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THE UNITARY DUAL OF p-ADIC Sp(2)

MARCELA HANZER AND IVAN MATIC

We investigate the composition series of the induced admissible represen-
tations of the metaplectic group §1_)\(2/) over a p-adic field F. In this way,
we determine the nonunitary and unitary duals of §1_)\(2/) modulo cuspidal
representations.

1. Introduction

The admissible representations of reductive groups over p-adic fields have been
studied intensively by many authors, but knowledge about the unitary dual of such
groups is still incomplete. Besides some results concerning specific parts of the
unitary dual of some classical and exceptional groups (that is, spherical, generic
[Lapid et al. 2004] and so on), there are some situations where, for some low rank
groups, the complete unitary dual is described [Sally and Tadi¢ 1993; Mui¢ 1997,
Hanzer 2006; Mati¢ 2010].

In this paper, we completely describe the noncuspidal unitary dual of the double
cover of the symplectic group of split rank two. Although this is not an algebraic
group, some recent results enabled us to study this group in the same spirit as the
classical split groups. More concretely, Hanzer and Mui¢ [2009] related reducibil-
ities of the induced representations of metaplectic groups with those of the odd
orthogonal groups (using theta correspondence), while their paper [2010] describes
the extension of the Jacquet module techniques of Tadi¢ for classical groups to
metaplectic groups. More specifically, Tadié’s structure formula for symplectic
and odd-orthogonal groups [1995] (which is a version of a geometric lemma of
[Bernstein and Zelevinsky 1977]) is extended to metaplectic groups. These in-
gredients made the determination of the irreducible subquotients of the principal
series for S/p\/(2) very similar to the one obtained in [Mati¢ > 2010] for SO(5), but
this happens to be insufficient tool in some cases. In these cases, we will use the
theta correspondence to again obtain the formal similarity to the SO(5) case. This
similarity was expected; see for example [Zorn 2010]. After determining complete
nonunitary dual, modulo cuspidal representations, the unitary dual follows in the
almost the same way as in [Mati¢ 2010], but after discussion of some exceptional
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cases (for example, the discussion of the unitary principal series): In the case of
the odd orthogonal group SO(5), the irreducibility of the unitary principal series
follows from the considerations about R-groups, and in the case of S/[_)@/), since
the R-group theory for metaplectic groups is not available in its full generality,
irreducibility is obtained using theta correspondence. In the forthcoming paper
[Hanzer and Mati¢ 2010], we extend the methods used here to prove for general n
the irreducibility of unitary principal series for §[3\(n/) We hope these results will
have applications in the theory of automorphic forms.

We now describe the content of the paper. In Section 2, we recall the definition
of the metaplectic double cover §1;\(n/) We also recall the notions of parabolic
subgroups, Jacquet functor, and parabolic induction in the context of metaplectic
groups. We then recall the notion of the dual pair, and the lifts of an irreducible
representations of one member of the pair dual to the Weil representation of the
ambient metaplectic group. We recall the criteria for the square integrability and
temperedness of the irreducible representations of metaplectic groups, due to Ban
and Jantzen [2009] and recall the classification of the irreducible genuine represen-
tations of §1;_)\(n/) obtained in [Hanzer and Mui¢ 2010]. In Section 3, we analyze the
principal series for S/pv(2), using both theta correspondence and Tadi¢’s methods
applied to metaplectic groups. In Section 4, we determine the unitary dual of
STp?f) supported in the minimal parabolic subgroup. In Section 5, we describe
irreducible representations of S/pv(Z) supported on maximal parabolic subgroups,
and the unitary dual of S/pv(Z) supported on maximal parabolic subgroups.

2. Preliminaries

Let S/[;/(2) be the unique nontrivial two-fold central extension of symplectic group
Sp(2, F), where F is a non-Archimedean local field of characteristic different from
two. In other words, we have maps

1 — > — Sp2) = Sp(2, F) — 1.

The multiplication in SE)\(f), which is as a set given by Sp(2, F) x u», is given
the cocycle of [Ranga Rao 1993]. The topology of %\(}5 is explained in detail
in [Hanzer and Mui¢ 2010, Section 3.3]. There exist compact open subgroups of
Sp(n) that split in S/p\(_n/) Recall that a maximal good compact subgroup Sp(OF)
splits if the residual characteristic of F is odd (here O denotes the ring of integers
on F). In [Hanzer and Mui¢ 2010], the metaplectic group m was denoted by
SF(\W/Z). We say that the representation of S/p\/(Z) (or, more generally, Qn/)) is
smooth if, for every vector v in the representation space V, there exists a compact
open subgroup K| of Sp(2) that splits in S/pv(Z) and fixes v. The representation is
admissible if for every K as above, the space VX! is finite-dimensional.
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Lemma 2.1. Irreducible smooth representations of §1;\(n/) are admissible.

Proof. First, we prove that an irreducible, smooth, cuspidal representation of §[_)\(_n/)
is admissible. We can proceed as in the corollary on [Bernstein 1992, page 36], so
we have to prove that an irreducible cuspidal representation of S/p\(_rﬁ is compact,
and that was proved in proving [Hanzer and Mui¢ 2009, Lemma 3.1]. Then, on
this compact irreducible representation we can apply [Bernstein 1992, Proposition
11], which is formulated for a general totally disconnected group (so the meta-
plectic groups satisfy the conditions), and says that finitely generated compact
representations are admissible. The claim follows since every irreducible smooth
representation can be embedded in the representations parabolically induced from
the cuspidal representations of Levi subgroups (and for the representations of Levi
subgroups, the same reasoning as above shows that these representations are also
admissible), which was proved in [Hanzer and Mui¢ 2008, Proposition 4.4]. [

In this paper we are interested only in genuine representations of S/p\(_n/) (that
is, those that do not factor through ;). So, let R(n) be the Grothendieck group
of the category of all admissible genuine representations of finite length of %
(that is, a free abelian group over the set of all irreducible genuine representations
of §1;zn/)), and define R = ,., R(n). By v we denote a character of GL(k, F)
defined by |det|r. Further, for ‘an ordered partition s = (ny, na, ..., n;) of some
m < n, we denote by P a standard parabolic subgroup of Sp(n, F) (consisting of
block upper-triangular matrices), whose Levi factor equals GL(n1) xGL(np) x- - - X
GL(n]) X Sp(n —|s|, F), where |s| = Z, | i By a standard parabolic subgroup
P; of Sp(n) we mean the preimage of P in §1;\(n/) We have the analogous notation
for the Levi subgroups of the metaplectic groups, and, for the completeness, we
explicitly describe the structure of the parabolic and Levi subgroups, as explained
in [Hanzer and Mui¢ 2010, Section 2.2]. There is a natural splitting from the
unipotent radical of Ny of the corresponding standard parabolic subgroup Ps of
Sp(n, F) to its cover [Mceglin et al. 1987, Lemma 2. 9 on page 43]; let N, be the
image of that homomorphism. We then have P, = M, x N;.

We can explicitly describe M, as follows. There is a natural epimorphism

(1) ¢ : GL(n1, F) x -+ x GL(ng, F) x Sp(Wy_js)) — M,
given by
(2) ([gla 61]’ R [gk’ Ek]’ [h’ 6]) = [(gla 825 -+ 8k>» h)v (S I 'Ekeﬂ]a

with g = [],_;(detg;, detgj)p(]_[le(detg,-,x(h))p), where x(h) is defined in
[Ranga Rao 1993, Lemma 5.1] and (-, -)r denotes the Hilbert symbol of the
field F. Although M is not exactly the product at left in (1), it differs from it
by a finite subgroup that enables us to write every irreducible representation
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of M in the form T Q- ®m @ ', where the representations 7y, ..., g, 7’
are either all genuine or none genuine. This simple property enables us to set up
Tadi¢’s machinery [Tadi¢ 1995; Hanzer and Mui¢ 2008] of parabolic induction and
Jacquet functors. Recall that the irreducible representations in this paper, unless
mentioned otherwise, are assumed to be genuine (that is, nontrivial on ;). Also,
the cuspidality of representations is defined in the same way as for the reductive
groups (because of the splitting of the unipotent radical) and characterized in terms
if the support of the matrix coefficients also as for the reductive groups.

Let o be a representation of S/pv(2) Following the notation introduced in [Hanzer
and Mui¢ 2010], we denote by Rp 7 (o) the normalized Jacquet module with re-
spect to M(l 1); by Rp, (o) the normalized Jacquet module with respect to M(l),
and by Rp, (o) the normalized Jacquet module with respect to M -

We fix a nontrivial additive character ¥ of F and let w, , be the pullback of
the Weil representation wy(2,41),y of the group Sp(n/(2\r/—|— 1)), restricted to the
dual pair Sp(n) x O (2r + 1) [Kudla 1996, Chapter I1]. Here O (2r + 1) denotes the
split odd-orthogonal group of the split rank », with the one-dimensional anisotropic
space sitting at the bottom of the orthogonal tower [Kudla 1996, Chapter III.1]. The
standard parabolic subgroups (containing the upper triangular Borel subgroup) of
O (2r 4+ 1) have the analogous description as the standard parabolic subgroups of
Sp(n, F); we use the analogous notation for the normalized Jacquet functors.

Let o be an irreducible smooth genuine representation of S/p\(_n/) We write
O (o, r) for the smooth isotypic component of ¢ in w, , (we view it as a repre-
sentation of O (2r + 1)). Denote by ry the smallest r such that ® (o, r) # 0. When
o is cuspidal, we know that ® (o, rg) is an irreducible cuspidal representation of
o@r+1).

Let GL/(;L,/F ) be a double cover of GL(n, F), where the multiplication is given
by

(81, €1)(82, €2) = (8182, €1€2(det gy, det g2) F).

Here €¢; € pup fori = 1,2 and (-, -)r denotes the Hilbert symbol of the field
F, and this cocycle on GL(n, F) is actually a restriction of Ranga Rao’s co-
cyle on Sp(n, F) to GL(n, F), if we view this group as the Siegel Levi sub-
group of Sp(n, F) [Kudla 1986, Ppage 235]. Now we fix a character x, v(8. €)=
xy(detg)ey (detg, ¥ri/2)~ Uof GL(n F). Here y denotes the Weil invariant, while
Xy 1s a character related to the quadratic form on O (2r + 1) [Kudla 1996, pages
17 and 37], and ¥, (x) = ¥ (ax) for a € F*. We may suppose yx, = 1 (but the
arguments that follow are valid without this assumption). We write o = X‘Z,"/, and
observe that « is a quadratic character on GL(n, F).

The following fact, follows directly from [Hanzer and Mui¢ 2010], and we use
it frequently while determining composition series of induced representations: For
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an irreducible genuine representation m of Gm) and an irreducible genuine
representation o of S/p\(_n/) we have m X0 = Ta x o (in R), where ™ x o denotes
the representation of the group S@T k) parabolically induced from the represen-
tation 7 ®o of the maximal Levi subgroup M (k)- We follow here the usual notation
for parabolic induction for classical groups, adapted to the metaplectic case [Tadié
1994; Hanzer and Mui¢ 2010]. We also freely use Zelevinsky’s notation [1980] for
the parabolic induction for general linear groups. We denote the Steinberg repre-
sentation of the reductive algebraic group G by Sts and the trivial representation
of that group by 1. Followmg [Kudla 1996], we let a)w , denote the even part
of the Weil representation of Sp(n) determined by the additive character 1,. The
nontrivial character of o, when we view it as a representation of Sp(O), is denoted
by wg.

If ¢ is a quadratic character of F'*, we can write {(x) = (xa) r for some a € F*.
Let sp, ; be an irreducible (square-integrable, according to the criterion for the
square-integrability which we recall below) subrepresentation of Xv,l/,CVl/ 2 % wy.
Then, as in [Kudla 1996, page 89], we have the exact sequence

0— SPe1 — vawgvl/z X wy —> a):;ml — 0.

The results of [Ban and Jantzen 2009] imply that Casselman’s criteria for square-
integrability and temperedness hold for metaplectic groups in a similar form as for
the classical groups (for example symplectic). We now recall these criteria.

Let m be an admissible irreducible (genuine) representation of §[_J\(n/) and let
P, be any standard parabolic subgroup minimal with respect to the property that
Rp () #0. Write s = (n1, ..., n) and let o be any irreducible subquotient of
Rp (r). As we saw above, we can write 0 = p1 @ 02 ® - - - ® pr ® p, where p; is
an irreducible genuine cuspidal representation of some Gljn\,-,/F Yfori=1,...,k
and p is an irreducible genuine cuspidal representation of some Sp/(n\f [). Define
e(p;) by p; = ve(pi)pi“, where o} is unitary for 1 <i <n.

Assume that the inequalities

nie(py) >0,
nie(p1) +noe(p2) >0,

nie(py) +nze(p2) +---+nre(pr) > 0.

hold for every s and o as above. Then 7 is a square integrable representation. For
such s and o, these inequalities also hold if 7 is a square integrable representation.
The criterion for tempered representations is given by replacing every > with >.
We recall the definition of a negative representation [Hanzer and Mui¢ 2010,
Definition 4.1].
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Let 0 be an admissible irreducible genuine representation of % Then o is
a strongly negative (respectively, negative) representation if and only if for every
embedding o < p; X py X - - - X pg X p, where p; for 1 <i <k and p are irreducible
genuine supercuspidal representations of some of the GL and of some Slfn\f D),
we have

nie(py) <0 (respectively, <0),
nie(p1) +nae(py) <0 (respectively, <0),

nie(py) +noe(p2) +- - - +nre(pr) <0 (respectively, <0).

As soon as o as above is genuine, the p; and p are also necessarily genuine.
For notation, we recall [Hanzer and Mui¢ 2010, Theorems 4.5 and 4.6]. Recall
that, for a cuspidal representation p of some GL(m,, F), a segment A is a set of
cuspidal representations A = {p, vp, ..., v*"1p} and (A) is a unique irreducible
subrepresentation of p x vp X - - - x V¥~ p. We use the same notation for genuine
cuspidal representations of GL@\,)/,F ) since the transfer from nongenuine to gen-
uine representations in the case of GL@\;F ) is particularly simple (obtained by
multiplication with the character Xv .y (g, €) defined above). Now the two theorems
above follow from the analogous results in the case of classical reductive groups of
[Hanzer and Mui¢ 2008], since the analogous calculations with Jacquet modules

are possible, due to results in [Hanzer and Mui¢ 2010].

o Suppose that Ay, ..., Ax is a sequence of segments (of genuine represen-
tations) such that e(A;) > --- > e(Ar) > 0 (we also allow &k = 0). Let
Oneg be a negative (genuine) representation. Then the induced representation
(A1) X (Az) X -+ X {Ag) X Oyeg has a unique irreducible subrepresentation;
we denote it by (Aq, ..., Ag; Opeg).

e If o is an irreducible admissible genuine representation of % then there
exist a sequence of segments (of genuine representations) Ay, ..., A such
that e(Ay) > --- > e(Ar) > 0 and a negative (genuine) representation opeg
such that o >~ (Aq, ..., Ag; Opeg).

We can carry over Tadi¢’s structure formula for classical groups to the metaplec-
tic case [Hanzer and Mui¢ 2010, Proposition 4.5], which enables us to calculate
Jacquet modules of the induced representations. In more detail, let

R = B RGL(1, F))gen.

where R(GL/(Z,/ F))gen denotes the Grothendieck group of finite length, smooth,
genuine representations of GL(n, F). We denote by x the linear extension to
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RE" ® R&" of the parabolic induction (from a maximal parabolic subgroup). We
can easily check that if o is an irreducible genuine representation of Sm),
then ry (o), the normalized Jacquet module of o with respect to the standard maxi-
mal parabolic Py, is a genuine representation of @nd as such can be interpreted
as a (genuine) representation of GL(k, F)) x Sp(W,_y), that is, as an element of
R ® R, with R defined as above. So for irreducible genuine o, we can introduce
uw* (o) € R®" Q@ R by

n
pHo) =) ss.(k(0)).
k=0
where s.s. stands for semisimplification. We can extend p* linearly to the whole R.
Using Jacquet modules for the maximal parabolic subgroups of GWF ) we can
analogously define

n
m*() =Y s.s.(ri(m)) € RE" @ RE
k=0
for a genuine, irreducible representation 7z of Gﬁ F’) and then extend m™ linearly
to the whole R&". Let k : R&"Q RE" — RE'® RE°" be defined by k (x®y) = yRx.
We extend the contragredient ~ to an automorphism of R&®" naturally. Finally, we
define
=m®id) o Ca@m™) ok om*.
Here "« means taking contragredient of a representation, and then multiplying by

the character «, acting on the general linear group as a(g) = (detg, —1)F.
For 7w in R&" and o from R, we have

pwr(w xo)=M*(r) x u (o).
Using this formula for the induced representations of S/I;/(Z), we get the following:

o Fix an admissible representation 7w of CTL\(?), and suppose that 7 is of finite
length. Let m*(7) = 1@+, 7! @’ + 7 ® 1, where >, 7! ® n? is a
decomposition into a sum of irreducible representations. Now we have

uw (71>4a)0)_1®71>4a)0+271 ® 7} >4a)0+20m ®7T X wg

+7 ®a)0+om ®a)0+271 X af? @ wy.
l

—_—

« Fix an admissible representation 7 of GL(1) and an admissible representation
o of Sp(1). If we have

We)=1®0+Y o ®c?,

i
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where ail and 01.2 are irreducible representations, then

Wrxo)=1nr Xo+7 Qo +aT Q0o
—I—Zail@n >40,.2+Zn x0i1®ai2+26i1 X afF @07
i i i

From now on, F* denotes the set of the unitary characters of F*, while F*
denotes those that are not necessarily unitary.

3. Principal series

We first state an important reducibility result that follows directly from [Hanzer
and Mui¢ 2009, Theorems 3.5. and 4.2].

Proposition 3.1. Let x € F* and let s € R be nonnegative. The representation
vawvsx X wo of Sp(1) reduces if and only if x> = 1px and s = 1/2.
Let¢ € F* such that ¢? = 1px. In R we have (see [Kudla 1996, page 89]

vawvl/zg X wo = Sp¢ | +"):Za,1'

The following proposition is well known and follows easily from the analogous
results for the split SO(3) and SO(5).

Proposition 3.2. (1) Let x € F* and suppose s € R is nonnegative. The repre-
sentation v*x x 1 of O(3) reduces if and only if x> = lpx and s = 1/2. In
that situation, the length of v'/?
unique subrepresentation that is square integrable.

x X 1 is two, and this representation has the

(2) Let ¢1, 5 € F*. Then, the unitary principal series {1 X £ X 1 of O(5) is
irreducible.

We use these two propositions in the sequel without explicitly mentioning them.

3.1. Unitary principal series. In this subsection we prove irreducibility of the uni-
tary principal series Xy g X1 X Xy g X2 X @0, where y; € F* fori =1, 2.

Let IT denote the representation Xy g X1 X Xy g X2 X @0 Using the structure
formula for p*(IT) from the end of the previous section, we get
Rp (IT) = Xv,,/,)(fl @ Xv,y X2 X @0+ Xy .y X1 @ Xv,y X2 X @0

—1
TXvypXa @ Xy yX1 X000+ Xy 4 X2 @ Xy y X1 X @o.

Remark. Let be an irreducible subrepresentation of I1. Because of irreducibility

of the representations Xy .y X1 X Xy 4 X2 and Xy .y Xi X @0 fori =1, 2, we get

—1 —1
T =TI Xy y X XXy X2 X0 Xy yXy X Xv,yX1 X .
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If y, # Xfl holds for both i = 1,2 and x; # Xzil, then Frobenius reciprocity
implies that Rp, () = Rp,(I1), so w = IT and the representation I1 is irreducible.

Now we prove the irreducibility of the unitary principal series for general unitary
characters. Let {1, ¢, be the unitary characters of F*. We prove irreducibility of
the representation x, , 1 X xy ,$2 X wo using theta correspondence, beginning
with this lemma:

Lemma 3.3. Let 7ty be an irreducible subrepresentation of X, w &1 X Xy 482 X .
Then ©(my,2) =1 X & X 1.

Proof. According to the stable range condition [Kudla 1996, page 48], © (771, 4) #0
(observe that ® (1, 4) is a smooth representation of O(9)). We have epimor-
phisms wy 4 — 71 ® O(r1,4) and Rp, (w24) — 71 Q@ Rp, (O(71,4)). If 7 is an
irreducible quotient of ®(mry, 4), then [Kudla 1986, Corollary 2.6] implies [t] =
[v=3/2, v=1/2) 1, &o; 1], where [t] denotes the cuspidal support of 7. Clearly,
Rpy 1 (T) = vi2@vh/2 g §1i1 ® g“zil or Rp,,,,(t) = §1i1 Q12 ® {2:“ ®vh/?
(or we have some order of factors) for some /1, [, € {1, £3}. If we assume that in
the Jacquet module Rp,, |, ,,(7) there is an irreducible subquotient as above whose
first factor consists of a unitary character, then, using [Bernstein 1992, Lemma 26]
together with Frobenius reciprocity, easily follows that

Hom(z, ¢ x v'/2 x &7 x v2/2 % 1) £ 0.

But since ;l.il xlil2 = plil2 g“iil, we have Hom(z, v'1/% x g“lil X g“zil xv2/2%1) #£0.
So, there is an irreducible subquotient " of £ x &5 x v2/2 %1 such that 7 is a subrep-
resentation of v/1/2 > ', This implies that R P (7)(v'/?), the isotypic component of
Rp, (7) along the generalized character v11/2 is nonzero, as is Rp (O, 4))(V11/?).

Observations above imply that there is an irreducible representation t; of O(3)
such that the mappings Rp (w24) = 71 @ Rp(O(1,4)) - 11 ® V12 ® 1, are
epimorphisms. We denote the epimorphism Rp, (w24)) — 71 ® Vvi/2 @ 1 by T.
Now Rp, (w3,4) has the filtration in which

e [1H=v?Q® w33 is the quotient and

ik IndgL'(XSE%I)X 0 (3)( Xv,wzg ® wy3) is the subrepresentation.
See [Kudla 1996, page 57] and [Hanzer and Mui¢ 2009, Proposition 3.3], where
the notation is explained in detail.

Suppose T'|;,, # 0. Because x, sV is the isotypic component of v''/~ in the
GL(1, F) x GL(l F)-module Xv.y 21, by applying the second Frobenius we get
a nonzero GL(l F)xGL(1, F) x Sp(l) x O (3)-homomorphism

/2 n/2

ph/? ®XV,1/,V711/2 Qw3 — V2@ 1 ® R%),
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which implies that RE\(%)( Xv’wv_ll/ ) 0. Because /; # 0, this contradicts our
assumption w; — Xy 481 X Xv,y 2 X wo; hence T'|;,, = 0. Therefore, we can
consider 7' as an epimorphism /19 — 7] ® V2@ 1. Consequently, /; = —3 and
there is an epimorphism wy 3 — 7 ® t7. Obviously, ® (7, 3) # 0.

Repeating the same procedure once again, we obtain ®(rrq, 2) # 0. Since the
cuspidal support of each irreducible quotient of ® (;r1, 2) equals [{1, &2; 1], all of
the irreducible quotients of ® (;rq, 2) are equal to £} X {» x 1. U

Proposition 3.4. Let {1, &, € FX. Then the unitary principal series representation
Xv.y 1 X Xy 482 X o is irreducible.

We present two proofs of this proposition, both based on the previous lemma.
The first proof is much simpler than the second — it also uses some known results
about Whittaker models for the principal series for metaplectic groups, but we have
to assume that the residue characteristic of F' is odd. The second proof is more
technical, but it doesn’t depend on the residue characteristic of F. We feel that
presenting both proofs may be useful.

First proof of Proposition 3.4. We denote the representation Xy 81X Xy 82 X wo
by IT. Suppose that the residue characteristic of F' is not 2. Howe’s duality conjec-
ture and lemma then implies that the representation ® (£} X ¢» x 1, 2) has a unique
irreducible quotient, so, by Lemma 3.3, all the irreducible subrepresentations of I1
are isomorphic, that is,

3) N=n& - --®n.

Now, observe that the representation IT has a unique Whittaker model [Banks 1998;
Szpruch 2007]. In more words, for a nondegenerate character 6 of the unipotent
radical U of Borel subgroup of Sp(n) (observe that S/p\(_n/) splits over U, and the
mappmg n— (n 1) is the splitting) and a genuine character xy, wg“l Q- ® Xy yln
of T (where T denotes the preimage of maximal diagonal torus in Sp(n)), we have

. S
dime Homgg;, (xy. &1 X -+ X Xy &n X @0, IndUp(")(H)) —1.

This forces that the number of copies of 7 in (3) to be one, and this finishes the
first proof. O

Second proof of Proposition 3.4. We have already seen that there is an epimorphism
Rp (@2,2) — XVJ/,Q'I ®XV,¢ Xwo® &1 X & X1, s0

O(Xy 4y S1® Xy yl2 X wo® &1 X &2 X 1, Rp (2,2)) # 0.

Rp, (w2,2) has the filtration in which

o JiI0=Xy.yV v!2® w 5 is the quotient and
o Ji1 = IndM1 x0(2) ——( Z ® w1 1) is the subrepresentation.
1= A5y Py xSpiD) AV, w L1 p
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Lemma 3.5. There is an isomorphism

Homjz, (Rp; (@2,2), Xy 451 ® Xy 82 X wo) = Homjz, (i1, Xy 451 ® Xy 2 X @)
of vector spaces that is given by restriction (that is, T — T|j,,).

Proof of Lemma 3.5. The map obtained by the restriction is obviously a homo-
morphism, while the injectivity follows directly. Surjectivity is proved as follows:

We consider the filtration 0 € W, € W) C Rp, (w2,2), where W is the represen-
tation Jyi, and Wi/ W2 = xv,y 81 ® Xy 452 X @0 ® O (Xy .81 ® Xy 82 X wo, J11).
Observe that

(Rp, (w22)/ W2) /(W1 /W2) = Rp, (w22)/ W1 = Jqo.

Using standard argument, it can be proved that the representation R p, (w32)/ Wa
is G/L\(T)—ﬁnite. Then, using the decomposition along the generalized central char-
acters, which in this case coincide with the central characters because Wi/ W, and
J1o have different central characters, we obtain

Rp (w22)/ Wa = Wi/ Wo @ Jro.

Now an element of Homjz, (J11, xy, wgl ® Xy 1//4“2 X wop) 18 trivial on W5, so it
can be extended to Rp, (w2.2) in an obvious way and surjectivity is proved. ([

Using a standard relation between taking a smooth part of the isotypic compo-
nent of a representation and the homomorphism functor [Hanzer and Mui¢ 2009,
page 10], it follows from Lemma 3.5 that

O(Xy,y 81 ® Xy 452 X wo, Rp (022)) = O(Xy 4,51 @ Xy 452 X wo, J11),
if we can prove that ®(XV,10§1 ® Xv,l/,é'z X wo, J11) 1s admissible.
Lemma 3.6. We have @(Xv,wgl ® Xy, .y 52 X wo, Ji=¢ xoH x 1.

Proof of Lemma 3.6. Since vawgl ®Xv,1//§2 X wo® L1 X & x 1 is a quotient of Jy1,
there is an epimorphism ®(XV,W§1 ® Xv’wgz X wo, J11) = 1 X & X 1.
Applying [Hanzer and Mui¢ 2009, Lemma 3.2], we have

Homjz, x02) (Ji1s Xy 451 ® Xy 42 X @0 @ O(Xv,y 81 ® Xy 52 X wo, J11))
= Homjz, xm(1y(Xy y 21 ® @11,
Xy, 81 ® Xy y 82X wo ® Rp (O(xy 451 ® Xy 452 X wo, Ji1))).

For every intertwining map 7 from the first space, let Ty be the correspond-
ing intertwining map from the second space. Let ¢ be a natural homomorphism
belonging to the first space.

Since Xv,xpCl ® (1_1 (respec/tiye/ly, Xv,wgz X wo ® &> x 1) are the corresponding
isotypic components in the GL(1, F)) x GL(1, F)-module Xv .y X | (respectively, in
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the S/pv(l) x O (3)-module w 1), irreducibility of these isotypic components implies
that the image of ¢g is isomorphic to Xy 481 ® Xy 52 X w0 ® g“l_l ® & x 1. Now,
we write g9 = ¢” o ¢’, where ¢’ is a canonical epimorphism

XV B ®w11 = Xy, S1®@ Xy 2 X0 ® L @4 %1
and ¢” is an inclusion of the representation
Xy E1® Xy y 2 X ® LT @ % 1
in xvy¢1 ® xy 48 X @ ® Rp, (O(xy ;61 ® Xy, 62 X wo, J11)). Observe that

Ind(¢’) is a homomorphism

Mix0(2) ~1
Ind(ﬁi\(l/)xPle?(_l/)(XVsWEi Qi) = Xy yS1®@ Xy yl2 Xwo @& X x 1.

Let ¢ be an operator belonging to

Hom(Xv,y,{l ® Xv,lpCZ Xwy® &1 XXl
Xy 81 ® Xy 82 X w0 ® O(Xy 81 @ xv,y 2 X wo, Ji1))

such that (¢1)g = ¢”.
Lemma 3.7. Under the assumptions above, (¢1 o Ind(¢’))g = ¢o.

Proof of Lemma 3.7. We prove it much more generally. Let (7, V) be a smooth
representation of some Levi subgroup M’ in the parabolic P’ and the opposite
parabolic P’ of the group G’ (which is one of the groups we are considering, that
is, metaplectic or odd orthogonal) and let (IT, W) be a smooth representation of G'.
Then the second Frobenius isomorphism asserts

Homg (Ind$), (7r), TT) = Homyy (1, R (I1)).

Let ¢y — Rp(lndﬁ/ (7)) be an embedding corresponding to the open cell P’ P’ in
G’ given in the following way:

For an open compact subgroup K of G’ that has Iwahori decomposition with
respect to both P’ and P’, and for v € VK™’ we define

0 ifgé¢ P'K
811[,/2(m)71(m)v if g =mnk
formeM' ,neN',keK.

1
ok (8)= measﬁ(Kﬂlv/)
Then ¢ :v+— fy x + IndAG,I// ()(N’) is independent on the choice of K.

For ¢ € HomGI(IndG/, (), IT), we take ¢g to be the corresponding element of
Homyy (7, R5(I1)). It follows that ¢o(v) = @(fy,x) + II(N'). Write gp = ¢" 0 ¢/,
where ¢’ denotes the canonical epimorphism 7 — 7/ Ker ¢y and ¢” denotes the
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embedding 7/ Ker g9 — Rp:. So, we are able to construct the mapping Ind(¢’) :
Ind% () —> Indﬁ/ (r/ Ker ¢p). Since

Hom,y (77/ Ker @, R (IT)) = Homg (Ind$, (7 / Ker o), T),

analogously as above, we see there is an element ¢; € Homg: (IndAG,I/, (r/ Ker ¢p), IT)
such that (¢1)o = ¢”

To prove (¢; o Ind(¢))o = ¢o, it is enough to prove (¢ oInd(¢’))g = (¢1)oo ¢’.
Let v € V. Clearly, ¢'(v) = v+ Ker ¢y. Further,

(wl)O(w/(U)) =@ (fv+Kerg00,K) + H(ﬁ)v
(@1 0Ind(¢"))o(v) = @1 (Ind(¢') fo k) + TT(N).

It follows easily that fy kerg,, k = fo,x +Kergo and Ind(¢’) f, k = fo,x +Ker o,
and the lemma follows. |

We can complete the proof of Lemma 3.6. Lemma 3.7 gives gol oInd(¢’) = ¢,
so the image of ¢ is a quotient of xv {1 ® Xy, pG2 Xy ® g“l X & x 1. This
1mphes that ©(xy , 1 ® Xy 82 X wo, Ji1) is a quotient of {1 X ¢ ¥ 1. Since
{‘ X & X 1 >~ ¢ x & x 1 is an irreducible representation,

Oy, yS1® Xy, y b2 Xwo, Ji1) =81 X L X 1. U
Lemma 3.8. There is an epimorphism © () x ¢ % 1,2) — Xv.y 51X Xy 482 X .

Proof of Lemma 3.8. We have an isomorphism
Homo ) (@22, &' x ¢ % 1) = Hom(Rp, (w2,2), ¢ ' ® & % 1)

of vector spaces, which also an isomorphism of S/pv(Z) modules. By taking the
smooth parts, we obtain

Homgsrss 00y (@22, &1 X 823 1o = Hom(Rp, (2,2), &' © 82 % Do,

sothat O x 0 x 1,2)" =0 '@ % 1, Rp (022))”.
In the same way as before, we get

OU ' @0 X1, Rp (22)” =0 '@ %1, 1)~

Now, the epimorphism I — ¢ 'R x1® Xy 481 X Xy 62 X wo gives an
eplmorphlsm ®({l R %1, 1)) — Xy, w{] X Xy, W;Z X wp. Since the represen-
tations ;1 x & X 1 and ¢; x & x 1 are isomorphic, we obtain the epimorphism
O xHxl1,2)—> Xv,¢§1 X XV,wQ x wg, which proves the lemma. U
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Now we finish the second proof of Proposition 3.4. Suppose that the rep-
resentation Xy 481 X Xy 462 X wo reduces. Suppose also that it is the repre-
sentation of length 2 and write Xy .y 81 X Xy g2 X wo = 71 & 7. Obviously,

Rp, (Xy 481 X Xv.y 2 X wo) = Rp, (711) @ Rp, (2).
We have, by Lemma 3.8, an epimorphism

w2 —> §1 X §o X 1®Xv,¢,§1 X Xv,¢§2 X o,

which leads to the epimorphisms Rp (w22) = &1 X Lo X 1 ® (Rp, (1) ® Rp, (72))

and Rp, (@2,2) = Xy 4 S1® Xy 02 X wo® (L1 X X 1@ x %),
Finally, we obtain an epimorphism

Oy 461 ® Xy y b2 Xwo, Rp(w22) > &1 X ) 1@ 8 XX,

which contradicts Lemmas 3.5 and 3.6.
The same proof remains valid if we suppose that Xy 381 X Xy 462 X @o is the
representation of the length 4. (]

3.2. Nonunitary principal series. First we determine the reducibility points of the
representations with cuspidal support in the minimal parabolic subgroup P i).
Let x1, xop € F* and s; > 0fori =1, 2, such that s; > O for at least one i. Define
1= XV,,;,VSIX1 X XV,¢VS2X2 X wgy. We have
I = Xy V" X1 ® XV X2 X @0+ Xy v X1 ® Xy gV X2 X @
F Xy VX2 @ Xy VT X X @0+ Xy VX5 ® Xy v X1 X @0
F oy X Xy VX @ w0+ Xy VT X1 X Xy @ wo
F Xy XX Xy VX @ @0+ Xy v X X Xy s ® wo
+1® Xy V" X1 X Xy V™ X2 X @p.

We prove that irreducibility of all the representations above implies irreducibility
of the representation I1. We keep this assumption throughout this subsection.
First, suppose that v x| # v‘slxl_l, V2x, # v_SZ)(z_l and vy, # viSZXZ:H
(that is, Jacquet modules of IT are multiplicity one).
Let 7 be an irreducible subquotient of IT such that

Xy X X Ky ae ® o < RE(D).
From transitivity of Jacquet modules we get
XvpV X @ XV X2 @ @0+ Xy y v X2 ® Xy yv U X @ wo < Rig (2).
This implies

Xv,l//vilel_l ® Xv,wvszXZ X wo +Xv,¢vszX2 ® Xv,l/,VSIXl X wo < Rp(1).
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We get directly that

Rp,(1) = Xv,l/,visl)(l_l X Xv,wvszxz ® wo + Xv,l/,VSIXl X Xv,x/fvisz)(z_l ® wo
F Xy XX XV VR @ w0+ Xy VX X Xy v K ® o,
so T = IT and I is irreducible.
Now we assume that there is some i such that v% x; £ v =5 lel. Without loss of
generality, let i = 1. So, s =0and x; = Xl_l, that is, X12 = 1px. We prove that in

this case [T is also irreducible. Again, we start by writing corresponding Jacquet
modules:

R (TD) =2y 4 X1 @ Xv.y V™2 X2 X o+ Xy 4V X2 ® Xy X1 X @0
+ Xv,wvisz)(z_1 ® Xy, X1 X @o,
Rp, (TT) =2Xy X1 X Xy 4V X2 ® w0 + Xy 4 X1 X Xvav x5 ®wo.

Let 7 be an irreducible subquotient of IT such that

Rp(T) = Xy 4V X2 ® Xy 4 X1 X @o.
Of course, Rp () > 2XV,WV‘Y2X2 ® Xy, X1 ® @0, SO

Rp,(T) = 2Xy 4 X1 X Xy 4V X2 ® wo.
Continuing in the same way, we get

RpH(T) = 2%y 4 X1 ® Xy 4 V2 X2 ® 00+ 2Xy 4 V™ X2 ® Xy y X1 ® wo,
Rp(T) > 2%y 4 X1 @ Xv.y V™ X2 X @0+ Xy 4 V72 X2 ® Xy 4 X1 X @0.

Finally,

Rp;5 (1) = 2Xv,1//X1®XV,¢VS2X2®CUO+2XV,¢X1®XV,¢V_S2X2_] Qwo
+2Xv,¢,VS2X2®XVJ/,X1®CUOa
Rp(T) = 2xy 4 X1 X Xy V2 X2 @00+ Xy X1 X Xy V2 X5 ®wo = R, (TD).

So, I1 = 7 and IT is irreducible.

If Vi =v2x or vy = v Xz_l, then the irreducibility of IT follows in the
same way as above. Observe that equalities v x; =v™" x Uand v% X2=V 2 x, !
lead to unitary principal series.

In this way we have proved irreducibility of the principal series, with these
exceptions:

* Some of the representations x, w"sl X1 X @ or Xy 1pvx2 X2 X wg reduce (the
so-called Sp(1) reducibility).
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» Some of the representations

. -1 s K — -1
XvyV XX Xv,lpV‘zXz, Xv,IpVYle X XvyV Xy s
Xy X1 X Xy 4V X2, xv,wv’slxl_l X XVJI/V*SZXQI

reduce (the so-called C/}i,\(?) reducibility).

3.2.1. Sp(1) reducibility. Let x,¢ € FX, ¢2=1p«, and s > 0. It is well known
that, in R,

s 1/2 ! ‘
XV’VIVYX X Xy gV / X wy= XV,W’Y X Spe +XV,¢VY X a);hl.

Let IT denote Xv,¢vs X Spe 1
Calculating Jacquet modules, we find

Rp (IT) = XV,l//Viinl ® SPe 1 +Xv,¢VSX ® SPe.1 +Xv,1/,V1/2§ ® XVJ//VSX X wo,

172

Rp,(ID) = xy yv " x ' X xv.yv' 2 e @ o+ Xy v x X Xy 40 /?¢ @ wp.

If the representatlon Xv. 1pv X X wy is irreducible (that is, when v* y # vE1/2¢,,
where ;2 = 1px), we proceed in the following way:
Let p be an irreducible subquotient of IT such that

XVJ/;VI/ZC ® Xy yV' X Xwo < 51(p).

We directly get that

Xy @ xy v X ® w0+ Xy 4 PC ® Xy v x T @ wo < R ()

vl/2 172

If both xy ,v™° x X xy Vo ¢ are irreducible, IT is
also irreducible.
For the reducibility of the Sp(1) part we still have to determine the composition

factors of the representations

¢ and xy y° X X Xy gV

() XV,¢V1/2§1 X XVJ/,VI/ZQ X wo,

(ii) vawvl/zg X vawvl/zg‘ X wy, and

(iii) Xv’wvyz; X Xv,,/,VI/ZC X wo, where ¢ = ;12 = 4'22 = 1p=.

Thus, we have proved the following result:

Proposition 3.9. Let x € F*, a nonnegative s € R, and ¢ e F* with £? = 1p~.
The representations Xy, 1/,v X X speyand Xy w” X X a)w | are irreducible unless
(s, x)=@3/2,¢)0r(1/2, ¢1), where ;1 =1px. In R, we have

XV,WVSX X vawvl/zg X Wy = Xv,wvsX X Spe g +Xv,¢VSX X a):;a’l.
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Also, if (s, x) # (3/2,¢) and (s, x) # (1/2, §1), then

Xy V' 28 Xy yx @ ao)  ifs =0,

vV X %3Py =4 Oty v 28 2y v G o) 0 <s <172,

Xy v X XV,I/;‘)I/ZC; wo) ifs>1/2,

XvyX Nw;ﬂy] ifs =0,

(xy yv'x; a):[ml) ifs > 0.

3.2.2 (/}Ij(f) reducibility. Let x € F* and s € R be nonnegative. In R, we have

Xy V' X Moy =

pst1/2 s—1/2

Xv .,y X X Xy gV X X wo= Xy 4V X StoL@) Xwo+ Xy 4V’ X loL@) X@o.

Let IT denote the representation Xv’wvs X StgL2) Xwp. Calculation of p*(IT) gives

Rﬁl(n) — XV"//vS-‘rl/QX ®Xv’wvs—1/zx X @

1/2—s

,X_l ® XV,m//UH_l/z

+ Xv,yV X A o,

Rp,(TT) = Xy, v* X StoL@) @0+ xy 4 v " x ' StaLe) ®wo

+XV,¢,VS+1/2X % vawvl/Zfs

x ' ®wp.
Looking at Jacquet modules with respect to different parabolic subgroups we
can conclude, in the same way as in the Sp(1) reducibility case, that if

ps—1/2 psTL/2 pl/2=s =1

s+1/2
X X0, Xy TP X Xy, X

XV, X Nwo,  Xyy

are irreducible representations, then the representation IT is also irreducible.
Observe that the representation Xv. 1pv”l/ 2y % wy reduces for (x, s) = (¢, 0),
while Xv’wvs_l/zx X wq reduces for (x, s) = (¢, 1), where ;‘2 = 1px.
The representation Xv’wvs“/zx X Xv’wvl/z_“'x_l reduces for (x, s) = (¢, 1/2),
where {2 = 1px. These observations imply this:

Proposition 3.10. Ler x € F* and s € R be nonnegative. The representations
Xv .y V¥ x StgL2) X1 and XV,I/,VS X 1oLy X1 areirreducible except in the cases that
(s, x) = (1/2,2), (s, x) = (1,¢) or (s, x) = (0,¢), where > = 1p~. In R, we
have

vs+l/2 s—1/

XV .y X % Xy, V2 x w0 = xy v X StoL@) X@o+ Xy X 1Le) Xwo.

Also, l'fXVJpVHl/ZX X XV’I//US*I/ZX X wq Is a representation of length 2, then
xv.yv X loLe) Xwo = (xy 4, v' X loL@); wo) and

pSF1/2
pST1/2

Xv.y X Xy V' P w0) ifs <1/2,
XV,wl)SX StGL(Q) Xwo = <XV,¢ X Xv’wvsfl/ZX Mawo) ifs=1/2,
<Xv’wvs+l/2x’ XV,WVS_I/ZX; wo) ifs > 1/2.
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For the reducibility of the GL(2) part, we still have to determine the composition
factors of the representations

1/2

1) Xv,ijl/z; X Xy V78 X wo,

172

(i) Xy, v>"2 X Xy 4 v"/*¢ X wp, and

(iii) Xy V8 X Xy 4 ¢ X wo, where ¢2 = 1px.

Altogether, this leaves us four exceptional cases of the representations whose
composition series we have to determine:

@ Xy 70 X xy 4?0 X w,

(0) Xy v 2E X Xy 172 X,

(©) Xy.yv¥/2C X Xy 407 M wp,

(d) XVJ//Vg X XV,wf X wo, where ;2 = 512 = {22 = lpx and ¢ # {3.
These cases are treated in the following subsection.

3.2.3. Exceptional cases. All the equalities that follow are given in semisimplifi-
cations. We obtain desired composition series using case-by-case examination:

(a) Write vawvl/zg‘i X w0 = Xy .y SPe.1 "H"L,l fori =1,2. In R, we have

Xv,¢V1/2§1 X Xv,wvl/zé'z XN wy = xv,,/,vmgz X Xv’wvl/zgl X wo

1/2 1/2
= Xy.yV / §1 X SPey 1 T XY,y VY / &1 X a)l—;;az1

= Xv,¢”l/2§2 X SPe 1 +Xv,¢‘)1/2§2 X w:ﬁ_al,l'

Using standard calculations, we obtain

Rp, (Xv,lpvl/zfl X Spe, 1) = Xv,wv_l/zfl ® SP¢ 1 +XV,¢V1/2§1 QP 1
+xv v P ®spy 1 v 0 Doy, |

and

Rﬁz(Xv,wvl/zfl X 8Py 1) = Xv,wv_l/zfl X XV,WVI/ZQ ®0)O
+Xvy §1XXV v! §2®a)()

The last equality implies that the length of Xy 12, % SP¢,,1 18 no more than 2.
If xy. WV 1261 % SPg,,1 were an irreducible representatlon then it would have to
be equal either to x,, vV 122, % SPg,,1 O O Xy Wvl/zgz X a)f/jalvl but Jacquet mod-
ules of those two representations show that this is not the case. So, we write

Xv wvl/ 2z X SPg,1 = P1 + p2, wWhere p; and py are irreducible representations
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such that
Rp,(p1) = XV,¢V_1/2§1 X Xv,lpvl/zﬁ & wo,

Rp,(p2) = XV,¢V1/2§1 X Xv,lpvl/zfz & wp.

Clearly, p, is square-integrable (since p, = (Xv’wvl/zgl, vawvm;‘z; wp)) and

p1 = (xv.yv'?; me[al,l)'

Reasoning in the same way, we obtain that x,, wvl/ 2

Q¥ | = p3+ps, where
p3 and p4 are irreducible representations such that

Rp,(p3) = Xv,;pvil/zfl X Xv,wvil/zﬁ Q wo,

Rp,(ps) = Xv,;pvl/zé'l X Xv,lpv_l/zgz Q wp.
So, p3 is a strongly negative representation, while ps = ( Xv,wvl/ ¢ a)f/jazvl ). Using

Jacquet modules again, we easily obtain the composition factors of the represen-
tations above. Thus, we conclude:

Proposition 3.11. Let ¢y, ¢ € FX such that g“l.z = lpx fori =1, 2 (with {1 # &).
Than the representations

Xv,wvl/zfz X a)l—;’_al,l’ Xv,wvlnfz X SPey 1o

172

Xv.yV g1 X C()Ja%l, XV,I//vl/zé‘1 X SPg 1

are reducible and Xv’wvl/zgl X vawvl/zgz X wq is a representation of length 4.
The representations xy. yv'/?¢1 % SPg,.1 and xv.yv'/2e x SP¢,.1 have exactly one
irreducible subquotient in common; that subquotient is square-integrable, and we
denote it with o (that is, o = (Xv’wvl/zé‘l, Xv,wvlﬂfz; wy)). Also, the unique
irreducible common subquotient of

vawvl/zgl X a)jﬂr%l and Xv’wvl/zfz X wL]_I

is a strongly negative representation; we denote it by pspeg. In R, we have
Xv,wvl/zfl HASPr1 =0+ (Xv,;/,Vl/zé‘Z; a)jﬂ_al,1>’
Xvv ooy = Oy P o), )+ s,
Xv,wvl/zﬁ HSPr1 =0+ (Xv,;pvl/z{l; wl—i/;az,1>’
Xy Paxol =y Poio) )+ e

(b) In this case, we have

XV’Wvl/zg X Xv’wv_l/zg X wy = Xv’wvlﬂg X SPe +xv’wv1/2§ X a):;ml
= Xy .y & StoL) Xwo + Xy ¢ laLe) Xwo.
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From Jacquet modules, we get
Rp, (Xv,wvl/zf X Spe ) = 2Xv,wvl/2§ @ SP¢ .1 +Xv,1p‘)_1/2§ @ Spe 1
+ XV,wvl/2§ ®w$a?1’

Ve xwf) =20y v P @) v @0

Rp, (Xy v
—1,2
+ Xv,yV ¢ ®spe 1
Rp (Xy ¢ StaLe) Xwo) = 2Xv,¢vl/2§ &SP +2Xv,¢vl/2§ ®w-"1/;a715
Rp, (Xy 4 ¢ laLe) Xwo) = 2Xv,¢v_l/2§ ® SPe 1 +2XV,1/,V_1/2§ ®w$a,1.

From preceding Jacquet modules we conclude, as in [Tadi¢ 1994, Chapter 3],
that XVJ/,VI/ 2r % a)f;ml and Xy ¢ Stgr(2) Xwp have an irreducible subquotient in
common, which is different from both x,, 1//111/ 2r % a)%l and Xv.y¢ StgrL2) Xwo.
For simplicity of the notation, we let p; stand for this subquotient. Thus Rp, (01) =
Xv,wvl/2§ Q “’Ja,l'

In the same way, let p, be an irreducible common subquotient that

Xy.gv' P xspey and  xy ¢ laL) X@o

have in common. Then Rp (02) = Xv’wv_l/zé Q8pe1-

The representations Xv,y,f IgLe) ®wo and XV,«/jf Stgr(2) ®wq are irreducible
and unitary. The multiplicity of Xv’wg IoL(2) @wo in RIS;(XV,wC loL2) Xwo) is
equal to 2, which implies that length of xv ¢ lgL) X is 2. Analogously, the
length of xy, , ¢ StgL(2) Xwo also equals 2.

Now we write XV,wé' StgL2) Xwo = p1 + p3 and XV,W{ loL) Xwo = p2 + p4.
Observe that

Rp, (p3) = 2Xv,1//‘)1/2§ ® Spe 1 +XV,wV1/2§ ®w$a,1’
RE (P8 = xy v ¢ ®spey +2xv v 2 @0 .
We immediately get this:
Proposition 3.12. Let ¢ € F* such that ¢% = 1p~. Then the representations
¢ 1L Xwo,  Xxv,y¢ StaLe) Xwo, Xv,wvl/zé“ Nw;rml Xv,wvl/ZC X SPe 1

are reducible and x, wvl/zg‘ X Xy wvl/zg X wy is a representation of length 4. The
representations

XV,W{ StGL(Z) Xwo and VI/ZXVJ//; X a);l,1

(respectively Xv’wvl/ 2¢ 8p¢1) have exactly one irreducible subquotient in com-
mon, which is tempered and denoted by t| (respectively 12). Observe that

= (Xv,¢V1/2§§ wl—;mﬂ and 1= <Xv,¢”1/2§, XVJ//VI/ZQ'; wo).
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Also, the unique irreducible common subquotient of

1/2 +

Xv.y& loLe) Xwo and  xy v/ Xwy

is a negative representation, which we denote by pneg. In R, we have

Xv.yplSteL Xwo =11+, Xy 16L@) X®0 = Pneg + (Xy.4 ¢ loL)s @o)
Xy PR @0) =T+ Pregs Xy V2 Mspe s = T2+ Xy € Lol wo).
(c) In this case we have
XV,1/;V3/2§ X XV,,/,vl/zg“ X wy = XV’wvyz{ X 8P +XV,¢V3/2§ X wa/;a,l
= Xv.y V¢ StaL@) Xwo + Xy 4 V¢ laLe) X@o.

Observe that vawv3/2§ X XV’Wvl/Zg‘ X wg 18 a regular representation. So, it is
a representation of the length 22 = 4 by [Tadi¢ 1998b] (there only the techniques
of Jacquet modules were used, so they can be applied in our case). Since the
irreducible subquotients of Xvﬂljvyzg“ X Xv,wvl/zg X wq are
vy, xy v 2 w0), (Xy.yvE loLe): @o), w5 (v V785 @y )
using Jacquet modules we easily obtain the following proposition:

Proposition 3.13. Let ¢ € F* such that ¢% = 1px. Then the representations

32 +
§Xwy

Xv,lpv?’/zf X SPe 15 Xv,yV
Xv .,y V¢ StoLe) Xwo, Xv.y V¢ loLe) Xwo

are reducible and Xv’wvyzf X Xv’wvl/zg X wy is a representation of length 4. The
unique irreducible common subquotient of the representations x, 1//‘)3/ 2t % SPe.1
and Xv. wvg’ StgL2) Xwy is square-integrable. In R, we have
XV,¢V3/2§ N SPr1 = (Xv,\plﬁ/z;, Xv,¢vl/2§§ wo) + (Xv,w‘)§ 1GL(2)§ o),
Xv,y,v3/2§ A a)jp_a,] = C‘)Ja,z + (XVJ/,V3/2§§ U);Zml),
Xv V& StaLe) Xwo = (Xv,wv3/2§, Xv,¢vl/2§§ wo) + (Xv,l/,‘ﬁ/zé'; CULJ),
Xv.yvE loL@ X0 = (xy yv¢ loL); @) + o), .

(d) In this case,

Xy VT X Xy g8 X0 = xy v * StaLa) Xwo+ Xy 4 v'/?¢ leLe) Xwo.

Since it isn’t known yet if the results related to the R-groups [Goldberg 1994]
also hold for metaplectic groups, this case will not be solved using only the method
Jacquet modules. Tadi¢ [1998a] used a combination of Jacquet modules techniques
and knowledge about R-groups for symplectic groups to determine the composition
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series of the representations similar to this one (for symplectic groups). We resolve
this case using theta correspondence.

Lemma 3.14. The following equalities hold:

(1) @EV®E 1, Rpy(@22)) = Xy.yv'E X Xy X o,
(2) OV '®¢ %1, Rp (w22) = Xy V8 X Xy ¢ X wo,
(3) OC ®¢v 1, Rp(@22)) = Xy X Xy VE X 0,
@) Oy 4Vt ® xy ¢ X wo, R (@22)) =¢v™! x ¢ %1,
5 ®(Xv,¢v_]§ ® Xy 4 X wo, Rp (@2.2)) =Cv x ¢ %1,
(6) O(Xy & ® Xy 4V Xwo, Rp(w22)) = x Ly >l
Proof. Recall that Rp, (w2,2) has the filtration in which

172

e [1p =Vv"/“ ®wy 1 is the quotient, and

M xSp(2) . .
e In= IHdGLl(X])E(ﬁl) <03 Xy, T ®w1,1) is the subrepresentation.

We will prove (1); the proofs of (2)—(6) are analogous. In the same way as in
the second proof of Proposition 3.4, we get

OV XL, Rp(w22)=00Cv®L X1, 1),

so it 1s sufficient to show ©(Lv® ¢ X 1, I11) = xy, na e x Xy ¢ X wo. It can be
seen easily that there is an GL(1) x M) x O(3)-invariant epimorphism

Xv,wzi@)wl,l - Xv,l/fgv_ R Xy, y Hwo@LVRL X 1.

Consequently, we get an M| x S/I;/(Z)—invariant epimorphism

M; xSp2) _
I = IndG]_l,(X])g(ﬁ])xO(:%)(XV,lﬂEi ®wi 1) = {v®L X 1® xy ;L™ X xv.y & X,
so we conclude that x, w{v X Xy. w;“ X wo 1s a quotient of @({v ®¢ x1, Iy).
We prove that ©({v ® ¢ < 1, I11) 1s also a quotient of x, el I'x Xy 4§ X wo.
Let o € Hom(/;1, v ®¢ X 1Q®OEv®¢ x 1, I11)). Using the second Frobenius
reciprocity, as before, we get

Hom(/;1,lv®IX1®@OCvRL x1,11))
=Hom(xy ;X1 ®w1,1,{v®L X 1@ Ry (O(¢v®¢ x 1, I1));

let ¢o be an element corresponding to ¢. Since the representations ¢ X 1 and
Xy y¢ X wo are irreducible, the image of ¢y equals v ® £ X 1 ® xy, wgv_l

Xy & X wo. Reasonlng as before, we get that the image of ¢ is a quotient of
v~ 1®XV wg“v X Xy 4 & X . Finally, ® (v ® ¢ x 1, I11) is a quotient of

Xv’wgv X Xy.y§ X wo. Hence OCveexl, I))= Xv’wg'v_l X Xy .y § X wo. [l
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Proposition 3.15. Let ¢ € F* such that ¢% = 1px. Then the representations

Xv’wvl/zg StgL2) Xwo and vawvl/zg“ loL2) Xwo

are irreducible and Xy yVE X Xy ¢ X wo is a representation of length 2. Also

XV,;//Ul/Z; StGLe) Xwy = <XV,11/V§; XV,@b; X W),
XV,Iflvl/zg 1GL(2) Xwy = (Xv,wvl/zg 1GL(2); a)()),

Proof. Suppose on the contrary that the representation XV’WVI/ 2¢ StaL) X@o
reduces. Jacquet modules imply that length of this representation is at most 2.
Choose 71 and m; so the equality Xv,¢vl/ 2{ StgL2) Xwo = w1 + w7 holds in R.
Also suppose Rp, (1) = Xy 4§ ®@Xy v Xwo and Rp, (mp) = Xy .y §V®Xy 4 & Xwp.
Frobenius reciprocity implies

Hom(wy 2, 11 ®¢ x ¢v™ ! 1) = Hom(Rp, (w22), 11 @ ® v~ % 1).
Using Lemma 3.14 we obtain
Hom(Rp, (@2,2). 11 ® L @ cv™' x 1) ZHom(xy ¢ X Xy 4 v~ ¢ X wo, 71) # 0,

because | is a quotient of Xy 4§ X Xy 4 vE X . So, O(my,2) #0.

The representation Xy @ Xy yEvXw® O (1, 2) is a quotient of Rp, (w2,2).
Lemma 3.14 implies that ® (771, 2) is a quotient of ¢ x {v x 1. Listing quotients of
¢ x ¢v x 1 we get the possibilities

(@) O(m,2) =¢ xfvxl,
(b) O(my,2) =v%¢ StgLe) %1,
(©) O@r1,2) =v72¢ gL x1.

Suppose that (a) holds. Obviously, 71 ®¢v~'®¢ x 1 is then a quotient of Rp, (w2.2),
since it is a quotient of w1 ® Rp, (¢ x ¢v x 1). This implies that ; is a quotient
of Xy SV X Xy & X o and Rp, (;r1) contains XV,WKV_I ® Xy ¢ X wo. This
contradicts our assumption on ;.

Similarly, using Jacquet modules, we obtain contradiction with (b) and (c). So,
Xv’wvl/zg StgL(2) Xy is irreducible.

Irreducibility of valpvl/ ¥ IGgL2) Xwo can be proved in the same way. U

4. Unitary dual supported in minimal parabolic subgroup

Let = be an irreducible genuine admissible representation of % We recall that
the contragredient representation is denoted by 7. We write 7 for the complex
conjugate representation of the representation . The representation 7 is called
Hermitian if 7 ~ 7. It is well known that every unitary representation is Hermitian.
For a deeper discussion, we refer the reader to [Mui¢ and Tadi¢ 2007].
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Suppose that Ay, ..., Ay is a sequence of segments such that e(Ay) > --- >
e(Ag) > 0, let oyeq be a negative representation of some Sp(n’). From [Hanzer and
Mui¢ 2010, Theorem 4.5(v)], we directly get

<A17--~’Ak;0'neg> = <Z1»---»Zk§6neg>‘

Also, we have an epimorphism (’Avl) XX (’A\;) Ngneg — (A1, .., Ag; Oneg) ™.
We know that the group GSp(n) acts on §1;\(_n/), by [Mceeglin et al. 1987, I1.1(3)].
Moreover, by [ibid., page 92], this action extends to the action on irreducible rep-
resentations, which is equivalent to taking contragredients. We choose an element
n = (1, n) € GSp(n), where n € GSp(n’) is an element with similitude equal to —1,
and 1 denotes the identity acting on the GL part. Thus, we obtain an epimorphism

~ ~ ~ —r
Ol(Al)X---XOl(Ak)NO'I?eg—)(Al,...,Ak;O’neg) .
Since Geg 2 Oneg, We have (Aq, ..., Ay; Oneg)™ = (@A, ..., 0 Ak; Tneg)-

Remark. When we are dealing with the action of the group of similitudes on the
symplectic groups, o does not appear in the situation similar to the one above.
However, since the action of GSp(n) on the metaplectic group is not trivial on its
center iy, one has to compare the action n on the metaplectic part of the Levi
subgroup with the action of " on the whole Levi subgroup. The calculation is
not very complicated and resembles the calculations in [Hanzer and Muié 2010,
Lemma 3.2].

First, we classify Hermitian irreducible genuine representations.

Proposition 4.1. Let x,¢, 21,0 € FX such that £* = 2 = 1px fori = 1,2,
with {1 and { not necessarily different. Let s, s1, so > 0. The following families
of representations are Hermitian and exhaust all irreducible Hermitian genuine
representations of S/pv(2) supported in the minimal parabolic subgroup 17(1\1/)

—~—

(1) irreducible tempered representations supported in P 1),
2) Xy V' s Xy gV x5 @o),

) Xy, g V"8 Xy 4 V2825 wo),

@ Xy yv'¢ loLe): @o),

() (Xy 4V Xy g X X w@0),

©) (xy 4V’ Ci0f ),

1) o .

Proof. Using the reasoning before this proposition, we see that a representation
(A1, ..., Ag; Oneg) 1s Hermitian, if and only if

(A1, ..oy Ag; Oneg) = (@A, ..o, aZk§ gneg)-
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The representation oyeg also has to be Hermitian. Now we just check this require-
ment on the set of all irreducible representations of S/p\/(Z) with the support in the
minimal parabolic subgroup; we have classified them in the previous section. For
example, if we analyze the representation IT = ( Xv’wv“" X1, XV,WUSZ X2; wp) With
sp > 51 > 0, we have

~

M= (O(Xv,wVSlXIa O(XV,,#VSZXZ; o).

Now we see that this representation is isomorphic to IT if and only if X12 =1= X22
or s1 = s and x, - x2. This gives us the second and the third case from the
proposition. All other cases are dealt with analogously. ([

Theorem 4.2. Let x,¢,¢1,8 € (ﬁ) such that t* = {l.z = lpx fori =1, 2, with
g1 and & not necessarily different. The following families of representations are
unitary and exhaust all irreducible unitary genuine representations of S/p\/(Z) that
are supported in the minimal parabolic subgroup F(IT)

—

(1) irreducible tempered representations supported in P(1 1).
2) Xy V' s Xy V' x5 wo) for 0 < s <1/2,

3) Xy V815 Xy V2825 wo) for sy < s1and 0 <51 < 1/2,
) Xy, V'8 Xy g X M) for0 <5 <1/2,

(5) (v s 0f ) fors <172,

6) o .

Proof. We first review some basic facts of representation theory of reductive
groups, which directly carry over to the case of metaplectic groups.

Unitarizability of the complementary series. As explained in detail in [Tadi¢ 1993,
Section 3], it is enough to have a continuous family of S/pv(2)—invariant hermit-
ian forms (and the representations should be realized on one space —a compact
picture). Then, a linear algebra argument (involving finite-dimensional represen-
tations of a compact subgroup) ensures that if this family of hermitian forms is
positive definite at one point, it has to be positive definite everywhere, and this fin-
ishes the argument. So, we first have to show that, the restriction of an irreducible
admissible (hermitian) representation 7 of m to the inverse image K in S/ﬁ/(2)
of a maximal, good compact subgroup of Sp(2) (for example, K = Sp(2, OF),
where Ofp is the ring of integers of F) decomposes into a direct sum of irreducible
representations of K with finite multiplicities. But this follows directly from the
admissibility of the representation 7. Second, we have to have a way to form a
continuous families of hermitian forms. This is obtained using intertwining opera-
tors, in the same way as for the algebraic groups. To define them, we note that the
unipotent radicals of the standard parabolic subgroups of Sp(2) are split in S/pv(2)
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Then we can define standard intertwining operators for the complex argument deep
enough in the Weyl chamber in the same way as in [Shahidi 1981]. These operators
can be meromorphically continued, using the results on filtration via Bruhat cells;
see [Casselman 1995, Section 6 and 7] or [Mui¢ 2008]. The arguments in the last
reference carry over to the metaplectic groups without change, through the splitting
of the unipotent radicals and Frobenius reciprocity, also valid for the metaplectic
group. This passage in the construction of the intertwining operators from the
linear case to the case of metaplectic groups is explained in detail also in [Zorn
2007; 2010]. We now illustrate how the hermitian form is defined. For example,
suppose that xi, x2 € F* such that X12 = X22 = 1, so that, for the longest element
wo of the Weyl group, we have a map A(sy, 52, X1, X2, wo) from

)(\/,1//X1VS1 X Xv,leZVS2 Hwy to Xv,wV_SIXl X Xv,¢V_S2X2 X wo.

Let f5,.5,» 8s,.5, b€ sections from the compact picture of the induced representation
Xv .y X X Xy v X2V*2 X wp. Then, a hermitian form indexed by (sy, s2) is defined
by

(f’ g)(&l,sz) == ﬁ A(S], S2, le X29 wo)fsl,sz(%)gsl,sz(/];) d’];
K

The S/pv(2) invariance of this form follows from [Casselman 1981, Theorem 2.4.2]
(in the context of totally disconnected groups) and then from Proposition 3.1.3
therein, after normalizing the measure on P so that PN K is of volume one (since
PK =G).

Unitarizability of the ends of the complementary series. For the reductive algebraic
groups, the unitarizability of the ends of the complementary series is proved by
Milici¢ [1973] using C*-algebra arguments. To avoid that (although this argument
may also apply in the case of metaplectic groups), we use a similar result, that is,
[Tadi¢ 1986, Theorem 2.5]. The proof of this result relies on calculations of the
limits of the operators acting on the finite-dimensional complex vector spaces, and
the only requirements are admissibility of the irreducible smooth representations
in question (our Lemma 2.1) and a result of Bernstein about uniform admissibility.
But, since we do not require the generality in which that theorem is posed, we
actually do not need Bernstein’s argument, since we are dealing with the family of
representations in the complementary series — all of them have the same restriction
to the compact open subgroup K (which splits in Sp), and the requirement labeled
() there is automatically fulfilled. Hecke algebra H (S/pv(2), K1) is defined in the
same way as in the case of reductive groups.
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The asymptotics of the matrix coefficients of the representations of the metaplectic
group. These can also be estimated in terms of Jacquet modules of the represen-
tations [Casselman 1981, Section 4]. Indeed, the arguments there rely on the cal-
culation of the spaces of the coinvariants for the unipotent subgroups (which split
in S/[;/(Z)) and spaces of vectors fixed by some small compact subgroups of S/pv(Z)
These subgroups can always be taken to belong to the maximal compact subgroup
of Sp(2) that splits in S/pv(Z) (if the residual characteristic is odd) or to some smaller
open compact subgroup that splits, so we actually take the fixed vectors by these
splittings of compact subgroups.

On the other hand, the reducibility points of the principal series for SO(5) are
analogous to those for S/I;/(2), so the unbounded areas of [Mati¢ 2010, Figure 1 of
Theorem 3.5], through the asymptotics explained above, give rise to the represen-
tations with unbounded matrix coefficients. Thus none of these representations are
unitarizable (because of the continuity of the hermitian forms on these unbounded
parts).

The arguments above (plus the irreducibility of the unitary principal series) were
the main tools in the proof of [Mati¢ 2010, Theorem 3.5]; there was only the
problem of how to deal with certain isolated representations.

Recall that in R we have XVJ//U}/QQ' X Xv’wvl/% X o 1s equal to

vy, xy v 20 wo) + oy 5+ (v v @y 1)+ Xy V¢ leLays @o),

172¢: wp) and wlﬂ , are unitarizable. Observe that the

where (Xv,,;,‘p/zf, XV, yV
representation ( vawvy 2 a)j;a’]) (respectively, ( Xy yVE lgL(2); wo)) has Jacquet
modules analogous to those of the representation L(§ (['2,v32)), 1) (respec-
tively, L(v3/2, Stso(z))) of the group SO(5). Hence, nonunitarizability of these
two representations can be proved analagously to the nonunitarizability of the rep-
resentations L(8([v'/2,v3/2]), 1) and L(v¥/2, Stso3)), which is a special case of
[Hanzer and Tadi¢ 2010, Propositions 4.1 and 4.6]. The arguments used there rely
on the Jacquet modules method, which also applies to group S/p\(f), and the simple

fact that every unitary representation is also semisimple. (]

5. Unitary dual supported in maximal parabolic subgroups

5.1. The Siegel case. Using [Hanzer and Mui¢ 2009], [Mati¢ 2010, Proposition
4.1] and previously discussed issues of complementary series and nonunitarizabil-
ity of the representations indexed by the (geometrically) unbounded pieces of the
plane, we directly get the following:

Proposition 5.1. Let p be an irreducible cuspidal representation of GL(2, F).
There is at most one s > 0 such that xy 4V p X wq reduces. One of the following
holds:
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(1) If p is not self-dual, then x, y P X wo is irreducible and unitarizable. Also, the
representations x, 1//vs p X wq are irreducible and nonunitarizable for s > 0.

(2) If p is self-dual and w, = 1, where w, denotes the central character of p,
then the representation y,, y P X o reduces, while all of the representations
Xv.y V' p X wy are nonunitarizable for s > 0.

(3) If p is self-dual and w, # 1, then the unique s > 0 such that XV’wUS,O X W
reduces is equal to 1/2. For 0 < s < 1/2, the representations x., lpvs P X wo
are all unitarizable; for s > 1/2, the representations x,, ni o X wq are all
nonunitarizable. All irreducible subquotients of x,, pl/2

able.

P X wqy are unitariz-

5.2. The non-Siegel case. Hanzer and Mui¢ [2009, Section 5.2] determine the
reducibility points of the representations x, sV St x 7, where s € R, ¢ € FX
and 7 is an irreducible cuspidal representation of Sp(l) After determining the
reducibility points, the unitarizability of the induced representations and irreducible
subquotients follow in the same way as in Proposition 5.1. For the convenience of
the reader, we write down all the results.

To the fixed quadratic character x,, we attach, as in [Kudla 1996, Chapter V],
two odd-orthogonal towers, the +-tower and the —-tower. We denote by © (1) the
first appearance of the representation ® (7) in the respective +-tower. Analogously,
for r > 0, we denote by ©F (i, r) the lift of the representation 7 to the r-th level
of the respective +--tower.

Since the representation x, , v’ ¢ x 1 is irreducible for ¢? # 1, we suppose
¢? =1 and consider two cases:

(a) ¢ #1. Applying [Hanzer and Muic¢ 2009, Theorem 3.5] we see that xy v*¢ X
reduces if and only if £v* x O (7) reduces (in the +-tower) if and only if Z v’ x
®~ () reduces (in the —-tower).

Now ©%(mr) is an irreducible cuspidal representation of some of the groups
0O(1), O3) or O(5). Let r denote the first occurrence of a nonzero lift of 7 in the
odd orthogonal +-tower. We have several cases depending on r:

o If r =0, that is, if 7 equals w,,- ;, which is an odd part of the Weil repre-
sentation attached to additive character ¥, then O (i, 0) = $gNg (1), SO the
representation {v* X sgn,;y reduces if and only if {v* x 1 reduces in SO(3).
It is well known that this representation reduces when s = 1/2.

o If r =1, the representation ¢{v* x m reduces if and only if the representation
vSxOt(m, 1) |so3) reduces. As in [Mati¢ 2010], we obtain that the unique s
such that ¢v® x 7 reduces is equal to 1/2.

o If r = 2, the representation {v* x 7 reduces if and only if {v* x @T (x, 2)
reduces, and that is if and only if {v* x ©T(x,2)|so(s) reduces. We do
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not know if the representation ®7 (rr, 2) is generic, so we turn our atten-
tion to the representation {v*® x ®~ (i, 0), because we know that ®~ (i, 0)
is a nonzero representation of O (1) (since = is cuspidal, the dichotomy con-
jecture holds). Recall that ¢v® x ®~ (i, 0) reduces for s = 0 if and only
if u(s, ® ® (m,0)) # 0 for s = 0 and that V¥ x ® (i, 0) reduces for
so > 0 if and only if u(s,¢ ® ©®~ (s, 0)) has a pole for s = s9. In the
same way as in [Hanzer and Mui¢ 2009, Section 5.2, case 3], we obtain
w(s, Q0 (m,0) = u(s, tQJL(O™ (m,0))), where J L(O®~ (i, 0))) denotes
the Jacquet—Langlands lift of ®~ (;r, 0)). Now we consider two possibilities:

() ®~ (7, 0) is not one-dimensional. In this case, J L(®~ (i, 0)) is a cuspidal
generic representation of SO(3, F) and the reducibility point is s = 1/2.

(1) ®~ (r, 0) = £ o vp, where £ is a quadratic character of F*, while vp
is a reduced norm on D* (here D is a nonsplit quaternion algebra over F).
We have JL(O™ (7, 0)) = 1 StgL2, ). If £1 = ¢, then the reducibility point
is s = 1/2, otherwise the reducibility point is s = 3/2.

(b) ¢ = 1. This case can be completely solved using [Hanzer and Mui¢ 2009, Theo-
rem 4.2]. We again denote by r the first occurrence of nonzero lift of representation
7 in the odd orthogonal +-tower and consider all the possible cases:

o If r =0, then 7 equals w,,- ; and the representation x, ,1* X w,,- | reduces
for s = £3/2.

o If r =1, the representation vawvs x 7 reduces for s = 1/2.

o If r =2, the representation Xv,¢VS x 7 reduces for s = 1/2.
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