corollary F], we have
2 !(D) = =2 (D), and X!(D) is nonempty if and only if the 3-manifold fibers
over S'; in our case this means that D’ is finitely generated. This obviously does
not hold as G is a quotient of D, and G’ is not finitely generated. Then X'(D) is
empty. Since D/D’ ~ 7, we see that £!(D)¢ = S(D) has 2 elements.

4d. The pure symmetric automorphism group. In this section, G is the pure sym-
metric automorphism group of the free group F with basis {xi,...,x,}. Itis
generated by {a; j}1<i+j<n, Where
a; j(x;) = xj_lxl-xj and o j(xx) =x; fork #i.
By [McCool 1986], G is finitely presented with relations
[aij, o] =1 if i, j, k, [ are different,
[aij,or,j]1=1 and [a;joxj,aix]l=1 ifi, j,k are different.

By [Brady et al. 2001], G is a duality group of dimension n — 1. By the main result

of [Orlandi-Korner 2000], the class [y] isin ! (G)¢ if and only if exactly one of

the following holds:

(D) x(aij), x(aj,;) € Rforsome 1 <i < j <nand y(a,,)=0 for the remaining
indices;

() x(aji) = —x (ki) x(@ix) = —x(a;r), and y (o ;) = —x(ai, ;) for some
1<i<j<k<nand y(a,s) =0 for the remaining indices.

We write A; ; for the set of characters of first type and B; ; x for the set of second
type (in both cases including the trivial character). Note that A; ; and B; ; ; are
R-subspaces of Homz (G, R) of dimensions 2 and 3, respectively.

Theorem 4.11. Let G be the pure symmetric automorphism group of a free group
of rank n. Then there is a subgroup H of finite index in Aut(G) such that R(¢p) is
infinite for every ¢ € H.

Proof. Since Aut(G) permutes

w=( U 4u)u( U Bij)cHom(G.®),

I<i<j<n I<i<j<k<n
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and the only 3-dimensional spaces inside W are the B; j, we see that Aut(G)
permutes the spaces B; j x and thus also the elements of M =, ; <j<n Ai,j. Also,
the only 2-dimensional spaces inside M are the A; ;, so Aut(G) permutes the spaces
A; ;. By going down to a subgroup of finite index in Aut(G), we can consider only
automorphisms ¢ of G such that ¢ sends every A; ; to A; ; and every B; j x to B; j x.

Let {a;jj}i,j be the basis of Hom(G, R) dual to {a; ;}; ; and ¢* be the automor-
phism of Hom(G, R) induced by ¢. Note that

B jx=R(a;; —ai ) +R(ajy —ai )+ R —al;)

and B; j ; is invariant under ¢*. Then
4-1) go*(al-*,j —a,f’j) € B ji.
On the other hand, since A; ; and Ay ; are invariant under ¢*, we have
4-2) p*(a; ;) €Rof; +Raj; and ¢*(a; ;) € Ray ; +Rajy;
hence
(4-3) go*(a?jj — a,’c“,j) € [RRocl-*’j + Ra’;’i + [Ria,f,j + [Ra;k.
Combining (4-1) and (4-3), we get

p*(af ; —oj ;) =ao] ; —aay ; forsomea €R.

Then by (4-2),

(p*(azj) = aa;fj and qo*(a}:’j) = aa,f’j.

In particular, ¢ induces a diagonal linear map @ on the abelianization G/G’, and
since ¢ is invertible, the product of eigenvalues is either 1 or —1, and all a are
integers. Then a is either 1 or —1, and either ¢ has eigenvalue 1 and we are done
by the remarks from Section 2¢c, or ¢ is —idg,g’. By going to a subgroup of
index 2, we can avoid the last case. O

4e. Houghton groups. Let N = {1, 2, ...} be the set of the natural numbers, and
let M = {1,2,...,n} x N for n € N. The Houghton group H, consists of all
permutations g of M such that there is an n-tuple (my,...,m,) € Z" such that
gli,r)y=(,r+m;) foralli € {1,...,n} and all but finitely many (i,r) € M.
These groups were first introduced in [Houghton 1978]. There is an important
homomorphism f : H, — Z" sending each permutation g to the corresponding
n-tuple (my, ..., m,). We always have >, _;,_, m; =0.

For n > 2, the group H, is finitely genera;e(_i. More generally K. Brown [1987a]
has shown that H,, is of type FP,_; but not of type FP,. For n > 2, the group H,
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is generated by {f2, ..., t,}, where
ti(jar):(jar) fOfl#J,J;él ti(i,l):(l,l);
ti(i,ry=(>G,r—1) forr>1, (L, ry=~1,r+1).

Also H,/|H,, H,] =~ 7" '; see [Gehrke 1998]. The invariant Z](H,,)C forn>2
was calculated in [Brown 1987b] as

2N (HY) = [an], . . ., [aa]),

where a; = —x; f and w; : Z" — Z is the projection to the i-th coordinate. Thus
T !(H,)¢ is a finite set of rational points of S(H,,), so we can apply Corollary 3.4
and get the following result.

Corollary 4.12. Let n > 2 be a natural number, and let G = H,,. Then there is a
subgroup H of finite index in Aut(G) such that R(¢) is infinite for every ¢ € H.

5. Limit groups

In the previous section we saw that sometimes to understand the structure of X !(G),
it suffices to study the twisted conjugacy classes, although we might not have a
complete classification of the whole automorphism group. In this section we study
twisted conjugacy classes for 1-ended limit groups G. Kochloukova [2010] proved
that £!(G) is empty for any limit group G, so we have to find a different approach
to study the Reidemeister number R(p). As noted in the introduction, the class
of limit groups coincides with the class of finitely generated fully residually free
groups.

There are results about the automorphism group of 1-ended limit groups that give
a description of a subgroup of finite index of Aut(G) [Bumagin et al. 2007]. In the
general case (when the limit group G can be decomposed as a free product), it is
known that Out(G) has a subgroup of finite index that has a finite classifying space
[Guirardel and Levitt 2007, Theorem 6.5]. Here we do not need the full strength
of these results, but use the existence of a canonical abelian JSJ decomposition for
a 1-ended limit group G that is neither a surface group nor free abelian of finite
rank [Bumagin et al. 2007, Theorem 3.13]. This means that G is the fundamental
group of a finite graph of groups with finitely generated abelian edge stabilizers,
that is, the group associated to each edge is abelian and there is a canonical graph of
groups with these properties. There are limited possibilities for the vertex groups:
abelian groups of finite rank, HQ-groups (that is, surface groups), and rigid groups
[Bumagin et al. 2007].

The uniqueness of the canonical abelian JSJ decomposition shows that there is
a subgroup H of finite index in Aut(G) such that under an automorphism ¢ € Hy
a vertex group goes to a conjugate of a vertex group. Also, up to conjugation and
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generalized Dehn twists along edges (these twists are defined in [Bumagin et al.
2007, Definition 2.4] and have the property that on a fixed vertex group they act by
conjugation with an element of G), an automorphism ¢ € Hy induces isomorphisms
on the vertex groups that permute the adjacent edge groups up to conjugation.

The proof of the following result requires the existence of a canonical JSJ de-
composition of G that has bipartite structure as defined in [Bumagin et al. 2007,
Theorem 3.13]. This requires that G is a 1-ended limit group that is neither a free
abelian nor a surface group.

Theorem 5.1. Let G be a 1-ended limit group that is neither a free abelian nor
a surface group. Then there is a subgroup of finite index H of Aut(G) such that
R(p) is infinite for every ¢ € H.

Proof. Consider the canonical abelian JSJ decomposition of G. Then there is
a subgroup of finite index Hy of Aut(G) such that for every ¢ € Hj and every
t € V(I'YUE(T), we have ¢(G;) = G5 for some g, € G. Note that Hy = Aut(G)
if the underlying graph of groups I' of the JSJ decomposition of G does not have
nontrivial symmetries that permute vertices and edges with isomorphic vertex and
edge groups, respectively.

We are particularly interested in edge groups. Since the underlying graph is
bipartite, every nonabelian group is linked with an abelian one. Two nonabelian
groups or two abelian groups are not directly linked via an edge in the canonical
JSJ decomposition. Thus if the connected graph I' has more than one vertex, there
is a nonabelian vertex group, and if [" has just one vertex, the unique vertex group
cannot be abelian as G is nonabelian. The nonabelian groups are divided into two
classes: rigid and flexible.

By going down to a subgroup of finite index H; in Hp, we can assume that, up to
conjugation and generalized Dehn twists along edges, the elements of H; that fix
any rigid vertex group (not pointwise but as a group) are the identity on this rigid
group [Kharlampovich and Myasnikov 2005, Theorem 15.1; Bumagin et al. 2007,
Corollary 4.10]. Furthermore the edge groups of flexible vertices (that is, H Q
vertices) are infinite cyclic [Bumagin et al. 2007, Definition 3.9], and Aut(Z) =7,
is finite. Then by further going down to a subgroup H of finite index in H;, we can
consider only automorphisms of G that up to conjugation and generalized Dehn
twists along edges send an edge group of a flexible vertex group identically to
itself. Thus

(5-1) ¢(g) € g° for every ¢ € H and every g # 1 of an edge group.

Let y;(G) be the i-th term of the lower central series of G, and let ¢;(G) be the
normal subgroup of G containing y;(G) such that G/t;(G) is the maximal torsion-
free quotient of G/y;(G). Kochloukova [2010] showed that [ i>11i (G)=1, an
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easy corollary of the fact that G is fully residually free. In other words, for every
finite subset T of G there is a homomorphism from G to a free group that is
injective on 7. Then for the nontrivial element g from (5-1) we can find some i
such that g ¢ ¢;(G). Thus ¢ induces an automorphism @ on Q = G/t;(G) that
sends the image g of g in Q to some conjugate of g in Q. Then R(®) is infinite
by Proposition 3.5; hence R(¢) is infinite. ([
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PROPERTIES OF ANNULAR CAPILLARY SURFACES WITH
EQUAL CONTACT ANGLES

JAMES GORDON AND DAVID SIEGEL

We consider an annular region € ¢ R? and analyze the capillary surface
z = u(x, y) formed within an annular cylinder £ x R. Assuming identical
contact angles y along the inner and outer boundaries, we determine several
qualitative properties of the surface. In particular, we examine the behav-
ior of u in the limiting cases of 2 approaching a disk, a thin ring, and the
exterior of a disk.

1. Introduction

The equilibrium liquid-gas interface formed within a capillary tube has been stud-
ied extensively over the past two hundred years. The most widely used modern
reference is [Finn 1986]. We will consider the related annular geometry in the
presence of gravity first examined by Laplace in 1806; see [Laplace 1966, supple-
ments to book X]. Here two concentric circular cylinders define an annular cross
section Q C R?. If the cylinders are immersed vertically in an infinite reservoir
of incompressible fluid, the surface Z = U (X, Y) formed between the tubes will
satisfy the boundary value problem

NU =«xU in Q,
D-TU =cosy onodQ,

where TU =VU//1+|VU|?, NU=V-TU, 1 is the exterior unit normal on the
boundary 6€Q and x > 0 is the capillary constant. The contact angle y € [0, 7] is
defined on the inner and outer boundaries and gives the angle at which the interface
meets the bounding wall. For this investigation, y is assumed to be constant and
equal along each cylinder. Such a scenario arises when both tubes are made of the
same uniform material.

MSC2000: primary 34B15, 35J25, 76B45; secondary 34E10.
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The axisymmetric nature of such annular solutions allows us to analyze the
boundary value problem for an ordinary differential equation:

RU
l(—R) =xU for Ry <R <R,
R

R\V1i+u;

UR(R?_) = —coty,
UR(R;) =coty,

ey

where U is the surface height, R is the radial variable and (- )z denotes differen-
tiation with respect to R. System (1) is made dimensionless by introducing the
variables

u=U/R, and r=R/R,,
which gives

_ (rsiny),
o r

Nu =Bu fora<r<l

2) sin y(a) = —cos y,
sin (1) =cos vy,

where B is a positive constant known as the Bond number, and we define w (r) as
the inclination angle of u(r):

Ur

siny(r) = ——.
v(r) 1+ u?

See Figure 1. The outer radius of the region is now fixed at r = 1, while the inner
boundary will occur at r = a for 0 < a < 1. Additionally, we need only consider

3) 0<y<m/2

Figure 1. Radial cross section of annular capillary surface.
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since the other possibilities are accounted for as follows:

o If y =x/2, then u = O is the unique solution.

e For a solution u with y € (z /2, x], let u = —u. We therefore have Nu = Bu
withy =7 —y ory € [0, 7 /2).

Under (3), the comparison principle [Concus and Finn 1974; Finn 1986] requires u
to be positive and bounded for any selection of parameters a and B. Additionally,
the volume of u# above € can be determined by

cosy(1+a)

1
%) /a ru(r)ydr = 7

Contributions to the annular problem have been made by Elcrat, Kim, and
Treinen [2004] and Siegel [2006]; however, this research is still in its fledgling
stage. In this paper, the comparison principle is used to provide several qualitative
results. We begin in Section 2 by illustrating some general properties of u, the
solution to (2); specifically, there exists a unique radius » = m at which u achieves
its minimum value, u(a) < u(1), m € (a, (14+a)/2) and m is monotone increasing
with respect to a. Section 3 then explores the behaviour of solutions to the annular
problem (1) in the following limiting cases:

o For the dimensionless version of (2), we consider the two cases of a — 0 and
a— 1.

 Alternatively, the using the variables
u=U/R; and r=R/R;
to make (1) dimensionless reformulates it as

(rsiny),
U=-——"—
,
®) sin (1) = —cos y,

=Bu forl <r <b,

sin y (b) = cos y

The behaviour of u is consequently examined as b — oo.

2. General properties

In this section, the comparison principle will be used to present a number of qual-
itative results. We start by confirming the uniqueness of the minimum surface
height, which is mentioned under more general conditions in [Elcrat et al. 2004].

Theorem 2.1. Let u be a solution to the boundary value problem (2). There exists
a unique radius r = m at which u achieves its minimum value.
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Proof. Since sin v is continuous with
siny(@)=—cosy <0 and siny(l)=cosy >0,

there exists at least one point in (a, 1) where sin = 0, which corresponds to an
extremum of u. Define r = m as the first zero of sin y. Using the first of (2), we
note

(6) (siny), = Bu— (siny)/r
(7 >0 for siny <0

and specifically, sin y is increasing at r = m. Suppose there exists more than
one point where sin = 0 and let m’ be the next zero immediately following m.
Because sin i is increasing at m, it must be nonincreasing as it touches the r-axis
atm':

(sin )],y < 0.
However, this is in contradiction to (7), and m must be the unique extremum point
of u. Inequality (7) also implies this is a minimum. ([

For the next theorem, we compare boundary heights.
Lemma 2.2. The function sin y is monotone increasing on [a, 1].

Proof. Given that the zero of sin ¥ is unique, we consider sin i on two subintervals.
We have sin ¢ <0 on [a, m], and (6) ensures that (sin ), > 0. On (m, 1], sin > 0
and thus u is increasing. In this case, we multiply the first of (2) by r and integrate
from m to r to obtain

sin y (r) = g/r su(s)ds

m
2_ .2
(8) < Bu(r) (r —m )
r 2
Bru(r)
< .
2
Therefore Bu — (sin y)/r > 0. Equation (6) confirms that (sin ), > 0. O

Remark. Lemma 2.2 also implies that « is convex.
Theorem 2.3. u(a) < u(1).

Proof. The construction of this proof follows the ideas of [Serrin 1971]. Starting
with the annular region €, we place as in Figure 2 a line T that separates from
Qacap I'. Let I be the reflection of I" with respect to T, and observe that T is
positioned so that I'” is internally tangent to 0Q at p. Finally, let 1 be the exterior
unit normal on 6T". With the coordinate system (x, y) oriented so that the y-axis
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T

Figure 2. Configuration of reflected region I'” superimposed onto Q.

is aligned with T, we define a function & on I'” as

a(x,y)=u(x,y)=u(—x,y) for(x,y)el.

Let N be the N operator with respect to the coordinate system (x, y). Clearly,
Nii = Bii. However, N is invariant under reflections; thus, Nii = Nit = Bii and i
also satisfies the capillary equation in I'". The boundary of I'"” is now decomposed
into two pieces, with X, being the portion along 7" and X4 as the remaining curved
piece. We subsequently examine how u# and u compare on each boundary compo-
nent. It is immediately clear that u =u on X,. On Xz, note that71-Tu =siny -7,
where 7 is the unit vector in the radial direction. Since sin y is increasing, this
yields —cosy <n-Tu <cosy. Of course, n-Tiu =cosy and hence n-Tu >n-Tu
on Xz. As aresult, the comparison principle requires

) u>u inI’,
which can be extended to the boundary point p by continuity:
(10) u(p) <u(p) ifandonlyif u(a)<u(l).

The possibility of u(p) =i (p) is excluded by contradiction. In this case, our atten-
tion is restricted to the dashed line S of Figure 2 and both functions are described
in terms of the radial variable only. We next assume that u(a) = u(1), which allows
the meridional curvature k,, = (sin y), of the surface to be compared at r = a and
r=1:

(siny),|,_, = Bu(a) + (cosy)/a > Bu(l) —cosy = (sin ), |,_;.
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Consequently, there exists a d > 0 such that

min sin > max {(sin .
re[a’aﬁ]{( w)r} re[H’”{( w)r}

We can then integrate (sin ), over these regions, giving
sinwy(a+r)> —siny (1 —r) forallr e (0,0],
and since the function p/,/1 — p? is increasing on (—1, 1), we have

sin y (a +r) o siny (1 —r)
\/l—sinzt//(a—i-r) \/l—sinzl//(l—r)'

Thus,

a+o

u(a—f—é):u(a)—l—/ us(s)ds

a0 giny(s)
11 =u(a)+ ———ds
(in o V1—sin2y(s)

! sin y (s)

> u(l) — ds =u(1-9).

1-6 v/ 1 — sin® w (s)
This that u(a + J) > u(a + ), which is in contradiction to (9) and the inequality
of (10) must be strict. (|

Theorem 2.4. The function u achieves its minimum on (a, (1 +a)/2).

Proof. We refer to Figure 2 and again consider u and u along S. The proof will be
by contradiction; we assume that the minimum of u occurs at m € ((14a)/2, 1). If
m is defined as the location of the minimum of %, we then have m € (a, (1+a)/2).
However, the convexity of u implies that

u(m) <u(m) if and only if u(in) < u(in)

with m € I', which is in contradiction to (9). Thus, m € (a, (1+a)/2]. Next, assume
m = (14 a)/2. Given that (sin y),, = u, — (sin y),/r + (sin y)/r?, Lemma 2.2
provides (sin y),,|,_,, < 0 and continuity requires that there exists a 6 > 0 such
that (sin ), <0 on [m —d, m + J]. With (sin y), decreasing on the interval, this
gives — sin y (m —r) > sin y (m+r) for all r € (0, J]. Finally, an argument similar
to (11) yields u(m — d) > u(m + 6), and we conclude u(m — ) > iu(m — ). This
again contradicts (9); therefore the minimum of u# occurs on (a, (1 +a)/2). ([

Theorem 2.5. The minimum value m is monotone increasing with respect to a.

Proof. We proceed by contradiction. First, suppose there exist two inner radii
a and a where m decreases with respect to a. This gives rise to the following
configuration as shown in Figure 3:
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g

|

: — r
aa m m 1

Figure 3. Hypothetical configuration assuming m is decreasing
with respect to two values of a.

(1) u is the unique solution over [a, 1] whose minimum is at r = m.
(ii) @ is the unique solution over [a, 1] whose minimum is at » = 7.
(iii) a < a.
@iv) m < m.

Consider i and i on the region [d, 1]. Here, the contact angle of i at r = a will
be a > vy, and the comparison principle therefore implies

(12) i<ia in(a,l).

Alternatively, we can examine the solutions over [, 1], in which the contact angle
of & at r = will be > 7 /2. Here, the comparison principle would require iz > it
in (7, 1) which is in disagreement with (12). Consequently, m <m for a < a. Now
suppose that m is constant for two increasing values of a. Again, u and u will be
configured as before, only with (iv) altered as

(iv)" & and & share the same minimum at r = m.

Figure 4 depicts this possibility. In like manner, we have

(13) iu<u in(a,l).

However, on [m, 1], both & and & have identical contact angles and uniqueness

requires i = u, which contradicts (13), and we conclude im < m for a < a. O

3. Solutions in limiting cases

Preliminary lemmas.

Lemma 3.1. The function (sin y)/r is monotone increasing on la, 1].
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:
aa m 1

Figure 4. Hypothetical configuration assuming m is constant with
respect to two values of a.

Proof. Equation (6) yields ((siny)/r), = (2/r)(Bu/2 — (siny)/r). As we did
in Lemma 2.2, we can examine ((sin y)/r), over two subintervals. On [a, m],
siny < 0 and ((sin y)/r), > 0. On (m, 1], result (8) can be used to claim that
Bu/2 — (siny)/r > 0 and thus ((siny)/r), > 0 for r € [a, 1]. ]

Lemma 3.2. We have —(acosy)/r <siny <rcosy on (a, 1).

Proof. For the lower bound, we observe that the first of (2) provides the differential
inequality (r sin y), = Bru > 0, and thus r sin ¥ is monotone increasing:

rsiny(r) > asiny(a) =—acosy forre(a,l].
For the upper bound, Lemma 3.1 may be used to show that
(siny (r))/r <siny(1)=cosy forr €la,]l). O

Approaching a disk. We now consider solutions to (2) as a — 0. As such, refer-
ence will be made to the interior solution ui,, which solves

(rsin ), = Brujy forr € (0, 1),
(14) sin y (0) = 0,
sin (1) = cos y.

See [Finn 1986] for background. Siegel [2006] examined the problem (14), along
with the annular problem

(rsiny), = Bru forr € (a,l),
(15) siny(a) =0,
sin (1) =cos y.
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Sy

Vi Untl
¢ Uint

0
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i
1
Figure 5. Illustration of {v,} and {0,} compared to uiy.

First, it will be shown that the solution of (15) approaches that of (14) as a — 0.
Let {v,},>2 be the sequence of functions such that v, is the unique solution to (15)
on the interval [1/n, 1]. Thus {v,} is defined on an increasing domain; however, it
is desirable to consider also a sequence {0, },>2 of extended functions on [0, 1] by
continuing each v, to r =0 as

5 ( _{vn(l/n) forr € [0, 1/n),
on(r) = 0, (r) forr € [1/n, 1].

See Figure 5. Here, 0, € C 110, 1] for all n > 2. From [Siegel 2006] it can be
shown that each function v,, along with the interior solution ujy, is increasing and
bounded. Siegel also demonstrated that v, and ui, will satisfy the same volume

condition: | |
/ sv,(s)ds =/ Stin(s) ds = o8y .
1/n 0 B
Therefore,
1 1/n
(16) / §(0,(s) — uine(s)) ds — / s0,(s)ds =0.
0 0

Additionally, the comparison principle provides
Ups1 <v, ifandonlyif o0,y <0, forn>2
as well as
0 < uint <v, ifandonlyif O <uj, <0, forn>2.
Consequently, we are assured that 0,, — v pointwise on [0, 1] with

(17 v > ujne on [0, 1].
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Each integral in (16) thus defines a positive decreasing sequence with a defined
limit as n — oo:

1 1/n
(18) lim / §(0,(s) — uint(s)) ds — lim / sv,(s)ds =0.
n—oo O n—oo O
The second limit in (18) can be bounded as
1/n 1/n
0< lim sv,(s)ds <0p(1)- lim sds =0,

and we conclude lim,,_, o, fol/" §0,(s)ds = 0. The first limit in (18) must now be
zero and Lebesgue’s dominated convergence theorem can be used to see that

1 1
19 0= lim [5G0 um)ds. = [ s06) - mls)) ds
In conjuction with (17), this requires
(20) 0 =ujye almost everywhere.

We further comment that v must be nondecreasing and inequalities that occur in
(20) are restricted to jump discontinuities in v. However, suppose such a disconti-
nuity of height J > 0 occurs at a point ¢ € [0, 1). Here, there will exist a d > ¢ such
that uiy is continuous on [c, d] with v — ujy > /2. This is at odds with (19) being
0 and v = uj, on [0, 1). We can also demonstrate that equality holds at r = 1. For
n > 2, we shift uj,c upward to the position of uiy so that iin(1/n) = v,(1/n). In
other words,
Uint = Wint + Un(l/n) - uint(l/n)-

The comparison principle requires
(21) Uine(1) < 0, (1) < tine(1).

Since v, (1/n) = 0,(0), we get lim,,_, o v, (1/n) = limy,_, oo 0, (0) = uinc(0). This
with (21) gives v (1) = uine (1) and v = ujy, as required.

Remark. Dini’s theorem can be applied at this point to strengthen the convergence
claim on {0,} from pointwise to uniform convergence.

Lemma 3.3. Define u, and uiy as in Theorem 2.5 and consider m as a function

of a. If lim,_,gm(a) =0, then lim,_, g uys(m) = uine(0).

Proof. For a given m(a), select the maximum n € N such that m(a) < 1/n, which
gives 1/(n+1) <m(a) <1/n. With the sequence of functions {v,}, the comparison
principle produces the following arrangement, shown in Figure 6:

(22) U1 (1/(n+ 1)) <ua(m) <v,(1/n)
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()
S| —
—

Figure 6. Choosing n so that v,+1(1/(n+ 1)) < u,(m) <v,(1/n).

with limy, s o0 0,41 (1/(m+ 1)) =1lim,,_, o v, (1/n) = ujn (0). For lim,_,gm(a) =0,
we have lim,_,o n = 0o and (22) requires lim,_, ¢ u, (1) = uin(0). O

Theorem 3.4. Fory € [0, 7 /2), consider the interior solution uiy defined on [0, 1]
together with u,, the solution to (2) on [a, 1]. We have

lim max |ua(r) Uine(r)] =0
a—0rela,

Proof. On [a, 1], we compare the contact angles of u, and uj,, noting that the
comparison principle requires

(23) Uing < g onla,l].

See Figure 7. Additionally, uj, may be shifted upward to the position of ujy such
that itin (@) = uy(a). Here again, we use the comparison principle to see that

© Uint
mn
o
T T T r
0 a m 1

Figure 7. Cross section of comparison surfaces for a — 0.
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Ug < jn on [a, 1]. Consequently,

(24) rer%aﬁ]lua(r) — uin(r)| < [ug(@) —ua(m)l + (uqa(m) — uine(0)),
re€la,

and both bracketed terms of (24) can be bounded. For the first term, we write

"o siny

ua(a)—ua(m):—/ Ugds = — — s,
a a \/l—sinzl//

and using Lemma 3.2,

m
1 / 2
ua(a)—ua(m)<a/a —mds <alog(l4++v1—a*)—aloga
—0 asa—0.

For the second term in (24), it is clear that u, satisifes the boundary value problem
(15) on [m, 1]. Considering m as a function of a, it is sufficient to show that
lim,_,om(a) =0, as Lemma 3.3 would then require lim,—, o (¢, (1) — tin (0)) = 0,
thus proving the theorem. We proceed by contradiction and assume m does not
approach 0. As a result, there exists a ¢ > 0 such that

(25) m>g forallae(0,]1).

Suppose that a < o. By multiplying the first of (2) by r and integrating from a
to m, we have

a—0

m m
/ sug(s) ds = & CI(;S ’ implies  lim / sutg(s) ds =0,
a a

Using (25) and that u, is decreasing on [a, m), the above integral could also be
bounded as f;" sug(s)ds = uq(o) f; sds. By (23), u,(0) > uin(o) so that

m

2
lim sug(s)ds > uim(a)a— > 0.
a—0/, 2

This is an impossible situation and m must approach 0 as a — 0. As a result,

max |u,(r) — uin(r)] >0 asa— 0. O
rela,l]

Approaching a thin ring. We next examine solutions to (2) as a — 1. For this, let
ug = 2cos y/(B(1 — a)), the constant function that satisfies the volume condition
(4). Also, define the function u; by

r

sin 4 (s)

a /1 —sin® y(s)

ui(r)=u(a)+ ds,
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with

. B [’ a cosy a
smt,//l(r)=7 suods—;cosyzl_a(r—;)
a

and

2 cos 1 ! sin 1 (s)
“(@) = Z) - 1—a2/ A=55 =

B(1— V1 —sin® y, (s)'

Here, y; denotes the inclination angle of #;. Since
(26) —(a/r)cosy <siny| <rcosy,

it is easily checked that u is defined and continuous; the choice of u(a) ensures
that u; also satisfies the volume condition. Note that u; is a Delaunay surface
(that is, a surface of revolution having constant mean curvature) satisfying the
differential equation

27 Nu; = Bug if and only if (7 sin y1(r)), = Bruy.
For y # 0, it so happens that #; will act as a limiting surface as a — 1.

Theorem 3.5. Define u, as in Theorem 3.4 and consider the function u; described
above. Fory # 0, we have |lug —ui| = O((1 —a)’) asa — 1.

Proof. We first bound |u, — ug|. Using that u, is convex and u,(a) < uy(1), we
have

lua —uol < max{uy (1) —uo, uo — ua(m)} < ua(1) —ua(m)

! sin y,

= —dr,
m /1 —sin® y,
where y, is the inclination angle of u,. Lemma 3.2 provides that

sin - 7 COS Yy
\/l—sinzy/ " V1—r2costy

and consequently

! F COS Y

—dr
m \/1—7'200S2)/
V1I—m?cos?y —siny

= =C(y,m) <C(y,a).
cos y

lu —ug| <

Using the first of (2) and (27), we write

B r
sin y, — sin y| = 7/ s(ug —up)ds,
a
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or equivalently, sin y, —sin y = —(B/r) [ ! s(u, —ug) ds. Taken together, these
yield
sin yg —sin y1| < 2-C(7, @) min{r® —a®, 1= r2),
and given that min{r?> — a2, 1 —r2} <2(r*> —a*)(1 —r?)/(1 — a?), we have

(r2 — az)(l — r2)
5 .

|sin wg — sin y1| < EC(V,a)
r 1—a

Continuing, we bound |u, — u| by first noting that u, and u; have the correct
volume; therefore they must intersect at least once in (a, 1), with

1
28) it — 101 5/ () — (1), | dr.

To estimate the integrand of (28), we apply the mean value theorem to the function

f(p) = p/v/1— p?, so that

[sin y —sin 1] . . U|sin y, — sin y |
luy—(Unt1)rl= R _52)3/2 implies  |ug—u1| < g (1 _52)3/2 dr,

where £ lies between sin y, and sin ;. By Lemma 3.2 and (26), we have —cosy <
& < cosy, sothat 1 —¢2 > sin?y > 0 for y # 0. We may bound |u, — u;| further:

| BC(y,a) (r*—a®(1-r?)
)
r_l-a dr < —5_c@,a)1 -1 -a).
a sin” y asin’ y

lug —uy| <

Finally, we rewrite C(y, a) as

Cly.a)= cos y(1 —a?) - cosy('l—az)
V1 —a?cos?y +siny 2siny
and thus
B
e —u1] < ——L (1 —a®?(1—a)=0((1—a)’) asa—1. O
2asin” y

For y = 0, the term (I — &?) can no longer be assigned a positive lower bound
and the argument above does not yield the asymptotic behaviour of u, as a — 1.
Further work is needed to understand this special case.

Finally, we add to Theorem 3.5 by showing that the limiting surface u«; will in
turn approach the lower portion of a torus as a — 1.

Theorem 3.6. Consider the function

t(r)= _\/(lga)z secZy — (r — l—i-Ta)z +b(a,y, B),
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where
b B) 2cosy +1—a (-2 2)+( )t
a,y,B)= sec’ y(m — 2y — sin an
’ Bl—a) 8 /T o TmERe AT

On [a, 1], the function t (r) describes the lower portion of a torus that satisfies the
boundary conditions of (2) and the volume condition (4). For y # 0, we have

lui —t|=0((1—a)>) asa— 1.

Proof. It can be shown that the inclination angle of 7(r) is given as

} co
sinw(r) = T
with [sin y; — sin w| being maximized on [a 1] at r = /a such that

s —a).

|sin 1

—sinw| < a +\/_)2

We argue analagously to the previous theorem that

! |sin w1 —sino|
u —t| < — Y dr,
== 26
where —cos y <sinw < ¢ < siny; <cosy. For y #0, |u; —¢] is then bounded
as

cos y
— (1 -a)
' (1+ Ja)? )2 — o

a sin’ y

lup —1| < —a)?) asa— 1. O

When considered together, Theorems 3.5 and 3.6 allow us to conclude that for
y # 0, the solution surface u, approaches the torus portion #(r) as O((1 — a)?):

lug —t| < |ug —ur|+u; —t|= 01 —a)z) asa— 1.
Approaching the exterior of a disk. Finally, consider solutions to (5) where b —
00. Here, we will make use of the exterior solution uey that solves

(rsiny), = Bruex forr e (1, 00),
sin (1) = —cos y,

lim u(r) =
r—oQ

See [Siegel 1980] for background. As well, define a sequence of functions {w;, },>2
such that w,, is the solution to the boundary value problem

(rsiny), = Brw, forr € (1,n),
sin (1) = —cos y,
siny(n) =0
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We start by demonstrating that w, — ucx as n — o0o. It can be verified that
each function w,, as well as ueyx, is decreasing. Also, the comparison principle
requires that w,1] < w, and 0 < uex < w, for n > 2. Furthermore, u. can be
shifted vertically to the position of iy such that

(29) Uext = Uext + W (1) — Uexi (1),

and the comparison principle gives uex < w, < ilex; On [1, n]. We consider the limit
of (29) as n — oo. Clearly lim,,_, o #ext(n) = 0 and we will prove by contradiction
that lim,,_, o, w, (n) = 0. Assume there exists a d > 0 such that w, (n) > ¢ for all
n > 2. This would imply

n n
30) / swnds>5/ sds — o0 asn— o0.
1 1

However, each w, obeys the volume condition || 1" sw, ds = (cos y)/B, which con-
tradicts (30) and necessarily lim,_, o, w,(n) = 0. Therefore, (29) provides that
1My, s o0 Uext = Uext and w;, —> Uex; and n — 00.

The behaviour of u as b — oo is divided into the following two theorems, with
each considering u on the stated subinterval of [1, b].

Theorem 3.7. For y € [0, 7/2), consider the exterior solution uey defined on
[1, 00) together with uy, the solution to (5) on [1,b]. Let m be the location of
the minimum of up. On [1, m], we have

lim max Iub(r) —Uext(r)| =
b—oo re[l,m]

Furthermore, m = m(b) is monotone increasing and m(b) — oo as b — oo.

Proof. We compare the three functions uey, up and fex on [1, m], where

Uext = Uext + Up (m) - Mext(m)s

With texe < up < tiexe On [1, m] by the comparison principle. Similar to Lemma 3.3,
we have

lim m(b) =oco0 implies lim up(m) = uex(m),
b— 00 b— 00
and it is sufficient to show that lim_, o, m(b) = 00, since this would require

ngax |ub(r) uext(r)| < lext — Uext = ub(m) - uext(m)
r ’

—0 asb— oo.

An argument nearly identical to that proving Theorem 2.5 yields that m () is mono-
tone increasing. Furthermore, m increases without bound as b — oo, which can be
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shown by contradiction: Assume there exists an M € N such that m(b) < M. The
volume condition on u# can be used to show that

b b
b
3D /sudsf/ suds = Cosy‘

M m B

Additionally, select the function wy, € {w,} as a lower bound of u on [1, M], so
that wy (M) < wy < u on [1, M] by the comparison principle. With (31), this
produces

b
b
(32) wy (M)A B = M?)) < / suds < 255V
M B
For large enough b, however, (32) cannot hold, and m — oo as b — oo. O

The examination of u on the remaining interval [m, b] will refer to the one-
dimensional solution z(x) that solves

ix
————) =Bz forxe(0,00),
(\/1+Zx2)x

(33) sin¢(0) = —cos y,

lim z(x) =0,
X—>00
where ¢ (x) denotes the inclination angle of z(x). This problem was first considered
by Laplace [1966]; a modern treatment is offered by Siegel [1980]. Physically, z
represents the height of a capillary surface on one side of an infinite vertical plate.

Theorem 3.8. Let y € [0, 7 /2) and define u, and m as in the previous theorem.
Consider the one-dimensional solution z that satisfies (33). On [m, b], we have

b11>n;olo se[r&2§m]|ub(b B S) B Z(S)I =0.

Proof. We employ the functions z(s) and u,(b — s) for s € [0,b — m]. This
amounts to comparing the annular solution with the capillary surface generated by
an infinte plate placed tangentially to the outer boundary of Q. We also introduce
the function 7 defined as Z(s) = z(s) +up(m) — z(b —m). Our comparisons will be
largely based upon the results of Siegel [1980], where a similar geometry was used
to compare the surface z with the interior solution. In our case, the comparison
principle requires z < u;, < z and more specifically, z(s) < u,(b — s5) < z(s) for
s € [0, b —m]. Thus

max |up(b—s)—z(s)| <z —z=up(m) —z(b—m).
s€[0,b—m]
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From Theorem 3.7, it is clear that up(m) — uex(m) — 0 as b — oco. Additionally,
since m < (14b)/2, we have

b—m>®B-1)/2— 00 asb—> oo and blirn z2(b—m) =0.
—00

Therefore, maxe(o,p—mlup(b —s) — z(s)| — 0 as b — oo. O
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APPROXIMATING ANNULAR CAPILLARY SURFACES WITH
EQUAL CONTACT ANGLES

JAMES GORDON AND DAVID SIEGEL

Consider an annular region 2 c R2. We extend the iterative procedure of
Siegel to the case of symmetric capillary surfaces z = u(x, y) formed within
the annular cylinder 2 x R and having identical contact angles y along the
inner and outer boundaries. We demonstrate convergence under conditions
that include y = 0, and we recover the interleaving properties noted by
Siegel for a particular geometry.

1. Introduction

We continue our examination of annular capillary surfaces of the form described
in [Gordon and Siegel 2010]: Two concentric circular cylinders that define an
annular cross section Q C R? are immersed vertically in an infinite reservoir of
incompressible fluid. Under the influence of gravity, the surface Z = U(X,Y)
formed between the tubes will satisfy the boundary value problem

ey .
V-TU =cosy on oL,

[ NU=xU inQ,
where TU = VU /\/1+|VU|?, NU =V - TU, the exterior unit normal on the
boundary 6Q is 7, and x > 0 is the capillary constant. The contact angle y € [0, 7]
is defined on the inner and outer boundaries and is the angle at which the interface
meets the bounding wall. Again, y is assumed to be constant and equal along each
boundary.

The axisymmetric nature of such annular solutions, along with the change to
dimensionless variables

u:U/R2 and I‘:R/Rz
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Figure 1. Radial cross section of annular capillary surface.

allows us to convert (1) into a boundary value problem for an ordinary differential
equation:

(r sin y),
U= —-—
;

=Bu fora<r<l,

@) sin y(a) = —cos y,
siny (1) =cosy

where B > 0 is a positive constant known as the Bond number, (), denotes dif-
ferentiation with respect to the radial variable r, and we define the inclination
angle w(r) of u(r) as siny(r) = u,/\/1+u?. See Figure 1. Note also that the
outer boundary of Q is now fixed at r = 1, while the inner boundary occurs at
r = a, where 0 < a < 1. For reasons described in [Gordon and Siegel 2010], we
need only consider 0 < y < x /2. Additionally, u is positive and bounded by the
comparison principle [Concus and Finn 1974; Finn 1986], and the volume lifted
can be determined from

cosy(1+a)

1
3) /a ru(rydr = B

In this paper, we apply the iterative procedure introduced by Siegel [2006] to
the boundary value problem considered here. Specifically, Section 2 provides con-
ditions under which the approximate functions generated converge to the solution
of (2). In [2006], Siegel demonstrated that the iterates display a highly organized
interplay, which he called interleaving properties. This allowed for bounds to be
placed on the surface height at the inner and outer radii. In Section 3, we prove
that, under certain conditions, the interleaving properties may be recovered for (2).
Section 4 summarizes a new and more complicated behavior that can also occur.
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2. Iterative procedure

The iterative scheme of [Siegel 2006] was employed successfully to approximate
annular surfaces with the inner contact angle fixed at z /2. We intend to extend
the procedure to the boundary value problem (2). An outline follows: Consider
a function u that satisfies the volume condition (3), and suppose there exists a
function u, such that Nu; = Bu; or equivalently

(r sin y7), = Bruy,

where y, is the inclination angle of u;. Requiring sin y,(a) = — cos y, we arrive
at an integral equation for y5:

,
siny,(r) = g/ sui(s)ds — 6;lcos 7.
a

Since u; satisfies the volume requirement, it is easily verified that u, also has the
correct boundary condition at » = 1. Given that (i), = sin w2/~ 1 —sin’ y», we
derive an expression for uy:

r

sin yo(s)
a /1 —sin® ya(s)
with u;(a) selected so that u; has the correct volume, that is,
2 cos sin _sinyn(s) (s)
5) ua(a) = = L — 2/ (1—s2 "
B( —a) —a 1 — sin? wz(s)

The following theorem solidifies these ideas. Here, a complicating assumption of
sin y, < r cosy arises that did not occur in Siegel’s previous analysis.

4) us(r) = us(a)+ ds,

Theorem 2.1. Let uy be a continuous, positive function defined on |a, 1] that sat-
isfies the volume condition (3). Define

sin y(r) = g/ suy(s)ds — Lr—zcos y
a

and assume sin y, < r cos 7.
(1) We have —(a/r)cosy <siny; on [a, 1].

(i1) There exists a function u, defined and continuous on |a, 1] given as

r

sin yo(s)

a \/1—sin® ya(s)

ur(r) =uz(a) + ds

with

2 cos 1 ! sin yo (s
u(a) = U _l—az/ (l—sz)#d&

B(1—a) V1 —sin? yy(s)
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As a result, Nu, = Bu,.

(ii1) The function u, satisfies both the volume condition and the boundary condi-
tions listed in (2).

(iv) There is a unique point r = my at which u, achieves its minimum value.
W) I )
< b
(1 —a)(%«/ 1—a?+alog(1++1—a?)—aloga)

then uy will also be positive.

Proof. (i) Using that u; is positive, we note that (r sin ), = Bru; > 0 and
the function r sin y, is monotone increasing. The remainder of the proof mirrors
[Gordon and Siegel 2010, Lemma 3.2].

(i1) To show u5 is defined and continuous, it suffices to show that u, is bounded.
Since the function p/,/1 — p? is increasing on (—1, 1) with

—(a/r)cosy <siny, <rcosy,

Equations (4) and (5) give

2
ur(r) = cosy 2/ 1- sin v ds
B(l—a) 1—a 1—s1n s
" sin _ sinys
ds
V1 —sin? y,
1
©6) . 2cosy B 12/(1—s2) 5 COS Yy ds

B(l—a) 1-a*J, /T—52cos? y

g acosy

ds

Zcosy(ﬁ— %M—alogO%—M)%—aloga).
Given that aloga > —1/e on (0, 1], we can bound u, below:
us(r) > cosy(2/B—1/3—1log2—1/e) > —o0,

Similarly, u, can be bounded above:

2cos y 1 /1 ) acosy " _ scosy
ur(r) < (1=5) 77—
B(1—a) 1 Vst —a?cos?y a /1—s%cos?y

<cosy(3(+_a)+log2+é+l) < 00

Finally, the introductory discussion confirms that Nu, = Bu;.
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(iii) This is easily proven from the volume condition.
(iv) This argument follows the proof of [Gordon and Siegel 2010, Theorem 2.1].

(v) The lower bound given in (6) is required to be positive:
—IV1-a*—alog(1++1 —a2)+aloga) > 0.

Solving for B produces the desired result. U

up(r) > cosy (ﬁ

Theorem 2.1 creates the framework needed to generate a sequence of iterates {u,,}
defined recursively as

(7 Nuy+1 = Bu, forn=>0.

We take the initial function u( to be the constant function that satisfies the volume
condition:

2cos y
B(1—a)’
It can be shown that for suitable restrictions on B, the sequence {u,} is one in
which

e (i) through (v) of Theorem 2.1 are satisfied for all n > 1, and

®) uo =

e {u,} converges to the solution of the boundary value problem (2).
The following theorem demonstrates these results.
Theorem 2.2 (iterate convergence). For

2a(1 —a?)cosy
< 9
2(1+a)(1 —a)*C(y, m) +am cosy

the sequence of iterates {u,} generated via (7) and (8) will be continuous and
positive. Furthermore, Br /(2(1 — a®)) < 1 and {u,} converges to u, the solution

of (2), with

= u,| < C(y»m)( 2(1 ))"

Here, C(y, m) = (/1 —m?2cos?y —siny)/cosy with0 < C(y,m) < C(y, a), and
r = m is the location of the minimum of u.

Proof. We first prove the case for n = 0 and proceed inductively. Since ug and u
satisfy the volume condition, they must intersect at least once in (a, 1). Using that
u is convex and u(a) < u(1) [Gordon and Siegel 2010], |u — ug| is thus bounded
as

' sin _ siny

m +/1—sin’ l//

lu —uol < max{u(l) —ug, up —u(m)} <u(l) —u(m) =
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Additionally, [Gordon and Siegel 2010, Lemma 3.2] provides that
sin y < ¥ COS y
\/l—sinzy/ V1—r2cos?y

and consequently

! rcosy V1—m2cos?y —siny

dr = =C(y, m).

m /1 —r2cos?y cos y

The case n =0 is thus proved. Next, assume u,, is continuous, positive, and satisfies
the volume condition. Also, let |u — u,| < f, :== C(y, m)(Bx /(2(1 —a?)))". The
defining equations for {u,} and u yield

lu —uo| <

B r
sinl//—sinz//nH:?/ s(u—up)ds,
a

or equivalently, sin y —sin y, 11 =—(B/r) frl s(u—uy)ds. When used in tandem,
these imply

[sin y — sin yp41| < ;;rﬁ" min{r? —a®, 1 —r?},
and since min{r? —a?, 1 —r?} <2(r> — a®>)(1 — r?) /(1 — a?), this gives

PuB (P —a*)(1 —r?)

© [sin yr — sin 1| < >
1—a
We next bound sin y;,41. For n = 0, sin y; can be written exactly:
) cos y a
10 sin y = (r — —),
(10) vi=1__ p

and it is easily checked that —(a/r)cosy < siny; <rcosy. Forn > 1, we do
not have the luxury of an explicit function and we proceed as follows: To show
sin y,4+1 < r cos y, consider the distance between sin y; and sin y,,11:

[sin ¥ — sin y, 11| < |sin i — sin 1|+ [sin ¥ — sin ¥, 41|

11 2 2\(1 _ 2 n
" =)
The last factor in (11) can be bounded by a geometric series:

T LR T k
() < 2(Pate)
and since
2a(1 —a*)cos y - 2(1 —a®)

5

<
2(1+a)(1 —a)*C(y,m)+arm cosy T
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the sum is convergent. We now have
2(r2 —a*)(1—r?)
2(1—a?)—Br

The condition on B can be substituted into (12) to obtain

. . B
(12) sin 1 —sin ya| < ZC(um)

a cos
[sin w1 —sin y, 41| < ! (1 —r).
l1—a \r

With this in hand, we are able to show that sin y,, 11 < r cos y:
Fcosy —siny,11 > (rcosy —sin ) — |sin y| — sin ;41|
cos acos
z(rcosy— V(r_g))_( y(l_r))zo,
l—a r l—a \r

and conditions (i)—(iv) of Theorem 2.1 apply to u,,+. In addition, the bound on B
required here satisfies

B 2a(1 —a?*)cos y
<
2(1+a)(1 —a)2>C(y,m)+ar cosy
2
< b
(1—a)(%«/1—a2+a10g(1+\/1—a2)—aloga)

and consequently, u, | also exhibits property (v) of Theorem 2.1. To summarize,
u,+1 will be continuous, positive and will satisfy the volume condition.

Next, we bound |u — u,41|. Since both u and u,; have the correct volume,
they must intersect at least once in (a, 1). This allows us to state that

1
(13) [ — tpql f/ ey — (un—i-l)rl dr.

To estimate the integrand of (13), we use the mean value theorem on the function
f(p) = p//1— p?, so that
£ (sin p) — £(sin yo11)
sin i — sin ¥,

where ¢ lies between sin i and sin 4. This can be rewritten as

= 1),

|sin y — sin 41|
(1-&*?
The numerator of (14) has an upper bound given in (9). For the denominator,

[Gordon and Siegel 2010, Lemma 3.2] provides bounds on sin y that are identical
to those derived above for sin y,,11:

(14) luy — (Ung1)r| =

acosy

<siny and siny,y; <rcosvy,
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and ¢ is bounded as
a acosy
Z <

<¢<rcosy <r,

r

with &2 < max{a?/r?, r?}. The denominator of (14) can thus be estimated using
1 —¢2> (1—a?/r*)(1 —r?), and an upper bound on |u — u,| is now possible:

1 . .
sin  — sin ys |
| —tpy1l f/a a1 _52)3/2 dr

\/l—(l—az)t2
l—az/ V=12

1—a2/ mm

where the change of variables t = /(2 — 1)/(a? — 1) is used in the last equality.
This integral is always less than 7 /2. Hence,

B
KL_ —ﬁn-i-l

and the inductive step is complete. ([

[ —upp1| <

3. Single intersection case: interleaving properties

The iterates of [Siegel 2006] were shown there to exhibit the following structure:
@ wo<yr<---<y<---<yz<yforrea,l).

®) uy(a) <usz(a) <--- <u(a) <--- <uy(a) < ug.

(©) up <up(l)y <---<u(l) <--- <usz(l) <wu(l).

These properties were defined collectively by Siegel as the interleaving proper-
ties of the iterates, with (b) and (c) providing under- and over-estimates for the
boundary values of u. Here, the behavior between iterates is more complex, being
sensitive to the values of the parameters a, y and B. However, we are able to
recover these interleaving properties under certain conditions. It so happens that it
will be necessary to find selections of a, y and B such that u, ug and u, will be
configured as noted in Figure 2. In other words, there exist unique points by and
co in (a, 1) such that

(15) {u <ug ?fre[a,bo),
u > up lfI‘E(b(),l],

and

(16) Uy < ug %fr € la, cp),
uz > Ug ifre (CO, 1].

It turns out that if (15) and (16) occur, the interleaving properties are a consequence.
We examine the conditions necessary for each configuration below.
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u

) U2

uo

a Co 1

Figure 2. The configuration required for interleaving properties.
Whereas u and u, must be arranged as shown with respect to ug,
the relative configuration of u and u, is not important.

Single intersection of u with ug. We will show that the configuration of (15) is
a result of u(a) < ugp, and it is indeed possible to find conditions under which
this is true through a comparison with u(a). We thus begin by investigating the
conditions necessary for u(a) < ug. Consider the difference

(17) wo — u (@) = / (1— _sinyn ds.

1 — sin? y

The integrand can be bounded from below by estimating sin /v 1 — sin® ;. For
a <r < ./a, we use that sin y is concave to see (r —+/a) cos y /(/a—a) <sin yq,
which gives

cos y
P =

\/I_Sinzm_\/1—((V—«/_)jgsya)2

and for \/a < r < 1, it is easily seen that sin y /v 1 —sin® y; > siny. Using
these bounds in (17), we have

2

(Va —a)? Ja—a cosy(l—a®+2aloga)
uo—ul(a)>\/ cos? y - (a—a? - cos y + 4(1 —a)(1 —a?)

and since aloga > (a — 1) + %(a —1)2— %(a —1)3 on (0, 1), we can arrive at

- Wa-a).

uo—ul(a)>cosy[12(1+ )
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To ensure that u;(a) < ug, the expression in square brackets must be nonnegative,
and after some mechanics, this is shown to be true for a € (0, A%] where

11 .
A= 1(9+2+353)"° - =0.09
6 ) 6(9+2+/353)1/3
To compare u(a) with ug, we employ the same technique used in the proof of

Theorem 2.2, namely, find B so that u(a) lies close enough to u (a) and necessarily
u(a) < ug.

Theorem 3.1. For any y € [0, 7 /2), select a < A and
2(1 —a®)cosy —
<
= 7 (12(1 oy~ WA a).
Under these conditions, there exists a unique by € (a, 1) such that u(by) = ug with

u <ug ifr€la,by),
u>ug ifre (b, 1].

B

Proof. As mentioned, we will require u; as a comparison function and it must
be confirmed that u; is defined and continuous. In fact, since sin y; < rcosy
(see (10)) and since

2(1 —a*) cos y

T

B <

(s - (Va-a)

12(14a)
2

< )
(1 —a)(%\/ 1—a%+alog(1++1—a?)—aloga)
u exhibits all properties of Theorem 2.1. To continue, we write
(13) uo —u(a) = (uo —ui(a)) —u(a) —ui(al.

The selection of a ensures the first term of (18) is positive. For the second term,
the proof of Theorem 2.2 for the specific case of u; yields

T

B .
2(1 ) ~P2(1=a?)
with C(y, m) < 1. The difference of (18) can now be bounded as

~(Vaa0) =By

lu—ur| <C(y,m)B

(19) uo—u(a)>cosy(12(1+ )

Substituting the condition on B produces the desired result,
(20) u(a) < ug.

With both u and u( having the correct volume, at least one intersection occurs
between these functions. The convexity of u, in conjunction with (20), limits this
to a unique intersection occurring at a point by € (a, 1). ]
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Single intersection of u, with uy. In like manner, we are able to find conditions
for uy(a) < ug that will result in (16). Before turning to this, it should be verified
that under the hypotheses of the previous theorem, u; is defined and continuous.

Lemma 3.2 [Siegel 2006]. Consider two functions v and w defined on [a, 1] with
inclination angles given by v, and v, respectively. If w, < y, on (a, 1) and
fal rodr = fal rw dr, then there exists a unique b € (a, 1) where v(b) = w(b) and

{w <v ifr€la,b),
w>v ifre,l].

To show u, is defined and continuous, we first write the difference function

p
rsinl//—rsinl/q:B/ s(u—ug)ds,
a

which is zero at r = a and r = 1. Theorem 3.1 also ensures the function contains
a unique extremum at r = bg. Thus, r sin ¥ — r sin | must be either positive or
negative on (a, 1). It follows from u(a) < ug that

rsiny —rsiny; <0 implies w <y, forr € (a,l),

and Lemma 3.2 requires that there exist a unique b € (a, 1) where u;(b;) = u(by)
and
uy <u ifr €la,by),
{ul >u ifr e (by,1].
With this in hand, we consider the difference r sin w —r sin y, = B fa "s(u—uy)ds
and reason accordingly that sin y» <sin y <r cos y forr € (a, 1). With B bounded
as in Theorem 3.1, u, will exhibit all properties of Theorem 2.1.

Conditions can now be stated so that us(a) < ug. In this case, B will be restricted
further than in Theorem 3.1.

Theorem 3.3. Forany y € [0, 7 /2), select a < A* and

B

(1—a¥cosy [ 1—a
= 7 (12(1+a) - (ﬁ_“))'

Under these conditions, u, satisfies the properties of Theorem 2.1 and there exists
a unique cq € (a, 1) such that uz(co) = ug, with

ur <uo ifr€la,co),

uy > ug ifr € (co, 1].

Proof. Similarly, we write ug—uy(a) > (ug—u(a)) —|u(a) —uz(a)|. The first term
can be bounded as in (19), and an argument identical to the proof of Theorem 2.2
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specifically for u, estimates the second term. We thus have

(a—a)-B (17ia2)(1+32(+—a2))’

and substituting for B gives u;(a) < ug. As before, the volume condition guaran-

uy — uz(a) > COsy (m

tees an intersection between the two functions. Theorem 2.1(iv) implies that u; is
monotone decreasing on [a, m;) and monotone increasing on (m;, 1]. Hence, the
intersection is unique and the arrangement between functions easily follows. [

Interleaving properties. We can now prove the interleaving properties for {u,}.
Here, a and B are restricted so that the single intersection case is guaranteed to
occur.

Theorem 3.4. Forany y € [0, 7 /2), select a < A* and

- (Wa-a)).

Under these conditions, the sequence of iterates {u,} defined by (7) and (8) satisfies
(1) through (v) of Theorem 2.1. The iterates exhibit the following properties:

(1—a*) cosy
T (12(1+ )

B <

D ya<yps< <y <. <yz <y forre(a,l).
2) ui(a) <usz(a) <---<u(a) <--- <ug(a) <uz(a).

3) ur(1) <ug(1) <---<u(l) <--- <us(l) <u;(1).

Proof. We first go through a cycle of recursive arguments and proceed to show that
the base case, which is known to be true, sets the cycle in motion. To start, assume
that for a certain k > 0,

(a) uok, Usky1, and uop4o satisfy (i) through (v) of Theorem 2.1 (although uo
does not have to satisfy the boundary conditions);

(b) v < wors1 With sin wor4 <rcosy forr € (a, 1).
(c) there exists a unique cy; € (a, 1) such that

{M2k+2 <uy ifr €la,cx),

Ugk4a > g if r € (e, 11.

From (b), Lemma 3.2 requires that there exists a unique b4 € (a, 1) with

{u > uyq1 if r €la, byq1),
u <ugyr ifr € (b1, 11.

Using the difference function

P
Fsin y —rsin wopyp = B/ s(u —us1) ds,
a
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we can show that sin wor > < siny < rcosy for r € (a, 1). This implies that
Wok+2 < w on (a, 1). Lemma 3.2 can be used again:

[u <unsor ifr€la, byya),
u>uytr ifr € (boyyo, 1]

and a new difference function
P
rsiny —rsin w3 =B / s(u —upyn) ds
a

produces ¥ < wor4+3 on (a, 1). It must now be verified that uy;3 is defined. For
this, we use

.
7 Sin Yot — 7 SIN YWogy3 = B/ s(uok — uzk42) ds
a

along with (b) and (c) to reason that sin yog13 < sin yor <rcosy forr € (a, 1).
With B restricted as hypothesized, us;43 now obeys Theorem 2.1, and Lemma 3.2

ensures
{u2k+3 > uyq1  if r €[a, coeq1),

Ugpys < uzgy1 if r € (corqr, 11.
As a final step, we can similarly argue that uy;44 satisfies Theorem 2.1 since

SIN Yok < SIN Wog4q < SIN Y < ¥ COS Y

with
’u2k+4 <uyta ifr €la, cus2),
Uzkta > Unp2 i r € (coxt2, 1]
The cycle is now complete as (a), (b) and (c) are proved for the next increment
of k. In addition, the discussion above provides the summary

(21) Wok42 < Woktd < W < Wopy3 < Yoy forr e (a,l).

It remains to verify that (a), (b) and (c) are true for the base case k = 0. However,
these were shown as a result of Theorems 3.1 and 3.3, making (21) true for all
k>0:

(22) Wo <Wg <---<y<---<y3<y; forrea,l).

For parts (2) and (3), apply Lemma 3.2 to each adjacent pair of angles in (22)
to arrive at

ui(a) <usz(a) <--- <ula) <--- <uga) <uz(a).

and
uy(1) <ug(l)y <--- <u(l) <--- <usz(l) <ur(l). O
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Remark. Examining the proof of Theorem 3.4, we see that the interleaving prop-
erties will hold when instead of the restrictions on @ and B we assume that the
iterates are defined, continuous and positive, i < 1, and u; satisfies (16).

4. Double intersection case

In contrast to the iterates of Siegel (which consistently intersect once with 1y and
result in interleaving properties throughout), here it is also possible to find selec-
tions of a, y and B where u and u, intersect twice with ug. In this case, there exist
exactly two points bg; and bg, in (a, 1) such that u(bg;) = u(bgy) = ug with

u>uy ifr€la,by),
(23) u < Uug ifre (b()l, boz),
u > Uug ifr e (b02, 1].

As well, there exist exactly two points c¢o; and cg, in (a, 1) such that us(co;) =
uz(coz) = ug and

uy; > ug ifr €la,cpy),
(24) up <ug ifr € (cor, co2),
uy > ug if r € (coo, 11.
Figure 3 demonstrates these configurations. The effect of (23) and (24) on subse-

quent iterates is far more varied and less understood. For the sake of brevity, we
summarize the conditions necessary for (23) and (24) to occur.

uo

by, bo,
a cy, o, 1
Figure 3. Configuration considered for double intersection case.

Whereas u and u, must be arranged as shown with respect to ug,
the relative configuration of u and u, is not important.
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Theorem 4.1. For a given y € (arcsin(1/5), z /2), select a > 3/(5sin y + 2) and
1 —a)? _
p<Sosri=a) (sa—3, 2a)'
61 sin y
Under these conditions, there exist exactly two points by, by, € (a, 1) such that
u(bor) = u(boy) = ug with
u>ug ifre€la,boy),
u <ug ifre€(bor, boz),
u > Uug if}" € (b()z, 1].
Theorem 4.2. For a given y € (arcsin(1/5), 7 /2), select a > 3/(5sin y + 2) and

BSM( )
127 sin y

Furthermore, assume sin y, <r cos y on (a, 1). Here, there exist exactly two points
co1, o2 € (a, 1) such that uy(co1) = uz(coz) = up and

ur > ug ifr€la,cor),

uy <ug if'r € (cot, co2),

uy > ug ifr € (con, 1].
For the most part, the proofs of Theorems 4.1 and 4.2 are analogous to their single
intersection counterpart. Note, however, that under the hypotheses of Theorem 4.2,
we are unable to prove that sin y, <r cos y on (a, 1) and verify the existence of u,.
This assumption is consequently added to Theorem 4.2.

We briefly outline the resultant behaviors of the double intersection case. Here,

it is assumed that all iterates are defined and continuous. Given (23), the behavior
of u; with respect to u can be examined by considering the difference function

(25) rsin y —r sin :B/ s(u —up)ds.
a

In addition to (25) being zero at r = a and r = 1, there exist extrema at r = by,
and r = bg,. Since u(a) > up, y and y; must be arranged as

26) {w >y ifr e (a, &),

y <y ifre(&,l),
where & € (bo1, bor). When (26) is considered in conjunction with the volume
condition, three configurations of u with u; are possible as illustrated in the first
row of Figure 4. Using an analysis similar to the previous section’s, we find for
configurations A and C (where # and u; intersect once) that subsequent iterates
will intersect only once with u. Specifically, for configuration A,

(27) u2n+l(a) <u(a) < u2n+2(a) and  uz,2(1)<u(l) < u2n+1(1)
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uj
23]
/” [ u u
/ / up
r
a 1 a 1r a 1r
A B C
[
/U3 uj u
/ 3
/ / us3 u
r r r
a 1 a 1 a 1
D E F

Figure 4. In the first row, potential configurations of u; with us,
assuming (24) holds. In the second, potential configurations of u
with u1, assuming (23) holds.

or for configuration C,
upt2(a) <u(a) <uzpti1(a) and  uzpt1(1)<u(l) <uzpia(l)

with n > 0. In configuration B (where # and u intersect twice) the behavior is
potentially more diverse. Indeed, three arrangements identical to A, B and C are
possible between u, and u, and a similar study can be applied here as was done

for u versus u.
Additionally, (24) can be used to comment on the behavior of u3 versus u;. The

difference function
-
F sin y — r sin 3 =B/ s(ug —up)ds
a

implies three arrangements of u; with u3 are possible as in the second row of
Figure 4. Configuration D leads to the predictable behavior

28) {usns2(a)} and {us,41(1)} are decreasing for n > 0,
{uzn+1(a)} and {us,42(1)} are increasing for n > 0.
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and likewise configuration F gives
{uzn11(a)} and {us,12(1)} are decreasing for n > 0,
{uzn12(a)} and {us,+1(1)} are increasing for n > 0.

Configuration E will itself split into three possible arrangements between u,
and u4 that are identical to D, E and F. As one might expect, any configuration of
the first row of Figure 4 could conceivably pair with any arrangement of the second
row, leading to a far more complex behavior than in the single intersection case.
Nevertheless, some pairings will again lead to interleaving iterates. This occurs,
for example, when configuration A is paired with configuration D and properties
(27) and (28) are matched. The same can be said of pairing configuration C with
configuration F. However, if these couples were cross-matched (that is, A—F or
C-D), the combined properties would result in diverging iterates. Further research
is needed to fully understand the properties of {u,} over the complete parameter
space.
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HARMONIC QUASICONFORMAL SELF-MAPPINGS AND
MOBIUS TRANSFORMATIONS OF THE UNIT BALL

DAVID KALAJ AND MIODRAG S. MATELJEVIC

We prove in dimension n > 2 that a K-quasiconformal harmonic mapping
u of the unit ball B” onto itself is Euclidean bi-Lipschitz if #(0) = 0 and
K < 2""1, This is an extension of a similar result of Tam and Wan for hy-
perbolic harmonic mappings with respect to a hyperbolic metric. The proof
uses Mobius transformations on the related space and a recent result of the
first author, which states that harmonic quasiconformal self-mappings of
the unit ball are Lipschitz continuous.

1. Introduction

A twice differentiable function u defined in an open subset € of the Euclidean
space R" is said to be harmonic if it satisfies the differential equation

Au(x) := Dyju(x) + Dopu(x) + - - - + Dpau(x) = 0.

Throughout the paper B" denotes the unit ball in R", and $"~! denotes the unit
sphere. Also we suppose that n > 2 (the case n = 2 has already been treated by
many authors). Recall that for a vector x = (xy, ..., x,) € R" with the usual norm
Ix| = G, x?)"/? and a matrix A € M,,«,, the matrix norm of A is defined as

|A| = sup{|Ax|: |x[ = 1}.

By (-, -) we denote the inner product in R". Given k € N and a normed space X,
the norm of a k-linear mapping from the k-fold Cartesian product of R" to X is
defined by

|P| =sup{|P(v1,...,00)| : |o1| =---=|ox| = 1}.

For K > ¢, a homeomorphism u : Q — Q' between two open subsets Q and
Q' of Euclidean R" will be called a K -quasiconformal or shortly a quasiconformal
mapping if the following two conditions are satisfied.

(i) The homeomorphism u is an absolutely continuous function in almost every
segment parallel to some of the coordinate axes, and the partial derivatives

MSC2000: primary 30C65; secondary 31B0S.
Keywords: quasiconformal map, harmonic mapping, Lipschitz condition, Mobius transformation,
unit ball.
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of u exist and are locally L" integrable functions on €. For such a u, we
write u € ACL".

(i1) For almost every x in Q,
|Du(x)|"/K < Ju(x) < KI(Du(x))",

where [(Du(x)) := inf{|Du(x)¢]| : |¢| = 1} and J,(x) is the Jacobian deter-
minant of u [ReSetnjak 1968].

For a continuous function u, the condition (i) is equivalent to the fact that u

belongs to the Sobolev space W,},IOC (Q).
Let P denote the Poisson kernel, that is,

_|2

1
P(x,n) = for x € B" and € §"!.
lx —n|"
Let f: S"! — R” be a bounded integrable function on the unit sphere S"!.
The solution of the equation Au = 0 in the unit ball B" satisfying the boundary
condition u|gi-1 = f € L'(S"7!) is given by

W)= PLAC) = [ PG fOdo ) forfx] <1,

Here do is the Lebesgue (n — 1)-dimensional measure of the sphere S”~! satisfying
the condition P[1](x) = 1. It is well known that if f is continuous in §"=1 then
the mapping u = P[ f] has a continuous extension & to the boundary, and & = f
on §"~ 1,

We will consider those harmonic mappings, namely, the solutions of the PDE
Au =0, that are also quasiconformal.

Martio [1968] was the first to consider harmonic quasiconformal mappings on
the complex plane. Recent papers [Kalaj 2004, 2008; Kalaj and Mateljevi¢ 2006;
Kalaj and Pavlovié 2005, 2009; Manojlovié¢ 2009; Pavlovi¢ 2002] shed much light
on this topic.

Proposition 1.1 [Kalaj 2009]. Let u : B" — Q for n > 3 be a twice differentiable
quasiconformal mapping of the unit ball onto the bounded domain Q in R" with a
C? boundary satisfying the differential inequality

|Au| < A|Dul*>+ B for A, B > 0.
Then Du (the first derivative of u) is bounded and u is Lipschitz continuous.

Because techniques of complex analysis are not available, the problem in the
space R" with n > 3 is much more complicated. For example, any harmonic
mapping in a simply connected domain in the plane can be expressed as the sum of
an analytic and an antianalytic function. The corresponding representation formula
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for harmonic mappings in the space is not true. On the other hand, Lewy’s theorem
and the theorem of Rado, Kneser and Choquet are essentially planar. According to
the latter theorem, the harmonic extension (via Poisson integral) of a homeomor-
phism of the unit circle is always a diffeomorphism of the unit disk. However, in
higher dimensions the situation is quite different: Martio [2009] and Melas [1993]
constructed a homeomorphism of the unit sphere S"~! for n > 3 whose harmonic
extension fails to be diffeomorphic; see also [Laugesen 1996].

Let K €[1, 2”_1). Our main result, Theorem 3.1, states that the norm of the
gradient of any K-quasiconformal harmonic self-mapping u of the unit ball with
u(0) =0 is bounded from below by a positive constant cg that depends only on K.
In contrast to the planar case, not all conformal mappings in the space are harmonic;
only orthogonal transformations are, while other M6bius transformations are not, at
least with respect to the Euclidean metric. However, Mébius transformations will
play an important role in this paper. In this regard, Lemma 2.4 is of independent
interest. In Section 4 we will give some nontrivial examples of quasiconformal
self-mappings of the unit ball, and we will show that our result can be considered
as a partial extension of Fefferman’s theorem [1974] concerning biholomorphisms
between smooth domains in the space.

2. Preliminaries and auxiliary results

Quasiconformal maps are locally well behaved with respect to distance distortion.
If f:Q— Qisa K-quasiconformal mapping between domains Q, Q' C R”, then
f is locally Holder continuous with the exponent a = K /0= that is,

(2-1) Lf () = fODI = Mlx —y|*,

whenever x and y lie in a fixed compact subset £ of ; see [Vuorinen 1988,
Theorem 10.11]. Here M is a constant depending only on K and E. Such an M
can in general tend to infinity as the distance from E to the boundary of € tends to
zero. However, if the boundary of € is regular enough, then an inequality similar
to (2-1) holds uniformly in Q [Gehring and Martio 1985; Koskela et al. 2001].

See also [Finn and Serrin 1958] for related results about the class of (K, K')
planar quasiconformal mappings, which generalizes the class of standard quasi-
conformal mappings.

The following lemma is nothing but a slight reformulation of a corresponding
lemma in [Tam and Wan 1998]. For the sake of completeness, we give its proof
here and show that the constant is sharp.

Lemma 2.1. If u € C"! is a K-quasiconformal mapping defined in a domain
QCR" for n > 3, then J,(x) > 0 for x € Q if K < 2"\, The constant 2"~!
is sharp.
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Proof. Assume that J,(a) = 0 for some a € Q. This yields Du(a) = 0. Without
loss of generality we can assume that a = 0 and u#(0) = 0. Choose r > 0 with
r < dist(0, 0Q), and let E = B"(0,r) :={x € R" : |x| <r}. Applying (2-1) to the
mapping f = u~! defined in Q' = u(Q), we obtain

1/(1—n
)] < Mg|yl®

where M is a constant depending on E. This implies

" for yeu(E),

-, gl/@-1

(2-2) M x| < |u(x)| forxeE.

Now since u is twice differentiable, with Du(0) = 0 and u(0) = 0, it follows
from Taylor’s formula that there exists a positive constant N such that

(2-3) lu(x)] < Nix|> forxeE.
Combining (2-2) and (2-3), we have

_gl@m-1) _g /=1
MZETT N < |x P for x € E.

This is only possible if 2 — K1/=D <0,
Thus K > 2"~! which is a contradiction.
To prove sharpness, consider the mapping u(x) = |x|*x with « > 1. Then

(2-4) Ju(x) = (1 4+ a)|x|"
and
(2-5) [Du(x)| = (e + D)|x|".
By (2-4) and (2-5) it follows that
D)l o
oy e

Therefore, u is a twice differentiable (14 a)"~!-quasiconformal self-mapping of
the unit ball with J,(0) = 0, meaning that the constant 2"~ ! is the best possible. (]

Lemma 2.2. Let u be a harmonic mapping of the unit ball onto itself such that
u(0) = 0. Then there exists a positive constant C,, such that
(2-6) =P ¢, forxes

- —_— or x .

L= fu@)> =

Proof. Let ST denote the northern hemisphere and let S~ be the southern hemi-
sphere. Let U = P[ys+] — P[xs-] be the Poisson integral of the function yg that
equals 1 on ST and —1 on S™. Then by the Schwarz lemma [Axler et al. 1992],

(u(x), u(xo)/lu(xo)l) < |U(Ix|N)|
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for a fixed xg, where N is the north pole.
Tt follows that |u(x0)|2 < |U (Ixo|N)|*. Thus

1—|x]? . |x|?
I—Ju()? = 1=U(x|IN)?
We will need Hopf’s boundary point lemma:

Lemma 2.3 [Hopf 1952; Protter and Weinberger 1967]. Let v satisfy Av > 0 in
an open set D C R" and suppose v < M in D and v(P) = M for some P € 0D.
Assume that P lies on the boundary of a ball

=:g(r) forr=|x|.

B'(a,r):={x:|x—a| <r}CD.

If v is continuous on D U P and if the outward directional derivative 0v /0On exists
at P, thenv =M or
ov(P)/on > 0.

Applying this lemma to the function U (x) and taking h(r) = U (r N), we obtain

W (l) = 8U(N)
Thus
c < 1—|x|? }
= supl————— 1 < 00,
n R T UV
and the proof of Lemma 2.2 is complete. ([

Following the book of Ahlfors [1981], for a, x € B" we define
[x,al” = 1+ |xlal’ = 2(x, a)

and the inversion x* of x # 0 by x* = x/|x|?. Since

[x,a) = |x]|x* —a]® = |a|*|x —a*|?
= ||x|a - |x|x*|2 = ||a|x - |a|a*|2 = ||x|a - |x|x*| . ||a|x —
we have
2-7) [x,al> = (1 —la(1 = |x]) and [x,a]*> (1 —|x])*

Assume that p is a conformal mapping of the unit ball onto itself. Then it is
well known that p is a Mdbius transformation of the unit ball onto itself. Under
the normalization p(0) = —a # 0 (or p(a) = 0), the mapping p is given (up to
some orthogonal transformation of the unit ball) by

(1-lal’)(x —a) = |x —al’a
[x,a]? '

(2-8) px) =
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Lemma 2.4. If p is a Mobius transformation of the unit ball onto itself, with
p(0) =a, then for all k, 1 € Ny with k > [, there exists a constant Cy; such that

Ceg=k-(k—1)---(+1),

ka1 (1 = al) Crolal* (1 —al?)

(2-9) [x, a]<+! <pP )= — [x, a]c+! forx € B,
(k)
PP 1
(2-10) < Cry orx € B" and [>0,
| O (x )| —|x |)kl f
Cro L= IpG)P)

_ (k) > n
@1 [Pl < (1—|p<0>|2)<k1>/2( =P Jorxe B
Proof. It follows from (2-8) that

1—lal?
P'(x)=—7Ax,a),

[x,a]?

where A(x,a) = (I —2Q0(a))(I —2Q(x —a™)), and Q(y) is the matrix whose
elements have the form Q(y);; = y,-yj/ly|2. For every y € B", we have K (y) :=
I —20(y) € O,, where O, is the set of all orthogonal matrices. Thus A(x, a) is
an orthogonal matrix as well, and consequently |A(x, a)| = 1. This means that

o= 114
According to (2-7),
12 Pl o
If we put
1—laP *
=g 4 B=(U-20@)( 20k ~a"),

then we have p’ = AB. Therefore, for the (k+ 1)-st derivative of p, we have
<k

2-13 D) => ( .)AU)B("*/’,

(2-13) P (x) 2\,

and p**1D can be treated as a k-linear form between the k-fold product of R” and
and M, ,. We will use the notation

(2-14) 0 =7

where ® denotes the tensor product of vectors.
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Let us prove that for k € Ny there exists a (2k +2)-linear form from the (k+2)-
fold product of R" to M,,«, such that

1
(2-15) Q) (1, ha, .. ) = W—MPk(y, RS TR 153

We proceed by induction on k. It is evident from (2-14) that (2-15) is true for k =0.
Assume that (2-15) is true for some k, and prove it for kK + 1. By (2-15), it
follows that

2-16) 0% V) (1, hay - . g, Bisr)
1 k+2

|y|2k+2ZPk(y,...,y,th,y,...,y,hl,...,hk)

(v, hies1)
<k+2)|2—k14P"(y, eV By,

where the j pointing to /11 denotes that /g4 is in the j-th position. Thus

Py, .y ki, .. hi, b
@17) 0% D), s iy hgy) = Lo 22 ko Pict1),

|y|2(k+1)+2
where
1
P er, .o enqss fiy - fes1)
k+2 ) il
= Z(ek-i-?)) e]>P (el7 sy fk+17 cees €42, fl, ey fk)
j=1

—2(k + D){ek+3, fir2) PXer, ..oy ertay fise ey fi)-

We first prove the left side of inequality (2-9).
From (2-17) and the induction hypothesis, for y # 0 we obtain

(2-18) Q("“)(y)(l, . l) =
|yl |yl

Thus

(2-19) B(k)(x)( 2 “* ey ):o.
| |x —a*|

Let us prove the left side of (2-9). First, according to (2-13) and (2-19), we
obtain

P = sup [ p V@), ke
== lhg=1

(2-20) . «
S | qt0 (X=a x—a
_) (Ix—a*l"'" x—a*l)"
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Since P* is a (2k +2)-linear form,

k
\PX(y, .y k)l < (PR T TR

j=1
Thus |Q*(y)| < | P¥|/|y|¥, whence we have
P¥| la|*| P¥|
k —aMl < | =
O == o = e

Further, observe that B(x) = K (a)(I —2Q(x — a*)) for K (a) € O,. Hence
BO(x) = =2K () QW (x —a”),

and using the identity

1—[p(x)? 1= la|? R la|?
L—|x2  [x,a?  lallx —a**’
we obtain
2 k Pk 2 k Pk 1— 2\k/2
221 BE(x)| < lal*| P¥| la|*| P*|(1 —|p|°)

[oalt (U [aPF2(1— kPR
To estimate the derivatives of A(x) = (1 — |a|?)/[x, a]?, define

1 la|?

Hy)=—5= A(x) fory=x—a".
DERET T et fory
Then .

Similarly, it can be proved that for every k > 1 there exists an R-valued (2k +2)-
linear form G*¥*! such that

1
H(k+1)(y)(h17 h23 cee hk-‘rl) = |y|2—k+4Gk+1(y, e Y hla D) hk-l-l)a

where

k+1
G + (el,"'5ek+1’f1:"'fk+1)
u . Jb
:Z<ek+lze]>G (elv"'afk+la"'7ek) fl:vfk)
j=1

—2(k + Dler1, fir1)G (e, .o yews fis ooy f).

Therefore

(2-22) |H* (y)| < |G*|/1y]F2.
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On the other hand, by the identity k- (k+1)! —2(k+ 1)(k+1)! = —(k+2)! and
the induction hypothesis, we obtain

k+1)!
Gk(y,...,y,l,...,l)zi% for k € N.
[yl |yl |yl
Thus
|y|k+2 yl” vl T

In view of the fact
L—p)P  1—al?

1—x?  [x,a]?’
we have
Natk(1 — 1,412 K111k (1 1 12\14k/2
(2-23) kllal* (1 —lal®) < |A"(x)| < 2|G*[|al*(1 = [p]9) '
[x’a]k+2 (1— |a|2)(k—l)/2(1 _ |x|2)l+k/2

Now the left side of (2-9) follows from (2-18), (2-13), (2-20) and (2-23).
Combining (2-13), (2-21), (2-22) and (2-7) for k > 1, we obtain

k 2
1 —lal?) 1
*) <C la|*( 20
P (x)] = WO e < 2O G
where
=l
Cro =G| +2 ( N ) PI|GU1=D)].
ko=1G"""+ Z Pkl |
j=1
This proves (2-9). Inequalities (2-10) and (2-11) immediately follow from (2-9)
and (2-23), and the proof is complete. O

Remark 2.5. For fixed k,/ € Ny, we denote by C ,’f ; the infimum taken over all
constants Cy; satisfying the previous lemma. In the complex plane C there holds
C ,’: ;=k-(k—1)---(I+1), and therefore (2-9) reduces to the equality. According
to (2-12), this occurs in the higher dimensions as well for k = 1. We believe that
C,’:’l =k-(k—=1)---(+1) for arbitrary n, k and /.

3. The main result

Theorem 3.1. Let K < 2"~ and let u be a K-quasiconformal harmonic mapping
of the unit ball onto itself satisfying the normalization u(0) = 0. Then there exists
a positive constant cx > 0 such that

|Du(x)| > cg foreachx € B".
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The first step of the proof is similar to that in [Tam and Wan 1998]. However here
the problem is more complicated, because Md&bius transformations are harmonic
with respect to the hyperbolic metric, but not with respect to the Euclidean metric.

Proof. We will prove by contradiction that the function | Du| is uniformly bounded
below away from 0. Suppose that there exists a sequence {x;} in B" such that
Du(x;) — 0 as i — co. We will use Proposition 1.1 together with the following
lemma.

Lemma 3.2. Let u be a harmonic Lipschitz mapping of the unit ball onto itself.
Let {x;} be a sequence in B". For arbitrary i € N, let p; and q; be two Mdbius
transformations of B" such that q; (0) = x; and p; (u(x;)) =0. Take u; = p;ouogq;.
Then

IDOy; (x)] < "(1 fork e N,

| (1= [x)
k

where c, is independent of x and i.

Proof. To simplify calculations in this proof, sometimes we will omit the arguments
of functions.

Since
1—|pi(u)]?
(3-1) ()] = 2T
1 — |ul
and
1—|g:(x)?
(3-2) g}yl = BT
1—|x|

according to (2-6) it follows that
|Du;| < |p;||Dullg;|
1= | pi (u(qi ())* 1 — |gi(x)|*
= lu(gi)> 1= |x]?
1 — | pi (u(gi (x)))I?

1—|x|?

| Du|

< Cy|Du|xo

Thus
1

|Duil < CulDutlooT— 3 el

For m € N, we make use of the Cauchy estimates [Axler et al. 1992, pp. 33-35]:
| Dut|oo

(1 —lgi (x)]y"!

To estimate the norm of D*u; for k > 1, we use induction. Obviously, it is com-
plicated to compute D*u; for large k. However, it is clear that it can be written as

(3-3) |D™ (u)(qi ()| < Am
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a sum of products:

(3-4) Dfu; = Z( ? H Djfuq(srl) """" qﬂstl,))’

where [] and D’ denote the corresponding finite product and sum of linear oper-
ators. The indices ¢ and t range at most from 1 to k; the indices j;, 71, ..., 8,
satisfy similar bounds.

Because of (3-3) we have

t (tz
35 1p 1 []iD ullgt ™ - 1g™)

(7) |DM|OO (5,1) (stl[)
< const|p; |H(1—|q (x)l)Jf_ll |-« lg; |

Therefore, it is enough to prove that

@) | Dit]oo (s11) (sty) 1
(3-6) |p:| — g, ... lg;"""| < const ————-.
A0 SremEl (=]
For k = 1, inequality (3-6) is satisfied. Assume that (3-6) is true for some &, and
therefore (3-5) is true as well. We will prove (3-6) for k + 1.
Since D**'u; = D D*u;, the first factor in the corresponding formula (3-4) for

D**1y;, instead of pl.(T)Djfuqi(‘Y”) . .ql.(s’l’), contains the term

( (T‘H)Duq Djzuq(stl) . 'qi(sflx) +pi(T)Dj;+1uql ql(stl) . 'qi(sflr)
+P§T)Dj’uqi(stl+l) o q(sflt +. —i—p(r)D]’uq(m) . q.(s,,[H))’

1

and consequently the corresponding formulas (3-6) and (3-5), instead of

@) [Duloo o |q(sfz,|
(1— |gi (x))i! ’
contain
1 t (t/
(|p’*>||Du||q,||D'fu||q“”| g™
(7) |D”|OO / (Y,l) (Stlt)
+ 19" |
P ol
() | Dut] oo (r141) )
e v AR U R
[Dul . (st1y+1)
P g™,
1

The other factors in (3-4) can be treated similarly.
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Applying (3-2), we get

Duloe 1Dl 1-1gi@)P
(3-7) (I =lgiG)D/ ™ (=g 1—|x]?
[Duloo 2

= . .
(1 —lgi ()=t T—|x|
Next, by applying (2-6) and (2-10), we obtain

const|p,-(r)| 1 —1gi(x)] - |Pi(r)|

t——

(z+1) /
(3-8) p;  'Dug;| < < con )
P T = u(gi(x)] 11— x| 1 —|x]

On the other hand, according to (2-10) we have
i+l |
(3-9) g )] < const——.
! 1—|x|
By induction, (3-6) is true for k. The last fact and the estimates (3-7), (3-8) and
(3-9) imply that (3-6) is also true for k + 1. Consequently,

k). k 1
(3-10) DBy, (x)] §cnm for k e N. a
We are now ready to finish the proof of Theorem 3.1. According to the notations

of the previous lemma, u; = p; ou ogq; is a C*° K-quasiconformal mapping of the
unit ball onto itself, satisfying the condition u; (0) = 0. By (2-6) we have

1— x|

(3-11) | Du; (0)] = m

|[Du(x;)] >0 asi— oo.

For example, by [Fehlmann and Vuorinen 1988], a subsequence of u;, also denoted
u;, converges uniformly to a K-quasiconformal map ug on the closed unit ball B”.
According to Lemma 3.2 together with Proposition 1.1, ug is in C*°(B"; B") with
uo(0) = 0. The relation (3-11) implies D(uo)(0) = 0. This obviously contradicts
the statement of Lemma 2.1. Hence, the proof of Theorem 3.1 is complete. (]

Remark 3.3. Let us estimate Du; = p. Dug] more precisely. From

(1= |x:1?) (x +x0) + |x + x % x;
[x, —x;]?

qi(x) =

B

according to (3-1), it follows that
1—|x;?
/

X)) =
4= e+

and
1= Igi () 1* = g/ ()11 — |x[?).
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Similarly, since

(1= luCxe) 1P @ — u(x)) + lu— u(x)Pu(x;)

pil) = [, u(x;) 2 ’
it follows that ,
I — Ju(x;)]
|pi(u)| = .
| (xi) 12 |ue(gi (x)) — u(x;)*|?
Thus
Dus| < 1— Ju(x;)? \Dul 1—|x;|?
u;| < Uloo—F———55-
e (o) Pl (g (x)) —u ) * 12T g Pl + X[
From

xi [+ xF 12 > (1= |x; )2,
1 —u(x)| < [Duloo(1 = |x;]),

e () P [ (gi () — () * 1P = (1= Ju(x)))?,
and (2-6) we obtain

Du|? C,|D
(3-12) |Du,~|§4min{ | Dutfoq nl “""’}.

[u(gi (x)), u(x)]*" [x, —x;1?
Assume that = lim;_, o x; € S"~L. It follows from (3-12) that

|Duo| = lim | Du;|
| E=deel

401

is uniformly bounded in B" \ B"(—t, ¢) for ¢ > 0. Is |Dug| bounded uniformly

in B™?

Theorem 3.4. Let K < 2"~ and assume that u is a K-quasiconformal harmonic
mapping of the unit ball onto B itself satisfying the normalization u(0) = 0. Then

u is a bi-Lipschitz mapping.

Proof. According to Proposition 1.1 and Theorem 3.1, there exists a constant ¢ > 1

such that
(3-13) ¢ ' < |Du(x)|<c forxeB".
By using (3-13) and the fact that u# is quasiconformal, we obtain

1 1 K?2/n

1 _ —
ID(u™")(u(x))| = inf, | Du(x)h| — [(Du(x)) = Du(x) =

Therefore
(3-14) ID@™ "l <ci.

From (3-13) and (3-14) it follows that « is bi-Lipschitz.
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4. Examples of quasiconformal harmonic mappings

We now give examples of nontrivial harmonic quasiconformal self-mappings of
the unit ball.

4.1. Holomorphic self-mappings of the unit ball. Let B>* C C" and let f be a
holomorphic automorphism of the unit ball B>" onto itself. Then f is a quasi-
conformal harmonic mapping. To prove this fact, observe that d f = 0 implies
00 f = 0. Also f has a holomorphic extension up to the boundary. This means
that it is bi-Lipschitz. Therefore f is a quasiconformal harmonic mapping. It is
interesting to note that the composition of a harmonic and holomorphic mapping
is itself harmonic, because 0f o h = f,0h + f3 oh, and therefore

00f oh = fu,0hdh + f;,0h0h + f,;0hdh + f;;0h0h.

According to Fefferman’s theorem [1974], every biholomorphism between two
smooth domains has a C* extension to the boundary, which means that these
mappings are bi-Lipschitz. Hence, the class of biholomorphic mappings between
smooth domains is contained in the class of harmonic quasiconformal mappings.
Thus our results can be considered as partial extensions of Fefferman’s theorem.

4.2. Perturbation of the identity. Let us show that small smooth perturbations of
the boundary value of a holomorphic automorphism ¢ € C 2(}Eﬁ) of the unit ball
onto itself induce harmonic quasiconformal mappings.

Since the composition of a harmonic mapping with a holomorphic automor-
phism is itself a harmonic mapping, it is enough to perturb the identity map, and
after that take the corresponding composition.

Define I5(x) = x 4+ Jd(x), where x € B" and d(x) € B", and take ¢ps = Is/|Js|,
where |J512 = 1+ 2(x, d(x)) + |d(x)|?. Thus

II;(x)| <1 forxeB" and |Is(x)]=1 forxeS" '
We also have
4-1) [75(0I> = (1= 16))*  forx € B".
Here 6(x) is a twice differentiable mapping satisfying
0(x)| <1 forxes" !

This condition guarantees the injectivity of ¢s(x) in $”~!. To continue, we use the
following result of Gilbarg and Hormander [1980, Theorem 6.1 and Lemma 2.1].

Proposition 4.1. The Dirichlet problem Au = f in Q for u = ug on 6Q € C' has
a unique solution u € CH* for every f € C%* and ug € C“*, and we have

(4-2) lullia = Cluollt,ao0 + I1f lo,0)s
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where C is a constant.

To guarantee the injectivity of the harmonic extension ®5(x) = P[¢ps](x) of
¢5(x) in the unit ball, we estimate | D¢s(x) — Id| and | D?¢;s(x)|, and use (4-2) to
conclude that
(4-3) |DPlgs](x) — P[Id]| < C(|Ds(x) —1d| + | D*¢ps(x)1).

First,

h+8 @k 1s(x)
| /51 |J5(x)[3

Therefore, using (4-1) we infer that

Des(x)h =

((6(x), h) + (&' (x)h, x +d(x))).

2|6] +210"| +14]15']

|Dgs(x)h —h| <

1—[6(x)? '
that is,
2[6] +216'] + |91
D —Id| <
|Ds(x) —Id| < I~ 100
Next we find

D¢5(x)(h, k)
_ @)k

|51
I
— IJ:((;C))P ((6' )k, h) + (8" (x)(h, k), x + 6(x)) + (&' (x) (h), k + &' (x)k))
k+d(x)k
— %((5@), h) + (&' (x)h, x + d(x)))
I‘
3 |J;((;C))|5 ((5(x), h) + (&' (x)h, x + 5(x))) ((6(x), k) + (& (x)k, x + 5(x))).
Thus
| D?¢5(x)]
3(|5|+|5'|+|5II5/ )2+ (18 ) (161416141510 )+216 >+ |+]6”| (2+|5|)
(1=10(x)|*)?
Choosing ¢ such that
IDs(0)] < 55 and  [Dgs(x) ~1d| < 5.
according to (4-3) we obtain
|D®s(x) —1Id| < € C | forxenn

2C  2C
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Thus |®s5(x)—Ds(y)+y—x| < |x—y|, and therefore 0 < |®s5(x)—Ds(y)|. This im-
plies that @ is injective. Hence, @ is a quasiconformal harmonic diffeomorphism
of the unit ball onto itself.

In particular, let I, (x) = (x| +¢, x2, x3) and take j, = (1+2¢x; +e2)1/2. Define

¢e—“(x) = Ie(x)/js-

Now take @, = P[¢.]. Then for sufficiently small &, the extension @, is a dif-
feomorphism of the unit ball onto itself having a diffeomorphic extension to the
boundary. This means that @, is quasiconformal harmonic mapping.

Direct calculations yield

L[D®. ()~ 1d| = 1| Pl —141(x)|
< sup (|D@.(x) —1d| + | D¢, (x)])

|x|=1

exy + 1)? 2 22 exz)\'/?
< Sup[((—l—i— 1.3 ) +2(_1+L) + .(,2 __33)
x|=1 J Je Je Je

&
2 2 2.2 2.2\1/2
ee+x e°x E°X
+(2(—1+.i) +(—1—(.—%‘)+i) + 2+ .63) ]
Je Je Je Je Je

lim| D®, (x) ~1d| = 0
e—>

Therefore

uniformly on B”. It follows that there exists ¢ > 0 such that

sup |[D®.(x) —1d| < 1.

lx|<1
The inequality |®; (x) — @, (y)+y —x| < [x — y| yields 0 < |D;(x) — @;(y)|. This
implies that @, is injective.

4.3. A question. Lewy’s theorem fails in higher dimensions, as shown by Wood
[1991], who constructed the harmonic homeomorphism

u(x,y,z) = (x> =3xz2* +yz,y — 3xz, 2),

which is not a diffeomorphism. The Jacobian of u is J,(x, y, z) = 3x2 — 3z2. This
means that u is neither a diffeomorphism nor a quasiconformal mapping. Do there
exist quasiconformal harmonic mappings which are not diffeomorphisms? If they
exist, then of course K > 2"~!, as shown above (and in [Tam and Wan 1998]).
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KLEIN BOTTLE AND TOROIDAL DEHN FILLINGS
AT DISTANCE 5

SANGYOP LEE

We determine all hyperbolic 3-manifolds M such that M (x) contains a
Klein bottle, M (7) contains an essential torus, and A(x, T) = 5. As a corol-
lary, we prove that if a hyperbolic 3-manifold A has two slopes = and 7 on
its boundary torus such that M () is a lens space containing a Klein bottle
and M () is toroidal, then A (7, 7) <4.

1. Introduction

Let M be a compact, connected, orientable 3-manifold with a torus boundary com-
ponent 6oM. A slope on 6pM is the isotopy class of an essential simple closed
curve in oM. Given a slope y on 6yM, denote by M (y) the 3-manifold obtained
by y-Dehn filling on M along éyM, that is, M (y) is obtained from M by gluing a
solid torus V, along 6yM so that y bounds a meridional disk of V,,. For two slopes
y1, y2 on oM, denote by A(y1, y2) the distance between the slopes, which is their
geometric intersection number.

We shall say that a 3-manifold M is hyperbolic if M with its boundary tori
removed admits a complete hyperbolic structure with totally geodesic boundary.
A Dehn filling on M is said to be exceptional if it produces a nonhyperbolic 3-
manifold, which is either reducible, boundary-reducible, annular, toroidal, or a
small Seifert fiber space. It is a well-known theorem of Thurston that there are
only finitely many exceptional Dehn fillings on each boundary torus of M.

Gordon and Wu [2008] determined all hyperbolic 3-manifolds admitting two
toroidal Dehn fillings at distance 4 or 5. In this paper, we determine all hyperbolic
3-manifolds M admitting two Dehn fillings at distance 5, one of which yields a
Klein bottle, the other yielding an essential torus.

Following [Martelli and Petronio 2006], we use N to denote the magic manifold,
the exterior of the chain link with three components in S, shown in Figure 1. Using
the standard meridian-longitude framing on each boundary component of N, we
identify a slope y with a number in Q U {1/0}. We denote by N (r) the result of
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Figure 1. The magic manifold.

Dehn filling on N along a slope corresponding to the number r. Since N admits an
automorphism interchanging any two of its boundary components, N (r) is defined
independently of the choice of the boundary component of N. Partial Dehn fillings
give N(r,s) and N(r, s, t). We also use W to denote the Whitehead link exterior
and use W (r) and W (r, s) to denote the corresponding Dehn-filled manifolds. The
main result of this paper is the following.

Theorem 1.1. Let M be a hyperbolic 3-manifold with a torus boundary component
OoM. Suppose that there are two slopes T and © on dyM such that M () contains
a Klein bottle, M (1) contains an essential torus, and A(rw,t) = 5. Then M (x)
is toroidal and either M is equal to either N(1, —1/3), N(=5/3, —5/3), N(1,5),
N(2,2),or N(—4, 2n — 1)/2) for some integer n 0, —1.

We remark that the manifolds in this theorem are identified with some of the
manifolds in [Gordon and Wu 2008, Definition 21.3] as follows: N (1, —1/3) = M5,
N(=5/3,-5/3) =My, N(1,5) = Mg, and N(2,2) = M15. Also, N(—4) = M3 is
the Whitehead sister link exterior and N (1, —1/3) = M5 =W (4/3) and N(1,5) =
Mg = W(—4). See the proofs of Lemmas 2.2, 6.1, 7.3, 7.4, and 8.1.

Corollary 1.2. Let M be a hyperbolic 3-manifold with oM a torus. Suppose that
there are two slopes m and t on 6 M such that M (x) is a lens space containing a
Klein bottle and M (t) contains an essential torus. Then A(x, 1) < 4.

Proof. This follows from [Gordon 1999, Theorem 1.1] and Theorem 1.1. O

In an unpublished paper, Teragaito [2000] obtained the same result.

2. Preliminaries

Let M be a hyperbolic 3-manifold with a torus boundary component gy M such that
M () contains a Klein bottle and M (7) contains an essential torus for two slopes
7 and 7 on oyM. Assume A(xr, ) =5.

Lemma 2.1 [Oh 1997; Wu 1998]. M (n) is irreducible.
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Figure 2. N(1,5) is homeomorphic to W(—4).

Lemma 2.2. If M(7) contains a Klein bottle, then M (x) is toroidal and M =
N(1,5) =W (-4).

Proof. Suppose that M (7) contains a Klein bottle. Then we have M = W (—4) by
[Lee 2007, Theorem 1.4]. Figure 2 shows that N(1,5) = W(—4). In fact, W(—4)
is homeomorphic to M5; in [Martelli and Petronio 2006, Table A.4]. From the
table, one sees that M has only one pair of slopes along which Dehn fillings on
M give 3-manifolds containing a Klein bottle. Also, the resulting 3-manifolds are
toroidal. U

From now on, we assume that M (z) does not contain a Klein bottle.

Let P be a Klein bottle in M (), chosen so that the core K, of the attached
solid torus V intersects P transversely and minimally among all Klein bottles in
M (7). Then PN Vyz is a union of meridian disks of Vg, uy, ..., u,, numbered
successively along V. Similarly, we choose an essential torus TinM () such
that 7 N V. is a union of meridian disks of V;, vy, ..., v;, where ¢ is minimal.

Let P=PNMandT=TNM. We may assume that P and 7" meet transversely.
Then PN T is a union of circles and arcs. In the usual way, the arc-components of
PNT define two labeled graphs Gp and Gr on P and ?, respectively. The vertices
of Gp and Gr are the meridian disks uy, ..., u, and vy, ..., v;, respectively, and
the edges are the arc-components of the intersection. A pointin du,Ndv, is labeled
yin Gp and x in Gr. In Gp and G, labels 1,...,¢ and 1, ..., p respectively
appear in order around each vertex, repeating A times.
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Letq1, g2, g3, 94, g5 be the points in du,Ndv,, which are successively numbered
along ou,. Then the points appear in the order of g4, 24, q34, 44, g54 On Ovy in
some direction. The number d is called a jumping number, and d = 1 or 2. See
[Gordon and Wu 1999, Lemma 2.10].

Orient the boundary circles of P (respectively 7)) so that they are mutually
homologous on oy M. Every edge of Gp (respectively Gr) has a rectangular neigh-
borhood R whose opposite sides are contained in two (or possibly one) boundary
components of P (respectively 7). We say the edge is positive if some orientation
of OR is compatible with the orientations of the boundary components. Otherwise,
we say it is negative. Then we have the parity rule: an edge is positive in one graph
if and only if it is negative in the other.

Let G=Gp or Gr. We call an edge in G a level edge if it has the same label at its
endpoints; we call it an x-edge if one of its endpoints is labeled x. Let G denote
the subgraph of G consisting of all positive edges, and for a label x, let G*(x)
denote the subgraph of G™ consisting of all x-edges of G™. A disk face of G (x)
is called an x-face. The boundary of an x-face is called a Scharlemann cycle if the
x-face is a disk face of G. Note that each edge of a Scharlemann cycle has two
consecutive labels, say x and x + 1, at its endpoints. In this case, the Scharlemann
cycle is called an (x, x 4+ 1)-Scharlemann cycle. A Scharlemann cycle of length 2
is called an S-cycle. A cycle of positive edges is called an extended Scharlemann
cycle if it immediately surrounds a Scharlemann cycle. Let G denote the reduced
graph of G, the graph obtained by amalgamating parallel edges of G into a single
edge. The weight of an edge ¢ of G is the number of the edges of G in e.

We call a vertex u, of Gp a level vertex if there exists a positive level x-edge
in Gr. Also, we call a vertex v, of Gy a Scharlemann vertex if there exists a
Scharlemann cycle with label x in Gp. If e is a positive level x-edge in Gr, then
u, Ue has a Mobius band neighborhood in P.

Lemma 2.3. Suppose that p > 2. Then G satisfies the following.
(1) At most two labels of Gy can be labels of positive level edges.

(2) Gt cannot contain a Scharlemann cycle.

(3) Any family of parallel positive edges in Gt contains at most p/2+ 1 edges. If
the family contains p/2 + 1 edges, then the two outermost edges of the family
are level.

(4) Any family of parallel negative edges in Gt contains at most p edges.
Proof. See the proof of [Lee and Teragaito 2008, Lemma 6.2]. ]
Lemma 2.4. Gp satisfies the following. Assume t > 3 in (6) and (7).

(1) If Gp contains a Scharlemann cycle, then T is separating in M (7).
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(2) The edges of any Scharlemann cycle of Gp cannot be contained in a disk in T.

) Ift > 2, then Gp cannot contain an extended Scharlemann cycle.

(4) If Gp contains two Scharlemann cycles on disjoint label pairs {a,a + 1} and
{b,b+ 1}, thena = b (mod 2).

(5) Gp has at most four labels of Scharlemann cycles, that is, Gt has at most four

Scharlemann vertices.

(6) Any family of parallel positive edges in Gp contains at most t/2 + 1 edges.
If t is odd, then the family contains less than t /2 edges.

(7) Any family of parallel negative edges in Gp contains at mostt+1 edges. If Gp
contains t + 1 parallel negative edges, then G- = Gr.

Proof. For (1)—(5), see [Gordon and Wu 2008, Lemma 2.2, parts (4), (5) and (6),
and Lemma 2.3, parts (2) and (4)], and for (6) and (7), see [Lee and Teragaito 2008,
Lemma 2.5, parts (ii) and (iii)] and [Valdez-Sanchez 2007, Proposition 3.4]. [

Lemma 2.5 [Gordon 1998, Lemma 2.1]. No two edges are parallel in both graphs
Gp and Gr.

Lemma 2.6. Gp cannot contain two S-cycles on disjoint label pairs.

Proof. If Gp contained two S-cycles on disjoint label pairs, then the construction
as in the proof of [Gordon and Luecke 1995, Lemma 3.10] would give a Klein
bottle in M (t), contradicting our assumption. (]

For any submanifold A of a manifold X, we will use 7#(A) to denote a closed
regular neighborhood of A in X.

3. Generic case

In this section we will show that the generic case p > 3 and t =3 or t > 5 cannot
happen. To do this, we first estimate the number of negative (or positive) edge
endpoints of the graphs Gp and Gr. Note that the total number of edge endpoints
of each graph is Apt = 5pt.

Using the argument of [Lee 2007, Section 3], one can prove the following two
lemmas and proposition. See [Lee 2007, Lemmas 3.2 and 3.3 and Proposition 3.4].

Lemma 3.1. Assume p > 3. Let x be a label of Gt that is not a label of a positive
level edge. Then any x-face in G has at least 4 sides.

Lemma 3.2. Assume p > 3. If Gt contains a positive level x-edge, then G cannot
contain an x-face.

Proposition 3.3. Assume p > 3.

(1) Any level vertex of Gp has at most 2t negative edge endpoints.
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(2) Any nonlevel vertex of Gp has at most 2t — 1 negative edge endpoints.

In the following lemma, we use an Euler characteristic calculation to give an
upper bound for the number of Scharlemann cycles in Gp in terms of the number
of negative edge endpoints at a vertex of Gr.

Lemma 3.4. Suppose that G has k (> p) negative edge endpoints at a vertex v.
Then Gp contains at least k — p Scharlemann cycles.

Proof. There is no negative loop edge in Gr, since otherwise T would contain an
orientation-reversing curve. Hence Gr has k negative edges incident to vy and by
the parity rule Gp has k positive x-edges.

Let V, E and F be the number of vertices, edges, and disk faces of G;(x),
respectively. Then V = p, E =k, and an Euler characteristic calculation for the
graph G (x) gives V —E + F > %(P)=0,s0 F > E—V =k — p. Recall that
each disk face of G;I (x) is an x-face in Gp. Hence the number of x-faces in Gp is
at least k — p, and each contains at least one Scharlemann cycle by [Hayashi and
Motegi 1997, Proposition 5.1]. (]

Lemma 3.5. Let v, be a vertex of Gr. Suppose that any x-face in Gp has at least
3 sides. Then vy has a most 3p — 1 negative edge endpoints.

Proof. This lemma is essentially [Lee 2007, Lemma 2.7]. Assume for contradiction
that v, has at least 3p negative edge endpoints. Let V, E and F be as in the
proof of Lemma 3.4. Then V = p, E >3p,and F > E —V > 2p. Since any
x-face in Gp (and hence any disk face of G;{ (x)) has at least 3 sides, we have
2E > 3F > 3(E — V), which gives E <3V =3p. Hence E =3p, F =2p, and
every face of G,f (x) is a 3-sided disk face. Since every face of G;(x) is a disk
face, we can conclude that Gp = G;f. So, every x-edge in Gp is positive and hence
we have E = 5p. This is a contradiction. O

Proposition 3.6. Assume t > 5.
(1) Any Scharlemann vertex of Gt has at most 3 p negative edge endpoints.

(2) Any non-Scharlemann vertex of Gt has at most 3p — 1 negative edge end-
points.

Proof. If v, is not a Scharlemann vertex, then any x-face in Gp has at least 3
sides by Lemma 2.4(3), so v, has at most 3p — 1 negative edge endpoints by
Lemma 3.5. Thus we only need to prove the first statement of the proposition. By
Lemma 2.4(5), Gt has at most four Scharlemann vertices. We divide our argument
into two cases according to the number of Scharlemann vertices of Gr.

First, suppose G has at most three Scharlemann vertices. Then any Scharle-
mann cycle in Gp has label pair {a — 1, a} or {a, a + 1} for some label a. Let k
be the number of negative edge endpoints of Gr at v,. Then there are exactly k
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positive a-edges in Gp, and by Lemma 3.4 there are at least k — p Scharlemann
cycles in Gp. Since t > 5, no two Scharlemann cycles can share an edge. Since
each Scharlemann cycle has at least two edges, the number of positive a-edges
in Gp, which is equal to k, is at least 2(k — p). So, we have k > 2(k — p) and
hence k < 2p. Thus v, has at most 2p negative edge endpoints. If some other
vertex v, of Gy has more than 2 p negative edge endpoints, then Gp has more than
p Scharlemann cycles by Lemma 3.4. This implies that there are more than 2p
positive a-edges in Gp, which contradicts the fact that v, has at most 2 p negative
edge endpoints. Hence we conclude that any vertex of G has at most 2 p negative
edge endpoints.

Now suppose that Gr has exactly four Scharlemann vertices, say v, v2, vp
and vp41. Relabeling if necessary, we may assume b+ 1 < p. By Lemma 2.4(4),
we have 1 = b (mod 2). Since Gp cannot contain two S-cycles on disjoint label
pairs, we may assume that any Scharlemann cycle on the label pair {b, b + 1} has
length at least 3. Let m and n be the number of (1, 2)-Scharlemann cycles and
(b, b+ 1)-Scharlemann cycles in Gp, respectively. If b = 3, then Gp may contain
(2, 3)-Scharlemann cycles. Let [ be the number of (2, 3)-Scharlemann cycles if
b =3, and let [ = 0 otherwise.

Claim. Let o1, 03 be (b, b+1)-Scharlemann cycles. Then o1 and o, have the same
length and there are two families of parallel edges of Gt such that each family
contains the same number of edges from o1 and .

Proof. By the existence of (1, 2)-Scharlemann cycles and Lemma 2.4(2), there
exists an annulus A in 7 that contains the edges of o1 and 0. The core of A is an
essential curve in 7. Let Ap p+1 be an annulus in 0V, with Ap p41 NT = 0Ap pt1=
0vp Udvps1. Then F = (A —0p Uvpy1) U Ap pt is a twice-punctured torus.

Let f; for i =1, 2 be the disk face of Gp bounded by ;. Since f; is bounded
by positive edges, its boundary curve df; is a nonseparating curve in F. If the
two curves Jf] and df, are not parallel in F, then we compress F along f1 U f>
to obtain two disks, the boundaries of which are the two boundary curves of F.
This implies that either of these disks is a compressing disk for T, which gives a
contradiction. So, the two curves 0f] and df; cobound an annulus in F and the
restriction of the annulus onto A (C T) is a finite union of bigons, each realizing
the parallelism in A between an edge of o; and an edge of ;. The two border
edges of each bigon are parallel in G, or the bigon contains some vertices of G
in its interior. The second possibility can be ruled out using the argument in the
proof of [Lee 2007, Lemma 2.8]. O

Since (b, b+ 1)-Scharlemann cycles have length at least 3, there is a family of
parallel edges of G containing at least two edges from each such cycle. This
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family contains at most p edges by Lemma 2.3(4), so we have
n<p/2
Claim. Gp contains at most 2p Scharlemann cycles.

Proof. Let k be the number of negative edge endpoints of G at v,. Then there
are exactly k positive 2-edges in Gp. Since each Scharlemann cycle in Gp has at
least two edges and since any two Scharlemann cycles with label 2 cannot share
an edge, the number of 2-edges in Scharlemann cycles in Gp is at least 2m + 21.
Thus we have

214+ 2m <k.

Note that /+m+-n is the total number of Scharlemann cycles in Gp. By Lemma 3.4
there are at least k — p Scharlemann cycles in Gp. So, we have

k—p<l4+m+n.
Combining the three inequalities above, we obtain
I+m<k—l-m<n+p=<p/2+p=3p/2.
Thus we have [ +m +n <3p/2+ p/2 =2p. U

By Lemma 3.4 and the previous claim, any vertex of G has at most 3 p negative
edge endpoints. O

Lemma3.7. p <2ort <4

Proof. Assume for contradiction that p > 3 and ¢t > 5. Let £ and s be the number
of level vertices of Gp and Scharlemann vertices of Gr, respectively. Then we
have £ <2 and s < 4 by Lemma 2.3(1) and Lemma 2.4(5). Let K be the number
of negative edge endpoints of Gp. Then we have K < 2t + (2t — 1)(p — {) by
Proposition 3.3. On the other hand, by Proposition 3.6, any Scharlemann vertex of
G has at least 2 p positive edge endpoints and any non-Scharlemann vertex of Gy
has at least 2p + 1 positive edge endpoints. By the parity rule, K is equal to the
number of positive edge endpoints of Gr. So, we have 2ps+(2p+1)(t —s) < K.
Combining these inequalities, we obtain

2ps+QRp+ 1)t —s) <K <2tl+ 2t —1)(p—19).
This gives p+t < {+s <244 = 6, which violates our initial assumption. ~ [J
Lemma 3.8. Ift =3, then p = 2.

Proof. Assume t = 3. Since the number of edge endpoints of Gy (or Gp) is even,
we cannot have p = 1.

Let p > 3. Since t = 3, T isa nonseparating torus in M (7). So, any vertex
of Gr has at most p negative edge endpoints by Lemma 2.4(1) and Lemma 3.4,
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Figure 3. The reduced graph G p.

or equivalently it has at least 4 p positive edge endpoints. Let K be the number of
negative edge endpoints of Gp. Then we have 4pr < K <2t{ + 2t — 1)(p — ©),
which gives £ > 2pt + p > 2-3-343 > 2. This contradicts that £ < 2. ([

4. The case p =2

In this case we will show that ¢t = 1, 2, or 4. Assume for contradiction that r = 3
ort > 5. If t > 5, then any vertex of Gr has at most 3 p negative edge endpoints
by Proposition 3.6 and hence G has at least 2 pt = 4t positive edge endpoints. If
t = 3, we observed in the proof of Lemma 3.8 that any vertex of Gr has at least
4 p positive edge endpoints, so G has at least 4ptr = 8¢ positive edge endpoints.

In any case, G; has at least 2 edges. An Euler characteristic calculation shows
that G}L has at least ¢ disk faces. By Lemma 2.3(2), each disk face of G;r has at
least one level i-edge on its boundary for each i =1, 2. The parity rule implies that
each vertex of Gp is a base of a negative loop edge. Then the proof of [Lee 2006,
Lemma 5.1] remains valid here to show that G p is a subgraph of one of the graphs
in Figure 3, where the thick edges are positive and the thin edges are negative.
Note that the number of edges of Gp is Apt/2 = 5¢.

Lemma 4.1. Gp contains at least 2t positive edges.
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Proof. Assume not. Then G}r has more than 3¢ edges, so an Euler characteristic
calculation shows that it has more than 2¢ disk faces. Since each disk face of G}r
has at least one level 1-edge and since any such level 1-edge is shared by at most
two disk faces of G;f , the number of positive level 1-edges in Gr is greater than 7.
Then, in Gp, the family of parallel negative loop edges based at «; contains more
than ¢ edges. By Lemma 2.4(7), G} = Gr. Then G; has 5t edges and at least
4t disk faces. This also implies that the number of positive level 1-edges is at
least 2¢. By Lemma 2.4(4), we have 2t <t + 1 and hence ¢t < 1. This contradicts
our assumption that t =3 or t > 5. (|

For the first two graphs in Figure 3, each negative loop edge of G p has weight
at most # by Lemma 2.4(7). Hence Gp has at least 3¢ positive edges, which are
divided into at most four families of parallel edges. By Lemma 2.4(6), we have
3t <4-t/2iftisodd and 3t <4-(¢/2+ 1) if ¢ is even. Both are impossible, since
we assumed t =3 or ¢ > 5.

For the remaining graphs in the figure, G p has at most three positive edges. By
Lemma 4.1, Gp has at least 2¢ positive edges. Hence by Lemma 2.4(6), we have
2t <3-t/2if t is odd and 2t < 3 - (/2 + 1) if ¢ is even. The first inequality is
impossible. The latter one is possible only if # = 6 and G p is a subgraph of the
graph in Figure 3(c). But, using (6) and (7) of Lemma 2.4, one can see that the
lower vertex of the graph in Figure 3(c) has less than 5¢ edge endpoints in Gp.
This is also impossible.

The following is what we proved in this section.

Lemma4.2. If p=2,thent=1,2,or4.

5. Thecaset =4

In this case we will prove p = 1. On the contrary we assume p > 2 throughout this
section.

Lemma 5.1. Let v, be a vertex of G such that x is not a label of an S-cycle in Gp.
Then v, has at most 3p — 1 negative edge endpoints, or equivalently it has at least
2p + 1 positive edge endpoints.

Proof. Since x is not a label of an S-cycle of Gp, each x-face in Gp has at least 3
sides by Lemma 2.4(3). Hence the result follows from Lemma 3.5. [l

Lemma 5.2. Gp contains at most 3p — 2 Scharlemann cycles.

Proof. There exists a label of Gp that is not a label of an S-cycle by Lemma 2.6.
We may assume that the label is 4. We divide the Scharlemann cycles of Gp into
two disjoint families; one family ¥ consists of all Scharlemann cycles having label
2 and the other family &, consists of all Scharlemann cycles having label 4. Let
s; (= 0) be the number of all Scharlemann cycles in &; for i = 1, 2. Then s + s
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is the total number of Scharlemann cycles in Gp. Note that no two Scharlemann
cycles in Gp can share an edge.

Since each Scharlemann cycle in &, has at least 3 edges, there are at least 3s;
positive 4-edges in Gp. By the parity rule, Gy has at least 3s, negative edge
endpoints at v4. By Lemma 5.1 we have 3s, <3p — 1 and hence s, < p — 1.

Now let k£ be the number of negative edge endpoints of Gy at v,. Then by
Lemma 3.4 we have k — p < s; +s2. On the other hand, Gp has k positive 2-edges.
Since any Scharlemann cycle in & has at least two edges, we have 2s; < k and
hence 2s;1 — p <k — p <s;+s,. This gives s; <so,+p<(p—1D+p=2p—1.
Wenow have s1 +s5: <2p—1)+(p—1)<3p-2. (Il

Lemma 5.3. Any vertex of Gr has at most 4p — 2 negative edge endpoints, or
equivalently it has at least p + 2 positive edge endpoints.

Proof. This follows from Lemmas 3.4 and 5.2. (]
Lemma 5.4. Assume p > 3. Then Tisa separating torus in M (7).

Proof. Suppose that T is nonseparating. Then any vertex of G7 has at least 4p
positive edge endpoints by Lemma 2.4(1) and Lemma 3.4, so Gr contains at least
4pt /2(= 8p) positive edges. Let n be the number of positive edges of Gr, and let
g=p/2+1ifpiseven and g = (p 4+ 1)/2 if p is odd. By Lemma 2.3(3), Gr
contains at most nq positive edges. Hence we have 8p < ng, which gives

8p/q <n.

On the other hand, by [Gordon and Wu 2008, Lemma 2.5], G contains at
most 3¢ edges. Hence by (3) and (4) of Lemma 2.3, we have 10p = 5pt/2 <
nqg + (3t —n)p = nqg + 12p — np, which gives

n=<2p/(p—q).

Combining the two inequalities above, we obtain 8p /g <n <2p/(p—gq), which
gives 4p < 5¢q. Solving this inequality, we obtain 3p < 10if p isevenand 3p <5
if p is odd. Both cases violate the assumption that p > 3. ([l

Lemma 5.5. Assume p > 3. Then each component A of (_}JTr is contained in an
essential annulus but not in a disk on T. There are only five possibilities for A, as
shown in Figure 4.

Proof. Since T is separating in G, each component of (?Tr has one or two ver-
tices. By Lemma 2.3(3) and Lemma 5.3, each vertex of (_}JTr has valency at least 2.
Hence no component of 6; can be contained in a disk on 7, so each component
is contained in an essential annulus on 7. By [Teragaito 2006a, Lemma 3.5], there
are only five possibilities for A. (]
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Figure 4. A component of (_}JTF with annular support.

Lemma 5.6. p <?2.

Proof. Assume p > 3. We may assume that label 4 is not a label of an S-cycle
in Gp. Consider the component A of (_?JTr containing v4. By Lemma 5.1, v4 has
at least 2p + 1 positive edge endpoints in Gr, so by Lemma 2.3(3) it has valency
at least 3 in A. Hence A is one of the graphs in Figure 4(c)—(e). In particular, A
has exactly two vertices vy and v4. Let K be the number of edge endpoints of A.
Then by Lemmas 5.1 and 5.3 we have

Cp+DH+(p+2)<K.

If x is not a label of a level edge in A, then it appears in A at most 3 times, since
otherwise A would contain a 2- or 3-sided x-face, contradicting Lemma 3.1. If x
is a label of a level edge in A, then it appears in A at most 4 times, since otherwise
A would contain an x-face, contradicting Lemma 3.2. Hence we have

K<3(p—-0O)+4=3p+{<3p+2,

where ¢ is the number of labels of A that are a label of a level edge. Combining
the two inequalities above, we obtain 2p+ 1)+ (p+2) < K <3p+2. This gives
a contradiction. (]
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For the remainder of this section, we assume p = 2. Note that the number of
edges of Gr is Apt/2 = 20.

Lemma 5.7. Any vertex of Gt has at least four positive edge endpoints.

Proof. By Lemma 5.2, Gp contains at most 4 Scharlemann cycles. Hence by
Lemma 3.4, each vertex of G has at most 6 negative edge endpoints, or equiva-
lently has at least 4 positive edge endpoints. ([

Using this lemma, one sees that G has at least 8 edges. Hence G; contains
at least four disk faces, each of which contains at least one level i-edge for each
i = 1, 2. This shows that each vertex of G p is a base of a negative loop edge. So,
G p is a subgraph of one of the eight graphs in Figure 3.

By Lemma 4.1, Gp has at least 8 positive edges (so, G}’ # Gr). By part (6) of
Lemma 2.4, any family of parallel positive edges in Gp contains at most 3 edges.
Hence C_}}; has at least 3 edges. It follows that G p is a subgraph of one of the first
three graphs in Figure 3.

Assume that Gp is a subgraph of the graph in Figure 3(a) or (b). Then Gp
has exactly two negative edges, each of which containing at most 4 edges of Gp
by Lemma 2.4(7). Hence Gp has at least 12 positive edges. In fact, by Lemma
2.4(6), Gp has exactly 12 positive edges and G p is the graph in Figure 3(a). Also,
each positive edge of G p contains exactly three edges of Gp. Examining the labels
of Gp, one sees that Gp must contain two S-cycles on disjoint label pairs. This
contradicts Lemma 2.6.

Hence G p is a subgraph of the graph in Figure 3(c). Label the edges of Gp
as in the figure, and let | - | denote the weight of the corresponding reduced edge.
Then |a|, |£], |y] <3 and |4], |u], |v] < 4. But, the number of edge endpoints of
Gp at the lower vertex of the graph in Figure 3(c) is |a| + |f] + 2| u| + |v] < 18.
This is impossible since each vertex of Gp has At =20 edge endpoints. Hence we
conclude that p = 2 is impossible.

Summarizing the results obtained in this section, we have the following.

Lemma 5.8. Ift =4, then p = 1.

6. Thecaset =1

In this case, the reduced graph G has at most 3 edges. See Figure 5. The number
of edges of G is Apt/2 = 5p/2 (so, p is even). By Lemma 2.3(3) we have
5p/2 <3(p/2+1) and hence p < 3. Since p is even, we have p = 2 and we
can determine the graph pair Gy, Gp as shown in Figure 6. One can see that the
jumping number for the graph pair is 1, so the edge correspondence between the
two graphs is as shown in the figure.
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Figure 5. The reduced graph G7.
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Figure 6. The graph pair G, Gp.
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Figure 7. The graph pair G/, G.

A thin neighborhood r/(ﬁ) of P is a twisted I-bundle over the Klein bottle
P. Its boundary, S = 617(16), is a torus. Let S = SN M. As done in Section
2, we construct two labeled graphs Gy and G’ from the intersection of S and T,
where G/, is obtained by doubling the edges of G and G double-covers Gp. See
Figure 7 for the graphs G and Gs and the edge correspondence between them.
The graph Gy is homeomorphic to the graph shown in Figure 8(a).

LetZ=M(xn)— Int(n(ﬁ)). Then M (n) = ry(ﬁ) Ug Z and ZN V; is a union of
two 1-handles V4 and V3, where V; ;4 is the part of V, between two vertices of
Gg labeled i and i + 1. Let f, g, and & be the faces of G/ bounded by the edges
A"UB, AUD'UE, and B'UC U E’, respectively. By compressing the genus 3
surface 8(77(}3) U V) along the three disks f, g, and %, one obtains a 2-sphere
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Figure 8. Generators for 7;(Z).

in M (), which bounds a 3-ball by the irreducibility of M (x). This implies that
n(S‘U V4t U Vs U fUgUR) is Z minus a 3-ball. Thus 11(3'U Vi UVasU fUgUR)
and Z have the same fundamental group.

To calculate 71(Z), we follow an argument in [Teragaito 2000]. As a base point
of Z, we take a disk containing the vertices of Gg as shown in Figure 8(b). The
group 71 (Z) has four generators a, 5, 4, and i as shown in the figure, where o and
[ are represented by the cores of V4 and Va3, respectively. The two generators A
and u give a relation Ay = u 4 and the three disks f, g, and & give three relations
Jof =1, da=2Bp~ ' =1, and upal~'p = 1, respectively. Hence 7{(Z) has the
presentation

(a, B, A, i A =puk, daf =107 =1, upar='p=1).

Using the last two relations, one can the eliminate two generators A and u to obtain
71(Z) = (a, B : a® % = 1). This group is isomorphic to the fundamental group of
the trefoil knot exterior, so Z is not a solid torus. This implies that § is an essential
torus in M (r).

The graph pair in Figure 7 is homeomorphic to that in [Gordon and Wu 2008,
Figure 11.10]. Hence M is homeomorphic to M5 in the notation of [ibid., Definition
21.3].

Lemma 6.1. Ift = 1, then M () is toroidal and M = N(1, —1/3) = W(4/3).

Proof. We only need to show that M =N (1, —1/3) = W(4/3). By applying similar
moves as in Figure 2, one can see that N(1, —1/3) is homeomorphic to W (4/3).
From [Martelli and Petronio 2006, Table A.4], one sees that N(1, —1/3, —4) con-
tains a Klein bottle and N (1, —1/3, 1) is toroidal. Here, A(—4, 1) =5.

We already saw that if t = 1, then M is uniquely determined (M = Ms). Hence
we only need to show N (1, —1/3) contains a properly embedded once-punctured
torus with boundary slope 1. By a Rolfsen twisting (see Figure 2), slope 1 on
0N (1, —1/3) is changed into slope 0 on the boundary torus of W(4/3). It is easy
to see that slope 0 is a boundary slope of a once-punctured torus in W(4/3). U
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Figure 10. The graph pair Gp, G7.

7. The case p=1

In this case the reduced graph G p has one of the forms in Figure 9. Label the edges
of G p as in the figure. Note that a is positive while 4 and x are negative. We write
Gp =T 1(lal, |2, |1]) or Ta(al, |A], |1]) according to whether G p is the first or
second graph in Figure 9. Up to homeomorphism of P, we have I';(a, b, c) =
I'i(a,c,b) foreachi =1, 2.

Lemma 7.1. |a| > 0.

Proof. Assume for contradiction that |a| = 0. We have |1|, |u| <t + 1 by
Lemma 2.4(7). The number of edges of Gp is Apt/2 = 5t/2 (so, t must be even)
and hence 5¢/2 = || + |u| <2t + 2, giving t < 4.

If t =4, then || = |u| = 5; this is impossible by [Teragaito 2006b, Lemma 8.6].
If t =2, then (|A], |u|) = (2, 3) or (3, 2). We may assume (|A], |u|) = (2, 3). Then
using Lemma 2.5, we can determine the graph pair Gp, Gr as in Figure 10. But
a jumping number argument as in the first paragraph of the proof of [Goda and
Teragaito 2005, Proposition 8.7] rules out this possibility. U

Lemma 7.2. t > 4 is impossible.

Proof. Assume t > 4. Since |a| > 0, G}r # G and hence we have ||, |u| <t by

Lemma 2.4(7). The total number of edges of Gp is Apt/2 =5¢t/2, so |a| > t/2.
Hence |a| =¢/2 ort/2+ 1 by Lemma 2.4(6). But & =¢/2+ 1 is impossible by

[Teragaito 2006b, Lemma 8.12]. Thus Gp =I"{(¢/2,¢t,t) or I'5(¢/2, t, t). The latter

is impossible by [Teragaito 2006b, Lemma 8.11], the former is possible only if t =4
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Figure 11. The graph pair Gp, G7.
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Figure 12. The graph pair Gp, Gr.

by [Teragaito 2006b, Lemma 8.10], and the graph pair Gp, G is determined as in
Figure 11.

Let b1, by and b3 be the bigon faces of Gp bounded by the edges AUB, CUD,
and I U J, respectively. Let V; ;41 be the part of V; between v; and v;4 for each
i €{1,2,3,4}. Then for each j = 1, 2, shrinking V|, and V34 to their cores in
b;jUb3U Vi, U V34 gives a Mobius band B; in M (7) such that 0B C T. Isotope B
so that BN B, =0B; =0 B,. Then B U B; is a Klein bottle in M (z), contradicting
our assumption that M (z) does not contain a Klein bottle. U

Hence ¢+ = 2. The proof of [Goda and Teragaito 2005, Proposition 8.7] shows
that the only two possibilities for Gp are Gp =1'1(3, 1, 1) or ['2(3, 2, 0).

Lemma 7.3. If Gp =T'1(3, 1, 1), then M (x) is toroidal and M = N (2, 2).

Proof. Using Lemma 2.5, we can determine the graph pair Gp, Gr as in Figure 12.
The jumping number is 1 and the edge correspondence is as shown in the figure.
The graph pair G4, G obtained from Gp and Gr as in Section 6 is shown in
Figure 13.
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LetZ=M(x) —Int(n(f’)) and Vio =V, NZ, and let f and g be the faces of G/,
bounded by the edges A’UC U E" and BUC’U E, respectively. Compressing the
genus 2 surface 6(17(13) U V;) along the disks f and g gives a 2-sphere in M (x),
which bounds a 3-ball. Hence m(n(f UVpUfUg) Ex(2).

As a base point, we take a disk containing the two vertices of Gy as shown in
Figure 14. The group 7| (Z) has three generators o, 4, and u as in the figure, where
o. is represented by the core of V},. The torus S gives a relation Au = u A and the
disks f and g give two relations Aauoa ' pa =1and papa="' u=!
71(Z) has the presentation

a~1=1. Hence

1

(a, Ay o2 A= pud, dapapa =1, poapa ™ uta ™ =1).

One sees that 71 (Z) = (a, u : o po = pa p), which is isomorphic to the fundamental
group of the trefoil knot exterior. This implies that Z is not a solid torus. Hence S
is an essential torus in M (7).

The graph pair Gy, G’ is shown in [Gordon and Wu 2008, Figure 20.4] with
the order reversed. By [ibid., Theorem 21.4], M is homeomorphic to M, in the
notation of that paper. They proved in [ibid., Lemma 22.2] that M, is the double
branched cover of the tangle in [ibid., Figure 22.12(b)], which is the tangle on the
top left in Figure 15. Using isotopies and the Montesinos trick, one can see that
M = M1, is homeomorphic to the 3-manifold in the top right of Figure 15, where a
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Figure 15. A surgery description for M.

thick arc with a rational number r represents a rational tangle of slope r as shown
in the center of the figure. (See [Eudave-Muiioz 2002, Section 2] for the definition
of rational tangles.) Figure 16 shows that M = M, is homeomorphic to N (2, 2).
See [Gompf and Stipsicz 1999, Chapter 5]. ]

Let V be a solid torus and K a knot on 0V that wraps around V in the lon-
gitudinal direction / times and in the meridional direction m times. Push K into
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Figure 16. N(2,2) is homeomorphic to M.

the interior of V and remove its open regular neighborhood from V. The resulting
manifold will be denoted by C(/, m) and called a cable space of type (I, m).

Lemma7.4. If Gp =T(3, 2, 0), then M (r) is toroidal and M = N (=4, }(2n—1))
for some integer n # 0, —1.

Proof. Note that I'5(3,2,0) = I'2(3,0,2). Assume Gp = I'3(3,0,2). Using
Lemma 2.5, we can determine Gy as in Figure 12. Each face of G is a disk,
so there is no circle component of P N T. There exists a nondisk face in Gp; this
face is homeomorphic to a Mobius band. Let k£ be an orientation-reversing curve
on the nondisk face.

Let X = M — Int(y(k)), B =P —Int(n(k)), B'= P Ny(k)and B= X N B.
Then B and B’ are Mobius bands and B is a once-punctured Mobius band. Since
M is bounded by a single torus (see [Lee 2007, Theorem 1.3]), X is bounded by
two tori M and 0#(k). Let To = oM, T, =on(k),and ;B=0BNT;(i =0,1).
Let X(z)=XUV, and X(r) = XU V,.

Note that 7 is essential in X (7); it is incompressible in X (z), since otherwise
it would be compressible in M(7), and it is not boundary-parallel in X (7), since
otherwise it would bound a solid torus in M (z). Since Gp contains Scharlemann
cycles, by Lemma 2.4(1), T is separating in M (7) (and hence in X (7)).

Claim. X is hyperbolic.
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Proof. We first show that X is irreducible. On the contrary, suppose that X contains
an essential sphere Q. Since M is irreducible, Q is separating in X. In particular,
Q separates the two boundary components of X. By an isotopy of O, we may
assume that Q meets each of B and T transversely. We may also assume that Q
meets each of B and T minimally among all essential spheres in X. Then Q and
T are disjoint, since otherwise 7" would be compressible. But Q and B cannot be
disjoint because B has one boundary component on each of Ty and 77. Since Q and
T are disjoint, each component of Q N B is parallel to d; B in B. Compressing P
along a disk component of Q — B gives a projective plane in M (7). This contradicts
[Jin et al. 2003, Theorem 1.1]. Hence X is irreducible.

Each T; for i =0, 1 is incompressible in X, since otherwise after compression
it would become a sphere bounding a 3-ball by the irreducibility of X, implying
that X is a solid torus. Thus X is boundary-irreducible.

The manifold M, which is obtained from X by Dehn filling, is hyperbolic. Hence
X cannot be Seifert fibered.

We only need to prove that X is atoroidal. Suppose that X contains an essential
torus U. Since M is atoroidal and irreducible, U separates X into two components.
Let X and X be the two components, where 7; C X; fori =0, 1 and X U#(k) is
a solid torus. We may assume that U was chosen so that X contains no essential
torus in its interior. We also assume that U intersects each of B and T transversely
and minimally. Since M is orientable, each component of U N B is parallel in B
to either 6y B or 0; B.

Suppose some components of U N B are parallel to dyB. Let A (C B) be the
annulus cut off by the outermost such component. Then A is contained in X and
intersects the tori 7y and U. The boundary circle of A on U is essential, since
otherwise X would be boundary-reducible. The frontier of #(ToUAUU) is a torus
in Xg. Since X is irreducible and atoroidal, the torus bounds a solid torus in Xj.
This implies that Xg is a cable space, which contradicts the hyperbolicity of M.

Hence all the components of U N B are parallel to 0; B. The outermost compo-
nent cuts off an annulus A" (C B), which lies in X;. One boundary component of A’
is 01 B and the other is an essential curve in U. Since A’U B’ is a Mobius band with
boundary on U, n(UUA"UB’)=n(U U A")U#(k) is homeomorphic to the cable
space C(2, 1). One boundary component of n(U UA"U B’) is parallel to U and the
other bounds a solid torus J in X since otherwise either that component would be
essential in M, contradicting the hyperbolicity of M, or it would compress into an
essential sphere in X1, contradicting the irreducibility of X. The core of A’, which
is a Seifert fiber of #(U U A’ U B’), is homotopic to the core of J, since otherwise
U would be an essential torus in M, contradicting the hyperbolicity of M again.
This implies that X = n(UUA")UJ Z U x I, showing that U is boundary-parallel
in X. This contradicts the choice of U. (]
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Neither X (z) nor X (r) is hyperbolic (the former contains a Mobius band B
and the latter contains an essential torus f) and A(z, 7) = 5, so it follows from
[Lee 2007, Theorem 1.1] that X is the exterior of the Whitehead sister link. Hence
M is the result of a Dehn filling on the link exterior.

The results of exceptional Dehn fillings on the Whitehead sister link exterior are
shown in [Martelli and Petronio 2006, Table A.1]. From the table, one sees that
each of X (x) and X () contains a unique essential torus cutting it into the trefoil
knot exterior and the cable space C (2, 1). Let E and C denote the knot exterior and
the cable space, respectively. Let V = (k) and let T, be the common boundary
torus of £ and C in X (x). Then X(x)=E U7, C, M(x)= E Uz, (CUr, V), and
oC =T, UT,.

Claim. T is an essential torus in M (r).

Proof. Suppose that C U V is a solid torus. (Otherwise, T, (= 6(C U V)) is an
essential torus in M (r).) Consider the curves on 7>. By an (r, s)-curve, we mean
a curve on 73 that wraps around the solid torus C U V' in the longitudinal direction
r times and in the meridional direction s times. Then CUV is a fibered solid torus
whose regular fibers on T, are (2, 1)-curves.

Note that E and C are Seifert fiber spaces whose fibers intersect exactly once in
their common boundary 7>. See [Martelli and Petronio 2006, Table A.1]. Suppose
that an (a, b)-curve is a regular fiber of £. Then we have ¢ — 2b = 1 and hence
a =2b+ 1. This implies that M (x) is a Seifert fiber space over the 2-sphere with
three exceptional fibers of indices 2, 3, and |2b + 1|. (Note that E is a Seifert fiber
space over the disk with two exceptional fibers of indices 2 and 3.) Such a Seifert
fiber space does not contain a Klein bottle, which contradicts the assumption that
M () contains a Klein bottle. O

Since the Whitehead sister link exterior X has a self-homeomorphism inter-
changing its two boundary tori, we may assume that 7p is the knotted boundary
torus of X. Let X (rg, r1) denote the 3-manifold obtained from X by performing
a Dehn filling on 7; along slope r; for each i = 0, 1. Partial Dehn fillings give
X (ro) = X(ro,-) and X (-, ry). Recall that M is obtained from X by performing
a Dehn filling along the torus T, so M = X (-, r) for some r € QU {1/0}.

By [ibid., Proposition 1.5] we have

N(=3,a,p) = N(_‘" _Z_j:;’ _ﬁ_S) - N(_%’ _2;:25’ _2;%25)

Using this, one sees

N(—4,r,5) = N(—4, r+2 s+2)‘

Tl sl
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-4 —4
]
isotopy handle
. e
7 sliding

4+1/r —4-1/r

= <

Figure 17. N(—4) is homeomorphic to the Whitehead sister link exterior.

In particular, we have

. . _ _r+2)
N( 4,r)_N( 4,-112).

Figure 17 shows that
N(—4,r)=X(-,4+1/r) and N(—4,r,5)=X(6—s5,44+1/r).

It is known that the Whitehead sister link exterior X has exactly 5 exceptional
slopes on any boundary component (see [ibid., Table A.1]). One can see that the
set € of exceptional slopes of X on Ty is€={1/0,6,7,8,9,13/2}. Here, 7,7 €€
and {7, 7} = {9, 13/2}. (Note that A(9, 13/2) =5.)

Assume 7 = 13/2. Thent =9. Let M = X(- ,441/r) = N(—4, r) for some
r € QU {1/0}. Then

M@)=X(x,r)=XE,4+1/r)=N(-4,r,-H)=N(-4,-1,r).

Since M () contains a Klein bottle, r = %(Zn — 1) for some integer n #~ 0. See the
last row of [ibid., Table 3]. If n = —1, then

M(t)=X(t,4+1/r)=X,4+1/r)=N(—4,r,=3)
=N(-3,—4,r)=N(-3,-4,-3)
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b
To—
\®)

Figure 18. The graph G7.

is not toroidal. See the last row for slope —3 in [ibid., Table 2]. We conclude that
M = N(—4, %(Zn — 1)) for some integer n # 0, —1.

Assume 7 =9. Then t = 13/2. Let M = X (-,4+1/r) = N(—4, r) for some
r € QU {1/0}. Then

M(z)=X(r,44+1/r)=XO,4+1/r)=N(—4,r, =3)

= N(—4,-3,r) = N(—4, -3, - =)

Since M (7) contains a Klein bottle, —:ﬁ = %(211 — 1) for some integer n # 0.

See the last row of [ibid., Table 3]. If n = —1, then

M(@)=X(r,4+1/r)=X(,4+1/r)=N(-4,r,—3) =N(-4,—3.,7)

= N(_45 _39 _%) = N(_4> _35 _%) = N(_3: _45 _%)

is not toroidal. See the last row for slope —3 in [ibid., Table 2]. Hence M =

N(—4,r)=N(-4, —%) = N(—4, %(Zn — 1)) for some integer n =0, —1. [

8. Thecase p>2and =2

In this case, the argument in [Goda and Teragaito 2005, Section 9] shows the
following.
» nonloop edges of Gr are negative; and

o G is one of the graphs in Figure 18.

For the first graph in Figure 18, the argument in the second paragraph of the
proof of [Teragaito 2006b, Lemma 7.4] shows that M (r) contains a Klein bottle,
contradicting our assumption. Hence G is the second graph in Figure 18. Then the
graph Gp is uniquely determined as shown in Figure 19. See the third paragraph of
the proof of [ibid., Lemma 7.4]. We obtain a graph pair G, G} from Gp and Gr
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Figure 20. The graph pair G, G7.

as in Section 6. See Figure 19 for Gg. See Figure 20 for the edge correspondence
between the graphs Gs and G7.
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»
»

D

»
>

Vv

Figure 21. Generators for 7|(Z).

Let Z=M(n)— Intn(ﬁ), and let f, g, and & be the faces of G bounded by
the edges A’UB, D'UE and AUC’U D, respectively. The group 7;(Z) has four
generators a, 5, 1, ;¢ as shown in Figure 21, where a and § are represented by the
cores of the two 1-handles V41, Vo3 in V; N Z. The three disks f, g, and & give
three relations af~' =1, uAfa =1, and auf~'upfu = 1. Hence 7 (Z) has the
presentation

(o, B Ay =i, o~ =1, piBa=1,aup™ upu =1).

Sincea = and A = u'a ' p7! = a2, we have
11(2) = (o, o’ = po’, apa” pap =1).

Letting y = ua, one sees that 71(Z) = (a, y : a> = y3), which implies that Z is
not a solid torus. Hence $ is an essential torus and M (7) is toroidal.

The graph pair G, G7 is shown in [Gordon and Wu 2008, Figure 16.6]. By
[ibid., Theorem 21.4], M is homeomorphic to M7 in the notation of that paper.
The double branched cover of the tangle on the top left in Figure 22 is M7 (see
[ibid., Lemma 22.2]). The figure shows that M7 = N(—5/3, —5/3).

Summarizing the results in this section, we obtain the following.

Lemma 8.1. If p > 2 and t =2, then M(x) is toroidal and M = N(—5/3, —=5/3).
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REPRESENTATIONS OF THE TWO-FOLD CENTRAL
EXTENSION OF SL;(Q,)

HUNG YEAN LOKE AND GORDAN SAVIN

We define a notion of pseudospherical type for smooth representations of the
nontrivial two fold central extension of SL,((,). We describe completely
the irreducible representations that contain the pseudospherical type. We
relate our results to Kohnen’s plus and minus spaces of classical modular
forms of half integral weight.

1. Introduction

Let Q be the field of rational numbers. For every place v of Q, let Q, denote the
corresponding local field. Then @, =R or Q,, for a prime p. The group SL,(Q,)
has a nontrivial two-fold central extension

(1 1= ps = G(Qy) > SLa(Qy) — 1,

where p, = {£1}. Recall that an irreducible representation of G(Q,) is called
genuine if the central subgroup u, acts faithfully on it. Gelbart’s book [1976]
contains a basic theory of genuine representations of G(R) and G(Q),) for p # 2.
Our intent is to develop a theory in the case of G(Q,). The main difference between
G(Q») and G(Q,) for p # 2 lies in the fact that the central extension splits over
SLy(Z,) when p # 2. In particular, we have a subgroup K, € G(Q,) isomorphic
to SL>(Z,) under the natural projection from G(Q),) to SL,(Q)) for every p # 2.
A genuine representation 7 of G(Q,) is called unramified if it contains a nonzero
K ,-fixed vector.

Assume now that p = 2. Let K denote the full inverse image of SL;(Z5) in
G(Q»). In this case the central extension splits over a smaller subgroup. More
precisely, we have a subgroup K;(4) C K isomorphic to the subgroup of SL;(Z>)

given by the congruence
ab 1 %
(c d) = (0 1) (mod 4)
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Keywords: modular forms, Shimura correspondence, Hecke algebra, pseudospherical
representations.

Savin is supported by NSF grants DMS-0551846 and DMS-0852429.

435


http://pjm.berkeley.edu
http://dx.doi.org/10.2140/pjm.2010.247-2

436 HUNG YEAN LOKE AND GORDAN SAVIN

In this paper we completely describe genuine irreducible representations of G (Q»)
containing nonzero K (4)-fixed vectors. More precisely, in Section 3, we describe
a Hecke algebra H(y) that captures the structure of all representations generated
by K (4)-fixed vectors and with a fixed central character y. In Section 4, we show
that H () is isomorphic to the Iwahori—-Matsumoto Hecke algebra for PGL,(Q,).
In this way we get a correspondence between (some) representations of G(Q>)
and representations of PGL;(Q,). We call this correspondence a local Shimura
correspondence.

In Section 5, we show that the compact group K has exactly two irreducible
genuine representations, with the fixed central character y, containing nonzero
K (4)-fixed vectors. These representations are denoted by V(2) and V(—1) and
have dimensions 2 and 4, respectively. We show that a representation 7z of G (Q>)
has V(2) as a K-type if and only if it corresponds to an unramified representation
of PGL,(Q,), by the local Shimura correspondence. Thus, it is natural to define
unramified representations of G(Q,) to be those that contain V(2) as a K-type,
and we call V(2) a pseudospherical type.

We should point out that the center of G(Q,) is a cyclic group of order 4. Thus,
we have two different genuine central characters y and two classes of unramified
representations. This is analogous to the case of the real group G(R), where the
weights —1/2 and 1/2 are called pseudospherical types.

We apply our local results in a global setting in Section 8. Let A be the ring of
adeles, and let G (A) be the two-fold cover of SL;(A). Let r > 1 be an odd integer.
Let # = ®n, be a genuine cuspidal automorphic representation such that

* T 1S a holomorphic discrete series representation with the lowest weight /2,
e m, is unramified for all p # 2, and
e 7, contains a nonzero K (4)-fixed vector.

Every such 7 corresponds to a Hecke eigenspace in S, 2(I'0(4)), the space of cus-
pidal modular forms of weight r/2. Roughly speaking, a function f =) f, in
gives naturally a modular formin S, 2 (I'g(4)) if fo is a lowest weight vector in 7,
fpis K,-fixedand f; is K1(4)-fixed. Since the space of K (4)-fixed vectors in 7, is
two-dimensional, unless 75 is a Steinberg representation, the cuspidal automorphic
representation 7 gives rise to a two-dimensional Hecke eigenspace in S, /2(I'(4)).
We can pick a line in this subspace by taking f> to be in the K-type isomorphic to
V(2). In this way we get a representation-theoretic description of Kohnen’s plus
space Sf/z(l“o(4)) [1980]. We also obtain that “new forms” in Kohnen’s minus
space S;/Z(Fo(4)) correspond to automorphic representations z, where the local
component 7, is a Steinberg representation. Finally, we show that the global
Shimura correspondence is compatible with our local Shimura correspondence at
the place p = 2.
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Representations of G(Q,) have been studied in great detail by Waldspurger
[1980; 1981; 1991]. However, his approach does not involve the Hecke algebra
H (y). Furthermore, a representation-theoretic description of Kohnen’s plus space
has already been given in [Baruch and Mao 2007]. That approach relies heavily
on the mentioned results of Waldspurger, where needed local results are hard to
extract.

2. Double cover of SL,(Q,)

We now describe the double cover G(Q,) in (1). A section s : SL,(Q,) — G(Q,)
allows us to identify G(Q,) with the set SL,(Q,) x w7, with group law

(81, €1)(g2, €) = (8182, €1€20, (81, &2)),

where o,(g1, g2) is a cocycle that depends on s. Following [Gelbart 1976], we
make the following choice of the cocycle o,. Let (-, -), be the Hilbert symbol
over Q,. For g = (‘c’ Z) € SL,(Q,), we define

(c,d), ifwo is afinite prime, cd # 0
and s(g) = and ord(c) is odd,
1 otherwise.

IR e
87 a ife=0

Then 0, (g1, 82) = (x(8182)x(g1), x(8182)x(82))v5(81)5(82)5(8182)-
An advantage of this particular section is that K, = s(SL»(Z,)) is a subgroup
in G(Q)) if p #2. If p=2, we define

K\ (4) = {((‘c’ Z), 1) € SLy(Za) x {1} :a € 1 +4Z5, ¢ € 422}.
By [Gelbart 1976, Proposition 2.14], K (4) is a compact subgroup of G (Q,).

A smooth representation of G(Q),) is called genuine if y, acts nontrivially. If p
is an odd prime number, a smooth genuine representation of G(Q),) is called un-
ramified if it contains a vector fixed by K,. A vector fixed by K, is called a
spherical vector.

If p = 2, a smooth genuine representation is called tamely ramified if it con-
tains a vector fixed by K(4). Unfortunately SL;,(Z,) does not split in G(Q»), so
we cannot define spherical vectors in the same manner as those for odd primes.
The objective of this paper is to motivate and define spherical vectors of genuine
representations of G(Q;).

We set up some notation for later. For u € Q, and r € Q
elements in SL»(Q,):

xw=(y1) 2=} wo=(_1g) wo=(5 %)

X

~, we define these
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Let x(u) =s(x(u)), y() =s(y(u)), w(r) =s(w()) and h(t) =s(h(1)) in G(Qy).
Note that 2 (t)h(s) = h(ts)(t, s),. Let N = {x(u) :u € Q,}, N = {y(u) : u € Q,}
and T be the subgroup of G generated by elements 4 (t).

3. Hecke algebra at p =2

We fix p = 2 from Sections 3 through 6. We will denote G(Q,) by G and K;(4)
by K. The objective of these sections is to classify genuine representations of G
containing a nonzero vector fixed by K.

Let M be the center of G. It is a cyclic group of order 4 generated by h(—1).
(Note that i(—1)h(—1)=(—1, —1), =—1 € u,.) Thus, a genuine central character
y is determined by its value on /4 (—1); this value is a fourth root of 1. Let K and
Ko be the open compact subgroups in G equal to the inverse images of SL.;(Z5)
and

{(i z) €SLy(Zy): c € 422}

respectively. Let K(4) C K; denote the principal congruence subgroup. It is the
image under the section s of the subgroup of SL;(Z;) consisting of matrices con-
gruent to 1 modulo 4. We have K D Ko D K; D K(4) and Ky = M x K. We
extend the central character y to Ko, so that it is trivial on K;. Given a smooth
representation (z, V) of G, we let

VKoY = (v e V : w(ko)o = y (ko) for all kg € Ko}.

Let R(G, y) denote the category of admissible smooth (necessarily genuine) rep-
resentations V of G such that VX0:7 generates V as a G-module.

Next we define the corresponding Hecke algebra. Let C.(G) denote the set of
locally constant, compactly supported functions on G. Let

H(y) ={f : Cc(G): f(kogky) =7 (ko) [ ()7 (ko) for all ko, ky € Ko}
For fi, f» € H(y), we define

fi -fz(go)=/Gf1(g)fz(glgo)dg=/Gf1(gog)fz(gl)dg,

where dg is the Haar measure on G such that the measure of K is 1. Then H (y)
is a C-algebra. For f € H(y) and v € V, we have

7 (f)o = /G F(e)(g)vdg € VKo,

In this way Vo7 is a left H(y)-module. Let R(H(y)) denote the category of
finite-dimensional left H (y)-modules. We have a functor A : R(G, y) — R(H(y))
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given by V > Vo7 Since the group K has a triangular decomposition
Ko = (KoNN)(KoNT)(KoNN),

the functor A is an equivalence of categories. This follows, in essence, from [Cas-
selman 1995, Corollary 3.3.6]; see also [Borel 1976] and [Berns$tein and Zelevin-
skii 1976, Theorem 4.2].

Our immediate goal is to understand the structure of H(y). The character y of
the center M extends to a character y of T that is trivial on K1NT, and y (h(2"))=1
for all n € Z. Let us abbreviate y(r) = y(h(r)). We define ¢ = (14 y(—1))/~/2.
Note that ¢ is a primitive 8-th root of 1. The character y of T is invariant under
conjugation by w = w(1). We can now extend the character y from T to the
normalizer N (T') by defining y(w) =¢.

We define some functions in H(y). For g in Ng(T'), we set X to be the function
supported on Kyg K( such that

X (kogkt) =7 (k)7 (2)7 (k) for all ko, kj € Ko.

Note that this definition depends only on the image of g in the affine Weyl group
W, = Ng(T)/(T N Kp).

Proposition 1. Functions X, for g in W, form a basis of H(y).

Proof. We need first to determine the Ky-double cosets in G. This can be easily
determined in SL,(Q,) using row-column reduction. In addition to A(2") and
w(27") the double coset representatives are

¥(2), h2My(2), y@h2™), yQuw@2™), w2 My, yQuw2yQ),

where n > 1 in all cases. We claim that the Hecke algebra is not supported on these
cosets.

Lemma 2. The commutator of x(2) and y(2) modulo the principal congruence
subgroup K (4) is equal to —1 € py.

Proof. This can be easily checked using the multiplication rule. It also follows
from applying [Stein 1973, Corollary 2.9] to the ring A = Z/4Z, O

Now we can easily finish the proof of proposition. Indeed if f is in H(y), then

FO@)=f@)xQ2) =-fx2)y@2)=-f((2)

by the lemma above. This implies that f must vanish on y(2). Other cases are
dealt with in the same manner. ([

Let £ : Ng(T) — Z be defined by ¢(g) = log,(n), where n is the number of
left (or right) Kg-cosets in the double coset Kog Ko. In other words, the volume of
KogKo is 2¢®) . For example, w(2~") normalizes Ko, so £(w(2™1)) = 1.
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Proposition 3. For every integer n, we have
(h(2") =2|n| and C(w(R™")) =2|1 —n|.

More precisely, we have the following decompositions of double cosets:

(i) Ifn>0,

Koh@)Ko= | J x@h@HKo= |J Koh(2")y(u).

uez/2?n7 uez/2?n7
(i) Ifn>1,
Koh(2 ™Ky = U y(@u)h(2 ™Ky = U Koh(27")x ().
uez/27 uez/2n7

(i) Ifn =0,

Kow(2")Kog = U x(w)w2"Ky= U Kow(2")x(u).

uez/22+27 uez/22+27
(v) Ifn>1,
Kow@™MKo= | y@uww@™MKo= [J Kow@™")yu).
uez/2*n-27 uez/2*n-27

Proof. This follows easily from the decomposition Ko = (KoNN)(KoNT)(KoNN).
Details are left to the reader. (]

We record the following tautological lemma:

Lemma 4. Let g| and g, be two elements in Ng(T). If £(g182) = €(g1) + €(g2)
then Xg, - Xg, = Xgy4,.

Let T,, = X ny and Uy, = X p2-n).

Proposition 5. Let T, = /1/2Uy. We have the following identities, where m, n
are any integers unless further specified.

1) (T +1)(T, —2)=0.
(i) U;-U;=1.
(i) Ifm,n>00rm,n <0, then T, - T,, = Tp1n.
v) U T, =Ups1and T, - Uy = Uy,
VMU -Uy=T,1and U, - Uy =Ti .
Proof. All statements except for (i) follow from Lemma 4. For (i), we need to show

T?=T,-T, =T,+2. Since T? is supported in K, this is equivalent to T2(1) =2

w w
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and T2(w(1)) = T, (w(1)). Suppose fi, f> € H(y), where f is supported on

w

KorKo = |_|;_, ri Ko (disjoint union). Then

N
i B =D A HE ).
i=1
We can apply this observation to f| = f, = T;,. Proposition 3(iii) with n = 0 gives
a decomposition of Kgw (1)K into single cosets. Hence

T2 = D> Tulx@w())- T,w(=)x(-u)g).
u mod 4
If g = 1, this gives T2(1) = 4T, (w(1)) - T,(w(=1)). Since T, (w(1)) =27"%¢
and T,,(w(—1)) =272¢, we obtain that T>(1) = 2. If g = w(1), then

T2(w(1)) =T, (w(1) D T,(»w).
u mod 4
If u =0 or 2, then y(u) is not in Kow(1)K¢y and T,,(y(u)) = 0. If u = %1, then
y(u) = x(u)w(—u)x(u), and we can rewrite

To(w(1)) = T, (w()[ T, (w(1)) + Ty (w(—1))] = T,y (w(1)). U
Here is the main result of this section.

Theorem 6. The Hecke algebra H(y) is generated by T,, and U; as an abstract
C-algebra modulo the relations

(a) (Tw - 2)(Tu) + 1) = O and
(b) Ut =1.

Proof. Suppose H is the abstract algebra generated by Uy = +/2T,, and U; modulo
the relations (a) and (b). We have a natural homomorphism B : H — H(y) of C-
algebras. By Proposition 1, H(y) is spanned by 7,, and U,, and by Proposition 5,
these elements are generated by Uy and U;. This shows that B is surjective. To
show that it is injective, suppose & € H is in the kernel of B. Since Up and
U, satisfy quadratic relations, i = > . cju;, where ¢; € C and u; € H is of the
form U UyU Uy - -- or UgUUyU, - - -. Because UyU = T, B(u;) is either T,
T,Uy =U\—,, UiT, = Uyqy, or U T,U; = T_,. These elements have disjoint
support as functions in H(y). Therefore B(h) = >, ¢;B(u;) = 0 implies that
¢; =0 and h = 0. This proves that B is an injection and Theorem 6. ([

We now give two consequences of Theorem 6:

Proposition 7. The element Z := Ty /2 + (T1/2)~" belongs to the center of H(y).
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Proof. By Proposition 5, T} and U; generate H (y). Clearly Z commutes with 77. It
suffices to show that Z commutes with U;. Since 77 = UpU|, we can use quadratic
relations satisfied by Uy and U; to write

) 27 = UyU, + U Uy —2'?U;.

Hence Z commutes with Uj. (]
Proposition 8. Forn >0, T, is an invertible element in the algebra H (y).

Proof. The quadratic relations satisfied by Uy and U; imply that Uy and U, are
invertible, and so is 71, since T1 = UpU;. Hence T, = TY' is invertible. O

Suppose (7w, V) is a representation in R(G, y). Let V(N) denote the span of
z(n)v —ov forallo € V andn € N, and let Vy = V/V(N) be the Jacquet module.
Let

(ViKY =ty € Viy sy, ()o = y(¢)v for all t € Ko N T).
The invertibility of 7, implies the following; see [Borel 1976, Lemma 4.7].
Corollary 9. Suppose (z, V) is a representation in R(G, y). Then the canonical

map VKo7 — (V)Xo i q bijection. In particular Vy is nonzero, and V cannot
be a supercuspidal representation. [l

4. Local Shimura correspondence

Let G’ = PGL,(Q5). Let I be its Iwahori subgroup and H' be its Iwahori—-Hecke
algebra. Let 7, and U| denote the characteristic functions of

01 01
I(1 O)] and I(p O)I

respectively. Then H' is the abstract C-algebra generated by T, and U satisfying
the same relations as (a) and (b) of Theorem 6; see [Matsumoto 1977]. This gives

the next corollary.
Corollary 10. The Hecke algebras H(y) and H' are isomorphic C-algebras.

Let R(H’) denote the category of finite-dimensional representations of H'. Let
R(G’, I) denote the category of admissible smooth representations V of G’ such
that V! generates V as a G’-module. By [Borel 1976; Bernstein and Zelevinskif
1976], the functor V > V! is an equivalence of categories from R(G’, I) to R(H).
The isomorphism in Corollary 10 establishes an equivalence of categories between
R(H (y)) and R(H’). Hence the following four categories are equivalent:

R(G,y) ~R(H(y)) ~R(H") ~R(G', I).

If V is a representation in %R (G, y), then we call the corresponding representation
in R(G’, I) the local Shimura lift of V. We denote it by Sh(V).
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Proposition 11. Let V be a representation in R(G, y). Then the following are
equivalent.

(1) The local Shimura lift Sh(V) is a spherical representation of G'.

(ii) The action of T on Sh(V)! has an eigenvalue 2.
(iii) The action of T,, on VX7 has an eigenvalue 2.
Proof. The projection map to G'(Z,)-fixed vectors in Sh(V) is given by %(Tu’) +1),
since T, + 1 is the characteristic function of G'(Z5) and the volume of G'(Z,) is 3.
It follows that a G'(Z;)-fixed vector is an eigenvector of 7, with eigenvalue 2.

This proves the equivalence of (i) and (ii). The equivalence of (ii) and (iii) follows
from Corollary 10. O

This proposition motivates the following definition.

Definition. Let V be a smooth representation of G. An eigenvector of T,, in V Xo-7
with an eigenvalue 2 is called a y-spherical vector. The representation is called a
y-unramified or y-spherical representation if it contains a y-spherical vector.

5. Pseudospherical representation of K at p =2

We retain the notations in Sections 3 and 4 where p = 2. In the previous section
we defined a representation V of G to be unramified if V%07 £ 0 and T, has an
eigenvalue 2 on VX0 In this section, we will reinterpret this condition in terms
of representations of K, and see that K has only two irreducible representations E
such that EX0:7 =£ 0. For both representations, EX0-7 is one-dimensional and they
are distinguished by the action of T,, on EXo-7. That eigenvalue can be either 2
or —1, so we use the eigenvalue to denote the representations by V(2) and V(—1).
Their dimensions are 2 and 4, respectively. Thus, a representation of G is unram-
ified if and only if it contains the two-dimensional K-type V (2), which we may
call a pseudospherical type.

If EX0:7 £ 0, then, by Frobenius reciprocity, the K-type E is a summand of a
six-dimensional induced representation

Ix(y):=Ind¥ y ={(¢: K — C: p(kok) = y (ko) (k) for all k € K, ko € Ko}.

Here the group K acts on it by right translation, denoted 7 . Let Hg () denote the
subalgebra of H(y) consisting of functions supported on K. We have the action of
Hg (y) on Ig(y)X0-7, also denoted by 7. By Proposition 1, Hg (y) = C1 @ CT,
and it is a commutative subalgebra. The algebra Hk (y) is antiisomorphic to the
algebra Hg (y) via the map f — f, where f(g) = f(g™ M.

For f € Hx(y) and ¢ € Ik (y), we set

(L (F)P)(g) = /K FO$( g)dk forall g € K.
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This action commutes with the right action 7z of K on /g (y) and

Hg (7) =Endg (Ix (7).

Note that Ig(y)X0? = H(y). The actions z; and 7z of H(7) and H(y) on
I (y)X07 = H(7) are related by 7, (f) = 7g(f).

We define the functions F_; := %(2 —Ty) and F; := %(Tw +1)in Hg(y). Then
{F_1, F>} is a basis of idempotents of Hg (7).

For j=—1,2,1et V(j) = nL(ﬁj)IK(y). In other words V () is the eigenspace
of rp (fw) on Ik (y) corresponding to the eigenvalue j. Note that F ;€ V(j)and
T R(Tw)ﬁ ;= jI:“ ;. In particular Fisa y-spherical vector.

Proposition 12. (i) We have Ik (y) =V (—=1)® V (2), where each summand is an
irreducible representation of K.

(i) We have dim V(—1) =4 and dim V (2) = 2.

(iii) The K-submodule V (2) contains a y-spherical vector F>. The space of y-
spherical vectors is one-dimensional.

(iv) The K -submodule V (—1) does not have any y-spherical vector.

Proof. Since dimEnd(/gx(y)) = 2, both V(—1) and V(2) are irreducible K-
modules. This proves (i).
To compute the dimensions of V(—1) and V(2) we need a lemma.

Lemma 13. The operator &y (YA"U)) as an element in Endg (I (y)) has trace 0.

Proof. For g € K, let ¢, be an element of Ik (y) such that ¢, is supported on Kog
and ¢ (kog) = y (ko). Let S be a set of representatives of Ko\ K. Then {¢, : g € S}
is a basis of Ix (y). To prove the lemma, it suffices to show that (nL(Tw)¢g)(g) =0.
Indeed, this shows that the matrix of 7 L(f"w) in the basis ¢, has vanishing diagonal
entries. Note that 77 (T,,)¢, is supported on Kow(1)Kog. If (nL(f"w)qﬁg)(g) # 0,
then g € Kow(1)Kopg and 1 € Kow(1)Ky. This is a contradiction since Ky is not
equal to Kow(1)K). O

We have dim V (2) +dim V(—1) = dim Ix(y) = [K : Ko] = 6. By the lemma,
2dim V (2) —dim V(—1) = 0. This implies dim V(—1) =4 and dim V (2) = 2 and
proves Proposition 12(ii). We have Ix (y)X07 = Hg (y) and ng(F;)Ix (y) = CI:“]-
for j = —1,2. The vector B is y-spherical while F_; is not. This proves parts
(iii) and (iv). O

Theorem 14. A smooth representation V of G with central character y is y-
unramified if and only if there is a nontrivial K-module homomorphism | from
V(2) to V. A vector in V proportional to [(F,) is a y-spherical vector of V.
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Proof. A y-spherical vector in V generates a representation of K in which every
irreducible K -submodule is isomorphic to an irreducible submodule of I (y). Now
the theorem follows from Proposition 12. U

6. Unramified principal series representations at p = 2

In this section, we continue to assume p = 2 and use notation of Sections 3 to 5.
We will show that y-unramified representations appear as submodules of principal
series representations.

We recall the character y of T in Section 3. Let (g, 1(y, 5)) be the normalized
induced principal series representation, where I (y, s) is the set of smooth functions
¢ : G — C satisfying

d(ex(u)h(r)g) = ey (0)|t]' ' p(g) foralle € pr, u € Qrandr e Q.
The group G acts by left translation: (z3(g)¢)(g") = ¢ (g'g).

Proposition 15. An irreducible y-unramified representation V is isomorphic to a
submodule of some 1(y, ).

Proof. By Corollary 9, (Vy)X0"T7 is nonzero. Hence there is a nontrivial T-
homomorphism Vy — yv*+! for some s € C. Here v is the character v (h()) = |¢|.
By Frobenius reciprocity, there is a nontrivial map V — I(y, s) that is an injection
because V is irreducible. U

We recall that K (4) is the principal congruence subgroup in K;. Restricting
functions ¢ in I (y, s) to K gives a natural isomorphism [ : I (y) — I(y, s)X® of
K-modules.

Theorem 16. The K -types V(2) and V (—1) are of multiplicity one in I (y, s). The
space I(y, s)X07 is 2-dimensional and is spanned by I(F>) and l(F_1).

Waldspurger [1981, Chapter VI] describes an explicit basis of I(y, s)X07 and
calculates the action of the operator 7.

We will describe a scalar multiple ¢; of [(F;) € V; that is more convenient for

later calculations. Let d, = 1 and d_; = —2, and define ¢; to be the unique vector
in I (y, s) whose restriction to K is given by
djy(k) if k € Ky,
(k) = 12720y (ko) if k = kow(1)ky € Kow (1)Ko,
0 otherwise.

We define an intertwining map M (s) : I(y, s) — I(y, —s) by
MOHE = [ pwxwed,
Q2

where g € G and du is the Haar measure on @Q; such that the measure of 7, is 1.
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Proposition 17. We have
1 H—2s —2s
¢ (1-5277) I 1-227)
M =—|————— d M 1=— —1.
(5)¢2 ﬁ( )t and MO == () e
Proof. Since the vector ¢; is unique up to a scalar in Ix (y), we have M (s)¢; =c¢;
for some ¢ € C. It remains to determine ¢ = dj_l M(s)p;(1).
If u & 7>, we have w(D)x(u) = (=1, u)2 - x(—u DA ) y@w™"). We write
u~!'=2"p, where v € Z5 and m > 1. Recall that y () = y (h(t)). Then

M(s)p; (1)
:/z ¢j(w(1)x(u))du+22m_1/ZX(—I,2mv)2¢j(h(2’”v)y(2’”v))dxv
2 m=1 2

=272 4 D o / (=1, 0)27(2"0)p; (y(2"v))d v,

m=1 ZZ

where d*v is the Haar measure of Z5 with total measure 1. Now ¢; (y(2"v)) =0
if m = 1 and it is equal to 1 if m > 2. Since y(2™v) = y(2™)y(v)(2™, v), and
y(2™) = 1, we can rewrite

MEE 0 =244 32 [ @otonrny
m=2 2

0
=271/2deszmsflélt > @08 (=1,0)70).

m=2 ve(Z/82)*

The sum ZDE(Z/SZ)X on the right is zero if m is odd, and equals «/5( if m is even.
Finally adding up all the terms gives the constant ¢ and the lemma. (]

Letso=1/2or 1/2+ix/log2. From Proposition 17, ¢_; lies in the kernel of
M (s0), so I(y, so) is reducible. Indeed I (y, so) has a unique irreducible quotient
that is an even Weil representation.

Definition. Let so = 1/2 or 1/2 4+ iw/log2. The kernel of M(sp) is called the
Steinberg representation of G(Q,). We shall denote this representation by St(e),
where € = £1 such that 2% = e«/z.

We claim that St(¢) is an irreducible representation of G (Q;). Indeed by [Loke
and Savin 2010, Section 6], we have

(3) I1(7,8)5 =y "M@yl |t forevery s €C,

where 1 (y, s)} is the semisimplification of /(y, s)y as a T-module. Hence I(y, s)
has at most length 2. The claim now follows because St(¢) is a proper submodule
of I1(y, sp). Also see [Savin 2004, Section 7].
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Corollary 18. The even Weil representation contains the irreducible K-module
V(2). It is a y-unramified representation. The Steinberg representation contains
the irreducible K -module V (—1). U

Proposition 19. Let Z = Ty/2 + (T1/2)~"! be the central element in the Hecke
algebra H(y) as in Proposition 7. Then wy(Z) acts on 1(y, s)X07 as the scalar
25 4275,

Proof. By Corollary 9, the natural projection of I(y,s) onto I(y,s)y gives an
isomorphism of 7(y, s)X0” and I(y, s)n. From Proposition 3(i)’s decomposition
of Koh(2)Kj into single Ky-cosets, it follows that the action of 7} on I (y, s)Ko-7
corresponds to the action of 4 - 75 v (h(2)) on I (y, s)y. By (3), the eigenvalues of
Ty/2 are 2° and 27°. [l

Corollary 20. An irreducible y-unramified representation is uniquely determined
by the eigenvalue of the action of Z on its y-spherical vector.

Proof. Suppose the irreducible y-unramified representation is a subquotient of both
I(y,s)and I(y, s’). Then by Proposition 19, 25 4275 =25 42~ which implies
28 =25 or 2¢ =27%. By Proposition 17 both I(y, s) and I (y, —s) have the same
irreducible y-unramified subquotient. O

Corollary 21. The Steinberg representation St(€) corresponds to the one-dimen-
sional representation of H(y) given by T,, = —1 and U} = —e.

Proof. We know that T, = —1 on St(¢)X0-7 . It remains to compute the action of Uj.
Since St(¢) is a subquotient of (7, sg), where 2°0 = e+/2, the central element Z acts
on St(€) by the scalar €(2!/24+271/2). By (2) we have 2'/2Z =T,, U, +U,T,, — U,.
Hence U; = —¢ as claimed. O

Let V be an irreducible y-unramified representation. By Proposition 15, we may
assume that V is the unique y-unramified subquotient of 7 (y, s) for some s € C. By
Proposition 11, its local Shimura lift V/ = Sh(V') is an unramified irreducible repre-
sentation of G’ = PGL,(Qy). Let B’ be the Borel subgroup of G’. We may realize
V' as the unramified irreducible subquotient of the normalized induced principal
series representation (z;, I'(t)) with trivial central character. Here I'(r) = Indg,/ '
(normalized induction), where w is the character

aq 0 .
oy o) =lar/a.

The next theorem is similar to [Waldspurger 1991, Proposition 4]. There the local
correspondence is defined by restricting the oscillator representation to the dual
pair G(Q3) x PGL,(Q;), while the local Shimura lift used here is defined by the
Hecke algebra isomorphism.
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Theorem 22. If V is the unique y-unramified irreducible subquotient of 1(y, s),
then its local Shimura lift Sh(V) is the unique unramified irreducible subquotient

of I'(s).

Proof. Assume that Sh(V) is a subquotient of I’(¢). By Proposition 19 the central
operator Z in H(y) acts on I(y, s)X7 by the scalar 2° +27. The corresponding
operator Z’ in the algebra H’ acts on I'(t) by 2" +27". Thus, 2° +275 =2" 427",
Solving the equation gives 2° = 2" or 2° = 27, Both I'(r) and I'(—t) have the
same irreducible subquotients, so we may set s = t. U

We deduce a corollary that is a part of [Waldspurger 1980, Propositions 1 and 2].

Corollary 23. The principal series representation I (y, s) is reducible if and only
ifs=1/2o0r1/2+in/log?2.

Proof. Let V be the y-unramified irreducible subquotient of 7(y,s). Let W be
the unramified irreducible subquotient of I’(s). Then V = I(y, s) if and only if
dim VK07 = 2. By Theorem 22, dim V%07 = dim W/. Now dim W' = 2 if and
only if I'(s) is irreducible. Finally I'(s) is irreducible if and only if s # 1/2 and
1/2+in/log2. ([l

7. Automorphic forms

In this section we review a connection between automorphic forms and classical
modular forms of half integral weight. This is mostly well known material that can
be found in [Gelbart 1976, Chapters 2 and 3] and in [Waldspurger 1981]. We then
transfer the action of the Hecke algebra H (y) to the setting of classical modular
forms.

Let A=]], @, be the ring of adeles over Q. We recall K ,, s(g) and the cocycle
o, defined in Section 2. Let G(A) = SL,(A) x {£1} as a set. For g1 = (g1.»).
82 =(g2.0) € SL2(A) and €y, € € {£1}, the group law on G(A) is given by

(g1, €1)(g2, €2) = (2182, €1€20 (g1, &2)),

where o (g1, 82) = [1, 00 (81,05 82.0)- Then pr: G(A) — SLy(A), (g, €) > gis a
twofold cover that splits over the subgroup SL,(Q). Since SL,(Q) is perfect, this
splitting is unique and given by

s0:SLa(@) > G(A), g (g.5a(g)), where sa(g) =[], s(80)-
We also need a description of a maximal compact subgroup in G (R). Let

cosf siné
—sind cosé

k(©) = ( ) eSLy(R) for—7 <6 <.
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Then K o := {k(0) : —7 < 0 < x} is a maximal compact subgroup in SL;(R). Let
Koo ={k(@): —2n <6 <2n}, where

k() = k@), 1) if —r <0<m,
| &@), -1 if =27 <0< -7 orm <0 <2x.

Then K is a maximal compact subgroup of G(R) and pr(K«) = K. If 7 is an
odd integer, then k() — ¢'"%/? defines a genuine character of Ko

Let A,/2(4) denote the set of functions ¢ in L?(SL,(Q)\G(A)) satisfying the
following properties:

(1) p(gk1) = p(g) forall ky € Ki(4) [],10.00 Kps
(2) 9(gko) = y(ko)p(g) for all ko € Ko in G(Q2), where y(—1) = —i";

(3) 9(gk(©)) =" p(g);
(4) ¢ is smooth as a function on G(R) and satisfies Ap = —}Lr(%r — 1)@, where
A is the Casimir operator; and

(5) ¢ is cuspidal, that is, fN(@)\N(A) o(x(u)g)du =0 for all g € G(A).

A basis of A, >(4) arises from cuspidal automorphic representations 7 = ), 7,
of G(A) such that 7 is a holomorphic discrete series representation with the
lowest weight r/2, 7, is unramified for all p # 2, and 7, contains a K;(4)-
fixed vectors. In particular, 7r2K 7 £ ( for some central character y. Note that y is
determined by r. Indeed, since the local components of sg (2 (—1)) for v # o0, 2 are
contained in K ,, we have ¢ (1) = ¢ (sq(h(—1))) = y(—=1)e!™"/?¢(1), and therefore
y(=1)=—i".

Let 3¢ be the complex upper half plane. For elements g = (‘Cl Z) € SLy(R),
g=1(g,¢) € G(R) and z € ¥, we define

B _az—i—b
gz—gz—cz+d.

We define a holomorphic function on # by

J(g,2)=J((g,€),2) =€ (cz+d)"/*.

Here we choose w!/? so that —7 /2 < arg(w'/?) < z /2. We call J (g, z) a factor of
automorphy. By [Gelbart 1976, Lemma 3.3], it has J(gg’,z) = J(g, £'2)J (¢, 2)
for any two g and g’ in G(R). Define a congruence subgroup I'y(4) by

Fo@) = G®) N (sa(SL2(@) - Ko@) - [] K, ).
p#2

Similarly, define I';1(4) C I'o(4) by replacing Ko(4) with K1(4). Let S,2(I'o(4))
and S,2(I'1(4)) be the spaces of classical modular forms of weight r/2. By
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[Koblitz 1984, page 183], we have S,,2(I'0(4)) = S,2(I'1(4)). We will denote
this space by S,2(4).

By [Gelbart 1976, Proposition 3.1], there is a bijection Q : A, 2(4) — S,/2(4),
which we recall: If ¢ € A, /»(4), then

(Q(P)(Z):(P(goo)-](gomi)ro where 7 = gooi € .

Conversely, given f € S,2(4), let g € G(A). By [Gelbart 1976, Lemma 3.2],
g = g0gook for some gg € sg(SL2(Q)), goo € G(R) and k € K (4) Hp;éZ,oo K.
Then (O f)(8) = (800 (1)) (800, 1)

Using the bijection Q, we define another bijection between the spaces of oper-
ators by

q : Endc(A,2(4) — Ende(S,2(4), L QLQ™.

Since the Hecke algebra H(y) defined in Section 3 acts on A, »(4), it is of interest
to reinterpret this action in terms of classical modular forms.

Proposition 24. Let U; and T be the operators in the local Hecke algebra H (y),

where y(—1) = —i". Recall that { = (1 — i") /2. For f(z) € Sr2(4), we have
(i) (q(U) (=) =CQ2)7?f(~1/(42)) and

(i) (¢(T) ) =273 o f(c+u)/4).

Proof. (i) Suppose ¢ = Q~(f) € A,2(4). For every place v, let w, = w(2~!) be
the element in G(Q,) defined in Section 2. By Proposition 3(iv),

U)o = [ Ui gkl = Ur(02)0 (gct02) = Co(gocn).
Kows Ky

Next, consider w(27!) in SLy(Q). By [Gelbart 1976, (2.30)], so(w™")) =[] w,.

Since ¢ is left SL,(Q)-invariant, and right K ,-invariant for p # 2,

C0(goow2) = L9 goow) =Zo ([ w5 ") 8oo) = Co (0 g
v#2
Applying Q to this equation gives (i). Part (ii) is proved analogously. U

8. Kohnen’s plus space

Hecke eigenforms in S, 2(4) correspond to cuspidal automorphic representations
7 such that 7, is a discrete series representation of lowest weight /2, =, is
unramified for all p £ 2, and 7, has K (4)-fixed vectors. In particular, 7r2K 07 £0
for the central character y(—1) = —i”". If &, is a principal series representation,
then 7r2K %7 is 2-dimensional and therefore the corresponding Hecke eigenspace in
Sr/2(4) is also 2-dimensional. Kohnen’s plus space is introduced to resolve this
ambiguity. In terms of the space of automorphic functions A, »(4), it is clear what
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to do. Decompose A,2(4) = A’ /2(4) ®A, /2(4) where A 2(4) is the eigenspace
of the local Hecke operator T, with eigenvalue 2, while A /2 (4) is the eigenspace
with eigenvalue —1. Since the presence of the eigenvalue 2 for T;, acting on 7,
eliminates a possibility that 7, is a Steinberg representation, we see that there is
a one-to-one correspondence between Hecke eigenforms in A:r/z (4) and cuspidal
automorphic representations 7 (as above) such that 7z, is a y-unramified repre-
sentation. The classical Kohnen plus space is (essentially) Q(Ar /2(4)), as will be
explained in a moment. Niwa [1977] defines two operators T4 and Wy on S, 2(4)

by
3
TN@ =1 Fa+w/d) and (Waf)@) = (=2i2) "2 f(~1/(42).
u=0

Note that Wf = 1. Let k = (r — 1) /2. Niwa shows that the operator
W = (_1)(r2—1)/821—1c W, T,

on S,2(4) satisfies! the quadratic relation (W 4 1)(W — 2) = 0. Kohnen defines
S:;z (4) and S, (4) to be the eigenspaces of W on S, 2(4) of eigenvalues 2 and —1,
respectively [Kohnen 1980]. Proposition 24 says that

q(Un) = (—1)r2_1/8W4 and q(Ty) =2""Ty,
where the sign (—1)’2—1/8 is the quotient of
C=(0+i")/vV2 and i"?=(1+i)/V2).

. -1 . .
Since T, =2 T Uy, it follows that ¢(T,) and W are conjugates of each other
by W,. Thus Kohnen’s plus space is simply a conjugate of our space:

Q(A],(4) = Wa(S,,(4)).

Because W, commutes with the classical Hecke operators T),> whenever p # 2,
Q(Ar /2(4)) and S /2(4) are isomorphic as C[T32, Ts2, ... ]-modules.

There is another description of S /2 (4) in terms of Fourier coefficients. It con-
sists of the cusp forms whose n-th Fourier coefficient vanishes whenever (—1)*n =
2,3 (mod 4). Kohnen defines a Hecke operator T, * that preserves S, "2 (4) in the
following way: For f(z) = 3., axq" € S} 2(4), set (T, f)(z) = >, bnq" where
the sum is taken over integers n > 0 and (—1)*n =0, 1 (mod 4), and

(=D*n
2

b, = ay, + ( )2”_lan + 2r_2an/4.

!In [Kohnen 1980], the operator is Ty W, acting on the right, that is, T4 acts first and Wy follows.
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Here a,, /4 =0 if n is not a multiple of 4. The large parentheses denote the Legendre
symbol.
We can now formulate and prove our main global results.

Theorem 25. There is a one-to-one correspondence between Hecke eigenforms f
in S:;2(4) and irreducible cuspidal automorphic representations 1 = @), @, in
L?*(SLy(Q@)\G(A)) such that

(1) moo is the discrete series representation of G(R) with lowest weight r/2;
(ii) 7, is unramified for all odd primes p;,
(iii) 7y is y-unramified, where y(—1) = —i"; and

Giv) if T, 4+ f = Ay f, then a y-spherical vector in 7, is an eigenvector for Z =
T1/2 4+ (T1/2)~" with eigenvalue 2'77/%1,.

Note that 1, determines the eigenvalue of Z on a y-spherical vector, which in turn
determines my uniquely by Corollary 20.

Proof. The first three statements are clear, since Q! (W, f) is a Hecke eigenform
in A;L/z(4) that is contained in a cuspidal automorphic representation 7 with these
properties. It remains to show (iv).

Lemma 26. Let f bein S}, (4). Then T, f =2"/>"'q(Z) f.

Proof. Recall that T is invertible by Proposition 8. Hence, it suffices to show that

2RI, = q(T+4). 1 £(2) =302 ang" € 5,2(4), then (¢(T1) ) (2) =
22-7r/2 > o2 o aanq" by Proposition 24. Thus, if f(z) € S:;Z (4), then one computes

22T (@) = @I+ D)) =D are +4a)g". O

Now we can finish the proof of Theorem 25. If T, 4+ f =4,f, then Lemma 26
implies that Q~!(f) is an eigenform for Z with eigenvalue 2!="/21,. Since Wy =
(—1)(’2*1)/8q(U1) and Z commutes with U, we see that Q~1 (W, f) is also an
eigenform for Z with the same eigenvalue. (]

If f is a Hecke eigenform in S:;z(4), then by [Kohnen 1980, Theorem 1(ii)]
the corresponding Shimura lift f’ = Sh(f) is a Hecke eigenform in S,_1(SL»(Z)).
Recall that G’ = PGL,. There is a bijection between Hecke eigenforms f” in
Sr—1(SL2(2)) and irreducible cuspidal automorphic representations 7’ = @), 7,
in L2(G'(@)\G'(A)) such that 7/, is a discrete series representation with lowest
weight r — 1 and x, is unramified for all primes p; see [Gelbart 1975, Proposi-
tion 3.1]. Recall the local Shimura lift Sh(z;) in Proposition 11 of a y-unramified
representation 7, of G(Q2). The following corollary gives a precise representation-
theoretic description of the Shimura correspondence at the place p = 2.
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Corollary 27. Let f be a Hecke eigenform in S:;z(4). Let 1 = @, 7, be the
cuspidal automorphic representation corresponding to f in Theorem 25. Let 1’ =
&, @, be the cuspidal automorphic representations of L*(G'(Q)\G'(A)) corre-
sponding to the Hecke eigenform f’ = Sh(f) in S,_1(SLy(Z)). Then Sh(x;) = ).
Proof. 1If T4+f = Ay f, then T f' = A, f" by [Kohnen 1980, Theorem 1(ii)], where
T, is the classical Hecke operator action on S,_;(SL2(Z)). By [Gelbart 1975,
Proposition 5.2.1], one checks that 7} is indeed isomorphic to Sh(x>). ([

Let 7 be a cuspidal automorphic representation of G(A) as in Theorem 25
and 7’ be the corresponding cuspidal automorphic representation of G'(A) as in
Corollary 27. By the Ramanujan conjecture, proved by Deligne, 7, = Sh(x,) is
a tempered irreducible unramified representation, so 7, = I'(s) for some s € iR.
This implies that 7, = I(y, s) by Theorem 22 and Corollary 23. Thus 7r2K ©7 s
an irreducible H (y)-module of dimension 2. It corresponds under Q to a two-
dimensional subspace of S, />(4) spanned by a line in S:;Z (4) and a line in S, 4.

On the other hand, if 7, = St(¢) is a Steinberg representation of G (Q;) (see the
definition before Corollary 18), then 7 corresponds under Q to an Hecke eigenform
in Sr72(4). More precisely:

Theorem 28. There is a one-to-one correspondence between Hecke eigenforms f

in Sr72(4) such that Wy f = —6(—1)(’2*1)/8]‘ for some € = +1 and irreducible

cuspidal automorphic representations 1 = @), m,, in L*>(SL2(Q)\G (A)) such that
(1) oo is the discrete series representation of G(R) with lowest weight r/2,

(ii) 7, is unramified for all odd primes p, and

(iii) 7, is the Steinberg representation St(c).

Proof. Recall by Corollary 21 that T,, and U; act on the one-dimensional space
St(€)X0:7 by —1 and —e. The theorem now follows from Proposition 24 and the
definition of S, 4). O
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LARGE QUANTUM CORRECTIONS IN MIRROR SYMMETRY
FOR A 2-DIMENSIONAL LAGRANGIAN SUBMANIFOLD WITH
AN ELLIPTIC UMBILIC

GIOVANNI MARELLI

Given the Lagrangian fibration R* — R? and a Lagrangian submanifold,
exhibiting an elliptic umbilic and supporting a flat line bundle, we study
in the context of mirror symmetry the corrections necessary to solve the
monodromy of the holomorphic structure of the mirror bundle on the dual
fibration. This is a preliminary step towards the understanding of quantum
corrections in this specific case.

1. Introduction

The first steps in the study of mirror symmetry, assuming the existence of dual
torus fibrations X and X, has been undertaken in papers such as [Fukaya 2005;
Arinkin and Polishchuk 2001; Leung et al. 2001; Bruzzo et al. 2001; 2002]: Under
certain hypotheses, a transform is provided, defined on some subcategory of the
Fukaya category of X, that maps pairs formed by a Lagrangian submanifold L and
a U(1)-flat connection V to holomorphic bundles E over X. The caustic K of L
is always assumed to be empty. The purpose of this paper is to start understanding
how to remove this hypothesis.

We focus our attention on the Lagrangian fibration R* — R? and consider a
Lagrangian map f : L < R* — R2. Generically, f exhibits only folds and cusps,
which are singularities of codimension 1 and 2 respectively. If we restrict the fibra-
tions and L to the subset R?\ K, then the Lagrangian map f has no singular points,
and so we can try to apply the constructions contained in the papers mentioned
before. We can hope to get a holomorphic bundle E on the dual fibration restricted
to R?\ K, and whose holomorphic structure can be extended to the whole fibration
over R?. However this hope is in general vain (we consider the elliptic umbilic in
Section 4, but see also the same example described in [Fukaya 2005, Section 5.4]):
What may happen, as in the case we are going to study, is that K is a compact
curve, and in the noncompact subset of R? determined by K, the holomorphic
structure of E presents a monodromy when going around the caustic K, and this
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Keywords: mirror symmetry, quantum corrections, elliptic umbilic, Morse homology.
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hinders us from extending the mirror bundle to K and gluing it to the mirror bundle
constructed inside K, and so from producing a holomorphic bundle E on the whole
dual fibration. Some kinds of quantum corrections are thus required to obtain a
holomorphic bundle defined on the whole dual fibration R* — R2.

One program to perform quantum corrections is outlined in [Fukaya 2005]. The
idea is that there is a “classical” or, as it is called there, “semiflat” situation, which
is the one where X is a Lagrangian fibration with only smooth fibers. In this case a
complex structure is easily constructed on the mirror manifold X ; however as soon
singular fibers are allowed, the complex structure constructed on the smooth part
does not extend to the whole X. So there is a need for some corrections to extend
the complex structure.

Computations from physics suggest that pseudoholomorphic discs provide these
corrections. When a Lagrangian submanifold L is given on X, if it is not a ramified
cover a holomorphic mirror bundle is obtained on X. When the caustic is allowed,
the situation is similar to the case of singular fibers, and the classical holomorphic
structure, obtained from L away from the caustic on the mirror bundle, must be
deformed to extend it to the whole mirror bundle. Again, the idea outlined in
[Fukaya 2005] is that quantum corrections are provided by the instanton effect,
that is, by counting pseudoholomorphic strips in R* that bound L and the fiber F,
of the fibration.

In a more general framework, quantum corrections are related to the obstruction
theory of well-definedness of Floer homology. As proposed in [Fukaya 2000] as
a general idea and holding beyond the spemﬁc case considered there, the fiber
over x € R?\ K of the mirror bundle E on R* is constructed as the Lagrangian
intersection Floer homology of L and of the Lagrangian fiber of R* over x. Assume
that K contains just one singular point and that this point is an elliptic umbilic. We
know that in dimension 2 this singularity is neither stable nor generic; however,
from [Marelli 2006a; 2006b], we know how the caustic K and the bifurcation locus
B change when f is slightly perturbed to f.

According to a conjecture proposed by Fukaya [2005, Section 3.5], near K,
Lagrangian intersection Floer homology is equivalent to Morse homology defined
by means of the generating function f of L, which is a Morse function far from
K and B. This conjecture allows us to switch from Floer to Morse homology.
More precisely, Fukaya conjectured that near the caustic, the moduli space of
pseudoholomorphic discs bounded by a fiber and by the Lagrangian submanifold
L is isotopic to the moduli space of gradient lines of the generating function of L
between the points of intersections of the fiber with L. This conjecture has been
proved in [Fukaya and Oh 1997] for the case of the cotangent bundle and in some
of the examples considered in [Fukaya 2005]. Its purpose is just to provide a way
to simplify the computations involved in working with pseudoholomorphic discs.
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In our case, we apply this for a small perturbation of the elliptic umbilic. In view
of this, that is, considering gradient lines rather than pseudoholomorphic discs,
our result can be only a first step in the study of quantum corrections in mirror
symmetry for the example considered.

Another important fact to be remarked is that, put simply, the homological mirror
symmetry conjecture establishes an equivalence between the Fukaya category on
one side and the derived category of coherent sheaves on the mirror side; however
here our concern is only about objects and not also about morphisms, so again
this work should be considered only as a preliminary step in understanding mirror
symmetry.

With all the limitations outlined above, quantgm corrections (that is, rules to
glue the holomorphic Morse homology bundle E, relative in our case to f) are
then defined across folds that are not limit points of bifurcation lines, and across
bifurcation lines far from their intersections. Fukaya [2005, Section 5.4] explained
that the cancellation of monodromy, which may look accidental, is in fact related
to the phenomenon of wall crossing of Floer homology. In our case, which is
approximated in the sense that we use Morse homology instead of Floer homology,
the caustic and bifurcation locus represent the walls in an analogous phenomenon
for Morse homology. We check that in this way the holomorphic structure of E
can be extended to the codimension 2 subset of R? containing the remaining points
of K and B, that is, the intersection points of bifurcation lines, folds that are limit
points of bifurcation lines, and cusps. We realize however that these corrections
are not enough to extend the holomorphic structure of E to cusps. A correction
of different kind is thus required, which is related to the possibility of defining a
spin structure on L or, better, a relative spin structure. This has to do with the
orientation problem in Floer homology theory; see [Fukaya et al. 2000]. In this
way, the monodromy around the caustic is also canceled, and so the mirror bundle
E can be endowed with a holomorphic structure defined on the whole dual fibration.

2. Preliminaries

Throughout this paper we will use results from [Marelli 2006a; 2006b], whose
contents we now summarize.

e We introduced Lagrangian bundles 7 : X — B, Lagrangian maps g : L — B
and their generating functions, and defined the caustic K of L as the set of
critical values of 7 o g;

o We recalled the classification of Lagrangian singularities. We noted that in
dimension 2 only folds and cusps are stable and generic; the elliptic umbilic,
which is the case considered in this paper, is stable and generic starting from
dimension 3. However it can appear as unstable singularity (that is, it breaks
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in folds and cusps under a small perturbation) in dimension 2; it is given by
the generating function

FO1,y2) =3y —yiv3.

We showed that the elliptic umbilic in dimension 2 becomes after a small
perturbation a Lagrangian map whose caustic is a tricuspoid, a curve with
three edges, whose points are folds, and three cusps at vertexes.

For f the generating function of L, we defined the family f, : R" — R of
functions, where x is a point in the base of the fibration, as

L) =f)—x-y

and considered the gradient system

d
V)=

whose solutions we called gradient lines. We noted that the caustic K of L
is the subset of points x where the gradient field V f, exhibits a degenerate
critical point. We defined B, the bifurcation locus of L, as the subset of points
x where f, is a Morse function but V f; is not Morse—Smale, that is, where
the phase portrait of V f, features a saddle-to-saddle separatrix.

We studied how the bifurcation locus of the elliptic umbilic, represented by
three straight half-lines with a common vertex at the origin, is modified after
a small perturbation. Far from the caustic, a tricuspoid, the bifurcation locus
looks as that of the unperturbed elliptic umbilic with three bifurcation lines; in
a neighborhood of the caustic, these are half-lines that generically have vertex
at a fold point of the caustic. As for the mutual positions of the bifurcation
lines and their possible intersections, see [Marelli 2006b, Theorem 4.14] and
the pictures there representing the diagrams that can be expected.

3. The mirror bundle

We recall how the mirror bundle should be constructed for the trivial fibration
R* — R? and its dual (but more generally also for R — R"). In [Leung et al.
2001; Bruzzo et al. 2001; 2002], it is defined by a kind of Fourier—Mukai transform
that associates to each pair formed by a Lagrangian submanifold L, in the given
Lagrangian fibration, and a local system V on it, a vector bundle E on the dual
fibration, endowed with a connection V. Its curvature F satisfies £%2 =0 and so
induces a holomorphic structure on E. This is achieved under certain hypotheses,
among which that L has no caustic. On the other hand, in [Fukaya 2000], the fiber
of the mirror bundle E over the point (x, w) of the dual fibration (x is a coordinate
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on the base and w on the fiber) is defined as the Lagrangian intersection Floer
homology of L and F,:

E(x,w) = HF((L, v)s (an U))),

where w € I:} defines a flat connection on F,. For the affine Lagrangian subman-
ifolds considered in [Fukaya 2000], HF* is nonvanishing only when k equals the
dimension of the fiber. A holomorphic frame is then defined on E. These two
constructions are equivalent in the cases considered in the papers above, that is,
when assuming at least that the fibration has no singular fibers and that L has no
caustic.

Here, we will follow mainly the second construction (though sometimes we use
also the Fourier—Mukai construction), since this approach seems to be more suit-
able as quantum corrections are provided by pseudoholomorphic discs. However,
as explained in the introduction, using a conjecture by Fukaya [2005, Section 3.5],
near the caustic we switch from Floer homology and pseudoholomorphic discs to
Morse homology and gradient lines. So that we don’t introduce notation that we
don’t use, we state the conjecture informally and refer to [Fukaya 2005] for the
precise formulation.

Conjecture 3.1. The moduli space of gradient lines is isotopic to the moduli space
of pseudoholomorphic discs in a neighborhood of a point of the caustic.

Partial progress towards a proof of this conjecture has been made by Floer[1988]
and by Fukaya and Oh [1997], the latter in the case of the cotangent bundle.

The transfer to Morse homology is then performed as follows. Consider the
trivial Lagrangian fibration R — R". To L is associated a (local) generating
function f : R" — R. We consider as in Section 2 the family f, : R” — R and the
gradient system (1). Let K and B be the caustic and the bifurcation locus of L. If
x ¢ K U B, with some further hypotheses on f (see [Schwarz 1993]), the Morse
complex is defined over x. The space of k-chains is the free C-module generated
by critical points of Morse index k and the differential is defined counting gradient
lines, that is, the solutions of the gradient system (1) joining two critical points
whose Morse indexes differ by 1. The fiber of the mirror bundle is defined as
the Morse homology E (x,w) = HM( fy) of the Morse complex over x, and a holo-
morphic frame is constructed similarly to that proposed in [Fukaya 2000; 2005].
Namely, by writing V = d + A, a section e(x) of E turns out to be holomorphic
and descends on the torus fibers when multiplied by the weight

h(x) A(x)  .oh
exp 27 2 4 "
where / is a multivalued function on the base such that each sheet of L is locally
the graph of dh. In other words, 4 is a set of local generating functions defined in
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the coordinates of the base, one for each sheet of L. The problem is to glue this
bundle along the caustic K and the bifurcation locus B.

4. The monodromy of the elliptic umbilic

Consider the trivial Lagrangian torus fibration R* — R? and a Lagrangian subman-
ifold L whose caustic K contains an elliptic umbilic g. In a neighborhood of ¢,
we can choose symplectic coordinates (y;, y2, X1, X2), with coordinates y; and y,
on the fibers and x; and x; on the base of the fibration, such that L is given by the
generating function

2) fIRE= R, (1, y) > Ly —yiy?

Since we will be working in a neighborhood of g, we can use the local coordinates
just introduced. This means we consider the Lagrangian fibration R* — R? and the
Lagrangian submanifold L defined by the generating function f. Associated to f,
we have the caustic K and the bifurcation locus B. By hypothesis, K = {(0, 0)},
while [Marelli 2006b] shows that B is given by three half-lines from (0, 0), defined
by t — te'* fora =0,2x/3,4x/3 and t > 0.

Consider a line bundle E over L with a flat U (1)-connection V. The pair (L, V)
defines an object in the Fukaya category of the symplectic manifold R*. On R?\ K
the function f has no critical points, so we can apply results of [Bruzzo et al. 2002]
or [Fukaya 2000], thus producing a bundle E of rank 2 over the total space of the
dual fibration restricted to R>\ K. A hermitian connection V can be defined on E,
thus inducing a holomorphic structure on E. Note that L is a 2-sheeted cover of
R%\ K. Thus for x € R*\ K if p;(x) and p,(x) denote the elements of L N Fy,
where F, is the fiber of the Lagrangian fibration R* — R? over x, and if z; and z,
are coordinates along the fibers of the dual fibration, then the connection V can be
written as d + ;1\, with

(3) A@) =i(p1(x)dzr + p2(x)dz2).

However, let T' € 71 (R?\ K), T :[0, 1] — R?, and consider the continuous maps
4) ML 0,11 R*, 1+ pi(T(r)) fori=1,2.

Let Ml’; () r be the projection onto Fr() = R2 of Ml"- ().

Definition 4.1. The monodromy of the holomorphic structure of E is the map
) M7y (R?\ K) — End(R?), M(D)(ME(0)r) = ME(1)F.

Since T'(0) = I'(1), M%(0) and ML (1) belong to the same fiber. Also, the
endomorphism JL(I") is well-defined, since {Mf- ()} fori =1, 2 is a basis of Fr(.
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Lemma 4.2. If T is a nontrivial simple loop in m1(R>\ K), then the monodromy
M of the holomorphic structure E on I" can be represented by the matrix

ww=("1).

Proof. This follows because the points p;(x) and p,(x) exchange when going
around the origin. In fact, since L can be written as x| = yl2 — y22 and x, = —2y1y2,
it becomes z = w? by writing z = x| +ixy and w = y; +iy,. ([

This lemma shows that E cannot be extended to a holomorphic bundle on the
whole dual fibration over R?. For this, some “quantum correction” must be added;
see also [Fukaya 2005, Section 5.4].

5. Perturbations of the elliptic umbilic

Consider now a small perturbation f of f. The caustic K and the bifurcation
locus B of f were studied in [Marelli 2006a] and [Marelli 2006b], respectively.
There K was shown to be diffeomorphic to a tricuspoid, and B, outside a disc
containing K, looks as the bifurcation locus of the unperturbed f, while inside
this disc its structure can be highly complicated and bifurcation lines can intersect.
See [Marelli 2006b] for pictures of the several admissible diagrams representing
the reciprocal positions of K and B inside the disc. At first we restrict our attention
to the subset R2\ K. Given a flat connection v on the Lagrangian submanifold L
defined by f, we construct a holomorphic bundle E on each of the two connected
components of R2 \ K, as explained in [Bruzzo et al. 2002] or in [Fukaya 2000].
As done in Section 4 for E, we can define the monodromy .l of the holomorphic
structure of E and prove the following lemma:

Lemma 5.1. If T is a nontrivial szmple loop in w1 (R?\ K), then the monodromy
M of the holomorphic structure of E on T can be represented by the matrix

~ 01
()
Proof. Since f is perturbed on a compact subset D containing the origin, it follows
that f coincides with f outside D and that K C D. So J(I") = M(T). O
Therefore, outside the caustic, the holomorphic structure of f also exhibits a
monodromy.

6. Quantum corrections to perturbations of the elliptic umbilic

The problem is to solve the monodromy and extend the holomorphic structure of
E across the caustic K, gluing it with the holomorphic structure inside K. The way
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to achieve this is to construct £ with its holomorphic structure on R2\ (K U B),
define morphism gluing this structure across K and B and check if the monodromy
is solved. This is what we mean by quantum corrections. We are going to define
quantum corrections on E. Then, since a holomorphic section is obtained by mul-
tiplying a section of E by a suitable weight, we will obtain quantum ¢ corrections
for holomorphic sections of E. If a section can be extended to K U B, the same
will hold for a holomorphic section. The features of the set R\ (K U B), namely,
the mutual positions of K and B, are described in [Marelli 2006b, Theorem 4.14].

We explain now how to construct the mirror bundle (of Section 3) far from KUB
in this case. The function f, defined by fr (y)= f(y)—x-y is a Morse function for
every x € R2\ (K UB). As computed in [Marelli 2006b], if x lies inside the caustic,
fx has four critical points: three saddles s; (x), the points with Morse index 1, and
an unstable node n(x), the point with Morse index 2. Thus the Morse complex is

(6) 0«0« @?:1 Cls; (x)] & Clnx)] <0<« .-,

where C[s; (x)] and C[n(x)] denote the free modules over C generated by s; (x) and
n(x), respectively. The differential & can be defined after an orientation is chosen
on the moduli space of gradient lines from #n to s; (see [Schwarz 1993] or [McDuff
and Salamon 2004] for a more detailed construction of Morse homology). In our
case, 0y can be defined as dyn(x) = s1(x) + s2(x) + s3(x) (anyway, the Morse
complex has only two nontrivial terms, so & automatically satisfies 8% = 0); we fix
this choice of orientation of gradient lines.

If x lies outside the caustic, f, has two saddles as critical points, so the Morse
complex is simply given by

@) 0«0« Clsi(x)]®Cls;(x)] <0« ---.
Definition 6.1. The fiber £ x of E over x e R? \ (K U B) is defined to be the Morse

homology of the Morse complex (6) or (7) if x lies respectively inside or outside
the caustic.

In our case, Morse homology has only one nontrivial term, so for x inside the
caustic
5 _ Ol Clsiw)
T aCh)
while for x outside the caustic, E, = C[s; (x)] ® C[s; (x)].
Definition 6.2. On each connected component of R\ (K U B), we define E as the
trivial bundle whose fiber at x € U; is given by Definition 6.1.

We define now morphisms glumg the holomorphlc bundle £ along K and B.
We start by considering the subset Kpof K consisting of folds that are not limit
points of bifurcation lines. It is a codimension 1 subset of R2. Suppose U and
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V are two connected components of R? \ (K UB), lylng respectively outside and
inside the caustic, such that 6U NV # @, and let K; C U N8V N Kp be a
connected component of K . For simplicity, suppose that V is inside the caustic
and U is outside, so that along K; the node n and the saddle s; in V glue together
and disappear in U. (The pair (n, s;) is also called a birth/death pair.)

Definition 6.3. The isomorphism E )= E (V) gluing E along K; is defined as
the one induced in homology by the inclusion

3
Cls;1® Clse] > @D Clsi(x)]  for j, k #i.
=1
It is a good definition since the inclusion preserves kernel and image of the
differential of the Morse complex.
The second group of definitions is concerned instead with gluing along the sub-
set By of B consisting of points that are not intersection of bifurcation lines. It is
a codimension 1 subset of R?.

Definition 6.4. For each x € R?\ (K U B) lying inside the caustic, we define the
incidence matrix I (x) = (I (x);) € Mat(3, 1) such that /(x); = O if there is no
gradient line from n(x) to s;(x), and 7 (x); = 1 otherwise.

Remark 6.5. Similar definitions in a different setting appear in [Igusa 2002; 1993;
Igusa and Klein 1993], highlighting the relation between Morse theory and alge-
braic K-theory. The definition of incidence matrix also resembles that of transition
matrix given in [Kokubu 2000].

The incidence matrix at x gives information about the phase portrait of the gra-
dient vector field V f, and is related to the Morse differential simply as

Oxn(x) =I(x)1s1(x)+ I (x)252(x) + I (x)3853(x).

The incidence matrix is constant on each connected component of R2\ (K U B):
Indeed, the gradient vector fields V f, are orbit equivalent for all x in the same
connected component, and so the Morse complexes are isomorphic. Let U and V
be two such components lying inside the caustic such that 0U N oV # &, with
incidence matrix /(U) and I (V), respectively. For 7 € {1,0, —1}, let E;;(7) €
Mat(3, 3) be the triangular matrix whose (k,[)-entry is 1 if k =1, is t if k =i
and / = j, and is O otherwise. By results in [Marelli 2006b], crossing a bifurcation
line can change at most only one of the entries of the incidence matrix. Therefore
either

e I(U) # I(V) and so there is only one k € {1, 2, 3} such that I (U); # I (V ),
or
e I(U)=1(V).
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Definition 6.6. Consider the transformation matrix from U to V associated to
points in 6U N8V N By of a bifurcation line of B. When this bifurcation line
is characterized by the appearance of a nongeneric gradient line from s; to s;, the
transformation matrix is of the form E;;(z), with E;;(z)I(U) = 1(V).

When I (U) #1(V)itfollowsthatt =1if I[(U); =0,andt =—1if I(U); =1.
When instead I (U) = I(V), there is an ambiguity in the choice of 7, which will
be discussed in Example 6.8.

We give two examples to clarify the previous definition.

Example 6.7. Suppose the phase portrait of V f for x € U and for x € V is repre-
sented by the incidence matrices I (U)=(1, 1, 1) and I (V) =(1, 1, 0), respectively.
There are two possible bifurcations from U to V (see [Marelli 2006a; 2006b] for
further explanations and some pictures): Either the nongeneric gradient line yy, s,
or the nongeneric gradient line y,,,, appears in the phase portrait of V fx when
x is the bifurcation point. The first bifurcation corresponds to the transformation
matrix E3;(—1), while the second corresponds to E3(—1). Instead, if crossing
from V to U, the same bifurcations give the transformation matrices E3;(1) and
E3x(1), respectively.

Example 6.8. 1(U)=1(V) occurs only in case (c) of the proof of Proposition 6.11
and shown in Figure 1 (which contains the notation), along the bifurcation line
between 0 and €. The phase portraits in ¢ and €, which are represented respectively
in [Marelli 2006b, Figures 4.20 and 4.19], can be summarized here as follows. The
separatrixes that connect s; and s3 to n in a (the phase portrait over o is shown in
[Marelli 2006b, Figure 4.17]) can form a saddle-to-saddle separatrix in €, but this
can not occur in d. This can provide a criterion for the choice of 7 (which cannot be
justified further here) considering only the special example of the perturbed elliptic
umbilic. The matrix M (w3) in the proof of Proposition 6.11 is the transformation
matrix from € to J. There the choice of 7 is the one that solves the monodromy.

Suppose now that U and V lie outside the caustic K and 8U N9V N B is a
subset of B; j» one of the three bifurcation lines forming the bifurcation diagram B,
and assume B enters into K at a point p through the side /; of K, where n and
s; form a blrth/death pair. Since we are working in a nelghborhood of K, we can
assume that p € 0U NoV. Inside the caustic and in a neighborhood of p, we can
associate a transformation matrix E;;(z) to B ; using Definition 6.6.

Definition 6.9. If U and V lie outside K and are as above, the transformation
matrix from U to V associated to points in 89U N8V N B of the bifurcation line B jis
the matrix E;;(7) € Mat(2, 2) obtained from E;;(7) € Mat(3, 3) above by deleting
the j-th row and the j-th column.
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The transformation matrix we associate to a bifurcation line E,- from U to V
defines a morphism between the Morse complexes of U and V.

Definition 6.10. The isomorphism E ) = E (V) gluing E along B j is the one
induced by the transformation matrix of Definition 6.6 or Definition 6.9 associated
to the bifurcation line B;.

We have now to check that we can extend E through the codimension 2 subset
given by intersection points of bifurcation lines, limit points of bifurcation lines on
the caustic, and the three cusps.

We start by considering intersection points of bifurcation lines. In [Marelli
2006b] we analyzed the conditions under which two bifurcation lines can intersect
themselves.

Proposition 6.11. The holomorphic bundle E can be extended through intersec-
tion points of bifurcation lines.

Proof. We check that, for all possible cases of intersection of bifurcation lines de-
scribed in [Marelli 2006b] and for a chosen loop I' around the intersection point p,
the composition of the transformation matrices of bifurcation lines at intersection
points with I' is the identity.

From [Marelli 2006b], we know there are the three cases (a), (b), and (c) of
Figure 1. The phase portraits in the subsets determined by bifurcation lines and
of bifurcations in cases are represented in [ibid., Figures 4.7, 4.8 and 4.9 for (a),
4.11,4.12, 4.13 and 4.14 for (b), and 4.17, 4.18, 4.19, 4.20, 4.21 and 4.22 for (c)].

In case (a), we know that the two bifurcation lines are characterized by the ap-
pearance of the same saddle-to-saddle separatrix, obtained by gluing the same pair
of separatrices. So, choosing a simple loop I" around p intersecting for simplicity
the bifurcation lines at four points w; fori =1, ..., 4, and associating to each w;
a transition matrix M (w;) according to Definition 6.6, we have

M(wy) = M(w3) = M(w2) ™" = M(ws) ™",

and thus
M (w4) M (w3) M (w2) M (w1) =1d.

This implies that there is no monodromy around p and so the holomorphic bundle
E can be extended across p.

In case (b), we chose again a simple loop I" around p intersecting the bifurcation
lines at four points w; fori =1, ..., 4. Suppose w; belongs to the bifurcation line
from o to B, w; to the bifurcation line from £ to J, w3 to the bifurcation line from
0 to y, and w4 to the bifurcation line from y to a. The transformation matrices
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Figure 1. Clockwise from top left: Intersection of bifurcations
lines in cases (a), (b), and (c)

associated by Definition 6.6 to the bifurcation lines at each w; are given by

1 -1 0 1 0 O
M(w)=(0 1 0], M(wy))=(0 1 0 |,
00 1 0 -1 1
110 100
Mws)=({010], M(wsy)={010
001 011

Then M (w4) M (w3)M (w)M (w;) = 1d, and so the holomorphic bundle E can be
extended across p.

In case (c) choose a simple loop I around p that intersects the bifurcation lines
at five points w; fori =1, ..., 5, starting from the bifurcation line from a to § and
then proceeding anticlockwise. The transformation matrices are then

1 -10 1 0

M(w1)= 010 s M(w2)= 0 1

0 0 1 0

0 1 00
0], Mwy)=|0 10},
11 1

-1
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110 100
M(wsy)=(010], Mws)=(010
001 101

Then M (ws) M (w4) M (w3) M (w2) M (w1) = 1d, and so the holomorphic bundle E
can be extended across p. ([l

=
We analyze now the behavior of E around limit points of bifurcation lines be-
longing to the caustic.

Proposition 6.12. The holomorphic bundle E can be extended through limit points
of bifurcation lines belonging to the caustic, when they are not cusps.

Proof. From [Marelh 2006b] we know there are two cases: generically, either (i)
the bifurcation line B enters into the caustic K at a fold or (i1) it is a half-line with
origin at a fold (and the bifurcation line B, near its origin, lies inside K). See
Figure 2. In both cases, let us denote this fold by p.

In case (i), p is not a cusp. So at each point of the caustic K near p, the node
n glues with a saddle, which we suppose is s;. Suppose also that the half-line B
has its endpoint on the side of the caustic where n glues with s,. With a the region
marked in Figure 2, suppose that the phase portrait of V f; for x € a contains all the
gradient lines y,,,. Choose a simple loop I around p intersecting B at two points
w; and w3, and K at two points w, and w4. Suppose w; lies inside the caustic
and w4 outside. The transition matrices at w; and w3, according respectively to
Definitions 6.6 and 6.9, are
0
1

1
M(w;)=1{0
0 11

0
0 and M(w3) = (1 0).
-1 1

Consider an element & € ﬁx for x € a. Since Ex = (@?:1 Clsi (x)])/0:(C[n]), we
write /1 as an equivalence class [(hy, k2, h3)] in the basis (s, 52, s3) of C[s; (x)],

=~
=
=
=

) B (ii) B

Figure 2. Mutual positions of bifurcation lines and caustic.
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where (hy, ha, h3) ~ (hy + ¢, hy + ¢, hs + ¢) for every ¢ € C. Moving along
I' from a into 3, crossing B at w;, we transform & by M (w;). At 8, we have
(hy, ha, h3) ~ (h1 4+ ¢, hy + ¢, h3) for every ¢ € C, so we can write

[M(wi)h] = [(h1, ha, —ho +h3)] =[(0, hy — hy, —ha + h3)].

According to Definition 6.3, when crossing K at w, we have the gluing isomor-
phism
[0, ha — hy, —h2 + h3)] = (ha — hy, —h2 + h3).

Crossing now B along I at w3, we have
[M (w3)(ha — h1, —ha + h3)'1 = (ha — h1, hs — hy).
Crossing K at wy and using the gluing isomorphism of Definition 6.3 we obtain
(ha —h1, hs —h1) = [0, ha — hy, hs — hi)] = [(h1, ha, h3)].

This shows that there is no monodromy and so E can be extended through p.

In case (ii), suppose for simplicity that at p the node n and the saddle s; form
the birth/death pair; that B intersects K at another point where n and s, form the
birth/death pair; and that for x € a the phase portrait of V fx contains all the gradient
lines y,,. Choose a simple loop I' around p intersecting B at the point w, and K
at two points w, and w3. We know w lies inside the caustic. The transformation
matrix of Definition 6.6 at w; is

1 00

M@)=( 0 10

—-101

Consider an element h € Ex for x € a, and write it again as in case (i) as an

equivalence class [(h1, h2, h3)] in the basis (s1, 52, s3) of C[s; (x)]. Going along I'

into S, crossing B in w1, we transform i by M (w;). In f we have (hy, hy, h3) ~
(h1+c, hy + ¢, h3) for every ¢ € C, so we can write

[M(w1)h] = [(h1, ha, —h1 +h3)] =[(0, ho — hi, —h1 + h3)].

Now, crossing K at w, and using the gluing isomorphism of Definition 6.3, we
have

[0, hy —hy, —h1 +h3)] = (hoy — h1, —h1 + h3).

Finally, entering into K through w3 and using again the gluing isomorphism, we
obtain in (a)

(ho —hy, —h1 +h3) Z[(0, hy — hy, —hy + h3)] = [(h1, ha, h3)].

This shows that there is no monodromy and so E can be extended through p. O
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Now we check if E can be extended to cusps. To start suppose that at a cusp ¢
the node n glues with the saddles s, and s3. According to [Marelli 2006b] there
are two cases: either (I) for x in a neighborhood of ¢, inside the caustic, the phase
portrait of V f, contains all the gradient lines Yns;» of (II) it contains only y,s,
and y,s,. In both cases a monodromy appears around the cusp.

Lemma 6.13. In case (1), if I is a nontrivial simple loop around c, the monodromy
of the holomorphic structure of E along U is represented by the matrix

1 —1
() M = (0 _ 1) .
Proo/f\. For x outside the caustic, since E x =Cl[s1]®Cls,], we may write an element
heE, as (h1, hj). Suppose for k € {2, 3} that [ is the branch of the caustic where
n glues with si. Then on [ the gluing isomorphism of Definition 6.3 identifies s;

with the saddle different from s; and s;. So, entering into the caustic through I,
we have

Now exiting from the caustic through /3, we have
[(hi —hj,0,—hj)]= (hi —hj, —hj),
which gives the expected monodromy. ([

Lemma 6.14. In case (II), if T is a nobntrivial simple loop around c, the mon-
odromy of the holomorphic structure of E along I is represented by the matrix

1 0
v, )

Proof. Using the notation in the proof of the previous lemma, we have, entering
into the caustic through /,

(h1, hj) =[(h1, hj, 0)] = [(h1,0, =h))].
Exiting the caustic through /5, we have
[(h1,0, =hj)1 = (h1, —h)),
which gives the expected monodromy. ([

In both cases, the matrix M is invertible. This means that the same monodromy
is associated to I' and to its opposite I'Vinz (L \ {c}).
If now at c the node n glues with the saddles s; and s, we have a similar result:
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Lemma 6.15. If I' is a nontrivial simple loop around c, the monodromy of the
holomorphic structure of E along T is represented in case (1) by the matrix

-1 0
(10) M=(_1 1)

and in case (I11) by the matrix

-10
11 M:(O 1).

Proof. The proof is analogous to that of Lemmas 6.13 and 6.14. (]

Again observe that the matrix M is invertible, meaning that T" and I'~! provide
the same monodromy.
Finally, if the node n glues at ¢ with the saddles s; and s3, we obtain:

Lemma 6.16. If I' is a nontrivial simple loop around c, the monodromy of the
holomorphic structure of E along T is represented in case (1) by the matrix

_ (0 -1 . o (-1
(12) M= (1 _1) or by its inverse M~ = (_1 0)
and in case (I1) by the matrix
0 —1 . 1 0 1
(13) M = (1 0 ) or by its inverse M~ = (_1 0) .
Proof. The proof is similar to that of Lemma 6.13 and 6.14. (|

In both cases, if I is associated to M (say), then I' ! is associated to M~!.

To solve the monodromy around the cusps it is necessary to add a new kind
of correction. It is related to the possibility of defining a spin structure on L and
to the problem of orientation in Lagrangian intersection Floer homology. (In fact
from [Fukaya et al. 2000] we know that the existence of a relative spin structure
on L is a condition for the orientability of the moduli space of pseudoholomorphic
discs.) This is suggested intuitively by what follows: Consider the composition
woi:L < R* > RZ where r is the projection of the fibration and i is the
Lagrangian immersion, and note that a spin structure can be induced at least on
the subset of L where dr is invertible, that is, on L\ 7 ~!(K). This means that the
caustic or a subset of it represents an obstruction to the existence of a spin structure
on L.

The following result shows that the set of cusps is actually the obstruction to the
existence of a spin structure on a Lagrangian submanifold L with generating func-
tion f. It proves, in fact, that the second Stiefel-Whitney class w>(L) € H*>(L, Z,)
of L, which represents the obstruction to the existence of spin structures on L, has
the set of cusps as Poincaré dual in Hy(L, Z»).
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Lemma 6.17. We have PD(wy(L)) = A3(f) where A3(f) is the set of singular
points of f of type Az, that is, the set of cusps.

Proof. The equality is mainly proved by using the Thom polynomials of Lagrangian
singularities. The proof is essentially given in [Kazarian 2003], where it follows
from other major results given there. Kazarian first demonstrates that the cohomol-
ogy class PD(Q(f)), the Poincaré dual to the locus Q(f) of singularities of f of
class €, is equal to the Thom polynomial Pq associated to Q. Kazarian computes
Thom polynomials (see also [Vassilyev 1988]), and in particular, when Q = A3,
shows that Pq = wo(T*L) = wy(TL). O

Let A be an immersed 1-dimensional submanifold of R? with three noninter-
secting connected components, each of which is a half-line with vertex at one of
the three cusps of the caustic. To solve the monodromy around the cusps it is
enough to glue (for example along A) the holomorphic structure so as to cancel
the monodromy. The problem is to justify this procedure, which for the moment is
just an ad hoc correction. As said, the idea, coming from the orientation problem
of Lagrangian intersection Floer homology and confirmed by Lemma 6.17, is that
the ability to define a spin structure on some flat bundle on L should provide such
a correction. We make the following natural definition:

Definition 6.18. Along each half-line forming the submanifold A, depending on
which cusp the half-line has as vertex, we glue the holomorphic bundle E using the
inverse of morphism (8), (10), or (12) in case (I) and (9), (11) or (13) in case (II).

This correction is called orientation twist in [Fukaya 2005].

Proposition 6.19. If E is glued along A according to Definition 6.18, then its
holomorphic structure can be extended across the cusp.

Proof. The proof is a direct consequence of Lemma 6.13, 6.14, 6.15 and 6.16,
since the corrections applied are just the inverses of what we want to cancel. [

We explain now how to justify Definition 6.18, generalizing the idea outlined
in [Fukaya 2005, Section 5.4]. Before considering the case of a perturbed elliptic
umbilic, let us examine for simplicity a Lagrangian submanifold L exhibiting a
cusp c. In this case, A is a half-line with vertex in c. Consider a ball U containing c.
Since U is contractible, L owns a spin structure over U. On the other hand, dz is
invertible over the complement of U and so induces a spin structure on L. Since by
Lemma 6.17, w,(L) does not vanish because of ¢, it follows that the nonexistence
of a spin structure on L comes from the gluing of 7 L along the boundary of U. The
purpose now is to show how A can provide both a correction to 7 L, by defining a
new bundle carrying a spin structure, and a correction to the flat U (1)-line bundle
¥ on L, yielding the gluing that cancels the monodromy. Consider representations

p:m R\ {c) = {1,-1}=0() CU)
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defining two representations p?() := p; and pV D := p,. According to this choice
we have, respectively, a flat O (1)-bundle &, or a flat U (1)-bundle £,, on R2\{c}.
There are two possibilities for p. It is either the trivial or the nontrivial group
homomorphism Z — {1, —1}. When p is the nontrivial representation, its values
on a path T" € 71 (R?\ {c}) are given by the intersection number of I and A. & o1 18
the trivial bundle when p is trivial but is a Mdbius strip when p is nontrivial. The
same holds for £, ; the bundle £, restricted to a generator ' = § Uof 71 (R?\ {c})
is the flat line bundle on the torus 7! = §! with factor of automorphy equal to
either 1 or —1 according to whether p is trivial or not. In other words, we may
think of a section of £, over I" as multiplied by respectively 1 or —1 at ' A (the
factor of automorphy for U (1)-line bundles on tori and the induced connection on
the mirror bundle are explained [Bruzzo et al. 2001; 2002]). The projection of the
fibration 7 : R* — R? and the composition 7 oi, where i : L < R* is the Lagrangian
immersion, define respectively bundles 35524 =r*¥, on R* and 5[35 =(moi)*'¥,
on L, away from 7 ~!(c) and (7 oi)~'(c), respectively, where p can be either p;
or p7.

If p; is the nontrivial representation, then, since a Mobius strip has w; = 1, by
setting M = §£R4 @ 5851 , we have

wi(M) =201 (X)) =0 and  wr(M)=2wx(EF) + w1 (LX) w1 (£F) = 1.

This implies that the bundle T L ¢ M|, over L carries a spin structure. In fact,
since 585 =i*(n*%),) = i*(éﬁf4) and so wz(ié) = i*w2(§£54), we have

w(TL® M|L) =wr(TL)+ wi(TLYwi(M|) +w2 (M) =0

in H2(L; Z,). This together with the facts that L has dimension 2 and that M is a
real orientable vector bundle on R* implies by definition that L has a relative spin
structure.

Now consider the flat line bundle & ®§EL over L with connection V,, = V®V§2 s
where (£, V) is the given flat line bundle over L and VL is the flat connection
of SfL defined by p2, and consider the effect of the connectlon V on the trans-
formed bundle E. It induces a nontrivial gluing along A, given by multiplication
by —1, which cancels the monodromy along ¢, given also by multiplication by —1.
In fact, if s; and s, are the saddles and /; and [, are the sides of the caustic
where the node n glues together with s; and s;, respectively, we have accord-
ing to Definition 6.3 that (k) = [(h, 0)] along /;. In Morse homology we have
the equality [(%, 0)] = [(0, —h)] along [. According to Definition 6.3, we have
[(0, —h)] = (—h). Finally, along A, the connection @p gives the gluing (—h) = (h).

Consider now our case of a perturbed elliptic umbilic. Take a suitable ball U
containing a cusp ¢ of L such that L Nz ~!(U) has two connected components.
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For simplicity, suppose that c is the cusp of the caustic where n, s, and s3 glue
together. Identify the critical points of the gradient system over x and the points
of L over x. Then of the two components of LNz~ (U), one contains s; and the
other s, and s3. Note that T'L carries a spin structure over the first component but
not over the second, where we find the same situation described above for the cusp.
So choose p so that SEL and SiL are the trivial flat line bundles over the component
containing s; and the nontr1v1al one over the component containing s, and s3. As
above, set M = $L ® SEL Then TL D M|, carries a spin structure on both the
components.. Moreover the connection V on the mirror bundle E induced by the
connection Vp =V V/fz cancels the monodromy of Lemmas 6.13 and 6.14 as we
will now explain.

Consider first the case (II) described by Lemma 6.14. Since no gradient line
exists from 7 to s, it can be treated as done above for the cusp. We get that the flat
connection gives a gluing along A that is multiplication by 1 on chains generated
by s; and multiplication by —1 on chains generated by s, or s3; this cancels in
homology the monodromy of Lemma 6.14. R

Consider now case (I) described by Lemma 6.13. The gluing provided by V,
must commute with the equivalence among cycles in Morse homology in order to
define a gluing in homology, and this is not automatic as in case (II) because of
the gradient line from »n to s;. In fact, the connection v » induces a connection
on 0({n)) = (s1 + s2 + s3) characterized by a gluing that is multiplication by —1.
On the other hand, the connection on Zi: 1 Clsi] has factor of automorphy —1 on
the chains s, and s3 and 1 on s;. This means that it does not commute with the
action on cycles determined by the differential . Thus, to induce a connection in
homology, that is, on the quotient 21‘3:1 Cls;1/2({n)), the connection at the chain
level, that is, on 2?21 Cls;], must be split into two parts. One of these, commuting
with that on d({n)), will induce a connection in homology. The problem is the
choice of a splitting of the connection at the chains level. This is performed as
follows. The gluing (A1, ha, h3) = (hy, —ha, —h3) is split as (b, —hy, —h3) =
(hy —hy —h3, —hy, —h3)+ (ho + h3, 0, 0) and on the quotient the gluing given by
[(h1, —=hy, —h3)] = [(hy — hyp — h3, —h;, —h3)] is induced. Indeed, it commutes
with the Morse differential:

(hi,ha, h3) = (h1+g,ha+g,h3+g)
=(hi+g—hy—g—h3—g,—ha—g,—h3—g)
=1 —hy—h3—g,—hy—g,—h3—g),

where the first equivalence is that among cycles in Morse homology and the second
is the gluing, and

(h1,ha, h3) = (hy —hy —h3, —hy, —h3) = (hy —hy —h3 — g, —hy — g, —h3 — g)
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where now the first equivalence is the gluing and the second is that among cycles
in Morse homology. The splitting we chose corresponds to a gluing, at the chain
level, given by multiplication by 1 on the generator 51, and, on the generators s,
and s3, by multiplication by —1, followed by a projection parallel to s; onto the
lines generated by s3 and s, respectively. A better justification for this choice
requires, perhaps, considering a more general situation than that of a perturbed
elliptic umbilic. Anyway, this solves the monodromy. Indeed, as in the proof of
Lemma 6.13, we have along > (h1, h;) =[(h1,h},0)] =[(h1 —h;,0,—h;)], the
connection V,, gives the gluing

and along I3 we have [(h1,0, h;)] = (hy, h)).

It remains to check that there is no monodromy in the holomorphic structure of
E when going along a loop I such that the caustic lies in the compact region of R?
determined by I', as described in Lemma 5.1.

Theorem 6.20. The monodromy of Lemma 5.1 is solved by the following correc-
tions: E is glued by means of the morphisms of Definition 6.3 along the caustic K,
of Definition 6.10 along the bifurcation locus B, and of Definition 6.18 along the
relative cycle A.

Proof. The theorem follows from Propositions 6.11, 6.12 and 6.19. ]

As an example, we write the transformation matrices associated to bifurcation
lines and to half-lines forming the relative cycles A, which are met by a loop I" as
described above, and show that their composition is the identity, implying that the
expected monodromy is canceled. Consider, for instance, the bifurcation diagram
of Figure 3.

Assume for simplicity that I' is directed counterclockwise. Set a; = A; N I" and
b; = E,- N T, where A; are the half-lines forming the relative cycle A, and Ei are
the bifurcation lines for i = 1,2, 3. Then the matrices corresponding to gluing
morphisms at points a; and b; are

wen=(g ). mew=("0). men=( ).
wan=(y %) ma=( 7). ma=(17).

Observe now that M (b3)M (az) M (az) M (b)) M (ay) M (b)) = 1d, which implies that
the monodromy is solved. R

With such corrections, the mirror bundle E is endowed with a holomorphic
structure that can be extended along the caustic and the bifurcation locus.
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A

Figure 3. An allowed bifurcation diagram together with the half-
cycle A and the loop I'.
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CROSSED POINTED CATEGORIES AND THEIR
EQUIVARIANTIZATIONS

DEEPAK NAIDU

We propose a notion, quasiabelian third cohomology of crossed modules,
which generalizes Eilenberg and Mac Lane’s abelian and Ospel’s quasi-
abelian cohomology. We classify crossed pointed categories in terms of it.
We apply the process of equivariantization to the latter to obtain braided
fusion categories, which may be viewed as generalizations of the categories
of modules over twisted Drinfeld doubles of finite groups. As a consequence,
we obtain a description of all braided group-theoretical categories. We give
a criterion for these categories to be modular. We describe the quasitrian-
gular quasi-Hopf algebras underlying these categories.

1. Introduction

Turaev’s notion [2000; 2008] of a crossed category (short for braided group-crossed
category) has attracted much attention recently [Drinfeld et al. 2010; Kirillov
2001a; 2001b; Miiger 2004; 2005]. Roughly, a crossed category consists of a
group G, a G-graded tensor category 6, an action g — T, of G on %€ by tensor
autoequivalences, and G-braidings ¢(X,Y) : X ®Y = T,(Y)® X for X, Y € 6,
satisfying certain compatibility conditions. Crossed categories are known to arise
in various contexts; for instance, Miiger [2004] showed that Galois extensions of
braided tensor categories have a natural structure of crossed categories. In [2005],
Miiger established a connection between 1-dimensional quantum field theories and
crossed categories. Kirillov [2001b] showed that crossed categories arise in the
theory of vertex operator algebras.

A fusion category is said to be pointed if all its simple objects are invertible.
One of the goals of this paper is to classify all crossed pointed categories. From
[Joyal and Street 1993], it is known that braided pointed categories are classified
by Eilenberg and Mac Lane’s abelian cohomology sz (A, K*), where A is a finite
abelian group. On the other hand, certain crossed pointed categories in which the
group action is strict were described by Turaev [2000; 2008] in terms of Ospel’s
quasiabelian cohomology Haa(G, [K*), where G is a (not necessarily abelian) finite

MSC2000: primary 18D10; secondary 16W30.
Keywords: braided crossed G-categories, equivariantization, group-theoretical fusion categories.

477


http://pjm.berkeley.edu
http://dx.doi.org/10.2140/pjm.2010.247-2

478 DEEPAK NAIDU

group. As remarked in [Miiger 2005, Section 4.9], to obtain a complete classifica-
tion of crossed pointed categories one must allow for nonstrict group actions. To
this end, Definition 3.4 generalizes Ospel’s quasiabelian cohomology to the notion
of quasiabelian third cohomology Hga (&, IK*) of a crossed module ¥. To any given
e Zga(%, K*), we associate a crossed pointed category €(¢) and show that all
crossed pointed categories are of this form.

Another idea that has been studied extensively recently is that of a modular
category. Examples of modular categories arise in quantum group theory, three-
dimensional topology, vertex operator algebras and rational conformal field theory.
Let G be a finite group. Perhaps the most accessible construction of a modular
category is that of the category of modules over the Drinfeld double D(G) of G.
Let @ be a 3-cocycle on G. In [1990; 1992], Dijkgraaf, Pasquier, and Roche
introduced a quasitriangular quasi-Hopf algebra D”(G), generalizing the Drin-
feld double D(G). It is well known that the category D®(G)-Mod of modules
over D®(G) is a modular category. Modular categories resembling D“(G)-Mod
arise naturally from crossed pointed categories. An important feature of a general
crossed fusion category is that the application of the equivariantization process
(which is analogous to taking the invariants under a group action) yields a braided
fusion category. We apply the equivariantization process to the crossed pointed
category 6(¢) and study the resulting braided fusion category, which resembles the
category D”(G)-Mod. As a consequence, we obtain a description of all braided
group-theoretical categories. In Proposition 5.6, we show that €(¢) is modular
if and only if ¢ is nondegenerate in the sense of Definition 3.10 and a certain
homomorphism is surjective.

By a general result, the equivariantization of the category €(¢) is equivalent as
a braided fusion category to the category of modules over some finite-dimensional
quasitriangular quasi-Hopf algebra H. In the sequel we describe such an H.
Namely, given ¢ € Zaa(%, KK*), we construct a finite-dimensional quasitriangular
quasi-Hopf algebra H (¢), generalizing D”(G), and show that €(¢) = H (¢)-Mod,
as braided fusion categories.

Outline. Section 2 recalls essential definitions and results about nondegenerate
fusion categories, equivariantization, and crossed categories. Section 3 proposes
the notion of quasiabelian third cohomology of crossed modules. In Section 4, we
construct crossed pointed categories from quasiabelian 3-cocycles and classify the
former. In Section 5, we apply the process of equivariantization to the categories
obtained in Section 4 and study the resulting braided fusion categories. In Sec-
tion 6, we construct finite-dimensional quasitriangular quasi-Hopf algebras from
quasiabelian 3-cocycles and show that these underlie the braided fusion categories
obtained in Section 5.
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2. Preliminaries

We will freely use the language and basic theory of fusion categories and modular
categories [Bakalov and Kirillov 2001; Ostrik 2003; Etingof et al. 2005].

2a. Conventions. Let K be an algebraically closed field of characteristic 0. The
multiplicative group of nonzero elements of K will be denoted by IK*. Unless
otherwise stated, all cocycles will have coefficients in the trivial module [K*. All
functors will be assumed to be additive and K-linear on the morphism spaces. The
unit object of a tensor category will be denoted by 1. The identity element of a
group will be denoted by e.

2b. Morita equivalence. Following [Miiger 2003a], we say that two fusion cate-
gories ¢ and % are Morita equivalent if 9 is equivalent to the dual fusion category
%7 for some indecomposable right 6-module category .IL; see also [Etingof et al.
2005; Ospel 1999]. This is known to be an equivalence relation on the class of
fusion categories. A fusion category is said to be pointed if all its simple objects
are invertible. A fusion category is group-theoretical if it is Morita equivalent to a
pointed category.

2c¢. Nondegenerate fusion categories. Let € be a braided fusion category with
braiding c. Following [Miiger 2003b], we say two objects X and Y of € centralize
each other if ¢(Y, X) oc(X,Y) =idxgy-

The centralizer of a fusion subcategory & C € is the full fusion subcategory
%' of 6 consisting of all objects X € € that centralize every object in %. The
category 6 is said to be nondegenerate if 6’ = Vec (the fusion category generated
by the unit object). If € is a premodular category, that is, if it has a twist, then it is
nondegenerate if and only if it is modular [Beliakova and Blanchet 2001; Miiger
2003b; Drinfeld et al. 2010].

Proposition 2.1. Let € be a nondegenerate fusion category. Suppose € admits a
twist. Then the set of twists on 6 is in bijection with the set of invertible self-dual
objects of 6.

Proof. Let Autg(idg) denote the group of tensor automorphisms of the identity
tensor functor ide. Let Autg (ide) := {p € Autg(ide) | px+ = (px)* for all X € €}.
Let 0 be a fixed twist on €. The map ¢ +— 6, defined by (6,)x := 0x o ¢x for all
X € 6 is a bijection from Autf (id¢) to the set of all twists on €.

Let X1, X», ... denote the simple objects of €, and let G(‘¢) denote the group
of invertible objects of €. Let S denote the S-matrix of € with respect to 9. It was
shown in [Gelaki and Nikshych 2008] that the map

Si
G(®) — Autg(id¢), Xjr>¢;, where (p))x, = —————idy,,
? e T A(X)d(x))
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is an isomorphism. It is easy to check that this map restricts to a bijection between
the set of invertible self-dual objects of ¢ and the set Autg, (id). U

2d. Equivariantization. Recall that a tensor functor between two tensor categories
€ and 9 is a triple (F, ¢, pg), where F : € — & is a functor, ¢ is a natural
isomorphism F o ®¢ —> ®g o (F x F), and ¢ is an isomorphism F(1¢) = 1g
satisfying certain compatibility conditions; see [Kassel 1995]. We will call ¢ the
tensor structure on F and ¢g the unit-preserving structure on F. For a group
G, we will denote by G the tensor category whose objects are elements of G,
whose morphisms are the identities, and whose tensor product is given by the
group operation in G.

Let € be a fusion category with an action of a finite group G given by a tensor
functor T : G — Autg(€), g+ Tg. Let y be the tensor structure on the functor 7.
In this situation one can define a G-equivariant object in 6 to be a pair (X, {ug}ecc)
in which X is an object of € and

(D) ug: Tg(X) = X forgeg,
is a family of isomorphisms, called the equivariant structure on X, such that
2) ugh =ugoTy(up)oyen(X) forallg,hegG.

One defines morphisms between equivariant objects to be morphisms in € that
commute with the equivariant structures. The equivariantization €S of € is the
category of G-equivariant objects of € [Kirillov 2001a; Arkhipov and Gaitsgory
2003; Gaitsgory 2005; Tambara 2001]. The equivariantization category € is a
fusion category with tensor product defined by

(X, {”g}geG) ® (X/: {u/g}geG) = (X ® X/s {ﬁg}geG)
for (X, {uglgec), (X', (U }gec) € €°, where
(3) I’N‘g = (ug®u:g)o,ug(xa X/)

for all g € G. Here u, is the tensor structure on the functor T, g € G.
Remark 2.2. We have FPdim(¢%) = |G| FPdim(%).

2e. Crossed categories. Recall that a grading of a fusion category € by a finite
group G is a decomposition € = P geg g of € into a direct sum of full abelian
subcategories such that ® maps 6, x €;, to €g, and * maps €, to (ﬁg-l for all
g, h € G. Note that €., called the trivial component, is a fusion subcategory of 6.
A grading is said to faithful if €, # 0 for all g € G.

Below we recall the notion of a crossed category (short for braided group-
crossed category), introduced by Turaev [2000; 2008] in a more general form;
see also [Drinfeld et al. 2010; Miiger 2004; 2005].
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Definition 2.3. A crossed fusion category is an octuple (€, G, T, y,1, i, v,c) in
which

e G is a finite group;
* @ is a fusion category with (not necessarily faithful) G-grading € = &P geG €gs

e T:G — Autg(6), g — T, is a tensor functor satisfying T, (€,) C €
with tensor structure y and unit-preserving structure z;

ghg=!»

w is a family {ug}eeG, Where ug is a tensor structure on 7;

v is a family {vg}eei, Where v is a unit-preserving structure on Ty

e ¢(X,Y): X®Y > T,(Y)®X for X € €, and Y € 6 is a family of natural
isomorphisms, called G-braiding;

and the following compatibility conditions are satisfed:

@) (en(¥) ®idr,00) 0 (7 1k (V) ®idr,x)) 0 (T (X), Ty(¥Y)) 0 (X, ¥)
= ug(Tn(Y), X) o Ty (c(X, Y))
for all g, h € G and objects X € €, and Y € €.

() o7\ xr © en(Z) ®idxey) 0c(X ®Y, Z) oayly ,
= (c(X, Ti(2)) ®idy) o ay 1, () y © (idx ®c(¥, 2)),
for all g, h € G and objects X € €4, Y € €, and Z € €.

(i)  ar,v).1,2).x 0 (Ug(Y, Z)®idx)oc(X, Y ® Z) cax,y,z
= (id7,(v) ®c(X, Z)) o ar,(v),x,z 0 (c(X, Y) ®idz),
for all g € G and objects X € €, and Y, Z € €.
(Here o denotes the associativity constraint of €.)
Remark 2.4. The trivial component of a crossed fusion category is a braided fusion
category.

Now let € := (¢,G,T,y,1, i,v,c) be a crossed fusion category. Kirillov
[2001a] and Miiger [2004] explain that the equivariantization category €¢ admits a
braiding, that is, € is a braided fusion category. The braiding ¢ on €Y is defined as
follows. Let (X, {ug}4ec) and (X, {u;,}geg) be objects of €°. Let X = @geG X,
be a decomposition of X with respect to the G-grading of 6. Then cx y is given
by the composition

@() X/
@ xoX =P x,0X —5Pr,x)eX,
geG geCG

P u,®id
Ug@1dx, @X/®Xg=X/®X.
geG
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Remark 2.5. It is shown in [Drinfeld et al. 2010] that the equivariantization cat-
egory €U is nondegenerate if and only if the G-grading is faithful and the trivial
component €, is nondegenerate.

Definition 2.6. Consider two crossed fusion categories € = (€, G, T, y,1, i, v, )
and €' = (€', G, T',y',//, u',v', ). A crossed tensor functor from € to €’ is a
quintuple (f, F, 1, 7o, f) in which

e f:G — G’ is a group homomorphism,
o F:% — % is a tensor functor with tensor structure # and unit-preserving
structure 79, and

e fBis afamily {f¢}ecc, where B, : F o Ty = T}(g) o F is an isomorphism of
tensor functors,

and the following compatibility conditions are satisfed:
(i) F(€g) < %/f(g) forall g € G.
(i) (Be(Y)®idp(xy) on(Te(Y), X)o F(c(X, Y)) =c'(F(X), F(Y))on(X, Y) for
all g € G and objects X € €, and Y € 6.

(iii) T} gy (Ba (X)) 0 Be(Th(X)) 0 F (g (X)) = 7. iy (F (X)) © fn(X) for all
g,h € G and objects X € €.

We say that (f, F, 5, o, f) is an equivalence if f is an isomorphism and F is
an equivalence.

2f. Pointed categories. A fusion category is said to be pointed if all its simple
objects are invertible.

Let X be a finite group and w be a 3-cocycle on X. We associate to the pair
(X, w) a pointed category Vecy whose objects are X-graded finite-dimensional
vector spaces over I, whose morphisms are linear transformations that respect
the grading, and whose unit object is the ground field K supported on {e}. The
tensor product V ® W of homogeneous objects V, W € Vec§ of degrees x, y € X,
respectively, is defined to be the homogeneous object V @ W of degree xy.

The associativity constraint a is defined by

apyw: (URV)QW =UR(VeW), uUuv)@wr ox,y,2)u® (©ew),

where U, V, W € Vecg andu € U, v € V, w € W are homogeneous elements of
degrees x, y, z € X, respectively.
The left and right unit constraints A and p, respectively, are defined by

Ay =KV =V, 1®v+—>w(e,e,x)_lv,
pv =VRK=V, v®1 w(x,e,e),

where V € Vec(; and v € V is a homogeneous element of degree x € X.
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Every pointed category is equivalent to some Vec§.

2g. Crossed modules. Recall that a (finite) crossed module is a triple (G, X, 0),
where G and X are (finite) groups with G acting on X as automorphisms, denoted
(g,x)— 8x,and 0 : X — G is a homomorphism satisfying

) _
@y = xx'x

o(x) = gd(x)g~' forge G andx € X.

! for x,x" € X,

Note that Ker 0 is a central subgroup of X.

A homomorphism of crossed modules (G, X, ) — (G', X', ¢’) is a pair of
group homomorphisms (f : G — G', F : X — X') such that ' o F = f 00 and
F(8x) = T®F(x) for g € G. We say that (f, F) is an isomorphism if both f and
F are isomorphisms.

3. Quasiabelian third cohomology of crossed modules

Let A be an abelian group. Eilenberg and Mac Lane [Eilenberg and Mac Lane
1953; 1954; Mac Lane 1952] argue that the cohomology groups H* (A, IK*) are
inappropriate since they do not take into account the abelianness of A, and so
should be replaced by groups H}j, (A, I<*). (For the cohomology theory for crossed
modules, see [Whitehead 1949].) Below we recall the definition of Hib (A, KK*).

An abelian 3-cocycle on A is a pair (w, ¢), where  is a normalized 3-cocycle
on A, that is, for all w, x,y,z € A,

w(x,y,z)=1 if x,y or z is the identity,
w(x,y, D)o(w,xy, 2)ow, x, y) =o(w, x, y2)o(wx, y, 2)
and c is a 2-cochain on A (that is, ¢ € C?(A, [K*)) satisfying the equations

o(x,y,2)o(z,x,y)
o(x,z,y)
o(y,x,z)

c(x, yz) = 0.y, D002, X)C(x, y)e(x, 2)

clxy,z)= c(x, 2)c(y, 2),

forall x, y,z € A.
Abelian 3-cocycles on A form an abelian group, denoted by Z;’b (A, K*), under
pointwise multiplication. The group of coboundaries is defined by

n(, X))
n(x,y)

By (A, K*) = [(dﬂ, (x,y) normalized 7 € C*(G, K*),

which is a subgroup of Zgb (A, K*). The quotient Zib(A, KX)/B;’b(A, KK*) is the
abelian third cohomology of A, denoted Hgb (A, K¥).
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Remark 3.1. The group Hib (A, K*) is isomorphic to the group of quadratic forms
on A; see [Mac Lane 1952].

Definition 3.2. We say an abelian 3-cocycle (w, ¢) on A is nondegenerate if the
symmetric bicharacter A x A — IK*, (x, y) — ¢(y, x)c(x, y) is nondegenerate.

In [1999], C. Ospel generalized the notion of abelian third cohomology in the
following way. Let G be a (not necessarily abelian) group. A quasiabelian 3-
cocycle on G is a pair (w, ¢), where w is a 3-cocycle on G and c¢ is a 2-cochain
on G (that is, c € C*(G, IK*)) satisfying for all g, x, v, z € G the equations

w(gxg™', gvg™! 8287 ) = w(x, y,2),
clgxg™', gyg ) =c(x,y),

w(x,y, Dolxyz(xy)™', x, y)
w(x, yzy=1,y)

l’ X, Z)

o(x,y,2)o(y, z, x)

c(x, yzy He(y, 2),

c(xy,z) =

w(xyx™

c(x, yz) = c(x, y)e(x, z),

Note 3.3. The third equation above appeared in a slightly different but equivalent
form in [Ospel 1999].

Quasiabelian 3-cocycles on G form an abelian group, denoted by Zga(G, K>),
under pointwise multiplication. The group of coboundaries is defined by

B, (G, K")

- {(d(n), (e, y) o 19 ’x))

conjugation-invariant 7 € C*(G, K*) {,
n(x, y)

which is a subgroup of Zga(G, KK*). The quotient Zga(G, KX)/Bga(G, K*) is the
quasiabelian third cohomology of G, denoted Hga(G, K*). If G is abelian, quasi-
abelian cohomology reduces to abelian cohomology: Hib(G, K*) = Hfla(G, ).

We can extend Ospel’s quasiabelian cohomology for groups to cover crossed
modules: We allow G to act on an arbitrary group X (not just X = G). The first
condition, w® = w, in Ospel’s definition is replaced by the condition that w® is
cohomologous to @ via u,. The second condition, ¢® = c, is extended similarly,
as are the others. This results in the following definition, whose main motivation
is the classification of crossed pointed categories (see Section 4).

Definition 3.4. A quasiabelian 3-cocycle on a crossed module ¥ = (G, X, 0) is a
quadruple (w, y, i, ¢), where

(@) we Z3(X, KX),
(b) y € Z*(G, C' (X, K*)),
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(c) u e CYG, C* (X, K)) and satisfies d(u,) = w8 /w for g € G, that is,

te(y, Dptg(x, y7) _ @f(x,y,2)
Ug(xy, Dug(x,y)  wlx,y,z)

() d(yg.n) = (dpt)gn for g, h € G, that is,

forge Gandx,y,z€ X,

Ve ()7 (y) _ se("x, "y pa(x, )
Ya,h (XY) Ugn(x,y)

forg,he Gand x,y € X,

(e) ¢ € C?(X, K*) and satisfies

B(x,y)  pg(xyx™',X) Veowye 1. ()

c(x,y)  ngxy)  veow)

o(x,y, )o((xy)z(xy)~", x,y)
o(x, yzy~1, ¥)7a00.00) ()

(e1) forgeG,x,yeX,

c(x, yzy~e(y, 2)
forx,y,ze X,

(e2) clxy,z2)=

wxyx~!, x,z2)

o(x,y, Doxyx! xzx=1 X)uaw)(y, 2)

c(x, y)e(x, z)
forx,y,z e X.

(e3) clx,yz) =

Note 3.5. Here C" denotes the space of n-cochains, Z" denotes the space of n-
cocycles, and d is the usual differential operator [Brown 1982]. (The definition of
d depends on whether the module under consideration is left or right.) The action
(g, x) — 8x of G on X induces a right action of G on C" (X, IK*) by translations.
The map c® € C>(X, K¥) is defined by c#(x, y) := c(8x, ¢y) and the map w? is
defined similarly.

Quasiabelian 3-cocycles on a crossed module ¥ = (G, X, 9) form an abelian
group Zéa(%, K*) under pointwise multiplication.
We define the group of coboundaries by

8 -1
By (00, 1) = { (dn, 4B, 8> AL (5, 9) o oy (T2 ’x’)
g n(x,y)

neCHX, K¥), }
peCi(G,ClX, K )
A direct computation shows that Bga(%, K*) € Zga(%, <>).

Definition 3.6. The quasiabelian third cohomology of a crossed module ¥ is the
quotient of Zga(%, K*) by Bga(%, [K*). We denote it by Haa(%, <).

Remark 3.7. Let G be a group. Consider the crossed module 4 = (G, G, idg),
where G acts on itself by conjugation.
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(i) There is a homomorphism Hfla(G, K*) — Hga (4, IK*) induced from
3 3
Zo(G,K) = Z,, (6, KY), (0,0) > (0,1, 1,0).

(ii) There exists a homomorphism H*(G, K*) — Héa(‘g, K*); see Lemma 6.3.

Definition 3.8. A quasiabelian 3-cocycle (w, v, u, ¢) is normalized if

w(x,y,z) =1if x, y or z is the identity, y,;(x) =11if g, h or x is the identity,
pg(x,y)=11if x, y or g is the identity, c(x, y)=1if x or y is the identity.

Note 3.9. Every quasiabelian 3-cocycle is cohomologous to a normalized one.

Let (w, y, &, c) be a normalized quasiabelian 3-cocycle on a crossed module
(G, X, 0). Then (w|kers, C|kera) is an abelian 3-cocycle on the (abelian) group
Kero.

Definition 3.10. A normalized quasiabelian 3-cocycle (w, y, i, ¢) on a crossed
module (G, X, 0) is nondegenerate if the abelian 3-cocycle (@|gers, C|Kers) On the
(abelian) group Ker 0 is nondegenerate.

Any homomorphism (f, F) : (G, X',0") =% — ¥ = (G, X, 0) of crossed
modules induces a homomorphism

Z(?ia(%, KX) - Zga(%/’ KX)’ (Cl), V. U, C) = (C(), V. U, C)(f’F)a
where
(@, 7, 1, )P = (@ F*3, (g, 1) = 750,y 0 Fs g pfgy0 ™2, co F72).

It is straightforward to check that this homomorphism preserves coboundaries and
thereby provides a homomorphism Hga(%, K*) — Hga(%’ , K*). Consequently,
for any crossed module & there is a natural action of the group of automorphisms
Aut(%) of & on HJ, (%, K*).

4. Classification of crossed pointed categories

In this section we classify crossed pointed categories in terms of quasiabelian third
cohomology of crossed modules.

4a. Construction of a crossed pointed category from a quasiabelian 3-cocyle on
a crossed module. To a quasiabelian 3-cocycle (w, y, i, ¢) on a finite crossed
module (G, X, 8), we associate a crossed pointed category (¢, G, T, 7,1, ft,v,C)
as follows. As a fusion category, € = Vec}. For each g € G, let €, denote the full
abelian subcategory consisting of objects of Vec$ supported on o~ '(g) C X, thatis,
objects of 6, are defined to be finite-dimensional 07 (g)-graded vector spaces (we

set 6, := {0} if 0~ 1(g) is empty). This defines a G-grading ¢ = @gec €, of €.
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Next we define a functor 7' : G — Autg (€), g+ T, as follows. Let V € Vec§ be
a homogeneous object of degree x € X. The functor 7, : Vecy — Vec§ is defined
by T, (V) :=V (as a vector space) and the degree of T, (V) is defined to be éx. The
T, are extended to nonhomogeneous objects and morphisms in the obvious way.
The tensor structure j on the functor 7' : G — Autg (%) is defined by

Ve n(X)idy =: Y 5y (V) : Tp (V) = (T4 0 T) (V)

for all homogeneous objects V € Vec, of degree x € X, and g, h € G.
The unit-preserving structure 1 : T, = idg on the functor 7' : G — Autg(6) is
defined by

Voo (X)idy =:1(V) : To(V) &> ide(V)

for all homogeneous objects V € Vec of degree x € X.
The tensor structure ji, on the functor T, : Vec§ = Vec§ for g € G is defined
by
1 (e, Y) iy = fig (V. W) : T(V @ W) > T, (V) @ Ty (W)

for all homogeneous objects V, W € Vec§ of degrees x, y € X, respectively.
The unit-preserving structure v, on the functor Ty : Vec§y = Vec{, for g € G is
defined by

,ugl(e, e)idx =:vg : T,(K) = K.

For V, W € Vec, let 7y w denote the flip operator V @ W = W ® V that takes
0 @K w > w QK v. The G-braiding ¢ is defined by

cx,ryw=:¢(V,W): VW =S T,(W)®V

for all homogeneous objects V, W € Vec$ of degrees x, y € X. Here g = 0(x).

The crossed module axioms of (G, X, ¢) and the quasiabelian 3-cocycle axioms
of (w, y, u, ¢) together ensure that the necessary axioms of a crossed category are
satisfied. Specifically, Definition 3.4(c) ensures that i, is a tensor structure on the
functor T, defined above. Definition 3.4(d) of ensures that y is a tensor structure on
the functor 7. The conditions of Definition 3.4(e)—(e3) correspond to the axioms
of Definition 3.4(i)—(iii), respectively.

We will denote the crossed pointed category constructed above by 6(w, y, u, ¢).

Remark 4.1. The trivial component 6(w, y, i, ¢). of €(w, y, u, c) (under the
G-grading) is a braided fusion category. As a fusion category, 6(w, y, i, ), =
Vec;gl;eéa. Suppose that the quasiabelian 3-cocycle (w, y, #, ¢) is normalized. Then
the braiding on the trivial component is given by

VW—->WRV, 2wt clx,y)w®v
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for all homogeneous objects V, W € Vecgle‘féﬁ of degrees x, y € Ker . Clearly, the
braided fusion category €(w, y, u, ¢). is nondegenerate if and only if the quasi-
abelian 3-cocycle (w, y, u, ¢) is nondegenerate in the sense of Definition 3.10.

4b. Classification.

Proposition 4.2. Let €(w, y, u,c) and 6(«', y’, u', ¢') be crossed pointed cat-
egories as constructed in Section 4a. Then 6(w, y, u,c) = €(o',y’, ', ') as
crossed categories if and only if there is an isomorphism (f, F) of the underlying
(finite) crossed modules such that the quasiabelian 3-cocycles (o', y', ', ¢')HF)
and (w, v, u, ¢) are cohomologous.

Proof. Suppose (G, X, 0) and (G', X', 0’) are the underlying (finite) crossed mod-
ules of 6(w, y, u,c) and €(w', y’, u’, ¢’), respectively. Let (f, F) be an iso-
morphism from (G, X, d) to (G, X', 0") such that the quasiabelian 3-cocycles
(@, y’, 1, )P and (w, y, u, c) are cohomologous via (7, f); see Section 3. In
what follows we will construct an equivalence ( f, F, 7, 5o, ) of crossed categories
(see Definition 2.6) from €(w, v, i, c) to 6(’, y’', u', ).

Recall that 6(w, y, u, c) = Vec§ and 6(o’, y', u', c’) = Vec?l, as fusion cate-
gories. Let V e Vec§ be a homogeneous object of degree x € X. Define a functor
F: Vec§ — Vec?, by F (V~) :=V (as a vector space), and define the degree of F (V)
to be F(x). The functor F extends to nonhomogeneous objects and morphisms in
the obvious way.

The tensor structure # on the functor F is defined by

n(x, y)idvg,w = 7(V, W) : F(V@ W) = F(V)® F(W)

for all homogeneous objects V, W € Vec§ of degrees x, y € X, respectively.
The definition of the unit-preserving structure 7 on F is obvious. It is easy to
verify that (F, 7, 50) is an equivalence of tensor categories.
Next we define isomorphisms ,B~g :FoT,— T}(g) oF for g € G of tensor functors
by
Be(x)idy =: B, (V) : (FoT,)(V) = (T}C(g) o F)(V)

for all homogeneous objects V € Vec of degree x € X.

It is easy to verify that axioms (i)—(iii) of Definition 2.6 are satisfied. This shows
that €(w, v, u,c) =6(e', ', 1', ¢’) as crossed categories.

The converse is clear from the construction above. U

Remark 4.3. Proposition 4.2 shows that if the quasiabelian 3-cocycles (w, y, u, ¢)
and (o', y’, u’, ¢’) are cohomologous (on the same crossed module (G, X, 0)), then
the corresponding crossed pointed categories 6(w, y, u, ¢) and 6(e’, y’, ', ")
are equivalent.
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Recall from Section 3 that for any crossed module & there is a natural action of
Aut(¥) on the quasiabelian third cohomology Hga(%, K*) of Z.

Theorem 4.4. Crossed pointed categories are classified, up to equivalence, by
the orbits of the quasiabelian third cohomology Hga(%, K*) (of a finite crossed
module X) under the action of Aut(%).

Proof. Every crossed pointed category is equivalent to some €(w, y, u, ¢) with
underlying (finite) crossed module &. Now apply Proposition 4.2. ]

5. Equivariantization of ¢(w, y, 1, ¢)

Throughout this section, let (w, y, i, ¢) be a normalized quasiabelian 3-cocycle
on a finite crossed module (G, X, 0). In Section 4a, we associated to (w, y, u, ¢)
a crossed pointed category 6(w, y, i, ¢). Our goal in this section is to apply the
equivariantization process to 6é(w, y, i, ¢) and study the resulting braided fusion
category.

Sa. Description. Recall that 6(w, y, u, c) = Vec% as a fusion category.

Proposition 5.1. An object of the equivariantization category €(w,y, u,c)? is
an X-graded vector space V together with a twisted action > of G on V that is
compatible with the grading in the sense that
ghev =ygn(x)(ge (he0)),
e>v =0, degree(grv)=>5x

“

for all v € V homogeneous of degree x € X and g, h € G. Morphisms in the
category are linear maps preserving the twisted action and grading. The twisted
action of G on the tensor product is given by

5) gr (0 ®w) = ug(x,y)(grv®grw)

for homogeneous v, w of degrees x,y € X, respectively. The associativity con-
straint on the category is given by

U)W wx,y,2)u® (©Qw)
for all homogeneous u, v, w of degrees x, y,z € X. The braiding on the category
is given by
(6) bR w > c(x, y)(@(x)>w®0)
for all homogeneous v, w of degrees x,y € X.

Proof. The action > corresponds to equivariant structure (1). Equation (4) cor-
responds to (2). The definition of the tensor product (5) comes from (3) and the
definition of the braiding (6) comes from (4). O
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Remark 5.2. For a simple special case of the description above, take the quasi-
abelian 3-cocycle (w, y, u, ¢) (on the finite crossed module (G, X, 9)) to be trivial.
Then the corresponding equivariantization category €(1, 1, 1, 1)¢ admits a simple
description in that objects of this category are G-equivariant vector bundles on X.
This braided fusion category was considered in [Bantay 2005]. This category is
not nondegenerate in general: By Proposition 5.6 it is nondegenerate if and only
if 0 is an isomorphism. In this case, the category is equivalent to D(G)-Mod, as a
braided fusion category.

Theorem 5.3. Every braided group-theoretical category is equivalent to ‘€ (&) for
some normalized quasiabelian 3-cocycle & on a finite crossed module (G, X, 0).

Proof. This follows from [Naidu et al. 2009], where it was shown that every braided
group-theoretical category is the equivariantization of a pointed category. ([l

Lemma 5.4. For any x € X, let Stabg(x) denote the stabilizer of x in G, that is,
Stabg (x) = {g € G | $x = x}. Define ¢, : Stabg(x) x Stabg (x) — K* by

Px (g, 1) :=pgn(x) forg,h € Stabg(x).
Then ¢, is a 2-cocycle on Stabg (x).

Proof. The condition of Definition 3.4(b) on y means that

Pk (6) 7.k () = 7k () 7.0 ()
forall g, h, k € G, x € X. Restricting to Stabs (x) we get the stated assertion. [
Let R be a complete set of representatives of orbits of X under the action of G.

Proposition 5.5. There is a bijection between the set of isomorphism classes of
simple objects of €(w, v, u, c)® and the isomorphism classes of the set

(7 T :={(a,V)|aecR, V isan irreducible module over [y [Stabg(a)]},

where @, is the 2-cocycle defined in Lemma 5.4.

Proof. Let Irr(6(w, 7, 11, ¢)©) denote the set of simple objects of €¢. We will
define a map

(8) T — Ir(6(w, 7, 1, 0)%)

and show that it induces a bijection between the isomorphism classes of the source
and target sets. Let g1, g2, ... be coset representatives of Stabg (a) in G. Pick any
(a, V) e I'. We define the map (8) by

) (a, V) >V =P Vi,

8i
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where Ve, = V as a vector space and degree(Vzs;,) = 8ia. The twisted action of G
on V is given by

o ygj,t(a)

10 h
(10 T e @

(t>0)

for all » € V homogeneous of degree a with ¢ € Stabg (a) uniquely determined
by the equation hg; = g;t. The degree of h > v is defined to be $/a.

To prove that the map (8) defined via (9) and (10) is well defined, we need to
show that the action defined in (10) satisfies (4). This amounts to verifying that
the scalars

ng,st(a))’s,t(a) and yg,h(gia)yg_/,t(a)ygk,s(a)
Veh.gi (@) Vh,gi (a)Vg,gj (a)

are equal for all g, h € G and s, t € Stabg(a) with hg; = g;t and gg; = gis. But
this follows from applying the condition (b) on y of Definition 3.4 successively to
the quadruples (g, h, g;, a), (g, g, t,a) and (g, 5,1, a).

We now show that the map (8) induces a bijection between isomorphism classes
of the source and target sets. It is clear that the map (8) preserves isomorphic
objects. Furthermore, the object in Irr(é(w, y, u, ¢)©) corresponding to (a, V) e T
has FP-dimension equal to |Ca| dimy V, where Sa denotes the orbit containing a.
The sum of squares of FP-dimensions of isomorphism classes of objects in the
image of (8) is

>, 2. [%PWimV)?= )|/ |Stabg ()]

acR VEIH(K¢a[SIabG(a)J) acR

= 1%||G]|

acR

=|G||X| =FPdim(6(w, y, i, )%). O

Sb. Twist and S-matrix. As before, R denotes a complete set of representatives
of orbits of X under the action of G. By Proposition 5.5, the simple objects of
@(w, y, u, )¢ correspond to pairs (a, y), where a € R and y is an irreducible
¢q-character of Stabg(a). Note that €(w, y, i, c)® admits a canonical twist 0
with respect to which categorical dimensions coincide with FP-dimensions. The
values of & on simple objects are given by 04, ,) =c(a, a) x (0(a))/deg x. A direct
calculation shows that the S-matrix S is given by

g’a(g*ly) (a)yh’a(hflx) (b)
Yo(y).2(@)Ya(x),n (D)

1

y - -
Swnbn= D, €l y)ely,x) x( 0" x),

xe(%a)
ye(@h)NCx (x)
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where in each summand g and / are defined by %a = x and "b = y. Note that the
choice of g and & does not affect the sum.

5c. Modularity. As before, (o, y, u, ¢) is a normalized quasiabelian 3-cocycle on
a finite crossed module (G, X, 0).

Proposition 5.6. The braided fusion category 6(w, y, u, c)C is nondegenerate if
and only if the homomorphism 0 is surjective and (o, y, u, c) is nondegenerate in
the sense of Definition 3.10.

Proof. This follows immediately by combining Remark 2.5 and Remark 4.1. [J

Assume 8 is surjective and (e, 7, u, ¢) is nondegenerate. Then €(w, 7, x, c)®
together with the canonical twist given in Section 5b is a modular category, that
is, the S-matrix described in Section 5b is invertible. In this situation, using the
orthogonality relations for projective characters we obtain that the Gauss sum and
central charge of €(w, y, i, c)¢ are given respectively by

(€, 7, 1,0)) =G| > cla,a),

acKer o

1
C(Cﬁ(w’ Y, U, C)G) = T Z C(Cl, d)_
|Kera| aeKero
Note 5.7. The sum >, .., c(a, a) is the classical Gauss sum for the quadratic
form a — c(a, a) on the abelian group Ker o.

Remark 5.8. The category 4(w, y, i, c)® may admit other twists besides the
canonical one. In view of Theorem 5.3 and Proposition 5.6, a description of all
twists on €(w, y, u, ¢)¢ will imply a description of all modular group-theoretical
categories. The former is easily obtained using Proposition 2.1.

6. Quasitriangular quasi-Hopf algebra arising from quasiabelian 3-cocycles
on crossed modules

Suppose (w, y, u, ¢) is a normalized quasiabelian 3-cocycle on a finite crossed
module (G, X, 8). In the previous section we described the braided fusion category
@(w, y, 1, c)¢. This category is integral (that is, the FP-dimensions of objects are
integers), so there exists a finite-dimensional quasitriangular quasi-Hopf algebra H
such that €(w, y, u, ¢)® = H-Mod, as braided fusion categories; see [Etingof et al.
2005, Theorem 8.33] and [Kassel 1995, Section XV.2]. Our goal in this section is
to describe such an H.

In what follows we associate to (w, y, i, ¢) a finite-dimensional quasitriangular
quasi-Hopf algebra H (w, y, 1, ¢), which may be viewed as a generalization of the
twisted Drinfeld double of a finite group. Let H(w, y, i, ¢) be a finite-dimensional
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vector space with a basis {f; g} (x,¢)ex xG indexed by the set X x G. Define a product
on H(w, y, pt, c) by

(an (t8) (tyh) 1= Oy v (9) ™1y (8h).
This product admits a unit
(12) 1= te.

xeX

Define a coproduct A : H(w, y, u,¢)— H(w, y, u,c)@H(w, y, u, c) and counit
81H(CU,V,,“,C)_> Kby

(13) Altg) = D pela,b)tag ®1pg,
a,beX
ab=x
(14) e(tx8) =0y .
Also, set
(15) (ORES Z o(x,y,2)he®@teRte,
x,y,2€X
(16) Ri= D clx, Mixe®@1,0(x),
x,yeX
17) oa:=1, p:= Zw(xil,x,xfl)txe.
xeX

Finally, define a linear map S : H(w, v, i, ¢) = H(®, y, i, c) by

Vg*l,g(xil) 1

(18) S(teg) := 1oCrx ) ts, 18

Proposition 6.1. The product unit, coproduct A, counit ¢, Drinfeld associator
® and antiautomorphism S of (11)—(14), (15) and (18) make H(w, y, u,c) a
quasitriangular quasi-Hopf algebra with universal R-matrix R (16) in the sense
of [Kassel 1995, Definitions 1.1, 2.1, and 5.1].

Proof. The proof is completely similar to the one for the twisted Drinfeld double
of a finite group: Associativity of the product is equivalent to the equality

Pk ()7 g k() = yenx () yen(*x) for g, hk € G,x € X,

which holds by axiom (b) in Definition 3.4. Quasicoassociativity of the coproduct
is equivalent to the equality
ﬂg(ya Z)ﬂg(X, yZ) — w(g-xa gya gZ)
:ug(xy,z),ug(xa)’) w(x:yaz)

forgeG,x,y,z€X,
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which holds by axiom (c) in Definition 3.4. That the coproduct is a morphism of
algebras is equivalent to the equality

P @)7en () _ ue("x, "y)un(x, y)
Vg,h(x)’) ,ugh(xv y)

which holds by axiom (d) in Definition 3.4.
We note that the inverse of the R-matrix R is

R'= Z e, x 7 y) o e ) e @ a(x .
x,yeX

forg,he Gandx,y € X,

The R-matrix axioms on R hold due to axioms (e;)—(e3) in Definition 3.4.
Finally, axioms (a)—(d) in Definition 3.4 ensure that S is indeed an antiauto-
morphism that satisfies the required axioms. O
Proposition 6.2. Let (w,y, u, c) be a normalized quasiabelian 3-cocycle on a
finite crossed module (G, X, 8). The categories €(w, v, i, c)€ (see Section 5) and
H(w,y, u, c)-Mod are equivalent as braided fusion categories.
Proof. Let V be a (left) module over H(w, y, 1, ¢), with action denoted by -
Note that V admits an X-grading: V = @xe x Vi, where V, = (tce) - V. Define a
twisted action of G on V by g>v := (¢, g) -v for all v € V homogeneous of degree
x € X. Observe that the degree of g>uv is 8x, since (7,g)(¢tre) = (ts1€)(txg). The
aforementioned action is twisted in that gh >0 = y, 5(x)(g > (h>v)). Note that
the twisted action of G completely determines the action of H (w, y, i, ¢) on the
module V. The associativity constraint on the category H (w, y, i, c)-Mod (which
is defined using the Drinfeld associator @ of (15)) is given by

UMRV)QWH w(x,y,2)u (© w)

for all homogeneous u, v, w of degrees x, y, z € X. The braiding on the category
H(w, y, 1, c)-Mod (which is defined using the R-matrix R of (16)) is given by

@ w k> c(x, y)(0(x)>wv)

for homogeneous v, w of degrees x, y € X. Now compare with Proposition 5.1. [J

We next explain the relation between the quasitriangular quasi-Hopf algebras
constructed above and the twisted Drinfeld double of a finite group. Let w be a
normalized 3-cocycle on a finite group G.

Forall g, h, x,y € G, define

(g, h,x)w(ghxh~ g~ g h)
(g, hxh=1, h) ’
w(gxg™', 8, y)

w(gxg™', gyg™!, go(g, x,y)

(19) Vg.n(x) ==

(20) tg(x,y) =
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A direct computation establishes the following.

Lemma 6.3. The quadruple (o, y, i, 1), where y and u are respectively defined
by (19) and (20), is a quasiabelian 3-cocycle on the crossed module (G, G, idg)
(where G acts on itself by conjugation) in the sense of Definition 3.4.

Let (w, y, u, 1) be the quasiabelian 3-cocycle on (G, G, idg) constructed in
Lemma 6.3. Then, evidently, H(w™!,y ™', x=', 1) = D”(G) as quasitriangu-
lar quasi-Hopf algebras. In particular, €(w~!, y =1, u=1, 1)¢ = D®(G)-Mod as
braided fusion categories.
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PAINLEVE ANALYSIS OF GENERALIZED ZAKHAROV
EQUATIONS

HASSAN A. ZEDAN AND SALMA M. AL-TUWAIRQI

We consider the invariance and integrability properties of the generalized
Zakharov equations and obtain an exact invariant solution. We derive the
Painlevé property of these equations and obtain some exact solutions using
the truncated Painlevé expansion.

1. Introduction

We consider the generalized Zakharov equations (GZEs) for the complex envelope
E(x, t) of the high-frequency wave and the real low-frequency field #(x, 7) in the
form

(1) iE;+ Eq —2B|E|*E +2En =0,
@) Mie — Mxx = —( E[)x,

where the cubic term in Equation (1) describes nonlinear self-interaction in the
high-frequency subsystem; such a term corresponds to a self-focusing effect in
plasma physics. The coefficient § is a real constant that can be positive or negative.
The sound velocity and the coupling constant in Equation (2) have been normalized
to unity for simplicity. The GZEs are a universal model of interaction between
high- and low-frequency waves in one dimension. The collisions between solitary
waves of GZEs have been simulated in detail in [Hadouaj et al. 1991]. When =0,
this system is reduced to the classical Zakharov equations for plasma physics.
Several aspects of the GZEs have been studied. Malomed, Anderson, Lisak,
Quiroga-Teixeiro and Stenflo [1997] analyzed them using a variational approach.
Wang and Li [2005] introduced periodic wave solutions using the extended F-
expansion method. By considering the modified Adomian decomposition method,
Wang, Dai, Wu, Lei and Zhang [2007] calculated exact and numerical solutions.
Zhang [2007] constructed exact traveling wave solutions by a direct algebraic
method. Li, Li and Lin [2008] used the exp-function method to obtain exact so-
lutions. Javidi and Golbabi [2008] obtained exact and numerical solutions by the
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variational iteration method. Abbasbandy, Babolian and Ashtiani [2009] applied
homotopy analysis method to obtain a solution.

The objective of this work is to investigate the symmetry and conduct Painlevé
analysis of GZEs. It will be organized as follows. In Section 2, we obtain the Lie
point symmetry group of GZEs and its similarity reductions. Moreover, we also
construct explicit analytic invariant solutions. In Section 3, we inspect the singu-
larity structure of GZEs by means of the Weiss—Tabor—Carnevale procedure. In
Section 4, we obtain some exact solutions using the truncated Painlevé expansion.

2. Symmetry analysis

Symmetry is one of the most important concepts in the area of partial differential
equations [Bluman and Kumei 1989]. To find the Lie symmetries of the GZEs,
we express the complex envelope as E(x,t) = u(x,t) +iv(x,t), with real high-
frequency waves u(x, t) and v (x, t). Substituting it into Equations (1) and (2) and
separating the imaginary and real parts we obtain the equations

Uy — U —2ﬁ(u2+02)u +2nu =0,
(3) U + vxx — 2> + 0o + 250 =0,
Ntt — Nxx = _(uz +02)xx~

Consider a one-parameter Lie group of infinitesimal transformations of the form

u—>U=u+epi(x,t,u,v,n),
v—>V=0v+ep(x,t,u,v,n),

4) n—>A=n+eps(x,t,u,0,n),
x—> X=x+eli(x,t,u,0,n),
t—>T=t+¢e&(x, t,u,v,n) forekKl,

with infinitesimal generator

< 0 0 0 0 0

X =8 +&H" b+ + 3 —.
(5) flax+fzat+¢1au+¢2av+¢3an
Require that (3) are invariant under (4) by direct substitution [Bluman and Kumei
1989]. Eliminate u,, v,, #;; using (3), and set to zero all coefficients of the indepen-
dent terms of the polynomials of u, v and # and their partial derivatives. We then
obtain the determining equations for the infinitesimals. By solving these equations
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we have
$1 = — (ks + kat +kstH)o,

b2 = (k3 + kat + kst*)u,
¢3 = %k4 + kst,
Si=ki, &H=ko,

where ki, ko, k3, kg and ks are arbitrary parameters. The infinitesimal generator of
the Lie algebra associated with each parameter k; is obtained from the generator (5):

0 0 0 0 10
150 2Ty TG T Ty
0 0 2 0 2 0 0
3% T ow 5 t”av tv@u—Han

The similarity solution can be obtained from the invariant surface equation

dt _dx _ du _ dv __dny
ky ki —(kstkat+khstDo — (ka+kat+kstDu  ke/2+ kst

For the most general generator X, we obtain the similarity solution

k k k
u(x,t)= ccos(—St3 R AR

t+FQ)),
% T TRt ‘(Z))

. kS 3 k4 2 k3
1) = —t —1 —t+ F
v(x,1) csm(Sk2 +2k2 +k2 + 1(Z)),

kS 2 ky
)= —t" 4+ —t+ F(2),
n(x, 1) % +2k2 + F2(2)

where F| and F, are similarity functions of the similarity variable z = k;t — kox,
satisfying the similarity equations

0= —k; (F| — (F)}) + kiko F| — 2ka > + k3 + 2¢* fka,
(6) 0 =15 (F + (F))*) + kiko F| — 2kp F> + k3 + 2¢* fka,

0= F +ks/(ka(k7 — k),
where prime denotes differentiation with respect to z. Solving equations (6), we
obtain the solution

1
Fi= m(—klkz +V (kik2)? — 443 (k3 — 2ka(az — 2 ) )z + ao,
2

F=a,

where ag and a; are arbitrary constants. Hence the exact invariant solution to
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GZEs (1) and (2) can be written as

E(x,t)=c exp(? (k3 (3kst™ + kat® + 2kst)
2

+ (ki t—kax)y/ (ky k2)?—4k3 (ks —2ko (a1 —c*B)) —ki k2+2k§ao)) ,

k5 2 k4
,1)= —1 —t .
n(x,t) % + 2% +a;

3. Painlevé analysis

The Painlevé test is one of the impressive ways to test whether partial differential
equations are integrable or nonintegrable. Myrzakulov [1999] has confirmed the
Painlevé nature of the (24 1)-dimensional Zakharov equation. In this paper we
will show that GZEs possess the Painlevé property. Various approaches can be
applied to investigate the Painlevé integrability. Here we will use WTC method
[Weiss et al. 1983]. Consider Laurent expansion of the solutions of (3) in a local
neighborhood of a movable singular manifold ¢ (x, ) = 0O:

o 00 00
u(e, )= uig (=23 0;¢T 0 0l n=23 n¢,
j=0 j=0 =0

where u;(x,t), v;j(x,t) and #5;(x, t) are analytic functions and the three a; are
integers to be determined. It is sufficient to substitute

M(xat):u0¢ala D(xat):DO¢a27 77(%02710‘]5“3’

into equations (3) to find the dominant behavior and leading exponents «;. Bal-
ancing the dominant terms, we get a; = o, = —1 and a3 = —2, and the equations

4 4
P2+ B(1L— )2 N TR - pgr

The first shows that either u or vy is arbitrary. Substituting the series expansion

2 2 2

u=uop ' +u, ", v=vop ' +0.0"7, n=nop +n¢ 2,

into equations (3) and collecting the coefficients of u,, v, and #, for leading terms,
the resonance are found to have the values r = —1, 0, 2, 3, 3, 4. As usual, the res-
onance r = —1 represents the arbitrariness of the singularity manifold ¢ (x, r) =0,
and the remaining resonance values indicate the arbitrariness of five functions (one
of {uo,00, 70}, one of {us,02, 72}, two of {u3,v3, #3} and one of {u4,04, 4}).
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4. Some solutions to the generalized Zakharov equation

When an equation has the Painlevé property, one can find some kinds of exact
solutions by truncating the Painlevé expansion of the solution about the movable
singularity manifold at the constant level term, leading to the so-called Backlund
transformation of the equation. For GZEs, the transformation has the form

(7 u=uop ' tui, v=00d""+v1, n=rnop t+me "+ .

Our approach to finding an exact solution for u, v and # is similar to that of
[Choudhury 2006]. Substituting equations (7) into equations (3) and equating the
coefficients of ¢~/ fori =0, 1,2, 3, 4 to zero, we obtain this system of PDEs:

(8) 0=—2Butv; — 2807 + 201 +urs + 01 1xs
9) 0= —2Butve —4Puguivy — 6fvov] + 20111 + 20012 + Uo,; + V0 xx,
(10) 0= —4Buguivo—2Bugoi—6Bvv1+20110+2001m1 —todi —200 +Px —VoPxy
(11) 0= —2Buvo — 203 + 2v0n0 + 20047,
(12) 0= —2Bu; —2Bu1v} +2u1m — 014 + Uy xx,
(13) 0= —6Buoui — 4Buivovy — 2Bugvs +2u1n1 + 2uon2 — v + o x>
(14) 0= —6fudu;—2fu105—4Bugvovi+2us no+2uon1+00¢ —2u0 xPx —toPrx
(15) 0= —2pug —2Bugvd + 2uono + 2uod?,
(16) O =i + ZM%’X + 21)%,)6 +2uiu xx + 20101 xx — 12, xx>
(I7) O =14 +4uoxu1 x + 400,501 x + 2u1uo,xx + 2UoU] xx
+ 20100, xx + 20001, xx — 1, xx>
(I8) 0= _2’71,t¢t — My + no,et — 4u1¢xu0,x + ZMS,X —4M0¢xu1,x
— 40100, x + ZDS,X — 40P 01 x + 2115 — 2U0U 1 Prx
— 20001 Pxx + N1 @Prx + 2u0U0, xx + 20000, xx — 70,xx5
(19) 0=2m¢; — 40,0 — 2n0¢u + duou1 ¢y +4vov1d; — 215
—8ugpxitox — 800dxV0x +ABxtox — 2Py — 205Pxx + 200Pxxs
(20) 0= 670p? + 6udp? + 603> — 610>
Substituting a trial solution ¢ (x, 1) = 1 + exp(i Q(x, t)) into system (8)—(20),
we consider two cases:

Case 1. Let vo(x, t) =exp(i Q(x, t)) be the arbitrary function; then equation (11),
(15) and (10) become

Q2D 0=-2¢C B+ Q3) + pui—no),
22) 0= —2uo(e*%(B+ Q) + Bug — no),
(23) 0= —2Budv; +01(—68e%2 +210) +2¢' %,
— e Qug(dfur +iQ,) + 364202 —ie’2Q,,.
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It is convenient to separate (23) into two equations:

0=—eQug(i Q) —ie*2Q,,,
0= —2Bubvi +01(—68e*2 +2n0) +2¢' Py — 4pe'Cugu; + 32 Q2.

Solving the first for ug we get ug(x, t) = —Q.ce'?/Q,. Substituting this into (21)
we obtain

no(x, 1) = (BO7 + Q7 Q3 + 03)e*C/ Q7.
Letting Q(x, t) = f1(¢)x + f2(¢) and substituting this into system (8)—(20), we
find that (20) has the form

0=6e" R (f— B(xf] + )2 + fL(=1+ B —x*f* =2xf| fs — f7)),
0= fF— BOcf]+ f)P+ fA(=1+ B — X2 fP = 2xfl f — £2).

Equating the coefficients of x%, x! and x° in the second equation to zero, we
obtain
0=—f7+Bf+ fi = B = fLF7.
0=—281f; =211l 13,
0=—fC(B+rD.

The first two are satisfied if f](t) = c;. Substituting this into the last and solving

for f>, we get —
—ciler+p—1
=[G D, L,
Substituting all the above results into equations (10), (13) and (14) and solving
for vy, u; and #; we find 01 (x, 1) = —1/2,
iVB+D)B+ci =1
2c1(B+ c%)

i (x,1) = and 71 (x, 1) = —(B +c}) exp(ih(x, 1),

where h(x, 1) :c1x+cz—|—\/cf(1 —p—- c%)t/\/—ﬂ - c%. Solving (8) or (9) or (12)

for 1, we get

U —ci+c)) =B —c})
4c2(B+c?)
Substituting all the results into the truncated expansion (7), we obtain the corre-
sponding exact solution of GZEs (3):

ivV1—-p—c2 _ 1, exp(ih(x,0)

m(x, 1) =

b

D= e YT T Tep(n )
BU—ci+ch) =1 =c})
n(x, 1) =

4c%(,3 + c%)
N B+ c%) exp(ih(x, 1)) ( exp(ih(x,?t)) .
1 +exp(ih(x, 1)) (1 +exp(ih(x, 1)) )
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Figures 1, 2, 3, 4 and 5 illustrate the solution for certain £, ¢; and c;.

o
22
LRz

Figure 1. Clockwise from top left: Graphs of u(x, t), v(x, t) and
n(x,t) for f=0.05, ¢, =—0.3i and c; = 1.

72777 HHZ

7ZZH

TLIZ IS
N\\

10

Figure 2. Clockwise from top left: Graphs of u(x, ), v(x, ) and
n(x,t) for f =2, ¢ =—0.3i and c; = —i.
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Figure 3. Clockwise from top left: Graphs of u(x, t), v(x, t) and
n(x,t) for f =—0.05, ¢; = —3i and ¢, = 0.4i.

Case 2: Let
uo(x, 1) =exp(i Q(x, 1))

be the arbitrary function. Then separate (14) into two equations:

0=ivgQ; —ie'? 0y,
0= —2u;(38e*C + pv3 — no) + €' 2 (2n1 +vo(—4pv1 +iQ;) +3¢'2Q?).

From the first we obtain vg(x, 1) = Q,.e'?/Q;. Solving (11) for 5o, we get
no(x, 1) = (BO7 + Q7 07+ 07.)e*?/ 07

Letting Q(x,t) = f1(¢)x + f2(¢) and substituting this into system (8)—(20), we
find that (20) assumes the form

0= 6T — Bxf| + )7+ fE(—1+ B —x* 2 —2xf f3— ).
0= fi— B+ )2+ f2(—1+ B — x2f2 —2xflf) — 12).
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2223

Figure 4. Clockwise from top left: Graphs of u(x, t), v(x, t) and
n(x,t) for f =—1, ¢; =0.05i and ¢, = —i.

Figure 5. Clockwise from top left: Graphs of u(x, t), v(x, t) and
n(x,t) for f =—0.5,c; =—0.3 and ¢; = —i.
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Equating the coefficients of x2, x! and x° in the second of these to zero, we obtain

0= —F2+ P12+ fi = BI7 — £ 15
0= 287/ fi— 22112,
0=—f2(B+ D).

The latter two are satisfied if fi(f) = ¢;. Substituting this into the first equation
above and solving for f>, we get

_ 2202 -1
fz(t)=t\/ Cl(_clgtf% ) ver

Substituting all the above results into Equations (10), (14) and (19) and solving
for vy, uy and #; we find

ui(x,t)=—-1/2,
ivV(=p—ci+1)
vi(x, 1) = ,
2¢c1(B+c)

mx, 1) =—(B+ci) exp(ih(x, 1)),

where h(x,t) = cix + ¢y + t\/cf(l —-p —c%)/\/—ﬂ — c%. Solving (8) or (12) or
(13) for 52, we get

B —ci+c)—p*(1—c))
4c%(ﬂ+c%)

mx, 1) =

b

Substituting all the results into the truncated expansion (7), we obtain the corre-
sponding exact solution of GZEs (3):

iv1—p— c%
261\/T—C%
1 exp(ih(x,t
ulr, f)=—3+ 1+:x(p(i(h(x,))t))
B —ci+ch)— (1 —cp)
4c%(ﬁ’+c%)
(B +c})exp(ih(x, t))( exp(ih(x,1)) 1)
1 +exp(ih(x,1)) \1+exp(ih(x,1)) ’

v(x,t)=

nx, 1) =

Figures 6, 7, 8, 9 and 10 illustrate the solution for certain f, ¢ and c;.
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Figure 6. Clockwise from top left: Graphs of u(x, t), v(x, t) and
n(x,t) for §=0.05, ¢ =—0.3i and c; =i.

Figure 7. Clockwise from top left: Graphs of u(x, t), v(x, t) and
n(x,t) for f =2, ¢y =—0.3i and c; = —i.
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Figure 8. Clockwise from top left: Graphs of u(x, t), v(x, t) and
n(x,t) for f =—0.05, ¢; = —3i and c; = 0.4i.
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Figure 9. Clockwise from top left: Graphs of u(x, t), v(x, t) and
n(x,t) for f =—1, ¢; =0.05 and ¢; = —i.
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Figure 10. Clockwise from top left: Graphs of u(x, t), v(x, )
and n(x, t) for f = —0.5, ¢; =—0.3 and c; = —i.
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