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Suppose that one of the real vector spaces V and W is symplectic and the
other is quadratic. Let g; and g, denote the Lie algebras of the groups of
isometries of the two spaces, and let 7; : V @, W — g; be their respective
moment maps for i = 1, 2. Suppose that O and 9 are nilpotent orbits in g,
and g, respectively. We prove that 7,(z;!(0)) and 7,(z;1(2))) are each the
union of at most two closures of nilpotent orbits in g; and g,, respectively
(where % denotes the closure of a nilpotent orbit %).

1. Introduction

Let F denote either complex numbers C or the real numbers R. Let (V,)-,-)) bea
(nondegenerate) symplectic space, and let (W, (-, -)) be a quadratic space over F.
The tensor product V @ W is a symplectic space, with the form { -, - )) defined by

(e@v, fRW)=/{e, f)(v,w) fore, feVandv,we W.

The pair of groups (Sp(V), O(W)) is called a reductive dual pair [Howe 1989].

Let 91 : V® W — Hom(V, W) be the vector space isomorphism given by
(v @w)(x) := (v, x)w, and let ¢, : VQ W — Hom(W, V) be the isomorphism
given by ¢2(v ® w)(y) := (w, y)v. Define the maps t; : V Q W — End(V) by
Ti(y) = @(y)o@i(y),and i, : V® W — End(W) by 1a(y) := @1(y¥) o p2(y).
It turns out that the image of 7; is in sp(V) and the image of 13 is in so(W). The
maps 71 and 1 are called the moment maps [Kazhdan et al. 1978].

An element X € sp(V) is said to correspond to an element X' € so(W) if
rl_l(X) N rz_l(X’) is not empty. An orbit O in sp(V) is said to correspond to
an orbit 0" in so(W) if there is an element in O that corresponds to an element
in 0". Suppose that O is an orbit in sp(V') corresponding to an orbit 0" in so(W). It
is known that O is nilpotent if and only if O’ is nilpotent. On the correspondence of
nilpotent orbits, A. Daszkiewicz, W. Kraskiewicz and T. Przebinda [1997] proved
the next theorem:
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Theorem A. Let F=C. Let 11 : VW = sp(V) and 15 : V& W — s0(W) be
the moment maps. Let O and 9 be nilpotent orbits in sp(V') and so(W) contained in
the images of T1 and 1, respectively. There are unique nilpotent orbits 0' C so(W)
and 9’ C sp(V) such that 1'2(1'1_1((7)‘)) =0"and 1, (1'2_1(9_2)) =9/, where P denotes
the closure of a nilpotent orbit .

In the theorem of 4.1, we give a slightly more precise form of this theorem,
which coincides with [Daszkiewicz et al. 1997, Theorem 5.2]. Our main theorem
is the analogous result for real orbit correspondences:

Theorem B. Suppose F =R. Let 71 : V@ W —sp(V)and 12: V®p W — s0(W)
be the moment maps. Let O and Q be nilpotent orbits in sp(V') and so(W) contained
in the images of T and T, respectively. Then, to(t, 1(6)) and (T, 1(5))) are
each the union of at most two closures of nilpotent orbits in so(W) and sp(V)),
respectively.

The motivation for the result is this: Suppose G is a real reductive group with
Lie algebra go. Let g := go ® C be the complexified Lie algebra of the com-
plexified group G of G. Let K be a maximal compact subgroup of G. Given
an irreducible admissible representation (7, E) of G, we can attach to it a union
of nilpotent coadjoint orbits of G in the dual space g* of g, as follows: If E Kis
the subspace of K-finite vectors of E, then EX is an irreducible (g, K)-module.
Denote the action of g on EX by 7 still. Let I, be the annihilator of EX in the
universal enveloping algebra U (g) of g. The latter has a natural grading, and the
associated graded algebra gr(U (g)) is isomorphic to the algebra of polynomials
on g* Let ¥ (I;) denote the variety in g* defined by the ideal gr(I;) of gr(U (g)).
It is known that V'(I;) is a finite union of nilpotent orbits in g* and by [Collingwood
and McGovern 1993; Joseph 1985] is the closure of a single nilpotent orbit. The
variety V'(I;) is called the associated variety of the annihilator, in the universal
enveloping algebra, of the Harish-Chandra module of the representation (rw, E).
By a result of R. Howe [1989], there is a one-to-one correspondence between
some irreducible admissible representations of the metaplectic cover S})(V) and
some irreducible admissible representations of 6(W). Therefore, one expects a
relation between the correspondence of coadjoint orbits and the correspondence of
irreducible representations. Some results have been established in [Adams 1983;
1987; Przebinda 1993].

Theorem B might be interesting for studying representations of real groups by
using finer orbit structures, such as wave front sets or characteristic varieties. In
fact, this result is used in [He 2003; He 2005].

The content of this paper is as follows: In Sections 2 and 3, we summarize some
well-known results on nilpotent orbits in sp(V) and so(W). We describe some
special realization of the Lie algebras sp(V') and so(W), and the parametrization of
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their nilpotent orbits by some special kinds of partitions. In Section 4, we describe
the results of complex orbit correspondences; the proofs are omitted, since the re-
sults in this section are already known from [Daszkiewicz et al. 1997]. In Section 5,
we describe the basic rules for determining the real orbit correspondence. We state
our main theorem in Section 6. The construction is somewhat subtle, although the
idea is in fact simple. The proof of the main theorem is in the final Section 7.

2. Signed partitions and signed Young diagrams

2.1. Partitions. For nonnegative integers r;, letd := @f;l [7;] denote the partition
[ri,ro, ..., 7], where ri > ry > --- > ry, and let |d| := Zle r; denote the size
of d. We may use k[r] to denote [r] @ [r] D - - - @ [r] (with k terms). Suppose that
d' .= @i": [r!land d* := @i‘i \[r?] are two partitions of the same size. We write

2

ri foreach j > 1.

1

1
riS

1 i

d' <d* if

J
=

J

This defines a partial ordering on the set of partitions of same size.

2.2. Symplectic and orthogonal partitions. A partition @;{:1 a;[r;] of pairwise
distinct r; is symplectic if «; is even whenever r; is odd. A symplectic partition is
said to be simple if it is of the form [2r] or 2[2r — 1] for some positive integer r.
It is clear that a symplectic partition is a sum of simple symplectic partitions.

A partition @le a;[r;] is orthogonal if «; is even whenever r; is even. An
orthogonal partition is simple if it is of the form [2r — 1] or 2[2r] for some positive
integer r. An orthogonal partition is a sum of simple orthogonal partitions.

2.3. Signed partitions and signed Young diagrams. A signed partition is a sum
@le[rir of symbols [r;]% where r; is a nonnegative integer and e is either plus
or minus.

The signed partitions [#]~ and [r]T can be presented as rows of r with boxes
labeled alternatingly by plus and minus signs, ending with 5 and B, respectively.
For example, [2r]~ has the presentation

HEHHBE..-BHB.
2r

By convention, we set [0]T = [0]™ := &. The signed partitions [#]* and [r]™ are
respectively called positive and negative rows.

A presentation of a signed partition is called a signed Young diagram if the sizes
of the rows are nonincreasing. Two signed Young diagrams of a signed partition
are not regarded as the same if they differ by exchanging two rows of the same
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length but opposite parity. For example, the signed Young diagrams

Bm| 4 BB
mE M gm

are regarded as different, although they are associated to the same signed partition
[2]7 @ [2]". Giving a signed Young diagram of a signed partition is equivalent to
defining a total order on the set of rows of the signed partition. For example, the
first signed Young diagram above gives the order [2]* > [2]™, while the second
Young diagram gives the order [2]~ > [2]T. Therefore, we will use the notation
(d, Q) to denote a signed Young diagram of a signed partition d, where Q is an
order on the set of rows of d.

2.4. Signature of a signed partition. 1f d .= EBf-‘:] [r;]* is a signed partition, the
signature of d is the ordered pair defined by

k
sen(d) := Y _ sgn([r;]")

i=1
with sgn([r]*) := (L(r + 1)/2], [r/2]) and sgn([r]7) = (lr/2], [(r + 1)/2]),
where |a] stands for the largest integer not greater than a, and (p, g) + (7, s) is
defined to be (p +r, g +s). That is, the first (respectively, second) component of
the signature is the number of plus (respectively, minus) boxes in any presentation
of a signed partition.

2.5. Derivatives of signed partitions. Define the derivatives of a partition or of a
signed partition as follows: Let

] =0r =11, 1 :=lr-1% 1) =0r-1".

Define d’ := @le([r,-]*)/ ifd = @le[r[]*. Let d© :=d, and d© := (d(k_l))/
fork > 1.

For two pairs of positive integers, the order (p, g) < (r, s) stands for p <r and
g <s. Suppose that d| and d, are two signed partitions of the same signature. We
say that d) <d, if sgn(dl(k)) < sgn(dZ(k)) for all kK > 0.

2.6. Symplectic and orthogonal signed partitions. A signed partition d is simple
symplectic if d is equal to [2r]T, [2r]7, or [2r — 1]7@® [2r — 1]~ for some positive
integer r. The signed partition [2r — 117@ [2r — 1]~ is called a double odd block,
with [2r — 1]" called the partner of [2r — 1]~ and vice versa. A sum of simple
symplectic signed partitions is a symplectic signed partition.

We say a signed partition d is simple orthogonal if d is [2r — 11T, [2r — 1]~
or [2r]T @ [2r]~ for some positive integer . A sum of simple orthogonal signed
partitions is an orthogonal signed partition.
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3. Nilpotent orbits and moment maps

3.1. Nilpotent orbits in a symplectic Lie algebra. Let F be the field C or R. Let
(V,(-,-)) be a2n-dimensional symplectic space over F. The Lie algebra sp(V)
consists of elements X € Endg(V) such that (X.v, w) 4+ (v, X.w) = 0 for all
v,w € V. The Lie algebra sp(V) can be realized as the space S2(V) of degree
two elements in the symmetric algebra of V, with the Lie bracket given by

[efs e/f/] = (6/, e)ff/+<f/’e>fel+<e/’ f)ef/+<f/? f)ee/
for e, ¢/, f, f' € V. The action of S?(V) on V is given by
(ef)(x) = (x,e) f+(x, fle

for e, f, x € V. Details can be found in [Howe 1989].

It is well known that, when F = R, the nilpotent orbits of the symplectic group
Sp(V) in sp(V) are parametrized by the set of symplectic signed partitions of
size 2n [Collingwood and McGovern 1993]. We can take

elf2+"‘+er—1fr +erer

as representative of the nilpotent orbit corresponding to the simple signed partition
[2r]~, where {ey, ..., e, fi,..., [} is a self-dual basis (that is, (e;, f;) = ;;) of
a 2r-dimensional symplectic subspace of V. Similarly, we can take

elf2 + - +er71fr — €réy
as representative of the nilpotent orbit corresponding to [2r]T, and
eitfat--+ex—afor

as representative of the nilpotent orbit corresponding to [2r — 117 [2r — 1]~

3.2. Nilpotent orbits in an orthogonal Lie algebra. Suppose (W, (-,-)) is an m-
dimensional quadratic space over F. The Lie algebra so(W) can be realized as the
space /\Z(W) of degree two elements in the exterior algebra of W, with the Lie
bracket given by

wAw, VAW := W, v)gwAw + (@, w)wAv +(w, v)gvAw + (w, w)vAv
for v, v', w, w’ € W. The Lie algebra /\Z(W) acts on W by
wAw)(y) =y, wyv—(y,v)w forv,w,yeW.

It is well known that, when F = R, the nilpotent orbits of the orthogonal group
O(W) in so(W) are parametrized by the set of orthogonal signed partitions with
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signature equal to that of the form (-, -) [Collingwood and McGovern 1993]. We
can take

VAW +UVLAWIF- -+ V2 AW+ V1 AZ
as representative of the nilpotent orbit corresponding to the simple orthogonal
signed partition [2r — 111, where {z, v, ..., v,_1, Wy, ..., w,_1} is a basis of a
(2r — 1)-dimensional orthogonal subspace of signature (r, r — 1) such that

(i, wj) =98;;, (vi,v;) =(w;,w;)=0, (v;,2)=(w;,2)=0, (z,2)=1

Similarly, we can take vi Awy + V2 Aws + -+ VvV, 2 Aw,_1 + V-1 AZ as
representative of the nilpotent orbit corresponding to [2r — 1], where (7', z/) =—1,
and take v A wy +v2 Aws 4 -+ 4 vo—1 A wy, as representative of the nilpotent
orbit corresponding to [2r] e [2r]".

3.3. Derivatives and the ordering of orbits. Let O and O be two nilpotent orbits
in sp(V) (or in s0(W)), with corresponding signed partitions d; and d,, respec-
tively. We define 01 < 0, if O; C 0y, the closure of 0.

Proposition [Djokovi¢ 1981]. We have 0y <0, if and only if sgn(d\"’) < sgn(d*)
for every k > Q.

3.4. Moment maps. Consider the vector space isomorphisms
¢1: VW — Hom(V, W), ¢1(v@w)x):=(v,x)w,
©2: VW — Hom(W, V), @®w)(y):=(w,yv
for v,x € V and w, y € W, and define the moment maps
11: VW —End(V), n(y):=@(y)oei(y),
n: VW —End(W), n(y):=e¢i(y)op(y).
It is known that 7;(V @ W) C sp(V) and 7p(V ® W) C so(W). It is not difficult to
check that
G-1)  TG)=) _(i.njeas; and ny) =Y (&) A
i,j i,j
when y = Zi & ®n € VW withe € V and n; € W, under the realization
sp(V) = S2(V) and so(W) = A\X(W).

4. The orbit correspondences for complex reductive dual pairs

In this section, we assume that F = C. Let V be a 2n-dimensional complex sym-
plectic space and W be an m-dimensional complex quadratic space. Let 71 and 7,
be the moment maps from 3.4.
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4.1. The purpose of Section 4 is, for a nilpotent orbit O in sp(V), to define a
nilpotent orbit ® (A(0)) in so(W) such that the following theorem holds.

Theorem. Let O be a nilpotent orbit in sp(V) that is contained in the image of t.
Then ©>(t; ' (0)) = (A (0)).

4.2. Letd := @ _jai[ri]bea symplectlc partltlon of size 2n, withr; >rp > - - - >

rr > 0. Define the numbers rl1 = rl2 = rl =r; foreachi=1,2,..., k, SO

we may write
4-1) d=P P

Let o := Zf: | @; be the number of rows of d. We define

EBI 1@ [r —11®(a@+m—-2n)[1] if —a <m —2n,
(0] otherwise.

42) ) := {

It is not difficult to see that the partition ¢(d) is either [0] or an orthogonal partition
of size m. Define

©) = {@M if p(d) # (0],
e ife@ =0

that is, if it is nonempty, ¢ (0) is a nilpotent orbit in so(W).
4.3. We define two partitions 1 (d) and ¥, (d) according to the following cases:

(1) Suppose that o < m — 2n; define

k
Yid) == @ai[ri] @a[l] and Yr(d) :=(n—2n—oa)[1].

i=1

(ii) Suppose that 0 <m —2n < «; define

k
Yi(d) =P ailrl®m—2n[1] and y(d) :=[0].

i=1

(iii) Suppose that —o <m —2n < 0. Let xo and yg be the indices such that rfg be
the (2n —m)-th number from the smallest in the ordered sequence

1 oy 1 o 1 O—1 [o7%
@A3) ri = 2r >r > 2 > > > 2 >rk R
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that is, choose xo and y¢ so that oy, —yo+ 1+ Zé‘:xo 41 % =2n—m. Define

xo—1
Y1(d) == P ailri1® (yo— Dlry,] and
i=1 k
Ya(d) = (agy—yo+ Dlrey — 110 €D aulri —11.

i=xo+1
(iv) Suppose that m —2n < —a; define ¥ (d) = Y (d) := [0].
Note that the definitions of 11 (d) and ¥»(d) depend on the dimensions m and 2n.

4.4. For y|(d) as given in 4.3, we define the element ®* (¢ (d)). If ¥ (d) = [0],
we define ®* (| (d)) := [0]. Assume next that y(d) # [0]. Suppose that

I B .
vid) =P EPIF1.

i=1 j=1
where the numbers fij are ordered as

@4 fl==fsp=..= 2/32>...
>fll—1:"':fz%1>fll:”': />0

Let 8 := Zle B; be the number of rows of y;(d). We define the number sy
according to the following cases:

(i) Suppose that 8 is even, and let fxyf > x>11 be the two median numbers in (4-4).

(a) If f2! = f27 are odd and y; is even, we define s; by

fxy +1 ifeitherx =x;and y < yp, or x < xp;
st=1F if either x = x; and y = yj, or x =xp and y = yy;

fi —1 ifeitherx =x;and y > y;, or x > xj.
(b) Otherwise, we define
y fi+1 ifeitherx =xy and y < y,, or x < x;
sy =177
. fi —1 ifeitherx =x; and y > y;, or x > x1.
(ii) Suppose that B is odd, and let £ > £ > f.' be the three median numbers
pp 3 2 1
in (4-4).
(a) If f22 = £ are odd and y, is even, we define
2 3 y
fi+1 ifeitherx =x3and y < y3, or x < x3;
sV =1 F if either x = xp and y = y;, or x = x3 and y = y3;

X
fi —1 ifeither x =xj and y > y, or x > x1.
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(b) Otherwise, we define
y fi+1 ifeither x =x3and y < y3, or x < x3;
s) =
X fxy—l if either x = xp and y > y;, or x > xp.
Then, we define

* . @f 1 EBﬂi 1[5 J for case (i.a) and (i.b),
T W= {@l 1 EB 1[s @[1] for case (ii.a) and (ii.b);

O (d) == D" (Y1(d)) © Y2 (d).
The partition @ (d) is either [0] or an orthogonal partition of size m. Define
Op@) if P(d) #1[0],
1%} if ®(d) =[0],
that is, ®(0) is a nilpotent orbit in so(W) if it is nonempty.

(4-5)

o (0) = {

4.5. Example. Suppose that 2n =24, m =25, and d =[6]®2[5]D[4]H2[2]; that
is,r{ =6, ry =5, r22=5 r31 =4, r; =2, and rf=2 Wehave o =1+4+2+1+2=6
and m —2n = 25 — 24 = 1, so we are in case (ii) of 4.3. Thus, ¥»(d) = [0] and
Yi(d) =1[6]102[5]P[4]D2[2]P[1]. Now, o+ (m —2n) =7 is odd, and the three
median numbers of sequence Equation (4- 4) are 5 >4 > 2. We are in case (ii.b)
of 4.4 and, hence, s1 =17, s2 =6, s2 =6, s3 =3, s4 =1, s4 =1, and s5 =0. Thus,
& (d) = 0*(Y1(d)) =[71®2[6]® [3]® 3[1] and ¢(d) = [5] B 2[4] ® [3] ® I[1].

4.6. Proposition. If O is a nilpotent orbit contained in the image of 11, then ®(0)
is the unique maximal element and ¢(0) is the unique minimal element in the set
of nilpotent orbits in rg(tfl ©)).

4.7. Suppose that we are not in the case (iv) of 4.3. We want to define a new
partition A(d) of size 2n. If m —2n > «, we define A(d) := d. Next, we suppose
that m — 2n < «. Define a row [r,fg] as follows: Let [rgg ] be the smallest element
in the ordered sequence (4-3) satisfying the condition

X xo—1
46 Y it @yt Drg+m—20 20— 1+ a,
i=xo+1 =l

where x( is some number between 1 and &, and yj is between 1 and o,. Define

k xo—1
= Z a;ri + (xy— Yo+ Dry, + (m —2n) — (yo — 14+ Z Oti>,
i=xp+1 i=1
xo—1
8::yo—1+2ai—(m—2n).
i=1
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It is clear that 0 < o < r;. and 0 < 8. We define A(d) according to the following
cases:

1) If r} Y is even or yq is odd, we define
[c—11® @+ 1[1], ifo isodd,
Ad):=ed{8[1] ifo =0,
[oc —2]®(6+2)[1] if o is positive and even,

where vo—1 a yo—1

e-@@ EB@[FJ]-

i=1 j=1

@Gi1) If r Y is odd and yy is even, we define

) = {[o 11®+2)[1], ifo isodd,
- [o]® S+ D[1], if o is even,
where woel o2

¢ —@@[rl@@w@wsl 1.

i=1 j=1
It is not difficult to see that A(d) is a symplectlc partition of size 2n and A(d) <d.
Finally, we define
)»(@d) = @A(d)-

4.8. Example. Suppose that 2n =m =60 and d = 6[8] & 2[6]. Then, m —2n =0,
a=6+2=38, Y(d)=[0] and ¢ (d) =d. Hence,

(d) = " (Y1(d)) =491 ®2[7] @ 2[5].

Now, rll—rlz_‘ —r1—8 r2=r2_6 o1 =6, ap =2 and k = 2. Therefore,

rxo —rz,thatls xo=2and yp=1. Hence,oc =0+2—1+4+1)-6+0—(1—1+6) =6,
whichis even, and § =(1—1+6)—0=6. Then, A(d) =6[8]®[4]D8[1]. The number
of rows for A(d) is 6+ 1+ 8 = 15. Hence, ¥/ (A(d)) = A(d) and ¥ (1(d)) = [O].
Write 4, (A(d)) —@z 1 @ 1[fJ I, where fl = fi=---= ff=8, fl =4, and
f3 f3 =...= f3 = 1. The number of rows of ¥ (A(d)) is odd. So now we are
in the case (ii.b) of 4.4 and, therefore, ®(A(d)) = &* (Y1 (A(d))) =6[9]®[5]®[1].
It is clear that A(d) < d, but ®(A(d)) > & (d).

4.9. Proposition. Let O be a nilpotent orbit contained in the image of t|. Then,
D (A(0)) is the unique maximal element in the set {®(2) | 2 < 0}.

5. The rules for simple signed partitions

From now on to the end of this paper we assume that F = R. Let 7; and 1, be the
maps defined in 3.4.
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5.1. Suppose O is a nilpotent orbit in sp(V) that is in the image of 7, that d is
the signed partition corresponding to O, and that y is an element in V @ W such
that 7(y) is in 0. Assume V = V! @ ... @ V* is an orthogonal decomposition
corresponding to the Jordan blocks of the decomposition d = @le d', such that
each d’ is a simple symplectic signed partition, as introduced in 2.6. Now, ¥ can be
written as (y', ..., ¥*), where y' e VIQ W, and 1;(y) € @le sp(Vi) Csp(V).
Write 71(y) = (@' (ti(¥)), ..., 7%(t1(y))) with 7' (t1(y)) € sp(V?') for each i,
and assume that

Ty =l fi+ el fi+elel

that is, 77/ (71 (y)) is an element of the nilpotent orbit in sp(V’) corresponding to
[2r;]7, as in 3.1. Then, there is a self-dual set S = {vf, wf, Zll=1,....ri—1}
and an isotropic vector @' (possibly trivial) orthogonal to S, such that y’ is of the
form
eil ®vi +€§®v§—i—-- -—I—eii_l ®U£,-—1 —I—eﬁi ®7

+iQW' + QW+ + fi_ @w._,+ fi @wl _.
Therefore, by Equation (3-1), 7;(y) has a block of the form

v’i /\a)i +vé/\ w’1 —+ .- —i—vii_1 /\wii_2+zi A wii_l.

This block corresponds to [2r; + 1]7 or [2r; — 1]T, depending on whether the vector

a)i can be nonzero or not.

5.2. Assume that 7/ (7;(y)) = eifzi +- e;'iflf,’;_ — el el ; that is, 7/ (71(y)) is

rir?
an element in the nilpotent orbit in sp(V") corresponding to [2r;]*. Then, there is
aset S={vj,w},z" |I=1,...,r; —1} such that

WL w)) =85, (v, v)) = (w), w) =L 2 =, 7")=0, (".H=-1
for any r,s = 1, ..., and an isotropic vector ' orthogonal to S, such that y' is
of the form
e’i ®vi +e§®v§+~-+eiﬁl ®v£i,1 +e£; ®7"

+®o + f@W + -+ fl_ ®w._,+ fl QuL_,.
Therefore, 12(y) has a block of the form

i
ri—1*

VA FV AW F AW o+ Aw

This block corresponds to [2r; + 1]~ or [2r; — 1], depending on whether the vector
o' can be nonzero or not.
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5.3. Assume now that
r () =eify+ ey, o fan i

that is, % (71 (y)) is an element in the nilpotent orbit in sp(V1) corresponding to
[2r; — 117 [2r; — 1]™. There is a self-dual set S = {v}, w! |l =1,...,2r; —2}
and two isotropic vectors a)f) and a)érl__l, orthogonal to each other and orthogonal
to S, such that y’ is of the form

i i d g j i i i
QUi t+e,®uy+ - +le"72 ® Vo2 +62r,-—1 ®w2ri—1

+A@wyt+ @i+t f, 5y ®@Wh, 3+ fr,_ @ Wy, .
Therefore, () has a block of the form
VI AW F Uy AWy, AW, 3 @), AW, .
This block corresponds to

[2r 1T ® 211 if both a)f) and a)gri_l are allowed to be nonzero;
[2r; — 11T @®[2r; — 1]~ if only one of a)f) and wér,-—l is allowed to be nonzero;
[2r; — 2] @ [2r; — 2]~ if both ], and a)éri_1 have to be zero.

5.4. Example. Supposethat2n=38, p=4, g=4and d =[4]T®[2] ®[1]T®[1]".
Let y be an element in V ® W such that 7;(y) is in the nilpotent orbit corresponding
tod. Now,d =d' @d?> @ d>, where d' :=[4]T, d*>:=[2]" and d> :=[1]T®[1]".
We have the corresponding decomposition V! @ V2 @ V3 of V, where V! is 4-
dimensional, and V2 and V? are 2-dimensional. Therefore, a nilpotent orbit Oy in
s0(W) is in ©2(t; ' (0,)) if and only if

d=d od,®d;®5@8—I|d{|—|d5| — ;D17 [1]7),

such that d; is [5] or [3]7, d}is [3]T or [1], d}is [2]T&®[2]7, [1]T@®[1]” or &,
and Z?:l |d]| < 8. The only possible combinations for d" are

er:=[51"® 3], es: =B d[1IT®R21T® 2],
e =[5I"@[I"®[1l"®d[1]", es:=BlI dlITell"d[ll " ®[1]T®[1],
e;:=[B1"oBlITe[1]T®[1]".

Hence,

(71 (04)) = O, UG, UO,, UG, UO,,.
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6. The construction for real cases

In this section, we assume that F' = R, that V is a 2rn-dimensional real symplectic
space and that W is an m-dimensional real quadratic space with signature (p, q).
Let t; and 7, be the moment maps given in 3.4.

6.1. Our purpose is to define an orthogonal signed partition ®(A(d, Q)) for an
admissible signed Young diagram (d, Q) (see 2.3), such that the following main
theorem holds:

Theorem. Let O4 be a nilpotent orbit in sp(V) contained in the image of t1. Then

(' 0a) = | Tocw.0n-
@.0)

where the union runs over all possible admissible signed Young diagrams of the
signed partition d. The union consists of at most two closures of nilpotent orbits.

The theorem will be proved in 7.8.

6.2. Let
k I

(6-1) d:=@Pailal™ o Biib1
i=1 j=1

be a symplectic signed partition of sized 2n, where a; > ap > --- > a; > 0 and
by > by > --- > b; > 0. We can rewrite d as

k o [ ﬂi
(6-2) i=PPla " e DD
i=1 j=1 i=1 j=1

such that the numbers al.j and bij satisfy the conditions

ai:...:a‘lxl>a21=...=agz>...>a]1=...:a/(:k’
1 _ _ 1B 1 _ _ 1B 1 _ _ 1B
bij=---=b">by=-=by>-->b =---=b",
1 _ i 1 _ _ B _ 4 . . . .
where a; =---=a;' =a; and b; = --- =b;’ =bj for each i and j. To simplify

the notation, we define an order on the set {[a;

17 | x, v}, as follows. We say that
[ay! 1" > [a32]7 if either x| < x5, or x| = x5 and y; < ;. It is a total order on the

set {[a}]T | x, y}; that is, we have the sequence

6-3) [ail" > - >[a{'T" > [@]" > > [a5?]" > -
I]+ ak]-i-'

1 o 1
>lap_ 1" > > [a 1T > ] > > [q]

We define a total order on the set {[b}]™ | x, y} analogously.
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6.3. The ten cases. We want to define two signed partitions v (d) and v (d)
from the symplectic signed partition d. The definition depends on the signature
(p, q) of W. Without loss of generality we assume that p > ¢g. Let o := Zf;l o,
B = le:l Bj, di :=min{p —n, B} and d, := min{q — n, a}. We define | (d)
and y»(d) according to the following cases:

(i) Supposeg>nand B—a>p—n. Wehave p>nand 8> B—a—(p—n)>0.
Therefore, there exists a unique number v between 0 and / such that Zﬁ:u Bi >
B—a—(p—n) =i, Bi- Let B =3 _, Bi — (B—a —(p—n)), and
define

a;

Y1(d) = (EBQB d1)e( @ w1 )ee-nir,

i=1 j=1 (B3] =1b) 1
@=( @ B-U)eE-a+tq-pllI-

(b2~ <[bh 1~

(ii) Suppose thatg >nand p—n > f —a > p — ¢q. It is clear that both d; and
p —n—d, are nonnegative. Now, o« —f8+d; isequal to ¢ or« — 8+ p —n, and
hence o — B +d is also nonnegative. Now, 8 —a+qg—n—d; > p—n—d,.
So, B —a + g —n —d; is nonnegative. Define

Yi(d) :=d®d[1]7 @ (@ — B +d[1]7,
Yo(d):=(p—n—d)1]"® B —a+qg—n—d)[l]"

(iii) Suppose that ¢ > n and p —qg > B —a > —(g — n). Clearly both d, and
q —n —d» are nonnegative. Now, 8 —a+dy isequal to B or § —a+ (g —n).
Hence, 8 — o +d> is nonnegative. Next,« —8+p—n—dy > q—n—d>. So,
o — B+ p —n —d» is also nonnegative. Define

Yi1(d):=d®(B—a+d)[1]"® (1],
Yo(d) = (@—=B+p—n—d)[1]"® (g —n—dy)[1]".
(iv) Suppose that g >n and —(¢ —n) > f—«. Since @ > o — B — (g —n) > 0, there

is a unique number pu between 0 and k such that Zf:uai >a—B—(q—n)>
S i Lete/ := Yt o — (@ — B — (g —n)). Define

p@:=( P @wr)e (ééuﬂ ") @@ -mir,

(@1 >[a2 T i=1 j=1

v@i=( P la}-1")@@-p+p-ll"

(@)1 <[a%' T+
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(v) Supposethat p>n>qg>n—pand f—a > p—q. Wehave 8> —a—(p—n) >
n —q > 0. Let v be the number such that

Y Bi>B—a—(p—m)=Y"'_ . B

and let B/ :=Y!_ Bi — (B —a — (p —n)). Define

Yi(d) = (é é[a{ﬁ) o @ wIr)eeE-mir.

izl j=1 B1->16E 1
@=( @ B-1)eE-a+tq-pll-
by~ <[bh 1~

(vi) Suppose that p >n>g>n—fand p—q > B —a > n —g. Now, both
B—a+q—nand p—q — B+ o are nonnegative. Since B >n —q > 0,
there is a unique number v’ such that Zf:,/,Bi >n—gq > ZﬁZU,H,B,-. Let
B’ = Zf:w Bi — (n — q). Define

Yi(d) = (é é{a{]*) o @ WI)eE-a+g-nil

i=1 j=1 L= 1
@:=( @ B-1)ee@-p+p-@ll"
L=<’ 1

(vii) Supposethat p>n>g>n—pfandn—qg > f—«. Hence,a >a—pB—qg+n>0
and 8 >n—¢g > 0. Let u and v’ be the numbers such that

k k I !
Yicudi>a—=p—(q-n) =3 o oand Y Bi>n—q=) . B

Leta := )" ja; — (@ — B — (¢ —n)) and B := Z:’J/:llBi — (n—q). Now,
a—B+p—qg>a—pB+n—q>0. Define

n@=( P wr)e( @ wr)

@} >[a?' " =17 1
@=( @ -1 )e( @ B-1")e@-p+p-@ll"
[ ]* <[ag T+ (B3~ <[bh, 1

(viii) Suppose thatn > p>n—o, n >g>n—pf and § —a > p —q. Hence,
a>n—p>0and B >B—a+n—p>0. Let & and v be the numbers such
that

k k
Zi:u’ al >n_pZZz:;ﬂ+l ai and Zi:u ﬂl >ﬂ_a_(p_n)ZZf:u+l ﬁl
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Leta”:=Y" a;—(n—p)and g’ :=Y"\_, Bi — (B —a—(p—n)). Define

= @ w)e( @ mr)

[T+ >[a%y T+ RN
= @ wW-1)e( @ b-U)eE-atq-pll-
[a} 1+ =[a%, T* =l 1

(ix) Suppose thatn > p>n—o, n >g>n—pB and p — g > f —«. Hence,
a>a—pB+n—g>0and B>n—qg >0. Let u and v’ be the numbers such that
Zf:p, o > ak_:B_ (g—n) = Z{F:;,Hrl a; and Zgzv’ 1815 >n—q= Zﬁ:v’+l Bi-
Leto := Zi:,ﬂi —(@—B—(g—n))and B":=)"._ Bi —(n—q). Define

n@=( P wr)e( @ mr)

S AN =0 1
@=( @ w-1)e( @ B-1)e@-p+p-plI"
a1+ <[a% T+ [ <[bf, 1

(x) Suppose that p <n —«, or g <n — B. In this case we define
Vi(d) =yd) :=2.
6.4. Lemma. Let V| (d) be defined as in 6.3. If we write
B

Koo r
v1d) = P Pla’170 P Pivi 1

i=1 j=1 i=1 j=1
then Zle o = Zle B/ that is, the number of positive rows of Y1(d) is equal to
the number of negative rows.

Proof. For case (i) in 6.3, we have

’

im0 = Z?:l“i‘ﬂ’—” =a+p—n,
S B = BB = B fi—(B—a—(p—n) =a—(p—n).

k' ’ 14 / .
Hence, ) ;_, o, =) ;_, B! for this case.
Next, we consider case (i1). We have

Doim1 % =Yt jai+di=a+d
Zflzl /31{:2?:1 Bi+di—(B—a)=a+d.

Hence, Zf/:l of = Zf:] B;. The proofs for the other cases are similar, and we skip
them. ([

From this lemma we know that the number of rows of 1 (d) is even.
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6.5. Lemma. Let [r,ff]* < [rX2] be the two median elements with respect to an
order on the set of rows of V1(d). If ]*GB [r21* is a double odd block of d
such that [ry1* is in ¥1(d) but [ry ]* is not in Y (d), then [r}]* < [r 'T* with
respect to the same order.

Proof. For case (i) in 6.3, [ry1* is [r3]"; that is, it ends with B. If [r1* < [ry]%,
then [r]* also ends with B. The lemma follows from 6.4, because no more than
half the number of rows end with H. For cases (ii) and (iii), the lemma is true
because no such [ry]* exist. For case (iv), [ry]* is [ry]~; thatis, it ends with B. If
[r]* < [r¥17, then [r r’]* also ends with 5. This lemma holds again, by 6.4. The
proofs for the other cases are similar, and we omit them. O

6.6. Minimal and maximal elements. We set ¢(d) := [0] for case (x) in 6.3, and

6-4) o) := (é aila; — 1]_> ® (é Bilbj — 1]+)
i=1 j=1

®@@+p—nll"®B+q—nlll"
for the other cases.

Suppose that | (d) # [0]. Let (y1(d), Q) be a signed Young diagram of v (d).
Then, as in Equation (4-5), we can deﬁne the element @*(wl(d) Q) as follows:
Assume that vr; (d) is written as @l 1 l[f]]* Let sy be defined as in 4.4. If
sy = f7, let the sign of [s}]* be the same as that of [ £J1%; if s # f7, let the sign
of [s3]* be opposite to the sign of [ £ 1*. Finally, define

Pi _
O* (Y1 (d), Q) := GB Prs/r*

i=1 j=1
o, Q) :== 2" (Y1(d), Q) ®V2(d).

Proposition. If ®(d, Q) and ¢(d) are not (0], then they are signed orthogonal
partitions of signature (p, q).

Proof. From Equation (6-4), it is clear that the signature of ¢(d) is (p,q). We
know that d is a finite sum of simple even blocks or double odd blocks. Hence,
it is clear that ¢(d) is a finite sum of simple odd blocks or double even blocks.
Therefore, ¢ (d) is an orthogonal signed partition.

Next, we consider ®(d, Q). The meaning of 6.5 is that the image of two rows
of a double block still have the same length after applying ®* Hence, from its
definition, it is not difficult to see that ®(d, Q) is an orthogonal signed parti-
tion. If we check the definitions of i (d) and v, (d), we see that the signature of
Y1 (d)Dya(d) is (p, q). Clearly, the signature of | (d) is the same as the signature
of ®*(y1(d), Q) for any order Q. Hence, ®(d, Q) has signature (p, q). U
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Let 04 be the nilpotent orbit in sp(V) corresponding to d. From the previous
proposition, we know that each of ¢(d) and ®(d, Q) correspond to a nilpotent
orbit in so(W). We define

9(04) :=0Op@y and @(0g) :=y Ov4,0),
where the union UQ O¢ 4, 0) 1s running over all possible signed Young diagrams
(Y1(d), Q) of the signed partition y; (d). Of course, it is a finite union.

6.7. Example. Suppose that 2n =36, p =21, g =19andd =2[4]T® [3]"®
S[4]7®[3]17®[2]". Now, p—qg =2, a1 =2, ap =1, a =24+1=3, g1 =5, fr=1,
Bi=1, B=54+14+1=7, dy=min{21 — 18,7} =3, d, =min{19—- 18,3} =1
and B —a =4. So, we are in case (i) of 6.3. Now, S+ B3> B —a—(p—n) > Bs.
Then, v=2and ' = (1+1) — (7 -3 — (21 — 18)) = 1. Therefore, ¥r1(d) =
241 [31T® 5[4 @[3 @3[1]T and ¥»(d) = [117@®2[1]". Note that the number
of positive blocks in | (d) is equal to the number of negative blocks. It is not
difficult to see that there are 42 different signed Young diagrams (¢, (d), Q) of the
signed partition | (d). However, they only produce two different ®*(y1(d), Q),
which are

D*(Yi(d), Q1) =551 21T [51 @ 3] @ [2],
D*(Y1(d), Q2) =451 Bl @ 21" @ 2[5] B (2]~
Therefore, ®(04) = 0, UO,, and ¢(0O4) =0y, where

e =551 RIT@ 11T 5] @3] @ [2] ®2[1],
e =451 BlITo21T@ [11T@ 2[5 @ [2]" @ 2[1],
f=s5B1"oRITe 7M1 e 23] ®[2] ®8[1].

6.8. Admissible signed Young diagrams. Let d be a symplectic signed partition,

as in 6.2. Rewrite d as s v
4=D D

i=1 j=1
where each e is plus or minus, as usual, and these rl.j satisfy the condition r1] =
ce=r'>r=-=r>..>rl =... =] Letr, be the size of a row
[r{]. We define a special kind of signed Young diagrams of d called admissible,
as follows: The definition depends on the signature (p, g) of W. Recall that we
assume that p > ¢ and, in a Young diagram, a row of longer length is always above

a shorter row.

(i) Among the rows of same length, if the length r, is even, we put a row [ry |*
with sign such that the difference of the negative rows and the positive rows
that are no lower than the row [r}]* is as close to q — p as possible.
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(ii) If r, is odd, then the number of positive rows of length r, is equal to the
number of negative rows of the same length. Let the signs of these [rY]*
appear alternatively, in the order starting from the sign such that the difference
of negative rows and positive rows that are no lower than the row [ry |* is as

close to p — g as possible.

If (d, Q) is an admissible signed Young diagram of d, then Q is called an
admissible order on the set of rows in the signed partition d.

6.9. Example. Suppose that 2n =26, p=14, g =13 and d =2[4] @ 3[4]" @
[317@[3]". The rows of d have two lengths, namely 4 and 3. So, the top five rows
are of size 4, and the next two rows are of size 3. Since now p — g = 1, the first
row of an admissible signed Young diagram of d must be negative. The second
row is allowed to be positive or negative. If the second row is positive, then the
third row has to be negative. If the second row is negative, then the third row is
forced to be positive, and so on. Therefore, we have the following eight possible
admissible signed Young diagrams associated to the signed partition d:

H
1l
H
1l
H
1l
H
1l
H
1l
H
H
1l
H
1l

OHBOO
==HRNNRRR==!

HOBOD
MHED®BD
MHEBOOD

HOHBOH HOODBEBED
BOODEBED

THODHIDBE BHOOHEDIE
HOBHIBHDD DOBHEHEOBO
THODHIOBE BOOHEDE
HEHOHIERE HOBOHED
DOHDEBOL DBHOBDH
HEOHIOE HOBOHED
HEOOHE HOBOODH
DOHHDD DHOEED
HBEOOEBHE HOBOODH
HOBHHIOE HOODHEED
DHOOEHED ODHBOODH

1l
H
1l
1l
H
D
1l
H
1N

6.10. Let (d, Q) be an admissible signed Young diagram of a symplectic signed
partition d of size 2n. Recall that Q is an order on the set {[r3 ]*}. Let [r3)]* be the
smallest element under the order Q, subject to the condition that v < p’+ p —n
and u < g’ +q —n, where
(r'q) = sgn( ay) [rf]*>,
(<[0T

u is the cardinality of the set {[r3 ]7 | [r3 17> [rz. ]*} and v is the cardinality of the
set {[rx 1™ | [rx 1™ > [r3y]*}. Set

o:=min{p'+p—n—v, ¢ +q—n—u}.
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Let [20]* be a simple signed partition, with the same sign as the sign of the row
next to [ry 1% We define A(d, Q) according to the following three cases:

@) If r Y is odd, yy is even, and [r 0]* is a positive row, then we define

M, Q)= P Wrer) ! -1 eRee (p —o)1T® ¢ —o + DI
T >[R0

(ii) If r3Y is odd, yo is even, and [ri0]* is a negative row, then we define

Md. Q)= D T —1Ie20le () —o + DI e @ ~o)lII-

[rx ]*>[rx0 I
(iii) In the remaining cases, set

1d. Q)= @ T eReT® (W — )T ® (¢ — o)1~

[ 1> [ 1*
Clearly, A(d, Q) is a signed partition of signature (n, n). Moreover, we can check

that p’ + 1 = ¢’ for case (i), p’ = ¢’ + 1 for case (ii), and p’ = ¢’ for case (iii).
Hence, A(d, Q) is a symplectic signed partition.

6.11. Example. Suppose 2n =22, d =[6]"®[6] ®[5]T®[5] and p=qg =11.
There are four admissible orders on the set of rows of d, namely
O1: [6]">[6]">[5]">[5],
Q>  [6]7>[6]">[5]">[5],
Qs: [6]">[6]">[5]" > [5]%
Q4: [6]7>[6]">[5]" > [5]*".
First, we consider Q. Under the admissible order Q, it is easy to check that
[r20]* = [5]". Then, (p’, q') = (2,3), u =2 and v = 1. Hence,

oc=min{2+11-11-1, 3+11-11-2}=1.

Now, rfg =35, ypis 2, and [rxo]* is a negative row. So, we are in case (ii) of 6.10,
and

Ad, Q) =[6]T@[6] @[4I ® 2] @ 2[1] @ 2[1] ™.
For Q5,, we have [r)fg]* = [5]". By the same argument, we have
Ad, Q) =[6]T@[6] @[4I ® 2] @ 2[1] @ 2[1] .

For Q3, we have [r30]* = [5]T. Then, (p’, ¢') = (3, 2), u =1 and v = 2. Hence,
o=min{3+11—-11-2,2+11—11—1} = 1. Now, rj. =5, yo is 2 and [r’]*
is a positive row. So, we are in case (i) of 6.10, and

rd, Q3) =[6]T@ 6] @4 @ 21T ®2[1]1T®2[1]".
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For Q4, we have [rfg]* = [5]*. By the same argument as for Q3, we have
rd, Qy) =[61T® 6] @4l @ R2IT®2(1]T®2[1]
Note that A(d, Q1) = A(d, Q2) #1(d, Q3) =X1(d, Q4).

6.12. Lemma. For all possible admissible signed Young diagrams (d, Q) of a
signed partition d, there are at most two different signed partitions .(d, Q).

Proof. Let [a]* be arow of the signed partition d. Suppose that [a]* is [r)fg 1*, under
some admissible order Q. If [a]* is a row in a double odd block with partner [b]*
then it might be that there is another admissible order Q' such that [r30]* is [b]*
If [a]* is a row of even length, it is also possible that there is another admissible
order Q' such that [r; ]* is a row of the same length, but opposite sign. From
the construction, we know that these two situations are the only chances to obtain
different signed partitions A(d, Q), A(d, Q). O

6.13. Lemma. If (d, Q) is an admissible signed Young diagram of a signed par-
tition d, then A(d, Q) < d and ®(0,4,¢)) is a single nilpotent orbit.
Proof. The first part is obvious from the definition of A(d, Q) in 6.10.

We prove the second part. Let Q; and Q> be two different admissible orders of
the signed partition y; (A(d, Q)). From the construction of A(d, Q) and definition
of @, it is not difficult to see that ®* (¢ (A(d), Q), O1) = ®* (Y1 (A (d), O), O2).

Hence,
d((d, Q), Q1) =21, Q), Q2).
Therefore, ® (054, ¢)) is a single nilpotent orbit. i

Because the signed partition ®(A(d, Q), Q') is independent of the admissible
order Q' of Y1 (A(d, Q)), we will write ®(A(d, Q)) instead of ®(A(d, Q), Q).

6.14. Example. Suppose that2n =26, p=14, g =13 andd =2[4]"® 3[4] D
[3]7®[3]~. We see that [rfg]* =[3]™ for any admissible order Q on the set of rows
of d. Hence, (p', ¢") =sgn(B1*®[317)=(3,3), (p'+p—n.q'+q—n)=4,3),
u=2, v=3and 0 =min{4 — 3,3 -2} = 1. Now, r3. = 3 is odd, yp = 2 is
even, [r)ﬁg]* is a positive row, and o 7% 0. So we are in case (iii) of 6.10. Therefore,
Ald, Q) =2[41T®3[4]"®3[11"@®3[1] for all four different admissible orders Q.
It is obvious that A(d, Q) <d. Now, ¥1(A(d, Q)) =2[4]T®3[4] @ 3[1]T®2[1]”
and Y (A(d, Q))=[11"®[1]". Therefore, ®(A(d, Q)) =3[5]T@®2[5] ®[1]T®[1]".
It is not difficult to check that there are two signed Young diagrams (d, Q) and
(d, O,) of d such that

o, 0)=2[51"®2[5 ®BI'®[2]"® 2],
o, Q) =351 51 @Bl @ 21T (2]
Clearly, ®(A(d, 0)) > ®(d, 01) and ®(1(d, Q)) > ®(d, 0»).
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7. The orbit correspondences for real reductive dual pairs

7.1. Keep the assumption that F' := R, and let ¢, ® be the maps defined in 6.6.

Proposition. If O is a nilpotent orbit in sp(V) such that O is in the image of 11,
then ®(0) is the union of maximal elements in the set of nilpotent orbits contained
in v (t; 1 (0)).

The proof of this proposition is in 7.4.

7.2. Complexification. Let WC := W ®g C. The real Lie algebra so(W) is nat-
urally contained in the complex Lie algebra so(W®). Hence, a real orbit 9 in
so(W) is contained in a unique complex orbit in s0(W©), denoted by 9C. The
complex orbit 2C is called the complexification of 9. If d is the signed partition
corresponding to the real orbit 2, then we can obtain the partition corresponding
to the complex orbit 9 by forgetting the signs in d.

Lemma. Let Oy be a nilpotent orbit contained in the image of t1. If 21 and 2, are
two nilpotent orbits contained in ®(0q), then 9t = Qg

Proof. Let Q1 and Q5 be the orders of rows of ¥;(d) such that 2; and 9, are
nilpotent orbits corresponding to

Q*(Y1(d), Q1) @ Y2(d) and ¥ (Y1(d), Q2) ® Y2 (d),

respectively. From the construction, it is clear that the left summands have the
same complexification. Hence, the sums have the same complexification. ([

7.3. Lemma. Let O be a nilpotent orbit in the image of t|. Suppose that P is a
nilpotent orbit contained in t(t, ! (0)). There exists a nilpotent orbit 9 contained
in ®(0) such that P < 9.
Proof Let VE:=V®zCand W :=W®C. Let 7 : VE® WE — sp(V®) and
:ve ®c WC — s0(WC) be the complex moment maps. Clearly, the complex
mlpotent orbit #C is contained in 7, (r (@@)) Moreover, if 2’ is a nilpotent
orbit contained in @ (0), then clearly SZ/C ®(0%), where ®(0) is as defined
in 4.4. Hence, we have ?* < 9’C by 4.6. Clearly, we need only consider the case
when there is no nilpotent orbit ?" C 1o(t, 1(0)) such that ? < #’ and #'© < 9C.
Letd=;_, 1[r ]* be the symplectic signed partition corresponding to the
nilpotent orbit O. From 5.1, 5.2 and 5.3, we know that a nilpotent orbit contained
in 7o(7, 1(0)) should correspond to an orthogonal signed partition e, constructed
from d according the following rules:

G) If [r ] (respectwely, [r; ] ) is an even single row of d, then e has an odd
single row [rl. +1]" or [rl. + 1]~ (respectively, [rl. +1]" or [rl. +11%); that
is, we can remove or add a signed box to an even single row of d. We shall
say that the row [rl:/ +11* or [rl:/ — 1]* is the image in e of the row [rJ 1*
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(1) If [rij _1]+QB [rij ]~ is an odd double row, then e has a double row
T -1relr -0t e, o T 1me ! + 10T
(iii) The signature of e is (p, q).

Suppose that P £ 9/, for otherwise the lemma is proved. Give an order on the set
of rows of d as in Equation (6-3). Let [rfl' ]* be the largest row in d whose image
in the signed partition corresponding to % has longer length than its image in the
signed partition corresponding to 9'. From the construction of ®(0), we see that d
has a row [r7;]* such that its image in the signed partition corresponding to 2’ has
longer length than that in the signed partition corresponding to %, and r: > ry!.
However, % £ 9', and there is no nilpotent orbit %’ contained in 72 (7, l(@)) such
that ? < @ and ?'C < 9'C, so r}? is equal to !, while [} ]* and [r}2]* have
opposite parity. Then, there is a nilpotent orbit 2" € ®(0) such that the largest
row in d, with its image in the signed partition corresponding to % having longer
length than its image in the signed partition corresponding to 2", is strictly smaller
than [r)fl1 1% Hence, the result can be obtained by induction. |

7.4. Proof of the propositionin 7.1. 1t is clear from the construction and the rules
in 5.1, 5.2 and 5.3 that every nilpotent 2 in ®(0) is contained in 72(7;” ! (0)). Sup-
pose that 2 and 2, are two different nilpotent orbits contained in ® (0). From the
construction, we know that 9 and 2, have the same complexification. Therefore,
they are clearly not comparable. Suppose that % is a nilpotent orbit contained in
(T, ! (0)). Then, by 7.3, % < 9 for some nilpotent orbit 2 contained in ¢ (0).
Hence, every nilpotent orbit contained in ® (0) is a maximal element in the ordered
set of nilpotent orbits contained in (7, ! (0)). Moreover, every maximal element
in the set of nilpotent orbits contained in rz(r]_l (0)) is contained in & (0). U

7.5. Proposition. If O and O, are nilpotent orbits in sp(V) such that 01 > 05,
then ¢(01) > @(03). Moreover, ¢(0) is the unique minimal element among the
nilpotent orbits contained in T(t, ! (0)).

Proof. Use the definition of ¢ in 6.6 and the rules in 5.1, 5.2 and 5.3. ([l

7.6. Lemma. IfOg is anilpotent orbit contained in the image of t1, then Og (.4, 0))
is a maximal element in the set of nilpotent orbits in Ty (T, ! (©g)). Every maximal
element in the set of nilpotent orbits in tz('cl_l (©)) is of this form for some Q.

Proof. Suppose that Og;,(4, 0)) 1s not a maximal element. Then, O (.4, 0)) <P for
some nilpotent orbit % in 72 (7, ! (@d)). Hence, @g 0.d.0)) < pC, contradicting 4.9.
It is also clear from 4.9 that every maximal element in the set of nilpotent orbits in
rz(tl_l(ﬁd)) is of the form O (;.(4,0)) for some Q. [l
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7.7. Lemma. If0y4,, Oq4, are two nilpotent orbits contained in the image of t| such
that Og, < Og,, then, for every nilpotent orbit 9y contained in\J 4, o) Ov . 01))>
there is a nilpotent orbit 9 contained in | 4, 9,, 00 (.. 0y)) Sch that 2 < 9y,
where the union U(di,Qi) runs over the admissible signed Young diagrams of the
signed partition d;.

Proof. Suppose (d;, Q1) is an admissible signed Young diagram of d; such that
9, = @‘P(l(dl,Ql))- We have K(dl, Ql) < d1 < dg. So, ©¢(A(d],Q])) C ‘L’Q(‘El_l((_@dz)).
By 6.12, we know that a maximal element in the set of nilpotent orbits contained
in (7, : (Oa,)) is equal to Og ;. (dy. 0,)) for some admissible signed Young diagram
(dy, Qy) of d>. Hence, 2 < ©<I>(}»(dz,Q2))~ O

7.8. Proof of 6.1. First, we show that

(1, (00) € U 4. 0) Ov . 0)-

Suppose 2 is a nilpotent orbit in T2(z, ! (02)). Then, 2 is in (T, ! (04,)) for some
nilpotent orbit O4, in sp(V) such that O4, < O4. From 7.1, we know that 9 < 9,
for some nilpotent orbit 2, contained in ®(0g4,). By 7.6, there exists an admissi-
ble signed Young diagram (d;, Q1) such that 21 < Og(4,,0,)- Since Og, < Oy,
by 7.7, there is an admissible signed Young diagram (d, Q) such that O¢x4,,0,)) <
@q;()\(d,Q)). Hence, gll < @q;()\(d,Q)) and therefore 211 - U(d,Q) @q;()\(d,Q)).

Next, we prove the opposite inclusion

fz(rl_l(@d)) 2 Uw. 000, 0)-

Let 9’ be a nilpotent orbit contained in |y, o) Ovua,0)- Then, 2" < 0o, 0)
for some admissible signed Young diagram (d, Q). By a construction similar to
6.6, we can define a map ¢’, from the set of nilpotent orbits in so(W) to the set of
nilpotent orbits in sp(V'), such that ¢’(0") is the unique minimal element among
the nilpotent orbits contained in 7 (7, 1(@/ )) for any nilpotent orbit 0" in so(W).
Moreover,

(7-1) ¢'(2) < ¢'(Os(a.0))-

We know that Oe x4, 0)) 1S contained in rz(rl_l(@x(d,Q))). Hence, the nilpotent
orbit @A(d,Q) is contained in 1] (t{l(@Q(A(d’Q)))). Thus, (pl(@q>()h(d,Q))) < OA(d,Q)
because ¢’ (O (14, 0))) is the unique minimal element among the nilpotent orbits
contained in T (r{l(@q)(,\(d,g)))). Hence, we have ¢'(2) < 0,4, ¢) from (7-1).
Then, by 6.13, we have

(7-2) ¢'(2) < 0q.

From the construction, we know that ¢’(2) is contained in 71 (7, 1(9/)). Hence, 9/
is contained in 72 (7, Y@/ (9)). By (7-2), we see that 9’ is contained in rz(rl_l (0g)).
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From 6.12, we know that {4 o) Oa(1(4.,0)) is a union of at most two closures
of nilpotent orbits. O
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