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This paper studies eigenvalues of elliptic operators on a bounded domain in
a Euclidean space. We obtain lower bounds for the eigenvalues of elliptic
operators of higher orders with Navier boundary condition. We also prove
lower bounds and universal inequalities of Payne-Pélya—Weinberger-Yang
type for the eigenvalues of second order elliptic equations in divergence
form with Dirichlet boundary condition.

1. Introduction

Let © be a bounded domain in an n-dimensional Euclidean space R" (n > 2)
with smooth boundary d2. Let A be the Laplacian of R" and consider the fixed
membrane or Dirichlet eigenvalue problem

(1-1)
Let

:Au =—\u in L,
ulpe =0.

O<Ap <A<+ — 00

denote the eigenvalues (repeated with multiplicity) of the problem (1-1). Weyl’s
asymptotic formula [1912] tells us that

2/n
(1-2) AkNC(n)(@> as k — oo,

where |Q| is the volume of  and C (n) = 27)%w, /" with w, being the volume of
the unit ball in R”. Pélya [1961] showed that for any “plane covering domain” €2 in
R? (those that tile R?) this asymptotic relation is a one-sided inequality (his proof
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also works for R"*-covering domains) and conjectured, for any domain Q C R”, the
inequality

2/n
(1-3) A = C(n) (@) for all k.
Li and Yau [1983] showed the lower bound
k 2/n
nkCn) ( k
1-4 Ai > — ,
(4 ; T on+2 (|sz|)
which yields an individual lower bound on Ay in the form
(1-5) jyz PEW (LT
n+2 \ |2

Similar bounds for eigenvalues with Neumann boundary condition were proved
in [Kroger 1992; 1994; Laptev 1997]. It was pointed out in [Laptev and Weidl
2000] that (1-4) also follows from an earlier result of Berezin [1972] by using the
Legendre transformation. Melas [2003] gave an improvement of (1-4):

k 2/n
kC k Q
(1-6) S > (”)< ) AL
i=1

n+2 \Q| 1(Q)

where the constant d,, depends only on the dimension and
1(Q) = minf Ix —al®dx
acRn? Q

is the “moment of inertia” of 2.

In this paper, we study eigenvalues of elliptic operators of higher orders with
Navier boundary condition and of second order elliptic equations in divergence
form with Dirichlet boundary condition and prove lower bounds for them which
are similar to the inequality (1-6). We will also prove universal inequalities of Yang
type for the Dirichlet eigenvalues of second order equations in divergence form.
The first two results concern eigenvalues with Navier boundary condition.

Theorem 1.1. Let Q be a bounded domain in R" and let | be a positive integer.
Consider the eigenvalue problem

_ 1. . 00
(1-7) {( ANu=iu inQ, ueC®),

-1
Ulgo = Aulho=---=A""ulye =0.

Let
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be the eigenvalues of (1-7) and denote by |11, ..., |, the first n nonzero eigen-
values of the Neumann problem

—Av = in Q
(1-8) { v=pv in€,

(Bv/dv)lse =0

where v is the unit outward normal vector field along 02. Then

Sy e (LY dok
RN S Sy

Here d(n) is a positive constant depending only on n.

(1-9)
j=1

Theorem 1.2. Let 2 be a bounded domain in R" and let | be a fixed positive
integer. Let L be the elliptic operator given by

1
Lu = Zam(—A)mu, ueC®(Q),

m=1

where the a,, are constants with a,, > 0, 1 <m <1, and a; = 1. Consider the
eigenvalue problem

Lu=A in Q2
(1-10) { u u in S,

-1
ulgg = Aulpg=---=A""ulye=0.

Let
O< A1 <A< - <A< >

be the eigenvalues of (1-10). Then

nC(l’l) 2/n d(l’l) m
(1-11) Ak>2am<n+2 (|9|> " ﬁ) |

where |11, ..., [y are the first n nonzero Neumann eigenvalues of Q and d(n) is a
positive constant depending on n.

Our next results are about second order equations in divergence form with
Dirichlet boundary condition. Firstly, we have a Li—Yau type inequality.

Theorem 1.3. Let 2 be a bounded domain in R" and let V be a nonnegative con-
tinuous function on Q2. Consider the eigenvalue problem

n

8 .
(1-12) _agla (aaﬁ(x)_)+v(x)u—)»u in Q,

ulygo =0.
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Assume that there is a positive number &y such that the symmetric matrix [aqp]
satisfies [aqg] > &l in the sense of quadratic forms throughout 2, where I is the
identity matrix of order n. Let

O<rm=h=- =M= >
be the eigenvalues of (1-12). Then

k nCn) [ k \" d(n) Vo
e S5 () r5aw)

j=1 i=1H;

Here Vo = infycq V (x), 11, ..., Uy and d(n) are as in Theorem 1.1.

We then prove a universal inequality of Payne-Pdlya—Weinberger—Yang type
[Payne et al. 1956; Yang 1991] for an eigenvalue problem more general than (1-12).

Theorem 1.4. Let 2 be a connected bounded domain in R" and let V be a non-
negative continuous function on Q with Vo = inf,cq V (x). Let p be a continuous
function on Q satisfying p1 < p(x) < po for all x € Q, for some positive con-
stants py and py. Assume also that there are positive numbers & and &) such that
the symmetric matrix [aqg] satisfies [aqp] > &11 in the sense of quadratic forms and
Yo 1 dag < n&y throughout Q. Consider the eigenvalue problem

n

a — .
(1-14) _a§1a (“aﬂ(x)—>+V(x)u Apu in 2,

ulag =0.

Let

O<A =< <qg<---—> 00

be the eigenvalues of (1-14). Then

k
(1-15) DG =) = — =5 Szp : Z(ml — ki ><x ——).
i=1

111

Remark 1.5. Universal inequalities of Payne—Pd6lya—Weinberger-Yang type for
eigenvalues of elliptic operators on Riemannian manifolds have been studied re-
cently by many mathematicians. One can find various interesting results in this
direction, for example, in [Ashbaugh 1999; 2002; Ashbaugh and Benguria 1993a;
1993b; Ashbaugh and Hermi 2004; Cheng and Yang 2005; 2006a; 2006b; 2006c;
2007; El Soufi et al. 2007; Harrell 1993; Harrell and Michel 1994; Harrell and
Stubbe 1997; Harrell and Yildirim Yolcu 2009; Hile and Protter 1980; Hook 1990;
Laptev 1997; Levitin and Parnovski 2002; Sun et al. 2008; Wang and Xia 2007a;
2007b; 2008; 2010a; 2010b; 2010c; 2011].
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2. An auxiliary result
Before proving 1.1-1.3, we show the following fact.

Theorem 2.1. Let Q2 be a bounded domain in R" and let wy, ..., w; : 2 — R be
smooth functions satisfying

(2-1) wilao =0 and /w,-(x)wj(x)dx:S,-j fori,j=1,...,k.
Q

Then

k 2/n

kC(n) [ k d(n)k
22 ) Vw;(x)[2dx > (—) b
( ) j=1 /Q | i (X)l = n+2 |Q| Z?:l /J“i_l

where d(n) is a computational positive constant depending only on n and the u;
are the first n nonzero Neumann eigenvalues of the Laplacian of Q2.

Proof. Let vy, ..., v, be orthonormal eigenfunctions corresponding to iy, ..., iy:

8 [ . .
3_11))1)852:0’ /Qvivjzé,-j fOl‘l,J:],.”’n‘

By a translation of the origin and a suitable rotation of axes, we can assume, using
[Ashbaugh and Benguria 1993b, p. 563], that
/x,-dx=0 fori=1,...,n,
Q

/xjvidx=0 forj=2,...,n,i=1,...,j—1.
Q

It then follows from inequality (2.8) in the same paper that

1 o lxPdx
(2-3) — >
Z i 12

i=1
By a simple rearrangement argument, we have

2/n
2-4) [P ar= (27
Q n+2 o

Extend each w; to R" by letting w; (x) = 0 for x € R" \ Q. For a function g on R",
we will denote by F(g) the Fourier transformation of g. For any z € R”, we have,
by definition,

(2-5) F(w;j)(z) = (2n)"/2f e 1y (x) dx.
Q
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Since {w j}’;:1 is an orthonormal set in L2(£2), the Bessel inequality gives

k
@6 Y Fwp@P =0 [ eI dr=n il
j=1 ¢

Foreachg=1,...,nand j =1, ...k, since w; vanishes on 92, one gets from
the divergence theorem that

—i{x,z)
(2-7) zqg?(wj)(z):i(Zn)_”/Z/ aea wj(x)dx
Q q
= —i(2ﬂ)_”/2/ ;) i) gy = —i@(M>(z).
o 9% 9zq

It then follows from the Plancherel formula that

2-8) /R 2 PIF(w ;) (2) 2 dz = /R ;\@(%)(z))zdz
N w2
:/Q;<BT;) dx:/Qij(x)lzdx.

V(Fw;)(2) = 2m) "2 / (—ixe 9w (x)) dx,
Q

Since

we have

k
29 Y IVEFw))(@F < @m)™" / jixe 2P dx = Q)" f x| dx.
Q Q

j=1

Set
k
G@) =) |1Fw)@).
j=1

Then 0 < G(z) < 2m)7"|2| and

k 12 , k 1/2
(2-10) |VG(z>|52(Z|%(w,~><z>|2> (ZIV(@(wj))(z)IZ)
j=1 j=1

1/2
<2Q2n)™" <|sz| / |x|2dx>
Q

for every z € R". We also have

k
(2-11) f G(z)dz:Z/ w;(x)? dx = k.
n J:1 Q
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Let G*(z) = g(|z]) be the decreasing spherical rearrangement of G. By approxima-
tion, we may assume that g : [0, +00) — [0, (27)7"|€2|] is absolutely continuous.
Setting a(t) = [{G™ > t}| = |{G > t}|, we have

(2-12) a(g(s)) = wus”,

1

which implies that nw,s" ™" =o'(g(s))g’(s) for almost every s. The coarea formula

[Chavel 1984] tells us that

1
(2-13) o (1) = —/ —_dA,.
16=1) IVG]| '

Set n = 2(2n)‘”(|£2| fQ |x|2dx)1/2; then one infers from (2-10) and the iso-
perimetric inequality that

(2-14) —d/(g(s)) > n~area({G = g(s)}) > 0 'naw,s" !,
and so
(2-15) —n<g'(s)<0

for almost every s. It follows from (2-11) that
o0
(2-16) k:/ G(z)dz:f G*(z)dz:na)n/ s"lg(s)ds
n n 0
and, by (2-8),
k
(2-17) Zf |ij|2:/ 2PG@dz= | 12PG* () dz
ove R R

o
=nw, / s"lg(s)ds,
0

since z — |z|? is radial and increasing.
We next apply the following lemma to the function g, with A =

1/2
nzz(zn)—"(|sz|/ |x|2dx> :
Q

Lemma [Melas 2003]. Letn > 1 and n, A > 0 and let h : [0, +00) — [0, +00)
be a decreasing and absolutely continuous function such that

k

nwy

and

—n<h'(s) <0 and / s"Th(s)ds = A.
0

Then

nA)(n+2)/n Ah(0)2

h(0) "+ ————.
© +6(n+2)712

(2-18) /oos"“h(s)ds > (
0
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After applying the lemma and using (2-17), we infer that

k 2
n_o_ - kg(0)
2-19 Vuw: 2d > _ 2/nk1+2/n 0 2/n _ e\
(2-19) j§_1ﬁf9| w0 dxz —— o, O+ s
2
n a2, on-2/n . Tk8(0)
> " k 0 A
=2 £0) T atror

where 7 is any constant with 0 < 7 < é. From (2-4) we know that

12
(2-20) n>20Q21)" (HLH) w1 Q)

Observe that 0 < g(0) < (2m)"|2|. Let T = t(n) be the constant given by

1 167%n
T =ming — —4/n .

6’ n+2)wy,

Then one can see by using (2-20) that the function

2
" om 142/, —2/n Tkt
1) = —— k t _—
satisfies

B(2m)™"IQ0) <0,

and so B is decreasing on (0, (2r)"|2|]. Hence, choosing d(n) =
have

k
(2-21) Z/ IVw; (x)|* dx
j=17%

> B(g(0)) = B((2m) "2

T
dn+2) C

k((2m)~"|22])?
_ h a)—Z/nkl-‘rZ/n((zn_)—n|Q|)—2/n+T (( 7.[) | |)

S n42 " T
2

= L 2_7T k1+2/n|§2|_2/”+w

2w Jo Ix17dx’

Substituting (2-3) into (2-21), one gets (2-2). completing the proof of Theorem 2.1.
O

3. Proof of the main results

Proof of Theorem 1.1. Let {ui}f.‘zl be a set of orthonormal eigenfunctions corre-
sponding to {ki}f.‘zl:
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! . -1
(=A)u; =Xju; in L, uilpgo = Auilpgg == A" "uilse =0,
/uiuj=6,-j fOI‘i,j=l,...,k.
Q
We show that foreachs=1,...,landi=1,...,k,
Ky S/l
(3-1) 0< | ui(=A)u; <x;".
Q

When [ =1, (3-1) holds trivially, so assume / > 1. when s € {1, ..., [} is even, we
have from the divergence theorem that

/ui(—A)Sui:/ uiAsuizf(As/zui)zzo.
Q Q Q

On the other hand, if s € {1, ..., [} is odd,

/ ui(=A)'u; = —/ ui N'u;
Q Q
— _/ A(S_l)/zbliA(A(S_l)/zl/li) =/ |V(A(S_l)/2u,-)|2 > 0.
Q Q

Thus the first inequality in (3-1) holds.
We claim now that forany s =1, ...,1—1,

s+1 K
(3-2) ( / ul-(—A)Sui) < ( / ui(—Af“ui).
Q Q
Since )
(/ u,~Au,~> 5/ u?/(Aui)zzf u,'Azui,
Q Q Q Q

we know that (3-2) holds when s = 1.
Suppose that (3-2) is true for s — 1, that is,

K s—1
(3-3) </ Mi(_A)s_lui> < </ Mi(—A)Sui) .
Q Q

When s is even, we have

/ui(—A)Suizf AS/Zlul-A(Asﬂu,-):—/ V(A u) V(A uy)
Q Q Q

1/2 1/2
< ( / |V<A“‘/2—1u,~>|2) ( / |V<A°‘/2ui>|2)
Q Q
1/2 1/2
— (_/ AS/21u1A5/2Ml) (_/ AS/ZMZAS/2+1MI>
Q Q
1/2 1/2
= (/ ui(_A)s_lui> </ Mi(—A)HlMi) .
Q Q
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On the other hand, when s is odd,

/ ui (—A)’u; = f (=A) TP Puy (= A) D2y
Q Q

(=172, \2 2 (s+1)/2,, )2 2
_AYG— . A6+ .
s(/g(( A) u,)) (/Q« A) u,))
1/2 1/2
=</ Mi(—A)S_lui) (/ Mi(—A)SHMi) .
Q Q

Thus we always have

12 12
(3-4) / ui(—A)'u; < (/ ”i(_A)S_lui) </ ui(_A)H_lui> .
Q Q Q

Substituting (3-3) into (3-4), we know that (3-2) is true for s. Using (3-2) repeat-
edly, we get

s/(s+1) s/l
fui(—Afuig(/ ui(—A)s“ui) 5---5(/ m(—A)’ui) ="
Q Q Q

Thus the second inequality in (3-1) is also true. Consequently,

k k k
(3-5) > / Vi = / wj(—Auj) <y 2!
J=1 j=l1 J=1

which implies (1-9) by applying Theorem 2.1 to the functions uj, ..., ux. This
completes the proof of Theorem 1.1. (|

Proof of Theorem 1.2. Let {ui}f.‘zl be a set of orthonormal eigenfunctions of the
problem (1-11) corresponding to {)L,'}f.‘zlz

. -1
Lu; = Au; in Q, uilpgo = Aujlpg == A" uilse =0,

/‘u,-u.,-=8,-j fOI'l',j=l,.‘.,k.
Q

Denote by {)L,'}f.‘ | the first k fixed membrane eigenvalues of the Laplacian of €2

corresponding to the orthonormal eigenfunctions {vi}f: 1
—AU,'ZX,'UZ' in Q, Ul'|3Q:0, f vivj:(Sij for i,jzl,...,k.
Q
k
Letw= ) «ju; # 0 be such that
=1

J
(3-6) /wvi=0 fori=1,...,k—1.
Q
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Such an element w exists because {«; | 1 < j < k} is a nontrivial solution of a
system of k—1 linear equations

k

(3—7) E ajfujvi:O, 1<i<k-1,
. Q
j=1

in k unknowns. Also assume without loss of generality that

(3-8) / w?=1.
Q

Then it follows from the Rayleigh—Ritz inequality that

(3-9) A < / w(—Aw).
Q
By using the arguments similar to those in the proof of (3-2), we have

IRNA , j
(3-10) (/ w(—A)Jw) 5(/ w(—A)J“w), j=1,...,1—1.
Q Q

Hence

1/s
(3-11) /w(—Aw)f <f w(—A)Sw) , o s=1,...,1,
Q Q

which, combined with (3-9), gives
A < / w(—A’w, s=1,2,...,1.
M
Thus we have
(3-12) a +a2kz + - —|—al_1)\.§;1 +)\.§€

sf (a1 (=A) + ax(=AY 4+ a1 (A + (= A) )w
Q

k k
/ wLw = Z a,-aj/ uiLuj= Z a,u.,-/ uil\ju;j
Q iz Q Q

i,j=1
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It is easy to see by taking / = 1 in (1-9) that

C kN d
(3-13) ay > HE@ <_) L
n+2 \ Q| doim1 K
Substituting (3-13) into (3-12), we get (1-11). Theorem 1.2 follows. U

Proof of Theorem 1.3. Let {ui}f.‘zl be a set of orthonormal eigenfunctions of the
problem (1-12) corresponding to {Ai}fle:

n
(3-14) — E i(aoqg(x)%) + V(x)u; = iu; 1in Q,
r laxa 0xg
o,B=

(3-15) ui|3Q=0, /uiujzéij for i,jzl,...,k.
Q
Multiplying (3-14) by u;, integrating over €2, and using the divergence theorem

and the inequalities V > Vj and [aqg] > &o/, we obtain

n

ou; ou; 2
A-:/( a (x)—‘—‘—i—V(x)u.)
l & ot,ﬂZ:l “ axa axﬁ l

n
814,')2 2 2
> Al 1% 2 — Vu;|> +V,
_/9502(8% + W i ) Q| uil” =+ Vo,
o=
which gives

k k
(3-16) Z/ |Vui|2§l<2,\i—kvo).
i=17% 50 i=1
Observing (3-15), one gets (1-13) by using Theorem 2.1 applied to uy, ..., uy.
Theorem 1.3 follows. U

Proof of Theorem 1.4. Let xy, ..., x, be the coordinate functions on R”. For a
function f : Q@ - R, set fo = 0f/0xy, ¢ = 1,...,n. Let {ui}fle be a set of
orthonormal eigenfunctions of the problem (1-14) corresponding to {)\,-}i.‘: I

n
=Y (a0 ) £V ous = hipu; i@,
5 laxa 3Xﬁ
o, B=

uilaq =0, /uiuj=8ij for i, j=1,...,k.
Q

Foreacha =1,...,nandi =1, ..., k, following [Payne et al. 1956], consider
the functions ¢,; : €2 — R given by

k
(3-17) Gui = Xol; —Zraijuj,

j=1
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where
(3-18) Taij = f PXqUiU ;.
Q
Since ¢yilso = 0 and
/ puj ¢y =0 fori,j=1,...,kanda=1,...,n,
Q

it follows from the Rayleigh—Ritz inequality that

(3-19) henr / P2,

:o\

QPui (aﬂy¢at y) g+ V¢0{L>
B,

y=1

[l
5

B.y Jj=l

¢Oll

Z (
Z (apy (xqui) ) g+ anu,)

B.y

I I
S~ g

k
¢Oll( aﬂy(xozu )y)ﬂ"*‘vxaut_zraij)‘jp”j)

Gai | XipXqu; — Z((aaﬂu ) BT aaplti, ;3))
)w‘/ pPa; —/ ¢ai<2((aa,3ui),ﬂ +aaﬂui,ﬂ))
Q Q P
n k
A / PP —/ xaui(Z((aaﬂui),,B +aaﬂui,ﬂ)> + Zraijsaij»
Q Q ,
B=1 j=1

where

Saij = L(Z((aaﬁui),ﬁ +aaﬂui,ﬁ))b{j.

p=1
Multiplying the equation

n
(3-20) =D @pyujp)y +Vuy=ajpu;
B.y=1

by xqu;, we have

n
(3-21) — Z (apyujg)yXaui + Vxquiuj =XAjpxoquiu;.
B.y=l1
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Interchanging the roles of i and j, we get

n
(3-22) — Z (apyuip) yXquj+ Vxquittj =\ pXqUill .
By=1

Subtracting (3-21) from (3-22) and integrating the resulted equation on €2, we get
by using the divergence theorem that

(3-23)  (Ai —Aj)reij = Z /((aﬁyuj,ﬁ),yxaui_(aﬁyui,ﬁ),yxauj)
/3,)/=1 @

n
= Z /(_aﬂy”j,ﬁ(xa”i),y +aﬂy”i,ﬂ(xa”j),y)
Q

B.y=1

n
= Z/Q(—aaﬂuj,ﬂui + daptti pt )
p=1

n
= Z/ ((agputi).p + aapui p)uj = Sqij,
— Jo
B=1
which, combined with (3-19), gives

(3-24)  (hieg1 — Ai) /Q PP

<- / ¢ai(2<<aaﬂu,->,ﬂ +aa,sul-,,s>)
Q o
n k
= —/g;xaui ( Z((aaﬂui),ﬂ +aa/3ui,ﬂ)> + Z()»i - )»j)roz,,-j-
p=1 j=1

tou'j=/ Ujlia;
Q

k k
(3-25) /(—2)¢aiui,a = —Z/Xauiui,a +2 E Faijlaij = lui|* 42 E Yaijlaij-
Q Q , ;
j=l1 Jj=1

Set

then taij +1laji = 0 and

Multiplying (3-25) by (Ax+1 — A;)? and using the Schwarz inequality and (3-24),
we get

k
M1 — )»i)z(”bti I +2 Zraijlaij)

j=1
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{ k
= (b1 — i) /Q(—2)\/5¢ai (ﬁui,a - ;taij«/ﬁuj)

()\'k-‘rl — N

< 8Chirt — A2 I/Pdai 1> +

1 £ 2
u a Ztaij«/ﬁuj
j=1

k
Z to%ij)

j=1

<801 — mz(— /Q Xo (Z((aaﬂu ).+ daplt, m) + Z(x w)
k
WL _ Zti,-j),

Jj=1

A
=8Ot — A1) I/PPai 1> + L(H «/_

+

(|

where § is any positive constant. Summing over i and noticing that ry;; = ryj; and
laij = —laji, we infer that

Z(xkﬂ—x) i || —2 Z(xkﬂ—x)(x — & j)Taijlaij

i,j=1

<$é Z(kkﬂ - )»i)2<—/ xa”i(Z((aaﬂui),ﬂ —I—aaﬁui,ﬂ)))
— Q P

k k
+Z()\k+l_)‘)“ Z(xkﬂ—)\ IV R e
\/_ i,j=1 hj=l ’

Hence,

k k n
D Ouqr=2) ui > <8 Z(AM—W(— fg xaui<Z<<aaﬁu,->,ﬂ+aa,su,-,ﬁ>))
i=1 i=1

_I_Z()»kﬂ )»)H\/_

Summing over «, we infer

k
(3-26) 1Y Gyt — i) lluil®

i=1

k n n
<94 Z(Kkﬂ —Ai)? (— Z/ Xo Ui ( Z((aaﬁ”i),ﬁ + aaﬁ”ﬁ@))
i=1

a=17% ,31

n Z ()»k+1




234 QIAOLING WANG AND CHANGYU XIA

Since [, pu? =1and p; < p(x) < p, for x € Q, we have

1 1
(3-27) — <lu;|* < —.
P2 P1

One gets from the divergence theorem that

(3-28) —Z/Qxau,(Z((aaﬁui),ﬂ +aaﬁui,ﬂ)>
a=1 p=1

:/( Z (aaﬂui(xaui),ﬂ_aaﬂui,ﬂxaui)) :/ <Zaaa)ui2
@ N\ g=1

o, B=1

fnéz/ u? < ns,
Q £1

n
Multiplying the equation — ) (aqptti g) o+ V (x)u; =A; pu; by u; and integrating
over 2, we get a.p=1

n

(3-29) Ai =/< Z aaﬂ(x)ui,aui,ﬂ+V(X)ul-2) Z/ $1|Vu,-|2+%,
Q2 Q 2

o,f=1

which gives

(3-30) [Vu;]|

1 2 1
H— S—/ |v”i|2§_()‘-i_ﬁ)-
JP p1 Ja p1&1 P2

Substituting (3-27), (3-28) and (3-30) into (3-26), we infer

k k k
n 2 ) né A=) 1 Vo

— ) g1 —A) =<8 )Y (M1 —A)" - —+ : (A-——).
/02; * l ; - Y ; ) )

p161

Taking

k 172

Vi
( > Gt = 2 (ki = p—g))

i=1
(3-31) 8= p T

< > (g1 — ki)zn&éz)

i=1

we get (1-15). This completes the proof of Theorem 1.4. ([
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