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SOLITARY WAVES FOR THE HARTREE EQUATION WITH A
SLOWLY VARYING POTENTIAL

KIRIL DATCHEV AND IVAN VENTURA

We study the Hartree equation with a slowly varying smooth potential,
V(x) = W(hx), and with an initial condition that is ¢ < VA away in H!
from a soliton. We show that up to time |log k| / k and errors of size & + h*
in H', the solution is a soliton evolving according to the classical dynam-
ics of a natural effective Hamiltonian. This result is based on methods of
Holmer and Zworski, who prove a similar theorem for the Gross—Pitaevskii
equation, and on spectral estimates for the linearized Hartree operator re-
cently obtained by Lenzmann. We also provide an extension of the result of
Holmer and Zworski to more general initial conditions.

1. Introduction
In this paper we study the Hartree equation with an external potential:
0n idu=—SAu+Veu— (x|~ *ulPu,
u(x,0) = ug(x) € H' (R C).

In the case V =0, solving the associated nonlinear eigenvalue equation,
(1-2) —3 A0 = (n* % x[~Hn = —An,

gives solutions to (1-1) with evolution u(¢, x) = e n(x). It is known that (1-2)
has a unique radial, positive solution n € H'(R?) for a given A > 0; see [Lieb
1977] and [Lenzmann 2009, Appendix A], as well as Appendix A. For convenience
of exposition we take A so that ||17||i2 = 2, but this is not essential. Using the
symmetries of (1-1), we can construct from this 5 the following family of soliton
solutions to (1-1) in the case V = 0:

. . 2 . .
M()C, l‘) — etx-vezlvl t/ZelyetMIuZn(lu(x —a— U[))
for (a, v, v, u) € R® x R* x R x Ry.
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If V is not identically zero but is slowly varying, there exist approximate soliton
solutions in a sense made precise by the following theorem.

Theorem 1. Let V(x) = W (hx), where W € C3(R3; R) is bounded together with
all derivatives up to order 3. Fix a constant 0 < cy, and fix (vg, ap) € R3 x R3.
Suppose 0 <8 <1/2, 0 < h < hg, and ug € H'(R?) satisfies

ivg-(x—ap)

2
lluo —e n(x —ao)llgr < crh”.

Then ifu(t, x) solves (1-1) and

c1  Sllogh]
0<t<— ,
- T h + Czh
we have
[t 3) = e OO O ((x = ale)] gy < e2h?

Here (a, v, y) solve the system

a=v,

1) ﬁ:—%/VV(x—l—a) 2 (x)dx,

)}:%|v|2+k—%/V(x—l—a)nz(x)dx—i—%/x-vv (x+a)n2(x)dx

with initial data (ag, vo, 0). The constants hy and c,, depend only on cy, |vy|, and
| Wl c3wsy- They are in particular independent of §.

Note that in (1-3), the equation of motion of the center of mass a of the soliton is
given by Newton’s equation, i = —VV (a), where V := V x5?/2. Observe also that
because 7 is exponentially localized (see Appendix A), 1?/2 is an approximation
of a delta function and hence the effective potential V that governs the motion of
the soliton is an approximation of V. The evolution of y is more complicated and
explained by the Hamiltonian formulation of the problem developed in Section 2.

Our next theorem gives a slightly weaker result in the case of a more general
initial condition.

Theorem 2. Let V(x) = W (hx), where W € C3(R3; R) is bounded together with
all of its derivatives up to order 3. Fix constants 0 < c1, and 0 <28 < §y < 3/4,
and fix (vg, ap) € R3 x R3. Suppose 0 < h < hg, and ug € H' (R satisfies

ivg-(x—ag) 1/2+680

llug —e n(x —ao)|lgr =& <cih

Then for
0<tr< C—l-i- Ollog A
h Czh
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we have
Ju(r, 20) = " CTED O (02 (1) (x = aOD] 1 gy < 2h T

where & := ¢ + h?. Here (a, v, W, y) solve the system

C‘l = v+@(§2)7
b _% / YV (/i +a)t (x)dx +0(E),
[ =0(&%),

y = 1P 42 —%/V(X/Wra)nz(x)dx
—i/x-VV(x/M+a)n2(X)dx+@(§2),

with initial data (ag, vg, 1,0). The constants hy and c,, as well as the implicit
constants in the O error terms, depend only on c1, |vo|, and ||W|| c3g3y. They are in
particular independent of 6.

This phenomenon was studied in the physics literature by Eboli and Marques
[1983], who show for various (not necessarily slowly varying) potentials V that
soliton solutions obeying Newtonian equations of motion exist. Later Bronski and
Jerrard [2000] proved a similar theorem in the case of a power nonlinearity, and
then more general nonlinearities were treated by Frohlich, Tsai, and Yau [2002]
and by Frohlich, Gustafson, Jonsson, and Sigal [2004]. More recently Jonsson,
Frohlich, Gustafson, and Sigal [2006] have extended the validity of the effective
dynamics to longer time in the case of a confining potential V, and Abou Salem
[2008] has treated the case of a potential V that is permitted to vary in time. The
case of the cubic nonlinear Schrodinger equation in dimension one was also studied
by Holmer and Zworski [2007; 2008]. Other papers have established effective
classical dynamics in quantum equations of motion in a wide variety of settings:
see [Frohlich, Gustafson, Jonsson and Sigal 2004] and [Abou Salem 2008] for
many references.

Our result improves the results of [Frohlich, Tsai and Yau 2002; Frohlich,
Gustafson, Jonsson and Sigal 2004] and [Abou Salem 2008] in the case of (1-1) in
several respects. First, we provide a more precise error bound, improving & from
h + ¢ to h> 4+ ¢. Second, we remove the errors in the equations of motion when
e = O(h*>%). Finally, we establish the effective dynamics for longer time: The
result in the first two papers was valid only up to time c(¢? 4+ h)~! for a small
constant ¢, while in the third the result was valid only up to time §|log |/ h and
required the assumption ¢ = O(h).
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Frohlich, Gustafson, Jonsson, and Sigal [2004] consider more general initial
data: ¢ is assumed to be small but not necessarily O(h!/?T), although in this case
the result is obtained only for time £~2. In that situation the methods of this pa-
per, although applicable, do not improve that result, so for ease of exposition we
consider only the special case ¢ = O(h'/>*) where we have an improvement.

In this paper we follow most closely [Holmer and Zworski 2008], which in
turn builds on [Holmer and Zworski 2007] and on earlier work on soliton stability
going back to Weinstein [1986]. We adapt those arguments to a higher-dimensional
setting where in particular there is no longer an explicit form for 7, and to the
nonlocal Hartree nonlinearity. For this last task we make use of the classical Hardy—
Littlewood—Sobolev inequality and of Lenzmann’s [2009] spectral estimates for the
linearized Hartree operator

Pw = —LAw — (Ix| s n(w +)n — (x|~ pPHw + rw.

In Section 4, we also extend the methods of [Holmer and Zworski 2008] by
adapting them to more general initial data. It is at this point that our proofs depart
most significantly from theirs. The crucial addition is a closer analysis of the differ-
ential equation for the error studied in Lemmas 4.3 and 4.4. This analysis applies
also to the Gross—Pitaevskii equation studied in [Holmer and Zworski 2008], giving
us Theorem 3.

To state this theorem, we suppose u: R x R — C solves

idu=—307u+V()u—|ul’u,

(1-4) 1
u(x,0) =up(x) € H (R; C).

In this case the ground state soliton solution of the corresponding elliptic nonlinear

eigenvalue equation
" 3

—sn=—37"—n
is given by
n(x) = sech(x).
Theorem 3. Let V(x) = W (hx), where W € C3(R; R) is bounded together with
all derivatives up to order 3. Fix constants 0 < ¢y and 0 < 8y < 3/4 and fix
(vo, ag) € R x R. Suppose 0 <25 <y and 0 < h < hgy. Forug € Hl(R),put

”MO _ lvor(x—ao) sech(x — ag) HHI =g < C1h1/2+80.
Then for
0<f< c1 . 3|log h|
T T h Czh ’
we have

(. ) — " T O (1) sech (e (D) (x —aO))] 1 sy < c2h™°E,
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where u solves (1-4) and & := & + h*. Here (a, v, u, y) solve the system
a=v+0(@E",
2
b= - / V'(x + a) sech?(ux)dx + 0(8%),
=0@E,

y = %/ﬁ 4 %vz — ,u/ V(x +a) sech®(ux)dx

+ u? / xV (x + a) sech?(ux) tanh(ux)dx + 0(F?)

with initial data (ag, vo, 1,0). The constants hy and c;, as well as the implicit
constants in the O error terms, depend only on cy, 8o, |vol, and |W||c3w3). They
are in particular independent of 6.

This is proved by replacing [Holmer and Zworski 2008, Lemmas 5.1 and 5.2]
with our Lemmas 4.3 and 4.4. Because the details are very similar to the ones
given in Section 4, we omit them.

The methods of this paper can be extended to more general nonlinearities under
additional spectral nondegeneracy assumptions: see [Frohlich, Gustafson, Jonsson
and Sigal 2004] for examples. That paper, and also [Frohlich, Tsai and Yau 2002],
considers more general classes of equations under such assumptions. Here we
restrict our attention to two physical nonlinearities for which the necessary spectral
results are known.

The outline of the proof and of this paper are as follows.

In Section 2, we recast (1-1) as a Hamiltonian evolution equation in H'(R3),
with the Hamiltonian given by (2-14). We define the manifold of solitons to be
the set of functions of the form e? ®~®e'” 2y (u(x — a)) for some (a, v, Y, W) in
R3 x R x R x Rt, and we show that the equations (1-3) come from the restriction
of the Hamiltonian (2-14) to this manifold.

In Section 3, we review and extend slightly the relevant spectral results from
[Lenzmann 2009].

In Section 4, we compute the differential equation for the difference between
the true solution u# and the “closest point” on the manifold of solitons. We then
estimate this difference, proving Theorem 2.

In Section 5, we show how the additional assumption on the initial condition in
Theorem 1 gives the exact equations of motion (1-3).

In Appendix A we collect the properties of 1 that we need for our proofs, and
in Appendix B we review a standard proof of the global well-posedness of (1-1).
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2. Hamiltonian equations of motion

This section has four subsections. In the first, we define a symplectic structure
on H' and recall a few basic lemmas from symplectic geometry. In the second,
we define the manifold of solitons, which has a natural action on it by the group
of symmetries of (1-1). We compute the Lie algebra associated to this group of
symmetries and from that deduce a formula for the derivative of a curve in the group
in terms of the Lie algebra. In the third, we prove that the manifold of solitons is a
symplectic submanifold and compute the restriction of the symplectic form to it. In
the fourth, we compute the Hartree Hamiltonian and its restriction to the manifold
of solitons, and derive the equations (1-3) as the equations of motion associated to
the restricted Hamiltonian. Most of the ideas in this section are present in [Holmer
and Zworski 2007, Section 2].

Symplectic structure. We work over the vector space
V:=H'R,C) C L*(R, C),

viewed as a real Hilbert space. The inner product and the symplectic form are
given by

(2-1) (u, v) = Re/uz') and w(u,v):= Im/uﬁ.

Let H : V" — R be a function, a Hamiltonian. The associated Hamiltonian vector
field isamap Eg: V' — TV. The vector field Ey is defined by the relation

(2-2) 0, (Ex)u) = dyH (v),

where v € T,V, and d, H : T,V — R is defined by

duH(v):i H(u+sv).
ds ls=0
In the notation above, we have
(2-3) d,H()=(dH,,v) and (Eg),=—idH,,

where the first equation provides a definition of d H,,, and the second a formula for
computing Eg.

For reference we present two simple lemmas from symplectic geometry. The
proofs can be found in [Holmer and Zworski 2007, Section 2].

Lemma 2.1. Suppose that g :V — V' is a diffeomorphism such that g*w = u(g)w,
where u(g) € C*(V, R). Then for f € C*(V, R)

(2-4) & s ((Epen) = Egrp(p) forpe .

1
u(g)
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Suppose that f € C*(V, R) and that df (p9) = 0. Then the Hessian of f at py,
f"(po) : T,V — TV, is well-defined. We can identify 7,V with 7, using the
inner product, and define the Hamiltonian map F : T,Y" — T,V by

(2-5) F=—if"(po) and (f"(p0)X,Y)=0w(¥, FX).

Lemma 2.2. Suppose that N is a finite-dimensional symplectic submanifold of V
and f € C°(V, R) satisfies

Er(p)€eT,NCT,V forpeN.
Ifdf (po) =0at pg € N, then the Hamiltonian map defined by (2-5) satisfies
F(T,N)CT,N.

Manifold of solitons as group orbit. For g = (a,v,y, n) e R* xR>* xR xR,, we
define the map

(2-6) H'surg-ueH', (g-u)(x):=e"e" 9 u2u(u(x —a)).
This action gives the group structure
(@, v,y,mw)- (@, vy, )y =@" v, y", 1"
on R’ x R, where
V=v+uw, d'=a+ad/u, y'=y+y +vad/u, p=uu.
The action of G is conformally symplectic in that
(2-7) go=pow and g=(a,v,y,n),

as is easily seen from (2-1).
The Lie algebra of G, denoted g, is generated by the eight elements

e1=—0y, es=ix; e;=i,
(2-8) ey =—0y,, e5=1Ix3, eg=24+x-V,
e3 = —0y,, ec=1xX3.

These are simply the partial derivatives at the identity of (g - u#)(x) with respect
to each of the eight parameters (a, v, y, ). The following computation gives the
derivative of a curve in G in terms of this basis.

Lemma 2.3. Let g€ C (R, G) and u € $(R). Then, in the notation of (2-6),

d
Eg(t) U= g(t) . (Y(t)u)’
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where Y (t) € g is given by

(2-9) Y(z)-u(r)Za,(r)e]w(r)Z esﬂ
j=1

GO =) ver+ g
w(t)

where

g) = (a(®), v(), y(t), u())
= (a1 (1), ax(t), az(t), v1 (1), v2(1), v3(2), y (1), u(1)).

We define the submanifold M C H' of solitons as the orbit of 1 under G, where
n is the function described in Appendix A:

(2-10) M=G-n>~G/Z and T,M=g-n2>g.
The quotient corresponds to the Z-action
(a,v,y,u)— (a,v,y +2nk,u) forkes.

The following is a simple consequence of the implicit function theorem and of
the nondegeneracy of w. The proof can be found, for example, in [Holmer and
Zworski 2007, Lemma 3.1].

Lemma 2.4. For ¥ and compact subset of G/Z, let
Uss={ueH" :infpesllu—g-nlmy <8}

If § <80 =60(X), then for any u € Uy s, there exists a unique g(u) € X such that
w@w) ™ u—n,X-n)=0 forall X €g.

Moreover, the map u — g(u) is in Cl(UE’g, ).

Symplectic structure on the manifold of solitons. We compute the symplectic
form w|y on T, M by using

(w|m)y(ei, e;) = Im/(ei - (x)(ej 1) (x).
We remind the reader (as mentioned in Appendix A) that || r]|| 2= = 2. Using (2-8)
we compute all these forms.

Lemma 2.5. The evaluation at n of the restriction of the symplectic form to M is
given by

(@|lm)y = (dvAnda+dy Ndu)o,0,0,1) = (d(vda+ ydu))o,0,0,1)-
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Proof. If j, k are both taken from {1, 2, 3, 8} or both taken from {4, 5, 6, 7}, then the
integrand (e; - 1) (x)(ex - 1)(x) is a real function, implying that (w|x),(e;, ex) = 0.
If j€{1,2,3} and k € {4, 5, 6}, we have e; = —0; and e; = ix;_3.
If j # k — 3, integrating by parts gives
(wlm)y(ej, ex) =Im/(€j ~m)(x)(ex - m)(x)

:Im/(—ajn)(ika) = —f(n)(xk33jn)-

This implies that (w|y),(e;, ex) = 0.
If j = k — 3, integrating by parts gives

<w|M>n<e,-,ek>=Im/<e,~-n)<x)<ek—-n><x>=/<a,-n>(x,-n)=—/<n<n+x,-a,-n>>.

Solving this yields (w|u),(e;, ex) = —1.
If j € {1, 2,3} and k =7, integrating by parts gives

@)y (e, ) = Im / (e; - M@ ()
=Im/(—a,-n><ﬁ> =/<a,-n><n> _ —f(n)(ajm,

implying (w|m)y(e;, ex) = 0.
If j e{4,5,6} and k =8, we get

@lan(ess e0) =Im/(ej'77)(x)(ek'77)(x) =Im/ixjn<2+x~V)n

2/xm2+/xj17x-Vn

2/xjn2+/xjn(x181n+xz82n+X383n).

Now f Xj n* is zero since it is odd in the x ;j variable. Since all the terms in
this last expression can be reduced to this by integrating by parts, we see that
(wlm)y (e, ex) = 0.

If j =7 and k = 8, we observe that since by integration by parts we have

[nx-Vn= —%Hnlliz, we also have

<w|M>n<e,-,ek>=1m/<ej-n)<x><ek-n><x>=/n<2+x-V>n=2||n||iz—%||n||iz,

giving (w|m)y(ej, ex) = 1.
Putting all this together gives the result. (]
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We now observe from (2-10) and (2-7) that
(2-11) wly =pudvAada+vdunda+dy Ndu.

Now let f be a function defined on M, thatis, f = f(a, v, y, u). The associated
Hamiltonian vector field E is given by

w(-, 8f) =df = foda+ fodv+ fudpu+ f,dy.
Using (2-11), we obtain

1
7

]

2-12) fzivvf-vcﬁ (=Vaf — @, V)V,

0 1
— —v-V,f —— > .
—{—ayfaﬂ—{—(Mv of o f)oy,

The Hamiltonian flow is obtained by solving

. .1 . .1
v=—V,f =@, v, azﬁVUf, =209y, f, yzﬁv-va—aﬂf.

The Hartree Hamiltonian restricted to the manifold of solitons. Using the sym-
plectic form given in (2-1), and

HGw = [ 419l = JuP(uf 1217

we find that
d,H(v) = Re/(—%Au — (lul** |x|"Hu)w.
The Hamiltonian flow associated to this vector field is
(2-13) = (Ep)u=—i(—1Au— (ul** x| Du).
The restriction of

Hw = [ 1VuP = P « 1),

to M is given by computing

H(g-n) = swlPulnlls. + 1 H@m) = SolPu+u*H@m)  for g = (a, v, y, .

The flow of (2-12) for this f describes the evolution of a soliton. We have in
particular y = J|v|* — 3> H (), and because we know that ¢/*'(x) solves (1-1),
we can compute that H(n) = —X1/3.

We now consider the Hartree Hamiltonian,

e =g [1vu =] [+ [ v,
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and its restriction to M = G - ny given by
(2-15) Hyly =3Il +agu’ + %xﬁf Ve (ux —a)).
The flow of Hy ) can be read off from (2-12):
bz—%,u/VV(x/M—i-a)nz(x)dx, a=v, =0,
7=l + - / VGe/ptan s + 5 / x-VV /@y ().

These are the same as the ones given in (1-3). The evolution of a and v is simply
the Hamiltonian evolution of %lvl2 + %,u3 f VV(x + a)n*(ux) when p is held
constant. As a result the evolution of the phase is explained by (2-15).

Finally we give an important application of Lemma 2.2. We put

Hm:fiw?—£|u|2(|u|2*|x|—1)+%xf|u|2,

and observe that 5 is a critical point of this functional, while the Hessian of H,
at n) is given by

(2-16) Fw = —%Au —(xI" s nw + @)y — (x|~ xnPHw + Aw.

Now in Lemma 2.2 take H, to be f, take N to be the eight-dimensional manifold
of solitons M, and take p = n. We find that

(2-17) iE(T,M) C T, M.

3. Spectral estimates

In this section we recall crucial spectral estimates for the operator & from (2-16),
which is the linearization of —%Au — (Ju)? * |x|""Yu 4+ Au. We observe that this
operator can be decomposed as

_|L+ O ||Rew
ggw_[o L] |:Imw:|’

LyRew=—JARew —2(lx| " xnRew)n — (Ix| "' ¥ n*) Rew + A Re w,

with

L_Imw=—1AImw— (x|""*n*) Imw + A Imw.

From the second remark following [Lenzmann 2009, Theorem 4] we have the
following proposition:
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Proposition 3.1. Let w € H' (R, C) and suppose that w(w, Xn) =0 for any X € g.
Then

2
(3-D (Fw, w) > cllwlly,
where ¢ is an absolute constant.

Now we consider solutions f of the equation

(3-2) Lyf=00nx),

where Q(x) is real-valued and of the form Q(x) = ao(r) + Y_a;;(t)x;x;, with
Q(x)n symplectically orthogonal to the generalized kernel of i, and with a;; (t)
bounded in 7.

Proposition 3.2. Equation (3-2) has a unique solution in (ker(LT))* c L*(R3).
This solution is also in C*®°(R3) with the property

(3-3) e(\/ﬁ—e)lxl/Zaaf c Loo(R3)
for all € > 0 and for any multiindex o € N3. Furthermore
(3-4) o(f,Xn)=0 forall X €g.

Proof. We first use Q(x)n € (ker L, )" to show that a unique solution exists.
Indeed, it is suffices to show this result for any Q;;(x) = x;x; or Qg = 1. By
[Lenzmann 2009, Theorem 4], we know that ker L =span{dn, 0,7, d3n}. Clearly
(djn,n) =0 forall j € {1, 2, 3}. It remains only to show for all i, j, k € {1, 2, 3}
that

(3-5) (=0im, xjxkn) = 0.

If i # j and i #k, then (3-5) is clear because the integrand is odd in the x; direction.
So we assume i = j. If j # k, then

(—0im, xjxkm) =—/3i77(xixk)77=/Xk772+/3i77(xixk)77-

But x;n? is odd in the x; direction, leading to (3-5). A similar argument gives (3-5)
for j =k.

It follows from the PDE solved by f that if f € H*(R?) then f € H*t?(R%),
implying that f € C®(R3). The proof of (3-3) now follows closely the proof of
Proposition A.2, and we give it only in outline. We put w = ¢? f and introduce

L(iw = e¢L+e_¢w = (Py+ 1w — 2e¢n(|x|_1 * (ne_¢w)).
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‘We now have
1 ~
(LY w, w) = §/|Vw|2+/<V—%|V¢|2+x>w2

—2/e¢n<|x|1*(nf>>w+/e¢Q<x)nw.

e [wr= [o-divepy

5—fVw2—2/6¢n(|x|_1*(nf))w+/e¢P(x)nw.

Then

The V term is handled as before. The two ¢? factors in the last term can be
absorbed by the 7 factor provided the exponential growth in ¢ is no more than
exp((«/ﬁ —¢|x])/2). For the middle term, observe that, as in the case of ‘7, the
convolution |x|~' % (nf) is continuous and decaying to zero at infinity. Then, the
two e? factors can be absorbed by the  factor just as in the case of the last term.
In this way we show that

/ w? < C,

and proceed as in the proof of Proposition A.2.
We now prove (3-4). First of all, since f is real, w(f, ejn) =Im f fejn=0 for
J €1{1, 2,3, 8} since then e;n is real. Next write

3

f=/fo+ Y fix. where Lif=agand L fjr=aix;xi.
jok=1

Since L preserves symmetry in x; for all k£, we observe that if j € {4, 5, 6}, then

o (fre,ejn) = / Siexj—in =0,

as the integrand will be odd in some x; direction. Finally a calculation shows that
L. (24 x-V)n) =n, from which it follows that

o(f, e7n)=/fn=/L+(f)(2+x-V)n=/(Q(X)n)(2+x-V)n=0- O

4. Reparametrized evolution and proof of Theorem 2

We write

ut)=g@®)-m+w()) and w(w(),Xn)=0 forall X €g.
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To see that this decomposition is possible, initially for small times, we apply
Lemma 2.4, which allows us to define

gt):=gu@), @:=g®) 'u@®), w@t):=i—n,

and derive an equation for w(¢). Before doing so, however, we introduce some
abbreviated notation. For g(¢), we write g = (a, v, ¥, u), and observe that as a
result of Re(w, n) = 0 and the L? conservation of the original equation, we have

2 2 —1, 2 —1y, 12
24 Nwlz =lm+wliz. =g ully. = u lluolly2,

and hence
2—¢ 24+¢

(4-1) — — <pu<————
2+ wll?, 2+ [wli?,

with ¢ as in the statement of Theorem 2. This gives a precise sense in which p = 1.
For the remainder of the section we will assume 0 < ¢ <1, although in our theorems
¢ is required to be much smaller than 1.

Next we define

oa=oala, ) ::%/V(x/u+a)n2(x)dx—ﬁ/x-VV(x/u+a)n2(x)dx,

p=Pla )= 5 / VV e/ 4 a)n? (x)dx,

3 3
X =“Z(_df +vj)e; +Z(i)j/ﬂ—ﬂj)€j+3
j=1 j=1
+(=y+a-v— 3ol +au® —a)e; — (j1/wes.
Observe that @ € R, B € R, and X € g. Set further
Pw = —1Aw — (Ix|7 s nPH)w — (x| % (p(w + )0 + Aw,
Nw = (x| 7 s wP)n + (x| s nw +2)w + (x| [w]Hw.

These terms come from writing out i E iy (n+w). The operator & collects the linear
terms, and N the nonlinear terms.

Lemma 4.1. In the notation above, the equation for w is
ohw= Xn+i(-Vkx/u+a)+a+p-x)n
+Xw4i(=V/p+a)+a+p-Dw+in (—L+Nw.

Proof. The proof is a straightforward calculation that follows nearly the same lines
as that of [Holmer and Zworski 2008, Lemma 3.2], and here we give only a sketch.
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We first use the definition of w and the chain rule to write

dw=-Y(+w)+g 'Engn+w),

with ¥ taken from Lemma 2.3. We use Lemma 2.1 to write g ' Egg =pu ™! Eg*H,

and compute Eg«y from formula (2-3). Finally, using the soliton equation
—an+ 1A+ (x| xpPHn =0
gives the desired formula. (]
We now explain the reasons for this notation. Note that if X = 0, then
a="0, b= —up, y =S+ i’ —a, L=0.

giving the equations of motion in (1-3). In this section and the next we prove
that | X| and [|w|p; are small, giving Theorem 2. Then in Section 5 we give
the improvement to Theorem 1 under the necessary additional assumptions on the
initial data.

To understand the other crucial features of the notation in Lemma 4.1, we intro-
duce the symplectic projection P, characterized by

oW, Yn) =w(Pu)n,Yn) forallY eg.

This is given explicitly by

8
P=Zeij, Pi: 9 — R,

Py =~ ”2 2 o, eje3m) = /u(x)xjn(x)dx for j € {1,2.3),
Piw = ¢ i (U, ej_31) = —Im/u(x)a, w)dx  for j € (4.5.6),
P = ”2 2w, egn)—Im/u(x)(Z—i—x-V)n(x)dx,

Py(u) = — T ”2 ———w(u, emm) = /u(x)n(x)dx.

We now compute

6
P(if(x)n(x)) = Z Pi(if ()n(x))e; + P7(if (x)n(x))e;

j=4

6
=3[ Femeaneodr)e; + ([ reone@ - vneodr)er
=4
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6
%( S([ rwaarteoar)e; + ([ ro0 (P +x - vie) )ax)e )
j=4
6
= %(Z( [ arareomeoar)e;+ ([ (s - Vf(X)>n2(x)dX>e7)
=ia+if-x.

Observe that in the case that f(x) = V(x/u + a) these « and 8 agree with those
defined previously.
We have the following Taylor expansions, where §  is the Kronecker delta:

Vx/p+a)=Va)+VV(a)- (x/u>+M—Z(1 18j0%x3;0cV (@) +0h?),
J.k=1

a=V@+ f(Z x282V(a)>n2(x)dx +0(h?),

VVi(a)

B = +0(h%),

and thus
—Vix/n+a)+a+p-x

3
1 3
-2 (1—%5jk)xjxkajakV(a)+m/(sza V(a)>n2(x)dx+©(h3),
jk=1
3
= Y ajexixe+ao+00) := Q(x) + O(h%).
jk=1

where all the errors are polynomially bounded in x. In the sequel we will apply
Proposition 3.2 using this Q(x). It satisfies the necessary orthogonality condition
because w (i (V (x/u+a), Xn)) =0, and Q(x) is of order 1.

We now study w by writing w = w + w;, where w solves away the principal
forcing terms of the equation of w. More precisely, we put

3
- - - 00V (a)
W= Z Wik, Wjk:=— 2 —— fik

3
_ 3
fik = L+1(— Z (1 —%Sjk) xjxk+5jk1/x]2n2(x)dx)n.

Jk=1
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Then w satisfies the PDE
. 3
- ) - i
0w = —luziw — E(— Z (1 — %5‘,k)xjxk8j8kV(a)

jik=1
3 3
f(zxfa}\/(a)>n2(x)dx>n+ > Otk
j=1

jk=1

AW

+

where

d(—0;0V(@)\ —9;aVV(a)-a 49,8V ()i
9jk(f)::_( L >= = +
n n n

dt
Lemma 4.2. There exists an absolute constant ¢ such that if |w| g1 < 1/c, then
1X| < c(h®[wll g+ llwlZ + w3
Proof. Since Pw; = 0, Pw = 0, Lemma 4.1 gives
X=Pi(Vix/p+a)—a—-pg-x)nN+P>E(V(x/u+a)—a—p-x)w)
— P(Xw) — W2 P(iNw) — p*P(i%w).

We’ve already seen that the first term vanishes. The estimate | P (Y w)| <c|Y|||w|| g
shows that

PGV (x/p+a)—a—B-x)w)| <ch’|wlly  and |P(Xw)| < c|X|[[w]|g.

For the P(iNw) term we must estimate the following integral, where v are
taken from w, n, e;n:

fl(x_1 * (1) Vsl < x|~ % v s sl sllvall 2
(4-2) < cllynvnllplvslleellval 2
< clivllzliall 2 193l e llal 2

For this we used Holder’s inequality, the Hardy-Littlewood—Sobolev inequality,
and Sobolev embedding. This results in |P(iNw)| < c(||w||§1, + ||w||§11).

Finally, from (2-17) we have P(i¥w) = 0, which combines with the previous
estimates to give

1X| < ch?|wll g+l X wll g+ clwlZ + llwl3,).

Here we have removed the factors of u using (4-1). If ||w|| 51 is sufficiently small,
this implies the desired inequality. U

Lemma 4.3. Suppose there are positive constants ¢y, and hg such that

1/2+6 2+28 H
lwleg  m < ch'20 2@ —n)n—n) et if0<h=ho,
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for some t| <t and nonnegative 8. Then

sup |0(t)| <ch® and  sup |v(r)| <c

n<t<ty n<t<ty
Jfor a constant ¢ depending only on cy, ho, |W | ¢33y and |v(t1)].

Proof. The conclusion concerning 6 will follow from || < ch'*?% and |a| < c.
Our assumption on w implies that the bounds for p in (4-1) can be improved to

I_Ch1/2+5 <u< 1+Ch1/2+8.

By the definition of X and the Taylor expansions and the bound on X, we have
VY@ |7l bl < elX) < el + Tl + i),

which immediately gives the desired bound on |t|. For the bound on |a|, it suffices
to prove |v| < ¢, which we do by first integrating the inequality above to obtain

sup |v(D)] < [v(z)[+chl|VW | L=(t2 — 1) + c| X[(12 — 11).

n<t<t

Next we prove a near conservation of classical energy:
sup |(31v1° + V(@) = (3@ P+ V(a®)))|
nsr<n

<(tr—t)) sup [v-v+VV.q|

n=<t<n
=(a—1) swp (54 VV@I|+VV@]la—vl)
n=t=n
< e —n)(1X] sup [o]+hIVW | X))
n=<t=<n

< clX |2 = t) (o) + chl[ VW || L (12 — 11) + | X | (22 — 11)).
From this it follows that sup, ,,, [v(?)| < ¢, which concludes the proof. ]
This will be crucial for the estimate of the true error w.

Lemma 4.4 (Lyapounov energy estimate). Suppose that, for some constants ci
and hy,

12
lwlizee  my = cih 2 if 0 < h < hy.

Then, provided
|t —t1| < 2/ h,
we have

2
lwlizee , mr = esllwi@O g+ cah”.

The constants ¢y and c4 depend only upon cy, ho, [|Wllc3wsy and |v(t)|. The
constant c3 is an absolute constant.
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We postpone the proof of this lemma to the end of the section, first demonstrating
how it is applied in the bootstrap argument. We prove the following proposition,
from which Theorem 2 follows.

Proposition 4.5. Let wy = w(0) and fix constants ¢; > 0 and §y € (0, 3/4). Then
there exist constants hy and c such that if

ci dl|logh
0<8<8, O<h<ho llwolg <é&n'*3%, O<T§%+ |Oigl |’
c

then
-5 2
lwllzs, < ch ™ Ulwoll g +42).

The constants ho and c depend only on ¢y, 8o, |v(0)|, and [|W || c3gs3)-

Proof. To apply Lemma 4.4, we observe that by the continuity in ¢ of ||w]| L3S, H
we know immediately that the hypotheses are satisfied on [0, ¢] for sufficiently
small ¢. At this point the conclusion of the lemma tells us that at the end of this
interval the error is still small enough that we may proceed for larger ¢, until we
reach t = ¢/ h. In this way we apply Lemma 4.4 k times on successive intervals
of length ¢,/ h, where ¢, and k will be fixed later, giving the bound

k—1

k J 2

gy e = ool + (3 cf Jest
Jj=0

This is only valid provided that the hypotheses of Lemmas 4.3 and 4.4 are satisfied
over the whole collection of time intervals. We must use Lemma 4.3 to control |v|
uniformly over the full time interval [0, cok/h], and to apply this we need

k=1

(@mﬂm+<2}0mﬁgcmmw and 3k*h* <

j=0
for some constant c¢;. We will determine ¢; momentarily, and at that point ¢, will
be the constant that emerges from Lemma 4.4. If

& . [loghl

k=—436 ,
(&) log C3

it suffices to have

llog A
logcs
We can now choose our constants. We first take ¢ so that the second inequality

of (4-3) holds. Then ¢, is given by Lemma 4.4, and we take hg so that the first
inequality of (4-3) holds. The hypotheses of Lemma 4.3 are satisfied a fortiori. [J

2
(4_3) Cgl/6251h1/2+380—8+C<331/Czc4h2—8Sclh1/2+8 and 5%<8 > h28§C1.

It now remains only to prove Lemma 4.4.
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Proof of Lemma 4.4. In this proof, unless otherwise mentioned, all constants de-
pend only upon cy, ||W w3 and |v(ty)].

Let wy :=w — w. Now
2
212

/ X - VZV(a)xn2(x)dx) Ui

dw; = —i 2 Lw, +Xn—9f—|—i<—V(%+a> fa+B-x— 2 VV(a)x

3
+—
202113,

+Xw+i(—V(£+a)+a+ﬁ-x)w+iu2j\fw.
By grouping forcing terms into fj, we rewrite this as
drw = —iuzi’wl +Xn+ fi+Xw +i<—V(i +a) +a+p8 -x)w+iM2Nw,

observing that, using Lemma 4.3, we have || fi|| g1 < ch?.
We recall that & is self-adjoint with respect to (i, v) = Re [ uv, and hence

1o/ (SLwy, wi) = (Lwy, dwi)
= —pH(Lwi, i%wi) + (Lwi, Xn) + (Fwi, fi) + (Lwi, Xwi) + (Lwy, Xid)
+ (Lwq, i(—V(% +a> +a+p8 -x>w1)
(i (=V (% b a) bt fox)i) + (FuinNo)
=I4+1+1I+IV+V+VI4 VII4+ VIIL
Now we analyze these terms one by one. First
I=1I=0.

In the case of I this follows from (2-1), the definition of (-, - ). In the case of II, we
recall that w (w, Xn) = 0 by construction of w, and that w(w, Xn) = 0 from (3-4),
as a result of which we have w(w;, Xn) =0. Finally o i£w;, Xn) =0 by (2-17),
and then we use (2-1) to relate (-, -) and w(-, -).

Next we show that

3
I < cllwill gl fill g < ch llwill g

This estimate is straightforward in the case of the convolution-free terms of £. For
the terms with convolutions, we apply (4-2) with f; in place of ¥4 and the other
Y chosen appropriately from among 1, w and w.

Next we look at IV = (fwy, Xw). We first recall that X = Z?Zlajej with
laj| < c(h?|wl + ||w||§{1 + ||w||§11). We the proceed term by term according to
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1 i - - .
Pwi = 3w — 3Aw; — (x|« pH)wy — (x|~ x (n(wi +w1))):

(wi, Xwi) = ag(wi, 2wy +x - Vwy) = 3as(wy, wi),

(Awy, Xwy) =

M-

aj+3(Aw1, ixju)l) +ag{Awy, 2w; +x - Vwy)
J

|
'M“’

I
-

aj3(0jwy, iwy) + %a8<vw1, Vwy),
J

and thus these two terms are bounded by c| X|||w; ”i]l' For the terms involving 7
we use (4-2) to obtain the same bound, giving

V| < c(h® + lwll g1 + w30 w1

Next V= (%w;, Xw) has a similar expansion, but includes more nonzero terms.
We estimate these terms as before in (4-2). We use Holder’s inequality, Hardy—
Littlewood—Sobolev, and Sobolev embedding to obtain

VI < el X[llwill g ()Wl g2
However, || (x)®W]| ;2 < ch?, giving
VI < ch® (0 + lwll g+ llwlg ) lwill g
For VI, once again we obtain a number of vanishing terms:
VI= (Fwy, i(=V(x/n+a)+a+p-x)wr)
= (=3Awi = (x| % (w1 + 01), i(=V (/s +a) +a+ B - x)w).
To estimate the first term, we integrate by parts as before and use
I=(1/mWVV(x/n+a)+ Bl < ch.
For the second term, we use (4-2) together with
(=V@&/p+a)+a+p-xm| <ch’.

This gives the bound |VI| < chl|jw; ”12L1"
For VII, we proceed in the same way, without the vanishing terms but also
without the restriction that only H' norms may be used. We obtain

IVIL| < cllwi || g [(=V (x/p+a) + o+ B - x)b |
< ch?lwil g 1{x) 2D || g1 < ch*llwy || 1.

Finally, for VIII = (Fwy, i w>Nw) we write w = w; + w and expand. We
integrate by parts for the A term, and use (4-2), twice as needed for the terms with
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two convolutions. This allows us to put all factors in an H' norm, giving a bound
of
VI < e(hllwill g+ R lwi g+ R w5+ lwill).

Combining all this gives
19, (Lwy, wi)| < e |wll g+ hllwli, + R w3+ lwlf, + w3,

From (B-1) we have uniform boundedness of |u|| g1, while from Lemma 4.3 we
have uniform boundedness of |v| over our time interval, from which we conclude
that ||w| g1 < c, and hence

|0 (Lwy, wi)| < e [wll g+ RlwlF, + Twl)-
Now we use w = w; + w to write ||w| g1 < c(lwi] g + h?) and hence
10 (FLwr, wi)| < e + hllwillz + w50
Integrating in time gives
(Lwi (1), wi(B)) < (Lwi(t), wi () + et — 1) (B +hlwi 17+ lwill}).
From (3-1), we have
lwi@)17: < c{Lwi (@), wi (1)),
and by direct estimation we have
[(Lwi (1), wi (D) < cllwi @[3
This leads to
lwilie gy = Elwr@g+et =) (A +hllwille g+ lwillzs ).

with ¢ an absolute constant. Requiring that #, — #; < ¢,/ h for a small constant ¢,
and subtracting the quadratic term to the left hand side implies

2 ~ 2 5 4
”wl”Lﬁo ,H} §2C||w](fl)||H| C(IZ_II)(h hHwIHL[oIo ’JHI)-
1 X 1 X

2

This is a quadratic inequality in ||wq]| L Y
1.1 x

In general,
A>0, B>0, XeR, BX>’—X+A>0, X<@B)!, 44B<1
implies X < 2A. In our case, assuming that
(t2 — t)hlw ||i[oo - 1)2h° < e,
tl,r X

we have
2 ~ 2 5
”wIHL[OtCt]H] <A4cllwi @) |y +ch” (B2 — 11).
1017
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From this, together with w = w; + W the desired result follows. (|

5. Proof of Theorem 1

Lemma 5.1. Suppose that0 <h < 1,anda=a(t),v=uv(t), €, =¢€1(t), €2 =€,(t)
are C' real-valued functions. Suppose f : R®> — R is C* mapping such that | f|
and | f'| are uniformly bounded. Suppose that on [0, T],

a=v+ep, a(0) = ap,

v=~hf(ha)+¢€, v(0)=uvg.

Let @ = a(t) and v = v(t) be the C' real-valued functions satisfying the exact
equations '

a="v+ey, a(0) = ag,

v="hf(ha)+e, v(0)=uvy

with the same initial data. Suppose that on [0, T, we have |€;| < h*= for j=1,2.
Then provided T < ch™' 4+ 68h~! log(1/h), we have on [0, T] the estimates

la —al <éh*> P log(1/h) and |v—7v|<éh> 2 log(1/h).

The statement and proof of this lemma is almost identical to those of [Holmer
and Zworski 2008, Lemma 6.1]. The only change in this proof is that we use
g = [} Vf(ha+1(ha —ha))dt.

For Theorem 1, we assume ¢ = O(h?2), in which case a and v satisfy the ODEs

a=v+0h**) and v=—1[VV(+a)n (x)dx+0h*).
Lemma 5.1 allows us to replace these with
a=v and v=-3[VVx+a)n’(x)dx.

Direct integration of the error terms in the equations for i and y allows them to
be dropped as well, giving Theorem 1. O

Appendix A: Properties of p

In this appendix we review the properties of the function 7 used in this paper. This
material is essentially well known, and further information and references may be
found in [Lenzmann 2009].

Lemma A.1 [Lenzmann 2009, Appendix A]. For each A > 0, the equation
(A-1) —LAn+Vn=—iy

with V = —|x|7' % 0%, has a unique radial, nonnegative solution n € H'(R>) with
n #£ 0. Moreover, n(r) is strictly positive.
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In this paper we choose A so that ||n ||i2 =2.

We will also need the following exponential decay result.
Proposition A.2. Letne H H(R3; R) satisfy (A-1). Thenn € C ©(R3), and for any
multiindex a and € > 0 there exists C such that

0% (x)] < Ce™ V20l

Proof. Observe first that V is continuous and obeys limy |- 00 V =0. Indeed, write
|x|~! = x1 4+ x2, where x; is smooth and agrees with |x|~! near infinity, and x, is
compactly supported and in L? for p < 3. The yx; term is clearly smooth, and we
prove the decay by treating it in two pieces:

2 C o C .
X — dy < dy < ’
/Iylslxl/z x1(x —y)n~(ydy < f|y|5x|/2 " (n)dy < —|x|llnlle

f x1(x — Iy < llxillz / n*(y)dy.
[y|=]x]/2 [y]=|x]/2

On the other hand, note that since n € H'(R?), the Gagliardo—Nirenberg inequality
implies that n € L°(R%), and in particular n> € L?. Thus x, % n* has a Fourier
transform in L', giving the desired regularity and decay.

Now it follows from (A-1) that € H?. Differentiating the equation and applying
the previous argument shows that n € H>. By induction we find that n € H*, and
in particular n € C*°.

We now prove the exponential decay as follows. Let P = —%A +V, let peC™
be bounded together with its first derivatives, and let

Py=e®Pe®=-LA+Vp V-1 Vo +1agp+V.
Let w = e®n and, observing that integrating by parts gives [(V¢ - Vu)w =
— [(V¢ - Vw)w — [(Ad)w?, write
_ _1 2 Sy Liw 22
0=((Ps+Mw, w);2 = > IVw|”+ [ (V+21—5|Vo|Hw".

Now, provided |V¢|*> < 21 — 2¢, we have

e [wrs [o-bivopr=- [ Tu?

e/ B w2—/ B Vw?.
{x:V(x)>—€/2} {x:V(x)<—e/2}

The integral over {x : V(x) > —e/2} can now be subtracted to the other side of the
inequality, while {x : V(x) < —e€/2} is a bounded set since limjy | ‘7(x) =0.
We may then write [ w? < C, where C depends on 7, sup|¢|, and €. If we apply
this result with a sequence of functions ¢, such that ¢, is equal to (V2A —2¢€)x)

=<

=



SOLITARY WAVES FOR THE HARTREE EQUATION 87
on the ball of radius » and is modified outside that ball to be smooth with bounded
derivatives, we find that ev2*—2€x1 ne L?, and similarly

e«/2kf2e|x\n(x) c LZ.

Differentiating (A-1) and applying the same argument proves that

e«/2A72e|x| a(xn(x) c LZ’
from which the desired result follows. O

Appendix B: Well-posedness

In this appendix we prove well-posedness for Equation (1-1) in H'(R?). This result
is known (see for example [Cazenave 1996]), but for the reader’s convenience we
review the result in the special case that we study here. We adopt the notation

et wir = g < 10%ull o
We will use these Strichartz estimates (see for example [Keel and Tao 1998]):

Lemma B.1. Suppose q,r,q’, 7 €[1, oo] satisfy
2

=4
q

n 2 n 4+n
— and ?—i-?: >

SIS

Then

t
itA i(t—s)A
;< < o
le"Suoll g 1y < clluoll2  and ”/e f(s)dsHLq  Selfly

0 [0,7]5x
for all uy € L*(R") and f € L9 ([0, T1, L™ (R")).

In the remainder of this section only, ¢ denotes a constant that may vary from
line to line, but is absolute and independent of all parameters in the problem. Let
V e WLho(R3, R), let ug € H'(R?) be given, and define

N@) = —(x|"" % ul*)u,

Fu)(t) =eitAu0—i/ TN N (u(s)) + Vu(s))ds.
0

A function u solves the Hartree equation if and only if it is a fixed point of F.
Lemma B.2. Forany T > 0, we have
IN @) g ey < cllull 2wy | Vil g wsy
IF )l oo, 71,1 @) < ol sy + T2l gy F IV ooy lall a1 sy

where ¢ is an absolute constant.
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Proof. We first compute
~1 2 ~1 2
(B-1) (™" s fuel Dull 2 < 1™ Ju D 3 Nl o
) 2 2
<clllul"lprllulizs < cllVull 2 llully..

where we have used in the first inequality Holder, in the second Hardy-Littlewood—
Sobolev, and in the third Holder followed by the Sobolev inclusion of H! (R?) into
LS(R?). From this the result concerning N follows.

We now look at F'. We have ||ei’Au0||LOO([O,T]’H1(R3)) = |luoll g1 w3y because the
Schrodinger propagator is unitary on all Sobolev spaces. We then compute using
Strichartz estimates that

t
H f e IAN (u(s)ds| <cINGI . o5
0 L=([0,T1,L2(R%)) 0.1 5%
<cT'?|N - .
<cT7 (u)”L[O,T]L?C/S
Using the same sequence of inequalities as in (B-1), we get

[l sl s < [l sl s el 2 < el llull 2 = cllull;.

The same arguments show that

t
HV/ e’(’_“)AN(u(s))dsH < Tl/Z”””%z”VI/‘”LZ‘ U
0 L°([0,T1,L2(R3))

Proposition B.3. For each uy € H L(R3; C), there exists T € R such that (1-1) has
a solution u(x,t) € L>°([0, T], H'(R3)). This T depends only on ||ug|| g1.

Proof. We prove this using a standard contraction argument. We adopt the notation
A =11l oo o, 71 (R3)):

IF ) = F)l
<[/ IR () = N s))ds | + | /O W) - Vo
<c(IN@®) = N2 yros + T V(@) = Vo@)]).
But then
AN =N@I,a o
< cTIN@) =Nl 10
< T (01 P @ =) oI @ =)l o i

-1 _
1 =)Dl 1)

< T3 u—v|(lull*+ ulllvll+ lv]).



SOLITARY WAVES FOR THE HARTREE EQUATION 89

Thus taking

12 _ 1
e (Il vl + oI+ 1V e gs) )

we find that F is a contraction on a closed ball of L>([0, T, H'(R%)), implying
there exists a solution to (1-1). U

We use almost conservation of energy to extend this to global well-posedness.
Proposition B.4. Equation (1-1) has a solution in L (R, H'(R3)).

Proof. Because of Proposition B.3, it is sufficient to prove that the H' norm of u
is bounded. Clearly |u|| ;2 is preserved so it suffices to bound ||Vu|| ;2. To do this,
we study the energy

E(t) = | Vul — /RS Ni.

An argument as above shows that

-1 2v1,12 -1 2 2 3
f(lxl s lu )| ™ < x| s ful "l allull a2 < cllull 1Vull 2

IA

C
el +cellVul o
From this we deduce that
IVul2, < c (E@ + lullds + 11V i) -

This bounds ||u|| ) uniformly in time, giving the desired conclusion. U
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