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We apply some hypergeometric evaluation identities, including a strange
valuation of Gosper, to prove several supercongruences related to special
valuations of truncated hypergeometric series. In particular, we prove a
conjecture of van Hamme.

1. Introduction

In this article, we use p to denote an odd prime. Zudilin [2009] proved several
Ramanujan-type supercongruences using the Wilf—Zeilberger (WZ) method. One
of them, conjectured by van Hamme, says that

(p=1)/2

(1) Z <4k+1>(( ”‘)( ¥ = (=)PD2p mod p?,

where (@) =a(a+1)---(a+k—1) is the rising factorial for a € C and k € N.
The first proof of (1) was given by Mortenson [2008]. It is said to be of
Ramanujan-type because it is a p-adic version of Ramanujan’s formula

Z(4k+1)<( )">( k==,

k=0

See [Zudilin 2009] for more Ramanujan-type supercongruences.

In this short note, we will present a new proof of (1), which summarizes our
strategy in proving similar types of supercongruences.

McCarthy and Osburn [2008] proved van Hamme’s conjecture [1997] that

p

e O _ [
> (4k+1)< ) E{ 0, G/4)°
0

where I', () denotes the p-adic Gamma function.

mod p® if p=1mod 4,

mod p* if p =3 mod 4,
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Similarly, van Hamme has conjectured that for any prime p > 3,

(p—1)/2 (l)k 3
) Z (6k + 1)(%) 47 = (=1)P=D72p mod p*.
k=0 ’

This formula is supported by numerical evidence, but as van Hamme said, “we
have no real explanation for our observations”. In our exploration, it will become
clear that such supercongruences are a result of extra symmetries, which we are
able to interpret using hypergeometric evaluation identities. Of course, they can
also be seen from other perspectives, such as the WZ method.

Meanwhile, it is known that some of the truncated hypergeometric series are
related to the number of rational points on certain algebraic varieties over finite
fields and further to coefficients of modular forms. For instance, based on the
result of Ahlgren and Ono [2000], Kilbourn [2006] proved that

(p—1)/2 (l)k 4
(3) Z (%) = a, mod p°,

k=0

where a,, is the p-th coefficient of a weight 4 modular form

“4) n(22)*n42)* =¢ 1_[(1 — 41— g*)*,  where g = e?7i%

n>1

This is one instance of the supercongruences conjectured by Rodriguez-Villegas
[2003], which relate special truncated hypergeometric series values and coefficients
of Heck eigenforms. McCarthy [2009] proved another supercongruence of this
type and his approach provides a general combinatorial framework for all these
congruences.

We will establish a few supercongruences mainly via hypergeometric evalua-
tion identities and combinatorics. Since there exist many amazing hypergeometric
evaluation identities in the literature, we expect that our approach can be used to
prove other interesting congruences.

Here is a summary of our results.

Theorem 1.1. Let p > 3 be a prime and r be a positive integer. Then

(p'=1)/2 (l)k 4
> dk+ 1)(%) = p" mod p>*".
k=0 :
Theorem 1.2. Let p > 3 be a prime. Then
(p—1)/2 1)\
Z (4k+1)(%> =p-a, mod ph
k=0 ’
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Conjecture 1.3. Let p > 3 be a prime and r be a positive integer. Then

(p'—1/2 ( )k
Z (4k+1)< ) =p"-a, mod ptr,

where a,r is the p"-th coefficient of (4).
Theorem 1.4. Van Hamme’s conjecture (2) is true.
Theorem 1.5. Let p > 3 be a prime. Then

(p—1)/2

(5) Z (6k+1)<( )") EDE (002, mod .

2. Preliminaries

Hypergeometric series. For any positive integer r,

ay,a,...,ar41;2 (@i (@rs)r g
F =y Mk Rk ke
r+1 r|: by, ..., b, i| Z(:)k!(bl)k"'(br)k

where (a)y is the rising factorial and z € C. A hypergeometric series terminates if
it is well-defined and at least one of the g; is a negative integer. We will make use
of this fact to produce various truncated hypergeometric series.

By the definition of the rising factorial,

(©) Gx _ z*Zk(z" )

Gamma function. Let I'(x) denote the usual Gamma function, which is defined
for all x € C except for the nonpositive integers. It satisfies some well known
properties, such as I'(x + 1) =xI["(x). Thus, (a)y =I'(a+k)/I"'(a) when I'(a) #0
and I'"(a + k) are defined.

Another formula we need is Euler’s reflection formula

b4
sin(mrx)’

rerd—x) =

Some combinatorics. We gather here some results in combinatorics to be used
later. It is the author’s pleasure to acknowledge that the approaches used in (7)-
(10) are due to Zudilin. Here is a key idea of Zudilin for rising factorials; see also
[Chan et al. 2010, Lemma 1]:

(%—l—e)k=(%—i—s)(%—i—s—i—l)---(%—i—s—l—k—l)

(7
=) <1+2822 1" Z 1)(2] )+0(83))'
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Hence, (% + 8) k(% — 8) , can be expanded as a power series of g2 as

k
1
®) (b+e) (3 —e), = (D)e(1 -4 Z G o).
Similarly,
o
©) (en(d=ex = (1= 3 5 +0(h).
j=1

Letting ¢ = —p” /2 and ¢ = p” /2 respectively in (7) and taking k to be an integer
between 1 and (p” — 1)/2, we obtain

r__ 1 r_ 1
(—1)k<(p 1)/2) = % mod p and ((p 1)/2+k> = ﬂ mod p.
k k! k k!

Similarly, letting ¢ = p” /2 in (8) and k be an integer between 1 and (p" — 1)/2,

we have
r_ r__ 1 2
(_Dk((p k1)/2> <(p 1k)/2+k) _ <(12;k) od p*.

Lemma 2.1. For any positive integer n > 1,

W eSO e

Proof. We use the partial fraction decomposition

(t;(i)flgz) +n) _Z( G2

Letting t = 1/2, this becomes

which is equivalent to the claim of the lemma. (|

Lemma 2.2. Let n be an odd positive integer. Then

(G = gMa-npd = ln)<n /2

S 1 - (_1)(11—1)/2n'
2 =351 n-1)2( l’l)(n /2



HYPERGEOMETRIC EVALUATION IDENTITIES AND SUPERCONGRUENCES 409

Proof. Using (a)y =1'(a+k)/I"(a), we have

G = I a-n2(l— i) u-1)

Q=) u—1y2(1 = M =12
_TG—in+i—-Drdre—inra—in
r@G—1inrd—inrGra-in+ 30 —1)
(1—4n)  in-TGmIA -1

PG —im TG+ Hrd =i

sin(w/2 —nmn/4)
sin(n/4)

Lemma 2.3. Let n be an odd integer. Then

=n-cot(mn/4) = (—1)"~D/2p, 0

G—am
2 3'Mm=1)/2 H(n=1)/2 _ (_1)(n2—1)/8+(n—1)/2n‘
Q=3 -1,

Proof. We have
(% - zlxn)(n—l)ﬂ 2(1=1)/2 _ G- %”)(5 - %”) "'

Q2 — 1) w-1 Q—-1in@—1in)- -

where sgn = (—1)# and # is the number of negative terms appearing in the fraction
above. It is easy to see that

=sgn-n,

N— (]S

#=1Gn+ D]+ in]-2=4*—D+i(m—1) mod?2. O
Lemma 2.4 [Cai 2002]. For any prime p > 3 and positive integer r,
1 2
r_ pr—1 ) pr-ns2
(11) (—1)P “/2(1 ) > = (12”—/ mod p3.
2" =1 ("=

Using (6), the congruence (11) is equivalent to
(1 =1 ) = (=17 =D/220" =D mod p3.
s(p" =1
When r = 1, this was proved in [Morley 1895].

k
A generalized harmonic sum. Let Hk(z) = Z ]Lz
j=1

Lemma 2.5 [Morley 1895]. Let p > 3 be a prime. We have

(p=1)/2

@ 1 _
H(p—])/2 =0 mod p and Z (ZIT)Z =0 mod p.
j=1
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Using arguments in [Morley 1895] or elementary congruence, it is easy to see
the following lemma holds.

Lemma 2.6. Let p > 3 be a prime. Then for every integer k between 1 and p — 2,

Hk(z)—i-Hll(,z)1 =0 mod p.

Lemma 2.7. Let p > 3 be a prime and s be a positive integer. Then

(p—1)/2 (_)k )
Z (%) Hz(k) =0 mod p.

k=0
Proof. Using the fact that

Loy 1
(_1)k<2(pk 1)) = ﬂ mod D,

k!
we have
(p—=D/2 , 1 2s (p—D/2 ,q 2s
3k ) s(p—=1) )
Z ( k! Hy = Z 2 K H,’ mod p
k=0
— 1 (p—1)/2 1 2s
_1 §p— )) @ < 3(p—1) ) @ )
A H,  + H
—-1)/ 2s
1 —DY 4o HO
E Z ( 2k + 1— Zk)
k=0
=0 mod p. O

2.1. An elementary p-adic analysis. Let F(xy,...,x;;z) be a (¢t + 1)-variable
formal power series. For instance, it could be a scalar multiple of a terminating
hypergeometric series as follows:

a,az, ..., 4ar, —n; 2
C- . F .
r+1 r[ bla"'abr—lv br ]
Assume that by specifying values x; = a; fori =1, ..., and z = zp, we have

F(ay,...,a;;20) €Z,p.

Now we fix zo and deform the parameters a; into polynomials a;(x) € Z,[x]
such that @;(0) = a; for all 1 < i < t, and assume that the resulting function
F(ai(x), ..., a;(x); zo) is a formal power series in x> with coefficients in Z,,
that is, F(a1(x),...,a(x); 20) = Ao + Aox? + Aax* + .-+ for A; € Z,,, where
A()=F(a1, ...,a[;Z()).
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Lemma 2.8. Under the setting above, if p*| Ay for s =1, 2, then

F(ai(p), ..., a;(p); z0) = Ag mod p**.

3. A new proof of (1)

We briefly outline our method for proving the next few supercongruences; we are
motivated by [McCarthy and Osburn 2008] and [Mortenson 2008]. To each congru-
ence, we first identify a corresponding hypergeometric evaluation identity, which
with specified parameters is congruent to a target truncated hypergeometric series
evaluation up to some power of p. Usually the power of p so obtained is weaker
than the conjectural exponent. In our cases, we reduce the optimal congruences to
some congruence combinatorial identities, which are established using additional
hypergeometric evaluation identities or combinatorics.

Our strategy can be best implemented in the following new proof of (1). An
identity of Whipple [1926, (5.1)] says

a,14+a/2, c, d, -1 'l4+a—co)'(l+a—d)
af3 = :
a/2, 1+a—c,1+a—-d ri+a)rd+a—c—d)

1

Lettinga = 5, ¢= % + % pandd = % — % p, we conclude immediately that

(p—D/2 1 1
( )k k F(l_jp)r(l+§p) (p—1)/2 2
4k + 1 - = =(-D"Y d p-.
E (4k + )( )( 1) rOrd (=D p mod p

To achieve the congruence modulo p3, we consider the expansion of the terminat-
ing hypergeometric series (it terminates since (1 — p)/2 is a negative integer)

(12) 4F; |: %(1 - D) %, %(1 —X), %(1 +x);—1:|

}‘, l—i—lx, 1—1x

(p—1)/2 ( )k
Z (4k+1)< ) (=¥ + Apx2+---  for some Ay € Z,,.

By Lemma 2.8, if p | A, we are done. Now we follow Mortenson [2008] by using
another hypergeometric evaluation identity, which is a specialization of Whipple’s
,F, formula (see [Bailey 1935, page 28]):

F a,1+%a, b, c, d, e; -1
65 %a, l1+a—-b,14+a—c,14+a—-d,1+a—e

_F(l+a—d)F(1+a—e) g 1+a—-b—c, d, e; 1
T Td4al(l+a—d—e) ¥ ? l+a—b,1+a—c |
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Lettinga =4, b=13*, c=1(1+x), e=1(1—p) andd =1, we have
3330 x>,2<1+x>,2<1 p. L -l

(13) 6F5 1 1 1 1 1 1 1
4 + _E-x’ 2 +§P

_T(rd+3p) Lo d-dps
- 352 .
F(HrGp) T4 3x, 1—3x

Since ()T (1 + 1p)/(TG)T' (A p)) = p, every x-coefficient above is in pZ,.
Moreover, modulo p the left side of (12) is congruent to that of (13). So when
we expand the left side of (12) in terms of x, the coefficients are all in pZ,. In
particular, p|A; and this concludes the proof of (1).

4. Proofs of Theorems 1.1, 1.2, 1.4, and 1.5
Whipple [1926, (7.7)] proved that

a,1+la, c, d, e, ; ; 1

(14 7F6|: %az, 1+a—c,1+a—d,1+a—e,1+£—f1+f1—g; :|

_IFd+a—-ol'l+a— T M+a—g)l'd+a—e— f—g)

T T+aTld+a—f—gTl+a—e— AT +a—e— f)
[1+a—c—d, e, 1 8; 1]
e+ f+g—a, 1+a—c, 1+a—d ’

X 4F3

provided the ,Fj; is a terminating series.

Proof of Theorem 1.1. Let r be a positive integer and p > 3 a prime. In (14), we
let

1 1 <1 r 1 <1 r 1 1 .r 1 1 .r
a=5, c=5+i3p, d=5-i5p", e=5+;5p, f=3—3p, g=1

where i = +/—1. Then following McCarthy and Osburn’s argument, we know the
left side of (14) is congruent to

(r" =12 (D
Z (4k+1)( ) mod p*

and the right side of (14) equals
F(l—%pr>r(1+%p’>r—§>F 5.5+5p . 5—5p" . L1
413
FT(=5p)T(Gp")

Since | . |
F(—3pHTA+3pI0(=3)
rér-4ipHrx)
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it suffices to prove
(p"=1/2 1 (l)k 2
r 2 _ 3
p . g Q'k—_i_l(?> zlmodp fOI‘p>3.

Recall that Lemma 2.1 says for any odd integer n > 1,

v T (@) =

Therefore, combining this identity, congruence (8), and Lemma 2.4, we have
"—1)/2 "—1)/2—1 2
PR (e)k)Z e i 1 ((%)k)2+< Oronye )
- =p" . T
P 2k+1\ k! = 2k+1\ k! G(pr—1)!
(' —1)/2—1
0 Z/ (=D (S =D\ (0" =D +k
P %1\ & k
k=0
. p—1 3
+ (=17 1>/2( ) mod p
5(pr—1)
=1 mod p°. |

Proof of Theorem 1.2. In (14), take

1 11 1_ -1
a=5, c=5+izp, d=35—izp, e=

p. f=3+3p. g=3-p"

=
=

Then the left side of (14) is congruent to

(p—D/2 ( )
Z (4k+1)< ) mod p*.

Meanwhile, the right side of (14) is congruent to

r1-1ipra+ip ra+ pHrph
rHre) FG+3ip+pHr G —4p+ph
(p—1)/2

mod p4,

3 (3iG+ 3Pk — 5Pk
= K2 —igpu(l+izpk

where
F(1—1prd+3p)
rHre)

— (_1)(P—1)/2p



414 LING LONG

and
I+ pHreph) Pt =3 =)o
LG+ 2P+P4)F(‘—‘P+P4) A+ pH -2
2--(p—1)
Therefore, Theorem 1.2 follows from the result of Kilbourn (see (3)) and the
next lemma. O

Lemma 4.1. Let p > 3 be a prime, then
/2 -1)/2
“’i/ DRG+ 5P — 3P _ ”’i/ (@)k)“ mod
= KPA—izpi(+izpe i\ K
Proof. Expand
-1)/2 -1)/2
"’Z” DFG+ 303 — 30 _”’i/ (( Di
= kP =iz +izx) k!
Using (8) and (9), we have

k
1 1 1 1
D BT DB by
j=

The claim is verified by using Lemma 2.8 and taking s =2 in Lemma 2.7. [

)(1+b2kx +b4kx + - )
k=0

Proof of Theorem 1.4. We start with the following combinatorial identity.

(p—1)/2 11
Lemma 4.2. Z 6k +1 )( DG — 3P+ zp)kik
k=0 (Dx(1+ )1 — 3p)i 4

Proof. Recall that [Gessel 1995, (31.1)] says

7 %—Fa—c, —n, n+1, 2—2c—|—n,%—%c—l—%n;}1

>4 2—c+n,%—%c+%n,n—2a+2, %—c
_ (2=0)n(2—-2a),
CGB-20,G—a)

Letting a = % + Alfp, c= % + %p, and n = %(p — 1) and using Lemma 2.2, we
have

— (_1)(17*1)/219.

pit (% — 1P (-2l =3PV p-1)2
(2—-P)(p 21— -P)(p /2
— (_1)(p 1)/2p_ 0
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Lemma 4.3. The function

-1/2 -1/2
(”’Z” g 1) @ IORG F30 | ) / (“’Z” 6k-+1 ((%»)3)
= (D1 + §)e(1 = Jx) 4 — 4 K
is a formal power series in x* with coefficients in Z po Its x? coefficient is zero
modulo p.

Proof. We use the strange valuation of Gosper:

p[2a0 260 1-2b 143a. —m ] (@a+Hala+1),
4 a+b—1,a+b+%, %a, 1+2a+2n _(a+b+%)n(a_b+1)n.

See [Gessel and Stanton 1982, (1.2)]. Let a =
Then the left side of the above equals
(15)

,b:%—%xandn:%(p—l).

1 1 1 7 1 1. 3 5
TN ta% g 3-aPia| (De-02@ -1,
(1= 30 p-n2(1+ 30 (-1 2

We remark that

11 1. 1,1 1 1,..1

. = ==X _+__x L ___p'_

22 2% 2T 2% g 27T 2P0%

(16) SF{ ) 1 }
2 6

—1)/2
USSR IO G =G e
— 4 (1 e = dx) '

When x = 0, the right hand side of (15) equals ( - 1)/2( ) (p— 1)/2/(1)(p 1y/2°
which is in pZ Infact 1fp— 1 mod 4 then 2 1+13 (p— H—-1= 4p, and if p =
3 mod 4, then 3 1+1 (p 3)= 4p, while (1)([,,1)/2 is a p-adic unit. Itis not difficult
to see that p divides ((3)/4)(17—1)/2(45‘1)(17—1)/2/(1)%;;71)/2 exactly. Consequently, if
we expand
11 _1.1,1 7 1 1.1
| 27 0atS e 27
%—i—p, %, 1—}1x,1+zx
in terms of formal power series of x (in fact, x2), each coefficient is in pZp. Thus

the coefficients of the right side of (16), including the coefficient of x2, are all
divisible by p. By Lemmas 2.8 and 4.2,

(p—1)/2 1y \3
6k+1( (3 _
Z 47: (2_) = ()P mod p3.

k!
k=0
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Namely,

—1)/2
P2 k1 (A
4 \ Tkl

3
) =(—=D)P"V2p 1 ap® forsomeacz,.
k=0

The statement of Theorem 1.4 is equivalent to a € pZ,,.
The quotient

0 (“"2‘3/2 6k 1 (Dt — 2oed + %x)k) / (WZ‘E/Z 6k+1@)
4 (D + o = 1oy 4 (I

k=0 k=0

is a formal power series in x? with p-integral coefficients, since the denominators
are divisible by p exactly. The same conclusion applies to

1 1_1 1,1 7 1_1..1
F | 2272%2T2% & 272l [ &
T lep L=l 14 S
2TP 6’ 7% 7

3 5
_F [%’%—%x’ 1% 6 %—%P:%}/Cz)w1)/2(z)<p1>/2>
— 54 1 1 1 1 2
I R e r (D212

B (1_%x)(p—l)/Z(l"i_zl‘x)(p—l)/Z‘

On the other hand, by (9), the x? coefficient of

2
W12

(1= 30 p-n/2(L+ 30 -1y

is a scalar multiple of H((]%)—l)/2’ which is in pZ, by Lemma 2.5; so is the x?
coefficient of (17). O

By Lemma 2.8 and the analysis above,

(_1)(p—1)/2p _ (_1)(p—1)/2 1 mod
(=1)P=D2p4ap3 ~ (=1)P=D2 4 qp? — P
hence a € pZ,, which concludes the proof of Theorem 1.4. (]
Lemma 4.4.
(p=D/2 Iy (11 1,1
QWG —3PkGH 3Pk DY (—1)P=D/E+-1/2,

(6k+1)
§ (Wl + 3p)e(1 — 3p) 8
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Proof. This time, we use [Gessel 1995, last identity of page 544]

|:2a+n—|—1, n+1, 3a+in+3, —n;—ﬂ_(aJr%)nzn

w3 a+3+nja+in+il+a | Qa+2),
Letting a = —}Tp and n = %(p — 1) and using Lemma 2.3, we have
17 1,1, 1_1,. 1
4F3 §,§,§+1§P,§—§1p,—g (2 4p)(p 1)/22([7 /2
5 1—ap, 1+4p Q=35P)p-1)2
— (—1)P*=DB+P=D/2 ) O
Proof of Theorem 1.5. Equation (5) is a consequence of Lemma 4.4. (|

Remark 1. Van Hamme’s conjecture that

(p-1/2 ¢
1
> (6k+1)<( )k> (8) = ()P DEHP=D2 ), mog p?
k=0

holds if

(p—1)/2 k
Z [ )k Z 1 )3 1\(D

The proof of the latter is left to the interested reader.

Remark 2. In [2009], Zudilin proved the congruence (2) modulo p? and the con-
gruence (5) modulo p.
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