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PACIFIC JOURNAL OF MATHEMATICS
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AN EXISTENCE THEOREM OF CONFORMAL SCALAR-FLAT
METRICS ON MANIFOLDS WITH BOUNDARY

SÉRGIO DE MOURA ALMARAZ

Let (M, g) be a compact Riemannian manifold with boundary. We address
the Yamabe-type problem of finding a conformal scalar-flat metric on M
whose boundary is a constant mean curvature hypersurface. When the
boundary is umbilic, we prove an existence theorem that finishes some of
the remaining cases of this problem.

1. Introduction

J. Escobar [1992a] has studied the following Yamabe-type problem for manifolds
with boundary:

Yamabe problem. Let (Mn, g) be a compact Riemannian manifold of dimension
n ≥ 3 with boundary ∂M . Is there a scalar-flat metric on M that is conformal to g
and has ∂M as a constant mean curvature hypersurface?

In dimension two, the classical Riemann mapping theorem says that any simply
connected, proper domain of the plane is conformally diffeomorphic to a disk. This
theorem is false in higher dimensions since the only bounded open subsets of Rn

for n ≥ 3 that are conformally diffeomorphic to Euclidean balls are the Euclidean
balls themselves. The Yamabe-type problem proposed by Escobar can be viewed
as an extension of the Riemann mapping theorem for higher dimensions.

In analytical terms, this problem corresponds to finding a positive solution to{
Lgu = 0 in M,
Bgu+ K un/(n−2)

= 0 on ∂M
(1-1)

for some constant K , where Lg = 1g −
1
4(n − 2)/(n− 1)Rg is the conformal

Laplacian and Bg = ∂/∂η−
1
2(n−2)hg. Here1g is the Laplace–Beltrami operator,

Rg is the scalar curvature, hg is the mean curvature of ∂M and η is the inward unit
normal vector to ∂M .

MSC2000: primary 53C25; secondary 35J65.
Keywords: Yamabe problem, manifold with boundary, scalar curvature, mean curvature, Weyl

tensor.
The author was supported at IMPA by CNPq-Brazil.

1



2 SÉRGIO DE MOURA ALMARAZ

The solutions of the equations (1-1) are the critical points of the functional

Q(u)=

∫
M
|∇gu|2+ n−2

4(n−1)
Rgu2dvg +

n−2
2

∫
∂M

hgu2dσg(∫
∂M

u2(n− 1)/(n− 2)dσg

)(n−2)/(n−1) ,

where dvg and dσg denote the volume forms of M and ∂M , respectively. Escobar
introduced the conformally invariant Sobolev quotient

Q(M, ∂M)= inf{Q(u) : u ∈ C1(M), u 6≡ 0 on ∂M}

and proved that it satisfies Q(M, ∂M) ≤ Q(Bn, ∂B). Here, Bn denotes the unit
ball in Rn endowed with the Euclidean metric.

Under the hypothesis that Q(M, ∂M) is finite (which is the case when Rg ≥ 0),
he also showed that the strict inequality

(1-2) Q(M, ∂M) < Q(Bn, ∂B)

implies the existence of a minimizing solution of the equations (1-1).

Notation. We denote by (Mn, g) a compact Riemannian manifold of dimension
n ≥ 3 with boundary ∂M and finite Sobolev quotient Q(M, ∂M).

Theorem 1.1 [Escobar 1992a]. Assume that one of the following conditions holds:

(1) n ≥ 6 and M has a nonumbilic point on ∂M ;

(2) n ≥ 6, M is locally conformally flat and ∂M is umbilic;

(3) n = 4 or 5 and ∂M is umbilic;

(4) n = 3.

Then Q(M, ∂M) < Q(Bn, ∂B) and there is a minimizing solution to (1-1).

The proof for n = 6 under condition (1) appeared later, in [Escobar 1996b].
Further existence results were obtained by F. Marques in [Marques 2005] and

[Marques 2007]. Together, these results can be stated as follows:

Theorem 1.2 [Marques 2005; Marques 2007]. Assume that one of the following
conditions holds:

(1) n ≥ 8, W (x) 6= 0 for some x ∈ ∂M and ∂M is umbilic;

(2) n ≥ 9, W (x) 6= 0 for some x ∈ ∂M and ∂M is umbilic;

(3) n = 4 or 5 and ∂M is not umbilic.

Then Q(M, ∂M) < Q(Bn, ∂B) and there is a minimizing solution to (1-1).
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Here, W denotes the Weyl tensor of M and W the Weyl tensor of ∂M .
Our main result deals with the remaining dimensions n = 6, 7 and 8 when the

boundary is umbilic and W 6= 0 at some boundary point:

Theorem 1.3. Suppose that n=6, 7 or 8, that ∂M is umbilic and that W (x) 6=0 for
some x ∈ ∂M. Then Q(M, ∂M) < Q(Bn, ∂B) and there is a minimizing solution
to the equations (1-1).

These cases are similar to the case of dimensions 4 and 5 when the boundary is
not umbilic, studied in [Marques 2007].

Other works concerning conformal deformation on manifolds with boundary
include [Ahmedou 2003; Ambrosetti et al. 2002; Ben Ayed et al. 2005; Brendle
2002; Djadli et al. 2003; 2004; Escobar 1992b; 1996a; Escobar and Garcia 2004;
Felli and Ould Ahmedou 2003; 2005; Han and Li 1999; 2000]

We will now discuss the strategy in the proof of Theorem 1.3. We assume that
∂M is umbilic and choose x0 ∈ ∂M so that W (x0) 6= 0. Our proof is explicitly
based on constructing a test function ψ such that

(1-3) Q(ψ) < Q(Bn, ∂B).

The function ψ has support in a small half-ball around the point x0. The usual
strategy in this kind of problem (which goes back to [Aubin 1976]) is to define
the function ψ in the small half-ball as one of the standard entire solutions to the
corresponding Euclidean equations. In our context those are

(1-4) Uε(x)=
(

ε

x2
1+· · ·+x2

n−1+(ε+xn)2

)(n−2)/2
,

where x = (x1, . . . , xn) and xn ≥ 0.
The next step would be to expand the quotient of ψ in powers of ε and, by

exploiting the local geometry around x0, show that the inequality (1-3) holds if ε
is small. To simplify the asymptotic analysis, we use conformal Fermi coordinates
centered at x0. This concept, introduced in [Marques 2005], plays the same role
that conformal normal coordinates (see [Lee and Parker 1987]) did in the case of
manifolds without boundary.

When n ≥ 9, the strict inequality (1-3) was proved in [Marques 2005]. The
difficulty arises because, when 3≤ n≤ 8, the first correction term in the expansion
does not have the right sign. When 3≤ n ≤ 5, Escobar proved the strict inequality
by applying the positive mass theorem, a global construction originally due to
Schoen [1984]. This argument does not work when 6 ≤ n ≤ 8 because the metric
is not sufficiently flat around the point x0.

As we mentioned before, the situation under the hypothesis of Theorem 1.3 is
quite similar to the cases of dimensions 4 and 5 when the boundary is not umbilic,
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cases solved by Marques [2007]. As he pointed out, the test functions Uε are
not optimal in these cases but the problem is still local. This phenomenon does
not appear in the classical solution of the Yamabe problem for manifolds without
boundary. However, perturbed test functions have been used in the works of Hebey
and Vaugon [1993], Brendle [2007] and Khuri, Marques and Schoen [2009].

To prove the inequality (1-3), inspired by the ideas of Marques, we introduce

φε(x)= εn−2/2 Rnin j (x0)xi x j x2
n(x

2
1 + · · ·+ x2

n−1+ (ε+ xn)
2)−n/2.

Our test function ψ is defined as ψ =Uε +φε around x0 ∈ ∂M .
In Section 2 we expand the metric g in Fermi coordinates and discuss the con-

formal Fermi coordinates. In Section 3 we prove Theorem 1.3 by estimating Q(ψ).

Notation. Throughout, we use the index notation for tensors, with commas de-
noting covariant differentiation. We adopt the summation convention whenever
confusion does not result. When dealing with Fermi coordinates, we will use
indices 1 ≤ i, j, k, l,m, p, r, s ≤ n − 1 and 1 ≤ a, b, c, d ≤ n. Lines over an
object mean that the metric is being restricted to the boundary.

We set det g = det gab. We will denote by ∇g or ∇ the covariant derivative
and by 1g or 1 the Laplace–Beltrami operator. The full curvature tensor will be
denoted by Rabcd , the Ricci tensor by Rab, and the scalar curvature by Rg or R.
The second fundamental form of the boundary will be denoted by hi j and the mean
curvature, (n−1)−1 tr(hi j ), by hg or h. We will denote the Weyl tensor by Wabcd .

We let Rn
+

denote the half-space {x = (x1, . . . , xn) ∈Rn
; xn ≥ 0}. If x ∈Rn

+
we

set x̄ = (x1, . . . , xn−1) ∈ Rn−1 ∼= ∂Rn . We will denote by B+δ (0) (or B+δ for short)
the half-ball Bδ(0)∩Rn

+
, where Bδ(0) is the Euclidean open ball of radius δ > 0

centered at the origin of Rn . Given a subset C⊂Rn
+

, we set ∂+C= ∂C∩(Rn
+
\∂Rn

+
)

and ∂ ′C= C∩ ∂Rn
+

.
We denote the volume forms of M and ∂M denoted by dvg and dσg, respec-

tively. The n-dimensional sphere of radius r in Rn+1 will be denoted by Sn
r . We

denote the volume of the n-dimensional unit sphere Sn
1 by σn .

For C⊂ M , we define the energy of a function u in C by

EC(u)=
∫

C

(
|∇gu|2+ n−2

4(n−1)
Rgu2

)
dvg +

n−2
2

∫
∂ ′C

hgu2dσg.

2. Coordinate expansions for the metric

In this section we will write expansions for the metric g in Fermi coordinates. We
will also discuss the concept of conformal Fermi coordinates. The results of this
section are basically proved on [Marques 2005, pages 1602–1609 and 1618].

Definition 2.1. Let x0 ∈ ∂M . Choose geodesic normal coordinates (x1, . . . , xn−1)

on the boundary, centered at x0. We say that (x1, . . . , xn) for small xn ≥ 0 are
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the Fermi coordinates (centered at x0) of the point expx(xnη(x)) ∈ M . Here, we
denote by η(x) the inward unit vector normal to ∂M at x ∈ ∂M .

It is easy to see that in these coordinates, gnn≡1 and g jn≡0 for j=1, . . . , n−1.
Fix x0 ∈ ∂M . The existence of conformal Fermi coordinates is stated as follows:

Proposition 2.2. For any given integer N ≥ 1 there is a metric g̃, conformal to g,
such that det g̃(x)= 1+O(|x |N ) in g̃-Fermi coordinates centered at x0. Moreover,
h g̃(x)= O(|x |N−1).

The first statement of Proposition 2.2 is [Marques 2005, Proposition 3.1]. The
second follows from the equation

hg =
−1

2(n−1)
gi j gi j,n =

−1
2(n−1)

(log det g),n.

The next three lemmas will also be used in the computations of the next section.

Lemma 2.3. Suppose that ∂M is umbilic. Then, in conformal Fermi coordinates
centered at x0, we have hi j (x)= O(|x |N ), where N can be taken arbirarily large,
and

gi j (x)= δi j +
1
3 Rik jl xk xl + Rnin j x2

n +
1
6 Rik jl;m xk xl xm + Rnin j;k x2

n xk +
1
3 Rnin j;nx3

n

+ ( 1
20 Rik jl;mp +

1
15 Riksl R jmsp)xk xl xm x p

+ ( 1
2 Rnin j;kl +

1
3 Symi j (Riksl Rnsnj ))x2

n xk xl

+
1
3 Rnin j;nk x3

n xk + (
1

12 Rnin j;nn +
2
3 Rnins Rnsnj )x4

n + O(|x |5).

Here, every coefficient is computed at x0.

Lemma 2.4. Suppose that ∂M is umbilic. Then, in conformal Fermi coordinates
centered at x0, we have these equalities at x0:

(i) Rkl = Symklm(Rkl;m)= 0,

(ii) Rnn = Rnn;k = Symkl(Rnn;kl)= 0,

(iii) Rnn;n = 0,

(iv) Symklmp(
1
2 Rkl;mp +

1
9 Rik jl Rim jp)= 0,

(v) Rnn;nk = 0,

(vi) Rnn;nn + 2(Rnin j )
2
= 0,

(vii) Ri j = Rnin j ,

(viii) Ri jkn = Ri jkn; j = 0,

(ix) R = R, j = R,n = 0,

(x) R,i i =− 1
6(W i jkl)

2,

(xi) Rnin j;i j =−
1
2 R;nn − (Rnin j )

2.
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The idea for proving items (i)–(vi) of Lemma 2.4 is to express gi j as the exponential
of a matrix Ai j . Then we just observe that trace(Ai j )= O(|x |N ) for any arbitrarily
large integer N . Items (vii)–(xi) are applications of the Gauss and Codazzi equa-
tions and the Bianchi identity. Item (x) uses the fact that Fermi coordinates are
normal on the boundary.

Lemma 2.5. Suppose ∂M is umbilic. Then Wabcd(x0) = 0 in conformal Fermi
coordinates centered at x0 ∈ ∂M if and only if Rnin j (x0)=W i jkl(x0)= 0.

Proof of Lemma 2.5. Recall that the Weyl tensor is defined by

(2-1) Wabcd = Rabcd −
1

n−2
(Racgbd − Rad gbc+ Rbd gac− Rbcgad)

+
R

(n−2)(n−1)
(gacgbd − gad gbc).

By the symmetries of the Weyl tensor, Wnnnn = Wnnni = Wnni j = 0. By the
identity (2-1) and Lemma 2.4(viii), we have Wni jk(x0) = 0. From the identity
(2-1) again and from parts (ii), (vii) and (ix) of Lemma 2.4, we have

Wnin j =
n−3
n−2

Rnin j

and

Wi jkl =W i jkl −
1

n−2
(Rnink g jl − Rninl g jk + Rnjnl gik − Rnjnk gil)

at x0. In the last equation we also used the Gauss equation. The result follows. �

3. Estimating the Sobolev quotient

In this section, we will prove Theorem 1.3 by constructing a function ψ such that

Q(ψ) < Q(Bn, ∂B).

We first recall that the positive number Q(Bn, ∂B) also appears as the best
constant in the Sobolev-trace inequality(∫

∂Rn
+

|u|2(n−1)/(n−2)dx̄
)(n−2)/n−1

≤
1

Q(Bn, ∂B)

∫
Rn
+

|∇u|2dx

for every u ∈ H 1(Rn
+
). Escobar [1988] and independently Beckner [1993] proved

that the equality is achieved by the functions Uε defined in (1-4). They are solutions
to the boundary value problem

(3-1)

1Uε = 0 in Rn
+
,

∂Uε

∂yn
+ (n− 2)U n/(n−2)

ε = 0 on ∂Rn
+
.
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One can check, using integration by parts, that∫
Rn
+

|∇Uε |
2dx = (n− 2)

∫
∂Rn
+

U 2(n−1)/(n−2)
ε dx

and also that

(3-2) Q(Bn, ∂B)= (n− 2)
(∫

∂Rn
+

U 2(n−1)/(n−2)
ε dx

)1/(n−1)
.

Assumption. In what remains, we will assume that ∂M is umbilic and there is a
point x0 ∈ ∂M such that W (x0) 6= 0.

Since the Sobolev quotient Q(M, ∂M) is a conformal invariant, we can use
conformal Fermi coordinates centered at x0.

Convention. Henceforth, all the curvature terms are evaluated at x0. We fix con-
formal Fermi coordinates centered at x0 and work in a half-ball B+2δ= B+2δ(0)⊂Rn

+
.

In particular, for any arbitrarily large N , we can write the volume element dvg

as

(3-3) dvg = (1+ O(|x |N ))dx .

Often we will use that, for any homogeneous polynomial pk of degree k,

(3-4)
∫

Sn−2
r

pk =
r2

k(k+n−3)

∫
Sn−2

r

1pk .

We will now construct the test function ψ . Set

(3-5) φε(x)= ε(n−2)/2 ARnin j xi x j x2
n((ε+ xn)

2
+ |x̄ |2)−n/2,

for A ∈ R to be fixed later, and

(3-6) φ(y)= ARnin j yi y j y2
n((1+ yn)

2
+ |ȳ|2)−n/2.

Thus, φε(x)= ε2−(n−2)/2φ(ε−1x). Set U =U1. Thus, Uε(x)= ε−(n−2)/2U (ε−1x).
Note that Uε(x)+φε(x)= (1+ O(|x |2))Uε(x). Hence, if δ is sufficiently small,

1
2Uε ≤Uε +φε ≤ 2Uε in B+2δ.

Let r 7→ χ(r) be a smooth cut-off function satisfying χ(r) = 1 for 0 ≤ r ≤ δ,
χ(r) = 0 for r ≥ 2δ and 0 ≤ χ ≤ 1 and |χ ′(r)| ≤ Cδ−1 if δ ≤ r ≤ 2δ. Our test
function is defined by

ψ(x)= χ(|x |)(Uε(x)+φε(x)).



8 SÉRGIO DE MOURA ALMARAZ

3.1. Estimating the energy of ψ . The energy of ψ is given by

(3-7)

EM(ψ)=

∫
M

(
|∇gψ |

2
+

n−2
4(n−1)

Rgψ
2
)

dvg +
n−2

2

∫
∂M

hgψ
2dσg

= EB+δ
(ψ)+ EB+2δ\B

+

δ
(ψ).

Observe that

|∇gψ |
2
≤ C |∇ψ |2 ≤ C |∇χ |2(Uε +φε)

2
+Cχ2

|∇(Uε +φε)|
2.

Hence,

EB+2δ\B
+

δ
(ψ)≤ C

∫
B+2δ\B

+

δ

|∇χ |2U 2
ε dx +C

∫
B+2δ\B

+

δ

χ2
|∇Uε |

2dx

+C
∫

B+2δ\B
+

δ

RgU 2
ε dx +C

∫
∂ ′B+2δ\∂

′B+δ

hgU 2
ε dx̄,

Thus,

(3-8) EB+2δ\B
+

δ
(ψ)≤ Cεn−2δ2−n.

The first term in the right hand side of (3-7) is

EB+δ
(ψ)= EB+δ

(Uε +φε)

=

∫
B+δ

(
|∇g(Uε +φε)|

2
+

n−2
4(n−1)

Rg(Uε +φε)
2
)

dvg

+
n−2

2

∫
∂ ′B+δ

hg(Uε +φε)
2dσg

=

∫
B+δ

|∇(Uε +φε)|
2dx(3-9)

+

∫
B+δ

(gi j
− δi j )∂i (Uε +φε)∂ j (Uε +φε)dx

+
n−2

4(n−1)

∫
B+δ

Rg(Uε +φε)
2dx +Cεn−2δ.

Here, we used the identity (3-3) for the volume term and Proposition 2.2 for the
integral involving hg.

We will treat the three integral terms in the right hand side of (3-9) in the next
three lemmas.
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Lemma 3.1. We have∫
B+δ

|∇(Uε +φε)|
2dx

≤ Q(Bn, ∂Bn)
(∫

∂M
ψ2(n−1)/(n−2)dx

)(n−2)/(n−1)
+Cεn−2δ2−n

−
4

(n+1)(n−1)
ε4 A2(Rnin j )

2
∫

B
δε−1

y2
n |ȳ|

4

((1+ yn)2+ |ȳ|2)n
dy

+
8n

(n+1)(n−1)
ε4 A2(Rnin j )

2
∫

B+
δε−1

y3
n |ȳ|

4

((1+ yn)2+ |ȳ|2)n+1 dy

+
12n

(n+1)(n−1)
ε4 A2(Rnin j )

2
∫

B+
δε−1

y4
n |ȳ|

4

((1+ yn)2+ |ȳ|2)n+1 dy.

Proof. Since Rnn = 0 by Lemma 2.4(ii), we have
∫

Sn−2
r

Rnin j yi y j dσr (y)= 0. Thus
we see that

(3-10)
∫

B+δ

|∇(Uε +φε)|
2dx =

∫
B+δ

|∇Uε |
2dx +

∫
B+δ

|∇φε |
2dx .

Integrating by parts equations (3-1) and using the identity (3-2) we obtain∫
B+δ

|∇Uε |
2dx ≤ Q(Bn, ∂Bn)

(∫
∂ ′B+δ

U 2(n−1)/(n−2)
ε dx

)(n−2)/(n−1)

≤ Q(Bn, ∂Bn)
(∫

∂M
ψ2(n−1)/(n−2)dx

)(n−2)/(n−1)
.

In the first inequality above we used that ∂Uε/∂η > 0 on ∂+B+δ , where η denotes
the inward unit normal vector. In the second we used that φε = 0 on ∂M .

For the second term in the right hand side of (3-10), an integration by parts plus
a change of variables gives∫

B+δ

|∇φε |
2dx ≤−ε4

∫
B+
ε−1δ

(1φ)φdy+Cεn−2δ2−n,

Here we have used that
∫
∂ ′B+δ

(∂φε/∂xn)φεdx̄ = 0; the term Cεn−2δ2−n comes from
the integral over ∂+B+δ .

Claim. The function φ satisfies

1φ(y)= 2ARnin j yi y j ((1+ yn)
2
+ |ȳ|2)−n/2

− 4n ARnin j yi y j yn((1+ yn)
2
+ |ȳ|2)−(n+2)/2

− 6n ARnin j yi y j y2
n((1+ yn)

2
+ |ȳ|2)−(n+2)/2.
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Proof. We set Z(y)= ((1+ yn)
2
+ |ȳ|2). Since Rnn = 0,

1(Rnin j yi y j y2
n Z−n/2)

=1(Rnin j yi y j y2
n)Z
−n/2
+ Rnin j yi y j y2

n1(Z
−n/2)

+ 2∂k(Rnin j yi y j y2
n)∂k(Z−n/2)+ 2∂n(Rnin j yi y j y2

n)∂n(Z−n/2)

= 2Rnin j yi y j Z−n/2
+ 2n Rnin j yi y j y2

n Z−(n+2)/2

− 4n Rnin j yi y j y2
n Z−(n+2)/2

− 4n Rnin j yi y j yn(yn + 1)Z−(n+2)/2

= 2Rnin j yi y j Z−n/2
− 6n Rnin j yi y j y2

n Z−(n+2)/2

− 4n Rnin j yi y j yn Z−(n+2)/2. �

Using this claim, we get∫
B+
δε−1

(1φ)φdy = 2A2
∫

B+
δε−1

((1+ yn)
2
+ |ȳ|2)−n Rnin j Rnknl yi y j yk yl y2

ndy

− 4n A2
∫

B+
δε−1

((1+ yn)
2
+ |ȳ|2)−n−1 Rnin j Rnknl yi y j yk yl y3

ndy

−6n A2
∫

B+
δε−1

((1+ yn)
2
+ |ȳ|2)−n−1 Rnin j Rnknl yi y j yk yl y4

ndy.

Since 12(Rnin j Rnknl yi y j yk yl)= 16(Rnin j )
2,∫

Sn−2
r

Rnin j Rnknl yi y j yk yldσr =
2σn−2

(n+ 1)(n− 1)
rn+2(Rnin j )

2.

Thus∫
B+
δε−1

(1φ)φdy = 4
(n+1)(n−1)

A2(Rnin j )
2
∫

B+
δε−1

y2
n |ȳ|

4

((1+ yn)2+ |ȳ|2)n
dy

−
8n

(n+ 1)(n− 1)
A2(Rnin j )

2
∫

B+
δε−1

y3
n |ȳ|

4

((1+ yn)2+ |ȳ|2)n+1 dy

−
12n

(n+ 1)(n− 1)
A2(Rnin j )

2
∫

B+
δε−1

y4
n |ȳ|

4

((1+ yn)2+ |ȳ|2)n+1 dy.

Hence,∫
B+δ

|∇φε |
2dx ≤− 4

(n+1)(n−1)
ε4 A2(Rnin j )

2
∫

B+
δε−1

y2
n |ȳ|

4

((1+ yn)2+ |ȳ|2)n
dy

+
8n

(n+1)(n−1)
ε4 A2(Rnin j )

2
∫

B+
δε−1

y3
n |ȳ|

4

((1+ yn)2+ |ȳ|2)n+1 dy
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+
12n

(n+1)(n−1)
ε4 A2(Rnin j )

2
∫

B+
δε−1

y4
n |ȳ|

4

((1+ yn)2+ |ȳ|2)n+1 dy

+Cεn−2δ2−n. �

Lemma 3.2. We have∫
B+δ

(gi j
− δi j )∂i (Uε +φε)∂ j (Uε +φε)dx

=
(n− 2)2

(n+ 1)(n− 1)
ε4 Rnin j;i j

∫
B+
δε−1

y2
n |ȳ|

4

((1+ yn)2+ |ȳ|2)n
dy

+
(n− 2)2

2(n− 1)
ε4(Rnin j )

2
∫

B+
δε−1

y4
n |ȳ|

2

((1+ yn)2+ |ȳ|2)n
dy

−
4n(n− 2)

(n+ 1)(n− 1)
ε4 A(Rnin j )

2
∫

B+
δε−1

y4
n |ȳ|

2

((1+ yn)2+ |ȳ|2)n+1 dy+ E1,

where

E1 =


O(ε4δ−4) if n = 6,
O(ε5 log(δε−1)) if n = 7,
O(ε5) if n ≥ 8.

Proof. Observe that

(3-11)
∫

B+δ

(gi j
− δi j )∂i (Uε +φε)∂ j (Uε +φε)dx

=

∫
B+δ

(gi j
− δi j )∂iUε∂ jUεdx + 2

∫
B+δ

(gi j
− δi j )∂iUε∂ jφεdx

+

∫
B+δ

(gi j
− δi j )∂iφε∂ jφεdx .

We will handle separately the three terms in the right side of this. The first is∫
B+δ

(gi j
− δi j )(x)∂iUε(x)∂ jUε(x)dx

=

∫
B+
δε−1

(gi j
− δi j )(εy)∂iU (y)∂ jU (y)dy

= (n− 2)2
∫

B+
δε−1

((1+ yn)
2
+ |ȳ|2)−n(gi j

− δi j )(εy)yi y j dy.
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Hence, using Lemma A.1 we obtain∫
B+δ

(gi j
− δi j )(x)∂iUε(x)∂ jUε(x)dx

=
(n− 2)2

(n+ 1)(n− 1)
ε4 Rnin j;i j

∫
B+
δε−1

y2
n |ȳ|

4

((1+ yn)2+ |ȳ|2)n
dy

+
(n− 2)2

2(n− 1)
ε4(Rnin j )

2
∫

B+
δε−1

y4
n |ȳ|

2

((1+ yn)2+ |ȳ|2)n
dy+ E ′1,

where

E ′1 =


O(ε4δ) if n = 6,

O(ε5 log(δε−1)) if n = 7,

O(ε5) if n ≥ 8.

The second term is

(3-12) 2
∫

B+δ

(gi j
− δi j )(x)∂iUε(x)∂ jφε(x)dx

=−2
∫

B+δ

(gi j
− δi j )(x)∂i∂ jUε(x)φε(x)dx

− 2
∫

B+δ

(∂i gi j )(x)∂ jUε(x)φε(x)dx + O(εn−2δ2−n)

=−2ε2
∫

B+
δε−1

(gi j
− δi j )(εy)∂i∂ jU (y)φ(y)dy

− 2ε3
∫

B+
δε−1

(∂i gi j )(εy)∂ jU (y)φ(y)dy+ O(εn−2δ2−n).

But

−2ε2
∫

B+
δε−1

(gi j
− δi j )(εy)∂i∂ jU (y)φ(y)dy

=−2(n− 2)ε2 A
∫

B+
δε−1

((1+ yn)
2
+ |ȳ|2)−n−1(gi j

− δi j )(εy)

·
(
nyi y j − ((1+ yn)

2
+ |ȳ|2)δi j

)
Rnknl yk yl y2

ndy

=−
4n(n− 2)

(n+ 1)(n− 1)
ε4 A(Rnin j )

2
∫

B+
δε−1

y4
n |ȳ|

4

((1+ yn)2+ |ȳ|2)n+1 dy+ E ′2,

where

E ′2 =


O(ε4δ) if n = 6,
O(ε5 log(δε−1)) if n = 7,
O(ε5) if n ≥ 8
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and in the last equality, we used Lemma A.2 and the fact that Lemma 2.3, together
with parts (i), (ii) and (iii) of Lemma 2.4, implies∫

Sn−2
r

(gi j
− δi j )(εy)δi j Rnknl yk yldσr (y)=

∫
Sn−2

r

O(ε4
|y|4)Rnknl yk yldσr (y).

We also have, by Lemma 2.3 and Lemma 2.4(i),

−2ε3
∫

B+
δε−1

(∂i gi j )(εy)∂ jU (y)φ(y)dy = E ′3 =


O(ε4δ) if n = 6,
O(ε5 log(δε−1)) if n = 7,
O(ε5) if n ≥ 8.

Hence

2
∫

B+δ

(gi j
− δi j )(x)∂iUε(x)∂ jφε(x)dx

= E ′2+ E ′3−
4n(n− 2)

(n+ 1)(n− 1)
ε4 A(Rnin j )

2
∫

B+
δε−1

y4
n |ȳ|

4

((1+ yn)2+ |ȳ|2)n+1 dy.

Finally, the third term in the right hand side of (3-11) is written as∫
B+δ

(gi j
− δi j )(x)∂iφε(x)∂ jφε(x)dx = ε4

∫
B+
δε−1

(gi j
− δi j )(εy)∂iφ(y)∂ jφ(y)dy

=


O(ε4δ) if n = 6,
O(ε5 log(δε−1)) if n = 7,
O(ε5) if n ≥ 8.

The result now follows if we choose ε small enough that log(δε−1) > δ2−n . �

Lemma 3.3. We have

n−2
4(n−1)

∫
B+δ

Rg(Uε +φε)
2dx =

n−2
8(n−1)

ε4 R;nn

∫
B+
δε−1

y2
n

((1+ yn)2+ |ȳ|2)n−2 dy

−
n−2

24(n−1)2
ε4(W i jkl)

2
∫

B+
δε−1

|ȳ|2

((1+ yn)2+ |ȳ|2)n−2 dy+ E2,

where

E2 =


O(ε4δ) if n = 6,
O(ε5 log(δε−1)) if n = 7,
O(ε5) if n ≥ 8.
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Proof. We first observe that

(3-13)
∫

B+δ

Rg(Uε +φε)
2dx =

∫
B+δ

RgU 2
ε dx + 2

∫
B+δ

RgUεφεdx +
∫

B+δ

Rgφ
2
εdx .

We will handle each term in the right hand side of (3-13) separately. Using
Lemma A.3, we see that the first is

(3-14)

∫
B+δ

Rg(x)Uε(x)2dx = ε2
∫

B+
δε−1

Rg(εy)U 2(y)dy

=
1
2ε

4 R;nn

∫
B+
δε−1

y2
n

((1+ yn)2+ |ȳ|2)n−2 dy+ E ′4

−
1

12(n−1)
ε4(W i jkl)

2
∫

B+
δε−1

|ȳ|2

((1+ yn)2+ |ȳ|2)n−2 dy,

where

E ′4 =


O(ε4δ) if n = 6,

O(ε5 log(δε−1)) if n = 7,

O(ε5) if n ≥ 8.

By Lemma 2.4(ix), the second term is

2
∫

B+δ

Rg(x)Uε(x)φε(x)dx = 2ε4
∫

B+
δε−1

Rg(εy)U (y)φ(y)dy

=


O(ε4δ) if n = 6,
O(ε5 log(δε−1)) if n = 7,
O(ε5) if n ≥ 8

and the last term is∫
B+δ

Rgφ
2
εdx =


O(ε4δ) if n = 6,

O(ε5 log(δε−1)) if n = 7,

O(ε5) if n ≥ 8. �

Proof of Theorem 1.3. It follows from Lemmas 3.1, 3.2 and 3.3 and the identities
(3-7), (3-8) and (3-9) that

EM(ψ)≤ Q(Bn, ∂Bn)
(∫

∂M
ψ2(n−1)/(n−2)

)(n−2)/(n−1)
+ E(3-15)

− ε4 4A2

(n+1)(n−1)
(Rnin j )

2
∫

B+
δε−1

y2
n |ȳ|

4

((1+ yn)2+ |ȳ|2)n
dy

+ ε4 (n− 2)2

(n+ 1)(n− 1)
Rnin j;i j

∫
B+
δε−1

y2
n |ȳ|

4

((1+ yn)2+ |ȳ|2)n
dy
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+ ε4 8n A2

(n+1)(n−1)
(Rnin j )

2
∫

B+
δε−1

y3
n |ȳ|

4

((1+ yn)2+ |ȳ|2)n+1 dy

+ ε4 12n A2

(n+1)(n−1)
(Rnin j )

2
∫

B+
δε−1

y4
n |ȳ|

4

((1+ yn)2+ |ȳ|2)n+1 dy

− ε4 4n(n− 2)A
(n+ 1)(n− 1)

(Rnin j )
2
∫

B+
δε−1

y4
n |ȳ|

4

((1+ yn)2+ |ȳ|2)n+1 dy

+ ε4 (n− 2)2

2(n− 1)
(Rnin j )

2
∫

B+
δε−1

y4
n |ȳ|

2

((1+ yn)2+ |ȳ|2)n
dy

+ ε4 n−2
8(n−1)

R;nn

∫
B+
δε−1

y2
n

((1+ yn)2+ |ȳ|2)n−2 dy

− ε4 n−2
48(n−1)2

(W i jkl)
2
∫

B+
δε−1

|ȳ|2

((1+ yn)2+ |ȳ|2)n−2 dy.

where

E =


O(ε4δ−4) if n = 6,

O(ε5 log(δε−1)) if n = 7,

O(ε5) if n ≥ 8.

We divide the rest of the proof into two cases.

The case n = 7, 8. Set I =
∫
∞

0 rn/(r2
+ 1)ndr . We will apply the change of vari-

ables z̄ = (1+ yn)
−1 ȳ and Lemmas B.1 and B.2 to compare the different integrals

in the expansion (3-15).
These integrals are

I1 =

∫
Rn
+

y2
n |ȳ|

4

((1+ yn)2+ |ȳ|2)n
dynd ȳ =

∫
∞

0
y2

n(1+ yn)
3−ndyn

∫
Rn−1

|z̄|4

(1+ |z̄|2)n
dz̄

=
2(n+ 1)σn−2 I

(n− 3)(n− 4)(n− 5)(n− 6)
,

I2 =

∫
Rn
+

y3
n |ȳ|

4

((1+yn)2+|ȳ|2)n+1 dynd ȳ =
∫
∞

0
y3

n(1+yn)
1−ndyn

∫
Rn−1

|z̄|4

(1+|z̄|2)n+1 dz̄

=
3(n+1)σn−2 I

n(n−2)(n−3)(n−4)(n−5)
,

I3 =

∫
Rn
+

y4
n |ȳ|

4

((1+yn)2+|ȳ|2)n+1 dynd ȳ =
∫
∞

0
y4

n(1+yn)
1−ndyn

∫
Rn−1

|z̄|4

(1+|z̄|2)n+1 dz̄

=
12(n+1)σn−2 I

n(n−2)(n−3)(n−4)(n−5)(n−6)
,
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I4 =

∫
Rn
+

y4
n |ȳ|

2

((1+ yn)2+ |ȳ|2)n
dynd ȳ =

∫
∞

0
y4

n(1+ yn)
1−ndyn

∫
Rn−1

|z̄|2

(1+ |z̄|2)n
dz̄

=
24σn−2 I

(n− 2)(n− 3)(n− 4)(n− 5)(n− 6)
,

I5 =

∫
Rn
+

y2
n

((1+yn)2+|ȳ|2)n−2 dynd ȳ =
∫
∞

0
y2

n(1+yn)
3−ndyn

∫
Rn−1

1
(1+|z̄|2)n−2 dz̄

=
8(n−2)σn−2 I

(n−3)(n−4)(n−5)(n−6)
.

Thus,

(3-16)

EM(ψ)≤ Q(Bn, ∂Bn)
(∫

∂M
ψ2(n−1)/(n−2)

)(n−2)/(n−1)
+ E ′

+ ε4
(
−

4A2

(n+1)(n−1)
I1+

8n A2

(n+1)(n−1)
I2+

(n− 2)2

2(n− 1)
I4

)
(Rnin j )

2

+ ε4
(

12n A2

(n+1)(n−1)
−

4n(n− 2)A
(n+ 1)(n− 1)

)
I3 · (Rnin j )

2

+ ε4 (n− 2)2

(n+ 1)(n− 1)
I1 · Rnin j;i j + ε

4 n−2
8(n−1)

I5 · R;nn

− ε4 n−2
48(n−1)2

(W i jkl)
2
∫

Rn
+

|ȳ|2

((1+ yn)2+ |ȳ|2)n−2 dy.

where

E ′ =
{

O(ε5 log(δε−1)) if n = 7,
O(ε5) if n = 8.

Using Lemma 2.4(xi) and substituting the expressions obtained for I1, . . . , I5 in
the expansion (3-16), the coefficients of Rnin j;i j and R;nn cancel out and we obtain

(3-17) EM(ψ)

≤ Q(Bn, ∂Bn)
(∫

∂M
ψ2(n−1)/(n−2)

)(n−2)/(n−1)
+ E ′

+ε4σn−2 I ·γ
(
16(n+1)A2

−48(n−2)A+2(8−n)(n−2)2
)
(Rnin j )

2

− ε4 n− 2
48(n− 1)2

(W i jkl)
2
∫

Rn
+

|ȳ|2

((1+ yn)2+ |ȳ|2)n−2 dy,

where

1/γ = (n− 1)(n− 2)(n− 3)(n− 4)(n− 5)(n− 6).

Choosing A = 1, the term 16(n + 1)A2
− 48(n − 2)A + 2(8− n)(n − 2)2 in

the expansion (3-17) is −62 for n = 7 and −144 for n = 8. Thus, for small ε,
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since Wabcd(x0) 6= 0, the expansion (3-17) together with Lemma 2.5 implies that,
in dimensions 7 and 8,

EM(ψ) < Q(Bn, ∂Bn)
(∫

∂M
ψ2(n−1)/(n−2)

)(n−2)/(n−1)
.

The case n = 6. We will again apply the change of variables z̄ = (1+ yn)
−1 ȳ and

Lemma B.1 to compare the different integrals in the expansion (3-15). In the next
estimates we are always assuming n = 6.

In this case, the first integral is

I1,δ/ε =

∫
B+
δε−1

y2
n |ȳ|

4

((1+ yn)2+ |ȳ|2)n
dynd ȳ

=

∫
B+
δε−1∩{yn≤δ/2ε}

y2
n |ȳ|

4

((1+ yn)2+ |ȳ|2)n
dynd ȳ+ O(1)

=

∫
Rn
+∩{yn≤δ/2ε}

y2
n |ȳ|

4

((1+ yn)2+ |ȳ|2)n
dynd ȳ+ O(1).

Hence

I1,δ/ε =

∫ δ/2ε

0
y2

n(1+ yn)
3−ndyn

∫
Rn−1

|z̄|4

(1+ |z̄|2)n
dz̄+ O(1)

= log(δε−1)
n+1
n−3

σn−2 I + O(1).

The second integral is

I2,δ/ε =

∫
B+
δε−1

y3
n |ȳ|

4

((1+ yn)2+ |ȳ|2)n+1 dynd ȳ = O(1).

The others are similar to I1,δ/ε :

I3,δ/ε =

∫
B+
δε−1

y4
n |ȳ|

4

((1+ yn)2+ |ȳ|2)n+1 dynd ȳ

=

∫ δ/2ε

0
y4

n(1+ yn)
1−ndyn

∫
Rn−1

|z̄|4

(1+ |z̄|2)n+1 dz̄+ O(1)

= log(δε−1)
n+1
2n

σn−2 I + O(1),

I4,δ/ε =

∫
B+
δε−1

y4
n |ȳ|

2

((1+ yn)2+ |ȳ|2)n
dynd ȳ

=

∫ δ/2ε

0
y4

n(1+ yn)
1−ndyn

∫
Rn−1

|z̄|2

(1+ |z̄|2)n
dz̄

= log(δε−1)σn−2 I + O(1),
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I5,δ/ε =

∫
B+
δε−1

y2
n

((1+ yn)2+ |ȳ|2)n−2 dynd ȳ

=

∫ δ/2ε

0
y2

n(1+ yn)
3−ndyn

∫
Rn−1

1
(1+|z̄|2)n−2 dz̄+ O(1)

= log(δε−1)
4(n− 2)

n− 3
σn−2 I + O(1),

I6,δ/ε =

∫
B+
δε−1

|ȳ|2

((1+ yn)2+ |ȳ|2)n−2 dynd ȳ

=

∫ δ/2ε

0
(1+ yn)

5−ndyn

∫
Rn−1

|z̄|2

(1+ |z̄|2)n−2 dz̄+ O(1)

= log(δε−1)
4(n− 1)(n− 2)
(n− 3)(n− 5)

σn−2 I + O(1).

Thus,

(3-18)

EM(ψ)≤ Q(Bn, ∂Bn)
(∫

∂M
ψ2(n−1)/(n−2)

)(n−2)/(n−1)
+ O(ε4δ−4)

+ ε4
(
−

4A2

(n+1)(n−1)
I1,δ/ε +

(n− 2)2

2(n− 1)
I4,δ/ε

)
(Rnin j )

2

+ ε4
(

12n A2

(n+1)(n−1)
−

4n(n− 2)A
(n+ 1)(n− 1)

)
I3,δ/ε · (Rnin j )

2

+ ε4 (n− 2)2

(n+ 1)(n− 1)
I1,δ/ε · Rnin j;i j + ε

4 n−2
8(n−1)

I5,δ/ε · R;nn

− ε4 n−2
48(n−1)2

I6,δ/ε · (W i jkl)
2.

Using Lemma 2.4(xi) and substituting the expressions obtained for I1,δ/ε through
I6,δ/ε in expansion (3-18), we find the coefficients of Rnin j;i j and R;nn cancel out
and obtain

(3-19) EM(ψ)≤ Q(Bn, ∂Bn)
(∫

∂M
ψ2(n−1)/(n−2)

)(n−2)/(n−1)
+ O(ε4δ−4)

+ ε4 log(δε−1)σn−2 I

·

( 6(n− 3)− 4
(n− 1)(n− 3)

A2
−

2(n− 2)
n− 1

A+
(n− 2)2(n− 5)
2(n− 1)(n− 3)

)
(Rnin j )

2

− ε4 log(δε−1)σn−2 I
(n− 2)2

12(n− 1)(n− 3)(n− 5)
(W i jkl)

2.

Choosing A=1, the term to the left of (Rnin j )
2 in the expansion (3-19) is−2/15

for n = 6. Thus, for small ε, since Wabcd(x0) 6= 0, the expansion (3-19) together



AN EXISTENCE THEOREM OF CONFORMAL SCALAR-FLAT METRICS 19

with Lemma 2.5 implies that, in dimension n = 6

EM(ψ) < Q(Bn, ∂Bn)
(∫

∂M
ψ2(n−1)/(n−2)

)(n−2)/(n−1)
. �

Appendix A.

In this section, we will use the results of Section 2 to calculate some integrals used
in the computations of Section 3. As before, all curvature coefficients are evaluated
at x0 ∈ ∂M , around which we center conformal Fermi coordinates.

Lemma A.1. We have∫
Sn−2

r

(gi j
− δi j )(εy)yi y j dσr (y)= σn−2ε

4 y2
nrn+2

(n+ 1)(n− 1)
Rnin j;i j

+ σn−2ε
4 y4

nrn

2(n− 1)
(Rnin j )

2
+ O(ε5

|(r, yn)|
n+5).

Proof. By Lemma 2.3,∫
Sn−2

r

(gi j
− δi j )(εy)yi y j dσr (y)

= ε4
∫

Sn−2
r

1
2 Rnin j;kl yi y j yk yldσr (y)+ O(ε5

|(r, yn)|
n+5)

+ ε4 y2
n

∫
Sn−2

r

( 1
12 Rnin j;nn +

2
3 Rnins Rnsnj )yi y j dσr (y).

Then we just use the identity (3-4), Lemma 2.4 and the fact that

12(Rnin j;kl yi y j yk yl)= 16Rnin j;i j . �

Lemma A.2. We have∫
Sn−2

r

(gi j
− δi j )(εy)Rnknl yi y j yk yldσr (y)=

2
(n+1)(n−1)

σn−2ε
2 y2

nrn+2(Rnin j )
2

+ O(ε5
|(r, yn)|

n+5)

Proof. As in Lemma A.1, the result follows from∫
Sn−2

r

(gi j
− δi j )(εy)Rnknl yi y j yk yldσr (y)= ε2 y2

n

∫
Sn−2

r

Rnin j Rnknl yi y j yk yldσr (y)

+ O(ε5
|(r, yn)|

n+5),

the fact that 12(Rnin j Rnknl yi y j yk yl)= 16(Rnin j )
2, and the identity (3-4). �
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Lemma A.3. We have∫
Sn−2

r

Rg(εy)dσr (y)= σn−2ε
2
(

1
2 y2

nrn−2 R;nn −
1

12(n−1)
rn(W i jkl)

2
)

+ O(ε3
|(r, yn)|

n+1).

Proof. As in Lemma A.1, the result follows from Lemma 2.4(x), (3-4), and∫
Sn−2

r

Rg(εy)dσr (y)= ε2 y2
n

∫
Sn−2

r

1
2 R;nndσr (y)+ ε2

∫
Sn−2

r

1
2 R;i j yi y j dσr (y)

+ O(ε3
|(r, yn)|

n+1). �

Appendix B.

Finally, we prove results used in the computations of Section 3.

Lemma B.1. We have

(a)
∫
∞

0

sαds
(1+s2)m

=
2m
α+1

∫
∞

0

sα+2ds
(1+s2)m+1 for α+ 1< 2m;

(b)
∫
∞

0

sαds
(1+s2)m

=
2m

2m−α−1

∫
∞

0

sαds
(1+s2)m+1 for α+ 1< 2m;

(c)
∫
∞

0

sαds
(1+s2)m

=
2m−α−3
α+1

∫
∞

0

sα+2ds
(1+s2)m

for α+ 3< 2m.

Proof. Integrating by parts, we get∫
∞

0

sα+2ds
(1+s2)m+1 =

∫
∞

0
sα+1 s ds

(1+s2)m+1 =
α+1
2m

∫
∞

0

sαds
(1+s2)m

for α+ 1< 2m, which proves item (a).
Item (b) follows from (a) and from∫
∞

0

sαds
(1+s2)m

=

∫
∞

0

sα(1+ s2)

(1+ s2)m+1 ds =
∫
∞

0

sαds
(1+s2)m+1 +

∫
∞

0

sα+2ds
(1+s2)m+1 .

To prove (c), observe that by (a),∫
∞

0

sαds
(1+s2)m−1 =

2(m− 1)
α+ 1

∫
∞

0

sα+2ds
(1+s2)m

,

for α+ 3< 2m. But by (b), we have∫
∞

0

sαds
(1+s2)m−1 =

2(m− 1)
2(m− 1)−α− 1

∫
∞

0

sαds
(1+s2)m

. �

Lemma B.2.
∫
∞

0

tk

(1+t)m
dt = k!

(m−1)(m−2) · · · (m−1−k)
for m > k+ 1.
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Proof. The proof follows straightforwardly from treating the integral∫
∞

0

tk−1

(1+t)m−1 dt

two ways: first, by integrating it by parts, and second by borrowing a factor of
(1+ t) from its denominator and dividing that integral into two. �
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PARASURFACE GROUPS

KHALID BOU-RABEE

A residually nilpotent group is k-parafree if all of its lower central series
quotients match those of a free group of rank k. Magnus proved that k-
parafree groups of rank k are themselves free. We mimic this theory with
surface groups playing the role of free groups. Our main result shows that
the analog of Magnus’ theorem is false in this setting.

Introduction

This article is motivated by three stories. The first story concerns a theorem of
Wilhelm Magnus. Recall that the lower central series of a group G is defined to
be

γ1(G) := G and γk(G) := [G, γk−1(G)] for k ≥ 2,

where [A, B] denotes the group generated by commutators of elements of A with
elements of B. The rank of G is the size of a minimal generating set of G. In
[1939], Magnus gave a beautiful characterization of free groups in terms of their
lower central series.

Theorem (Magnus’ theorem on parafree groups). Let Fk be a nonabelian free
group of rank k and G a group of rank k. If G/γi (G) ∼= Fk/γi (Fk) for all i ,
then G ∼= Fk .

Following this result, Hanna Neumann inquired whether it was possible for two
residually nilpotent groups G and G ′ to have G/γi (G)∼=G ′/γi (G ′) for all i without
having G ∼= G ′; see [Liriano 2007]. Gilbert Baumslag [1967] gave a positive
answer to this question by constructing what are now known as parafree groups
that are not themselves free. A group G is parafree if

(1) G is residually nilpotent, and

(2) there exists a finitely generated free group F such that G/γi (G) ∼= F/γi (F)
for all i .

MSC2000: 20F22.
Keywords: Magnus’ theorem, Magnus’ conjugacy theorem, parasurface, parafree, almost surface

groups, automorphism-nilpotent separable.
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By Magnus’ theorem, Baumslag’s examples necessarily have rank different from
the corresponding free group. In this paper we give new examples addressing Neu-
mann’s question. Specifically, we construct residually nilpotent groups G that share
the same lower central series quotients with a surface group but are not themselves
surface groups. These examples are analogous to Baumslag’s parafree groups,
where the role of free groups is replaced by surface groups. Consequently, we call
such groups parasurface groups. Since the parasurface examples constructed in
this paper have the same rank as their corresponding surface groups, the analog of
Magnus’ theorem for parasurface groups is false.

Theorem 1. Let 0g be the genus g surface group. There exists a rank 2g residually
nilpotent group G such that G/γi (G)∼= 0g/γi (0g) for all i .

We now turn towards the second story, which concerns residual properties in free
groups. Our second story requires some notation. We say two elements g, h∈G are
nilpotent-conjugacy equivalent if the images of g and h in all nilpotent quotients of
G are conjugate. We say a group G is conjugacy-nilpotent separable if any pair of
nilpotent-conjugacy equivalent elements must be conjugate. Free groups are known
to be conjugacy-nilpotent separable [Lyndon and Schupp 2001; Paris 2009]. A
natural question to ask is whether the role of inner automorphisms may be played
by automorphisms. In this vein, we say two elements g, h ∈ G are automorphism
equivalent if there exists some φ ∈ Aut G with φ(g) = h. Further, we say g is
nilpotent-automorphism equivalent to h if the images of g and h in all nilpotent
quotients of G are automorphism equivalent. A group G is automorphism-nilpotent
separable if all pairs of nilpotent-automorphism equivalent elements must be auto-
morphism equivalent. Free groups are conjugacy-nilpotent separable; however:

Theorem 2. Nonabelian free groups of even rank are not automorphism-nilpotent
separable.

In the same flavor, Orin Chein [1969] showed that there exist automorphisms of
nilpotent quotients of F3 that do not lift to automorphisms of F3.

Our third and final story concerns Magnus’ conjugacy theorem for groups with
one defining relator [Magnus et al. 1976, Theorem 4.11, page 261], which we state
below. Let 〈〈w〉〉H be the group generated by the H -conjugates of w for a subgroup
H of G.

Theorem (Magnus’ conjugacy theorem for groups with one defining relator). Let
s and t be elements in Fk such that 〈〈s〉〉Fk

= 〈〈t〉〉Fk
. Then s is conjugate to tε for

ε = 1 or −1.

Our next result demonstrates that this theorem does not generalize to one-relator
nilpotent groups. Let Fk,i = Fk/γi (Fk) be the free rank k, i-step nilpotent quotient.
Let φk,i be the projection Fk→ Fk,i .
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Theorem 3. Let F4 = 〈a, b, c, d〉 be the free group of rank 4. Let w= [a, b][c, d].
Then

〈〈φ4,i (w[w, bwb−1
])〉〉F4,i

= 〈〈φ4,i (w)〉〉F4,i
for all i .

However, for large i , the element w is not conjugate to w[w, bwb−1
] in F4,i .

1. Almost surface groups

Let 0g be the fundamental group of a closed hyperbolic surface of genus g. A
group G is a weakly g-parasurface group if G/γk(G)∼=0g/γk(0g) for all k ≥ 1. If
G is weakly g-parasurface and residually nilpotent, we say that G is g-parasurface.
Let G = F/N be a weakly g-parasurface group where F is a free group of rank 2g
on generators a1, a2, . . . , a2g−1, a2g. Set w = [a1, a2] · · · [a2g−1, a2g]. Recall that
〈〈w〉〉F is the normal closure of w in F . Then we have the following trichotomy
(see Theorem 4 below) for such groups G:

(Type I) There exists an isomorphism φ : F→ F such that φ(N )≥ 〈〈w〉〉F .

(Type II) There exists an isomorphism φ : F→ F such that φ(N ) < 〈〈w〉〉F .

(Type III) G is not of Type I or II.

The following theorem demonstrates that only examples of Type I or III may be
residually nilpotent.

Theorem 4. Groups of Type I must be surface groups. Further, groups of Type II
are never parasurface.

Our next two theorems show that although surface groups are residually nil-
potent, there exist examples of Type II and III. That is, weakly parasurface groups
that are not parasurface groups exist. Further, parasurface groups that are not sur-
face groups exist.

Theorem 5. Let k > 2 be even, and let Fk = 〈a1, a2, . . . , ak〉. Suppose w =
[a1, a2] · · · [ak−1, ak], and let γ be an element in Fk . If w[w, γwγ−1

] is cyclically
reduced and of different word length than w in Fk , then the group

G = 〈a1, a2, . . . , ak : w[w, γwγ
−1
]〉

is weakly k/2-parasurface of Type II.

In Theorem 5, one can take γ = a2, for example.

Theorem 6. Let k > 2 be even, let Fk = 〈a1, a2, . . . , ak〉, and let δ be in the com-
mutator subgroup of F(a1, a2). If [a1δ, a2] is cyclically reduced and is of different
word length than [a1, a2] in F(a1, a2), then the group

G = 〈a1, a2, . . . , ak : [a1δ, a2][a3, a4] · · · [ak−1, ak]〉

is k/2-parasurface of Type III.
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In Theorem 6 one can take δ = [[a1, a2], a1], for example.

2. Proofs of the main results

2.1. Preliminaries. We first list a couple of results needed in the proofs of our
main theorems. The first is from Magnus, Korass and Solitar [1976, Lemma 5.9,
page 350].

Lemma 7. The Frattini subgroup of a nilpotent group contains the derived sub-
group.

For the following theorem, see [Azarov 1998, Theorem 1].

Theorem 8 (Azarov’s theorem). Let A and B be free groups, and let α and β be
nonidentity elements of the groups A and B, respectively. Let G = (A ∗ B;α = β).
Let n be the largest positive integer such that yn

= β has a solution in B. If n = 1,
then G is a residually finite p-group.

2.2. The proofs. Before proving Theorems 1, 2, and 3 from the introduction, we
prove Theorems 4, 5, and 6.

Proof of Theorem 4. We first show that groups of Type I must be surface groups. For
the sake of a contradiction, suppose that G is weakly g-parasurface of Type I and is
not isomorphic to 0g. Let F and K =〈〈w〉〉F be as in the definition of Type I groups.
By assumption, there exists an isomorphism φ : F→ F such that φ(N )≥ K . The
isomorphism φ−1 induces a homomorphism ρi : 0g/γi (0g) → G/γi (G) that is
surjective for all i . Since finitely generated nilpotent groups are Hopfian (see for
example [de la Harpe 2000, Section III.A.19]), the maps ρi must be isomorphisms
for all i . On the other hand, since G is not isomorphic to 0g, we must have some
γ ∈ φ(N )− K . Further, F/K = 0g is residually nilpotent, so there exists some i
such that γ 6= 1 in 0g/γi (0g). Since γ ∈ ker ρi , we have a contradiction.

We now show that groups of Type II are never residually nilpotent. For the sake
of a contradiction, suppose that G is a residually nilpotent group of Type II. Let
F and K = 〈〈w〉〉F be as in the definition of Type II groups. By assumption, the
map φ : F → F induces a map ψ : G → 0g that is onto with nontrivial kernel.
Let γ ∈ kerψ . Since G is residually nilpotent, there exists i such that g /∈ γi (G).
Hence, the induced map ρi :G/γi (G)→0g/γi (0g) is onto but not bijective, which
is impossible since finitely generated nilpotent groups are Hopfian. �

Proof of Theorem 5. Let G, w, and γ be as in the statement of Theorem 5. We first
show that G is weakly parasurface:

Claim 9. We have w = 1 in all quotients G/γi (G).
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Proof of claim. Let H1=〈〈φk,i (w[w, γwγ
−1
])〉〉 and H2=〈〈φk,i (w)〉〉 in Fk/γi (Fk).

Clearly H1 ≤ H2. Further, the image of H1 in H2/[H2, H2] generates as

φk,i (w[w, γwγ
−1
])= φk,i (w) mod [H2, H2].

Hence, since H2 is nilpotent, Lemma 7 implies that H1 = H2, and so the claim
follows. �

If w 6= 1 in G, then the claim also shows that G is not residually nilpotent. Sup-
pose, for the sake of a contradiction, that w= 1 in G. Then by Magnus’ conjugacy
theorem for groups with one defining relator, wε and w[w, γwγ−1

] are conjugate
for ε= 1 or−1, but this is impossible since they are both cyclically reduced words
of different word lengths [Magnus et al. 1976, Theorem 1.3, page 36]. Hence G is
not residually nilpotent and G is not parasurface. Further, as w= 1 in all nilpotent
quotients, G is weakly parasurface. The proof of Theorem 5 is complete. �

Proof of Theorem 6. Let G and δ be as in the statement of Theorem 6. That G is
residually nilpotent follows from Theorem 8 applied to

A = Fk−2 = 〈a1, a2, . . . , ak−2〉 and B = F2 = 〈ak−1, ak〉,

with α=[a1δ, a2][a3, a4] · · · [ak−3, ak−2] and β= ([ak−1, ak])
−1 and the following

claim:

Claim 10. If β = yn in B, where y ∈ B, then n = 1.

Proof of claim. If β = yn for some n > 1, then since B/〈〈β〉〉 is torsion-free,
y ∈ 〈〈β〉〉. Hence, 〈〈y〉〉 = 〈〈β〉〉, and so by Magnus’ conjugacy theorem for groups
with one defining relator, y is conjugate to β or β−1. But then β would have
the same cyclically reduced form word length as βn , contradicting [Magnus et al.
1976, Theorem 1.3, page 36]. �

We now show that G is not a surface group. Let H=〈a1δ, a2, . . . , ak−1, ak〉≤G.
The next two claims imply that H is a nonfree proper subgroup of G of rank k.
However, if G were a surface group, it would have to be the surface group 0k/2, of
genus k/2. Any rank k proper subgroup of 0k/2 must be free, so H must be free,
a contradiction.

Claim 11. H is not a free group and is of rank k.

Proof of claim. H is rank k, since {a1δ, a2, . . . , ak} generate G/[G,G] and since
G/[G,G] = Zk . If H were free, it would be free of rank k. Let x1, x2, . . . , xk be a
free basis for H . The map H→ H given by x1 7→ a1δ and xk 7→ ak for k > 1 is an
isomorphism because H is Hopfian (being a free group). So H is freely generated
by {a1δ, a2, . . . , ak}, but this is impossible since [a1δ, a2] · · · [ak−1, ak] = 1. �

Claim 12. H is a proper subgroup of G.
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Proof of claim. Indeed, the element a1 cannot be in H . For suppose a1 ∈ H ,
and let N be the normal subgroup generated by ak for k > 2. Then we have
G/N = 〈a1, a2 : [a1δ, a2]〉. Since a1 ∈ H , G/N is abelian, and so has presentation
G/N = 〈a1, a2 : [a1, a2]〉. But then the normal subgroup generated by [a1, a2]

and the normal subgroup generated by [a1δ, a2] are equal in F2 = 〈a1, a2〉. By
Magnus’ conjugacy theorem for groups with one defining relator, [a1, a2]

ε must
be conjugate to [a1δ, a2] for ε = 1 or −1 in F2 = 〈a1, a2〉, which is impossible
since [a1, a2] and [a1δ, a2] are cyclically reduced and have different word lengths
[Magnus et al. 1976, Theorem 1.3, page 36]. Hence a1 /∈ H . �

We finish the proof of Theorem 6 by showing that all of the lower central series
quotients of G match those of a surface group of genus k/2.

Claim 13. G is weakly k/2-parasurface.

Proof of claim. Let ψ be the map defined by a1 7→ a1δ and ak 7→ ak for k > 1.
This gives a well-defined map Fk,i → Fk,i , where Fk,i := Fk/γi (Fk). This is an
epimorphism by Lemma 7. Since finitely generated nilpotent groups are Hop-
fian, ψ : Fk,i → Fk,i must be an isomorphism. Therefore, the induced map on
0k/2/γi (0k/2)→ G/γi (G) is an isomorphism, as claimed. �

The proof of Theorem 6 is now complete. �

We are now ready to quickly prove all of our theorems stated in the introduction.

Proof of Theorem 1. Theorem 6 gives the desired parasurface groups. �

Proof of Theorem 2. The proof of Claim 13 with δ = [[a1, a2], a1] shows that

[a1, a2] · · · [ak−1, ak] and [a1δ, a2] · · · [ak−1, ak]

are nilpotent-automorphism equivalent. However, [a1, a2] · · · [ak−1, ak] is not auto-
morphism equivalent to [a1δ, a2] · · · [ak−1, ak] in Fk by Theorem 6. �

Proof of Theorem 3. The elementw is not conjugate tow[w, bwb−1
] in F4. Hence,

since F4 is conjugacy-nilpotent separable, there exists some large N > 0 such that
φ4,i (w) is not conjugate to φ4,i (w[w, bwb−1

]) in F4,i for all i > N . Moreover, the
equality

〈〈φ4,i (w[w, bwb−1
])〉〉F4,i

= 〈〈φ4,i (w)〉〉F4,i
for all i

is an immediate consequence of Claim 9. �

3. Final remarks

We have shown that there exist groups that are almost surface groups in the sense
that they share all their lower central series quotients with a surface group but are
not themselves surface groups. In light of our examples, we pose the following
question.
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Question 14. What properties do parasurface groups share with surface groups?

As a small step in answering this question, we present this:

Theorem 15. Any finite-index subgroup of a parasurface group is not free.

Proof. Let G be a parasurface group. Note that G is not free, for if it were, Mag-
nus’ theorem would imply that the fundamental group of some compact surface is
free. Further, G is torsion-free, for otherwise by residual nilpotence, there would
exist torsion elements in 0g/γk(0g) for some g and k, but this is impossible by
[Labute 1970].

Let cd(G) denote the cohomological dimension of G. If 0 ≤ G is a free group
of finite index, then by [Brown 1994, Theorem 3.1, page 190] and the fact that G
is torsion-free, cd G = cd0. Hence, cd G = 1, but then by [Stallings 1968] and
[Swan 1969], G must itself be free, a contradiction. �
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EXPRESSIONS FOR CATALAN KRONECKER PRODUCTS

ANDREW A. H. BROWN,
STEPHANIE VAN WILLIGENBURG AND MIKE ZABROCKI

We give some elementary manifestly positive formulas for the Kronecker
products s(d,d) ∗ s(d+k,d−k). These formulas demonstrate some fundamen-
tal properties of the Kronecker coefficients, and we use them to deduce a
number of enumerative and combinatorial results.

1. Introduction

A classic open problem in algebraic combinatorics is to explain in a manifestly
positive combinatorial formula the Kronecker product (or internal product) of two
Schur functions. This product is the Frobenius image of the internal tensor product
of two irreducible symmetric group modules, or it is alternatively the characters
of the induced tensor product of general linear group modules. Although for rep-
resentation theoretic reasons this expression clearly has nonnegative coefficients
when expanded in terms of Schur functions, it remains an open problem to provide
a satisfying positive combinatorial or algebraic formula for the Kronecker product
of two Schur functions.

Many attempts have been made to capture some aspect of these coefficients, for
example, special cases [Bessenrodt and Behns 2004; Bessenrodt and Kleshchev
1999; Remmel and Whitehead 1994; Rosas 2001], asymptotics [Ballantine and
Orellana 2005; 2005], stability [Vallejo 1999], the complexity of calculating them
[Bürgisser and Ikenmeyer 2008], and conditions under which they are nonzero
[Dvir 1993]. Given that the Littlewood–Richardson rule and many successors have
so compactly and cleanly been able to describe the external product of two Schur
functions, it seems as though some new ideas for capturing the combinatorics of
Kronecker coefficients are needed.

The results in this paper were inspired by the symmetric function identity of
[Garsia et al. 2009, Theorem I.1] for the Kronecker product s(d,d) ∗ s(d,d) of two
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Keywords: Catalan number, Kronecker coefficient, Kronecker product, Schur function, symmetric

function.
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Schur functions. More precisely, for a subset of partitions X of 2d, if we set
[X ] =

∑
λ∈X sλ, called a rug, then

(1-1) s(d,d) ∗ s(d,d) = [4 parts all even or all odd].

This identity differs significantly from most published results on the Kronecker
product: instead of giving a combinatorial interpretation or algorithm, it clearly
states exactly which partitions have nonzero coefficients and that all of the coeffi-
cients are 0 or 1.

This computation arose in the solution to a mathematical physics problem related
to resolving the interference of 4 qubits [Wallach 2005] because the sum of these
coefficients is equal to the dimensions of polynomial invariants of four copies of
SL(2,C) acting on C8. Understanding the Kronecker product of s(d,d) with sλ for
partitions λ with 4 parts that are all even or all odd would be useful for calculating
the dimensions of invariants of six copies of SL(2,C) acting on C12, which is
a measure of entanglement of 6 qubits. Ultimately we would like to be able to
compute

CTa1,a2,...,ak

( ∏k
i=1(1− a2

i )∏
S⊆{1,2,...k}(1− q

∏
i∈S ai/

∏
j /∈S a j )

)
=

∑
d≥0

〈s∗k(d,d), s(2d)〉q2d

(see [Garsia et al. 2010, formulas I.4 and I.5] and [Luque and Thibon 2006] for
a discussion), where CT represents the operation of taking the constant term and
equations of this type are a motivation for understanding the Kronecker product
with s(d,d) as completely as possible.

Using s(d,d) ∗ s(d,d) as our inspiration, we show in Corollary 3.6 that

s(d,d) ∗ s(d+1,d−1) = [2 even parts and 2 odd parts]

and with a similar computation we also derive that

s(d,d) ∗ s(d+2,d−2) = [4 parts, all even or all odd, but not 3 the same]

+ [4 distinct parts].

Interestingly, this formula says that all of the coefficients in the Schur expansion
of s(d,d)∗s(d+2,d−2) are either 0, 1 or 2, and that the coefficient is 2 for those Schur
functions indexed by partitions with 4 distinct parts that are all even or all odd.

These and further examples suggest that the Schur function expansion of s(d,d)∗
s(d+k,d−k) has the pattern of a boolean lattice of subsets, in that it can be written as
the sum of bk/2c+1 intersecting sums of Schur functions each with coefficient 1.
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The main result of this article is Theorem 3.1, which states that

(1-2) s(d,d) ∗ s(d+k,d−k) =

k∑
i=0

[(k+ i, k, i)P] +
k∑

i=1

[(k+ i + 1, k+ 1, i)P],

where we have used the notation γP to represent the set of partitions λ of 2d of
length less than or equal to 4 such that λ− γ (representing a vector difference) is
a partition with 4 even parts or 4 odd parts. The disjoint sets of this sum can be
grouped so that the sum is of only bk/2c+1 terms, which shows that the coefficients
always lie in the range 0 through bk/2c + 1. The most interesting aspect of this
formula is that we see the lattice of subsets arising in a natural and unexpected way
in a representation-theoretic setting. This is potentially part of a more general result
and the hope is that this particular model will shed light on a general formula for the
Kronecker product of two Schur functions, but our main motivation for computing
these is to develop computational tools.

There are yet further motivations for restricting our attention to the Kronecker
product of s(d,d) with another Schur function. The Schur functions indexed by the
partition (d, d) are a special family for several combinatorial reasons, and so there
is reason to believe that their behavior will be more accessible than the general case
of the Kronecker product of two Schur functions. More precisely, Schur functions
indexed by partitions with two parts are notable because they are the difference of
two homogeneous symmetric functions, for which a combinatorial formula for the
Kronecker product is known. In addition, a partition (d, d) is rectangular and hence
falls under a second category of Schur functions that are often combinatorially
more straightforward to manipulate than the general case.

From the hook length formula it follows that the number of standard tableau of
shape (d, d) is equal to the Catalan number

Cd =
1

d+1

(
2d
d

)
.

Therefore, from the perspective of S2d representations, we may, by taking the
Kronecker product with the Schur function s(d,d) and the Frobenius image of a
module, explain how the tensor of a representation with a particular irreducible
module of dimension Cd decomposes.

The paper is structured as follows. In Section 2, we review pertinent background
information including necessary symmetric function notation and lemmas needed
for later computation. In Section 3, we consider a generalization of formula (1-1)
to an expression for s(d,d)∗s(d+k,d−k). Finally, Section 4 is devoted to combinatorial
and symmetric function consequences of our results. In particular, we are able to
give generating functions for the partitions that have a particular coefficient in the
expression s(d,d) ∗ s(d+k,d−k).
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2. Background

Partitions. A partition λ of an integer n, denoted λ ` n, is a finite sequence of
nonnegative integers (λ1 ≥ λ2 ≥ · · · ≥ λ`) whose values sum to n. The height or
length of the partition, denoted `(λ), is the maximum index for which λ`(λ)>0. We
call the λi parts or rows of the partition, and if λi appears ni times we abbreviate
this subsequence to λni

i . With this in mind if λ = (knk , (k − 1)nk−1, . . . , 1n1), then
we define zλ = 1n11! 2n22! · · · knk k!. The 0 parts of the partition are optional and
we will assume that λi = 0 for i > `(λ).

Let λ = (λ1, λ2, . . . , λ`) be a partition of n. To form the diagram associated
with λ, place a cell at each point ( j, i) in matrix notation, where 1 ≤ i ≤ λ j and
1 ≤ j ≤ `. We say λ has transpose λ′ if the diagram for λ′ is given by the points
(i, j) for which 1≤ i ≤ λ j and 1≤ j ≤ `.

Symmetric functions and the Kronecker product. The ring of symmetric func-
tions is the graded subring of Q[x1, x2, . . . ] given by 3 :=Q[p1, p2, . . . ], where
pi = x i

1 + x i
2 + · · · are the elementary power sum symmetric functions. For

λ= (λ1, λ2, . . . , λ`), we define pλ := pλ1 pλ2 · · · pλ` . The interested reader should
consult a reference such as [Macdonald 1995] for more details of the structure of
this ring. It is straightforward to see that {pλ}λ`n≥0 forms a basis for 3. This basis
is orthogonal to itself with respect to the scalar product on 3:

〈pλ, pµ〉 = zλδλµ.

However, our focus for this paper will be the basis {sλ}λ`n≥0 of 3 known as the
basis of Schur functions, which is the orthonormal basis under the scalar product:

〈sλ, sµ〉 = δλµ.

The Kronecker product is the operation

(2-1)
pλ
zλ
∗

pµ
zµ
= δλµ

pλ
zλ

on symmetric functions that in terms of the Schur functions becomes

sµ ∗ sν =
∑
λ`|µ|

Cµνλsλ.

The Kronecker coefficients Cµνλ encode the inner tensor product of symmetric
group representations. That is, if we denote the irreducible Sn module indexed by
a partition λ by Mλ and if Mµ

⊗Mν represents the tensor of two modules with the
diagonal action, then the module decomposes as

Mµ
⊗Mν

'

⊕
λ

(Mλ)⊕Cµνλ .
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The Kronecker coefficients also encode the decomposition of GLnm polynomial
representations to GLn ⊗GLm representations

ResGLmn
GLn ⊗GLm

(V λ)'
⊕
µ,ν

(V µ
⊗ V ν)⊕Cµνλ .

It easily follows from (2-1) and the linearity of the product that these coefficients
satisfy the symmetries

Cµνλ = Cνµλ = Cµλν = Cµ′ν′λ and Cλµ(n) = Cλµ′(1n) =

{
1 if λ= µ,
0 otherwise,

which we will use extensively in what follows.
We will need some symmetric function identities. Recall that for a symmetric

function f , the symmetric function operator f ⊥ (read “eff perp”) is defined to be
the operator dual to multiplication with respect to the scalar product. That is,

(2-2) 〈 f ⊥g, h〉 = 〈g, f · h〉.

The perp operator can also be defined linearly by s⊥λ sµ = sµ/λ =
∑

ν`|µ|−|λ| c
µ
λνsν ,

where the cµλν are the Littlewood–Richardson coefficients. We will make use of the
following well-known relation, which connects the internal and external products:

(2-3) 〈sλ f, g ∗ h〉 =
∑
µ,ν`|λ|

Cλµν〈 f, (s⊥µ g) ∗ (s⊥ν h)〉.

This formula follows because of the relationship between the internal coproduct
and the scalar product. It may also be seen to hold on the power sum basis since

(2-4)
〈
pλ pµ,

pγ
zγ
∗

pν
zν

〉
=

〈
pµ,

(
p⊥λ

pγ
zγ

)
∗

(
p⊥λ

pν
zν

)〉
,

which holds because both the sides are 1 if and only if γ = ν and are both equal to
the union of the parts of λ and µ. This given, (2-3) follows by linearity.

From these two identities and the Littlewood–Richardson rule, we derive this:

Lemma 2.1. If `(λ) > 4, then C(d,d)(a,b)λ = 0. Otherwise it satisfies the following
recurrences. If `(λ)= 4, then

(2-5) 〈s(d,d) ∗ s(d+k,d−k), sλ〉 = 〈s(d−2,d−2) ∗ s(d+k−2,d−k−2), sλ−(14)〉.

If `(λ)= 3, then

(2-6) 〈s(d,d) ∗ s(d+k,d−k), sλ〉 = 〈s(d−1,d−1) ∗ s(d+k−1,d−k−1), s(1)sλ−(13)〉

− 〈s(d−2,d−2) ∗ s(d+k−2,d−k−2), s⊥(1)sλ−(13)〉.
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If `(λ)= 2, then

(2-7) 〈s(d,d) ∗ s(d+k,d−k), sλ〉 =
{

1 if k ≡ λ2 (mod 2) and λ2 ≥ k,
0 otherwise.

Proof. For (2-7), see [Remmel and Whitehead 1994, Theorem 3.3] and [Rosas
2001, Corollary 1]. The result also appears in [Garsia et al. 2010, Theorem 2.2].

Regev [1980] proves that the maximum height of an indexing partition of the
terms of s(d,d)∗s(d+k,d−k) will be at most 4; hence we can conclude that if `(λ)> 4,
then C(d,d)(a,b)λ = 0.

Assume that `(λ)= 4. By the Pieri rule, s(14)sλ−(14) is equal to sλ plus terms of
the form sγ, where `(γ) > 4. As a consequence,

〈s(d,d) ∗ s(d+k,d−k), sλ〉 = 〈s(d,d) ∗ s(d+k,d−k), s(14)sλ−(14)〉

=

∑
µ`4

〈(s⊥µ s(d,d)) ∗ (s⊥µ′s(d+k,d−k)), sλ−(14)〉.

Every term in this sum is 0 unless both µ and µ′ have length no more than 2. The
only term for which this is true is µ= (2, 2), and s⊥(2,2)(s(a,b))= s(a−2,b−2); hence
(2-5) holds.

Assume that `(λ)= 3. Although there are cases to check, it follows again from
the Pieri rule that s(13)sλ−(13) − s(14)s⊥(1)sλ−(13) is equal to sλ plus terms involving
sγ, where `(γ) > 4. Therefore,

〈s(d,d) ∗ s(d+k,d−k), sλ〉 = 〈s(d,d) ∗ s(d+k,d−k), s(13)sλ−(13)− s(14)s
⊥

(1)sλ−(13)〉

=

∑
µ`3

〈(s⊥µ s(d,d)) ∗ (s⊥µ′s(d+k,d−k)), sλ−(13)〉

− 〈s(d−2,d−2) ∗ s(d+k−2,d−k−2), s⊥(1)sλ−(13)〉.

Again, in the sum the only terms that are not equal to 0 are those such that the length
of both µ and µ′ less than or equal to 2, and in this case the only such partition
is µ = (2, 1). By the Littlewood–Richardson rule, s⊥(2,1)(s(a,b)) = s⊥(1)(s(a−1,b−1));
hence this last expression is equal to

〈(s⊥(1)s(d−1,d−1)) ∗ (s⊥(1)s(d+k−1,d−k−1)), sλ−(13)〉

− 〈s(d−2,d−2) ∗ s(d+k−2,d−k−2), s⊥(1)sλ−(13)〉

= 〈s(d−1,d−1) ∗ s(d+k−1,d−k−1)), s(1)sλ−(13)〉

− 〈s(d−2,d−2) ∗ s(d+k−2,d−k−2), s⊥(1)sλ−(13)〉. �

To express our main results we will use the characteristic of a boolean-valued
proposition. If R is a proposition, then we denote the propositional characteristic
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(or indicator) function of R by

((R))=
{

1 if proposition R is true,
0 otherwise.

3. The Kronecker product s(d,d) ∗ s(d+k,d−k)

Let P indicate the set of partitions with four even parts or four odd parts, and let P
be the set of partitions with 2 even parts and 2 odd parts (that is, the complement
of P in the set of partitions of even size with at most 4 parts).

We let γP represent the set of partitions λ of 2d (the value of d will be implicit
in the left hand side of the expression) such that λ−γ ∈ P . We also let (γ]α)P =
γP ∪αP . In the cases we consider, the partitions in γP and αP are disjoint.

Theorem 3.1. For λ a partition of 2d ,

(3-1) 〈s(d,d) ∗ s(d+k,d−k), sλ〉

=

k∑
i=0

((λ ∈ (k+i, k, i)P))+
k∑

i=1

((λ ∈ (k+i+1, k+1, i)P)).

In the notation we have introduced, Theorem 3.1 can easily be restated:

Corollary 3.2. For k ≥ 0, if k is odd, then

s(d,d) ∗ s(d+k,d−k)

= [((k, k)] (k+ 1, k, 1)] (k+ 2, k+ 1, 1))P]

+

(k−1)/2∑
i=1

[((k+ 2i, k, 2i)] (k+ 2i + 1, k+ 1, 2i)

] (k+ 2i + 1, k, 2i + 1)] (k+ 2i + 2, k+ 1, 2i + 1))P],

and if k is even, then

s(d,d) ∗s(d+k,d−k)= [(k, k)P]+
k/2∑
i=1

[((k+2i−1, k, 2i−1)] (k+2i, k+1, 2i−1)

] (k+ 2i, k, 2i)] (k+ 2i + 1, k+ 1, 2i))P].

As a consequence, the coefficients of s(d,d)∗s(d+k,d−k) will all be less than or equal
to bk/2c+ 1.

Remark 3.3. The upper bound on the coefficients that appear in the expressions
s(d,d) ∗s(d+k,d−k) are sharp in that for sufficiently large d , there is a coefficient that
will be equal to bk/2c+ 1.

Remark 3.4. This regrouping of the rugs is not unique but is useful because there
are partitions that will fall in the intersection of each of these sets. This set of
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rugs is also not unique in that it is possible to describe other collections of sets of
partitions (for example, see (3-4)).

Remark 3.5. This case has been considered in more generality by Remmel and
Whitehead [1994] and Rosas [Rosas 2001] in their study of the Kronecker product
of two Schur functions indexed by two-row shapes. In relation to these results,
our first (lengthy) derivation of a similar result started with the formula of Rosas,
but was later replaced by the current simpler identity. Meanwhile, R. Orellana, in
a personal communication, has informed us that the journal version of the earlier
paper has an error in it. Our computer implementation of [Remmel and White-
head 1994, Theorem 2.1] does not agree, for example, with direct computation for
(h, k) = (4, 1) and (l,m) = (3, 2) and ν = (3, 1, 1). Consequently, we wanted an
independent proof of Theorem 3.1, and as a result our derivation is an elementary
proof that uses induction involving symmetric function identities.

We note that for k= 2, the expression stated in the introduction does not exactly
follow this decomposition, but it does follow from some manipulation.

Corollary 3.6. For d ≥ 1,

s(d,d) ∗ s(d,d) = [P],(3-2)

s(d,d) ∗ s(d+1,d−1) = [P](3-3)

and for d ≥ 2,

(3-4) s(d,d) ∗ s(d+2,d−2) = [P ∩ at most two equal parts] + [distinct partitions].

Proof. Note that (3-2) is just a restatement of Corollary 3.2 in the case that k = 0
and is [Garsia et al. 2009, Theorem I.1].

First, by Theorem 3.1 we note that

C(d,d)(d+1,d−1)λ = ((λ ∈ (1, 1)P))+ ((λ ∈ (2, 1, 1)P))+ ((λ ∈ (3, 2, 1)P)).

If λ ∈ P , then λ− (1, 1), λ− (2, 1, 1), λ− (3, 2, 1) are all not in P , so each of
the terms in that expression are 0. If λ is a partition with two even parts and two
odd parts (that is, λ ∈ P), then either λ1 ≡ λ2 and λ3 ≡ λ4 (mod 2) or λ1 ≡ λ3 and
λ2 ≡ λ4 (mod 2) or λ2 ≡ λ3 and λ1 ≡ λ4 (mod 2). In each of these three cases,
exactly one of the expressions ((λ∈ (1, 1)P)), ((λ∈ (2, 1, 1)P)) or ((λ∈ (3, 2, 1)P))
will be 1 and the other two will be zero. Therefore,∑

λ`2d

C(d,d)(d+1,d−1)λsλ = [P].
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We also have by Theorem 3.1

C(d,d)(d+2,d−2)λ = ((λ ∈ (2, 2)P))+ ((λ ∈ (4, 2, 2)P))− ((λ ∈ (6, 4, 2)P))

+ ((λ ∈ (3, 2, 1)P))+ ((λ ∈ (4, 3, 1)P))

+ ((λ ∈ (5, 3, 2)P))+ ((λ ∈ (6, 4, 2)P)).

Any distinct partition in P is also in (6, 4, 2)P . Every distinct partition in P will
have two odd parts and two even parts and will be in one of (3, 2, 1)P , (4, 3, 1)P or
(5, 3, 2)P , depending on which of λ2, λ1 or λ3 is equal to λ4 (mod 2), respectively.
Therefore, we have

(3-5) [distinct partitions] = [((3, 2, 1)] (4, 3, 1)] (5, 3, 2)] (6, 4, 2))P].

If λ∈ (2, 2)P∩(4, 2, 2)P , then λ2≥λ3+2 because λ∈ (2, 2)P , and λ1≥λ2+2
and λ3 ≥ λ4+2 because λ ∈ (4, 2, 2)P , so λ ∈ (6, 4, 2)P . Conversely, one verifies
that in fact (2, 2)P ∩ (4, 2, 2)P = (6, 4, 2)P; hence

[(2, 2)P ∪ (4, 2, 2)P] = [(2, 2)P] + [(4, 2, 2)P] − [(6, 4, 2)P].

If λ ∈ P does not have three equal parts, then either λ2 > λ3, or λ1 > λ2 and
λ3 > λ4. Therefore, λ ∈ (2, 2)P ∪ (4, 2, 2)P and hence (2, 2)P ∪ (4, 2, 2)P =
P ∩ (at most two equal parts). �

Proof of Theorem 3.1. Our proof proceeds by induction on the value of d and uses
the Lemma 2.1. We will consider two base cases because (2-6) and (2-5) give
recurrences for two smaller values of d . The exception for this is of course that
λ is a partition of length 2 since it is easily verified that the two sides of (3-1)
agree: the only term on the right hand side of the equation that can be nonzero is
((λ ∈ (k, k)P)).

When d=k, the left hand side of (3-1) is 〈s(k,k)∗s(2k), sλ〉, which is 1 if λ= (k, k)
and 0 otherwise. On the right hand side of (3-1) we have ((λ ∈ (k, k)P)) is 1 if and
only if λ= (k, k) and all other terms are 0, and hence the two expressions agree.

If d = k+1, then s(k+1,k+1) ∗ s(2k−1,1) = s(k+1,k,1)+ s(k+2,k). The only partitions
λ of 2k + 2 such that the indicator functions on the right hand side of (3-1) can
be satisfied are ((λ ∈ (k, k)P)) when λ = (k+2, k) and ((λ ∈ (k+1, k, 1)P)) when
λ= (k+1, k, 1). All others must be 0 because the partitions that are subtracted off
are larger than 2k+2.

Now assume that (3-1) holds for all values strictly smaller than d . If `(λ) = 4,
then λ− γ ∈ P if and only if λ− γ − (14) ∈ P for all partitions γ of length less
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than or equal to 3, so

〈s(d,d) ∗ s(d+k,d−k), sλ〉 = 〈s(d−2,d−2) ∗ s(d+k−2,d−k−2), sλ−(14)〉

=

k∑
i=0

((λ−(14) ∈ (k+i, k, i)P))+
k∑

i=1

((λ−(14) ∈ (k+i+1, k+1, i)P))

=

k∑
i=0

((λ ∈ (k+i, k, i)P))+
k∑

i=1

((λ ∈ (k+i+1, k+1, i)P)).

So we can now assume that `(λ) = 3. By (2-6) we need to consider the coef-
ficients of the form 〈s(d,d) ∗ s(d+k,d−k), sµ〉, where sµ appears in the expansion of
s(1)sλ−(13) or s⊥(1)sλ−(13). If λ has three distinct parts and λ3 ≥ 2 then µ = λ− δ,
where

δ ∈ {(1, 1, 0), (1, 0, 1), (0, 1, 1), (1, 1, 1,−1), (2, 1, 1), (1, 2, 1), (1, 1, 2)}

and we can assume by induction that these expand into terms having the form
±((λ− δ− γ ∈ P)), where γ is a partition. However, if λ is not distinct or λ3 = 1,
then for some δ in the set, λ− δ will not be a partition and ((λ− δ ∈ γP)) will be
0, and we can add these terms to our formulas so that we can treat the argument
uniformly and not have to consider different possible λ.

One obvious reduction we can make to treat the expressions more uniformly is
to note that ((λ− (1, 1, 1,−1) ∈ γP))= ((λ− (2, 2, 2) ∈ γP)).

Let
C1 = {(1, 1, 0), (1, 0, 1), (0, 1, 1), (2, 2, 2)},

C2 = {(2, 1, 1), (1, 2, 1), (1, 1, 2)}.

By the induction hypothesis and (2-6), we have

〈s(d,d) ∗ s(d+k,d−k), sλ〉

=

∑
δ∈C1

( k∑
i=0

((λ−δ ∈ (k+i, k, i)P))+
k∑

i=1

((λ−δ ∈ (k+i+1, k+1, i)P))
)

−

∑
δ∈C2

( k∑
i=0

((λ−δ ∈ (k+i, k, i)P))+
k∑

i=1

((λ−δ ∈ (k+i+1, k+1, i)P))
)
.

We notice that

λ− (2, 2, 2)− (k+i, k, i)= λ− (1, 1, 2)− (k+i+1, k+1, i),

λ− (2, 1, 1)− (k+i, k, i)= λ− (1, 0, 1)− (k+i+1, k+1, i),

λ− (1, 2, 1)− (k+i, k, i)= λ− (0, 1, 1)− (k+i+1, k+1, i),
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so the corresponding terms always cancel. With this reduction, we are left with the
terms∑
δ∈C3

k∑
i=0

((λ−δ ∈ (k+i, k, i)P))+
∑
δ∈C4

k∑
i=1

((λ−δ ∈ (k+i+1, k+1, i)P))

−

k∑
i=0

((λ−(1, 1, 2) ∈ (k+i, k, i)P))−
∑
δ∈C5

k∑
i=1

((λ−δ ∈ (k+i+1, k+1, i)P))

− ((λ−(1, 2, 1) ∈ (k, k)P))− ((λ−(2, 1, 1) ∈ (k, k)P))+ ((λ−(2, 2, 2) ∈ (k, k)P)),

where
C3 = {(0, 1, 1), (1, 0, 1), (1, 1, 0)},

C4 = {(1, 1, 0), (2, 2, 2)},

C5 = {(2, 1, 1), (1, 2, 1)}.

Next we notice that

λ− (1, 1, 2)− (k+i, k, i)= λ− (0, 1, 1)− (k+i + 1, k, i+1),

λ− (2, 1, 1)− (k+i+1, k+1, i)= λ− (1, 1, 0)− (k+i+2, k+1, i+1),

λ− (2, 2, 2)− (k+i+1, k+1, i)= λ− (1, 2, 1)− (k+i+2, k+1, i+1).

Then by canceling these terms and joining the compositions that are being sub-
tracted off in the sum, these sums reduce to the expression

k∑
i=0

((λ ∈ (k+i+1, k, i+1)P))+
k∑

i=0

((λ ∈ (k+i+1, k+1, i)P))

+ ((λ ∈ (k, k+1, 1)P))+ ((λ ∈ (k+3, k+2, 1)P))

+ ((λ ∈ (2k+3, k+3, k+2)P))+ ((λ ∈ (k+2, k+2, 2)P))

− ((λ ∈ (2k+1, k+1, k+2)P))− ((λ ∈ (2k+3, k+2, k+1)P))

− ((λ ∈ (k+3, k+3, 2)P))− ((λ ∈ (k+1, k+2, 1)P))

− ((λ ∈ (k+2, k+1, 1)P)).

Since `(λ)= 3, if λ− (a, b) ∈ P , then λ1− a ≥ λ2− b ≥ λ3 ≥ 2, which is true
if and only if λ1− a− 2≥ λ2− b− 2≥ λ3− 2≥ 0. In particular,

((λ ∈ (k+2, k+2, 2)P))= ((λ ∈ (k, k)P)),

((λ ∈ (k+3, k+3, 2)P))= ((λ ∈ (k+1, k+1)P)).

By verifying a few conditions it is easy to check that λ ∈ (r, s, s + 1)P if and
only if λ ∈ (r + 2, s + 2, s + 1)P , and similarly λ ∈ (s, s + 1, r)P if and only if
λ ∈ (s+2, s+1, r)P . With this relationship, we have these equivalences between



42 ANDREW BROWN, STEPHANIE VAN WILLIGENBURG AND MIKE ZABROCKI

the terms appearing in the expression above:

((λ ∈ (k, k+1, 1)P))= ((λ ∈ (k+2, k+1, 1)P)),

((λ ∈ (k+1, k+2, 1)P))= ((λ ∈ (k+3, k+2, 1)P)),

((λ ∈ (2k+1, k+1, k+2)P))= ((λ ∈ (2k+3, k+3, k+2)P)),

((λ ∈ (2k+1, k, k+1)P))= ((λ ∈ (2k+3, k+2, k+1)P)).

After we cancel these terms the expression reduces to

k−1∑
i=0

((λ ∈ (k+i+1, k, i+1)P))+
k∑

i=1

((λ ∈ (k+i+1, k+1, i)P))+ ((λ ∈ (k, k)P)).

This concludes the proof by induction on d since we know the identity holds for
each partition λ of length 2, 3 or 4. �

4. Combinatorial and symmetric function consequences

4.1. Tableaux of height less than or equal to 4. Since every partition of even size
and of length less than or equal to 4 lies in either P or P , Corollary 3.6 has the
following corollary.

Corollary 4.1. For d a positive integer,∑
λ`2d,`(λ)≤4

sλ = s(d,d) ∗ (s(d,d)+ s(d+1,d−1)),∑
λ`2d−1,`(λ)≤4

sλ = s(d,d−1) ∗ s(d,d−1).

Proof. For the sum over partitions of 2d, (1-1) (or (3-1)) says that s(d,d) ∗ s(d,d)
is the sum over all sλ with λ ` 2d having four even parts or four odd parts, and
Corollary 3.6 says that s(d,d)∗s(d+1,d−1) is the sum over sλ with λ`2d where λ does
not have four odd parts or four even parts. Hence, s(d,d) ∗ s(d,d)+ s(d,d) ∗ s(d+1,d−1)

is the sum over sλ where λ runs over all partitions with less than or equal to 4 parts.
For the other identity, we use (2-3) to derive

〈s(d,d−1) ∗ s(d,d−1), sλ〉 = 〈s(d,d) ∗ s(d,d), s(1)sλ〉.

If λ is a partition of 2d − 1, then the expression is 0 if `(λ) > 4; if `(λ) ≤ 4 then
s(1)sλ is a sum of at most 5 terms, s(λ1+1,λ2,λ3,λ4), s(λ1,λ2+1,λ3,λ4), s(λ1,λ2,λ3+1,λ4),
s(λ1,λ2,λ3,λ4+1) and s(λ1,λ2,λ3,λ4,1). Because λ has exactly 3 or 1 terms that are odd,
exactly one of these will have 4 even parts or 4 odd parts. �

Regev [1981], Gouyou-Beauchamps [1989], Gessel [1990] and later Bergeron,
Krob, Favreau, and Gascon [Bergeron et al. 1995; Bergeron and Gascon 2000]
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studied tableaux of bounded height. For yk(n) equal to the number of standard
tableaux of height less than or equal to k, Gessel [1990] remarks that expressions
for yk(n) exist for k= 2, 3, 4, 5 that are simpler than the k-fold sum that one would
expect to see. This is perhaps because all four of these cases have more general
formulas in terms of characters.

In the case k = 4, Corollary 4.1 is a statement about characters indexed by
partitions of bounded height. In particular, if those characters are evaluated at the
identity we see a previously known result:

Corollary 4.2. y4(n)= Cb(n+1)/2cCd(n+1)/2e.

This follows from the hook length formula that says the number of standard
tableaux of shape (d, d) is Cd , the number of standard tableaux of (d, d−1) is Cd ,
and the number of standard tableaux of shape that are either of shape (d, d) or
(d + 1, d − 1) is Cd+1.

Interestingly, some known expressions for y2(n), y3(n) and y5(n) can also be
explained in terms of symmetric function identities using the Pieri rule.

4.2. Generating functions for partitions with coefficient r in s(d,d) ∗ s(d+k,d−k).
An easy consequence of Theorem 3.1 is a generating function formula for the sum
of the coefficients of the expressions s(d,d) ∗ s(d+k,d−k).

Corollary 4.3. For a fixed k ≥ 1,

Gk(q) :=
∑
d≥k

(∑
λ`2d

〈s(d,d)∗s(d+k,d−k), sλ〉
)

qd
=

qk
+ qk+1

+ q2k+1
+
∑2k

r=k+2 2qr

(1− q)(1− q2)2(1− q3)
.

Remark 4.4. Corollary 4.3 only holds for k > 0. In the case that k = 0, the
numerator of the expression above is different and we have from Corollary 3.6

G0(q)=
∑
d≥0

(∑
λ`2d

〈s(d,d) ∗ s(d,d), sλ〉
)

qd
=

∑
d≥0

〈s(d,d) ∗ s(d,d), s(d,d) ∗ s(d,d)〉qd

=

∑
d≥0

〈[P], [P]〉qd
=

∑
d≥0

|P|qd

=
1

(1−q)(1−q2)2(1−q3)
.

This last equality is the formula given in [Garsia et al. 2010, Corollary 1.2] and it
follows because the generating function for partitions with even parts and length
less than or equal to 4 is 1/((1− q)(1− q2)(1− q3)(1− q4)), and the generating
function for the partitions of 2d with odd parts of length less than or equal to
4 is q2/((1 − q)(1 − q2)(1 − q3)(1 − q4)). The sum of these two generating
functions is equal to a generating function for the number of nonzero coefficients
of s(d,d) ∗ s(d,d).
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Proof. Theorem 3.1 gives a formula for s(d,d) ∗ s(d+k,d−k) in terms of rugs of the
form [γP]. We can calculate that for each of the rugs that appears in this expression∑

d≥k

(∑
λ`2d

〈[γP], sλ〉
)

qd
=

∑
d≥k

(∑
λ`2d

〈[P], sλ−γ〉
)

qd

=

∑
d≥k

( ∑
µ`(2d−|γ|)

〈[P], sµ〉
)

qd+|γ|/2

=
q |γ|/2

(1− q)(1− q2)2(1− q3)
.

Now s(d,d) ∗ s(d+k,d−k) is the sum of rugs of the form [γP] with γ equal to
(k, k), (k+ 1, k, 1) and (2k+ 1, k+ 1, k) each contribute a term to the numerator
of the form qk, qk+1 and q2k+1, respectively. The rugs in which γ is equal to
(k+ i+1, k+1, i) and (k+ i+1, k, i+1) for 1≤ i ≤ k−1 each contribute a term
2qk+i+1 to the numerator. �

In order to compute other generating functions of Kronecker products, we need
the following very surprising theorem. It says that the partitions such that the
C(d,d)(d+k,d−k)λ are of coefficient r > 1 are exactly those partitions γ+(6, 4, 2) for
which C(d−6,d−6)(d−6+(k−2),d−6−(k−2))γ is equal to r − 1.

Theorem 4.5. For k ≥ 2, assume that C(d,d)(d+k,d−k)λ > 0. Then

C(d+6,d+6)(d+k+8,d−k+4)(λ+(6,4,2)) = C(d,d)(d+k,d−k)λ+ 1.

Lemma 4.6. For γ a partition with `(γ)≤ 4, λ ∈ γP if and only if λ+ (6, 4, 2) is
in both (γ1+ 2, γ2+ 2, γ3, γ4)P and (γ1+ 4, γ2+ 2, γ3+ 2, γ4)P.

Proof. If λ ∈ γP , then λ− γ is a partition with four even parts or four odd parts.
Hence, both λ−γ+(2, 2)= (λ+(6, 4, 2))−(γ+(4, 2, 2)) and λ−γ+(4, 2, 2)=
(λ+ (6, 4, 2))− (γ+ (2, 2)) are elements of P .

Conversely, assume that λ+ (6, 4, 2) is as stated. Then λ1 + 6− (γ1 + 4) ≥
λ2+4−(γ2+2), λ2+4−(γ2+2)≥λ3+2−γ3, and λ3+2−(γ3+2)≥λ4−γ4≥ 0.
This implies that λ−γ is a partition and since λ−γ+ (2, 2) has four even or four
odd parts; then so does λ− γ and hence λ ∈ γP . �

Proof of Theorem 4.5. Consider the case where λ is a partition of 2d with λ2−k ≡
λ4 (mod 2) since the case where λ2 − k 6≡ λ4 (mod 2) is analogous and just uses
different nonzero terms in the sum below. From Theorem 3.1, we have

(4-1) C(d,d)(d+k,d−k)λ =

k∑
i=0

((λ ∈ (k+ i, k, i)P)),

since the other terms are clearly zero in this case. If λ2 − k ≥ λ3, then the terms
in this sum will be nonzero as long as 0 ≤ i ≤ λ3 − λ4 and 0 ≤ k + i ≤ λ1 − λ2
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and λ3− i ≡ λ4 (mod 2). Consider the case where λ3 ≡ λ4 (mod 2); then (4-1) is
equal to a+1, where a = bmin(λ3−λ4, λ1−λ2−k, k)/2c since the terms that are
nonzero in this sum are ((λ ∈ (k+2 j, k, 2 j)P)), where 0≤ j ≤ a. By Lemma 4.6,
these terms are true if and only if ((λ+ (6, 4, 2) ∈ (k + 2+ 2 j, k + 2, 2 j)P)) are
true for all 0≤ j ≤ a+ 1. But again by Theorem 3.1, in this case we also have

C(d+6,d+6)(d+k+8,d−k−4)(λ+(6,4,2)) = a+ 2= C(d,d)(d+k,d−k)λ+ 1.

The case in which λ3 ≡ λ4 + 1 (mod 2) is similar, but the terms of the form
((λ ∈ (k + 2 j + 1, k, 2 j + 1)P)) in (4-1) are nonzero if and only if the terms
((λ+ (6, 4, 2) ∈ (k + 2+ 2 j + 1, k + 2, 2 j + 1)P)) contribute to the expression
for C(d+6,d+6)(d+k+8,d−k−4)(λ+(6,4,2)) and there is exactly one more nonzero term;
hence C(d+6,d+6)(d+k+8,d−k−4)(λ+(6,4,2)) = C(d,d)(d+k,d−k)λ+ 1. �

Now for computations it is useful to have a way of determining exactly the
number of partitions of 2d that have a given coefficient. For integers d, k, r > 0,
we let Ld,k,r be the number of partitions λ of 2d with 〈s(d,d) ∗ s(d+k,d−k), sλ〉 = r .
Theorem 3.1 has shown that Ld,k,r = 0 for r > bk/2c + 1, and Theorem 4.5 says
Ld,k,r = Ld−6,k−2,r−1+1 for r > 1. These recurrences will allow us to completely
determine the generating functions for the coefficients Ld,k,r . We set

Lk,r (q)=
∑
d≥0

Ld,k,r qd .

Corollary 4.7. With the convention that Gk(q)= 0 for k < 0, we have Lk,r (q)= 0
for r > bk/2c+ 1, and

Lk,1(q)= Gk(q)− 2q6Gk−2(q)+ q12Gk−4(q),(4-2)

Lk,r (q)= q6r−6Lk−2r+2,1(q).(4-3)

Proof. Theorem 4.5 explains (4-3) because

Lk,r (q)=
∑
d≥0

#{λ : C(d,d)(d+k,d−k)λ = r}qd

=

∑
d≥0

#{λ : C(d−6,d−6)(d+k−8,d−k+4)(λ+(6,4,2)) = r − 1}qd

=

∑
d≥0

#{λ : C(d−6r+6,d−6r+6)(d+k−8r+8,d−k+4r−4)(λ+(6r−6,4r−4,2r−2)) = 1}qd

= q6r−6
∑
d≥0

#{λ : C(d−6r+6,d−6r+6)(d+k−8r+8,d−k+4r−4)(λ+(6r−6,4r−4,2r−2)) = 1}

· qd−6r+6

= q6r−6Lk−2r+2,1(q).



46 ANDREW BROWN, STEPHANIE VAN WILLIGENBURG AND MIKE ZABROCKI

Now we also have by definition and Theorem 3.1 that

(4-4) Gk(q)=
bk/2c+1∑

r=1

r Lk,r (q).

Hence, we can use this formula and (4-3) to define Lk,r (q) recursively. It remains
to show that the formula for Lk,1(q) stated in (4-2) satisfies this formula, which we
do by induction. Note that L0,1(q)=G0(q) and L1,1(q)=G1(q) and Lk,1(q)= 0
for k < 0. Then assuming that the formula holds for values smaller than k > 1, we
have from (4-4)

Lk,1(q)= Gk(q)−
bk/2c+1∑

r=2

r Lk,r (q)

= Gk(q)−
∑
r≥2

rq6r−6Lk−2r+2,1(q)

= Gk(q)−
∑
r≥2

rq6r−6(Gk−2r+2(q)− 2q6Gk−2r (q)+ q12Gk−2r−2(q))

= Gk(q)−
∑
r≥1

(r + 1)q6r Gk−2r (q)+
∑
r≥2

2rq6r Gk−2r (q)

−

∑
r≥3

(r − 1)q6r Gk−2r (q)

= Gk(q)− 2q6Gk−2(q)+ q12Gk−4(q).

Therefore, by induction (4-2) holds for all k > 0. �
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METRIC PROPERTIES OF HIGHER-DIMENSIONAL
THOMPSON’S GROUPS

JOSÉ BURILLO AND SEAN CLEARY

Higher-dimensional Thompson’s groups nV are finitely presented groups
that generalize dyadic self-maps of the unit interval to dyadic self-maps of
n-dimensional unit cubes. We describe some of the metric properties of
these groups. We describe their elements based upon tree-pair diagrams
and give upper and lower bounds for word length in terms of the size of
the diagrams. Though these bounds are somewhat separated, we show that
there are elements realizing the lower bounds and that the fraction of ele-
ments that are close to the upper bound converges to 1, showing that the
bounds are optimal and that the upper bound is generically achieved.

Introduction

Thompson’s groups provide a wide range of interesting examples of unusual group-
theoretic behavior. The family of Thompson’s groups includes the original groups
described by Thompson, commonly denoted F , T and V, as well as generalizations
in many different directions. The bulk of these generalizations includes groups that
can be regarded as self-maps of the unit interval. Brin [2004; 2005] generalized V
to higher-dimensional groups nV, which are described naturally in terms of dyadic
self-maps of n-dimensional cubes. Little is known about these groups aside from
their simplicity. Brin describes their elements geometrically in terms of dyadic
interpolations of collections of dyadic blocks, and gives presentations for 2V.

We describe elements in higher-dimensional Thompson’s groups as being given
by tree-pair diagrams. Though these diagrams usually take advantage of the natural
left-to-right ordering of subintervals of the unit interval, by using several types of
carets, Brin describes elements of nV via tree-pair diagrams. A natural question is
how the size of these tree-pair diagrams corresponds to the word length of elements
with respect to finite generating sets.

MSC2000: 20F65.
Keywords: Thompson’s groups.
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edges support from MEC grant MTM2006-13544-C02-02 and is grateful for the hospitality of The
City College of New York. This work was supported in part by NSF grant 0811002 and grants from
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We give upper and lower bounds for the word lengths of elements of higher-
dimensional Thompson’s groups nV with respect to finite generating sets, in terms
of the size of tree-pair descriptions of elements. An element with a minimal tree-
pair description of size N has word length between log N and N log N (up to the
standard affine equivalences) with respect to the standard finite generating set. This
of course also thus holds for any finite generating set.

1. Background on higher-dimensional Thompson’s groups

Brin [2004] describes higher-dimensional Thompson’s groups nV, giving presen-
tations and showing that the group 2V is simple. Brin [2004; 2005] defines nV as
a subgroup of the homeomorphism group of the n-fold product of the Cantor set
with itself, and then shows there are a number of equivalent characterizations. The
one we use here is Brin’s characterization [2005] in terms of equivalence classes
of labeled tree pair diagrams. The properties of the groups nV relevant here are as
follows.

We denote the unit interval [0, 1] by I , and the n-dimensional unit cube by I n .
An element of V is given by two finite-rooted binary trees with the same number

of leaves and a permutation, which represents a bijection between the leaves of the
two trees. Hence an element of V can be seen as a triple (T+, π, T−), where T+
and T− are trees with k leaves, and π ∈ Sk .

Each binary tree can be seen as a way of subdividing the interval I into dyadic
subintervals of the type [i/2r , i+1/2r

], where r>0 and 0≤ i<2r . A rooted binary
tree gives instructions for successive halvings of subintervals to obtain a particular
dyadic subdivision. Given two binary trees with n leaves and a permutation in Sn ,
an element in V is represented as a left-continuous map of the interval into itself,
sending each interval in the first subdivision to a corresponding interval in the
second subdivision, as specified by the given permutation. Though not every dyadic
subdivision of I can be obtained by a successive halving process described by trees,
every dyadic subdivision has a refinement that can be obtained by a successive
halving process.

For more details on the group V, including presentations and a proof of its
simplicity, see Cannon, Floyd and Parry [1996] as well as Brin [2004].

To obtain an element in 2V, we will define a partition of I 2 into dyadic rectangles
of the type [

i
2r ,

i + 1
2r

]
×

[
j

2s ,
j + 1
2s

]
.

Though again, not every such partition can be realized by successive halving pro-
cesses, every such partition has a refinement that can be realized in that way. For
the two-dimensional successive halving process, there are two possible halvings
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that can occur at each stage to a specified dyadic rectangle — a horizontal or a
vertical subdivision. We can obtain a refinement of any dyadic partition of I 2

via iterated horizontal and vertical subdivisions. This gives a natural means of
describing elements of 2V as pairs of dyadic subdivisions, each with m rectangles,
and a permutation in Sm giving the bijection between the rectangles.

We can describe elements of 2V also with pairs of binary trees, with the nodes
representing steps in successive halving processes to represent the refined sub-
divisions. Since there are two types of subdivisions, vertical and horizontal, we
will consider binary trees that contain two types of carets, vertical and horizontal
carets, represented by triangular and square carets, respectively.

As with other tree-based definitions of Thompson’s groups, there are numerous
representatives of a given group element, with natural equivalence relations coming
from expansions and contractions of leaves of trees. To multiply two elements, we
typically find representatives for each of them where the trees are compatible for
a natural multiplication via composition.

We define the group 2V as the set of equivalence classes of triples (T+, π, T−)
in which the trees are labeled to indicate the successive halving process and π is
a permutation between the leaves of the trees (where each leaf represents a dyadic
rectangle).

To fix a labeling convention, we will represent a vertical subdivision with a
traditional triangular caret, where the left and right leaves naturally represent the
left and right rectangles. A horizontal subdivision will be represented by a square
caret; in it, the left leaf represents the bottom rectangle, and the right leaf represents
the top rectangle, as shown below.

vertical caret
and subdivision

horizontal caret
and subdivision

(1) (1)(2) (2)

(1) (2)
(1)

(2)

We say a representative of an element is reduced if for each caret c in T− of
with two leaves, the permutation π does not map both leaves of c to leaves of
the same caret of the same type in T+ in the same order. We say a representative
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1

2 3

4 5

6

7 8

9

1

2 3

4

5

6

7 8

9

Figure 1. An example of a binary tree with the two types of carets,
and its corresponding partition of I 2.

of an element is of minimal size if it has the minimal number of carets among
all representatives in its equivalence class, and we denote by N (x) the number of
carets in a minimal size representative of an element x . Unlike the case of V, but
similar to that of F(n,m) (see Wladis [2007]), each element of minimal size may
have multiple distinct representatives.

See Figure 1 for an example of a partition of I 2 and its corresponding binary
tree. Every dyadic partition of the unit square has a refinement that can be obtained
with a binary tree with these two types of carets.

For the general groups nV, the partitions are divisions of the unit n-cube in n-
rectangles of dyadic lengths, and the corresponding binary trees have n types of
carets. For simplicity, we state our results for n = 2, but all of the results below
extend naturally to n > 2.

The fact that we have vertical and horizontal subdivisions brings new relations
to the group. These relations arise when both types of subdivisions are combined in
different orders to obtain different descriptions of the same dyadic partition of I 2.
The obvious relation (and the one from which all other relations are deducible)
is the combination of one subdivision of each type in the two possible orders, as
illustrated in Figure 2.

Subdividing in both the vertical and horizontal directions once, but in the two
possible orders, gives the same dyadic partitions, but according to our convention



METRIC PROPERTIES OF HIGHER-DIMENSIONAL THOMPSON’S GROUPS 53

1 2 3 4 1 2 3 4

1

2

3

4

1 2

3 4

Figure 2. The relation obtained when performing vertical and
horizontal subdivisions.

the resulting rectangles are numbered in different way. This makes using tree dia-
grams to express the multiplication of elements tricky and quite unwieldy for large
elements. Even though the leaves of the two-caret-type tree diagrams are ordered
in a natural way, this order is not apparent in the square, and it is not preserved
when different diagrams represent the same partition. Thus, there are (nonminimal)
diagrams representing the identity whose leaves are ordered in different ways —
an example is illustrated in Figure 3.

1 2 3 4 1 3 2 4

Figure 3. A tree-pair diagram for the identity element that has a
nonidentity permutation.
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2. Families of generators

Brin [2004; 2005] showed that the groups nV are finitely generated and gave sev-
eral generating sets for 2V. As is common with groups of the Thompson family,
there is an infinite presentation, which is useful for its symmetry and regularity and
which has a finite subpresentation. For the purposes of word length, we work with
a standard finite generating set as described by Brin. We next define the families
of generators for 2V, following the usual procedure in Thompson’s groups; see
Cannon, Floyd and Parry [1996]. We build the generators on a backbone of an
all-right tree with only vertical carets.

(1) The generators An involve only vertical subdivisions, and they are the tradi-
tional generators of Thompson’s group F .

(2) The generators Bn have the one nonright caret replaced by a horizontal one.

(3) The generators Cn have the last caret of the all-right tree of horizontal type,
and they are used to build horizontal carets on the right-hand-side of the tree,
as will be seen later.

(4) The generators πn and πn are permutations built on an all-right tree with only
vertical carets. These generators are exactly equal to those for the subgroup
V appearing as the purely vertical elements.

Theorem 2.1 [Brin 2004; 2005]. The families An , Bn , Cn , πn and πn generate the
group 2V.

Proof. Since our proof is quite different from Brin’s, we will include it here and
use aspects of it later for metric considerations.

An element of 2V is given by a triple (T+, π, T−), where the two trees are
composed of the two types of carets. First, we subdivide a given element into
three elements: (T+, id, Rk), (Rk, π, Rk), and (Rk, id, T−), where Rk is the all-
right tree with k leaves and only vertical carets. Clearly (Rk, π, Rk) is product of
the permutation generators, as is the case in V already.

To obtain the element (T+, id, Rk), we will concentrate first on the backbone of
the tree T+, that is, the sequence of carets in the right hand side. If this sequence
of carets has horizontal carets in the positions m1,m2, . . . ,m p, then the product of
the generators Cm1Cm2 · · ·Cm p produces exactly a backbone with horizontal carets
in the desired positions. We denote this backbone by K ; that is, K is the subtree
of T+ that consists only of right carets. Thus, at this stage, we have constructed
the element (K , id, Rm p).

Once the backbone is constructed, each new caret is obtained by a generator of
the type Ai or Bi . To attach a vertical caret from the leaf labeled i , we only need
to multiply by Ai on the right. Similarly, to attach a horizontal caret to leaf i , we
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...
...

...
...

...
...

...
...

...
...

An

Bn

Cn

n+1 carets

n+1 carets

n carets

...
...

...
...

πn

πn

n+1 carets

n+1 carets

1

2

2

1

1 2 2 1

Figure 4. Generators of 2V .

multiply by Bi on the right. This multiplication process is shown in Figure 5, with
an example illustrated in Figure 6.

This proves that the element (T+, id, Rk) is product of the generators Ai , Bi

and Ci , and using inverses, we see that the entire group is generated by the full
family of generators. �

An element of the type (T+, id, Rk) is called a positive element of 2V. Positive
elements can always be written as products of the generators Ai , Bi and Ci without
using their inverses.

In the process of proving Brin’s theorem, we have obtained this:

Theorem 2.2. Elements of 2V, with respect to the standard infinite generating set
{Ai , Bi ,Ci , πi , πn}, have these properties:

• Any positive element always admits an expression of the type

Cm1 · · ·Cm p W1(Ai1, Bi1) · · ·Wr (Air , Bir ).
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.
.
.

.
.
.

.
.
.

.
.
.

i-th leaf
Ai or Bi

Figure 5. The building process: attaching a caret to the i-th leaf
by multiplying by Ai or Bi .

where the Wi are words on the positive generators Ai and Bi and never their
inverses, and where m1 < m2 < · · ·< m p and i1 < i2 < · · ·< ir .

• Each element admits an expression P5Q−1, where P and Q are positive
elements and5 is a permutation on an all-right vertical tree, and thus a word
in the πi and π i .

This expression will be used as a seminormal form for elements of 2V.
Brin also shows that several finite generating sets suffice to generate each nV.

We will use the finite generating set {A0, A1, B0, B1,C0,C1, π0, π1, π0, π1}. This
set is larger than the smallest ones used by Brin, but is more convenient for our
methods below.

3. Metric properties

We will be interested in metric properties up to the standard affine equivalence,
defined here.

Definition 3.1. Given two functions f, g :G→R, we say that f ≺ g if there exists
a constant C > 0 such that f (x) ≤ Cg(x) for all x ∈ G. We say that f and g are
equivalent, written f ∼ g, if f ≺ g and g ≺ f .

Elements of Thompson’s groups admit representations as diagrams with binary
trees in one form or another, perhaps with associated permutations or braids be-
tween the leaves. For several of these groups, the distance |x | from an element x
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C1C3

=

C1C3 B0

=

C1C3 B0 A0

=

C1C3 B0 A0 B1

=

C1C3 B0 A0 B1 A6

=

Figure 6. Constructing an element generator-by-generator.

to the identity is closely related with the number of carets N (x) of the minimal
diagram, indicating that the complexity of the minimal (reduced) diagram is a
good indication of the size of the element.

In Thompson’s groups F and T , the two functions are equivalent: for both
groups we have |x | ∼ N (x); see Burillo, Cleary and Stein [2001] and Burillo,
Cleary, Stein and Taback [2009]. This result cannot hold in V, for counting reasons.
The number of elements of V whose trees have N carets is at least the order of N !
(due to the permutations), while the number of distinct elements of length N can
be at most exponential in N in any group.

The best possible bound for the number of carets in terms of word length in the
group V is an inequality proved by Birget as [2004, Theorem 3.8], which says that
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N (x)≺ |x | ≺ N (x) log N (x) and that these bounds are optimal, in a sense similar
to that which will be made precise in Section 4.

In the case of V, the lower bounds on word length are linear in the number
of carets. Therefore, the standard inclusions F ⊂ T ⊂ V are all quasiisometric
embeddings; that is, F is undistorted in T , and T is undistorted in V. This property
will be no longer true for inclusions in 2V, as we will show in Section 5.

In this section we will prove the analog for 2V of the inequality above. In the
next section, we address optimality of the bounds.

Theorem 3.2. In the group 2V, the word length of an element |x | and number of
carets N (x) in a minimal size tree-pair representative satisfy

log N (x)≺ |x | ≺ N (x) log N (x),

and the bounds cannot be improved.

Proof. We defer the proof of its optimality to the following section.
The upper bound is proved the standard way. We take a positive word P , and

according to Theorem 2.2, write it as

Cm1 · · ·Cm p W1(Ai1, Bi1) · · ·Wr (Air , Bir ).

Then, we rewrite each generator using the relations

Ai+1 = A−i+1
0 A1 Ai−1

0 , Bi+1 = A−i+1
0 B1 Ai−1

0 , Ci+1 = A−i+1
0 C1 Ai−1

0

for all i > 1. Since the conjugating element is always A0, cancellations ensure that
the length stays approximately the same. The bound N log N appears because of
the permutations, since N log N is the diameter of SN with respect to the relevant
transpositions.

For the lower bound, we note that if an element has k carets, when it is multiplied
by a generator it is possible that the multiplication could have up to 4k carets. If
an element has, for instance, only horizontal subdivisions, when multiplied by A1

the number of subdivisions (and hence the number of carets) becomes 4k, since
each one of the previous subdivision is divided in four, as illustrated in Figure 7.

If each multiplication by a generator can multiply the number of carets by 4, an
element of length ` could have up to 4` carets. Other generators may increase word
length by additive factors, but the worst case is exactly the increase by a factor of 4.
Hence N (x)≤ 4`, so log N (x)≤ |x |. �

4. Optimality of bounds

To show the optimality of the bounds in Theorem 3.2, we first describe some prop-
erties of the lower bound for word length in terms of the number of carets.
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Figure 7. An illustration of why when two types of carets are
involved, the number of carets gets multiplied. The tree on the top
left has only horizontal subdivisions, so when joined with a tree
with only vertical ones, these have to be put at every leaf.

Lemma 4.1. The word length of an element of 2V that is represented by a tree-pair
diagram of depth D is at least D/3.

Proof. Right multiplying by a generator in the finite generating set can add levels to
the tree-pair diagram. When we right multiply by a generator, we may need to add
carets to T− (and thus to T+) if the carets in the generator are not already present
in T−. This can add at most 3 levels, which happens only in the case that we right-
multiply an element (T+, π, T−) with T− having no right subtree by any of A1, B1

or C1 from the finite generating set. In that case, the right child of the root of T−
is a leaf labeled n and we will need to add carets to it and the corresponding leaf
from T+ to obtain a representative compatible with multiplication by the generator.
If leaf π−1(n) in T+ is at maximal level, then the level could increase but only by
the number of carets added to leaf π−1(n) in T−. Thus, any product of less than
D/3 generators cannot have depth D. �

From this it follows that the cyclic subgroups generated by any single generator
from the An or Bn families are undistorted in 2V, for example.

As seen in the proof of Theorem 3.2, multiplying by a generator can increase
the number of carets by a multiplicative factor. The powers of the element C0

have exponentially many carets. In fact, the minimal number of carets needed to
represent Cn

0 is 2n . We give further related specific examples later in Section 5.
Any of these examples show that the lower bound of Theorem 3.2 is optimal.
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To analyze the genericity of the upper bound in Theorem 3.2, we use arguments
analogous to those for V. Birget [2004] showed not only that n log n is an upper
bound on the growth of elements in V with respect to the number of carets n in
minimal length representatives, but also that the fraction of elements close to this
bound converges exponentially fast to 1. In 2V, we note analogous behavior:

Theorem 4.2. Let Hn be the set of elements of 2V representable with n carets and
having no representatives with fewer than n carets. The fraction of elements of Hn

that have word length greater than n log n converges exponentially fast to 1.

Proof. Here we use a counting argument, analogous to that used by Birget [2004] to
count elements in V. In 2V, we consider the subset of representatives of elements
that have only horizontal subdivisions in the domain and only vertical subdivisions
in the range. Their tree-pair diagrams are guaranteed to be reduced and of minimal
size by a straightforward argument. So to count the set of elements of this type of
diagram size n, we have Cn choices (where Cn is the n-th Catalan number) for the
first all-square tree of size n and Cn choices for the all-triangular tree of size n,
and n! choices for the permutation. This set of elements has size C2

nn!, which is,
by the Stirling formula,

(Cn)
2n! =

(
(2n)!

(n+ 1)!n!

)2
n! =

√
2
π

16n

en n(n−2)(1+ o(1)),

where the o(1) term goes to zero as n increases.
The number of elements of word length n in any finitely generated group with d

generators is no more than (2d)n . Thus we see that the ratio of elements that have
word length less than n log2d n out of elements that have tree-pair diagrams of size
n is less than

nn√
2
π

16n

en n(n−2)(1+o(1))
∼ c

n2en

16n ,

which converges to 0 exponentially fast, as desired. So by complementing we have
the result. �

5. Distortion

Elements of 2V can be represented with pairs of binary trees, where the carets
have been subdivided in two types. This fact makes it more difficult to multiply
elements whose caret types disagree, as illustrated already in Theorem 3.2, and
the number of carets can grow faster because of this situation. This phenomenon
has been described already by Wladis [2007] for the group F(2, 3), which has
also carets of two types (binary and ternary). This feature of 2V implies now that
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Figure 8. The process of multiplication for C−2
0 A0C2

0 , illustrating
the exponential number of subdivisions.

the groups F , T and V, when seen as subgroups of 2V (by doing only vertical
subdivisions, for instance), are exponentially distorted.

Theorem 5.1. The groups F , T and V are at least exponentially distorted in 2V.

Proof. We consider the specific element C−n
0 A0Cn

0 , illustrated in Figure 8. This
element lies in a copy of F in 2V obtained by putting F into 2V using only vertical
subdivisions.

The element Cn
0 has 2n carets, as seen with an easy induction. Its two trees are

balanced trees of depth n, one with only vertical subdivisions, and one with only
horizontal subdivisions. By matching the horizontal subdivisions with the vertical
ones in A0, we see the element C−n

0 A0Cn
0 has a number of carets of order 2n , and

all the carets are of vertical type, so the element is in F . This element has length
in V no more than 2n+1, but the number of carets is exponential in n and thus its
word length as an element of the vertical copy of F in 2V is also exponential.

Thus F is at least exponentially distorted in 2V. Since F is undistorted in T
and V, we see that T and V (as subgroups using only vertical subdivisions) are
also at least exponentially distorted in 2V. �
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SOLITARY WAVES FOR THE HARTREE EQUATION WITH A
SLOWLY VARYING POTENTIAL

KIRIL DATCHEV AND IVAN VENTURA

We study the Hartree equation with a slowly varying smooth potential,
V (x) = W(hx), and with an initial condition that is ε ≤

√
h away in H1

from a soliton. We show that up to time |log h|/h and errors of size ε+ h2

in H1, the solution is a soliton evolving according to the classical dynam-
ics of a natural effective Hamiltonian. This result is based on methods of
Holmer and Zworski, who prove a similar theorem for the Gross–Pitaevskii
equation, and on spectral estimates for the linearized Hartree operator re-
cently obtained by Lenzmann. We also provide an extension of the result of
Holmer and Zworski to more general initial conditions.

1. Introduction

In this paper we study the Hartree equation with an external potential:

(1-1)
i∂t u =− 1

21u+ V (x)u− (|x |−1
∗ |u|2)u,

u(x, 0)= u0(x) ∈ H 1(R3
;C).

In the case V ≡ 0, solving the associated nonlinear eigenvalue equation,

(1-2) −
1
21η− (|η|

2
∗ |x |−1)η =−λη,

gives solutions to (1-1) with evolution u(t, x) = eiλtη(x). It is known that (1-2)
has a unique radial, positive solution η ∈ H 1(R3) for a given λ > 0; see [Lieb
1977] and [Lenzmann 2009, Appendix A], as well as Appendix A. For convenience
of exposition we take λ so that ‖η‖2L2 = 2, but this is not essential. Using the
symmetries of (1-1), we can construct from this η the following family of soliton
solutions to (1-1) in the case V ≡ 0:

u(x, t)= ei x ·vei |v|2t/2eiγ eiλtµ2η(µ(x − a− vt))

for (a, v, γ, µ) ∈ R3
×R3

×R×R+.

MSC2000: primary 35Q55; secondary 35Q51.
Keywords: solitons, nonlinear Schrödinger equation, effective dynamics, Hartree equation.
Supported in part by NSF grant DMS-0654436.
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If V is not identically zero but is slowly varying, there exist approximate soliton
solutions in a sense made precise by the following theorem.

Theorem 1. Let V (x) = W (hx), where W ∈ C3(R3
;R) is bounded together with

all derivatives up to order 3. Fix a constant 0 < c1, and fix (v0, a0) ∈ R3
× R3.

Suppose 0< δ ≤ 1/2, 0< h ≤ h0, and u0 ∈ H 1(R3) satisfies

‖u0− eiv0·(x−a0)η(x − a0)‖H1 ≤ c1h2.

Then if u(t, x) solves (1-1) and

0≤ t ≤
c1

h
+
δ|log h|

c2h
,

we have ∥∥u(t, x)− ev(t)·(x−a(t))eiγ (t)η((x − a(t)))
∥∥

H1
x (R

3)
≤ c2h2−δ.

Here (a, v, γ ) solve the system

(1-3)

ȧ = v,

v̇ =−
1
2

∫
∇V (x + a) η2(x)dx,

γ̇ = 1
2 |v|

2
+ λ−

1
2

∫
V (x + a) η2(x)dx + 1

2

∫
x · ∇V (x + a) η2(x)dx

with initial data (a0, v0, 0). The constants h0 and c2, depend only on c1, |v0|, and
‖W‖C3(R3). They are in particular independent of δ.

Note that in (1-3), the equation of motion of the center of mass a of the soliton is
given by Newton’s equation, ä=−∇V (a), where V :=V ∗η2/2. Observe also that
because η is exponentially localized (see Appendix A), η2/2 is an approximation
of a delta function and hence the effective potential V that governs the motion of
the soliton is an approximation of V . The evolution of γ is more complicated and
explained by the Hamiltonian formulation of the problem developed in Section 2.

Our next theorem gives a slightly weaker result in the case of a more general
initial condition.

Theorem 2. Let V (x) = W (hx), where W ∈ C3(R3
;R) is bounded together with

all of its derivatives up to order 3. Fix constants 0 < c1, and 0 ≤ 2δ ≤ δ0 < 3/4,
and fix (v0, a0) ∈ R3

×R3. Suppose 0< h ≤ h0, and u0 ∈ H 1(R3) satisfies

‖u0− eiv0·(x−a0)η(x − a0)‖H1 =: ε ≤ c1h1/2+δ0 .

Then for

0≤ t ≤
c1

h
+
δ|log h|

c2h
,
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we have∥∥u(t, x)− ev(t)·(x−a(t))eiγ (t)µ(t)2η(µ(t)(x − a(t)))
∥∥

H1
x (R

3)
≤ c2h−δ ε̃,

where ε̃ := ε+ h2. Here (a, v, µ, γ ) solve the system

ȧ = v+O(ε̃2),

v̇ =−
µ

2

∫
∇V (x/µ+ a)η2(x)dx +O(ε̃2),

µ̇= O(ε̃2),

γ̇ = 1
2 |v|

2
+ λµ2

−
1
2

∫
V (x/µ+ a)η2(x)dx

−
1

2µ

∫
x · ∇V (x/µ+ a)η2(x)dx +O(ε̃2),

with initial data (a0, v0, 1, 0). The constants h0 and c2, as well as the implicit
constants in the O error terms, depend only on c1, |v0|, and ‖W‖C3(R3). They are in
particular independent of δ.

This phenomenon was studied in the physics literature by Éboli and Marques
[1983], who show for various (not necessarily slowly varying) potentials V that
soliton solutions obeying Newtonian equations of motion exist. Later Bronski and
Jerrard [2000] proved a similar theorem in the case of a power nonlinearity, and
then more general nonlinearities were treated by Fröhlich, Tsai, and Yau [2002]
and by Fröhlich, Gustafson, Jonsson, and Sigal [2004]. More recently Jonsson,
Fröhlich, Gustafson, and Sigal [2006] have extended the validity of the effective
dynamics to longer time in the case of a confining potential V , and Abou Salem
[2008] has treated the case of a potential V that is permitted to vary in time. The
case of the cubic nonlinear Schrödinger equation in dimension one was also studied
by Holmer and Zworski [2007; 2008]. Other papers have established effective
classical dynamics in quantum equations of motion in a wide variety of settings:
see [Fröhlich, Gustafson, Jonsson and Sigal 2004] and [Abou Salem 2008] for
many references.

Our result improves the results of [Fröhlich, Tsai and Yau 2002; Fröhlich,
Gustafson, Jonsson and Sigal 2004] and [Abou Salem 2008] in the case of (1-1) in
several respects. First, we provide a more precise error bound, improving ε̃ from
h + ε to h2

+ ε. Second, we remove the errors in the equations of motion when
ε = O(h2−δ). Finally, we establish the effective dynamics for longer time: The
result in the first two papers was valid only up to time c(ε2

+ h)−1 for a small
constant c, while in the third the result was valid only up to time δ|log h|/h and
required the assumption ε = O(h).
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Fröhlich, Gustafson, Jonsson, and Sigal [2004] consider more general initial
data: ε is assumed to be small but not necessarily O(h1/2+), although in this case
the result is obtained only for time ε−2. In that situation the methods of this pa-
per, although applicable, do not improve that result, so for ease of exposition we
consider only the special case ε = O(h1/2+) where we have an improvement.

In this paper we follow most closely [Holmer and Zworski 2008], which in
turn builds on [Holmer and Zworski 2007] and on earlier work on soliton stability
going back to Weinstein [1986]. We adapt those arguments to a higher-dimensional
setting where in particular there is no longer an explicit form for η, and to the
nonlocal Hartree nonlinearity. For this last task we make use of the classical Hardy–
Littlewood–Sobolev inequality and of Lenzmann’s [2009] spectral estimates for the
linearized Hartree operator

Lw := − 1
21w− (|x |

−1
∗ η(w+w))η− (|x |−1

∗ η2)w+ λw.

In Section 4, we also extend the methods of [Holmer and Zworski 2008] by
adapting them to more general initial data. It is at this point that our proofs depart
most significantly from theirs. The crucial addition is a closer analysis of the differ-
ential equation for the error studied in Lemmas 4.3 and 4.4. This analysis applies
also to the Gross–Pitaevskii equation studied in [Holmer and Zworski 2008], giving
us Theorem 3.

To state this theorem, we suppose u : R×R→ C solves

(1-4)
i∂t u =− 1

2∂
2
x u+ V (x)u− |u|2u,

u(x, 0)= u0(x) ∈ H 1(R;C).

In this case the ground state soliton solution of the corresponding elliptic nonlinear
eigenvalue equation

−
1
2η =−

1
2η
′′
− η3

is given by
η(x)= sech(x).

Theorem 3. Let V (x) = W (hx), where W ∈ C3(R;R) is bounded together with
all derivatives up to order 3. Fix constants 0 < c1 and 0 < δ0 < 3/4 and fix
(v0, a0) ∈ R×R. Suppose 0≤ 2δ ≤ δ0 and 0< h ≤ h0. For u0 ∈ H 1(R), put∥∥u0− eiv0·(x−a0) sech(x − a0)

∥∥
H1 := ε ≤ c1h1/2+δ0 .

Then for
0≤ t ≤

c1

h
+
δ|log h|

c2h
,

we have∥∥u(t, x)− ev(t)·(x−a(t))eiγ (t)µ(t) sech(µ(t)(x − a(t)))
∥∥

H1
x (R

3)
≤ c2h−δ ε̃,
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where u solves (1-4) and ε̃ := ε+ h2. Here (a, v, µ, γ ) solve the system

ȧ = v+O(ε̃2),

v̇ =−
µ2

2

∫
V ′(x + a) sech2(µx)dx +O(ε̃2),

µ̇= O(ε̃2),

γ̇ = 1
2µ

2
+

1
2v

2
−µ

∫
V (x + a) sech2(µx)dx

+µ2
∫

xV (x + a) sech2(µx) tanh(µx)dx +O(ε̃2)

with initial data (a0, v0, 1, 0). The constants h0 and c2, as well as the implicit
constants in the O error terms, depend only on c1, δ0, |v0|, and ‖W‖C3(R3). They
are in particular independent of δ.

This is proved by replacing [Holmer and Zworski 2008, Lemmas 5.1 and 5.2]
with our Lemmas 4.3 and 4.4. Because the details are very similar to the ones
given in Section 4, we omit them.

The methods of this paper can be extended to more general nonlinearities under
additional spectral nondegeneracy assumptions: see [Fröhlich, Gustafson, Jonsson
and Sigal 2004] for examples. That paper, and also [Fröhlich, Tsai and Yau 2002],
considers more general classes of equations under such assumptions. Here we
restrict our attention to two physical nonlinearities for which the necessary spectral
results are known.

The outline of the proof and of this paper are as follows.
In Section 2, we recast (1-1) as a Hamiltonian evolution equation in H 1(R3),

with the Hamiltonian given by (2-14). We define the manifold of solitons to be
the set of functions of the form ev·(x−a)eiγµ2η(µ(x − a)) for some (a, v, γ, µ) in
R3
×R3
×R×R+, and we show that the equations (1-3) come from the restriction

of the Hamiltonian (2-14) to this manifold.
In Section 3, we review and extend slightly the relevant spectral results from

[Lenzmann 2009].
In Section 4, we compute the differential equation for the difference between

the true solution u and the “closest point” on the manifold of solitons. We then
estimate this difference, proving Theorem 2.

In Section 5, we show how the additional assumption on the initial condition in
Theorem 1 gives the exact equations of motion (1-3).

In Appendix A we collect the properties of η that we need for our proofs, and
in Appendix B we review a standard proof of the global well-posedness of (1-1).
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2. Hamiltonian equations of motion

This section has four subsections. In the first, we define a symplectic structure
on H 1 and recall a few basic lemmas from symplectic geometry. In the second,
we define the manifold of solitons, which has a natural action on it by the group
of symmetries of (1-1). We compute the Lie algebra associated to this group of
symmetries and from that deduce a formula for the derivative of a curve in the group
in terms of the Lie algebra. In the third, we prove that the manifold of solitons is a
symplectic submanifold and compute the restriction of the symplectic form to it. In
the fourth, we compute the Hartree Hamiltonian and its restriction to the manifold
of solitons, and derive the equations (1-3) as the equations of motion associated to
the restricted Hamiltonian. Most of the ideas in this section are present in [Holmer
and Zworski 2007, Section 2].

Symplectic structure. We work over the vector space

V := H 1(R,C)⊂ L2(R,C),

viewed as a real Hilbert space. The inner product and the symplectic form are
given by

(2-1) 〈u, v〉 := Re
∫

uv and ω(u, v) := Im
∫

uv.

Let H :V→R be a function, a Hamiltonian. The associated Hamiltonian vector
field is a map 4H : V→ T V. The vector field 4H is defined by the relation

(2-2) ω(v, (4H )u)= du H(v),

where v ∈ TuV, and du H : TuV→ R is defined by

du H(v)= d
ds

∣∣∣
s=0

H(u+ sv).

In the notation above, we have

(2-3) du H(v)= 〈d Hu, v〉 and (4H )u =−id Hu,

where the first equation provides a definition of d Hu , and the second a formula for
computing 4H .

For reference we present two simple lemmas from symplectic geometry. The
proofs can be found in [Holmer and Zworski 2007, Section 2].

Lemma 2.1. Suppose that g :V→V is a diffeomorphism such that g∗ω=µ(g)ω,
where µ(g) ∈ C∞(V,R). Then for f ∈ C∞(V,R)

(2-4) (g−1)∗
(
(4 f )g(ρ)

)
=

1
µ(g)

4g∗ f (ρ) for ρ ∈ V.
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Suppose that f ∈ C∞(V,R) and that d f (ρ0)= 0. Then the Hessian of f at ρ0,
f ′′(ρ0) : TρV→ T ∗ρ V, is well-defined. We can identify TρV with T ∗ρ V using the
inner product, and define the Hamiltonian map F : TρV→ TρV by

(2-5) F =−i f ′′(ρ0) and 〈 f ′′(ρ0)X, Y 〉 = ω(Y, F X).

Lemma 2.2. Suppose that N is a finite-dimensional symplectic submanifold of V

and f ∈ C∞(V,R) satisfies

4 f (ρ) ∈ TρN ⊂ TρV for ρ ∈ N .

If d f (ρ0)= 0 at ρ0 ∈ N , then the Hamiltonian map defined by (2-5) satisfies

F(TρN )⊂ TρN .

Manifold of solitons as group orbit. For g= (a, v, γ, µ)∈R3
×R3
×R×R+, we

define the map

(2-6) H 1
3 u 7→ g · u ∈ H 1, (g · u)(x) := eiγ eiv·(x−a)µ2u(µ(x − a)).

This action gives the group structure

(a, v, γ, µ) · (a′, v′, γ ′, µ′)= (a′′, v′′, γ ′′, µ′′)

on R7
×R+, where

v′′ = v+µv′, a′′ = a+ a′/µ, γ ′′ = γ + γ ′+ va′/µ, µ′′ = µµ′.

The action of G is conformally symplectic in that

(2-7) g∗ω = µω and g = (a, v, γ, µ),

as is easily seen from (2-1).
The Lie algebra of G, denoted g, is generated by the eight elements

(2-8)

e1 =−∂x1, e4 = i x1 e7 = i,

e2 =−∂x2, e5 = i x2, e8 = 2+ x · ∇,

e3 =−∂x3, e6 = i x3.

These are simply the partial derivatives at the identity of (g · u)(x) with respect
to each of the eight parameters (a, v, γ, µ). The following computation gives the
derivative of a curve in G in terms of this basis.

Lemma 2.3. Let g ∈ C1(R,G) and u ∈ S(R). Then, in the notation of (2-6),

d
dt

g(t) · u = g(t) · (Y (t)u),
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where Y (t) ∈ g is given by

(2-9) Y (t)= µ(t)
3∑

j=1

ȧ j (t)e j +µ(t)
3∑

j=1

v̇ j (t)
µ(t)

e3+ j

+ (γ̇ (t)− ȧ(t) · v(t))e7+
µ̇(t)
µ(t)

e8,

where
g(t)= (a(t), v(t), γ (t), µ(t))

= (a1(t), a2(t), a3(t), v1(t), v2(t), v3(t), γ (t), µ(t)).

We define the submanifold M ⊂ H 1 of solitons as the orbit of η under G, where
η is the function described in Appendix A:

(2-10) M = G · η ' G/Z and TηM = g · η ' g.

The quotient corresponds to the Z-action

(a, v, γ, µ) 7→ (a, v, γ + 2πk, µ) for k ∈ Z.

The following is a simple consequence of the implicit function theorem and of
the nondegeneracy of ω. The proof can be found, for example, in [Holmer and
Zworski 2007, Lemma 3.1].

Lemma 2.4. For 6 and compact subset of G/Z, let

U6,δ =
{
u ∈ H 1

: infg∈6‖u− g · η‖H1 < δ
}
.

If δ ≤ δ0 = δ0(6), then for any u ∈U6,δ, there exists a unique g(u) ∈6 such that

ω(g(u)−1
· u− η, X · η)= 0 for all X ∈ g.

Moreover, the map u 7→ g(u) is in C1(U6,δ, 6).

Symplectic structure on the manifold of solitons. We compute the symplectic
form ω|M on TηM by using

(ω|M)η(ei , e j )= Im
∫
(ei · η)(x)(e j · η)(x).

We remind the reader (as mentioned in Appendix A) that ‖η‖2L2 = 2. Using (2-8)
we compute all these forms.

Lemma 2.5. The evaluation at η of the restriction of the symplectic form to M is
given by

(ω|M)η = (dv∧ da+ dγ ∧ dµ)(0,0,0,1) = (d(vda+ γ dµ))(0,0,0,1).
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Proof. If j, k are both taken from {1, 2, 3, 8} or both taken from {4, 5, 6, 7}, then the
integrand (e j ·η)(x)(ek · η)(x) is a real function, implying that (ω|M)η(e j , ek)= 0.

If j ∈ {1, 2, 3} and k ∈ {4, 5, 6}, we have e j =−∂ j and ek = i xk−3.
If j 6= k− 3, integrating by parts gives

(ω|M)η(e j , ek)= Im
∫
(e j · η)(x)(ek · η)(x)

= Im
∫
(−∂ jη)(i xk−3η)=−

∫
(η)(xk−3∂ jη).

This implies that (ω|M)η(e j , ek)= 0.
If j = k− 3, integrating by parts gives

(ω|M)η(e j , ek)= Im
∫
(e j ·η)(x)(ek · η)(x)=

∫
(∂ jη)(x jη)=−

∫
(η(η+x j∂ jη)).

Solving this yields (ω|M)η(e j , ek)=−1.
If j ∈ {1, 2, 3} and k = 7, integrating by parts gives

(ω|M)η(e j , ek)= Im
∫
(e j · η)(x)(ek · η)(x)

= Im
∫
(−∂ jη)(iη)=

∫
(∂ jη)(η)=−

∫
(η)(∂ jη),

implying (ω|M)η(e j , ek)= 0.
If j ∈ {4, 5, 6} and k = 8, we get

(ω|M)η(e j , ek)= Im
∫
(e j · η)(x)(ek · η)(x)= Im

∫
i x jη(2+ x · ∇)η

= 2
∫

x jη
2
+

∫
x jηx · ∇η

= 2
∫

x jη
2
+

∫
x jη(x1∂1η+ x2∂2η+ x3∂3η).

Now
∫

x jη
2 is zero since it is odd in the x j variable. Since all the terms in

this last expression can be reduced to this by integrating by parts, we see that
(ω|M)η (e j , ek)= 0.

If j = 7 and k = 8, we observe that since by integration by parts we have∫
ηx · ∇η =− 3

2‖η‖
2
L2 , we also have

(ω|M)η(e j , ek)= Im
∫
(e j ·η)(x)(ek · η)(x)=

∫
η(2+x ·∇)η= 2‖η‖2L2−

3
2‖η‖

2
L2,

giving (ω|M)η(e j , ek)= 1.
Putting all this together gives the result. �
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We now observe from (2-10) and (2-7) that

(2-11) ω|M = µdv∧ da+ vdµ∧ da+ dγ ∧ dµ.

Now let f be a function defined on M , that is, f = f (a, v, γ, µ). The associated
Hamiltonian vector field 4 f is given by

ω(·, 4 f )= d f = fada+ fvdv+ fµdµ+ fγ dγ.

Using (2-11), we obtain

(2-12) 4 f =
1
µ
∇v f · ∇a +

1
µ

(
−∇a f − (∂γ f )v

)
· ∇v

+
∂

∂γ
f ∂µ+

( 1
µ
v · ∇v f −−∂µ f

)
∂γ .

The Hamiltonian flow is obtained by solving

v̇ =−∇a f − (∂γ f )v, ȧ = 1
µ
∇v f, µ̇= ∂γ f, γ̇ =

1
µ
v · ∇v f − ∂µ f.

The Hartree Hamiltonian restricted to the manifold of solitons. Using the sym-
plectic form given in (2-1), and

H(u) :=
∫

1
4 |∇u|2− 1

4 |u|
2(|u|2 ∗ |x |−1),

we find that

du H(v)= Re
∫ (
−

1
21u− (|u|2 ∗ |x |−1)u

)
v.

The Hamiltonian flow associated to this vector field is

(2-13) u̇ = (4H )u =−i
(
−

1
21u− (|u|2 ∗ |x |−1)u

)
.

The restriction of

H(u)=
∫

1
4 |∇u|2− 1

4 |u|
2(|u|2 ∗ |x |−1),

to M is given by computing

H(g · η)= 1
4 |v|

2µ‖η‖2L2 +µ
3 H(η)= 1

2 |v|
2µ+µ3 H(η) for g = (a, v, γ, µ).

The flow of (2-12) for this f describes the evolution of a soliton. We have in
particular γ̇ = 1

2 |v|
2
− 3µ2 H(η), and because we know that eiλtη(x) solves (1-1),

we can compute that H(η)=−λ/3.
We now consider the Hartree Hamiltonian,

(2-14) HV (u)=
1
4

∫
|∇u|2− 1

4

∫
|u|2(|u|2 ∗ |x |−1)+

1
2

∫
V (x)|u|2,
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and its restriction to M = G · η given by

(2-15) HV |M =
1
2 |v|

2µ+ λ 1
3µ

3
+

1
2µ

4
∫

V (x)η2(µ(x − a)).

The flow of HV |M can be read off from (2-12):

v̇ =− 1
2µ

∫
∇V (x/µ+ a)η2(x)dx, ȧ = v, µ̇= 0,

γ̇ = 1
2 |v|

2
+ λµ2

−
1
2

∫
V (x/µ+ a)η2(x)dx + 1

2µ

∫
x · ∇V (x/µ+ a)η2(x)dx .

These are the same as the ones given in (1-3). The evolution of a and v is simply
the Hamiltonian evolution of 1

2 |v|
2
+

1
2µ

3
∫
∇V (x + a)η2(µx) when µ is held

constant. As a result the evolution of the phase is explained by (2-15).
Finally we give an important application of Lemma 2.2. We put

Hλ(u)=
∫

1
4 |∇u|2− 1

4 |u|
2(|u|2 ∗ |x |−1)+ 1

2λ

∫
|u|2,

and observe that η is a critical point of this functional, while the Hessian of Hλ
at η is given by

(2-16) Lw := − 1
21u− (|x |−1

∗ η(w+w))η− (|x |−1
∗ η2)w+ λw.

Now in Lemma 2.2 take Hλ to be f , take N to be the eight-dimensional manifold
of solitons M , and take ρ = η. We find that

(2-17) iL(TηM)⊂ TηM.

3. Spectral estimates

In this section we recall crucial spectral estimates for the operator L from (2-16),
which is the linearization of − 1

21u − (|u|2 ∗ |x |−1)u + λu. We observe that this
operator can be decomposed as

Lw =

[
L+ 0
0 L−

] [
Rew
Imw

]
,

with

L+ Rew =− 1
21Rew− 2(|x |−1

∗ ηRew)η− (|x |−1
∗ η2)Rew+ λRew,

L− Imw =− 1
21 Imw− (|x |−1

∗ η2) Imw+ λ Imw.

From the second remark following [Lenzmann 2009, Theorem 4] we have the
following proposition:
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Proposition 3.1. Letw ∈ H 1(R,C) and suppose that ω(w, Xη)= 0 for any X ∈ g.
Then

(3-1) 〈Lw,w〉 ≥ c‖w‖2H1,

where c is an absolute constant.

Now we consider solutions f of the equation

(3-2) L+ f = Q(x)η(x),

where Q(x) is real-valued and of the form Q(x) = a0(t) +
∑

ai j (t)xi x j , with
Q(x)η symplectically orthogonal to the generalized kernel of iL, and with ai j (t)
bounded in t .

Proposition 3.2. Equation (3-2) has a unique solution in (ker(L+))⊥ ⊂ L2(R3).
This solution is also in C∞(R3) with the property

(3-3) e(
√

2λ−ε)|x |/2∂α f ∈ L∞(R3)

for all ε > 0 and for any multiindex α ∈ N3. Furthermore

(3-4) ω( f, Xη)= 0 for all X ∈ g.

Proof. We first use Q(x)η ∈ (ker L+)⊥ to show that a unique solution exists.
Indeed, it is suffices to show this result for any Qi j (x) = xi x j or Q0 = 1. By
[Lenzmann 2009, Theorem 4], we know that ker L+= span{∂1η, ∂2η, ∂3η}. Clearly
〈∂ jη, η〉 = 0 for all j ∈ {1, 2, 3}. It remains only to show for all i, j, k ∈ {1, 2, 3}
that

(3-5) 〈−∂iη, x j xkη〉 = 0.

If i 6= j and i 6= k, then (3-5) is clear because the integrand is odd in the xi direction.
So we assume i = j . If j 6= k, then

〈−∂iη, xi xkη〉 = −

∫
∂iη(xi xk)η =

∫
xkη

2
+

∫
∂iη(xi xk)η.

But xkη
2 is odd in the xk direction, leading to (3-5). A similar argument gives (3-5)

for j = k.
It follows from the PDE solved by f that if f ∈ H s(R3) then f ∈ H s+2(R3),

implying that f ∈ C∞(R3). The proof of (3-3) now follows closely the proof of
Proposition A.2, and we give it only in outline. We put w = eφ f and introduce

Lφ+w := eφL+e−φw = (Pφ + λ)w− 2eφη(|x |−1
∗ (ηe−φw)).
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We now have

〈Lφ+w,w〉 =
1
2

∫
|∇w|2+

∫
(Ṽ − 1

2 |∇φ|
2
+ λ)w2

− 2
∫

eφη(|x |−1
∗ (η f ))w+

∫
eφQ(x)ηw.

Then

ε

∫
w2
≤

∫
(λ− 1

2 |∇φ|
2)w2

≤−

∫
Ṽw2
− 2

∫
eφη(|x |−1

∗ (η f ))w+
∫

eφP(x)ηw.

The Ṽ term is handled as before. The two eφ factors in the last term can be
absorbed by the η factor provided the exponential growth in φ is no more than
exp((
√

2λ− ε|x |)/2). For the middle term, observe that, as in the case of Ṽ , the
convolution |x |−1

∗ (η f ) is continuous and decaying to zero at infinity. Then, the
two eφ factors can be absorbed by the η factor just as in the case of the last term.
In this way we show that ∫

w2
≤ C,

and proceed as in the proof of Proposition A.2.
We now prove (3-4). First of all, since f is real, ω( f, e jη)= Im

∫
f e jη= 0 for

j ∈ {1, 2, 3, 8} since then e jη is real. Next write

f = f0+

3∑
j,k=1

f jk, where L+ f = a0 and L+ f jk = a jk x j xk .

Since L+ preserves symmetry in xk for all k, we observe that if j ∈ {4, 5, 6}, then

ω( fk`, e jη)=

∫
fk`x j−1η = 0,

as the integrand will be odd in some xi direction. Finally a calculation shows that
L+((2+ x · ∇)η)= η, from which it follows that

ω( f, e7η)=

∫
f η =

∫
L+( f )(2+ x · ∇)η =

∫
(Q(x)η)(2+ x · ∇)η = 0. �

4. Reparametrized evolution and proof of Theorem 2

We write

u(t)= g(t) · (η+w(t)) and ω(w(t), Xη)= 0 for all X ∈ g.
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To see that this decomposition is possible, initially for small times, we apply
Lemma 2.4, which allows us to define

g(t) := g(u(t)), ũ := g(t)−1u(t), w(t) := ũ− η,

and derive an equation for w(t). Before doing so, however, we introduce some
abbreviated notation. For g(t), we write g = (a, v, γ, µ), and observe that as a
result of Re〈w, η〉 = 0 and the L2 conservation of the original equation, we have

2+‖w‖2L2 = ‖η+w‖
2
L2 = ‖g−1u‖2L2 = µ

−1
‖u0‖

2
L2,

and hence

(4-1)
2− ε

2+‖w‖2L2

≤ µ≤
2+ ε

2+‖w‖2L2

,

with ε as in the statement of Theorem 2. This gives a precise sense in which µ≈ 1.
For the remainder of the section we will assume 0≤ε≤1, although in our theorems
ε is required to be much smaller than 1.

Next we define

α = α(a, µ) := 1
2

∫
V (x/µ+ a)η2(x)dx − 1

2µ

∫
x · ∇V (x/µ+ a)η2(x)dx,

β = β(a, µ) := 1
2µ

∫
∇V (x/µ+ a)η2(x)dx,

X = µ
3∑

j=1

(−ȧ j + v j )e j +

3∑
j=1

(v̇ j/µ−β j )e j+3

+ (−γ̇ + ȧ · v− 1
2 |v|

2
+ λµ2

−α)e7− (µ̇/µ)e8.

Observe that α ∈ R, β ∈ R3, and X ∈ g. Set further

Lw := − 1
21w− (|x |

−1
∗ η2)w− (|x |−1

∗ (η(w+ w̄)))η+ λw,

Nw := (|x |−1
∗ |w|2)η+ (|x |−1

∗ η(w+ w̄))w+ (|x |−1
∗ |w|2)w.

These terms come from writing out i4H (η+w). The operator L collects the linear
terms, and N the nonlinear terms.

Lemma 4.1. In the notation above, the equation for w is

∂tw = Xη+ i(−V (x/µ+ a)+α+β · x)η

+ Xw+ i(−V (x/µ+ a)+α+β · x)w+ iµ2(−L+N)w.

Proof. The proof is a straightforward calculation that follows nearly the same lines
as that of [Holmer and Zworski 2008, Lemma 3.2], and here we give only a sketch.
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We first use the definition of w and the chain rule to write

∂tw =−Y (η+w)+ g−14H g(η+w),

with Y taken from Lemma 2.3. We use Lemma 2.1 to write g−14H g=µ−14g∗H ,
and compute 4g∗H from formula (2-3). Finally, using the soliton equation

−λη+ 1
21η+ (|x |

−1
∗ η2)η = 0

gives the desired formula. �

We now explain the reasons for this notation. Note that if X = 0, then

ȧ = v̇, v̇ =−µβ, γ̇ = 1
2 |v|

2
+ λµ2

−α, µ̇= 0.

giving the equations of motion in (1-3). In this section and the next we prove
that |X | and ‖w‖H1

x
are small, giving Theorem 2. Then in Section 5 we give

the improvement to Theorem 1 under the necessary additional assumptions on the
initial data.

To understand the other crucial features of the notation in Lemma 4.1, we intro-
duce the symplectic projection P , characterized by

ω(u, Yη)= ω(P(u)η, Yη) for all Y ∈ g.

This is given explicitly by

P =
8∑

j=1

e j Pj , Pj : S′→ R,

Pj (u)=−
2
‖η‖2L2

ω(u, e j+3η)= Re
∫

u(x)x jη(x)dx for j ∈ {1, 2, 3},

Pj (u)=
2
‖η‖2L2

ω(u, e j−3η)=− Im
∫

u(x)∂ j−3η(x)dx for j ∈ {4, 5, 6},

P7(u)=
2
‖η‖2L2

ω(u, e8η)= Im
∫

u(x)(2+ x · ∇)η(x)dx,

P8(u)=−
2
‖η‖2L2

ω(u, e7η)= Re
∫

u(x)η(x)dx .

We now compute

P(i f (x)η(x))=
6∑

j=4

Pj (i f (x)η(x))e j + P7(i f (x)η(x))e7

=−

6∑
j=4

(∫
f (x)η(x)∂ j−3η(x)dx

)
e j +

(∫
f (x)η(x)(2+ x · ∇)η(x)dx

)
e7
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=
1
2

(
−

6∑
j=4

(∫
f (x)∂ j−3η

2(x)dx
)

e j +

(∫
f (x)

(
4η2(x)+ x · ∇η2(x)

)
dx
)

e7

)

=
1
2

( 6∑
j=4

(∫
∂ j−3 f (x)η2(x)dx

)
e j +

(∫ (
f (x)− x · ∇ f (x)

)
η2(x)dx

)
e7

)
:= iα+ iβ · x .

Observe that in the case that f (x) = V (x/µ+ a) these α and β agree with those
defined previously.

We have the following Taylor expansions, where δ jk is the Kronecker delta:

V (x/µ+ a)= V (a)+∇V (a) ·(x/µ)+ 1
µ2

3∑
j,k=1

(1− 1
2δ jk)x j xk∂ j∂k V (a)+O(h3),

α = V (a)+ 3
4µ2

∫ ( 3∑
j=1

x2
j ∂

2
j V (a)

)
η2(x)dx +O(h3),

β =
∇V (a)
µ
+O(h3),

and thus

−V (x/µ+ a)+α+β · x

=−
1
µ2

3∑
j,k=1

(
1− 1

2δ jk
)
x j xk∂ j∂k V (a)+ 3

4µ2

∫ ( 3∑
j=1

x2
j ∂

2
j V (a)

)
η2(x)dx+O(h3),

:=

3∑
j,k=1

a jk x j xk + a0+O(h3) := Q(x)+O(h3).

where all the errors are polynomially bounded in x . In the sequel we will apply
Proposition 3.2 using this Q(x). It satisfies the necessary orthogonality condition
because ω(i(V (x/µ+ a), Xη))= 0, and Q(x) is of order h2.

We now study w by writing w = w̃ +w1, where w̃ solves away the principal
forcing terms of the equation of w. More precisely, we put

w̃ :=

3∑
j,k=1

w̃ jk, w̃ jk := −
∂ j∂k V (a)
µ4 f jk,

f jk := L−1
+

(
−

3∑
j,k=1

(
1− 1

2δ jk
)

x j xk + δ jk
3
4

∫
x2

jη
2(x)dx

)
η.
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Then w̃ satisfies the PDE

∂t w̃ =−iµ2Lw̃−
i
µ2

(
−

3∑
j,k=1

(
1− 1

2δ jk
)
x j xk∂ j∂k V (a)

+
3
4

∫ ( 3∑
j=1

x2
j ∂

2
j V (a)

)
η2(x)dx

)
η+

3∑
j,k=1

θ jk f jk,

where

θ jk(t) :=
d
dt

(
−∂ j∂k V (a)

µ4

)
=
−∂ j∂k∇V (a) · ȧ

µ4 +
4∂ j∂k V (a)µ̇

µ5 .

Lemma 4.2. There exists an absolute constant c such that if ‖w‖H1 ≤ 1/c, then

|X | ≤ c(h2
‖w‖H1 +‖w‖2H1 +‖w‖

3
H1).

Proof. Since Pwt = ∂t Pw = 0, Lemma 4.1 gives

X = P(i(V (x/µ+ a)−α−β · x)η)+ P(i(V (x/µ+ a)−α−β · x)w)

− P(Xw)−µ2 P(iNw)−µ2 P(iLw).

We’ve already seen that the first term vanishes. The estimate |P(Yw)|≤c|Y |‖w‖H1

shows that

|P(i(V (x/µ+ a)−α−β · x)w)| ≤ ch2
‖w‖H1 and |P(Xw)| ≤ c|X |‖w‖H1 .

For the P(iNw) term we must estimate the following integral, where ψk are
taken from w, η, e jη:

(4-2)

∫
|(x−1

∗ (ψ1ψ2))ψ3ψ4| ≤ ‖|x |−1
∗ (ψ1ψ2)‖L3‖ψ3‖L6‖ψ4‖L2

≤ c‖ψ1ψ2‖L1‖ψ3‖L6‖ψ4‖L2

≤ c‖ψ1‖L2‖ψ2‖L2‖ψ3‖H1‖ψ4‖L2 .

For this we used Hölder’s inequality, the Hardy–Littlewood–Sobolev inequality,
and Sobolev embedding. This results in |P(iNw)| ≤ c(‖w‖2H1 +‖w‖

3
H1).

Finally, from (2-17) we have P(iLw) = 0, which combines with the previous
estimates to give

|X | ≤ ch2
‖w‖H1 + c|X |‖w‖H1 + c(‖w‖2H1 +‖w‖

3
H1).

Here we have removed the factors of µ using (4-1). If ‖w‖H1 is sufficiently small,
this implies the desired inequality. �

Lemma 4.3. Suppose there are positive constants c1, and h0 such that

‖w‖L∞
[t1,t2]

H1
x
≤ c1h1/2+δ, h2+2δ(t2− t1)〈t2− t1〉 ≤ c1 if 0< h ≤ h0,



80 KIRIL DATCHEV AND IVAN VENTURA

for some t1 < t2 and nonnegative δ. Then

sup
t1<t<t2

|θ(t)| ≤ ch3 and sup
t1<t<t2

|v(t)| ≤ c

for a constant c depending only on c1, h0, ‖W‖C3(R3) and |v(t1)|.

Proof. The conclusion concerning θ will follow from |µ̇| ≤ ch1+2δ and |ȧ| ≤ c.
Our assumption on w implies that the bounds for µ in (4-1) can be improved to

1− ch1/2+δ
≤ µ≤ 1+ ch1/2+δ.

By the definition of X and the Taylor expansions and the bound on X , we have∣∣∣ v̇
µ
+∇V (a)

∣∣∣+ ∣∣∣ µ̇
µ

∣∣∣+ |µ(−ȧ+ v)| ≤ c|X | ≤ c(h2
‖w‖H1 +‖w‖2H1 +‖w‖

3
H1),

which immediately gives the desired bound on |µ̇|. For the bound on |ȧ|, it suffices
to prove |v| ≤ c, which we do by first integrating the inequality above to obtain

sup
t1<t<t2

|v(t)| ≤ |v(t1)| + ch‖∇W‖L∞(t2− t1)+ c|X |(t2− t1).

Next we prove a near conservation of classical energy:

sup
t1≤t≤t2

∣∣( 1
2 |v|

2
+ V (a)

)
−
( 1

2 |v(t1)|
2
+ V (a(t1))

)∣∣
≤ (t2− t1) sup

t1≤t≤t2
|v̇ · v+∇V · a|

≤ (t2− t1) sup
t1≤t≤t2

(|v̇+∇V (a)||v| + |∇V (a)||ȧ− v|)

≤ c(t2− t1)
(
|X | sup

t1≤t≤t2
|v| + h‖∇W‖L∞ |X |

)
≤ c|X |(t2− t1)

(
|v(t1)| + ch‖∇W‖L∞〈t2− t1〉+ c|X |(t2− t1)

)
.

From this it follows that supt1≤t≤t2 |v(t)| ≤ c, which concludes the proof. �

This will be crucial for the estimate of the true error w.

Lemma 4.4 (Lyapounov energy estimate). Suppose that, for some constants c1

and h0,
‖w‖L∞

[t1,t2]
H1

x
≤ c1h1/2 if 0< h ≤ h0.

Then, provided
|t2− t1| ≤ c2/h,

we have
‖w‖L∞

[t1,t2]
H1

x
≤ c3‖w1(t1)‖H1 + c4h2.

The constants c2 and c4 depend only upon c1, h0, ‖W‖C3(R3) and |v(t1)|. The
constant c3 is an absolute constant.
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We postpone the proof of this lemma to the end of the section, first demonstrating
how it is applied in the bootstrap argument. We prove the following proposition,
from which Theorem 2 follows.

Proposition 4.5. Let w0 = w(0) and fix constants c̃1 > 0 and δ0 ∈ (0, 3/4). Then
there exist constants h0 and c such that if

0≤ δ ≤ δ0, 0< h ≤ h0, ‖w0‖H1 ≤ c̃1h1/2+3δ0, 0< T ≤
c̃1

h
+
δ|log h|

ch
,

then
‖w‖L∞

[0,T ]H
1
x
≤ ch−δ(‖w0‖H1 + h2).

The constants h0 and c depend only on c̃1, δ0, |v(0)|, and ‖W‖C3(R3).

Proof. To apply Lemma 4.4, we observe that by the continuity in t of ‖w‖L∞
[0,t]H

1
x

we know immediately that the hypotheses are satisfied on [0, t] for sufficiently
small t . At this point the conclusion of the lemma tells us that at the end of this
interval the error is still small enough that we may proceed for larger t , until we
reach t = c2/h. In this way we apply Lemma 4.4 k times on successive intervals
of length c2/h, where c2 and k will be fixed later, giving the bound

‖w‖L∞
[0,c2k/h]H

1
x
≤ ck

3‖w0‖H1 +

( k−1∑
j=0

c j
3

)
c4h2.

This is only valid provided that the hypotheses of Lemmas 4.3 and 4.4 are satisfied
over the whole collection of time intervals. We must use Lemma 4.3 to control |v|
uniformly over the full time interval [0, c2k/h], and to apply this we need

ck
3‖w0‖H1 +

( k−1∑
j=0

c j
3

)
c4h2
≤ c1h1/2+δ and c2

2k2h2δ
≤ c1

for some constant c1. We will determine c1 momentarily, and at that point c2 will
be the constant that emerges from Lemma 4.4. If

k =
c̃1

c2
+ δ
|log h|
log c3

,

it suffices to have

(4-3) cc̃1/c2
3 c̃1h1/2+3δ0−δ+cc̃1/c2

3 c4h2−δ
≤ c1h1/2+δ and c̃2

1

〈
δ
|log h|
log c3

〉2

h2δ
≤ c1.

We can now choose our constants. We first take c1 so that the second inequality
of (4-3) holds. Then c2 is given by Lemma 4.4, and we take h0 so that the first
inequality of (4-3) holds. The hypotheses of Lemma 4.3 are satisfied a fortiori. �

It now remains only to prove Lemma 4.4.
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Proof of Lemma 4.4. In this proof, unless otherwise mentioned, all constants de-
pend only upon c1, ‖W‖W∞,3 and |v(t1)|.

Let w1 := w− w̃. Now

∂tw1 =−iµ2Lw1+ Xη− θ f + i
(
−V

( x
µ
+ a

)
+α+β · x − x

2µ2 · ∇
2V (a)x

+
3

2µ2‖η‖2L2

∫
x · ∇2V (a)xη2(x)dx

)
η

+ Xw+ i
(
−V

( x
µ
+ a

)
+α+β · x

)
w+ iµ2Nw.

By grouping forcing terms into f1, we rewrite this as

∂tw1 =−iµ2Lw1+ Xη+ f1+ Xw+ i
(
−V

( x
µ
+ a

)
+α+β · x

)
w+ iµ2Nw,

observing that, using Lemma 4.3, we have ‖ f1‖H1 ≤ ch3.
We recall that L is self-adjoint with respect to 〈u, v〉 = Re

∫
uv̄, and hence

1
2∂t 〈Lw1, w1〉 = 〈Lw1, ∂tw1〉

= −µ2
〈Lw1, iLw1〉+ 〈Lw1, Xη〉+ 〈Lw1, f1〉+ 〈Lw1, Xw1〉+ 〈Lw1, Xw̃〉

+ 〈Lw1, i
(
−V

( x
µ
+ a

)
+α+β · x

)
w1〉

+ 〈Lw1, i
(
−V

( x
µ
+ a

)
+α+β · x

)
w̃〉+ 〈Lw1, iµ2Nw〉

= I+ II+ III+ IV+V+VI+VII+VIII.

Now we analyze these terms one by one. First

I= II= 0.

In the case of I this follows from (2-1), the definition of 〈 · , · 〉. In the case of II, we
recall that ω(w, Xη)= 0 by construction of w, and that ω(w̃, Xη)= 0 from (3-4),
as a result of which we have ω(w1, Xη)= 0. Finally ω(iLw1, Xη)= 0 by (2-17),
and then we use (2-1) to relate 〈 · , · 〉 and ω( · , · ).

Next we show that

|III| ≤ c‖w1‖H1‖ f1‖H1 ≤ ch3
‖w1‖H1 .

This estimate is straightforward in the case of the convolution-free terms of L. For
the terms with convolutions, we apply (4-2) with f1 in place of ψ4 and the other
ψk chosen appropriately from among η, w and w̄.

Next we look at IV = 〈Lw1, Xw1〉. We first recall that X =
∑8

j=1a j e j with
|a j | ≤ c(h2

‖w‖ + ‖w‖2H1 + ‖w‖
3
H1). We the proceed term by term according to
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Lw1 =
1
2w1−

1
21w1− (|x |−1

∗ η2)w1− η(|x |−1
∗ (η(w1+ w̄1))):

〈w1, Xw1〉 = a8〈w1, 2w1+ x · ∇w1〉 =
1
2a8〈w1, w1〉,

〈1w1, Xw1〉 =

3∑
j=1

a j+3〈1w1, i x jw1〉+ a8〈1w1, 2w1+ x · ∇w1〉

=

3∑
j=1

a j+3〈∂ jw1, iw1〉+
1
2a8〈∇w1,∇w1〉,

and thus these two terms are bounded by c|X |‖w1‖
2
H1 . For the terms involving η

we use (4-2) to obtain the same bound, giving

|IV| ≤ c(h2
+‖w‖H1 +‖w‖2H1)‖w1‖

3
H1 .

Next V=〈Lw1, Xw̃〉 has a similar expansion, but includes more nonzero terms.
We estimate these terms as before in (4-2). We use Hölder’s inequality, Hardy–
Littlewood–Sobolev, and Sobolev embedding to obtain

|V| ≤ c|X |‖w1‖H1‖〈x〉w̃‖H2 .

However, ‖〈x〉w̃‖H2 ≤ ch2, giving

|V| ≤ ch2(h2
+‖w‖H1 +‖w‖2H1)‖w1‖H1 .

For VI, once again we obtain a number of vanishing terms:

VI= 〈Lw1, i(−V (x/µ+ a)+α+β · x)w1〉

=
〈
−

1
21w1− η(|x |−1

∗ (η(w1+ w̄1))), i(−V (x/µ+ a)+α+β · x)w1
〉
.

To estimate the first term, we integrate by parts as before and use

|−(1/µ)∇V (x/µ+ a)+β| ≤ ch.

For the second term, we use (4-2) together with

|(−V (x/µ+ a)+α+β · x)η| ≤ ch2.

This gives the bound |VI| ≤ ch‖w1‖
2
H1 .

For VII, we proceed in the same way, without the vanishing terms but also
without the restriction that only H 1 norms may be used. We obtain

|VII| ≤ c‖w1‖H1‖(−V (x/µ+ a)+α+β · x)w̃‖H1

≤ ch2
‖w1‖H1‖〈x〉2w̃‖H1 ≤ ch4

‖w1‖H1 .

Finally, for VIII = 〈Lw1, iµ2Nw〉 we write w = w1 + w̃ and expand. We
integrate by parts for the 1 term, and use (4-2), twice as needed for the terms with
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two convolutions. This allows us to put all factors in an H 1 norm, giving a bound
of

|VIII| ≤ c(h6
‖w1‖H1 + h4

‖w1‖
2
H1 + h2

‖w1‖
3
H1 +‖w1‖

4
H1).

Combining all this gives

|∂t 〈Lw1, w1〉| ≤ c(h3
‖w‖H1 + h‖w‖2H1 + h2

‖w‖3H1 +‖w‖
4
H1 +‖w‖

5
H1).

From (B-1) we have uniform boundedness of ‖u‖H1 , while from Lemma 4.3 we
have uniform boundedness of |v| over our time interval, from which we conclude
that ‖w‖H1 ≤ c, and hence

|∂t 〈Lw1, w1〉| ≤ c(h3
‖w‖H1 + h‖w‖2H1 +‖w‖

4
H1).

Now we use w = w1+ w̃ to write ‖w‖H1 ≤ c(‖w1‖H1 + h2) and hence

|∂t 〈Lw1, w1〉| ≤ c(h5
+ h‖w1‖

2
H1 +‖w1‖

4
H1).

Integrating in time gives

〈Lw1(t), w1(t)〉 ≤ 〈Lw1(t1), w1(t1)〉+ c(t − t1)(h5
+ h‖w1‖

2
H1 +‖w1‖

4
H1).

From (3-1), we have

‖w1(t)‖2H1 ≤ c〈Lw1(t), w1(t)〉,

and by direct estimation we have

|〈Lw1(t), w1(t)〉| ≤ c‖w1(t)‖2H1 .

This leads to

‖w1‖
2
L∞
[t1,t]

H1
x
≤ c̃‖w1(t1)‖2H1+c(t − t1)

(
h5
+ h‖w1‖

2
L∞
[t1,t]

H1
x
+‖w1‖

4
L∞
[t1,t]

H1
x

)
,

with c̃ an absolute constant. Requiring that t2− t1 ≤ c2/h for a small constant c2

and subtracting the quadratic term to the left hand side implies

‖w1‖
2
L∞
[t1,t]

H1
x
≤ 2c̃‖w1(t1)‖2H1 + c(t2− t1)

(
h5
+ h‖w1‖

4
L∞
[t1,t]

H1
x

)
.

This is a quadratic inequality in ‖w1‖
2
L∞
[t1,t]

H1
x
. In general,

A > 0, B > 0, X ∈ R, B X2
− X + A ≥ 0, X ≤ (2B)−1, 4AB < 1

implies X ≤ 2A. In our case, assuming that

(t2− t1)h‖w1‖
2
L∞
[t1,t]

H1
x
+ (t2− t1)2h6

≤ c2,

we have
‖w1‖

2
L∞
[t1,t2]

H1
x
≤ 4c̃‖w1(t1)‖2H1 + ch5(t2− t1).
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From this, together with w = w1+ w̃ the desired result follows. �

5. Proof of Theorem 1

Lemma 5.1. Suppose that 0< h� 1, and a= a(t), v= v(t), ε1= ε1(t), ε2= ε2(t)
are C1 real-valued functions. Suppose f : R3

→ R is C2 mapping such that | f |
and | f ′| are uniformly bounded. Suppose that on [0, T ],

ȧ = v+ ε1, a(0)= a0,

v̇ = h f (ha)+ ε2, v(0)= v0.

Let a = a(t) and v = v(t) be the C1 real-valued functions satisfying the exact
equations

ȧ = v+ ε1, a(0)= a0,

v̇ = h f (ha)+ ε2, v(0)= v0

with the same initial data. Suppose that on [0, T ], we have |ε j | ≤ h4−δ for j = 1, 2.
Then provided T ≤ ch−1

+ δh−1 log(1/h), we have on [0, T ] the estimates

|a− a| ≤ c̃h2−2δ log(1/h) and |v− v| ≤ c̃h3−2δ log(1/h).

The statement and proof of this lemma is almost identical to those of [Holmer
and Zworski 2008, Lemma 6.1]. The only change in this proof is that we use
g =

∫ 1
0 ∇ f (ha+ t (ha− ha))dt .

For Theorem 1, we assume ε = O(h2), in which case a and v satisfy the ODEs

ȧ = v+O(h4−4δ) and v̇ =− 1
2

∫
∇V (x + a)η2(x)dx +O(h4−4δ).

Lemma 5.1 allows us to replace these with

ȧ = v and v̇ =− 1
2

∫
∇V (x + a)η2(x)dx .

Direct integration of the error terms in the equations for µ and γ allows them to
be dropped as well, giving Theorem 1. �

Appendix A: Properties of η

In this appendix we review the properties of the function η used in this paper. This
material is essentially well known, and further information and references may be
found in [Lenzmann 2009].

Lemma A.1 [Lenzmann 2009, Appendix A]. For each λ > 0, the equation

(A-1) −
1
21η+ Ṽη =−λη

with Ṽ =−|x |−1
∗ η2, has a unique radial, nonnegative solution η ∈ H 1(R3) with

η 6≡ 0. Moreover, η(r) is strictly positive.
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In this paper we choose λ so that ‖η‖2L2 = 2.
We will also need the following exponential decay result.

Proposition A.2. Let η ∈ H 1(R3
;R) satisfy (A-1). Then η ∈C∞(R3), and for any

multiindex α and ε > 0 there exists C such that

|∂αη(x)| ≤ Ce−(
√

2λ−ε)|x |.

Proof. Observe first that Ṽ is continuous and obeys lim|x |→∞ Ṽ = 0. Indeed, write
|x |−1

= χ1+χ2, where χ1 is smooth and agrees with |x |−1 near infinity, and χ2 is
compactly supported and in L p for p < 3. The χ1 term is clearly smooth, and we
prove the decay by treating it in two pieces:∫

|y|≤|x |/2
χ1(x − y)η2(y)dy ≤

∫
|y|≤|x |/2

C
〈x−y〉

η2(y)dy ≤ C
|x |
‖η‖2L2,∫

|y|≥|x |/2
χ1(x − y)η2(y)dy ≤ ‖χ1‖L∞

∫
|y|≥|x |/2

η2(y)dy.

On the other hand, note that since η∈ H 1(R3), the Gagliardo–Nirenberg inequality
implies that η ∈ L6(R3), and in particular η2

∈ L2. Thus χ2 ∗ η
2 has a Fourier

transform in L1, giving the desired regularity and decay.
Now it follows from (A-1) that η∈H 2. Differentiating the equation and applying

the previous argument shows that η ∈ H 3. By induction we find that η ∈ H s , and
in particular η ∈ C∞.

We now prove the exponential decay as follows. Let P =−1
21+ Ṽ , let φ ∈C∞

be bounded together with its first derivatives, and let

Pφ := eφPe−φ =− 1
21+∇φ · ∇ −

1
2 |∇φ|

2
+

1
21φ+ Ṽ .

Let w = eφη and, observing that integrating by parts gives
∫
(∇φ · ∇w)w =

−
∫
(∇φ · ∇w)w−

∫
(1φ)w2, write

0= 〈(Pφ + λ)w,w〉L2 =
1
2

∫
|∇w|2+

∫
(Ṽ + λ− 1

2 |∇φ|
2)w2.

Now, provided |∇φ|2 ≤ 2λ− 2ε, we have

ε

∫
w2
≤

∫
(λ− 1

2 |∇φ|
2)w2
≤−

∫
Ṽw2

≤
1
2ε

∫
{x :Ṽ (x)≥−ε/2}

w2
−

∫
{x :Ṽ (x)<−ε/2}

Ṽw2.

The integral over {x : Ṽ (x)≥−ε/2} can now be subtracted to the other side of the
inequality, while {x : Ṽ (x) < −ε/2} is a bounded set since lim|x |→∞ Ṽ (x) = 0.
We may then write

∫
w2
≤ C , where C depends on η, sup|φ|, and ε. If we apply

this result with a sequence of functions φn such that φn is equal to (
√

2λ− 2ε)x1
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on the ball of radius n and is modified outside that ball to be smooth with bounded
derivatives, we find that e

√
2λ−2εx1η ∈ L2, and similarly

e
√

2λ−2ε|x |η(x) ∈ L2.

Differentiating (A-1) and applying the same argument proves that

e
√

2λ−2ε|x |∂αη(x) ∈ L2,

from which the desired result follows. �

Appendix B: Well-posedness

In this appendix we prove well-posedness for Equation (1-1) in H 1(R3). This result
is known (see for example [Cazenave 1996]), but for the reader’s convenience we
review the result in the special case that we study here. We adopt the notation
‖u‖W k,p =

∑
|α|≤k‖∂

αu‖L p .
We will use these Strichartz estimates (see for example [Keel and Tao 1998]):

Lemma B.1. Suppose q, r, q̃ ′, r̃ ′ ∈ [1,∞] satisfy

2
q
+

n
r
=

n
2

and 2
q̃ ′
+

n
r̃ ′
=

4+n
2
.

Then

‖ei t1u0‖Lq
[0,T ]L

r
x
≤ c‖u0‖L2 and

∥∥∥∫ t

0
ei(t−s)1 f (s)ds

∥∥∥
Lq
[0,T ]L

r
x

≤ c‖ f ‖
L q̃′
[0,T ]L

r̃ ′
x

for all u0 ∈ L2(Rn) and f ∈ L q̃ ′([0, T ], L r̃ ′(Rn)).

In the remainder of this section only, c denotes a constant that may vary from
line to line, but is absolute and independent of all parameters in the problem. Let
V ∈W 1,∞(R3,R), let u0 ∈ H 1(R3) be given, and define

N (u)=−(|x |−1
∗ |u|2)u,

F(u)(t)= ei t1u0− i
∫ t

0
ei(t−s)1(N (u(s))+ V u(s))ds.

A function u solves the Hartree equation if and only if it is a fixed point of F .

Lemma B.2. For any T > 0, we have

‖N (u)‖H1(R3) ≤ c‖u‖L2(R3)‖∇u‖H1(R3),

‖F(u)‖L∞([0,T ],H1(R3)) ≤ ‖u0‖H1(R3)+T 1/2(c‖u‖3H1(R3)
+‖V ‖W 1,∞(R3)‖u‖H1(R3)),

where c is an absolute constant.
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Proof. We first compute

(B-1)
‖(|x |−1

∗ |u|2)u‖L2 ≤ ‖(|x |−1
∗ |u|2)‖L3‖u‖L6

≤ c‖|u|2‖L1‖u‖L6 ≤ c‖∇u‖L2‖u‖2L2,

where we have used in the first inequality Hölder, in the second Hardy–Littlewood–
Sobolev, and in the third Hölder followed by the Sobolev inclusion of Ḣ 1(R3) into
L6(R3). From this the result concerning N follows.

We now look at F . We have ‖ei t1u0‖L∞([0,T ],H1(R3)) = ‖u0‖H1(R3) because the
Schrödinger propagator is unitary on all Sobolev spaces. We then compute using
Strichartz estimates that∥∥∥∫ t

0
ei(t−s)1N (u(s))ds

∥∥∥
L∞([0,T ],L2(R3))

≤ c‖N (u)‖L2
[0,T ]L

6/5
x

≤ cT 1/2
‖N (u)‖L∞

[0,T ]L
6/5
x
.

Using the same sequence of inequalities as in (B-1), we get∥∥(|x |−1
∗ |u|2)u

∥∥
L6/5 ≤

∥∥|x |−1
∗ |u|2

∥∥
L3‖u‖L2 ≤ c‖|u|2‖L1‖u‖L2 = c‖u‖3L2 .

The same arguments show that∥∥∥∇ ∫ t

0
ei(t−s)1N (u(s))ds

∥∥∥
L∞([0,T ],L2(R3))

≤ T 1/2
‖u‖2L2‖∇u‖L2 . �

Proposition B.3. For each u0 ∈ H 1(R3
;C), there exists T ∈ R such that (1-1) has

a solution u(x, t) ∈ L∞([0, T ], H 1(R3)). This T depends only on ‖u0‖H1 .

Proof. We prove this using a standard contraction argument. We adopt the notation
‖ · ‖ = ‖ · ‖L∞([0,T ]H1(R3)):

‖F(u)− F(v)‖

≤

∥∥∥∫ t

0
ei(t−s)1(N (u(s))− N (v(s)))ds

∥∥∥+ ∥∥∥∫ t

0
ei(t−s)1

[V u(s)− V v(s)]ds
∥∥∥

≤ c
(
‖N (u(t))− N (v(t))‖L2

[0,T ]W
1,6/5
x
+ T ‖V u(t)− V v(t)‖

)
.

But then

c‖N (u(t))−N (v(t))‖L2
[0,T ]W

1,6/5
x

≤ cT 1/2
‖N (u)−N (v)‖L∞

[0,T ]W
1,6/5
x

≤ cT 1/2(
‖(|x |−1

∗|u|2)(u−v)‖L∞
[0,T ]W

1,6/5
x
+‖(|x |−1

∗u(ū− v̄))v‖L∞
[0,T ]W

1,6/5
x

+‖(|x |−1
∗(u−v)v̄)v‖L∞

[0,T ]W
1,6/5
x

)
≤ cT 1/2

‖u−v‖(‖u‖2+‖u‖‖v‖+‖v‖2).
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Thus taking

T 1/2
≤

1
c
(
‖u‖2+‖u‖‖v‖+‖v‖2+‖V ‖W 1,∞(R3)

) ,
we find that F is a contraction on a closed ball of L∞([0, T ], H 1(R3)), implying
there exists a solution to (1-1). �

We use almost conservation of energy to extend this to global well-posedness.

Proposition B.4. Equation (1-1) has a solution in L∞(R, H 1(R3)).

Proof. Because of Proposition B.3, it is sufficient to prove that the H 1 norm of u
is bounded. Clearly ‖u‖L2 is preserved so it suffices to bound ‖∇u‖L2 . To do this,
we study the energy

E(t)= ‖∇u‖−
∫

R3
N (u)u.

An argument as above shows that∫
(|x |−1

∗ |u|2)|u|2 ≤ ‖|x |−1
∗ |u|2‖L3‖u2

‖L3/2 ≤ c‖u‖3L2‖∇u‖L2

≤
c
ε
‖u‖3L2 + cε‖∇u‖L2 .

From this we deduce that

‖∇u‖2L2 ≤ c
(
E(t)+‖u‖3L2 +‖V ‖W 1,∞

)
.

This bounds ‖u‖H1
x

uniformly in time, giving the desired conclusion. �
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UNIQUELY PRESENTED FINITELY GENERATED
COMMUTATIVE MONOIDS

PEDRO A. GARCÍA-SÁNCHEZ AND IGNACIO OJEDA

A finitely generated commutative monoid is uniquely presented if it has
a unique minimal presentation. We give necessary and sufficient condi-
tions for finitely generated, combinatorially finite, cancellative, commuta-
tive monoids to be uniquely presented. We use the concept of gluing to
construct commutative monoids with this property. Finally, for some rel-
evant families of numerical semigroups we describe the elements that are
uniquely presented.

Introduction

Rédei [1965] proved that every finitely generated commutative monoid is finitely
presented. Since then, the proof has been shortened drastically, and much progress
has been made on the study and computation of minimal presentations of monoids,
more specifically, of finitely generated subsemigroups of Nn , known usually as
affine semigroups; see for instance [Rosales 1997] and [Briales et al. 1998] or
[Rosales and Garcı́a-Sánchez 1999a, Chapter 9] and the references therein. For
affine semigroups, the concepts of minimal presentations with respect to cardinality
or set inclusion coincide, that is, any two minimal presentations have the same
cardinality. This even occurs in a more general setting; see [Rosales et al. 1999].

Interest of the study of such kind of monoids and their presentations was partially
motivated by their application in commutative algebra and algebraic geometry
[Bruns and Herzog 1993, Chapter 6; Fulton 1993].

Recently, new applications of affine semigroups have been found in the so-called
algebraic statistic. In this context, an interesting problem is to decide under which
conditions such monoids have a unique minimal presentation. Roughly speaking,
convenient algebraic techniques for the study of some statistical models seem to be
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more interesting for statisticians when a certain semigroup associated to the model
is uniquely presented; see [Takemura and Aoki 2004].

Efforts to understand the problem of the uniqueness come from an algebraic
setting and consist essentially in identifying particular minimal generators in a
presentation as R-module of the semigroup algebra, where R is a polynomial ring
over a field; see [Charalambous et al. 2007; Ojeda and Vigneron-Tenorio 2009].
So, whole families of uniquely presented monoids have not been determined (with
the exception of some previously known cases [Ojeda 2008]) and techniques for
constructing uniquely presented monoids have not been developed.

Here, we approach the uniqueness of the minimal presentations from a semi-
group theoretic point of view. To begin, we recall the basic definitions and how to
obtain minimal presentations of finitely generated, combinatorially finite, cancella-
tive and commutative monoids (which include affine semigroups). In Section 2,
we focus on the elements of the monoid whose factorizations yield these presenta-
tions, which we call Betti elements. Section 3 provides a necessary and sufficient
condition for a monoid to be uniquely presented (Corollary 6). Some results in
these sections may be also stated in combinatorial terms by using the simplicial
complexes introduced by S. Eliahou in his unpublished PhD thesis (1983); see
[Charalambous et al. 2007; Ojeda and Vigneron-Tenorio 2010].

In Section 4, we make extensive use of the gluing of affine semigroups, a concept
defined by J. C. Rosales [1997] and used later by different authors to characterize
complete intersection affine semigroup rings. In that section, given a gluing S of
two affine semigroups S1 and S2, we show that S is uniquely presented if and only
if S1 and S2 are uniquely presented and some extra natural condition holds where
S1 and S2 are glued (Theorem 12). To reach this result, we need Theorem 10,
which shows that the Betti elements of S are the union of the Betti elements of
S1, S2 and the element in which S1 and S2 glue to produce S. We consider these
two theorems to be our main results. Furthermore, Theorem 12 may be used to
systematically produce uniquely presented monoids, as we show in Example 14.

Finally Section 5 identifies all uniquely presented monoids in some classical
families of numerical semigroups (submonoids of N with finite complement in N).

1. Preliminaries

We summarize some definitions, notations and results that will be useful later in
the paper. See [Rosales and Garcı́a-Sánchez 1999a] for further information.

Let S denote a commutative monoid, that is, a set with a binary operation that is
associative, commutative and has an identity element 0. Since S is commutative,
we will use additive notation. Assume that S is cancellative, that is, a+b= a+c in
S implies b= c. The monoids we study here are also free of units: S∩ (−S)= {0}.
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Some authors call these monoids reduced [Rosales and Garcı́a-Sánchez 1999a];
others refer to this property as positivity [Bruns and Herzog 1993, Chapter 6].
Regardless of what we call them, their most important property is that they are
combinatorially finite, that is, every element a ∈ S can be expressed only in finitely
many ways as a sum a = a1 + · · · + aq , with a1, . . . , aq ∈ S \ {0}. See [Briales
et al. 1998; Rosales et al. 1999] for a wider class of monoids where this condition
still holds true. Monoids with this property are also known as FF-monoids. In
[Geroldinger and Halter-Koch 2006] it is proved that mutiplicative monoids of all
Krull monoids, all Dedekind domains, all orders in number fields are FF-monoids.
Moreover, the binary relation on S defined by b≺S a if a− b∈ S is a well-defined
order on S that satisfies the descending chain condition.

All monoids considered here are finitely generated, commutative, cancellative
and free of units, and thus we will omit these adjectives in what follows. Examples
of monoids fulfilling these conditions are affine semigroups, that is, monoids iso-
morphic to finitely generated submonoids of Nr with r a positive integer (N denotes
here the set of nonnegative integers), and in particular, numerical semigroups that
are submonoids of the set of nonnegative integers with finite complement in N.

We will write S = 〈a1, . . . , ar 〉 for the monoid generated by {a1, . . . , ar }, that
is, S = a1N+· · ·+ ar N. In such a case, {a1, . . . , ar } will be said to be a system of
generators of S. If no proper subset of {a1, . . . , ar } generates S, the set {a1, . . . , ar }

is a minimal system of generators of S. In our context, every monoid has a unique
minimal system of generators: If S∗= S\{0}, then the minimal system of generators
of S is S∗ \ (S∗ + S∗); see [Rosales and Garcı́a-Sánchez 1999a, Chapter 3]. In
particular, if S is the set of solutions of a system of linear Diophantine equations
and/or inequalities, the minimal system of generators of S coincides with the so-
called Hilbert basis; see for example [Sturmfels 1996, Chapter 13].

If S is a numerical semigroup minimally generated by {a1 < · · ·< ar } ⊂N, the
number r is usually called the embedding dimension of S, and the number a1 is the
multiplicity of S. It is easy to show (and well known) that a1 ≥ r ; see [Rosales and
Garcı́a-Sánchez 2009, Proposition 2.10]. When a1 = r , we say S is of maximal
embedding dimension.

Given the minimal system A = {a1, . . . , ar } of generators of a monoid S, con-
sider the monoid map

ϕA : N
r
→ S, u = (u1, . . . , ur ) 7→

∑r
i=1 ui ai .

This map is sometimes known as the factorization homomorphism associated to S.
Notice that each u = (u1, . . . , ur ) ∈ ϕ

−1
A (a) gives a factorization of a ∈ S, say

a =
∑r

i=1 ui ai . Thus, #ϕ−1
A (a) is the number of factorizations of a ∈ S. This

number is finite because of the combinatorial finiteness of S; see also [Rosales and
Garcı́a-Sánchez 1999a, Lemma 9.1].
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Let ∼A be the kernel congruence of ϕA, that is, u ∼A v if ϕA(u) = ϕA(v) (the
kernel congruence is actually a congruence, an equivalence relation compatible
with addition). It follows easily that S is isomorphic to the monoid Nr/∼A.

Given ρ ⊆ Nr
× Nr , the congruence generated by ρ is the least congruence

containing ρ, that is, the intersection of all congruences containing ρ. If ∼ is the
congruence generated by ρ, we say that ρ is a system of generators of ∼. Rédei’s
theorem [1965] precisely states that every congruence on Nr is finitely generated.
A presentation for S is a system of generators of ∼A, and a minimal presentation is
a minimal system of generators of ∼A (in the sense that none of its proper subsets
generates ∼A). In our setting, all minimal presentations have the same cardinality;
see for instance [Rosales et al. 1999; Rosales and Garcı́a-Sánchez 1999a]. This is
not the case for finitely generated monoids in general.

Next we briefly describe a procedure for finding all minimal presentations for
S as presented in [Rosales et al. 1999]; in our context this description is given in
[Rosales and Garcı́a-Sánchez 1999a, Chapter 9].

For u = (u1, . . . , ur ) and v = (v1, . . . , vr ) ∈ Nr , we write u · v for
∑r

i=1 uivi

(the dot product).
Given a ∈ S, we define a binary relation on ϕ−1

A (a): For u, u′ ∈ ϕ−1
A (a), we say

u R u′ if there exists a chain u0, . . . , uk ∈ ϕ
−1
A (a) such that

(a) u0 = u, uk = u′, and

(b) ui · ui+1 6= 0 for i ∈ {0, . . . , k− 1}.

For every a ∈ S, define ρa in the following way.

• If ϕ−1
A (a) has one R-class, set ρa =∅.

• Otherwise, let R1, . . . ,Rk be the different R-classes of ϕ−1
A (a). Choose

vi ∈Ri for all i ∈ {1, . . . , k} and set ρa to be any set of k−1 pairs of elements
in V = {v1, . . . , vk} such that any two elements in V are connected by a
sequence of pairs in ρa (or their symmetrics). For instance, we can choose
ρa = {(v1, v2), . . . , (v1, vk)} or ρa = {(v1, v2), (v2, v3), . . . , (vk−1, vk)}.

Then ρ =
⋃

a∈S ρa is a minimal presentation of S. In this way one can construct
all minimal presentations for S. Because S is finitely presented, there are finitely
many elements a in S for which ϕ−1

A (a) has more than one R-class.

2. Betti elements

As we have seen above, a minimal presentation of S is a set of pairs of factorizations
of some elements in S, namely, those having more than one R-class. We say that
a ∈ S is a Betti element if ϕ−1

A (a) has more than one R-class.



UNIQUELY PRESENTED FINITELY GENERATED COMMUTATIVE MONOIDS 95

We will say the a ∈ S is Betti-minimal if it is minimal among all the Betti
elements in S with respect to≺S . Of course, Betti elements in S are not necessarily
Betti-minimal. Consider, for instance, S = 〈4, 6, 21〉 and a = 42.

We will write Betti(S) and Betti-minimal(S) for the sets of Betti elements and
Betti minimal elements of the monoid S, respectively.

Lemma 1. Let S = 〈a1, . . . , ar 〉. If a 6∈ Betti(S) and #ϕ−1
A (a) ≥ 2, there exists

a′ ∈ Betti(S) such that a′ ≺S a.

Proof. We proceed by induction on #ϕ−1
A (a). If ϕ−1

A (a) = {u, v} with u · v > 0,
consider a′ = a −

∑r
i=1 min(ui , vi )ai . Then, putting u′i = ui −min(ui , vi ) and

v′i = vi −min(ui , vi ) for i ∈ {1, . . . , r}, we have ϕ−1
A (a′)= {u′, v′}, and u′ ·v′ = 0.

So, a′ ≺ a is Betti. Assume now that the result is true for every a′ ∈ S such that

2≤ #ϕ−1
A (a′) < #ϕ−1

A (a).

Since a is not Betti, there exist unequal u, v ∈ ϕ−1
A (a) such that u · v > 0. If

a′= a−
∑r

i=1 min(ui , vi )ai , then 2≤#ϕ−1
A (a′)≤#ϕ−1

A (a). If the second inequality
is strict, we conclude by induction hypothesis. Otherwise, if a′ is not Betti, we may
repeat the previous argument to produce a′′ ≺S a′ ≺S a. The descending chain
condition for ≺S guarantees that this process cannot continue indefinitely. �

Remark 2. When S 6∼= Nr , this lemma implies the existence of Betti elements in
S. Otherwise, Betti(S)=∅ because ϕA is an isomorphism.

Betti-minimal elements are characterized in the following result. As we will see
later, they play an important role in the study of monoids with unique presentations.

Proposition 3. Let S be a monoid. The element a ∈ Betti-minimal(S) if and only
ϕ−1

A (a) has more than one R-class and each R-class is a singleton.

Proof. First, observe that ϕ−1
A (a) has more than one R-class and each R-class is a

singleton if and only if #ϕ−1
A (a)≥ 2 and u ·v= 0 for every unequal u, v ∈ ϕ−1

A (a).
If a∈Betti-minimal(S) and there exist unequal u, v ∈ϕ−1

A (a) such that u ·v> 0,
we consider a′= a−

∑r
i=1 min(ui , vi )ai . Since #ϕ−1

A (a′)≥2, either a′≺S a is Betti
or, by Lemma 1, there exist a′′ ∈ Betti(S) such that a′′ ≺S a′ ≺S a, contradicting
in both cases the Betti-minimality of a. Conversely, we suppose that

ϕ−1
A (a)=

#ϕ−1
A (a)⋃

i=1

{u(i)},

with u(i)·u( j)
=0 for i 6= j . In particular, a∈Betti(S). If a′≺S a, then #ϕ−1

A (a′)=1;
otherwise, we will find unequal i, j with u(i) · u( j)

6= 0. Thus we conclude that
a ∈ Betti-minimal(S). �
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The notion of Betti-minimal is stronger than the notion of minimal multielement
given in [Aoki et al. 2008, Definition 3.2]. Concretely, a ∈ S is a minimal multi-
element if and only if ϕ−1

A (a) has more than one R-class and at least one of them
is a singleton.

3. Monoids having a unique minimal presentation

According to what we have recalled and defined so far, a monoid S has a unique
minimal presentation if and only if the set of factorizations of all its Betti elements
have just two R-classes, and each of which is a singleton. Moreover, if a is a Betti
element of S and ϕ−1

A (a) = {u, v}, then either the pair (u, v) or the pair (v, u)
is in any minimal presentation of S. Hence we will say that (u, v) ∈ Nr

×Nr is
indispensable, and that a has unique presentation.

Example 4. The numerical semigroup S = 〈6, 10, 15〉 has no indispensable el-
ements. Using the techniques explained in [Rosales and Garcı́a-Sánchez 2009],
one can easily see that Betti(S) = {30}, and that the factorizations of 30 are
{(0, 0, 2), (0, 3, 0), (5, 0, 0)}. One can also use the GAP package numericalsgps
to perform this computation [Delgado et al. 2008].

Clearly, S admits a unique minimal presentation if and only if either it is isomor-
phic to Nr for some positive integer r (and thus the empty set is its unique minimal
presentation) or every element in any of its minimal presentations is indispensable.
If this is the case, we say that S has a unique presentation.

The following results are straightforward consequences of Proposition 3.

Corollary 5. Let a ∈ S. The following are equivalent.

(a) a has unique presentation.

(b) a ∈ Betti(S) and #ϕ−1
A (a)= 2.

(c) a ∈ Betti-minimal(S) and #ϕ−1
A (a)= 2.

Corollary 6. A monoid S is uniquely presented if and only if either Betti(S) = ∅
or the number of Betti-minimal elements in S equals the cardinality of a minimal
presentation of S. In particular all Betti elements of S are Betti-minimal.

By using the close relationship between toric ideals and semigroups, one can
obtain necessary and sufficient conditions for a semigroup to be uniquely presented
from the results in [Charalambous et al. 2007; Ojeda and Vigneron-Tenorio 2009;
Takemura and Aoki 2004].

Example 7. Corollary 6 does not hold if we remove the minimal condition. For
instance, one can use numericalsgps to compute that S=〈4, 6, 21〉 has a minimal
presentation with cardinality 2, and Betti(S) = {12, 42}. However, 42 admits 5
different factorizations in S.
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Example 8. Let S ⊂ Zr be a monoid minimally generated by A = {a1, a2} for
some positive integer r . If the rank of the group spanned by S is one, there exist u
and v ∈N such that ua1 = va2. So, there is only one Betti element a = ua1 = va2

and ϕ−1
A (a) = {(u, 0), (0, v)}. Therefore, S is uniquely presented. In particular,

embedding dimension 2 numerical semigroups are uniquely presented (the group
generated by any numerical semigroup is Z).

4. Gluings

We first fix the notation of this section. Let S be an affine semigroup generated
by A = {a1, . . . , ar } ⊆ Zn . Let A1 and A2 be two proper subsets of A such that
A = A1 ∪ A2 and A1 ∩ A2 =∅. Let S1 and S2 be the affine semigroups generated
by A1 and A2, respectively.

Set r1 and r2 to be the cardinality of A1 and A2, respectively. After rearranging
the elements of A if necessary, we may assume that A1 = {a1, . . . , ar1} and A2 =

{ar1+1, . . . , ar }.
Since Nr

= Nr1 ⊕Nr2 , elements in Nr1 and Nr2 may be regarded as elements
in Nr of the form ( · , 0) and (0, · ), respectively. With this in mind, subsets of Nri

will be considered as subsets of Nr for i ∈ {1, 2}, and the elements of∼A1 and∼A2

are viewed inside ∼A.
The monoid S is said to be the gluing of S1 and S2 if G(S1)∩G(S2)= dZ, with

d ∈ S1 ∩ S2 \ {0}, where G denotes the group generated by its argument.
According to [Rosales 1997, Theorem 1.4], S admits a presentation of the

form ρ1 ∪ ρ2 ∪ {((u, 0), (0, v))}, where ρ1 and ρ2 are presentations of S1 and S2,
respectively, and u ∈ ϕ−1

A1
(d) and v ∈ ϕ−1

A2
(d). We next explore the conditions that

we must impose on S1, S2 and d to ensure that S has a unique minimal presentation.
We start by describing the Betti elements of S, and for this we need a lemma
describing the factorizations of d.

Lemma 9. Let S be the gluing of S1 and S2 with G(S1) ∩ G(S2) = dZ. Every
factorization of d in S is either a factorization of d in S1 or a factorization of d
in S2. In particular d ∈ Betti(S).

Proof. By definition d ∈ S1 ∩ S2 \ {0}, so there exist u ∈Nr1 and v ∈Nr2 such that
d =

∑r1
i=1 ui ai =

∑r
i=r1+1 vi ai . If d =

∑r
i=1wi ai =

∑r1
i=1wi ai +

∑r
i=r1+1wi ai ,

then

d−
r1∑

i=1

wi ai =

r1∑
i=1

ui ai −

r1∑
i=1

wi ai =

r∑
i=r1+1

wi ai ∈ G(S1)∩G(S2),

that is, d−
∑r1

i=1wi ai = zd. Hence either z= 1 and then wi = 0 for i ∈ {1, . . . , r1},
or z = 0 and then wi = 0 for i ∈ {r1+ 1, . . . , r}, as claimed.
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Also, we have ϕ−1
A (d) = ϕ−1

A1
(d) ∪ ϕ−1

A2
(d) with (u, 0) · (0, v) = 0 for every

u ∈ ϕ−1
A1
(d) and v ∈ ϕ−1

A2
(d), which means that ϕ−1

A (d) has at least two R-classes.
Hence d ∈ Betti(S). �

Theorem 10. Let S be the gluing of S1 and S2, and G(S1)∩G(S2)= dZ. Then

Betti(S)= Betti(S1)∪Betti(S2)∪ {d}.

Proof. By [Rosales 1997, Theorem 1.4], S admits a presentation of the form
ρ = ρ1∪ρ2∪{((u, 0), (0, v))}, where ρ1 and ρ2 are sets of generators for ∼A1 and
∼A2 , respectively, and ϕA1(u)= ϕA2(v)= d. Since every system of generators of
∼A can be refined to a minimal system of generators [Rosales and Garcı́a-Sánchez
1999a, Chapter 9], from the shape of ρ we deduce that the Betti elements of S are
either a Betti element of S1, a Betti element of S2, or d itself, that is, Betti(S) ⊆
Betti(S1)∪Betti(S2)∪ {d}.

Recall that d ∈ Betti(S) by Lemma 9. Therefore, to demonstrate the inclusion
Betti(S) ⊇ Betti(S1)∪Betti(S2)∪ {d}, it suffices to prove Betti(S1)∪Betti(S2) ⊆

Betti(S). Suppose by way of contradiction that there is a b in Betti(S1) \Betti(S)
(the case where b is in Betti(S2) \Betti(S) is argued similarly).

Since b ∈ Betti(S1), there exist two R-classes in ϕ−1
A1
(b), say C1 and C2. We

know because b 6∈ Betti(S) that ϕ−1
A (b) has only one R-class. Hence:

• There exist w ∈ C1 and w ∈ ϕ−1
A (b) such that w · (w, 0) 6= 0 and b =∑r1

i=1wi ai +
∑r

i=r1+1wi a, where wi for 1 ≤ i ≤ r are the coordinates of w

and wi 6= 0 for some r1+ 1≤ i ≤ r .

• There exist w′ ∈ C2 and w′ ∈ ϕ−1
A (b) such that w′ · (w′, 0) 6= 0 and b =∑r1

i=1w
′

i ai +
∑r

i=r1+1w
′

i ai , where w′i for 1≤ i ≤ r are the coordinates of w′

and w′i 6= 0 for some r1+ 1≤ i ≤ r .

Since 0 6= b−
∑r1

i=1wi ai =
∑r

i=r1+1wi ai ∈ G(S1)∩G(S2)= dZ, we have

b=
∑r1

i=1wi ai +
∑r1

i=1 zui ai =
∑r1

i=1(wi + zui )ai for some z > 0.

Analogously, b=
∑r1

i=1(w
′

i + z′ui )ai for some z′ > 0.
Let w̃ and w̃′ ∈ ϕ−1

A1
(b) be the corresponding vectors of coordinates wi+ zui for

1 ≤ i ≤ r1 and w′i + z′ui for 1 ≤ i ≤ r1, respectively. This yields a contradiction,
since w and w′ are not R-related; however w ·w̃ 6= 0, w̃ ·w̃′ 6= 0 and w̃′ ·w′ 6= 0. �

Observe that ϕ−1
A (d)⊇ {(u, 0), (0, v)}, with ϕA1(u)= ϕA2(v)= d, and that the

equality holds if and only if d has unique presentation as an element of S.

Corollary 11. Let S be the gluing of S1 and S2, and let G(S1) ∩ G(S2) = dZ.
Then the element d in S has unique presentation if and only if d − a 6∈ S for every
a ∈ Betti(S1)∪Betti(S2).
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Proof. If d has unique presentation, d belongs to Betti-minimal(S) by Corollary 5.
So d−a 6∈ S for every a ∈Betti(S)\{d}. Now d 6∈Betti(S1)∪Betti(S2) since d has
unique factorization in Si for i ∈ {1, 2}. Hence Betti(S)\{d}=Betti(S1)∪Betti(S2)

by Theorem 10. We conclude that d− a 6∈ S for every a ∈ Betti(S1)∪Betti(S2).
Conversely, in view of Lemma 1, we deduce that d admits a unique factorization

in Si for i ∈ {1, 2}, that is, ϕ−1
A1
(d) = {u} and ϕ−1

A2
(d) = {v}. Since d is a Betti

element by Lemma 9, we conclude that ϕ−1
A (d)= {(u, 0), (0, v)}. �

Theorem 12. Let S be the gluing of S1 and S2, and G(S1)∩G(S2)= dZ. Then S
is uniquely presented if and only if

(a) S1 and S2 are uniquely presented, and

(b) ±(d− a) 6∈ S for every a ∈ Betti(S1)∪Betti(S2),

Proof. By Theorem 10, Betti(S)= Betti(S1)∪Betti(S2)∪{d}. So, if S is uniquely
presented, then every a ∈Betti(S1)∪Betti(S2)∪{d} has unique presentation. Thus,
S1 and S2 are uniquely presented and d− a 6∈ S for every a ∈Betti(S1)∪Betti(S2)

by Corollary 11. Finally, since, by Corollary 5, every a∈Betti(S) is Betti-minimal,
we conclude that a−d 6∈ S, for every a∈Betti(S1)∪Betti(S2). (Note that d−m 6∈ S
implies d 6=m for every m ∈ Betti(S1)∪Betti(S2).)

Conversely, suppose that (a) and (b) hold. In particular, every a ∈ Betti(Si ) has
only two factorizations as element of Si for i ∈ {1, 2} and, by Corollary 11, d has
only two factorizations in S, say d=

∑r1
i=1 ui ai =

∑r
i=r1+1 vi ai . So, if a∈Betti(S)

has more than two factorizations in S, then d 6= a ∈ Betti(S1) ∪ Betti(S2). If
a ∈ Betti(S1), then a =

∑r1
i=1wi ai +

∑r
i=r1+1wi ai , with wi 6= 0 for some i such

that r1+ 1≤ i ≤ r . Thus, a−
∑r1

i=1wi ai =
∑r

i=r1+1wi ai ∈ G(S1)∩G(S2)= dZ

and thus a− d ∈ S, which is impossible by hypothesis. �

The affine semigroup in the next example is borrowed from [Rosales and Garcı́a-
Sánchez 1999b], where the authors use it to illustrate their algorithm for checking
freeness of simplicial semigroups. We use ei ∈ Nr to denote the i-th row of the
identity r × r matrix.

Example 13. Let us see that S = 〈(2, 0), (0, 3), (2, 1), (1, 2)〉 is uniquely pre-
sented. On the one hand, by taking A1 = {(2, 0), (0, 3), (2, 1)}, A2 = {(1, 2)},
S1=〈A1〉 and S2=〈A2〉, we have G(S1)∩G(S2)=2(1, 2)Z. On the other hand, by
taking A11={(2, 0), (0, 3)}, A12={(2, 1)}, S11=〈A11〉 and S12=〈A12〉, we have
G(S11)∩G(S12)= 3(2, 1)Z. Since S11 ∼= N2 and S12 ∼= N are uniquely presented
(because, their corresponding presentations are the empty set) and condition (b)
in Theorem 12 is trivially satisfied, we are assured that S1 is uniquely presented
by {(3e3, 3e1+ e2)}. Finally, since S1 and S2 ∼= N are uniquely presented and the
element 2(1, 2)− 3(2, 1) is not in S, we conclude that S is uniquely presented by
{(3e3, 3e1+ e2), (2e4, e2+ e3)}.
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Example 14. We may construct an infinite sequence of uniquely presented numer-
ical semigroups. Let us start with S1 = 〈2, 3〉, and given Si minimally generated
by {a1, . . . , ai+1}, i ≥ 2, set Si+1 = 〈2a1, a1+ a2, 2a2, . . . , 2ai+1〉. We prove by
induction on i that Si+1 is uniquely presented by

ρi+1 = {(2e2, e1+ e3), (2e3, e1+ e4), . . . , (2ei , e1+ ei ), (2ei+1, 3e1)}.

For i = 1, the result follows easily. Assume that i ≥ 2 and that the result
holds for Si , and let us show it holds for Si+1. Observe that Si+1 is the gluing
of 〈2a1, . . . , 2ai+1〉 = 2Si and 〈a1 + a2〉, with d = 2a1 + 2a2, and consequently
Si+1 is minimally generated by {2a1, a1 + a2, 2a2, . . . , 2ai+1}; apply [Rosales
and Garcı́a-Sánchez 2009, Lemma 9.8] with λ = 2 and µ = a1 + a2. Note that
Betti(〈a1 + a2〉) = ∅ and, by induction hypothesis, Betti(2Si ) = 2Betti(Si ) =

{2(2a2), . . . , 2(2ai+1)}. Thus, by Theorem 10,

Betti(Si+1)= {d} ∪Betti(2Si )= {2a1+ 2a2, 2(2a2), . . . , 2(2ai+1)}.

Now, a direct computation shows that ρi+1 is a minimal presentation of Si+1.
In view of Theorem 12, it suffices to prove the uniqueness of the presentation

to check that, for b = 2(2a j ) − (2a1 + 2a2), neither b nor −b belongs to Si+1.
Observe that −b < 0 since j ≥ 2, and thus it is not in Si+1. Also, if j 6= i , then
2(2a j )− (2a1 + 2a2) = 2a1 + 2a j+1 − 2a1 − 2a2 = 2a j+1 − 2a2. This element
cannot be in Si+1 because 2a j+1 is one of its minimal generators. For j = i , we
get 2(2ai+1)− (2a1 + 2a2) = 2(3a1)− 2a1 − 2a2 = 2(2a1)− 2a2. If this integer
belongs to Si+1, then by the minimality of 2a2, there exists a ∈ Si+1 \{0} such that
2(2a1)= 2a2+ a. But then a ≥ 2a1, and since 2a2 > 2a1, we get a contradiction.

For every positive integer i , the numerical semigroup Si+1 is a free numerical
semigroup in the sense of [Bertin and Carbonne 1977], and thus it is a complete
intersection, that is, a numerical semigroup with minimal presentations with the
least possible cardinality, the embedding dimension minus one. Some authors
call these semigroups telescopic. Not all free numerical semigroups have unique
minimal presentation; 〈4, 6, 21〉 illustrates this fact (see Example 7).

5. Uniquely presented numerical semigroups

In some sense, only a few numerical semigroups have unique minimal presenta-
tion. The following sequences have been computed with the numericalsgps GAP
package [Delgado et al. 2008]. The first contains in the i-th position the number
of numerical semigroups with Frobenius number i ∈ {1, . . . , 20}, meaning that i is
the largest integer not in the semigroup. The second contains those with the same
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condition having a unique minimal presentation.

(1, 1, 2, 2, 5, 4, 11, 10, 21, 22, 51, 40, 106, 103, 200, 205, 465, 405, 961, 900),

(1, 1, 1, 1, 3, 1, 5, 2, 5, 4, 8, 2, 12, 8, 6, 9, 17, 8, 20, 12).

Next we explore three big families of numerical semigroups and determine the
elements having unique minimal presentations.

5.1. Numerical semigroups generated by intervals. Let a and x be two positive
integers, and let S = 〈a, a + 1, . . . , a + x〉. Since N is uniquely presented, we
may assume that 2≤ a. In order that {a, . . . , a+ x} becomes a minimal system of
generators for S, we suppose that x < a.

Theorem 15. S = 〈a, a+ 1, . . . , a+ x〉 is uniquely presented if and only if either

a=1 (that is, S=N) or x=1 or x=2 or x=3 and (a−1) mod x 6=0.

Proof. The Betti elements in S are fully described in [Garcı́a-Sánchez and Rosales
1999, Theorem 8]. If x ≥ 4, then m= 2(a+2) is a Betti element and #ϕ−1

A (m)= 3.
Thus S is not uniquely presented for x ≥ 4. Hence we focus on x ∈ {1, 2, 3}. For
simplicity in the forthcoming notation, let q and r be the quotient and the remainder
in the division of a − 1 by x , that is, a = xq + r + 1 with 0 ≤ r ≤ x − 1. Notice
that x < a implies q ≥ 1.

For x = 1, we get an embedding dimension two numerical semigroup that is
uniquely presented; see Example 8.

For x = 2,

Betti(S)=
{
{2(a+ 1), qa+ 2(q − 1)+ 1, qa+ 2(q − 1)+ 2} if r = 0,
{2(a+ 1), qa+ 2(q − 1)+ 2} if r = 1.

Since the cardinality of a minimal presentation of S is 3− r [ibid., Theorem 8],
by Corollary 6 we only must check whether they are incomparable with respect
to ≺S . If r = 0, clearly qa+2(q−1)+1 and qa+2(q−1)+2 are incomparable,
since 1 6∈ S. Also,

qa+ 2(q − 1)+ 1− 2(a+ 1)= (q − 1)a+ 2q − 1 6∈ S

in view of [ibid., Lemma 1] (since 2q−1> 2(q−1)). The same argument applies
to qa+ 2(q − 1)+ 2− 2(a+ 1)= (q − 1)a+ 2q. If r = 1, then

qa+ 2(q − 1)+ 2− 2(a+ 1)= (q − 2)a+ 2(q − 1) 6∈ S

(we use again [ibid., Lemma 1]), so we also get a (complete intersection) uniquely
presented numerical semigroup. Hence every numerical semigroup of the form
〈a, a+ 1, a+ 2〉 with a ≥ 3 is uniquely presented.

Assume that x = 3 (and thus a ≥ 4).
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Case: r = 0. In this setting, both (q + 1)(a+ 3) and 2(a+ 1) are Betti elements.
However, (q+1)(a+3)−2(a+1)= (q−1)a+q3+1= (q−1)a+ (a−1)+1=
qa ∈ S. Hence (q + 1)(a+ 3) 6∈ Betti-minimal(S) and so, by Corollary 6, it is not
uniquely presented.

Case: r 6= 0. In this case,

Betti(S)=


{2(a+ 1), (a+ 1)+ (a+ 2), 2(a+ 2),

qa+ 3(q − 1)+ 2, qa+ 3(q − 1)+ 3
}

if r = 1,
{2(a+ 1), (a+ 1)+ (a+ 2),

2(a+ 2), qa+ 3(q − 1)+ 3} if r = 2.

Since the cardinality of a minimal presentation of S is 6− r [Garcı́a-Sánchez and
Rosales 1999, Theorem 8], by Corollary 6 we only must check whether they are
incomparable with respect to ≺S . Observe that

qa+ (q − 1)3+ j − 2a− i = (q − 2)a+ (q − 1)3+ j − i 6∈ S

if and only if q + j + 1 > i [ibid., Lemma 1]. Since in our case i ∈ {2, 3, 4},
j ∈ {2, 3} and q ≥ 1, we obtain that these elements are incomparable. Thus, S is
uniquely presented. �

5.2. Embedding dimension three numerical semigroups. As we have pointed out
above, the Frobenius number of a numerical semigroup is the largest integer not
belonging to it. A numerical semigroup S with Frobenius number f is symmetric
if f − x ∈ S for every x ∈ Z \ S. For embedding dimension three numerical
semigroups, it is well known that the concepts of symmetric and complete inter-
section numerical semigroups coincide. (In the embedding dimension three case,
the concept of free also coincides with that of symmetric and complete intersection;
see for instance [Rosales and Garcı́a-Sánchez 2009, Chapter 9] or [Herzog 1970].)
Nonsymmetric numerical semigroups with embedded dimension three are uniquely
presented [Herzog 1970]. Thus, we will focus on the symmetric case, which is the
free case, and as Delorme [1976] proved, these semigroups are the gluing of an
embedding dimension two numerical semigroup and N; see [Rosales 1997] for a
proof using the concept of gluing. So every symmetric numerical semigroup with
embedding dimension three can be described as follows.

Proposition 16 [Rosales and García-Sánchez 2009, Theorem 10.6]. Let m1 and
m2 be two relatively prime integers greater than one. Let a, b and c be non-
negative integers with a ≥ 2, b + c ≥ 2 and gcd(a, bm1 + cm2) = 1. Then
S = 〈am1, am2, bm1+ cm2〉 is a symmetric numerical semigroup with embedding
dimension three. Every embedding dimension three symmetric numerical semi-
group is of this form.
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Our main result is now just a special case of what we have seen in Section 4.

Theorem 17. In the notation of Proposition 16, S is a symmetric numerical semi-
group uniquely presented with embedding dimension three if and only if 0<b<m2

and 0< c < m1.

Lemma 18. Let m1 and m2 be two relatively prime integers greater than one.
Then, m1m2 = αm1 + βm2 for some α ≥ 0 and β ≥ 0 if and only if α = m2 and
β = 0, or α = 0 and β = m1.

Proof. We have m1m2 = αm1 + βm2 for some α ≥ 0 and β ≥ 0 if and only if
(m2−α)m1 = βm2 for some α ≥ 0 and β ≥ 0. Since gcd(m1,m2)= 1, it follows
that (m2− α)m1 = βm2 for some α ≥ 0 and β ≥ 0, if and only if m2− α = γm2

and β = γm1 for some γ ≥ 0, if and only if α= (1−γ )m2 and β = γm1 for some
0≤ γ ≤ 1, if and only if α = m2 and β = 0 or α = 0 and β = m1. �

Proof of Theorem 17. S is the gluing of S1 = 〈am1, am2〉 and S2 = 〈bm1 + cm2〉

with d = a(bm1+ cm2). Also Betti(S1) = am1m2 and Betti(S2) = ∅. Therefore,
by Theorem 10, Betti(S)= {am1m2, a(bm1+ cm2)}. Thus, by Theorem 12, S is
uniquely presented if and only if ±(am1m2− a(bm1+ cm2)) 6∈ S.

By direct computation, one can check that a(bm1 + cm2)− am1m2 ∈ S if and
only if b ≥ m2 or c ≥ m1. Also, am1m2− a(bm1+ cm2) ∈ S if and only if

m1m2 = ((α3+ 1)b+α1)m1+ ((α3+ c)c+α1)m2

for some αi ≥ 0, with i ∈ {1, 2, 3}. In view of Lemma 18, this is equivalent to
((α3 + 1)b+ α1) = 0 and ((α3 + c)c+ α1) = m1 or ((α3 + 1)b+ α1) = m2 and
((α3+ c)c+ α1) = 0 for some αi ≥ 0 with i ∈ {1, 2, 3}. This holds if and only if
b = 0 and c ≤ m1 or b ≤ m2 and c = 0.

Therefore, ±(am1m2 − a(bm1 + cm2)) 6∈ S if and only if 0 < b < m2 and
0< c < m1. �

5.3. Maximal embedding dimension numerical semigroups.

Theorem 19. A numerical semigroup S minimally generated by a1< a2< · · ·< ar

with a1 = r is uniquely presented if only if r = 3.

Proof. For r = 3, we obtain numerical semigroups of the form 〈3, a, b〉, with a
and b not multiples of 3 and thus coprime with 3. It follows easily that these semi-
groups do not have the shape given in Proposition 16, and thus are not symmetric.
Consequently, they are uniquely presented.

We now prove that S cannot be uniquely presented if a1 = r ≥ 4. According
to [Rosales 1996], Betti(S) = {ai + a j | i, j ∈ {2, . . . , r}}. All the elements in
{0, a2, . . . , ar } belong to different classes modulo a1, and there are precisely a1 of
them. Thus 2ar can be uniquely be written as ba1+ai for some i ∈ {2, . . . , r −1}
and b a positive integer.
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Let f be the Frobenius number of S. It is well known that f = ar − a1 in
this setting; see for instance [Rosales and Garcı́a-Sánchez 2009]. Since 2ar −ai =

ar+(ar−ai )>ar−a1= f for all i , it follows that 2ar−ai ∈ S. Hence 2ar =ai+mi

for some mi ∈ S for every i ∈ {1, . . . , r}. Take i 6= k. Then 2ar admits at least three
expressions: 2ar , ba1+ ak and ai +mi . By Corollary 5, S cannot have a unique
minimal presentation. �
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THE UNITARY DUAL OF p-ADIC S̃p(2)

MARCELA HANZER AND IVAN MATIĆ

We investigate the composition series of the induced admissible represen-
tations of the metaplectic group S̃p(2) over a p-adic field F. In this way,
we determine the nonunitary and unitary duals of S̃p(2) modulo cuspidal
representations.

1. Introduction

The admissible representations of reductive groups over p-adic fields have been
studied intensively by many authors, but knowledge about the unitary dual of such
groups is still incomplete. Besides some results concerning specific parts of the
unitary dual of some classical and exceptional groups (that is, spherical, generic
[Lapid et al. 2004] and so on), there are some situations where, for some low rank
groups, the complete unitary dual is described [Sally and Tadić 1993; Muić 1997;
Hanzer 2006; Matić 2010].

In this paper, we completely describe the noncuspidal unitary dual of the double
cover of the symplectic group of split rank two. Although this is not an algebraic
group, some recent results enabled us to study this group in the same spirit as the
classical split groups. More concretely, Hanzer and Muić [2009] related reducibil-
ities of the induced representations of metaplectic groups with those of the odd
orthogonal groups (using theta correspondence), while their paper [2010] describes
the extension of the Jacquet module techniques of Tadić for classical groups to
metaplectic groups. More specifically, Tadić’s structure formula for symplectic
and odd-orthogonal groups [1995] (which is a version of a geometric lemma of
[Bernstein and Zelevinsky 1977]) is extended to metaplectic groups. These in-
gredients made the determination of the irreducible subquotients of the principal
series for S̃p(2) very similar to the one obtained in [Matić ≥ 2010] for SO(5), but
this happens to be insufficient tool in some cases. In these cases, we will use the
theta correspondence to again obtain the formal similarity to the SO(5) case. This
similarity was expected; see for example [Zorn 2010]. After determining complete
nonunitary dual, modulo cuspidal representations, the unitary dual follows in the
almost the same way as in [Matić 2010], but after discussion of some exceptional

MSC2000: primary 22E35, 22E50; secondary 11F70.
Keywords: metaplectic groups, unitary dual, theta correspondence.
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cases (for example, the discussion of the unitary principal series): In the case of
the odd orthogonal group SO(5), the irreducibility of the unitary principal series
follows from the considerations about R-groups, and in the case of S̃p(2), since
the R-group theory for metaplectic groups is not available in its full generality,
irreducibility is obtained using theta correspondence. In the forthcoming paper
[Hanzer and Matić 2010], we extend the methods used here to prove for general n
the irreducibility of unitary principal series for S̃p(n). We hope these results will
have applications in the theory of automorphic forms.

We now describe the content of the paper. In Section 2, we recall the definition
of the metaplectic double cover S̃p(n). We also recall the notions of parabolic
subgroups, Jacquet functor, and parabolic induction in the context of metaplectic
groups. We then recall the notion of the dual pair, and the lifts of an irreducible
representations of one member of the pair dual to the Weil representation of the
ambient metaplectic group. We recall the criteria for the square integrability and
temperedness of the irreducible representations of metaplectic groups, due to Ban
and Jantzen [2009] and recall the classification of the irreducible genuine represen-
tations of S̃p(n) obtained in [Hanzer and Muić 2010]. In Section 3, we analyze the
principal series for S̃p(2), using both theta correspondence and Tadić’s methods
applied to metaplectic groups. In Section 4, we determine the unitary dual of
S̃p(2) supported in the minimal parabolic subgroup. In Section 5, we describe
irreducible representations of S̃p(2) supported on maximal parabolic subgroups,
and the unitary dual of S̃p(2) supported on maximal parabolic subgroups.

2. Preliminaries

Let S̃p(2) be the unique nontrivial two-fold central extension of symplectic group
Sp(2, F), where F is a non-Archimedean local field of characteristic different from
two. In other words, we have maps

1→ µ2→ S̃p(2)→ Sp(2, F)→ 1.

The multiplication in S̃p(2), which is as a set given by Sp(2, F)× µ2, is given
the cocycle of [Ranga Rao 1993]. The topology of S̃p(n) is explained in detail
in [Hanzer and Muić 2010, Section 3.3]. There exist compact open subgroups of
Sp(n) that split in S̃p(n). Recall that a maximal good compact subgroup Sp(OF )

splits if the residual characteristic of F is odd (here OF denotes the ring of integers
on F). In [Hanzer and Muić 2010], the metaplectic group S̃p(2) was denoted by
S̃p(W2). We say that the representation of S̃p(2) (or, more generally, S̃p(n)) is
smooth if, for every vector v in the representation space V , there exists a compact
open subgroup K1 of Sp(2) that splits in S̃p(2) and fixes v. The representation is
admissible if for every K1 as above, the space V K1 is finite-dimensional.
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Lemma 2.1. Irreducible smooth representations of S̃p(n) are admissible.

Proof. First, we prove that an irreducible, smooth, cuspidal representation of S̃p(n)
is admissible. We can proceed as in the corollary on [Bernstein 1992, page 36], so
we have to prove that an irreducible cuspidal representation of S̃p(n) is compact,
and that was proved in proving [Hanzer and Muić 2009, Lemma 3.1]. Then, on
this compact irreducible representation we can apply [Bernstein 1992, Proposition
11], which is formulated for a general totally disconnected group (so the meta-
plectic groups satisfy the conditions), and says that finitely generated compact
representations are admissible. The claim follows since every irreducible smooth
representation can be embedded in the representations parabolically induced from
the cuspidal representations of Levi subgroups (and for the representations of Levi
subgroups, the same reasoning as above shows that these representations are also
admissible), which was proved in [Hanzer and Muić 2008, Proposition 4.4]. �

In this paper we are interested only in genuine representations of S̃p(n) (that
is, those that do not factor through µ2). So, let R(n) be the Grothendieck group
of the category of all admissible genuine representations of finite length of S̃p(n)
(that is, a free abelian group over the set of all irreducible genuine representations
of S̃p(n)), and define R =

⊕
n≥0 R(n). By ν we denote a character of GL(k, F)

defined by |det|F . Further, for an ordered partition s = (n1, n2, . . . , n j ) of some
m ≤ n, we denote by Ps a standard parabolic subgroup of Sp(n, F) (consisting of
block upper-triangular matrices), whose Levi factor equals GL(n1)×GL(n2)×· · ·×

GL(n j )× Sp(n− |s|, F), where |s| =
∑ j

i=1 ni . By a standard parabolic subgroup
P̃s of S̃p(n) we mean the preimage of Ps in S̃p(n). We have the analogous notation
for the Levi subgroups of the metaplectic groups, and, for the completeness, we
explicitly describe the structure of the parabolic and Levi subgroups, as explained
in [Hanzer and Muić 2010, Section 2.2]. There is a natural splitting from the
unipotent radical of Ns of the corresponding standard parabolic subgroup Ps of
Sp(n, F) to its cover [Mœglin et al. 1987, Lemma 2.9 on page 43]; let N ′s be the
image of that homomorphism. We then have P̃s ∼= M̃s n N ′s .

We can explicitly describe M̃s as follows. There is a natural epimorphism

(1) φ : ˜GL(n1, F)× · · ·× ˜GL(nk, F)× ˜Sp(Wn−|s|)→ M̃s

given by

(2) ([g1, ε1], . . . , [gk, εk], [h, ε]) 7→ [(g1, g2, . . . , gk, h), ε1 · · · εkεβ],

with β =
∏

i< j (det gi , det g j )F
(∏k

i=1(det gi , x(h))F
)
, where x(h) is defined in

[Ranga Rao 1993, Lemma 5.1] and ( · , · )F denotes the Hilbert symbol of the
field F . Although M̃ is not exactly the product at left in (1), it differs from it
by a finite subgroup that enables us to write every irreducible representation π



110 MARCELA HANZER AND IVAN MATIĆ

of M̃ in the form π1 ⊗ · · · ⊗ πk ⊗ π
′, where the representations π1, . . . , πk, π

′

are either all genuine or none genuine. This simple property enables us to set up
Tadić’s machinery [Tadić 1995; Hanzer and Muić 2008] of parabolic induction and
Jacquet functors. Recall that the irreducible representations in this paper, unless
mentioned otherwise, are assumed to be genuine (that is, nontrivial on µ2). Also,
the cuspidality of representations is defined in the same way as for the reductive
groups (because of the splitting of the unipotent radical) and characterized in terms
if the support of the matrix coefficients also as for the reductive groups.

Let σ be a representation of S̃p(2). Following the notation introduced in [Hanzer
and Muić 2010], we denote by R P̃(1,1)(σ ) the normalized Jacquet module with re-
spect to M̃(1,1); by R P̃1(σ ) the normalized Jacquet module with respect to M̃(1);
and by R P̃2(σ ) the normalized Jacquet module with respect to M̃(2).

We fix a nontrivial additive character ψ of F and let ωn,r be the pullback of
the Weil representation ωn(2r+1),ψ of the group ˜Sp(n(2r + 1)), restricted to the
dual pair S̃p(n)×O(2r+1) [Kudla 1996, Chapter II]. Here O(2r+1) denotes the
split odd-orthogonal group of the split rank r , with the one-dimensional anisotropic
space sitting at the bottom of the orthogonal tower [Kudla 1996, Chapter III.1]. The
standard parabolic subgroups (containing the upper triangular Borel subgroup) of
O(2r + 1) have the analogous description as the standard parabolic subgroups of
Sp(n, F); we use the analogous notation for the normalized Jacquet functors.

Let σ be an irreducible smooth genuine representation of S̃p(n). We write
2(σ, r) for the smooth isotypic component of σ in ωn,r (we view it as a repre-
sentation of O(2r +1)). Denote by r0 the smallest r such that 2(σ, r) 6= 0. When
σ is cuspidal, we know that 2(σ, r0) is an irreducible cuspidal representation of
O(2r + 1).

Let ˜GL(n, F) be a double cover of GL(n, F), where the multiplication is given
by

(g1, ε1)(g2, ε2)= (g1g2, ε1ε2(det g1, det g2)F ).

Here εi ∈ µ2 for i = 1, 2 and ( · , · )F denotes the Hilbert symbol of the field
F , and this cocycle on GL(n, F) is actually a restriction of Ranga Rao’s co-
cyle on Sp(n, F) to GL(n, F), if we view this group as the Siegel Levi sub-
group of Sp(n, F) [Kudla 1986, page 235]. Now we fix a character χV,ψ(g, ε) =
χV (det g)εγ (det g, ψ1/2)

−1 of ˜GL(n, F). Here γ denotes the Weil invariant, while
χV is a character related to the quadratic form on O(2r + 1) [Kudla 1996, pages
17 and 37], and ψa(x) = ψ(ax) for a ∈ F∗. We may suppose χV ≡ 1 (but the
arguments that follow are valid without this assumption). We write α = χ2

V,ψ and
observe that α is a quadratic character on GL(n, F).

The following fact, follows directly from [Hanzer and Muić 2010], and we use
it frequently while determining composition series of induced representations: For
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an irreducible genuine representation π of ˜GL(k, F) and an irreducible genuine
representation σ of S̃p(n) we have π o σ = π̃αo σ (in R), where π o σ denotes
the representation of the group ˜Sp(n+ k) parabolically induced from the represen-
tation π⊗σ of the maximal Levi subgroup M̃(k). We follow here the usual notation
for parabolic induction for classical groups, adapted to the metaplectic case [Tadić
1994; Hanzer and Muić 2010]. We also freely use Zelevinsky’s notation [1980] for
the parabolic induction for general linear groups. We denote the Steinberg repre-
sentation of the reductive algebraic group G by StG and the trivial representation
of that group by 1G . Following [Kudla 1996], we let ω+ψa,n denote the even part
of the Weil representation of S̃p(n) determined by the additive character ψa . The
nontrivial character of µ2, when we view it as a representation of S̃p(0), is denoted
by ω0.

If ζ is a quadratic character of F×, we can write ζ(x)= (xa)F for some a ∈ F×.
Let spζ,1 be an irreducible (square-integrable, according to the criterion for the
square-integrability which we recall below) subrepresentation of χV,ψζν

1/2 oω0.
Then, as in [Kudla 1996, page 89], we have the exact sequence

0→ spζ,1 −→ χV,ψζν
1/2 oω0 −→ ω+ψa,1→ 0.

The results of [Ban and Jantzen 2009] imply that Casselman’s criteria for square-
integrability and temperedness hold for metaplectic groups in a similar form as for
the classical groups (for example symplectic). We now recall these criteria.

Let π be an admissible irreducible (genuine) representation of S̃p(n) and let
P̃s be any standard parabolic subgroup minimal with respect to the property that
R P̃s (π) 6= 0. Write s = (n1, . . . , nk) and let σ be any irreducible subquotient of
R P̃s (π). As we saw above, we can write σ = ρ1⊗ ρ2⊗ · · · ⊗ ρk ⊗ ρ, where ρi is
an irreducible genuine cuspidal representation of some ˜GL(ni , F) for i = 1, . . . , k
and ρ is an irreducible genuine cuspidal representation of some ˜Sp(n− l). Define
e(ρi ) by ρi = ν

e(ρi )ρu
i , where ρu

i is unitary for 1≤ i ≤ n.
Assume that the inequalities

n1e(ρ1) > 0,

n1e(ρ1)+ n2e(ρ2) > 0,
...

n1e(ρ1)+ n2e(ρ2)+ · · ·+ nke(ρk) > 0.

hold for every s and σ as above. Then π is a square integrable representation. For
such s and σ , these inequalities also hold if π is a square integrable representation.

The criterion for tempered representations is given by replacing every>with≥.
We recall the definition of a negative representation [Hanzer and Muić 2010,

Definition 4.1].
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Let σ be an admissible irreducible genuine representation of S̃p(n). Then σ is
a strongly negative (respectively, negative) representation if and only if for every
embedding σ ↪→ρ1×ρ2×· · ·×ρk oρ, where ρi for 1≤ i ≤ k and ρ are irreducible
genuine supercuspidal representations of some of the G̃L and of some ˜Sp(n− l),
we have

n1e(ρ1) < 0 (respectively, ≤ 0),

n1e(ρ1)+ n2e(ρ2) < 0 (respectively, ≤ 0),
...

n1e(ρ1)+ n2e(ρ2)+ · · ·+ nke(ρk) < 0 (respectively, ≤ 0).

As soon as σ as above is genuine, the ρi and ρ are also necessarily genuine.
For notation, we recall [Hanzer and Muić 2010, Theorems 4.5 and 4.6]. Recall
that, for a cuspidal representation ρ of some GL(mρ, F), a segment 1 is a set of
cuspidal representations 1 = {ρ, νρ, . . . , νk−1ρ} and 〈1〉 is a unique irreducible
subrepresentation of ρ× νρ× · · ·× νk−1ρ. We use the same notation for genuine
cuspidal representations of ˜GL(mρ, F) since the transfer from nongenuine to gen-
uine representations in the case of ˜GL(mρ, F) is particularly simple (obtained by
multiplication with the character χV,ψ(g, ε) defined above). Now the two theorems
above follow from the analogous results in the case of classical reductive groups of
[Hanzer and Muić 2008], since the analogous calculations with Jacquet modules
are possible, due to results in [Hanzer and Muić 2010].

• Suppose that 11, . . . ,1k is a sequence of segments (of genuine represen-
tations) such that e(11) ≥ · · · ≥ e(1k) > 0 (we also allow k = 0). Let
σneg be a negative (genuine) representation. Then the induced representation
〈11〉 × 〈12〉 × · · · × 〈1k〉o σneg has a unique irreducible subrepresentation;
we denote it by 〈11, . . . ,1k; σneg〉.

• If σ is an irreducible admissible genuine representation of S̃p(n), then there
exist a sequence of segments (of genuine representations) 11, . . . ,1k such
that e(11) ≥ · · · ≥ e(1k) > 0 and a negative (genuine) representation σneg

such that σ ' 〈11, . . . ,1k; σneg〉.

We can carry over Tadić’s structure formula for classical groups to the metaplec-
tic case [Hanzer and Muić 2010, Proposition 4.5], which enables us to calculate
Jacquet modules of the induced representations. In more detail, let

Rgen
=

⊕
n

R( ˜GL(n, F))gen,

where R( ˜GL(n, F))gen denotes the Grothendieck group of finite length, smooth,
genuine representations of ˜GL(n, F). We denote by × the linear extension to
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Rgen
⊗ Rgen of the parabolic induction (from a maximal parabolic subgroup). We

can easily check that if σ is an irreducible genuine representation of S̃p(Wn),
then rk(σ ), the normalized Jacquet module of σ with respect to the standard maxi-
mal parabolic P̃k , is a genuine representation of M̃(k) and as such can be interpreted
as a (genuine) representation of ˜GL(k, F)× ˜Sp(Wn−k), that is, as an element of
Rgen
⊗R, with R defined as above. So for irreducible genuine σ , we can introduce

µ∗(σ ) ∈ Rgen
⊗ R by

µ∗(σ )=

n∑
k=0

s.s.(rk(σ )),

where s.s. stands for semisimplification. We can extend µ∗ linearly to the whole R.
Using Jacquet modules for the maximal parabolic subgroups of ˜GL(n, F) we can
analogously define

m∗(π)=
n∑

k=0

s.s.(rk(π)) ∈ Rgen
⊗ Rgen

for a genuine, irreducible representation π of ˜GL(n, F) and then extend m∗ linearly
to the whole Rgen. Let κ : Rgen

⊗Rgen
→ Rgen

⊗Rgen be defined by κ(x⊗y)= y⊗x .
We extend the contragredient ˜ to an automorphism of Rgen naturally. Finally, we
define

M∗ = (m⊗ id) ◦ ( ˜α⊗m∗) ◦ κ ◦m∗.

Here ˜α means taking contragredient of a representation, and then multiplying by
the character α, acting on the general linear group as α(g)= (det g,−1)F .

For π in Rgen and σ from R, we have

µ∗(π o σ)= M∗(π)oµ∗(σ ).

Using this formula for the induced representations of S̃p(2), we get the following:

• Fix an admissible representation π of G̃L(2), and suppose that π is of finite
length. Let m∗(π) = 1⊗ π +

∑
i π

1
i ⊗ π

2
i + π ⊗ 1, where

∑
i π

1
i ⊗ π

2
i is a

decomposition into a sum of irreducible representations. Now we have

µ∗(π oω0)= 1⊗π oω0+
∑

i

π1
i ⊗π

2
i oω0+

∑
i

απ̃2
i ⊗π

1
i oω0

+π ⊗ω0+απ̃ ⊗ω0+
∑

i

π1
i ×απ̃

2
i ⊗ω0.

• Fix an admissible representation π of G̃L(1) and an admissible representation
σ of S̃p(1). If we have

µ∗(σ )= 1⊗ σ +
∑

i

σ 1
i ⊗ σ

2
i ,
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where σ 1
i and σ 2

i are irreducible representations, then

µ∗(π o σ)= 1⊗π o σ +π ⊗ σ +απ̃ ⊗ σ
+

∑
i

σ 1
i ⊗π o σ 2

i +
∑

i

π × σ 1
i ⊗ σ

2
i +

∑
i

σ 1
i ×απ̃ ⊗ σ

2
i .

From now on, F̂× denotes the set of the unitary characters of F×, while F̃×

denotes those that are not necessarily unitary.

3. Principal series

We first state an important reducibility result that follows directly from [Hanzer
and Muić 2009, Theorems 3.5. and 4.2].

Proposition 3.1. Let χ ∈ F̂× and let s ∈ R be nonnegative. The representation
χV,ψν

sχ oω0 of S̃p(1) reduces if and only if χ2
= 1F× and s = 1/2.

Let ζ ∈ F̂× such that ζ 2
= 1F× . In R we have (see [Kudla 1996, page 89]

χV,ψν
1/2ζ oω0 = spζ,1+ω

+

ψa,1.

The following proposition is well known and follows easily from the analogous
results for the split SO(3) and SO(5).

Proposition 3.2. (1) Let χ ∈ F̂× and suppose s ∈ R is nonnegative. The repre-
sentation νsχ o 1 of O(3) reduces if and only if χ2

= 1F× and s = 1/2. In
that situation, the length of ν1/2χ o 1 is two, and this representation has the
unique subrepresentation that is square integrable.

(2) Let ζ1, ζ2 ∈ F̂×. Then, the unitary principal series ζ1 × ζ2 o 1 of O(5) is
irreducible.

We use these two propositions in the sequel without explicitly mentioning them.

3.1. Unitary principal series. In this subsection we prove irreducibility of the uni-
tary principal series χV,ψχ1×χV,ψχ2 oω0, where χi ∈ F̂× for i = 1, 2.

Let 5 denote the representation χV,ψχ1 × χV,ψχ2 o ω0. Using the structure
formula for µ∗(5) from the end of the previous section, we get

R P̃1(5)= χV,ψχ
−1
1 ⊗χV,ψχ2 oω0+χV,ψχ1⊗χV,ψχ2 oω0

+χV,ψχ
−1
2 ⊗χV,ψχ1 oω0+χV,ψχ2⊗χV,ψχ1 oω0.

Remark. Let π be an irreducible subrepresentation of5. Because of irreducibility
of the representations χV,ψχ1×χV,ψχ2 and χV,ψχi oω0 for i = 1, 2, we get

π ↪→5' χV,ψχ
−1
1 ×χV,ψχ2 oω0 ' χV,ψχ

−1
2 ×χV,ψχ1 oω0.
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If χi 6= χ
−1
i holds for both i = 1, 2 and χ1 6= χ

±1
2 , then Frobenius reciprocity

implies that R P̃1(π)= R P̃1(5), so π =5 and the representation 5 is irreducible.

Now we prove the irreducibility of the unitary principal series for general unitary
characters. Let ζ1, ζ2 be the unitary characters of F×. We prove irreducibility of
the representation χV,ψζ1 × χV,ψζ2 o ω0 using theta correspondence, beginning
with this lemma:

Lemma 3.3. Let π1 be an irreducible subrepresentation of χV,ψζ1×χV,ψζ2 oω0.
Then 2(π1, 2)= ζ1× ζ2 o 1.

Proof. According to the stable range condition [Kudla 1996, page 48],2(π1, 4) 6=0
(observe that 2(π1, 4) is a smooth representation of O(9)). We have epimor-
phisms ω2,4 → π1 ⊗2(π1, 4) and RP1(ω2,4)→ π1 ⊗ RP1(2(π1, 4)). If τ is an
irreducible quotient of 2(π1, 4), then [Kudla 1986, Corollary 2.6] implies [τ ] =
[ν−3/2, ν−1/2, ζ1, ζ2; 1], where [τ ] denotes the cuspidal support of τ . Clearly,
RP(1,1,1,1)(τ )≥ ν

l1/2⊗ νl2/2⊗ ζ±1
1 ⊗ ζ

±1
2 or RP(1,1,1,1)(τ )≥ ζ

±1
1 ⊗ ν

l1/2⊗ ζ±1
2 ⊗ ν

l2/2

(or we have some order of factors) for some l1, l2 ∈ {±1,±3}. If we assume that in
the Jacquet module RP(1,1,1,1)(τ ) there is an irreducible subquotient as above whose
first factor consists of a unitary character, then, using [Bernstein 1992, Lemma 26]
together with Frobenius reciprocity, easily follows that

Hom(τ, ζ±1
1 × ν

l1/2× ζ±1
2 × ν

l2/2 o 1) 6= 0.

But since ζ±1
i ×ν

li/2∼=νli/2×ζ±1
i , we have Hom(τ, νl1/2×ζ±1

1 ×ζ
±1
2 ×ν

l2/2o1) 6=0.
So, there is an irreducible subquotient τ ′ of ζ1×ζ2×ν

l2/2o1 such that τ is a subrep-
resentation of νl1/2 oτ ′. This implies that RP1(τ )(ν

l1/2), the isotypic component of
RP1(τ ) along the generalized character νl1/2, is nonzero, as is RP1(2(π1, 4))(νl1/2).

Observations above imply that there is an irreducible representation τ1 of O(3)
such that the mappings RP1(ω2,4)→ π1 ⊗ RP1(2(π1, 4))→ π1 ⊗ ν

l1/2 ⊗ τ1 are
epimorphisms. We denote the epimorphism RP1(ω2,4))→ π1 ⊗ ν

l1/2 ⊗ τ1 by T .
Now RP1(ω2,4) has the filtration in which

• I10 = ν
−3/2
⊗ω2,3 is the quotient and

• I11 = IndM1×S̃p(2)
GL(1)×P̃1×O(3)(χV,ψ6

′

1⊗ω1,3) is the subrepresentation.

See [Kudla 1996, page 57] and [Hanzer and Muić 2009, Proposition 3.3], where
the notation is explained in detail.

Suppose T |I11 6= 0. Because χV,ψν
−l1/2 is the isotypic component of νl1/2 in the

˜GL(1, F)×GL(1, F)-module χV,ψ6
′

1, by applying the second Frobenius we get
a nonzero ˜GL(1, F)×GL(1, F)× S̃p(1)× O(3)-homomorphism

νl1/2⊗χV,ψν
−l1/2⊗ω1,3→ νl1/2⊗ τ1⊗ R̃ P̃1(π̃1),
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which implies that R̃ P̃1(π̃1)(χV,ψν
−l1/2) 6= 0. Because l1 6= 0, this contradicts our

assumption π1 ↪→ χV,ψζ1 × χV,ψζ2 o ω0; hence T |I11 = 0. Therefore, we can
consider T as an epimorphism I10→ π1⊗ ν

l1/2⊗ τ1. Consequently, l1 = −3 and
there is an epimorphism ω2,3→ π ⊗ τ1. Obviously, 2(π1, 3) 6= 0.

Repeating the same procedure once again, we obtain 2(π1, 2) 6= 0. Since the
cuspidal support of each irreducible quotient of 2(π1, 2) equals [ζ1, ζ2; 1], all of
the irreducible quotients of 2(π1, 2) are equal to ζ1× ζ2 o 1. �

Proposition 3.4. Let ζ1, ζ2 ∈ F̂×. Then the unitary principal series representation
χV,ψζ1×χV,ψζ2 oω0 is irreducible.

We present two proofs of this proposition, both based on the previous lemma.
The first proof is much simpler than the second — it also uses some known results
about Whittaker models for the principal series for metaplectic groups, but we have
to assume that the residue characteristic of F is odd. The second proof is more
technical, but it doesn’t depend on the residue characteristic of F . We feel that
presenting both proofs may be useful.

First proof of Proposition 3.4. We denote the representation χV,ψζ1×χV,ψζ2 oω0

by5. Suppose that the residue characteristic of F is not 2. Howe’s duality conjec-
ture and lemma then implies that the representation 2(ζ1×ζ2 o1, 2) has a unique
irreducible quotient, so, by Lemma 3.3, all the irreducible subrepresentations of 5
are isomorphic, that is,

5= π ⊕ · · ·⊕π.(3)

Now, observe that the representation5 has a unique Whittaker model [Banks 1998;
Szpruch 2007]. In more words, for a nondegenerate character θ of the unipotent
radical U of Borel subgroup of Sp(n) (observe that S̃p(n) splits over U , and the
mapping n 7→ (n, 1) is the splitting) and a genuine character χV,ψζ1⊗· · ·⊗χV,ψζn

of T̃ (where T̃ denotes the preimage of maximal diagonal torus in Sp(n)), we have

dimC HomS̃pn
(χV,ψζ1× · · ·×χV,ψζn oω0, IndS̃p(n)

U (θ))= 1.

This forces that the number of copies of π in (3) to be one, and this finishes the
first proof. �

Second proof of Proposition 3.4. We have already seen that there is an epimorphism
R P̃1(ω2,2)→ χV,ψζ1⊗χV,ψ oω0⊗ ζ1× ζ2 o 1, so

2(χV,ψζ1⊗χV,ψζ2 oω0⊗ ζ1× ζ2 o 1, R P̃1(ω2,2)) 6= 0.

R P̃1(ω2,2) has the filtration in which

• J10 = χV,ψν
1/2
⊗ω1,2 is the quotient and

• J11 = IndM̃1×O(2)
G̃L(1)×P1×S̃p(1)(χV,ψ6

′

1⊗ω1,1) is the subrepresentation.
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Lemma 3.5. There is an isomorphism

HomM̃1(R P̃1(ω2,2), χV,ψζ1⊗χV,ψζ2 oω0)∼=HomM̃1(J11, χV,ψζ1⊗χV,ψζ2 oω0)

of vector spaces that is given by restriction (that is, T 7→ T |J11).

Proof of Lemma 3.5. The map obtained by the restriction is obviously a homo-
morphism, while the injectivity follows directly. Surjectivity is proved as follows:

We consider the filtration 0⊆W2 ⊆W1 ⊆ R P̃1(ω2,2), where W1 is the represen-
tation J11, and W1/W2 ∼= χV,ψζ1⊗χV,ψζ2 oω0⊗2(χV,ψζ1⊗χV,ψζ2 oω0, J11).
Observe that

(R P̃1(ω2,2)/W2)/(W1/W2)∼= R P̃1(ω2,2)/W1 ∼= J10.

Using standard argument, it can be proved that the representation R P̃1(ω2,2)/W2

is G̃L(1)-finite. Then, using the decomposition along the generalized central char-
acters, which in this case coincide with the central characters because W1/W2 and
J10 have different central characters, we obtain

R P̃1(ω2,2)/W2 ∼=W1/W2⊕ J10.

Now an element of HomM̃1(J11, χV,ψζ1 ⊗ χV,ψζ2 o ω0) is trivial on W2, so it
can be extended to R P̃1(ω2,2) in an obvious way and surjectivity is proved. �

Using a standard relation between taking a smooth part of the isotypic compo-
nent of a representation and the homomorphism functor [Hanzer and Muić 2009,
page 10], it follows from Lemma 3.5 that

2(χV,ψζ1⊗χV,ψζ2 oω0, R P̃1(ω2,2))∼=2(χV,ψζ1⊗χV,ψζ2 oω0, J11),

if we can prove that 2(χV,ψζ1⊗χV,ψζ2 oω0, J11) is admissible.

Lemma 3.6. We have 2(χV,ψζ1⊗χV,ψζ2 oω0, J11)= ζ1× ζ2 o 1.

Proof of Lemma 3.6. Since χV,ψζ1⊗χV,ψζ2 oω0⊗ζ1×ζ2 o1 is a quotient of J11,
there is an epimorphism 2(χV,ψζ1⊗χV,ψζ2 oω0, J11)→ ζ1× ζ2 o 1.

Applying [Hanzer and Muić 2009, Lemma 3.2], we have

HomM̃1×O(2)(J11, χV,ψζ1⊗χV,ψζ2 oω0⊗2(χV,ψζ1⊗χV,ψζ2 oω0, J11))

∼= HomM̃1×M(1)(χV,ψ6
′

1⊗ω1,1,

χV,ψζ1⊗χV,ψζ2 oω0⊗ RP1
(2(χV,ψζ1⊗χV,ψζ2 oω0, J11))).

For every intertwining map T from the first space, let T0 be the correspond-
ing intertwining map from the second space. Let ϕ be a natural homomorphism
belonging to the first space.

Since χV,ψζ1⊗ ζ
−1
1 (respectively, χV,ψζ2 oω0⊗ ζ2 o 1) are the corresponding

isotypic components in the ˜GL(1, F)×GL(1, F)-module χV,ψ6
′

1(respectively, in
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the S̃p(1)×O(3)-module ω1,1), irreducibility of these isotypic components implies
that the image of ϕ0 is isomorphic to χV,ψζ1⊗χV,ψζ2 oω0⊗ ζ

−1
1 ⊗ ζ2 o 1. Now,

we write ϕ0 = ϕ
′′
◦ϕ′, where ϕ′ is a canonical epimorphism

χV,ψ6
′

1⊗ω1,1→ χV,ψζ1⊗χV,ψζ2 oω0⊗ ζ
−1
1 ⊗ ζ2 o 1

and ϕ′′ is an inclusion of the representation

χV,ψζ1⊗χV,ψζ2 oω0⊗ ζ
−1
1 ⊗ ζ2 o 1

in χV,ψζ1 ⊗ χV,ψζ2 o ω0 ⊗ RP1
(2(χV,ψζ1 ⊗ χV,ψζ2 o ω0, J11)). Observe that

Ind(ϕ′) is a homomorphism

IndM̃1×O(2)
G̃L(1)×P1×S̃p(1)

(χV,ψ6
′

1⊗ω1,1)→ χV,ψζ1⊗χV,ψζ2 oω0⊗ ζ
−1
1 × ζ2 o 1.

Let ϕ1 be an operator belonging to

Hom(χV,ψζ1⊗χV,ψζ2 oω0⊗ ζ1× ζ2 o 1,

χV,ψζ1⊗χV,ψζ2 oω0⊗2(χV,ψζ1⊗χV,ψζ2 oω0, J11))

such that (ϕ1)0 = ϕ
′′.

Lemma 3.7. Under the assumptions above, (ϕ1 ◦ Ind(ϕ′))0 = ϕ0.

Proof of Lemma 3.7. We prove it much more generally. Let (π, V ) be a smooth
representation of some Levi subgroup M ′ in the parabolic P ′ and the opposite
parabolic P ′ of the group G ′ (which is one of the groups we are considering, that
is, metaplectic or odd orthogonal) and let (5,W ) be a smooth representation of G ′.
Then the second Frobenius isomorphism asserts

HomG ′(IndG ′
M ′(π),5)

∼= HomM ′(π, RP ′(5)).

Let ψ ↪→ RP ′(IndG ′
M ′(π)) be an embedding corresponding to the open cell P ′P ′ in

G ′ given in the following way:
For an open compact subgroup K of G ′ that has Iwahori decomposition with

respect to both P ′ and P ′, and for v ∈ V K∩M ′ , we define

fv,K (g)=
1

measN ′(K∩N ′)


0 if g /∈ P ′K
δ

1/2
P (m)π(m)v if g = mnk

for m ∈ M ′, n ∈ N ′, k ∈ K .

Then ψ : v 7→ fv,K + IndG ′
M ′(π)(N ′) is independent on the choice of K .

For ϕ ∈ HomG ′(IndG ′
M ′(π),5), we take ϕ0 to be the corresponding element of

HomM ′(π, RP(5)). It follows that ϕ0(v)= ϕ( fv,K )+5(N ′). Write ϕ0 = ϕ
′′
◦ϕ′,

where ϕ′ denotes the canonical epimorphism π → π/Kerϕ0 and ϕ′′ denotes the
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embedding π/Kerϕ0 ↪→ RP ′ . So, we are able to construct the mapping Ind(ϕ′) :
IndG ′

M ′(π)→ IndG ′
M ′(π/Kerϕ0). Since

HomM ′(π/Kerϕ0, RP ′(5))
∼= HomG ′(IndG ′

M ′(π/Kerϕ0),5),

analogously as above, we see there is an element ϕ1∈HomG ′(IndG ′
M ′(π/Kerϕ0),5)

such that (ϕ1)0 = ϕ
′′.

To prove (ϕ1 ◦ Ind(ϕ′))0 = ϕ0, it is enough to prove (ϕ1 ◦ Ind(ϕ′))0 = (ϕ1)0 ◦ϕ
′.

Let v ∈ V . Clearly, ϕ′(v)= v+Kerϕ0. Further,

(ϕ1)0(ϕ
′(v))= ϕ1( fv+Kerϕ0,K )+5(N ′),

(ϕ1 ◦ Ind(ϕ′))0(v)= ϕ1(Ind(ϕ′) fv,K )+5(N ′).

It follows easily that fv+Kerϕ0,K = fv,K +Kerϕ0 and Ind(ϕ′) fv,K = fv,K +Kerϕ0,
and the lemma follows. �

We can complete the proof of Lemma 3.6. Lemma 3.7 gives ϕ1 ◦ Ind(ϕ′) = ϕ,
so the image of ϕ is a quotient of χV,ψζ1 ⊗ χV,ψζ2 o ω0 ⊗ ζ

−1
1 × ζ2 o 1. This

implies that 2(χV,ψζ1 ⊗ χV,ψζ2 o ω0, J11) is a quotient of ζ−1
1 × ζ2 o 1. Since

ζ−1
1 × ζ2 o 1' ζ1× ζ2 o 1 is an irreducible representation,

2(χV,ψζ1⊗χV,ψζ2 oω0, J11)= ζ1× ζ2 o 1. �

Lemma 3.8. There is an epimorphism2(ζ1×ζ2 o1, 2)→ χV,ψζ1×χV,ψζ2 oω0.

Proof of Lemma 3.8. We have an isomorphism

HomO(2)(ω2,2, ζ
−1
1 × ζ2 o 1)∼= Hom(RP1(ω2,2), ζ

−1
1 ⊗ ζ2 o 1)

of vector spaces, which also an isomorphism of S̃p(2) modules. By taking the
smooth parts, we obtain

HomS̃p(2)×O(2)(ω2,2, ζ
−1
1 × ζ2 o 1)∞ ∼= Hom(RP1(ω2,2), ζ

−1
1 ⊗ ζ2 o 1)∞,

so that 2(ζ−1
1 × ζ2 o 1, 2)∼ ∼=2(ζ−1

1 ⊗ ζ2 o 1, RP1(ω2,2))
∼.

In the same way as before, we get

2(ζ−1
1 ⊗ ζ2 o 1, RP1(ω2,2))

∼ ∼=2(ζ
−1
1 ⊗ ζ2 o 1, I11)

∼.

Now, the epimorphism I11 → ζ−1
1 ⊗ ζ2 o 1 ⊗ χV,ψζ1 × χV,ψζ2 o ω0 gives an

epimorphism 2(ζ−1
1 ⊗ ζ2 o 1, I11))→ χV,ψζ1×χV,ψζ2 oω0. Since the represen-

tations ζ−1
1 × ζ2 o 1 and ζ1 × ζ2 o 1 are isomorphic, we obtain the epimorphism

2(ζ1× ζ2 o 1, 2)→ χV,ψζ1×χV,ψζ2 oω0, which proves the lemma. �
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Now we finish the second proof of Proposition 3.4. Suppose that the rep-
resentation χV,ψζ1 × χV,ψζ2 o ω0 reduces. Suppose also that it is the repre-
sentation of length 2 and write χV,ψζ1 × χV,ψζ2 o ω0 = π1 ⊕ π2. Obviously,
R P̃1(χV,ψζ1×χV,ψζ2 oω0)= R P̃1(π1)⊕ R P̃1(π2).

We have, by Lemma 3.8, an epimorphism

ω2,2→ ζ1× ζ2 o 1⊗χV,ψζ1×χV,ψζ2 oω0,

which leads to the epimorphisms R P̃1(ω2,2)→ ζ1× ζ2 o 1⊗ (R P̃1(π1)⊕ R P̃1(π2))

and R P̃1(ω2,2)→ χV,ψζ1⊗χV,ψζ2 oω0⊗ (ζ1× ζ2 o 1⊕ ζ1× ζ2 o 1).
Finally, we obtain an epimorphism

2(χV,ψζ1⊗χV,ψζ2 oω0, R P̃1(ω2,2))→ ζ1× ζ2 o 1⊕ ζ1× ζ2 o 1,

which contradicts Lemmas 3.5 and 3.6.
The same proof remains valid if we suppose that χV,ψζ1 × χV,ψζ2 oω0 is the

representation of the length 4. �

3.2. Nonunitary principal series. First we determine the reducibility points of the
representations with cuspidal support in the minimal parabolic subgroup P̃(1,1).

Let χ1, χ2 ∈ F̂× and si ≥ 0 for i = 1, 2, such that si > 0 for at least one i . Define
5= χV,ψν

s1χ1×χV,ψν
s2χ2 oω0. We have

µ∗(5)= χV,ψν
s1χ1⊗χV,ψν

s2χ2 oω0+χV,ψν
−s1χ−1

1 ⊗χV,ψν
s2χ2 oω0

+χV,ψν
s2χ2⊗χV,ψν

s1χ1 oω0+χV,ψν
−s2χ−1

2 ⊗χV,ψν
s1χ1 oω0

+χV,ψν
−s1χ−1

1 ×χV,ψν
s2χ2⊗ω0+χV,ψν

s1χ1×χV,ψν
−s2χ−1

2 ⊗ω0

+χV,ψν
s1χ1×χV,ψν

s2χ2⊗ω0+χV,ψν
−s1χ−1

1 ×χV,ψν
−s2χ−1

2 ⊗ω0

+ 1⊗χV,ψν
s1χ1×χV,ψν

s2χ2 oω0.

We prove that irreducibility of all the representations above implies irreducibility
of the representation 5. We keep this assumption throughout this subsection.

First, suppose that νs1χ1 6= ν
−s1χ−1

1 , νs2χ2 6= ν
−s2χ−1

2 and νs1χ1 6= ν
±s2χ±1

2
(that is, Jacquet modules of 5 are multiplicity one).

Let τ be an irreducible subquotient of 5 such that

χV,ψν
−s1χ−1

1 ×χV,ψν
s2χ2⊗ω0 ≤ R P̃2(τ ).

From transitivity of Jacquet modules we get

χV,ψν
−s1χ−1

1 ⊗χV,ψν
s2χ2⊗ω0+χV,ψν

s2χ2⊗χV,ψν
−s1χ−1

1 ⊗ω0 ≤ R P̃(1,1)(τ ).

This implies

χV,ψν
−s1χ−1

1 ⊗χV,ψν
s2χ2 oω0+χV,ψν

s2χ2⊗χV,ψν
s1χ1 oω0 ≤ R P̃1(τ ).
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We get directly that

R P̃2(τ )= χV,ψν
−s1χ−1

1 ×χV,ψν
s2χ2⊗ω0+χV,ψν

s1χ1×χV,ψν
−s2χ−1

2 ⊗ω0

+χV,ψν
s1χ1×χV,ψν

s2χ2⊗ω0+χV,ψν
−s1χ−1

1 ×χV,ψν
−s2χ−1

2 ⊗ω0,

so τ =5 and 5 is irreducible.
Now we assume that there is some i such that νsiχi 6= ν

−siχ−1
i . Without loss of

generality, let i = 1. So, s1 = 0 and χ1 = χ
−1
1 , that is, χ2

1 = 1F× . We prove that in
this case 5 is also irreducible. Again, we start by writing corresponding Jacquet
modules:

R P̃1(5)= 2χV,ψχ1⊗χV,ψν
s2χ2 oω0+χV,ψν

s2χ2⊗χV,ψχ1 oω0

+χV,ψν
−s2χ−1

2 ⊗χV,ψχ1 oω0,

R P̃2(5)= 2χV,ψχ1×χV,ψν
s2χ2⊗ω0+χV,ψχ1×χV,ψν

−s2χ−1
2 ⊗ω0.

Let τ be an irreducible subquotient of 5 such that

R P̃1(τ )≥ χV,ψν
s2χ2⊗χV,ψχ1 oω0.

Of course, R P̃(1,1)(τ )≥ 2χV,ψν
s2χ2⊗χV,ψχ1⊗ω0, so

R P̃2(τ )≥ 2χV,ψχ1×χV,ψν
s2χ2⊗ω0.

Continuing in the same way, we get

R P̃(1,1)(τ )≥ 2χV,ψχ1⊗χV,ψν
s2χ2⊗ω0+ 2χV,ψν

s2χ2⊗χV,ψχ1⊗ω0,

R P̃1(τ )≥ 2χV,ψχ1⊗χV,ψν
s2χ2 oω0+χV,ψν

s2χ2⊗χV,ψχ1 oω0.

Finally,

R P̃(1,1)(τ )≥ 2χV,ψχ1⊗χV,ψν
s2χ2⊗ω0+2χV,ψχ1⊗χV,ψν

−s2χ−1
2 ⊗ω0

+2χV,ψν
s2χ2⊗χV,ψχ1⊗ω0,

R P̃2(τ )≥ 2χV,ψχ1×χV,ψν
s2χ2⊗ω0+χV,ψχ1×χV,ψν

−s2χ−1
2 ⊗ω0 = R P̃2(5).

So, 5= τ and 5 is irreducible.
If νs1χ1 = ν

s2χ2 or νs1χ1 = ν
−s2χ−1

2 , then the irreducibility of 5 follows in the
same way as above. Observe that equalities νs1χ1= ν

−s1χ−1
1 and νs2χ2= ν

−s2χ−1
2

lead to unitary principal series.
In this way we have proved irreducibility of the principal series, with these

exceptions:

• Some of the representations χV,ψν
s1χ1 o ω0 or χV,ψν

s2χ2 o ω0 reduce (the
so-called S̃p(1) reducibility).
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• Some of the representations

χV,ψν
−s1χ−1

1 ×χV,ψν
s2χ2, χV,ψν

s1χ1×χV,ψν
−s2χ−1

2 ,

χV,ψν
s1χ1×χV,ψν

s2χ2, χV,ψν
−s1χ−1

1 ×χV,ψν
−s2χ−1

2

reduce (the so-called G̃L(2) reducibility).

3.2.1. S̃p(1) reducibility. Let χ, ζ ∈ F̂×, ζ 2
= 1F× , and s ≥ 0. It is well known

that, in R,

χV,ψν
sχ ×χV,ψν

1/2ζ oω0 = χV,ψν
s o spζ,1+χV,ψν

s oω+ψa,1.

Let 5 denote χV,ψν
s o spζ,1.

Calculating Jacquet modules, we find

R P̃1(5)= χV,ψν
−sχ−1

⊗ spζ,1+χV,ψν
sχ ⊗ spζ,1+χV,ψν

1/2ζ ⊗χV,ψν
sχ oω0,

R P̃2(5)= χV,ψν
−sχ−1

×χV,ψν
1/2ζ ⊗ω0+χV,ψν

sχ ×χV,ψν
1/2ζ ⊗ω0.

If the representation χV,ψν
sχ oω0 is irreducible (that is, when νsχ 6= ν±1/2ζ2,

where ζ 2
2 = 1F×), we proceed in the following way:

Let ρ be an irreducible subquotient of 5 such that

χV,ψν
1/2ζ ⊗χV,ψν

sχ oω0 ≤ s1(ρ).

We directly get that

χV,ψν
1/2ζ ⊗χV,ψν

sχ ⊗ω0+χV,ψν
1/2ζ ⊗χV,ψν

−sχ−1
⊗ω0 ≤ R P̃(1,1)(ρ).

If both χV,ψν
−sχ−1

×χV,ψν
1/2ζ and χV,ψν

sχ ×χV,ψν
1/2ζ are irreducible, 5 is

also irreducible.
For the reducibility of the S̃p(1) part we still have to determine the composition

factors of the representations

(i) χV,ψν
1/2ζ1×χV,ψν

1/2ζ2 oω0,

(ii) χV,ψν
1/2ζ ×χV,ψν

1/2ζ oω0, and

(iii) χV,ψν
3/2ζ ×χV,ψν

1/2ζ oω0, where ζ 2
= ζ 2

1 = ζ
2
2 = 1F∗ .

Thus, we have proved the following result:

Proposition 3.9. Let χ ∈ F̂×, a nonnegative s ∈ R, and ζ ∈ F̂× with ζ 2
= 1F× .

The representations χV,ψν
sχ o spζ,1 and χV,ψν

sχ oω+ψa,1 are irreducible unless
(s, χ)= (3/2, ζ ) or (1/2, ζ1), where ζ 2

1 = 1F× . In R, we have

χV,ψν
sχ ×χV,ψν

1/2ζ oω0 = χV,ψν
sχ o spζ,1+χV,ψν

sχ oω+ψa,1.
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Also, if (s, χ) 6= (3/2, ζ ) and (s, χ) 6= (1/2, ζ1), then

χV,ψν
sχ o spζ,1 =


〈χV,ψν

1/2ζ ;χV,ψχ oω0〉 if s = 0,

〈χV,ψν
1/2ζ, χV,ψν

sχ;ω0〉 if 0< s ≤ 1/2,

〈χV,ψν
sχ, χV,ψν

1/2ζ ;ω0〉 if s > 1/2,

χV,ψν
sχ oω+ψa,1 =

{
χV,ψχ oω+ψa,1 if s = 0,
〈χV,ψν

sχ;ω+ψa,1〉 if s > 0.

3.2.2. G̃L(2) reducibility. Let χ ∈ F̂× and s ∈ R be nonnegative. In R, we have

χV,ψν
s+1/2χ ×χV,ψν

s−1/2χ oω0 = χV,ψν
sχ StGL(2) oω0+χV,ψν

sχ 1GL(2) oω0.

Let5 denote the representation χV,ψν
sχ StGL(2) oω0. Calculation of µ∗(5) gives

R P̃1(5)= χV,ψν
s+1/2χ ⊗χV,ψν

s−1/2χ oω0

+χV,ψν
1/2−sχ−1

⊗χV,ψν
s+1/2χ oω0,

R P̃2(5)= χV,ψν
sχ StGL(2)⊗ω0+χV,ψν

−sχ−1 StGL(2)⊗ω0

+χV,ψν
s+1/2χ ×χV,ψν

1/2−sχ−1
⊗ω0.

Looking at Jacquet modules with respect to different parabolic subgroups we
can conclude, in the same way as in the S̃p(1) reducibility case, that if

χV,ψν
s−1/2χ oω0, χV,ψν

s+1/2χ oω0, χV,ψν
s+1/2χ ×χV,ψν

1/2−sχ−1

are irreducible representations, then the representation 5 is also irreducible.
Observe that the representation χV,ψν

s+1/2χ o ω0 reduces for (χ, s) = (ζ, 0),
while χV,ψν

s−1/2χ oω0 reduces for (χ, s)= (ζ, 1), where ζ 2
= 1F× .

The representation χV,ψν
s+1/2χ×χV,ψν

1/2−sχ−1 reduces for (χ, s)= (ζ, 1/2),
where ζ 2

= 1F× . These observations imply this:

Proposition 3.10. Let χ ∈ F̂× and s ∈ R be nonnegative. The representations
χV,ψν

sχ StGL(2) o1 and χV,ψν
sχ 1GL(2) o1 are irreducible except in the cases that

(s, χ) = (1/2, ζ ), (s, χ) = (1, ζ ) or (s, χ) = (0, ζ ), where ζ 2
= 1F× . In R, we

have

χV,ψν
s+1/2χ ×χV,ψν

s−1/2χ oω0 = χV,ψν
sχ StGL(2) oω0+χV,ψν

sχ 1GL(2) oω0.

Also, if χV,ψν
s+1/2χ × χV,ψν

s−1/2χ o ω0 is a representation of length 2, then
χV,ψν

sχ 1GL(2) oω0 = 〈χV,ψν
sχ 1GL(2);ω0〉 and

χV,ψν
sχ StGL(2) oω0 =


〈χV,ψν

s+1/2χ, χV,ψν
1/2−sχ;ω0〉 if s < 1/2,

〈χV,ψν
s+1/2χ;χV,ψν

s−1/2χ oω0〉 if s = 1/2,
〈χV,ψν

s+1/2χ, χV,ψν
s−1/2χ;ω0〉 if s > 1/2.
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For the reducibility of the G̃L(2) part, we still have to determine the composition
factors of the representations

(i) χV,ψν
1/2ζ ×χV,ψν

1/2ζ oω0,

(ii) χV,ψν
3/2ζ ×χV,ψν

1/2ζ oω0, and

(iii) χV,ψνζ ×χV,ψζ oω0, where ζ 2
= 1F× .

Altogether, this leaves us four exceptional cases of the representations whose
composition series we have to determine:

(a) χV,ψν
1/2ζ1×χV,ψν

1/2ζ2 oω0,

(b) χV,ψν
1/2ζ ×χV,ψν

1/2ζ oω0,

(c) χV,ψν
3/2ζ ×χV,ψν

1/2ζ oω0,

(d) χV,ψνζ ×χV,ψζ oω0, where ζ 2
= ζ 2

1 = ζ
2
2 = 1F× and ζ1 6= ζ2.

These cases are treated in the following subsection.

3.2.3. Exceptional cases. All the equalities that follow are given in semisimplifi-
cations. We obtain desired composition series using case-by-case examination:

(a) Write χV,ψν
1/2ζi oω0 = χV,ψ spζi ,1+ω

+

ψai ,1
for i = 1, 2. In R, we have

χV,ψν
1/2ζ1×χV,ψν

1/2ζ2 oω0 = χV,ψν
1/2ζ2×χV,ψν

1/2ζ1 oω0

= χV,ψν
1/2ζ1 o spζ2,1+χV,ψν

1/2ζ1 oω+ψa2,1

= χV,ψν
1/2ζ2 o spζ1,1+χV,ψν

1/2ζ2 oω+ψa1,1
.

Using standard calculations, we obtain

R P̃1(χV,ψν
1/2ζ1 o spζ2,1)= χV,ψν

−1/2ζ1⊗ spζ1,1+χV,ψν
1/2ζ1⊗ spζ2,1

+χV,ψν
1/2ζ2⊗ spζ1,1+χV,ψν

1/2ζ2⊗ω
+

ψa1,1

and

R P̃2(χV,ψν
1/2ζ1 o spζ2,1)= χV,ψν

−1/2ζ1×χV,ψν
1/2ζ2⊗ω0

+χV,ψν
1/2ζ1×χV,ψν

1/2ζ2⊗ω0.

The last equality implies that the length of χV,ψν
1/2ζ1 o spζ2,1 is no more than 2.

If χV,ψν
1/2ζ1 o spζ2,1 were an irreducible representation, then it would have to

be equal either to χV,ψν
1/2ζ2 o spζ1,1 or to χV,ψν

1/2ζ2 oω+ψa1,1
, but Jacquet mod-

ules of those two representations show that this is not the case. So, we write
χV,ψν

1/2ζ1 o spζ2,1 = ρ1 + ρ2, where ρ1 and ρ2 are irreducible representations
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such that
R P̃2(ρ1)= χV,ψν

−1/2ζ1×χV,ψν
1/2ζ2⊗ω0,

R P̃2(ρ2)= χV,ψν
1/2ζ1×χV,ψν

1/2ζ2⊗ω0.

Clearly, ρ2 is square-integrable (since ρ2 = 〈χV,ψν
1/2ζ1, χV,ψν

1/2ζ2;ω0〉) and
ρ1 = 〈χV,ψν

1/2ζ2;ω
+

ψa1,1
〉.

Reasoning in the same way, we obtain that χV,ψν
1/2ζ1 oω+ψa2,1

= ρ3+ρ4, where
ρ3 and ρ4 are irreducible representations such that

R P̃2(ρ3)= χV,ψν
−1/2ζ1×χV,ψν

−1/2ζ2⊗ω0,

R P̃2(ρ4)= χV,ψν
1/2ζ1×χV,ψν

−1/2ζ2⊗ω0.

So, ρ3 is a strongly negative representation, while ρ4=〈χV,ψν
1/2ζ1;ω

+

ψa2,1
〉. Using

Jacquet modules again, we easily obtain the composition factors of the represen-
tations above. Thus, we conclude:

Proposition 3.11. Let ζ1, ζ2 ∈ F̂× such that ζ 2
i = 1F× for i = 1, 2 (with ζ1 6= ζ2).

Than the representations

χV,ψν
1/2ζ2 oω+ψa1,1

, χV,ψν
1/2ζ2 o spζ1,1,

χV,ψν
1/2ζ1 oω+ψa2,1

, χV,ψν
1/2ζ1 o spζ2,1

are reducible and χV,ψν
1/2ζ1×χV,ψν

1/2ζ2 oω0 is a representation of length 4.
The representations χV,ψν

1/2ζ1 o spζ2,1 and χV,ψν
1/2ζ2 o spζ1,1 have exactly one

irreducible subquotient in common; that subquotient is square-integrable, and we
denote it with σ (that is, σ = 〈χV,ψν

1/2ζ1, χV,ψν
1/2ζ2;ω0〉). Also, the unique

irreducible common subquotient of

χV,ψν
1/2ζ1 oω+ψa2,1

and χV,ψν
1/2ζ2 oω+ψa1,1

is a strongly negative representation; we denote it by ρsneg. In R, we have

χV,ψν
1/2ζ1 o spζ2,1 = σ +〈χV,ψν

1/2ζ2;ω
+

ψa1,1
〉,

χV,ψν
1/2ζ1 oω+ψa2,1

= 〈χV,ψν
1/2ζ1;ω

+

ψa2,1
〉+ ρsneg,

χV,ψν
1/2ζ2 o spζ1,1 = σ +〈χV,ψν

1/2ζ1;ω
+

ψa2,1
〉,

χV,ψν
1/2ζ2 oω+ψa1,1

= 〈χV,ψν
1/2ζ2;ω

+

ψa1,1
〉+ ρsneg.

(b) In this case, we have

χV,ψν
1/2ζ ×χV,ψν

−1/2ζ oω0 = χV,ψν
1/2ζ o spζ,1+χV,ψν

1/2ζ oω+ψa,1

= χV,ψζ StGL(2) oω0+χV,ψζ 1GL(2) oω0.
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From Jacquet modules, we get

R P̃1(χV,ψν
1/2ζ o spζ,1)= 2χV,ψν

1/2ζ ⊗ spζ,1+χV,ψν
−1/2ζ ⊗ spζ,1

+χV,ψν
1/2ζ ⊗ω+ψa,1,

R P̃1(χV,ψν
1/2ζ oω+ψ1

)= 2χV,ψν
−1/2ζ ⊗ω+ψa,1+χV,ψν

1/2ζ ⊗ω+ψa,1

+χV,ψν
−1/2ζ ⊗ spζ,1,

R P̃1(χV,ψζ StGL(2) oω0)= 2χV,ψν
1/2ζ ⊗ spζ,1+2χV,ψν

1/2ζ ⊗ω+ψa,1,

R P̃1(χV,ψζ 1GL(2) oω0)= 2χV,ψν
−1/2ζ ⊗ spζ,1+2χV,ψν

−1/2ζ ⊗ω+ψa,1.

From preceding Jacquet modules we conclude, as in [Tadić 1994, Chapter 3],
that χV,ψν

1/2ζ oω+ψa,1 and χV,ψζ StGL(2) oω0 have an irreducible subquotient in
common, which is different from both χV,ψν

1/2ζ oω+ψa,1 and χV,ψζ StGL(2) oω0.
For simplicity of the notation, we let ρ1 stand for this subquotient. Thus R P̃1(ρ1)=

χV,ψν
1/2ζ ⊗ω+ψa,1.

In the same way, let ρ2 be an irreducible common subquotient that

χV,ψν
1/2ζ o spζ,1 and χV,ψζ 1GL(2) oω0

have in common. Then R P̃1(ρ2)= χV,ψν
−1/2ζ ⊗ spζ,1.

The representations χV,ψζ 1GL(2)⊗ω0 and χV,ψζ StGL(2)⊗ω0 are irreducible
and unitary. The multiplicity of χV,ψζ 1GL(2)⊗ω0 in R P̃2(χV,ψζ 1GL(2) oω0) is
equal to 2, which implies that length of χV,ψζ 1GL(2) oω0 is 2. Analogously, the
length of χV,ψζ StGL(2) oω0 also equals 2.

Now we write χV,ψζ StGL(2) oω0 = ρ1 + ρ3 and χV,ψζ 1GL(2) oω0 = ρ2 + ρ4.
Observe that

R P̃1(ρ3)= 2χV,ψν
1/2ζ ⊗ spζ,1+χV,ψν

1/2ζ ⊗ω+ψa,1,

R P̃1(ρ4)= χV,ψν
−1/2ζ ⊗ spζ,1+2χV,ψν

−1/2ζ ⊗ω+ψa,1.

We immediately get this:

Proposition 3.12. Let ζ ∈ F̂× such that ζ 2
= 1F× . Then the representations

ζ 1G̃L(2) oω0, χV,ψζ StGL(2) oω0, χV,ψν
1/2ζ oω+ψa,1 χV,ψν

1/2ζ o spζ,1

are reducible and χV,ψν
1/2ζ ×χV,ψν

1/2ζ oω0 is a representation of length 4. The
representations

χV,ψζ StGL(2) oω0 and ν1/2χV,ψζ oω+ψa,1

(respectively χV,ψν
1/2ζ o spζ,1) have exactly one irreducible subquotient in com-

mon, which is tempered and denoted by τ1 (respectively τ2). Observe that

τ1 = 〈χV,ψν
1/2ζ ;ω+ψa,1〉 and τ2 = 〈χV,ψν

1/2ζ, χV,ψν
1/2ζ ;ω0〉.
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Also, the unique irreducible common subquotient of

χV,ψζ 1GL(2) oω0 and χV,ψν
1/2ζ oω+ψa,1

is a negative representation, which we denote by ρneg. In R, we have

χV,ψζ StGL(2) oω0 = τ1+ τ2, χV,ψζ 1GL(2) oω0 = ρneg+〈χV,ψζ 1GL(2);ω0〉

χV,ψν
1/2ζ oω+ψa,1 = τ1+ ρneg, χV,ψν

1/2ζ o spζ,1 = τ2+〈χV,ψζ 1GL(2);ω0〉.

(c) In this case we have

χV,ψν
3/2ζ ×χV,ψν

1/2ζ oω0 = χV,ψν
3/2ζ o spζ,1+χV,ψν

3/2ζ oω+ψa,1

= χV,ψνζ StGL(2) oω0+χV,ψνζ 1GL(2) oω0.

Observe that χV,ψν
3/2ζ × χV,ψν

1/2ζ oω0 is a regular representation. So, it is
a representation of the length 22

= 4 by [Tadić 1998b] (there only the techniques
of Jacquet modules were used, so they can be applied in our case). Since the
irreducible subquotients of χV,ψν

3/2ζ ×χV,ψν
1/2ζ oω0 are

〈χV,ψν
3/2ζ, χV,ψν

1/2ζ ;ω0〉, 〈χV,ψνζ 1GL(2);ω0〉, ω+ψa,2, 〈χV,ψν
3/2ζ ;ω+ψa,1〉,

using Jacquet modules we easily obtain the following proposition:

Proposition 3.13. Let ζ ∈ F̂× such that ζ 2
= 1F× . Then the representations

χV,ψν
3/2ζ o spζ,1, χV,ψν

3/2ζ oω+ψa,1,

χV,ψνζ StGL(2) oω0, χV,ψνζ 1GL(2) oω0

are reducible and χV,ψν
3/2ζ ×χV,ψν

1/2ζ oω0 is a representation of length 4. The
unique irreducible common subquotient of the representations χV,ψν

3/2ζ o spζ,1
and χV,ψνζ StGL(2) oω0 is square-integrable. In R, we have

χV,ψν
3/2ζ o spζ,1 = 〈χV,ψν

3/2ζ, χV,ψν
1/2ζ ;ω0〉+ 〈χV,ψνζ 1GL(2);ω0〉,

χV,ψν
3/2ζ oω+ψa,1 = ω

+

ψa,2+〈χV,ψν
3/2ζ ;ω+ψa,1〉,

χV,ψνζ StGL(2) oω0 = 〈χV,ψν
3/2ζ, χV,ψν

1/2ζ ;ω0〉+ 〈χV,ψν
3/2ζ ;ω+ψa,1〉,

χV,ψνζ 1GL(2) oω0 = 〈χV,ψνζ 1GL(2);ω0〉+ω
+

ψa,2.

(d) In this case,

χV,ψνζ ×χV,ψζ oω0 = χV,ψν
1/2ζ StGL(2) oω0+χV,ψν

1/2ζ 1GL(2) oω0.

Since it isn’t known yet if the results related to the R-groups [Goldberg 1994]
also hold for metaplectic groups, this case will not be solved using only the method
Jacquet modules. Tadić [1998a] used a combination of Jacquet modules techniques
and knowledge about R-groups for symplectic groups to determine the composition
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series of the representations similar to this one (for symplectic groups). We resolve
this case using theta correspondence.

Lemma 3.14. The following equalities hold:

(1) 2(ζν⊗ ζ o 1, RP1(ω2,2))= χV,ψν
−1ζ ×χV,ψζ oω0,

(2) 2(ζν−1
⊗ ζ o 1, RP1(ω2,2))= χV,ψνζ ×χV,ψζ oω0,

(3) 2(ζ ⊗ ζνo 1, RP1(ω2,2))= χV,ψζ ×χV,ψνζ oω0,

(4) 2(χV,ψνζ ⊗χV,ψζ oω0, R P̃1(ω2,2))= ζν
−1
× ζ o 1,

(5) 2(χV,ψν
−1ζ ⊗χV,ψζ oω0, R P̃1(ω2,2))= ζν× ζ o 1,

(6) 2(χV,ψζ ⊗χV,ψνζ oω0, R P̃1(ω2,2))= ζ × ζνo 1.

Proof. Recall that RP1(ω2,2) has the filtration in which

• I10 = ν
1/2
⊗ω2,1 is the quotient, and

• I11 = IndM1×S̃p(2)
GL(1)×P̃1×O(3)(χV,ψ6

′

1⊗ω1,1) is the subrepresentation.

We will prove (1); the proofs of (2)–(6) are analogous. In the same way as in
the second proof of Proposition 3.4, we get

2(ζν⊗ ζ o 1, RP1(ω2,2))=2(ζν⊗ ζ o 1, I11),

so it is sufficient to show 2(ζν⊗ ζ o 1, I11)= χV,ψν
−1ζ ×χV,ψζ oω0. It can be

seen easily that there is an GL(1)× M̃1× O(3)-invariant epimorphism

χV,ψ6
′

1⊗ω1,1→ χV,ψζν
−1
⊗χV,ψζ oω0⊗ ζν⊗ ζ o 1.

Consequently, we get an M1× S̃p(2)-invariant epimorphism

I11 = IndM1×S̃p(2)
GL(1)×P̃1×O(3)(χV,ψ6

′

1⊗ω1,1)→ ζν⊗ ζ o 1⊗χV,ψζν
−1
×χV,ψζ oω0,

so we conclude that χV,ψζν
−1
×χV,ψζ oω0 is a quotient of 2(ζν⊗ ζ o 1, I11).

We prove that 2(ζν⊗ ζ o1, I11) is also a quotient of χV,ψζν
−1
×χV,ψζ oω0.

Let ϕ ∈ Hom(I11, ζ ν⊗ ζ o 1⊗2(ζν⊗ ζ o 1, I11)). Using the second Frobenius
reciprocity, as before, we get

Hom(I11, ζ ν⊗ ζ o 1⊗2(ζν⊗ ζ o 1, I11))

∼= Hom(χV,ψ6
′

1⊗ω1,1, ζ ν⊗ ζ o 1⊗ R P̃1
(2(ζν⊗ ζ o 1, I11)));

let ϕ0 be an element corresponding to ϕ. Since the representations ζ o 1 and
χV,ψζ o ω0 are irreducible, the image of ϕ0 equals ζν ⊗ ζ o 1 ⊗ χV,ψζν

−1
⊗

χV,ψζ o ω0. Reasoning as before, we get that the image of ϕ is a quotient of
ζν⊗ ζ o 1⊗χV,ψζν

−1
×χV,ψζ oω0. Finally, 2(ζν⊗ ζ o 1, I11) is a quotient of

χV,ψζν
−1
×χV,ψζ oω0. Hence 2(ζν⊗ζ o1, I11)= χV,ψζν

−1
×χV,ψζ oω0. �
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Proposition 3.15. Let ζ ∈ F̂× such that ζ 2
= 1F× . Then the representations

χV,ψν
1/2ζ StGL(2) oω0 and χV,ψν

1/2ζ 1GL(2) oω0

are irreducible and χV,ψνζ ×χV,ψζ oω0 is a representation of length 2. Also

χV,ψν
1/2ζ StGL(2) oω0 = 〈χV,ψνζ ;χV,ψζ oω0〉,

χV,ψν
1/2ζ 1GL(2) oω0 = 〈χV,ψν

1/2ζ 1GL(2);ω0〉.

Proof. Suppose on the contrary that the representation χV,ψν
1/2ζ StGL(2) oω0

reduces. Jacquet modules imply that length of this representation is at most 2.
Choose π1 and π2 so the equality χV,ψν

1/2ζ StGL(2) oω0 = π1 + π2 holds in R.
Also suppose R P̃1(π1)=χV,ψζ⊗χV,ψζνoω0 and R P̃1(π2)=χV,ψζν⊗χV,ψζoω0.
Frobenius reciprocity implies

Hom(ω2,2, π1⊗ ζ × ζν
−1 o 1)∼= Hom(RP1(ω2,2), π1⊗ ζ ⊗ ζν

−1 o 1).

Using Lemma 3.14 we obtain

Hom(RP1(ω2,2), π1⊗ ζ ⊗ ζν
−1 o 1)∼= Hom(χV,ψζ ×χV,ψν

−1ζ oω0, π1) 6= 0,

because π1 is a quotient of χV,ψζ ×χV,ψνζ oω0. So, 2(π1, 2) 6= 0.
The representation χV,ψζ ⊗χV,ψζνoω0⊗2(π1, 2) is a quotient of R P̃1(ω2,2).

Lemma 3.14 implies that 2(π1, 2) is a quotient of ζ ×ζνo1. Listing quotients of
ζ × ζνo 1 we get the possibilities

(a) 2(π1, 2)= ζ × ζνo 1,

(b) 2(π1, 2)= ν1/2ζ StGL(2) o1,

(c) 2(π1, 2)= ν−1/2ζ 1GL(2) o1.

Suppose that (a) holds. Obviously, π1⊗ζν
−1
⊗ζo1 is then a quotient of RP1(ω2,2),

since it is a quotient of π1 ⊗ RP1(ζ × ζν o 1). This implies that π1 is a quotient
of χV,ψζν × χV,ψζ o ω0 and R P̃1(π1) contains χV,ψζν

−1
⊗ χV,ψζ o ω0. This

contradicts our assumption on π1.
Similarly, using Jacquet modules, we obtain contradiction with (b) and (c). So,

χV,ψν
1/2ζ StGL(2) oω0 is irreducible.

Irreducibility of χV,ψν
1/2ζ 1GL(2) oω0 can be proved in the same way. �

4. Unitary dual supported in minimal parabolic subgroup

Let π be an irreducible genuine admissible representation of S̃p(n). We recall that
the contragredient representation is denoted by π̃ . We write π for the complex
conjugate representation of the representation π . The representation π is called
Hermitian if π ' π̃ . It is well known that every unitary representation is Hermitian.
For a deeper discussion, we refer the reader to [Muić and Tadić 2007].
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Suppose that 11, . . . ,1k is a sequence of segments such that e(11) ≥ · · · ≥

e(1k) > 0, let σneg be a negative representation of some S̃p(n′). From [Hanzer and
Muić 2010, Theorem 4.5(v)], we directly get

〈11, . . . ,1k; σneg〉 = 〈11, . . . ,1k; σ neg〉.

Also, we have an epimorphism 〈1̃1〉×· · ·×〈1̃k〉oσ̃neg→〈11, . . . ,1k; σneg〉
∼.

We know that the group GSp(n) acts on S̃p(n), by [Mœglin et al. 1987, II.1(3)].
Moreover, by [ibid., page 92], this action extends to the action on irreducible rep-
resentations, which is equivalent to taking contragredients. We choose an element
η′= (1, η)∈GSp(n), where η∈GSp(n′) is an element with similitude equal to−1,
and 1 denotes the identity acting on the GL part. Thus, we obtain an epimorphism

α〈1̃1〉× · · · ×α〈1̃k〉o σ̃ ηneg→ 〈11, . . . ,1k; σneg〉
∼η′ .

Since σ̃ ηneg ' σneg, we have 〈11, . . . ,1k; σneg〉
∼
= 〈α11, . . . , α1k; σ̃neg〉.

Remark. When we are dealing with the action of the group of similitudes on the
symplectic groups, α does not appear in the situation similar to the one above.
However, since the action of GSp(n) on the metaplectic group is not trivial on its
center µ2, one has to compare the action η on the metaplectic part of the Levi
subgroup with the action of η′ on the whole Levi subgroup. The calculation is
not very complicated and resembles the calculations in [Hanzer and Muić 2010,
Lemma 3.2].

First, we classify Hermitian irreducible genuine representations.

Proposition 4.1. Let χ, ζ, ζ1, ζ2 ∈ F̂× such that ζ 2
= ζ 2

i = 1F× for i = 1, 2,
with ζ1 and ζ2 not necessarily different. Let s, s1, s2 > 0. The following families
of representations are Hermitian and exhaust all irreducible Hermitian genuine
representations of S̃p(2) supported in the minimal parabolic subgroup P̃(1,1):

(1) irreducible tempered representations supported in P̃(1,1),

(2) 〈χV,ψν
sχ, χV,ψν

sχ−1
;ω0〉,

(3) 〈χV,ψν
s1ζ1, χV,ψν

s2ζ2;ω0〉,

(4) 〈χV,ψν
sζ 1GL(2);ω0〉,

(5) 〈χV,ψν
sζ ;χV,ψχ oω0〉,

(6) 〈χV,ψν
sζ ;ω+ψa,1〉,

(7) ω+ψa,2.

Proof. Using the reasoning before this proposition, we see that a representation
〈11, . . . ,1k; σneg〉 is Hermitian, if and only if

〈11, . . . ,1k; σneg〉 = 〈α11, . . . , α1k; σ̃ neg〉.



THE UNITARY DUAL OF p-ADIC S̃p(2) 131

The representation σneg also has to be Hermitian. Now we just check this require-
ment on the set of all irreducible representations of S̃p(2) with the support in the
minimal parabolic subgroup; we have classified them in the previous section. For
example, if we analyze the representation 5 = 〈χV,ψν

s1χ1, χV,ψν
s2χ2;ω0〉 with

s2 ≥ s1 > 0, we have

5̃= 〈αχV,ψν
s1χ1, αχV,ψν

s2χ2;ω0〉.

Now we see that this representation is isomorphic to 5 if and only if χ2
1 = 1= χ2

2
or s1 = s2 and χ−1

1 = χ2. This gives us the second and the third case from the
proposition. All other cases are dealt with analogously. �

Theorem 4.2. Let χ, ζ, ζ1, ζ2 ∈ (F̂×) such that ζ 2
= ζ 2

i = 1F× for i = 1, 2, with
ζ1 and ζ2 not necessarily different. The following families of representations are
unitary and exhaust all irreducible unitary genuine representations of S̃p(2) that
are supported in the minimal parabolic subgroup P̃(1,1):

(1) irreducible tempered representations supported in P̃(1,1).

(2) 〈χV,ψν
sχ, χV,ψν

sχ−1
;ω0〉 for 0< s ≤ 1/2,

(3) 〈χV,ψν
s1ζ1, χV,ψν

s2ζ2;ω0〉 for s2 ≤ s1 and 0< s1 ≤ 1/2,

(4) 〈χV,ψν
sζ ;χV,ψχ oω0〉 for 0< s ≤ 1/2,

(5) 〈χV,ψν
sζ ;ω+ψa,1〉 for s ≤ 1/2,

(6) ω+ψa,2.

Proof. We first review some basic facts of representation theory of reductive
groups, which directly carry over to the case of metaplectic groups.

Unitarizability of the complementary series. As explained in detail in [Tadić 1993,
Section 3], it is enough to have a continuous family of S̃p(2)-invariant hermit-
ian forms (and the representations should be realized on one space — a compact
picture). Then, a linear algebra argument (involving finite-dimensional represen-
tations of a compact subgroup) ensures that if this family of hermitian forms is
positive definite at one point, it has to be positive definite everywhere, and this fin-
ishes the argument. So, we first have to show that, the restriction of an irreducible
admissible (hermitian) representation π of S̃p(2) to the inverse image K̃ in S̃p(2)
of a maximal, good compact subgroup of Sp(2) (for example, K = Sp(2, OF ),
where OF is the ring of integers of F) decomposes into a direct sum of irreducible
representations of K̃ with finite multiplicities. But this follows directly from the
admissibility of the representation π . Second, we have to have a way to form a
continuous families of hermitian forms. This is obtained using intertwining opera-
tors, in the same way as for the algebraic groups. To define them, we note that the
unipotent radicals of the standard parabolic subgroups of Sp(2) are split in S̃p(2).
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Then we can define standard intertwining operators for the complex argument deep
enough in the Weyl chamber in the same way as in [Shahidi 1981]. These operators
can be meromorphically continued, using the results on filtration via Bruhat cells;
see [Casselman 1995, Section 6 and 7] or [Muić 2008]. The arguments in the last
reference carry over to the metaplectic groups without change, through the splitting
of the unipotent radicals and Frobenius reciprocity, also valid for the metaplectic
group. This passage in the construction of the intertwining operators from the
linear case to the case of metaplectic groups is explained in detail also in [Zorn
2007; 2010]. We now illustrate how the hermitian form is defined. For example,
suppose that χ1, χ2 ∈ F̂× such that χ2

1 = χ
2
2 = 1, so that, for the longest element

w0 of the Weyl group, we have a map A(s1, s2, χ1, χ2, w0) from

χV,ψχ1ν
s1 ×χV,ψχ2ν

s2 oω0 to χV,ψν
−s1χ1×χV,ψν

−s2χ2 oω0.

Let fs1,s2, gs1,s2 be sections from the compact picture of the induced representation
χV,ψχ1ν

s1×χV,ψχ2ν
s2 oω0. Then, a hermitian form indexed by (s1, s2) is defined

by

( f, g)(s1,s2) =

∫
K̃

A(s1, s2, χ1, χ2, w0) fs1,s2 (̃k)gs1,s2 (̃k) d̃k.

The S̃p(2)-invariance of this form follows from [Casselman 1981, Theorem 2.4.2]
(in the context of totally disconnected groups) and then from Proposition 3.1.3
therein, after normalizing the measure on P̃ so that P̃ ∩ K̃ is of volume one (since
P̃ K̃ = G̃).

Unitarizability of the ends of the complementary series. For the reductive algebraic
groups, the unitarizability of the ends of the complementary series is proved by
Miličić [1973] using C∗-algebra arguments. To avoid that (although this argument
may also apply in the case of metaplectic groups), we use a similar result, that is,
[Tadić 1986, Theorem 2.5]. The proof of this result relies on calculations of the
limits of the operators acting on the finite-dimensional complex vector spaces, and
the only requirements are admissibility of the irreducible smooth representations
in question (our Lemma 2.1) and a result of Bernstein about uniform admissibility.
But, since we do not require the generality in which that theorem is posed, we
actually do not need Bernstein’s argument, since we are dealing with the family of
representations in the complementary series — all of them have the same restriction
to the compact open subgroup K1 (which splits in S̃p), and the requirement labeled
(∗) there is automatically fulfilled. Hecke algebra H(S̃p(2), K1) is defined in the
same way as in the case of reductive groups.
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The asymptotics of the matrix coefficients of the representations of the metaplectic
group. These can also be estimated in terms of Jacquet modules of the represen-
tations [Casselman 1981, Section 4]. Indeed, the arguments there rely on the cal-
culation of the spaces of the coinvariants for the unipotent subgroups (which split
in S̃p(2)) and spaces of vectors fixed by some small compact subgroups of S̃p(2).
These subgroups can always be taken to belong to the maximal compact subgroup
of Sp(2) that splits in S̃p(2) (if the residual characteristic is odd) or to some smaller
open compact subgroup that splits, so we actually take the fixed vectors by these
splittings of compact subgroups.

On the other hand, the reducibility points of the principal series for SO(5) are
analogous to those for S̃p(2), so the unbounded areas of [Matić 2010, Figure 1 of
Theorem 3.5], through the asymptotics explained above, give rise to the represen-
tations with unbounded matrix coefficients. Thus none of these representations are
unitarizable (because of the continuity of the hermitian forms on these unbounded
parts).

The arguments above (plus the irreducibility of the unitary principal series) were
the main tools in the proof of [Matić 2010, Theorem 3.5]; there was only the
problem of how to deal with certain isolated representations.

Recall that in R we have χV,ψν
3/2ζ ×χV,ψν

1/2ζ oω0 is equal to

〈χV,ψν
3/2ζ, χV,ψν

1/2ζ ;ω0〉+ω
+

ψa,2+〈χV,ψν
3/2ζ ;ω+ψa,1〉+ 〈χV,ψνζ 1GL(2);ω0〉,

where 〈χV,ψν
3/2ζ, χV,ψν

1/2ζ ;ω0〉 and ω+ψa,2 are unitarizable. Observe that the
representation 〈χV,ψν

3/2ζ ;ω+ψa,1〉 (respectively, 〈χV,ψνζ 1GL(2);ω0〉) has Jacquet
modules analogous to those of the representation L(δ([ν1/2, ν3/2

]), 1) (respec-
tively, L(ν3/2,StSO(3))) of the group SO(5). Hence, nonunitarizability of these
two representations can be proved analagously to the nonunitarizability of the rep-
resentations L(δ([ν1/2, ν3/2

]), 1) and L(ν3/2,StSO(3)), which is a special case of
[Hanzer and Tadić 2010, Propositions 4.1 and 4.6]. The arguments used there rely
on the Jacquet modules method, which also applies to group S̃p(2), and the simple
fact that every unitary representation is also semisimple. �

5. Unitary dual supported in maximal parabolic subgroups

5.1. The Siegel case. Using [Hanzer and Muić 2009], [Matić 2010, Proposition
4.1] and previously discussed issues of complementary series and nonunitarizabil-
ity of the representations indexed by the (geometrically) unbounded pieces of the
plane, we directly get the following:

Proposition 5.1. Let ρ be an irreducible cuspidal representation of GL(2, F).
There is at most one s ≥ 0 such that χV,ψν

sρ oω0 reduces. One of the following
holds:
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(1) If ρ is not self-dual, then χV,ψρoω0 is irreducible and unitarizable. Also, the
representations χV,ψν

sρoω0 are irreducible and nonunitarizable for s > 0.

(2) If ρ is self-dual and ωρ = 1, where ωρ denotes the central character of ρ,
then the representation χV,ψρ o ω0 reduces, while all of the representations
χV,ψν

sρoω0 are nonunitarizable for s > 0.

(3) If ρ is self-dual and ωρ 6= 1, then the unique s ≥ 0 such that χV,ψν
sρ o ω0

reduces is equal to 1/2. For 0 ≤ s ≤ 1/2, the representations χV,ψν
sρ oω0

are all unitarizable; for s > 1/2, the representations χV,ψν
sρ o ω0 are all

nonunitarizable. All irreducible subquotients of χV,ψν
1/2ρoω0 are unitariz-

able.

5.2. The non-Siegel case. Hanzer and Muić [2009, Section 5.2] determine the
reducibility points of the representations χV,ψν

sζ o π , where s ∈ R, ζ ∈ F̂×

and π is an irreducible cuspidal representation of S̃p(1). After determining the
reducibility points, the unitarizability of the induced representations and irreducible
subquotients follow in the same way as in Proposition 5.1. For the convenience of
the reader, we write down all the results.

To the fixed quadratic character χV we attach, as in [Kudla 1996, Chapter V],
two odd-orthogonal towers, the+-tower and the−-tower. We denote by2±(π) the
first appearance of the representation2(π) in the respective±-tower. Analogously,
for r ≥ 0, we denote by 2±(π, r) the lift of the representation π to the r -th level
of the respective ±-tower.

Since the representation χV,ψν
sζ o π is irreducible for ζ 2

6= 1, we suppose
ζ 2
= 1 and consider two cases:

(a) ζ 6=1. Applying [Hanzer and Muić 2009, Theorem 3.5] we see that χV,ψν
sζoπ

reduces if and only if ζνs o2+(π) reduces (in the +-tower) if and only if ζνs o
2−(π) reduces (in the −-tower).

Now 2+(π) is an irreducible cuspidal representation of some of the groups
O(1), O(3) or O(5). Let r denote the first occurrence of a nonzero lift of π in the
odd orthogonal +-tower. We have several cases depending on r :

• If r = 0, that is, if π equals ωψ−a ,1, which is an odd part of the Weil repre-
sentation attached to additive character ψ , then 2+(π, 0) = sgnO(1), so the
representation ζνs o sgnO(1) reduces if and only if ζνs o 1 reduces in SO(3).
It is well known that this representation reduces when s = 1/2.

• If r = 1, the representation ζνs oπ reduces if and only if the representation
ζνs o2+(π, 1)|SO(3) reduces. As in [Matić 2010], we obtain that the unique s
such that ζνs oπ reduces is equal to 1/2.

• If r = 2, the representation ζνs o π reduces if and only if ζνs o2+(π, 2)
reduces, and that is if and only if ζνs o 2+(π, 2)|SO(5) reduces. We do
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not know if the representation 2+(π, 2) is generic, so we turn our atten-
tion to the representation ζνs o2−(π, 0), because we know that 2−(π, 0)
is a nonzero representation of O(1) (since π is cuspidal, the dichotomy con-
jecture holds). Recall that ζνs o 2−(π, 0) reduces for s = 0 if and only
if µ(s, ζ ⊗ 2−(π, 0)) 6= 0 for s = 0 and that ζνs o 2−(π, 0) reduces for
s0 > 0 if and only if µ(s, ζ ⊗ 2−(π, 0)) has a pole for s = s0. In the
same way as in [Hanzer and Muić 2009, Section 5.2, case 3], we obtain
µ(s, ζ⊗2−(π, 0))∼=µ(s, ζ⊗J L(2−(π, 0))), where J L(2−(π, 0))) denotes
the Jacquet–Langlands lift of 2−(π, 0)). Now we consider two possibilities:

(I) 2−(π, 0) is not one-dimensional. In this case, J L(2−(π, 0)) is a cuspidal
generic representation of SO(3, F) and the reducibility point is s = 1/2.

(II) 2−(π, 0) = ζ1 ◦ νD , where ζ1 is a quadratic character of F×, while νD

is a reduced norm on D× (here D is a nonsplit quaternion algebra over F).
We have J L(2−(π, 0)) = ζ1 StGL(2,F). If ζ1 = ζ , then the reducibility point
is s = 1/2, otherwise the reducibility point is s = 3/2.

(b) ζ =1. This case can be completely solved using [Hanzer and Muić 2009, Theo-
rem 4.2]. We again denote by r the first occurrence of nonzero lift of representation
π in the odd orthogonal +-tower and consider all the possible cases:

• If r = 0, then π equals ωψ−a ,1 and the representation χV,ψν
s oωψ−a ,1 reduces

for s =±3/2.

• If r = 1, the representation χV,ψν
s oπ reduces for s = 1/2.

• If r = 2, the representation χV,ψν
s oπ reduces for s = 1/2.
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[Hanzer and Muić 2009] M. Hanzer and G. Muić, “Rank one reducibility for metapletic groups via
theta correspondence”, preprint, 2009, available at http://tinyurl.com/338maxk. To appear in Canad.
J. Math.
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[Tadić 1998b] M. Tadić, “On regular square integrable representations of p-adic groups”, American
J. Math. 120:1 (1998), 159–210. MR 99h:22026 Zbl 0903.22008

[Zelevinsky 1980] A. V. Zelevinsky, “Induced representations of reductive p-adic groups, II: On
irreducible representations of GL(n)”, Ann. Sci. École Norm. Sup. (4) 13 (1980), 165–210. MR
83g:22012 Zbl 0441.22014

[Zorn 2007] C. Zorn, Computing local L-factors for the unramified principal series of Sp2(F) and
its metaplectic cover, thesis, University of Maryland, 2007, available at http://tinyurl.com/379axpc.

[Zorn 2010] C. Zorn, “Theta dichotomy for the genuine unramified principal series of S̃p(2)”,
preprint, 2010, available at http://tinyurl.com/3yoj5lp.

Received July 16, 2009. Revised November 10, 2009.

MARCELA HANZER

DEPARTMENT OF MATHEMATICS,
UNIVERSITY OF ZAGREB

ZAGREB

CROATIA

hanmar@math.hr
http://web.math.hr/~hanmar

IVAN MATIĆ
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A CASSON–LIN TYPE INVARIANT FOR LINKS

ERIC HARPER AND NIKOLAI SAVELIEV

In 1992, Xiao-Song Lin constructed an invariant h(K ) of knots K ⊂ S3 via
a signed count of conjugacy classes of irreducible SU(2) representations of
π1(S3−K ) with trace-free meridians. Lin showed that h(K ) equals one half
times the knot signature of K . Using methods similar to Lin’s, we construct
an invariant h(L) of two-component links L ⊂ S3. Our invariant is a signed
count of conjugacy classes of projective SU(2) representations of π1(S3−L)
with a fixed 2-cocycle and corresponding nontrivial w2. We show that h(L)
is, up to a sign, the linking number of L.

1. Introduction

One of the characteristic features of the fundamental group of a closed 3-manifold
is that its representation variety in a compact Lie group tends to be finite, in a
properly understood sense. This has been a guiding principle for defining invariants
of 3-manifolds ever since Casson defined his λ-invariant for integral homology 3-
spheres via a signed count of the SU(2) representations of the fundamental group,
where signs were determined using Heegaard splittings.

Among numerous generalizations of Casson’s construction, we will single out
the invariant of knots in S3 defined by Xiao-Song Lin [1992] via a signed count
of SU(2) representations of the fundamental group of the knot exterior. The latter
is a 3-manifold with nonempty boundary so the finiteness principle above only
applies after one imposes a proper boundary condition. Lin’s choice of boundary
condition, namely, that all of the knot meridians are represented by trace-free SU(2)
matrices, resulted in an invariant h(K ) of knots K ⊂ S3. Lin further showed that
h(K ) equals half the knot signature of K .

The signs in Lin’s construction were determined using braid representations for
knots. Austin (unpublished) and Heusener and Kroll [1998] extended Lin’s con-
struction by letting the meridians of the knot be represented by SU(2)matrices with
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a fixed trace that need not be zero. Their construction gives a knot invariant that
equals, for most choices of the trace, one half times the equivariant knot signature.

In this paper, we extend Lin’s construction to two-component links L in S3. In
essence, we replace the count of SU(2) representations with a count of projective
SU(2) representations of π1(S3

− L), in the sense of [Ruberman and Saveliev
2004], with a fixed 2-cocycle representing a nontrivial element in the second group
cohomology of π1(S3

− L). The resulting signed count is denoted by h(L). The
two main results of this paper are then as follows.

Theorem 1. For any two-component link L⊂ S3, the integer h(L) is a well-defined
invariant of L.

Theorem 2. For any two-component link L = `1 ∪ `2 in S3, one has

h(L)= ± lk(`1, `2).

Our choice of the 2-cocycle imposes Lin’s trace-free condition on us. This is
in contrast to Lin’s construction, where the choice of boundary condition seemed
somewhat arbitrary. This also means one should not expect to extend our construc-
tion to SU(2) representations with nonzero trace boundary condition.

Shortly after Casson introduced his invariant for homology 3-spheres, Taubes
[1990] gave a gauge theoretic description of it in terms of a signed count of flat
SU(2) connections. After Lin’s work, but before Heusener and Kroll, a gauge
theoretic interpretation of the Lin invariant was given by Herald [1997]. He used
this interpretation to define an extension of the Lin invariant, now known as the
Herald–Lin invariant, to knots in arbitrary homology spheres, with arbitrary fixed-
trace (possibly nonzero) boundary condition.

Another attractive feature of the gauge theoretic approach is that it can be used
to produce ramified versions of the above invariants. Floer [1988] introduced the
instanton homology theory whose Euler characteristic is twice the Casson invariant.
We expect that our invariant will have a similar interpretation, perhaps along the
lines of the knot instanton homology theory of Kronheimer and Mrowka [2008],
which in turn is a variant of the orbifold Floer homology of Collin and Steer [1999].
We hope to discuss this elsewhere, together with possible extensions to links in
homology spheres and to links of more than two components.

2. Braids and representations

Let Fn be a free group of rank n ≥ 2, with a fixed generating set x1, . . . , xn . We
will follow the conventions of [Long 1989] and define the n-string braid group
Bn to be the subgroup of Aut(Fn) generated by the automorphisms σ1, . . . , σn−1,
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where the action of σi is given by

σi : xi 7→ xi+1,

xi+1 7→ (xi+1)
−1xi xi+1,

x j 7→ x j for j 6= i, i + 1.

The natural homomorphism Bn → Sn , σ 7→ σ̄ , onto the symmetric group on
n letters maps each generator σi to the transposition σ̄i = (i, i + 1). A useful
observation is that, for any σ ∈ Aut(Fn), one has

(1) σ(xi )= wxσ̄−1(i)w
−1

for some word w ∈ Fn . Also σ preserves the product x1 · · · xn , that is,

(2) σ(x1 · · · xn)= x1 · · · xn.

2a. SU(2) representations. Consider the Lie group SU(2) of unitary two-by-two
matrices with determinant one, that is, complex matrices(

u v

−v̄ ū

)
such that uū+ vv̄ = 1. We will often identify SU(2) with the group Sp(1) of unit
quaternions via (

u v

−v̄ ū

)
7→ u+ v j ∈ H.

Let Rn = Hom(Fn,SU(2)) be the space of SU(2) representations of Fn , and
identify it with SU(2)n by sending a representation α : Fn → SU(2) to the vector
(α(x1), . . . , α(xn)) of SU(2) matrices. The above representation Bn → Aut(Fn)

then gives rise to the representation

(3) ρ :Bn→ Diff(Rn)

via ρ(σ)(α) = α ◦ σ−1. We will abbreviate ρ(σ) to σ . We will also denote X =
(X1, . . . , Xn) ∈ Rn and write σ(X)= (σ (X)1, . . . , σ (X)n).

Example. For any (X1, . . . , Xn) ∈ Rn , we have

σ1(X1, X2, X3, . . . , Xn)= (X1 X2 X−1
1 , X1, X3, . . . , Xn).

2b. Extension to the wreath product Z2 oBn. The wreath product Z2 oBn is the
semidirect product of Bn with (Z2)

n , where Bn acts on (Z2)
n by permuting the

coordinates, σ(ε1, . . . , εn) = (εσ̄ (1), . . . , εσ̄ (n)). Thus the elements of Z2 oBn are
the pairs (ε, σ ) ∈ (Z2)

n
×Bn , with the group multiplication law

(ε, σ ) · (ε′, σ ′)= (εσ (ε′), σσ ′).
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The representation (3) can be extended to a representation

(4) ρ : Z2 oBn→ Diff(Rn)

by defining

ρ(ε, σ )(X)= ε · σ(X)= (ε1σ(X)1, . . . , εnσ(X)n),

where the εi are viewed as elements of the center Z2 = {±1} of SU(2). That (4) is
a representation follows by a direct calculation after one observes that, by (1),

(5) σ(X)i = AX σ̄ (i)A−1 for some A ∈ SU(2).

Again, we will abuse notation and write simply εσ for both (ε, σ ) and ρ(ε, σ ).

Example. For any (X1, . . . , Xn) ∈ Rn and ε = (ε1, . . . , εn) ∈ (Z2)
n , we have

(εσ1)(X1, X2, X3, . . . , Xn)= (ε1 X1 X2 X−1
1 , ε2 X1, ε3 X3, . . . , εn Xn),

σ1(εX)= σ1(ε)σ1(X)= (ε2 X1 X2 X−1
1 , ε1 X1, ε3 X3, . . . , εn Xn).

2c. Braids and link groups. The closure σ̂ of a braid σ ∈Bn is a link in S3 with
link group

π1(S3
− σ̂ )= 〈x1, . . . , xn | xi = σ(xi ) for i = 1, . . . , n〉,

where each xi represents a meridian of σ̂ . One can easily see that the fixed points
of the diffeomorphism σ : Rn → Rn are representations π1(S3

− σ̂ ) → SU(2).
This paper grew out of the observation that a fixed point α = (α(x1), . . . , α(xn))

of the map εσ : Rn→ Rn gives rise to a representation adα : π1(S3
− σ̂ )→ SO(3)

by composing with the adjoint representation ad : SU(2)→ SO(3). Depending
on ε, the representation adα may or may not lift to an SU(2) representation, the
obstruction being the second Stiefel–Whitney classw2(adα)∈H 2(π1(S3

−σ̂ );Z2).

3. Definition of h(εσ )

Every link in S3 is the closure σ̂ of a braid σ ; see [Alexander 1923]. Let σ be a braid
whose closure σ̂ has two components. We will associate with it, for a carefully
chosen ε, an integer h(εσ ). We will prove in Section 4 that h is an invariant of the
link σ̂ .

3a. Choice of ε. The number of components of the link σ̂ is exactly the number
of cycles in the permutation σ̄ . We will be interested in two component links, that
is, the closures of braids σ with

(6) σ̄ = (i1 . . . im)(im+1 . . . in) for some 1≤ m ≤ n− 1.
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Given such a braid σ , choose a vector ε = (ε1, . . . , εn) ∈ (Z2)
n such that

(7) εi1 · · · εim = εim+1 · · · εin =−1.

This choice of ε is dictated by the following two considerations. First, we wish to
preserve condition (2) in the form

(8) (εσ )(X)1 · · · (εσ )(X)n = X1 · · · Xn,

and second, we want the fixed points α of the diffeomorphism εσ : Rn → Rn to
have nonzero w2(adα).

Lemma 3.1. If α is a fixed point of εσ : Rn→ Rn with ε as in (7), thenw2(adα) 6=0.

Proof. The class w2(adα) is the obstruction to lifting adα to an SU(2) representa-
tion. Extend α arbitrarily to a function α : π1(S3

− σ̂ )→ SU(2) lifting adα. Then
w2(adα) will vanish if and only if there is a function η : π1(S3

− σ̂ )→ Z2 = {±1}
such that η·α is a representation. Suppose such a function exists, and write η(xi )=

ηi = ±1. Also, assume without loss of generality that σ̄ = (1 . . .m)(m + 1 . . . n).
It follows from (5) that to satisfy the relations X i = (εσ )(X)i we must have
η1 = ε1η2 = ε1ε2η3 = · · · = ε1 · · · εmη1 =−η1, a contradiction with η1 =±1. �

This result for w2(adα) can be sharpened using an algebraic topology lemma.

Lemma 3.2. Let σ̂ be a link of two components. Then H 2(π1(S3
−σ̂ );Z2) is equal

to Z2 if σ̂ is nonsplit and is zero otherwise.

Proof. If σ̂ is nonsplit, then S3
− σ̂ is a K (π, 1) by the sphere theorem; hence

H 2(π1(S3
− σ̂ );Z2)= H 2(S3

− σ̂ ;Z2)= Z2. If σ̂ is split, then K (π1(S3
− σ̂ ), 1)

has the homotopy type of a one-point union of two circles and the result again
follows. �

Corollary 3.3. Let σ̂ be a split link of two components, and let ε be chosen as
in (7). Then the diffeomorphism εσ : Rn→ Rn has no fixed points.

3b. The zero-trace condition. A naive way to define h(εσ ) would be as the in-
tersection number of the graph of εσ : Rn → Rn with the diagonal in the product
Rn × Rn . One can observe though that, in addition to this intersection not being
transversal, its points (X, X) = (X1, . . . , Xn, X1, . . . , Xn) have the property that
tr X1 = · · · = tr Xn = 0. This can be seen as follows.

Assume without loss of generality that σ̄ = (1 . . .m)(m + 1 . . . n). Then the
relations X = εσ (X) together with (5) imply that

X1 = ε1σ(X)1 = ε1 A1 · X σ̄ (1) · A−1
1 = ε1 A1 X2 A−1

1

= ε1 A1 · ε2σ(X)2 · A−1
1 = ε1ε2 A1 A2 · X σ̄ (2) · A−1

2 A−1
1 = · · ·

= ε1 · · · εm(A1 · · · Am) · X1 · (A1 . . . Am)
−1.
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Since trace is conjugation invariant and ε1 · · · εm = −1, we conclude that tr X1 =

· · · = tr Xm = 0. Similarly, tr Xm+1 = · · · = tr Xn = 0.
Hence, in our definition we will restrict ourselves to the subset of Rn consisting

of X = (X1, . . . , Xn) with tr X1 = · · · = tr Xn = 0. The nontransversality problem
will be addressed below by factoring out the conjugation symmetry and lowering
the dimension of the ambient manifold.

3c. The definition. The subset of SU(2) consisting of the matrices with zero trace
is a conjugacy class in SU(2) diffeomorphic to S2. Define

Qn = {(X1, . . . , Xn) ∈ Rn | tr X i = 0} ⊂ Rn,

so that Qn is a manifold diffeomorphic to (S2)n . Also define

Hn = {(X1, . . . , Xn, Y1, . . . , Yn) ∈ Qn × Qn | X1 · · · Xn = Y1 · · · Yn}.

This is no longer a manifold due to the presence of reducibles. We call a point
(X1, . . . , Xn, Y1, . . . , Yn) ∈ Qn × Qn reducible if all X i and Y j commute with
each other or, equivalently, if there is a matrix A ∈ SU(2) such that the AX i A−1

and AYi A−1 are diagonal matrices for i = 1, . . . , n. The subset Sn ⊂ Qn × Qn of
reducibles is closed.

Lemma 3.4. H∗n = Hn − Sn is an open manifold of dimension 4n− 3.

Proof. Consider the open manifold (Qn× Qn)
∗
= Qn× Qn− Sn of dimension 4n

and the map f : (Qn × Qn)
∗
→ SU(2) given by

(9) f (X1, . . . , Xn, Y1, . . . , Yn)= X1 · · · XnY−1
n · · · Y

−1
1 .

According to [Lin 1992, Lemma 1.5], this map has 1 ∈ SU(2) as a regular value.
Since H∗n = f −1(1), the result follows. �

Because of (5) and the fact that multiplication by−1∈SU(2) preserves the zero
trace condition, the representation (4) gives rise to a representation

(10) ρ : Z2 oBn→ Diff(Qn).

Given εσ ∈ Z2 oBn such that (6) and (7) are satisfied, consider two submanifolds
of Qn × Qn: the graph 0εσ = {(X, εσ (X)) | X ∈ Qn} of εσ : Qn → Qn , and the
diagonal 1n = {(X, X) | X ∈ Qn}. Note that both 0εσ and 1n are subsets of Hn;
this is obvious for 1n and follows from (8) for 0εσ .

Proposition 3.5. The intersection 0εσ ∩1n ⊂ Hn consists of irreducible represen-
tations.

Proof. Assume without loss of generality that σ̄ = (1 . . .m)(m + 1 . . . n), and
suppose that (X, X) = (X1, . . . , Xn, X1, . . . , Xn) ∈ 0εσ ∩1n is reducible. Then
all of the X i commute with each other, and in particular σ(X)= (X σ̄ (1), . . . , X σ̄ (n)).
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The equality X = εσ (X) then implies that X1 = ε1 X σ̄ (1) = ε1 X2 = ε1ε2 X σ̄ (2) =
· · · = ε1 · · · εm X1 =−X1, which contradicts that X1 ∈ SU(2). �

Let 0∗εσ = 0εσ ∩H∗n and 1∗n =1n ∩H∗n be the irreducible parts of 0εσ and 1n ,
respectively. They are both open submanifolds of H∗n of dimension 2n.

Corollary 3.6. The intersection 1∗n ∩0
∗
εσ ⊂ H∗n is compact.

Proof. Proposition 3.5 implies that1∗n∩0
∗
εσ =1n∩0εσ , and the latter intersection

is obviously compact since it is the intersection of two compact subsets of Hn . �

The group SO(3)=SU(2)/{±1} acts freely by conjugation on H∗n ,1∗n , and 0∗εσ .
Denote the resulting quotient manifolds by

Ĥ n = H∗n /SO(3), 1̂n =1
∗

n/SO(3), and 0̂εσ = 0
∗

εσ/SO(3).

The dimension of Ĥ n is 4n − 6, and 1̂n and 0̂εσ are (2n−3)-dimensional sub-
manifolds. Since the intersection 1̂n ∩ 0̂εσ is compact, one can isotope 0̂εσ into a
submanifold 0̃εσ using an isotopy with compact support so that 1̂n ∩ 0̃εσ consists
of finitely many points. Define

h(εσ )= #Ĥn
(1̂n ∩ 0̃εσ )

as the algebraic intersection number, where the orientations of Ĥ n , 1̂n , and 0̃εσ
are described in the next subsection. It is obvious that h(εσ ) does not depend on
the perturbation of 0̂εσ , so we will simply write

h(εσ )= 〈1̂n, 0̂εσ 〉Ĥn
.

3d. Orientations. Choose an arbitrary orientation of the copy of S2
⊂ SU(2) cut

out by the trace zero condition, and endow Qn = (S2)n and Qn×Qn with product
orientations. The diagonal 1n and the graph 0εσ are naturally diffeomorphic to
Qn via projection onto the first factor, and they are given the induced orientations.
If we reverse the orientation of S2, then the orientation of Qn is reversed if n is
odd. Hence the orientations of both 1n and 0εσ are reversed if n is odd, while the
orientation of Qn × Qn = (S2)2n is preserved regardless of the parity of n.

Orient SU(2) by the standard basis {i, j, k} in its Lie algebra su(2), and orient
H∗n = f −1(1) by applying the base-fiber rule to the map (9). The adjoint action
of SO(3) on S2

⊂ SU(2) is orientation preserving; hence the SO(3) quotients
Ĥ n , 1̂n , and 0̂εσ are orientable. We orient them using the base-fiber rule. The
discussion in the previous paragraph shows that reversing orientation on S2 may
reverse the orientations of 1̂n and 0̂εσ but that it does not affect the intersection
number 〈1̂n, 0̂εσ 〉Ĥn

.
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4. The link invariant h

In this section, we will prove Theorem 1. This will be accomplished by proving
that h(εσ ) is independent first of ε and then of σ .

4a. Independence of ε. We will first show that, for a fixed σ whose closure σ̂ is
a link of two components, h(εσ ) is independent of the choice of ε as long as ε
satisfies (7).

Proposition 4.1. Let ε and ε′ be such that (7) is satisfied. Then h(εσ )= h(ε′σ).

Proof. Assume without loss of generality that σ̄ = (1 . . .m)(m + 1 . . . n) and let
ε = (ε1, . . . , εn) and ε′ = (ε′1, . . . , ε

′
n). Define δ = (δ1, . . . , δn) as the vector in

(Z2)
n with coordinates

δ1 = 1 and δk+1 = δkεkε
′

k for k = 1, . . . , n− 1,

and define the involution τ : Qn→ Qn by the formula

τ(X)= δX = (δ1 X1, δ2 X2, . . . , δn Xn).

Recall that Qn = (S2)n so that τ is a diffeomorphism that restricts to each of the
factors S2 as either the identity or the antipodal map. In particular, τ need not be
orientation preserving.

The map τ × τ : Qn × Qn → Qn × Qn obviously preserves the irreducibility
condition and commutes with the SO(3) action. It gives rise to an orientation
preserving automorphism of Ĥ n , which will again be called τ × τ . It is clear that
(τ × τ)(1̂n) = 1̂n . It is also true that (τ × τ)(0̂εσ ) = 0̂ε′σ , which can be seen as
follows. Write a pair (δX, δεσ (X))whose conjugacy class belongs to (τ×τ)(0̂εσ )
as

(δX, δεσ (X))= (δX, δεσ (δδX))= (δX, δεσ (δ)σ (δX))

using the multiplication law in the group Z2 oBn . The conjugacy class of this pair
belongs to 0ε′σ if and only if δεσ (δ)= ε′. That this condition holds can be verified
directly from the definition of δ.

Recall that the orientations of 1̂n , 0̂εσ , and 0̂ε′σ are induced by the orientation
of Qn . Therefore, the maps τ × τ : 1̂n → 1̂n and τ × τ : 0̂εσ → 0̂ε′σ are either
both orientation preserving or both orientation reversing depending on whether
τ : Qn→ Qn preserves or reverses orientation. Hence we have

h(εσ )= 〈1̂n, 0̂εσ 〉Ĥn
= 〈(τ × τ)(1̂n), (τ × τ)(0̂εσ )〉(τ×τ)(Ĥn)

= 〈1̂n, 0̂ε′σ 〉Ĥn
= h(ε′σ). �

From now on, we will drop ε from the notation and simply write h(σ ) for h(εσ )
assuming that a choice of ε satisfying (7) has been made.
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4b. Independence of σ . In this section, we will show that h(σ ) only depends on
the link σ̂ , not on a particular choice of braid σ , by verifying that h is preserved
under Markov moves. We will follow the proof of [Lin 1992, Theorem 1.8], which
goes through with little change once the right ε are chosen.

Recall that two braids α ∈Bn and β ∈ Bm have isotopic closures α̂ and β̂ if and
only if one braid can be obtained from the other by a finite sequence of Markov
moves; see for instance [Birman 1974]. A type 1 Markov move replaces σ ∈ Bn

by ξ−1σξ ∈ Bn for any ξ ∈ Bn . A type 2 Markov move means replacing σ ∈ Bn

by σ±1
n σ ∈Bn+1, or the inverse of this operation.

Proposition 4.2. The invariant h(σ ) is preserved by type 1 Markov moves.

Proof. Let ξ , σ ∈Bn and assume as usual that σ̄ = (1 . . .m)(m+ 1 . . . n). Then

ξ−1σξ = (ξ̄ (1) . . . ξ̄ (m))(ξ̄ (m+ 1) . . . ξ̄ (n))

has the same cycle structure as σ̄ . To compute h(ξ−1σξ), we will make a choice
of ε ∈ (Z2)

n that satisfies condition (7) with respect to the braid ξ−1σξ , that is,
εξ̄ (1) · · · εξ̄ (m) = εξ̄ (m+1) · · · εξ̄ (n) =−1.

The braid ξ gives rise to the map ξ : Qn → Qn . It acts by permutation and
conjugation on the S2 factors in Qn; hence it is orientation preserving (we use
the fact that S2 is even-dimensional). It induces an orientation-preserving map
ξ × ξ : Qn × Qn → Qn × Qn , which preserves the irreducibility condition and
commutes with the SO(3) action. Equation (2) then ensures that we have a well-
defined orientation-preserving automorphism ξ × ξ : Ĥ n→ Ĥ n .

That this automorphism preserves the diagonal, (ξ × ξ)(1̂n) = 1̂n , is obvious.
Concerning the graphs, let (X, εξ−1σξ(X)) ∈ 0̂εξ−1σξ ; then

(ξ×ξ)(X, εξ−1σξ(X))= (ξ(X), ξ(εξ−1σξ(X)))= (ξ(X), ξ(ε)σ (ξ(X)))∈ 0̂ξ(ε)σ .

Therefore, (ξ×ξ)(0̂εξ−1σξ )= 0̂ξ(ε)σ . Since ξ : Qn→ Qn is orientation preserving,
the identifications above of the diagonals and graphs via ξ × ξ are also orientation
preserving.

Observe that ξ(ε)i = εξ̄ (i). Hence ξ(ε) satisfies (7) with respect to σ and thus
can be used to compute h(σ ). The argument is completed by the calculation

h(ξ−1σξ)= 〈1̂n, 0̂εξ−1σξ 〉Ĥn
= 〈(ξ × ξ)(1̂n), (ξ × ξ)(0̂εξ−1σξ )〉(ξ×ξ)(Ĥn)

= 〈1̂n, 0̂ξ(ε)σ 〉Ĥn
= h(σ ). �

Proposition 4.3. The invariant h(σ ) is preserved by type 2 Markov moves.
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Proof. Given σ ∈ Bn and ε satisfying (7), change σ to σnσ ∈ Bn+1 and let
ε′ = σn(ε, 1). If X = (X1, . . . , Xn) and ε = (ε1, . . . , εn), then

(σnσ)(X, Xn+1)= σn(σ (X), Xn+1)

= (σ (X)1, . . . , σ (X)n−1, σ (X)n Xn+1σ(X)−1
n , σ (X)n)

and ε′ = (ε1, . . . , εn−1, 1, εn). In particular, ε′ satisfies (7) with respect to σnσ .
Consider the embedding g : Qn × Qn→ Qn+1× Qn+1 given by

g(X1, . . . , Xn, Y1, . . . , Yn)= (X1, . . . , Xn, Yn, Y1, . . . , Yn, Yn).

One can easily see that g(Hn)⊂ Hn+1 and that g commutes with the conjugation,
thus giving rise to an embedding ĝ : Ĥ n → Ĥ n+1. A straightforward calculation
using the formulas above for σnσ and ε′ then shows that

ĝ(1̂n)⊂ 1̂n+1, ĝ(0̂εσ )⊂ 0̂ε′σnσ , and ĝ(1̂n ∩ 0̂εσ )= 1̂n+1 ∩ 0̂ε′σnσ .

Now one can achieve all the necessary transversalities and match the orientations in
exactly the same way as in the second half of the proof of [Lin 1992, Theorem 1.8].
This shows that h(σnσ)= h(σ ). The proof that h(σ−1

n σ)= h(σ ) is similar. �

5. The invariant h(σ ) as the linking number

In this section we will prove Theorem 2, that is, show that for any link σ̂ = `1∪`2

of two components, one has h(σ )=± lk(`1, `2). Our strategy will be to show that
the invariant h(σ ) and the linking number lk(`1, `2) change according to the same
rule as we change a crossing between two strands from two different components of
σ̂ = `1∪`2 (the link σ̂ will need to be oriented for that, although a particular choice
of orientation will not matter). After changing finitely many such crossings, we
will arrive at a split link, for which both the invariant h(σ ) and the linking number
lk(`1, `2) vanish; see Corollary 3.3. The change of crossing as above obviously
changes the linking number by ±1. To calculate the effect of the crossing change
on h(σ ), we will follow [Lin 1992] and reduce the problem to a calculation in the
pillowcase Ĥ 2.

5a. The pillowcase. We begin with a geometric description of Ĥ 2 as a pillowcase;
compare with [Lin 1992, Lemma 1.2]. Remember that

H2 = {(X1, X2, Y1, Y2) ∈ Q2× Q2 | X1 X2 = Y1Y2}.

We will use the identification of SU(2) with Sp(1) when convenient. Since X2 is
trace free, we may assume that X2 = i after conjugation. Conjugating by eiϕ will
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not change X2 but, for an appropriate choice of ϕ, will make X1 into

X1 =

(
ir u
−u −ir

)
,

where both r and u are real, and u is also nonnegative. Since r2
+ u2

= 1, we
can write r = cos θ and u = sin θ for a unique θ such that 0 ≤ θ ≤ π . In
quaternionic language, X1 = ie−kθ with 0 ≤ θ ≤ π . Similarly, the condition
tr(Y2) = tr(Y−1

1 X1 X2) = 0 implies that Y1 = ie−kψ , this time with −π ≤ ψ ≤ π .
To summarize,

X1 = ie−kθ , X2 = i, Y1 = ie−kψ , Y2 = ie−k(ψ−θ).

Thus Ĥ 2 is parametrized by the rectangle [0, π] × [−π, π], with proper identifi-
cations along the edges and with the reducibles removed. The reducibles occur
when both θ and ψ are multiples of π , and hence Ĥ 2 is a 2-sphere with the points
A = (0, 0), B = (π, 0), A′ = (0, π), and B ′ = (π, π) removed; see Figure 1.
According to [Lin 1992], the orientation on the front sheet of Ĥ 2 coincides with
the standard orientation on the (θ, ψ) plane.

Example. Let σ =σ 2
1 , so that σ̂ = `1∪`2 is the Hopf link with lk(`1, `2)=±1. To

calculate h(σ ), we let ε = (−1,−1), the only available choice satisfying (7), and
consider the submanifolds 1̂2 and 0̂εσ of Ĥ 2. We have, in quaternionic notation,
1̂2 = {(ie−kθ , i, ie−kθ , i)}, which is the diagonal ψ = θ in the pillowcase. A
straightforward calculation shows that 0̂εσ ⊂ Ĥ 2 is given by ψ = 3θ −π . As can
be seen in Figure 1, the intersection 1̂2∩ 0̂εσ consists of one point coming with a
sign. Hence h(σ 2

1 )=±1, which is consistent with the fact that lk(`1, `2)=±1.

ψ

π

θ0

0̂εσ 2
1

1̂2

Figure 1. The pillowcase.
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Example. Let σ = σ 2n
1 . Then arguing as above one can show that 0̂εσ ⊂ Ĥ 2 is

given by ψ = (2n+1)θ−π . In this case there are n intersection points all of which
come with the same sign. This shows that h(σ 2n

1 )=±n, which is again consistent
with the fact that lk(`1, `2)=±n.

5b. The difference cycle. Fix an orientation on a given two component link σ̂ .
A particular choice of orientation will not matter because we are only interested
in identifying h(σ ) with the linking number lk(`1, `2) up to sign. We wish to
change one of the crossings between the two components of σ̂ . Using a sequence
of first Markov moves, we may assume that the first two strands of σ belong to
two different components of σ̂ , and that the crossing change occurs between these
two strands. Furthermore, we may assume that the crossing change makes σ into
σ±2

1 σ , where the sign depends on the type of the crossing we change. Note that
the braid σ±2

1 σ has the same permutation type as σ ; in particular, its closure is a
link of two components. In fact, if we let σ ′ = σ−2

1 σ , then

h(σ−2
1 σ)− h(σ )= h(σ ′)− h(σ 2

1 σ
′)=−(h(σ 2

1 σ
′)− h(σ ′));

hence we only need to understand the difference h(σ 2
1 σ)− h(σ ). Let us fix ε =

(−1,−1, 1, . . . , 1). Since σ 2
1 and ε commute, we have

h(σ 2
1 σ)− h(σ )= 〈1̂n, 0̂εσ 2

1 σ
〉− 〈1̂n, 0̂εσ 〉

= 〈0̂σ−2
1
, 0̂εσ 〉− 〈1̂n, 0̂εσ 〉 = 〈0̂σ−2

1
− 1̂n, 0̂εσ 〉,

where all intersection numbers are taken in Ĥ n . This leads us to consider the
difference cycle 0̂σ−2

1
− 1̂n that is carried by Ĥ n . The next step in our argument

will be to reduce the analysis of the intersection above to an intersection theory in
the pillowcase Ĥ 2.

5c. The pillowcase reduction. We consider the subset Vn ⊂ Hn consisting of all
(X1, . . . , Xn, Y1, . . . , Yn)∈Hn such that Xk=Yk for k=3, . . . , n. Equivalently, Vn

consists of all (X1, . . . , Xn, Y1, . . . , Yn)∈ Qn×Qn such that (X1, X2, Y1, Y2)∈ H2

and Xk = Yk for all k = 3, . . . , n. Therefore, Vn can be identified as

Vn = H2×1n−2 ⊂ (Q2× Q2)× (Qn−2× Qn−2).

Lemma 5.1. The quotient V̂ n = (H∗2 ×1n−2)/SO(3) is a submanifold of Ĥ n of
dimension 2n− 2.

Proof. Since H∗2 and 1n−2 are smooth manifolds of dimensions 5 and 2n − 4,
respectively, and their product contains no reducibles, the statement follows. �

Lemma 5.2. The difference cycle 0̂σ−2
1
− 1̂n is carried by V̂ n .
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Proof. Observe that neither 0̂σ−2
1

nor 1̂n are subsets of V̂ n . However, their portions
that do not fit in V̂ n ,

0̂σ−2
1
− (0̂σ−2

1
∩ V̂ n) and 1̂n − (1̂n ∩ V̂ n),

are exactly the same. Namely, they consist of the equivalence classes of 2n-tuples
(X1, . . . , Xn, X1, . . . , Xn) such that X1 commutes with X2. These cancel in the
difference cycle 0̂σ−2

1
− 1̂n , thus making it belong to V̂ n . �

One can isotope 0̂εσ into 0̃εσ using an isotopy with compact support so that 0̃εσ
is transverse to 0̂σ−2

1
− 1̂n . The latter means precisely that 0̃εσ stays away from

(S2 ×1n−2)/SO(3) and is transverse to both 0̂σ−2
1

and 1̂n; a precise argument
can be found in [Heusener and Kroll 1998, page 491]. We further extend this
isotopy to make 0̃εσ transverse to V̂ n so that their intersection is a naturally oriented
1-dimensional submanifold of Ĥ n .

The natural projection p : Vn→ H2 induces a map p̂ : V̂ n→ Ĥ 2. Use a further
small compactly supported isotopy of 0̃εσ , if necessary, to make p̂(V̂ n ∩ 0̃εσ ) into
a 1-submanifold of Ĥ 2. The proofs of [Lin 1992, Lemmas 2.2 and 2.3] then go
through with little change to give us the identity

〈0̂σ−2
1
− 1̂n, 0̂εσ 〉Ĥn

= 〈0̂σ−2
1
− 1̂2, p̂(V̂ n ∩ 0̃εσ )〉Ĥ2

.

5d. Computation in the pillowcase. We first study the behavior of p̂(V̂ n ∩ 0̂εσ )

near the corners of Ĥ 2.

Proposition 5.3. There is a neighborhood around A′ in the pillowcase Ĥ 2 inside
which p̂(V̂ n ∩ 0̂εσ ) is a curve approaching A′.

Proof. Let us consider the submanifold

1′n = {(X1, X2, X3, . . . , Xn; Y1, Y2, X3, . . . , Xn)} ⊂ Qn × Qn

and observe that Vn ∩0εσ = 1
′
n ∩0εσ . We will show that the intersection of 1′n

with 0εσ is transversal at (i, εi)= (i, . . . , i;−i,−i, i, . . . , i). This will imply that
1′n ∩ 0εσ is a submanifold of dimension four in a neighborhood of (i, εi) and,
after factoring out the SO(3) symmetry, that p̂(V̂ n ∩ 0̂εσ ) is a curve approaching
A′ = p(i, εi).

Since dim1′n=2n+4, the dimension of T(i,εi)(1
′
n∩0εσ )=T(i,εi)1

′
n∩T(i,εi)0εσ

is at least four. Therefore, checking the transversality amounts to showing that this
dimension is exactly four. Write

T(i,εi)(1
′

n)= {(u1, . . . un; v1, v2, u3, . . . , un)} ⊂ T(i,εi)(Qn × Qn),

T(i,εi)(0εσ )= {(u1, . . . , un; di (εσ )(u1, . . . , un)} ⊂ T(i,εi)(Qn × Qn).
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Then T(i,εi)(1
′
n)∩T(i,εi)(0εσ ) consists of the vectors (u1, . . . , un)∈Ti Qn=Ti S2

⊕

· · ·⊕ Ti S2 that solve the matrix equation

(11)
[
di (σ )

]


u1

u2

u3
...

un

=

∗

∗

u3
...

un

 ;

since ε = (−1,−1, 1, . . . , 1), we can safely replace [di (εσ )] by [di (σ )]. It is
shown in [Long 1989] that [di (σ )] is the Burau matrix of σ with parameter equal
to −1. It is a real matrix acting on Ti Qn = Cn; hence all we need to show is that
the space of (u1, . . . , un) ∈ Rn solving (11) has real dimension two. Let us write[

di (σ )
]
=

[
A B
C D

]
,

where A is a 2× 2 matrix and D is an (n− 2)× (n− 2) matrix. Equation (11) is
equivalent to

[
C
] [u1

u2

]
=
[
1− D

]u3
...

un

 ,
so the proposition will follow as soon as we show that 1− D is invertible. The
invertibility of 1− D is a consequence of the following two lemmas. �

Lemma 5.4. Let σ ∈Bn . Then the Burau matrix of σ with parameter −1 and the
permutation matrix of σ̄−1 are the same modulo 2.

Proof. According to [Birman 1974], the Burau matrix of σ with parameter t is the
matrix

∂σ(xi )

∂x j

∣∣∣∣
xi=t

,

where the xi are generators of the free group and ∂ is the derivative in the Fox free
differential calculus; see [Fox 1962]. Applying the Fox calculus we obtain

∂σ(xi )

∂x j
=
∂(wxσ̄−1(i)w

−1)

∂x j
=
∂w

∂x j
+w

(
∂(xσ̄−1(i)w

−1)

∂x j

)

=
∂w

∂x j
+w

(
∂xσ̄−1(i)

∂x j
+ xσ̄−1(i)

∂w−1

∂x j

)
=
∂w

∂x j
+w

∂xσ̄−1(i)

∂x j
−wxσ̄−1(i)w

−1 ∂w

∂x j
,
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where w is a word in the xi . After evaluating at t =−1 and reducing modulo 2, the
above becomes simply ∂xσ̄−1(i)/∂x j , which is the permutation matrix of σ̄−1. �

Lemma 5.5. Let σ ∈ Bn be such that σ̂ is a two component link. Then 1− D is
invertible.

Proof. Our assumption in this section has been that σ̄ = (1, . . . )(2, . . . ). We may
further assume that

σ̄ = (1, 3, 4, . . . , k)(2, k+ 1, k+ 2, . . . , n)

by applying a sequence of first Markov moves fixing the first two strands of σ .
The matrix D (mod 2) is obtained by crossing out the first two rows and first two
columns in the permutation matrix of σ̄ ; see Lemma 5.4. This description implies
that D (mod 2) is upper diagonal, and hence so is (1− D) (mod 2). The diagonal
elements of the latter matrix are all equal to one; therefore, det(1−D)= 1 (mod 2)
so 1− D is invertible. �

Remark 5.6. The orientation of the component of p̂(V̂ n ∩ 0̂εσ ) limiting to A′

can be read off its description near A′ given in the proof of Proposition 5.3. In
particular, this orientation is independent of the choice of σ .

Proposition 5.7. There are neighborhoods around A and B ′ in the pillowcase Ĥ 2

that are disjoint from p̂(V̂ n ∩ 0̂εσ ).

Proof. The arguments for A and B ′ are essentially the same so we will only give
the proof for A. Assuming the contrary we have a curve in V̂ n ∩ 0̂εσ limiting
to a reducible representation in Vn ∩ 0εσ . After conjugating if necessary, this
representation must have the form

(i, i, eiϕ3, . . . , eiϕn , i, i, eiϕ3, . . . , eiϕn ).

Using that ε = (−1,−1, 1, . . . , 1) and arguing as in the proof of Proposition 3.5,
we arrive at the contradiction i =−i . �

Proof of Theorem 2. According to Proposition 5.3, the 1-submanifold p̂(V̂ n∩0̃εσ ),
near A′, is a curve approaching A′. According to Proposition 5.7, the other end of
this curve must approach B. Therefore

h(σ 2
1 σ)− h(σ )= 〈0̂σ−2

1
− 1̂2, p̂(V̂ n ∩ 0̃εσ )〉Ĥ2

is the same as the intersection number of an arc going from A′ to B with the
difference cycle 0̂σ−2

1
− 1̂2. This number is either 1 or −1 but is the same for

all σ ; see Remark 5.6. This is sufficient to prove that h(σ ) is the linking number
up to an overall sign. �
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SEMIQUANDLES AND FLAT VIRTUAL KNOTS

ALLISON HENRICH AND SAM NELSON

We define an algebraic structure we call a semiquandle, whose axioms are
derived from the flat Reidemeister moves. Finite semiquandles have asso-
ciated counting invariants and enhanced invariants, defined for flat virtual
knots and links. We also introduce singular semiquandles and virtual singu-
lar semiquandles, which define invariants of flat singular virtual knots and
links. As an application, we use semiquandle invariants to compare two
Vassiliev invariants.

1. Introduction

Recent works, such as [Kauffman 1999], take a combinatorial approach to knot
theory, in which knots and links are regarded as equivalence classes of knot and
link diagrams. New types of combinatorial knots and links can then be defined
by introducing new types of crossings and Reidemeister-style moves that govern
their interactions. These new combinatorial classes of knots and links have various
topological and geometric interpretations relating to simple closed curves in 3-
manifolds, rigid vertex isotopy of graphs, and so on.

A flat crossing is a classical crossing in which we ignore the over/under infor-
mation. A flat knot or link is a planar projection (or shadow) of a knot or link,
on the surface on which the knot or link diagram is drawn. Every classical knot
diagram may be regarded as a lift of a flat knot and, conversely, every classical
knot diagram has a corresponding flat shadow.

Flat knots might seem uninteresting since flattening classical crossings appar-
ently throws away the information which defines the knotting. However, a little
thought reveals potential applications of flat crossings; for example, invariants of
links with classical intercomponent crossings and flat intracomponent crossings are
related to link homotopy and the Milnor invariants of ordinary classical links.

Flat crossings also prove useful in virtual knot theory. Every purely flat knot
is trivial, that is, reducible by flat Reidemeister moves to the unknot. However,
flat virtual knots and links (that is, diagrams with virtual and flat crossings) are

MSC2000: 57M25, 57M27.
Keywords: flat knots and links, virtual knots and links, singular knots and links, semiquandles,

Vassiliev invariants.
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generally nontrivial. The nontriviality of a flat virtual knot says that no choice of
classical crossing information for the flat crossings would yield a classical knot.
Hence, flat crossings are useful in the study of nonclassicality for virtual knots.

A singular crossing is a crossing where two strands are fused together. Singular
knots and links may be understood as rigid vertex isotopy classes of knotted and
linked graphs, and they play a role in the study of Vassiliev invariants of classical
knots and links.

In this paper, we define an algebraic structure we call a semiquandle, which
yields counting invariants for flat virtual knots. The paper is organized as follows.
In Section 2, we define flat, singular, and virtual knots and links. In Section 3,
we define semiquandles and give some examples. In Section 4, we define singu-
lar semiquandles by including operations at singular crossings. In Section 5, we
introduce virtual semiquandles and virtual singular semiquandles by including an
operation at virtual crossings. In Section 6, we give examples to show that the
counting invariants with respect to finite semiquandles can distinguish flat virtual
knots and links. In Section 7, we give an application to Vassiliev invariants of
virtual knots. In Section 8, we collect some questions for further research.

2. Flat knots, virtual knots and singular knots

We introduce several types of knots discussed in this paper. We assume that all
knots are oriented, unless otherwise specified. The simplest type of knot among
those we consider, a flat knot, is an immersion of S1 in R2. Alternatively, a flat
knot can be described as an equivalence class of knot diagrams where under/over
strand information at each crossing is unspecified. Their equivalence relation is
given by flat versions of the Reidemeister moves, illustrated here:

It is an easy exercise to show that any flat knot is related by a sequence of flat
Reidemeister moves to the trivial flat knot (that is, the flat knot with no crossings).
While the theory of flat knots appears uninteresting, if we consider the analogous
theory of flat virtual knots, we enter a highly nontrivial category.

A flat virtual knot is a decorated immersion of S1 in R2, where each crossing is
decorated to indicate whether it is flat or virtual. (Virtual crossings are pictured by
an encircled flat crossing.) Once again, we may also describe a flat virtual knot as
an equivalence class of virtual knot diagrams where under/over strand information
at each classical crossing is unspecified. The corresponding equivalence relation
is given by the flat versions of the virtual Reidemeister moves, in addition to the
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flat versions of the ordinary Reidemeister moves.

The move is forbidden.
As with ordinary virtual knots, flat virtual knot diagrams have a geometric in-

terpretation as flat knot diagrams on surfaces. In this case, the virtual crossings are
interpreted as artifacts of a projection of the knot diagram on the surface to a knot
diagram in the plane [Kauffman 1999].

Finally, we consider flat knots and flat virtual knots that have singularities. The
singularities should be thought of as rigid vertices, or places where the knot is
actually glued to itself. Thus, flat singular knots are simply equivalence classes of
flat knots where some crossings are decorated to indicate that they are singular. The
Reidemeister moves corresponding to flat singular equivalence are the ordinary flat
equivalence moves together with these two moves:

Similarly, flat virtual singular knots are equivalence classes of flat virtual knots
where some of the crossings may be designated as singular. Hence, there are three
types of crossings that may be contained in a diagram of a flat virtual singular knot.
The equivalence relation is given by all of the previous flat, virtual, and singular
moves, together with this:
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The simplest nontrivial flat virtual singular knot that contains all three types of
crossings is the triple trefoil:

3. Semiquandles

In recent years, a number of algebraic structures have been defined with axioms
derived from variations on the oriented Reidemeister moves. The earliest of these
is the quandle [Joyce 1982; Matveev 1982], in which we have generators corre-
sponding to arcs in a link diagram, and an invertible binary operation at crossings.

Subsequent papers have generalized this idea in various ways. Fenn and Rourke
[1992] replace ambient isotopy with framed isotopy to define racks. In [Kauffman
and Radford 2003; Fenn et al. 1995], arcs in an oriented knot diagram are replaced
with semiarcs, to define biquandles. Kauffman and Manturov [2005] include an
operation at virtual crossings in the biquandle definition to yield virtual biquandles.

Definition 1. A semiquandle is a set X with two binary operations (x, y) 7→ x y

and (x, y) 7→ xy such that, for all x, y, z ∈ X ,

(0) there are unique w and z ∈ X with x = wy and x = zy ;

(i) xy = y if and only if yx
= x ;

(ii) (xy)
(yx )
= x and (x y)(yx ) = x ;

(iii) (x y)z = (x zy )yz
, (yx)

zx y
= (yz)x zy and (zx y )yx = (zy)x .

Axiom (0) says that the actions x 7→ x y and x 7→ xy are invertible; these unique
z and w will be denoted by z = xy−1 and w = x y−1

. The axioms come from
dividing an oriented flat knot into semiarcs, that is, edges between vertices in the
flat diagram regarded as a graph, and then translating the flat Reidemeister moves
into algebraic axioms.

x

In the first Reidemeister move, right invertibility guarantees the uniqueness of y
given x , and the relationship between x and y becomes axiom (i).



SEMIQUANDLES AND FLAT VIRTUAL KNOTS 159

y y

The direct II move, in which both strands are oriented in the same direction,
gives us axiom (ii). Given axiom (0), the reverse II move yields the same relation-
ship between x and y, where the uncrossed strands are labeled by x and yx .

y xy

x

x

y yx

x

y x y

Reidemeister move III yields the three equations in axiom (iii).

(x   )

y

(y  )x

yx
zxy

(z   )xy
zxy

(x  )y  z

xy

(y  )x

xz y

(z  )y

zy

y

(y  )zz

xz

yz
x xyzy

y z

xz

Definition 2. For any flat virtual link L , the fundamental semiquandle FSQ(L)
of L is the set of equivalence classes of semiquandle words in a set of genera-
tors corresponding to semiarcs in a diagram D of L , that is, edges in the graph
obtained from D by considering flat crossings as vertices under the equivalence
relation generated by the semiquandle axioms and the relations at the crossings.
As with the knot quandle, fundamental rack, and knot biquandle, we can express
the fundamental semiquandle with a presentation read from a diagram.

Example 3. The flat Kishino knot is

b h

d f
a

e

c g
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and has the fundamental semiquandle presentation

FSQ(K )=
〈
a, b, c, d, e, f, g, h

∣∣∣ ac
= b, ca = d, bd

= e, db = c,
eg
= f, ge = h, f h

= g, h f = a

〉
.

Remark 4. An alternative definition for the fundamental semiquandle of a flat
virtual knot is that FSQ(L) is the quotient of the (strong) knot biquandle of any lift
of L (that is, of any choice of classical crossing type for the flat crossings of L),
under the equivalence relation generated by setting ab̄

∼ ab and ab̄ ∼ ab for all
a, b ∈ B(L). Indeed, this operation yields a “flattening” functor SQ :B→S from
the category of strong biquandles to the category of semiquandles.

Example 5. For any set X and bijection σ : X→ X , the operations x y
= σ(x) and

xy=σ
−1(x) define a semiquandle structure on X . We call this type of semiquandle

a constant-action semiquandle, since the action of y on x is constant as y varies.

As is the case with quandles and biquandles [Ho and Nelson 2005; Nelson and
Vo 2006], for a finite semiquandle X = {x1, . . . , xn} we can conveniently express
the semiquandle structure with a block matrix MX = [U | L], where Ui, j = k and
L i, j = l for xk = (xi )

(x j ) and xl = (xi )(x j ). This matrix notation enables us to do
computations with semiquandles without the need for formulas for x y and xy .

Example 6. The constant-action semiquandle on X = {1, 2, 3} with σ = (132) has
semiquandle matrix

MX =

 3 3 3
1 1 1
2 2 2

∣∣∣∣∣∣
2 2 2
3 3 3
1 1 1

 .
Example 7. Any (strong) biquandle in which ab

=ab and ab=ab is a semiquandle.
Indeed, an alternative name for semiquandles might be symmetric biquandles. An
example of a nonconstant action semiquandle, found in [Nelson and Vo 2006], is

MT =


1 4 2 3
2 3 1 4
4 1 3 2
3 2 4 1

∣∣∣∣∣∣∣∣
1 3 4 2
3 1 2 4
2 4 3 1
4 2 1 3

 .
4. Singular semiquandles

We now consider what happens to our algebraic structure when we allow singular
crossings in an oriented flat virtual knot. As with flat crossings, we define two
binary operations at a singular crossing. One notable difference is that, unlike
flat crossings, singular crossings are permanent — there are no moves that either
introduce or remove singular crossings. Indeed, the number of singular crossings
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is an invariant of the singular knot type. In particular, at singular crossings, we do
not need right invertibility for our operations.

Definition 8. Let X be a semiquandle. A singular semiquandle structure on X is
a pair (x, y) 7→ x ŷ and (x, y) 7→ x ŷ of binary operations on X that satisfy, for all
x, y, z ∈ X ,

(hi) (yx)
(x̂ y)
= (yx̂)

(x ŷ) and (x y)(ŷx ) = (x
ŷ)(yx̂ );

(hii) (x y)ẑ = (x ẑy )yz
, (yx)

z ˆx y = (yz)x ẑ y , and (z x̂ y )yx = (zy)x̂ .

We call axioms (hi) and (hii) the hat axioms. These axioms come from the
subset of the oriented singular flat Reidemeister moves pictured here:

y

(y  )

x

x (x  )y(x  )y

(y  )x

y yx

x y

(y  )

x

x (x  )y(x  )y

(y  )x

y yx

x

(x   )

y

(y  )x

yx
zxy

(z   )xy
zxy

(x  )y  z

xy

(y  )x

xz y

(z  )y

zy

y

(y  )zz

xz

yz
x xyzy

y z

xz

To see that the two pictured oriented singular moves are sufficient to give us all of
the oriented flat singular moves, we note the following key lemmas.

Lemma 9. The move follows from the flat Reidemeister

moves and the two pictured moves.

Proof. ←→ ←→ ←→ �

Similar move sequences yield the other oriented flat/singular type III moves.

Lemma 10. The reverse oriented singular II move follows from the flat moves and
the moves pictured above.
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Proof. Starting with one side of a reverse singular II move, we can use flat moves
to get a symmetric diagram in which we can apply a direct singular II move.

←→ ←→

Reversing the process gives the other side of the reverse singular II move. �

Example 11. Let X be a semiquandle. Clearly, setting x ŷ
= x y and x ŷ = xy for

all x, y ∈ X defines a compatible singular structure (X, X), which we call the flat
singular structure.

Example 12. If X is a semiquandle, then ab̂
= ab̂ = b is a compatible singular

structure, since we have

(yx)
(x̂ y)
= x y

= (yx̂)
(x ŷ), (yx)

z x̂ y = (yx)
x y
= y = (yz)ẑy = (y

z)x ẑ y ,

(x y)(ŷx ) = yx = (x ŷ)(yx̂ ), (x y)ẑ = z = (zy)
yz
= (x ẑy )yz

,

(z x̂ y )yx = (x
y)yx = x = (zy)x̂ .

We call this singular structure the operator singular structure on X and denote it
by (X, O).

As with the flat virtual case, for any flat singular virtual link L there is an associ-
ated fundamental singular semiquandle FSSQ(L), with presentation readable from
the diagram. It elements are equivalence classes of singular semiquandle words, in
generators corresponding to semiarcs in the diagram (here, we divide the diagram
at both flat and singular crossing points, but not at virtual crossings) under the
equivalence relation generated by the axioms (0), (i), (ii), (iii), (hi), and (hii).

Example 13. The triple trefoil below has the fundamental singular semiquandle
presentation 〈a, b, c, d | aĉ

= b, câ = d, db
= a, bd = c〉.

bd

a

c

As with the semiquandle structure, we can represent the singular operations in
a finite singular semiquandle by matrices encoding the operation tables. Indeed,
it seems convenient to combine these matrices with the semiquandle operation
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matrices, into a single block matrix of the form

MT =

 i j i j

i ĵ i ĵ

 .
Example 14. The constant action semiquandle X = {1, 2, 3} with σ = (132) and
operator singular structure ab̂

= ab̂ = b has block matrix

M(X,O) =



3 3 3 2 2 2
1 1 1 3 3 3
2 2 2 1 1 1
1 2 3 1 2 3
1 2 3 1 2 3
1 2 3 1 2 3


.

5. Virtual semiquandles and virtual singular semiquandles

As with singular crossings, we can further generalize semiquandles by adding an
operation at virtual crossings. The simplest way to do this is to use a unary opera-
tion at each virtual crossing, defined by applying a bijection v when going through
a virtual crossing from right to left (looking in the direction of the strand being
crossed) and applying v−1 when going through a virtual crossing from left to right
(looking in the direction of the strand being crossed).

As noted in [Kauffman and Manturov 2005], this setup ensures that the virtual
I, II and III moves are respected by the virtual operation.

v(x)

v(x) v (y)1

The interaction of the virtual crossings with the flat and singular crossings given
by the Reidemeister moves tells us how the virtual operation should interact with
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the semiquandle and singular semiquandle structures; namely, v must be an auto-
morphism of both structures.

Definition 15. A virtual semiquandle is a semiquandle S with a choice of auto-
morphism v : S → S. A virtual singular semiquandle is a singular semiquandle
with a semiquandle automorphism v : S→ S that is also an automorphism of the
singular structure. That is, v : S→ S is a bijection satisfying

v(x y)= v(x)v(y), v(xy)= v(x)v(y), v(x ŷ)= v(x)v̂(y), v(x ŷ)= v(x)v̂(y).

Example 16. Every semiquandle is a virtual semiquandle with v= IdS . More gen-
erally, the set of virtual semiquandle structures on a semiquandle S corresponds
to the set of conjugacy classes in the automorphism group Aut(S) of the semi-
quandle S: if v, v′, ϕ ∈ Aut(S) with v′ = ϕ−1vϕ, then ϕ(S, v) → (S, v′) is an
isomorphism of virtual semiquandles.

Every flat singular virtual knot or link has a fundamental virtual singular semi-
quandle, obtained by dividing the knot or link into semiarcs at flat, singular and
virtual crossings; then FVSSQ(L) has generators corresponding to semiarcs, and
relations at the crossings as determined by crossing type, in addition to relations
coming from the virtual singular semiquandle axioms.

6. Counting invariants of flat singular virtuals

As with finite groups, quandles, and biquandles, finite semiquandles can be used
to define computable invariants of flat virtual knots and links by counting homo-
morphisms.

Definition 17. Let L be a flat virtual link and T a finite semiquandle. The semi-
quandle counting invariant of L with respect to T is the cardinality

sc(L , T )= |Hom(FSQ(L), T )|

of the set of semiquandle homomorphisms f : FSQ(L) → T from the funda-
mental semiquandle of L to T (that is, of maps such that f (xy) = f (x) f (y) and
f (x y)= f (x) f (y) for all x, y ∈ FSQ(L)).
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Remark 18. A semiquandle homomorphism f : FSQ(L)→ T can be pictured as
a “coloring” of a diagram D of L by T , that is, as an assignment of an element
of T to each semiarc in D such that the colors satisfy the semiquandle operation
conditions at every crossing.

Example 19. The semiquandle counting invariant with respect to the semiquandle
T in Example 7 distinguishes the flat Kishino knot FK from the flat unknot FU,
with sc(FK, T )= 16 and sc(FU, T )= 4. This same semiquandle also distinguishes
the flat virtual knot K below [Kauffman 1999] from both the unknot and the flat
Kishino, with sc(K , T )= 2.

We can enhance the semiquandle counting invariant by taking note of the car-
dinality of the image subsemiquandles Im( f ) for each homomorphism to obtain
a multiset-valued invariant, which we can also express in a polynomial form by
converting multiset elements to exponents of a dummy variable z and multiplicities
to coefficients. Note that specializing z = 1 in the enhanced invariant yields the
original counting invariant.

Definition 20. Let L be a flat virtual link and T a finite semiquandle. The enhanced
semiquandle counting multiset is the multiset

sqcm(L , T )= {Im( f ) | f ∈ Hom(FSQ(L), T ))},

and the enhanced semiquandle polynomial is

sqp(L , T )=
∑

f ∈Hom(FSQ(L),T )

z|Im( f )|.

For singular semiquandles, we also have counting invariants and polynomial
enhanced invariants.

Definition 21. Let L be a flat singular virtual link and (T, S) a finite singular
semiquandle. We have the singular semiquandle counting invariant

ssc(L , (T, S))= |Hom(FSSQ(L), (T, S))|,

the enhanced singular semiquandle counting multiset

ssqcm(L , (T, S))= { Im( f ) | f ∈ Hom(FSSQ(L), (T, S)))},

and the enhanced singular semiquandle polynomial

ssqp(L , (T, S))=
∑

f ∈Hom(FSSQ(L),(T,S))

z|Im( f )|.
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Example 22. The constant-action semiquandle (X(132), O) with operator singular
structure distinguishes the triple trefoil TT from the singular knot SU1 with one
singular crossing and no other crossings:

ssqp(TT, (X(132), O))= 0 ssqp(SU1, (X(132), O))= 9z3

Finally, we have counting invariants for flat singular virtual knots and links,
defined analogously using finite virtual singular semiquandles.

Definition 23. Let L be a flat singular virtual link and (T, S, v) a finite virtual
singular semiquandle. Then we have the virtual singular semiquandle counting
invariant vssc(L , (T, S, v))= |Hom(FVSSQ(L), (T, S, v))|, the enhanced virtual
singular semiquandle counting multiset

vssqcm(L , (T, S, v))= {Im( f ) | f ∈ Hom(FVSSQ(L), (T, S, v))},

and the enhanced virtual singular semiquandle polynomial

vssqp(L , (T, S, v))=
∑

f ∈Hom(FVSSQ(L),(T,S,v))

z|Im( f )|.

Example 24. The flat virtual Hopf link fvH below is distinguished from the flat
unlink of two components by the counting invariants with respect to the listed vir-
tual semiquandle. Note that we can regard T as a flat singular virtual semiquandle
with trivial singular operations x ŷ

= x = x ŷ .

MT,S =

 1 3 1
2 2 2
3 1 3

∣∣∣∣∣∣
1 3 1
2 2 2
3 1 3

 , v = (13)

vsqp(fvH, (T, S, v))= q + 4z2 vsqp(U2, (T, S, v))= q + 4z2
+ 4z3

Remark 25. A virtual semiquandle is a virtual singular semiquandle with trivial
singular structure, that is, x ŷ

= x ŷ = x ; a singular semiquandle is a virtual singular
semiquandle with trivial virtual operation, that is, v = Id; and a semiquandle is a
virtual singular semiquandle with trivial virtual and singular structures.
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7. Application to Vassiliev invariants

In [Henrich 2010], one finds several degree-one Vassiliev invariants for virtual
knots. One invariant, S, takes its values in the free abelian group on the set of
two-component flat virtual links. Another invariant, G, takes its values in the free
abelian group on the set of flat virtual singular knots with one singularity. It is
easy to show that G is at least as strong as S, but somewhat difficult to show that
G is strictly stronger than S. Here, we give the definitions of these invariants and
provide an alternative proof that G is strictly stronger than S.

Definition 26. Let K be a virtual knot with diagram K̃ . Let K̃ d
smooth be the flat

virtual link obtained by smoothing K̃ at the crossing d and projecting onto the
associated flat virtual link. Furthermore, let K̃ 0

link be the flat virtual link obtained
by taking the disjoint union of the unknot with the flat projection of K̃ . We let the
bracket [ · ] denote the associated generator of the free abelian group on the set of
(two-component) flat virtual links. Then S is given by the following element of
this free abelian group:

S(K )=
∑

d

sign(d)([K̃ d
smooth] − [K̃

0
link]).

The sum ranges over all classical crossings in K̃ , and sign(d) is the local writhe.

Since this “smoothing” invariant has values involving flat virtual links, it is clear
that semiquandles may be of use in computing S for pairs of virtual knots. More-
over, singular semiquandles can be put to use when computing the next invariant:

Definition 27. Let K be a virtual knot with diagram K̃ . Let K̃ d
glue be the flat

virtual singular knot obtained by gluing K̃ at the crossing d and projecting onto
the associated flat virtual singular knot. Let K̃ 0

sing be the flat virtual singular knot
obtained by taking the flat projection of K̃ , introducing a kink via the flat Rei-
demeister I move, and gluing at the resulting crossing. Here, we let the bracket
[ · ] denote the associated generator of the free abelian group on the set of flat
virtual singular knots (with one singularity). Using this notation, we define G by
G(K ) =

∑
d sign(d)([K̃ d

glue] − [K̃
0
sing]). Again, the sum ranges over all classical

crossings in K̃ and sign(d) is the local writhe.

Henrich [2010] proved that both S and G are degree-one Vassiliev invariants of
virtual knots, and G is at least as strong as S. To show that G is stronger than S,
consider this pair of virtual knots in Figure 1. Call the first of these knots K1, and
the second K2. Since the only difference between the two knots is the signs of the
crossings labeled a and b, we see that

S(K2)−S(K1)= 2([K̃ a
smooth] − [K̃

b
smooth]), and

G(K2)−G(K1)= 2([K̃ a
glue] − [K̃

b
glue]).
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a

b

a

b

Figure 1

Now, K̃ a
smooth is the same as K̃ b

smooth; they are both this flat virtual link:

It follows that S(K1)= S(K2). On the other hand, we can show, by using singular
semiquandles, that K̃ a

glue and K̃ b
glue, as pictured next, are distinct.

a

b

a

b

Consider the following singular semiquandle, T , given in terms of its matrix M .

M =



1 4 2 3 1 3 4 2
2 3 1 4 3 1 2 4
4 1 3 2 2 4 3 1
3 2 4 1 4 2 1 3
1 1 4 4 1 2 2 1
1 1 4 4 4 3 3 4
2 2 3 3 4 3 3 4
2 2 3 3 1 2 2 1


The enhanced singular semiquandle polynomials for K̃ a

glue and K̃ b
glue are

ssqp(K̃ a
glue, T )= 2z and ssqp(K̃ b

glue, T )= 2z+ 2z4.

Hence, the two flat virtual singular knots are distinct, and thus G(K1) 6=G(K2).
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8. Questions

In this section, we collect questions for future research.
Singular semiquandles bear a certain resemblance to virtual biquandles, in which

a biquandle is augmented with operations at virtual crossings. Given a biquandle B,
the set of virtual biquandle structures on B forms a group isomorphic to the auto-
morphism group of B. What is the structure of the set of singular semiquandle
structures on a semiquandle X?

Our algebra-agnostic approach to the computation of our various semiquandle-
based invariants works well for small-cardinality semiquandles and for link di-
agrams with small crossing numbers. However, for links with higher crossing
numbers and for larger coloring semiquandles, we will need more algebraic de-
scriptions. We have given a few examples of classes of semiquandle structures,
such as constant-action semiquandles and operator singular structures. What are
some examples of group-based or module-based semiquandle and singular semi-
quandle structures, akin to Alexander biquandles? (Note that the only Alexander
biquandles which are semiquandles are constant-action Alexander biquandles.)

Enhancement techniques for biquandle counting invariants that should extend to
semiquandles include semiquandle cohomology, which is the special case of Yang–
Baxter cohomology described in [Carter et al. 2004], and the flattened case of S-
cohomology as described in [Ceniceros and Nelson 2009]. Similarly, we might
define semiquandle polynomials and the resulting enhancements of the counting
invariants, as in [Nelson 2008]. What other enhancements of semiquandle counting
invariants are there?

What is the relationship, if any, between semiquandle invariants and the quater-
nionic biquandle invariants described in [Bartholomew and Fenn 2008]?

Our Python code for computing semiquandle-based invariants is available from
the second author’s website at http://www.esotericka.org.
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INFINITESIMAL RIGIDITY OF POLYHEDRA WITH VERTICES
IN CONVEX POSITION

IVAN IZMESTIEV AND JEAN-MARC SCHLENKER

Let P ⊂ R3 be a polyhedron. It was conjectured that if P is weakly convex
(that is, its vertices lie on the boundary of a strictly convex domain) and
decomposable (that is, P can be triangulated without adding new vertices),
then it is infinitesimally rigid. We prove this conjecture under a weak addi-
tional assumption of codecomposability.

The proof relies on a result of independent interest about the Hilbert–
Einstein function of a triangulated convex polyhedron. We determine the
signature of the Hessian of that function with respect to deformations of
the interior edges. In particular, if there are no interior vertices, then the
Hessian is negative definite.

1. Introduction

The rigidity of convex polyhedra. The rigidity of convex polyhedra is a classi-
cal result in geometry, first proved by Cauchy [1813] using ideas going back to
Legendre [1794, note XII, pages 321–334].

Theorem 1.1 [Cauchy 1813; Legendre 1794]. Let P, Q ⊂ R3 be two convex poly-
hedra with the same combinatorics whose corresponding faces are isometric. Then
P and Q are congruent.

This result had a profound influence on geometry over the last two centuries. It
led for instance to the discovery of the rigidity of smooth convex surfaces in R3,
to Alexandrov’s rigidity, and to his results on the realization of positively curved
cone-metrics on the boundary of polyhedra; see [Alexandrov 2005].

From a practical viewpoint, global rigidity is perhaps not as relevant as infini-
tesimal rigidity (see Definition 1.8). Although the infinitesimal rigidity of convex
polyhedra can be proved using Cauchy’s argument, the first proof was given much
later, and is completely different from Cauchy’s.

Theorem 1.2 [Dehn 1916]. Any convex polyhedron is infinitesimally rigid.

MSC2000: 52B10, 52C25.
Keywords: rigidity, polyhedra, nonconvex, Hilbert–Einstein functional.
Izmestiev was supported by the DFG Research Unit “Polyhedral Surfaces”.
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Figure 1. Cauchy’s rigidity theorem fails for nonconvex polyhedra.

Neither Theorem 1.1 nor Theorem 1.2 extends to nonconvex polyhedra. It is
easy to find a counterexample to the extension of Theorem 1.1 to nonconvex poly-
hedra; see Figure 1. Counterexamples to the extension of Theorem 1.2 are more
complicated; see Figure 2.

In this paper we deal with a generalization of Theorem 1.2 to a vast class of
nonconvex polyhedra. The main idea is that it is not necessary to consider convex
polyhedra; what is important is that the vertices are in convex position. Additional
assumptions are necessary, but are automatically satisfied for convex polyhedra.

Main result. By a polyhedron we mean a body in R3 bounded by a closed poly-
hedral surface.

Figure 2. Examples of infinitesimally flexible polyhedra:
Jessen’s orthogonal icosahedron [Jessen 1967; Weisstein] and
Schönhardt’s polyhedron [Schönhardt 1928; Wunderlich 1965].
Both examples are weakly convex (Definition 1.3) but not decom-
posable (Definition 1.4).
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Definition 1.3. A polyhedron P ⊂ R3 is called weakly convex if its vertices are in
convex position in R3.

In other words, P is weakly convex if its vertices are the vertices of a strictly
convex polyhedron.

Definition 1.4. A polyhedron P is called decomposable if it can be triangulated
without adding new vertices.

In other words, every simplex of the triangulation must have vertices among
those of P .

Our work was motivated by the following conjecture.

Conjecture 1.5. Every weakly convex decomposable polyhedron is infinitesimally
rigid.

Any infinitesimally flexible polyhedron known to us fails to satisfy one of the as-
sumptions of Conjecture 1.5. Thus, both polyhedra on Figure 2 are weakly convex
but not decomposable. The infinitesimally flexible nonconvex octahedron pictured
in [Gluck 1975] is decomposable but not weakly convex.

The main result of this paper is the proof of a weakening of Conjecture 1.5. We
state it for polyhedra with triangular faces for simplicity, and explain in the next
subsection how it extends to polyhedra with nontriangular faces. To state it, we
need another, simple definition.

Definition 1.6. We call a polyhedron P codecomposable if its complement in
conv P can be triangulated without adding new vertices. We call P weakly co-
decomposable if P is contained in a convex polyhedron Q, such that all vertices of
P are vertices of Q and that the complement of P in Q can be triangulated without
adding new vertices.

Theorem 1.7. Let P be a weakly convex, decomposable, and weakly codecompos-
able polyhedron with triangular faces. Then P is infinitesimally rigid.

Note that P is not required to be homeomorphic to a ball. The hypothesis that
P is weakly codecomposable, however, appears to be quite weak for polyhedra
homeomorphic to a ball. In the appendix we describe a simple example of a poly-
hedron that is not weakly codecomposable, but however is not homeomorphic to a
ball; it’s quite possible that this example can be modified fairly simply to make it
contractible.

It is easy to come up with many examples of polyhedra to which Theorem 1.7
applies. Consider a convex polyhedron Q, and select an edge e of Q adjacent to
two triangular faces f and f ′. Cut out from Q the simplex that has f and f ′ as two
of its faces, and let Q1 be the nonconvex polyhedron obtained. Combinatorially,
Q1 is the same as Q, except that the edge e has been removed and replaced by
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the other diagonal of the quadrilateral made of the two triangular faces adjacent
to e. By construction, Q1 is weakly convex and weakly codecomposable; it is
easy to check that it is decomposable (actually, star-shaped with respect to at least
2 of its vertices). This operation of cutting out a simplex can then be repeated,
to obtain polyhedra Q2, Q3, . . . , which are always weakly convex and weakly
codecomposable. It is not guaranteed, however, that they remain decomposable,
and indeed the Schönhardt polyhedron depicted above shows that they might cease
to be decomposable.

On the other hand, examples of noncodecomposable weakly convex polyhe-
dra homeomorphic to a ball are quite complicated [Aichholzer et al. 2002], so a
counterexample to Conjecture 1.5 would be difficult to construct. On the other
hand, the codecomposability assumption is used in our proof of Theorem 1.7 in a
very essential way. Thus the question whether the codecomposability assumption
may be omitted remains wide open. (However, this assumption does not appear in
[Schlenker 2005].)

There is another, clearly equivalent way to state Theorem 1.7. Let Q be a con-
vex polyhedron, with a triangulation T with no interior vertex (all vertices of the
simplices of T are vertices of Q). Let 6 be a subcomplex of T , homeomorphic
to a closed surface. Then 6, considered as a polyhedral surface, is infinitesimally
rigid. This statement is also, in an obvious way, an extension of the Cauchy–Dehn
rigidity result, Theorem 1.2.

Polyhedra with nontriangular faces. It is well known that to prove the infinites-
imal rigidity of a polyhedron with nontriangular faces, it suffices to prove it is so
after triangulating the faces; see for example [Alexandrov 2005]. In Theorem 1.7
the fact that two triangular faces are coplanar makes no difference, so it basically
extends as is to polyhedra with some nontriangular faces. There is however a
slightly subtle point that should be mentioned.

If a polyhedron P with some nontriangular faces is decomposable, then there
is a triangulation of the faces that is compatible with its triangulation. Similarly,
if P is codecomposable, there is a triangulation of its faces that is compatible
with a decomposition of the complement of P in its convex hull. However, it
is conceivable that P could be decomposable and codecomposable, but such that
there is no triangulation of its nontriangular faces that is compatible both with a
triangulation of P and with a triangulation of the complement of P in its convex
hull. In this case, Theorem 1.7 would not apply to P . We have no example of such
a polyhedron, and do not know whether any such example exists.

From this point on, we only consider polyhedra with triangular faces.

Earlier results. Conjecture 1.5 originated as a question in [Schlenker 2005], where
a related result was proved: If P is a decomposable polyhedron such that there
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exists an ellipsoid that intersects all edges of P but contains none of its vertices,
then P is infinitesimally rigid. The proof relies on hyperbolic geometry, more
precisely the properties of the volume of hyperideal hyperbolic polyhedra.

Connelly and Schlenker [2010] then proved two special cases of the conjecture:
when P is a weakly convex suspension containing its north-south axis, and when
P has only one concave edge, or two concave edges adjacent to a vertex. The proof
for suspensions was based on stress arguments, while the proof of the other result
used a refinement of Cauchy’s argument.

More recently, Schlenker [2009] proved that the conjecture holds when P is star-
shaped with respect to one of its vertices. This implies the two results in [Connelly
and Schlenker 2010]. The proof was based on recent results of [Izmestiev 2008]
concerning convex caps. Schlenker’s result — and therefore the two results of Con-
nelly and Schlenker — are consequences of Theorem 1.7, since it is not difficult
to show that a polyhedron that is star-shaped with respect to one of its vertices is
codecomposable (the proof actually appears as a step in [Schlenker 2009]).

Definitions. Every polyhedron has faces, edges, and vertices. As mentioned above
we only consider polyhedra with triangular faces.

Definition 1.8. A polyhedron P is called infinitesimally rigid if every infinitesimal
flex of its 1-skeleton is trivial.

Definition 1.9. By an infinitesimal flex of a graph in R3, we mean an assignment
of vectors to the vertices of the graph such that the displacements of the vertices
in the assigned directions induce a zero first-order change of the edge lengths:

(pi − p j ) · (qi − q j )= 0 for every edge pi p j ,

where qi is the vector associated to the vertex pi . An infinitesimal flex is called
trivial if it is the restriction of an infinitesimal rigid motion of R3.

Polyhedra with flat vertices. We will need to deal with triangulations of the bound-
aries of polyhedra that contain additional vertices. Infinitesimal flexes and infin-
itesimal rigidity for such triangulated spheres are defined in the same way. Note
that a triangulated sphere may be infinitesimally flexible even if it bounds a convex
polyhedron, see Figure 3.

Definition 1.10. Let S be a triangulation of the boundary of a polyhedron P . A
vertex p of S is called a flat vertex if it lies in the interior of a face of P .

The following statement is an easy generalization of Dehn’s theorem.

Theorem 1.11. Let S be a triangulation of the boundary of a convex polyhedron P.
Then every infinitesimal flex of S is the sum of an infinitesimal rigid motion and of
displacements of flat vertices in the directions orthogonal to their ambient faces.
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Figure 3. Convex triangulated sphere with a flat vertex. Moving
this vertex in the direction orthogonal to the face produces a non-
trivial infinitesimal flex.

The Hilbert–Einstein function. The proof of Theorem 1.7 is based on some strik-
ing properties of the discrete Hilbert–Einstein function, also known in the physics
community as the Regge function [1961]. First we have to define a space of defor-
mations of a triangulated polyhedron.

Definition 1.12. Let T be a triangulation of a polyhedron P , and let e1, . . . , en be
the interior edges of T . We denote by DP,T the space of n-tuples (l1, . . . , ln)∈Rn

>0
such that for every simplex σ of T , replacing the lengths of the edges of σ that are
interior edges of T by the corresponding l j produces a nondegenerate simplex.

For every element l ∈DP,T , there is an associated metric structure on P obtained
by gluing the simplices with changed edge lengths. The resulting metric space is
locally Euclidean except that it has cone singularities along the interior edges of T .
For every i ∈{1, . . . , n}, denote by ωi the total angle around ei and by κi :=2π−ωi

the singular curvature along ei . Let e′1, . . . , e′r be the boundary edges of P; for
every j ∈ {1, . . . , r} denote by α j the dihedral angle of P at e′j , and by l ′j the
length of e′j .

Definition 1.13. The Hilbert–Einstein function on DP,T is given by the formula

S(l) :=
n∑

i=1

liκi +

r∑
j=1

l ′j (π −α j ) .

The Schläfli formula. A key tool in polyhedral geometry, this formula has several
generalizations. The 3-dimensional Euclidean version states simply that, under a
first-order deformation of any Euclidean polyhedron,

(1)
∑

e

ledαe = 0 ,

where the sum is taken over all edges e, with le denoting the length of the edge e,
and αe the dihedral angle at e. This equality is also known as the Regge formula.
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It follows directly from the Schläfli formula that, under any first-order variation
of the lengths of the interior edges of a triangulation T of the polyhedron P — that
is, for any vector tangent to DP,T — the first-order variation of S is simply

(2) dS=

n∑
i=1

κi dli .

Therefore, the Hessian of S equals the Jacobian of the map (li )
n
i=1 7→ (κi )

n
i=1.

Definition 1.14. Let T be a triangulation of a polyhedron P with n interior edges.
Define the n× n matrix MT as

MT =

(
∂ωi

∂l j

)
=−

(
∂2S
∂li∂l j

)
.

The derivatives are taken at the point l ∈DP,T that corresponds to the actual edge
lengths in T .

The arguments in this paper use only MT , and not directly the Hilbert–Einstein
function S. The fact that MT is minus the Hessian of S does imply, however, that
MT is symmetric.

The matrix MT is directly related to the infinitesimal rigidity of P , an idea
that, in the smooth rather than the polyhedral context, goes back to Blaschke and
Herglotz.1

Lemma 1.15. Let T be a triangulation of a polyhedron P without interior vertices.
Then P is infinitesimally rigid if and only if MT is nondegenerate.

The proof can be found in [Bobenko and Izmestiev 2008; Schlenker 2009] and
is based on the observation that an isometric deformation of P induces a first-order
variation of the interior edge lengths but a zero variation of the angles around them.

The second-order behavior of S. The following is the key technical statement of
the paper.

Theorem 1.16. Let P be a convex polyhedron, and let T be a triangulation of P
with Vert(T )= Vert(P). Then MT is positive definite.

Theorem 1.16 is actually a special case of the following theorem that describes
the signature of MT for T any triangulation of P .

Theorem 1.17. Let P be a convex polyhedron, and let T be a triangulation of
P with m interior and k flat vertices. Then the dimension of the kernel of MT is
3m+ k, and MT has m negative eigenvalues.

1Blaschke and Herglotz suggested that the critical points of the Hilbert–Einstein function on a
manifold with boundary (in the smooth case), with fixed boundary metric, correspond to Einstein
metrics, that is, to constant curvature metrics in dimension 3. The analog of MT in this context is the
Hessian of the Hilbert–Einstein function.
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From Theorem 1.16 to Theorem 1.7. Let P be a polyhedron satisfies the assump-
tions of Theorem 1.7. Since P is decomposable and weakly codecomposable, there
exists a convex polyhedron Q such that all vertices of P are vertices of Q, and a
triangulation T of Q that contains a triangulation T of P and whose vertices are
only the vertices of Q. It is easy to see that the matrix MT is then a principal minor
of the matrix MT . By Theorem 1.16, MT is positive definite; thus so is MT . In
particular, MT is nondegenerate. Lemma 1.15 implies that the polyhedron P is
infinitesimally rigid.

Since Theorem 1.16 is a special case of Theorem 1.17, the rest of this paper
deals with proving Theorem 1.17.

Plan 1.18 (for proving Theorem 1.17). The proof is based on a standard procedure.
To show that the matrix MT has the desired property for every triangulation T , we
prove three points:

• any two triangulations can be connected by a sequence of moves;

• the moves don’t affect the desired property;

• the property holds for a special triangulation.

These points are dealt with in the given order in the next three sections.

2. Connectedness of the set of triangulations

Moves on simplicial complexes are well studied; see [Lickorish 1999] for an over-
view. Several theorems state that any two triangulations of a given manifold can
be connected by certain kinds of simplicial moves. However, we are in a different
situation here, since we deal with triangulations of a fixed geometric object. Taking
a closer look, one sees that a simplicial move is defined as a geometric move
preceded and followed by a simplicial isomorphism. Performing an isomorphism
is the possibility that is missing in our case.

To emphasize the difference between the combinatorial and the geometric sit-
uation, let us cite a negative result concerning geometric moves. Santos [2005]
exhibited two triangulations with the same set of vertices in R5 that cannot be
connected via 2↔ 5 and 3↔ 4 bistellar moves. For an overview on geometric
bistellar moves, see [Santos 2006].

Geometric stellar moves: the Morelli–Włodarczyk theorem. Morelli [1996] and
Włodarczyk [1997] obtained a positive result on geometric simplicial moves. As
a crucial step in the proof of the weak Oda conjecture, they showed that any two
triangulations of a convex polyhedron can be connected by a sequence of geometric
stellar moves.
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Figure 4. Interior stellar moves in dimension 3.

Definition 2.1. Let p be an interior point of a simplex σ ⊂ Rn . The starring of σ
at p is an operation that replaces σ by the cone with the apex p over the boundary
of σ .

Let T be a triangulation of a subset of Rn , let σ be a simplex of T , and let p be
a point in the relative interior of σ . The operation of starring of T at p consists
of replacing the star st σ of σ by the cone with apex p over the boundary of st σ .
The operation inverse to starring is called welding.

Starrings and weldings are called stellar moves.

See Figures 4 and 5 for stellar moves in dimension 3. Figure 4 depicts starrings
and weldings at interior points of T , while Figure 5 shows starrings and weldings
at boundary points. In the case of a boundary point our definition is not completely
correct: A starring replaces st σ by the cone over ∂ st σ \ ∂T .

Theorem 2.2 [Morelli 1996; Włodarczyk 1997]. Any two triangulations of a con-
vex polyhedron P⊂Rn can be connected by a sequence of geometric stellar moves.

We outline of Morelli’s proof using more elementary language and tools.

Outline of the proof. Let T and T ′ be two triangulations of P . A triangulation 6
of P × [0, 1] with 6P×{1} = T and 6|P×{0} = T ′ is called a simplicial cobordism
between T and T ′.

Definition 2.3. Let pr denote the orthogonal projection P×[0, 1]→ P . A simplex
σ ∈6 is called a circuit if dim pr(σ ) < dim σ and σ is inclusion minimal with this
property.
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Figure 5. Boundary stellar moves in dimension 3.

Clearly, the stars of the circuits are simplicial balls with no vertical faces and
6 =

⋃
circuits σ st σ with disjoint interiors.

Definition 2.4. We call a simplicial cobordism 6 collapsible if there is a sequence
of triangulations 6 =60, 61, . . . , 6N =6P×{0} such that

• 6i+1 =6i \ st σi for a circuit σi ;

• the upper boundary of 6i projects one-to-one on P for every i .

In other words, 6 is collapsible if it can be “dismantled with a crane”.

Lemma 2.5. The triangulation pr(∂+6i+1) can be obtained from pr(∂+6i ) by a
starring with a subsequent welding. Here ∂+ denotes the upper boundary.

Proof. For every circuit σ , the transformation pr(∂+σ) pr(∂−σ) is a bistellar
move and can be realized by a starring and a welding. These extend to a starring
and a welding in st σ . �

Thus, a collapsible simplicial cobordism between two triangulations gives rise
to a sequence of stellar moves joining the triangulations.

Definition 2.6. We call a triangulation6 coherent if there is a function h : |6|→R

that is piecewise linear with respect to6 and strictly convex across every facet of6.
(Here |6| =

⋃
σ∈6 σ is the support of 6.)

The barycentric subdivision of any convex polytope Q is coherent — one can
choose values of h at the barycenters of faces of Q consecutively, along with
increasing dimension. Each time the value must be sufficiently large.
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Lemma 2.7. A coherent simplicial cobordism is collapsible.

Proof. Let σ and σ ′ be two circuits of 6 such that some point of st σ lies directly
above a point of st σ ′. It follows that ∂h/∂xn+1|σ > ∂h/∂xn+1|σ ′ , where ∂/∂xn+1

denotes the derivative in the vertical direction. Thus the stars of the circuits can be
lifted up in nondecreasing order of the vertical derivative of h on the circuits. �

To prove the theorem, we construct a coherent cobordism between stellar sub-
divisions of T and T ′. (By a stellar subdivision, we mean the result of a sequence
of starrings.)

Lemma 2.8. Let 6 and 6′ be two triangulations with the same support. Then 6
can be stellarly subdivided to a triangulation 6′′ that refines 6′.

The reader can find a proof of this classical statement in [Glaser 1970].

Lemma 2.9. Let 6 be an arbitrary triangulation of a convex polytope. Then 6
can be stellarly subdivided to a coherent triangulation.

Proof. By Lemma 2.8, the barycentric triangulation of the convex polytope |6|
can be stellarly subdivided to a triangulation 6′ that refines 6. But the barycentric
subdivision of any polytope is coherent. Since starring a coherent triangulation
produces a coherent triangulation, 6′ is coherent.

Again by Lemma 2.8, the triangulation 6 can be stellarly subdivided to a trian-
gulation 6′′ that refines 6′. We claim that 6′′ is coherent.

Let us show that there exists a function s ′′ : |6| → R that is piecewise linear
with respect to6′′ and strictly convex across all facets of6′′ that are not contained
in the codimension 1 skeleton of 6. We construct s ′′ by induction on the number
of stellar subdivisions that transform 6 to 6′′. As the induction base, we take
the zero function. When a stellar subdivision is done, we redefine the function at
the center of the subdivision by increasing it a little. Then we get strict convexity
across appearing facets and don’t destroy convexity where it already takes place.
Note that s ′′ can be concave across facets of 6′′ that are contained in facets of 6.

Now, since6′ is coherent, there exists a function h′ piecewise linear and strictly
convex with respect to 6′. Since 6′ refines 6, the function h′ is strictly convex
across the codimension 1 skeleton of 6. Therefore the function h′′ = h′ + εs ′′ is
strictly convex on 6′′ for a sufficiently small positive ε. �

Outline of the proof of Theorem 2.2. Applying Lemma 2.9 to an arbitrary simplicial
cobordism6 between T and T ′, we get a coherent simplicial cobordism6′′. Since
6′′|P×1 and 6′′|P×0 are stellar subdivisions of T and T ′ respectively, this yields a
sequence of stellar moves connecting T and T ′.

An alternative way to derive Theorem 2.2 from Lemma 2.9 was suggested to us
by Francisco Santos and is as follows. By Lemma 2.9, the triangulations T and T ′

can be stellarly subdivided to coherent triangulations S and S′, respectively. Let
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h : P × {1} → R and h′ : P × {0} → R be corresponding convex piecewise linear
functions. Then their lower envelope h̃ : P × [0, 1] is a convex function whose
linearity domains determine a polyhedral subdivision of P × [0, 1]. If h and h′

are in general position, then this subdivision is a coherent triangulation, and thus
a collapsible simplicial cobordism between T and T ′. �

Realizing interior stellar moves by bistellar moves. To simplify our task in the
next section, we show that instead of interior stellar moves one can use bistellar or
Pachner moves and continuous displacements of the vertices of the triangulation.

Definition 2.10. Let T be a triangulation of a subset of R3.

• Let σ be a 3-dimensional simplex of T . A 1→ 4 Pachner move replaces σ
by four smaller simplices sharing a vertex that is an interior point of σ .

• Let σ and τ be two 3-simplices of T such that the union σ ∪ τ is a strictly
convex bipyramid. A 2→3 Pachner move replaces σ and τ by three simplices
sharing the edge that joins the opposite vertices of σ and τ .

• A 3→ 2 Pachner move is the inverse of a 2→ 3 Pachner move.

• A 4→ 1 Pachner move is the inverse of a 1→ 4 Pachner move.

The Pachner moves are depicted on Figure 6.

Lemma 2.11. Any two triangulations of a convex polyhedron P can be connected
by a sequence of Pachner moves, boundary stellar moves and continuous displace-
ments of the interior vertices.

Figure 6. The 1↔ 4 and 2↔ 3 Pachner moves.
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Proof. By Theorem 2.2, it suffices to show that every interior stellar move can be
realized as a sequence of Pachner moves and vertex displacements. Since Pachner
moves are invertible, we realize only interior starrings.

The starring in a 3-simplex is a 1→ 4 Pachner move.
Consider the starring in a triangle (middle of Figure 4). Denote the vertices of

the triangle to be starred by 1, 2, 3, and the two remaining vertices by a and b.
Perform a 1→ 4 move on the tetrahedron a123 and denote the new vertex by p.
Then perform a 2→ 3 move on the tetrahedra p123 and b123. Finally move the
vertex p so that it lies in the triangle 123.

To realize a starring of an edge, we also first perform a sequence of Pachner
moves to obtain a triangulation combinatorially equivalent to the starring, and then
move the new vertex. Denote by a and b the vertices of the edge to be starred,
and denote the vertices in the link of the edge ab by 1, 2, . . . , n in the cyclic order.
Perform a 1 → 4 move on the tetrahedron ab1n. The new vertex p should be
chosen so that the plane of the triangle abp does not pass through any other vertex.
Let (k, k + 1) be the edge intersected by this plane. Perform a 2→ 3 move on
the tetrahedra ab1p and ab12, then a 2→ 3 move on the tetrahedra ab2p and
ab23, and so on. This sequence finishes with a 2→ 3 move on ab(k − 1)p and
ab(k− 1)k. After that apply a similar sequence of 2→ 3 moves on the other side
starting with the tetrahedra abnp and abn(n − 1) and finishing with ab(k + 2)p
and ab(k + 2)(k + 1). Finally perform a 3→ 2 move over the tetrahedra abpk,
abp(k + 1) and abk(k + 1). It remains to move the vertex p so that it lies on the
edge ab. �

3. The effect of the elementary moves on the signature of MT

In this section we realize the second point of Plan 1.18. Namely, we show that
if Theorem 1.17 holds for some triangulation T , then it holds for a triangulation
T ′ that is obtained from T by an elementary move. An elementary move is either
a Pachner move or a boundary stellar move or a continuous displacement of the
interior vertices of T .

The rank of the matrix MT . Here we prove a part of Theorem 1.17:

Lemma 3.1. The corank of the matrix MT equals 3m + k, with m the number of
interior vertices and k the number of flat boundary vertices in the triangulation T :

dim ker MT = 3m+ k.

Proof. If m>0 or k>0, then it is easy to find a whole bunch of vectors in the kernel
of MT . Any continuous displacement of the interior vertices of T changes the
lengths of the interior edges, but doesn’t change the angles around them, which stay
equal to 2π . Similarly, moving a flat boundary vertex in the direction orthogonal to
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its ambient face doesn’t change any of the angles ωi . It does change the lengths of
the boundary edges incident to this vertex, but only in the second order. It follows
that the variations of interior edge lengths induced by the orthogonal displacement
of a flat boundary vertex belong to the kernel of MT .

Being formal, let Q : V(T )→ R3 be an assignment to every vertex pi of T of
a vector qi such that

(1) qi = 0 if pi is a nonflat boundary vertex of T ;

(2) qi ⊥ Fi if pi is a flat boundary vertex lying in the face Fi of P .

For every edge i j of T put

`
Q
i j =

pi − p j

‖pi − p j‖
· (qi − q j ).

It is easy to see that this formula gives the infinitesimal change of `i j that results
from the infinitesimal displacements of the vertices pi , p j by the vectors qi , q j .
By the previous paragraph, `Q

i j ∈ ker MT .
Let us show that the span of the vectors `Q has dimension 3m+k. The correspon-

dence between Q and `Q is linear, and the space of assignments Q with properties
(1) and (2) has dimension 3m+k, so it suffices to show that `Q

= 0 implies Q= 0.
Indeed, `Q

= 0 means that Q is an infinitesimal flex of the 1-skeleton of T ; see
Definition 1.9. But T is infinitesimally rigid, since every simplex is. Thus `Q

= 0
implies that Q is trivial. Since qi = 0 on the vertices of P , we have Q = 0.

It remains to show that any vector ˙̀ ∈ ker MT has the form `Q for some Q. Let
p1 p2 p3 be a triangle of T . Choose q1, q2, and q3 arbitrarily. Let p4 be a vertex such
that there is a simplex p1 p2 p3 p4 in T . The values of ˙̀i4 for i = 1, 2, 3 determine
uniquely a vector q4 such that ˙̀i4 = `

Q
i4 for i = 1, 2, 3. If i j is a boundary edge

of T , we put ˙̀i j = 0. Similarly, we define q5 for the vertex p5 of a simplex that
shares a face with p1 p2 p3 p4. Proceeding in this manner, we can assign a vector qi

to every vertex pi if we show that this is well-defined (we extend our assignment
along paths in the dual graph of T , and it needs to be shown that the extension does
not depend on the choice of a path). It is not hard to see that this is ensured by the
property MT ˙̀ = 0. Thus we have constructed an assignment Q :V(T )→R3 such
that ˙̀ = `Q . Since ˙̀i j = 0 for every boundary edge i j of T , the vectors (qi )|pi∈∂P

define an infinitesimal flex of the boundary of P . Due to Theorem 1.11, Q satisfies
properties (1) and (2) above, after subtracting an infinitesimal motion. Thus the
kernel of MT consists of the vectors of the form `Q . �

Corollary 3.2. Let T be a triangulation of a convex polyhedron P. Consider a
continuous displacement of the vertices of T such that no simplex of the triangula-
tion degenerates, the underlying space of T remains a convex polyhedron, all flat



RIGIDITY OF POLYHEDRA WITH VERTICES IN CONVEX POSITION 185

boundary vertices remain flat, and nonflat remain nonflat. Then the signature of
the matrix MT does not change during this deformation.

Proof. Due to Lemma 3.1, the rank of MT does not change during the deformation.
Hence no eigenvalue changes its sign. �

The effect of the Pachner moves.

Lemma 3.3. Let P be a convex polyhedron, and let T and T ′ be two triangulations
of P such that T ′ is obtained from T by a 2→ 3 Pachner move. Then the statement
of Theorem 1.17 applies to T if and only if it applies to T ′.

Proof. Since triangulations T and T ′ have the same number of interior and flat
boundary vertices, the matrices MT and MT ′ have the same corank by Lemma 3.1.
It remains to show that MT and MT ′ have the same number of negative eigenvalues.

Matrices MT and MT ′ define symmetric bilinear forms (that are denoted by the
same letters) on the spaces REint(T ) and REint(T ′), respectively. Here Eint(T ) denotes
the set of interior edges of the triangulation T . Note that Eint(T ′)= Eint(T )∪{e0},
where e0 is the vertical edge on the lower right of Figure 6. Extend MT to a
symmetric bilinear form on REint(T ′) by augmenting the matrix MT with a zero row
and a zero column, and put 8= MT ′ −MT . By Definition 1.14, we have

8=

(
∂(ω′i −ωi )

∂` j

)
i, j∈Eint(T ′)

,

where we put ∂ω0/∂` j = 0 for all j .
Denote those edges on the upper right of Figure 6 that are interior edges of T by

e1, . . . , es . Note that ωi =ω
′

i as functions of the edge lengths for all i /∈ {0, . . . , s}.
Thus, the matrix 8 reduces to an (s+1)× (s+1) matrix with rows corresponding
to the edges e0, . . . , es .

We claim that the matrix 8 is positive semidefinite of rank 1. To construct
a vector in the kernel of 8, note that during any continuous deformation of the
bipyramid on Figure 6 we haveωi =ω

′

i as functions of edge lengths for i=1, . . . , s,
while ω′0 is identically 2π . Thus if we choose ˙̀1, . . . , ˙̀s arbitrarily and define ˙̀0 as
the infinitesimal change of the length of e0 under the corresponding infinitesimal
deformation of the bipyramid, then we have 8 ˙̀ = 0. Therefore rank8 ≤ 1. The
infinitesimal rigidity of the bipyramid implies ∂ω′0/∂`0 6= 0; thus rank8 = 1.
Since the space of convex bipyramids is connected, it suffices to prove the positive
semidefiniteness of 8 in some special case. In the case when all edges of the
bipyramid have equal length, one can easily see that ∂ω′0/∂`0 > 0, which implies
the positivity of the unique eigenvalue of 8.

The equation

rank MT ′ = rank MT + 1= rank MT + rank8
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implies that ker MT and ker8 intersect transversally and ker MT ′=ker MT∩ker8.
Therefore

rank(MT + t8)= rank MT + 1 for all t 6= 0.

The Courant minimax principle [Courant and Hilbert 1953, Chapter I, Section 4]
implies that the eigenvalues of MT + ε8 are larger than or equal to the corre-
sponding eigenvalues of MT . It follows that when MT is deformed into MT ′ via
{MT + t8}t∈[0,1], exactly one of the zero eigenvalues of MT becomes positive, and
all of the nonzero eigenvalues preserve their sign. Thus MT ′ has the same number
of negative eigenvalues as MT and the lemma is proved. �

Lemma 3.4. Let P be a convex polyhedron, and let T and T ′ be two triangulations
of P such that T ′ is obtained from T by a 1→ 4 Pachner move. Then the statement
of Theorem 1.17 applies to T if and only if it applies to T ′.

Proof. The same arguments as in the proof of Lemma 3.3 work. The triangulation
T ′ has one interior vertex more that the triangulation T and four interior edges
more than T . By Lemma 3.1, we have rank MT ′ = rank MT + 1, and we have to
prove that MT ′ has the same number of positive eigenvalues as MT and one negative
eigenvalue more. For this it suffices to show that the quadratic form8=MT ′−MT

is negative semidefinite of rank 1. In the same way as in the proof of Lemma 3.3,
one shows that rank8 ≤ 1. After that, it suffices to show that the restriction of
8 to the space spanned by the variations of lengths of the four interior edges on
the lower left of Figure 6 is nontrivial and negative semidefinite. The nontriviality
follows from the infinitesimal rigidity of the simplex, and it suffices to check the
negative semidefiniteness in some convenient special case. �

The effect of the boundary stellar moves.

Lemma 3.5. Let P be a convex polyhedron, and let T and T ′ be two triangulations
of P such that T ′ is obtained from T by the starring of a boundary 2-simplex. Then
the statement of Theorem 1.17 applies to T if and only if it applies to T ′.

Proof. We have rank MT ′ = rank MT and need to show that MT ′ has the same
signature as MT . This is true because in fact MT ′ = MT — more precisely, MT ′

is obtained from MT by adding a column and a row, each with all elements equal
to zero. This can be shown using the explicit formulas for ∂ωi/∂` j and ∂ω′i/∂` j

from [Bobenko and Izmestiev 2008, Section 3.1] and [Korepanov 2000]. �

Lemma 3.6. Let P be a convex polyhedron, and let T and T ′ be two triangulations
of P such that T ′ is obtained from T by the starring of a boundary 1-simplex. Then
the statement of Theorem 1.17 applies to T if and only if it applies to T ′.
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Proof. The strategy is the same as in the proofs of Lemmas 3.3 and 3.4. Put
8= MT ′ −MT and note that by Lemma 3.1

(3) rank MT ′ = rank MT + i,

where i is one less than the number of simplices incident to the starred edge (for
example, i = 2 in the right column of Figure 5). As in the proof of Lemma 3.3,
one shows that rank8 ≤ i . Then (3) implies rank8 = i . Since we aim to show
that MT ′ has the same number of negative eigenvalues as MT , it suffices to show
that 8 is positively semidefinite.

Let 9 be the i × i principal minor of 8 formed by the rows and columns that
correspond to the interior edges of the triangulation on the lower right of Figure
5. We claim that 9 is positively definite, which implies the nonnegativity of 8.
The proof is by continuity argument as in Lemma 3.3. To prove the nondegeneracy
of 9, it suffices to show that the framework of the boundary edges on the lower
right of Figure 5 is infinitesimally rigid. The framework on the upper right of
Figure 5 is infinitesimally rigid, since it is formed by skeleta of 3-simplices that
are rigid. This implies the infinitesimal rigidity of the boundary framework on the
lower right (an easy exercise in applying the definition of an infinitesimal flex).
Now consider a deformation of the triangulation on the upper right that makes the
underlying polyhedron convex. This deformation can be extended to a deformation
of the triangulation on the lower right. Since the matrix 9 remains nondegenerate
during the deformation, its signature is preserved. After the polyhedron is made
convex, push the starring vertex off the starred edge so that the vertices of the
triangulation are in the convex position. This also preserves the signature of 9. In
the final position, 9 is positive due to Theorem 4.1. �

4. Investigating MT for a special triangulation T .

Let P be a convex polyhedron. Let S be a triangulation of ∂P such that Vert(S)=
Vert(P), and let p be a vertex of P . Consider the triangulation T consisting of
simplices with a common vertex p and opposite faces the triangles of S disjoint
from p.

Theorem 4.1. The matrix MT is positive definite.

Proof. Formally, this is a special case of [Schlenker 2009, Theorem 1.5] that claims
that MT is positive if P is weakly convex and star-shaped with respect to the
vertex p. The proof uses the positivity of the corresponding matrix for convex
caps [Izmestiev 2008, Lemma 6 and Theorem 5] and the projective invariance of
infinitesimal rigidity [Schlenker 2009, Section 5]. �

Theorem 4.1 accomplishes the plan outlined in Plan 1.18. Theorem 1.17 is
proved, and therewith Theorem 1.7.
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Figure 7. The twisted octahedron.

Appendix: A polyhedron that is not weakly codecomposable

Definition A.1. Let θ ∈ (−2π/3, 2π/3). The twisted octahedron Octθ of Figure 7
is the polyhedron with vertices A, B,C, A′, B ′,C ′ of coordinates respectively

(1, 0, 1), (cos(2π/3), sin(2π/3), 1),

(cos(4π/3), sin(4π/3), 1), (cos(−π + θ), sin(−π + θ),−1),

(cos(−π/3+ θ), sin(−π/3+ θ),−1), (cos(π/3+ θ), sin(π/3+ θ),−1).

The edges are the segments joining A to B ′ and C ′, B to A′ and C ′, C to A′ and
B ′, and the faces are the triangles (ABC), (A′B ′C ′), (AB ′C ′), (A′BC ′), (A′B ′C),
(ABC ′), (AB ′C), (A′BC).

Note that Oct±π/2 is a Schönhardt polyhedron; see Figure 2, right.

Proposition A.2. Octθ is embedded for all θ ∈ (−2π/3, 2π/3).

For θ ∈ (−2π/3, 2π/3), we call At(θ) the area of the intersection of Octθ with
the horizontal plane {z = t}.

Proposition A.3. limθ→2π/3 A0(θ)= 0.

Let K be a large enough convex polygon in the plane Oxy (it suffices to require
that the interior of K contains the disk x2

+ y2
≤ 1). Consider the polyhedron

Pθ = conv(A, B,C, A′, B ′,C ′, K ) \Octθ homeomorphic to a solid torus.

Lemma A.4. For θ close enough to 2π/3, Pθ is not weakly codecomposable.

Proof. Suppose that Pθ is weakly codecomposable. Then there exists a convex
polyhedron Qθ⊃ Pθ such that Qθ\Pθ can be triangulated without an interior vertex.
Let S1, . . . , Sn be the simplices in this triangulation that intersect Octθ ∩(Oxy).
For each i ∈ {1, . . . , n}, let ai (t) be the area of the intersection of Si with the
horizontal plane {z = t}.

Each of the Si can have either:
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• Two vertices with z ≥ 1 and two vertices with z ≤−1. Then the restriction of
ai to (−1, 1) is a concave quadratic function, so that 2ai (0)≥ ai (−1)+ai (1).

• One vertex with z ≥ 1 and three vertices with z ≤−1. Then ai is of the form
ai (t)= ci (t+bi )

2 with bi ≥ 1. It easily implies that 4ai (0)≥ ai (−1)+ai (1).

• One vertex with z ≤ −1 and three vertices with z ≥ 1. The same argument
then shows the same result.

So 4ai (0) ≥ ai (−1)+ ai (1) for all i and the union of the Si contains Octθ . It
follows that 4A0(θ)≥ A−1(θ)+A1(θ). But A1(θ) and A−1(θ) are equal to the area
of an equilateral triangle of fixed side length, while A0(θ) goes to 0 as θ→ 2π/3.
This is a contradiction, and the claim follows. �
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ROBUST FOUR-MANIFOLDS AND ROBUST EMBEDDINGS

VYACHESLAV S. KRUSHKAL

A link in the 3-sphere is homotopically trivial, according to Milnor, if its
components bound disjoint maps of disks in the 4-ball. This paper is con-
cerned with the question of what spaces, when used in place of disks in
an analogous definition, give rise to the same class of homotopically trivial
links. We show that there are 4-manifolds for which this property depends
on their embedding in the 4-ball. This work is motivated by the A-B slice
problem, a reformulation of the 4-dimensional topological surgery conjec-
ture. As a corollary, this provides a new, secondary obstruction in the A-B
slice problem for a certain class of decompositions of D4.

1. Introduction

The classification of knots and links up to concordance, in both the smooth and
topological categories, is an important and difficult problem in 4-dimensional topol-
ogy. Recall that two links in the 3-sphere are concordant if they bound disjoint em-
beddings of (smooth or locally flat, depending on the category) annuli in S3

×[0, 1].
Milnor [1954] introduced the notion of link homotopy, often referred to as the
“theory of links modulo knots”, which turned out to be much more tractable. In
particular, there is an elegant characterization of homotopically trivial links using
the Milnor group, a certain rather natural nilpotent quotient of the fundamental
group of the link. Two links are link homotopic if they bound disjoint maps of
annuli in S3

× [0, 1], so the annuli are disjoint from each other, but (unlike the
definition of concordance) they are allowed to have self-intersections. (Strictly
speaking, this defines the notion of a singular concordance of links; however, it is
known [Giffen 1979; Goldsmith 1979] to be equivalent to Milnor’s original notion
[Milnor 1954] of link homotopy.)

The subject of link homotopy brings together 4-dimensional geometric topology
and the classical techniques of nilpotent group theory. An area where both ap-
proaches are important, and which is a motivation for the results in this paper, is the
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A-B slice problem, a reformulation of the topological 4-dimensional surgery con-
jecture [Freedman and Lin 1989; Freedman and Quinn 1990]. Roughly speaking,
this paper is concerned with the problem of characterizing spaces (in interesting
cases, 4-manifolds with a specified curve in the boundary) which, when used in
place of disks in a definition analogous to Milnor’s, give rise to the same class of
homotopically trivial links.

A specific question about the A-B slice problem, and related to link-homotopy
theory, is the following: Suppose M is a codimension-zero submanifold of the 4-
ball, i : M ↪→ D4, with a specified curve γ ⊂ ∂M forming a knot in the 3-sphere:
i(γ) ⊂ S3

= ∂D4. Given such a pair (M, γ), does there exist a homotopically
essential link

(
i1(γ), . . . , in(γ)

)
in the 3-sphere, formed by disjoint embeddings

i1, . . . , in of (M, γ) into (D4, S3)? If the answer is negative, the pair (M, γ) is
called robust. The analysis of this problem is substantially more involved than the
classical link homotopy case where one considers disks with self-intersections: in
general the 1- and 2-handles of 4-manifolds embedded in D4 may link, and the
relations in the fundamental group of the complement do not have the “standard”
form implied by the Clifford tori in Milnor’s theory.

The main result of this paper is the existence of 4-manifolds for which this
property depends on their embedding in the 4-ball:

Theorem 1. There exist submanifolds i : (M, γ) ↪→ (D4, S3) such that

(i) there are disjoint embeddings of copies (Mi , γi ) of (M, γ) into (D4, S3) form-
ing a homotopically essential link (γ1, . . . , γn) in the 3-sphere, and

(ii) given any disjoint embeddings of (M, γ) into (D4, S3), each one isotopic
to the original embedding i , the link (γ1, . . . , γn) formed by their attaching
curves in the 3-sphere is homotopically trivial.

In the A-B slice problem, one considers decompositions of the 4-ball, D4
=

A ∪ B, where the specified curves α, β of the two parts form the Hopf link in
S3
= ∂D4 (see [Freedman and Lin 1989; Krushkal 2008], and Section 2 below).

It is shown in [Krushkal 2008] that there exist decompositions where neither of
the two sides is robust. This result left open the question of whether, in fact, these
decompositions may be used to solve the general 4-dimensional topological surgery
conjecture.

This paper provides a detailed analysis of the construction in [Krushkal 2008].
The proof of Theorem 1 shows that, in this case, one of the two parts of the decom-
position is robust provided that the re-embeddings forming the link (γ1, . . . , γn) are
topologically equivalent to the original embedding into the 4-ball. This provides a
new obstruction in the A-B slice problem for this class of decompositions of the
4-ball, exhibiting a new phenomenon where the obstruction depends not just on the
submanifold but also on its specific embedding into D4. In particular, this shows
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that the construction in [Krushkal 2008] does not satisfy the equivariance condition
which is necessary for solving the canonical 4-dimensional surgery problems. An
important open question is whether, given any decomposition D4

= A ∪ B, the
conclusion (ii) of Theorem 1 holds for either A or B.

The main tool in the proof of part (ii) is the Milnor group, in the context of
the relative-slice problem. This context is substantially different from Milnor’s
original work, since we use it to analyze embeddings of more general submanifolds
in the 4-ball. The topology of these spaces is richer than the setting of disks with
self-intersections in the 4-ball, considered in classical link homotopy. To find an
obstruction, one has to consider in detail the structure of the graded Lie algebra
associated to the lower central series of the link group. The strategy of the proof
should be useful for further study of the A-B slice problem.

Section 2 gives a detailed definition of robust 4-manifolds and robust embed-
dings, and discusses its relation with the A-B slice problem. The construction
[Krushkal 2008] of the submanifolds, used in the proof of Theorem 1, is recalled
in Section 3. In Section 4, we review the Milnor group in the 4-dimensional setting
and complete the proof of Theorem 1.

2. Robust 4-manifolds and the A-B slice problem

This section states the definition of robust 4-manifolds and robust embeddings,
notions which provide a convenient setting for the results of this paper and are
important for the A-B slice problem. Let M be a 4-manifold with a specified
curve γ in its boundary. Let i : M ↪→ D4 be an embedding into the 4-ball with
i(γ)⊂ S3

= ∂D4.

Definition 2.1. The pair (M, γ) is called robust if, given any n ≥ 2 and disjoint
embeddings i1, . . . , in of (M, γ) into (D4, S3), the link formed by the curves
i1(γ), . . . , in(γ) in the 3-sphere is homotopically trivial.

An embedding i : (M, γ) ↪→ (D4, S3) is robust if, given any n ≥ 2 and dis-
joint embeddings i1, . . . , in of (M, γ) into (D4, S3), each isotopic to the original
embedding i , the link formed by the curves i1(γ), . . . , in(γ) in the 3-sphere is
homotopically trivial. (In this case, we say that the re-embeddings are standard.)

In these terms, Theorem 1 states that there exist pairs (M, γ) that are not robust
but admit robust embeddings; these are the first examples of this phenomenon.

It follows easily from the definition that the 2-handle (D2
×D2, {0}×∂D2), and

more generally any kinky handle (a regular neighborhood in the 4-ball of a disk
with self-intersections) is robust.

It is not difficult to give further examples: it follows from the link composition
lemma [Freedman and Lin 1989; Krushkal and Teichner 1997] that the 4-manifold
(B0, β) in Figure 1, obtained from the collar β×D2

×[0, 1] by attaching 2-handles
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to the Bing double of the core of the solid torus, is robust. This example illustrates
the important point that the disjoint copies i j (M) in the definition above are em-
bedded: it is easy to see that, if the 2-handles H1, H2 in Figure 1 were allowed to
intersect, this 4-manifold may be mapped to the collar on its attaching curve, and
therefore there exist disjoint singular maps of copies of this manifold such that
their attaching curves {γi } form a homotopically essential link in the 3-sphere.

The complement in D4 of the standard embedding of the 4-manifold in Figure 1
is the 4-manifold A= (genus-one surface with one boundary component α)×D2.
It is easy to see that (A, α) is not robust: for example, the Borromean rings form a
homotopically essential link bounding disjoint standard genus-one surfaces in the
4-ball.

To review the relation of these results to the 4-dimensional topological surgery
conjecture, recall the definition of an A-B slice link (see [Freedman and Lin 1989;
Krushkal 2008] for a more detailed discussion.)

Definition 2.2. A decomposition of D4 is a pair of compact codimension-zero sub-
manifolds with boundary A, B ⊂ D4, satisfying conditions (1)–(3) below, where

∂+A = ∂A∩∂D4, ∂+B = ∂B∩∂D4, ∂−A = ∂A\∂+A, ∂−B = ∂B \∂+B.

(1) A∪ B = D4.

(2) A∩ B = ∂−A = ∂−B.

(3) S3
= ∂+A ∪ ∂+B is the standard genus-one Heegaard decomposition of S3.

Given an n-component link L = (l1, . . . , ln)⊂ S3, let D(L)= (l1, l ′1, . . . , ln, l ′n)
denote the 2n-component link obtained by adding an untwisted parallel copy L ′

to L . The link L is A-B slice if there exist decompositions (Ai , Bi ), i = 1, . . . , n,
of D4, and self-homeomorphisms ϕi , ψi of D4, for i = 1, . . . , n, such that all sets
in the collection ϕ1 A1, . . . , ϕn An, ψ1 B1, . . . , ψn Bn are disjoint, and the following
boundary data is satisfied: ϕi (∂

+Ai ) is a tubular neighborhood of li and ψi (∂
+Bi )

is a tubular neighborhood of l ′i , for each i .

The surgery conjecture is equivalent to the statement that the Borromean rings,
and a certain family of their generalizations, are A-B slice. In [Krushkal 2008],
we constructed a decomposition D4

= A∪ B and disjoint embeddings Ai , Bi into
D4 so that the attaching curves {αi } of the Ai formed the Borromean rings (or,
more generally, any given link with trivial linking numbers) and the curves {βi }

formed an untwisted parallel copy. The validity of one of the conditions necessary
for solving the canonical surgery problems was unknown at the time of that con-
struction, namely the equivariance (the existence of the homeomorphisms ϕi , ψi );
phrased differently, it was not known whether there exist disjoint re-embeddings
of the submanifolds A, B which are standard. It follows from Theorem 1 that
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standard disjoint embeddings for these decompositions do not exist. Therefore, an
open question (important in the search for an obstruction to surgery in the context
of the A-B slice problem) is: Given any decomposition D4

= A∪ B, is one of the
two embeddings A ↪→ D4, B ↪→ D4 necessarily robust?

3. Construction of the submanifolds

This section reviews the construction [Krushkal 2008] of the submanifolds of D4,
which will be used in the proof of Theorem 1 in Section 4. The construction
consists of a series of modifications of the handle structures, starting with a standard
surface and its complement in the 4-ball. Consider the genus-one surface S with
a single boundary component α, and set A0 = S × D2. Consider the standard
embedding (S, α)⊂ (D4, S3) (take an embedding of the surface in S3, push it into
the 4-ball and take a regular neighborhood). Then, A0 is identified with a regular
neighborhood of S in D4. The complement B0 of A0 in the 4-ball is obtained from
the collar on its attaching curve, S1

× D2
× I , by attaching a pair of zero-framed

2-handles to the Bing double of the core of the solid torus S1
× D2

× {1}, as in
Figure 1. (See for example [Freedman and Lin 1989] for a proof of this statement.)

β

H1
H2

B0
0

0

β

Figure 1

Note that a distinguished pair of curves α1, α2, forming a symplectic basis in
the surface S, is determined as the meridians (linking circles) to the cores of the
2-handles H1, H2 of B0 in D4. In other words, α1, α2 are fibers of the circle normal
bundles over the cores of H1, H2 in D4.

An important observation [Freedman and Lin 1989] is that this construction may
be iterated: Consider the 2-handle H1 in place of the original 4-ball. The pair of
curves (α1 and the attaching circle β1 of H1) form the Hopf link in the boundary of
H1. In H1, consider the standard genus-one surface T bounded by β1. As discussed
above, its complement is given by two zero-framed 2-handles attached to the Bing
double of α1. Assembling this data, consider the new decomposition D4

= A1∪B1

(in this paper we need only the B-side of the decomposition, shown in Figure 2.)
As above, the diagrams are drawn in solid tori (complements in S3 of the unknotted
circles drawn dashed in the figures.)
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B1

β

β

0 0

Figure 2

The handlebodies A1, B1 are examples of model decompositions [Freedman and
Lin 1989] obtained by iterated applications of the construction above. It is known
that such model handlebodies are robust and, in particular, the Borromean rings
are not weakly A-B slice when restricted to the class of model decompositions.
(A link L is weakly A-B slice if the submanifolds {Ai , Bi } in Definition 2.2 may
be embedded into D4 disjointly, but the equivariance condition encoded by the
existence of the homeomorphisms ϕi , ψi is omitted; see [Krushkal 2008].)

We are now in a position to define the decomposition D4
= A ∪ B used in the

proof of Theorem 1.

Definition 3.1. Consider B = (B1 ∪ zero-framed 2-handle), attached as shown in
the Kirby diagram in Figure 3.

γ
δ

T D

B

β

β

0 0

0

Figure 3

Imprecisely (up to homotopy, on the level of spines) B may be viewed as the
union of B1 with a 2-cell, attached along the composition of the attaching circle β
of B1 and a curve representing a generator of H1(the second-stage surface of B1).
This 2-cell is schematically shown in the spine picture of B in Figure 3, left, as a
cylinder connecting the two curves. The shading indicates that the new generator
of π1 created by adding the cylinder is filled-in with a disk. The figure showing
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β

0

0

Figure 4

the spine is provided only as motivation for the construction; a precise description
is given by the handle diagram.

Note that, by canceling a (1-handle, 2-handle) pair, one gets the diagram for B
shown in Figure 4; this fact will be used in the proof of Theorem 1 in the next
section. (Observe that the handle diagram in Figure 4 may also be obtained from
the handle diagram of its complement, [Krushkal 2008, Figure 12].)

4. The Milnor group and the proof of Theorem 1

We start this section by summarizing the relevant information about the Milnor
group, which will be used in the proof of Theorem 1. The reader is referred to
the original [Milnor 1954] for a more complete introduction to the Milnor group
of links in the 3-sphere; see also [Freedman and Teichner 1995, Section 2] for a
discussion of the Milnor group in the more general 4-dimensional context.

Definition 4.1. Given a group G, normally generated by elements g1, . . . , gn , the
Milnor group of G relative to the given normal generating set {gi } is defined as

(4-1) MG = G / 〈〈 [gx
i , gy

i ] | x, y ∈ G, i = 1, . . . , n 〉〉.

The Milnor group is a finitely presented nilpotent group of class ≤ n, where
n is the number of normal generators in the previous definition. In this paper, an
example of interest is G = π1(D4

\6), where 6 is a collection of surfaces with
boundary, properly and disjointly embedded in (D4, S3). In this case, a choice of
normal generators is provided by the meridians mi to the components 6i of 6.
Here, a meridian mi is an element of G which is obtained by following a path αi

in D4
\6 from the basepoint to the boundary of a regular neighborhood of 6i ,

followed by a small circle (a fiber of the circle normal bundle) linking 6i , then
followed by α−1

i .



198 VYACHESLAV S. KRUSHKAL

Denote by Fg1,...,gn the free group generated by the gi , and consider the Magnus
expansion

(4-2) M : Fg1,...,gn → Z[x1, . . . , xn]

into the ring of formal power series in noncommuting variables {xi }, defined by

M(gi )= 1+ xi , M(g−1
i )= 1− xi + x2

i ∓ . . .

We will keep the same notation for the homomorphism

(4-3) M : M Fg1,...,gn → Rx1,...,xn ,

induced by the Magnus expansion, into the quotient Rx1,...,xn of Z[x1, . . . , xn] by
the ideal generated by all monomials xi1 · · · xik with some index occurring at least
twice. It is established in [Milnor 1954] that the homomorphism (4-3) is well
defined and injective.

We now turn to the proof of Theorem 1. Consider the submanifold i : (B, β)⊂
(D4, S3) that was constructed in Definition 3.1. Part (i) of the theorem follows from
[Krushkal 2008, Theorem 1], which showed that there exist disjoint embeddings
of three copies (Bi , βi ), such that the link formed by the curves β1, β2, β3 in the
3-sphere is the Borromean rings. It is convenient to introduce the next definition.

Definition 4.2. An embedding j : (B, β) ↪→ (D4, S3) is standard if there exists
an ambient isotopy between j and the original embedding i from Definition 3.1.

Examining the proof of [Krushkal 2008, Theorem 1], one may check that the
embeddings of the Bi , constructed there and giving rise to the Borromean rings on
the boundary, are not standard. (In terms of the spine picture of B in Figure 3, for
the standard embedding, the curve δ bounds a disk in D4 which is disjoint from the
2-sphere formed by the core of the 2-handle D capped off with a null-homotopy for
its attaching curve; on the other hand, for the embedding constructed in [Krushkal
2008], δ has linking number 1 with this 2-sphere.)

We will now show that given disjoint standard embeddings of several copies
(Bi , βi ) into the 4-ball, the link formed by the curves β1, . . . , βn in the 3-sphere
is necessarily homotopically trivial. We will show that the Borromean rings do
not bound disjoint standard embeddings of three copies of (B, β). The Borromean
rings case is the most interesting example from the perspective of the A-B slice
problem, while the case of other homotopically essential links is proved analo-
gously.

Suppose to the contrary that the Borromean rings bound disjoint standard em-
beddings B1, B2, B3. We will consider the relative-slice reformulation of the prob-
lem; see [Freedman and Lin 1989] and also [Krushkal 2008] for a more detailed
introduction. Using the handle diagram in Figure 4, one then observes that there is



ROBUST FOUR-MANIFOLDS AND ROBUST EMBEDDINGS 199

a solution to the relative-slice problem shown in Figure 5. This means that the six
components l1, . . . , l6 (drawn solid in the figure) bound disjoint embedded disks
in the handlebody D4

∪a,b,c 2-handles, where the 2-handles are attached to the
4-ball with zero framings along the curves a, b, c (drawn dashed) from Figure 5.
The fact that the embeddings Bi ↪→ D4 are standard is reflected by the fact that
the slices bounded by the “solid” curves of each Bi do not go over the 2-handles
(dashed curves) corresponding to the same Bi . This means that the slices for l1, l2

do not go over a and, similarly, l3, l4 do not go over b, nor l5, l6 over c. (Note that,
without this restriction, there is a rather straightforward solution to this relative-
slice problem.)

l1

l6

l5

l2

l3

l4

a

b

c

Figure 5

Therefore, assume the link in Figure 5 is relatively slice, subject to the “stan-
dard” condition discussed previously. Denote by Di the slice bounded by li ,
i = 1, . . . , 6, and let D =

⋃
i=2,...,6 Di . Consider

X := (D4
∪a,b,c 2-handles) \ D.

Denote by mi the meridians to the components li , and by ma,mb,mc the meridi-
ans to the curves a, b, c, respectively. The first homology H1(X) is generated by
m2, . . . ,m6. In fact, we view {mi } as based loops in X normally generating π1(X).

If we omit the first component l1, the remaining link (l2, . . . , l6, a, b, c) in
Figure 5 is the unlink. This implies that the second homology H2(X) is spher-
ical. Indeed, its generators may be represented by parallel copies of the cores
of the 2-handles attached to a, b, c, capped off by disks in the complement of a
neighborhood of the link (l2, . . . , l6, a, b, c) in the 3-sphere. Therefore, the Milnor
group Mπ1(X) with respect to the normal generators mi is isomorphic to the free
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Milnor group:

Mπ1(X)∼= M Fm2,...,m6 .

Indeed, since the Milnor group is nilpotent, it is obtained from the quotient by a
term of the lower central series, π1(X)/(π1(X))n , by adding the Milnor relations
(4-1). The relations in the nilpotent group π1(X)/(π1(X))n may be read off from
surfaces representing generators of H2(X); see [Krushkal 1998, Lemma 13]. In
particular, the relations corresponding to spherical classes are trivial. Therefore, all
relations in Mπ1(X) are the standard relations (4-1) or, in other words, Mπ1(X)
is the free Milnor group.

It follows that the Magnus expansion (4-3)

(4-4) M : Mπ1(X)∼= M Fm2,...,m6 → Rx2,...,x6

is well defined. Connecting the first component l1 to the basepoint, consider it as
an element of Mπ1(X). From the assumption that the link in Figure 5 is relatively
slice, it follows that l1 bounds a disk in X and, in particular, that it is trivial in
Mπ1(X). We will find a nontrivial term in the Magnus expansion (4-4) M(l1) ∈

Rx2,...,x6 , giving a contradiction with the relative-slice assumption.
Consider the meridians mi to the components li in S3, for i = 2, . . . , 6, and also

the meridians ma,mb,mc to a, b, c. The meridians mi will also serve as meridians
to the slices Di bounded by li , for i=2, . . . , 6, that were discussed above. Consider

(4-5) l1 =
[
mam2,

[
[m3,mbm4], [m5,m6mc]

]]
∈ Mπ1(X).

In this expression, ma,mb,mc are elements of Mπ1(X) that depend on how the
hypothetical slices Di go over the 2-handles attached to a, b, c. The expression
(4-5) may be read from the capped grope (see Figure 6) bounded by l1 in the
complement of the other components in the 3-sphere. (Note that the components
l2, . . . , l6, a, b, c intersect only the caps and not the body of the grope.)

Recall a basic commutator identity: any three elements f, g, h in a group satisfy

(4-6) [ f g, h] = [ f, h]g [g, h].

Suppose two elements s, t ∈ Mπ1(X) have Magnus expansions

M(s)= 1+ x and M(t)= 1+ y,

where x, y denote the sum of all monomials of nonzero degree in the expansions
of s, t . Then, the expansion of the conjugate tst−1 is of the form

1+ x+ x y+ yx+ · · ·
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l1

l2

a

l4

b

l3

l6

c

l5

Figure 6

In particular, any first nontrivial term in the expansion M(s) also appears in the
expansion of any conjugate of s, M(st). The expression (4-5) for l1 is a 5-fold com-
mutator and, since the ring Rx2,...,x6 is defined in terms of nonrepeating variables,
this implies that any monomial of nonzero degree in the expansion M(l1) contains
all the variables x2, . . . x6. This means that, to read off the Magnus expansion, any
conjugation coming up while using (4-6) to simplify (4-5) may be omitted. These
observations imply that the Magnus expansion M(l1) equals

(4-7) M
([

m2,
[
[m3,m4], [m5,m6]

]])
,

times the Magnus expansion of seven other terms where some (or all) of m2,m4,m6

are replaced with ma,mb,mc. Moreover, recall that the “standard” embedding
assumption implies that the slice D2 bounded by l2 does not go over the 2-handle
attached to a. Therefore, the Magnus expansion of ma is of the form

M(ma)= 1+
6∑

i=3

αi xi + higher terms,

for some coefficients αi . Since the meridians m3,m5 are present in each commu-
tator obtained by simplifying (4-5), the only terms in the Magnus expansion of ma

that may contribute to a nontrivial monomial in M(l1) are x4 and x6. Similarly,
the only possibly nontrivial contributions to M(l1) of mb are x2, x6, and of mc are
x2, x4.

Using the fact that

M([s, t])= 1+ x y− yx± · · · ,



202 VYACHESLAV S. KRUSHKAL

where M(s)=1+x, M(t)=1+ y, note that the expansion (4-7) contains the mono-
mial x2x3x4x6x5. We claim that this monomial does not cancel with any other term
in the expansion M(l1). This claim is proved by a direct inspection: any monomial
in the Magnus expansion of a commutator of the form (4-7) with m2 replaced by
ma has x4 or x6 as either the first or last variable. The only other possibility is the
expansion of the commutator

[
m2,

[
[m3,mb], [m5,mc]

]]
with M(mb) contributing

x6, and M(mc) contributing x4. The monomial x2x3x4x6x5 does not appear in this
expansion either. Therefore, we found a nontrivial term in the Magnus expansion
M(l1) ∈ Mπ1(X), contradicting the relative-slice assumption. This contradiction
completes the proof.
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ON SECTIONS OF GENUS TWO LEFSCHETZ FIBRATIONS

SINEM ÇELIK ONARAN

We find new relations in the mapping class group of a genus 2 surface with
n boundary components for n = 1, . . . , 8 that induce a genus 2 Lefschetz
fibration CP2 # 13 CP2

→ S2 with n disjoint sections. As a consequence,
we show any holomorphic genus 2 Lefschetz fibration without separating
singular fibers admits a section.

1. Introduction

The study of Lefschetz fibrations is important in low-dimensional topology because
of a close relationship between symplectic 4-manifolds and Lefschetz fibrations,
[Donaldson 1999; Gompf and Stipsicz 1999]. Sections of Lefschetz fibrations
play an important role in the theory. For example, in the presence of a section,
the fundamental group and the signature of a Lefschetz fibration can be easily
computed.

Here, we provide sections for genus 2 Lefschetz fibrations CP2 # 13CP2
→

S2, with global monodromy given by the relation (tc1 tc2 tc3 tc4 t2
c5

tc4 tc3 tc2 tc1)
2
= 1

in the mapping class group 02 of a closed genus 2 surface, where each ci is a
simple closed curve as in Figure 3, and tci is a right-handed Dehn twist about ci

for i = 1, . . . , 5. In [Korkmaz and Ozbagci 2008], similar relations were found in
the mapping class group 01,n of a genus 1 surface with n boundary components
for n = 4, . . . , 9, giving an elliptic Lefschetz fibration CP2 # 9CP2

→ S2 with n
disjoint sections.

In Section 2, we recall definitions and relations in the mapping class group to
be used in our computations, and we fix notation. In Section 3, we give brief
background information on Lefschetz fibrations. In Section 4, we provide the nec-
essary relations in the mapping class group 02,n for a genus 2 Lefschetz fibration
CP2 # 13CP2

→ S2 with n disjoint sections for n = 1, . . . , 6. In Section 5 we list
several observations and open problems related to sections of Lefschetz fibrations.
We show that a genus 2 Lefschetz fibration CP2 # 13CP2

→ S2 may admit at
most 12 disjoint sections. We provide relations in the corresponding mapping class

MSC2000: primary 57M50; secondary 57R17.
Keywords: Lefschetz fibrations, sections of Lefschetz fibrations.
The author is supported in part by TUBITAK-2214.

203



204 SINEM ÇELIK ONARAN

group that give n = 7 and n = 8 disjoint sections for genus 2 Lefschetz fibrations
CP2#13CP2

→ S2. We conclude that any holomorphic genus 2 Lefschetz fibration
without separating singular fibers admits a section.

2. Mapping class groups

Let 6k
g,n denote an oriented, connected, genus g surface, with n boundary com-

ponents and k marked points. The mapping class group of 6k
g,n is defined as the

isotopy classes of orientation-preserving self-diffeomorphisms of 6k
g,n that fix the

marked points and the points on the boundary. Denote the mapping class group of
6k

g,n by 0k
g,n . When k = 0, denote the mapping class group of 6g,n by 0g,n .

Let a be a simple closed curve on 6k
g,n . A right-handed Dehn twist ta about a is

the isotopy class of a self-diffeomorphism of 6k
g,n obtained by cutting 6k

g,n along
a and gluing it back after twisting one side by 2π to the right. The inverse of a
right-handed Dehn twist is a left-handed Dehn twist, denoted by t−1

a .
We now briefly mention the facts and relations to be used in our computations;

for the proofs, see [Farb and Margalit 2005; Ivanov 2002]. If f :6k
g,n→6k

g,n is an
orientation-preserving diffeomorphism, then f ta f −1

= t f (a) for a a simple closed
curve on 6k

g,n .
For simplicity, we will denote a right-handed Dehn twist ta along a by a, and

a left-handed Dehn twist t−1
a by a. The product ab means that we first apply the

Dehn twist b, then the Dehn twist a. A simple closed curve parallel to a boundary
component of a given surface will be called a boundary curve of the surface.

The following relations will be useful:

The commutativity relation. If a and b are two disjoint simple closed curves
on 6k

g,n , then the Dehn twists along a and b commute: ab = ba.

The braid relation. If a and b are two simple closed curves on 6k
g,n intersecting

transversely at a single point, then their Dehn twists satisfy aba = bab.

The lantern relation. Consider a sphere with four holes, the boundary curves
δ1, δ2, δ3, δ4, and the simple closed curves α, γ, σ , as shown in Figure 1. We have
δ1δ2δ3δ4=γσα. Dehn discovered this relation; it was then rediscovered and named
by D. Johnson.

The star relation [Gervais 2001]. Let 61,3 be a torus with three boundary curves
δ1, δ2, δ3. In 01,3 we have δ1δ2δ3 = (a1a2a3b)3 for the simple closed curves
a1, a2, a3, b from Figure 1.

The chain relation for a two-holed torus. Consider a torus 61,2 with two boundary
curves δ1, δ2, and the simple closed curves c1, c2, b, as shown in Figure 1. We have
δ1δ2 = (c1bc2)

4.
The chain relations for the genus 2 case: If c1, c2, c3, c4, c5 is the chain of curves
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δ

1
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aaaaaaaaaa

aa
12
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4δ
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δ

δ

σ

γ

1
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δ1δ
2

b

1

2
c

c

Figure 1. Counterclockwise from the top: The lantern relation,
δ1δ2δ3δ4 = γσα, the star relation, δ1δ2δ3 = (a1a2a3b)3, and the
two-holed torus relation, δ1δ2 = (c1bc2)

4.

shown in Figure 2, then for a genus 2 surface 62,1 with one boundary curve
δ1 we have δ1 = (c1c2c3c4)

10, while for a genus 2 surface 62,2 with two boundary
curves δ1, δ2 we have δ1δ2 = (c1c2c3c4c5)

6.

3. Lefschetz fibrations

A Lefschetz fibration on a closed, connected, oriented smooth 4-manifold X is a
map f : X → 6, where 6 is a closed, connected, oriented smooth surface, such
that f is surjective, has isolated critical points, and for each critical point p there
is an orientation-preserving local complex coordinate chart on which f takes the
form f (z1, z2)= z2

1+ z2
2.

The Lefschetz fibration f is a smooth fiber bundle away from critical points. A
regular fiber of f is diffeomorphic to a closed, oriented smooth genus g surface.
We define the genus of the Lefschetz fibration to be the genus of a regular fiber.

A singular fiber is a fiber containing a critical point. We assume that each
singular fiber contains only one critical point. The singular fiber can be obtained
by taking a simple closed curve on a regular fiber and shrinking it to a point. This

δ1

1

2
c

cc

c

c
3

4

5

δ1

1

2
c

cc

c

3

4

δ2

Figure 2. The chain relations: δ1 = (c1c2c3c4)
10 and δ1δ2 = (c1c2c3c4c5)

6.
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Figure 3. 62.

simple closed curve describing the singular fiber is called a vanishing cycle. If
this curve is a nonseparating curve, then the singular fiber is called nonseparating;
otherwise it is called separating. For a genus g Lefschetz fibration over S2, the
product of Dehn twists along the vanishing cycles gives us the global monodromy
of the Lefschetz fibration.

On a closed surface6g, the right-handed Dehn twists ci along the simple closed
curves ci for i = 1, . . . , s, with the relation c1c2 · · · cs = 1, define a genus g
Lefschetz fibration over S2 with vanishing cycles c1, . . . , cs . In particular, in 02

we have
(c1c2c3c4c2

5c4c3c2c1)
2
= 1,

(c1c2c3c4c5)
6
= 1,

(c1c2c3c4)
10
= 1,

where c1, . . . , c5 are simple closed curves as in Figure 3. For each relation above,
we have genus 2 Lefschetz fibrations over S2 with total spaces CP2 # 13CP2,
K3 # 2CP2, and the Horikawa surface H , respectively. For more on Lefschetz
fibrations, see [Auroux 2003; Gompf and Stipsicz 1999].

A section of a Lefschetz fibration is a map σ : 6 → X such that f σ = id6 .
Consider a collection of simple closed curves c1, . . . , cs on a genus g surface 6g,n

with the relation
c1 · · · cs = δ

k1
1 · · · δ

kn
n

in 0g,n , where δ1, . . . , δn are boundary curves, and k1, . . . , kn are positive integers.
This relation defines a genus g Lefschetz fibration over S2 admitting n disjoint
sections, with global monodromy c1 · · · cs = 1. Moreover, the self-intersection of
the i-th section is−ki . To see this, note that after gluing a disk along each boundary
curve one gets the relation c1 · · · cs = 1 in 0g. Thus, this relation will give us a
genus g Lefschetz fibration over S2 as before. One can then use the centers of the
capping disks to construct sections. For details, see [Gompf and Stipsicz 1999];
for more on self-intersection of sections, see [Smith 1998].

In the following sections, we will find relations of the above type, c1 · · · cs =

δ1 · · · δn , in the mapping class group 02,n for n = 1, . . . , 8.
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4. Relations in 02,n

For each n = 1, . . . , 6, we write the product of right-handed Dehn twists along the
boundary curves δ1, . . . , δn as a product of twenty right-handed Dehn twists along
nonboundary parallel simple closed curves on a genus 2 surface 62,n . Namely,
we provide relations of the form δ1 · · · δn = β1 · · ·β20, where β1, . . . , β20 are
nonboundary parallel simple closed curves on 62,n . After gluing disks along the
boundary curves δ1, . . . , δn , we get the relation 1= β1 · · ·β20 in the mapping class
group 02. By using the commutativity relation and the braid relation, one can sim-
plify the right-hand side of the equation 1= β1 · · ·β20 so that it gives us the global
monodromy (c1c2c3c4c2

5c4c3c2c1)
2
=1 of a Lefschetz fibration CP2#13CP2

→ S2.
For the simple closed curves c1, . . . , c5, see Figure 3. Here, twenty right-handed
Dehn twists along nonboundary parallel, nonseparating simple closed curves ci

correspond to twenty nonseparating singular fibers. The consecutive simple closed
curves ci are the vanishing cycles.

In the following subsections, the relations we find in 02,n will give us a genus
2 Lefschetz fibration CP2 # 13CP2

→ S2 admitting n disjoint sections of self-
intersection −1, for n = 1, . . . , 6.

4.1. Genus two surface with one hole. Consider the genus 2 surface 62,1 with
one boundary curve δ1, as in Figure 4. We have

δ1 = (a1b1a2b2)
10
= (a1b1a2b2)

5(a1b1a2b2)
5.

Using the commutativity and braid relations, one can show

(a1b1a2b2)
5
= (a1b1a2)

4(b2a2b1a2
1b1a2b2).

(For the proof, see the appendix.) Notice the two-holed torus embedded in 62,1

with two boundary curves a3, a4; then, by the chain relation for this torus, we have
(a1b1a2)

4
= a3a4.

δ1

a

aa

a

b b

1 2

3

4

1

aaaaaaaaaa

2

Figure 4. 62,1.
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Figure 5. 62,2.

By combining the relations above, we get

δ1 = (a1b1a2)
4 (b2a2b1a2

1b1a2b2)(a1b1a2)
4 (b2a2b1a2

1b1a2b2)

= a3a4(b2a2b1a2
1b1a2b2)a3a4(b2a2b1a2

1b1a2b2)

= (a3a4b2a2b1a2
1b1a2b2)

2.

4.2. Genus two surface with two holes. Consider the genus 2 surface 62,2 with
two boundary curves δ1, δ2 from Figure 5, and notice the embedded sphere em-
bedded in 62,2 with four boundary curves δ1, δ2, a3, a4. Then, using the lantern
relation, we have

a3a4δ1δ2 = γσa5.

Notice in Figure 5 the genus 2 surface with one boundary curve γ; we thus have
the chain relation γ = (a1b1a2b2)

10. Substituting γ in the lantern relation and then
using the two-holed torus relation (a1b1a2)

4
= a3a4 in the equation, we get

a3a4δ1δ2 = γσa5

= (a1b1a2b2)
10σa5

= (a1b1a2b2)
5 (a1b1a2b2)

5σa5

= (a1b1a2)
4 (b2a2b1a2

1b1a2b2)(a1b1a2)
4 (b2a2b1a2

1b1a2b2)σa5

= a3a4(b2a2b1a2
1b1a2b2)a3a4(b2a2b1a2

1b1a2b2)σa5.

We simplify this equation to

δ1δ2 = b2a2b1a2
1b1a2b2a3a4(b2a2b1a2

1b1a2b2)σa5.

4.3. Genus two surface with three holes. First, the lantern relation for the sphere
with four boundary curves δ1, δ2, a4, a5 in 62,3 from Figure 6 is a4a5δ1δ2 = γσa6.
For the three-holed torus with boundary curves γ, a1, a2, we have the star rela-
tion γa1a2 = (a4a5a3b2)

3, while for the three-holed torus with boundary curves
δ3, a4, a5, we have δ3a4a5 = (a1a2a3b1)

3.
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Figure 6. 62,3.

Now, combine these relations, substitute δ3 and γ, then simplify by using the
commutativity and braid relations. Note that all the ai commute for i = 1, . . . , 6.
The simple closed curves a1, a2, a3 intersect b1 transversely at a single point, and
a4, a5, a3 intersect b2 transversely at a single point. Thus, with β = a5a4b2a4a5,

δ1δ2 = a4a5γσa6,

δ1δ2δ3 = δ3a4a5γσa6

= δ3a4a5a1a2(a4a5a3b2)
3σa6

= a1a2(δ3)a4a5(a4a5a3b2)(a4a5a3b2)
2σa6

= a1a2((a1a2a3b1)
3a4a5)a3b2(a4a5a3b2)

2σa6

= a3b1(a1a2a3b1)
2a3(a4a5b2a4a5)a3b2a4a5a3b2σa6

= a3b1(a1a2a3b1)
2a3βa3b2a4a5a3b2σa6.

4.4. Genus two surface with four holes. We will use the three-holed genus two
relation we found in Section 4.3. Notice in Figure 7 the genus 2 surface with three
boundary curves δ3, δ4, γ. Then

δ3δ4γ = a3b2 (a5a4a3b2)
2a3β1a3b1a2a1a3b1σ1a7

= a3β1a3b1a2a1a3b1σ1a7a3b2 (a5a4a3b2)
2.
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Figure 7. 62,4.
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where β1 = a1a2b1a2a1. Note that we identify the curves (a1, a2, a3, a4, a5, a6) in
62,3 from Figure 6 with the curves (a5, a4, a3, a2, a1, a7) in 62,4 from Figure 7.

By the lantern relation for the sphere with four boundary curves δ1, δ2, a4, a5,
we have

a4a5δ1δ2 = γσa6.

Now, combine the above relations to get

δ1δ2δ3δ4 = a3β1a3b1a2a1a3b1σ1a7a3b2(a5a4a3b2)
2γa4a5γσa6

= a3β1a3b1a2a1a3b1σ1a7a3b2(a5a4a3b2)a3a5a4b2(a4a5σa6)

= a3β1a3b1a2a1a3b1σ1a7a3b2(a5a4a3b2)a3β2σa6,

where β1 = a1a2b1a2a1 and β2 = a5a4b2a4a5.

4.5. Genus two surface with five holes. The lantern relation for the sphere with
four boundary curves δ1, δ2, a4, a5 in 62,5 from Figure 8 is a4a5δ1δ2 = γσa6. In
Figure 8, notice the genus 2 surface with four boundary curves δ3, δ4, δ5, γ. Identify
the curves (δ1, δ2, a5, a6, σ ) in 62,4 from Figure 7 with (δ5, γ, a8, a5, σ2) in 62,5

from Figure 8. Then, by the relation given in Section 4.4, we have

δ3δ4δ5γ = a3β1a3b1a2a1a3b1σ1a7a3b2(a8a4a3b2)a3β2σ2a5,

where β1 = a1a2b1a2a1 and β2 = a8a4b2a4a8.
Now, combine the above relations and simplify the equation as

δ1δ2δ3δ4δ5 = a3β1a3b1a2a1a3b1σ1a7a3b2(a8a4a3b2)a3β2σ2a5γa4a5γσa6

= a3β1a3b1a2a1a3b1σ1a7a3b2(a8a4a3b2)a3β2σ2a4σa6

= a3β1a3b1a2a1a3b1σ1a7a3(a4)b2(a4a8a3b2)a3β2σ2σa6

= a3β1a3b1a2a1a3b1σ1a7a3β3(a8a3b2)a3β2σ2σa6,

where β1 = a1a2b1a1a2, β2 = a8a4b2a4a8, and β3 = a4b2a4.
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Figure 8. 62,5.
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4.6. Genus two surface with six holes. The lantern relation for the sphere with
four boundary curves δ1, δ2, a4, a5 in62,6 from Figure 9 is a4a5δ1δ2= γσa6. Now,
identify the curves (δ1, δ2, a6, a8, σ, σ2) in 62,5 from Figure 8 with the curves
(δ6, γ, a5, a9, σ2, σ3) in 62,6 from Figure 9. By the relation given in Section 4.5
for the genus 2 surface with five boundary curves δ3, δ4, δ5, δ6, γ, we have

δ6γδ3δ4δ5 = a3β1a3b1a2a1a3b1σ1a7a3β3a9a3b2a3β2σ3σ2a5.

where β1 = a1a2b1a2a1, β2 = a9a4b2a4a9, and β3 = a4b2a4.
Now, combine the above relations to get

δ1δ2δ3δ4δ5δ6 = a3β1a3b1a2a1a3b1σ1a7a3β3a9a3b2a3β2σ3σ2a5γa4a5γσa6

= a3β1a3b1a2a1a3b1σ1a7a3β3a9a3b2a3β2σ3σ2(a4)σa6

= a3β1a3b1a2a1a3b1σ1a7a3(a4)(β3)a9a3b2a3β2σ3σ2σa6

= a3β1a3b1a2a1a3b1σ1a7a3(a4)(a4b2a4)a9(a3b2a3)β2σ3σ2σa6

= a3β1a3b1a2a1a3b1σ1a7a3(a4)(b2a4b2)a9(b2a3b2)β2σ3σ2σa6

= a3β1a3b1a2a1a3b1σ1a7a3β3β4a3b2β2σ3σ2σa6

where β1=a1a2b1a2a1, β2=a5a4b2a4a5, β3=a4b2a4=b2a4b2, and β4=b2a9b2.

5. Final remarks

Lemma 5.1. A genus 2 Lefschetz fibration CP2 # 13CP2
→ S2 admits at most 12

disjoint sections.

Proof. Suppose that CP2 # 13CP2
→ S2 admits 13 disjoint sections. Each section

is a sphere with self-intersection−1. Furthermore, each section intersects a regular
fiber, a genus 2 surface 62 with self-intersection 0, at one point. Now, by blowing
down all −1 spheres, we get a genus 2 surface 6̃2 with self-intersection 13, which
cannot exist in a manifold with second homology Z. �
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In Section 4, we found relations giving n disjoint sections for genus 2 Lefschetz
fibration CP2 # 13CP2

→ S2 for n = 1, . . . , 6. The technique applied in Section 4
stops at n = 6. However, by using results from [Korkmaz and Ozbagci 2008], we
can find relations in the corresponding mapping class group that give n = 7 and
n = 8 disjoint sections for genus 2 Lefschetz fibration CP2 # 13CP2

→ S2. We
will next show how to derive these relations. This method does not go further, and
it remains unknown whether there are more than eight sections.

The seven-holed torus relation from [Korkmaz and Ozbagci 2008] sits in 62,7:

δ1δ2δ3δ4δ5δ6δ7 = α3α4α1b1σ5α2β5σ3σ6α6β3σ4,

where β3 = α3b1α3 and β5 = α5b1α5 in 62,7; see Figure 10. We identify the
boundary curves (δ1, δ2, δ3, δ4, δ5, δ6, δ7) in 61,7 from Figure 10 with the curves
(δ6, δ5, a2, a1, δ2, δ1, δ7) in 62,7. The seven-holed torus relation gives

a1a2δ1δ2δ5δ6δ7 = a3a4a9b2σ5a10β5σ3σ6a5β3σ4

where β3 = a3b2a3 and β5 = a6b2a6.
Next, we combine this with the lantern relation a1a2δ3δ4 = γσa7 for the sphere

with four boundary curves δ3, δ4, a1, a2 in 62,7. The star relation for the torus
with three boundary curves γ, a4, a10 is a4a10γ = (a1a2a3b1)

3. We now substitute
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Figure 10. Seven-holed torus relation.
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Figure 11. Eight-holed torus relation.

γ = a4a10(a1a2a3b1)
3 into the lantern relation; then we simplify the equation and

write the product of right-handed Dehn twists along the boundary curves δ1, . . . , δ7

as a product of twenty right-handed Dehn twists along nonboundary parallel simple
closed curves on 62,7:

δ1δ2δ3δ4δ5δ6δ7

= a3a4a9b2σ5a10β5σ3σ6a5β3σ4a1a2a1a2γσa7

= a3a9b2σ5a10β5σ3σ6a5β3σ4(a4)a1a2a1a2a4a10(a1a2a3b1)
3σa7

= a3a9b2σ5a10β5σ3σ6a5β3σ4a1a2a3b1(a1a2a3b1)
2(a10)σa7

= a3a9(a10)b2σ5a10β5σ3σ6a5β3σ4a3(a1a2b1a1a2)a3b1(a1a2a3b1)σa7

= a3a9(a10b2a10)(a10σ5a10)β5σ3σ6a5β3σ4a3β̃a3b1(a1a2a3b1)σa7

= a3a9β̃1β̃2β5σ3σ6a5β3σ4a3β̃a3b1(a1a2a3b1)σa7,

where β̃1 = a10b2a10, β̃2 = a10σ5a10, β5 = a6b2a6, β3 = a3b2a3, and β̃ =
a1a2b1a1a2. Note that the simple closed curves σ5 and a10 intersect at 2 points.

Similarly, the eight-holed torus relation from [Korkmaz and Ozbagci 2008] sits
in 62,8 (see Figure 11):

δ1δ2δ3δ4δ5δ6δ7δ8 = α4α5β1σ3σ6α2β6σ4σ7α7β4σ5 = α4b1σ5α5β1σ3σ6α2β6σ4σ7α7,

where β1=α1b1α1, β4=α4b1α4, and β6=α6b1α6 in62,8. We identify the curves
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(δ1, δ2, δ3, δ4, δ5, δ6, δ7, δ8) in 61,8 with (δ1, δ8, δ7, δ6, δ5, a2, a1, δ2) in 62,8.
By applying the same technique, we also get the necessary relation for n = 8.

The eight-holed torus relation gives

a1a2δ1δ2δ5δ6δ7δ8 = a10b2σ5a11β1σ3σ6a8β6σ4σ7a4,

where β1 = a5b2a5 and β6 = a3b2a3. We combine this with the lantern relation
a1a2δ3δ4 = γσa7 for the sphere with four boundary curves δ3, δ4, a1, a2 in 62,8.
Using the star relation a4a11γ = (a1a2a3b1)

3 for the torus with three boundary
curves γ, a4, a11, we substitute γ = a4a11(a1a2a3b1)

3 in the lantern relation. We
simplify the equation as

δ1δ2δ3δ4δ5δ6δ7δ8

= a10b2σ5a11β1σ3σ6a8β6σ4σ7a4a1a2a1a2γσa7

= a10b2σ5a11β1σ3σ6a8β6σ4σ7a4a1a2a1a2a4a11(a1a2a3b1)
3σa7

= a10b2σ5a11β1σ3σ6a8β6σ4σ7a1a2a3b1(a1a2a3b1)
2(a11)σa7

= a10(a11)b2σ5a11β1σ3σ6a8β6σ4σ7a3(a1a2b1a1a2)a3b1(a1a2a3b1)σa7

= a10(a11b2a11)(a11σ5a11)β1σ3σ6a8β6σ4σ7a3β̃a3b1(a1a2a3b1)σa7

= a10β̃1β̃2β1σ3σ6a8β6σ4σ7a3β̃a3b1(a1a2a3b1)σa7,

where β1 = a5b2a5, β6 = a3b2a3, β̃ = a1a2b1a1a2, β̃1 = a11β2a11 and β̃2 =

a11σ5a11. Note that the simple closed curves σ5 and a11 intersect at 2 points.
By Lemma 5.1, for n > 12 there is no relation in the mapping class group

02,n inducing a genus 2 Lefschetz fibration CP2 # 13CP2
→ S2 with n disjoint

sections. For n = 1, . . . , 8, we did find relations giving n disjoint sections for
genus 2 Lefschetz fibration CP2 # 13CP2

→ S2. As a consequence, by using a
result of K. Chakiris, we observe:

Corollary 5.2. Any genus 2 holomorphic Lefschetz fibration without separating
singular fibers admits a section.

Proof. Chakiris [1978] showed that any genus 2 holomorphic Lefschetz fibration
without separating singular fibers is obtained by fiber-summing the three genus 2
Lefschetz fibrations given by the relations

(c1c2c3c4c2
5c4c3c2c1)

2
= 1, (c1c2c3c4c5)

6
= 1, and (c1c2c3c4)

10
= 1

in 02, where c1, . . . , c5 are the simple closed curves shown in Figure 3. As noted
in Section 2, each relation gives us a genus 2 Lefschetz fibration with total spaces
CP2 # 13CP2, K3 # 2CP2, and the Horikawa surface H , respectively.

For the Lefschetz fibrations with total spaces K3 # 2CP2 and H , it is known
that they have sections: The relation (c1c2c3c4c5)

6
= δ1δ2 in 02,2 gives 2 disjoint
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sections for the Lefschetz fibration K3#2CP2
→ S2, and (c1c2c3c4)

10
= δ1 in 02,1

gives a section for the Lefschetz fibration H → S2; see Figure 2.
Earlier, we found sections for the genus 2 Lefschetz fibration CP2#13CP2

→ S2.
By sewing the sections during the fiber-sum operation, we get a section for any
genus 2 holomorphic Lefschetz fibration without separating singular fibers. �

Remark 5.3. One may continue and try to write similar relations for 9≤ n≤ 12 to
see the exact number of disjoint sections that CP2 # 13CP2

→ S2 can admit. One
can also try to find the exact number of disjoint sections of the genus 2 Lefschetz
fibrations with total spaces K3 # 2CP2 and H , respectively. It is still not known
whether every genus g Lefschetz fibration over S2 admits a section.

Appendix

In this appendix, we deduce the relation

(a1b1a2b2)
5
= (a1b1a2)

4(b2a2b1a2
1b1a2b2),

used in Section 4.1; for the corresponding curves, see Figure 4.
Note that a1 intersects b1 transversely at a single point, and commutes with a2

and b2. Also note that a2 intersects b1 and b2 transversely at a single point, and
the simple closed curves b1 and b2 commute. By the commutativity and braid
relations, we have

(a1b1a2b2)
5
= (a1b1a2(b2))(a1b1a2b2)(a1b1a2b2)

3

= (a1b1a2)a1b1(b2a2b2)(a1b1a2b2)
3

= (a1b1a2)a1b1(a2b2a2)(a1b1a2b2)
3

= (a1b1a2)
2b2a2((a1)b1a2b2)(a1b1a2b2)

2

= (a1b1a2)
2a1b2(a2b1a2)b2(a1b1a2b2)

2

= (a1b1a2)
2a1b2((b1)a2(b1))b2(a1b1a2b2)

2

= (a1b1a2)
2a1b1(b2a2b2)(b1a1b1)a2b2(a1b1a2b2)

= (a1b1a2)
2a1b1(a2b2a2)(a1b1a1)a2b2(a1b1a2b2)

= (a1b1a2)
3b2a2((a1)b1a1)(a2)b2(a1b1a2b2)

= (a1b1a2)
3a1b2(a2b1a2)a1b2(a1b1a2b2)

= (a1b1a2)
3a1b2((b1)a2b1)a1(b2)(a1b1a2b2)

= (a1b1a2)
3a1b1(b2a2b2)b1a1(a1b1a2b2)

= (a1b1a2)
3a1b1(a2b2a2)b1a1(a1b1a2b2)

= (a1b1a2)
4(b2a2b1a2

1b1a2b2).
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BIHARMONIC HYPERSURFACES IN RIEMANNIAN
MANIFOLDS

YE-LIN OU

We study biharmonic hypersurfaces in a generic Riemannian manifold. We
first derive an invariant equation for such hypersurfaces generalizing the
biharmonic hypersurface equation in space forms studied by Jiang, Chen,
Caddeo, Montaldo, and Oniciuc. We then apply the equation to show that
the generalized Chen conjecture is true for totally umbilical biharmonic
hypersurfaces in an Einstein space, and construct a 2-parameter family
of conformally flat metrics and a 4-parameter family of multiply warped
product metrics, each of which turns the foliation of an upper-half space of
Rm by parallel hyperplanes into a foliation with each leaf a proper bihar-
monic hypersurface. We also study the biharmonicity of Hopf cylinders of
a Riemannian submersion.

1. Biharmonic maps and submanifolds

All manifolds, maps, and tensor fields that appear in this paper are assumed to be
smooth unless stated otherwise.

A biharmonic map is a map ϕ : (M, g)→ (N , h) between Riemannian manifolds
that is a critical point of the bienergy functional

E2(ϕ,�)=
1
2

∫
�

|τ(ϕ)|2dx

for every compact subset � of M , where τ(ϕ) = Traceg ∇dϕ is the tension field
of ϕ. The Euler–Lagrange equation of this functional gives the biharmonic map
equation [Jiang 1986b]

(1) τ 2(ϕ) := Traceg(∇
ϕ
∇
ϕ
−∇

ϕ

∇M )τ (ϕ)−Traceg RN (dϕ, τ(ϕ))dϕ = 0,

which states that ϕ is biharmonic if and only if its bitension field τ 2(ϕ) vanishes
identically. In this equation we used RN to denote the curvature operator of (N , h)

MSC2000: 53C12, 58E20, 53C42.
Keywords: biharmonic maps, biharmonic hypersurfaces, biharmonic foliations, conformally flat

space, Einstein space.
Supported by the Texas A&M University-Commerce Faculty Development Program, 2008–2009.
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defined by
RN (X, Y )Z = [∇N

X ,∇
N
Y ]Z −∇

N
[X,Y ]Z .

Clearly, it follows from (1) that any harmonic map is biharmonic and we call the
nonharmonic biharmonic maps proper biharmonic maps.

Let Mm be a submanifold of Euclidean space Rn with the mean curvature vector
H viewed as a map H : M → Rn . B. Y. Chen [1991] called Mm a biharmonic
submanifold if 4H = (1H 1, . . . ,1H n) = 0, where 1 is the Beltrami–Laplace
operator of the induced metric on Mm . If we use i : M → Rn to denote the
inclusion map of the submanifold, then the tension field of the inclusion map i is
given by τ(i)=1i = m H , and hence the submanifold Mn

⊂ Rn is biharmonic if
and only if 4H = 4( 1

m4i) = 1
m4

2i = 1
m τ

2(i) = 0, that is, the inclusion map is
a biharmonic map. In general, a submanifold M of (N , h) is called a biharmonic
submanifold if the inclusion map i : (M, i∗h)→ (N , h) is a biharmonic isometric
immersion. It is well known that an isometric immersion is minimal if and only
if it is harmonic. So a minimal submanifold is trivially biharmonic, and we call a
nonminimal biharmonic submanifold a proper biharmonic submanifold.

Here are some known facts about biharmonic submanifolds:

Biharmonic submanifolds in Euclidean spaces. Jiang [1987] and then Chen and
Ishikawa [1998] proved that any biharmonic submanifold in R3 is minimal. In
[1992], Dimitrić showed that any biharmonic curve in Rn is a part of a straight line,
any biharmonic submanifold of finite type in Rn is minimal, any pseudoumbilical
submanifolds Mm

⊂ Rn with m 6= 4 is minimal, and any biharmonic hypersurface
in Rn with at most two distinct principal curvatures is minimal. Hasanis and Vla-
chos [1995] proved that any biharmonic hypersurface in R4 is minimal. Based on
these results, B. Y. Chen [1991] made the still-open conjecture that any biharmonic
submanifold of Euclidean space is minimal.

Biharmonic submanifolds in hyperbolic space forms. Caddeo, Montaldo and Oni-
ciuc [2002] showed that any biharmonic submanifold in hyperbolic 3-space is
minimal, and that any m-dimensional pseudoumbilical biharmonic submanifold of
hyperbolic n-space is minimal if m 6=4. It is shown in [Balmuş et al. 2008] that any
biharmonic hypersurface of hyperbolic n-space with at most two distinct principal
curvatures is minimal. Based on these, Caddeo, Montaldo and Oniciuc [2001]
extended Chen’s conjecture to the generalized Chen conjecture: any biharmonic
submanifold in (N , h) is minimal if RiemN

≤ 0.

Biharmonic submanifolds in spheres. The first example of a proper biharmonic
submanifold in Sn+1 was found in [Jiang 1986a] to be the generalized Clifford
torus S p(1/

√
2)× Sq(1/

√
2) with p 6= q and p+ q = n. Caddeo, Montaldo, and

Oniciuc [2001] found a second type of proper biharmonic submanifolds in Sn+1
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to be the hypersphere Sn(1/
√

2), and also gave a complete classification of bi-
harmonic submanifolds in S3. Balmuş, Montaldo, and Oniciuc [2008] proved that
any pseudoumbilical biharmonic submanifold Mm

⊂ Sn+1 with m 6= 4 has constant
mean curvature, and also showed that if a hypersurface Mn

⊂ Sn+1 with at most two
distinct principal curvatures (which by [Nishikawa and Maeda 1974] is equivalent
for n > 3 to saying that M is a quasiumbilical or conformally flat hypersurface in
Sn+1) is biharmonic, then M is an open part of the hypersphere Sn(1/

√
2) or the

generalized Clifford torus S p(1/
√

2)×Sq(1/
√

2)with p 6=q and p+q=n. Zhang
[2008] found some examples of proper biharmonic real hypersurfaces in CPn and
determined all proper biharmonic tori T n+1

= S1(r1)× S1(r2)× · · · × S1(rn+1)

in S2n+1. All known examples of biharmonic submanifolds in spheres are consis-
tent with the conjecture of [Balmuş et al. 2008] that any biharmonic submanifold
in sphere has constant mean curvature, and any proper biharmonic hypersurface
in Sn+1 is an open part of the hypersphere Sn(1/

√
2) or the generalized Clifford

torus S p(1/
√

2)× Sq(1/
√

2) with p 6= q and p+ q = n.

Biharmonic submanifolds in other model spaces. The survey article [Montaldo
and Oniciuc 2006] contains an account of the study of biharmonic curves in various
models. See [Arslan et al. 2005; Inoguchi 2004; Fetcu and Oniciuc 2009a; 2009b;
Sasahara 2005; 2008] for special biharmonic submanifolds in contact manifolds or
Sasakian space forms.

Biharmonic submanifolds in other senses. Some authors, for example, Javaloyes
and Meroño [2003], use the condition1H = 0 to define a biharmonic submanifold
of a Riemannian manifold; this definition agrees with ours only if the ambient space
is flat. For conformal biharmonic submanifolds (that is, conformal biharmonic
immersions), see [Ou 2009].

This paper studies biharmonic hypersurfaces in a generic Riemannian mani-
fold. In Section 2, we derive an invariant equation for such hypersurfaces that
involves the mean curvature function, the norm of the second fundamental form,
the shape operator of the hypersurface, and the Ricci curvature of the ambient
space. We prove that the generalized Chen conjecture holds for totally umbilical
hypersurfaces in an Einstein space. Section 3 is devoted to constructing a family of
conformally flat metrics and a family of multiply warped product metrics, each of
which turns the foliation of an upper-half space of Rm by parallel hyperplanes into
a foliation with each leaf a proper biharmonic hypersurface. We accomplish these
by starting with hyperplanes in Euclidean space and then looking for a type of
conformally flat or multiply warped product metric on the ambient space that will
reduce the biharmonic hypersurface equation into ordinary differential equations
whose solutions give the metrics that render the inclusion maps proper biharmonic
isometric immersions. In Section 4, we study biharmonicity of Hopf cylinders
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given by a Riemannian submersion from a complete 3-manifold. Our method
shows that there is no proper biharmonic Hopf cylinder in S3, thus recovering
[Inoguchi 2004, Proposition 3.1].

2. The equations of biharmonic hypersurfaces

Recall that if ϕ : M → (N , h) is the inclusion map of a submanifold, or more
generally, an isometric immersion, then we have an orthogonal decomposition of
the vector bundle ϕ−1T N = τM ⊕ νM into the tangent and normal bundles. We
use dϕ to identify T M with its image τM in ϕ−1T N. Then, for any X, Y ∈0(T M)
we have ∇ϕX (dϕ(Y ))=∇

N
X Y , whereas dϕ(∇M

X Y ) equals the tangential component
of ∇N

X Y . It follows that

∇dϕ(X, Y )=∇ϕX (dϕ(Y ))− dϕ(∇M
X Y )= B(X, Y ),(2)

that is, the second fundamental form ∇dϕ(X, Y ) of the isometric immersion ϕ
agrees with the second fundamental form B(X, Y ) of the immersed submanifold
ϕ(M) in N ; for details see [Kobayashi and Nomizu 1969, Chapter 7] and [Baird
and Wood 2003, Example 3.2.3]. From (2) we see that the tension field τ(ϕ) of an
isometric immersion and the mean curvature vector field η of the submanifold are
related by

τ(ϕ)= mη.

For a hypersurface, that is, a codimension one isometric immersion ϕ of Mm

into N m+1, we can choose a local unit vector field ξ normal to ϕ(M) ⊂ N . Then
η= Hξ for H the mean curvature function, and we can write B(X, Y )= b(X, Y )ξ ,
where b : T M×T M→C∞(M) is the second fundamental form. The relationship
between the shape operator A of the hypersurface with respect to the unit normal
vector field ξ and the second fundamental form is given by

B(X, Y )= 〈∇N
X Y, ξ〉ξ =−〈Y,∇N

X ξ〉ξ = 〈AX, Y 〉ξ,(3)

〈AX, Y 〉 = 〈B(X, Y ), ξ〉 = 〈b(X, Y )ξ, ξ〉 = b(X, Y ).(4)

Theorem 2.1. Let ϕ :Mm
→ N m+1 be an isometric immersion of codimension one

with mean curvature vector η = Hξ . Then ϕ is biharmonic if and only if

(5)
1H − H |A|2+ H RicN (ξ, ξ)= 0,

2A(grad H)+ 1
2 m grad H 2

− 2H(RicN (ξ))> = 0,

where RicN
: Tq N→ Tq N denotes the Ricci operator of the ambient space, defined

by 〈RicN (Z),W 〉 = RicN (Z ,W ), and A is the shape operator of the hypersurface
with respect to the unit normal vector ξ .
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Proof. First choose a local orthonormal frame {ei }i=1,...,m on M such that the
orthonormal frame {dϕ(e1), . . . , dϕ(em), ξ} is adapted to the ambient space defined
on the hypersurface. Identifying dϕ(X) = X and ∇ϕX W = ∇N

X W and noting that
the tension field of ϕ is τ(ϕ)= m Hξ , we can compute the bitension field of ϕ as

τ 2(ϕ)=

m∑
i=1

{∇
ϕ
ei
∇
ϕ
ei
(m Hξ)−∇ϕ

∇ei ei
(m Hξ)− RN (dϕ(ei ),m Hξ)dϕ(ei )}

= m
m∑

i=1

(ei ei (H)ξ+2ei (H)∇N
ei
ξ+H∇N

ei
∇

N
ei
ξ−(∇ei ei )(H)ξ−H∇N

∇ei ei
ξ)

−m H
m∑

i=1

RN (dϕ(ei ), ξ)dϕ(ei )

= m(1H)ξ − 2m A(grad H)−m H1ϕξ −m H
m∑

i=1

RN (dϕ(ei ), ξ)dϕ(ei ).

To find the tangential and normal parts of the bitension field, we first compute the
tangential and normal components of the curvature term, getting

m∑
i,k=1

〈RN (dϕ(ei ), ξ)dϕ(ei ), ek〉ek =−(RicN (ξ, ek))ek =−(Ric(ξ))>,

m∑
i=1

〈RN (dϕ(ei ), τ (ϕ))dϕ(ei ), ξ〉 = −m H RicN (ξ, ξ).

To find the normal part of 1ϕξ , we compute

(6) 〈1ϕξ, ξ〉 =

m∑
i=1

〈−∇
N
ei
∇

N
ei
ξ +∇N

∇ei ei
ξ, ξ〉 =

m∑
i=1

〈∇
N
ei
ξ,∇N

ei
ξ〉.

On the other hand, using (3) and (4), we have

|A|2 =
m∑

i, j=1

〈Aei , e j 〉
2
=

m∑
i, j=1

〈∇
N
ei
ξ, e j 〉

2
=

m∑
i=1

〈∇
N
ei
ξ,

m∑
j=1

〈∇
N
ei
ξ, e j 〉e j 〉

=

m∑
i=1

〈∇
N
ei
ξ,∇N

ei
ξ〉,

which, together with (6), implies that

(1ϕξ)⊥ = 〈1ϕξ, ξ〉ξ =

m∑
i=1

〈∇
N
ei
ξ,∇N

ei
ξ〉ξ = |A|2ξ.
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A straightforward computation gives the tangential part of 1ϕξ as

(7)

(1ϕξ)> =

m∑
i,k=1

〈−∇
N
ei
∇

N
ei
ξ +∇N

∇ei ei
ξ, ek〉ek

=

m∑
i,k=1

〈∇
N
ei

Aei − A(∇ei ei ), ek〉ek =

m∑
i,k=1

((∇ei b)(ek, ei ))ek .

Substituting the Codazzi–Mainardi equation for a hypersurface, namely,

(∇ei b)(ek, ei )− (∇ek b)(ei , ei )= (RN (ei , ek)ei )
⊥
= 〈RN (ei , ek)ei , ξ〉,

into (7) and using normal coordinates at a point, we have

(1ϕξ)> =

m∑
i,k=1

((∇ei b)(ekei ))ek

=

m∑
k=1

( m∑
i=1

(∇ek b)(ei , ei )−Ric(ξ, ek)
)

ek = m grad(H)− (Ric(ξ, ek))ek .

Therefore, by collecting all the tangent and normal parts of the bitension field
separately, we finally have

(τ 2(ϕ))⊥ = 〈τ 2(ϕ), ξ〉ξ = m(1H − H |A|2+ H RicN (ξ, ξ))ξ,

(τ 2(ϕ))> =

m∑
k=1

〈τ 2(ϕ), ek〉ek

=−m
(
2A(grad H)+ 1

2 m(grad H 2)− 2H(Ric(ξ))>
)
. �

As an immediate consequence of Theorem 2.1 is this:

Corollary 2.2. A constant mean curvature hypersurface in a Riemannian manifold
is biharmonic if and only if it is minimal or RicN (ξ, ξ)= |A|2 and (RicN (ξ))>= 0.
In particular, we recover [Oniciuc 2002, Proposition 2.4], which states that a
constant mean curvature hypersurface in a Riemannian manifold (N m+1, h) with
nonpositive Ricci curvature is biharmonic if and only if it is minimal.

Corollary 2.3. A hypersurface in an Einstein space (N m+1, h) is biharmonic if
and only if its mean curvature function H is a solution of the PDEs

(8)
1H − H |A|2+ r H

m+1
= 0,

2A(grad H)+ 1
2 m grad H 2

= 0,

where r is the scalar curvature of the ambient space. In particular, a hypersur-
face ϕ : (Mm, g)→ (N m+1(C), h) in a space of constant sectional curvature C is
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biharmonic if and only if its mean curvature function H is a solution of the PDEs
[Jiang 1987; Chen 1991; Caddeo et al. 2002]

(9)
1H − H |A|2+mC H = 0,

2A(grad H)+ 1
2 m grad H 2

= 0.

Proof. It is well known that if (N m+1, h) is an Einstein manifold, then

RicN (Z ,W )=
r

m+1
h(Z ,W ) for any Z ,W ∈ T N

and hence (RicN (ξ))> = 0 and RicN (ξ, ξ) = r/(m + 1). From these and (5) we
obtain (8). When (N m+1(C), h) is a space of constant sectional curvature C , it is
an Einstein space with scalar curvature r = m(m+ 1)C . Substituting this into (8)
we obtain (9). �

Theorem 2.4. A totally umbilical hypersurface in an Einstein space with non-
positive scalar curvature is biharmonic if and only if it is minimal.

Proof. Take an orthonormal frame {e1, . . . , em, ξ} of (N m+1, h) adapted to the
hypersurface M so that Aei = λi ei , where A is the Weingarten map of the hyper-
surface and λi is the principal curvature in the direction ei . Since M is assumed to
be totally umbilical, all principal normal curvatures at any point p ∈ M are equal
to the same number λ(p). It follows that

H = 1
m

m∑
i=1

〈Aei , ei 〉 = λ, |A|2 = mλ2,

A(grad H)= A
( m∑

i=1

(eiλ)ei

)
=

1
2 grad λ2,

The biharmonic hypersurface equations (8) become

1λ−mλ3
+

rλ
m+1

= 0 and (2+m) grad λ2
= 0.

Solving these, we have either λ = 0 and hence H = 0, or λ = ±
√

r/(m(m+ 1))
is a constant. The latter happens only if the scalar curvature is nonnegative, from
which we obtain the theorem. �

Remark 2.5. Theorem 2.4 generalizes the results of [Balmuş et al. 2008; Caddeo
et al. 2002; Dimitrić 1992] about totally umbilical biharmonic hypersurfaces in a
space form. It also implies that the generalized Chen conjecture is true for totally
umbilical hypersurfaces in an Einstein space with nonpositive scalar curvature.
Note that nonpositive scalar curvature is a much weaker condition than nonpositive
sectional curvature.
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Corollary 2.6. Any totally umbilical biharmonic hypersurface in a Ricci flat man-
ifold is minimal.

Proof. This follows from Theorem 2.4 and the fact that a Ricci flat manifold is an
Einstein space with zero scalar curvature. �

3. Proper biharmonic foliations of codimension one

In general, proper biharmonic maps as local solutions of a system of fourth order
PDEs are extremely difficult to unearth. Even in the case of biharmonic submani-
folds (viewed as biharmonic maps with geometric constraints), few examples have
been found. In this section, we construct families of metrics that turn some folia-
tions of hypersurfaces into proper biharmonic foliations, thus providing infinitely
many proper biharmonic hypersurfaces.

Theorem 3.1. For any constant C , let N = {(x1, . . . , xm, z) ∈ Rm+1
| z > −C}

denote the upper half space. Then, the conformally flat space(
N , h = f −2(z)

( m∑
i=1

dxi
2
+ dz2

))
is foliated by proper biharmonic hyperplanes z = k, where k ∈ R and k > −C , if
and only if f (z)= D/(z+ E), where E ≥ C and D ∈ R \ {0}.

Proof. Consider the isometric immersion

ϕ : (Rm, g)→
(

Rm+1, h = f −2(z)
( m∑

i=1

dxi
2
+ dz2

))
with ϕ(x1, . . . , xm) = (x1, . . . , xm, k) and k being a constant, where the induced
metric g with respect to the natural frame ∂i = ∂/∂xi for i = 1, 2, . . . ,m and
∂m+1 = ∂/∂z has components

gi j = g(∂i , ∂ j )= h(dϕ(∂i ), dϕ(∂ j )) ◦ϕ =

{
f −2(k) if i = j,
0 if i 6= j.

One can check that eA = f (z)∂A, where A = 1, 2, . . . ,m,m + 1, constitutes a
local orthonormal frame on Rm+1 adapted to the hypersurface z= k with ξ = em+1

being the unit normal vector field. A straightforward computation using Koszul’s
formula gives the coefficients of the Levi-Civita connection of the ambient space:

(∇eA eB)=


f ′em+1 0 · · · 0 − f ′e1

0 f ′em+1 · · · 0 − f ′e2
...

...
. . .

...
...

0 0 · · · f ′em+1 − f ′em

0 0 · · · 0 0


(m+1)×(m+1)
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Noting that ξ = em+1 is the unit normal vector field, we can easily compute the
components of the second fundamental form as

h(ei , e j )= 〈∇ei e j , em+1〉 =

{
f ′ if i = j = 1, 2, . . . ,m,
0 otherwise,

from which we conclude that each of the hyperplanes z = k is a totally umbilical
hypersurface in the conformally flat space.

We compute the mean curvature of the hypersurface and the norm of the second
fundamental form to be

H = 1
m

m∑
i=1

h(ei , ei )= f ′ and |A|2 =
m∑

i=1

|h(ei , ei )|
2
= m f ′2.

Since H depends only on z, we have gradg H =
∑m

i=1 ei (H)ei = 0 and hence
1g H = div(gradg H)= 0. Therefore, by Theorem 2.1, the biharmonic equation of
the isometric immersion reduces to the system

(10) −|A|2+RicN (ξ, ξ)= 0 and
m∑

i=1

(RicN (ξ, ei ))ei = 0.

We can compute the Ricci curvature of the ambient space:

Ric(ei , ξ)= Ric(ei , em+1)=

m∑
j=1

〈R(em+1, e j )e j , ei 〉 = 0 for all i = 1, 2, . . . ,m,

Ric(ξ, ξ)= Ric(em+1, em+1)=

m∑
j=1

〈R(em+1, e j )e j , em+1〉 = m f f ′′−m f ′2.

Substituting these into the system (10), we conclude that all isometric immer-
sions ϕ : Rm

→ (Rm+1, h = f −2(z)(
∑m

i=1 dxi
2
+ dz2)) with ϕ(x1, . . . , xm) =

(x1, . . . , xm, k) are biharmonic if and only if f f ′′−2 f ′2= 0. This equation can be
written as ( f ′/ f )′− ( f ′/ f )2 = 0. This ordinary differential equation has solution
f (z)= D/(z+C), where C and D are constants. Since the mean curvature of the
hypersurface H = f ′(k) is never zero, we conclude that each of the hyperplanes
z= k for k 6=−C is a proper biharmonic hypersurface in the conformally flat space
(N , h = ((z+C)/D)2(

∑m
i=1 dxi

2
+ dz2)). �

Theorem 3.2. The isometric immersion

ϕ : R2
→ (R3, h = e2p(z)dx2

+ e2q(z)dy2
+ dz2)

with ϕ(x, y)= (x, y, c) is biharmonic if and only if

(11) p′′+ 2p′2+ q ′′+ 2q ′2 = 0.
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In particular, for any positive constants A, B,C, D, the upper half space R3
+
=

{(x, y, z) | z > 0} with metric h = (Az + B)dx2
+ (Cz + D)dy2

+ dz2 is foliated
by proper biharmonic planes z = constant.

Proof. Let ϕ be as stated, with c being a positive constant. Using the notation
∂1 = ∂/∂x , ∂2 = ∂/∂y and ∂3 = ∂/∂z we can easily check that the induced metric
is given by

g11 = g(∂1, ∂1)= h(dϕ(∂1), dϕ(∂1)) ◦ϕ = e2p(c),

g12 = g(∂1, ∂2)= h(dϕ(∂1), dϕ(∂2)) ◦ϕ = 0,

g22 = g(∂2, ∂2)= h(dϕ(∂2), dϕ(∂2)) ◦ϕ = e2q(c).

One can also check that e1 = e−p(z)∂1, e2 = e−q(z)∂2 and e3 = ∂3 constitute an
orthonormal frame on R3

+
adapted to the surface z = c, with ξ = e3 being the unit

normal vector field. A further computation gives the Lie brackets

(12) [e1, e2] = 0, [e1, e3] = p′e1, [e2, e3] = q ′e2,

and the coefficients of the Levi-Civita connection:

(13)

∇e1e1 =−p′e3, ∇e1e2 = 0, ∇e1e3 = p′e1,

∇e2e1 = 0, ∇e2e2 =−q ′e3, ∇e2e3 = q ′e2,

∇e3e1 = 0, ∇e3e2 = 0, ∇e3e3 = 0.

Since that ξ = e3 is the unit normal vector field, the components of the second
fundamental form are

h(e1, e1)= 〈∇e1e1, e3〉 = −p′,

h(e1, e2)= 〈∇e1e2, e3〉 = 0,

h(e2, e2)= 〈∇e2e2, e3〉 = −q ′.

From these, the mean curvature of the isometric immersion is

(14) H = 1
2(h(e1, e1)+ h(e2, e2))=−(p′+ q ′)/2,

and the norm of the second fundamental form is

|A|2 =
2∑

i=1

|h(ei , ei )|
2
= p′2+ q ′2.

Since H depends only on z we have gradg H = e1(H)e1+e2(H)e2 = 0 and hence
1g H = div(gradg H) = 0. Therefore, by Theorem 2.1, the biharmonic equation
of the isometric immersion reduces to (10) with m = 2. To compute the Ricci
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curvature of the ambient space we can use (12) and (13) to get

Ric(e1, ξ)= Ric(e1, e3)= 〈R(e3, e2)e2, e1〉 = 0,

Ric(e2, ξ)= Ric(e2, e3)= 〈R(e3, e1)e1, e3〉 = 0,

Ric(ξ, ξ)= Ric(e3, e3)= 〈R(e3, e1)e1, e3〉+ 〈R(e3, e2)e2, e3〉

= −p′′− p′2− q ′′− q ′2.

Substituting these into (10) with m = 2, we conclude that ϕ is biharmonic if and
only if (11) holds, which gives the theorem’s first statement. The second is obtained
by looking for the solutions of (11) satisfying p′′+2p′2 = 0 and q ′′+2q ′2 = 0. In
fact, we have special solutions p(z)= 1

2 ln(Az+ B) and q(z)= 1
2 ln(Cz+D) with

positive constants A, B,C, D. By (14) and the choice of these constants, we see
that the mean curvature of the surface z = c is

H =− 2ACz+AD+BC
2(Az+B)(Cz+D)

6= 0,

and hence each such surface is a nonminimal biharmonic surface. �

Remark 3.3. Theorem 3.2 has a generalization to a higher dimensional space Rm
+

for m > 3.

Example 3.4. Let λ(t) =
√

At + B, where A and B are positive constants. Then
the warped product space N = (S2

× R+, h = λ2(t)gS2
+ dt2) is foliated by the

spheres (S2
×{t}, λ2(t)gS2

), each of which is a totally umbilical proper biharmonic
surface.

To see what is claimed in Example 3.4, we parametrize the unit sphere S2 by
spherical polar coordinates:

R×R 3 (ρ, θ)→ (cos ρ, sin ρ cos θ, sin ρ sin θ)) ∈ R3.

Then, the standard metric can be written as gS2
= dρ2

+sin2 ρ dθ2, and the warped
product metric on N takes the form h=λ2(t)dρ2

+λ2(t) sin2 ρ dθ2
+dt2. Consider

the isometric immersion ϕ : S2
→ (R+×S2, dt2

+λ2(t)gS2
)with ϕ(ρ, θ)= (ρ, θ, c)

and c being a positive constant. Using the notation ∂1 = ∂/∂ρ, ∂2 = ∂/∂θ and
∂3 = ∂/∂t , we can easily check that the induced metric is given by

g11 = g(∂1, ∂1)= h(dϕ(∂1), dϕ(∂1)) ◦ϕ = λ
2(c),

g12 = g(∂1, ∂2)= h(dϕ(∂1), dϕ(∂2)) ◦ϕ = 0,

g22 = g(∂2, ∂2)= h(dϕ(∂2), dϕ(∂2)) ◦ϕ = λ
2(c) sin2 ρ.

Using the orthonormal frame e1= λ
−1(t)∂1, e2= (λ(t) sin ρ)−1∂2 and e3= ∂3, we

have the Lie brackets

[e1, e2] = −(cot ρ/λ)e2, [e1, e3] = f e1, [e2, e3] = f e2,
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where here and in the sequel we use the notation f = (ln λ)′= λ′/λ. Clearly, e1, e2

and ξ = e3 = ∂3 constitute a local orthonormal frame of N adapted to the surface
with ξ being the unit vector field normal to the surface. We can use the Kozsul
formula to compute the components of the second fundamental form as

h(e1, e1)= 〈∇e1e1, ξ〉 = 〈∇e1e1, e3〉

=
1
2(−〈e1, [e1, e3]〉− 〈e1, [e1, e3]〉+ 〈e3, [e1, e1]〉)=− f,

h(e1, e2)= 〈∇e1e2, ξ〉 = 〈∇e1e2, e3〉 = 0,

h(e2, e2)= 〈∇e2e2, ξ〉 = 〈∇e2e2, e3〉 = − f,

from which we conclude that each such sphere is a totally umbilical surface in N .
The mean curvature of the isometric immersion and the norm of the second

fundamental form are

H = 1
2(h(e1, e1)+ h(e2, e2))=− f and |A|2 =

2∑
i=1

|h(ei , ei )|
2
= 2 f 2,

which depend only on t . It follows that gradg H = 0 and 1g H = 0. Therefore, by
Theorem 2.1, the proper biharmonic equation of ϕ reduces to (10) with m = 2.

On the other hand, using the Ricci curvature formula (for example [Besse 2008])
of the warped product M = B×λ F , we have

Ric(e1, ξ)= Ric(e1, e3)= 0, Ric(e2, ξ)= Ric(e2, e3)= 0,

Ric(ξ, ξ)= Ric(e3, e3)= RicR(e3, e3)− (2/λ)Hessλ(e3, e3)

=−(2/λ)(e3(e3λ)− dλ(∇e3e3))=−2λ′′/λ.

Substituting these into (10) with m = 2 we conclude that the isometric immersion
ϕ : S2

→ (S2
×R+, λ2(t)gS2

+dt2)with ϕ(ρ, θ)= (ρ, θ, c) is biharmonic if and only
if −2(λ′/λ)2− 2λ′′/λ = 0. Solving this final equation, we have λ(t) =

√
At + B,

proving the claim in Example 3.4.

Remark 3.5. The referee points out that the biharmonicity of the inclusion maps
in Example 3.4 is in fact a special case of [Balmuş et al. 2007, Corollary 3.4],
which was proved by a different method.

4. Biharmonic cylinders of a Riemannian submersion

Let π : (M3, g) → (N 2, h) be a Riemannian submersion with totally geodesic
fibers from a complete manifold. Let α : I → (N 2, h) be an immersed regular
curve parametrized by arclength. Then 6 =

⋃
t∈I π

−1(α(t)) is a surface in M
that can be viewed as a disjoint union of all horizontal lifts of the curve α. Let
{X = α′, ξ} be a Frenet frame along α, and let κ be the geodesic curvature of the
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curve. Then the Frenet formula for α is given by

∇̃X X = κξ,

∇̃Xξ =−κX ,

where ∇̃ denotes the Levi-Civita connection of (N , h). Let β : I → (M3, g) be a
horizontal lift of α. Let X and ξ be the horizontal lifts of X and ξ , respectively. Let
V be the unit vector field tangent to the fibers of the submersion π . Then {X, ξ, V }
is an orthonormal frame of M adapted to the surface, with ξ the unit normal vector
of the surface. The restriction of this frame to the curve β is the Frenet frame
along β. Therefore, the Frenet formula along β is given by

(15)

∇X X = κξ,

∇Xξ =−κX + τV,

∇X V =−τξ,

where ∇ denotes the Levi-Civita connection of (M, g). Since a Riemannian sub-
mersion preserves the inner product of horizontal vector fields, we can check that
κ = κ ◦ π and τ = 〈∇Xξ, V 〉 = 〈AXξ, V 〉 is the torsion of the horizontal lift that
vanishes if the Riemannian submersion has integrable horizontal distribution; here
A is the A-tensor of the submersion [O’Neill 1966]. In what follows, we will use
the frame {X, ξ, V } to compute the mean curvature, second fundamental form, and
other terms that appear in the biharmonic equation of the surface 6.

Using (15) we have

A(X)=−〈∇Xξ, X〉X −〈∇Xξ, V 〉V = κX − τV,

A(V )=−〈∇V ξ, X〉X −〈∇V ξ, V 〉V =−τ X,

b(X, X)= 〈A(X), X〉 = κ, b(X, V )= 〈A(X), V 〉 = −τ,

b(V, X)= 〈A(V ), X〉 = −τ, b(V, V )= 〈A(V ), V 〉 = 0;

H = 1
2(b(X, X)+ b(V, V ))= 1

2κ,

A(grad H)= A(X ( 1
2κ)X + V (1

2κ)V )= X ( 1
2κ)A(X)=

1
2κ
′(κX − τV );

1H = X X (H)− (∇X X)H + V V (H)− (∇V V )H = 1
2κ
′′
;

|A|2 = (b(X, X))2+ (b(X, V ))2+ (b(V, X))2+ (b(V, V ))2 = κ2
+ 2τ 2.

Substituting these into the biharmonic hypersurface equation (5), we conclude that
the surface 6 is biharmonic in (M3, g) if and only if

1
2κ
′′
−

1
2κ(κ

2
+ 2τ 2)+ 1

2κ RicM(ξ, ξ)= 0,

κ ′(κX − τV )+ 1
2κκ

′X − κ RicM(ξ, X)X − κ RicM(ξ, V )V = 0.
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These are equivalent to

(16)

κ ′′− κ(κ2
+ 2τ 2)+ κ RicM(ξ, ξ)= 0,

3κ ′κ − 2κ RicM(ξ, X)= 0,

κ ′τ + κ RicM(ξ, V )= 0.

Applying (16) to Hopf fibration π : S3
→ S2 we have the following corollary,

which recovers [Inoguchi 2004, Proposition 3.1].

Corollary 4.1. There is no proper biharmonic Hopf cylinder in S3.

Finally, applying (16) to the submersions π : S2
×R→ S2 and π : H 2

×R→ H 2

yields another corollary:

Corollary 4.2. (1) The Hopf cylinder 6 =
⋃

t∈I π
−1(α(t)) is a proper bihar-

monic surface in S2
×R if and only if the directrix α : I→ (S2, h) is a part of

a circle in S2 with radius
√

2/2;

(2) The Hopf cylinder 6 =
⋃

t∈I π
−1(α(t)) is biharmonic in H 2

×R if and only
if it is minimal.
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SINGULAR FIBERS AND 4-DIMENSIONAL
COBORDISM GROUP

OSAMU SAEKI

Using the technique of singular fibers of C∞ stable maps, we give a new
proof to the theorem, originally due to Rohlin, that the oriented cobordism
group of 4-dimensional manifolds is infinite cyclic and is generated by the
cobordism class of the complex projective plane. A byproduct is a new and
transparent proof of the signature formula, originally due to T. Yamamoto
and the author, for 4-dimensional manifolds in terms of singular fibers.

1. Introduction

Saeki [2004] developed the theory of singular fibers of generic differentiable maps
f : M → N between manifolds with dim M > dim N . In particular, C∞ stable
maps with (dim M, dim N )= (2, 1), (3, 2) and (4, 3) were thoroughly studied and
their singular fibers were completely classified up to a natural equivalence. (For
precise definitions, see [Golubitsky and Guillemin 1973] and Section 2. For the
case of maps between nonorientable manifolds, see [Yamamoto 2006] as well.)

In this paper, we use these classifications of singular fibers to determine the
structures of N2, �2, �3 and �4, where Nn and �n are the cobordism group and
oriented cobordism group, respectively, of manifolds of dimension n. These groups
were central objects of study in differential topology in the middle of 20th century,
and their structures have been completely clarified. Our main objective here is
to use classifications of singular fibers of C∞ stable maps to show that �4 is an
infinite cyclic group generated by the cobordism class of the complex projective
plane, and that the signature function�4→Z gives an isomorphism. This theorem
is originally due to Rohlin [1952]; see also [Guillou and Marin 1986].

The idea of our proof, which is constructive, is as follows. If we have a smooth
map f of a closed oriented 4-manifold M into a 3-manifold N , then a regular fiber
is a finite disjoint union of circles. In particular, if f is nonsingular, then M is a
circle bundle over a 3-manifold and therefore bounds the associated 2-disk bundle.

MSC2000: primary 57R45; secondary 57R75.
Keywords: singular fiber, stable map, cobordism group, signature, complex projective plane.
This work was supported in part by Grant-in-Aid for Scientific Research (B) Number 19340018,
Japan Society for the Promotion of Science.
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If f has singularities and is generic enough, then the 4-manifold M is decomposed
into several pieces according to the classification of singular fibers. For example,
regular fibers correspond to a circle bundle over a 3-manifold. Furthermore, we can
find a “canonical” 5-manifold for each such piece, except for that corresponding
to specific singular fibers, called singular fibers of type III8 in [Saeki 2004]. By
gluing these 5-manifold pieces to M × [0, 1], we get a cobordism between M
and a finite disjoint union of copies of a certain 4-manifold, each corresponding
to a singular fiber of type III8. In this paper, we will show that this 4-manifold
is in fact diffeomorphic to the complex projective plane CP2 up to orientation.
This observation shows that CP2 is a natural representative of the generator of
the 4-dimensional oriented cobordism group �4, since our proof is natural and the
appearance of CP2 is not artificial. We may also say that we give a modern proof
of the classical Rohlin’s theorem from a singularity theoretical viewpoint.

As a corollary to our argument, we get a new and constructive proof of the
signature formula proved in [Saeki and Yamamoto 2006]: the signature of a 4-
manifold M coincides with the number of singular fibers of type III8 counted with
signs for any C∞ stable map f :M→ N into a 3-manifold. The proof depended on
the classification of singular fibers of C∞ stable maps of n-dimensional manifolds
into (n−1)-dimensional manifolds for n ≤ 5, whereas our proof here needs only
the classification of such singular fibers for n ≤ 4.

The paper is organized as follows. In Section 2, we review some prerequisite
notions about cobordisms of manifolds and singular fibers of differentiable maps.
In Section 3, we show that N2∼=Z2 and �2= 0 using the classification of singular
fibers of Morse functions on surfaces. We will see that the real projective plane
RP2 is a natural representative of the generator of N2 and that the Euler character-
istic modulo two gives an isomorphism N2→ Z2. Although the argument is quite
elementary, the proof will turn out to be a good guideline for the 4-dimensional
case. In Section 4, we will show that �3 = 0 using the classification of singular
fibers of C∞ stable maps of 3-manifolds into surfaces. A similar idea has been used
by Costantino and D. Thurston [2008] in a proof that every 3-manifold efficiently
bounds a 4-manifold. In fact, the idea of this paper is based on their work. In
Section 5, we will show that �4 ∼= Z by using the classification of singular fibers
of C∞ stable maps of 4-manifolds into 3-manifolds. As a corollary, we will also
show that if f : M → N is a generic differentiable map between manifolds with
dim M−dim N =1 that has only singular fibers of codimension≤3 and no singular
fiber of type III8, then M is null cobordant. We note that the results in this paper
depend on a bundle structure theorem for singular fibers of stable maps due to
Kalmár [2008, Section 5; 2009, Section 6].

Throughout the paper, all manifolds and maps are differentiable of class C∞.
The symbol ∼= denotes a diffeomorphism between manifolds or an appropriate
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isomorphism between algebraic objects. For a closed surface 6 and a positive
integer m, we denote by 6(m) the surface 6 with m open disks removed. We
denote by cl(A) the closure of a subset A of a topological space.

2. Preliminaries

Let n be a nonnegative integer. Two closed oriented (possibly disconnected) n-
dimensional manifolds M0 and M1 are oriented cobordant if there is a compact
oriented (n+1)-dimensional manifold V such that ∂V = (−M0)∪M1 as oriented
manifolds, where −M0 denotes the manifold obtained by reversing the orientation
of M0. This defines an equivalence relation on the set of all closed oriented
manifolds of dimension n, and the oriented cobordism class of a closed oriented
manifold M is denoted by [M].

We denote by �n the set of all oriented cobordism classes of closed oriented n-
dimensional manifolds. This clearly forms an additive group under the operation
given by [M]+[M ′]= [M∪M ′]. The abelian group�n is called the n-dimensional
oriented cobordism group.

If we ignore the orientations of the manifolds in these definitions above, then
we get the usual notion of a cobordism, and the set of all cobordism classes of
closed (possibly nonorientable) n-dimensional manifolds is denoted by Nn , which
is called the (unoriented) n-dimensional cobordism group.

These groups were formulated and studied in the middle of 20th century, and
their structures have been completely determined. For example, see [Milnor and
Stasheff 1974; Pontryagin 1955; Thom 1954; Wall 1959]. In particular, �n and
Nn are a finitely generated Z-module and Z2-module, respectively. (Historically,
Pontrjagin [1955] first introduced such groups to compute certain homotopy groups
of spheres. Thom [1954] reduced the computation of the cobordism groups to
the study of homotopy groups of certain spaces, and then the structures of the
cobordism groups have been determined by several authors.)

We now recall some definitions about singular fibers. See [Saeki 2004].

Definition 2.1. Let fi : Mi → Ni be maps between manifolds and take points
yi ∈ Ni for i = 0, 1. We say that the fibers over y0 and y1 are C∞ equivalent
if for some open neighborhoods Ui of yi in Ni , there exist diffeomorphisms ϕ̃ :
( f0)

−1(U0)→ ( f1)
−1(U1) and ϕ :U0→U1 with ϕ(y0)= y1 such that the following

diagram is commutative:

(( f0)
−1(U0), ( f0)

−1(y0))
ϕ̃ //

f0

��

ϕ̃ // (( f1)
−1(U1), ( f1)

−1(y1))

f1

��
(U0, y0)

ϕ // (U1, y1).
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When y ∈ N is a regular value of a map f : M → N between manifolds, we call
the C∞ equivalence class of the fiber over y (or the space f −1(y)) a regular fiber;
otherwise, we call it singular.

Given f :M→ N and a point y ∈ N , consider the map f ×idR :M×R→ N×R,
where idR is the identity map of the real line R. Then the fiber of f × idR over the
point (y, 0) ∈ N ×R is called the suspension of the fiber of f over y.

For certain dimension pairs (dim M, dim N ), singular fibers of C∞ stable maps
(defined below) of M into N have been classified up to C∞ equivalence. For
details, see [Saeki 2004; Yamamoto 2006; Yamamoto 2007].

Definition 2.2. For manifolds M and N , we denote by C∞(M, N ) the space of all
smooth maps of M into N , endowed with the Whitney C∞ topology. We say that
a smooth map f : M→ N is a C∞ stable map if there exists a neighborhood U f

of f in C∞(M, N ) such that for each g ∈U f , the diagram

M ψ̃ //

f
��

M

g
��

N
ψ // N

commutes for some diffeomorphisms ψ̃ and ψ ; for details, see [Golubitsky and
Guillemin 1973].

It is known that a smooth function M→R on a closed manifold M is C∞ stable
if and only if it is a Morse function, that is, if and only if its critical points are all
nondegenerate and have distinct critical values. Furthermore, if dim N ≤ 5, then
the set of C∞ stable maps is open and dense in C∞(M, N ); see [Mather 1971].

Let us recall the following notion of a Stein factorization, which will play an
important role in this paper.

Definition 2.3. Let f : M→ N be a smooth map between smooth manifolds. For
two points x, x ′ ∈ M , we define x ∼ f x ′ if f (x)= f (x ′), and the points x and x ′

belong to the same connected component of a fiber of f . We define Wf = M/∼ f

to be the quotient space with respect to this equivalence relation, and q f :M→Wf

denotes the quotient map. Then it is easy to see that there exists a unique continuous
map f̄ :Wf → N such that the following diagram commutes:

M

q f   

f // N

Wf

f̄

>>

This diagram is called the Stein factorization of f ; see [Levine 1985].
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(1)

(2)

(3)

Figure 1. List of C∞ equivalence classes of singular fibers for
Morse functions on surfaces.

If f is a proper C∞ stable map, then Wf is a polyhedron and all the maps
appearing in this diagram are triangulable; for details, see [Hiratuka 2001].

The Stein factorization is a very useful tool for studying topological properties
of C∞ stable maps.

3. Two-dimensional cobordism group

In this section, we show that N2∼=Z2 and�2=0 using the classification of singular
fibers of Morse functions on surfaces.

Let M be an arbitrary closed 2-dimensional manifold, possibly disconnected or
nonorientable. It is known that there always exists a Morse function f : M → R.
The singular fibers of such Morse functions are classified as in Figure 1, which
may be folklore; for details, see [Saeki 2004].

Construct a compact 3-dimensional manifold V whose boundary includes M by
attaching certain pieces to M ×[0, 1], as follows.

Let Wf be the quotient space in the Stein factorization of f = f̄ ◦q f . It is a graph
whose vertices correspond to connected components of singular fibers: the degree
of a vertex is equal to 1, 3 or 2 if it corresponds to the connected component of
the singular fiber as (1), (2) or (3) of Figure 1, respectively, containing the critical
point; see Figure 2 for an example.

For an edge e of Wf , set e′=cl(e\N0), where N0 is a small regular neighborhood
of the set of vertices in Wf and cl denotes the closure in Wf . Since the map



238 OSAMU SAEKI

q f

M = M ×{0}
N0

e

e′

q−1
f (e

′)×{0}

Wf

Figure 2. Constructing the 3-manifold V .

q f restricted to q−1
f (e

′) is a locally trivial fiber bundle over e′ with fiber S1, it
is diffeomorphic to S1

× e′. Let us glue a 2-handle D2
× e′ to M × [0, 1] by

identifying ∂D2
×e′ and q−1

f (e
′)×{0} by using the diffeomorphism above. Let us

perform this operation for each edge of Wf and denote by V the resulting compact
3-dimensional manifold. For an example of the union of M×{0} and the 2-handles,
see Figure 2.

We see that the boundary ∂V is a disjoint union of M × {1} and some closed
surfaces F j , where each F j corresponds to a singular fiber of f . More precisely,
let v be a vertex of Wf and N0(v) its small regular neighborhood in Wf , which is
a component of N0. Then, the corresponding surface F j is diffeomorphic to the
union of q−1

f (N0(v)) and some 2-disks attached to the regular fibers corresponding
to N0(v)∩ cl(Wf \ N0).

Thus, according to the classification of singular fibers as in Figure 1, we see that
each surface F j is connected and is diffeomorphic to S2 for the singular fibers as
in (1) and (2) of Figure 1, and to RP2 for that in Figure 1(3). See Figure 3.

Since S2
= ∂D3 is null cobordant, we have proved the following.

Lemma 3.1. Every closed surface is cobordant to the disjoint union of a finite
number of copies of RP2.

The cobordism class [RP2
∪RP2

] is zero since RP2
∪RP2 is the boundary of

the compact 3-manifold RP2
×[0, 1]. Let us consider the homomorphism

ϕ : Z2→N2, 1 7→ [RP2
],

where 1 ∈ Z2 is the generator. This is a well-defined homomorphism, and is sur-
jective by Lemma 3.1.
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RP2

∼ =

∼ =

∼= S2

∼= S2

∪

(1)

(2)

(3)

Singular fiber F j

Figure 3. Surface F j appearing around each singular fiber.

Let

(3-1) χ2 :N2→ Z2

be the homomorphism defined by associating to each cobordism class the Euler
characteristic modulo two of its representative. Using standard techniques in alge-
braic topology, we can show that this defines a well-defined homomorphism; for
example, see [Thom 1952].

Since the Euler characteristic of RP2 is equal to 1, we see that the composition
χ2 ◦ ϕ : Z2 → Z2 is the identity. Therefore, ϕ must be injective. Thus, we have
proved the following.

Theorem 3.2. The 2-dimensional cobordism group N2 is cyclic of order two and
is generated by the cobordism class of RP2. In fact, the homomorphism (3-1) is an
isomorphism.

Our proof does not depend on the classification of closed surfaces.
As a corollary to the proof, we also get the following, which was originally

obtained in [Saeki 2004].
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κ = 1

κ = 2

I0 I1

II2 II3 IIa

Figure 4. List of C∞ equivalence classes of singular fibers of C∞

stable maps of orientable 3-manifolds into surfaces.

Corollary 3.3. Let f : M→ R be a Morse function on a closed surface M. Then,
the number of singular fibers of f as in Figure 1(3) has the same parity as the
Euler characteristic of M.

If a closed surface M is oriented, then a singular fiber as in Figure 1(3) never
appears, since its neighborhood is nonorientable. Furthermore, the 3-manifold V
constructed above is orientable, since M × [0, 1] is orientable and attaching a 2-
handle does not alter the orientability of a 3-manifold. Moreover, V can be oriented
so that its oriented boundary consists of M and some 2-spheres. Thus:

Corollary 3.4. The 2-dimensional oriented cobordism group �2 vanishes.

4. Three-dimensional oriented cobordism group

In this section, we show that �3 = 0 by using the classification of singular fibers
of C∞ stable maps of closed orientable 3-manifolds into surfaces.

For M a closed oriented 3-manifold, there always exists a C∞ stable map f
from M into any surface N ; for example, see [Kushner et al. 1984; Levine 1985].
Singular fibers of such maps have been classified in [Saeki 2004] up to C∞ equiv-
alence; see also [Kushner et al. 1984; Levine 1985]. The connected components
of singular fibers containing singular points are as depicted in Figure 4, where
each figure represents the connected component of the inverse image of a point in
the target. (In fact, it is known that two such singular fibers are C∞ equivalent if
and only if the corresponding inverse images are diffeomorphic to each other. For
details, see [Saeki 2004].) Furthermore, in Figure 4, κ denotes the codimension of
a singular fiber, that is, it is the codimension of the set of those points in the target
over which lies a relevant singular fiber. Following the convention introduced in
[Saeki 2004], we use the notation I0, I1 and so on for the C∞ equivalence classes
of singular fibers. The I0-type (or I1-type) singular fiber is the suspension of the
singular fiber for Morse functions as in Figure 1(1) (respectively Figure 1(2)).

A C∞ stable map of a 3-manifold into a surface has only fold and cusp singu-
larities [Kushner et al. 1984; Levine 1985]. A singular fiber (or the corresponding
inverse image) can be regarded as a graph: a fold point corresponds to an isolated
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vertex or to a vertex of degree four, and a cusp point corresponds to a cuspidal
vertex of degree two (see Figure 4).

Let Wf be the quotient space in the Stein factorization of a C∞ stable map
f from a closed oriented 3-manifold M into a surface N . The space Wf is a
compact 2-dimensional polyhedron and its local structure is completely determined
[Kushner et al. 1984; Levine 1985]. Let W (0) denote the q f -image of the singular
fibers of κ = 2, and let W (1) denote the q f -image of the singular fibers of κ ≥ 1
(more precisely, they are the q f -images of the components of the relevant singular
fibers containing singular points). Note that W (0) is a finite set of points and W (1)

is a 1-dimensional subcomplex of Wf whose complement is a nonsingular surface.
For i = 0, 1, we denote by N (i) a small regular neighborhood of W (i) in Wf . We
set N0= N (0), N1= cl(N (1)

\N (0)) and N2= cl(Wf \N (1)), where N1 is regarded
as a regular neighborhood of cl(W (1)

\ N (0)) in cl(Wf \ N (0)). Note that Wf is
decomposed as

Wf = N0 ∪ N1 ∪ N2.

Let us construct a compact 4-dimensional manifold V by attaching certain pieces
to M×[0, 1] as follows. First note that q f restricted to q−1

f (N2) is a locally trivial
fibration with fiber S1 over the surface N2. Thus, we can attach the total space of the
associated D2-bundle over N2 to M × [0, 1] by identifying the associated (∂D2)-
bundle with q−1

f (N2)× {0}. (Here, we use the well-known fact that the structure
group of every smooth S1-bundle can be reduced to the orthogonal group O(2).)
The resulting 4-manifold is denoted by V1. Note that V1 is orientable, since M and
q−1

f (N2) are orientable as 3-manifolds.
Let V ′1(⊂V1) denote the union of M×{0} and the D2-bundle over N2. There is a

natural map q1 :V ′1→Wf , which on M×{0} is defined by q f :M×{0}=M→Wf ,
and on the D2-bundle is defined by the projection to N2.

Let e be a connected component of cl(W (1)
\ N0). Note that e is an arc or

a circle. Let N1(e) denote the connected component of N1 containing e. If the
singular fiber lying over a point in e is of type I0, then q−1

f (N1(e)) is diffeomorphic
to the total space of a D2-bundle over e [Kushner et al. 1984; Levine 1985]. In
fact, N1(e) is diffeomorphic to e × [0, 1] by a diffeomorphism that induces the
identity e(⊂ N1(e))→ e×{0}, and if J (∼= [0, 1]) is a fiber of the natural fibration
N1(e)→ e, then q f restricted to q−1

f (J )∼= D2 is equivalent to the function

(4-1) (x, y) 7→ x2
+ y2.

(In fact, the commutative diagram

q−1
f (N1(e))

''

q f // N1(e)

yye
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can be regarded as a fiber bundle with the map D2
→ [0, 1] defined by (4-1) as

fiber in an appropriate sense. For details, see [Kalmár 2008, Section 5; Kalmár
2009, Section 6].)

Therefore, q1 restricted to q−1
1 (N1(e)) followed by the natural projection from

N1(e) to e is an S2-bundle, where the fiber of this fibration can be identified
with the 2-sphere as in Figure 3(1) in Section 3. Then, we can attach the asso-
ciated D3-bundle over e to V1, where we identify the associated (∂D3)-bundle
with q−1

1 (N1(e)). Here, we use the fact that the structure group of every smooth
S2-bundle can be reduced to O(3); see [Smale 1959]. Note that the resulting 4-
manifold is orientable, since so is V1 and the orientability of q−1

1 (N1(e)) coincides
with that of q−1

f (N1(e)) (⊂ M).
If the singular fiber lying over a point in e is of type I1, then the natural projection

N1(e)→ e defines a Y -bundle, where

Y = {r exp (2π
√
−1k/3) ∈ C | 0≤ r ≤ 1, k = 0, 1, 2}.

Moreover, q−1
f (N1(e)) is diffeomorphic to the total space of an S2

(3)-bundle over e,
where S2

(3) denotes the 2-sphere with three open disks removed. Then, q1 restricted
to q−1

1 (N1(e)) followed by the natural projection N1(e)→ e is again an S2-bundle,
but with fiber as in Figure 3(2), and we can attach the associated D3-bundle.

We perform the operation described above for each e. The resulting 4-manifold,
denoted by V , is a compact 4-dimensional manifold that is orientable. Furthermore,
it can be oriented so that

∂V = (M ×{1})∪
(
−
⋃

j F j
)
,

where each F j is a closed oriented 3-manifold corresponding to a singular fiber
of f of κ = 2.

Lemma 4.1. The closed 3-manifold F j is diffeomorphic to the 3-sphere S3 for
every singular fiber of κ = 2.

In fact, for the singular fibers of types II2 and II3, this lemma has been essentially
obtained in [Costantino and Thurston 2008]. Here we give a proof from a different
viewpoint in a way that is useful in Section 5.

Proof. Let v be a point in Wf that is the q f -image of a singular fiber of type II2.
Then, its regular neighborhood N0(v) in Wf is of the form depicted in Figure 5,
where N0(v) is the component of N0 containing v. Note that f̄ (N0(v))∼= J1× J2

with J1 = J2 = [−1, 1].
Then, the map f restricted to q−1

f (N0(v)) can be regarded as a 1-parameter
family of functions on S2

(4) with only nondegenerate critical points as depicted in
Figure 6. This family is parametrized by J1, where for each parameter value the
relevant function is regarded as a height function S2

(4)→ J2.
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v

N0(v)

Figure 5. Neighborhood of the q f -image of a II2-type singular fiber.

In constructing V1, we attached to each S2
(4) 2-disks along the four boundary

circles so that we get a 2-sphere. Along the 2-spheres for t = ±1, we attached
3-disks to construct V . Thus, the relevant 3-manifold F j is diffeomorphic to a
manifold obtained by attaching two 3-disks to S2

× [−1, 1] along the boundaries,
and is therefore diffeomorphic to the 3-sphere S3.

The same argument can be applied for the singular fiber of type II3. The regular
neighborhood of a corresponding point in Wf is shown in Figure 7.

Finally, for the singular fiber of type IIa , a similar argument can be applied as
follows. The regular neighborhood of a corresponding point in Wf is shown in the
top of Figure 8. The map f restricted to the inverse image of the neighborhood

t =−1

t = 0

t = 1

J1

J2

Figure 6. 1-parameter family of functions on S2
(4) corresponding

to a II2-type singular fiber.
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Figure 7. Neighborhood of the q f -image of a II3-type singular fiber.

Figure 8. The case of a singular fiber of type IIa .

with respect to q f can be regarded as a 1-parameter family of smooth functions
on the annulus corresponding to a birth-death of a pair of nondegenerate critical
points as shown in the bottom of Figure 8. Thus, the resulting 3-manifold F j is
again diffeomorphic to S3.

This completes the proof of Lemma 4.1. �

Since S3 is the oriented boundary of an oriented 4-disk, we see that M bounds
a compact oriented 4-manifold. Therefore, we have proved the following.



SINGULAR FIBERS AND 4-DIMENSIONAL COBORDISM GROUP 245

III4 III5 III6

III7 III8 IIIb

IIIc IIId IIIe

Figure 9. Singular fibers of C∞ stable maps of orientable 4-
manifolds into 3-manifolds of κ = 3.

Theorem 4.2. The 3-dimensional oriented cobordism group �3 vanishes.

This result is originally due to Rohlin [1951] and Thom [1952]. In fact, our
argument resembles that in [Costantino and Thurston 2008].

Remark 4.3. Kalmár [2009] showed that for every C∞ stable map f of a closed
orientable 3-manifold M into the plane, singular fibers of types II2, II3 and IIa can
be eliminated by cobordism. Using this result, he showed that �3 = 0. For details,
see [Kalmár 2009, Remark 2.8].

5. Four-dimensional oriented cobordism group

In this section, we show that the oriented cobordism group�4 is infinite cyclic and
is generated by the cobordism class of CP2, using the classification of singular
fibers of C∞ stable maps of orientable 4-manifolds into 3-manifolds.

For M a closed oriented 4-manifold, there always exists a C∞ stable map f
from M into any 3-manifold N ; for example, see [Saeki 2004]. Singular fibers of
such maps were classified up to C∞ equivalence in [Saeki 2004]. The connected
components of singular fibers containing singular points are shown in Figure 9 in
addition to the singular fibers of codimension κ = 1 and 2 that are suspensions of
the singular fibers as in Figure 4. (For the singular fibers of κ ≤ 2, we continue to
use the same notation I0, I1, and so on as in Figure 4 for the suspensions as well.)

A C∞ stable map of a 4-manifold into a 3-manifold has only fold, cusp, and
swallowtail singularities. A fold point corresponds to an isolated point or to a trans-
verse crossing point of two line segments, a cusp point corresponds to a cuspidal



246 OSAMU SAEKI

vertex of degree two in a singular fiber, and a swallowtail point corresponds to an
isolated point (depicted by a black square in Figure 9, IIIc) or to a tangency point
of two touching parabolas.

Let Wf be the quotient space in the Stein factorization of a C∞ stable map f of
a closed oriented 4-manifold M into a 3-manifold N . The space Wf is a compact
3-dimensional polyhedron, and its local structure has been completely determined.
A complete list of local structures can be found in [Hiratuka 2001], although we
do not need it here. Let W ( j) denote the q f -image of the components of singular
fibers of κ ≥ 3− j containing singular points for j = 0, 1, 2, and let N ( j) denote
a small regular neighborhood of W ( j) in Wf . Then, set

N0 = N (0), N1 = cl(N (1)
\N (0)), N2 = cl(N (2)

\N (1)), N3 = cl(Wf \N (2)),

where N1 is seen as a regular neighborhood of cl(W (1)
\N (0)) in cl(Wf \N (0)) and

N2 is seen as a regular neighborhood of cl(W (2)
\ N (1)) in cl(Wf \ N (1)).

Let us now construct a compact 5-dimensional manifold V by attaching certain
pieces to M×[0, 1] as follows. First note that q f restricted to q−1

f (N3) is a locally
trivial fibration with fiber S1 over the 3-manifold possibly with boundary N3. Thus,
we can attach the total space of the associated D2-bundle over N3 to M × [0, 1]
by identifying the associated (∂D2)-bundle with q−1

f (N3) × {0}. The resulting
5-manifold, denoted by V1, is orientable.

Let V ′1 (a subset of V1) be the union of M×{0} and the D2-bundle over N3. There
is a natural map q1 :V ′1→Wf that on M×{0} is defined by q f :M×{0}=M→Wf ,
and on the D2-bundle is defined by the projection to N3.

Let S be a connected component of cl(W (2)
\ N (1)). Note that S is a compact

surface possibly with boundary. Let N2(S) denote the connected component of
N2 containing S. If the singular fiber lying over a point in S is of type I0, then
q−1

f (N2(S)) is diffeomorphic to the total space of a D2-bundle over S. In fact,
N2(S) is diffeomorphic to S×[0, 1] by a diffeomorphism that induces the identity
S (⊂ N2(S)) → S × {0}, and if J (∼= [0, 1]) is a fiber of the natural fibration
N2(S)→ S, then q f restricted to q−1

f (J )∼= D2 is equivalent to the function (4-1).
(For this, we need the bundle structure theorem mentioned in [Kalmár 2008, Sec-
tion 5; Kalmár 2009, Section 6].) Therefore, the map q1 restricted to q−1

1 (N2(S))
followed by the natural projection N2(S) → S is an S2-bundle whose fiber can
be identified with the 2-sphere as in Figure 3(1). Then, we can attach the associ-
ated D3-bundle over S to V1, where we identify the associated (∂D3)-bundle with
q−1

1 (N2(S)) (⊂ V ′1). The resulting 5-manifold is orientable, since so is V1 and the
orientability of q−1

1 (N2(S)) coincides with that of q−1
f (N2(S)) (⊂ M).

If the singular fiber lying over a point in S is of type I1, then q−1
f (N2(S)) is

diffeomorphic to the total space of an S2
(3)-bundle over S. Then, q1 restricted to

q−1
1 (N2(S)) followed by the natural projection N2(S)→ S is again an S2-bundle,
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Figure 10. Function on each D3-fiber.

but with fiber as in Figure 3(2), and we can attach the associated D3-bundle. As
before, the resulting 5-manifold is orientable.

We perform the operation described above for each connected component S of
cl(W (2)

\N (1)). The resulting 5-manifold, denoted V2, is orientable. We denote by
V ′2 the union of V ′1 and the D3-bundle over cl(W (2)

\N (1)). There is a natural map
q2 : V ′2→Wf that on V ′1 is defined by q1 : V ′1→Wf , and on the D3-bundle X over
cl(W (2)

\ N (1)) is defined by the natural map X→ N2 that makes the diagram

X //

''

N2

ww
cl(W (2)

\ N (1))

commutative and is given by the function on each fiber as shown in Figure 10. (For
this, we again need Kalmár’s bundle structure theorem.)

Let e be a connected component of cl(W (1)
\ N (0)) and we denote by N1(e)

the connected component of N1 containing e. If the singular fiber lying over a
point in e is of type II2, then q−1

f (N1(e)) is diffeomorphic to the total space of an
(S2
(4)×[0, 1])-bundle over e; see Figure 6.
Therefore, q2 restricted to q−1

2 (N1(e)) followed by the natural projection from
N1(e) to e is an S3-bundle by Lemma 4.1. From [Hatcher 1983], the structure
group of every smooth S3-bundle can be reduced to the orthogonal group O(4).
Then, we can attach the associated D4-bundle over e to V2, where we identify
the associated (∂D4)-bundle with q−1

2 (N1(e)) (⊂ V ′2). The resulting 5-manifold is
orientable, since so is V2 and the orientability of q−1

2 (N1(e)) coincides with that
of q−1

f (N1(e)) (⊂ M).
If the singular fiber lying over a point in e is of another type (II3 or IIa), then

we can still perform the same operation by virtue of Lemma 4.1.
We perform such an operation for each e. The resulting 5-manifold V is compact

and orientable. Note that V can be oriented so that

∂V = (M ×{1})∪
(
−
⋃

j F j
)
,
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where each F j is a closed oriented 4-manifold corresponding to a singular fiber of
f of κ = 3.

Lemma 5.1. F j is diffeomorphic to the 4-sphere S4 for the singular fibers of types
III4, III5, III6, III7, IIIb, IIIc, IIId and IIIe.

Proof. Let us first consider the case of the singular fiber of type III4. Let g : L→D3

be a representative of the singular fiber; we assume that it has a singular fiber of
type III4 over the center of D3. Then, we can regard g as a family of functions
{hs}s∈1 on S2

(5) with only nondegenerate critical points parametrized by1∼= D2 as
depicted in Figure 11, where the target D3 is identified with the product [−1, 1]×1,
π : [−1, 1] ×1→1 is the projection to the second factor, and the critical points
of hs are denoted by p1, p2 and p3. More precisely, g can be identified with the
map L ∼= S2

(5)×1→ [−1, 1] ×1 ∼= D3, (x, s) 7→ (hs(x), s). The singular point
set S(g) of g consists of three 2-disks, and their images by g in D3 intersect at the
origin in general position.

Then, from the construction of V it follows that the 4-manifold F j corresponding
to g−1(0) is diffeomorphic to the boundary of a D̃-bundle over 1, where D̃ ∼= D3

is the 3-disk as in Figure 12, which is obtained by filling S2
(5) × [0, 1] by 2- and

3-handles as in Section 3. Hence F j is diffeomorphic to S4.
For the singular fibers of types III5, IIIb, IIIc and IIIe, similar arguments show

that F j ∼= S4.
For the singular fiber of type III6, we can again regard its representative g :

L → D3 as a family of functions parametrized by a 2-disk 1. Note that L is
diffeomorphic to S2

(5)×1. Set F ′j = L∪q−1
1 ((ḡ)−1({±1}×1)) and F ′′j =cl(F j\F ′j ),

where g = ḡ ◦ qg is the Stein factorization of g : L→ [−1, 1] ×1 and we regard
Wg as a subset of Wf .

Then, we see that F ′j is diffeomorphic to S2
× D2. On the other hand, from

the construction of V it follows that F ′′j is the union of six copies of D3
×[−1, 1]

attached to each other along D3
× {±1} consecutively so that if forms the total

space of a D3-bundle over S1. Hence, F ′′j is diffeomorphic to D3
× S1, since it is

orientable. Therefore, F j is diffeomorphic to the union of S2
× D2 and D3

× S1

attached along their boundaries, where S2
×{∗}⊂ S2

×D2 and ∂D3
×{∗}⊂ D3

×S1

are identified. Then a standard argument shows that F j is diffeomorphic to S4.
For the singular fibers of types III7 and IIId , similar arguments give F j ∼= S4.
This completes the proof of Lemma 5.1. �

Lemma 5.2. For the singular fiber of type III8, F j is orientation-preservingly
diffeomorphic to the complex projective plane CP2 or its orientation reversal CP2.

Proof. As in the proof of Lemma 5.1, a representative g : L→ D3 of the singular
fiber of type III8 can be regarded as a family of functions {hs}s∈1 on T 2

(3) with only
nondegenerate critical points parametrized by a small 2-disk 1. (Here, the torus
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hs(p1) > hs(p3) > hs(p2)

hs(p1) > hs(p2) > hs(p3)

hs(p2) > hs(p1) > hs(p3)

p1 p2 p3

hs(p1)

hs(p2)

hs(p3)

π

1

[−1, 1]×1

Figure 11. Family of functions corresponding to a singular fiber
of type III4.

with three holes appears, since the natural “thickening” of the III8-type singular
fiber is a compact orientable surface with three boundary circles and has Euler
characteristic−3. See Figure 13.) See Figure 14, where π : D3∼=[−1, 1]×1→1

is the projection onto the second factor; see also [Saeki 2004, Figure 6.3].
Set K = g−1(∂D3)= ∂L , which is a closed orientable 3-manifold. Then, g|K :

K → ∂D3 can be regarded as a stable map as in Section 4. Note that F j is L ∪W
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Figure 12. D̃ ∼= D3.

Figure 13. Natural “thickening” of the III8-type singular fiber.

attached along K , where W is the compact orientable 4-manifold bounded by K
constructed as in Section 4 from the stable map g|K .

Set
F ′j = L ∪ q−1

1 ((ḡ)−1({±1}×1)) and F ′′j = cl(F j \ F ′j )

as in the proof of the previous lemma. Note that F ′j is diffeomorphic to a T 2-bundle
over 1. (More precisely, the map π ◦ g : L → 1 is a smooth fiber bundle with
T 2
(3) as fibers, and F ′j is obtained from L by attaching three 2-disks to each of the

fibers.)
Let us consider the piece Pi in F ′′j corresponding to the arc αi for i = 1, 2, 3,

on ∂1 as depicted in Figure 14. More precisely, Pi is the compact 4-manifold
described as follows. First, note that g|(π◦g)−1(αi ) : (π ◦ g)−1(αi )→ [−1, 1] × αi

can be regarded as a 1-parameter family of smooth functions on T 2
(3) with exactly

three nondegenerate critical points corresponding to interchanging the heights of
the top two critical points. Furthermore, the singular fiber (of codimension two)
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[−1, 1]×1

α3

α1α2

β1

β2

β3

1

T 2
(3)

π

hs(p1) > hs(p3) > hs(p2)

hs(p1) > hs(p2) > hs(p3)

hs(p2) > hs(p1) > hs(p3)

p1

p2

p3

hs(p1)

hs(p2)

hs(p3)

Figure 14. Family of functions corresponding to a singular fiber
of type III8.

over the middle point of αi corresponds to the singular fiber of type II3. The
compact 4-manifold Pi is obtained from (π ◦ g)−1(αi )× [0, 1] by attaching D2-
bundles, D3-bundles and a 4-disk as in Section 4, where the last 4-disk corresponds
to the II3-type singular fiber.
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c1 c2

∼ = ∼ = ∼ =

Figure 15. Family of functions corresponding to II3.

By attaching D2-bundles over arcs and three copies of D3 to each component of
(π ◦ g)−1(∂αi ), we get two copies of the solid torus. Hence ∂Pi is diffeomorphic
to the union of two solid tori attached along their boundaries. The attaching map
sends the boundary c1 of a meridian disk1 to a simple closed curve on the boundary
of the other solid torus that intersects with the boundary c2 of its meridian disk
transversely at one point. For details, see Figure 15, which shows how the fibers
change around a singular fiber of type II3. (Note that each component of a regular
fiber bounds a disk by virtue of the construction of V .) Hence, ∂Pi is diffeomorphic
to S3. Since Pi is obtained from ∂Pi ×[0, 1] by attaching a 4-disk, we see that Pi

is diffeomorphic to D4.
On the other hand, the piece Qi corresponding to the arc βi for i = 1, 2, 3 on ∂1

as shown in Figure 14 is diffeomorphic to (S1
×D2)×[−1, 1]. This is because the

singular fiber of type II3 over the middle point of βi corresponds to interchanging
the heights of the bottom two critical points of the function hs : T 2

(3) → [−1, 1],
where s ∈ βi . In terms of the quotient space, its behavior is similar to what is
depicted in Figure 7. Therefore, Qi is obtained from a 4-disk (corresponding to
the II3-type singular fiber) by attaching D3

× βi (corresponding to the top critical
point of hs)2 along (D2

1 ∪ D2
2)×βi , where D2

1 and D2
2 are disjoint 2-disks in ∂D3.

Therefore, Qi is diffeomorphic to (S1
× D2)× βi ∼= (S1

× D2)× [−1, 1], since
over each end point of βi we have a solid torus, which is orientable.

Consequently, F ′′j is diffeomorphic to the compact 4-manifold obtained from
three 4-disks P1, P2 and P3 by attaching them appropriately along solid tori. Thus

1A properly embedded 2-disk in a solid torus is a meridian disk if its boundary is not null homo-
topic in the boundary torus.

2Each 3-disk D3
×{∗} corresponds to that in the lower-left figure of Figure 10.
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P1 can be regarded as a 0-handle and then P2 is regarded as a 2-handle attached
to P1 along an unknotted circle on ∂P1, since the exterior of the attaching circle
in ∂P1 is again a solid torus. Furthermore, F ′j is diffeomorphic to T 2

× D2, and
P3 ∪ F ′j is diffeomorphic to D4 since P3 ∩ F ′j is diffeomorphic to T 2

×α3.
Therefore, F j is diffeomorphic to the closed 4-manifold consisting of the 0-

handle P1, the 2-handle P2 attached to P1 along an unknotted circle on ∂P1, and
a 4-handle. In particular, the boundary of P1 ∪ P2 must be diffeomorphic to S3

so that the framing of the 2-handle P2 must be equal to ±1; see [Kirby 1989], for
example. Therefore, F j must be diffeomorphic to the complex projective plane
CP2 up to orientation. �

Remark 5.3. It is easy to see that the singular fibers appearing in Figure 9 can
be embedded in the 2-sphere, except for the III8-type singular fiber. This fact
implies that the corresponding singular fiber is associated with a 2-parameter fam-
ily of smooth functions on a punctured 2-sphere, as pointed out in the proof of
Lemma 5.1. The III8-type singular fiber cannot be embedded in the 2-sphere, but
can be embedded in the 2-dimensional torus (see the proof of Lemma 5.2). The
proofs above show that this fact is essential in distinguishing the III8-type singular
fiber from the others.

We have proved that every closed oriented 4-manifold is oriented cobordant to
the disjoint union of a finite number of copies of ±CP2.

Let us consider the homomorphism ϕ : Z→�4 defined by ϕ(1)= [CP2
]. This

is a well-defined homomorphism, and is surjective by the argument above.
Let

(5-1) σ :�4→ Z

be the homomorphism defined by associating to each oriented cobordism class the
signature of its representative. Classical techniques in algebraic topology show
that this defines a well-defined homomorphism; for example, see [Thom 1952].

Since σ([CP2
])= 1, we see that the composition σ ◦ϕ : Z→ Z is the identity.

Therefore, ϕ is injective. Thus, we get the following, which was originally proved
by Rohlin [1952]; see also [Guillou and Marin 1986].

Theorem 5.4. The 4-dimensional oriented cobordism group �4 is infinite cyclic
and is generated by the oriented cobordism class of CP2. In fact, the homo-
morphism (5-1) is an isomorphism.

Our proof shows that the complex projective plane naturally appears around
each singular fiber of type III8, and therefore CP2 can be regarded as the genuinely
natural representative of the generator of �4 ∼= Z.

As a corollary to our proof, we get the following, which was originally obtained
in [Saeki and Yamamoto 2006]. The proof given there is somewhat complicated
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since it depends on the classification of singular fibers of C∞ stable maps of n-
dimensional manifolds into (n−1)-dimensional manifolds for n ≤ 5, whereas our
proof needs only the classification of such singular fibers for n ≤ 4.

Corollary 5.5. Let f be a C∞ stable map of a closed oriented 4-manifold M into
a 3-manifold N. Then the number of singular fibers of f of type III8 counted with
signs coincides with the signature of M.

The sign of a singular fiber of type III8 is+1 (or−1) if the corresponding mani-
fold F j is oriented diffeomorphic to CP2 (respectively CP2). This sign convention
must coincide with the one in [Saeki and Yamamoto 2006] since Corollary 5.5
determines the sign uniquely.

Gromov [2009] studied estimates for the number of self-intersections of the
critical value set of a generic map from one manifold to another in terms of the
topology of the source manifold. Corollary 5.5 gives a model case for such a study,
as pointed out by Gromov.

Corollary 5.6. Let f be a smooth map of a closed oriented n-dimensional mani-
fold M into an (n−1)-dimensional manifold N for n ≥ 4, and suppose its singular
fibers are (iterated suspensions of ) those of C∞ stable maps of codimension ≤ 3
not of type III8 (that is, the singular fibers of f are as in Figures 4 and 9 but without
the III8-type). Then the manifold M is oriented null cobordant.

For the proof, we again need Kalmár’s bundle structure theorem concerning
the structure group since we need to deal with smooth fiber bundles with fiber S4.
Note that this corollary generalizes [Kalmár 2009, Corollary 2.7] about simple fold
maps.

In particular, if M is not oriented null cobordant, then every generic map M→N
has a singular fiber of codimension ≥ 4 or (an iterated suspension of) a singular
fiber of type III8.

Remark 5.7. Unfortunately, our technique in this paper does not directly apply
for computing the 3-dimensional unoriented cobordism group N3. This is because
the 2-dimensional one is not trivial, and we cannot fill RP2-bundles over arcs and
circles. For similar reasons, our method cannot directly be used for computating
Nm for m ≥ 4 and �n for n ≥ 5.
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