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A GLUING CONSTRUCTION
FOR PRESCRIBED MEAN CURVATURE

ADRIAN BUTSCHER

The gluing technique is used to construct hypersurfaces in Euclidean space
having approximately constant prescribed mean curvature. These surfaces
are perturbations of unions of finitely many spheres of the same radius as-
sembled end-to-end along a line segment. The condition on the existence of
these hypersurfaces is the vanishing of the sum of certain integral moments
of the spheres with respect to the prescribed mean curvature function.

1. Introduction

In [Butscher and Mazzeo 2008] we have constructed examples of constant mean
curvature (CMC) hypersurfaces in a Riemannian manifold M with axial symmetry
by gluing together small spheres positioned end-to-end along a geodesic y. These
examples have very large mean curvature 2/r and lie within a distance O(r) of
either a segment or a ray of y; hence we say that these surfaces condense to the
appropriate subset of y. Such surfaces cannot exist in Euclidean space, and their
existence relies on the fact that the gradient of the ambient scalar curvature of M
acts as a “friction term” that permits the usual analytic gluing construction (akin
to the classical gluing constructions pioneered by Kapouleas [1990a; 1991]) to
be carried out. The purpose of this paper is to show the same techniques used
in [Butscher and Mazzeo 2008] can be adapted in a straightforward manner to
show that a similar construction is possible in a much simpler yet fairly general
context: that of hypersurfaces having prescribed near-constant mean curvature in
Euclidean space, in a certain sense to be explained forthwith. The essence of the
gluing construction carried out herein therefore lies in identifying and appropriately
exploiting the analogous friction term appearing in this setting.

Let F :R"™! x TR"™! — R be a given, fixed smooth function. For simplicity and
to maintain the parallel with the earlier paper, we will assume that F has cylindrical
symmetry in the following sense. Endow R"*! with coordinates (x°, x!, ..., x")
and let G € O(n+ 1) be the set of orthogonal transformations that fix the x-axis.
Each rotation R € G acts on TR"H! via the differential R, : TR"*! — TR+ We
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258 ADRIAN BUTSCHER

will now demand that F(R(p), R.V,) = F(p, V,) forall (p, V,) e R""! x TR*+1,
The prescribed mean curvature problem that will be solved in this paper is to find,
for every sufficiently small r € R, a G-invariant hypersurface X, which satisfies

(1-1) H[.1(p) =2+ r*F(p, Nx,(p)) forall pe %,

where H[Z,] is the mean curvature of X, and Ny, is the unit normal vector field
of X,. Note that we are not “prescribing” mean curvature in the usual sense;
i.e., we don’t have an a priori curvature function in mind that should equal the
mean curvature of the hypersurfaces we construct. Instead, we should understand
“prescribed mean curvature” to mean that a fixed external quantity (the function F)
imposes an extra condition on the geometry of the hypersurface, which must adjust
itself in R? in order to satisfy this condition. Consequently, we won’t know exactly
the value of the mean curvature function, but we will know that it is near-constant
and that the external condition is satisfied.

The prescribed mean curvature hypersurfaces of this paper will be built by gluing
together a finite number K of spheres of radius one (and thus of mean curvature
exactly equal to two) whose centers lie on the x°-axis using small catenoidal necks
having the x%-axis as their axes of symmetry. In order to properly state the Main
Theorem, we must make the following definition, which is meant to capture the
most important effect of the prescribed mean curvature function F on the surface
whose construction is accomplished in this paper.

Definition 1.1. Let S be a compact surface in R"*!. The F-moment of S is the
quantity

wr(S) = / F(x, Ng(x))J dVolg
N
where Ny is the unit normal vector field of S and dVolg is the induced volume form
of S, while J : § — R is defined by J(x) := (8/3x°, Ng(x)) for x € S.

Now let p,?(s) = (s +2(k—1), 0, ..., 0) and consider the spheres Si(s) :=
aB( p,?(s)). These spheres are positioned along the x’-axis in such a way that
each Sy (s) makes tangential contact with Sy (s). The following theorem will be
proved in this paper.

Main Theorem. Suppose that there is so € R such that

o the F-moments of the spheres Sy (so) satisfy Z,{;l Wwr(Sk(s9)) =0, and
o the function s — Z,{il Wwr (S (s)) has nonvanishing derivative at s = s,
then for all sufficiently small r > 0, there is a smooth, embedded hypersurface X,

which is a small perturbation of Uf: 1 Sk(s0) that satisfies the prescribed mean
curvature equation (1-1).
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It is easy to find a situation in which the conditions of the Main Theorem hold.
For example: if F (-, -) is such that g (0 By 0 xt, .. X)) is negative whenever
x0 is sufficiently negative and positive whenever x° is sufficiently positive, the
mean value theorem asserts that the function s Zle wr(Sk(s)) has a zero.
And if also F (x, -) is monotone as a function of x°, this function will have nonzero
derivative.

An application of the Main Theorem, and indeed an inspiration for it, is the
earlier work by Kapouleas [1990b] on slowly rotating assemblies of water droplets.
In this case, the prescribed mean curvature function F : R"*! x TR"*! — R takes
the form F(p, Nx, (p)) := C(w)(p®)? where p := (p°, p!,... p") and C(w) de-
pends on the angular velocity w. The prescribed mean curvature equation now
approximates the effect of centrifugal force on the surface ¥, when w is small.
One of the assemblies of water droplets that Kapouleas constructs is exactly as
described in the Main Theorem. (He constructs many other, more complex, and
less symmetrical assemblies as well.)

Another application of the Main Theorem is for understanding the possible
shapes an electrically charged soap film can adopt in the presence of a weak, axially
symmetric electric field. In this case, the equation satisfied by the surface adopted
by the soap film is exactly (1-1), where the prescribed mean curvature function
F : R™! x TR — R takes the form F(p, Nx, (p)) := —C(Vé(p), Nz, (p))
and ¢ : R™"! — R is the electric potential and C is a constant. We can see why
this is so by writing the total energy of the soap film as the sum of a surface area
term and a term proportional to the surface integral of ¢, and then computing the
Euler-Lagrange equation for the variation of this energy subject to the constraint
that the volume enclosed by the surface remains constant. If we now assume that
¢ is such that the existence conditions of the Main Theorem hold, then the Main
Theorem asserts that K spherical, electrically charged soap films connected by
small catenoidal necks can be held in equilibrium at special points in space by the
electric field.

2. The approximate solution

To construct an approximate solution for the Main Theorem, we use essentially
exactly the same procedure as in [Butscher and Mazzeo 2008, §3.1]. This will be
outlined here very briefly for the convenience of the reader. The presentation is
given for the dimension n = 2 for simplicity; everything that follows can be easily
adapted to the (n + 1)-dimensional setting.

Endow R? with coordinates (x°, x!, x?), and let y be the x°-axis and y(t) be the
arc-length parametrization of the x0-axis with y(0) = (0, 0, 0). We will construct
an approximate solution for the Main Theorem out of K spheres of radius one as
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follows. Choose a localization parameter s € R and small separation parameters
o1,...,0k_1 €R,. Define s; :=s and s :=s—{—2(k—1)—|—2§:11 ojfork=2,..., K
and set py := y(sx) and p,ic := y(sy £ 1). Define the spheres S; := d B;(px). These
spheres will now be joined together according to the following three steps.

Step 1. The first step is to replace each S; with the surface Sk obtained by taking
the normal graph of a specially chosen function G over Si \ [B,, ( p,:r) UB,, (p; )]
where o € (0, 1) is a small radius as yet to be determined. The functions we use
for this purpose can be defined as follows. Let 2 := Ag2 + 2 be the linearized
mean curvature operator of the unit sphere, let 8]::: be yet-to-be-determined small
scale parameters and let Jy := (d/ ax0, N, ) be the sole G-invariant function in the
kernel of £ normalized to have unit L?-norm. Then the functions G should
satisfy the equations

P2 (Gr) =l 8(p)) + e 8(p )+ A ifk=2,...K—1,
P2(G1) =& 8(p}) + Ay ifk=1,
Ls2(Gg) = exd(py) + Ak Jk ifk=K,

where 8(q) is the Dirac 8-function centered at g and Ay is chosen to ensure L’-
orthogonality to Ji. (Of course J; = X9 s;» the restriction of the x% coordinate
function to S;). Furthermore, G, should be chosen L2—orthog0nal to J, normal-
ized to have unit L2-norm, and to be positive in a neighborhood of p,’:.

Step 2. Let E be the catenoid, i.e., the unique complete minimal surface of rev-
olution whose axis of symmetry is y and whose waist lies in the (x!, x?)-plane.
The next step is to find the truncated and rescaled catenoidal neck of the form
Er == B, (p)) N [exE + p} + (8, 0, 0)] that fits optimally in the space between
Sy and Sg4p for k =2,..., K — 1. Here & > 0 is a small scale parameter and
pp is a point between p,j and p,_, that are determined by the optimal fitting
procedure while §; is a small vertical displacement parameter that takes E; away
from its optimal location and p is a small radius as yet to be determined. The
optimal fit is obtained by matching the asymptotic expansions of the functions
giving S‘k NB o ( p,ﬁ) and S‘k+ 1NB o ( p,E) and Ej as graphs over the translate of the
(x!, x?)-plane passing through p; exactly as in [Butscher and Mazzeo 2008, §3.1].
One particularly important outcome of the matching is that g; from the previous
step, as well as 82: and p} are all uniquely determined by oy. In fact, an invertible
relationship of the form oy := Ay (&x) holds, with Ay (er) = O(eg |log(ex)|). Finally,
we find that we must choose oy, ,0,/C = @(82/ 4) to ensure the optimal fit between the
necks and the perturbed spheres.

Step 3. The final step is to use cut-off functions to smoothly glue the neck Zj
into the space between S; and Si4;. In this way we obtain a family of surfaces
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depending on the o, § and s parameters. Denote the neck modified by the cut-off
functions by . The interpolating region is the annulus B,y ( P\ B p1/2( ).

Definition 2.1. Let K be given. The approximate solution with parameters o :=

{o1,...,0x—1}and 6 := {61, ..., 8kx—1} and s is the surface given by
. K _ K—1 _
¥(0,8,8): = Sy U J Ex.
k=1 k=1

3. Solving the projected problem

We now proceed to solve (1-1) up to a finite-dimensional error term by perturb-
ing the approximate solution constructed in the previous section. The required
analysis is in most respects identical to or less involved than the analysis found
in [Butscher and Mazzeo 2008, SS4—6] and will thus again only be abbreviated
here for the sake of the reader. The outcome will be a surface Ef (0,8, s) sat-
isfying H[Z (0, 8, 5)] —2 — r2F|2§(a,5,s) € W, where W is a finite-dimensional
space of functions that will be defined precisely below. It arises because the lin-
earized mean curvature operator, which governs the solvability of (3-1), possesses a
finite-dimensional approximate kernel consisting of eigenfunctions corresponding
to small eigenvalues. These small eigenvalues make it impossible to implement a
convergent algorithm for prescribing the components of the mean curvature of the
approximate solution lying in W',

Function spaces. We first define the weighted Holder spaces in which the analysis
will be carried out. These are essentially the same weighted spaces as in [Butscher
and Mazzeo 2008, §4], namely the spaces C’V"“(f)(a, 38, s)) consisting of all Cl];g‘
functions on f](o, 8, s) where the rate of growth in the neck regions of f)(o, 5,5)
is controlled by the parameter v. Choose some fixed, small 0 < R < 1 and define

a weight function ¢ : f](a, 3,5) > Ras
x|l for p = (x%, x) € Bra(pp) for some k,
¢(p) := 1 interpolation for p BR(p,E) \ Bgy2(p}) for some k,
1 elsewhere,
where the interpolation is such that ¢ is smooth and monotone in the region of

interpolation, has appropriately bounded derivatives, and is G-invariant. Now, for
any open set U C X (o, §, s5), define

k
|f|Cl/)€ﬂ(ou) — Z |§.i—11vif|0’cu 4 [§k+a_vka]a,ou,

i=0
where | - |p q, is the supremum norm on U and [ - ]y, is the e-Holder coefficient
on AU. This is the norm that will be used in the Cf’“(E(a, 3, s)) spaces.
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The equation to solve. Let 1 : Cf’o‘(f}(a, 8,5)) — Emb(Z (o, 8, 5), R"™!) be the
exponential map of (o, 8, s) in the direction of the unit normal vector field of
f)(a, 8,s). Hence ,uf(f)(o, 8, s)) is the normal deformation of f](a, 8, s) gener-
ated by f € C%""(i(o, 3,5)). The equation

(3-1) Hpp(£(0,8, )] =241 Fo(1r X N, (50.5.5)

selects f € Cf’“(f](a, 8, s)) so that ;Lf(fl(o, 38, s)) satisfies (1-1). In addition, the
function f will be assumed G-invariant. Define the operator

D, 0551 C2%(E(0,8,5)) = CO%(2(a, 8, 5))
by
Dro5.s(f) = H[us(E(0,8,9)] =2 —r>F(f),
where F(f) := Fo(uy x NW(E(G’&S))). The linearization of &, , 5 ¢ at zero is
given by

L= Dq)r,a,&,s(o)
=A+||B|*+ 72(D1 F(10s Ns(5.5.5) * Ns0.5.5) — D2F (10, Ng(55.5)) V).

where D; F and D, F are the derivatives of F in its first and second slots and
B = B[fl(a, 8, 5)] is the second fundamental form of f](a, 5,5).

The space W is defined as follows. On the k-th spherical part of £(c, 8, 5), the
operator £ is a small perturbation of & := Ag, + 2 which is the linearized mean
curvature operator of the sphere Si. Let J; once again be the G-invariant function
in its kernel. Now let Iexex : Sk = Sk \ [B (p{)UB () fork=1,..., K —1
and also Iex 1 : §1 — S1\ Bk (p,j) and IMex(  : SK — Sk \ B+ (pg) be the nearest-
point projection mappings and define Ji := JyoIlex k. Finally, let ., be a smooth
cut-off function supported on Sy and let 7; be a smooth cut-off function supported
on the transition region between the k-th neck and Sk with the property that the
support of Vi and V x, , do not overlap (this technical assumption is needed in
the fine details of the analysis carried out in [Butscher and Mazzeo 2008]).

Definition 3.1. The space W is defined as
W= span{)eq i Je k=1 ..., K}U {(eusLu () tk=1,..., K —1}.

We now prove the following theorem. Let ¢ := max{ey,...,ex_1} and § :=
max{éi, ..., 8x_1} and we will assume that ¢ = O(r?) and § = O(r), which will be
justified a posteriori.

Theorem 3.2. If r > 0 is sufficiently small, then there exists f := f.(0,68,s) €
C2%(X (0,8, 5)) withv € (1, 2) so that

(3-2) D,00.5(f) €W,
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The estimate | f lc2a =C r2 holds for the function f, where the constant C is inde-
pendent of r. Finally, the mapping (o, 8, s) — f,(o, 8, s) is smooth in the sense of
Banach spaces.

Proof. As in [Butscher and Mazzeo 2008], we will use a fixed-point argument
to solve the equation @, 4 5,(f) € W for a function f e CZ"‘(Z(J 8, s)) with
v € (1,2). The fixed-point argument follows from three steps: an estimate of
the size of @, 4 5.5(0); the construction of a bounded parametrix R satisfying
FLoR =id+€ where € : Cgf‘z(f}(a, 8,8)) —> 9; and an estimate of the nonlinear
part of the operator ®, , 5 ;. Each of these steps is given in great detail in the paper
cited, so we just point out how the analysis there applies to the present situation.

Step 1. We begln with the estimate of |, 5 5 5 (0)| 0 s the amount that the approx-
imate solution E(o 38, s) deviates from being an actual solution of (3-1). This is
done by adapting [Butscher and Mazzeo 2008, Proposition 13]. In fact, by using
that proposition’s steps 1, 2 and 4 in the estimate of H[f](o, 8,5)]—2in the CSf‘Z
norm for v € (1, 2), together with a straightforward estimate for the C 8 %, norm of
the r>% term, we find that

|<Dr,g,5,s(0)‘co,a < Cmax{r?, ¢3273/4 sel=3v/4) < ¢p?
v—2
for some constant C independent of r.

Step 2. We now find a parametrix
R:C)%(E(0,8,5) = Cr*(E(0,38, %))

satisfying £ o R = id + €, where € : Cgf‘z(f}(a, 8,8)) — . As in [Butscher and
Mazzeo 2008, Proposition 15], this is done by first constructing an approximate
parametrix by patching together parametrices for the linearized mean curvature op-
erator of each sphere with parametrices for the linearized mean curvature operator
of each neck; and then iterating to produce an exact parametrix plus an error term
in W in the limit. The difference here is that the terms coming from the noneuclid-
ean background metric in the result just cited must be replaced by the r>F term.
The same result holds because this term can easily be shown to satisfy the right
estimates. In fact, R and € satisfy the estimate |R(w) |C2a + |%(w)|cz « < Clwlcotx
for all w € CU 2(2)((7 8, s)), where C is a constant independent of r.

Step 3. We define
92:Cr*(2(0,8,5) = C,%(3(0,8,9)),
the quadratic (and higher) remainder term of the operator ®, ;5 5, by

gl(f) = CI)r,o*,S,s(f) - (Dr,o,B,s(O) - g(f)
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The estimates for the CS’“ norm of 9 can be found exactly as in [Butscher and
Mazzeo 2008, Proposition 18] with the terms coming from the noneuclidean back-
ground metric replaced by the r2% term. Then there exists Cop > 0 so that if
fi, f2 € Cf*“(i(a, 8,s)) for v € (1,2) and satisfying |f]|cg,o( + |f2|c5.a < Cy,
then

12(f1) —Q(fz)lcggz = Clfi = f2l c2« max {1/ | c2es Ilecg,a},

where C is a constant independent of r. Once again, this works because the r>%
term can easily be shown to satisfy the right estimates.

Step 4. We can now solve the CMC equation up to a finite-dimensional error term
by implementing a fixed-point argument based on the parametrix constructed in
Step 2 as well as the estimates we have computed so far. Let £ := ®, ;5 (0) and
use the Ansatz f := R(w — E) to convert the equation ®, 5 (f) € W into the
fixed point problem w — N, 5.5 s(w) € °i71/, where

Nross: CO%(2(0,8,5) = Co%(2(a, 8, 5))

is defined by
Nigssw) :i=—=20R(w — E).

The estimates established up to now give us
W (1) = N (w2)| o, < Crwn — wa] o

for w in a ball of radius O(r%) about zero in Cgf‘z(f}(a, 38,5)), where C is inde-
pendent of r. Hence N, is a contraction mapping on this ball if r is sufficiently
small, and a solution of (3-2) satisfying the desired estimate can be found. The
smooth dependence of this solution on the parameters (o, §, s) is a consequence of
the fixed-point process. U

4. Force balancing arguments and the proof of the Main Theorem
When r is sufficiently small, we have now found a function
f+(0,8) € C2*(2(0, 8, 5))
for each (o, 8, s) such that
H[1tf,00.5)/(2(0,8,)] =2 = r?F(f,(0,8,5) = ,(0,3,5),

where €,(o, d, s) is an error term belonging to the finite-dimensional space W
depending on the free parameters (o, §, s). The corresponding surface that sat-
isfies the prescribed mean curvature condition up to finite-dimensional error is

250, 8,5) 1= 1 f0.5.5)(5(0, 8, 8)).
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To complete the proof of the Main Theorem, we must show that it is possible
to find a value of (o, §, s) for which these error terms vanish identically. As in
[Butscher and Mazzeo 2008, §7.2], we take cut-off functions Xéxt,k and Xéeck,k
supported on the k-th spherical region and the k-th neck and transition region,
respectively, and consider the balancing map B, : R*§~! — R*K=! defined by

(4-1) B.(0,8,5) = (71(¢,(0,8,5)), ..., Tk —1(¢,(0, 8, 5))),

where o1 : W — R and 7o : W — R are the L2-projection operators given by

mox(e) 22/~ e'Xrieck,ki/u Tok+1(e) 2=/~ e'Xe/Xt,kjk'
¥(0,8,s) ¥ (0,6,s)

Here ik := I o Ipeck k Where Tpeck x is the nearest-point projection mapping of
the perturbed k-th neck region onto the unperturbed k-th neck, and I is the Jacobi
field of the k-th neck coming from translation along the neck axis. This is an
odd, bounded function with respect to the center of the neck. Note that B, is a
smooth map between finite-dimensional vector spaces by virtue of the fact that
the dependence of the solution f,(o,§,s) on (o, 4§, s) is smooth and the mean
curvature operator is a smooth map of the Banach spaces upon which it is defined.
The following lemma proves that 7 (e) = 0 implies that e = 0.

Lemma 4.1. Choose e € W as e = Z,{il Ak Xext.k Ji+ Zfz_ll b &Ly (ny) for ay, by €
R. Then
ok (e) = C1by — Cié?z/zak, mou+1(e) = Caray,

where Cy, C i, C» are positive constants independent of r and (o, 8, s).

Proof. In the integral
k
—k—

the second two terms can be made to vanish by choosing the supports of .,
Xex; and i appropriately. The remaining term has large integral because Ji =
Ji o Mexex and Ji has unit L? norm as a function of the sphere. In the integral
fe ’ Xr;eck,kik = le:li ag f Xext,ZXr{eck,kaik + bk f Xr;eck,kxext,kgk(nk)ik the first
two terms contribute quantities proportional to the volume of the transition regions
surrounding the k-th neck where x. , Xr{eck, ¢ 1s supported. The remaining term
can be made to have large, positive and negative values (depending on the sign
of I;) by choosing the supports of Xext» Xext to fall where the quantity £y (nx) is
largest. O

/e'Xe/xt,ka=ak/Xext,kXe/xt,k‘]~k2 + be'/vxe/xt,kxext,égz(nﬁ)jk’

14 1

We must now show that B, (o, §, s) can be controlled by the initial geometry
of X(o,4,s), at least to lowest order in . The calculations are similar to those
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found in [Butscher and Mazzeo 2008, §7.2] except with the contributions from
the ambient background geometry replaced by a contribution from the prescribed
mean curvature in the form of the F-moments of the spheres making up ¥ (o, 8, s).

The highest-order part of €, (o, §, s) involves the F-moments of the spherical
constituents S; of f)(a, 38, s) as follows. Set wy (o, s) := wp(Sy) — this depends
on s and oy, ..., o because the location of the center of Sy is determined by these
parameters. Let us continue to assume that g = 0(r?) and 8; = O(r) for each k.
This will be justified shortly.

Lemma 4.2. The quantity €,(o, 8, s) satisfies

(4-2) ok (€:(0. 8. 5)) = C18ce;” + 002+
and
(4_3) T02k+1 (%r(o—» 59 S))
Corer —rpi(o, s) + 0 ifk=0,
= 1 Coeks1 — 1) — rPpurs1(0, ) + 00 if0<k <K —1,
—Creg —riuk(o,s) +0(r*) ifk=K—1,

where C1, Cy are constants independent of r, 0, 8, s.

Proof. Set = E,ﬁ (0,8,5) and X := f](a, 8, s) for convenience. Consider first
(4-3) with 0 < k < K — 1. By the first variation formula and estimates of the size
of the perturbation generating Ef from i(o, 8, s), and calculating as in [Butscher
and Mazzeo 2008, Proposition 27], we have

o (6:0.8,9) = [ (HIZF1 =2 = 7,085 xos
DI

0
- (20w} =7 [ FerNs o000
8Ennsupp Xext,k X Sk
= Ca(er1 — &) — r’ (s, 0) +0(r"),

where vy is the unit normal vector field of 9X% N SUpp Xext.k 1N L
Now consider (4-2). In the neck we have H [f](a, 8,5)] = 0. Using similar
estimates, we get

7ok (€,(0,8,5)) = fzﬁ (HIZH =2 —r?F(f(0.6.5))) Xneck k Ik

M

- _2/ Xneck.k Tk +@(I’2+2‘)) = C15k82/2 + 0(,,2—5—21)),
ZNSUpp Xneck.k

where §; is the displacement parameter of the k-th neck. This is because I is
an odd function with respect to the neck having §; = 0, whereas the integral is
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being taken over the neck with §; # 0. Hence the integral fzmsu — Xneck. k Tk
picks up the displacement of the k-th neck from its position at §x = 0. This same
phenomenon arises in [Butscher and Mazzeo 2008, Proposition 27]. O

4.1. Proof of the Main Theorem. It remains to find a value of the parameters
(0,8, s) so that €,(o,8,s) = 0. As shown in Lemma 4.1, this is equivalent to
find a solution of the equation B, (o, §, s) = 0. In what follows, we will continue
to assume that ¢ = O(r2) and § = O(r) and this will be justified shortly. As a
consequence of Lemma 4.2, the equations that we must solve are as follows:

Ci61 =E (0,9, ),

Cidg—1=Eg_1(0,4,5),

Cae1 =11 (o, s) + Ej (0,8, ),
Ca(e2 — 1) =r*1a(0, 5) + E5(0, 8, 5),

Cor(ex—1 —€ex—2) =r*uk—1(0,8) + Ex_,(0,8,5),
—Creg_1 =r*puk(o,s) + Ex (0,8, s),

where ¢; depends on oy in an invertible manner as indicated in Step 2 of the con-
struction of the approximate solution, and Ej, E, are error quantities satisfying
the bounds |Ex| = O(r—1*2") and |E S O(r*). We can abbreviate these equations
by introducing the matrix M := (] 9), where I is the (K — 1) x (K — 1) identity
matrix and J is the K x (K — 1) matrix

1
-1 1
J = .
-1 1
—1

The equations become
(4-4) M(C\8, Ca¢)' = (E, r’n+E'),
where § := (81, ...,8x—-1),6:=(¢e1,...,éx—1) and so on for E, E' and .

We will solve these equations in two steps as follows. Note first that the matrix
M is injective but not surjective, with vectors in the image of M satisfying the
relation (0, e)- M (v, w) =0 for all (v, w) € R?A~2, where e := (1, 1, ..., 1) e RX.
Let p : R*~! — R*X=2 be the orthogonal projection onto the image of M. The
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equation
(4-5) pM(e,8) — p(E, r*u+E)=0

can now be solved using the implicit function theorem when r > 0 is sufficiently
small if the derivative matrix in (g, §) of the mapping on the left hand side of (4-5)
above is nonsingular when r = 0. But this holds because the matrix pM : R?X =2 —
R%X=2 is nonsingular and the contribution to the derivative matrix coming from the
error term p(E, r’>u + E’) vanishes when r = 0.

We thus now have a solution ¢ := ¢, (s) and §, (s) of (4-4) for all sufficiently small
r and depending implicitly on the one remaining free parameter s. Moreover, we
see that ¢ = 0(r2) and 8§ = O(r—112Y) = O(r) since v € (1, 2). It remains to solve
(4-5) and we proceed as follows. Once (¢, §) satisfy (4-5), then (4-4) becomes
equivalent to 0 = (0, e) - M (g, §) = r’e-p+e-E', or simply

K
(4-6) > i(0r(s), 8) + E"(04(5), 8:(5), 5) =0,
k=1

where the error quantity satisfies the estimate |E”| = 0(r?).

Equation (4-6) may or may not have a solution, depending on the nature of the
function ), uk, which in turn depends on the specific nature of the prescribed
mean curvature function F. However, if the following two conditions are met,
then the implicit function theorem guarantees the existence of a solution. First, it
must be the case that the equation at » = 0 has a solution, in other words if the
F-moments of the spheres Si, ..., Sk satisfy

K
> ur@Bi(pl()) =0

k=1
for some s, where p,?(s) =(+2k-—1),0,...,0). Second, if s is the solution
of this equation, then it must also be the case that the mapping
K
s> Y up@Bi(p)(s)
k=1

has nonvanishing derivative at s = sg. If these conditions are satisfied, then the
implicit function theorem implies that for r sufficiently small, there is a solution
s(r) of (4-6). This completes the proof. U
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LARGE EIGENVALUES AND CONCENTRATION

BRUNO COLBOIS AND ALESSANDRO SAVO

Let M" = (M, g) be a compact, connected, Riemannian manifold of dimen-
sion n. Let p be the measure u = o dvolg, where o € C*°(M) is a nonnegative
density. We first show that, under some mild metric conditions that do not
involve the curvature, the presence of a large eigenvalue (or more precisely
of a large gap in the spectrum) for the Laplacian associated to the density
o on M implies a strong concentration phenomenon for the measure u.
When the density is positive, we show that our result is optimal. Then we
investigate the case of a Laplace-type operator D = V*V + T on a vector
bundle E over M, and show that the presence of a large gap between the
(k+1)-st eigenvalue A; 1 and the k-th eigenvalue A, implies a concentration
phenomenon for the eigensections associated to the eigenvalues Ay, ..., Ay
of the operator D.

1. Introduction

The goal of this paper is to show that, under some mild metric conditions, the pres-
ence of a large eigenvalue of the Laplacian A on a compact Riemannian manifold
M implies that the Riemannian volume concentrates around a finite set of points.
Actually, we show that a similar phenomenon holds for any Laplace-type operator
D acting on sections of a vector bundle on M, if one replaces the Riemannian
volume by the squared norm of a first eigensection of D.

Let us recall briefly the main known facts about concentration and the spectrum
of the Laplace operator. In what follows, we number the eigenvalues of A so that
A1 (M) =0 and Ao (M) is the first positive eigenvalue.

For a closed Riemannian manifold of dimension n whose Ricci curvature is
bounded below, that is, Ric > —(n — 1)a?, we have the following well-known
inequality due to Cheng [1975]:

(n —1)2a? c(n)k?

s 1 (M) < ,
(M) < = diam(M)?

MSC2000: primary 58J50; secondary 35P15.
Keywords: eigenvalues, upper bounds, Laplace-type operators, concentration.
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where c(n) is a constant depending only on n. This shows that when the k-th
eigenvalue is very large, the whole manifold is contained in a small neighborhood
of any of its points and so we have a strong concentration phenomenon.

At the other extreme, if we make no assumption other than compactness we still
have a concentration phenomenon, first observed by Gromov and Milman [1983,
Theorem 4.1]. It says that if A is a closed subset with positive normalized measure
U(A) =« and r > 0, then

(1 1(A") = 1— (1 —a®) exp(—ry/Aa(M) In(1 + ),

where A" ={xe M :d(A,x) <r}.

So, when the first (positive) eigenvalue is large, almost all relative volume of M
lies in a small neighborhood of any set of fixed positive measure.

However, we stress that 1 (A) being positive is essential in the estimate; the sole
assumption that A, (M) is large does not guarantee that the volume concentrates
around, say, a finite set of points. For example, take M,, to be the n-dimensional
unit sphere. Then A,(M,,) (which is equal to n) tends to infinity with n; we have
concentration in the sense of Gromov and Milman, and yet the volume of M, is
uniformly distributed and cannot concentrate around any finite set. In Section A.4
we will give another counterexample in which the dimension is fixed.

Inequality (1) can be generalized to the other eigenvalues using an interesting
upper bound of A, (M) due to Chung, Grigor’yan and Yau; the upper bound is given
in terms of the least distance between k mutually disjoint subsets of fixed positive
measure; see [Chung et al. 1997] and also [Friedman and Tillich 2000] for a sharp
estimate.

This paper deals with concentration around a finite number of points, and with
a simple metric condition that will imply this phenomenon. Namely, we require
that the number of balls of radius r needed to cover a ball of radius 4r is uniformly
bounded above by a constant C for r < 1. We then prove the following fact:

If the (k+1)-st eigenvalue of the Laplacian of M is large, then most of
the volume of M concentrates near (at most) k points of the manifold.

However, we will prove a result (Theorem 4) that is much more general; in
particular, it will imply the following fact. Consider a Laplace-type operator D
acting on the sections of a smooth vector bundle on M (for example, the Laplacian
on forms, the square of the Dirac operator or the Schroedinger operator). Then:

If the gap between the (k+1)-st and the k-th eigenvalue of D is large,
then any eigensection associated to the first k eigenvalues concentrates
its L*>-norm near (at most) k points of the manifold.

Both the above estimates depend explicitly on the constant C.
In the rest of the introduction we state the precise results: Theorems 1, 2 and 3.
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1.1. Some definitions. We will consider metric measure spaces (M, i, d) of the
following type:

e M = (M", g) is a compact, connected Riemannian manifold of dimension 7,
possibly with nonempty boundary.

* 1 is the measure w =o dvolg, where o € C°°(M) is a nonnegative density. We
will also assume, without loss of generality, that u is a probability measure,
that is, [,, o dvol, = 1.

e d is a distance function that is assumed to be Lipschitz, that is, |[Vd| < 1
almost everywhere with respect to u.

For r > 0, define C;(M, r) to be the minimal number of balls of radius r in
(M, d) needed to cover a ball of radius 4r. Then C,(M, r) is finite for all r.
We will set

@ Ca(M) = sup Ca(M, ),
re(0,1]

and call it the packing constant of the pair (M, d). It is a metric invariant (it does

not depend on the measure ).

The packing constant is often used in similar contexts (it is used extensively in
the survey [Grigor’yan et al. 2004]). By the compactness of M, C;(M) is well-
defined.

Note that d is not necessarily the Riemannian distance. In fact, here are three
typical situations in which it is easy to control the packing constant:

(D (M", g) is a closed Riemannian manifold and d is the intrinsic distance on M
associated to the Riemannian metric g.

(II) M" is an immersed submanifold of another manifold X (for example, hyper-
bolic or Euclidean space) and d = dey is the extrinsic distance, that is, the
restriction to M of the Riemannian distance on X.

(III) M™ is a bounded domain with smooth boundary in a complete Riemannian
manifold X and again d = d.y; is the extrinsic distance.

In the first case we can easily estimate the packing constant in terms of a lower
bound of the Ricci curvature and the dimension, using the Bishop—Gromov in-
equality; see [Colbois and Maerten 2008, Example 2.1]. In cases (II) and (III),
a simple argument shows that Cy(M) < C4(X)?, and so the packing constant of
an immersed submanifold of Euclidean space (or of a manifold with nonnegative
Ricci curvature) is bounded above by an absolute constant depending only on the
dimension of X; in particular, it is independent on the Ricci curvature of M. For
example, if M is any submanifold of R then C;(M) < (1 + 32")2 Here d is the
extrinsic distance; for the intrinsic distance this is no longer true in general.
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1.2. Estimates for the Laplacian on functions. When the density o is positive,
we can consider the following operator L acting on any u € C*(M):

3) Lu:Au—é(Vu,Va).

If oM # @, we assume Neumann boundary conditions. L is self-adjoint when
acting on L?(M, 1), where 1 = o dvolg, and is associated to the quadratic form

U / |Vul?o dvol, .
M

The spectrum of L is discrete and will be denoted by {A((L)}72,. Note that
A (L) =0 and Ap(L) > 0. If o is constant (that is, p is just a multiple of the
Riemannian measure) one recovers the eigenvalues of the ordinary Laplacian on M.
However, the generalization to Laplace-type operators will force us to consider
nonconstant densities.

Theorem 1. Suppose M = (M, u,d) is a metric measured space as defined in
Section 1.1 and assume that @ = o dvol,, with o > 0 everywhere on M. Let L
be the operator defined in (3). Then, for all k > 1, there exists a set S of k points
X1y ..., X €M such that

log Agy1(L)
VAk+1(L)

provided that A1 (L) > e. Here C;(M) is the packing constant defined in (2).

r=38(k+ l)Cd(M)2 . implies u(S")>1-r,

Remarks. The estimate is sharp, in the sense that the decay log A/+/A is optimal
as A = Ar4+1(L) tends to infinity, and cannot be replaced by a function with a faster
rate of decrease. We refer to Section A.2 for an explicit example.

If the eigenvalue Ag4 (L) is large (so that r is small), then almost all of the
measure p is in the r-neighborhhood of k suitable points: This is the concentration
property that we want to emphasize.

There is an equivalent formulation of our estimate in terms of the so-called
Lévy—Prokhorov distance between probability measures. If (X, d) is a metric
space, B(X) the borelian o-algebra and P (X) the set of the probability measures
on X, the Lévy—Prokhorov distance dp between two elements v; and v, of P(X)
is defined as

dp(vy,v2)
=inf{r > 0:v;(C) < v(C") +r and v(C) < vi(C") +r for all C € B(X)]}.

See for example [Villani 2009, (6.5), page 97].

The following result is an equivalent formulation of Theorem 1.
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Theorem 2. In the hypothesis of Theorem 1, there exist k points x1,...,xx € M
and weights pi, ..., pr € [0, 1) such that ) p; =1 and

log Ag+1(L)
dp(u, 8s) < 8(k+ 1)Cq(M)?  —==2
P08 ! Ak+1(L)

where §s = Zf;l pidy, and 8, is the Dirac measure concentrated at the point x;.
In particular, for k = 1 there exists a point x| € M such that

log A2(L)

dp (1, 85,) < 16C,(M)?* - .
p(1, 8x)) a(M) NZ00)

The estimate is sharp: see Section A.2.

In other words, when the eigenvalue is large, the measure w is close, in the
Lévy—Prokhorov sense, to a weighted linear combination of the Dirac measures at
the points x, ..., xg.

The equivalence between the formulations in Theorem 1 and Theorem 2 will be
proved in Section A.1.

Note that Theorems 1 and 2 apply obviously to the Laplacian acting on func-
tions: it suffices to choose o = 1/Vol(M). In that case the concentration is relative
to the (normalized) Riemannian volume.

1.3. Estimates for vector bundle Laplacians. The next task will be to general-
ize Theorem 1 when the density o is only assumed to be nonnegative. For that
purpose we introduce, in Section 2, a weaker notion of spectrum and prove the
relevant Theorem 4. Besides being interesting in itself, Theorem 4 will lead to a
concentration phenomenon of eigensections in the context of Laplacians acting on
sections of a vector bundle.

So, consider a vector bundle E over a compact Riemannian manifold (M", g)
with empty boundary, and denote by V a connection on E that is compatible with
the metric g (see [Bérard 1988] for details). An operator D acting on sections of
the bundle is said to be of Laplace-type if it can be written D = V*V 4+ T, where
T is a symmetric endomorphism of the fiber. Then, D is self-adjoint and elliptic.
We list its eigenvalues as

M(D) <do(D) <+ < M(D) < -

and denote by {1, {2, ...} a corresponding orthonormal basis of eigensections.
Important examples of Laplace-type operators are given by the Laplacian acting
on differential forms, by the square of the Dirac operator and by a Schrodinger
operator acting on functions. In the first case, T is the curvature term in the classical
Bochner—Weitzenbock formula, in the second case it is multiplication by a constant
multiple of the scalar curvature, and in the third case T is just the potential.
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In the second main theorem we assume a large gap in the spectrum of D and
prove that eigensections concentrate their norms near a finite set of points.

Theorem 3. For each positive integer k there is a set S of k points x1, ..., xx € M
with the following property. Let W be any unit L*>-norm linear combination of the
first k eigensections of D, and . = ||* dvol ¢- Then

2 2
. :25k(k (k+1)Cy(M)
Ak1(D) — A (D)

1/3
) implies u(S")>1-—r.
Equivalently, the Lévy—Prokhorov distance between | and a suitable linear com-
bination of the Dirac measures at x1, . . ., X is bounded above by r.

Example. We take D to be the ordinary Laplacian on functions and assume that
Ax+1 tends to infinity while Ag is uniformly bounded. Then by Theorem 1 the

Riemannian volume concentrates around & suitable points xj, ..., x¢. Theorem 3
then says that any eigenfunction associated to eigenvalues less than Ax4; will also
concentrate its L2-norm around x1, ..., X.

Example. We take D to be the Laplacian acting on p-forms and assume that
the p-th Betti number of M is positive, say b, (M) =k > 0. Then A (D) =0 and
A =Xk41(D) is the first positive eigenvalue of D. Assume that X is very large. Then
the theorem gives the existence of b, (M) points such that all harmonic p-forms
must concentrate their L2-norms in a small neighborhood of the union of these
points.

We also observe that, in general, a large gap in the spectrum of D does not
necessarily imply concentration of the Riemannian volume unless, of course, D is
the ordinary Laplacian, or there exist parallel sections (so that the density o = |/|?
is constant). We refer to Section A.3 for an explicit example.

The paper is structured as follows: In Section 2 we will prove Theorem 1 and
a more general version of it, Theorem 4. In Section 3 we will establish the results
for vector bundle Laplacians and prove Theorem 3. The appendix is devoted to the
examples, in particular, the sharpness of the estimate given in Theorem 1 and 2.

2. Estimates for functions

2.1. A general estimate when the density is only nonnegative. We consider a
compact manifold M (with or without boundary) endowed with a distance function
d and a measure u = o dvolg as in Section 1.1. We first consider the general case
in which o > 0. This will be needed to treat Laplace-type operators, where the
density o will be the squared norm of an eigensection, which can vanish at some
points of M. However it is well known from elliptic theory that eigensections can
vanish only on sets of measure zero.
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Let us then introduce the weak spectrum of the metric measured space M =
(M, 1, d) as follows. First, define the following Rayleigh quotient of the Lipschitz
function f (such that [,, f>u > 0):

k= [ vt/ [ o

Denote by Wy a vector space of Lipschitz functions on M of finite dimension k.
Then, for all integers k > 0 we define

A1 (ML) = S&P inf{R(f): f L Wil

It is clear that A (M) = 0. It is easy to check that the sequence A ;(.l) is non-
decreasing.
Having said that, we state the main theorem of this section.

Theorem 4. Let M = (M, , d) be as above, with . = o dvol, and o > 0. Then,
foreachk =1,2,... we can find a set S of k points x, ..., xx € M such that

. 5(<k+ DCa(M?
M (0

Remark. If the density o is strictly positive on M, then it is clear by the max-min
principle that the weak spectrum of Al is equal to the spectrum of the self-adjoint
elliptic operator L acting on L>(M, o -dvolg) and already defined in (3). That is,
A (M) = A (L) for all k. In this case, using an upper bound of [Chung et al. 1997]
and an additional measure theoretic lemma proved in [Colbois and Maerten 2008]
we can prove Theorem 1, which is an improvement of Theorem 4 for large A = Ag4
because log /+/A decays faster than A~1/3,

1/3
) implies n(S")>1-—r.

2.2. Preparatory results. In the next lemma we estimate the eigenvalues of Jl as
defined in the previous section. The first part follows from a standard argument in-
volving plateau functions, which applies to our case. The second part is an estimate
due to Chung, Grigor’yan and Yau.

Lemma 5. (a) Let Ml = (M, w,d) and assume that 1 = o - dvolg with o > 0.
Assume that there exist k + 1 subsets of M, each of measure at least o > 0,
which are 2r-separated (meaning that the distance between any two of the
given sets is at least 2r). Then Ay (M) < l/ozrz.

(b) If the density o is strictly positive on M, then
Mt (M) = M1 (L) < log?2/e)/r?,

where L is the operator Lu = Au — (Vu, Vo) /o defined in (3).
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Proof. (a) Fix a subspace W of the space of Lipschitz functions on M, of finite
dimension k. Let Ay, ..., Ag+1 be the subsets satisfying the assumptions, that is,
fAj,uzfAjadvolg >aand d(A;, Aj) >2rifi # j. Foreach j=1,...,k+1,
let ¢; be the plateau function

1 onAj,
¢j(x)=11—-dx,A)/r oan:A;\AJ-,
0 on the complement of A”.
Note that the ¢; are disjointly supported. Linear algebra shows that we can find
numbers ay, ..., ag+1 such that the function ¢ = le‘i} aj¢; is Lipschitz, L?(u)-

orthogonal to W and nonzero. We can also assume that ) a? = 1. The gradient
of ¢ is supported on the union of the £2;, and on £2; one has |[V¢| < |a;|/r almost

everywhere. Then
1 1
[ worust [ u=t
M M

/ ¢2uzzaf/ > a.
M j Aj

Therefore R(¢) < 1/(ar?). Since ¢ was orthogonal to W, we get

On the other hand,

inf{R(f): f LW} <1/(ar?).

The right side is independent of the subspace W; hence taking the supremum over
all k-dimensional subspaces W does not change the upper bound. Recalling the
definition of Aty |, one obtains the first part of the lemma.

(b) If the density o is positive, we can use an estimate of Chung, Grigor’yan

and Yau [1996]. It says that, if the subsets Ay, ..., Ag4+; are at distance at least s
from each other, then
Ay1(L) < iz -max(log ;f
52 i#) Vi(ADr(Aj)
The second inequality is now immediate by taking s = 2r. U

We will use [Colbois and Maerten 2008, Corollary 2.3], which we state in a way
more convenient to our purposes. Consider our metric space (M, d) and recall the
packing constant Cy(M). Let v be any measure on M.

Proposition 6. Let N be a positive integer. Suppose that for a given s > 0, we have
foreachx e M
V(M)
V(B(x,8) < 5.
4C4(M)*N
Then, there exist N subsets Ay, ..., Ay of M such thatv(A;) >v(M)/(2Cys(M)N)
foreachi and d(A;, Aj) > 3s for eachi # j.
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We will use the proposition in the proof of Theorem 4 for v given by the restric-
tion of w to a closed subset.

Proof of Theorem 4. Let Ay (M) = X and assume that it is positive. Let
<(k + I)Cd(M)2>l/3
r=>5 . .

We will prove that there exist a set S of suitably chosen points xi, ..., x; (not
necessarily distinct) such that

“4) n(SH=1-r.
We can suppose r < 1.
Leta =r/(4(k 4+ 1)Cy(M)?). By the definitions of r and « one has
125

T dar?’

&)

Step 1 (construction of the points). Choose x; so that u(B(x1, ir)) > u(B(x, ir))
for all x € M, and set
X] = B(xl, I")c.

Next, choose x; € X so that u(B(x;, }Tr)) > w(B(x, }Lr)) for all x € X, and set
X> = (B(x1,r)UB(x2,7))°.

We continue in this way until we obtain k points xy, ..., xx: To construct the j-th
point x; € X;_1, we demand that u(B(x;, ;7)) > w(B(x, 3r)) for all x € X,
and define

Xj= (B, r)U---UB(xj,1))".
Note that if X ; is empty for some j <k, then u(B(xy, r)U---UB(x;,r))=1>1-r,
so we can take § = {x,...,x;_1}. We have u(S") > 1 —r and the theorem is
proved. So we can assume that

Xi = (B(x1,r)U---UB(xg,1))°
is nonempty. Inequality (4) (and the theorem) follows if we show that p(X;) <r.

Step 2 (proof that u(Xy) < r). We argue by contradiction and show that the in-
equality

(6) w(Xp) >r
cannot occur. Let us then assume (6) and denote by B; the ball B(x;, %r). By
construction, the sets By, ..., By and X are %r-separated and

p(Bi) = u(Bz) = - - - = pu(By).
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First case. Assume p(By) > a. Then pu(Bj) > « for all j; moreover

r

HXD = > e, = ¢

simply because C;(M) > 1. Therefore the sets By, ..., By, Xy are %r-separated
and each of them has measure at least «. By Lemma 5,

(7 A= A1 (M) < 16/ (ar?),
which contradicts (5). Then the first case does not occur.

Second case. Assume w(By) < «. Consider the closed subset X = X;_;. By the
definition of xi, one has

w(B(x, 1)) < w(By) <a forall x € X.

Recall that X; € X1 = X.

We now consider the metric space (M, d) with the measure v given by the
restriction of w to the closed subspace X, that is, v(A) = w(A N X). By (6) we
have r < u(Xy) < u(X) = v(M) and therefore

r - v(M)
4k +1DCy(M)2~ 4(k+ 1D)Ca(M)2

v(B(x, §r) S pu(B(x, yr)<a =

By Proposition 6 applied for s = %r and N =k + 1, we conclude there exist k + 1

subsets Ay, ..., Ay that are %r—separated and satisfy

i) > V(M) > il >2C;(M)a >2a foralli.
2C4(M)(k+1)  2C;(M)(k+1)

Then w(A;) > 2« for all i. Applying Lemma 5, one would obtain

v(A

32

®) b= b (M) < =,

9ar
which again contradicts (5). The proof of Theorem 4 is now complete. ([
Proof of Theorem 1. Set Ar11 (M) = A and assume A > e. Let

Blog X
) r= ,
Vi

where B = 8(k + 1)Cz(M)?. We will find a set S of k points x1, ..., x; such that
(10) u(S") =1-r,

which is the statement of the theorem.
Seta =r/(4(k+1)Cy(M)?). We first observe that

256
(11) A > r—210g2(2/oz).



LARGE EIGENVALUES AND CONCENTRATION 281

In fact (9) gives A = B2 log® A2/r? > B2/r2, and substituting inside log A we get
(11) because B/r = 2/« by the definitions of o and 8 and the fact that § > 8.

To show (10) we follow Step 1 and Step 2 exactly as in the proof of the previous
theorem: We construct the points xy, . .., xi as before and show that the inequality
w(Xy) > r leads to a contradiction with the inequality (11). The only change is
to use the second inequality of Lemma 5 instead of the first, so that (7) and (8)
respectively become

16 2 64 2
A< 2 log“(2/a) and A < o2 log”(2/w),
both of which contradict (11). U

Remark. It is not possible to replace the constant 8 in (9) by (1) for a function
B(A) — 0 as A — oo. In fact, taking 8 = constant is the optimal choice for the
radius r; see Section A.2.

3. The estimate for Laplace-type operators

In this section we prove Theorem 3.

Theorem 7. Let M" be a compact Riemannian manifold without boundary and D
any Laplace-type operator on M. Fix integers i and k with i < k and consider the
m-m-space (M, u;, d), where p; = |; RE dvol, and v; is a unit norm eigensection
associated to L; (D). Then there exists a set S; of k points xi, R x,i € M such that

( k(k +1)Cyq(M)?

1/3
implies [1;(S7)>1—r.
hes1(D) — M(D)> b a

Of course, the result is significant only when the gap Ar41(D) — A; (D) is large
enough. As the gap Ar4+1 (D) —Ax (D) increases to oo, we see that any eigensection
associated to A; (D), with i < k, tends to concentrate its norm around at most k
points xi, cees x,’;, a priori depending on i. It is natural to ask if there is a relation
between all these points for different eigenvalues. We can in fact show that, as the
gap tends to infinity, all squared norms ||%, ..., |¥x|> will concentrate around
a common set of k points. Actually, we will show that this also happens for the
squared norm of any section in the direct sum of the first k eigenspaces; this is the
statement of Theorem 3.

Proof of Theorem 7. The proof depends on the following two lemmas, in which
we bound the gaps in the spectrum of D by the weak spectrum of the m-m-spaces
M corresponding to the densities o = |1/|?, where v is an eigensection of D. We
then apply Theorem 4 to conclude.

Recall that D = V*V + T, where T is a symmetric endomorphism of the fiber.
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So the quadratic form associated to D is
2w = [ VP Ty v,
M

which is defined on the space of H'-sections of the bundle (here integration is
with respect to the Riemannian measure dvol,). We fix an orthonormal basis of
eigensections of D and denote it by (1, ¥, . ..).

Lemma 8. Let f be a Lipschitz function on M and W a smooth section of the
bundle. Then

a(fw)=/Mf2<D«/f,w>+|Vf|2|w|2.

Lemma 9. Fix a positive integer k and let i < k. Let ; be an eigensection as-
sociated to A; (D), of unit L2-norm, and consider the m-m-space M; = (M, wu;, d)
where p; = | |* dvol,. Then

Aer1(D) — A (D) < kdgy1 (M;).

Theorem 7 now follows immediately from Lemma 9 and Theorem 4 applied
with the density o = |y;]>. O

Proof of Lemma 8. On the subset where V f exists (hence almost everywhere
on M), one has

VWP = IV + £V +2f (Ve sy, ¥).
Now
f2f<vww,w>=f %(sz,Vlt/f|2>=/ NS
M M M

and hence

2 fy) = /M VWP + (T, f)
=/Mf2<|w|2+%A|w|2+<Tw,w>)+|Vf|2|w|2.

Now recall the identity (Bochner formula) (D, ) = [V >+ S Ay > +(T v, ¥).
The lemma follows. O

Proof of Lemma 9. Given the metric-measure space M = (M, u, d), recall the
definition of weak spectrum:

M () = supint(R(): £ LW, where RH) = [ V5P /[ [ s
Wi M M

and W}, denotes a vector subspace of Lipschitz functions having dimension 4. We
will write for brevity A; (M) = A;.
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Fix € > 0. Then, for all integers k € N we construct a (k+ 1)-dimensional
subspace Wy of the space of Lipschitz functions on M such that, for all f € Wy,

(12) R(f) = k(hrq1 +€).

Set W, = span( f1), where f is the constant function 1. By definition, there exists
a nonvanishing smooth function f, that is orthogonal to W; and satisfies

R(f2) <A +e.

Set W, = span(f, f>). We can assume that f> has unit L?-norm. Continuing

this process, we get Wy, =span(fi, ..., fi+1), where (f1, ..., fr+1) is an ortho-
normal set and, forall j =1,...,k+1,
(13) R(fj) <Aj+e€=< Ay +e.

Let us prove (12). Let f = Zf:ll a; f; be a function in Wi. We can assume
that it has unit norm, so that ) _; al.z = 1. By the triangle inequality, since V f; =0,
one has |V f| < Y ¥1)14;||V f;]. By the Schwarz inequality, |V £|> < Y 51|V f; |2
and therefore, by (13),

k+1
R(f) <Y R(f) < k(s +6).
i=2

We can now prove the lemma. Fix € > 0 and consider the m-m-space Jl; with
measure [u; = |wl~|2dvolg, as in the statement of the lemma. Let Wj,; be the
subspace satisfying (12). By linear algebra, we can find a nonvanishing f € Wy
such that the section f; has unit norm and is orthogonal to the first k eigensections
Y1, ..., Yy of the spectrum of D. Using f1/; as test-section for the eigenvalue
Ak+1(D), we obtain by Lemma 8

AkH(D)ssz(fx/f»=/Mf2<Dw,-,w,->+|Vf|2|wi|2.

Since (D, ¥;) = A;(D)|¥;]?, this becomes
Mi+1(D) — A (D) < R(f) = k(i1 (M) +€),
by (12). Letting ¢ — 0 we obtain the assertion. ]

Proof of Theorem 3. Let us start with the formal proof by considering an ortho-
normal basis (1, ..., ¥) of the direct sum of the first k eigenspaces of D. Given
wi=|v; 1% dvolyg, let us introduce the following auxiliary measure, which is just
the average of the p;:



284 BRUNO COLBOIS AND ALESSANDRO SAVO

We also fix the radius

2 2.1/3
(14) =5<k (k+1)Ca(M) ) .

At1(D) — A (D)
The theorem follows from two claims.

Claim 1. There exists a set of points Q = {y1, ..., yi} with the property that
w(B(yj,r)) = r/k2 forall j and i(Q") > 1—"2r.
Claim 2. There exists a subset T = {x1, ..., xu} of Q, with m <k, such that
A(T>)>1-5r.

(This gives a concentration result for the averaged measure [1).

Thanks to Claims 1 and 2, we can conclude as follows. Let ¢ = Zle a; i
be any unit norm section in the direct sum of the first k eigenspaces of D (so that
> a =1), and let u = ||? dvol,. By the Schwarz inequality we have, at any
point,

WP < (Silallval)” < 31w,

that is, u <kji. We deduce u((T*")¢) < w((T7)°) <kji((T°")¢ < Skr by Claim 2.
We now take S = 7. Then p(S>") > 1 — 5kr and the theorem follows. O

For the proof of the two claims we need a lemma. We can assume r < 1/5.

Lemma 10. Assume there exist k + 1 subsets Ay, ..., Axy1 that are 2r-separated
and have [i-measure at least B. Then

Js1(D) — A(D) < #.

Proof. As in the proof of Lemma 5, we can construct k£ 4 1 disjointly supported,
plateau functions fi, ..., fry1 with Rz(f;) < 1/(Br?) for each j, where R; is
the Rayleigh quotient relative to the measure /1. Since /i is the average of the i ;,
we see that for any nonnegative function f there is an index i (depending on f)
such that [}, fiu < [,, fi. Therefore, for each j =1, ..., k+1 there is an index
a(j)=1,..., k such that
(F) ./M fj|2/1 lfMlvf]| Ma(j) l )
Kalds Ju sz,ll —k fu f hay K Ry s

and then R, (f) < k/(Br?) for all j. We consider the sections s;j= fiYa( for
j=1,..., k+1; they are disjointly supported and we can use them as test-sections
for the eigenvalue A1 (D). Using Lemma 8 one sees that

M1 (D) = A (D) < Sup{Ry, ., ()} < k/(Br). O
J
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Proof of Claim 1. For all j < k we observe from (14) that

( k(k+1)Cy(M)? )1/3
r>5 .
AM+1(D) — A (D)

So, by Theorem 7, there exist finite subsets Sy, ..., Sy € M of cardinality less than
or equal to k such that ,uj(S;) >1—rforall j. Weset P=S8U---US; and
observe that, by the definition of fi,

(15) a(P")=1—r.

We now consider the subset Q = {yi, ..., y;} formed by all points y; € P such
that i(B(y;,r)) >r/k* Let Q' = P\ Q. Then by definition i((Q")") <r. Since
(@) 4+ a(Q") = 1—r by (15), we obtain

(16) p(Q") = 1-2r
as claimed. Note that Q is not empty because r < 1/5 by assumption. ]
Proof of Claim 2. We construct the subset T = {xy, ..., x,,} of O as follows. Set

x1 = y;. If there exists some point y; € Q in the complement of B(xy, 4r), we
select it and denote it by x,. Next, if there exists a point of Q in the complement
of B(xy,4r)U B(x,, 4r), we select it and denote it by x3, and so on. We iterate the
process until it is possible, and obtain after m <[ steps the required subset 7T'.

Assume that m > k+1. Then the balls A; = B(x;,r) with j =1, ..., k+1 are
2r-separated by construction, and have ji-measure at least equal to g = r/k%. By
Lemma 10 we see that

(17) Mer1(D) — (D) < k3 /r3,

However, the definition (14) of r gives A+ (D) — k(D) =c¢/ r3 with the constant
¢ = 125k?(k 4+ 1)Cq(M)? > k> and we get a contradiction with (17).

Therefore m < k.

By the construction of T, every point y; € Q is at distance not greater than 4r
to some point of 7', that is, Q € T#. By the triangle inequality Q" € T and
therefore, by (16)

ATy = @(Q") = 1-2r >1-5r,
and Claim 2 follows. U

Appendix

A.1. Facts about the Lévy—Prokhorov distance. Recall that the Lévy—Prokhorov
distance dp between two probability measures defined on the same metric space
(M, d) is

dp(vi,v2) =inf{r > 0:v{(C) <vo(C") +r and v (C) < vi(C") +r for all C}.
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Proposition 11. Let (M, wu, d) be an m-m-space, and let S = {x1, ..., x;} be a set
of k points in M and r > 0. Then w(S") > 1 —r if and only if there exist weights
Pl pe €10,1) such that ) p; =1 and dp(, 8) < r, where § = Zle Didy.

and &y, is the Dirac measure concentrated at the point x;.

Proof. Suppose first that dp(u, 8) < r. Then, choosing C = § in the definition
of dp, we have 1 =§(S) < u(S") + r and therefore u(S§") >1—r.
To prove the converse, we assume (1 (S”) > 1 —r. We first define the weights p;.
Denote by B; the ball B(x;, r) and consider the sets {Al-}f.‘:1 defined by

A =By,
{Ai =B;N(BU---UB;_)¢ fori>2.
Then A; € B;and A, NA; = ifi #j. Set A=A U---UA;. Then A =
BiU---UBr=8",sothat u(A) = u(S")>1—r.
We now choose the weights p; = (A;)/(A).
The proof is complete if we show that, for each Borel subset C, we have

(18) 8(C) = u(C") +r,
p(C) =8(C") +r.
We can order the points so that xy,...,x; € Cand x; ¢ C for j =t+1,..., k.

Then §(C)=p1+---+ p;. Now BjU---UB, CC";since A; € B; and the A; are
pairwise disjoint, we have
(A + -+ u(A) S u(BrU---UB) < n(Ch).

Then

5(C) = py -+t py = HAD T T (A

i(A)
= (A (A AT A )
i(A)
< 1u(CT) 41— p(A)
<u(C")+r,

which proves the first inequality in (18).
For the second, write

(€)= (C N Ay + -4 u(C N Ay) 4+ p(C N A)

and note that x; € C" if CN A; # &. Since u(C N A;) < u(A;) = piu(A) < p;
and w(C N A°) < u(A° <r, we have

(€ < Y pitr=<8(C)+r. 0

ix;eCr
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A.2. Theorem 1 is sharp. For R > 0, let My be the surface of revolution in R3:
Mg ={(x,y,2) eR®: y> + 2 = 2R /R? x €0, 1]},

and consider the metric measure space (Mg, i, d), where p is the normalized Rie-
mannian measure and d is the extrinsic distance inherited from R>. By a calculation
in [Friedman and Tillich 2000], one knows that

(19) A (Mpg) > §R?

(we take the Neumann boundary conditions). By the equivalent formulation of
Theorem 1, given in Theorem 2, for each R there exists a point p € My such that
log Ar

VAR

for the constant yg = 16C;(M ®)2, where we set Ag = A»(Mg). However, since
we use the extrinsic distance, the constant yz admits a uniform upper bound by the
packing constant of R? (see Section 1.1); hence

dp(,8p) < Yr

log Ag
VAR

for some p € Mg and an absolute constant y (we can take in fact y = 16(1 +39)2).

Now, when R goes to oo the first positive eigenvalue Ag goes to co by (19).
Therefore, by (20), the normalized Riemannian measure p concentrates at some
point of Mg: This is quite evident and can be verified directly from the definition
of Mg, because the limit metric measure space as R — oo (in any reasonable
sense) is the unit interval [0, 1] endowed with its canonical distance and the Dirac
measure supported at 0. In fact, one can check that the relative measure of a set at
positive distance o from the circle {x = 0} decreases to zero like e X,

In this section we show that, apart from the constant y, the inequality (20) is
actually sharp.

(20) dp(i,8p) <y

Theorem 12. Let My and Ag be as above. Then there exists Ry such that, for all
R > Rg and for all g € Mg, one has
1 logAg
d ,8,) > — .
Lemma 13. Assume that there exist two subsets A and B with relative volume at
least s, and such that d(A, B) > 2s. Then dp (i1, 8,) > s for all g € M.

Proof. Assume that there exists g € Mg such that dp(u, §;) < s. One sees from
the definition of dp that u(B(q, s)) > 1 —s and therefore u(B(q, s)) + u(A) > 1.
So A must intersect B(q, s) and there exists a € A such that d(a, g¢) < s. Similarly,
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there exists b € B with d(b, g) < s. Applying the triangle inequality we get a
contradiction with the assumption d(A, B) > 2s. U

Proof of Theorem 12. By (19) one has Ay > %Rz; hence, for R large,

1 log g - 1log R
48 Vg 8 R
So, it is enough to show that

1log R
dp(e.8,) = o

for R large and for all g € Mg.

For L < L’ in the interval [0, 1], consider the strip
My pp={(x,y,2)€eMg:L<x<L'}.
We will apply the lemma, taking
A= Mp,1/r;, B=Maagr/R 1] = %(log R)/R.

We need the simple volume estimate

. u e—LR _,~L'R
n>=—"_
(21 wMir,) = 20— h)
In fact, observe that My is obtained by rotating the curve y = e~ %*/R around
the x-axis. Then

L/
Vol(M,1) = 2% / e ®ds,  withds = /1 + e 2Rxdx.
L

Inequality (21) now follows from observing that dx < ds < 2dx and recalling that
w(Mip 1) = Vol(Mir, 1) /Vol(Mg,1).
By the volume estimate in (21),

4) > 1 —e! B) > R™12 _ =R d(A.B) > llogR 1
M =50 e ry PP =00 2/ =9
It is now clear that, for R > R sufficiently large, one has w(A) > s, w(B) > s and
d(A, B) > 2s. The lemma gives dp(u,dy) > s = %(log R)/R and the theorem is
proved. (]

R R

A.3. Example for differential forms. We will now construct an example with a
large gap on the spectrum of the Laplacian on p-forms, but in which there is no
concentration of the Riemannian volume.

Indeed, the construction of large eigenvalues for p-forms is well known; see
[Gentile and Pagliara 1995; Guerini 2004; Colbois and El Soufi 2006]. We can
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easily adapt the construction of Gentile and Pagliara for an hypersurface in R"*!,
and we will only briefly sketch it.

We begin with a hypersurface My C R**!, with p-th De Rham cohomology
space of a given positive dimension. Then we deform M, by adding a long cylinder
[0, L] x S"~! closed by a hemisphere. We denote by M; this family of manifolds,
whose volume is of the order of L as L — oo. Gentile and Pagliara showed that,
for 2 < p < n — 2, the nonzero p-forms spectrum of My is bounded below by a
positive constant C not depending on L.

After renormalisation by a factor of order L , we get a family of constant
volume 1, with first nonzero eigenvalue for p-forms going to co with L. Using
the extrinsic Euclidean distance, we see that the packing constant is uniformly
bounded, and we can conclude that the L2-norms of the harmonic forms have to
concentrate, indeed on the part corresponding to Mj.

However, there is no concentration of the volume; the part My concentrates
to a point and the cylinder looks like a homogeneous 1-dimensional cylinder of
length L'~/

—1/n

A.4. Expanders. In this section we construct a family of manifolds M; of fixed
dimension n such that 1,(M;) — oo but for which there is no concentration of the
volume around any point.

We start from an n-dimensional compact, hyperbolic manifold M; such that
Vol(M;) — oo as i — oo and A(M;) = C(n) > 0, where C(n) is a constant not
depending on i. Such examples do exist (see for example [Brooks 1986]), even if
their construction, related to the concept of expanders, is not easy. The M; can be
realized as coverings of a fixed manifold. The diameter of M; is proportional to
In Vol(M;), and hence tends to infinity as i — oo.

So, if we multiply the metric of M; by (diam(M;))~!, and denote by M, the new
family of Riemannian manifolds, it is clear that *a(M;) — oo but diam M; = 1.
Since M; is a covering, the distribution of the volume is uniform, and we see that
it cannot concentrate in a neighborhood of a single point. It concentrates however
in the sense described in [Chung et al. 1996]: Two sets A;, B; C M, of volume no
less than « Vol(M;) (with a fixed x > 0) have to be very close to each other, even
if k is small.
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SUR LES CONDITIONS D’EXISTENCE DES FAISCEAUX
SEMI-STABLES SUR LES COURBES MULTIPLES PRIMITIVES

JEAN-MARC DREZET

On donne des conditions suffisantes pour la (semi-)stabilité des faisceaux
sans torsion sur une curve multiple primitive. Ces conditions sont utilisées
pour démontrer que certaines variétés de modules de faisceaux stables sont
non vides. On étudie surtout les faisceaux quasi localement libres de type
générique, y inclus les faisceaux localement libres. Ces faisceaux sont géné-
riques, c’est-a-dire pour chaque variété de modules de faisceaux sans tor-
sion, les faisceaux de ce type correspondent a un ouvert de la variété.

We give sufficient conditions for the (semi-)stability of torsion free sheaves
on a primitive multiple curve. These conditions are used to prove that some
moduli spaces of stable sheaves are not empty. We study mainly the quasi
locally free sheaves of generic type (this includes the locally free sheaves).
These sheaves are generic, i.e. for every moduli space of torsion free sheaves,
the sheaves of this type correspond to an open subset of the moduli space.
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1. Introduction

Une courbe multiple primitive est une variété algébrique complexe de Cohen—
Macaulay qui peut localement étre plongée dans une surface lisse, et dont la sous-
variété réduite associée est une courbe lisse. Les courbes projectives multiples
primitives ont été définies et étudiées pour la premiere fois par C. Béanicd et O.
Forster [1986]. Leur classification a été faite dans [Bayer et Eisenbud 1995] pour

MSC2000: primary 14D20; secondary 14H60.
Mots-clefs: multiple curves, moduli spaces, semi-stable sheaves.

291



292 JEAN-MARC DREZET

les courbes doubles, et dans [Drézet 2007] dans le cas général. Les faisceaux semi-
stables sur des variétés non lisses ont déja été étudiés [Seshadri 1982; Bhosle 1992;
1999; Teixidor i Bigas 1991; 1995; 1998; Inaba 2004; 2002].

On peut espérer en trouver des applications concernant les fibrés vectoriels ou
leurs variétés de modules sur les courbes lisses [Eisenbud et Green 1995; Sun 2000;
2002] en faisant dégénérer des courbes lisses vers une courbe multiple primitive.
Le probleme de la dégénération des courbes lisses en courbes primitives doubles
est évoqué dans [Gonzdlez 2006].

Les articles [Drézet 2006; 2009] sont consacrés a 1’étude des faisceaux cohérents
et de leurs variétés de modules sur les courbes multiples primitives. On donne ici
des criteres de (semi-)stabilité et des conditions suffisantes d’existence des fais-
ceaux semi-stables sur ces courbes. On appliquera ensuite ces criteres a des fais-
ceaux sans torsion génériques. Les conditions d’existence des faisceaux (semi-)
stables s’expriment en fonction d’invariants de ces faisceaux, parmi lesquels se
trouvent le rang et le degré généralisés.

Le cas des faisceaux localement libres est traité. Dans ce cas les seuls inva-
riants sont le rang et le degré généralisés. Les variétés de modules obtenues sont
irréductibles.

On considere aussi des faisceaux plus compliqués, les faisceaux quasi locale-
ment libres de type rigide non localement libres, ou il y a deux invariants supplé-
mentaires. Dans ce cas les variétés de modules de faisceaux de rang et degré géné-
ralisés fixés peuvent avoir de multiples composantes.

Pour finir on traitera des exemples simples de faisceaux sans torsion non quasi
localement libres.

1.1. Faisceaux cohérents sur les courbes multiples primitives. Soit C une courbe
projective lisse irréductible. Soient n» un entier tel que n > 2 et Y une courbe
multiple primitive de multiplicité n et de courbe réduite associée C. Si $¢ est le
faisceau d’idéaux de C dans Y,

L=9./9%

est un fibré en droites sur C, dit associé a Y. Dans cet article on supposera que
deg(L) < 0. Le cas ou deg(L) > 0 est moins intéressant car les seuls faisceaux
stables sont alors les fibrés vectoriels stables sur C.

Pour 1 <i <n on note C; le sous-schéma de Y défini par le faisceau d’idéaux
WC. C’est une courbe multiple primitive de multiplicité i et on a une filtration

C=CC---CC,=Y.

On notera 0; = Oc;.
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Le faisceau $¢ est localement libre de rang 1 sur C,_;. Il existe un fibré en
droites L sur C, tel que Lc, , = $¢. Pour tout faisceau cohérent € sur C, on a
donc un morphisme canonique

ERL— €

dont le noyau et le conoyau sont indépendants du choix de L.

Si % est un faisceau cohérent sur ¥ on note F; le noyau de la restriction & —
Fc;» FO celui du morphisme canonique F — F ® L™". On a des suites exactes
canoniques

O—)Gfi—>6f—>97|ci—>0,
0—9F) 5F > F L — 0.

Les quotients G; (%) = &; /%11, 0 < i < n, sont des faisceaux sur C. IIs per-
mettent de définir le rang généralisé et le degré généralisé de F :

n—1 n—1
R(F) =Y rgGi(F),  Deg(F) =)  deg(Gi(F)).
i=0 i=0

Ce sont des invariants par déformation ; voir le section 2.3 et [Drézet 2006; 2009].
Si R(%) > 0, le nombre rationnel

o _ Deg(F)
w(F) = R

s’appelle la pente de %.
Pour 1 <i < n, on note F[i] le noyau du morphisme canonique surjectif

F Fic; (Fie)vY.

1.1.1. Faisceaux quasi localement libres. On dit qu’un faisceau cohérent € sur Y
est quasi localement libre s’il existe des entiers my, ..., m, non négatifs tels que
€ soit localement isomorphe a
n
@ mi@,- .

i=1

Les entiers m; sont alors uniquement déterminés.

1.1.2. Faisceaux quasi localement libres de type rigide. On renvoie le lecteur a
[Drézet 2009]. Si € est quasi localement libre on dit qu’il est de type rigide s’il
est localement libre, ou s’il existe un entier k, 1 <k <n —1, tel que my =1 et
mj = 0 pour j # k. Donc un faisceau quasi localement libre de type rigide non
localement libre est localement isomorphe a un faisceau du type a0, & Oy, avec
1 <k <n—1. Lintérét de ces faisceaux est que la propriété pour un faisceau d’étre
quasi localement libre de type rigide est une propriété ouverte. En particulier les
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faisceaux stables localement libres de type rigide de rang généralisé R et de degré
généralisé d constituent un ouvert de la variété de modules des faisceaux stables
de rang généralisé R et de degré généralisé d sur C,,.

Soit € un faisceau quasi localement libre de type rigide localement isomorphe
2a0, ® O, avec a > 1, 1 <k < n. Alors les faisceaux €; et €% sont localement
libres sur C,,_j et Cy respectivement. On pose

Ex =%, Feg =%y c, Ve= (%(k))IC-

Ce sont des fibrés vectoriels sur C de rang a + 1, a, a + 1 respectivement. On
montre en 3.1 qu’on a une suite exacte canonique

(%) 0— Fe®L"™* — Ve ® L"* — E¢ — Fg —> 0.

Les rangs et degrés des fibrés E¢ et Fg (et donc aussi Vi) sont invariants par
déformation.

1.1.3. Construction des faisceaux quasi localement libres de type rigide. Elle est
faite par récurrence sur n dans 3.1.2, 3.2, 3.3 et 3.4. On construit le faisceau € sur
C, connaissant €1, dont le support est C,,_1, et €,c. A priori il semble plus naturel
de construire € connaissant €,c,_,. On montre dans 3.5 que cela est impossible
car les faisceaux sur C,,—; qui sont des restrictions de faisceaux quasi localement
libres de type rigide sur C,, sont spéciaux.

Cette méthode de construction devrait rendre possible la description précise
d’ouverts des variétés de modules de faisceaux stables qui contiennent de tels
faisceaux.

1.2. Variétés de modules de faisceaux stables. La stabilité ou semi-stabilité, au
sens de [Simpson 1994], des faisceaux sans torsion sur C, ne dépend pas du choix
d’un fibré en droites tres ample sur C,,. Elle est analogue a celle des fibrés (semi-)
stables sur les courbes projectives lisses (cf. [Drézet 2006; 2009]) : un faisceau
sans torsion € sur C,, est semi-stable si pour tout sous-faisceau propre & de € on
au(F) <u(é).Sil'ona u(F) < u(é), on dit que € est stable.

L’hypothese deg(L) < 0 est justifiée par le fait que dans le cas contraire les seuls
faisceaux sans torsion stables sur C,, sont les fibrés vectoriels stables sur C.

Soient R, d des entiers, avec R > 1. On note JA(R, d) la variété de modules des
faisceaux stables de rang généralisé R et de degré généralisé d sur C,,.

Soient a, k, €, § des entiers, avec a > 1 et 1 <k < n. Soient

R=an+k.d=ke+ (n—k)s+3(n(n—Da+k(k—1))deg(L).

Les faisceaux quasi localement libres € de type générique stables localement iso-
morphes a a0, ® Oy et tels que E¢ et Fg soient de rang a+1 et a (respectivement)
et de degré € et § constituent un ouvert irréductible de (R, d), dont la sous-variété
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réduite sous-jacente est notée N'(a, k, &, €) [Drézet 2009]. A priori M(R, d) a donc
plusieurs composantes irréductibles.

1.3. Principaux résultats. On démontre dans 5.1 le résultat suivant :

Théoreme 5.1.2. Soient € un faisceau cohérent sans torsion sur C, et k un entier
tel que 1 <k <n et que €y # 0. On suppose que

(1-1) n(@®) < u@), uEH®) < uEY).

Si€[k], (€)Y, (€V)[k] et (€Y)|c,)"" sont semi-stables il en est de méme de €.
Si de plus les inégalités de (1-1) sont strictes, et si €[k] ou (€|c,)"", ainsi que
(€V)[k] ou ((€Y)c,)"", sont stables, alors € est stable.

Méme si on se limitait aux faisceaux quasi localement libres il serait nécessaire
de faire intervenir des sous-faisceaux non quasi localement libres : on donne en 2.6
des exemples de fibrés vectoriels sur C, dont la filtration de Harder—Narasimhan
comporte des faisceaux non quasi localement libres.

Dans tout ce qui suit on suppose que C est de genre g > 2. On applique d’abord
le théoreme précédent aux fibrés vectoriels :

Théoreme 5.2.1. Soit E un fibré vectoriel sur C,. Alors, si E|c est semi-stable (ou
stable), il en est de méme de .

On en déduit que les variétés de modules de fibrés vectoriels stables sur C, sont
non vides, pourvu qu’il n’y ait pas d’incompatibilité au niveau du rang et du degré
généralisés. Soient r, & des entiers avec r > 1. Alors le rang généralisé R et le degré
généralisé d d’un fibré vectoriel E sur C, tel que [E|c soit de rang r et de degré §
sont

R=nr, d=nd+in(n—1)rdeg(L).
L ouvert U(R, d) de M(R, d) correspondant aux fibrés vectoriels stables est non
vide, lisse et irréductible, de dimension

1+nr?(g— 1) — 4n(n — 1)r* deg(L).

On s’intéresse ensuite aux faisceaux quasi localement libres de type rigide non
localement libres :

Théoreme 5.3.1. Soient a, k des entiers tels que a > 0 et 1 < k < n. Soit € un
faisceau quasi localement libre de type rigide, localement isomorphe a a0, @ Oy
et tel que

(Vi) + 3ndeg(L) < pu(Fe) < ju(Eg) — 3n deg(L).
Alors si E¢, Fg et Vg sont semi-stables, il en est de méme de €.

Si les inégalités précédentes sont strictes, et si Eg, Fg et Vg sont stables, il en
est de méme de €.
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Le probleme de I’existence des faisceaux quasi localement libres de type ri-
gide (semi-)stables est plus compliqué que celui de I’existence des fibrés vectoriels
(semi-)stables, car si € en est un, la (semi-)stabilité de Ey, Fg et Vi impose des
conditions supplémentaires sur les invariants de ces faisceaux, a cause de la suite
exacte (*)g.

Avec les notations de 1.2, on a :

Théoreme 5.3.3. Siona
€ 8§ e€—(m—k)deg(L)
- <<

a+1 a a+1

alors N(a, k, 8, €) est non vide.

’

Ce résultat généralise la proposition 9.2.1 de [Drézet 2006], ou le cas des fais-
ceaux de rang généralisé 3 sur C, localement isomorphes a 0, @ O¢ était traité.
La démonstration du théoreme précédent utilise la résolution de la conjecture de
Lange [Russo et Teixidor i Bigas 1999].

D’apres [Drézet 2009, proposition 6.12], la variété N'(a, k, §, €) est irréductible
et lisse, et on a

dimN(a, k, 8, €)
nn-—1 k(k—1

=1- (%az +k(n—1a+ %) deg(L) + (g — 1)(na® +k(2a +1)).

On termine par donner des applications du premier des théorémes précédents a
des faisceaux non quasi localement libres.

Soient [ un fibré vectoriel sur C,, E = [E|c et Z un ensemble fini de points de
C. On pose z = h°(0%). Soient ¢ : E — O un morphisme surjectif, €y =ker ¢ et
E4 le noyau du morphisme induit £ — 0.

Théoréme 5.4.2. Sionaz < —rgE deg(L) et si E et E4 sont semi-stables, alors
€y est semi-stable. Si I’inégalité est stricte et si E et Ey sont stables, il en est de
méme de €.

1.4. Plan des sections suivantes. La section 2 contient des rappels sur les courbes
multiples primitives et les propriétés élémentaires des faisceaux cohérents sur ces
courbes. On décrit dans 2.5 la méthode de construction d’un faisceau cohérent
€ sur C, connaissant le faisceau €; sur C,,_; et €|c. Elle sera employée aussi
bien pour les faisceaux localement libres que pour les faisceaux quasi localement
libres de type rigide. On donne dans 2.6 des exemples de fibrés vectoriels instables
sur une courbe double primitive dont la filtration de Harder—Narasimhan n’est pas
constituée de faisceaux quasi localement libres. Cela rend nécessaire, dans I’étude
de la (semi-)stabilité d’un faisceau, la considération de sous-faisceaux sans torsion
généraux dont les filtrations canoniques peuvent comporter des faisceaux ayant de
la torsion.
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La section 3 est une étude des faisceaux quasi localement libres de type rigide
et de leur construction.

La section 4 traite de la dualité des faisceaux cohérents sur C,, et des faisceaux
de torsion.

Dans la section 5 sont démontrés les résultats énoncés dans 1.3.

2. Préliminaires

2.1. Définition des courbes multiples primitives et notations. Une courbe primi-
tive est une variété lisse ¥ de Cohen—Macaulay telle que la sous-variété réduite
associée C = Yq soit une courbe lisse irréductible, et que tout point fermé de Y
possede un voisinage pouvant étre plongé dans une surface lisse.

Soient P un point fermé de Y, et U un voisinage de P pouvant étre plongé dans
une surface lisse S. Soit z un élément de 1’idéal maximal de 1’anneau local Og p de
S en P engendrant I’idéal de C dans cet anneau. Il existe alors un unique entier 7,
indépendant de P, tel que I’idéal de Y dans O, p soit engendré par (z"). Cet entier n
s’appelle la multiplicité de Y. Sin =2 on dit que Y est une courbe double. D’ apres
[Drézet 2007, théoreme 5.2.1], 'anneau Oyp est isomorphe a Ocp ® (C[¢]/(t")).

Soit $¢ le faisceau d’idéaux de C dans Y. Alors le faisceau conormal de C,
L=9./ &%, est un fibré en droites sur C, dit associé a Y. Il existe une filtration
canonique

C=Cic---CCy=Y,

ol au voisinage de chaque point P 1’idéal de C; dans Og p est (z'). On notera
0; =0¢, pour 1 <i <n.

Le faisceau $¢ est un fibré en droites sur C,,_;. Il existe d’apres [Drézet 2006,
théoréme 3.1.1], un fibré en droites L sur C,, dont la restriction a C,,_; est $¢. On
a alors, pour tout faisceau de 0,-modules €, un morphisme canonique

ERL — €

qui en chaque point fermé P de C est la multiplication par z.

2.2. Filtrations canoniques. Dans toute la suite de la section 2 on considére une
courbe multiple primitive C, de courbe réduite associée C. On utilise les notations
de 2.1.

Soient P un point fermé de C, M un 0, p-module de type fini. Soit € un faisceau
cohérent sur C,.

Définition 2.2.1. La premiere filtration canonique de M est la filtration
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telle que pour 0 <i < n, M; soit le noyau du morphisme canonique surjectif
M; — M; ®¢, , Oc,p. On a donc
M;/Mi11 = M; ®q, , Oc.p, M/M;~M®q,,0;ip, M;=2z'M.

On pose, sii >0, G;(M) = M;/M;,. Le gradué

n—1 n—1 )

GrM =@ G M) =P iM/7'M
i=0 i=0

est un O¢c p-module.
On définit de mé&me la premiere filtration canonique de € : c’est la filtration

€, =0C¢€,_1C---CE Cé =%
telle que pour 0 < i < n, ;4 soit le noyau du morphisme canonique surjectif
€; — €ijc. Onadonc €;/€; 11 =€;c, €/€; =€c,. On pose, sii >0,
Gi(€)=%i/€it1.
Le gradué Gr € est un O¢c-module.

Définition 2.2.2. La seconde filtration canonique de M est la filtration
MO=cMPc...cM* VM =M

avec M) ={u e M;Zu=0}.SiM, ={0}CM,_1C---CM CMy=M
est la (premiere) filtration canonique de M ona M; C M (n—i) pour 0 <i <n.On
pose, sii >0, GO (M) =MD /M=D. Le gradué Gro M = P_; GV (M) est un
Oc¢, p-module.

On définit de méme la seconde filtration canonique de € :

¢V ={0ceVc...ce"Vce"=¢.
On pose, sii > 0,
G(i)(c(g) :%(i)/%(i—l).

Le gradué Gr; € est un O¢-module.

2.3. Invariants.

Définition 2.3.1. L’entier R(M) = rg(Gr M) s’appelle le rang généralisé de M.
L’entier R(€) = rg(Gr€) s’appelle le rang généralisé de €. On a donc R(€) =
R(€p) pour tout P € C.

Définition 2.3.2. L’entier Deg(€) = deg(Gr€) s’appelle le degré généralisé de €.
Si R(€) > 0 on pose

_ Deg(®)
wl =75
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et on appelle ce nombre la pente de €.

Le rang et le degré généralisés sont additifs, ¢’est-a-dire que si 0 —> €' — € —
¢” — 0 est une suite exacte de faisceaux cohérents sur C,, alors on a

R(€) =R(€)+ R(€"), Deg(€)=Deg(€¢')+Deg(€").

Il sont également invariants par déformation.

2.4. Faisceaux quasi localement libres. Soit P un point fermé de C. Soit M un
0, p-module de type fini. On dit que M est quasi libre s’il existe des entiers
my, ..., m, non négatifs et un isomorphisme M =~ EB;’:] m;0; p. Les entiers m,
..., my sont uniquement déterminés. On dit que M est de type (my, ..., m,). On
aRM)=Y"_ i.m;.

Soit € un faisceau cohérent sur C,. On dit que € est quasi localement libre en
un point P de C s’il existe un ouvert U de C, contenant P et des entiers non

négatifs my, ..., m, tels que pour tout point Q de U, €,, o soit quasi localement
libre de type my, ..., m,. Les entiers my, . .., m, sont uniquement déterminés et ne
dépendent que de ¢, et on dit que (my, ..., m,) est le type de €. Sur un voisinage

de P, € est alors isomorphe a @?:1 m;0;.

On dit que € est quasi localement libre s’il 1’est en tout point de C,,.

D’apres [Drézet 2006, théoreme 5.1.3] € est quasi localement libre en P si et
seulement si pour 0 <i < n, G;(€) est libre en P.

Il en découle que € est quasi localement libre si et seulement si pour 0 <i < n,
G, (€) est localement libre sur C.

2.5. Construction des faisceaux cohérents.

2.5.1. On décritici le moyen de construire un faisceau cohérent € sur C,,, connais-
sant €)c et €1, qui sont des faisceaux sur C et C,,_; respectivement.

Soient & un faisceau cohérent sur C,_; et E un fibré vectoriel sur C. On
s’intéresse aux faisceaux cohérents € sur C, tels que €c = E et €1 = F. Soit
0 - % - € > E — 0 une suite exacte, associée a o € Extén (E, %). On voit
aisément que le morphisme canonique 7g : € ® $¢ — € induit un morphisme

Pz () EQL — %w.

On a €|c = E et € = F si et seulement si g g (o) est surjectif [Drézet 2009,
lemme 3.13].
D’apres la proposition 3.14 de [Drézet 2009], on a une suite exacte canonique

Dy
2-1) 0—=Ext}_(E,FY) — Ext}, (E, %) —> Hom(E ® L, Fc) —= 0.
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2.5.2. On suppose que 7 > 3. On s’intéresse maintenant aux extensions 0 — & —
€ — E — 0 associées aux éléments o € Extén(E, F) tels que Pz (o) =0
(donc o € ExtéC(E , F1))). Dans ce cas ¢ est localement isomorphe a ¥ & E,
d’apres [Drézet 2009, 2.4]. Plus précisément dans la suite exacte (2-1) le terme
Extéc (E, FD) est en fait H' (¥om(E, F)). On peut donc représenter o par un
cocycle (f;;) relativement a un recouvrement ouvert (U;) de Cy, f;; étant un mor-
phisme E|y,; — Fy,;. D apres la proposition 2.2 de [Drézet 2009], le faisceau €
est obtenu en recollant les (¥ @ E)|y, au moyen des morphismes

I5 fij
0 Ig)"

On suppose maintenant que ¥ est localement libre sur C,,_;. Soit F =%F|c® L1,
on adonc ¥ = F® L"~!. En utilisant la construction précédente de € au moyen
d’un cocycle on voit aisément que €,c ~ (F ® L) @ E, et qu’on a une suite exacte

0— FRL"!' —¢V S E_—0,

qui est associée a 0.

2.5.3. Construction des fibrés vectoriels. On suppose que F est un fibré vectoriel
sur C,—1. On veut construire et paramétrer les fibrés vectoriels E sur C, tels que
£y =%. 1l convient donc de prendre E = F|c ® L~ et de considérer les extensions
0— % > F — E — O telles que I’élément associé¢ o de Extén(E, %) soit tel
que Pz (o) : EQ L - E ® L soit 'identité de £ ® L. Si E est simple on
montre aisément, en utilisant le fait que deg(L) < 0, que deux éléments o, o’
de @;’IE (Iggr) définissent des fibrés vectoriels E isomorphes si et seulement si
o = o'. Dans ce cas les fibrés vectoriels recherchés sont donc paramétrés par
I’espace affine <I>§’1E(IE®L) ~ Ext(l% (E,EQ L"™).

2.6. Filtration de Harder—Narasimhan. Nous supposons encore que deg(L) < 0.
On montre ici que la filtration de Harder—Narasimhan d’un fibré vectoriel sur C,
n’est pas nécessairement constituée de faisceaux quasi localement libres. Cela en-
traine que dans 1’étude de la (semi-)stabilité des faisceaux localement libres (ou
a fortiori quasi localement libres) il faut aussi considérer des sous-faisceaux sans
torsion non nécessairement quasi localement libres.

Soient P un point fermé de C; et $p son faisceau d’idéaux. Soient z € Oz p un
générateur de I'idéal de C et x € Oy p au dessus d’un générateur de I’'idéal de P
dans O¢ p. On a donc $p p = (x, z). On a une suite exacte de Oy p-modules

2-2) 0— > (x,2) —2= 205 p —L o (x,2) —0,
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ou pour tous a, b € Oy p

a(ax +bz) = (—az, ax + bz),
B(a,b) =ax + bz.

On va globaliser cette suite exacte afin d’obtenir des suites exactes
(2-3) 0— 9pQRD—E— $p — 0,

ou D est fibré en droites sur C; et E un fibré vectoriel de rang 2 sur C,. Le faisceau
%xtéz ($p, $p ® D) est concentré au point P. On en déduit qu’il existe une section
s de %xtéz ($p, $p ® D) dont la valeur en P correspond a I’extension (2-2).

On a un morphisme surjectif canonique

W : Extg, (9p, $p @ D) —> HO(éxtg (9p, $p @ D)).

Donc ¥~'(s) est non vide. Si0 — $p @ D — € — $p — 0 est une extension
associée a un élément de W~!(s), le faisceau € est localement libre. L existence
des extensions (2-3) est donc prouvée.

Proposition 2.6.1. Soit0 — $p QD — E— $p — 0 une extension, oi D est un fibré
en droites sur C et | un fibré vectoriel de rang 2 sur C,. Alors si deg(D|c) > 0,
le faisceau $p Q@ D est le sous-faisceau semi-stable maximal de E.

Démonstration. Soit # C [E le sous-faisceau semi-stable maximal de E. Ona R(#) =
1,2 ou 3.

On note L, le faisceau d’idéaux égal a 0, sur C,\ P et & (x) au point P. C’est
un fibré en droites sur C; et on a 9; ~9p® I]_;]. On a donc une suite exacte

0— 9D —E' QLD — $p — 0

En considérant cette suite exacte on se ramene au cas ou R() =1 ou 2.

On montre d’abord que $p est semi-stable. Soit & C $p un sous-faisceau propre
tel que $p/F soit sans torsion. On a alors R(%) = 1, donc & est concentré sur C,
et est donc contenu dans ($p)) = L. Donc

u(F) < deg(L) < pu(Ip) = 5(deg(L) — 1),

car deg(L) < 0.

Supposons d’abord que R(#) =1.Si#H C Fp @D on a u(#) < u($p @ D) (car
Ip ® D est semi-stable), ce qui contredit la maximalité de #. Si # ¢ $p ® D, on
peut voir # comme un sous-faisceau de $p, donc pu(#) < u($p), donc w(#) <
w($p ® D), ce qui est absurde.

On a donc R(3€) = 2. Soit r le rang généralisé de I'image AU de ¥ dans $p. Si
r=0ona# =9%p®D, ce qu’il fallait démontrer. Si r = 2 on peut voir ¥ comme
un sous-faisceau de $p et on a alors encore u () < u($p), ce qui est impossible.
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Il reste a traiter le cas oll = 1 en montrant qu’il est impossible. Soit d le degré
de U (qui est concentré sur C). On a, puisque # N ($p ® D) est aussi de rang
généralisé 1,

deg(W) <deg(L) et deg(#N(Ip®D)) <deg(L)+deg(Dc).
Donc
() < deg(L) + 5 deg(Dyc) < 5(deg(L) — 1) +deg(Dic) = u(9p @ D),
ce qui contredit la définition de #. U

Remarque 2.6.2. Si on suppose que deg(D;c) = 0 on obtient des fibrés vectoriels
E semi-stables de rang 2 sur C, dont la filtration de Jordan—Holder n’est pas cons-
tituée de faisceaux quasi localement libres.

3. Faisceaux quasi localement libres de type rigide

Dans toute la suite de cette section on considere une courbe multiple primitive
C,, de courbe réduite associée C. On utilise les notations de 2.1, et on suppose que
deg(L) <O.

3.1. Définitions. Soit € un faisceau cohérent quasi localement libre sur C,,. Soient
a=[R(€)/n] etk = R(€)—an. On a donc R(€) = an + k. On dit que € est de
type rigide s’il est localement libre si kK = 0, et localement isomorphe & a0, & Oy
si k > 0. Si k > 0 cela revient a dire que € est de type (my, ..., m,), avec m; =0
sii #k,netmy=0o0ul.

Le fait d’étre quasi localement libre de type rigide est une propriété ouverte :
autrement dit si ¥ une variété algébrique integre et & une famille plate de faisceaux
cohérents sur C,, paramétrée par Y, alors I’ensemble des points y € Y tels que
€, soit quasi localement libre de type rigide est un ouvert de Y [Drézet 2009,
proposition 6.9].

Supposons que € soit quasi localement libre de type rigide et que k > 0. Alors
£ =€c, est un fibré vectoriel de rang a + 1 sur Cy, et [ =€, est un fibré vectoriel
de rang a sur C,_. Donc € est une extension

0O—wF—%—E—0

d’un fibré vectoriel de rang a + 1 sur Cy par un fibré vectoriel de rang a sur C,_.
De méme V = €% est un fibré vectoriel sur Cy et on a une suite exacte

0—V-—5¢—>FRL*—o0.
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Posons E =¢c =Eic, F=G(¥)® L %= Fe® L% Alorsona rgeE=a+1,
rgFF=a,et
(Go(®), G1(®),...,Guo1(€))=(E,EQL, ..., EQL* | FQ L ..., FQL"™.
Donc
Deg(¥€) = kdeg(E) + (n — k) deg(F) + 3 (n(n — Da + k(k — 1)) deg(L).
On a
GME)=¢/¢"V=¢,_,10L'""=G,_ (& @ L' =F.
Posons V = GR (@) @ LF" = Vic ® L*". OnargV =a+ 1, deg(V) =
deg(E) — (n — k) deg(L), et
(G™©),G" V@), ....6V(®)
=(F,F®L,.. ., FL" *' veL"* .. ,veL ™.

Les morphismes canoniques
Gl(%) ® L—— GH_] (%), G(H'l) QL — G(l)(%)

définissent un morphisme surjectif ¢ : E — F et un morphisme injectif  : F — V.
D’apres [Drézet 2009, corollaire 3.4], on a un isomorphisme canonique

ker ¢ ~ (coker ¢) ® L"*.

Posons D =ker ¢. C’est un fibré en droites sur C. On a des suites exactes

0 D E¢F 0,

v
0 F 1% D® LF"——0.

3.1.1. Notations. Onpose Ex = E, Fg=F, Vg=V, Dg=D,
g =0 :Eg —> Fg et Yg=¢: Fg — Vg.

On a une suite exacte canonique

(%) 0— FgQL" *F — V@ L"* — E¢ — Fg —> 0.

3.1.2. Construction et paramétrisation. On cherche ici a décrire comment on peut
obtenir les faisceaux quasi localement libres de type rigide € précédents. On part
d’abord d’un fibré vectoriel | sur C,_; de rang a > 1 (voir 2.5.3 pour la construc-
tion et la paramétrisation des fibrés vectoriels) qui sera €;. On construira ensuite
successivement €x_1, ..., €1, €. Il y a deux cas différents : le passage de F a €;_1,
et celui de €; a €;_1 si 1 <i < k. On va donc étudier dans les sections suivantes
les deux étapes suivantes :
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La premiere étape consiste a étudier les extensions
0O—F—>%¢—H—0

sur C,_k+1, ou H estun fibré vectoriel de rang a+1 sur C, telles que le morphisme
induit ®f g : H — [F|c soit surjectif (voir 2.5). Le faisceau € est alors quasi locale-
ment libre de type rigide, et localement isomorphe 2 a0,, ;41 @ Oc.Onaé¢,c = H
eté,=F.

Dans la seconde étape on part d’un faisceau quasi localement libre de type rigide
Gsur Cp_g+i, 1 <i <k, localement isomorphe a a0, _i; ® 0;. Soit H=%c® L.
On s’intéresse alors aux extensions

0—%Y%¥—¢€—H—0

sur C,_i+i+1 telles que le morphisme induit @4y : H ® L — H ® L soit I'iden-
tit¢ de H ® L. Le faisceau € est alors quasi localement libre de type rigide, et
localement isomorphe a a0, _4;+1 ® 0;41. Ona€,c = H et € =4.

3.2. Construction et paramétrisation — premiere étape. On décrit ici la premieére
étape évoquée dans 3.1.2, dont on conserve les notations.
Onpose F =Fic ® L~ Soient o € Exténfk(H, F) et

0O—F—% —H—0

I’extension correspondante. On suppose que ¢ = $r y(0) ® I1-1 : H — F est
surjectif. Soit D =ker¢. Ona E¢, = H, F¢ = F, et une suite exacte

(3-1) 0—FRL"* Ve ®@L"*— D—0.

On a d’apres 2.5.1 une suite exacte
1 n—k 1 Pru
0— Ext@c (H FQ L") — Ext@n_k+1 (H,F) —= Hom(H, F) —= 0.

Lemme 3.2.1. L’image de o dans Extéwk+1 (D, ) est contenue dans
Ext, (D, FQL"™),
C
et c’est I’élément associé a la suite exacte (3-1).

Démonstration. Soit o’ I’image de o dans Ex'[én_kJrl (D, F). La fonctorialité de ¢ g
par rapport a F et H entraine que ®f p(o’) =0. On a donc bien d’apres 2.5.2 ¢’ €
Ext(l% (D, F® L"%). D’apres [Drézet 2005, proposition 4.3.1] on a un diagramme
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commutatif avec lignes exactes

0 F

4
€o

0 F

E

I’extension du haut étant associée 2 . On a ¥V ¢ %((,1), et d’apres 2.5.2 on a une

0

suite exacte

0—FL"*—9%¢VeL"*— D—0.

Il en découle que ) = e = Ve, . D’apres 2.5.2 ¢’ correspond bien a I’extension
(3-1). ]

Proposition 3.2.2. Pour toute extension
0— FRL"* —>weL"*—D—0

sur C il existe oy € CI>;1[F (¢ ® I1) tel que ’extension précédente soit isomorphe a
[’extension

0—FQL"™ — Vg, @ L"" — D—0.

Démonstration. Cela découle du lemme 3.2.1, du carré commutatif

Exty (H, F® L" ") EBxt; __ (H,F)

| |

Ext} (D, F® L"*)—Ext; __ (D,F)
et de la surjectivité du morphisme de gauche. U

Soient ¢ : H — [F|c un morphisme surjectif et n € ExtéHH (D, F). Alors on a
®r (o) =¢ ® I et la suite exacte

O—>F®L"‘k—>chGO®L”_k—>D—>O
est associée a n si et seulement si n appartient au sous-espace affine
Ol (@@ 1) Ny ()
de Ex%HH (H, ). Dans cette expression 1 désigne 1’application canonique

Ext;,_, ,(H.F)—>Extg_  (D.F).
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3.3. Construction et paramétrisation — seconde étape. On décrit ici la seconde
étape évoquée dans 3.1.2, dont on conserve les notations.

On suppose que H =9c ® L. Soient o € EX%‘WHM (H, %) tel que Oy g (0)
soit I’identité de H ® L et 0 — ¢ — €, — H — 0 I’extension correspondante.

Proposition 3.3.1. Ona E¢, = Eq@ L', Fg, = Fe®@ L™, Vo, = Vg® L™ ! et
(¥)e, = (g @ L.

Démonstration. 11 suffit de le faire avec a0,_;1;+1 @ 0;4; a la place de €, en
utilisant les isomorphismes locaux €, >~ a0, _;1;+1 @ 0;1 et la fonctorialité de
()%, , ce qui est immédiat. O

On a d’apres 2.5.1 une suite exacte

1 o) 1 S
0 — Bxtl_(H, 41) —Ext} _ (H, ) 2“2 Hom(H ® L, %c) — 0.

Les faisceaux €, considérés ici sont donc indexés par le sous-espace affine
-1 1
<D<g’H(IH®L) de EXt@n—k+i+l (H,%).

3.4. Construction et paramétrisation — conclusion.

Proposition 3.4.1. Soient k, a des entiers tels que 1 <k <n,a > 0. Soient E, F,
V des fibrés vectoriels sur C de rangs a + 1, a, a + 1 respectivement, et

(3-2) 0—FQL"*" 5S5vL'"* " —SE—F—0

une suite exacte. Alors il existe un faisceau quasi localement libre de type rigide €,
localement isomorphe a a0, @ Oy et tel que (x)¢ soit isomorphe a (3-2).
Cela signifie qu’il existe un diagramme commutatif reliant les suite exactes (x)g

et (3-2):

FQL'"* ——vygL"* E F

SN

F%@Ln_k_> V@@Ln_kéE&g _>F%

3.5. Restrictions des faisceaux quasi localement libres de type rigide. Les mé-
thodes précédentes de construction de faisceaux quasi localement libres de type
rigide se font sur le principe suivant : on part d’un tel faisceau & sur C,,_; et on en
construit un € sur C, tel que €| = Z.

A priori il semblerait plus naturel de chercher un faisceau € tel que €,c, , = %.
Mais c’est impossible car un faisceau quasi localement libre de type rigide sur
C,,—1, non localement libre, n’est pas nécessairement la restriction d’un faisceau
du méme type sur C, :
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Proposition 3.5.1. Soit € un faisceau quasi localement libre de type rigide non lo-
calement libre sur C,, localement isomorphe a a0, ® Oy, aveca>1et1 <k <n—1.
Alors (%\C,._l)(l) est scindé.

Démonstration. Soient P un point fermé de C, et z € 0, p un générateur de I’idéal
de C. On fixe un isomorphisme ép 2>~ a0, p ® O p. On a alors (€|c,_,)p =
a0,_1,p @ O p, et

EMp=a"HeE ™, (€ )r=a(@" /)

L’image du morphisme canonique A : €V — (%IC,H)(I) au point P est (zF71).
L autre facteur a(z"~2)/(z"!) est ((¢c,_,)n—2) p. On a donc

@c,)"V =(mAr) & (€, )n_2. O

4. Dualité et torsion

On considere dans cette section une courbe multiple primitive C,, de courbe
réduite associée C. On utilise les notations de 2.1.

4.1. Généralités sur la dualité des faisceaux cohérents sur C,. Soient P € C et
M un 0, p-module de type fini. On note M le dual de M :

MY" =Hom(M, O, p).

Si aucune confusion n’est a craindre on notera M = M. Si N est un O¢ p-
module, on note N* le dual de N : N* = Hom(N, O¢, p).
Soit € un faisceau cohérent sur C,,. On note €V le dual de ¢ :

€Vr = Hom (€, 0,).

Si aucune confusion n’est & craindre on notera €Y = €Y. Si E est un faisceau
cohérent sur C, on note E* le dual de E : E* = #om(E, O¢). Ces notations sont
justifiées par le fait que EY # E*. Plus généralement on a, si i un entier tel que
1 <i < n et € un faisceau cohérent sur C;, un isomorphisme canonique

CALRE - X

($¢ désignant le faisceau d’idéaux de C, qui est un fibré en droites sur C,,_1). En
particulier, pour tout faisceau cohérent E sur C, on a EV» ~ E* @ L"~! [Drézet
2009, lemme 4.1].

Pour tout entier i tel que 1 <i < n, on a (€)® = (¢,)" [Drézet 2009,
proposition 4.2].
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4.1.1. Sous-faisceau de torsion d’un faisceau cohérent sur C,. Soient P un point
fermé de C et x € 0,,p un élément au dessus d’un générateur de I’idéal maximal
de Ocp. Soit M un 0, p-module de type fini. Le sous-module de torsion T (M) de
M est constitué des éléments annulés par une puissance de x. On dit que M est
sans torsion si ce sous-module est nul. C’est donc le cas si et seulement si pour
tout m € M non nul et tout entier p > 0 on a x”m # 0.

Soit € un faisceau cohérent sur C,,. Le sous-faisceau de torsion T (€) de € est
le sous-faisceau maximal de € dont le support est fini. Pour tout point fermé P de
ConaT(€)p=T(€p). On a donc une suite exacte canonique

0—T(%&) —¢€—¢"W —0.

4.1.2. Faisceaux réflexifs. Un faisceau cohérent € sur C, est réflexif si et seule-
ment si il est sans torsion [Drézet 2009, théoreme 4.4], si et seulement si €V est
localement libre sur C [Drézet 2009, proposition 3.8].

4.2. Dualité des faisceaux de torsion. Soit T un faisceau de torsion sur C,. Alors
on a évidemment TY = 0. On appelle dual de T le faisceau

D, (T) =éxtg (T,0,).

S’il n’y a pas d’ambiguité sur n, on notera plus simplement T=D,(T). Rappelons
que %xti@’l (T, 6,) =0 pour tout i > 2, d’apres le corollaire 4.6 de [Drézet 2009].

Proposition 4.2.1. Soit T un faisceau de torsion sur C;, 1 <i < n. Alors on a un
isomorphisme canonique

D,(T) =~ D;(Ty@L"".
Bien stir on a D;(T) @ "~/ ~ D;(T).

Démonstration. D’apres la proposition 2.1 de [Drézet 2009] on a un isomorphisme
D;(T) ~ %xtéﬂ (T, ©;). On considere la suite exacte

O_)©i®[Lnii _>©n _r>©n—i —0.
11 suffit de montrer que le morphisme induit par r
@ : Gxty (T, 0,) —> €xty (T,0,-;)

est nul.
On considere une résolution localement libre de T :

) s E, i Eo T 0.
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Soient P un point fermé de C et z € 0,p une équation de C. Alors %xtéﬂ (T, 0,)
est isomorphe a la cohomologie de degré 1 du complexe dual

f

[Eg_>[Elvl>[Eg---

et %xtén (T, 0,_;) est isomorphe a la cohomologie de degré 1 du complexe obtenu
en restreignant le précédent a C,_;. Le morphisme @ provient du morphisme de
complexes

t
EY EY & By

iﬂo im inz
t tf2

EDic,s —— EDc,; —= Eie,y

(les fleches verticales étant les restrictions).

Soient P un point du support de T et z € O, p une équation de C. Soient a €
%xtén (T,0,)p et u € ker'f> au dessus de «. Puisque T est concentré sur C;, la
multiplication par 7 %xtéﬂ (T,0,)p— %xtén (T, 0,) p estnulle. Donc z'u €im'f,
et on peut écrire z'u ="'£{(9), avec 6 € (Ey) p- On va montrer que 6 est multiple de
z'. Pour cela on suppose que ce n’est pas le cas, et on va aboutir 4 une contradiction.
On a donc @ = %0/, avec 0 < k < i et 6’ non multiple de z. On a 'f; ("' t*¢") =
Z"u = 0, et puisque ’f; est injectif, on a z"~"tk9’ = 0. Puisque n — i + k < n, il
en découle que 6’ est multiple de z, ce qui est la contradiction recherchée. On peut
donc écrire 0 = z'0’, d’ott 2/ (u — '£1(8")) = 0, et il en découle qu’on peut écrire
u sous la forme u = 'f;(0") + z" " p. 1l en découle que 71 (1) = "f(7o(A")). On a
donc ®p(a) =0. U

Corollaire 4.2.2. Soit T un faisceau de torsion sur C,. Alors on a h®(T) = hO(T).

Démonstration. D’ apres la proposition 4.2.1, on a, pour tout faisceau de torsion T’
sur C, D, (T) >~ T. Le corollaire en découle, en utilisant par exemple la premicre
filtration canonique de T. ([

Les faisceaux de torsion sur C,, et les morphismes entre eux constituent une ca-
tégorie abélienne et noethérienne J,(C,), qui est évidemment une sous-catégorie
pleine de celle des faisceaux cohérents sur C,. La dualité définit un foncteur contra-
variant exact

Dn . 9-n(Cn) — gn(cn)

Proposition 4.2.3. Le foncteur D,, est une involution. Donc si T est un faisceau de
torsion sur C, il existe un isomorphisme canonique

TZT:TT.
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Démonstration. 11 existe un fibré vectoriel E et un morphisme surjectif f : E— T.
Alors € = ker f est un faisceau sans torsion, donc réflexif. On obtient donc en
dualisant la suite exacte 0 - € — E — T — 0 les suivantes :

0—F — ¢ —T—0, 0—><<€—>[E—>TTT—>O.

Le résultat en découle aisément. O
Si T est un faisceau de torsion sur C,, 1’entier A°(T) s’appelle la longueur de
T.Ona
hO(T) =) " dime(Tp).

pPeC

Lemme 4.2.4. Soit T un faisceau de torsion sur C,. Alors on a ho(G;(T) =
hO(GY+D(T)) pour 0 <i < n.

Démonstration. Découle aisément du [Drézet 2009, corollaire 3.4]. U
Corollaire 4.2.5. Soit T un faisceau de torsion sur C,. Alors on a, pour 1 <i <n,
des isomorphismes canoniques
0 ~Mlel,  MOY~TT., "M ~6M.
Démonstration. De la suite exacte 0 — T; — T — T/T; — 0 on déduit la suivante :
0—>f/\f,~—>ﬁ—>[fﬂ]—>0.

D’apres la proposition 4.2.1, ﬁ est concentré sur C;. On a donc ﬂfl c (DY,
Mais le lemme 4.2.4 entraine que ho(f/\fi) = ho((TT)(i )), donc on a en fait I’égalité.
1l en découle que [T;] ~[T]; ® L.

Le dernier isomorphisme découle de la suite exacte

0— GO — [T QL —> [Tliy1 — 0

(voir [Drézet 2009, lemme 3.2]), du fait que par définition on a G;(T) =T;/T;41,
et du premier isomorphisme. (]

4.3. Dualité des faisceaux sans torsion. Soit € un faisceau cohérent sans torsion
sur C,,. Il est donc réflexif (voir 4.1.2). Les faisceaux €;, ¢ le sont donc aussi,
étant des sous-faisceaux de €. Mais les faisceaux €/¢€; ne le sont pas en général.
On note ¥; (€) le sous-faisceau de torsion de €/€;, et T; (€) celui de G;(€).

Pour 1 <i < n, on note €[] le noyau du morphisme canonique surjectif

¢ €c (&)Y

Proposition 4.3.1. Soit € un faisceau cohérent sans torsion sur C,. Alors, pour
1<i<n:
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(1) On a un isomorphisme %;(€") ~ % ® L, et une suite exacte
0— (V) — (€))L — %;(€") — 0
canoniques.
(ii) On a un isomorphisme canonique €[i]" ~ (€V); @ L.

(ii1) 1l existe un morphisme canonique ¢;(€): X;1+1(€) = X; (€) tel que ker ¢; (€) ~
T; (€), et que coker ¢; (€) = R;(€) soit concentré sur C.

(iv) 1l existe une inclusion canonique
G(i—&-l)(%\/)(_> G (®)*® Ln—1
telle que le quotient soit isomorphe a R;(€).

Démonstration. En dualisant la suite exacte 0 — €; — € — €/€; — 0, on obtient
la suite exacte

0— (/€)' — € —> (&)Y —> €xt} (€/%,0,) = %i(€) — 0.

D’apres la proposition 4.2 de [Drézet 2009] on a (€/¢€;)" = (€")®. On en déduit
la suite exacte

P

4-1) 0— (&), L7 — (€)Y — Z;(€) — 0.

En la dualisant et tensorisant par L=/, et en utilisant la proposition 4.2.3 on obtient
la suite exacte

(4-2) 0— %L — ((€Y),)Y — (&L~ — 0,

qui est (4-1) avec €Y a la place de €. On obtient donc 1’isomorphisme canonique
de (i). On en déduit (ii) en dualisant la suite exacte 0 — €; — é[i] - X;(€) — O.
On a un diagramme commutatif avec lignes et colonnes exactes

0 0
0 €it1 (V)i QL —=%i11(€) —=0
0 & (€)Y el Zi(®) 0
G;(®) GUtD (V)Y
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ou les suites horizontales proviennent de (4-2) et la suite verticale du milieu du
[Drézet 2009, lemme 3.2]. On en déduit ais€ment (iii) et (iv). U

4.4. Invariants du dual d’un faisceau cohérent.

Proposition 4.4.1. Soit € un faisceau cohérent. Alors on a
R(€")=R(€), Deg(€")=—Deg(€)+ R(€)(n—1)deg(L) +h*(T(€)).

Démonstration. La premilre assertion concernant les rangs est immédiate, par
exemple en se placant sur 1’ouvert ol € est quasi localement libre. Démontrons
la seconde. Soit & = €/T (€), qui est un faisceau sans torsion. On a Deg(€) =
Deg(F)+h"(T (€)), R(€) = R(F) et €” =%, donc la seconde assertion équivaut &

Deg(F") = —Deg(%) + R(F)(n — 1) deg(L).
On peut donc supposer que € est sans torsion. On va montrer que
(4-3) Deg(€") = —Deg(€) + R(€)(n — 1) deg(L)

par récurrence sur n. Si n = 1 c’est évident. Supposons que n > 1 et que (4-3) soit
vraie pour n — 1. On a donc

Deg((€1)""~') = —Deg(€1) + R(¥€1)(n —2) deg(L).
Mais d’aprés 4.1 on a (€1)" = (€)' ® $¢, donc
Deg((€1)") = Deg((€1)""~") + R(€;) deg(L),
d’ou
(4-4) Deg((€1)”) = —Deg(€1) + R(€1)(n — 1) deg(L)
(c’est-a-dire que (4-3) est vraie pour €1). D’apres la suite exacte
0—¢ —>E—¢c—0
on a Deg(€) = Deg(€1) + Deg(¢€,c). Soit T = T (€|c). On a une suite exacte

0— (€)Y — € — (€))) — T — 0,
donc
Deg(€") = Deg((é/c)") + Deg((€1)") — h(T).
Mais
Deg((é1c)") — h°(T') = —Deg(€c) + (n — DR(&c) deg(L).
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car (%|C)V = (%lC)* ® L. Donc
deg(€") = Deg((%1)") —Deg(é\c) + (n — R(%c) deg(L)
= —Deg(€) + R(€)(n — 1) deg(L)
d’apres (4-4). O

Corollaire 4.4.2. Soit € un faisceau cohérent réflexif sur C,. Alors, pour 1 <i <n,
ona

R((EH)=R&), R(ENHD)=RE), R(E")c)=REc),
Deg((¢");) = —Deg(%;) + (n +i — 1)R(&;) deg(L) — h°(Z;(€)),
Deg((€")ic,) = Deg((éc,)") — i R(&;) deg(L).
Démonstration. Découle aisément des propositions 4.3.1 et 4.4.1. O

Corollaire 4.4.3. Soient € un faisceau cohérent réflexif sur C, et i un entier tel
que 1 <i <net R(€;) > 0. Alorsona

RCEY ) = (60 = s B = wCE )+ BT ) (ks + )

5. Conditions d’existence des faisceaux (semi-)stables

Dans toute la suite de I’article on considére une courbe multiple primitive C,,
de courbe réduite associée C. On utilise les notations de 2.1, et on suppose que
deg(L) < 0.

5.1. Criteres de (semi-)stabilité.

Lemme 5.1.1. Soient A, A”, B, B”, E, E” des faisceaux cohérents de rang positif
sur Cy, tels que

R(E) = R(A) + R(B), R(E")=R(A")+ R(B"),
Deg(E) = Deg(A) + Deg(B), Deg(E") = Deg(A”) + Deg(B”).
On suppose qu’on a (1(B) > j1(A), w(A”) > u(A), w(B") > u(B), et que

R(E//) > R(A//)
R(E) = R(A)’

Alors on a w(E") > u(E). Si de plus w(A”) > (A) ou u(B"”) > w(B), alors on
apu(E") > u(E).

Démonstration. D’apres les hypothéses, R(E”)/R(E) > R(A”)/R(A) équivaut a
R(B")/R(B) > R(A")/R(A), et u(E") — n(E) = A/R(E)R(E"), avec

A = (Deg(A")+Deg(B"))(R(A)+R(B)) — (Deg(A)+Deg(B))(R(A")+R(B")).



314 JEAN-MARC DREZET

On a
Deg(A”) > Deg(A)LA”) Deg(B”) > Deg(B) R(B")
= R(A) = R(B)’
Donc A > A/, avec
A = <De (A)R(AN) +De (B)R(B”)>(R(A) +R(B))
=R 8RB

— (Deg(A) +Deg(B))(R(A")+ R(B"))
= (u(B) — n(A)(R(B")R(A) — R(A")R(B)).
Le résultat en découle immédiatement. O

Théoreme 5.1.2. Soient € un faisceau cohérent sans torsion sur C, et k un entier
tel que 1 <k < n et que €x # 0. On suppose que

(5-1) n(@®) < u@), uEH®) < uE).

Alors, si €[k], (€,c,)"", (€")[k] et ((€Y)|c,)"" sont semi-stables il en est de méme
de €.

Si de plus les inégalités de (5-1) sont strictes, et si €[k] ou (€,c,
(€V)[k] ou ((€Y)c,)"", sont stables, alors € est stable.

)WY, ainsi que

Démonstration. Supposons que les hypotheses du théoreme soient vérifiées. Soit
g —=¢

un quotient de €. Il faut montrer que ©(€”) > 1 (€). On peut supposer que €” est
sans torsion. On a un diagramme commutatif avec lignes exactes

0 é[k] € c)” —=0
0 cé//[k] %// (%T/Ck)\/\/ —0

ol les deux fleches verticales de droite sont surjectives. Le cas ot €¢”[k] = 0 est
évident. On supposera donc que €”[k] # 0. Remarquons que les inégalités (5-1)
équivalent a

w(@Ec)”) = p(ElkD,  u(((€)ic)”) = n(€" k),

car (V)0 = (€|c,)". Le morphisme vertical de droite du diagramme précédent
est surjectif, donc on a ;L((%fck)w) > n((€c,)"") d’apres la semi-stabilité de
(€)c,)"". Le conoyau du morphisme vertical de gauche est de torsion, donc on a
w(€"[k]) > w(€[k]) d’apres la semi-stabilité de €[k]. D apres le lemme 5.1.1 on
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a (€’ > u(é)si
R(€") - R(€"[k])

R(®) ~ RCEkD)

On peut donc supposer que
R(€") - R(€"[k])
R(®)  R(E[kD)

On utilise maintenant la suite exacte

(5-2)

0—¢" —¢ —¢€" —0

obtenue en utilisant le fait que €¢” est réflexif. D’aprés la proposition 4.4.1, 1 (€”) >
w(€) équivaut a u(€"Y) > u(€Y), et d’apres le lemme 5.1.1, cette inégalité est
vérifiée si

R(€) R(E"Y) - R(€"[k])
R(€)  R(€Y) — R(€V[k])
D’apres 4.1.1, on a R(€'V[k]) = R(€'[k]) et R(€Y[k]) = R(é[k]). Donc (5-3)
équivaut a

(5-3)

(5-4) R(€") . R(%’[k])'
R(€) — R(é[k])

Puisque €, est contenu dans le noyau du morphisme canonique surjectif €; — €7,
on a
R(€'[k]) = R(€,) < R(€x) — R(€)) = R(€[k]) — R(€"[]),
donc on peut écrire
R(€'[k]) = R(€[k]) — R(€"[k]) —n,

avec n > 0. Donc (5-4) s’écrit

R(€") - R(€"[k]) +n

R(€) —  R(é[k])

L’inégalité précédente est vraie d’apres (5-2). On a donc bien w(€”) > w1 (é).
Lassertion concernant la stabilité se démontre de maniere analogue. (]

5.2. Le cas des fibrés vectoriels. On suppose que le genre de C est g > 2.

Théoréme 5.2.1. Soit E un fibré vectoriel sur C,. Alors, si E|c est semi-stable (ou
stable), il en est de méme de [.

Démonstration. Posons E = [Ec. Les filtrations canoniques de [ sont identiques,
et leurs gradués sont

(Go(®), G1(®), ..., Gu_1(€)) =(E,EQ®L,...,E® L").
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Les inégalités (5-1) sont trivialement vérifiées (car deg(L) < 0) pour tout entier k
tel que 1 <k < n.

Le théoréme 5.2.1 se démontre par récurrence sur n : pour n = 1 c’est évident.
Supposons que ce soit vrai pour n — 1 > 1. Alors [E; est semi-stable (ou stable). Le
théoreme 5.1.2 permet alors de conclure qu’il en est de méme de E. ([

5.2.2. Variétés de modules. Soient r, § des entiers tels que r > 1. Posons
R=nr, d=nd+ in(n—rdeg(L).

Pour tout fibré vectoriel E sur C, tel que E,c soit de rang r et de degré §, on a
R(E) = R et Deg(€) = d. 1l découle de 2.5.3 que la variété de modules M(R, d)
des fibrés vectoriels stables de rang généralisé R et de degré généralisé d sur C,
est non vide. C’est un ouvert irréductible et lisse de la variété de modules M(R, d)
des faisceaux stables de rang généralisé R et de degré généralisé d. Pour calculer
sa dimension on considere un fibré stable E tel que R(E) = R et Deg(E) =d. On a

dim(M(R,d))=1—-x(EYQ®E) =1 —i—nrz(g —1)— %n(n — l)r2 deg(L).
5.3. Le cas des faisceaux quasi localement libres de type générique. On suppose
que le genre de C est g > 2.

Théoreme 5.3.1. Soient a, k des entiers tels que a > 0 et 1 < k < n. Soit € un
faisceau quasi localement libre de type rigide, localement isomorphe a a0, @ Oy
et tel que

(5-5) 1 (V) + 3ndeg(L) < u(Fe) < u(Eg) — sndeg(L).

Alors si E¢, Fg et Vg sont semi-stables, il en est de méme de €.
Si les inégalités précédentes sont strictes, et si Eg, Fg et Vg sont stables, il en
est de méme de €.

Démonstration. On ne démontrera que la premiere assertion, la seconde étant ana-
logue. On utilise les notations de 3.1. Supposons les inégalités (5-5) vérifiées et
E¢, Fg et Vg semi-stables. Alors on a

k=% =F, ¥ =E € kl=ENn=FRL", &) =V"

Donc d’apres le théoreme 5.2.1, €[k], €,c,, €"[k] et (€")|c, sont semi-stables. Un
calcul simple montre que les inégalités (5-5) équivalent aux inégalités (5-1). La
semi-stabilité de ‘€ découle donc du théoréme 5.1.2. U

La semi-stabilité de E¢, Fg et Vg entraine d’autres inégalités :

n(Eeg) < u(Fe), n(Fe) < n(Vee)
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(car il existe un morphisme surjectif E¢ — F¢ et un morphisme injectif Fg — V).
Les inégalités précédentes et (5-5) équivalent aux inégalités
n—=~k
a+1

5.3.2. Variétés de modules de faisceaux stables. Soient a, k, €, § des entiers, avec
a>1letl <k <n.Soient

w(Ee) < nu(Fe) < u(Ee) —

deg(L).

R =an+k, d =ke+(n—k)8+ L(nn —a+k(k — 1)) deg(L).

On note M(R, d) la variété de modules des faisceaux stables de rang généralisé R
et de degré généralisé d sur C,. Les faisceaux quasi localement libres € de type
générique stables localement isomorphes a a0, @ Oy, et tels que E¢ et F¢ soient de
rang a+1 et a (respectivement) et de degré € et § constituent un ouvert irréductible
de M(R, d), dont la sous-variété réduite associée est notée N(a, k, 6, €).

Théoréeme 5.3.3. Siona

a+1 a a—+1
N(a, k, 8, €) est non vide.

€ 8§ €—(n—k)deg(L)
<

Démonstration. Les hypotheses et les résultats de [Russo et Teixidor i Bigas 1999]
impliquent qu’il existe des fibrés stables E, F, V sur C, tels que
rgE=a+1, deg(E)=e, 1gF=a, deg(F)=3,
rgV=a+1, deg(V)=¢€—(n—k)deg(L),
et tels qu’il existe une suite exacte

0— FQL"* " —>veL'"* ——E—F—0.

D’apres la proposition 3.4.1 il existe un faisceau quasi localement libre de type
rigide €, localement isomorphe a a0, @ Oy et tel que ()¢ soit isomorphe a la suite
exacte précédente. D’apres le théoreme 5.3.1, € est stable, et définit donc un point
de N'(a, k,$, €). O

5.4. Exemple d’application a des faisceaux non quasi localement libres. Soient
[ un fibré vectoriel sur C,,, E = E|c et Z un ensemble fini de points de C. On pose
z=h"0y). Soient ¢ : E— Oz un morphisme surjectif, et €4 = ker ¢. On a deux
suites exactes

0—¢; —E—0; — 0, 0—>[EV—>%<\;—>@Z—>O.

Le morphisme ¢ se factorise par E. On note E4 le noyau du morphisme induit
E — 0z. On note %;5 le noyau du morphisme induit Ei¢, , — 0z.
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Lemme 5.4.1. On a €y[1] =y,
(Eg10)"" = Eg,  €3[11=(E,)". ((€s))c)” =E*.

Démonstration. 11 suffit de le démontrer en un point P de Z. Soit z € 0, p une équa-
tionde C et x €0, p au dessus d’un générateur de I’idéal maximal de P dans O¢. Si
r=rglkc,ona€éy p>~r0, p® (x,z). On peut donc supposer que €y p = (x, 2).
I1 faut montrer que €y[1]p = (2). On a (x,2)|c = (x)/(x2) ® (2)/(xz, 72). Le
premier facteur est isomorphe a Oc p et le second a C. Donc €4[1]p est le noyau
du morphisme
(X,Z)—>@C,p, ax+bz—a

(a désignant I'image de a dans Oc p). On a donc €4[1]lp = (z) = E; p. On a
%¢|C = E¢ @ Oz, donc (%mc)vv = E¢.

On a %qvj[l] = ((€4)1)” @ L d’apres la proposition 4.3.1(ii). On a un diagramme
commutatif avec lignes exactes

0—=EQL"'=(¢y)V) —=% — (¢3)1 L' —0

0 E® L' ' =FD E Ec,, —0

On en déduit immédiatement la troisieme égalité. On a enfin
(€)Y =@ =(EQ L") =E*" 0

Théoréme 5.4.2. Sionaz < —rg Edeg(L) et si E et Ey sont semi-stables, alors
€y est semi-stable. Si I’inégalité est stricte et si E et Ey sont stables, il en est de
méme de €.

Démonstration. Cela se démontre aisément par récurrence sur n, en utilisant le
lemme 5.4.1 et les théoremes 5.1.2 et 5.2.1. O
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A QUANTITATIVE ESTIMATE
FOR QUASIINTEGRAL POINTS IN ORBITS

LIANG-CHUNG HSIA AND JOSEPH H. SILVERMAN

Let ¢(z) € K(z) be a rational function of degree d > 2 defined over a number
field whose second iterate ¢*(z) is not a polynomial, and let « € K. The
second author previously proved that the forward orbit O, () contains only
finitely many quasi-S-integral points. We give an explicit upper bound for
the number of such points.

Introduction

Let K /Q be a number field, let S be a finite set of places of K, and let 1 > ¢ > 0.
An element x € K is said to be quasi-(S, ¢)-integral if

[Ky : Q]

1 ———log™t|x|, > h(x).

) > Kqp o Xl Zeh)
vesS
We observe that x is in the ring of S-integers of K if and only if it is quasi-(S, 1)-
integral, in which case (1) is an equality by definition of the height.
Let ¢(z) € K(z) be a rational function of degree d > 2, let « € K be a point,

and let

Oy (@) = {a, p(@), 9> (@), ...}

denote the forward orbit of o under iteration of ¢. Silverman [1993] proved that
if 92 (z) is not a polynomial, then the orbit O, (a) contains only finitely many quasi-
(S, &)-integral points. More generally, if #0, (o) = oo and if B is not an exceptional
point for ¢, then there are only finitely many n > 1 such that

1
¢"(a)—p
is quasi-(S, ¢)-integral. In this note we give an upper bound for the number of
such n, making explicit the dependence on S, ¢, @, and . More precisely, we

Hsia is supported by NSC-97-2918-1-008-005 and NSC-96-2115-008-012-MY3. Silverman is sup-
ported by NSF DMS-0650017 and DMS-0854755.

MSC2010: primary 37P15; secondary 11B37, 11G99, 14G99.

Keywords: arithmetic dynamics, integral points.
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prove that the number of elements in the set

2) {n>0:(g"(a)—B)~"is quasi-(S, )-integral}
is smaller than

h(p) +ﬁ¢(ﬁ)>

3 45y +1 +<
3) y +log, @)

where y depends only on d, ¢, and [K : Q]. (See Section 2 for the definitions
of the height /h(¢) of the map ¢ and the canonical height fzq,.) Our main result,
Theorem 11 in Section 5, is a strengthened version of this statement.

The specific form of the upper bound in (3) is interesting, especially the depen-
dence on the wandering point « and the target point 8. For example, if fzw(a) is
sufficiently large (depending on B and ¢), then the bound is independent of «, B,
and ¢. It is also interesting to ask whether it is possible, for a given ¢ and «, to
make the set (2) arbitrarily large by varying 8. We discuss this question further in
Remark 14.

We briefly describe the organization of the paper. We start in Section 1 by setting
notation and proving an elementary estimate for the chordal metric. Section 2 is
devoted to height functions, both the canonical height associated to a rational map
and various results relating heights and polynomials. In Section 3, we prove a
uniform version of the inverse function theorem for rational maps of degree d.
Section 4 states an estimate for the ramification of the iterate of a rational function,
taken from [Silverman 1993; 2007], and a quantitative version of Roth’s theorem,
taken from [Silverman 1987b]. In Section 5 we combine the preliminary material
to prove our main theorem. Finally, in Section 6, we use the main theorem to give
an explicit upper bound for the number of S-integral points in an orbit.

Remark 1. Silverman’s paper [1993] on finiteness of quasi-S-integral points in
orbits has been used by Patrick Ingram and Silverman [2009] to prove a dynami-
cal version of the classical Bang—Zsigmondy theorem on primitive divisors [Bang
1886; Zsigmondy 1892]. It has also been used by Felipe Voloch and Silverman
[2009] to prove a local-global criterion for dynamics on P!. The quantitative results
proved here should enable one to prove quantitative versions of the papers with
Ingram and Voloch, but we have not included these applications in this paper in
order to keep it to a manageable length.

Remark 2. Quantitative estimates similar to those in this paper have been proved
for the number of integral points on elliptic curves and on certain other types of
curves. See for example [Gross and Silverman 1995] and [Silverman 1987b].
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1. Preliminary material and notation

We set the following notation:

K a number field.

Mg the set of places of K.

My the set of archimedean (infinite) places of K.

M% the set of nonarchimedean (finite) places of K.

log™ (x) the maximum of log(x) and 0. We write logziIr for log base d.

For each v € Mg, we let |- |, denote the corresponding normalized absolute
value on K whose restriction to Q0 gives the usual v-adic absolute value on Q. That
is, if v € Mg, then |x|, is the usual archimedean absolute value, and if v € MY,
then |x|, = |x|, is the usual p-adic absolute value for a unique prime p. We also
write K, for the completion of K with respect to |- |,, and we let C, denote the
completion of an algebraic closure of K.

For each v € Mg, we let p, denote the chordal metric defined on P!(C,), where
we recall that for [x1, y1, [x2, 2] € P1(C,),

[x1y2 — X210
VIXEZ+1yi2y1x02 +1y212
lx1y2 — x2)1 v
max{|xi |y, [y1]v} max{|xa]y, |y2[v}

- [e.¢]
ifve My,

pu([x1, Y11, [x2, y21) =

: 0
ifveMg.

In this paper, we use the logarithmic version of the chordal metric to measure
the distance between points in P1(C,).

Definition. The logarithmic chordal metric function
ro i PY(C,) x P1(C,) = RU {00}
is defined by

Au([x1, y1l, [x2, y21) = —log py([x1, y11, [x2, y2D).

Note that 1, (P, Q) >0forall P, Q € P}(C,), and that two points P, Q € Pl(C,)
are close if and only if 1, (P, Q) is large. We also note that X, is a particular choice
of an arithmetic distance function as defined in [Silverman 1987a, Section 3], that
is, it is a local height function Api,p1 o, where A is the diagonal of P! x P!

The next lemma relates the logarithmic chordal metric A,(x, y) to the usual
metric |x — y|, arising from the absolute value v.

Lemma 3. Let v € Mg and let A, be the logarithmic chordal metric on P(C,).
Define £, = 2 if v is archimedean, and £, = 1 if v is nonarchimedean. Then for
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x,y € C, the inequality h,(x, y) > Ay(y, 00) +log £, implies
Ao(y, 00) < Ay(x, y) +loglx —yly < 22,(y, 00) +log .
Proof. Notice that by the definition of chordal metric,
Ay (x, y) = Ay(x, 00) + Ay (y, 00) —loglx — ylo.
Therefore
Ay(x, y) +log|x — yly = Ay(x, 00) + Ay (y, 00) = Ay (y, 00).

This gives the lower bound for the sum A, (x, y) +log|x — y|,.

For the upper bound, if v is an archimedean place, then the assertion is the same
as [Silverman 2007, Lemma 3.53]. We will not repeat the proof here. For the case
where v is nonarchimedean, notice that A, satisfies the strong triangle inequality,

Ay(x, y) = min (Ay(x, 2), Ay(y, 2)) ,

and that this inequality is an equality if A, (x, ) # Ay (¥, 2). Suppose that x and y
satisfy the condition required in the lemma, that is, A,(x, ¥) > A, (y, 00). (In this
case, £, = 1.) We claim that A, (x, 00) < A,(y, 00). Assume to the contrary that
Ap(x, 00) > Ay(y, 00). Then by the strong triangle inequality for A,, we have

)Vv(x» )’) = min ()\'v(-xa OO), )"v(y’ OO)) = )\'v(ys OO)
But this contradicts the assumption that A, (x, y) > A,(y, 00). Now
Ay(x, y) +10g|x — Yl =Ap(x, 00) +)‘v(ya 00)
<2A,(y,00) by the claim,

which completes the proof of the lemma. U

2. Dynamics and height functions

Let ¢ : P! — P! be a rational map on P! of degree d > 2 defined over the number
field K. We identify K U {oo} ~ P!(K) by fixing an affine coordinate z on P!, so
o € K equals [, 1] € P'(K), and the point at infinity is [1, 0]. With respect to this
affine coordinate, we identity rational maps ¢ : P! — P! with rational functions
¢(2) € K(2).

Let P € P'. Then the (forward) orbit of P under iteration of ¢ is the set

0,(P) ={¢"(P):n=0,1,2,...}.

The point P is called a wandering point of ¢ if O,(P) is an infinite set; otherwise
P is called a preperiodic point of ¢. The set of preperiodic points of ¢ is denoted



A QUANTITATIVE ESTIMATE FOR QUASIINTEGRAL POINTS IN ORBITS 325

by PrePer(¢). We say that a point A € P! is an exceptional point if it is prepe-
riodic and 90*1((% (A)) = 0,(A), which is equivalent to the assumption that the
complete (forward and backward) ¢-orbit of A is a finite set. It is a standard fact
that A is an exceptional point for ¢ if and only if A a totally ramified fixed point
of goz. (One direction is clear, and the other follows from the fact [Silverman 2007,
Theorem 1.6] that if A is an exceptional point, then O,(A) consists of at most two
points.)
For a point P = [xg, x1] € P! (K), the height of P is

K, :Q,
npy = 3 e togmax(sal. )

veEMk

Then the canonical height of P relative to the rational map ¢ is given by the limit
hy(P) = lim h(p"P)/d".
n—oo

To simplify notation, we let d, = [K, : Q,]/[K : Q].
Using the definition of A,, we see that
h(P)= ) dyhy(P,00)+0(1).

veEMk

More precisely, writing P = [xg, x1] and oo = [1, 0], we have

max{|xoly, |x
W(P)= Y dyhy(P.00)+ Y dvlog< { 2'” | ”2”}>.
‘UGMIO( UEM,O(O \/ |x0|v+|x1|v

The quantity max{a, b}/va?+b? is between 1/+/2 and 1 for all nonnegative
a,beR,so

—31og2 <h(P)—= Y dyly(P,00) 0.

veMg

For further material and basic properties of height functions, see [Silverman 2007,
Sections 3.1-3.5].
For a polynomial f =" a;z' € K[z] and absolute value v € Mg, we define

|fly=max{la;[,} and A(f)=h(...,a;,...)= Z dylog| f'lo.
vEMK

We say that a rational function ¢(z) = f(z)/g(z) € K(z) of degree d is written in
normalized form if

d d
f(@)= Z a;iz and g(z) = Z biz' witha;, b; € K,
i=0 i=0
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if ay and b, are not both zero, and if f and g are relatively prime in K[z]. For
v e Mg, we set |¢|, = max{| f|y, |g|v}, and then the height of ¢ is defined by

h(@) =h(lao, ..., aa, bo, ..., bal) = Y, dyloglgl,.

veEMg

Directly from the definitions, we have
“) max(h(f), h(g)) = h(p).

The following basic properties of absolute values of polynomials will be useful.
Lemma 4. Let ve Mg and let f, g € K|x] be polynomials with coefficients in K.

@ |f+agl < :|f|v +1gly if v is archimedean,
v =

(b) Gauss’s lemma. If v is nonarchimedean, then | fgl, = | flv|glv-

max{| fly, |glv} if v is nonarchimedean.

(¢) If v is archimedean and deg f + deg g < d, then

47 fely < |flolglo < 4% felo.

Proof. (a) follows from the definition. For (b) and (c), see for example [Lang 1983,
Chapter 3, Propositions 2.1 and 2.3]. (]

Proposition 5. Let { f1, ..., f;} be a collection of polynomials in the ring K [x].

@ h(fifr- fr) <Y (h(f) +(deg fi + 1) log2)

i=1

<r max {h(f;) + (deg f; + 1) log2}.

(b) h(fi+ fot o+ £) <D h(f) +]logr.

i=l

(c) Let ¢(2), ¥ (z) € K(z) be rational functions. Then

h(g o) < h(p) + (deg p)h(¥) + (deg ¢)(deg ) log 8.

(d) Let ¢(z) € K(2) be a rational function of degree d > 2. Then for alln > 1, we
have

h(g") < <dn _ 1>h(<p) + d2<dn_l—_l) log 8.
“\d-1 d—1
Proof. The proofs of (a) and (b) can be found in [Hindry and Silverman 2000,
Proposition B.7.2], where the proposition is stated for multivariable polynomials.
Since we’ll use the arguments in (a) for the proof of (c), we repeat the proof of

(a) for the one-variable case. (Also, our situation is slightly different from that in
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[Hindry and Silverman 2000], since we are using a projective height instead of an
affine height.) Writing f; =Y. a;r X, we have

E
P ...frzz( Y a a)x ,
E ej+-+e,=E
and hence for v € Mk,
5) i frho=max| D aian,
el +-+te,=E v

and A(f1--- fr) = ZUEMK dylog|fi--- frly- If v is nonarchimedean, then by
Gauss’s lemma, Lemma 4(b), we have

1free felo =T T 1l
i=1

It remains to deal with an archimedean place v. We note that the number of
terms in the sum appearing in the right side of (5) is (E J;ffl). Hence

E+r—1
< max < ) max |die, ---a
|f1 fr|v_ I ( E e1+~~-+e,:E| leg rer|v
E+r—1
5max<2 max |alel-~-arerlv>.
E er+-te,=E

Further, if E > deg(fi ... f;), then the product ay,, - - - a,, 1S zero, since in that
case at least one of the a;; is zero. Hence

(©6) [fieee frly < 200 H = T

i=1

Let N, = 22 (deg fitD) if y is archimedean, and N, = 1 if v is nonarchimedean.
Then we compute

h(fi--f)=Y_ dyloglfi--- frly

veEMg
r
=< Z dv(long +10gl_[|fl|v)
veMg i=1

<Y (h(fi) + (deg f; + 1) log2)

i=1

<r 1m_ax {h(fi)+ (deg fi + 1) log2},

which completes the proof of (a).
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Next we give a proof of (c). Write ¢ = /11 € K(z) in normalized form, so
in particular ¥y and | are relatively prime polynomials. Then

Yaipiy™
Yoy
so by definition of the height of a rational function, we have

hpoy) < Y dylogmax| |y awiui™| L[> bviwi~| }.

veEMg
For the right side of this inequality, if v is nonarchimedean, then by Gauss’s lemma
again we have

> aviui

(poy)(z) =

k)
v

= max(|fLlYoly W1y ™) < lelly .
Similarly,
bty <lellvl.

Hence for v nonarchimedean, |p o ¥/|, < |<P|v|1ﬂ|f)1-

Next let v be an archimedean place of K. Then the triangle inequality gives
ey

Applying the estimate (6) to the product w(i) f ~1 yields

=@+ DLl max{lyyi ).

[y, < 24V AD [y g | 47T < e VD) g 4
Therefore,
D@y = @+ 021 f g < @ D27 D gy I
Similarly,

D biwip ™| = @+ D2 gy,

We combine these estimates. To ease notation, we let N, = 1 for v non-
archimedean and N, = (d + 1)22492V — (4 4 1)49ee¢vdeg¥ for o archimedean.
hpow)= Y dylogmax{| Y aiui™

Then
> b |
vEMK v

< Y dy(loglgl, +dlog||, +log N,)

UEMK

<h(p)+dh(y)+ (degp)(deg y) log4 +log(d + 1)
< h(p) +dh(¥) + (deg ) (deg ¥) log 8,

)
v
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since d + 1 <24 <244V This completes the proof of (c).
Finally, we prove (d) by induction on n. The stated inequality is clearly true
for n = 1. Assume now it is true for n. Then

h(e"™h < h(e") +d"h(p) +d" ' log8 from (c) applied to ¢" and ¢

n__ n—1__
< (%h((p) +d2dd_1 Liog 8) +d"h(p)+d" Tog 8
from the induction hypothesis
_(d" =1 2(d"—1
_( d—1 )h(‘p)+d (d—l )logs‘ =

The following facts about height functions are well known.

Proposition 6. Let ¢ : P! — P! be a rational map of degree d > 2 defined over K.

There are constants cy, 2, ¢3, and c4, depending only on d, such that the following
estimates hold for all P € P'(K).

@) |h(9(P)) —dh(P)| < c1h(p) +ca.

() |hy(P) —h(P)| < c3h(¢) + s

(©) hy(@(P)) =dhy(P).

(d) P € PrePer() if and only if h,(P) = 0.

Proof. See, for example, [Hindry and Silverman 2000, Sections B.2 and B.4] or
[Silverman 2007, Section 3.4]. O

3. A distance estimate

Our goal in this section is a version of the inverse function theorem that gives
explicit estimates for the dependence on the (local) heights of both the points and
the function. It is undoubtedly possible to give a direct, albeit long and messy,
proof of the desired result. We instead give a proof using universal families of
maps and arithmetic distance functions. Before stating our result, we set notation
for the universal family of degree d rational maps on P!.

We write Rat; C P??+! for the space of rational maps of degree d, where we
identify a rational map ¢ = f/g =Y a;7’ / Y b;z with the point

[wl=1f. gl=lao, ..., a4, b, ..., bg) € P

If ¢ € Raty(Q) is defined over @, we define the height of ¢ as in Section 2 to be
the height of the associated point in P2?+1(Q):

h(e) = h(lao, ..., a4, bo, ..., bal).
Over Raty, there is a universal family of degree d maps, which we denote by

U: P! xRaty —> P' xRaty, (P, ¥) > (Y(P), V).
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We note that Rat, is the complement in P2¢*! of a hypersurface, which we denote
by dRat,;. (The set dRat; is given by the resultant Res(f, g) = 0, so dRat, is a
hypersurface of degree 2d.) Since P! is complete, we have

d(P' x Raty) = P! x dRaty.

The map W is a finite map of degree d. Let R(W¥) denote its ramification locus.
Looking at the behavior of W in a neighborhood of a point (P, /), it is easy to see
that the restriction of R(W) to a fiber I]j’llp = P! x {4} is the ramification divisor
R(\Il)|[p11ﬁ = R(¢) of . So the ramification indices of the universal map ¥ and a
particular map i are related by

(7N epy) (W) =ep(¥).

Proposition 7. Let W € K(z) be a nontrivial rational function, let S C Mg be

a finite set of absolute values on K, each extended in some way to K, and let
A, P € PY(K). Then

plax | en (P)dydy (P, A) =D " dydy(Y(P), A) + O (h(A) +h(¥) + 1),

vesS ves

where the implied constant depends only on the degree of the map .

Proof. The statement and proof of Proposition 7 use the machinery of arith-
metic distance functions and local height functions on quasiprojective varieties,
as described in [Silverman 1987a], to which we refer for definitions, notation,
and basic properties. We begin with the distribution relation for finite maps of
smooth quasiprojective varieties [Silverman 1987a, Proposition 6.2(b)]. Applying
this relation to the map W and points x, y € P! x Raty yields

®) (Y, y;v)= Z ey (W)8(x, 5 v) + O Ayt xrar2 (X, Y3 V),
yew1(y)

where 8( -, -; v) is a v-adic arithmetic distance function on P! x Rat,, and where
Ay (P! xRaty)? 18 @ local height function for the indicated divisor. In particular, if we
take x = (P, ¢) and y = (A, ¥), then the arithmetic distance function § and the
chordal metric A, defined in Section 1 satisfy

S(W(x), y:v) =8(W(P, ¥), (A, ¥);v) =8((W(P), ¥), (A, ¥): v)
©) =L(¥(P), A).

Similarly, if y' = (A’, ) € ¥~!(y), then

§(x, Y v) =8((P,¥), (A", ¥);v) = Ay (P, A).
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Further, since 3(P! x Raty) = P! x dRaty is the pull-back of a divisor on Raty and

a(P! x Raty)> = (P' x 9Raty) x (P' x Raty) + (P! x Raty) x (P! x dRaty),
applying [Silverman 1987a, Proposition 5.3(a)] gives

Ay xRatg)? (X, Y5 V) D> Apiyorar, (P, ¥); v) + Apiyray, (A, ¥); v)

(10) > AjRaty (V5 ).

Substituting (7), (9), and (10) into the distribution relation (8) yields
(11 MY (P), A) = Z ea(Y)ry (P, A') + O (Aoray, (V5 V).

Aey~1(4)
To ease notation, let A/ € ¥ ~!(A) be a point satisfying

ea (Y)Ay(P, A)) = max eary(P,A").
’ Aey=1(A)

Then for any A’ € ' (A) we have
(12)
ear(Y)ry (P, A") = min{es (Y)IAy (P, A}), ea (Y)Ay(P, A')}

from the choice of A
< dmin{A,(P, A;), Ay(P, A")} since ¥ has degree d
<diy (A, AN+ 0(1) from the triangle inequality.

This is a nontrivial estimate for A" # A/, so in (11) we pull off the A/, term and
use (12) for the other terms to obtain

(13) 2(¥(P), A) <ea,(Y)Ay(P, A)) +d Z Ao(Ay, A + O (Mgrar, (V5 ).

Aey~(A)
A£A]

The next lemma gives an upper bound for 1, (A)), A").

Lemma 8._There is a constant C = C (d) such that the following holds. Let
¥ € Raty(Q), let A € P1(Q), and let A’, A” € Yy~ (A) be distinct points. Then

> dih (A A) S Ch(A) +h(¥) +1).

UEM](

Proof. In the notation of [Silverman 1987a], we have

Ao(A”, A”) = 8p1ga, (A", W), (A", ¥); v)
= )“(PIXRatd)Z,A((A/’ W)’ (A//7 1//); U),
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where A is the diagonal of (P! x Rat,)?. Summing over v gives height functions

D h(AAY) = hpragz,a (A ), (A7, 9)
veMk + O (hy xra, 2 (A, ¥), (A", 1)) + 1.

Choosing an ample divisor H on P! x Raty, we use the fact that heights with
respect to a subscheme are dominated by ample heights away from the support
of the subscheme [Silverman 1987a, Proposition 4.2]. (This is where we use the
assumption that A’ # A”, which ensures that the point ((A’, ), (A”, ¥)) is not on
the diagonal.) This yields

Z )»U(A/, A//) < h[P"XRatd,H(A/’ W) +h[F"1><Ratd,H(A//’ l/f) +1
(14) VM« < h(A) +h(A") +h(y) + 1.

We now use [Silverman 2009, Theorem 2], which says that there are positive
constants Cq, C2, C3, depending only on the degree of v, such that

(15) h(y (P)) = C1h(P) — C2h() — Cs.

(The paper [Silverman 2009] deals with general rational maps P"* --» P"*. In our
case with n = 1, it would be a tedious, but not difficult, calculation to give explicit
values for the C;, including of course C; = degy.) Applying (15) with P = A’
and P = A”, we substitute into (14) to obtain

D (AL A K h(A) +h() + 1,

vEMK

which completes the proof of Lemma 8. ([

We use Lemma 8 to bound the sum in the right side of the inequality (13).
We note that A,(A’, A”) > 0 for all points, so the lemma implies in particular
that ) _¢dyAy(A’, A”) < h(A) + h(¥) + 1 for any set of places S. Further, the
sum in (13) has at most d — 1 terms. Hence we obtain

Y dh (W (P A) < ea, (W)dyio (P, AL) + O(h(A) + () +1).
ves vesS

In this inequality, the O (h(y/)) term comes from two places, Lemma 8 and
Y duhora, (Wi 0) < Y dyhoray (5 V) = haray, (W) = O () + 1),
vesS veEMg

where the last equality comes from the fact that dRat, is a hypersurface of degree
2d in P??*1, This completes the proof of Proposition 7. O
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4. A ramification estimate and a quantitative version of Roth’s theorem

In this section we state two known results that will be needed to prove our main
theorem. The first says that away from exceptional points, the ramification of ¢™
tends to spread out as m increases.

Lemma 9. Fix an integer d > 2. There exist constants k1 and ky < 1, depending
only on d, such that for all degree d rational maps ¢ : P! — P!, all points Q € P!
that are not exceptional for ¢, all integers m > 1, and all P € 9™ (Q), we have

ep(p™) < k1 (ad)™.

Proof. This is [Silverman 2007, Lemma 3.52]; see in particular the last paragraph
of the proof. It is not difficult to give explicit values for the constants. If Q is not
preperiodic, then the stronger estimate ep (¢™) < €2?~2 is true for all m. (I

The second result is the following quantitative version of Roth’s theorem.

Theorem 10. Letr S be a finite subset of Mg that contains all infinite places. We
assume that each place in S is extended to K in some fashion. Set the following

notation.

s the cardinality of S.

T a finite, G g g -invariant subset of K.
B amap S — Y.

nw>2 a constant.

M=>0 a constant.

There are constants ry and rp, depending only on [K : Q], #Y, and ., such that
there are at most 4°ry elements x € K satisfying both of the following conditions:

(16) > dlogh lx = Bl = puh(x) — M.

vesS

(17) h(x)>r masx{h(ﬂu), M, 1}

Proof. This is [Silverman 1987b, Theorem 2.1], with a small change of notation.
For explicit values of the constants, see [Gross 1990]. U

5. A bound for the number of quasiintegral points in an orbit

In this section we prove our main result, which is an explicit upper bound for the
number of iterates ¢" (P) that are close to a given base point A in any one of a
fixed finite number of v-adic topologies. Here is the precise statement.

Theorem 11. Let ¢ € K(z) be a rational map of degree d > 2. Fix a point
A e P'(K) that is not an exceptional point for ¢, and let P € P'(K) be a wandering
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point for ¢. For any finite set of places S C Mk and any constant 1 > ¢ > 0, define
a set of nonnegative integers by

Tys(A, Poe)={n=0:3, gdry(¢"P, A) > ehy(¢"P)}.
(a) There exist constants
n=vid, e, [K:Q]) and yx=y(d, ¢ [K:Q])

such that

(18) #{n €l s(A, P,g):n>y +log} (M)} < 4%y,
o (P)

(b) In particular, there is a constant y3s = y3(d, €, [K : Q)) such that

h<¢>+ﬁ¢<A>>.

(19) #T, 5(A, P, g) <4%y, +log:[( -
‘ hy(P)

(c) There is a constant yy, = y4(K, S, @, A, €) that is independent of P such that
max [y s(A, P, &) < y4.
Before giving the proof of Theorem 11, we make a number of remarks.

Remark 12. Note that as a consequence of Proposition 6(d), we have fzw(P) >0
if P is wandering point for ¢. Hence the right side of (19) is well-defined.

Remark 13. If we take ¢ = 1, then the set I'y (A, P, &) more or less coincides
with the set of points in the orbit O, (P) that are S-integral with respect to A. We
say “more or less” because I'y (A, P, ¢) is defined using the canonical height
of " (P), rather than the naive height. But using the inequality |fz¢ (P)—h(P)|K
h(p) + 1 from Proposition 6 and adjusting the constants, it is not hard to see that
the estimate (19) remains true for the set

TIY(A, Poe)={n>0:)  gdh,(¢"P, A) > sh(¢" P)}.

(See the proof of Corollary 17.) For example, taking A = oo, the set F;‘fisve(A, P,¢)
consists of the points ¢ (P) such that z(¢" (P)) is (S, &g)-integral for some &g. This
is the motivation for saying that the points in I', s(A, P, ¢) are quasi-(S, ¢)-integral
with respect to A, where ¢ measures the degree of S-integrality.

Remark 14. The dependence of the bounds (18) and (19) on A(g), fzw(A), and
hy(P) are quite interesting. A dynamical analogue of a conjecture of Lang asserts
that the ratio i (¢)/ fz¢(P) is bounded, independently of ¢ and P, provided that ¢
is suitably minimal with respect to PGL,(K)-conjugation. See [Silverman 2007,
Conjecture 4.98].
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On the other hand, there cannot be a uniform bound for the ratio fzw(A) / fz(p(P),
since A and P may be chosen arbitrarily and independent of one another. This
raises the interesting question of whether the bound for #I'y, s(A, P, €) actually
needs to depend on A. Even in very simple situations, it appears difficult to answer
this question. For example, consider the map ¢(z) = z2, the initial point P = 2,
and the set of primes S = {00, 3,5}. As A € QF varies, is it possible for the
orbit O, (P) to contain more and more points that are S-integral with respect to A?
Writing A = x/y, we are asking if

sup #{(n, i, j)eN:y.2%" —x =3i5j} = 00.

x,yeZ
Remark 15. We observe that #I', s(A, P, ) can grow as fast as log(s~!) as
e — 0%. For example, consider the map ¢(z) = z¢ + z%~!, the points A = 0
and P = p, and the set of primes S = {p}. Since ¢"(z) = z~D" + higher order
terms, we have |¢"(p)|, = p~@=D" 5o

Ap(@" P, A)=2,(@"(p),0) = —logle"(p)|p = (d —1)" log p.
Thus I'y, s(A, P, &) consists of all n > 0 satisfying

(d —1)"log p > eh,(¢" P) = £d"h,(P).

. log p d
#osd, P.o)= Llog<sﬁ¢(m> /log<d - I)J H

B log(e™1)
log(d/(d — 1))
In particular, if € is small and d is large, so log(d/(d — 1)) ~ 1/(d — 1), then we
have

Hence

+o(loge™h ase€ — 0.

#F(/J,S(A’ P’ 8) ~ (d - 1) log(Eil).

Remark 16. See [Gross and Silverman 1995; Silverman 1987b] for a version of
Theorem 11 for elliptic curves. These papers deal with points on an elliptic curve E
that are quasi-(S, €)-integral with respect to O, the zero point of E. It is also of
interest to study points that are integral with respect to some other point A, and
in particular to see how the bound depends on A. The distance function on E is
translation invariant up to O (h(E )), so we want to estimate the size of the set

(20) [PeEK):Y csdvho(P — A) > ehp(P)).

Translating the points in (20) by A, we want to count points satisfying >~ d, A, (P) >
eh (P + A)+ O(h(E)). The canonical height on an elliptic curve is a quadratic
form, so hg (P + A) <2hg(P)+2hg(A). Using the results in [Silverman 1987b],
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this leads to a bound for the set (20) in which the dependence on A appears as the
ratio h g (A)/h g (Pmin), Where Py, is the point of smallest nonzero height in £ (K).
This is analogous to the dependence on A in (19).

Proof of Theorem 11. For brevity, we will write I's(¢) in place of Iy s(A, P, ¢).

For the given &, we set m > 1 to be the smallest integer satisfying k3" <& /5k1, where

k1 and k; are the positive constants appearing in Lemma 9. Since k; < 1, there

exists such an integer m. Notice that k| and «; depend only on d; consequently m

depends only on d and €. More precisely, if we assume (without loss of generality)

that £ < 1/2, then m < log(e~"), where the implied constant depends only on d.
Put

e, = max ex(™).
Alep™(A)

Then Lemma 9 and our choice of m imply that

20 e < Kk1(kad)™ <ed™/5.

Further, Proposition 7 says that for all Q € P'(K) we have

(22) en Z; pmax di (0, A) gdvxv(«f"Q, A)= O(h(A) +h(g") +1),

where the implied constant depends on deg(¢™).
Suppose first that n < m for all n € ['g(e). Then clearly #I's(e) < m, and from
our choice of m we have

log(5 1 -1
- og(5«1) +log(e )+1.

#'g(e) <m < —
log(x, 1)

This upper bound has the desired form, since x; > 0 and 1 > k> > 0 depend only
ond.

We may thus assume that there exists an n € ['g(¢) such that n > m, and we fix
such an n. By the definition of ["g(¢) we have

ehy(@"P) <Y dy 1y(¢" P, A).

vesS

Applying (22) to the point Q = ¢" " (P) yields

(23) ehy(@"P)<eny dy max Ay (¢" P, A)+ O(h(A)+h(e™) +1),
ves AT
where the big-O constant depends on deg 9™ = d™, and so on d and «.

For each v € § we choose an A/, € ¢~ (A) satisfying

(" "P,A)) = Jmax Ao(@" P, AN,

/G(p7m
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(For ease of exposition, we will assume that z(A") # oo for all A" € ¢~ A. If this
is not the case, then we use z for some of the A’, and we use z~! for the others.)
Let S’ C S be the set of places in S defined by

S'={veS:r(@""(P), A)) > Ay(A], 00) +log ¢, },
where we recall that £, = 2 if v is archimedean and ¢, = 1 otherwise. Set

S” = 8§~ S§. Applying Lemma 3 to the places in S’ and using the definition
of §” for the places in §”, we find that

shy(@" (P))
< (Z—I—Z)dvkv((p"P,A) since n € I'g(A, P, ¢)
veS  veS”
< em<2 + Z)dvxv(w”—’"(l’), A} + O(h(A) +h(9™) +1)
vest ves from the definition of A’ and (23)
<en Y dy(24,(4), 00) —log|z(¢" " (P)) — 2(A})| +log £,)
ves’

+en Y dy(h(A), 00) +1ogt,) + O(h(A) + h(¢™) + 1)

veS”

<e, Y dyloglz(p" ™" (P) —z(A)|

ves’

from Lemma 3

+en ) du(24, (A}, 00) +log &) + O (h(A) +h(9™) + 1),

ves

We now use (b) and (c) of Proposition 6 to observe that

Y dih(Ay 00 < Y Y dih(A o)< Y h(A)

veS Alep=m(A) veES Alep™™(A)
< Y (h(A)+0(p)+ 1)
Alep™(A)

< hy(A) + O0(h(p) + 1),

Here the last line follows because there are at most d™ terms in the sum, and
hy(A") =d™"hy(A). The constants depend only on m and d, and so on ¢ and d.
Further, from the definition of £,, we have

> dylogt, <log2.

vesS
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We also note from Proposition 5(d) that h(¢™) < h(p) + 1, with the implied con-
stant depending only on d and m. Hence
r n n— -1
24) ehy(¢"(P)) <en Y _dylog"|z(e" " (P)) — 2(A))]
ves + 0 (hy(A) +h(p) + 1).

We are going to apply Roth’s theorem (Theorem 10) to the set
YT ={z(A):A ep ™A} CK,

the map B : §"— Y given by B, = A/, and the points x = ¢" "' (P) for n € T's(€).
We note that T is a G g, g -invariant set and that #1 < d™. We apply Theorem 10
to the set of places S, taking M = 0 and u = 5/2. This gives constants r; and 7>,
depending only on [K : Q], d, and &, such that the set of n € 'g(¢) with n > m can
be written as a union

(helg(e):n>m}=T1UTL,UT;,
whose three sets are characterized as follows:

#T) < 4#S/r1,

T={n>m:Y odyloglz(¢"™(P)) —z(A)|"' < 2h(e"™(P))},
T3 ={n>m:h(p" " (P)) < rymaxyeys {h(A}), 1}}.

We already have a bound for the size of 71, so we look at 7> and 73. We start
with 73 and use (b) and (c) of Proposition 6 to estimate

h(A)) < hy(A)) +c3h (@) + ¢4
=d "hy(A) + c3h(9) +ca,

h(@"™"(P)) = hy(¢" " (P)) — c3h(¢) — 4
=d""h,(P) — c3h(p) —c4.
Hence
T3 C{n>m:d" "hy(P) < cshy(A) + ceh(p) +c7},

so every n € T3 satisfies

eshy(A) + coh(p) + c7>
hy(P)
hy(A) +h(<p))
ho(P) )

n §m—|—log;;(

(25) < cg+log; (
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Finally, we consider the set 7;. Again using (b) and (c) of Proposition 6 to
relate h(¢" ™" (P)) to d"""h,(P), we find that every n € T, satisfies

> dylogt|2(@" " (P) — 2(A)| T < 3" hy (P) + c3h(p) + ca.

ves’

We substitute this estimate into (24) to obtain
ehy (9" (P)) < €n3d" " hy(P) + colhy(A) + h(p) + 1).

We know from (21) that e,, <e&d™ /5, and also ft(p ("(P))= d”ﬁw(P), which yields

5

ed"fy(P) < (2d™) 3" hy(P) + colhy(A) + h(g) + 1).

A little bit of algebra gives the inequality

e
%

(26) <cio+log! (M)
o(P)

Combining the estimate for #7 with the bounds (25) and (26) for the largest ele-
ments in 7> and 73 completes the proof of (a).

We note that (b) follows immediately from (a).

Finally, we prove (c). Our first observation is that the set T = z(¢ ™" (A))
used in the application of Roth’s theorem does not depend on the point P. So the
largest element in the finite set 7] is bounded independently of P. (Of course,
since Roth’s theorem is not effective, we do not have an explicit bound for max Y
in terms K, S, €, ¢ and A, but that is not relevant.)

Our second observation is to note that the quantity

;’gl,i?( = inf{A,(P): P € P'(K) wandering for ¢}

is strictly positive. To see this, let Py € P!(K) be any p-wandering point. Then
hi'% = inflhy,(P): P € P'(K) and 0 < hy,(P) < hy(Pp)}.

This last set is finite, so the infimum is over a finite set of positive numbers, and
hence is strictly positive. Therefore in the upper bounds (25) and (26) for max 7>
and max 73, we may replace iAz(p(P) with ﬁg"i}} to get upper bounds independent
of P. This proves that max(7; U7, U T3) may be bounded independently of P,
which completes the proof of (c). U
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6. A bound for the number of integral points in an orbit

In this section, we use Theorem 11 to give a uniform upper bound for the number
of S-integral points in an orbit.

Corollary 17. Let K be a number field, let S C Mg be a finite set of places that
includes all archimedean places, let R be the ring of S-integers of K , and let d > 2.
There is a constant y = y(d, [K : Q)) such that for all rational maps ¢ € K (z)
of degree d satisfying ¢*(z) ¢ K|[z] and all p-wandering points P € P'(K), the
number of S-integral points in the orbit of P is bounded by

h(p)
# 1:2(¢"(P)) € R 4%8y, 41 +<A )
{n>=1:2(¢"(P)) € Rg} <4™y +log, PP

Proof. By definition, an element @ € K is in Ry if and only if ||, <1 forall v ¢ S,
or equivalently, if and only if

h(a) =) d,logmax{la[,, 1}.

vesS
‘We note that for v € MIO( we have
Ay(a, 00) = Ay([a, 1], [1, 0]) = log max{|a],, 1}.

The formula for A, when v is archimedean is slightly different, but the trivial
inequality max{z, 1} < +/¢> + 1 shows that for v € MY we have

10gmax{|a|v, 1} S )\'U(av OO)

Hence a € Ry implies h(a) < ), g dyhy(a, 00).
Let n > 1 satisfy z(¢"(P)) € Rs. Then

27) h(@"(P)) <) dyhy(¢" (P), 00).
ves

Proposition 6 tells us that

(28) h(g"(P)) = hy(¢" (P)) — c3h(p) — ca = d"hy(P) — c3h(p) — c4,

where c3 and ¢4 depend only on d. Combining (27) and (28) gives

(29) Y duih(@" (P), 00) = d"hy(P) — c3h(p) — ca.

vesS

We consider two cases. First, if

d"hy(P) < 2c3h(p) + 2c4,
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then the number of possible values of n is at most

1 +<2C3h((,0)+2€4>
og) | ———
hy(P)

which has the desired form. Second, if
d"hy,(P) > 2c3h(9) + 2¢4,

then (29) implies that

(30) D dho(9"(P), 00) = 3d"hy(P) = 3hy (9" (P)).

ves

Now Theorem 11(b) with ¢ = 1/2 and A = oo tells us that the number of n
satisfying (30) is at most

h(p) +ﬁ¢(oo>)

(31) 4#Sys 4 1og+( .
N\ (P

where y3 depends only on [K : @] and d. (Note that our assumption that ?(z) is
not a polynomial is equivalent to the assertion that oo is not an exceptional point
for ¢. This is needed in order to apply Theorem 11.) It only remains to observe
that

hy(00) < h(00) +c3h(p)+cy and  h(co) = h([0, 11) =0

to see that the bound (31) has the desired form. Ol
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MOBIUS ISOPARAMETRIC HYPERSURFACES WITH THREE
DISTINCT PRINCIPAL CURVATURES, II

ZEJUN HU AND SHUIJIE ZHAI

Using the method of moving frames and the algebraic techniques of T. E.
Cecil and G. R. Jensen that were developed while they classified the Dupin
hypersurfaces with three principal curvatures, we extend Hu and Li’s main
theorem in Pacific J. Math. 232:2 (2007), 289-311 by giving a complete
classification for all Mibius isoparametric hypersurfaces in S"*! with three
distinct principal curvatures.

1. Introduction

Let x : M" — S"*! be a connected smooth hypersurface in the (14 1)-dimensional
unit sphere S$"*!' without umbilic point. We choose a local orthonormal basis
{e1, ..., ey} with respect to the induced metric / =dx -dx, and let {0y, ..., 6,} be
the dual basis. Let h = Zi’ j hi;j0; ® 0; be the second fundamental form of x, with
squared length |h|? = Zi,j (hij)2 and mean curvature H = (1/n) Zi h;i. Define
p>=n/(n—1)-(|h||> —nH?). Then the positive definite form g = p’dx -dx is
Mobius invariant and is called the Mobius metric of x : M* — S"+!. The Mdbius
second fundamental form B, another basic Mobius invariant of x, together with
g determine completely a hypersurface of S"*! up to Mobius equivalence; see
Theorem 2.2 below.

An important class of hypersurfaces for Mobius differential geometry is the so-
called Mobius isoparametric hypersurfaces in S"*!. According to [Li et al. 2002],
a Mdbius isoparametric hypersurface of S"*! is an umbilic-free hypersurface of
S"*! such whose M&bius-invariant 1-form

d=—p 1Y, (ei(H) + > (hij — Hd;j)e(log ,0))91'

vanishes and whose Mobius principal curvatures are all constant. These curvatures
are the eigenvalues of the Mbius shape operator W := p~! (S — H id) with respect
to g, where S denotes the shape operator of x : M" — S"*!. This definition
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MSC2000: primary 53A30; secondary 53B25.

Keywords: Mobius isoparametric hypersurfaces, Mobius second fundamental form, Mobius metric,
Mobius form, Mobius equivalence.
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of Mobius isoparametric hypersurfaces is meaningful. Indeed, comparing it with
that of (Euclidean) isoparametric hypersurfaces in S"*!, we see that the images of
all hypersurfaces of the sphere with constant mean curvature and constant scalar
curvature under the Mobius transformation satisfy & =0, and the Mdbius-invariant
operator W plays the role in Mobius geometry that S does in Euclidean geometry;
see Theorem 2.2 below. The two conditions of a Mdbius isoparametric hyper-
surface, namely, that it has vanishing M6bius form and has constant Mobius prin-
cipal curvatures, are independent and also closely related; for detailed discussion,
see [Hu and Tian 2009]. Standard examples of Mobius isoparametric hypersurfaces
are the images of (Euclidean) isoparametric hypersurfaces in S"*! under Mébius
transformations. But there are other examples which cannot be obtained by this
way; for example, one occurs in our classification for hypersurfaces of S"*! with
parallel Mobius second fundamental form, that is, those whose Mobius second fun-
damental form is parallel with respect to the Levi-Civita connection of the Mbius
metric g; see [Hu and Li 2004; Li et al. 2002] for details. On the other hand, it
was proved in [Li et al. 2002] that any Md&bius isoparametric hypersurface is in
particular a Dupin hypersurface, which implies from [Thorbergsson 1983] that for
a compact Mobius isoparametric hypersurface embedded in S"*!, the number y of
distinct principal curvatures can only take the values y =2, 3, 4, 6. A characteriza-
tion of Mdbius isoparametric hypersurfaces in terms of Dupin hypersurfaces was
given in [Li et al. 2002] and was obtained very recently also by L. A. Rodriques
and K. Tenenblat [2009]; this characterization states that a Mobius isoparametric
hypersurface is either a cyclide of Dupin or a Dupin hypersurface whose Mobius
curvatures are constant. Hence the problem of investigating M&bius isoparametric
hypersurfaces reduces to that of investigating Dupin hypersurfaces with constant
Mobius curvatures.

In [Li et al. 2002], the authors classified locally all Mobius isoparametric hy-
persurfaces of S"*! with y = 2. By relaxing the restriction that y = 2, local
classifications for all Mobius isoparametric hypersurfaces in S*, S° and S° were
established in [Hu and Li 2005], [Hu et al. 2007] and [Hu and Zhai 2008], respec-
tively. It was shown that a Mdbius isoparametric hypersurface in S* is either of
parallel Mobius second fundamental form or Mdbius equivalent to the Euclidean
isoparametric hypersurface in S* with three distinct principal curvatures, that is,
a tube of constant radius over a standard Veronese embedding of RP? into S*.
Similarly, a hypersurface in S is Mobius isoparametric if and only if either it
has parallel Mobius second fundamental form; or it is Mobius equivalent to the
preimage of the stereographic projection of the cone ¥ : N> x R — R’ defined
by %(x,t) =tx, where t € R* and x : N> - S* < R’ is the Cartan isoparametric
immersion in S* with three principal curvatures; or it is Mobius equivalent to the
Euclidean isoparametric hypersurfaces in S° with four distinct principal curvatures.
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All these results remind us of their counterparts in Dupin hypersurfaces; see [Cecil
and Jensen 1998; 2000; Cecil et al. 2007; Miyaoka and Ozawa 1989; Niebergall
1991; Pinkall 1985; Pinkall and Thorbergsson 1989].

Hence, the classification of Md&bius isoparametric hypersurfaces by Mobius
transformation group equivalence can be compared with that of the Dupin hyper-
surfaces by Lie sphere transformation group equivalence. Note that the Lie sphere
transformation group contains the Mébius transformation group in $"*! as a sub-
group and the dimension difference is n + 3. Thus, Mobius differential geometry
for hypersurfaces in sphere should, in some sense, be very different from Lie sphere
geometry in many respects, and therefore is worthwhile to pay more attention.

Inspired by the close similarity between Dupin hypersurfaces under the Lie
sphere transformation group and Mobius isoparametric hypersurfaces under the
Mobius transformation group, and by T. E. Cecil and G. R. Jensen’s result [1998]
that any locally irreducible Dupin hypersurface in S" with three distinct prin-
cipal curvatures is equivalent by Lie sphere transformation to an isoparametric
hypersurface in S”, we started in [Hu and Li 2007] a program of classifying all
Mobius isoparametric hypersurfaces in $"+! with three distinct Mobius principal
curvatures. There, we were able to obtain the classification under the additional
condition that one of the Mdbius principal curvatures is of multiplicity one. The
purpose of this paper is to extend that result to the general case:

Classification theorem. Let x : M" — S"T! be a Mobius isoparametric hyper-
surface with three distinct Mobius principal curvatures. Then x is Mobius equiva-
lent to an open part of one of the following hypersurfaces in S™*:

(1) The preimage of the stereographic projection of the warped product embed-
ding
%:SP(a) x ST(V1—a?) x Rt x Rr—Pa=1 5 Rt
withp>1,g>1, p+qg<n—1and0 <a < 1, defined by

"

x ,u’ t,u"y=@u', tu”, u"),

where u' € SP(a), u" € S1(v/1—a?), t € R* and u" € RP=P=471,

(ii) The Euclidean isoparametric hypersurfaces in S"+' with three distinct prin-
cipal curvatures. Thus all the principal curvatures must have the same mul-
tiplicity m € {1, 2, 4, 8}, and the isoparametric hypersurface must be a tube
of constant radius over a standard Veronese embedding of a projective plane
FP? into S+, where F is the division algebra R, C, H (the quaternions), O
(the Cayley numbers) form =1, 2,4, 8, respectively.

(iii) The minimal hypersurfaces defined by

= (i, %) : M" = N3 x {r—3m (_ 7;;[}1) N Sn—i—l’
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with
= ~ + 3m+2 -3
X1=yi/yo, X2=y2/y0, YoeR", y eR™™, yeR"™",

where y| : N3 — S+ /omn/(n — 1)) — R¥*2 is Cartan’s minimal
isoparametric hypersurface with scalar curvature Ry = 3(m — 1)(n — 1)/2n
and principal curvatures

n—1 n—1
a-b V 2mn’ 0, "V 2mn

which have the same multiplicity m, where m = 1,2, 4 or 8, and

n—3m -1 n—
(0, y2) s W (=) o 1]

is the standard embedding of the hyperbolic space of sectional curvature
—(n —1)/(6mn) into the (n — 3m + 1)-dimensional Lorentz space with

6mn
n—1°

Yo+ =-

Remark 1.1. All hypersurfaces in (i) are of parallel Mobius second fundamental
form and have three distinct Mobius principal curvatures with arbitrary multiplic-
ities p, ¢ and n — p — g, respectively. The hypersurfaces in (ii) and (iii) are
of nonparallel Mobius second fundamental form. For hypersurfaces in (iii), the
multiplicities of the three Mobius principal curvatures are m, m and n —2m > m.

Remark 1.2. Inthe cases that n =3, 4 and 5, the classification theorem was proved
in [Hu and Li 2005; Hu et al. 2007; Hu and Li 2007], respectively. The theorem
extends the main theorem of [Hu and Li 2007], where it was assumed that the
Mobius isoparametric hypersurface M" for n > 5 has three distinct Mobius princi-
pal curvatures and one of which is simple. The extension is successfully achieved
by using the wonderful techniques developed by T. E. Cecil and G. R. Jensen [1998]
in their classification of Dupin hypersurfaces with three principal curvatures.

Remark 1.3. As a counterpart to the Cecil-Ryan conjecture for Dupin hypersur-
faces, which states that a compact embedded Dupin hypersurface in a space form is
Lie equivalent to an Euclidean isoparametric hypersurface, C. P. Wang conjectured
that any compact embedded Mobius isoparametric hypersurface in S"+! is Mobius
equivalent to an Euclidean isoparametric hypersurface. Pinkall and Thorbergsson
[1989] and Miyaoka and Ozawa [1989], have constructed counterexamples to the
Cecil-Ryan conjecture, but we point out that the classifications of Mdbius iso-
parametric hypersurfaces in [Hu and Li 2007; 2005; Hu et al. 2007; Hu and Zhai
2008; Li et al. 2002] and this paper strengthen Wang’s conjecture.
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This paper consists of six sections. In Section 2, we first review the elemen-
tary facts of Mobius geometry for hypersurfaces in S"*!, and then we recall the
classification for hypersurfaces of S"*! with parallel Mabius second fundamental
form [Hu and Li 2004] and the classification for hypersurfaces of S"*! with two
distinct constant Blaschke eigenvalues [Li and Zhang 2007]. In Section 3, we treat
the M&bius isoparametric hypersurfaces of $"*! with nonparallel Mobius second
fundamental form and three distinct M&bius principal curvatures. We first present
several important properties of the Mobius second fundamental form, and then
we divide the discussion into two cases and state the main results, Theorem 3.1
and Theorem 3.2. We prove Theorem 3.1 in Section 4. In Section 5, we prove
Theorem 5.1, which gives a preliminary classification for Mobius isoparametric
hypersurfaces with three distinct Mobius principal curvatures whose multiplicities
are not equal. By the analysis of the Mobius invariants of the hypersurfaces that
appear in Theorem 5.1 we obtain Propositions 5.3 —35.5, from which Theorem 3.2
follows. In Section 6, we complete the proof of the classification theorem.

2. Mobius invariants for hypersurfaces in S"*!

In this section we define the Mobius invariants and recall the structure equations for
hypersurfaces in the unit sphere S"*!. We refer to [Wang 1998] for more details.
Let "3 be the Lorentz space, namely R"*> with inner product (-, - )1 defined by

(X, w)1 = —xowp +xX1W1 + -+ Xy 2Wp12

for x = (X0, X1, -+ ., Xpg2), W = (W, Wi, ..., Wpy2) € RT3,
Let x : M" — S"T! < R"2 be an immersed hypersurface of S"*! without
umbilics. We define the Mobius position vector ¥ : M — 1"+3 of x by
n
n—1

(2-1) Y=p(,x) and p’= (Ih)1*> = nH?) > 0.

Theorem 2.1 [Wang 1998]. Two hypersurfaces x, % : M* — S™' are Mébius
equivalent if and only if there exists T in the Lorentz group O (n + 2, 1) such that
Y=YT on M".

It follows immediately that g = (dY,dY)| = p%dx - dx is a Mdbius invariant,
which is defined as the Mobius metric of x : M* — S"+1. Let A be the Beltrami—
Laplace operator of g. Define N = - AY/n— (AY, AY)1Y/(2n?). Then one can
show that

(2-2) (AY,Y) = —n, (AY,dY) =0, (AY, AY)| =1+n’R,
(2-3) (Y,Y)1 =0, (N, Y) =1, (N,N); =0,

where R is the normalized scalar curvature of g and is called the normalized
Mobius scalar curvature of x : M" — S"*1,
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Let{Ey,..., E,} be alocal orthonormal basis for (M", g), and let {wy, ..., ®,}
be the dual basis. Write Y; = E;(Y), then it follows from (2-1), (2-2) and (2-3) that

<Y19Y>1=(Y1’N>1=Oa <Y19Yj>1=81] forlflajin

Let V be the orthogonal complement to the subspace Span{Y, N, Y1, ..., Y,}
in L"*3. Then along M we have the orthogonal decomposition

L"*3 = Span{Y, N} @ Span{Y;, ..., Y,} ® V.

V is called the M6bius normal bundle of x : M" — S"t!. A local unit vector basis
E = E, . for V can be written as

E = En+l = (H, Hx +€n+1).

Then, {Y, N, Yy, ..., Y,, E} forms a moving frame along M" in L3,
In the rest of this paper, we will use the range 1 <1, j, k, [, t < n of indices.
We can write the structure equations as

(2-4) dY = ZYa),, dY; =— ZA,Ja)]Y a)lN—i—Za),JY +ZB,,wj

(2-5) dN = ZAUa)JY—i—ZCw, ZCa),Y ZB,JQ)J ’

ij

where w;; is the connection form of the Mobius metric g and is defined by the struc-
ture equations dw; = Z wijAwjand w;j+wj; =0. The tensors A = Z Ao ®
wj, =73, Cw; and B = Z Bijw; ® w; are called the Blaschke tensor,
the Mobius form and the Mobius second fundamental form of x : M" — S"*+!,
respectively. The relations between ®, B, A and the Euclidean invariants of x are
given by [Wang 1998]

Ci=—p " (ei(H)+ X ;(hij — H8;j)ej(log p)),
(2-6)  Bij=p""(hij — H&;)),
2-7 Ajj = —p~*(Hess;; (log p) — e; (log p)e (log p) — Hh;;)
— 30 2(IVlogp|* — 1+ H?)5;,

where Hess;; and V are the Hessian matrix and the gradient with respect to the
orthonormal basis {¢;} of dx - dx.
The covariant derivatives of C;, A;;, B;; are defined by

(2-8) ZjCi,ja)j:dC,-—l—Zj Cja)j,‘,
(2-9) Yo Aijrwr =dAij+ Y Aicwrj + Y Akjoki,
(2-10) Y« Bijkwk =dBij + Y, Bikwxj + > Brjwi.
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The integrability conditions for the structure equations (2-4) and (2-5) are

(2-11) Ajjk — Aik,j = BirCj — Bj; Cy,

(2-12) C,',j—Cj,i sz(BikAkj_AikBkj),
(2-13) Bijk — Bir,j = 6;jCr — 6ixC},

and

(2-14) Rijki = BixBji — BitBjk + 0ix Aji + 81 Aix — i1 A jk — 8 jk Air,

(2-15) Y, Bi=0, ¥, (Bj?="""1

n

, A=Y A= %(1 +n%R).

Here R;ji; denote the components of the curvature tensor of g, which are defined
by the structure equations

i
(2-16) dwjj — ) ik Nogj =—5 D i Rijuox Ao, Riju = —Rijig.

The normalized Mobius scalar curvature of x : M" — S"H ig

1
R = m Zi,j Rijij-

The second covariant derivative of B;; is defined by
(2-17) > Bijuwr=dBjjx+Y; Bijxwi+ Y ; Biuxowy+Y; Bijiwi.

From exterior differentiation of (2-10), we have the Ricci identity
(2-18) Bij ki — Bijik =Y, BijRiiti + Y, BitRijui-

From (2-6), we see that the Mdbius shape operator of x : M" — S"*! takes the
form ¥ = p~1(S— Hid) = Zi’ jB,-‘,-a)l- Ej, which implies that for an umbilic-free
hypersurface in S$"*!, the number of distinct Mébius principal curvatures is the
same as that of its distinct Euclidean principal curvatures.

One can easily show that all coefficients in (2-4) and (2-5) are determined
by {g, ¥}. Thus:

Theorem 2.2 [Wang 1998; Akivis and Goldberg 1997]. For n > 3, two hyper-
surfaces x - M" — S"™ and % : M" — S"T are Mobius equivalent if and only if
there exists a diffeomorphism F : M" — M" that preserves the Mobius metric and
the Mobius shape operator.

An umbilic-free hypersurface x : M" — S"*! is said to have parallel Mobius
second fundamental form if B;; = O for all 7, j, k. Hypersurfaces of S"™ with
parallel Mobius second fundamental form have now been completely classified. A
special case of the classification can be stated as follows.



350 ZEJUN HU AND SHUIJIE ZHAI

Theorem 2.3 [Hu and Li 2004]. For n > 2, let x : M" — S"*! be an immersed
umbilic-free hypersurface with parallel Mobius second fundamental form and with
three distinct Mobius principal curvatures. Then x is Mobius equivalent to an open
part of the image of o of the warped product embedding

F:SP(a) x SY(v1 —a?) x Rt x R*—P—4~1 5 gl

withp>1, g>1, p+q<n—1and0 < a < 1, defined by

" "

x',u t,u”")y=@u', tu", u
for

W' eSPa), u'eS!(W1-a?), teR", u"eRP4"
where the conformal diffeomorphism o : R"T! — "1\ {(=1,0,...,0)} is the
inverse of the stereographic projection and is defined by

1—|ul> 2u
= , e R
o) (1+|u|2 1+|u|2) Jor u

To prove our main theorem, we also need the following partial classification for
umbilic-free hypersurfaces in $"*! with two distinct Blaschke eigenvalues, due to
Li and Zhang [2007]; see also [Hu and Li 2007]

Theorem 2.4. Forn >3, let x : M" — S"*! be an immersed umbilic-free hyper-
surface with two distinct constant Blaschke eigenvalues and vanishing Mobius
SJorm. If x has three distinct Mobius principal curvatures, then it is locally Mobius
equivalent to either of the following two families of hypersurfaces in S"1:

(1) Minimal hypersurfaces defined by
=, %) M =NP x H" P (—r?) —» §"!
withr > 0 and
X1 =y1/y0, X2=y2/)o,
yo € RT, yieRPFE yeR'"P for2<p<n-—1,

where yi : NP — SPT(r) — RPT2 is an umbilic-free minimal hypersurface
immersed into the (p+ 1)-dimensional sphere of radius r and constant scalar
curvature

= np(p—1)—(n—1Dr?
R, = 5

nr
and (o, y2) :H* =P (—r~2) — 1"~P*1 s the standard embedding of hyperbolic
space of sectional curvature —r~2 into the (n— p+ 1)-dimensional Lorent

space with —yé + y% = —r2

’
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(2) Nonminimal hypersurfaces defined by
F=(F, %) M"=NPxS"P(r)— S"!
withr > 0 and
X1=y1/yo, *2=y2/Yo,
yoeRY,  yeRFL yeRPH foro<p<n-—1,
where (yo, y1) : NP — HPH (—r=2) — LP*2 with —yg + yl2 = —r2, is an

umbilic free minimal hypersurface immersed into (p+1)-dimensional hyper-
bolic space of sectional curvature —r =% and constant scalar curvature

B np(p—1)+(n—1)r?
=" nr? ’

and vy : S"7P(r) — R"~P*! is the standard embedding of the (n— p)-sphere
of radius r.

3. Mobius isoparametric hypersurfaces with y =3

Let x : M" — S"*! be a Mobius isoparametric hypersurface with three distinct
principal curvatures By, B, B3 of multiplicities m, m,, m3, respectively. Without
loss of generality, we assume that m| > my > m3 > 1.

Since x has constant Mdbius principal curvatures, we can choose, around each
point of M, a local frame field {E;},<;<, orthonormal with respect to the Mobius
metric g such that the matrix (B;;) is diagonalized. Let us write

(3-1) (Bij) :diag(bl, ...,bn),

where {b;} are all constants. From the assumption, we can assume without loss of
generality that

b1="‘=bm1=Bla bm1+l="‘=bm1+m2=327 bm1+m2+1="'=bn=B3-
Here B;, B, and B3 are distinct and, by (2-15), they satisfy the conditions

2 2 2 _n—1
(3-2) mBy+myBy, + m3B3z =0, m1 By +m2B; +m3B3 = Pt

From now on, unless stated otherwise we impose the additional index conventions
1<a,b,c,d <my,
(3-3) mi+1< p.gqg =mi+my,
m+m+1< «apf =<m+my+m;=n.

With respect to the local frame field {E;}, we write the Blaschke tensor as A =
Zi’ j Ajj w; ® wj. Since the Mobius form @ vanishes, we see from (2-12) that A
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and B commute, which implies that A,, = A,y = Ape = 0. Moreover, for any
fixed point £ € M, we can choose the local frame field {E;} to guarantee that, in
addition to (3-1) around &, we have at the pont &

(3-4) (Ajj) =diag(Ay, ..., Ay).

Here {A;}1<i<n are the eigenvalues of the Blaschke tensor A. Obviously, we can
further arrange the local frame field {E;} around & so that, in addition to (3-1)
around &, these eigenvalues are ordered at & as

A1(§) = Ax() =--- = Ap, (6),
(3-5) Api+1(8) <+ = Apy4m, (8),
Am|+m2+1(é) <---= An(é)

In this way, we see that Ay, ..., A, are well-defined continuous functions on
M. Denote by M* the set of all such points £ € M: Around £ there exists an
orthonormal frame field { E;} with respect to which (3-1) and (3-4) hold. Obviously,
M* is an open subset of M. In the computation that follows, we will fix a point
& € M* and then take an open set U C M™ containing & such that over U there
exists an orthonormal frame field {E;} for which (3-1) and (3-4) hold.

Applying the condition to (2-11) and (2-13), we see that both A;; x and B;; x are
totally symmetric tensors. As usual we define

(3-6) wj=Y T and T}, =-T},.
k

From (2-10), (3-1) and (3-6) and that {;},<; <, consists of constants, we get
(3-7) Bij,k = (b,' —bj)F,i{j = (bj —bk)Fijk = (bk — b,’)F];l- for all I, j, k.
Hence we see that
(3-8) B,‘,‘,j = B,‘j’,‘ = Bah,j = qu,j = Baﬁ,j =0 forall I, j, a, b, p.q,q, ,3,

and the only possible nonzero elements in {B;; } are of the form B, 4.
For the rest of this section, we assume that B;;  # 0. We define the nonnegative
smooth function f by

1 21 2 2
f= 3|VB| = 6 E Bij,k: E , Bpa,a'
i,j.k p.a,a

Moreover, we define three arrays of vectors, an my x m3 array (v pa) Of vectors
in R™, an m; x m3 array (U,e) of vectors in R™2, and an m, x m array (T)pa) of
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vectors in R, by

Upa = (Bpoz,l’ Bpa,Zy cees Bpa,ml),
Vaa = (Baa,ml-‘rl, Baa,m1+27 ey Baa,ml-i-mz),
vpa = (Bpa,m|+m2+la Bpa,m1+mz+2a ey Bpa,n)-

Lemma 3.1. Let U be an open set of M* as stated above. Then at each point of U,
the arrays (Vpg), (Vga) and (Vp,) satisfy

-

Upa *Upg =0 ="10uq - Vap forall p,a and any o # B,
(3-9) Upa * Vga =0="10paVgq foralla,aandany p #q,
Vag * Upa =0 ="Vpg - Upp forall p,a and a # b;

Upa Vg +Vga - Vpp =0 ifa # B and p #q,

(3-10) Vao * Upg + Upa - Uap =0 if @ # B and a # b,

Upa - Vgb + Vga - Vpp =0 ifa #band p #q;
[Upal? + [Ugp|* = [Ugal® +10psl*  if ot # B and p #4q,
(3-11) |Vaal® + 1Op1” = [Upal® +10apl”  if o 7 B and a # b,
1Upal® + 10gn|” = 10gal® + [0pp*  ifa#band p #q.

where the dot denotes the standard product in R™', R™ and R™3, respectively.

Proof. From (2-10) and (3-8), we have

(3-12) Za Bpa,awa =(By— B3)wpow
(3-13) Zp Baa,pa)p = (B — B3)wqq,
(3-14) Z(x Bpa,ozwa = (B — Bl)a)pa-

Differentiating (3-12) and then using (3-6) and (3-7), we get

Za,q,ﬂ Bpa,aByp.a(Bs — B2)

(3-15)
(B — B2)(B1 — B3)

Wy Nwg
+ Za,h Bpa,aa)ab Nwp+ Za dBp(x,a A Wy

Za,q,ﬁ Bpﬁ,anOl,d w
(Bi — By)(B; — B3) !

=(B2— Bs)( N og
+ 24 ©pg N @ga+ g @pp A Opo = Rpapa®p A wa)-

Comparing the coefficients of w, A wg on both sides of (3-15), we obtain

(3‘16) Za Bpot,anﬂ,a + Za Bp,B,ana,a = (Bl - BZ)(BI - B3)Rpapa8pq8aﬁ-
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Similarly, by differentiating (3-13) and (3-14), we get
(3’17) Zp Baa,pBbﬂ,p + Zp Baﬁ,pBboz,p = (BZ - Bl)(BZ - B3)Raaaa5ab5aﬁ,
(3’18) Za Bpa,othb,oz + Za pr,(qua,a = (BS - BZ)(B3 - Bl)Rpapaapqaab-

From (3-16), (3-17) and (3-18), the relations in (3-9) and (3-10) immediately fol-
low.
Moreover, from (3-16)—(3-18) and (2-14), we get

(3-19) 2[Vp|® = (Bi — By)(B1 — B3)(B2B3 + A + Ay),
(3-20) 2|Vaal® = (B2 — B1)(By — B3)(B1 B3 + Aq + Ad),
(3-21) 2|Upa|* = (B3 — B2)(Bs — B1)(B1By + A + Ay).
Then the relations in (3-11) also immediately follow. U

Lemma 3.2. If, on some open set, the array (V,q) contains a zero vector, then all
the vectors in either the whole row or in the whole column where the zero vector is
located must be zero.

Proof. For simplicity of notation, in this proof we denote the my x m| array (V)
by (v;j) for 1 <i <mj and 1 < j < m, where v;; € R". By Lemma 3.1, the
array has the following properties:

(P1) The vectors of any row form an orthogonal set.

(P2) The vectors of any column form an orthogonal set.
. Vik Ui
For any 2 x 2 minor <Jk Jl),
Vjk Vji

(P3) 51']( : 5]'1 + 17,'1 . l_jjk = O, and
(P4) [0k > + [911% = [0 + [0

Obviously, all these four properties will remain unchanged if either the rows or
the columns of the array are permuted.

Suppose that a vector in the array is zero on an open set U C M*. Permuting

rows and columns, if necessary, we may assume that v;; = 0 on U. Then (P1),
(P2) and (P3) imply that at each point of U, the remaining vectors

V12, ««« 5 Ulmy and V215 -+« Umpl

in the first row and the first column form a mutually orthogonal set of m | +moy —2
vectors in R™3, and at most m3 vectors of which can be nonzero at any point. Let &
be a point where a maximal number of these vectors is nonzero. By continuity, the
nonzero vectors at £y will remain nonzero in some open subset V C U containing &y.
By maximality, the vectors that are zero at £ must remain zero on V.
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By permuting rows and columns if necessary, we may assume that
511="'=61j=0 and 1711=~-=1751=0

forsomei € {1,...,my} and j € {1, ..., m}. The remaining vectors of the first
column and the first row are all nonzero at each point of V, so the array has first
row (0,0,...,0, Ui(j+1)s -, Uim,) and first column (0, ..., 0, Uitiy1, - - - Umy1)
and (P4) implies that vy; =0 for 1 <k <i and 1 <[ < j. Hence all elements in
the upper left i x j block of the array should be zero vectors on V,

If the first row of the array is zero on V, then we are done. If otherwise, we have
j <myand vy #0foralll > j+ 1. Let us fix an arbitrary k € {i + 1, ..., my}
and/ € {j+1,...,m}. Then property (P4) easily implies that

(3-22) U1l =---=1u;| and |Oy|=---=vy] #0.
Also by using (P4) with the minor | .~ . ], we get

Ukj Ukl
(3-23) |Oua1? = [0 > + [0 #0.
On the other hand, the properties (P1), (P2) and (P3) imply that
(3-24) Ukl - Ukjs Uity - -5 Ui, Uk

form an orthogonal set of i + j 4 1 vectors in R™3. But, the nonzero vectors in the
first column and the first row together form an orthogonal set of (m| — j)+ (my—i)
nonzero vectors. Hence, m|+my—i—j <mjandthusi+j+1>m;+mo—m3+1>
m1+ 1 > ms3, so some of the vectors in (3-24) must be zero. By (3-22) and (3-23),
it must be the case that v; = --- = Uy; = 0. As this is true fork =i + 1, ..., my,
it follows that the first j columns of the array are all zero on the open set V. [J

Lemma 3.3. If VB # 0, then for any one of the three arrays (Vpq), (Vaa), (Upa),
it cannot happen that there exists both a row and a column whose elements are all
zero vectors on some open set U C M*.

Proof.  Suppose to the contrary that we have such an array (v;;) for which each
element of the i-th row and the j-th column is zero on an open set U C M*. Then
for any k #i and [ # j, the property (P4) gives that

O |* = 151> + 19,51° — V771> = 0.
Thus all elements of (v; ;) are zero vectors on U, which contradicts VB #0. [J
Now we can divide our discussions into two cases:
Casel. m| =my =ms.

CaseIl. m| > my > m3 and m; > m3.
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Each case corresponds to a main result of this paper:

Theorem 3.1. Let x : M" — S"*! be a Mobius isoparametric hypersurface with
three distinct Mobius principal curvatures of multiplicities my = my = m3. If
the Mobius second fundamental form is not parallel, then x is locally Mobius
equivalent to the Euclidean isoparametric hypersurfaces in S"! with three distinct
principal curvatures.

Theorem 3.2. Let x : M" — S"t! be a Mobius isoparametric hypersurface with
three distinct Mobius principal curvatures of multiplicities m, my and m3 satisfy-
ing my > my > msz and my > ms. If the Mobius second fundamental form is not
parallel, then my = ms :=m and x is locally Mobius equivalent one of the minimal
hypersurfaces as given by part (iii) of the classification theorem.

The proofs of these two theorems are quite involved and will be given separately
in the next two sections.

4. Mobius isoparametric hypersurfaces with m; = m; = m3

This section is devoted to Case I and giving a proof of Theorem 3.1. Assume that
my=mp=m3:=mand VB #0.

Proposition 4.1. Let x : M" — S"! be a Mobius isoparametric hypersurface
with three distinct Mobius principal curvatures of the same multiplicity m. If the
Mobius second fundamental form B is not parallel, then every vector in each of
the three m x m arrays (Vpa), (Vaq) and (Vpq) has length equal to \/f /m, where
=2 au B;%a,a is a constant function.

To prove the proposition, we first establish two lemmas whose proofs can be
given by the crucial algebraic techniques that were essentially discovered by Cecil
and Jensen [1998]; we present the proofs here for the reader’s convenience.

Lemma 4.1. There is an open subset U C M* on which every vector is nonzero in
each of the three m x m arrays (Upq), (Vao) and (Upq).

Proof. Suppose to the contrary and without loss of generality that ¥,+1)1 = 0 on
some open set U. Then by Lemma 3.2, one of two cases must occur:

* Ugmt1)g =0for 1 <a <m,or

e Uy =0form+1<p=<2m.

In the first case, the first component of each vector of (U,4) is zero. Hence Uq
can be looked at as if it were in R 1. By using (P1) and (P2), we see that at least
one element both in each row and in each column of the array (v4y) is zero. Then

by using (P4), Lemma 3.2 and Lemma 3.3, we easily get (v,4) = 0 on U. This
contradicts that VB # 0, so this case does not occur.
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In the second case, we can show as above that (ﬁpa) = 0, also a contradiction.
Hence this case cannot occur either. O

Lemma 4.2. Suppose that every vector in the arrays (0 pa)s (Vo) and (v pa) 1S
nonzero on U C M*. Then, for each array, all vectors either in each row or in
each column have the same length.

Proof. Consider one of the arrays and denote its first row by vy, ..., U,. By
property (P1) and the assumption that none of these vectors is zero, it follows that
this is an orthogonal basis of R™. Thus, there exist linear operators 7; of R™ for
j =2,...,m, such that the j-th row of the array is given by T;vi, ..., TjV,. For
each of these operators, the properties (P1)—(P4) imply also that

(O1) T;j is skew-symmetric for j =2, ..., m,
(02) each of the vectors vy, ..., Uy, is an eigenvector of sz for j =2,...,m, and

(03) the relation |7;9;|* + |U¢|* = |v;]* + |T; Uk |* holds for any j =2, ..., m and
i #k,where 1 <i,k <m.

In fact, from (P2) we can see that T;v; - v; = 0 holds for all i = 1,...,m and
j=2,...,m. Similarly, T;v; - U + v; - Tjvx = 0 follows from (P3). Thus, (P2)
and (P3) imply (O1). In addition, (P1) implies that leT,- -T; vx =0 whenever i #k,
and thus szﬁ,- -vx = 0 by (O1). It follows that v; must be an eigenvector of TJ.Z.
Property (O3) follows immediately from (P4).

Having seen that each v; is an eigenvector of sz, the correspondent eigenvalue
is easily seen to be given by

=2
2= |T_]vl| g
4-1) Tj Vv = — T
This follows from the fact that a|v;|? = av; - v; = szﬁi -v; = =Tjv; - Tjv; if
szﬁ,- =av;.
Fix any j € {2,...,m}. Let T = T; and denote by ay, ..., a, the eigenvalues

of T?2. Then property (O3) implies the relation
(4-2) (L+a)lbi|* = (L+ap)|ve* foralli, kefl,...,m}

Consequently, if some eigenvalue a; is equal to —1, then so are all the others, and
thus 72 = —1.
If none of the eigenvalues equals —1, then a; = a; if and only if |v;| = |vk|.
Suppose that, for some row of the array, the vectors do not have the same length,
and suppose likewise for some column. Relabeling if necessary, we may suppose
that vy, ..., U, do not have the same length. Then there must be some vector v;
such that |v;| is not equal to |vi| for at least m — |m /2| vectors vy, where |z]
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denotes the greatest integer less than or equal to z. Permute the columns so that
(4-3) 01| # [0k|  for [m/2] +1 <k <m.

From (3-19), (3-20) and (3-21), we have

|Upal® — 101> = 3(B1 — B2)(Bi — B3)(Aq — Ap),

Bpal® — [4al* = 3(B1 — B2)(By — B3)(A), — Ay,

Vel — 1Vap|* = 3 (B2 — B1) (B2 — B3)(Aq — Ap),

|Vaa|® = Upal* = 3 (B2 — B1)(B2 — B3)(Aq — Ap),

[Upal® = [Up5|* = 3(Bs — B2) (B3 — By)(Aq — Ap),

Vpal® = |Vgal* = §(B3 — B2)(Bs — B1)(A, — Ay).

(4-4)

Consequently, if (v;;) denotes any one of the arrays, then there exist numbers
Cij = —Cji and d,'j = —dj,' such that

(4-5) Ui 1% — |Vik|* = cjx forall i,
(4_6) |Bik|2—|5jk|2=dij for all k.

Now (4-5) implies that (4-3) must hold for every row in our array. Thus (4-3)
continues to hold after permuting the rows. We may thus assume that for some i,

(4-7) [Vi| #|T;v;]  for [m/2]+1<j<m.

Then (4-6) implies that (4-7) holds for every column of the array, and in particular
for the first column.
In summary, we can conclude that

Uil # 19| and [vi] # |Tjv1] for [m/2]+1<j <m.

Now we fix j, k € {{m/2] +1,...,m}. Then we claim that v; and v; must
be in different eigenspaces of Tk2. In fact, by (4-1) and (4-4), we see that none
of the eigenvalues of Tk2 is —1. But then by (4-2) and the first part of (4-4), the
eigenvalues of Tk2 associated to the eigenvectors v; and v; must be different.

On the other hand, v; and T;v; are in the same eigenspace of Tkz. In fact, if
T2V; = avy, then T2T v, = Ty T}V; = aTyv;. Thus, ¥; and T;; are in different
eigenspaces of Tkz. Since Tk2 is symmetric, we have

l_jj-Tk171=0 for [m/2]+1<j,k<m.

By (P1), we also have U -v; =0 for |[m/2|+1 < j, k <m. Thus, the m — m/2]
nonzero orthogonal vectors Uj,u/2)+1, - - - , U lie in the orthogonal complement of
the (m — |m /2] +1)-dimensional space spanned by U1, T|;n/2)+101, - - . , Tn V1. This
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is impossible, which implies the impossibility of the assumption above that some
row and some column of the array have vectors of unequal length. ]

Proof of Proposition 4.1. According to Lemmas 4.1 and 4.2, we may assume that
all vectors in each row of array (v,,) have the same length, that is,

(4-8) [Up11* = Upal* =+ = Upm|* forall pe{m+1,...,2m)}.

Consider the m x m matrix

Bp1,2m+1 Bp2,2m+1 e Bpm,2m+1
Bpl,2m+2 Bp2,2m+2 T Bpm,2m+2
F= ) ) ) ) ;
Bpl,n Bp2,n T Bpm,n

whose i-th row is exactly the components of ﬁp(2m+i), and whose j-th column is
exactly the components of v pj» where 1 <i, j <m. Using properties (P1) and (P2),
we have

(4-9) 'FF =101 In,
19 p@m+1)? 0 -0
(4-10) e
0 0 T |"7pn|2

From (4-9), we see that F' F ='F F. Then we compare (4-9) with (4-10) to obtain
@A-11)  [Vpeminl> = =pul* =0,1> forall pe{m+1,...,2m}.
Now, from (3-21) and (4-8), we get A, = A, for all a # b. Similarly, from (3-19)
and (4-11) we get A, = Ag for all o # B. These facts together with (3-20) give

, I I
laal>=—5 ) Biy,=—>f foralla.a.
b.B.p

Proceeding as in the proof of (4-11), we get

4-12)  [Unsnal® = = 0@mal* = [Va@min > = - - = |Vanl?
foralla e {1, ..., m},
(4-13)  [Vmrnal® == [Vemel* = 1T1al? = = Ul

forala e 2m+1,...,n}.

Then (4-11)—(4-13) imply that every vector in each of the three arrays (v pa)s (Vaa)
and (Up,) has length equal to /f/m.
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Next, we will show that f is constant. Using (2-17), (3-6) and (3-8), we get
Z Bab,piwi = Z Baa,pwab+z Bab,pa)(xa = Z Ba(x,p ngwq +Z Bab,prgaa)q .
i o o o,q o,q

Comparing two sides of this, we obtain By po = 0. A similar argument gives
Bg.ae =0 and Byg 4p = 0. By (2-14), (2-18), (3-1) and (3-4), we easily see that
the four indices in B, ; for 1 <i <n are totally symmetric. Hence we get

0= Z Bpa,aiwi = dBpa,a + Z pr,aa)ba + Z Bqa,aa)qp + Z Bpa,ﬁa)ﬁa-
i b q B
Multiplying this equation by B, o and summing, we get

0= Z BlmsadBPava_i_ Z Bpu,othb,oza)ba

p.a,o p.a,b,a

+ Z Bpa,aBga,awgp + Z Bpa.a Bpa,popa
or, equivalently, p.a.q. p.a,a.f

(4-14) 0= %df‘i‘ Z (1—51751 : 617})) Wpa + Z (61751 : 6qa) Wgp + Z (l_jpa : Epﬂ) Wpq -
p,ll,b p.q.a p’a’ﬂ

Lemma 3.1 and (4-14) imply that df = 0, showing that f is constant. (]

Lemma 4.3. The eigenvalues of the Blaschke tensor A are all constant on M.

Proof. By (2-14) and (3-19)—(3-21), we get

(4’15) Rapap = 2|Upa|2 :BIBZ+Aa+Ap’
(B3 — B1)(B3 — B2)
(4’16) Raaacx = 2|vaa|2 = Bl B3 + Aa + Aou
(B2 — B1)(B2 — B3)
2|V pql?
4-17) Rpapa = =ByB3+ A, + Aq.

(B1 — B2)(B1 — B3)
Using Proposition 4.1 and adding (4-15), (4-16) and (4-17), we have

(4-18) B1By+ BiB3+ ByB3 +2(A,+ A, +Ay) =0.
From (4-15) up to (4-18) we get
A, =1(ByB; — B;By — B B3) — 2/
“T2 ! m?(By — By)(B) — B3)’
2f
(4-19) A, =1(B/B;— BB, — B,B3) — ,
P2 m2(By — B1)(By — B3)
2f

Ay, = 1 (B/B, — BiBs — ByB3) — )
2 m2(B3 — B1)(B3 — By)
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Therefore all the eigenvalues of A are constant on M*. On the other hand, the well-
defined continuous functions Ay, A», ..., A, satisfy (3-5). Thus we can indeed
choose a frame field {E;} around each point of M so that (3-1) and (3-4) hold
identically. This fact and the argument above show that the open set M* is also
closed in M. By connectedness, we know that M* = M. ]

Remark 4.1. Now that the Blaschke eigenvalues A;, A,, ..., A, are constant, we
can find everywhere local frame fields {E;} such that (3-1) and (3-4) hold at the
same time.

Proof of Theorem 3.1. From Proposition 4.1 and (4-19), we get
(4-20) A= =Ap, Apt1="+= Ao, Aamy1 == An.

From Lemma 4.1 we know that v pa 7 0; thus there exist a such that B, o #0.
From (3-6), (3-7), (2-9) and that both A;; ; and B;; x are totally symmetric, we get

(4'21) Apa,a = (Ap - Aa)Fga = (Aa - Aa)FZa = (Aa - A[J)ng’

(4-22) Bpao = (Bo— BT}, = (B1 — B3)I',, = (B3 — By)I'y,.
From (4-21) and (4-22), we derive

Apee  Ap—Ai  Ai—Ay  Ag—A,

Byaw B—Bi B —B3; B3;—B;’

which together with (4-20) implies the existence of constant functions A and u
with the property
A+AB = =Au+ABi=Apt1+ABy=---= Ay + 1B
=Aypi1 +AB3=---=A, +AB3 = pu.
Hence we have A +AB — g =0, and by it we can apply the result of Li and Wang

[2003] to conclude that x : M — S"*! is locally Mobius equivalent to one of the
following hypersurfaces:

« a hypersurface ¥ : M — S"*! with constant mean curvature and constant
scalar curvature;
o the image under o of a hypersurface X : M — R"*! with constant mean

curvature and constant scalar curvature;

o the image under t of a hypersurface x : M — H"! with constant mean cur-
vature and constant scalar curvature. Here, we recall that we have defined the
conformal diffeomorphism 7 : H"*! — S,y > (1, y")/y0, where

H ™ = {0, Yo - oo yar) €L [ (v, y)1 = =1, 0 = D},

Sﬁ__H = {(xl, e Xn+2) € §n+1 |X1 > 0)}v
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and y = (y1, ..., Yus1)-

For each of these possibilities, from [Hu et al. 2007, Propositions 3.1 and 3.2],
and because the B; are all constant, we see that x : M — S or i M — R
or X : M — H"*!, respectively, are all Euclidean isoparametric hypersurfaces with
three distinct principal curvatures. From the classical result that isoparametric
hypersurfaces in R"*! and H"*! can have at most two distinct principal curvatures,
we finally see that x is Mobius equivalent to an open part of some isoparametric
hypersurface in $"*! with three distinct principal curvatures. (]

5. Mobius isoparametric hypersurfaces with m; > mj3
This section is devoted to Case II and proving Theorem 3.2. Assume that
(5-1) VB #0 and m; > my > ms such that m; > mj.
To add to the index conventions (3-3), we introduce the notation
$1={1,2,...,m},
Io={m+1,m +2,...,m +msy},
Sy3={mi+my+1,m+my+2,...,n}
In follows, we will concentrate on the m, x m array (0 pa) Of vectors in R™3.

Lemma 5.1. There exists an integer m’l, where 0 <mq—m3 < m’1 < my, such that
exactly m'; columns of the my x my array (V,4) are identically zero on an open set
U C M*. Explicitly, there exists a subset Doy C $1 of m elements, with complement
91 in $1, such that

(5-2) Upa =0 foralla € Dy and p € 9,
(5-3) Upe #0 forallc € Dy and p € 9.

Proof. By Lemma 3.1, for each p € $,, the vectors in row p of the array (V)
constitute a set of m; mutually orthogonal vectors in R™?. Thus, at least m| —
m3 vectors in row p must be zero at any point of M*. On the other hand, by
Lemmas 3.2 and 3.3 we know that it is impossible that a whole row is zero in the
array (v pa)- Permute the columns of (v pa), S0 that row p has all its nonzero vectors
occurring first (left to right). Let v s, denote the last nonzero vector in this row.
Then 1 < m < m3 < my. Thus we have

E,;C;AO ifl <c<m; and aﬁa=0 ifm+1<a<m.

Since at least one vector is nonzero in row p, by Lemma 3.2 the last m; — m;
columns of array (v,) are all zero on an open set U C M*. That is,

if mi+1<a<m, thenv,,=0 forallpe 9.
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Now we apply property (P4) to the minor
(Eﬁc ljﬁa) with 1 <c¢<my, m+1<a<m;and any p € $»,

Upe Upa
to obtain
(5-4) |l_5(ml+l)c| == |17(m1+m2)c| = wﬁcl #0 foralll <c=<m.
Let m} =my —mj. Then 0 < m; —m3 < m| < m; and the assertion follows by
setting

Do={m;+1,m;+2,...,m} and D;={1,2,...,m}. O

Lemma 5.2. Assume that VB #0 and m| > my > ms. If m| > ms, then my = ms.

Proof. By (5-3) and Lemma 3.1, for each ¢ € 9, the vectors in column c¢ of the
array constitute a set of m, mutually orthogonal nonzero vectors in R™?; hence we
have my < ms3. By the assumption m, > m3, we get my = ms. ]

Lemma 5.3. Foralla,b € %y, c € Dy, p,q € $, and a, B € $3, we have
Ac=Ap, #A,, A,=A,, Ay=Ag.
Proof. From (5-2) and (5-3), we get that, for all a, b € @9, c € @ and p, g € $»,
[Upal = 10ps| = [Vgal = 0 # [Upcl-

This combined with (3-21) gives A, = A, # Ac and A, = A,.
From (5-2) we have

(5-5) Bpuw =0 foralla €%y, p€ P, acds.

The fact that B;;  is totally symmetric and (5-5) implies that Vae =0 for all a € %
and @ € $3. Combining this with (3-20), we get A, = Ag. ]

Lemma 5.4. m| = m3 = m».

Proof. By Lemma 5.3, we get A, = A, and A, = Ag. Combining (3-19) with (5-1),
we obtain

R 1 1
(5-6) Dol =—5 > Blg.=—5f#0 forallp,a.
M3 g B nm;

From (5-5) we know that the last m; — m; components of each vector v pa are
zero on the open set U as we stated in Lemma 5.1; thus v, can be regarded as
an element of R™'. By Lemma 3.1, for each p the vectors in row p of the array
(Upe) constitute a set of m3 mutually orthogonal nonzero vectors in R . Hence
m3 < my, while Lemma 5.1 tells that m; < ms3. Hence m; = m3 = ms. O
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Next, by using (5-4), (5-6) and Lemma 3.1, we get the following by adapting
the proof of Proposition 4.1.

Proposition 5.1. All the nonzero vectors of the arrays (Vpq), (Vag) and (Vpq) have
constant length equal to \/ f /m,. That is, we have

= 2 _ 7 27 2 2._ g2
(5-7) [Vepl™ = [Vaa|” = |Vgp|” = f/m5 ;= L~ = const
foranyc,d € 9y, p,q € Iranda, B € $.
Now, we are ready to prove one of the main results in this section.

Proposition 5.2. Let x : M" — S"*! be a Mobius isoparametric hypersurface
with three distinct Mobius principal curvatures of multiplicities my > my > m3 and
my > m3. If the Mobius second fundamental form is not parallel, then it must be
the case that my = ms :=m and that the Mobius principal curvatures satisfy By =0

and By = —B3 = +/(n—1)/(2mn).

Proof. By Lemma 5.2 we may assume that m, = m3 := m. Let us take a € %o,
c €%y, p€ P and a € $3. Then by the proof of Lemma 5.3, we have v,, = 0.
By using (2-14), (3-19)—(3-21) and Lemma 5.1, we obtain

(5’8) Rapap = BB+ Aa + Ap = 2|vpa|2 =0,
(B3 — B1)(B3 — By)
(5‘9) Raaaa = Bl B3 + Aa + Aot = 2|Uat¥|2 = 0»
(B2 — B1)(B2 — B3)
(5’10) chcp = BB+ A, +Ap = 2|vp0|2 s
(B3 — B1)(B3 — B2)
(5-11) Reseo = BiBs + A + Ay = — Ml
(B2 — B1)(B2 — B3)
2|00l
(5-12) Rpupe = BaBs+ Ap+ Ay =

~ (B1— By)(B;— B3)’
With the summation (5-9) + (5-10) — (5-8) — (5-11), we get

2[Vpe? 2| Ve |? B

(B3 —B))(B;—By) (Bo—B))(B,—B;)

This equation and (5-7) imply that B, + B3 —2B; = 0. Combining this with (3-2),
we obtain By =0 and B, = —B3 = ++/(n — 1)/(2mn). O

Without loss of generality, in what follows we may assume that

(5-13) Bi=0, B,= "=t p—_/o=L
2mn 2mn

0.
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Lemma 5.5. Foralla € %y, c € Dy, p € $, and o € $3, we have

Wge = Wap = Wae = 0, Pep =B g, E , Bepatas
1 1
Weo = B,—B; } » Bcp,otwp’ Wpo = ﬁ E . Bcp,aa)c’
2 - 2
apap acaa = 0, PP = (By—By)(B3— By) [Vepl”,

2 = 2 2 - 0
Reoea = (B2—B1)(B2—B3) [Weal® Rpopa = (B1—B2)(B1—B3) [Vpal”
Proof. The formulas follow directly from (2-14), (3-6)—(3-8) and (3-19)—(3-21).
First of all, from (5-5) we get w,p = wae =0. The remaining formulas in Lemma 5.5

except w,. = 0 can be easily obtained.
To show that w,, = 0 holds for any a € % and ¢ € %, we use the following
two equations for any p € $, and o € $3:

(5-14) 0= —Rupapwa Nwp =dw,, — Z Wai N Wip = Z nga)ac A wg,
i ,3693,66@1

(5-15) 0= —R,pua®Wa N Wy = dwyy — Za)gi A Wig = — Z F;awac A wy.
i qeP2, ceY

Let us write
Wge = Z Iyeop + Z .wa+ Z [Gewq + Z [g.wp.
be%g de%, qePr BeI3

Then the two equations above give that

(5-16) > rgrs,=0 foralla,bed. pe, acds,
CE@[
(5-17) Y rg.re,=0 foralla€%, d €%, peds acds,
CEQD[
(5-18) > r4rg,=0 foralla€%, p.q€a acds,
CEQ)[
(5-19) > 4TS, =0 forallae%By, pe s, o, peIs.
CG@]

From (5-16), we get for any b € % a linear system of equations on {I'} }1<c<m:

BP(m1+m+1),1FZI + Bp(m1+m+1),2FZZ +oet Bp(m1+m+1),mFZm =0,

Bpmi+m+2),1T 51 + Bponi+m+2),20p + -+ - + Bpony+m+2).mLpm = 0,
(5-20)

Bpn 1Ty +Bpnolpy + -+ Bpum Iy = 0.
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By using (P1), (P2) and Proposition 5.1, we see that the coefficient matrix F' of

(5-20) satisfies 'F F = diag(|Up1|%, U212, - - -, [Upm|?) = [Up1* 1. Hence we have
|F| # 0, and then (5-20) implies that I'y, =T'j, =--- =T, =0 for all b € %,
that is,

Iy, =0 forall b e%y.
Analogously, from (5-17), (5-18) and (5-19), respectively, we can show that

FZL.:FZ“:F[‘;L.:O foralld € @y, g € $, and B € $3.
Hence I'Y. =0 for all i, and w,. = 0 follows. O

Lemma 5.6. Forall p € $;, a € $3 and a € Dy, c € Dy,

n—1

12mn’

Proof. Lemma 5.5 and (2-16) imply that R,.;; =0 and thus we have R;cqc =0. On
the other hand, (2-14) gives that R;cqc = 312 + A, + A, It follows that A, = —A,.
From (5-8), (5-9) and (5-13), we further get A, = —A, = —A, and hence

Ag=—Ar=—A,=—Ay= —

(5-21) Ag=—-Ar=—-A,=—A,.

These together with (5-10), (5-12) and (5-13) give that

L2 B22 LZ
AC = —2 = p = —= — —2
2B, 2 B
It follows that L% = %B;* and A, = %Bzz. Then our conclusions follow immediately
from (5-13) and (5-21). U
Remark 5.1. Because all the Blaschke eigenvalues Ay, Ao, ..., A, are constant

on M*, the reasoning of the proof of Lemma 4.3 shows that M = M*. Hence
we can find everywhere local frame fields {E;}, such that (3-1) and (3-4) hold
simultaneously in Case II.

Lemma 5.6 shows that the Blaschke tensor has exactly two distinct constant
eigenvalues. Then applying Theorem 2.4 we immediately get the following result.

Theorem 5.1. Let x : M" — S"*! be a Mobius isoparametric hypersurface with
nonparallel Mobius second fundamental form and three distinct Mobius principal
curvatures whose multiplicities are not equal. Then there isann with2 <n <n-—1,
and locally x is Mobius equivalent to one of the following two families of hyper-
surfaces in S"1:

(€1) Minimal hypersurfaces defined by

F=F,5):M'=N" x H" " (—r~%) - §"*1,
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with r > 0 and

Fi=yi1/y0. Fa=y2/v0. YR, y eR™2 y, e RV

where y| : N* — S"1(r) — R"*2 is an umbilic-free minimal hypersurface
immersed into the (n+ 1)-dimensional sphere of radius r and constant scalar
curvature

= ni@i—1)—(n—1)r?

Ry = 3 )

nr

and (yo, y2) : '~ (—=r=2) — L"~"*1 s the standard embedding of hyperbolic
space of sectional curvature —r~2 into the (n— i+ 1)-dimensional Lorentz

space with —yg + y% =—r2

(€2) Nonminimal hypersurfaces defined by
F=(F, %) M"=N"xS""(r) » "1,
withr > 0 and

fi=yi1/y0. F2=y/y0. YeER', y eR™, y,eR T

where (yo, y1) : N' — H™ (—r=2) — "2 with —y} + y} = —r%, is an

umbilic-free minimal hypersurface immersed into (n+ 1)-dimensional hyper-
bolic space of sectional curvature —r =2 and constant scalar curvature

S s 12
Rlz_nn(n D+ m—1r

’

nr?

and y; : S"7"(r) = R""*1 is the standard embedding of the (n —ii)-sphere
of radius r.

Determining which of the hypersurfaces (€1) and (¢2) is Mobius isoparametric
requires knowing their Mobius invariants — but this was done in [Hu and Li 2007,
Section 4]. For simplicity we will not repeat this calculation here. With the omitted
calculations and Lemma 5.6, we immediately get the following results.

Proposition 5.3. A hypersurface X in (&€1) is Mobius isoparametric if and only if
it satisfies
(1) n=3m;
2) r=46mn/(n—1);
(3) y1: N> — S¥+1(/6mn/(n — 1)) is a minimal isoparametric hypersurface
with constant scalar curvature Ry = 3(m — 1)(n — 1)/(2n); moreover, it has

three distinct principal curvatures with values given by (1-1), each of them
with the same multiplicity m.
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Remark 5.2. Cartan [1939] proved that minimal isoparametric hypersurfaces in
S3m+1(/6mn/(n — 1)) with three distinct principal curvatures do exist and are
unique with principal curvatures having the same multiplicities m € {1, 2, 4, 8}.
More precisely, it is the tube of constant radius over a standard Veronese embedding
of a projective plane FP? into S¥"*!(/6mn/(n — 1)) with principal curvatures of
(1-1) where m = 1,2,4 or 8, and [ is the division algebra R, C, H (quaternions)
or O (Cayley numbers), respectively.

Proposition 5.4. If a hypersurface x in (€;,) is Mobius isoparametric, then it must
satisfy the following three conditions:

(1) n=n—-3m;

2) r=46mn/(n—1);

(3) ¥=(y0, y1) : N3 > H' 3"+ (—(n—1) /(6mn)) is a minimal isoparametric
hypersurface with the principal curvatures of (1-1).

On the other hand, by Cartan’s theorem [1938], an isoparametric hypersurface
M" in the hyperbolic space H"*! can have at most two distinct principal curvatures,
which can only be either totally umbilic or else an open subset of a standard product
Sk x H"* in H"*!. Moreover, the latter must be nonminimal. From this fact and
Proposition 5.4, we immediately get the following:

Proposition 5.5. There is no Mdbius isoparametric hypersurface in (€2) that has
three distinct Mobius principal curvatures.

Proof of Theorem 3.2. This is an immediate consequence of the Theorem 5.1,
Remark 5.1 and Propositions 5.3 and 5.5. U

6. Completion of the proof of the classification theorem

Let x : M" — S"*! be a Mobius isoparametric hypersurface with three distinct
Mbobius principal curvatures whose multiplicities satisfy m > my, > mj.

If x has parallel Mobius second fundamental form, then we apply Theorem 2.3
to obtain that it is locally Mobius equivalent to a hypersurface in part (i) of the
classification theorem.

If x has nonparallel Mobius second fundamental form, then we have exactly two
cases as we stated in section three:

For Case I, we apply Theorem 3.1 and Cartan’s theorem to obtain that it is
locally Mobius equivalent to a hypersurface in (ii). For Case II, we can apply
Theorem 3.2 and Cartan’s theorem to conclude that it is locally M&bius equivalent
to the hypersurface in (iii). O
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Final remarks. For the general theory (see [Wang 1998]) of Md&bius submani-
folds in S"*P, the Mobius form & is an important invariant. Closely related
to Mobius isoparametric hypersurfaces is the concept of Blaschke isoparametric
hypersurfaces in spheres. It is interesting to mention a conjecture by X. X. Li
[Li and Zhang 2009; Li and Peng 2010]: A Blaschke isoparametric hypersurfaces
with more than two distinct Blaschke eigenvalues is Mobius isoparametric. For
definitions and some recent progress on Blaschke isoparametric hypersurfaces, see
[Li and Peng 2010; Li and Zhang 2006; 2007; 2009].

Acknowledgements

We would like to thank Professors H. Li, C. P. Wang and X. X. Li for useful
comments and help. We are also greatly indebted to the paper of T. E. Cecil and G.
R. Jensen [1998], the crucial algebraic techniques of which make this paper more
easily accessible.

References

[Akivis and Goldberg 1997] M. A. Akivis and V. V. Goldberg, “A conformal differential invariant
and the conformal rigidity of hypersurfaces”, Proc. Amer. Math. Soc. 125:8 (1997), 2415-2424.
MR 97j:53017 Zbl 0887.53030

[Cartan 1938] E. Cartan, “Familles de surfaces isoparamétriques dans les espaces 2 courbure con-
stante”, Ann. Mat. Pura Appl. 17:1 (1938), 177-191. MR 1553310 Zbl 0020.06505

[Cartan 1939] E. Cartan, “Sur des familles remarquables d’hypersurfaces isoparamétriques dans les
espaces sphériques”, Math. Z. 45 (1939), 335-367. MR 1,28f Zbl 0021.15603

[Cecil and Jensen 1998] T. E. Cecil and G. R. Jensen, “Dupin hypersurfaces with three principal
curvatures”, Invent. Math. 132:1 (1998), 121-178. MR 2000k:53051 Zbl 0908.53007

[Cecil and Jensen 2000] T. E. Cecil and G. R. Jensen, “Dupin hypersurfaces with four principal
curvatures”, Geom. Dedicata 79:1 (2000), 1-49. MR 2001g:53103 Zbl 0965.53039

[Cecil et al. 2007] T. E. Cecil, Q.-S. Chi, and G. R. Jensen, “Dupin hypersurfaces with four principal
curvatures, II”, Geom. Dedicata 128 (2007), 55-95. MR 2009k:53116 Zbl 1144.53067

[Hu and Li 2004] Z. Hu and H. Li, “Classification of hypersurfaces with parallel Mdbius sec-
ond fundamental form in S"t1”, Sci. China Ser. A 47:3 (2004), 417-430. MR 2005¢:53066
Zbl 1082.53016

[Hu and Li 2005] Z. Hu and H. Li, “Classification of Mobius isoparametric hypersurfaces in s+,
Nagoya Math. J. 179 (2005), 147-162. MR 2006e:53098 Zbl 1110.53010

[Hu and Li 2007] Z.Hu and D. Li, “Mobius isoparametric hypersurfaces with three distinct principal
curvatures”, Pacific J. Math. 232:2 (2007), 289-311. MR 2008m:53131 Zbl 1154.53011

[Hu and Tian 2009] Z.J. Hu and X. L. Tian, “On M&bius form and Mobius isoparametric hypersur-
faces”, Acta Math. Sin. (Engl. Ser) 25:12 (2009), 2077-2092. MR 2010m:53076 Zbl 1191.53014

[Hu and Zhai 2008] Z. Hu and S. Zhai, “Classification of Mo6bius isoparametric hypersurfaces in the
unit six-sphere”, Tohoku Math. J. (2) 60:4 (2008), 499-526. MR 2010f:53022 Zbl 1165.53008

[Hu et al. 2007] Z. Hu, H. Li, and C. Wang, “Classification of Mobius isoparametric hypersurfaces
in S, Monatsh. Math. 151:3 (2007), 201-222. MR 2009g:53091 Zbl 1144.53021



370 ZEJUN HU AND SHUIJIE ZHAI

[Li and Peng 2010] X. Li and Y. Peng, “Classification of the Blaschke isoparametric hypersurfaces
with three distinct Blaschke eigenvalues”, Results Math. 58:1-2 (2010), 145-172. MR 2672631
7Zbl 1202.53016

[Li and Wang 2003] H. Li and C. Wang, “Mobius geometry of hypersurfaces with constant mean
curvature and scalar curvature”, Manuscripta Math. 112:1 (2003), 1-13. MR 2004e:53092 Zbl
1041.53008

[Li and Zhang 2006] X. Li and F. Zhang, “A classification of immersed hypersurfaces in spheres
with parallel Blaschke tensors”, Tohoku Math. J. (2) 58:4 (2006), 581-597. MR 2008d:53077
Zbl 1135.53309

[Li and Zhang 2007] X. X. Li and F. Y. Zhang, “Immersed hypersurfaces in the unit sphere gm+l
with constant Blaschke eigenvalues”, Acta Math. Sin. (Engl. Ser) 23:3 (2007), 533-548. MR
2008d:53078 Zbl 1151.53013

[Li and Zhang 2009] X. X. Li and F. Y. Zhang, “On the Blaschke isoparametric hypersurfaces in the
unit sphere”, Acta Math. Sin. (Engl. Ser.) 25:4 (2009), 657-678. MR 2010c:53089 Zbl 1177.53016

[Lietal. 2002] H.Z.Li, H. L. Liu, C. P. Wang, and G. S. Zhao, “Mobius isoparametric hypersurfaces
in S"*! with two distinct principal curvatures”, Acta Math. Sin. (Engl. Ser:) 18:3 (2002), 437-446.
MR 2003h:53079 Zbl 1030.53017

[Miyaoka and Ozawa 1989] R. Miyaoka and T. Ozawa, “Construction of taut embeddings and Cecil—
Ryan conjecture”, pp. 181-189 in Geometry of manifolds (Matsumoto, 1988), edited by K. Shio-
hama, Perspect. Math. 8, Academic Press, Boston, MA, 1989. MR 92f:53071 Zbl 0697.53055

[Niebergall 1991] R. Niebergall, “Dupin hypersurfaces in IRS, 17, Geom. Dedicata 40:1 (1991), 1-
22. MR 92k:53106 Zbl 0733.53031

[Pinkall 1985] U. Pinkall, “Dupinsche Hyperflachen in 4, Manuscripta Math. 51:1-3 (1985), 89—
119. MR 86m:53010

[Pinkall and Thorbergsson 1989] U. Pinkall and G. Thorbergsson, ‘“Deformations of Dupin hyper-
surfaces”, Proc. Amer. Math. Soc. 107:4 (1989), 1037-1043. MR 90c:53145 Zbl 0682.53061

[Rodrigues and Tenenblat 2009] L. A. Rodrigues and K. Tenenblat, “A characterization of Moebius
isoparametric hypersurfaces of the sphere”, Monatsh. Math. 158:3 (2009), 321-327. MR 2552098
Zbl 1190.53008

[Thorbergsson 1983] G. Thorbergsson, “Dupin hypersurfaces”, Bull. London Math. Soc. 15 (1983),
493-498. MR 85b:53066 Zbl 0529.53044

[Wang 1998] C. Wang, “Moebius geometry of submanifolds in §"”’, Manuscripta Math. 96:4 (1998),
517-534. MR 2000a:53019 Zbl 0912.53012

Received January 1, 2010. Revised March 13, 2010.

ZEJUN HU

DEPARTMENT OF MATHEMATICS
ZHENGZHOU UNIVERSITY
ZHENGZHOU 450052

CHINA

huzj@zzu.edu.cn

SHUJIE ZHAT

DEPARTMENT OF MATHEMATICS
ZHENGZHOU UNIVERSITY
ZHENGZHOU 450052

CHINA

zhaishujie @zzu.edu.cn



PACIFIC JOURNAL OF MATHEMATICS
Vol. 249, No. 2, 2011

DISCRETE MORSE THEORY AND HOPF BUNDLES

DMITRY N. KozLov

We use Hopf bundles to give an example of a regular CW complex X and
an acyclic matching M on the face poset of X, such that there are no crit-
ical cells in neighboring dimensions but the complex X is not homotopy
equivalent to the corresponding wedge of spheres. The key fact here is
that the higher homotopy groups of spheres are nontrivial. We also give
a sufficient condition on an acyclic matching M for concluding that X is
homotopy equivalent to a wedge of spheres indexed by the critical cells.

1. Introduction

Discrete Morse theory, introduced by Robin Forman [1998], has become quite a
useful tool for doing specific computations in combinatorial algebraic topology;
see [Kozlov 2008] for the general framework, and [Clark and Ehrenborg  2011]
for an interesting recent application in case of the Frobenius complex.

Let us briefly describe how the computational model provided by discrete Morse
theory works. Given a regular CW complex X, let XV denote the poset of
all nonempty cells of X. This poset is ranked by the dimensions of the cells.
A partial matching on the Hasse diagram of [_XV is a bijection M VU ¥ D,
where U and D are (possibly empty) disjoint sets of elements of XV such that
dim. /Ddim.M. //C1,and M. / lies on the boundary of forall 2U. A

that 1 ® ® {,and jc1 =M. j/foralli D1;:::;t, where as usual we set
tc1 VD 1. Weset Cy VD XV n.U [ D/ and call the elements of C critical.
For all i, let f;.Cy/ denote the number of critical cells of dimension i. The main
theorem in [Forman 1998] states that whenever M is an acyclic matching, there
exists a CW complex %, called the critical Morse complex, with f;.Cy/ cells of
dimension i, for all i, such that % is homotopy equivalent to X.
Frequently, the actual goal of applying discrete Morse theory is to prove that X
is in fact homotopy equivalent to a wedge of spheres, or at least to compute the

This research was supported by University of Bremen, as part of AG CALTOP.

MSC2000: primary 57Q05; secondary 54G20.

Keywords: homotopy group, fibrations, gluing map, acyclic matching, long exact sequence for
homotopy.
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homology groups of X. In a very fortunate situation, one might be able to produce
an acyclic matching M such that for all i we have fj.Cm/fic1.Cwm/ D 0, that is,
there are no critical cells in neighboring dimensions. This would settle the question
of computing the homology groups of the space X. However, in order to determine
the homotopy type of X, one would want to conclude that the critical cells are
somehow independent of each other, and so we have the homotopy equivalence

@ R I}

! f}.Cm/

where §.Cy/ D f;.Cy/ fori 1and f.Cu/ D f5.Cu/ 1, and we use the
convention that the empty wedge is a point.

We will use the fact that higher homotopy groups of spheres are nontrivial to give
an example showing that just assuming that there are no critical cells in neighboring
dimensions is not enough to conclude that the space is homotopy equivalent to a
wedge of spheres.

But first, on the positive side, we give a sufficient condition on acyclic matching
that lets us conclude that the space is homotopy equivalent to a wedge of spheres
indexed by the critical cells. In fact, for this result we will not need the condi-
tion that there are no critical cells in neighboring dimensions; see also [Clark and
Ehrenborg 2011, Theorem 2.5].

2. Acyclic matchings yielding a wedge of spheres

Here we are interested in acyclic matchings that allow us to conclude that the
considered complex is in fact homotopy equivalent to a wedge of spheres that are
enumerated by the critical cells. First we need some terminology.

Definition 2.1. Let P be a partially ordered set and M a partial matching on P.

(1) A generalized alternating path is a sequence x; > X, < X3 >  <Xpc1 0ra
sequence X1 =>Xp <Xz > > Xpc2, Wheret 0, such that M.Xakc1/ D Xk

(2) Let x be an element of P. We set F.x/ to be the set of the endpoints of all
generalized alternating paths starting at x, and call F.x/ the feasibility domain
of x.

Note that in a generalized alternating path, we require that xoxc1 covers Xy for all

It is easy to see that F.x/ shall always contain a critical cell of dimension 0.
Let A denote the set of O-dimensional cells in F.x/. If none of them is critical,
then there exists the set of 1-dimensional cells B F.x/suchthat MV B B A'is
a bijection. Since every y 2 B covers two elements, the graph with the vertex set
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A [ B and the covering relations as edges cannot be a forest, so it contains cycles,
which contradicts the assumption that the matching M is acyclic.

The following theorem gives a sufficient condition on an acyclic matching for
the critical Morse complex to be homotopy equivalent to a wedge of spheres
enumerated by critical cells.

Theorem 2.2. Let X be a connected regular CW complex, and let M be an acyclic
partial matching on CXV. Assume that for every critical cell ¢ of dimension larger
than 0, its feasibility domain F.c/ contains precisely two critical cells: c itself and
one critical cell of dimension 0. Then X is homotopy equivalent to a wedge of
spheres enumerated by critical cells, that is, (1-1) is true.

Proof. For this argument, we adopt the point of view of [Kozlov 2008] and follow
the proof of its Theorem 11.13(b). There the main theorem of discrete Morse theory
for CW complexes is proved by a stepwise attachment of either a critical cell or
of a pair of cells matched by M, with a parallel explicit construction of a Morse
homotopy map. This stepwise attachment is done along a certain linear extension
of the face poset of X, which we denote by I. When a pair of matched cells is
attached, we simply have a strong deformation retraction of the obtained complex
to what we have had before that attachment, so we just need to understand the case
of attaching a critical cell.

Assume that a critical cell ¢ of dimension at least 1 is being attached. The cells
in F.c/nfcg form a subcomplex C of X. The assumption of the theorem implies
that C is collapsible along the matching M. It means that prior to the attachment
of ¢, the Morse homotopy has already shrunk the complex C to a point a, where
a is the critical 0-dimensional cell of F.c/nfcg. Since the image of the attaching
map of the cell c lies inside C, we conclude that in the critical Morse complex,
the attaching map of ¢ will simply map everything to the point a. Thus we can
conclude that all the attaching maps in the critical Morse complex are trivial.

Finally, we need to see that the matching M has exactly one O-dimensional
critical cell, which will imply that all the critical cells will be attached to the same
vertex. Assume we have another critical 0-dimensional cell b, and assume that
b occurs after a in the linear extension I. Then, when b is added, it will form a
new connected component. So, since the total complex X is connected, at some
point in the inductive process of adding critical cells and pairs of matched cells
we will have to connect that connected component to the connected component
containing a. This can only be achieved by adding a critical 1-dimensional cell,
which we call e. The set F.e/ cannot contain any critical 0-dimensional cells
other than b. Let v; denote the vertex of e that does not lie in the same connected
component as b. The vertex v is not critical, and we set e; \D M 1.vi/. Both
vy and e; were added before e. We now proceed, starting with k D 1 be letting
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€3

€4

Figure 2.1. Two presentations of the simplicial complex L.

Figure 2.2. The face poset of L. The vertices, edges, and triangles
are shown with the index increasing from left to right. The bold
edges indicate an acyclic matching.

vkci be the vertex of e¢ other than vk. Since vgc1 2 F.e/, we see that vicr i
not critical, and set exc1 VD M L.vic1/. Both vier and exci were added before
e. Eventually we will have to conclude that for some k 1 the vertex vkcs lies in
the same connected component as b. But this means that b was connected to the
vertex v even before adding e, yielding a contradiction to the choice of e.

The condition of Theorem 2.2 is not necessary for getting a wedge of spheres
enumerated by critical cells. For example, let L be the simplicial complex shown
on Figure 2.1. A direct examination yields that the matching shown on Figure 2.2 is
acyclic with one critical cell in each of the dimensions 0, 1, and 2. The condition
of Theorem 2.2 is not satisfied, but the space L is homotopy equivalentto S* _S2.

3. Hopf fiber bundles

We now give an example that simply having an acyclic matching with no critical
cells in neighboring dimensions is not sufficient to conclude that the space X is
homotopy equivalent to a wedge of spheres. Our example exploits the fact that the
higher homotopy groups (unlike the homology groups) of spheres are nontrivial.
The first such nontrivial group is 3.S%/ D Z, and it is this one which we use for
our construction.
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Consider the set AVD f.z1; 25/ j 21522 2 C; jz1j° C jz,j% D 1g, and let the mul-
tiplicative group G D fz j jzj D 1g C act on A diagonally by multiplication:
zV.z1;2,/ M .221;225/. The quotient A=G can be viewed as a complex projective
line CP, with the quotient map qV A ¥ A=G simply being qV.z1;zo/ A .z1Vz,/.
Note that topologically A D S%, G D S?, and A=G D S2. The obtained fiber
bundle S* ¥ S3 ¥ S? s the first example of a Hopf bundle; see [Hatcher 2002,
Example 4.45].

Consider the CW structure on A obtained by intersecting with the real coordinate
hyperplanesRez; D0, Imz1; D0, Rez; D0, and Imz; DO0. Then Ais aregular CW
complex with face vector .8; 24; 32; 16/. Furthermore, consider the CW structure
on A=G consisting of the two vertices vy D .1V 0/ and v, D .0V 1/, four edges
eeDf.1Vr/jr>0g9 e DflVir/jr>09 e3sDf.1V r/jr >0g and
esDf.1V ir/jr >0g, and four 2-cells denoted s, 7, S3, S4, Where s; is bound by
gj and ejcy for i D 1;2; 3, and s4 is bound by e1 and e4. Again A=G is a regular
CW complex with the face. vector .2; 4; 4/, and one sees that q is a cellular map.

SetCVD..A T10;1l/ .A=G//=s to be the mapping cylinder of g, that is S
isgivenby .a;1/ q.a/, foralla2 A. We choose a CW structure on C by taking
all the cells of A=G  C, subdividing A  f0g, the top copy of A, as described
above, and taking the open cells VD int .0; 1/ for all cells of A. Here we
writeint D n@ to denote the relative interiors of cells. Finally, let X be the
regular CW complex obtained from C by attaching a 4-cell k along A f0y D S®.

Consider the following acyclic matching: M.Q/ D  whenever is a cell of
A f0g, M.si/Dej fori D 1;2;3,and M.eys/ D v,. The partial matching M has
three critical cells: vq, k, and s4, in dimensions 0, 2, and 4. It is easily verified
directly that all the matched pairs are regular in the sense of [Cohen 1973] and
[Kozlov 2008, Definition 11.12]; in particular the main theorem of discrete Morse
theory (see [Forman 1998]) can be applied and we can conclude that X is homotopy
equivalent to a CW complex with one cell in each of the dimensions 0, 2, and 4.

However, the space X is not homotopy equivalent to S?__S*. For example, these
two spaces have different 3 groups.! Namely 3.X/DO0, while 3.5 S*/ DZ.
Both of these statements can be seen using the long exact sequence for relative
homotopy; see [Hatcher 2002, page 344]. Indeed, when a space ¥ is obtained from
aspace Y D S? by attaching a 4-cell along some continuous map ” VS3 ¥ S? the
relevant part of the long exact sequence for homotopy of the pair .%; Y/ is

(3-1) T L8 Y;y/ @! 3.Y;y/ i! 3.8 y/ 1 3@ Y;y/ 1 ;

1Serge Ochanine pointed out to the author in 2009 that the constructed space X is actually the
complex projective plane. We use the long exact sequence of the homotopy of a pair to show how
we came up with the example.
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where y 2'Y is a base point, the map @ comes from restricting maps .D"; S" 1;s/ ¥
JB;Y;y/to S" 1 and i is the map between homotopy groups induced by the
inclusion map i VY ,¥ @. Since .Y;y/ D .S%; X2/, and .®;Y;y/ 7 .D*; S3; xa/,
where x, 2 S2 and x3 2 S° are corresponding base points, the sequence (3-1)
translates to

(3-2) ¥ .S%xg/ W 5.S%x/ W 5 By/ WO

For the space S?__S*themap ” istrivial, and hence 3.®;y/D 3.5%;x2/DZ;

for the case of the Hopf bundle above, the map ” is surjective, and so we get

3.%;y/ DO0. Clearly, this technique can be used to produce further examples that
might be needed to test various hypothesis.

Taking the barycentric subdivision of X will yield a simplicial complex with the
same property: It has an acyclic matching with one critical cell of dimensions 0, 2,
and 4 each, but is of course homeomorphic to the regular CW version; in particular,
it is not homotopy equivalent to S?__S*. We leave finding such an acyclic matching
to the reader.
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