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We use Hopf bundles to give an example of a regular CW complex X and
an acyclic matching M on the face poset of X , such that there are no crit-
ical cells in neighboring dimensions but the complex X is not homotopy
equivalent to the corresponding wedge of spheres. The key fact here is
that the higher homotopy groups of spheres are nontrivial. We also give
a sufficient condition on an acyclic matching M for concluding that X is
homotopy equivalent to a wedge of spheres indexed by the critical cells.

1. Introduction

Discrete Morse theory, introduced by Robin Forman [1998], has become quite a
useful tool for doing specific computations in combinatorial algebraic topology;
see [Kozlov 2008] for the general framework, and [Clark and Ehrenborg ≥ 2011]
for an interesting recent application in case of the Frobenius complex.

Let us briefly describe how the computational model provided by discrete Morse
theory works. Given a regular CW complex X , let F(X) denote the poset of
all nonempty cells of X . This poset is ranked by the dimensions of the cells.
A partial matching on the Hasse diagram of F(X) is a bijection M : U → D,
where U and D are (possibly empty) disjoint sets of elements of F(X) such that
dim(σ ) = dim(M(σ ))+ 1, and M(σ ) lies on the boundary of σ for all σ ∈ U . A
partial matching M is called acyclic if there do not exist σ1, . . . , σt ∈ F(X) such
that σ1 6= · · · 6= σt , and σi+1 > M(σi ) for all i = 1, . . . , t , where as usual we set
σt+1 := σ1. We set CM := F(X) \ (U ∪ D) and call the elements of C critical.
For all i , let fi (CM) denote the number of critical cells of dimension i . The main
theorem in [Forman 1998] states that whenever M is an acyclic matching, there
exists a CW complex X̃ , called the critical Morse complex, with fi (CM) cells of
dimension i , for all i , such that X̃ is homotopy equivalent to X .

Frequently, the actual goal of applying discrete Morse theory is to prove that X
is in fact homotopy equivalent to a wedge of spheres, or at least to compute the
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homology groups of X . In a very fortunate situation, one might be able to produce
an acyclic matching M such that for all i we have fi (CM) fi+1(CM) = 0, that is,
there are no critical cells in neighboring dimensions. This would settle the question
of computing the homology groups of the space X . However, in order to determine
the homotopy type of X , one would want to conclude that the critical cells are
somehow independent of each other, and so we have the homotopy equivalence

(1-1) X '
∨

i

Si
∨ · · · ∨ Si︸ ︷︷ ︸

f̃i (CM )

,

where f̃i (CM) = fi (CM) for i ≥ 1 and f̃0(CM) = f0(CM)− 1, and we use the
convention that the empty wedge is a point.

We will use the fact that higher homotopy groups of spheres are nontrivial to give
an example showing that just assuming that there are no critical cells in neighboring
dimensions is not enough to conclude that the space is homotopy equivalent to a
wedge of spheres.

But first, on the positive side, we give a sufficient condition on acyclic matching
that lets us conclude that the space is homotopy equivalent to a wedge of spheres
indexed by the critical cells. In fact, for this result we will not need the condi-
tion that there are no critical cells in neighboring dimensions; see also [Clark and
Ehrenborg ≥ 2011, Theorem 2.5].

2. Acyclic matchings yielding a wedge of spheres

Here we are interested in acyclic matchings that allow us to conclude that the
considered complex is in fact homotopy equivalent to a wedge of spheres that are
enumerated by the critical cells. First we need some terminology.

Definition 2.1. Let P be a partially ordered set and M a partial matching on P .

(1) A generalized alternating path is a sequence x1 > x2 < x3 > · · ·< x2t+1 or a
sequence x1 > x2 < x3 > · · ·> x2t+2, where t ≥ 0, such that M(x2k+1)= x2k

for all k = 1, . . . , t .

(2) Let x be an element of P . We set F(x) to be the set of the endpoints of all
generalized alternating paths starting at x , and call F(x) the feasibility domain
of x .

Note that in a generalized alternating path, we require that x2k+1 covers x2k for all
k = 1, . . . , t , but we obviously do not require that x2k−1 covers x2k for all such k.

It is easy to see that F(x) shall always contain a critical cell of dimension 0.
Let A denote the set of 0-dimensional cells in F(x). If none of them is critical,
then there exists the set of 1-dimensional cells B ⊂ F(x) such that M : B→ A is
a bijection. Since every y ∈ B covers two elements, the graph with the vertex set



DISCRETE MORSE THEORY AND HOPF BUNDLES 373

A∪ B and the covering relations as edges cannot be a forest, so it contains cycles,
which contradicts the assumption that the matching M is acyclic.

The following theorem gives a sufficient condition on an acyclic matching for
the critical Morse complex to be homotopy equivalent to a wedge of spheres
enumerated by critical cells.

Theorem 2.2. Let X be a connected regular CW complex, and let M be an acyclic
partial matching on F(X). Assume that for every critical cell c of dimension larger
than 0, its feasibility domain F(c) contains precisely two critical cells: c itself and
one critical cell of dimension 0. Then X is homotopy equivalent to a wedge of
spheres enumerated by critical cells, that is, (1-1) is true.

Proof. For this argument, we adopt the point of view of [Kozlov 2008] and follow
the proof of its Theorem 11.13(b). There the main theorem of discrete Morse theory
for CW complexes is proved by a stepwise attachment of either a critical cell or
of a pair of cells matched by M , with a parallel explicit construction of a Morse
homotopy map. This stepwise attachment is done along a certain linear extension
of the face poset of X , which we denote by l. When a pair of matched cells is
attached, we simply have a strong deformation retraction of the obtained complex
to what we have had before that attachment, so we just need to understand the case
of attaching a critical cell.

Assume that a critical cell c of dimension at least 1 is being attached. The cells
in F(c) \ {c} form a subcomplex C of X . The assumption of the theorem implies
that C is collapsible along the matching M . It means that prior to the attachment
of c, the Morse homotopy has already shrunk the complex C to a point a, where
a is the critical 0-dimensional cell of F(c) \ {c}. Since the image of the attaching
map of the cell c lies inside C , we conclude that in the critical Morse complex,
the attaching map of c will simply map everything to the point a. Thus we can
conclude that all the attaching maps in the critical Morse complex are trivial.

Finally, we need to see that the matching M has exactly one 0-dimensional
critical cell, which will imply that all the critical cells will be attached to the same
vertex. Assume we have another critical 0-dimensional cell b, and assume that
b occurs after a in the linear extension l. Then, when b is added, it will form a
new connected component. So, since the total complex X is connected, at some
point in the inductive process of adding critical cells and pairs of matched cells
we will have to connect that connected component to the connected component
containing a. This can only be achieved by adding a critical 1-dimensional cell,
which we call e. The set F(e) cannot contain any critical 0-dimensional cells
other than b. Let v1 denote the vertex of e that does not lie in the same connected
component as b. The vertex v1 is not critical, and we set e1 := M−1(v1). Both
v1 and e1 were added before e. We now proceed, starting with k = 1 be letting
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Figure 2.1. Two presentations of the simplicial complex L .

Figure 2.2. The face poset of L . The vertices, edges, and triangles
are shown with the index increasing from left to right. The bold
edges indicate an acyclic matching.

vk+1 be the vertex of ek other than vk . Since vk+1 ∈ F(e), we see that vk+1 is
not critical, and set ek+1 := M−1(vk+1). Both vk+1 and ek+1 were added before
e. Eventually we will have to conclude that for some k ≥ 1 the vertex vk+1 lies in
the same connected component as b. But this means that b was connected to the
vertex v1 even before adding e, yielding a contradiction to the choice of e. �

The condition of Theorem 2.2 is not necessary for getting a wedge of spheres
enumerated by critical cells. For example, let L be the simplicial complex shown
on Figure 2.1. A direct examination yields that the matching shown on Figure 2.2 is
acyclic with one critical cell in each of the dimensions 0, 1, and 2. The condition
of Theorem 2.2 is not satisfied, but the space L is homotopy equivalent to S1

∨ S2.

3. Hopf fiber bundles

We now give an example that simply having an acyclic matching with no critical
cells in neighboring dimensions is not sufficient to conclude that the space X is
homotopy equivalent to a wedge of spheres. Our example exploits the fact that the
higher homotopy groups (unlike the homology groups) of spheres are nontrivial.
The first such nontrivial group is π3(S2) = Z, and it is this one which we use for
our construction.
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Consider the set A := {(z1, z2) | z1, z2 ∈ C, |z1|
2
+ |z2|

2
= 1}, and let the mul-

tiplicative group G = {z | |z| = 1} ⊆ C act on A diagonally by multiplication:
z : (z1, z2) 7→ (zz1, zz2). The quotient A/G can be viewed as a complex projective
line CP1, with the quotient map q : A→ A/G simply being q : (z1, z2) 7→ (z1 : z2).
Note that topologically A ∼= S3, G ∼= S1, and A/G ∼= S2. The obtained fiber
bundle S1

→ S3
→ S2 is the first example of a Hopf bundle; see [Hatcher 2002,

Example 4.45].
Consider the CW structure on A obtained by intersecting with the real coordinate

hyperplanes Re z1=0, Im z1=0, Re z2=0, and Im z2=0. Then A is a regular CW
complex with face vector (8, 24, 32, 16). Furthermore, consider the CW structure
on A/G consisting of the two vertices v1 = (1 : 0) and v2 = (0 : 1), four edges
e1 = {(1 : r) | r > 0}, e2 = {(1 : ir) | r > 0}, e3 = {(1 : −r) | r > 0}, and
e4= {(1 : −ir) | r > 0}, and four 2-cells denoted s1, s2, s3, s4, where si is bound by
ei and ei+1 for i = 1, 2, 3, and s4 is bound by e1 and e4. Again A/G is a regular
CW complex with the face vector (2, 4, 4), and one sees that q is a cellular map.

Set C := ((A× [0, 1])
∐
(A/G))/∼ to be the mapping cylinder of q , that is ∼

is given by (a, 1)∼ q(a), for all a ∈ A. We choose a CW structure on C by taking
all the cells of A/G ⊆ C , subdividing A × {0}, the top copy of A, as described
above, and taking the open cells σ̃ := int σ × (0, 1) for all cells σ of A. Here we
write int σ = σ \ ∂σ to denote the relative interiors of cells. Finally, let X be the
regular CW complex obtained from C by attaching a 4-cell k along A×{0} ∼= S3.

Consider the following acyclic matching: M(σ̃ ) = σ whenever σ is a cell of
A×{0}, M(si )= ei for i = 1, 2, 3, and M(e4)= v2. The partial matching M has
three critical cells: v1, k, and s4, in dimensions 0, 2, and 4. It is easily verified
directly that all the matched pairs are regular in the sense of [Cohen 1973] and
[Kozlov 2008, Definition 11.12]; in particular the main theorem of discrete Morse
theory (see [Forman 1998]) can be applied and we can conclude that X is homotopy
equivalent to a CW complex with one cell in each of the dimensions 0, 2, and 4.

However, the space X is not homotopy equivalent to S2
∨S4. For example, these

two spaces have different π3 groups.1 Namely π3(X)= 0, while π3(S2
∨ S4)= Z.

Both of these statements can be seen using the long exact sequence for relative
homotopy; see [Hatcher 2002, page 344]. Indeed, when a space Ỹ is obtained from
a space Y ∼= S2 by attaching a 4-cell along some continuous map ϕ : S3

→ S2, the
relevant part of the long exact sequence for homotopy of the pair (Ỹ , Y ) is

(3-1) · · · → π4(Ỹ , Y, y)
∂
−→ π3(Y, y)

i∗
−→ π3(Ỹ , y)→ π3(Ỹ , Y, y)→ · · · ,

1Serge Ochanine pointed out to the author in 2009 that the constructed space X is actually the
complex projective plane. We use the long exact sequence of the homotopy of a pair to show how
we came up with the example.
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where y∈Y is a base point, the map ∂ comes from restricting maps (Dn, Sn−1, s)→
(Ỹ , Y, y) to Sn−1, and i∗ is the map between homotopy groups induced by the
inclusion map i : Y ↪→ Ỹ . Since (Y, y) ∼= (S2, x2), and (Ỹ , Y, y) ' (D4, S3, x3),
where x2 ∈ S2 and x3 ∈ S3 are corresponding base points, the sequence (3-1)
translates to

(3-2) · · · → π3(S3, x3)
ϕ∗
−−→ π3(S2, x2)→ π3(Ỹ , y)→ 0→ · · · .

For the space S2
∨S4 the map ϕ∗ is trivial, and hence π3(Ỹ , y)=π3(S2, x2)=Z;

for the case of the Hopf bundle above, the map ϕ∗ is surjective, and so we get
π3(Ỹ , y)= 0. Clearly, this technique can be used to produce further examples that
might be needed to test various hypothesis.

Taking the barycentric subdivision of X will yield a simplicial complex with the
same property: It has an acyclic matching with one critical cell of dimensions 0, 2,
and 4 each, but is of course homeomorphic to the regular CW version; in particular,
it is not homotopy equivalent to S2

∨S4. We leave finding such an acyclic matching
to the reader.
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