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KAHLER-EINSTEIN METRICS
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A family of Kiihler metrics with Calabi’s symmetry on CP? # CP?2 arises
from the continuity method for finding Kiihler-Einstein metrics. We study
the blow-up limit of this family.

1. Introduction

Let M be a compact Kéhler manifold with ¢; (M) > 0. In algebraic geometry, M
is called a Fano manifold. It is an important problem to study the existence of
Kihler—Einstein metrics on such manifolds. In contrast to the ¢c; <O and ¢; =0
cases, there may be no Kihler—FEinstein metrics on a given Fano manifold. Yau,
Tian and Donaldson have conjectured that the existence of Kdhler—Einstein metrics
on M is equivalent to the K-polystability of M; see [Tian 1997; Donaldson 2002].

To find a Kéhler-Einstein metric on M, one usually reduces the problem to
solving a family of complex Monge—Ampere equations with parameter A € [0, 1]
via the continuity method, as Yau did in [1978]. If M does not admit a Kédhler—
Einstein metric, then the solutions of this family must blow up as . — ty for
some fy € [0, 1]. Since the solutions of this family give rise to a family of Kéhler
metrics with strictly positive Ricci curvature and the same volume, the compactness
theorem of Gromov implies that this family contains a subfamily converging to a
compact metric space with a length metric. The study of this limit space should
be helpful in understanding the relationship between Kéhler—Einstein metrics and
stabilities in geometric invariant theory.

In this paper, we study a simple example, namely the blow-up of CP? at one
point, CP2 # CP2, with a Calabi symmetric metric as the background metric. Note
that M = CP2 # CP?2 is a ruled surface P(C & U), where C and U are the trivial
line bundle and the universal bundle over CP!, respectively. It is well known
that M is Fano and the automorphism group of M is not reductive [Calabi 1982].
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Therefore by Matsushima’s theorem [1957], there are no K#hler—Einstein metrics
on M. So if one uses the continuity method to solve the Kéihler—Einstein metric
equation on M with parameter A € [0, 1], the parameter A at which the equation
is solvable could not reach 1. Recently, G. Székelyhidi showed that the Monge—
Ampere equation is solvable if and only if the parameter X is less than 6/7, if one
chooses a Calabi symmetric metric as a background Kihler metric [2009].'? There
are two distinguished divisors £ and E;, respectively defined as the zero section
and the infinity section of the ruled surface M. A Calabi symmetric Kédhler metric
g on M is defined by a convex function « in ¢ € (—00, 00) with its Kéhler form w,
given by

(1-1) wg =~/—130u in C*\ {0},

where t = log(|z; > +1z2|%) and (z1, z») are the standard coordinates on C?\ {0} =
M\ (E1U Ej3). Székelyhidi’s result implies that the Kdhler metrics g, arising from
the solutions of Monge—Ampere equations will blow up as A — 6/7.

On the other hand, by a general theorem of Cheeger and Colding [1997], there
exists a subsequence of metrics g;, that converges in the Gromov—Hausdorff sense
to a limit metric space go, whose singular set has Hausdorff codimension at least
2. On the regular part, g is C*-continuous. It is an interesting problem to study
the geometry of the limit space.

Theorem 1.1. (1) Among the Kihler metrics g, arising from the continuity method
for finding Kdhler—Einstein metrics, there exists a sequence converging smoothly
in the Cheeger—Gromov sense to a singular Kdhler metric goo on CP? #CP2 The
limit goo is smooth on CP? #CP? \ E> and has conically symmetric singularities
on E, with the same conical angle 107 /7 along one direction. Moreover, go, on
CP? #CP? \ E1 U E; is defined by a strictly increasing convex function oo (t)
on (—oo, 00), which satisfies the equation

(]_2) 1p/xb// — e13t/7—61ﬁ/7‘

(2) The Ricci curvature of g is given by
(1-3) Ric(goo) = v—103 (3t + 8¢0c)  on C*\ {0}.
In particular, the Ricci curvature of g~ is bounded.

By (1-2), one sees that the limit metric g is not a Kéhler—Ricci soliton. This sit-
uation is quite different from the case of Kéhler—Ricci flow studied in [Zhu 2007],
where it was shown that the evolved Kéhler metrics arising from the Kidhler—Ricci

lActually, Székelyhidi proved that the maximal solvable parameter A is independent of the back-
ground metrics we choose.
2Chi Li [2009] has calculated the maximal solvable parameter A for all toric Fano manifolds.
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flow on a given toric Fano manifold will converge smoothly to a K#hler—Ricci
soliton in the Cheeger—Gromov sense if the initial K&hler metric is toric. (See also
[Koiso 1990] for the special case CP? # CP? with a Calabi symmetric metric as
the initial metric.) The existence of Kihler—Ricci solitons on a toric Fano manifold
was proved in [Wang and Zhu 2004]. Note that CP? #CP? is a toric Fano manifold
and that a Calabi symmetric metric is toric.

It is well known that the limit metric space of a sequence of 4-dimensional Rie-
mannian manifolds with Ricci curvature bounded from below and with sectional
curvature bounded in the L? norm can only have isolated singularities [Anderson
2005; Cheeger et al. 2002]. Theorem 1.1 gives an example of limit metric space
with nonisolated singularities. Note that here the sequence of 4-dimensional Rie-
mannian manifolds have only lower bound on their Ricci curvature (without the
condition for sectional curvature).

In Section 2, we reduce the Monge—Ampere equations to a family of ordinary
differential equations using Calabi’s symmetry conditions. In Section 3, we use the
Futaki invariant [1983] to give a simple proof to the “only if” part of Székelyhidi’s
result and to get some crucial estimates. The convergence problem is discussed in
Section 4. Theorem 1.1 is finally proved in Section 5 by studying the structure of
the singular limit metric. We remark that Theorem 1.1 still holds for the higher
dimensional blow-up space CP" # CP" according to our proof.

2. Reduction of the equation under Calabi’s symmetry conditions

Let (M, g) be a compact Kédhler manifold with positive first Chern class ¢ (M) > 0,
where the Kihler class [w,] equals 27 ¢ (M). To study the existence of Kihler—
Einstein metrics on M, we use the continuity method. Consider the complex
Monge—-Ampere equations

(2-1) det(g;; + ¢;7) = det(g;)e" ¢
with parameter A € [0, 1], where & is a Ricci potential of g defined by
Ric(g) — wg = v/—130h.

See [Yau 1978; Tian 1987]. If (2-1) is solvable at A = 1, then the solution ¢ will
define a Kihler-Einstein metric whose Kéhler form given by w, ++/—109¢. In our
case M = CP2>#CP?, we choose a background Kihler metric g satisfying Calabi’s
symmetry conditions, namely, g is defined by a convex function u in t € (—o0, 00),
so that

(2-2) 8o = adgu(t) = ™'t/ (1)8ap + € Zzp(u (1) —u'(1)).
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As Calabi pointed out [1982], g can extend across E| and E» if and only if the
following hold:?

(1) The function uy(r) defined for all » > O by
(2-3) uo(r) =ug(e') =u(t) —t

is extendable by continuity to a smooth function at r = 0 satisfying u,(0) > 0.
(2) The function us(r) defined for all » > O by

(2-4) Uoo(r) = too(e™") = u(t) — 3t
is extendable by continuity to a smooth function at » = 0 satisfying u/_(0) > 0.

Let v(t) := —log det(g,3) = 2t —logu'(t) —log u”(t). Then the Ricci curvature
is
(2-5)  Ryp=adgo() =0 ()8up + e M Zuzp(0" (1) =V (1),
Since all solutions ¢ of (2-1) are symmetric, it becomes
(u/+¢/)(u//+¢//) — eZt—u—Mb’
which we can rewrite as
(2—6) lp_/_(p_// — 62[7()\.'(//4“(17}\.)1{)’

where ¥ = u + ¢. Note that the volume of g is computed by

Vol(M, g) = f u"u'e™dzy ANdza AdZi AdT

27 C2\(0)

o
= Vol($?) / u"u'dt = 4Vol(SY),
—00

where Vol(S3) denotes the volume of the unit sphere in R*. So we may normalize u
so that

+o00
(2-8) / 210 gp — g,

o.¢]
3. Application of the Futaki invariant

For a convex function ¥ (¢) on (—oo, oo) satisfying the boundary conditions (2-3)
and (2-4), we consider the integral

+o00
(3_1) I :/ (zw/w// . 1)///21//// _ l)[///2 _ 1///1/////)011‘.

3This is also clear from our proof of Proposition 5.2.
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One can show that if i is a defining function of a Calabi symmetric metric on
M = CP?#CP?2, then I is just the Futaki invariant evaluated at the holomorphic
vector field z10/0z) + z20/0dz2, where z; and z; are the standard coordinates on
C2\ {0}~ M\ (E|UE»).

Now by the boundary conditions, we have

+00 5400
/ 1 /
11=f 29y dr =y =8,

—0o0

e 2 1,473+t 26
Iz:f —YYdr=—39"L 0= -3,

—00
+o0
I3=/ —W/Q—W/Wﬁ/df:—(WW/)Ez:O-
—0
These equalities imply that / = —2/3 # 0. In particular, we see that there are no
Kihler-Einstein metrics on M.
Proposition 3.1. Equation (2-6) is solvable only if . < 6/7.

Proof. According to the boundary conditions, the integral I should equal —2/3.
But by the equation, we have

13(1—=2) 1—A [T

2.1
dt.
3 ) v

“+0oo
1=a—my/ W — 'y dr =

Note that "> < 9, we have —%=I> —13—4(1—)»). So A <6/7. O
We can get more information from the integral /.

Lemma 3.2. For any fixed ty, we have

+0oo

2 li " dt = 0.
(3-2) Jim : U s, 0

In particular, the functions , converge uniformly to the constant function 3 on
[to, +00) when . — 6/7.

Proof. The identity I = —2/3 is equivalent to
+00
. AN/ P 26 _ 2
Ay ._/OO WY =T = 355y

It follows that lim, /7 A) = 4. On the other hand, we have

o 400
m>/ v+ to) | vl
—00 Iy
—+00
:4—|—(u/(to)— 1) l/f)ilﬁ}i/dt.

fo

(3-3)
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This implies that

+00
0 < wwldt <

4}

1
T T A= 0.

Thus
L3 = (o) >0 asr— 6/7,

that is, ¥, (f)) — 3 as A — 6/7. By the monotonicity of v/, the functions v
converge uniformly to 3 on [#y, +00). ]

4. Convergence

Now we analyze the behavior of y, as A /' 6/7.

Let wy =—(2t—(1—=A)u—Ay,). Then w; is strictly convex. Let p; € M, so that
wy (p;) = infyep wy (x) = Cy. Clearly, p, € M\(E;| | E») = C?\{0}, so we may
abuse the notation to identify p, with its coordinate in C?\{0}. Let 1t = log| p;. ks

Lemma 4.1. When .. — 6/7, we have t;,, — —o0.

Proof. Suppose that there is a subsequence A; — 6/7 but t, > —C > —o0. Since
w; (1) =0, we have

21— 2
Vi(=O) =¥ () =7 — ——wh) < T
Then we can easily get a contradiction from this and Lemma 3.2. ([

We now introduce a family of modified functions of ¥, by

P () = (¢ + 1) =271 Q26— (1 = V().
Then ¥, satisfies the equation

4-1) GG = e U =2 I (=1 fu(0)

where

L) = —u(t + 1) —u(t) —u' 6)1) = uge™) —ug(e™) + ' (1) — Dr.
It is clear that lim, _,¢/7 f5.(t) = O for any 7.

Proposition 4.2. There exist a sequence of convex functions V, ., where A; — 6/7,
and a smooth convex function Y« defined on (—00, 00), such that the , . converge
locally uniformly and smoothly to V., which satisfies the equation

(4-2) Yy = eWD=O/DV - for 1 e (—00, 00).
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Proof. 1t suffices to prove that
|Gl = C.

In fact, if this is true, we see that all the ¢, are uniformly bounded on any bounded
intervals. As a consequence, by (4-1), the v, are also uniformly bounded on any
bounded intervals. Then again by (4-1), it is easy to see that the C* norms of the
¥, are locally uniformly bounded. Thus there exist a sequence of convex functions
¥, that converges locally uniformly in C ¥ norm to a convex function ¥, defined
on (—oo, 00). On the other hand, by Lemma 4.1, the ¢, go to —oc as L — 6/7.
Hence, by (4-1) and the fact that f5 () — 0 as A — 6/7, we conclude that V¥ is
in fact smooth and satisfies (4-2).

Now we prove the the boundedness of C;. By the boundary conditions, we have

(4-3) / (s ¥)dt = % (Y% (00) — Y > (—00)) = 4.

Then by the convexity of w, and the fact |wi| <1, itis easy to get a lower bound
of C,. So we only need to obtain an upper bound. For simplicity, we write w = w;,

and ¥ = v,.
Let By be the interval defined by

By :={r € (-00,00) | () =w(r) = C) +1}.

Then there exist exact two numbers so and 7g with s <y such that w(sg) = w(fy) =
C) + 1. Clearly 1, € By, and it holds that

W” > C()e_cA on By.
So
G

(4-4) w” > hege” > %coef

We want to show that

4-5) R:= 3ty —s0) < |4 iz,
€0

In fact we consider the function on R defined by
v(1) = geoe” (It = 3(s0 + 1) = R+ Cp + 1.
Then it is clear that v(z) satisfies
(4-6) v/ =1coe™ on By and w(sp) =v(tp) = C; + L.
Thus by (4-4) and (4-6), we get

(w—v)">00n By and w(t) =v(t) fort =spand t = to.
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It follows from the convexity that
w<v on By.
In particular,
Cy. < w($(s0+10) < v(3(s0+10) = —5coe” P R*+ Cy + 1.

This implies (4-5).
For k > 1, we choose a family of closed sets

By :={te(—00,00) | k+C) <w() <Cp+k+1}.
Then there are s, and 7, with s, < f;,_, for kK > 1, such that
Bi = [sk—1, skl U [te—1, te]-
By the convexity of w, it is easy to see w’(tp), —w’(so) > 1/(2R), and so
—w'(s), w'(t) > 1/(2R) for all s < sg and ¢ > fq.

Thus
th — -1 <2R and s;—sp_1 <2R.

Hence by (4-5), we get

[4
Sk — Sk—1, e —te—] <2R <2 C_ecx/Z.
0

o0
/ ewdt=Zf e "dt
—0o0 k By
4 ¢z —C—k
- < 4 | —e~H e
=4 Cie_C‘/2 Ze_k < Ce /2,
V co

k

This inequality and (4-3) imply that 4 < Ce=¢/2. ([

It follows that

According to Proposition 4.2, we can define a Kihler metric ws, on C?\ {0} by
A/ —100¢~. Then we have the following convergence of g;.

Proposition 4.3. There exists a sequence of biholomorphic maps o), on M, with
Ai — 6/7, such that the O’;: Wg,, converge 10 oo ON C?\ {0} smoothly as L; — 6/7.
In particular, the (M \ (E1U Ej), ngl-) converge to (C? \ {0}, wo) in the Cheeger—
Gromov sense.
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Proof. Let o, be the biholomorphic map on C?\ {0} defined by
oi(z1, 22) = (€21, €™ 22).

Clearly this action fixes the points {0} and co. Thus the action can extend to
CP2#CP2. Furthermore,

0Fwg, = —1330; Y, = /=133y, on C?\ {0}.

By Proposition 4.2, we see that there exist a sequence of parameters A; such that
Ufngi converge locally uniformly and smoothly to ws. O

5. Properties of the limit metric

Now we discuss the structure of ws, near £ and E».

Lemma 5.1. Let a := lim;_, o Y. (¢) and b := lim;_, o Y. (¢). Then we have
a=1and b =3.

Proof. Since Ric(w,) > lw;,, by the Bonnet—Myers theorem, the diameters are
uniformly bounded. Then by the Bishop—Gromov volume comparison theorem,
we have

Vol(B,(x), w;) > Cr" forallx e M andr < 1.

This means the family of metrics w,_are noncollapsing. Then by a result of Cheeger
and Colding [1997, Theorem 5.4], the convergent sequence w,, of metrics satisfy

lim Vol(M, w;,) = Vol(M, wy).

)»,—)6/7

On the other hand,

Vol(M, wy) = / W”w’e_mdzl ANdzp ANdzi ANdZp
C2\{0}

o
= Vol($?) / vy dt = 4 Vol(S?)

—00

and
Vol(M, weo) = % Vol($?)(b* — a?).
It is obvious that a > 1 and b < 3. The claim follows. O
Proposition 5.2. The metric wo, can extend to a smooth metric on M \ E».
Proof. In the standard coordinates on C2, we can express woo as
Woo = V=100V 50
G-D = V1Y (YL Bup + e H WL — Vi) Zazp)dza A dZp,
-
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where z = (z1, z2) € C?\ {0} and 7 = log|z|>. We will use the coordinate transfor-
mation

w;=21/22 and wy =2
near z = (21, z2) = 0. In fact, this transformation blows up a neighborhood of 0 to a
neighborhood of E| in M. Since wo, is symmetric, we may consider the behavior of
W along z = (0, zp) with |z3]| < 1 under this coordinate transformation. By (5-1),
it is easy to see the components of the metric at (0, zp) are given by

gli:e_td’(;o(t)v gZQ:e_tl//c/)/o(t)7 ngZO

Then, in the new coordinate system w, we have

(5-2) §11=1ﬁéo(t), ng:e_H/fgo(t), §1§=wztﬁle_’1ﬁéo=0-

On the other hand, by (4-2) and Lemma 3.2, we see that for any o < 1 there is a
uniform constant C; such that

Y (t) < Cre*" forallr <0.

This implies
1<yl () < 1+ Coe™,
and so we get | —t| < C,. Thus again by (4-2), we obtain

(5-3) C3_1 <e'yl(t)<C; forallt<0.

This means that
C'<g;<C forallt <0

and for some uniform constant C. Moreover from the argument above, one can

show that g1(s) := g,5 can extend to a continuous function on the interval [0, 1),

where s = ¢'. In fact, we will prove that g;(s) is C* at s = 0 in the following.
We rewrite (4-2) as

(5-4) W&)Z]g = 2~ 0/DWeo)

where f” and [ f], are derivatives of f with respect to ¢ and s, respectively. Then
by (5-3), it is easy to see that [(y4,)?], is Lipschitz at s = 0. It follows that g (s)
is also Lipschitz at s = 0. This implies that (¥ — 7)) is Lipschitz at s = 0.
Thus by (5-4), we can repeat the arguments above to show that (g);(0) exists and
(g1);(s) is Lipschitz at s = 0. Using the “bootstrap” argument, we see that g (s)
is C® ats =0.

The argument above also proves that g»(s) = ¥ (t) = g5 is C* ats = ¢’ =0.
Note that s = |w,|2. Since the derivative of ws at (0, 0) along the direction of
the other variable w; is a function in the variables w; and w,, we see that ws, can
extend to a smooth metric on M \ E. ([
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To analyze the behavior of w., near z = 0o, we introduce the following concept.

Definition 5.3. Let g = Zi, i 8i 7dz; ® dzj be a Kéhler metric defined on M * =
M\ D, where D is a smooth subvariety of codimension 1. We say that the metric g
has conically symmetric singularities on D along one direction with a conical angle
am if for every point p € D, there exists a coordinate system (U; wy, ..., wy)
near p such that w(p) = (0,...,0) and in which the components g;; of g on
U \ D are such that the components (|w1|2_°‘)g11, gijfor j=1,...,nand g
for I,m = 2,...,n can be extended to a positive definite matrix-valued smooth
function on U in the variables |w;|%/2, wa, Wa, ..., Wy, Wy.
Remark 5.4. If o« =2/k for some integer k > 2 in Definition 5.3, then the metric
g has an orbifold structure. In fact, if V is a branched covering of a neighborhood
V of p by the map 7 : (z1,22,...,2n) — (W = GOR, war =20, ..., wy = 20),
then 7 *g can be extended to a smooth Kihler metric on V.
Theorem 5.5. (1) The singular Kdihler metric ws, on CP" #CP" defined by Yoo
has conically symmetric singularities lying on the infinity divisor E,, with the
same conical angle 101 /7 along one direction.

(2) The Ricci curvature of ws satisfies the equation
(5-5) Ric(woo) = v/—133 (31 + $1ro0).

In particular, the Ricci curvature is bounded.

Proof. By Proposition 5.2, it suffices to analyze the behavior of ws, near E;. We
write the homogeneous coordinates on M \ E (as a subset of CP?) as [Zo, Z1, Z>],
where E; is defined by the equation Zy = 0. Then we have on M \ (E; U E»)
Zy d Z
71=— and zp=—.

A > Z
By the symmetry conditions we imposed, we may consider only the behavior of
wso On the open set U := (M \ E1) N{Z, # 0}. The affine coordinates on U are

Zy oz Zy 1
—=— and wy=—=—.

wp) = =
Zy, 23 Zy 22

A direct computation shows that the components of the metric wo, at w = (0, wy)
are given by
(5-6) =V, gp=eVY 1, £5=0

where 1 = log(|z1]? + |z2|%) = log(1/|w>|?). On the other hand, by (4-2) and the
arguments in the proof of Proposition 5.2, one can show that

Voo —3t] = C,

5-7
o7 e (Yoo) (1) = 0(e®My ast — oo.
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Moreover, if we set s = e~/7" and rewrite (4-2) as

W,éi]; = 2¢ 6/ Weo=31)

then we can prove that g;(s) = 6(5/7”1#{;00) and g,(s) = Yoo — 3t are both C*° at
s = 0. Hence we have proved that wy, has a conical structure at each point in E,
with the same conical angle (10/7)7.

By (4-2), we see that the Ricci curvature of wo, satisfies (5-5). By the local
formula (5-6) of wy near E,, the Ricci curvature is bounded. O

Theorem 1.1 follows from Theorem 5.5 and Proposition 5.2.
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