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ON THE NUMBER OF PAIRS OF POSITIVE INTEGERS
x1,x2 < H SUCH THAT x1x; IS A k-TH POWER

DoycHIN I. TOLEV

We find an asymptotic formula for the number of pairs of positive integers
x1, X2 < H such that the product x;x; is a k-th power.

1. Notation

Let H be a sufficiently large positive number and k > 2 be a fixed integer. By the
letters j, I, m,n,u, v, x, y, z we denote positive integers. The letter p is reserved
for primes, and [ , denotes a product over all primes. By the letters s and w, we
denote complex numbers, and i = +/—1. By & we denote an arbitrary small positive
number. The constants in the Vinogradov and Landau symbols are absolute or
depend on ¢ and k. As usual, ¢(s) is the Riemann zeta function. By V. we denote
the set of k-free numbers (that is, positive integers not divided by a k-th power of
a prime), and Ny is the set of k-th powers of natural numbers. We denote by p(n)
the Mobius function and by 7 (n) the number of positive divisors of n. Further, we
define n(n) =[] pinP- We write (u, v) for the greatest common divisor of u and v.
We assume that min(1, 0~!) = 1.

2. Introduction and statement of the result

Let Sy (H) be the number of pairs of positive integers x;, x, < H whose product
Xx1x3 is in Ny. We will establish an asymptotic formula for S;(H). This problem
is related to a result of Heath-Brown and Moroz [1999]. They considered the
diophantine equation xjxpx3 = x3 and found an asymptotic formula for the number
of primitive solutions such that 1 < x|, xp, x3 < H.

It is easy to find an asymptotic formula for the quantity

Si(H) =#{x1,x2 | x1,x2 < H, (x1,x2) =1, x1x2 € Ni}.
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Indeed, if (x1, x2) =1, then x1x € Nj exactly when x| € Ny and x, € Ni. Hence

Sy(H) =#{x1,x2 | x1,x0 < H, (x1,x2) =1, x1 € N, xp € Ni}

= > 1

21, 22<HVk,
(z1,22)=1

and using the well-known property of the Mobius function we get

san= Y Y wa@= Y w@(LErom)

z1,22<HVk d|(z1,22) d<H/*

2

Therefore

d
Sp(H)y=HY* Y &2)+0(H1/klogH)
(D d<H/k d
=) 'H¥*+ 0(H"*10g H).

It is also easy to evaluate S>(H ). Indeed, we have

SH)=Y" Y 1=) > 1=)_ SiH/d).

d<H x1,x<H, d<H yi1,y2<H/d, d<H
(x1,x2)=d, O1,y2)=1,
x1%2EN; y1y2d*€N;

Now we apply (1) and after calculations that we leave to the reader, we find
Sy(H)=¢(2) 'HlogH + O (H).

However it is not clear how to apply (1) in order to evaluate Sy (H) for k > 3.
Another quantity related to Si(H) is

To(H) =#{x1, 02 | xixa < H, xixa e b= Y ().

n<H2/k

Using well-known analytic methods, based on Perron’s formula and the simplest
properties of ¢(s), we are able to prove the asymptotic formula

T (H) ~ y H*'* (log H)*,

where yx > 0 depends only on k. In this paper we show that using the same
analytic tools, as well as an idea of Heath-Brown and Moroz [1999], we may find
an asymptotic formula for Sy (H) for any k > 2:

Theorem. For any integer k > 2, we have

2) Sk(H) = e, H*(log H)*~' + 0 (H**(log H)*7?),
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where

3«

P ( Loy <—1>k—m<2m—k>k‘l(km1))

- ((k— 12 I+ kk=2 St k—m
1\¢1 k—1

3. Some lemmas

Lemma 1. (i) Every positive integer x can be represented uniquely in the form
x = yz,where y € Vy and z € Ny.

(ii) Every integer y € Vi can be written uniquely in the form y = ulu%ug e ui:},
whereuj € Vo for1 < j<k—1land (uj,u;)=1for1<i,j<k—1,1#].

(iii) If y1, y2 € Vi and y1y2 € Ny, then n(y1) = n(y2) = (y1y2) /%

Proof. The proofs of (i) and (ii) can by obtained easily from the fundamental

theorem of arithmetic and we leave this to the reader. Let us prove (iii). By our

assumption, any prime in the factorization of y;y, occurs with exponent at most

2k — 2, and hence with exponent exactly k. Since the exponent of each prime in y;

and y; is < k — 1, the integers y; and y, have the same prime factors. ([l
The next lemma is a version of the Perron formula. Denote

1 ify =1,
5 E(y) = =
©®) ) {0 if0<y <1,

Lemma?2. Ify >0, O<c<copand T > 1, then
1 c+iT )/S ‘
Ep) =5t [ Lds+ 00 min(, T log 1)),
2ni Jo_ir s
The constant in the Landau symbol depends only on cy.

Proof. This is a slightly simplified version of a lemma from [Davenport 2000,
Section 17]. O

Some of the basic properties of Riemann’s zeta function are presented in the
next lemma.

Lemma 3. (i) ¢(s) is meromorphic in the complex plane and has a pole only at
s = 1. It is simple and with a residue equal to 1.

(i) If Re(s) > 1, then ¢(s) =[],(1 —p~)~".
(iii) If Re(s) >0 > 1, then ¢(s) < (0 — 1)~ + 1.
(v) If 1/2 <09 < 1,0 > 0g and |t| > 2, then ¢ (o +it) K |t|(1700/2+¢,
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(v) There exist Ly > 0 such that if X > 2, |t| < X and 0 > 1 — Ag/log X, then
(o +it) #0.
Proof. See [Titchmarsh 1986, Chapters 1-3 and 5]. ([

4. Proof of the theorem

4.1. We already considered the case k = 2, so we may assume that k > 3.
Working as in [Heath-Brown and Moroz 1999] we apply Lemma 1(i) and find
that Sy (H) is equal to the number of quadruples y;, 2, z1, 22 such that

o2 €Vi, z1,22€ Nk, nzi<H, yz22<H, yiz1y222 € Ng.

Obviously the last of the above conditions is equivalent to y;y, € N; because z;
and z, are k-th powers. Hence

Sc(H)= ) Yo=Y @y o) (H )+ o).

Y <H, m;<(H/yp)Vk, yi.y2<H,
i, y2€ Vi, j=12 y1,y2€ Vi,
Y1Y2ENK Y1Y2ENk

Expanding brackets, we get

(©6) Sk(H) = H**Uy(H) + O (H'*W, (H)),
where ik
UdH)= Y iy F and W)= >y~
y1,y2<H, yi,y2<H,
V1,326 Vk, V1,326 Vx,
Y1y2E€Nk Y1y26€ Nk

Using Lemma 1(iii), we see that for a given y; the integer y; is determined uniquely.
Therefore we have

D UH)= Y a7~ and WeH)= >y 7N

y=<H, y=<H,
yeVk, yeV,
n(*<Hy n(*<Hy

To prove the theorem we have to find an asymptotic formula for Uy (H) and to
estimate W (H).

4.2. Consider first Wy (H). Applying Lemma 1(ii), we get

2 k—1\1/k
(uluz...uk_l)/

We(H)< >
, = Uiy -« Ug—1
wyuyug_ <H
_ “14+1/k —142/k —1+(k=2)/k ~1/k
= Z iy iy U o Z Up 1 -

um%-uu]]:%gH H )1/(](71)
k—2

Uk—1 5(7
ulu%---uk:z
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The inner sum is < Hl/k(ulu% ... u],:%)*l/k; hence

® W <<HYE Y . u-n)” < HY *(log B

g3 <H
It remains to show that
) Ur(H) = cx(log H)* ' + 0 ((log H)*7?)..
Formula (2) is a consequence of (6), (8) and (9).
4.3. Using (5) and (7), we write U (H) in the form

U(H)= Y n(») "E(Hyn(»)™).

Y=H,
yeVg
We put
(10) ¢ = (log H)_1 and T = (log H)IOOk3

and applying Lemma 2 we find that
(11) U(H) =UD +0(n),
where

| 1 c+iT HS K1
(12) U“:—./ B gsyas, and o)=Y y o)
2wi Jo_i7 S =

yeVk

and A=) n(») " min(1, T~ log(Hyn(») 17"

y<H,
YEVE

4.4. Consider first the sum A. We put

(13) x=T 1?2
and write
(14) A=A+ Ay,

499

where in A the summation is taken over y satisfying |log(H y n(y)7)| > »x and
in A over the other y. To estimate A; we apply Lemma 1(iii), (10) and (13) to

find
AL T2 Z n(y) '« T2 Z (g 1)
(15) Yew iy <H
log H)*—!
g

T1/2
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Consider A;. Using its definition and Lemma 1(iii), we find

-1
Ay K Z (uyup -~ ug—1)
UL, Uy Ug—1 2
\log(H/(ulflugfz---u,%_zuk—l Nl<x
-1
< Z (uiug -~ ug—1)

He <ulf71u§72mu]%72uk,1 <He”

< Z uiuz - ug—)"" Z il

k=1 k=2 2 He—* He

uy U Ceeur; ,<2H 4 4

1 U k-2 s O R Rt Ry g R
) k-2 1 "2 k-2

To estimate the inner sum we apply the obvious inequality

(16) > n'<a'+log(b/a) forO<a<b

a<n<b

and find that
H-1 k1 k2

2
uy U, ---uk_2+x

a7 s Y < H™'As+x(log H 2,

k=1 k=2 2
)y Uy Teeuy_,<2H

Ui -« - Ug—2

where

(18) A3 = S u T we.

k=1 k=2 2
uyuy Teeup_y<2H

If k > 3, then

N S = = 3 s
u’f_lug_z---uz_3<2H uk_z<(2H/(u'f_lug_z---uf_3))l/2
(19) < H Y (uupup3) < H(log H)* 2.

k=1 k=2 3
wy uy Teeuy 3<2H

The last estimate for A3 is obviously true also for £k = 3. From (10), (13)—(15),
(17) and (19), we get

(20) A < (log H)* .

4.5. Consider the expression ®(s) defined by (12). Let ¢ and T be specified by
(10) and

(21) T, = 2kT.
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We apply Lemma 2 again and show that if Re(s) = ¢, then

1 c+iTy Hw
(22) @(s):—,/ (s, w) dw + O(AY),
2ri Jo_ip, w
where
o
(23) Mes,wy="> "y Unn T
y=l,yeV
o
(24) A= g7 mindl, T) log(H/y)| 7.
y=LyeV

To justify (22) we note from Euler’s identity, (10) and parts (ii) and (iii) of Lemma 3
it follows that

[e.¢]
25) Y ny) ! =H(1+ If,;jl) < ke + D) < e <« (log HYF .
y=1, b4

yeVk
Hence Jl(s, w) is absolutely and uniformly convergent in Re(s) = Re(w) = ¢
because under this assumption we have (s, w) < > n(y)~%¢=1. This
completes the verification of (22).

o0
y=1,yeV

4.6. Consider the expression A* defined by (24). We write it in the form
(26) A" = A+ A5,

where the summation in A7 is taken over y such that |log(H/y)| > » and in A%
over the other y. Using (10), (13), (21) and (25), we find

o
(27) A*l < T—l/2 Z n(y)—kc—l &< (log I_I)k—l—SOk3 < 1.
y=LyeVi

To estimate A%, we apply Lemma 1(iii) and (10), (13), (16) to get

* —1 —1
5 <L E ny) < E (uyug -« ug—1)
He ™*<y<He*, He—"<u1u§~~~u£:}<He”
yeVk
-1 -1
< (ouz -+ - up—1) u
2.3 k—1 He—% He*
usuz-u, <2H
s

H_lu%ug .- -ui:} + x

< >

23 k-1
usuz-up_ <2H

(28) <K H 'A5+1,

UgUz -+ - Ug—1
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where Aj is given by (18). Applying (19), (26)—(28) we find
(29) A* & (log H)F3,

We substitute in formula (12) the expression for ®(s) given by (22) and find a
new form of UV, Using (10) and (29) we see that the contribution to U" coming
from A* is

T

_ dt k=2

< (log H) 3/ « (log H)F2.
£ T V2412 g

Therefore, taking also into account (11) and (20), we find

1 c+iT HS c+iTy HY
(30) Ur(H) = / = / Z— (s, w)dwds + O((log H)*?).
@ri)* Jemir S Jemimy W

4.7. For a fixed s satisfying Re(s) = c the infinite series (s, w) defined by (23) is
absolutely and uniformly convergent for Re(w) > ¢ and represents a holomorphic
function in Re(w) > c¢. Applying Euler’s identity we find

./‘/L(S, w) — l—[(l _i_pfksfl(psfw +p2(sfw) 4. _i_p(kfl)(xfw)))

p
— l_[(l + S p*("’f)“fw”).
I4 Jj=1

Using Lemma 3(ii), we conclude that for Re(s) = ¢ and Re(w) > ¢, we have

k—1

31 Jl/t(s,w)=37{(s,w)1—[§((k—j)s+jw+1),
j=1

where
k—1 - k—1 o
(s, w) = H((l + Zp_(k—])S—jw—1> 1—[(1 _ p—(k—j)s_jw_l)).
14 j=1 j=1

It is clear that there exists § = (k) € (0, 1/100) such that in the region

(32) Re(s) > -6 and Re(w) > —§

the function J{(s, w) is holomorphic with respect to s as well as to w and satisfies
(33) 0<|¥H(s,w)| < 1.

We have also

(34) J(0, 0) = Py,

where Py, is given by (4).
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Suppose that we have a fixed s = c+ it with =7 <t <T. From (31), (33) and
Lemma 3(i), we conclude that the function H”w~'A(s, w) has a meromorphic
continuation to Re(w) > —§ and that poles may occur only at the points

(35) w=0 and w=({1—-k/m)s forl<m<k—1.

All these points are actually simple poles. Indeed, for w = O this follows imme-
diately from (33) and parts (i) and (v) of Lemma 3. Inthe case 1 <m <k — 1,
the point w = (1 — k/m)s is a simple pole of {((k — m)s + mw + 1) and, due
to Lemma 3(v) and (10), it cannot be a pole or zero of {((k — j)s + jw + 1) for
1<j<k—1withj#m.

For 1 <m < k — 1, we denote by R,,(s) the residue of H”w~Lil(s, w) at
w=(1—k/m)s and let Ry (s) be the residue at w =0. A straightforward calculation,
based on the arguments above, (33) and Lemma 3(i), leads to

k—1
Ro(s) = (s, 0) [ [ ¢Gis+ ),
j=l1
(36) g (1—k/m)s k-1
)= (e (= ) TT (- D))
j#m forl <m<k—1.
4.8. Let us define
37) 0= %

By (10) and (21) and since s = ¢ 4 it, where —T <t < T, we see that all points
(35) are inside the rectangle with vertices ¢ —iTy, —60 —iTy, —60 +iTy, c +iT}.
Applying the residue theorem we find that

c+iT Hw k—1
/ (s, w) dw =2mi Z?Rm(s) + L+ DL+,
c—iTy m=0

where

—0—iT w O+iT w
11:/ H—Jl/t(s w)dw, 12:/ H—Jl/L(s w)dw,
c—iTy w —o—iT, W

c+iTh w

I; = / H—A/L(s, w)dw.
—0+iT

From the formula above and (30) we get

c+iT HS

Z% (s)ds + J1 + Jr + J3+ O((log H)*72).
m=0

(38) Ui(H) = 5 /

—iT
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Here J,, are the contributions coming from [, for u =1, 2, 3 and we will see that
we may neglect them.

To estimate J,, we will first show that if s = ¢ + iz, where |t| < T, and if w
belongs to some of the sets of integration of Iy, I, or I3, then

(39) M(s, w) < TF?.

Having in mind (31) and (33), we see that in order to verify this it is enough to
establish that for s and w satisfying the conditions above, we have

(40) ) K T  where A= k—j)s+jw+1 forl<j<k—1.

Ifw=pg+iT, (or w= 8 —iT}), where —0 < 8 < ¢, then from (10), (21),
(37) it follows that for the number A given by (40), we have Re(A) > 1 — k6 and
T < |Im(})] <« T. Hence the estimate (40) is a consequence of Lemma 3(iv).
Suppose now that w = —6 + it;, where |f{| < T;. From (10), (21) and (37),
we get Re(A) > 1 — k6 and |Im(A)| < T. If |Im(X)| > 2, then the estimate (40)
follows again from Lemma 3(iv). In the case |Im(A)| <2 we use also the inequality
Re(X) <1 —6/2 to conclude that {(A) < 1, so the estimate (40) is true again.

From the definitions of J,, and (10), (21), (37) and (39), we find

T © Tk |
Ji, J3 <</ f dBdt < c '+logT < log H,
T\/C2+t2 o N B2HT?
HOTK

[ [

This means that the terms J,, in formula (38) can be omitted. Then using (36), we
get

_ drdt < H™(c™"+log YT log T <« 1.

_ — 1 k=2
1) Uk(H) = 5 —(Mo + Zl —La,) + O((og 1)),
where
c+iT
42) Ny = / B (s)ds
c—iT

and

k—1
(43) Bo(s) =s ' H ¥(s,0) 1_[ ¢(js+1),

j=1

@4)  En(s) =s*2H<2*’</m>S57£<s,< ) ) ﬁ g( (1 - —)s+1)
o

forl <m<k-—1.
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4.9. Consider first 9, for 1 <m < k/2. Since E,,(s) is a holomorphic function
in the rectangle with vertices c —i7T,60 —iT,60 +iT and c+iT, we have

6—iT O+iT cHT
Ny =f E,n(s) ds—{—/ En(s) ds+/ En(s)ds

—iT 0—iT O+iT
=NY + NP + N,

(45)

say. If s belongs to the sets of integration of ‘ﬁ,(nl) or ’)T,(,?) andif 1 < j<k-—1,
J # m, then from Lemma 3(iv), it follows that

ck(1— j/m)s +1) < T¥?,
Hence, using (33), (37) and our assumption 1 <m < k/2, we find
0 pg@—k/mp

e T <
c

(46) nM B «

Suppose now that s belongs to the set of integration of Cﬂf,% ) (thatis, s =6 4 it for
|t| < T) and consider the number A = k(1 — j/m)s + 1. It is easy to see that for
each j that occurs in (44), we have

Re(A) > 1—k%0, |Re(M)—1|>6, [Im(L)|<k?|t|.
Hence an application of Lemma 3(iv) gives

£() < (14 [t

Therefore
o T 17Q2—k/m)6 o
47 N —— {4+ D" der < 1.
(47) m<<f_T (I dr <
From (45)—(47), we get M,, < 1 for 1 <m < k/2 and using (41) we find
_ 1 k—2
48) U =5 (M+ Y M)+ O((og H) D),

k/2<m<k—1

4.10. Consider now I, for k/2 <m <k — 1. The function E,,(s) has a pole only
at s = 0 and it is not difficult to compute that the corresponding residue is equal to

P (log HY1 + O((log H)*?),
where

Qm — k)k—l (_l)k—m—l (krzl)@k
(49) gm - ((k _ 1)!)2kk—2
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We leave the standard verification to the reader. From (42) and the residue theorem
we get

(50) My = 27i%L,n (log H)H 40+ + N7 + O((log H)F2),

where
—0—iT —0+iT c+iT
n, =/ Em(s)ds, N = / Em(s)ds, NV :/ B (s)ds.
c—iT —0—iT —0+iT
Using Lemma 3(iv), we find that if s belongs to the set of integration of some of the
integrals above, then the product of the values of the zeta-function in the definition

44)1s « T Hence from (10), (33), (37) and our assumption k/2 <m <k — 1,
it follows that

/ 7
. n,, N <</ ﬂ2+T2dﬂ<<

T p—@—k/m)o o
-T

From (50) and (51), we find
(52) Ny = 27iLm(log H' + 0(log H)¥2) fork/2 <m <k —1.

4.11. It remains to consider 91y. It is not difficult to see that the function E¢(s)
specified by (43) has a pole only at s = 0, with residue equal to

Fo(log H)* '+ 0 ((log H)*™2),
where
P
((k—1)H2’

From (42) and the residue theorem we find

(53) Lo =

Ny = 2wiLo(log H)* '+ 9 + Ny + NG + O ((log H)* ),
where
—0—iT —0+iT c+iT
N, = / Bo(s)ds, 0= / Eo(s)ds, 0 = / Bo(s)ds.
c—iT —0—iT —0+iT

Arguing as above, we conclude that 9%, N7, NG’ <« 1 (we leave the verification to
the reader). Hence

(54) Mo = 2miLo(log HY* ! + ((log H)*2).

From (3), (34), (48), (49), and (52)—(54), we obtain (9), and the proof of the
theorem is complete. (]
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