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AN ANALOGUE OF THE CARTAN DECOMPOSITION
FOR p-ADIC SYMMETRIC SPACES
OF SPLIT p-ADIC REDUCTIVE GROUPS

PATRICK DELORME AND VINCENT SECHERRE

Let k be a nonarchimedean locally compact field of residue characteristic p,
let G be a connected reductive group defined over k, let 0 be an involutive
k-automorphism of G, and H an open k-subgroup of the fixed points group
of 0. We denote by G; and Hy, the groups of k-points of G and H. We obtain
an analogue of the Cartan decomposition for the reductive symmetric space
H;\ Gy, in the case where G is k-split and p is odd. More precisely, we
obtain a decomposition of G, as a union of (Hy, K)-double cosets, where
K is the stabilizer of a special point in the Bruhat-Tits building of G over
k. This decomposition is related to the H;-conjugacy classes of maximal o -
antiinvariant k-split tori in G. In a more general context, Benoist and Oh
obtained a polar decomposition for any p-adic reductive symmetric space.
In the case where G is k-split and p is odd, our decomposition makes more
precise that of Benoist and Oh, and generalizes results of Offen for GL,,.

1. Introduction

Let k be a nonarchimedean locally compact field of odd residue characteristic.
Let G be a connected reductive group defined over k, let o be an involutive k-
automorphism of G and let H be an open k-subgroup of the fixed points group of
o. We denote by Gy and Hy, the groups of k-points of G and H. Harmonic analysis
on the reductive symmetric space Hy\Gy is the study of the action of Gy on the
space of complex square integrable functions on Hy \ G. This study is related to the
classification of Hy-distinguished representations of Gy, that is representations hav-
ing a nonzero space of Hg-invariant linear forms. Offen [2004] has investigated the
harmonic analysis of spherical functions in some cases related to GL,. Hironaka
[1988] has described a Cartan decomposition for the pair (GL,, O,). Blanc and
Delorme [2008] have studied Hg-distinguishedness for families of parabolically
induced representations of Gy. Lagier [2008], and independently Kato and Takano

MSC2000: 22E35.
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[2008], have introduced the notion of relative cuspidality for irreducible Hy-dis-
tinguished representations of Gy and constructed “Jacquet maps™ at the level of
invariant linear forms. In this paper, we investigate the geometry of the reductive
symmetric space Hy\Gy.

Connected reductive groups can be considered as reductive symmetric spaces.
Indeed, if G’ is such a group, the map

o:(x,y)= (y,x)

defines a k-involution of G = G’ x G’ whose fixed points group H is the diagonal
image of G’ in G, and the reductive symmetric space H;\ Gy naturally identifies
with G} via the map (x, y) = x~'y. Moreover, if K’ is a subgroup of G}, and if
we set K = K’ x K/, then this map induces a bijective correspondence:

{(Hg, K)-double cosets of Gy} <> {K'-double cosets of G, }.

In particular, if K’ is the G; -stabilizer of a special point in the Bruhat-Tits building
of G’ over k, the decomposition of H;\ Gy into K-orbits corresponds to the Cartan
decomposition of G relative to K’ [Bruhat and Tits 1972, Proposition 4.4.3].

In this paper, we obtain an analogue of the Cartan decomposition for Hy\Gyg
when the group G is k-split. In a more general context (k any nonarchimedean lo-
cally compact field of odd characteristic and G any connected reductive group over
k), Benoist and Oh [2007] have obtained a polar decomposition for Hy\Gg. In the
case where k has odd residue characteristic and G is k-split, our decomposition is
a refinement of Benoist—Oh’s polar decomposition (see 4.14). This decomposition
can be seen as a p-adic analogue of the Cartan decomposition for real reductive
symmetric spaces [Flensted-Jensen 1978, Theorem 4.1]. It generalizes the decom-
positions obtained by Offen [2004, Proposition 3.1] for G = GL,,, in what he called
Cases 1 and 3.

Let {A’ | j €J} be a set of representatives of the Hx-conjugacy classes of maxi-
mal o -antiinvariant k-split tori of G (called maximal (o, k)-split tori in [Helminck
1994]; see also Definition 4.2). These tori, as well as related entities, have been
studied in [Helminck 1994; Helminck and Helminck 1998; Helminck and Wang
1993]. In particular, the set J is finite and the A/, j € J, are all conjugate under Gy.
Let S be a o-stable maximal k-split torus of G containing a maximal (o, k)-split
torus A. For each j € J, we choose y; € Gy such that y jij_1 = A/. Our main
result is this:

Theorem 1.1 (see Theorem 4.13). Assume G is k-split. Let K be the stabilizer in
Gy of a special point in the apartment attached to S. Then

(1-1) G = JHey;SkK.
jel
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If one compares with Offen’s decompositions [2004, Proposition 3.1], one sees
that in each of his Cases 1 and 3 (where G = GL;,, for n > 1), the set J reduces to a
single element and y; can be chosen to be trivial. In general however, one cannot
avoid having several non-H-conjugate maximal o -antiinvariant k-split tori of G
appearing in (1-1).

To prove Theorem 1.1, we make generous use of Bruhat-Tits theory [1972;
1984a]. First, let G be any connected reductive group over k, and let & be its
Bruhat-Tits building. It is endowed with an action of o. Then:

Proposition 1.2 (see Proposition 3.8). 9B is the union of its o -stable apartments.

Note that in the case where G = G’ x G’ and o (x, y) = (y, x) as above, the
building & identifies with the product of two copies of the building of G’ over k
and the proposition simply says that two arbitrary points in the building of G” are
always contained in a common apartment.

When G is k-split, we obtain the following refinement of the proposition above:

Proposition 1.3 (see Proposition 4.8). Assume G is k-split, and let x be a special
point of B. There is a o -stable maximal k-split torus S of G such that the apartment
corresponding to S contains x and the maximal o -antiinvariant subtorus of S is a
maximal (o, k)-split torus of G.

As we will see in 5.13, this is no longer true for nonsplit groups.

Summary. In Section 2, we recall the main properties of the Bruhat-Tits building
attached to a connected reductive group defined over k. In Section 3, we study
the set of all apartments containing a given o -stable subset of the building, and
we prove Proposition 1.2. In Section 4, we prove our main theorem for G a k-
split group. In Section 5, we study in more detail the case of Gy = GL,, (k) and
o (g) = transpose of g‘l, and the case of G, = GL,, (k") with k" quadratic over k and
id # o € Gal(k’/k). When n =2 and k' is totally ramified over k, the second case
provides an example of a nonsplit group for which Proposition 1.3 is not satisfied.

2. The Bruhat-Tits building

Let £ be a nonarchimedean nondiscrete locally compact field, and let @ be its
normalized valuation. In this section, we recall the main properties of the Bruhat—
Tits building attached to a connected reductive group defined over k. The reader
may refer to [Bruhat and Tits 1972; 1984a] or to the more concise presentations
[Landvogt 1995; Schneider and Stuhler 1997; Tits 1979].

If G is a linear algebraic group defined over k, the group of its k-points will be
denoted by Gy or G(k), and its neutral component will be denoted by G°. If X
is a subset of G, then Ng(X) and Zg(X) denote respectively the normalizer and

centralizer of X in G, and, given g € G, we write X for gXg~!.
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2.1. Let G be a connected reductive group defined over k, and let S be a maximal
k-split torus of G. We denote by X*(S) = Hom(S, GL) the group of algebraic
characters, and by X,(S) = Hom(GL, S) the group of cocharacters, of S. We
define a map

(2-1) X4 (S) x X*(S) > Z

as follows. If 1 € X,.(S) and x € X*(S), then x oA is an endomorphism of the multi-
plicative group GL;, which corresponds to an endomorphism of the ring Z[z, ¢ ~'].
It is of the form ¢ +— " for some n € Z. This integer n is denoted by (A, x). The
map (2-1) defines a perfect duality [Borel 1991, § 8.6].

2.2. Let N and Z denote the normalizer and centralizer of S in G. If we extend the
map (2-1) by R-linearity, there exists a unique group homomorphism

(2-2) v:Zp —> X (S Q7R

such that the condition
(v(@), x) =—w(x(2)

holds for any z € Z; and any k-rational character x € X*(Z); [Tits 1979, § 1.2].
According to [Landvogt 1995, Proposition 1.2], the kernel of (2-2) is the maximal
compact subgroup of Z.

2.3. Let C denote the connected center of G and let X, (C) be the group of its
algebraic cocharacters. It is a subgroup of the free abelian group X, (S). We denote
by o the space

V= (X:(8) ®zR)/(Xi(C) ®z R),

considered as an affine space on itself and by Aff(sd) the group of its affine auto-
morphisms. By making V act on s{ by translations, we can think of V as a subgroup
of Aff(sd). It is the kernel of the natural group homomorphism Aff(«f) — GL(V)
which associates to any affine automorphism its linear part.

2.4. The map (2-2) induces a homomorphism
(2-3) 7y — Aff(A),

which we still denote by v. Its image is contained in V. An important property
of this homomorphism is that it extends to a homomorphism N, — Aff(s) [Tits
1979, § 1.2]. It does not extend in a unique way, but two homomorphisms extend-
ing (2-3) to N are conjugated by a unique element of Aff(s{) [Landvogt 1995,
Proposition 1.8].
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2.5. The affine space s endowed with an action of N; defined by a group ho-
momorphism v : Ny — Aff(sd) extending the homomorphism (2-3) is called the
(reduced) apartment attached to S. It satisfies these conditions:

Al. o is an affine space on V;

A2. v is a group homomorphism Ny — Aff(s{) extending the canonical homomor-
phism Z; — V.

It has the following uniqueness property: if (s, V') satisfies Al and A2, there is a
unique affine and Nj-equivariant isomorphism from ${’ to <.

Remark 2.6. As in [Tits 1979], one obtains the nonreduced apartment s, by
replacing V by X, (S) ®z R. It is not as canonical as the reduced one: two ho-
momorphisms extending the map vy, : Zx — Aff(sdy;) to Ny are conjugated by an
element of Aff(sd,,) which is not necessarily unique [Landvogt 1995, Chapter 1,
§ 1; Tits 1979, § 1.2].

2.7. Let ® = ®(G, S) denote the set of roots of G relative to S. It is a subset of
X*(S). Therefore, any root a € ® can be seen as a linear form on X, (S) ®z R which
is trivial on the subspace X, (C) ®z R, hence as a linear form on V [Landvogt 1995,
Chapter 1, § 1].

For a € ®, we denote by U, the root subgroup associated to a, which is a
unipotent subgroup of G normalized by Z [Borel 1991, Proposition 21.9], and by
s, the reflection corresponding to a, considered as an element of GL(V) — or, more
precisely, of the quotient of v(Ny) by v(Zy).

2.8. Leta € ® and u € U, (k) — {1}. The intersection
(2-4) U_,(k)uU_, (k) NNy

consists of a single element, called m (u), whose image by v is an affine reflection
the linear part of which is s, [Borel and Tits 1965, § 5]. The set ¥, , of fixed points
of v(m(u)) is an affine hyperplane of «, which is called a wall of A.

A chamber of d is a connected component of the complementary in s{ of the
union of its walls. Note that a chamber is open in .

A point x € i is said to be special if, for all root a € @, thereis aroot b € PNR,a
and an element u € U, (k) — {1} such that x € ¥} , [Landvogt 2000, § 1.2.3; Tits
1979, § 1.9].

2.9. Let6(a, u) denote the affine function s{ — R whose linear part is @ and whose
vanishing hyperplane is the wall 3, , of fixed points of v(m(u)). We fix a base
point in ¢, so that s can be identified with the vector space V. For r € R, we set

Uq(k), = {u € Ug(k) — {1} | 0(a, u)(x) >a(x)+r forall x € A} U{1}.
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Thus we obtain a filtration of U, (k) by subgroups. If we change the base point in
oA, this filtration is only modified by a translation of the indexation.

2.10. Let 2 be a nonempty subset of sl. We set
Ng ={n e N; | v(n)(x) = x for all x € R},

and we denote by Ug the subgroup of G; generated by all the U, (k), such that
the affine function x — a(x) 4 r is nonnegative on 2. According to [Landvogt
1995, § 12], this subgroup is compact in Gg, and we have nUgn—! = U,y (@) for
n € Ng. In particular, Ng normalizes Ug. The subgroup Pg = NqUyg is open in
Gy [Landvogt 1995, Corollary 12.12].

2.11. Let ® = &~ U P be a decomposition of ® into positive and negative roots.
We denote by U™ (U™) the subgroup of G; generated by the U, for all a € ®*
(a € ®7). Then the group Pg has the following Iwahori decomposition [Landvogt
1995, Corollary 12.6; Bruhat and Tits 1972, § 7.1.4]:

(2-5) Po=UaNU7)-(UgNUT) - Ng.

2.12. Bruhat and Tits [1972; 1984a] associate to the apartment (54, v) a Gg-set
B =RB(G, k) containing A, called the (reduced) building of G over k and satisfying
the following conditions:

B1. The set % is the union of the g - A for g € Gy.

B2. The subgroup Ny is the stabilizer of & in Gg, and n-x =v(n)(x) forall x € 4
and n € Ny.

B3. For all a € ® and r € R, the subgroup U, (k), defined in 2.9 fixes the subset
{x e A | a(x)+r = 0} pointwise.

The building has the following uniqueness property: if %’ is a Gi-set containing
s and satisfying B1-B3, there is a unique Gy-equivariant bijection from %’ to %
[Tits 1979, § 2.1; Prasad and Yu 2002, § 1.9].

2.13. The subsets of & of the form g - ol with g € Gy are called apartments.
According to B1, the building is the union of its apartments. For g € Gy, the
apartment g - & can be naturally endowed with a structure of affine space and
an action of 8Ny by affine isomorphisms. Up to unique isomorphism, it is the
apartment attached to the maximal k-split torus &S (see 2.5). This defines a unique
Gg-equivariant map

(2-6) S dAlS)CHB

between maximal k-split tori of G and apartments of &, such that S maps to .
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Note that the building 9% does not depend on the maximal k-split torus S. Indeed,
let S’ be a maximal k-split torus of G, let (', V') be the apartment attached to S’
and %’ be the building of G over k relative to this apartment (see 2.12). If we
identify ¢’ with the unique apartment of % corresponding to S’ via (2-6), then
B = B.

2.14. The building has the following important properties [Bruhat and Tits 1972,
§ 7.4; Landvogt 1995, Chapter 4, § 13]:

(1) Let 2 be a nonempty subset of «d. Then Pg, is the subgroup of G; made of
those elements fixing €2 pointwise.

(2) Let g € Gy. Thereisn € Ny such that g-x =n-x forany x e A Ng~' - sf.

In particular, (1) together with B2 imply that Ng = N; N Pg,.

2.15. Let o be a k-automorphism of G. There is a unique bijective map from % to
itself, still denoted o, such that

(1) the condition
o(g-x)=0(g)-0(x)
holds for any g € G and x € %; and

(2) the map o permutes the apartments and, for any apartment s, the restriction
of o to o is an affine isomorphism from « to o ().

This makes (2-6) into a o -equivariant map. In particular, an apartment is o -stable
if and only if its corresponding maximal k-split torus of G is o -stable [Bruhat and
Tits 1984a, §4.2.12].

3. Existence of o-stable apartments

From now on, k will be a nonarchimedean locally compact field of odd residue
characteristic. Let G be connected reductive group defined over k and let o be a
k-involution on G. According to 2.15, the building & of G over k is endowed with
an action of ¢. In this section, we prove that, given x € R, there exists a o -stable
apartment containing x. We keep using notation of Section 2.

3.1. Let 2 be a nonempty o -stable subset of % contained in some apartment, and
let Ap(€2) be the set of all apartments of & containing 2. It is a nonempty set on
which the group Pg, acts transitively [Landvogt 1995, Corollary 13.7]. Because 2
is o-stable, both Pg and Ap(2) are o-stable. Note that the o-stable apartments
containing €2 are exactly the o-fixed points in Ap(£2).
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3.2. Let us fix an apartment s{ € Ap(f2) and an element u € P, such that o (o) =
u - . Let N denote the normalizer in G of the maximal k-split torus of G corre-
sponding to . As o is involutive, we have

(3-1) o(u)u € Po NNy = Ng.

The map p: g+ g-o induces a Pg-equivariant bijection between the homogeneous
spaces Po/Ngq and Ap(€2). The automorphism

0:x— u_]o*(x)u
of the group Gy stabilizes Pg and Ng. Indeed o (Ng) = uNyu—!, and
O(Ng) =u"'o(PoNNu =PoNu~lo (N u = Ng.

Note that the condition (3-1) implies that 6 o 6 is conjugation by some element of
Ng. As Ng, is 6-stable, the map

(0,8Ng) = ub(gNgq), g €Pq,

defines an action of o on P /Ng, making p into a o-equivariant bijection. Note
that this action differs from the natural action of ¢ on Pg/Ng (which obviously
has fixed points).

3.3. Let Q be a nonempty o -stable subset of & contained in some apartment.

Proposition 3.4. Assume that Q2 contains a point of a chamber of B. Then 2 is
contained in some o -stable apartment.

Proof. We describe the quotient Po/Ng as a projective limit of finite o -sets. Ac-
cording to [Cartier 1979, § 1.2], Example (f), the group Gy is locally compact and
totally disconnected. Therefore we can choose a decreasing filtration (Q;);>0 of
the open subgroup Pg of Gy satisfying the following properties:

(A) The intersection of the Q; is reduced to {1}.
(B) For any i > 0, the subgroup Q; is compact open and normal in Pg,.

Lemma 3.5. Consider the decreasing filtration of Pq formed by the subgroups
Pq i =NoQ; N O(NeQ)), fori > 0.

(1) The intersection of the Pq ; is reduced to Ngq.
(2) Foranyi = 0, the subgroup Pgq ; is 0-stable and of finite index in Pgq,.

Proof. As Ngq is 6-stable, it is contained in the intersection of the Pg ;. Let g
be in this intersection. For any i > 0, there exist n; € Ng and ¢; € Q; such that
g = n;q;. Because of (A) above, g; converges to 1. Therefore n; converges to a
limit contained in the closed subgroup N, and this limit is g. This proves (1).
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Now recall that 8 o 6 is conjugation by some element of Ng. This implies that
Pq i is O-stable. As Pg ; is open in Pg and contains Ng, the quotient P /Pg ; can
be identified with the quotient of Ug, which is compact, by some open subgroup.
This gives (2). O

Because of Lemma 3.5(2), the map

(0,8Pq,i) — ub(gPq i), ge€Pgq,

defines an action of ¢ on the finite quotient Pg/Pg ;, which gives us a projec-
tive system (Pq/Pgq i)i>o0 of finite o-sets. Since Pg is complete, and thanks to
Lemma 3.5(1), the natural o-equivariant map from Pg, /Ng, to the projective limit
of the Pq/Pq ; is bijective.

Lemma 3.6. Let (X;);>0 be a projective system of finite o-sets. For all i > 0,
assume the transition maps ¢; : X;+1 — X; to be surjective and X; to have odd
cardinality. Then the projective limit X has a o -fixed point.

Proof. For each i > 0, the set X? of o-fixed points of X; is nonempty, since X; has
odd cardinality. This defines a projective system (X7 );>o whose transition maps
may not be surjective. For each i > 0, let Y; denote the intersection in X; of the

images of the X7 _ , for n > 0. Then Y; is nonempty, and the transition maps

@i : Yip1 — Y; are surjective. Therefore, the projective limit Y = X° C X of the
system (Y;);>0 is nonempty. O

Let p denote the residue characteristic of k.

Lemma 3.7. Let K be a normal subgroup of finite index in Pg containing Ng.
Then the index of K in Pg, is a power of p.

Proof. Let S be the maximal k-split torus associated to s, let ® be the set of roots
of G relative to S and let ® = ®~ U ®™* be a decomposition of ® into positive and
negative roots. According to (2-5), the group Pg, has the Iwahori decomposition

Po = (UgNU7)-(UgNUT)-Ng.

That €2 contains a point of a chamber of % implies that the group Ng, is reduced
to Ker(v), hence normalizes the groups V' = UqoNU" and V- =Ug NU™. The
index of K in Pg can be decomposed as

(Pq:K)=(Pq: VTK) - (VTK:K).
On the one hand, the index
(VFK:K) = (V' : VT NK)
is a power of p, since VT is a pro-p-group. On the other hand, the index

(Po:VTK)= (V™ : V" NVTK)
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is a power of p, since V™ is a pro-p-group. The result follows. (|

According to Lemma 3.7, the cardinality of each Pg/Pgq ;, with i > 0, is odd
(recall that p is different from 2). Proposition 3.4 follows from Lemma 3.6. [

We now prove the first main result of this section.
Proposition 3.8. For any x € B, there exists a o -stable apartment containing x.

Proof. Let x be a point in %, and let y be a point of a chamber of B whose closure
contains x. The set 2 ={y, o(y)} is a o-stable subset of R satisfying the conditions
of Proposition 3.4. Hence we get a o-stable apartment of & containing y. Such an
apartment contains the closure of the chamber of y. In particular, it contains x. [J

3.9. Let S be a o-stable maximal k-split torus, and let N and Z denote the normal-
izer and centralizer of S in G. Let X = X(S) denote the set of all g € G such that
g 'o(g) € Ny, let o denote the o-stable apartment corresponding to S and, given
x € d, let P, denote the subgroup Pg (see 2.11) with Q2 = {x}.

Proposition 3.10. X is a finite union of (Hy, Zy)-double cosets and Gy = XP,.

Proof. Let us fix a minimal parabolic k-subgroup P of G containing the torus S.
According to Helminck and Wang [1993, Proposition 6.8], the map g +— HygPy in-
duces a bijection between the (Hy, Z;)-double cosets in X and the (Hy, P;)-double
cosets in Gy. The first part of the proposition then follows from [Helminck and
Wang 1993, Corollary 6.16].

Note that we have g € X if and only if g - o is o-stable. For g € Gy, we set
x" = g-x. According to Proposition 3.8, there is a o -stable apartment ¢’ containing
x'. Let g’ € X be such that 4’ = g’ - sd. According to Property (2) in 2.14, there is
n € N; such that we have g/_lg -x =n-x. Hence we get g € XNy P,. As XN; =X,
we obtain the expected result. ([

4. Decomposition of H;\ Gy

In all this section, we assume that G is k-split. Let H be an open k-subgroup of the
fixed points group G°. Equivalently, H is a k-subgroup of G° containing (G?)°.

4.1. If T is a o-stable torus in G, we write T™ for the neutral component of TNH
and T~ for the neutral component of the subgroup {t € T | o (¢) = t~1}. The torus
T is the almost direct product of T and T, thatis T =TT~ and the intersection
T+ NT~ is finite [Borel 1991, xi].

Definition 4.2 [Helminck and Wang 1993, §4.4]. A o-stable torus T of G is said
to be (o, k)-split if it is k-split and if T=T".

By Proposition 10.3 of the same reference, two arbitrary maximal (o, k)-split
tori of G are Gg-conjugated.
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4.3. Let 9G denote the derived subgroup of G, and recall that C denotes the con-
nected center of G. This latter subgroup is a k-split torus of G.

Lemma 4.4. Let T be a k-split torus of G.

(1) There is a k-subtorus T’ of C such that the groups T - DG and T' - BG are
equal.

(2) If T is (o, k)-split, any T’ satisfying (1) is (o, k)-split.

(3) Assume that DG is contained in H and T is (o, k)-split. Then any T' satisfying
(1) is (o, k)-split and has the same dimension as T.

Proof. We set G = G/%G and, for any k-subgroup K of G, we write K for the
image of K in G. According to [Borel 1991, Proposition 14.2], the group G is the
almost direct product of C and @G, which means that G is equal to the product
C - %G and that the intersection C N DG is finite. This implies that C=G. Let f
denote the k-rational map C — C. Itis surjective with finite kernel. Hence G is
a k-split torus, and we denote by & the involutive k-automorphism of G induced
by o. We now prove each conclusion claim in the lemma.

(1) By [Borel 1991, Proposition 8.2(c)], the neutral component of the inverse image

f~(T) is a k-split subtorus of C which we denote by T’. It has finite index in

f Y(T). The i image f(T) is then a subtorus of finite index in the connected group
,so that T' =T.

(2) Assume that T is (o, k)-split, and let T’ satisfy (1). Let us consider the map
t > to () from T’ to itself. As T'=T s a (G, k)-split torus, the image of this map
is a connected k-subgroup contained in the kernel of f, which is finite.

(3) Assume that 9G is contained in H and T is (o, k)-split. Then the map T — T
has finite kernel, which implies that T and T have the same dimension. Now let
T satisfy (1). Accordlng to (2), such a torus is (o, k)-split, and it has the same
dimension as T' =T. O

4.5. Let S be a o-stable maximal (k-split) torus of G, let s{ be the apartment
corresponding to S and let ® be the set of roots of G relative to S. Let x € s be
a special point (see 2.8), and write U, for Ug (see 2.11) with Q = {x}. Leta € ®
be a o-invariant root, which means that a oo = a.

Lemma 4.6. Assume that U_, (k) is contained in {g € Gy | o(g) = g~ '}. Then
there are n € Ny and ¢ € Uy, such that n = ¢~ 'o (c) and v(n) is the affine reflection
of A which let x invariant and whose linear part is s,.
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Proof. We fix a base point in the apartment &, so that it can be identified with the
vector space V. For any b € @, this defines a filtration of the group Uy (k) (see
2.9). For u € Uy (k) — {1}, we denote by ¢, () the greatest real number r € R such
that u € Uy (k),. Let us choose w € U_,(k) — {1} such that x is contained in the
wall #_, . Thus v(m(w)) is the affine reflection of s{ which fixes x and whose
linear part is s,, and we can set

n=m(w) € Ng.

Moreover 6(—a, w), which is the unique affine function from s to R whose linear
part is —a and whose vanishing hyperplane is #_, ,,, vanishes on x. Therefore it
is equal to

y > —a(y)+ax),

which implies that ¢_,(w) = a(x). According to B3 (see 2.12), it follows that w
fixes x.

The group U_, (k) is isomorphic to the additive group of k. Thus, for r € R,
the subgroup U_, (k), corresponds through this isomorphism to a nontrivial sub-O-
module of k, where O denotes the ring of integers of k [Landvogt 1995, Proposition
7.7]. Therefore, there is a unique element v € U_, (k) such that w = v? and
¢—q(V) = ¢_q(w), hence v € U,.

The map U, (k) x U, (k) — Gy defined by (u, u’) — uwu’ is injective and the
intersection given by (2-4) consists of a single element, which is n. If we choose
u,u’ € U, (k) such that uwu’ = n, then the element

o) wow) ' =om)!

is contained in the intersection (2-4). Hence o (n)~! is equal to n, and the unique-
ness property implies that u’ = o (1) ~'. Moreover, according to [Landvogt 1995,
Lemma 7.4(i1)], the real numbers ¢, (¢) and ¢, (o (1)) are both equal to —¢_,(w).
This implies that # and o (1) are contained in U,. Since v is o-antiinvariant and

w = v2, we get the expected result by choosing ¢ = (uv)~!. U

Remark 4.7. Note that o (¢) € U,. Indeed we have o (v) =v~! € U, and o (1) € U,..
Hence n = ¢~ o (¢) € Ny N Ug, which is contained in Ng with Q = {x, o (x)}.

Let & denote the building of G over k.

Proposition 4.8. Let x be a special point of B. There is a o -stable maximal k-split
torus S of G such that the apartment corresponding to S contains x and such that
S~ is a maximal (o, k)-split torus of G.
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Remark 4.9. In 5.13, we give an example of a nonsplit k-group G such that
Proposition 4.8 does not hold.

Proof. Let s be a o-stable apartment containing x (see Proposition 3.8) and let S
be the corresponding maximal k-split torus of G. Assume that &{ has been chosen
such that the dimension of the (o, k)-split torus S~ is maximal. If it is a maximal
(o, k)-split torus of G, then Proposition 4.8 is proved. Assume that this is not the
case, and let A be a maximal (o, k)-split torus of G containing S™. The dimension
of A is greater than dim S™ (if not, the containment S™ € A would imply that
S~ = A). Let G’ be the neutral component of the centralizer of S~ in G. It is a
k-split connected reductive subgroup of G containing S and A, which is naturally
endowed with a nontrivial action of o. Let C' denote the connected center of G'.

Lemma 4.10. There is a € (G, S) such that the corresponding root subgroup U,
is not contained in H, and such a root is o -invariant.

Proof. Assume that U/, € H for each root a € ®(G’, S). Then the derived sub-
group @G’, which is generated by the U/, for a € ®(G/,S), is contained in H
[Humphreys 1975, Theorem 27.5(e)]. According to Lemma 4.4(iii), there exists
a (o, k)-subtorus A’ of C’ such that A - G’ = A’ - %G’ and dim(A) = dim(A’).
The subgroup generated by C’ and S is a k-torus of G'. As G’ is k-split, S is a
maximal torus of G, hence it contains C’. Therefore S~ contains A’ which has the
same dimension as A, and this dimension is greater than dim S™. This gives us a
contradiction.

Now let a be a root in ®(G’, S) such that U/, is not contained in H. The root a
and its conjugate aoo coincide on ST and are both trivial on S™. As S is the almost
direct product of ST and S~ (see 4.1), they are equal. Therefore a is o -invariant.
This ends the proof of Lemma 4.10. (]

Leta € ®(G/, S) as in Lemma 4.10. If we think of a as a root in ®(G, S), then
U, is o-stable and is not contained in H. Moreover:

Lemma 4.11. U, (k) is contained in {g € Gy | o(g) =g~ '}.

Proof. As G is k-split, U, is k-isomorphic to the additive group. Thus the action
of o on U, (k) corresponds to an involutive automorphism of the k-algebra k[¢]. It
has the form 7 —> A¢ for some A € k* with A2 = 1. As Uy, is not contained in H,
we have A = —1. This gives us the expected result. U

According to Lemma 4.6, there are n € Ny and ¢ € U, such that n = clo(c)
and v(n) is the affine reflection of & which let x invariant and whose linear part is
sq. For any t € S, note that

-1

o(ctc_l) = cno(t)n_lc = csa(o(t))c_l.
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Let o’ denote the apartment ¢ - / and let S’ = S be the corresponding maximal
k-split torus of G. Then s’ contains x and is o-stable. Moreover, since the root
a is trivial on S™ and s, fixes the kernel of a pointwise, the conjugate “(S™) is a
(0, k)-split subtorus of S’. Thus S'~ has dimension not smaller than dim S~.

Now let S, denote the maximal k-split torus in the set of all £ € S such that
sq(t) = t~'. Since a is o-invariant, such a torus is o-stable. It is also one-
dimensional and its intersection with Ker(a) is finite. Therefore ¢S, is a nontrivial
(o, k)-split subtorus of S’ which is not contained in “(S™). Thus the dimension of
S’~, which contains “(S,S7), is greater than dim S™, which contradicts the maxi-
mality property of . This ends the proof of Proposition 4.8. U

4.12. Let A be a maximal (o, k)-split torus of G, let S be a o-stable maximal k-
split torus of G containing A and let &{ denote the apartment corresponding to S.
Let {A/ | j €]} be a set of representatives of the Hi-conjugacy classes of maximal
(o, k)-split tori in G. According to [Helminck and Wang 1993], the set J is finite.
Let x € s be a special point and write K for its stabilizer in G.

Theorem 4.13. For j €], let y; € Gy such that 7 A = AJ. We have

G = JHey;SkK.
2
Proof. By Proposition 4.8, for any g € Gy, there is a o -stable maximal k-split torus
S’ of G such that the apartment corresponding to it contains g - x and such that S’
is a maximal (o, k)-split torus of G. Let j € J be such that S’ is Hi-conjugate
to A/. According to Helminck and Helminck [1998, Lemma 2.2], there is & € Hy
such that S’ ="/ S. Hence g - x is contained in hy ;- 9. According to Property (2)
in 2.14, there exists n € Ny such that g - x = hy;n - x. Therefore Gy is the union
of the Hyy;NyK for j € J. As x is special, we have N;K = S K and we get the
expected result. (|

4.14. In the case where G is not necessarily k-split, we have the following result.
For each j, let W, (A7) be the quotient of the normalizer of A’ in Gy by its
centralizer, and likewise with Gy replaced by Hy. According to [Helminck and
Wang 1993], the group Wg, (A/) is the Weyl group of a root system. For j €, let
N; € Ng, (A7) be a set of representatives of

Wi, (A)\Wg, (A7),

and let y; € Gy be such that Y/ A = A/. Let P be a minimal parabolic k-subgroup
of G containing S and such that P N o (P) is a Levi component of P [Helminck
and Wang 1993, §4]. Let w be a uniformizer of k, and write A for the lattice
made of the images of @ by the various algebraic cocharacters of A and A~ for
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the subset of antidominant elements of A relative to P. Then one can derive from
Proposition 3.10 the existence of a compact subset Q of Gy such that

4-1) Ge=J [ Heny;A Q.

J€J neN;

Benoist and Oh [2007] have obtained a similar decomposition of Gy, with a weaker
condition on the base field £ (they assume k to have odd characteristic).

Remark 4.15. In the split case, starting from Theorem 4.13, one can obtain a
sharper result than the decomposition (4-1).

Let us mention that the question of the disjointness of the various components
appearing in the decomposition (4-1) has been investigated in [Lagier 2008].

5. Examples

Let k be a nonarchimedean locally compact field of odd residue characteristic. Let
O be its ring of integers and p be the maximal ideal of O.

5.1. We now consider the k-split reductive group G=GL,, n > 1, endowed with the
k-involution o : g > g ~!, where / g denotes the transpose of g. We set K=GL,(0)
and H=G?, and write S for the diagonal torus of G. This case has been explicitly
investigated by Hironaka [1988] from a different point of view.

We start with the following lemma.

Lemma 5.2. Let V be a finite dimensional k-vector space and B a symmetric bi-
linear form on V. Then any free O-submodule of finite rank of V has a basis which
is orthogonal relative to B.

Proof. Let A be a free O-submodule of finite rank of V. The proof goes by induc-
tion on the rank of A. If B is null, then the result is trivial. If not, we denote by B
the restriction of B to A x A. Its image is of the form p”* for some integer m € Z.
If w is a uniformizer of k, then the form B9\ = "B, has image O on A x A.
Therefore, it defines a nontrivial bilinear form

B : A/pA x A/pA — O/p.

Let e € A be a vector whose reduction modulo p is not isotropic relative to B},
which means that B(I)\(e, e) is a unit of O. Then A is the direct sum of Qe and
A Nket, where ke* denotes the orthogonal of ke in V. Indeed, it follows from the
decomposition

. B(e, x) < B(e, x)

X = e+ (x— e), for any x € A.
B(e. ¢) B(e. ¢) Y
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As A Nke?t is a free O-submodule of finite rank of V whose rank is smaller than
the rank of A, we conclude by induction. U

We introduce the set Y of all g € G, such that “gg € Si. Using Lemma 5.2, we
get the following decomposition of Gy.

Proposition 5.3. We have Gy = YK.

Proof. We make Gy act on the quotient G /K, which can be identified to the set of
all O-lattices (that is, cocompact free O-submodules) of the k-vector space V =k".
Let B denote the symmetric bilinear form on V making the canonical basis of V
into an orthonormal basis. According to Lemma 5.2, for any g € G, the O-lattice
A corresponding to the class gK has a basis which is orthogonal relative to B.
This means that there exists u € K such that the element g’ = gu~! € gK maps the
canonical basis of V to an orthogonal basis of A. Therefore we have g’ € Y; thus
g e YK [l

We now investigate the maximal (o, k)-split tori of G. Note that S is a maximal
(o, k)-split torus of G.

Proposition 5.4. The map g — 8S induces a bijection between (Hy, Ny)-double
cosets of Y and Hy-conjugacy classes of maximal (o, k)-split tori of G.

Proof. One easily checks that this map is well defined and injective. For g € Gy,
the conjugate S is a maximal (o, k)-split torus of G if and only if g~'o (g) € Sy,
which amounts to saying that g € Y and proves surjectivity. U

Let 9 denote the set of all equivalence classes of nondegenerate quadratic forms
on k". For a =diag(ay, ..., a,) € S we denote by Q, the diagonal quadratic form
alX% +- 4+ anXﬁ. Note that the map a +— Q, induces a surjective map from Sy
to 9.

We write H? and H' for the set of o-fixed points and the first set of nonabelian
cohomology of o, respectively.

Proposition 5.5. (1) The map g — 'gg induces an injection 1 from the set of
(Hy, Ny)-double cosets of Y to H' (Ny).

(2) Given a € Sy, the class of a in H'(Ny) is in the image of ¢ if and only if
Qu~Xi+---+X2

Proof. We have an exact sequence

H; — H°(Gy/Np) — H!(N;) — H'(Gy),

where the map from H%(G;/N;) to H' (N;) is induced by g — gg. As the set of
(Hyg, Ny)-double cosets of Y is a subset of H; \H®(Gy /Ng), we get the first assertion.
To obtain the second one, it is enough to remark that H! (Gy) canonically identifies
with 9. (I
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Remark 5.6. Recall from [Serre 1970, IV.2.3] that for a, b € Si, the quadratic
forms Q,, Qp are equivalent if and only if they have the same discriminant and the
same Hasse invariant.

Proposition 5.7. Let {a’ | j € I} C Sy form a set of representatives of Im(1) in
H'(Ny). For j €1, we choose vj €Y suchthat'y;y; = a’. Then,

G = JHey;SkK.
jel
Proof. Propositions 5.3 and 5.4 imply that G is the union of the components
HiyiNiK for j €J. As N K = S; K, we get the expected result. O

Example 5.8. In the case where n = 2, we give an explicit description of Im(¢).
Let @w denote a uniformizer of O and £ € O* a nonsquare unit of O, so that
{1,&, w, £w} is a set of representatives of £* modulo k*2. The set of elements
of k* which are represented by the quadratic form Q; = X? 4+ Y? depends on the
image of p in Z/4Z. If p =1 mod 4, all elements of k™ are represented by Q. If
p =3 mod 4, an element of k> is represented by Q; if and only if its normalized
valuation if even. We set

J_{{l,g,w,éw} if p=1 mod 4,
{1, 8 if p=3 mod 4.

For each j € J, set a/ = diag(j, j). Then the elements a/ form a set of rep-
resentatives of Im(¢) in H' (Ny).

5.9. We now consider the connected reductive k-group G = Resy/xGL,,, where k’
is a quadratic extension of k, endowed with the involutive k-automorphism o of
G induced by the nontrivial element of Gal(k’/k). This case has been explicitly
investigated by Offen [2004] when k’/k is unramified.

We set H = G?, so that we have G, = GL,, (k) and H;, = GL,, (k). We denote
by S the diagonal torus of G and by K the maximal compact subgroup GL, (O") of
Gy, where O denotes the ring of integers of k’. Note that S is o-invariant.

As usual, N and Z denote the normalizer and centralizer of S in G. Let G,, denote
the group of permutation matrices in Gy, so that Ny is the semidirect product of
G, by Zi. Note that Si (resp. Zy) is the subgroup of all diagonal matrices of Gy,
with entries in k (resp. in k).

Lemma 5.10. H'(N}) can be identified with the set of conjugacy classes of ele-
ments of &, of order 1 or 2.

Proof. According to Hilbert’s Theorem 90, the group H'(Zy) is trivial. Therefore
we have an exact sequence

(5-1) 1 — H'(Ny) = H (Ng/Zy).
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As o acts trivially on Ny /Z; >~ &, the set H' (N, /Zy) can be identified to the
set of &,-conjugacy classes of Hom(Z/2Z, G,,), that is, to the set of conjugacy
classes of elements of &,, of order 1 or 2. This proves that H! (N;) can be naturally
embedded in the set of conjugacy classes of elements of G,, of order < 2.

Now two elements w, w’ € &, define the same class in H!(Ny) if and only if
they are conjugate in &, thus if and only if wZ; and w'Z; define the same class
in H' (N} /Zy). Therefore (5-1) is a bijection. O

Proposition 5.11. (1) The number of Hy-conjugacy classes of o-stable maximal
k-split tori in Gy, is [n/2] + 1.

(2) There is a unique Hy-conjugacy class of maximal (o, k)-split tori in Gy.

Proof. (1) Let X denote the set of all g € Gy such that g~'o(g) € Ni. Then the
map g — &S defines an injective map from the set of (Hy, Nj)-double cosets of X
to H'(N). Therefore we are reduced to proving that this map is surjective, and the
first assertion will follow from Lemma 5.10. For n = 2, let T denote the nontrivial
element of &, and choose an element a € kK’ which is not in k. Then the element

(5-2) U= (‘ll 0(1“)> € GL, (k')

satisfies the relation u~'o (1) = t. For an arbitrary integer n > 2, let w € G,, have
order < 2. Then there is an integer 0 < i < [n/2] such that w is conjugate to the
element

1; =diag(t,..., 1, 1,...,1) € GL,(k'),
where t € GL, (k") appears i times and 1 € GL (k") appears n — 2i times. Thus

(5-3) u; =diag(u, ..., u,1,...,1) € GL, (k")

satisfies the relation u; 1o*(ui) = 7;. Therefore any 1-cocycle in Nj is Gg-cohomo-
logous to the neutral element 1 € Gy, which proves the first assertion.

(2) For any 0 < i < [n/2], the dimension of the (o, k)-split torus (*S)~ is equal
to i. According to (1), the map

Hy gNy — class of g_la(g) in Hl(Nk)

is a bijection from the set of (Hg, Ni)-double cosets of X to H'(Ny), and the ele-
ments of this latter set are the classes of the t; for 0 <i < [n/2]. This gives us the
expected result. ([

Proposition 5.12. For 0 < i < [n/2], let u; denote the element defined by (5-2)
and (5-3). Then
[n/2]
Gy = U Hrui ZiK.
i=0
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Proof. According to the proof of Proposition 5.11, the set X is the union of the dou-
ble cosets Hyu; Ny with 0 <<i < [n/2]. The result then follows from Proposition 3.10
and from the fact that N, K = Z; K. O

5.13. We now give an example (due to Bertrand Lemaire) of a nonsplit k-group
such that Proposition 4.8 does not hold. We set G = Resy;GLo, where &’ is now
a ramified quadratic extension of k. The k-involution o is still induced by the
nontrivial element of Gal(k’/k) and we set H= GL,. Let %’ (resp. %) denote the
building of G (resp. H) over k.

Bruhat and Tits [1984b] give a description of the faces of %8 in terms of hereditary
O-orders of M (k). More precisely, there is a bijective correspondence

FP—)MF

between the faces of & and the hereditary O-orders of Mj(k), such that the sta-
bilizer of F in GL,(k) in the normalizer of Mg in GL,(k). For x € 9%, we will
denote by Jl, the hereditary order corresponding to the face of B which contains
x. We have a similar correspondence between faces of %’ and hereditary O’-orders
of M, (k). Moreover, since k" is tamely ramified over k, there is a bijective cor-
respondence j from the set B'” of o-fixed points of B’ to B such that, for any
x € B'?, we have
My = My N Ma (k).

Let g denote the cardinality of the residue field of k. As k' is totally ramified
over k, any vertex of % has exactly ¢ + 1 neighbors in %, and likewise for %'.
Let x be a o-invariant point of %’. Recall that, according to Proposition 3.8, it is
contained in a o -stable apartment.

e If j(x) is in a chamber of %, then x has ¢ + 1 neighbors in %’ but only two
o-fixed ones. Thus x has non-o-fixed neighbors.

o If j(x) is a vertex of %, then x has ¢ + 1 neighbors in %’ as in . There-
fore any neighbor of x in &’ is o-invariant, which implies that any o -stable
apartment containing x is o-invariant. For instance, this is the case of the
vertex x corresponding to the O’-order M (0’), as its image j (x) corresponds
to the maximal O-order M, (0") "M, (k) = M (0). For such a special point,
Proposition 4.8 does not hold.
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UNITAL QUADRATIC QUASI-JORDAN ALGEBRAS

RAUL FELIPE

Forty-six years ago, McCrimmon defined the notion of a unital quadratic
Jordan algebra. Here we introduce and study the notion of a unital qua-
dratic quasi-Jordan algebra, following earlier work by Loday, Velasquez
and the author.

1. Introduction

In the past century, among nonassociative systems, Jordan algebras and unital qua-
dratic Jordan algebras have occupied a very special place. For instance, Jordan
algebras occur in quantum mechanics in connection with the representation of
physical observables from an algebraic point of view.

It is well known that an associative algebra A gives rise to a Jordan algebra A™
via the Jordan product x oy = %(xy + yx); it also gives rise to a Lie algebra by
means of the product [x, y] = xy — yx. A Jordan algebra is called special if it is
isomorphic to a subalgebra of a Jordan algebra A™ for some associative algebra A;
otherwise it is exceptional. A major problem in the theory of Jordan algebra has
been, from the beginning, the classification of simple Jordan algebras. Its solution
began with the works of Jordan, von Neumann, Wigner and Albert around 1934
for finite-dimensional algebras and was concluded with Zelmanov’s outstanding
work in the general case [Albert 1934; Jordan et al. 1934; Zelmanov 1979; 1983].

Jordan algebras also play an important role in others areas of mathematics, such
as differential geometry (exceptional algebras; see for instance [Bertram 2000]),
and the analysis of nonconvex optimization problems over symmetric cones (specif-
ically, Euclidean Jordan algebras; see [Faybusovich 1997] for more details).

Unital quadratic Jordan algebras were introduced by McCrimmon [1966; 1978]
in order to understanding Jordan structures where there is no scalar % which neces-
sitate a quadratic approach based in the product xyx instead of xoy = %(xy +yx).
McCrimmon developed this concept to introduce uniform methods in the study
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of Jordan algebras over characteristic 2. In a strict sense, unital quadratic Jordan
algebras are not algebras, because they do not have a bilinear product; however,
their connection to Jordan algebras motivated this terminology.

More recently, Loday [1993; 2001] discovered interesting generalizations of
associative and Lie algebras, which are now well known as dialgebras and Leibniz
algebras. All this leads in a natural way to the question of finding a similar ana-
logue for Jordan algebras, and study the unital quadratic Jordan algebras associated
to these new structures. With this purpose, we introduced in [Veldsquez and Felipe
2008] the notion of quasi-Jordan algebras.

More specifically, a Leibniz algebra is a generalization of a Lie algebra where
the skew-symmetry of the bracket is dropped and the Jacobi identity is changed
by the Leibniz identity. Loday observed that the relationship between Lie algebras
and associative algebras translate into an analogous relationship between Leibniz
algebras and so-called dialgebras, which are a generalization of associative alge-
bras possessing two products: Namely, a dialgebra over a field K is a K-vector
space D equipped with two associative products

4:DxD—->D, F:DxD—D

satisfying the identities

(D xA(y-z)=x-(yF2),
2) xFy)dz=xF(-2),
(3) xFy)Fz=&Hy)Fz.

We say that e € D is a bar unit of D if forall x € D we have el-x =x =x e.

Loday showed that any dialgebra (D, -, <) becomes a Leibniz algebra under
the Leibniz bracket [x, y]=xdy — yFx.

Our notion of quasi-Jordan algebra bears to Leibniz algebras a relationship
similar to the one between Jordan algebras and Lie algebras. More precisely, in
[Velasquez and Felipe 2008] we attached a quasi-Jordan algebra QJ, to any Q-
Jordan element x in a Leibniz algebra. Soon, Kolesnikov [2008] and Bremner
[2010] (see also [Bremner and Peresi 2010]) found independently an interesting
particular case of quasi-Jordan algebras, in which the analysis of its derivations
has a promising future (see [Felipe 2009]). We observe that in a dialgebra over a
field of characteristic other than 2 the Jordan quasiproduct takes the form

“4) x<1y:=%(x—|y+y|—x).

In other words, any dialgebra over a field of characteristic other than 2 leads to a
quasi-Jordan algebra.
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In this paper we generalize the notion of unital quadratic Jordan algebras, be-
ginning with dialgebras. As we will see, one arrives to a new structure (the unital
quadratic quasi-Jordan algebra) which include the notion introduced by McCrim-
mon in 1966.

2. Definitions and basic examples

Definition 1 [McCrimmon 2004, page 83]. A unital quadratic Jordan algebra J
consists of a ®-module on which a product U,y is defined which is linear in y and
quadratic in x (i.e., U : x — Uy is a mapping of J into Endg (J), homogeneous
of degree 2), together with a choice of a unit element e, such that the following
operator identities hold, where we have defined

(5) Vx,yZ = Uxqy; = Uy —Uy)y
forall x,y,ze J:
(a) U, =1d.
(b) Vi Uy =U,Vy .
(c) Uy,y =U,U,U,.
Any associative algebra A determines a quadratic Jordan algebra Q At with the
product Uyy = xyx.
In his original paper, McCrimmon [1966] included in the definition of unital
quadratic Jordan algebras the condition that the identities (b) and (c) remain valid
under extensions of the ring of scalars, and pointed out that this condition is equiva-

lent to the assumption that the linearizations of the identities hold. He subsequently
eliminated this requirement [1978; 2004]. We return to this point in Section 3.

Definition 2. A unital quadratic quasi-Jordan algebra over a field K is a quadru-
ple (3, U, W, e), where J is a K-vector space, e is a distinguished element of J,
and U and W are maps a — U, and a — W, of J into Endg (J) satisfying the
following axioms:

QQINH U,=1d and W,e =e.
(QQJ2) WU, V) r =W, V, U, forall x, y, z C S, in the notation of (5).
(QQJ3) Uy,y = U U,Uy, for every x, y C 3.
(QQJ4) U; e = A*Uye for any x € 3.
We say that e is the unit of the unital quadratic quasi-Jordan algebra.

The need for a second operator W arises as follows. We wish to include split
quasi-Jordan algebras (where the product < is right commutative) among unital
quadratic quasi-Jordan algebras. But in general, it is not true that U, V) , =V, , U,
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for unital quadratic quasi-Jordan algebras, as will become clear after Lemma 4. The
operator W is responsible, so to speak, for ensuring that U.) and V(. .) “commute”
(QQJ2). Moreover, we want to be able to construct quasi-Jordan algebras from
unital quadratic quasi-Jordan algebras (Section 4).

Lemma 3. Any unital quadratic Jordan algebra is a unital quadratic quasi-Jordan
algebra in which W, = U, for all a € 3. In this case Uy is K-quadratic with respect
to x.

Proof. This is immediately checked from the definitions. ([
The real motivation for Definition 2 is the following lemma.

Lemmad. Let (D, -, -, e) be a unital K-dialgebra. We need not suppose that the
field K is of characteristic other than 2. Define

Uy=CxkFy)dx=xkF(y-dx), Wy=x-dy) dx=x-(y-x).

Then (D, U, W, e) is a unital quadratic quasi-Jordan algebra, for which U and W
are homogeneous of degree 2 (as maps D — Endg (D)).

The unital quadratic quasi-Jordan algebra built from a unital dialgebra D will
be denoted by (Q Q (D), e).

Proof. 1t is clear that U,x = x for all x € D. Next, Wee = (e 1e) e = e.
The homogeneity condition —that is, U,y = AU vy and W,y = A2 W,y for any
x,y € J and any scalar L —is also easy to check.

To show that QQJ3 holds, we write

Uu,yz =Upry)x2 = (((x Fy)-x) I—z) H((xFy)dx)
= ()0 (24 ((xFy)—x))
=((xFy A0k (24 -x)
=((xFy) 4 (z4xH(yx))
=((xFyFx)F(z4@ Ay x)
=@kFyF@EEEAEAE X))
=@ FyF(U2)H(y )
=U,U,U,z.

)
)
)
)

To simplify the rest of the proof we introduce some notation. If aj, as, ..., a,
are elements of D and 1 <k < n, we set

alay...ag—1axdk4+1 - - - Ap—10ap
=(@mkrak--FarFa_)Fa (@ a2 - Hay— Hay),

where the right-hand side is well defined by associativity.
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Next we verify the axiom QQJ2. We have

WU Vy xz = WUl (yEx)dz+ (2 x) Y]
= W[(xF((yFx)H2)) dx+ (x F ((zFx) Hy)) Hx]
= (cH((xF((yFx)H42) Hx)) de+ (e ((x = ((zFx) Hy) —x)) He
= CXYXZXC+CXZXYXC;

on the other hand

WeVe Uiz = WeVi y((xF2)x)
= W[(xF»)H((xF2)=x) + ((x F2) Hx) F y) —x)]
= (c—|((x|—y)—|((x|—z)—|x)))—|c+(c—|((((x|—z)—|x)|—y)—|x))—|c
= CxXyxzxc-+cxzxyxc.

Thus, QQJ2 follows. Finally that U, and W, belong to Endg (D) for any x € D
is evident. O

Itis not hard to see that U, Vy , and V, , U, need not coincide for unital quadratic
quasi-Jordan algebras. In fact, from the proof of Lemma 4 it follows that

(6) UcVyrz=(xH((yFx)H42) dx+ (x F (zFx) y)) x,
(7) ViyUz=((xFy) 1 ((xF2)=x) + (((x F2) Hx) Fy) Hx).

Taking x = e, one obtains from (6) that U,V .z =yFe-z+zle-y, and from (7)
that V. yU,z =y -1z +z+y. Thus, for nonzero y € Zg(D) we have U.V, .e =0,
but V, ,U.e =2y, which is nonzero if the characteristic is not 2.

3. Linearization

We now turn to the “linearization interpretation” of the axioms in Definition 2. We
restrict ourselves to the case of unital quadratic quasi-Jordan algebras (Q Q (D), e).
Recall that in the proof of Lemma 4 we used the equality

Vx,yz=(X|_)7)_|Z+(Z}_y)_|x.

Recall also that U,y = (x +y) —x. If we replace x by x 4+ «z in this latter equality,
we obtain

Usiazy = Ury + (Ve y2)a + (U y)a?;

that is, we can consider to V, , as the “linearization” of U, which justifies its
presence in axiom QQJ2.

One can see, after a cumbersome calculation, that if the field of scalars over
which a unital quadratic quasi-Jordan algebra (Q Q(D), e) is defined has at least
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four elements, the linearization of QQJ2 is

@) Wy(UxVy wz+Vu, v, 2X) = Wy (Vi yUxz+ Vs y Vi ox)  for v, x,y,z, we D.
If the field of scalars has at least five elements, linearizing QQJ3 we obtain

) UiUy Vi wz+ Vuu,u,:X = Vv, x.2Uxy,

for all x, y, z, w € D. Thus, if D is a dialgebra with a bar unit defined over a field
with at least five elements, the axioms QQJ2 and QQIJ3 for (QQ(D), e) can be
linearized in the form (8) and (9) respectively.

4. Relation to quasi-Jordan algebras

Let (D, F, H, e) be a unital dialgebra. The unital quadratic quasi-Jordan algebra
(QQ(D), e) is restrictive, that is, it satisfies the condition

(10) VZ’(V(Vy,).e),xe)e_V(Vz,(\/_\,.,ye)e)’xe = 2Vy’(Vz,(Vy'xe)e_V(szye),xe)e’

for all x, y, z € 3. Indeed, (10) is the Bremner—Kolesnikov identity for the quasi-
Jordan product defined from dialgebras [Bremner 2010; Felipe 2009; Kolesnikov
2008].

It is well known that any unital Jordan algebra (J, e, ) over a field of charac-
teristic other than 2 gives rise to a unital quadratic Jordan algebra (and so also a
unital quadratic quasi-Jordan algebra) for which, if R,y denotes the product of y
by x,

Usy=QR;—Rp2)y and xey=1(Uswy—U;—Uye=K, ye.

At the same time, Bremner [2010] has shown that the Bremner—Kolesnikov identity
holds in Jordan algebras. Hence, we have

K (Kq,(kyperec€ — Ka.(K (i, ye).c0€ = 2K (K (i, o) ceKa(Kpoe) )b

foralla, b, ce J. Since V, , and K , act differently on a element, this last equality
is distinct from (10). This is not surprising, because in general the quasi-Jordan
algebra arising from a dialgebra is not a Jordan algebra.

We know that by means of the right and left products of a K-dialgebra over a
field K of characteristic other than 2, we can build a new product on the same
underlying vector space (see below after the next definition) with respect to which
it becomes a quasi-Jordan algebra (in fact, this new product is right commutative).
See [Veldsquez and Felipe 2008; 2009] for details.

Definition 5. A quasi-Jordan algebra is a vector space J over a field K of a char-
acteristic other than 2 equipped with a bilinear product <: I x ¥ — J such that

(1D x<(y<z)=x<(z<y) (right commutativity)
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and

(12) (y<x) ax?= (y <1x2) <x (right Jordan identity)
for all x, y,z € J, where x2=x<ax. A unitof a quasi-Jordan algebra J is an
element ¢ € J such that x «xe = x for all x € 3.

Example 6. As noted earlier, quasi-Jordan algebras appear in the study of the
product

(13) xay:=ix-dy+ykx),

where x and y are elements in a dialgebra (D, |-, -) over a field K of characteristic
other than 2. The quasi-Jordan algebra defined over D with the product (13) is
denoted by (I(D), <).

From the results above we see that if D has a bar unit e, our construction defines
over D a unital quadratic quasi-Jordan algebra (Q Q(D), e). In this case we have:

Lemma 7. For any x € Q Q(D), the linear transformation U, can be recovered as
Uey = (Q2R>—R,)y,

where Ry is right multiplication by x (that is, the element of End(3(D)) defined by
R,y =y <x). The product < in ((J(D), <), e) is recovered as y <x = %Vx,ye.

Proof. We prove the first statement; the proof of the equality y <x = %Vxﬁye is
similar. In fact,

(2RZ—R,2)y
=2(y<x)<dx —y<a(x<x)
=%((y—|x+x|—y)—|x+x|—(y—|x+xl—y))—JT(y—|(x—|x+x|—x)—|—(x—|x+xl—x)l—y)
=xkFy) dx=U,y. O
For a quasi-Jordan algebra ¥ we introduce
Z' () ={ze€J:x<z=0forall x € J}.

We denote by I*™ the subspace of I spanned by elements of the form x<y—y<x,
with x, y € 3, and call it the annihilator ideal of the quasi-Jordan algebra J. Then
3 is a Jordan algebra if and only if I*"" = {0}. It follows from right commutativity
(11) that in any quasi-Jordan algebra

x<(y<z—z<y)=0.

The last identity implies that I*™ C Z"(3J). One can prove that both J*"" and
Z" () are two-sided ideals of J. Now recall from [Veldsquez and Felipe 2008]
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that if J is a unital quasi-Jordan algebra, with a specific unit e, then
(14) JM=7"(3), [IM=[{xecJ:e<xx=0).

It is now clear that units in quasi-Jordan algebras are not unique; indeed, the set of
units U, (J) of J is given by

U (J) ={x+e:x eI

Definition 8. Let I be a quasi-Jordan algebra and let / be an ideal in J such that
Ja C I C Z" (). We say that J is split over I if there is a subalgebra J of J such
that I =1 @ J as a direct sum of subspaces.

Clearly, if ¥ is split over an ideal I with complement J, then J is a Jordan
algebra with respect to the product « restricted to J. This is equivalent to saying
that (J, <|;) is a Jordan algebra. In fact, for x,y € J, then x <y, y<x € J and
x<y—y<x € INJ ={0}; that is, <|; is commutative and therefore the right Jordan
identity over J implies that (J, <|;) is a Jordan algebra.

Additionally, fora, b € I and x, y € J we have

(a+x)<(b+y)=a<y+x<y,

because I C Z"(J).
Reciprocally, let (J, ») be a Jordan algebra and let M be a Jordan bimodule over
J. We consider the direct sum J := M @ J and we define the product < over I by

(@a+x)<a(b+y)=ay+xey,

for all a,b € M and x,y € J. Then (3, <) is a quasi-Jordan algebra, called the
demisemidirect product of M with J.
It is possible to see that I*"™ = M J and

Z7Q)=Md{yeZ(J):uy=0"forall u € M},

where Z(J) ={y € J :xey=0forall x € J}. Finally, M = M & {0} is an ideal of
3 such that I*™ Cc M C Z' (). In addition, /M = J and 3 is split over M with
complement J.

Let (S, ¢) be an algebra. Assume that =1 J, where (J, ¢) is a Jordan algebra
and [ is an ideal of J. In general 7 is not a Jordan bimodule over J with respect
to the product «. However, we can define a new product on I by

(15) (a+x)<(b+y)=aey+xey,
foralla,bel and x,y € J.

Lemma 9. Let (3, ») be an algebra such that 3 = 1 & J, where (J, ») is a Jordan
algebra and I is an ideal of 3. Suppose that (aex*)ex = (aex)ex’ foralla e I
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and x € J, where x> = x o x. Then (3, <) is a quasi-Jordan algebra, where < is the

product defined by (15). Moreover I*™ C I C Z" ().
We refer to (3, <) as the demisemidirect product of I with J.

Proof. The product (15) is right commutative; in fact, if a, b,ce [ and x, y, z € J,
(@+x)<a((b+y)<(ct+z)=ae(yez)+xe(yez)
=as(zey)+xe(zey)
=@a+x)<((c+z)<b+y)).
Observe that (a +x) <(a +x) = a e x + x>. Now
(b+y)a@+x))<a(@ex+x2)=(box)sx’+ (yox)ex’
= (bex?)ex+ (yex?)ex
= ((b+y)a@ex+x*)a(a+x).
Thus, the right Jordan identity holds. On the other hand,
(@a+x)<b+y)—(b+y)<(a+x)=aey—bexel.
It shows that I?" C [. Finally, we have
(a+x)xb=(a+x)<x(b+0)=ae0+x¢0=0,
which implies that I C Z" (3). O

Theorem 10. Let I be a quasi-Jordan algebra and let I be an ideal of 3 such that
I I C Z" (). Then S is split over I if and only if I is the demisemidirect
product of I with a Jordan algebra J.

Proof. This follows from Lemma 9 and the discussion preceding that lemma. [J

The property of being a split quasi-Jordan algebra is important for us, among
other reasons because every quasi-Jordan algebra is isomorphic to a subalgebra of
a split quasi-Jordan algebra.

Now suppose that J is a split quasi-Jordan algebra with a specific unit e. Since,
by (14), I*™ and Z" (J) coincide, there is a Jordan algebra J such that I =" J.

Because e € J is a unit in 3, there are elements a € I*™ and € € J such that
e=a+e. Ifb+yel, withbeI*™ and y € J, we have

b+y=0b+y)<e=(b+y)<(a+e)=b<e+y<e=(b+y)<e.

The last equality implies that € is a unit in J and a unit in the Jordan algebra J.
Also, € is the only element in J such that a 4 € is a unit in J for all @ € I*™. This
shows that the units in a split quasi-Jordan algebra are of the form a +¢€, where a €
I and € is the unique unit of a unital Jordan algebra; hence U, (J) = 3™ @ {¢}.
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Theorem 11. Let I = I*™ @ J be a unital split quasi-Jordan algebra and € € J a
unit of I which is also the unique unit of the Jordan algebra J. Then (3, U, W, €)
is a unital quadratic quasi-Jordan algebra in which U and W are defined as follows
(if x, y € J, we denote the product of x with y by xy instead of x < y):

(16) Ustx(b+y)=b+Ury, Wex(b+y)=—a<y+(xy),
where a,b € 3™, x,y € J and Uyy = (2R? — R,2)y. Here R,y = yx = xy.

As the reader probably has noticed, where no misunderstanding can arise, we
will use the letter U to denote simultaneously the map U, for any a +x € J and
the map U, for every z € J.

Proof. Keep in mind that J is a Jordan algebra. We have U.(b+y) =b+ Uy =
b+ y; thus U, = I;. At the same time, W.e = €.

Obviously U,y (b+ y) and W,,(b+ y) are linear with respect to (b + y) and
Us(atx)€ = Usr€ = A2Ur€e = AUy r€.

Next,

17 Uty (b4 (€ +2) = Upsu,y(c +2) = ¢ + Uy, 2.
On the other hand,
(18) UaxUp1yUsix (¢ +2) = Uaqx Upty(c + Uy2)
=Uyix(c+UUsz) =c+ U U,U,z;
since Uy, yz = U U,U,z. From (17) and (18) we have
Uv,,c(0+y) = Uax UpryUgx.
Next we check condition QQJ2. First we obtain
(19) Vio+y).(a+x) (€ +2) = Up+o)+(+2) — Up+y) — Ue2)) (@ +x)
=(@+Uyix) —(a+Uyx) —(a+U,x)
=—a+ Uy x —Uyx—Ux)=—a+V,,z.
Similarly, V(a4x),(+y)(c +2) = —b+ V, ,z. Hence
Uatx Vib+y),(a+x) (€ +2) = Uayx(—a+ Vy x2) = —a+ U Vy 12,
which implies that

(20) Wd+w Ua+x V(b+y),(a+x) (C + Z) = Wd+w(—a + Ux Vy,xZ)

=—d<a(U,Vy,2) +w(U,Vy 1 2).
Observe also that

Via+x).(0+y) Ua+x (ct+2)= Via+x).(b+y) (c+Uyz) =—b+ ViyUxz,
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and from this we conclude that

(21) Watw V(a-i—x)»(b-i—y) Usix(c+2) = Wy (—=b+ Vx,y Uxz)
=—d<a(Vy Uy2) +w(Vy ,Uy2).
Using the commutativity property U,Vy , = V, U, of Jordan algebras, it fol-

lows from (20) and (21) that W4, U,y Vv, @trx) = Watw Viatx), 4y Ua+x for
all (a+x), (b+y), (d+ w) € 3. This concludes the proof of the theorem. O

Let I = 3% @ J be a unital split quasi-Jordan algebra with € € J as unit,
then we denote g (J) for the unital quadratic quasi-Jordan algebra (3, U, W, €)
corresponding to the previous theorem.

5. Split unital quadratic quasi-Jordan algebras

For a unital quadratic quasi-Jordan algebra (3, U, W, e) we put
Z'(3)={z€J: Wyz=0forall x € J}.
We denote by 3™ the subspace of J spanned by elements of the form
(UyVyx—VyyUyz, withx,y,z€3.
3 is a unital quadratic Jordan algebra if and only if I*" = {0} and U, is K-quadratic
with respect to all x € 3. From QQJ2 follows that I*"™ C Z" (3).

Proposition 12. If (I, U, W, e) is a unital quadratic quasi-Jordan algebra, the

unit e does not belong to I*™".

Proof. Otherwise, one can write e = ) (U, Vy, x, — Vi, Uy, )i, where the sum is
finite. Applying W, to this equality and taking into account QQJ1 and QQJ2 we
obtain e = 0, which is impossible. O

In fact a more general statement holds: e does not belong to Z" ().

Definition 13. We say that a unital quadratic quasi-Jordan algebra (3, U, W, e) is
split if there exists a subspace QJ such that I = J*™ @ QJ as a direct sum of
subspaces and U, QJ C QJ forallx € QJ.

Lemma 14. Let (I, U, W, e) be a split unital quadratic quasi-Jordan algebra such
that 3 = 3" @ QJ. Then, if U is K-quadratic, QJ is a unital quadratic Jordan
algebra.

Proof. Take x, y,z € QJ. We have (U, V,  — V, ,Uy)z € 3" N QJ; therefore
(Ux Vy,x - Vx,yUx)Z =0,

so U, Vy , =V, Uy forall x,y € QJ. This shows that (QJ, U|gs, Wigy,e) is a
unital quadratic Jordan algebra. (]
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Now suppose that (D, -, -, e) is a unital split dialgebra such that D = D*"" @A,
where A is an associative algebra (so == - on A) and e is a bar unit of D which
is the unique unit of A. (D*", the annihilator ideal of D, is the subspace of D
spanned by elements of the form x 4y — x - y; see [Veldsquez and Felipe 2009]
for details). Then

(a+i)d40+j)=(@j)+ij and (@+i)-b+j)=>0Fb)+ij,

where a, b € D*™" and i, j € A, moreover D*" is spanned by elements of the form
a—iand k+b.

Theorem 15. If D = D" & A is a unital split dialgebra as above, the unital
quadratic quasi-Jordan algebra (Q Q (D), e) is split.

Proof. Since U,y = (xFy)dx =xyx € Aif x, y € A, it is sufficient to check that
D™ = (QQ(D))*™". Now, it is easy to show through calculation that the term in
the expression

(22) Uta+iy Vb)), @a+iy (€ + k) = Viatiy, o+ j) Uta+i) (¢ + k)

that belongs to A is (i ((ji)k)) i+ @ ((ki)j))i—((ij)((k)i))—(((ik)i)j)=T;but
since A is associative we conclude that 7 = 0. The remaining four terms are of
the form d -/ and m - f. It follows that (Q Q(D))*" C D*™. On the other hand,
taking i = j = e in (22), this expression will be equal toa4k+kFa—b—k—kFb.
Setting b = 0 we conclude that the elements of the form d 4/ and m - f (which
span D) can be obtained by means of (22). Thus D*™ C (Q Q(D))*"". This
completes the proof of the theorem. U

Proposition 16. Let o (I) = (I, U, W, €) be the unital quadratic quasi-Jordan
algebra associated to a unital split quasi-Jordan algebra 3 = 3*™ & J withe € J
as a unit. Then () is split.

Proof. 1t follows from (16) that U,y € J for any x, y € J. At the same time,

(Ua+x V(h+y),(a+x) - V(a+x),(b+y) Ua—i—x)(c +2) =(—a+U, Vy,xZ) - (_b + Vx,y Uyz2)
=b—a,

where a, b,ce 3™ and x, y, ze€ J. We obtain b = U, V(p1y),x — Vi, (p+y) Ux) (c+2)

by setting a = 0. Since b € I*™ is arbitrary, this implies that g (J)*" = J*". [

6. Concluding remarks

We propose a few possible directions of work:

(1) Inner ideals play a role in the theory of quadratic Jordan algebras analogous
to that played by the one-sided ideals in the theory of associative algebras. It
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is therefore important to develop a corresponding ideal theory for quadratic
quasi-Jordan algebras.

(i1) Although representations do not play as much of a role in the theory of Jordan
algebras as they do in the associative or Lie theories, we propose to develop a
representation theory for unital quadratic quasi-Jordan algebras. There exists
some previous work of McCrimmon about this subject for quadratic Jordan
algebras.

(iii) One of the most controversial concepts about dialgebras and quasi-Jordan al-
gebras, one which is still under study, is that of a regular or invertible element.
We think the reason for this is the nonuniqueness of the unit in these algebraic
structures. Hence, an interesting subject of study could be the notion of a
regular element on a unital quadratic quasi-Jordan algebra. Maybe this could
help unify views and opinions in the near future.

(iv) There are some techniques for establishing identities in Jordan algebras and
quadratic Jordan algebras, among which the best known are Macdonald’s prin-
ciple, Kocher’s principle and McCrimmon’s principle. It would be useful to
find corresponding principles for unital quadratic quasi-Jordan algebras with
the help of which we may know, for instance, whether (8) and (9) hold for
any unital quadratic quasi-Jordan algebra.
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THE DIRICHLET PROBLEM
FOR CONSTANT MEAN CURVATURE GRAPHS IN H x R
OVER UNBOUNDED DOMAINS

ABIGAIL FOLHA AND SOFIA MELO

We study graphs of constant mean curvature H in H x R, where H is the
hyperbolic plane. When 0 < H < %, we find necessary and sufficient condi-
tions for the existence of these graphs over unbounded domains in H, having
prescribed, possibly infinite, boundary data.

1. Introduction

This work deals with graphs in H x R, where H is the hyperbolic plane, having
constant mean curvature H defined over unbounded domains in H. In the Euclidean
space R3, Finn [1963; 1965] and Jenkins and Serrin [1966] studied the existence
of a function whose graph over a bounded domain % C R? is minimal and has
prescribed boundary data. Finn studied the behavior of graphs in R* over bounded
convex domains in R? having constant mean curvature H = 0 and established
criteria to determine when a graph tends to infinity over a boundary arc of the
domain. Jenkins and Serrin showed that necessary conditions for the existence of
graphs over a domain D C R? having unbounded boundary values given by the
flux (see Section 5 for precise definition) on D are also sufficient.

The work of Jenkins and Serrin inspired many extensions to other ambient
spaces and some of their ideas are present in these extensions. In H x R the exis-
tence theorem was proved by Nelli and Rosenberg [2002]. Collin and Rosenberg
[2010] treated the case in which the domain % in H is unbounded and Mazet,
Rodriguez and Rosenberg [2008] dealt with a more general setting. Spruck [1972]
extended the theorem of Jenkins and Serrin to constant mean curvature graphs in R
over bounded domains of R?. Spruck’s work introduced an important idea for the
case H # 0: the reflection of the curves in order to get values —oo over boundary
arcs. The case of graphs of constant mean curvature over bounded domains in H
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was considered by Hauswirth, Rosenberg and Spruck [2009]. There are other arti-
cles about this theory; see, for example, [Rosenberg 2002; Pinheiro 2009; Géalvez
and Rosenberg 2010].

It is a well known fact that there is no entire graph for H greater than 1/2 in
H x R; moreover, Hauswirth, Rosenberg and Spruck [2008] prove that a complete
graph with H =1/2 in H x R is an entire graph. Hence, we consider in this work
values of H > 0 less than 1/2. We take a convex domain % whose boundary 0%
is composed of ideal arcs {A;}, {B;} and {C} such that the curvatures of the arcs
with respect to the domain are k(A;) =2H, k(Bj) = —2H and «(Cy) > 2H. We
give necessary and sufficient conditions on the geometry of the domain % which
assure the existence of a function u defined in %, whose graph has constant mean
curvature and u assumes the value 400 on each A;, —oo on each B; and prescribed
continuous data on each C. The conditions, as in Jenkins and Serrin’s work [1966],
will be considered in terms of the lengths and the areas of inscribed polygons.
Since these quantities are infinite in general, the formulation of the conditions is
somewhat delicate. For an example, the reader may look at Section 8. In order to
control lengths we do the same as Collin and Rosenberg [2010]; however, the new
and key idea appears when we consider the area and we split it in two parts, one
finite and the other infinite (see Section 3).

This paper is organized as follows. In Section 2, we introduce notation. In
Section 3, we state the main theorems, which will be proved in Section 7. Sec-
tions 4 and 5 contain general maximum principles and the flux formulas, which are
useful tools to prove preliminary results and the necessary conditions of the main
theorems. In Section 6, we state results about divergence lines, which are essential
to prove the sufficient conditions of the main theorems. Finally, in Section 8, we
construct an example.

2. Notation

Let H be the hyperbolic plane, and H x R be given the product metric. Let u : D C
H — R be a function in C%(D), where D is a simply connected domain. Denote
the graph of u by S = Graph(u) ={ (p, u(p)) | p€ D }. Since § is a graph, there are
two choices for the unit normal vector N (P) to S at a point P = (p, u(p)), p€ D.

We choose
—Vu + 8;

VT4 1Vul?

N(P) =

that is, the normal vector pointing up.

Let ?I) (P) be the mean curvature vector of S_a)u P. The mean curvature function
of S at a point P is defined by H(P) = (N, H)(P). Consider graphs with 0 <
H(P) < % for all P € §; in particular, ?I) points up.
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The graph S has constant mean curvature H if H(P) = H for all P € §. This
means u satisfies the equation

. < Vu >
(D) Mu :=div| —— | =2H,
V1+|Vul?

where the divergence and gradient are taken with respect to the metric on H. A
function that satisfies this equation in D is called a solution in D. We will use the
notation X,, = Vu/W,,, where W, = /1 + |Vu|?.

Let E C H be a smooth curve. Denote by «(p) the (nonnegative) curvature of
E at a point p € E and when «(p) = K for all p € E, we will say «(E) = K.
When E is a boundary arc of a domain D, we will often let k (p), p € E, denote
the algebraic curvature of E at p with respect to D, that is, k (p) > 0 if E is convex
with respect to D, and «(p) < 0 otherwise.

We will consider ideal domains in H whose asymptotic boundary is composed
only of a finite number of isolated points. Domains mean a connected, simply
connected open set. The boundary of an ideal domain will be called ideal polygon.

3. Main theorems

In this section, we state the theorems that give necessary and sufficient conditions
for the existence of constant mean curvature graphs which take the boundary values
+00 on certain arcs A;, —oo on arcs B; and continuous data on arcs C;.

Definition 3.1 (admissible domain). We say that an unbounded domain % in H is
admissible if it is simply connected and 09 is an ideal polygon with sides {A;},
{B;} and {C;} satisfying k (A;) =2H, k(B;) = —2H and «(C;) > 2H, respectively
(with respect to the interior of ). Suppose that no two of the arcs A; and no two
of the arcs B; have acommon endpoint. Moreover, all the sides of 3% are contained
in H and all the vertices of 9% are in the asymptotic boundary of H.

Definition 3.2 (Dirichlet problem). Let % be an admissible domain and fix 0 <
H < % The generalized Dirichlet problem is to find a solution of (1) in % of
mean curvature H, which assumes the value +00 on each A;, —oo on each B; and
prescribed continuous data on each C;.

Definition 3.3 (admissible inscribed polygon). Let & be an admissible domain.
We say that ? is an admissible inscribed polygon if % C % U 09, its sides have
curvature =2 H and all the vertices of % are vertices of %.

In [Hauswirth et al. 2009], the Dirichlet problem was solved for bounded ad-
missible domains. The necessary and sufficient conditions in this case are in terms
of the lengths and areas of inscribed polygons. When the domain is unbounded,
these quantities can be infinite. Using the ideas in [Collin and Rosenberg 2010],
we control the lengths as follows.
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Let % be an inscribed polygon in & and let {d;} be the vertices of . Consider
the set

O ={¥; | %, is ahorocycle at d;, 3, NH; = T, i # j,

and these horocycles satisfy condition (5) }.

Remark 3.1. We define condition (5) in Section 7. This is a technical condi-
tion which is always satisfied for sufficiently “small” horocycles at the vertices d;.
Throughout we only consider horocycles #; contained in this set ®.

Let F; be the convex horodisk with boundary #;. Each A; meets exactly two
horodisks. Denote by A; the compact arc of A; which is the part of A; outside the
two horodisks; we define |A;| as the length of X,-. For each arc n; € % we define
n; and |n;| in the same way.

We define

a@) =Y |Ail, B@) =) |B| and @) =) Il

A ep B; eP /

where @ =, n;.

Now, let y; = (; N (D U d%). Consider y;* the geodesic reflection of y; about
the geodesic joining the endpoints of y;.

Denote by €2 the domain bounded by % and Q= U (&N Fj), where the area
A(2N F}) is finite.

Let % = {#;};=1,....» be a family of horocycles.

For each family #, we define

A(Q) = A(Q) + A(RQ),
where

sA(Qy) = (2 — (U; (RN F)))

for all i. This definition plays an important role in this work — actually, this is the
key idea which we need to extend previous results of [Collin and Rosenberg 2010;
Hauswirth et al. 2009] to our setting. In Section 7, we will point out where this
definition is used.

Notice that the definitions of @ (%), 8(%) and /(%) can be extended to the bound-
ary of ¥ and &E(Q) to 9.

Remark 3.2. When 09 only has sides of type A; and B;, we have that &Z(Eb) =
A(D), because (2D N F;) is finite for all i (this may be infinite when there are
arcs C; present). Also, in this case, for all admissible polygons % in % we have
AQ) = A(Q).

With these definitions we can state the main theorems.
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Theorem 3.1. Consider the Dirichlet problem in an admissible domain % and
suppose the family {C;} is empty. Then, there exists a solution to the Dirichlet
problem if and only if for some choice of the horocycles (in ®) at the vertices,

) a(d9) = B(0D) + 2H A(D)

and for all admissible polygons P,

(3) 20(P) < [(P)+2HAQ) and 2B(P) < [(P) —2HA(RQ).
Now we remove the hypothesis that {C;} is empty from Theorem 3.1.

Theorem 3.2. Consider the Dirichlet problem in an admissible domain % and
suppose the family {C;} is nonempty. Then there exists a solution to the Dirichlet
problem if and only if for some choice of the horocycles (in ®) at the vertices,

4) 20(P) < 1(P)+2HA(Q) and 28(P) < (P) — 2HA(Q)

for all admissible polygons P.

4. Maximum principles

The next results are general maximum principles for sub- and supersolutions of
the constant mean curvature operator for boundary data having a finite number of
discontinuities. The first one is in a bounded domain and the second one is in an
unbounded domain. First we state a local lemma whose proof is in [Hauswirth
et al. 2009].

Lemma 4.1. Let u' and u? be functions in C*(D), D C H. Then

Vu' Vi
Vu! —v 2,———>>0,
< T T W =
with equality at a point if and only if Vu' = Vu?®. Here W; = W(Vu'), W(p) =

JI+IpRi=1,2

Theorem 4.1 (general maximum principle 1). Let u' and u® satisfy Mu' > 2H >
Mu? in a bounded domain D C H. Suppose that liminf(u®> — u') > 0 for any
approach to d D with the possible exception of a finite number of points of dD.

Then u? > u' with strict inequality unless u?=ul.

Theorem 4.2 (general maximum principle 2). Let D be a domain with 0D an
ideal polygon. Let W C D be a domain and let u', u> € CO(W) be two solu-
tions of (1) in W with u' < u? on dW. Suppose that for each vertex p of 3D,
lim inf disty(T"1, ;) — O as one converges to p, where I'1, ' are the curves on 0 D
with p as vertex. Then u' <u®in W.
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The proof of Theorem 4.1 is given in [Hauswirth et al. 2009]. The proof of
Theorem 4.2 is analogous to the one of Theorem 2 in [Collin and Rosenberg 2010]
using Lemma 4.1.

We will see examples of barriers which will enable us to control convergence
of solutions on dD, when we know they converge in D. Then the limit of the
sequence on the boundary is the limit of the boundary values and the limit solution
extends continuously to the boundary. The following examples can be found in
[Hauswirth et al. 2009].

Example 4.1. Let B C H be a ball of radius § centered at p. Let p; and p, be
“antipodal” points on d B. We choose points d;, d» on d B symmetric with respect
to the geodesic through p; pp>. Now let By be an arc of curvature —2H (as seen
from p) joining dy, d> and set A} = B}, where By is the geodesic reflection of Bj.
Let B, be the reflection of By with respect to the geodesic orthogonal to pjpp>
through p, and set A, = B} For § small compared with H, there is a solution u™*
in B, the connected domain bounded by Aj, A, and arcs of d B such that u™ is
+oo on A; and A, and a constant M > 0 on the rest of d B*. Similarly, there is a
solution #~ in B™, the domain bounded by By, B; and parts of d B such that ™~ is

—oo on By and B; and a constant —M, M > 0 on the rest of 9B~

Figure 1. Domains of the solutions ™ and u~ in Example 4.1.

5. Flux formulas

In this section, we state some results about the flux of a solution. As in [Jenkins
and Serrin 1966], the flux will give us the necessary conditions, which also will
be sufficient, to the existence of solutions having infinite boundary values. Finn
[1963] proved that if a minimal solution in Euclidean space tends to +o00 or —oo
over a boundary arc I', then I' is a line. The flux formula gives the requirement on
the curvature of the boundary arcs of an admissible domain.
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Letu € C2(D)NC' (D) be a solution in the bounded domain D. Then integrating
(1) over D, we have
< Vu

2HA(D) =/ A v>ds,

3D
where A (D) is the area of D and v is the outer normal to dD. This integral is
called the flux of u across 9 D. Let n be a subarc of 9 D (homeomorphic to [0, 1]).
Even if u is not differentiable on 1 we can define the flux of u across 7 as follows;
see [Hauswirth et al. 2009].

Definition 5.1. Choose Y to be an embedded smooth curve in D so that n U Y
bounds a simply connected domain Ay. We then define the flux of u across n as

F,(n) =2Hs(Ay) — /

<Vu
T

W,v>ds.

The last integral is well defined, and F,, (1) does not depend in the choice of Y.
With this definition we can remove the condition u € C2(D) N C!(D) and state
important flux formulas, whose proofs are in [Hauswirth et al. 2009].

Theorem 5.1. Let u be a solution in D.
(1) If 9D is a compact cycle, we have F,(0D) =2H A (D).
(ii) If D is bounded in part by a C' arc n, then:
(a) If u tends to 400 on n, we have k (n) = 2H and

(5= .

n

(b) If u tends to —oo on n, we have k(n) = —2H and

/]7(% v>ds =—|n|.

(¢) Ifnis C?, k(n) = 2H and u is continuous on 1, we have

()
—,v)ds
[(%
Lemma 5.1. Let D be a domain bounded in part by an arc n with k(n) = 2H.
We take a sequence of solutions {u,} in D with each u, continuous on n. Then if

the sequence diverges to —oo uniformly on compact subsets of D while remaining
uniformly bounded on compact subsets of n, we have

<nl.

lim <ﬂ,v>ds=|n|.
T

n—oo W

The next lemma is almost a converse of the above Theorem 5.1. We follow the
ideas in [Mazet et al. 2008].
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Lemma 5.2. Let u be a solution in D. Let 1 C dD be an arc with k() =
2H (k(n) = —2H) such that F,(n) = |n| (F,(n) = —|n|), for every compact arc
n C 1. Then u takes boundary value +00 (—o0) on 1.

Proof. Suppose that «(77) = 2H. Let n be a compact arc as in the lemma, small
enough so that the domain A bounded by 1 and n* (the geodesic reflection of 7) is
contained in D. Consider the solution v which takes values +00 on n and v =u on
n*; this solution exists by [Hauswirth et al. 2009, Theorem 7.11]. We need to show
that # = v. If this is not the case, the set O = {u —v < €} is nonempty, where € > 0
is a regular value of u — v. Let D’ be the connected component of the complement
of O in A which has dA — n in its boundary and let O’ be the complement of
D' in A, s0 O C O" and 30" C d0. Let g be a point in 90’ — n. For u > 0,
let O'(n) be the set defined by O'(n) = {p € O’ | disty(p, n) > u}. Let q1, ¢
be the endpoints of the connected component of 30" N dO0’(i) which contains
q. Let p; be the projection of ¢g; on 5. Let 9] () be the domain bounded by the
segments [py, q1], [p2, g2], the arc [p1, p2] C n and the boundary component of
O'(w) between q1, g2, which is denoted by I'(i). On I'(u) the vector X, — X,
points outside 0 (w). Calculating the flux of u — v across 30’ gives

oznﬂzf <m—xmw+f <n—xmw+f (X — Xo ) .
r'(w) [p1,911U[p2.92] [p1,p2]

So applying the flux formula, we have

0</ (L_me:_/' <&—xmw—f (X — Xo, v)
() [p1,911V[p2,92] [p1,p2]

=4u,

since the last term in the first line vanishes by the hypothesis on u# and Theorem 5.1
applied to v. Note that the integral on I'(u) increases when u — 0. So this
inequality cannot occur.

If k(n) = —2H, we consider the domain A which is bounded by 7 and an arc
n' of curvature greater than 2H (with respect to the domain A) contained in D
having the same endpoints as n. Then we consider v the solution on A with values
—oo on n and v = u on 7n’; this solution exists by [Hauswirth et al. 2009, Theorem
7.11]. Then the same argument made in the case « () = 2H can be applied. [

6. Divergence lines

In this section, we will study some characteristics of the sets where a sequence of
solutions in a domain D converges or diverges. Jenkins and Serrin [1966] studied
the convergence of a sequence (monotone) using a maximum principle. They also
presented the structure of the divergence set of this sequence. Here, we study
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the convergence of a sequence defined over bounded or unbounded domains (not
necessarily monotone) without the aid of a maximum principle. Nevertheless, the
structure of the set where such a sequence converges is the same one found by
Jenkins and Serrin. Many ideas found here were inspired by [Mazet et al. 2008].

Definition 6.1. Let D be a domain with piecewise smooth boundary, and u, a
sequence of solutions in D. We define the convergence set as

U = { p € D | {|IVu,(p)|} is bounded independent of n }

and the divergence set as
V=D -0.

In this section, D denotes a domain in H with piecewise smooth boundary.

Lemma 6.1. Let p € D and u, be a sequence of solutions in the domain D. If
p € U, there is a subsequence of {v,} with v,, = u,, — u,(p) converging uniformly
to a solution in a neighborhood of p in D. If p € V', there is a compact arc L p(S)
of curvature 2H containing p such that, after passing to a subsequence, {N,, (p)}
converges to a horizontal vector which is orthogonal to L p(S) having the same
direction as the curvature vector K of L p(g), where N, (p) is the upward unit
normal vector to the graph of v, at (p, 0).

Remark 6.1. All the vectors {N,, (p)} can be thought as vectors at (p, 0) by ver-
tical translation, with the identification N, (p) = N,, (p).

Proof of Lemma 6.1. Denote by G (v,,) the graph of v, over D. Note that N,,, (¢) =
N,, (g), and the convergence and divergence sets are the same for {u,} and {v,}.

The curvature estimates (see [Zhang 2005]) give us a § > 0 independent of n
(in fact § depends only on the distance from p to d D) such that a neighborhood of
P =(p,v,(p)) =(p,0)in G(v,) is a graph, in geodesic coordinates, with height
and slope uniformly bounded over the disk D (P) of radius § centered at the origin
of TpG(v,). We call this graph G p (v, 3).

If p €U the sequence {||Vu,||} is bounded, so there is a subsequence of {N,, (p)},
still called {N,,(p)}, which converges to a nonhorizontal vector and consequently
the tangent planes associated to this subsequence converge to a nonvertical plane IT.
Then, since the graphs G p (v, §) have height and slope uniformly bounded, there
is a subsequence of {v,} such that these graphs converge to a graph G p(§) with
constant mean curvature H over a disk of radius § centered at the origin of II.
Since this plane IT is a nonvertical plane, there is S, 0 < § < & such that Gp(d)
is a graph over a geodesic ball in D centered at p of radius 8. We conclude that
there is a neighborhood of p € D such that a subsequence of {v,} converges to a
solution in this neighborhood.
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Now, suppose that p € V. Since {||Vu,||} is unbounded, there is a subsequence
of {N,,(p)} that converges to a horizontal vector Np, so (for this subsequence) the
tangent planes 7p G (v,) converge to a vertical plane IT and the graphs G p(v,, §)
converge to a constant mean curvature H graph G p(8") over a disk of radius §' <4
centered at the origin of I1. By the choice of the direction of the normal vector and
the choice of H > 0, the limit of the curvature vectors of G p(v,,, §) has the same
direction as the normal limit.

Take the curve L, C D passing through p orthogonal to Np, with curvature 2H
and the curvature vector at p having the same direction as Np. We want to prove
that Gp(8') C (L, x R).

Since Gp(8') is tangent to L, x R at P, if Gp(8’) is on one side of L, x R,
by the maximum principle, we have that Gp(8") C (L, x R). If this is not the
case, Gp(8') N (L, x R) is composed of k > 2 curves passing through p, meet-
ing transversely at p. So in a neighborhood of p these curves separate G p(8')
in 2k components and the adjacent components lie in alternate sides of L, x R.
Moreover, the curvature vector alternates from pointing down to pointing up when
one goes from one component to the other. This implies that the normal vector to
G p(8) points down and up. So, for n large enough, the normal vector to G p (v, 8)
would point down and up, which does not occur.

Let LP(S) c D, 8’ > 4, be the curve contained in G p(8') N (L, x {0}) which
contains p and has length 28. Since Gp(8') C (L » X R), we have that for all
qgeL p(S) the normal vector to G p(8’) at ¢ is a horizontal vector normal to L p(S)
having the same direction as the curvature vector of L p(g ) atg. U

Remark 6.2. Lemma 6.1 shows that the convergence set is a domain.

Lemma 6.2. Let {u,} be a sequence of solutions in D. Given p € V, there is a
curve L C D of curvature 2H which passes through p and such that, after passing
to a subsequence, the sequence of normal vectors {N,, |1} converges to a horizontal
vector normal to L having the same direction as the curvature vector of L. This
curve L contains the compact arc L p(S) given in Lemma 6.1.

Proof. Let L be the curve of constant curvature 2H in D which contains L p(S)
joining the points of d D (LP(S) is given in Lemma 6.1). Given p, g € D, denote
by pg the compact arc in L between p, g. We define

A ={q € L | there is a subsequence of {u,} such that {N,, |55}
becomes horizontal, orthogonal to L having the same direction
as the curvature vector of L}.

We want to prove that A = L. Since p € A, A is nonempty. We will prove that A is
open and closed. First, we will prove that A is open. Let g be a point in A. Denote
{u )} the subsequence associated to A. Since A CV', Lemma 6.1 gives us a curve
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L4(8) through g such that, after passing to a subsequence, {Ny, )L, )} becomes
horizontal and having the same direction as the curvature vector of L,(8). Note
that this subsequence of {Ny, )|, ()} converges to a horizontal vector normal to
L,(8) and to L simultaneously, so L,(8) C L, then A is open.

Now we will prove that A is closed. We take a convergent sequence {g,} in
A, g, — q € L. We will show that ¢ € A. For each m, there is a subsequence
of {uam} such that {N,,)|5g,} becomes horizontal with the same direction as
the curvature vector in pg,,. By the diagonal process we obtain a subsequence of
{ua@m)} such that {N,, )|pg,} converges to a horizontal vector having the same
direction as the curvature vector of L in pg,, for all m. Then by Lemma 6.1, we
can find a curve L, (8) having constant curvature 2H through g,,, (for m large, §
depends only on the distance from g to d D) such that {N,, (»)|5g, } converges to a
horizontal vector having the same direction as the curvature vector to L, (§). So
L, (8) C L and since g, — g, we have that, for all m large enough, g € L, (5).
Consequently, g € A. ([

An important conclusion of this lemma is that the divergence set is given by
¥ =U,;¢; Li, where L; is a curve, called a divergence line, having curvature 2H.

Lemma 6.3. Let {u,} be a sequence of solutions in D. Suppose that the divergence
setV of {u,} is composed of a countable number of divergence lines. Then there is
a subsequence of {u,}, again denoted by {u,}, such that

(1) the divergence set of {u,} is composed of a countable number of pairwise
disjoint divergence lines;

(2) for any connected component V' of W = D —V and for any p € AW, the
sequence {u, — u,(p)} converges uniformly on compact subsets of U to a
solution in W'

Proof. Suppose that V" = & and let L; be a divergence line of {u,}. Lemma 6.1
guarantees that, after passing to a subsequence, {N,, (g)} converges to a horizontal
vector orthogonal to L at g for all g in L. The divergence set of this subsequence
is contained in the divergence set of the original sequence, so the divergence set
associated to this subsequence has only a countable number of lines. This subse-
quence is still denoted by {u,} and its divergence set by V. If there is a divergence
line Ly # L; in V', we can find a subsequence such that {N,, (q)} converges to
a horizontal vector orthogonal to L, at g for each ¢ € L,. This implies that
LN Ly =@. In fact, if this does not occur, we take a point ¢ € L; N Ly so
the sequence {N,, (q)} converges to a horizontal vector orthogonal to L; and L;
at g having the same direction as the curvature vector of L; and L,. Then the
uniqueness of a curve through ¢ having curvature 2H with a given tangent vector
shows that L; = L,. We continue this process to get a subsequence of {u,}, still
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denoted by {u,}, whose divergence set is composed of a countable number of
pairwise disjoint divergence lines.

Lemma 6.1 shows that there is a subsequence of {u,} and a neighborhood of
each point p € AU such that the sequence {u, — u,(p)} converges to a constant
mean curvature graph H, and this convergence is uniform on compact subsets
of this neighborhood. Then taking a countable dense sequence {p;} in U/, by the
diagonal process we obtain a subsequence of {u,} such that {u, —u,(p)} converges
uniformly on compact subsets of U’ for all p € W'. O

Lemma 6.4. Let {u,} be a sequence of solutions in D such that its divergence set
is composed of a countable number of pairwise disjoint divergence lines. Suppose
that {u,} converges to a solution u in a connected set W' C D. Let y be a compact
arc in W' included in a divergence line of {u,} such that X,,, — v along y , where v
is the outer conormal to y with respect to U'. Then if p € W and q € v, we have

nli)rgo(un(CI) —uy(p)) = +00.

Proof. We choose p, g as in the hypothesis of the lemma. Since X,,, — v we have
F,,(y) = |y|, where F,, (y) is the flux of u, across y. So Lemma 5.2 ensures
that u|,, = +o0.

Claim 6.1. There is an € > 0 such that du, /ot >0 on {Y(t) | —e <t <0}, where
T(@) (=0 <t <0, 0 > ¢€) is the geodesic in W such that Y (0) = (g,0) and
Y’ (0) = v. The inequality is strict on {Y(¢) | —e <t < O}.

Using Lemma 6.1 and the fact that u|, = +00, we obtain a € > 0 such that
du/ot >1in{Y(t) | —e <t <0}. The convergence u,, — u implies that du, /9t > 0
in {Y(t)| —e <t <—n}, forevery 0 <n <€ and n > no(n).

If the claim is not true, considering a subsequence if necessary, there is a se-
quence {g,} in {Y(¢) | —np <t < 0} such that g, — ¢ and (du,,/9t)(g,) = 0.

If the sequence {||Vu,(g,)||} is bounded, we have from the curvature estimates
that {||Vu,||} is uniformly bounded on a disk D,, of radius independent of n, cen-
tered at g,. Since ¢, — ¢, the sequence {||Vu,(q)||} is bounded, because for n
large enough, g € D,,. This contradicts that g is contained in the divergence set.

If the sequence {||Vu,(g,)||} is unbounded, consider the sequence {u, —u,(q,)}
and I]]),l1 the disk of radius § in the graph of {u, —u, (g,)} centered at (g,, 0) given by
the curvature estimates, § independent of n. Since (du,/dt)(g,) = 0, the disks ID,IZ
converge to a § vertical disk centered at (g, 0) in Y x R, where Y is a curve
having constant curvature 2H through ¢ orthogonal to y. Let ID% be the disk of
radius & centered at (g, 0) in the graph of {u,, — u,(g)}. Since y is contained in
a divergence line, {2} converges to a vertical disk centered at (g, 0) in y x R.
Then, for n large enough, these disks D! and D? intersect transversally, but this is
impossible because the normal vectors to D! and D2 only depend on the gradient
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of u,, so they are the same vector (on domains where both sequences are defined)
for the two sequences. This proves Claim 6.1.

Let g, € U’ be the point g, = Y (¢), t <0, for ¢ small enough. Claim 6.1 ensures
that for n large,

un(q) —un(p) > un(qs) —un(p)
> u(g:) —u(p) — 1.

The second inequality comes from the convergence of {u,} to u. The third term is
as large as we want, because u|,, = +00. U

Lemma 6.5. Let E C 0D be a smooth arc having k (E) >2H. Consider a sequence
of solutions {u,} in @ such that lim,_ u,|g = f for f a continuous function.
Then a divergence line cannot finish at an interior point of E.

Proof. Let p € E be an interior point. If « (E) > 2H at p, Lemma 4.9 in [Hauswirth
et al. 2009] (see also the lemma on page 139 of [Finn 1965]) shows that {u,} is
uniformly bounded in a neighborhood of p in D. Then, a divergence line cannot
end at p.

If k(E) =2H at p, by [Hauswirth et al. 2009, Lemma 4.9], we have that the
sequence {u,} does not diverge to +oc in a neighborhood of p. Suppose there is
one divergence line L leaving p. Then there is a subset V C D which contains a
subarc (containing p) of E in its boundary, and the sequence diverges to —ocoon V.
Consider a point g € ENaV, and denote by pq the arc contained in E joining the
points p and ¢g. Let s be a point in L and ps the arc in L joining p and s. Denote
by sq the geodesic joining s and ¢, suppose that g is as close to s as necessary, in
order to guarantee 5¢ C V. We choose this “triangle” T so that the sequence {u,}
diverges to —oo in the domain Ay C V bounded by 7. By the flux formulas,

2HA(Ar) = Fy,(ps) + Fu,(pq) + F, (59).
We have
lim F,, (pq) =|pql.
n—-+00o
Since ps C L, either

lim F,, (ps)=|ps| or lim F, (ps)=—|ps|
n——+00 n——+00

First, suppose that
lim F,, (ps)=|ps|.

n—400

Then,

lim 2Hsl(Ar) = lim F,(pS)+ lim F,(pg)+ lim_F,,(q)

n—+00

> |ps|+1pq| —15q]
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which implies
2HA(AT) _ |psI+1pql _
Isqgl 15q|
We move g to ¢" and s to s’ so that | pg’| = A| pq| and | ps’| = A| ps|. When A — 0,
the inequality

1.

2HSA(AT) _ |PS|+ 1P|
Isqgl — —  lsql
tends to zero on the left side, but is bounded from zero in the right side; a contra-
diction.
Now we consider the case where

1

lim F,,(ps)=—|ps].
n—-+o0o

By Lemma 6.4 we have that {u,} diverges to —oo on a subset of D — V which
has L and a subarc of E in its boundary. Then applying the same argument as
above, we get a contradiction.

Now, suppose that there are two or more divergence lines leaving from p. We fix
two divergence lines, L1, L. The point p € E divides E in two curves E1, E», and
we orient Ly, Ly, Eq, E> such that W is the domain bounded in part by L U E}
and not containing L;, W, is the domain bounded in part by E; U L, and not
containing L; and finally Wj is the domain bounded in part by L; U L, and not
containing E1U E;. Letg € Ly, s € Ly, p1 € E, p> € E be points. Denote by pg
the segment in L joining p and g, by ps the segment in L, joining p and s, by
sq C W3 the segment of the geodesic joining ¢ to s, by gp; C W) the segment of
the geodesic joining g and pp, and by sp, C W, the segment of the geodesic joining
s and p>. In some of these subsets W;, i =1, 2, 3, the sequence {u,} diverges to
—oo. Suppose that in W3 the sequence diverges to —oo, and that sg C Ws.

If either

lim F,, (ps)=I|ps| or lim F, (pq)=1pql,
n——+00 n— 400
with respect to W3, applying the flux formulas to the triangle formed by ps, pg
and 5¢g, we obtain a contradiction as before.
If, with respect to W3, either

lim Fy,, (ps)=—|ps| or lim F, (pq)=—|pql,
n— 400 n— 400

then doing as we have done before to the triangle formed by gp;, pg and pip,
if lim,,—, yoo Fu,(Pq) = —|pq|, or to the triangle formed by ps, pp; and sp; if
lim,—, 40 Fy, (PS) = —|ps|, we obtain a contradiction. O
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7. Proof of the main theorems

Before the proof of the theorems we need to show that the conditions of the hy-
pothesis make sense, that is, we have to show that they are preserved for smaller

horocycles.
Let #; be an horocycle at d;. Suppose that the conditions of Theorems 3.1 and
3.2 are satisfied for a family of horocycles # = {¥;};=1,.. ». These conditions are

(i) @(3%) — B(9%) = 2H (D),
and for all admissible polygons % £ 0%,
(i) 20(P) < [(P) +2HA(K),
(i) 28(P) < [(P) —2HA(R).

Fixing s € {1, ..., n}, we will show that these conditions are also true for a
family 3¢ = {¥,}i 2, U {9C,}, where 9C; is contained in the horodisk F; bounded
by #,. We are interested in “smaller” horocycles because in this way we have
an exhaustion of ?. To prove this we will use subindices 7" and 7’ to clarify the
dependence of a(P), B(P) and [(P) with respect to ¥ and ¥’ respectively.

First, consider condition (i). We observe that when we change the family of
horocycles, the left side of (i) does not change. So our definition for 4 should not
change. This is the first reason for the definition of A.

Note that

a(dD7) — B(0D7) = a(d%7) — B(d%7) = constant.

Thus, if (i) is true for ¥, then it is also true for %¢'.
Condition (ii) is equivalent to

20(P) — 1(P) < 2HA(R).

When we change from family € to family ¥’ the left side of the above inequality
is nonincreasing and the right side is nondecreasing, so the inequality is preserved.

Finally, we handle the inequality of condition (iii).

There are two distinct situations. The first one is when the horocycle #; meets
sides E, E, where k(E1) = —2H, k(E,;) = 2H. The second one is when €
meets sides E;, E> with k(E|) =2H, «(E;) =2H.

In the first case, the area s4(£2) does not change when we change from the family
% to H', and 28(P) — I(P) is nonincreasing, so the inequality is preserved.

The second case is the most delicate one. Here, it will be necessary to have
horocycles small enough.

More precisely, we consider the half-space model of H. We can suppose that
the vertices of P are d; = (x;, 0) for all j # 1/ and d; € {0H — {y = 0}}. We choose
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the family {#;} of horocycles at the vertices d;. We define
O, M) =%, N{x =0}.

The necessary condition is

- 2H (Ix;—1] + [x1411)

2V/1—4H?

Remark 7.1. This is always the case for sufficiently small horocycles.

(5 M, foralll=1,...,n.

With this hypothesis on the horocycles, we can finish that the inequality in (iii)
is preserved for the family #'.

Suppose that #; meets sides £ and E;, where x (E1) =« (E>) =2H. We point
out that this is the case where we use (5) and also the definition of &Z, since o
should have the right behavior as the area is infinite.

Note that _

2@r) =2BPr) <1(Pr) —2HALy).
We will show

(@) —2HA(Qr) < [(Pr) —2HA(Q),
that is,

(6) (@) —1(@P7)) — (2HSA(Qr) — 2HA(Q7)) > 0.

In fact, we show that [(%7) —2H &Z(QT) increases when # decreases.

Consider the half-space model of H. We can assume that d; = (0, 0) € doH.
Using an inversion I with respect to the geodesic centered at (0, 0) of radius 1,
we have that 9 and ¥, are taken to the horizontal straight lines through (0, M)
and (0, yg), respectively, and the sides A and E are taken to tilted lines leaving
the points (—xp, 0) and (x;, 0) and making an angle 6 with the vertical, where
sinf =2H, xop > 0 and x; > 0; see Figure 2.

1(A) I(E)
0, M)
% E 1(%;)
A
Y \
ds_ ds ds 1 (=x0,0) (x1,0)

Figure 2. Using the inversion /.

Now, we calculate the length of the arcs of 7(A) and I (E) bounded by I (%)
and [ (%), denoted by /(A 3 ) and [ (Eg 3 ), and the area limited by 1 (A), I (E),
I (#) and I(3C,), denoted by (25 3¢').
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Then,
Y sech

[(Age50) = I(Ege,9¢) = /
M

and the area satisfies
) x1+ytdn9
A 0) = / [T
xo—y tan 6
:/ (2tan9+(x1+2xo))dy
M y y

1Yo
=2tanfIny|) — -
an ny|M (x1+x0)y o

dy=secOlny Xf;

Therefore,
[(Age90) + 1(Ege,5¢) — 2H (29, 3¢)

=2(sec —2H tan ) Iny|}) +2

M
1—sin’ @ Yo
cosd nyM-|- y M
=2C0891ny0+m_2CO591nM_ 2H()§‘14+x0).
0

Then, to prove the inequality (6) it suffices to show that the function of yy above is
increasing, because when yp = M, it is zero. We show that its derivative is greater
than zero.

Differentiating we have

2cos6  2H(x1+xo)

Yo yg

So
2H
20086 _ (x12+x0) >0 <= 2ypcosf —2H (x;+x9) >0,
Yo Y5
that is,
- 2H (x1 + x¢)

o 2cosf
But our family # satisfies

Mo 2H (x; +xo).

2cos b

Thus, we have the inequality (6) as desired, and consequently the inequality in (iii)
is satisfied.

We fix some notation which will be useful in the proof of the theorems. Let
{d; = (x;, yi)} be the set of vertices of d%. For each i, let #;(n) be a horocycle
asymptotic to d; such that #;(n) belongs to ® for all i, n. We choose #;(n) such
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that #;(n + 1) C F;(n), where F;(n) is the convex horodisk bounded by #;(n).
Let 9(n) C 9 be the domain bounded by

03 (n) = (09 — (U; F:m)) U (U; i),
where y;(n) = #; (n) N (0D U D). Let @*(n) C D be the domain bounded by

99*(n) = (99 — (U; F;:(m)) U (U; 7).

where y*(n) is the geodesic reflection of y;(n). Similarly, we define Q(n) as the
domain whose boundary is

Pn) = (P —(U; Fm)) U (U; vi(m) N Q(m))
and Q*(n) as the domain bounded by

3 (n) = (2 — (U; F,(m)) U (U; (v () N Q*(n))).
Finally, given an arc n C %, we define n(n) = nNP(n).

Proof of Theorem 3.1. Suppose that the conditions (2) and (3) are true for all
polygons in %.

Claim 7.1. There is a solution in % which boundary values

n on |, Ax,
u, =
" —n on | J; B

Assume this Claim is true and take {u,} a sequence of solutions in %, where u,,
is defined as in the Claim. Then, this sequence has, or does not have, a divergence
line.

First, we assume that there is some divergence line, and we will obtain a con-
tradiction. By Lemma 6.5, the endpoints of these lines are among vertices of 9.
Since 0% has only a finite number of vertices, we can suppose that the divergence
set is composed of a finite number of disjoint divergence lines. These lines separate
the domain 9 in at least two connected components, and the interior of these com-
ponents belongs to the convergence domain. By Lemma 6.4, in some connected
components of the convergence set, the sequence {u,}, p € 9, diverges to 400
or —oo. Suppose that in some connected component of the convergent set U, the
sequence diverges to 400 (the case —oo is similar).

Since U’ C AL, where U is the convergence domain, we have that the sequence
{un—u,(p)}, peU,converges uniformly on compact subsets of U’ to a solution u
in AU’. On the other hand, by the choice of AU’ we have u,(p) — +o0, p € WU.
Moreover, we note that 3 = % is an admissible polygon, we can choose P sat-
isfying the next Claim.
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Claim 7.2. One can choose P so that
Fu(2o = (U A1) U (U nm nw)))
=—1(2m - (U, Aim) U (U nmna)))).

where 0 = %P.

See [Mazet et al. 2008] for a proof.
We are supposing that there is a divergence line, so P # 0%. By Claim 7.2 and
the flux formulas

Fy(@ () = 2HAQU (n))
= Fu (20 - (U 4im) U (U nn)))
+ Fu((Us 4im) U (U 0 nw)) )
< —1(2m - (U 4im) U (U s nw))))
+1((U; Aim) U (U naw) )
=20(P) = 1(®) +1(U; (i () nU)).
When 1 — oo, the area #4(% N ({J; F;)) tends to zero, so
DHAA) < 2a(P) — 1(P),

contradicting the hypothesis. So the sequence {u,} has no divergence lines.

Since the sequence {u, } does not have any divergence lines, & is the convergence
domain, so there is a subsequence of {u, — u,(p)}, p € ¥ which converges to a
solution u on %. If the sequence {u,} is bounded at the point p € %, u has the

boundary values as desired, that is, u|4, =400 and u|p, = —00. We will show that
even if the sequence {u,} is unbounded, the solution u has the boundary values as
prescribed.

Suppose the sequence {i,(p)} tends to —oo. By the flux formulas,
lim F,, (P(m)) = 2H A(%(m))
= 2HA(@) —2HA(D N (J; Fi(m)))
=) lim F, (Aim))+ ) lim F,,(B;(m))
+) lim Fy, (i (m)
>a (@) —B@) =Y |yim)|

which implies
2B8(P) = 1(P) —2HA(RQ).
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The hypothesis does not allow 28(%) > [(P) — 2Hs4(£2). Then equality holds:
2B8(P) = 1(P) —2HA(K2). This implies that lim,,, o F,, (B;(m)) = |B;(m)|. So
{u, —u,(p)} tends to —oo on B; for all /.

Suppose the sequence {u,(p)} tends to +-c0. By the flux formulas,

lim_ F,, (P(m)) = 2HsA(D(m)) = 2HAD) — 2HA(D N (U; Fi(m)))
=) lim F, (Aim) + ) lim F, (Bi(m) lim F,, (yi(m))
<a@) = B@)+ ) lvim),

which implies
20(P) > I(P) +2HA(L2).

Since we cannot have 2« (P) > [(P)+2H A(2), we have 2a(P) =1 (P)+2H A(2),
which implies lim,_, o Fy, (A (m)) = |Ax(m)|. Then {u, — u,(p)} tends to +o00
on Ay for all k.

Proof of Claim 7.1. By the existence theorem for continuous boundary values and
bounded domains [Hauswirth et al. 2009], for each m in 9*(m) there is a solution
with boundary values

n on | J; Ax(m),
um =\ —n on |J; Bf(m),
0 on |J; y*(m).

Fix mg. For all m > mo, we have that {u,,|g+@n,)} is a sequence of solutions in
9*(myg). If there were any divergence lines, we would find a divergence set which
would contradict the hypothesis, as in the proof of Theorem 3.1. Moreover, as
there are no divergence lines, either this sequence is bounded or it is not bounded.
If this sequence is not bounded, say u,,(p) — 400, p € D*(myg), a subsequence
{tm o+ (my)—um (p)} converges to a solution in 9*(mg) and tends to —oo on each arc
A;(mg), which cannot occur. If {u,,(p)} = —o0, p € D*(myp), some subsequence
of {um|a+my) — um(p)} converges to a solution in %*(mg) and tends to +o0o on
each arc A;(mo), B (mg). Taking my — oo we again get a contradiction, since
two arcs with the same vertex point have values +00. So this sequence is bounded
and some subsequence is convergent, by the boundary values of the {u,,}, we have
Um|amg) = 1 and Uy |B,my) = —n. By the diagonal process, we have in 9 a
solution u,, given by

I R on (J, Ax,
! —n on |J, B/,

which completes the proof. O
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We return to the proof of Theorem 3.1 and prove the necessary conditions. Sup-
pose there is a solution u# in @ of the Dirichlet problem. Applying the flux formulas
to P(n) = 0%(n), and remembering that, in this case, & = s, we have

Fu(P(n)) = 2H (D (n)) = 2HsA(D) — 2Hs4(D N (U; Fi(m)))
=Y Fu(Ai(m) + X Fu(Bi(n) + Y Fu(yi(n)).
Since @ =N (U; Fi(n)),
YA = Y Bi(m)| = X lyi ()| < 2Hsl(@) — 2H sA(%)
<Y IAM| = X IBim)]+ X lyi(n)l.
It follows that
(@) — @) — Y lyi(n)] <2HAD) — 2HAD) < (D) — D) + Y yi ()]

When n — oo, we have |y;| — 0 and (@) — 0, s0 &(D) — B(D) = 2H (D). Now,
we prove the inequalities (3). Applying the flux formulas to the polygon ®(n), and
denoting its interior arcs by E,,, we have

Fy(P(n)) =2HA(2(n))

= ; Fy(Ak(n)) + ; Fy(Bi(n)) +3_ Fuy(En(n) +3_ Fu(y;(n) N Q2(n))

m J

> ; | Ak (n)] —Xl: [Bi(n)| 48 = 3 |Em(m)| = X |y (n) NQ2(n)]|
J

=20(P)—1(P)+65— Z lyj(n) NQ(n)l.
J
We see that &E(Q) > A(Q(n)) and ) |y;(n) N (n)|—8 < O for n large enough, so
J

20(P) < 1(P) +2HA(RQ).
Similarly,
Fy(P(n)) =2HA(S2(n))
= ; Fu(Ak(n))+; Fy (B (n))+§ Fy(Em (n))+§ Fy(yj(n)N2)

=< ; IAk(n)I—Xl: |Bi(n)| =8+ | Em(n)|+ 2 |y (m) N
m J

= —2B8(P)+1(P)—4;
that is, for n sufficiently large,
28(P) <l(P) —2HA(Q(n)) -4
<1(P) —2HA(Q). O
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Proof of Theorem 3.2. This is similar to the proof of Theorem 3.1.

Claim 7.3. There is a solution on % having boundary values

n onAg,
u, =q-n onBf,
fn on Cm,

where f, = @ o f for ¢ : R — R defined by

x if —n<x <n,
px)=13—n ifx<—n,
n ifx>n.

Assume that Claim 7.3 is true and take a sequence {u,} on % given by this claim.

Suppose that {u,} has a divergence line. By Lemma 6.5, we can suppose that
the divergence set is composed of a finite number of disjoint divergence lines.
These lines separate the domain % in at least two connected components, and the
interior of these components belongs to the convergence domain. By Lemma 6.4,
in connected components of the convergence set the sequence {u,}, p €9, diverges
to 400 or —oo. We observe that if there is some arc C C 09 having «(C) > 2H,
Lemma 4.9 in [Hauswirth et al. 2009] ensures that in a neighborhood of this arc
the sequence {u,} is bounded.

As in the proof of Theorem 3.1 we will work on subdomains of % where the
sequence diverges to 400 or —o0, so the boundary of these domains only has arcs
of curvature 2H. This means that the boundary of these domains are admissible
polygons. From now on, the proof is similar to the proof of Theorem 3.1.

Proof of Claim 7.3. The only difference between Claim 7.3 and Claim 7.1 is found
in the construction of solutions over bounded domains. Let {d;} be the vertices
points of @, after some isometry of the hyperbolic plane, we can assume that each d;
belongs to {(x, y) € R? | y = 0}. Let o;[m] be geodesics which are semicircles
centered at d; with radius 1/m. The hypothesis on the curvature of the arcs C;
enables us to conclude that, if m is big enough, o;[m] divides & in exactly two
components, one of them having d; in its asymptotic boundary. Let o;[m] be the
arc of the equidistant curve to o;[m] having curvature 2H joining points of the
boundary of %. Then g;[m] divides % in exactly two components, one having
d; in its asymptotic boundary. We chose the curvature vector of p;[m] pointing
to the component of & which does not have d; on its boundary. Now we can
find a solution with prescribed boundary values using the existence theorem of
[Hauswirth et al. 2009]. Let A;[m] be the compact arcs contained in A; bounded
by the endpoints of {g;[m]}, B;[m] be the compact arcs contained in B; bounded by
the endpoints of {o;[m]} and C;[m] be the compact arcs contained in C; bounded
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by the endpoints of {o;[m]}. So there exists

n on A;[m],
—n on Bf[m],
Jn on Ci[m],
0 ono;[m],

where f, =¢o f, for ¢ : R — R given by

x —-n<x<n,
p(x)=1—n x < —n,
n o x>n.

From now on, the same procedure as in Claim 7.1 enables us to conclude the
existence of a solution over % as desired in Claim 7.3. U

Now, we go back to the proof of Theorem 3.2. Suppose that there is a solution u
for the Dirichlet problem. Let 2 be the domain bounded by the admissible poly-
gon P and Q(n), P(n) as found in the notation at the beginning of this section.
Applying the flux formulas,

Fy (P (n))
=2HA(R(n))
= > Fu(Ac(m)+3_ Fu(Bi(n)+)_ Fu(Cp(n)+)_ Fu(En(n)+)_ Fu(y;j(n)NK)
k ) )4 m j
> Xk: |Ax(n)| — Xl: 1Bi(m)| =2 |Cp(m)[+8 = 1 Em(m)| = 2 lyj(m) N QY
p J
=2a(P)—I1(P)+ 6 — Z lyj(n) N LY.
J
Either d(%) < oo, or A(D) = oco. If A(D) < o0, since &Z(Q) > A(Ry) and
lyj(n)| — O forall j, we have
2a(P) < [(P) +2HAQ (1)) < [(P) +2HA(LRQ).
If A(D) = 00, we have
2H$Z(Q) > 2H A(Qy) > 20(P) —1(P) — > |y;j(n) N,
J

Then,
2HARQ) +1(P) —2a(P) > — Y lyj(n) N Q.
J

Remembering that /(%) — 2 (%) is nondecreasing, we have that the left side of this
inequality is increasing and tends to +o00, when the horocycles tend to the vertices.
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Therefore, we can suppose
2HSA(R) +1(P) — 2a(P) > 0.
Similarly,
Fu(P(n))
=2HA(Qy)
= ; Fu(Ak(n))Jer: Fy(Bi(n)+3_ Fu(Cp(n))+3_ Fu(Em(n)+3_ Fu(y;(n) N<Q)
P m J

=< ; | Ak(n)] —; [Bi()|+ 2 1C, (M) =8+ 2 |En(m)]+ 2y (m) N Q|
p m J
= —28@)+I(@) =8+ X ly;(mNQl.
J

Then, if A(D) < o0,
2B(P) < I(P) — 2HA(Qy) — % < 1) —2HA(Q).

since we can choose 2HA(Q2 N (U; Fy)) < % and ) |y;(n)NQ| < %
J
If A(D) = oo,

2HA(R) +2B(P) — 1(P) < 2HA(Q(n)) +28(P) — [(P) < 2y,
J

because we can choose 2H&i(§) < 4. Since 2H&E(Q) +2B8(P)—1(%) tends to —o0
when the horocycles converge to vertices, we can suppose

2HA(R) +28(P) —1(P) < 0. O

8. Example

Consider a domain 9@ whose boundary has sides A, Bj, A, and B, and vertices
d1=(x4,,0),dr=(xg4,,0),d3 = (x4, 0) and d4 € {0ocH—y = 0} with x4, <x4, <Xg4;.
Suppose that the vertices of A are ds and d, the vertices of B; are d; and d,, the
vertices of A, are dp and d3 and the vertices of B, are d3 and d4. So Ay, B are
tilted lines and B and A are contained in Euclidean circles; see Figure 3.

Denote by 2u = x4, — X4;, 20 = X4y — X4,, and 0 < 6 < 7 the angle such that
2H = sinf. This domain is not defined for all values of w,w, 8. We have to
suppose that B1 N By = &.

Claim 8.1. With the notation above, for

2H < L,
V ot+u

the domain % is well defined.
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Proof. Since B, is a tilted line making angle 6 with vertical, we can write

By(y) = (x4; — y tan(6), y).

2
The curve B satisfies (x — (x4, + w)? + (y — utanf)? = <ﬁ) for y > 0.
Since x4, = x4, + 21 + 2w, we have By N By # & if

2
y>0 and (,u+2w—ytan(9)2+(y—,utan9)2=(ﬁ).

2H =sin@) < |2 . O
w+n

We will assume that the domain % is well defined. We will show that the con-
ditions of Theorem 3.1 are true for some choice of the horocycles at the vertices
of @, provided that 2H < v/2/2.

Suppose that By and A, are contained in Euclidean circles centered at (xg,+ ., h)
and (x4, + @, R4), respectively, where R4y = w/cos6, Rp = pu/cos 6 are the Eu-
clidean radii of these circles and / = wtan 6, h = ptan6; see Figure 3.

Then BiN By = 9 if

1<)

B,

Ay

Figure 3. The domain 9.

On each vertex d; we put horocycles 3(;, ;NI ; =, i # j. Since this domain
does not have inscribed polygons we will verify only condition (3) of Theorem 3.1.
When u=wand 2H < V2 /2 we have, for this choice of horocycles, that «(0%) =
B(09), so condition (2) of Theorem 3.1 can’t occur. The next proposition shows
that there is a choice of w such that this condition is satisfied for 2H < +/2/2.

Proposition 8.1. With the notation above, given i > 3 and 2H < ~/2/2, there is
wo > such that the condition a(09) — B(0D) = 2H A(D) is satisfied.



62 ABIGAIL FOLHA AND SOFIA MELO

Proof. First, we calculate the area A(%). Since the arc B; satisfies the equa-
tion (x — (xgq, + W)+ (y — h)? = R% and the arc A, satisfies the equation
(x — (xXg, +@)> + (y+D?* = Ri, we have

= |l1m —_
Xd;+

Cl—>0 a—)O‘*’ y2

a—0t

Ra—I Rz—(y—H) +xdy +0 dxdy
—2 lim / >
Xay+ y

where the first term is the area between the arcs A, B, and straight line segment
joining dy, d», ds.

Then
20°(Ra —1 R%+hR
ﬂ(@):Zn—i—Ztan@ln% +2tan91n#:2(n+lng>.
R% —IR4 2u*(Rp +h) g

Now, we are interested in the difference o(0%) — (0%). We can suppose the
horocycles #1, #,, #3 are the same, that is, they differ by a horizontal translation.
With this choice of the horocycles, we have a(0%) — (0%9) = |Ap| — | By |, where
|A>| and |Bj| are the lengths of the compact arcs of A,, By, respectively, which
are outside of the horodisks bounded by ¥, #, and #3. Moreover, we will sup-
pose that w > p and that ¥; N Y; = (x4, n/2), where Y; is the vertical geodesic
through xg4,. It is possible to show that the intersection of B; and ¥ occurs at
(x4,,0) and at

8
(v0. 30) = (=VRE = 0o — ) 434, + 1,

3
1742 + 16h2—8hu)’

where B and ¥ satisfy the equations (x — (x4, + w)?* + (y — h)? = R% and
(x —xg)* 4+ (y — u/4)?* = u?/16 respectively.
Similarly, the intersection of A, and %, occurs at (x4,, 0) and at

8 2
D G = (VR = 01 +D 30+ o, ol )

16w? + 2 4+ 1612+ 8ul/’

where A, and %, satisfy the equations (x — (x4, + o)+ O+ = Ri and
(x —x4,)* + (y — u/4)?* = u?/16, respectively.
Then, the length of B; with respect to the horocycles €, #, is

RB-‘rh RB
dy
Yo yVR% —(y—h)?
2 ( In Rp —lnyo—l-ln(/u/ R2 (yo — h)2+,u —I—hyo))

cos@

|Bi| =2
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Figure 4. The domain % with the horocycles.

Analogously, the length of A, with respect to the horocycles ¥, #3 is

Rpy—1 RA
ml=2 [ gy
=2 (=10 Ry =101 +In(0V RS — (01 +17 + 02 —1y1)).

" cos6

So a(0D) — B(0D) —2H A (D) only depends on u and w, because 6 also depends
on u or w. Thus consider, for each u € R, u > 3 fixed, the function

F(w) =a(09) — B(09D) —2HA(D).

We will show that at any moment this function is zero. We know for u = w that
F(w) = —-2HA(D) < 0; thus we must show that for w large enough, F(w) > 0, so
there exists a wg such that F'(wg) = 0 for each u > 3 fixed. We have

F(w) = ﬁ(— InRy —Iny +In(oV R; — (1 +1D* +w® —1y1).
+1In Rg +1Inyo — In(uV Ry — (yo — h)* + p* + hyo))

—4H<7t —i—ln9>
m

= 2 <ln( 1 (vai—(y1+l)2+a)2—ly1)>

Rawn

I Rpyo )
v Ry — (yo — h)? + 2 + hyo

—4HTm —25in91n9.
7
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The second logarithmic term in the big parentheses is constant, because we are
supposing u fixed. As for the remaining terms, we substitute the value of y; from
(7) and find that the difference

2 1 . w
ln<—a) R: — +D2+a?—1 )—2s1n91n—
RA)’I( VRy— (i +1D) 1) o

cos 6

is strictly positive and increasing, so the function F is increasing and unbounded.
Thus there is a wg such that F(wgy) = 0. [l
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OSGOOD-HARTOGS-TYPE PROPERTIES OF POWER SERIES
AND SMOOTH FUNCTIONS

BUMA L. FRIDMAN AND DAOWEI MA

We study the convergence of a formal power series of two variables if its
restrictions on curves belonging to a certain family are convergent. Also
analyticity of a given C* function f is proved when the restriction of f on
analytic curves belonging to some family is analytic. Our results generalize
two known statements: a theorem of P. Lelong and the Bochnak-Siciak
theorem. The questions we study can be regarded as problems of Osgood-
Hartogs type.

Introduction

Hartogs’ theorem is a fundamental result in complex analysis: A function f in C",
where n > 1, is holomorphic if it is holomorphic in each variable separately. That
is, f is holomorphic in C” if for each axis it is holomorphic on every complex
line parallel to this axis. In the last interpretation this statement leads to a number
of questions described in an article by K. Spallek, P. Tworzewski, T. Winiarski
[Spallek et al. 1990] in the following way: “Osgood—Hartogs-type problems ask
for properties of ‘objects’ whose restrictions to certain ‘test-sets’ are well known”.
The article has a number of examples of such problems. Here are two classical
examples: a theorem of P. Lelong and one proved independently by J. Bochnak
and J. Siciak.

Theorem [Lelong 1951]. A formal power series g(x, y) converges in some neigh-
borhood of the origin if there exists a set E C C of positive capacity such that, for
each s € E, the formal power series g(x, sx) converges in some neighborhood of
the origin (of a size possibly depending on s).

Theorem [Bochnak 1970; Siciak 1970]. Let f € C°°(D), where D is a domain in
R" containing 0. Suppose f is analytic on every line segment through 0. Then f is
analytic in a neighborhood of 0 (as a function of n variables).

In many articles the same two “objects” are usually considered: power series and
functions of several variables. The test sets in many cases form a family of linear

MSC2000: 26E05, 30C85, 40A05.
Keywords: formal power series, analytic functions, capacity.
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subspaces of lower dimension. For example, articles by S. S. Abhyankar, T. T. Moh
[1970], N. Levenberg and R. E. Molzon, [1988], R. Ree [1949], A. Sathaye [1976],
M. A. Zorn [1947] and others consider the convergence of formal power series of
several variables provided the restriction of such a series on each element of a
sufficiently large family of linear subspaces is convergent. T. S. Neelon [2009;
2006] proved that a formal power series is convergent if its restrictions to certain
families of curves or surfaces parametrized by polynomial maps are convergent.
The articles [Bochnak 1970; Neelon 2004; 2009; Siciak 1970], among others,
prove that a function of several variables is highly smooth (or even analytic) if it
is smooth enough on each of a sufficiently large set of linear or algebraic curves
(or surfaces of lower dimension). The publication by E. Bierstone, P. D. Milman,
A. Parusifiski [Bierstone et al. 1991] provides an interesting example of a noncon-
tinuous function in R? that is analytic on every analytic curve.

In this article we also consider both: power series with complex coefficients
and functions in a neighborhood of the origin in R?. As test sets we consider
separately two families. They are derived the following way. First consider a
nonlinear analytic curve I' = {x, y(x)}, with y(0) = 0. One family, J, is a set
of dilations of I': ¥ = {sx, sy (x)},s € A}, where A; C R is a closed subset of
C of positive capacity. The other family, 35, consists of curves 'y, each of which
is a rotation of I" about the origin by an angle 6 € A,, where A, is a subset of
[0, 27r] of positive capacity. If f is C°° and its restriction on every curve of J; can
be extended as an analytic function in a neighborhood of that curve, then f is real
analytic in a neighborhood of the origin in the region covered by the curves of Jj.
The same is true regarding J,. (For precise statements see Theorems 2.1 and 2.2).

We start however with two results related to power series. First we prove a gen-
eralization of P. Lelong’s theorem. Namely, if g(x, y) is a formal power series and
h(x), h(0) =0, is a convergent power series such that the inhomogeneous dilations
g(s%x, s"h(x)) are convergent for sufficiently many s (o, T are fixed), then g(x, y)
is convergent (for the precise statement see Theorem 1.1). Theorem 1.2 is devoted
to a reverse claim: if 2(x) is a formal power series and g(s?x, sTh(x)) converges
for sufficiently many s, then A (x) is convergent.

The results in this paper do not carry over in a routine way to dimensions greater
than two. We intend to study corresponding problems for higher dimensions in
future work.

1. On the convergence of a power series in two variables

Let C[lx1, x2, ..., x,] denote the set of (formal) power series

k k
gxt, ..., xy) = E gy ky Xy X"
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in n variables with complex coefficients. Let g(0) = g(O0, ..., 0) denote the coeffi-
cient ag, 0. A power series equals O if all of its coefficients ay,. x, are equal to 0.
A power series g € C[[xy, x2, ..., X, is said to be convergent if there is a constant
C = C, such that |ay, x,| < CkFF for all (ki,...,ky) # (0,...,0). If g is
convergent, then it represents a holomorphic function in some neighborhood of 0
in C". If g € Cllxy, x2,...,x,] and s € C", then g;(¢) := g(s1t, ..., syt) is well
defined and belongs to C[[¢]. By [Zorn 1947], g is convergent if and only if g, (¢)
is convergent for each s € C". The partial derivatives of a power series are well
defined even when it is divergent (not convergent). For example, if g € C[[x, y]
andif g =) a;;x'y/, then

g . i j—1
g; = @ = Z]aijx y
Thus g; # 0 simply means that g ¢ C[[x]. If g € C[lx, y]|, and if & € C[[x] with
h(0) =0, then g(x, h(x)) is a well-defined element of C[[x].

As mentioned above, a lot of work has been done on the convergence of a power
series with the assumption that the series is convergent after restriction to suffi-
ciently many subspaces; see [Abhyankar and Moh 1970; Levenberg and Molzon
1988; Lelong 1951; Siciak 1970; 1982].

We consider substitution of a power series y = i(x) into an inhomogeneous
dilation g(s%x, s*y) of a series g(x, y), where o, T are integers.

Let

0:={(0,1):0,7€Z (0,7) #(0,0)}.
Let cap E denote the (logarithmic) capacity of a closed set £ in the complex plane.
We now present our two main theorems.

Theorem 1.1. Let g € C[[x, y]| be a power series of two variables x, y, let h € C[[x]|
be a nonzero convergent power series with h(0) = 0, let E be a closed subset of
C {0} with cap E > 0, and let (o, T) be a pair in the set Q. Assume, in case
ot > 0, that h(x) is not a monomial of the form byx* with ok —t = 0. Suppose
that g(s°x, sTh(x)) is convergent for each s € E. Then g is convergent.

Theorem 1.2. Let g € C[lx, y]l be a power series with g’y # 0, let h € C[[x]
be a nonzero power series with h(0) = 0, let E be a closed subset of C ~ {0}
with cap E > 0, and let (o, T) be a pair in the set Q with ot > 0. Suppose that
g(s%x, sTh(x)) is convergent for each s € E. Then h is convergent.

The examples in Section 3 show that if any condition in these two theorems
is dispensed with, the resulting statement is false. We now prove some auxiliary
results.

The following theorem is a consequence of a result by B. Malgrange [1966].
We present an independent short proof.



70 BUMA L. FRIDMAN AND DAOWEI MA

Theorem 1.3. Let g € C[xy, ..., x,, y]l with g’y # 0, and let h € C[[xy, ..., x,]
with h(0) = 0. Suppose that g and g(xy, ..., Xy, h(x1, ..., X,)) are convergent.
Then h must be convergent.

Proof. Let f € C[xy, ..., x,, y] be defined by

f(xls-~-axn7y):g(xla-~~axn7y)_g(x1a---,xnsh(-xh'--vxn))'

Then f is convergent and f(xy, ..., x,, h(x1,...,x,))=0. Fixs=(s1,...,8,) €
C". Let fi(¢t,y) € C[t, y] be defined by fi(¢t,y) = f(sit,...,snt,y). Then
fs(t, y) is convergent and f; (¢, hs(t)) =0. By the Weierstrass preparation theorem
(see [Griffiths and Harris 1978, p. 8], for example), there is a nonnegative integer k
suchthat fy(t, y)=t*P(t, y)Q(t, y), where P (¢, y) = y"4a; (t)y" '+ - -4a, (t)
is a polynomial in y with coefficients being convergent power series in ¢, and
Q(t, y) is a convergent power series with Q(0, 0) # 0. Hence P (¢, hs(t)) =0. By
[Fuks 1963, Theorem 4.12, p. 73] there is a positive integer r such that P(¢", y)
splits into linear factors in y:

P, y) =@ —ui@®) - (y—un(),

where the u () are convergent power series. Thus
0= P, hs(@")) = (hs (") —ur(t)) -~ (hs(t") — upm(1)).

It follows that hs(t") = u;(t) for some j. Therefore h,(t) is convergent. Since
hg(t) is convergent for each s € C", the series h(xy, ..., x,) must be convergent.
O

Let E be a closed bounded set in the complex plane. The transfinite diameter
of E is defined as

dso(E) =1i’£n (max{ I lzi —zjlz/”("_l) Y20y ..., 20 € E})

i<j
For a probability measure ¢+ on the compact set E, the logarithmic potential of p is

1
lz—¢|

pu(a) = lim / min(N, log —— ) du(?).

and the capacity of E is defined by
/_,L =

cap E =exp(— min sup p,(2)).
E)=1(eC

It turns out that do(E) = cap E [Ahlfors 1973, pp. 23-28]. It follows from the
definition of the transfinite diameter that, for E{ D E, D - - -,

E=(E, = capE =lim(capE,),
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and from the definition of the capacity that, it £y C E; C - - -,
(D E=E, = capE =lim(cap E,).
If E is a closed set, its capacity can be defined by
capE = lirrlncap(E N{|x| < n}).

Lemma 1.4 (Bernstein inequality). Let E be a compact set in the complex plane
with cap E > 0. Then there exists a positive constant C = Cg, depending only on
E, such that for each positive integer n and each polynomial P(z) =Y a;z* € C[z]
of degree n, each coefficient ar, 0 < k < n, of P(2) satisfies

lax] < C" max | P(z)].
Z€E

Proposition 4.6 in [Neelon 2009] can be used to prove this statement. Also
(we thank Nessim Sibony for pointing this out to us) this lemma follows from
considerations in [Sibony 1985]. We present here an independent short proof.

Proof. Without loss of generality we assume that max,cg |P(z)] = 1. Let Q be
the unbounded component of the complement of E in C. It is known that €2 has a
Green'’s function with a pole at oo [Ahlfors 1966; 1973, pp. 25-27]. The Green’s
function is harmonic in €2, 0 on 9€2, and its asymptotic behavior at oo is

u(z) =log|z| —loga + o(1),

where o := cap E. On applying the maximum principle to the subharmonic func-
tion log | P(z)| — (n+€)u(z), we obtain | P(z)| < "™ for z € Q. Choose an R > 1
sothat E C {z:|z|] < R}. Set C = max|; =g ¢“® . Then |P(z)| < C"if |z] = R, and

1 P
jag| = —.f %dz’ < R max | P(z)| < C".
2mi lzI=R % + lz|=R
This proves the lemma. (]
Proof of Theorem 1.1. We assume that agg = g(0, 0) = 0, that E is bounded, that
gcd(o, t) =1, that o > 0, and, in case o = 0, that t = —1. This causes no loss

of generality. Indeed, if E is unbounded, set E, = {s € E : n > |s| > 1/n}. Since
lim cap E,, =cap E > 0, the set E,, has positive capacity when # is sufficiently large.
Onreplacing E by E,,, we obtain that 0 € E and E is bounded. If d :=gcd(o, 7) > 1,
we can replace (o, t) by (0/d, t/d), and E by the set {s € C: s¢ e E}. Finally,
if o <0, or if (o,7) = (0, 1), we can replace (o, t) by (-0, —7), and E by
{seC:s7' e E).

Let

o0
h(x)=) bx'.
i=1
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Then
o0
i k
hx)! = chkx ,
k=j
where
l+l =k

Note that ¢;; =0 for k < j. Hence

o oo ,(o+tH)p
g(s%x,s"h(x)) = Zaijcjks””“”x”rk = Z( Z dpqsq>xp,

i,j.k p=1 “g=—17p
where 77 =max(0, t), = = — min(0, 7), and
@) dpg= D aijCjp-i-
oi+1j=¢q

For each p > 1 and each ¢ € Z, the sum (2) contains only a finite number
of nonzero terms. Let u,(s) = Zq dpgs?. Then s* Pup(s) is a polynomial in
s of degree at most (o + |7|)p, and g(s®x, s"h(x)) = Y u,(s)x”. Fors € E,
since g(sx, s"h(x)) is convergent, its coefficients u ,(s) satisfy |u,(s)| < C P for
some positive constant Cy, possibly depending on s, and p = 1,2, .... Set, for
n=12 ...,

E,={s€E:|up(s)| <n’ forall p>0}.
The sequence (E,) is an increasing sequence of closed sets. Since limcap E,, =
cap E > 0, the set E,, has positive capacity for some n. On replacing E by E,, we

obtain |u,(s)| <n? fors € E and p = 1,2, .... The polynomial s* Pu,(s) is of
degree at most (o + |7]) p, and satisfies

Is* Pu,(s)| <M Pn?, s€E,

where M =maxg |s|. By Lemma 1.4, the coefficients of the above mentioned poly-
nomial satisfy |dp,| < Cg’ﬂrl)pM’_pnp, where Cg is the constant in Lemma 1.4,
depending only on E. Set C = CgHﬂMT_n. Then

3) |dpg| < CP.
Let
4) gx.y)= > ayx'yl,

oi+tj=¢q
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and let ¢, (x) = g,(x, h(x)), for g € Z. Then g, € C[[x, y]| in general, and it is a
polynomial when o, t > 0. It is straightforward to verify that

5) bg(x) = g (x, h(x)) = ) dpgx?.

p=1

The series ¢, (x) is convergent because of (3). Choose a positive number r < 1/C,
where C is the constant in (3), so that 2(x) converges in a neighborhood of the
closedball {x e C:|x| <r}and h(x) #0 when 0 < |x| <r. Let m =min|y =, | (x)].
Thenm > 0. Forx € C, |x| <r,

1
16401 = D ldpgllxI” < 3 (Cr)P = — .

We now consider two cases, depending on whether o 7 is positive.

Case (i): 0 > 0,7 > 0. Let

(6) Q,={G,j):i,jel, i, j=0,0i+71j=q}

Let w, be the cardinality of €2,. It is clear that w, < g + 1. Fix a g > 1 so that
wy > 0. Let (A, u) be the element of €, so that p is the minimum. Then

Qy={(—kt, u+ko) : k=0,1,..., 0, — 1},

and
wy—1
8q (x,y)= xkyﬂ Z ak—kr,u-l—ka(xiryg)k-
k=0
Let
wg—1
wq (t) = Z a)—kr, M+katk,

k=0
so that g, (x, y) = x*y*,(x "7 y?), and

(7) Vg (xTTh(X)7) = x T h(x) ey (x).
Letu(x)=x""hx)°,S={xeC:|x|=r}, and F = u(S). Since h(x) is not

a monomial of the form byx¥ with ok — v = 0, the function u(x) is a nonconstant
meromorphic function, hence F has positive capacity. For t = x~"h(x)? € F, we
obtain, by (7), that

rAmmh (L4 m e
8 1 < <
(8) WD) < T < o
The summand 1 in the right-hand side of the above inequality is included to ensure
that the numerator is greater than 1 as needed later. Hence |4, (t)| < LY on F,
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where
1 -1 —1
Lo rtmT
1-Cr

for A+ < g. By Lemma 1.4, the coefficients of 1, are bounded by L4 C?q
Thus for (i, j) € €2,

-1

laij] < LICY™" < (L+Cp)™ < (L+Cp)2@tnith,

or |a;j| < K/, where K = (L + Cr)*°*+7). The number K does not depend on
q. It follows that

la;jl < K™, if oi4+1j > 1.
This proves that g is convergent.

Case (ii): 0 > 0, T < 0. In this case the set €2, in (6) can be written as
Q={(r—kt, u+ko):k=0,1,2,...},

where (A, u) is the element in €2, with least value of u when o > 0, and (A, ) =
(0, —g) when (o, t) = (0, —1). Let

o0
k
Yy (t) = Zak-‘rklrl,u-i-kat -

k=0

Then g, (x, y) = x’\yl‘l//q (x!*ly?). The formal power series Y (t) satisfies ¢, (x) =
xkh(x)“wq (x"1h(x)?). Since x*h(x)* and ¢4 (x) are convergent, the series

a(x) =¥, (x'Th(x)?)

has to be convergent. Write x!"1/4(x)® = cxV 4 - -, ¢ # 0. There is a power series
B(x), also convergent in a neighborhood of {|x| < r}, such that xI"'/h(x)® = B(x)".
Reducing r if necessary, we assume that 8(x) is univalent in a neighborhood of
{|x| < r}. Note that the reduction in the value of r is independent of g. The set
{B(x) : |x|] < r} contains an open disc {z € C : |z| < §}. The series 8(x) has an
inverse y (z), convergent in {z € C: |z| < 8}, such that y (8(x)) =x and B(y (2)) =z.
Now v, (z") is converge nt in {|z| < 8}, so ¥, () is convergent in {|7| < §"}. Let
t € C with |t] < Y. Then ¢t = z" for some z with |z| < &, and z = B(x) for some x
with |x| < r. Hence

[y (O] = ¥y (B = la(x)] < max e (x)].
Thus

r A mH
~1-Cr’

$q(x)

x*h(x)H

sup [, (#)] < max
[t <8V |x|=r
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By the Cauchy estimates, the coefficients of ¥, satisty

r_)\m_“ ko (1+r—1 +m—1 +3—v))»+u+k

@t kiz), ptko | < T—cr s < T_Cr .

The summand 1 in the right-hand side of the above inequality is included to ensure
that the numerator is greater than 1 as needed later. It follows that, for (i, j) € €2,

T+r Tt dm s\t
la;j| < )

1—-Cr

The number K := (14+r~'4+m~'4-67")/(1—Cr) does not depend on ¢. Therefore,
lajj| < Kt/ for all (i, j). This proves that g is convergent. O
Proof of Theorem 1.2. This proof and the proof of Theorem 1.1 share the discussion
through Equation (5). Note that the convergence of ~ has not been used in the
derivation of (5). We define polynomials g,(x, y) by (4). Then g,(x, h(x)) are
convergent by (3) and (5). Since g; (x,y) #0,09g,/0y # 0 for some ¢q. It follows
from Theorem 1.3 that 4(x) is convergent. U
For h € C[[x] with 2(0) = 0, let hy(x) = s~ h(sx).
Corollary 1.5. Let g € C[[x, y]| be a power series, let h € C[[x]] be a nonzero and
nonlinear power series with h(0) = 0, and let E be a closed subset of R ~ {0}

with cap E > 0. Suppose that g(x, hs(x)) is convergent for each s € E. Then g is
convergent.

Proof. If g, = 0 then the statement holds. Suppose g}, # 0. For s #0, g(x, h;(x))

is convergent if and only if g(s_lx, he(s~'x)) = g(s_lx, s7Th(x)) is convergent.

By Theorem 1.2, & is convergent. Then g is convergent by Theorem 1.1. (|
For f € C[lx, y]l and 6 € [0, 2], write

fo(x,y) = f(xcos@ — ysin6, xsinf + y cosH).

Theorem 1.6. Ler f € Cllx, y]l be a power series, let h € C[[x]] be a convergent
power series with h(0) =0, and let E be a closed subset of [0, 2] with cap E > 0.
Suppose that fy(x, h(x)) is convergent for each 6 € E. Then f is convergent.

Proof. Let g(x, y) = f((x+y)/2, —i(x —y)/2). Then f(x,y)=g(x+iy,x—iy)
and fy(x,y) =g (x+iy), e ¥ (x —iy)). Let o (x) = fo(x, h(x)) = g(e' (x +
ih(x)), e (x —ih(x))). Then ¢y (x) is convergent for 8 € E. The x terms of the
two series x +ih(x) cannot both be zero. Say, the x term of x+i/(x) is nonzero. So
Xx+ih(x) has an inverse v (x) which is a convergent power series such that iy (x) +
ih(Y(x)) =x. Set ¥ (x) —ih(¥(x)) = (x). Then ¢y (¥ (x)) =g (e’ x, e w(x))
is convergent for 6 € E. It follows that g(sx, s 'w(x)) is convergent for each s in
the set {¢!? : @ € E}, which has positive capacity. By Theorem 1.1, g is convergent.
Therefore f is convergent. (]
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2. Analytic functions in R?

Suppose that f(x, y), ¢(x), g(x) are C* functions defined near the origin with
¢(0)=0. Let f ., g denote the Taylor series at 0 of those functions. Then f lies
in C[[x, y] and qAS,c} lie in C[[x]. By the chain rule, f(x, ¢(x)) = g(x) implies
f (x, ¢A>(x)) = g(x). We consider here complex-valued analytic functions of real
variables. If I is an interval and if ' = {(¢, y (¢)) : t € I} is a curve, the dilation by
s of I'is

s = {(st, sy O} ={(t, yijs ()}, v5(0) =57y (s0).

Theorem 2.1. Let f be a C™ function defined in an open set Q C R? containing
the origin, let ' = {(t, ¢ (t))} be a nonlinear analytic curve in R? passing through
or ending at the origin, and let E be a closed subset of R~ {0} of positive capacity.
Suppose that for each s € E, there is a real analytic function F defined in a
neighborhood Qg of 'y N Q2 in R? such that f and F; coincide on I'y N Q2. Then
there is a neighborhood U of the origin, and a real analytic function F defined on
U that coincides with f on U N A, where A :=J g Ts.

Proof. Without loss of generality we assume that ¢ (0) =0. Since f and F; coincide
on [, we have

€)) J s @1y5(x) = Fs(x, ¢1y5(x)).
Let g, h denote the Taylor series of f, ¢ respectively. Then (9) implies

g(x, hy/5(x)) = Fy(x, hy/5(x)).

Hence g(x, hi/s(x)) is convergent for s € E. By Corollary 1.5, g is convergent.
Thus g represents a real analytic function F' in some neighborhood U of the ori-
gin that satisfies F'(x, hy/s(x)) = Fy(x, hy/s(x)). It follows that the real analytic
function F coincides with f on U N A. ([

Note that f does not need to be analytic in a neighborhood of the origin.
IfI'={(¢,¢(t) : t € I} is a curve, its rotation by 9 is

I'g={(tcosO+¢(t)sinf, —tsinf +¢(¢t)cosh):t €}.

Theorem 2.2. Let f be a C™ function defined in an open set @ C R?* containing
the origin, let ' = {(¢t, ¢ (¢))} be an analytic curve in R? passing through or ending
at the origin, and let E be a closed subset of [0, 27 ] of positive capacity. Suppose
that for each 6 € E, there is a real analytic function Fy defined in a neighborhood
Qg of TgNQ in R2 such that f and Fy coincide on T'yg N Q. Then there is an
analytic function F defined in some neighborhood U of the origin that coincides
with f on U N A, where A =y To.
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Proof. The proof is similar to that of Theorem 2.1. Let
go(x,y):=g(xcosf 4+ ysinf, —x sinf + y cos0).

Then gg (x, h(x)) is convergent for each 6 € E. By Theorem 1.6, g is convergent.
O

Corollary 2.3. Let f be a C* function defined in a neighborhood of 0 in R?, and
let ' = {(t, ¢(t))} be an analytic curve passing through or ending at the origin in
R2. Suppose that for each 6 € [0, 27r], the restriction of f to T'y extends to a real
analytic function Fy in a neighborhood Qg of the origin. Then f is analytic in a
neighborhood of the origin.

Remark 2.4. We can see from the proofs that in Theorem 2.1, Theorem 2.2, and
Corollary 2.3 the hypothesis on f can be weakened to f having a Taylor series
at the origin in the sense that there are numbers a;; such that for each positive
integer n,

Oy = Y aixy) =o((*+y*)").

i+j<n
3. Examples

Here we show that the restrictions in our main theorems are necessary.

Example 3.1. P. Lelong [1951] proved that if E is a set with cap £ = 0 then
one can find a divergent power series g(x, y) such that for all s € E, g(x, sx) is
convergent. For completeness we present here a construction of such an example.
Since cap E = 0, there is a sequence of positive numbers (§,) with lim §, =0, and
a sequence of polynomials (P,(x)) with max,cg | P(x)| < §,,, where

Pux) = ibn,x"—f,
with buo = 1. Let =
ajj = 3l-_+(j.+j)b,~+j,,- and g(x,y) = Za,-jxiyj.
Then
g(x, sx) =) 8" Py(s)x".

For s € E we have [5," P,(s)| <1, so g(x, sx) is convergent. Note that ag; = 8j_j,
which obviously implies that g is divergent, since limé; = 0.

Example 3.2. We show that the condition in Theorem 1.1 that /4 (x) is not a mono-
mial of the form by x* with 0k —1 =0 cannot be dispensed with. Let o, k be positive
integers, and ¢ € C[[x] a divergent series with ¢ (0) =0. Let g(x, y) =¢ (x*) —o(y)
and h(x) = x*. Then g is divergent; but g(s°x, s°*h(x)) =0 for each s € C.
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Example 3.3. We show that the hypothesis in Theorem 1.1 that 4 (x) is convergent
cannot be dispensed with when ot < 0. (By Theorem 1.2 that hypothesis can be
dispensed with when ot > 0.) The example also shows that Theorem 1.2 fails for
ot <0.

Suppose that T < 0, 0 > 0. Let u(x) = x + --- be a divergent series. Let
h(x), ¢ (x) be the series satisfying ¢ (u(x)) = x and x'"1h(x)® = u(x°*!7!). Then
¢, h are divergent. Let f(x,y) = ¢ (x/T1y?). Then f is divergent; but

f(s%x,sTh(x)) =x°TTl foreach s € C~ {0}.

Now we consider the case where 0 =0, T =1. Let h(x) =x+- - - be a divergent
series, and let ¢ (x) be the series satisfying h(x)¢(x) = x2. Then ¢ is divergent.
Let f(x,y)=¢(x)y. Then f is divergent; but f(x, sh(x)) = sx? for each s € C.
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TWISTED CAPPELL-MILLER HOLOMORPHIC
AND ANALYTIC TORSIONS

RUNG-TZUNG HUANG

Recently, Cappell and Miller extended the classical construction of the an-
alytic torsion for de Rham complexes to coupling with an arbitrary flat
bundle and the holomorphic torsion for 5-c0mplexes to coupling with an
arbitrary holomorphic bundle with compatible connection of type (1, 1).
Cappell and Miller also studied the behavior of these torsions under metric
deformations. On the other hand, Mathai and Wu generalized the classical
construction of the analytic torsion to the twisted de Rham complexes with
an odd degree closed form as a flux and later, more generally, to the Z,-
graded elliptic complexes. Mathai and Wu also studied the properties of an-
alytic torsions for the Z,-graded elliptic complexes, including the behavior
under metric and flux deformations. In this paper we define the Cappell-
Miller holomorphic torsion for the twisted Dolbeault-type complexes and
the Cappell-Miller analytic torsion for the twisted de Rham complexes. We
obtain variation formulas for the twisted Cappell-Miller holomorphic and
analytic torsions under metric and flux deformations.

1. Introduction

Ray and Singer, in the celebrated works [1971; 1973], defined the analytic torsion
for de Rham complexes and the holomorphic torsion for 3-complexes of complex
manifolds. They studied properties of these torsions, including the behavior under
metric deformations and coupled the Riemannian Laplacian and the d-Laplacian
with unitary flat vector bundles and obtained self-adjoint operators. Hence, the
analytic torsion and holomorphic torsion are real numbers in the acyclic cases
considered by Ray and Singer and are expressed as elements of real determinant
line in the nonacyclic case.

Recently, Cappell and Miller [2010] extended the classical construction of the
analytic torsion to coupling with an arbitrary flat bundle and the holomorphic tor-
sion to coupling with an arbitrary holomorphic bundle with compatible connection

MSC2000: 58]52.
Keywords: determinant, analytic torsion.
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of type (1, 1); see Definition 3.1. This includes both unitary and flat (not nec-
essarily unitary) bundles as special cases. However, in this general setting, the
associated operators are not necessarily self-adjoint and the torsions are complex-
valued. Cappell and Miller also studied the behavior of these torsions under metric
deformations.

Mathai and Wu [2008; 2010b] generalized the classical construction of the Ray—
Singer torsion for de Rham complexes to the twisted de Rham complex with an
odd degree closed differential form H as a flux. Later, in [Mathai and Wu 2010a],
they extended this to Z,-graded elliptic complexes. The definitions use pseudo-
differential operators and residue traces. Mathai and Wu also studied the properties
of analytic torsion for Z,-graded elliptic complexes, including the behavior under
the variation of metric and flux.

Let E be a holomorphic bundle with a compatible type-(1, 1) connection D
(see Definition 3.1) over a complex manifold W of complex dimension n and H €
A% (W, C) be a d-closed differential form of type (0, odd). In Definition 3.5,
for each p, 1 < p < n, we define the twisted Cappell-Miller holomorphic torsion
Tholo, p (W, E, H) as a nonvanishing element of the determinant line:

Tholo.p (W, E., H) € Det H*(W, E, H) ® (Det Hy/'; "(W. E, H)) D",

We show that the variation of the twisted Cappell-Miller holomorphic torsion
Tholo, (W, E, H) under the deformation of the metric is given by a local formula;
see Theorem 3.8. We also show that along any deformation of H that fixes the
cohomology class [ H] and the natural identification of determinant lines, the vari-
ation of the twisted Cappell-Miller holomorphic torsion tylo,, (W, E, H) under
the deformation of the flux is given by a local formula; see Theorem 3.12.

Let € be a complex flat vector bundle over a closed manifold M endowed with
a flat connection V and let 3 be an odd degree flux form. Then the Cappell-Miller
analytic torsion 7(V, 9€) (see Definition 4.2) for the twisted de Rham complexes is
an element of Det H*(M, € © €', ¥), where €’ is the dual of the vector bundle €.
We show that the variation of the twisted Cappell-Miller analytic torsion t(V, )
under the deformation of the metric is given by a local formula; see Theorem 4.3.
We also show that along any deformation of ¥ that fixes the cohomology class [¥]
and the natural identification of determinant lines, the variation of the twisted
Cappell-Miller analytic torsion 7 (V, #) under the deformation of the flux is given
by a local formula; see Theorem 4.4. In particular, we show that if the manifold M
is an odd-dimensional closed oriented manifold, then the twisted Cappell-Miller
analytic torsion is independent of the Riemannian metric and the representative ¥
in the cohomology class [#]. See also [Su 2011, Section 6]. We also compare the
twisted Cappell-Miller analytic torsion with the twisted refined analytic torsion
[Huang 2010]; see Theorem 4.5.
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In the paper just cited we defined and studied the refined analytic torsion of
Braverman and Kappeler [2007; 2008b] for the twisted de Rham complexes. Later,
Su [2011] defined and studied the Burghelea—Haller [2007; 2008; 2010] analytic
torsion for the twisted de Rham complexes and compared the twisted Burghelea—
Haller torsion with the twisted refined analytic torsion. Su [2011] also briefly
discussed the twisted Cappell-Miller analytic torsion when the dimension of the
manifold is odd.

The rest of the paper is organized as follows. In Section 2, we define and cal-
culate the Cappell-Miller torsion for the Z;-graded finite-dimensional bigraded
complex. In Section 3, we first define the Dolbeault-type bigraded complexes
twisted by a flux form and its (co)homology groups. We then define the Cappell—
Miller holomorphic torsion for the twisted Dolbeault-type bigraded complexes. We
prove variation theorems for the twisted Cappell-Miller holomorphic torsion under
metric and flux deformations. In Section 4, we first define the de Rham bigraded
complex twisted by a flux form and its (co)homology groups. Then we define
the Cappell-Miller analytic torsion for the twisted de Rham bigraded complex.
We prove variation theorems for the twisted Cappell-Miller analytic torsion under
metric and flux deformations.

Throughout this paper, a bar over an integer means taking the value modulo 2.

2. The Cappell-Miller torsion for a 7,-graded finite-dimensional bigraded
complex

In this section we define and calculate the Cappell-Miller torsion for the Z,-graded
finite-dimensional bigraded complex. For the Z-graded case, see [Cappell and
Miller 2010, Section 6]. Throughout this section k is a field of characteristic zero.

Determinant lines of a 7,-graded finite-dimensional bigraded complex. Given a
k-vector space V of dimension n, the determinant line of V is the line Det(V) :=
N'V, where /\"V denotes the n-th exterior power of V. By definition, we set
Det(0) := k. Further, we denote by Det(V)~! the dual line of Det(V). Let

[m/2]
— Coven — @ C21
~ [(m—l)/2]
Cl — COdd — @ C2i+l,
i=0
where C!,i =0, ..., m, are finite-dimensional k-vector spaces. Let

(2-1) c*dy: - Lod Lot L eh 4
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be a Z,-graded cochain complex of finite dimensional k-vector spaces. Denote by
H*(d) = H(d) ® H'(d) its cohomology. Set

0 Det(C®) := Det(C(i) ® Det(Ci)_lj

Det(H*(d)) := Det(H’(d)) ® Det(H' (d))~".

Assume that C* has another differential d* : C¥ — C*~! giving the complex

c*dy: o0 E 0L

Denote its homology by H,(d*) = Hy(d*) ® Hi(d*). Set
Det(H,(d*)) := Det(Hg(d*)) ® Det(Hi(d*))~".
The fusion isomorphisms. (See [Braverman and Kappeler 2007, Section 2.3].)

For two finite-dimensional k-vector spaces V and W, we denote by py w the
canonical fusion isomorphism

(2-3) wy.w :Det(V) @ Det(W) — Det(V & W).
For v € Det(V), w € Det(W), we have
(2-4) vw (@ @w) = (=D VENY y y (w @ ).

By a slight abuse of notation, denote by u‘_,}W the transpose of the inverse of py w.
Similarly, if Vi, ..., V, are finite-dimensional k-vector spaces, we define an
isomorphism

(2-5) wy,....v. :Det(V]) ® - - - ®Det(V,) - Det(Vi & --- D V,.).

The isomorphism between determinant lines. For k = 0, 1, fix a direct sum de-
composition

(2-6) ck = B* @ H* @ A%,

such that B* @ H* = (Kerd) N C* and B* = d(C*~') = d(A*1). Then H*
is naturally isomorphic to the cohomology H¥(d) and d defines an isomorphism
d: Ak — BFF1,

Fix ¢ € Det(C*) and x; € Det(AF). Let d(x;) € Det(B**!) be the image of x;
under the map Det(A*) — Det(B**!) induced by the isomorphism d : A¥ — B**1.

Then there is a unique element /; € Det(H k) such that
(2-7) ¢k = gk, gk 4k (d (xi=1) ® hi @ xi),

where gk gt Af is the fusion isomorphism; see (2-5) and [Braverman and Kappeler
2007, Section 2.3].
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Define the canonical isomorphism
(2-8) Pce = d(c+.a) : Det(C*) —> Det(H*(d))
by the formula
(2-9) bce 1 cgRci' > ho@hil.

Following the sign convention of [Braverman and Kappeler 2007, (2-14)], Equa-
tion (2.10) of [Huang 2010] introduced a sign-refined version of the canonical
isomorphism (2-8). Here we follow the sign convention of [Cappell and Miller
2010, Section 6].

Similarly, for k =0, 1, fix a direct sum decomposition

(2-10) C* = By @ Hy @ Ap,

such that By @ Hy = (Kerd*) N C¥ and B; = d*(C*') = d*(Ar#i). Then Hj
is naturally isomorphic to the homology Hj(d*) and d* defines an isomorphism
d*: Ay — Bi. .

Similarly, fix c; € Det(C¥) and vi € Det(Ag). Let d*(yr) € Det(Bg=1) denote
the image of y; under the map Det(Aj) — Det(B;—7) induced by the isomorphism
d* : Af — Bi=i. Then there is a unique element i} € Det(H k) such that

(2-11) ¢k = g i Az (4 1) ® h @ i),

where [ p; H;. 4; 1s the fusion isomorphism; see (2-5) and [Braverman and Kappeler
2007, Section 2.3].
Define the canonical isomorphism

(2-12) Pce = §(ce g+ : Det(C*) —> Det(Ha(d*))
by the formula
(2-13) dee cg®ci > h5 @R

The Cappell-Miller torsion for a Z,-graded finite-dimensional bigraded com-
plex. Let C* =C°@ C! and C* = C° @ C! be finite-dimensional Z,-graded k-
vector spaces. The fusion isomorphism

Jee Gt Det(C*) @ Det(C*) — Det(C* & C*)
is defined by the formula
(2-14) HeeCo = (—1)M(C.’C.)“cﬁ,ca ® u&l,gi ;
where

(2-15) AM(C*, C* :=dim C! - dim C°.



86 RUNG-TZUNG HUANG

Consider the element ¢ := ¢ ® ci! of Det(C*®). Then, for the bigraded complex
(C*, d, d"), the Cappell-Miller torsion is the algebraic torsion invariant

(2-16) T(C*,d,d*) = (—1)>gce(c)(pee ()"
€ Det(H*(d)) ® Det(H,(d*)) !,

where (—1)5©" is defined by the formula
(2-17) S(C*):= Y (dim Bt - dim B!+ dim B! - dim Hy
k=01 +dim Bi—; - dim HY).

Calculation of the 7;-graded Cappell-Miller torsion. We first compute the tor-
sion in the case that the combinatorial Laplacian A := d*d + dd* is bijective.
For k =0, 1, define

(2-18) ck :=Kerd*nck, c* :=Kerdnck.

The proof of the following proposition is similar to the proof of the Z-graded case
[Cappell and Miller 2010, Section 6.2, Claim B].

Proposition 2.1. Suppose that the combinatorial Laplacian A has no zero eigen-
value. Then the cohomology group H®(d) =0 and the homology group He(d*) =0.
Moreover,

(2-19) T(C*, d, d*) = Det(d*d|c1) - Det(d*d|c1) ",

Proof. The proof of the first assertion that H*(d) = 0 and H,(d*) = 0 is standard,
so we skip the proof.

To compute t(C*, d, d*) (see (2-16)), we first compute ¢¢+(c). For each k =
0, 1, we now have the direct sum decomposition

(2-20) ct=a*c* T gadct,

We also have the isomorphisms

(2-21) d:d*C*'=ack, d*:dc*=q*ct.

By (2-18), (2-20) and (2-21), we know that

(2-22) ck =a*c™1, ¢k =act.

By (2-6), (2-10), (2-21), (2-22) and the first assertion we know that
(2-23) ck = Br=af, cF =Bz A

Let {d*yiF1.i | 1 <i <dim Bg } be a basis for By = d*CH1 = Ak Since

d*d : d*CHH - @t
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is an isomorphism, there is a unique vector

xii € By =d*C*!
such that
(2-24) d*dxg; =d*yirii-

Then {xz; | 1 <i <dim Bz} is also a basis for B; = Ak, Since d : d*CkH! —>7a’C’2
is an isomorphism, it follows that {dxj; | 1 <i < dim By } is a basis for Bkt =
dckx~ Ajiz1. Hence, in view of the decomposition (2-20), we conclude that

{d*yir1i |1 <i <dim B }U{dxi=1,; | 1 <i <dim B }
forms a basis for C¥. In particular, by the first assertion and (2-6), we have
(2-25) dim B* = dim B,

With this particular choice of basis, we set

YiF1 = Vi1, A+ A Yirl.dim By € Det(Ais1)

Xk—1 = Xk—1,1 A - AXi—1,dim B— € Det(Bi=1).
Let d*yi77 and dx;—i be the induced elements in Det(Bj) and Det(Ay). Set
(2-26) Ck = Wag, A (d” i1 ® dxi=1).

To compute ¢c-(c) (see (2-13)), we need to compute h} € Det(Hi(d*)) = k.
If L is a complex line and x, y € L with y # 0, we denote by [x : y] € k the
unique number such that x =[x : y]y. Then

(2-27)  hg=Ilck : o, ap (@ yir1 @ dxi=1)] by (2-24)
= [ p, a¢ (A" Vir1 ® dxi=1) © g, ap (d* yir1 ® dxg=1)] by (2-26)
=1.

We next compute ¢c(c). By (2-9), we need to compute h;. By our choice of
basis, we have
(2-28) hi = [ck : mpk Ak (dxi=1) ® xk]
= (1B, A (@ Yir1 ® dxi=1) : Bk 4k (dxi=1) ® xg] - by (2-26)
= (1B, ap(d7dxi ® dxi=1) : pag, e (dxi=1) @ xg] by (2-23), (2-24)
= (=) BAmM A gy 4 (d*doc @ dixi=1) ¢ g ap (07 © dai=1)]

= (= 1)dm BT dim B pey (| o), by (2-23), (2-25).
Combining (2-16), (2-17), (2-27), (2-28) with the first assertion gives (2-19). [
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We now compute the torsion in the case that the combinatorial Laplacian A :=
d*d +dd* is not bijective. For simplicity, we restrict to the case k = C for the rest
of discussion in this section. The operator A maps C k¥ into itself. For an arbitrary
interval $ C [0, 00), let C"; cck denote the linear span of the generalized eigen-
vectors of the restriction of A to C*, corresponding to eigenvalue A with [A] € §.
Since both d and d* commute with A, we have d(Cf;) - C§+1 and d*(C§) C Cﬁ_l.
Hence, we obtain a subcomplex C§ of C*. We denote by Hg(d) the cohomology of
the complex (C§, dg) and H, 4(d*) the homology of the complex (C§, dj). Denote
by dy and dj the restrictions of d and d* to C § and denote by Ay the restriction
of A to Cf;. Then Ay = djdy + dgdj. For k =0, 1, we also denote by Cft,y the
restrictions of CX to C%.

For each A > 0, we have C*® = C[.o,x] @ C;A’Oo). Then H&’OO) (d) = 0 whereas
H[?M](d) = H*(d) and H, (1,0)(d*) = 0 whereas H, 0)(d*) = H,(d*). Hence
there are canonical isomorphisms

®; 1 Det(HY, o) (d) — C, W, : Det(Hpp 1(d)) — Det(H*(d))
@', : Det(H, (5..00)(d*)) = C, W'} : Det(H, 0.)(d*) " — Det(H,(d*))".
In the sequel, we will write 7 for @, (r) € C and ¢’ for @ (¢') € C.

Proposition 2.2. Let (C*, d, d*) be a Z,-graded bigraded complex of finite-dimen-
sional k-vector spaces. Then, for each A > 0,

(2-29) t(C*,d,d*) =Det(d*d|cd

+.(r,00)

where we view T(Clo.as d, d*) as an element of Det(H*(d)) ® Det(H,(d*))~! via
the canonical isomorphism ¥, ® \IJ’i : Det(H[B’M(d)) ® Det(Ha. [0.1] @' -
Det(H*(d)) ® Det(H,(d*))~".

In particular, the right side of (2-29) is independent of A > 0.

)-Det(d*d|ci , )7 T(C,ypd.dY),

. (%,00)

Proof. Recall the natural isomorphisms

(2-30) Det(H ;1(d) ® HE o) (d)) = Det(H@” (d) ® HE (@)
= Det(H*(d)),
(2-31)  Det(H,[0,11(d*) ® H,(3.,00)(d")) = Det(Hp, [0,1)(d") © H,(x,00)(d"))
= Det(Hi(d")).
From (2-16), Proposition 2.1, (2-30) and (2-31) we obtain the result. O

3. Twisted Cappell-Miller holomorphic torsion

In this section we first review the 3-Laplacian for a holomorphic bundle with
compatible type (1,1) connection introduced in [Cappell and Miller 2010]. Then
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we define the Dolbeault-type bigraded complexes twisted by a flux form and its
cohomology and homology groups. We define the Cappell-Miller holomorphic
torsion for the twisted Dolbeault-type bigraded complexes. We also prove variation
theorems for the twisted Cappell-Miller holomorphic torsion under metric and flux
deformations.

The 3-Laplacian for a holomorphic bundle with compatible type (1, 1) connec-
tion. In this section we review some materials from [Cappell and Miller 2010];
see also [Liu and Yu 2010].

Let (W, J) be a complex manifold of complex dimension n with the complex
structure J and let g% be any Hermitian metric on TW. Let E — W be a holomor-
phic bundle over W endowed with a linear connection D and let #Z be a Hermitian
metric on E.

The complex structure J induces a splitting TW g C = THOW @ TO-Dw,
where TOW and TDW are eigenbundles of J corresponding to eigenvalues i
and —i, respectively. Let T*:OW and T*©DW be the corresponding dual bun-
dles. For 0 < p, g <mn, let

APYW, E) =T (W, N'(T*"OwW) @ N (T*"VW) ® E)

be the space of smooth (p, ¢)-forms on W with values in E. Set

n
A (W.E)= P a79(W, E).
p.q=0
Let 0 : AP9(W,C) - WPt (W, C) and 8 : AP9(W, C) — APT14(W, C) be the
standard operators obtained by decomposing by type the exterior derivative
d=03+0

acting on complex-valued smooth forms of type (p, g). From d?> = 0, we have
32=0,03>=0.

Since E is holomorphic, the operator 3 on A**(W, C) has a unique natural
extension to A**(W, E) (see [Cappell and Miller 2010, page 139])

dg: APU(W, E) > WPt (W, E).

Under the splitting T'(W, (T*W ®g C) ®c E) = ALO(W, E) @ A%(W, E), the
connection D decomposes as a sum D = D0 @ D%! with

DLW, E)—> AW, E), D*'.r(W,E)— A*' (W, E).

Extend the connection D on I'(W, E) in aunique way to A**(W, E) by the Leibniz
formula [Berline et al. 2004, page 21]. The extended D again decomposes as a sum
D = D'04 D1 also satisfying the Leibniz formula [Berline et al. 2004, page 131].
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Recall the following definition from [Cappell and Miller 2010, pages 139-140]
or [Liu and Yu 2010, Definition 2.1].

Definition 3.1. The connection D is said to be compatible with the holomorphic
structure on E if D! = 5. The connection D is said to be of type (1, 1) if the
curvature D? is of type (1, 1), that is, (D'%2 =0 and (D"")2 =0.

The complex Hodge star operator * acting on forms is a complex conjugate
linear mapping
*x: APY(W,C) — A" P"4(W, )

induced by a conjugate linear bundle isomorphism; see [Cappell and Miller 2010,
page 141] for this and other statements on this page.
The natural conjugate mapping

conj: AP4(W,C) — AT’ (W, C)
is a complex linear mapping induced by the bundle automorphism
T*WQrC— T*WQrC, v®At>v®A, veT*W, 1eC,
of the complexified cotangent bundle. Define * := conjx. Then
x=conj*: AP1(W,C) - A" ¢""P(W, C)

is a complex linear mapping. Clearly, * = conj x = * conj.

As pointed out by Cappell and Miller, since % is complex linear, it may be
coupled to a complex linear bundle mapping, for example, the identity mapping.
We also denote by * the complex linear mapping

% APUW, E) — ATTENTP(W, E).

Recall that the adjoint 3* of d with respect to the chosen Hermitian inner product
on TW is given by

In particular,
0% = —% conj 3 conj * = —% d *.
Let D be a compatible (1, 1) connection. Following Cappell and Miller, we define

52’,D‘v0 = —* Dl’O;

and the d-Laplacian for the holomorphic bundle E with compatible type-(1, 1)
connection D by

DE,5 = 5E572,D1v0 + 52,011055

Note that (3% ,,,)> =0, since (D'?)? = 0 and * = «> = £1.
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Denote by 8z the adjoint of the d-operator d z with respect to the inner product
(-,-)g on A**(W, E) induced by the Hermitian metrics g" and hA*. Then the
associated self-adjoint d-Laplacian is defined as

Op =@p+85)* =0p8p + 850k,

Recall that, in general, the operator L1, 5 is not self-adjoint with respect to the inner
product (-, -)g on A**(W, E), but has the same leading symbol as the operator
Ug; see [Cappell and Miller 2010, Section 3]. When the connection on E is
compatible with the Hermitian inner product (-, -)g on A**(W, E), the operator
L 5 recovers the self-adjoint operators considered in [Bismut 1993; Bismut et al.
1988a; 1988b; 1988c; 1990; Bismut and Lebeau 1989; 1991]. When the bundle
E'is unitary flat, the operator Ll 5 recovers the self-adjoint operators of [Ray and
Singer 1973]. For more details about the operator L1 5, see [Cappell and Miller
2010].

Twisted Dolbeault-type cohomology and homology groups. For each 0 < p <n,
denote by APO(W, E) := AP***"(W, E) and A”"'(W, E) := AW, E). Let
H e A%'(W, C) and 5? :=3g + H A -. We assume that 9 H = 0. Then, as in the
de Rham case, (55)2 = (. Hence, we can consider the twisted complex

(AP*(W, E), 0%y .. APO(W E) 2, I, Arlw, E) 25 I, APO(W, E)—>

Define the twisted Dolbeault-type cohomology groups of (A?-*(W, E), 52 ) as

Ker(3% : APK(W, E) > AP*F1(W, E))
Im@3} : APK=L(W, E) — APK(W, E))’

H{’E(W, E.H):= k=0, 1.
E

Define H :=conj H. Let D%’O :=D'"O4 HA-. Then (D}?’O)2 = 0. Hence, we can
also consider the twisted complex

10 IO L0

(AP(W, E),Dgo):. AOP(W B2 ALr (W, E) 2 A% (W, E) 2 .

Define the twisted Dolbeault-type cohomology groups of (A*?(W, E), D}q’o) as
Ker(DE? : ARP(W, E) — AMLr(W, E))
Im(DL0: AF-Lr(W, E) — AbP(W, E))

DIO(WE H):= k=0,1.

Define 5",;—’77)1,0 i=—%(D"O4conjHA- ) *=—% D%’O *. Then (5}2”%1,0)2 =0. Again

we can consider the twisted complex

5*,H‘ H
(AP*(W, E), 050y oo <222 AP0y, E) AP LW, E)
5*H

1.0 5 o
EL AP (W, E) <22
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Define the twisted Dolbeault-type homology groups of (A?-*(W, E), 5}’%1 0) as
Ker(35 510 : APK(W, E) — APF=1(w, E))
m(BE 10t APKHL(W, E) — APK(W, E))’

Hi(AP*(W,E), 8E DIO) = =0, 1.
The operator % induces a C-linear isomorphism from (A7*(W, E), 3} E. DI,O) to
(A" P(W, E), :I:D};’O). Hence, as in the Z-graded case (see [Cappell and Miller
2010, page 151] or [Liu and Yu 2010, (2.19)]), we have the isomorphism

B-1)  HYE"P(W,E, H)= Hi(AP*(W, E), 3510), k=0, 1.

¢-function and ¢-regularized determinant. In this section we briefly recall some
definitions of ¢-regularized determinants of non-self-adjoint elliptic operators. See
[Braverman and Kappeler 2007, Section 6] for more details. Let F be a com-
plex (respectively, holomorphic) vector bundle over a closed smooth (respectively,
complex) manifold N. Let D : C*°(N, F) — C*(N, F) be an elliptic differential
operator of order m > 1. Assume that 6 is an Agmon angle; see, for example,
[Braverman and Kappeler 2007, Definition 6.3]. Let IT : L*>(N,F) — L*(N, F)
denote the spectral projection of D corresponding to all nonzero eigenvalues of D.
The ¢-function &y (s, D) of D is defined as

| dim N
(3-2) to(s, D) =Tr1ID;*, Res> ——.
m

Seeley [1967] (see also [Shubin 2001]) showed that ¢y (s, D) has a meromorphic
extension to the whole complex plane and that O is a regular value of &y (s, D).

Definition 3.2. The ¢-regularized determinant of D is defined by the formula

Dety, (D) := eXp(_c;l_s‘s:o;e (s, D)).

Define

LDet)(D) = — di Go(s, D).

Let Q be a 0-th order pseudo-differential pI‘O]eCtIOH, that is, a 0-th order pseudo-
differential operator satisfying Q> = Q. Set
dim M

et

(3-3) Lo(s, O, D)=Tr QIID,*, Res >

The function ¢y (s, Q, D) also has a meromorphic extension to the whole complex
plane and by [Wodzicki 1984, Section 7], it is regular at O.

Definition 3.3. Suppose that Q is a 0-th order pseudo-differential projection com-
muting with D. Then V :=1Im Q is D invariant subspace of C*°(M, E). The ¢-
regularized determinant of the restriction D|y of D to V is defined by the formula

Det;(D|y) := P Plv),
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where

(3-4) LDet; (Dlv) = —| _ 65, 0. D).

Remark 3.4. The prime in Det, and LDet; indicates that we ignore the zero
eigenvalues of the operator in the definition of the regularized determinant. If the
operator is invertible we usually omit the prime and write Dety and LDety instead.

Twisted Cappell-Miller holomorphic torsion. For each 0 < p <n, the twisted flat
d-Laplacian, defined as

DF 5:= O + 0% p10)’,

maps APK(W, E), k =0, 1, into itself. Suppose that $ is an interval of the form
[0, A], (A, u] or (A, 00)( > A > 0). Denote by %Y the spectral projection of
Dg’g corresponding to the set of generalized eigenvalues, whose absolute values
lie in $. Set

ALF W, By = 1P (APR (W, E)) € APROWLE). k=0, 1,

If the interval % is bounded, then for each 0 < p < n, the space A 7(W E),
k =0, 1, is finite- dlmensmnal The differentials 3% 7 and 3% E. D: o commute with
O# E.5- S0 the subspace A (W E) is a subcomplex of the twisted blgraded complex
(AP*(W, E), BE, 8E Dl o) Clearly, for each A > 0, the complex A(x Oo)(W, E)is
doubly acyclic, that is,
Hk(A(A o (W.E),01)=0 and Hp(AL® (W, E),03510)=0
Since
k k k
APKW, E) = A (W, E)® A (W, E),

we have the isomorphisms
H*(AlS, (W, E), aE)—H’”‘(W E, H)
and, by (3-1),
HE(ALS (W, E), 350 = H' (AR P (W, E), £DE) = H P (W, E, H).

In particular, we have the isomorphisms

(3-5) Det H* (A5 5, (W, E), aE)_DetH”°(W E,H),
(3-6) Det H, (A%, (W, E), 0 h1o) = Det H) 8" "(W, E, H).

For any A > 0,0 < p <n, let Tp,[0,%] denote the Cappell-Miller torsion of the
twisted bigraded complex (A[0 A](W E), aE, 8E pl0); see (2-16). Then, by (3-5)
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and (3-6), we can view 7, |o,5] as an element of the determinant line

(3-7) Tp.10. € Det H™* (W, E, H) @ (Det Hoo" (W, E, H))™'

)(71)n+l

=DetH"*(W, E, H)® (Det Hpyy (W, E, H)
E

For each k =0, 1 and each 0 < p <n, set
ALK (W, E) :=Ker(@ 550 n AP (W, E),
AP (W, E) :=Ker@ph0d )y n AL (W, E).
Clearly, . . .
ADE W, E) = AT (W, Ey® AP\ (W, E), if0 ¢ 9.

Let 6 € (0, 27r) be an Agmon angle of the operator [ g,g; see, for example, [Braver-
man and Kappeler 2007, Section 6]. Since the leading symbol of the operator [J g’g
is positive definite, the ¢-regularized determinant

6 H  aHy o
Dete(az,l)lv(’aE)|A$‘§(W,E)

is independent of the choice of the Agmon angle 6 of the operator Dg,g.
For any 0 < A < u < o0, one easily sees that

=x.H =H _ (—=DF
3-8) [ (Dety(@% p097) APE ) 5)
k=0,1

=x,H =H _ (=D*
= ( H (Detg(aEle‘an)|Ai’zw)(w,E)) )

k=0,1
a6,H aH\ - (=D*
: < I1 (Detg 0% prodp)ars . )
k=0,1
By Proposition 2.2 and (3-8), we know that the element
%,H  aH\ (=DF

(3-9)  Tholo,p(W, E, H) :=7p (0,21 l_[ (Dete(az,Dlvan)|Ai’{’§km)(W,E))
k=0,1

is independent of the choice of A. It is also independent of the choice of the Agmon
angle 6 € (0, 27) of the operator (% 5.

Definition 3.5. The nonvanishing element of the determinant

p.e on—p (71))L+l
Thoto,p(W. E. H) € Det HJ"*(W. E,H)® (DetH, /', (W, E, H))

defined in (3-9) is called the twisted Cappell-Miller holomorphic torsion.
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Twisted Cappell-Miller holomorphic torsion under metric deformation. Let g\,
u € R, be a smooth family of Hermitian metrics on the complex manifold W.
Denote by «, the Hodge star operators associated to the metrics gV and denote by

525)‘1% = =3, (D" 4+ conj H A ) %,.

Let ngg’u = (5g + 52%14()#)2 be the flat Laplacian operators associated to the
metrics gb‘:V .

Fix uo € R and choose A > 0 so that there are no eigenvalues of [/ 5 , whose
absolute values are equal to A. Then there exists § > 0 such that the same is true
for all u € (ug—34, ug+35). In particular, if we denote by Aﬁ)’fk],u (W, E) the span of
the generalized eigenvectors of Dg,g’ . corresponding to eigenvalues with absolute
value < A, then dim A{S;LM(W, E) is independent of u € (ug — 8, ug + 6).

Forany A > 0,0 < p <n, let 7}, |0,5),. denote the Cappell-Miller torsion of the
twisted bigraded complex (Aﬁ)’;\](W, E), 55, E_)*E”F{)n,o’u). Set

1d 1 dg

du ™" du"
Let O, i be the spectral projection onto Aﬁ)”kM(W, E). The proof of the following
lemma is similar to the proof of [Cappell and Miller 2010, Lemma 7.1], where the

untwisted case was treated.

oy =%,

Lemma 3.6. Under the assumptions above, we have

d
Ju Tt == 3 (D T Qp ) Tp o
k=0,1

Lemma 3.7. Under the assumptions above, we have
d a0, H  =H _
Tu ( Z (—1 )k LDety (aE,D‘vO,uaE )lAfr',]ZA,m(WvE))

k=0,1
= (=D Tr(,Qp0+ Y (=1 f bup ke
w

k=0,1 k=0,1
where by, , i« is given by a local formula.
Proof. Set
o0
(3-10) f(s.u)= Y (=DF / r*‘—lTr(exp(—r@z,%]-o,ué? ark, m)(W,E)))df
k=0,1 0 o
k a6H  mHy\ -
= r(s)kzojl(—l) ¢(s. OF Do)t w.)-
The equality

d 7x,H ax, H —
(3-1D) a5 VED 0 ular™1 o gy = —[ot. 0% 1o Af‘,'ﬁﬁo)(W,E)]’
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follows easily from 52—”7)1,07,4 = —%, (D" 4 conj H A -) %, and the equality
L i* = —i* o
“odu" du " "

If A is of trace class and B is a bounded operator, it is well known that Tr(AB) =
Tr(BA). By this and the semigroup property of the heat operator, we have

(3-12)

¥ H — aH _
Tr( 9% Hio P o, 0 Pk
EDMula?® 1w, pyeudE [a0E

ax,H aH -

w5y eXP(—1 OF pro, OF )|Aiﬁm)(w,E)))
I a%H  7H . %, H —

= Tr<eXP(_§(aE,Dl~°,u3E )|A£"I;A‘W)(W,E)) IE.D10.ulaP®51 w.E)

aH _ t ax,H =H _
g ark ow.E) exp(_i(aE,Dl-o,uaE ) |Ai‘fxm)(W,E))>

aH, - t mx,H =H _
= TT(“uaE | A2k J(W.E) CXP(—E(afE,Dl»O,uaE ) |Ail’jm)(W,E))

+, (A, 00

t 7%, H ~H _ ~x, H __
’ eXP(—E(315,D'v°,ua}2 ) 4p )(W,E))aE,Dl*O,u |A’7”ﬁ;1w)(W,E))

+,(%,00
FH A+ H _ SHa%H _
= Tl‘(Olu(aE az,DLo,u)lAf’i;loo)(W,E) exp(_[(aE BE,DI*O,M)|Af"1§:‘loo)(W,E))>
Now, by (3-10), (3-11) and (3-12), we have
(3-13)
d (s. 1) = Z (_l)k oots—lT t[ g H =i ]
%f S, u) = o i\ r o, E,Dl*olAfl(A‘w)(W,E)

k=0,1
ax, H ~H =
X exp(—t(aE,D‘vanﬂAi‘k@ oo>(W’E))> dt

oo
= Z (-1)"f !
k=0,1 0
ax H ~H _ ax,H aH Z
X Tr(tau ((3 E,DI-035)|A$"(MO)(W,E) exp(—1(d E,D‘van”Aﬁ’fmo)(W»E))
aHqx,H — aH %, H et
-z aEyDl,Oyu)|Ali.’/;)tLO)(W’E) exp(—1 (g aE,DLO,u)|A1:’fz)tloo)(W,E))>> dt
k o
= Z (—1) / t* Tr(Otu(Dg,g,,,)|A(me)(w,E>
0 :

k=0,1
H —
x exp(—1 (0 5., art )(W,E))> dt

,00,

(0]
— Z (_1)’</0 f% Tr(ctu exp(—t(Dg,g,u)lAffw)(W,E))) dt
k=0,1
oo
—s Y (_1)’</0 £ (e exp(=1 (T4 5.0 a2% w.py)) dt.
k=0,1

where the second equality holds by (3-12) and we used integration by parts for the
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last equality. Since Dg,é,u is an elliptic operator, the dimension of Aﬁ)’;‘](W, E)is
finite. Then we can rewrite (3-13) as

1
(3-14) c;iuf(s, w=sy_ (—1)’</ 7V Tr(o exp(—1(OF 5.0 arkw,5))) dt

k=0,1 0

+s Y (- 1)"/ £~ Tr(ow exp(—1(OF 5,0 arkw.))) d1

k=0,1

—3 Z (— l)k/ 51 Tr(ozu exp( I(DE 5 u)|Aﬁ)’j\J(W,E))) dt

k=0,1
Y l)k/ £~ Tr(er, exp(—1 Of 5.0l apt w.))) d1-
k=0,1

Now dim W = 2n is even, so for small time asymptotic expansion for

Tr(cw exp(—t @ 5. ) arkw.)))

has a term a,, , t,t° in its expansion about # = 0. That means

TI'(O[M exp(_t(Dgﬁé,u)lAP”;(W, E))) - an,p,lg,uto

does not contain a constant term as ¢ | 0. Hence, the integrals

>k / = Tr(ow exp(—#(OF 5 )l ariw.))) — an, p.iut’ dt

k=0,1

do not have poles at s = 0. But the integrals

Z( 1)/ VIanpkut dt

k=0,1

have poles of order 1 withresidue a, p, k.., k=0, 1. And, because of the exponential
decay of Tr(au exp(—t(Dggyu)lAp,/E(W,E))) and Tr(au exp( t(DE 5 u)lA[’{)k“(W,B))
for large ¢, the integrals of the second and fourth terms on the right-hand side of
(3-14) are entire functions in s. Hence we have

315 | f= ( > D / S—l(Tr[aqu,k]—an,p,k,u)dr) »
k=01 =
=— Y (DTl Qp i+ Y (=D¥an i
k=0,1 k=0,1
Hence, the result follows. |

By combining Lemma 3.6 with Lemma 3.7, we obtain the main theorem of this
section. For the untwisted case, see [Cappell and Miller 2010, Theorem 4.4].
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Theorem 3.8. Let W be a complex manifold of complex dimension n and let E be
a holomorphic bundle with connection D that is compatible and of type (1, 1) over
W. Suppose that H € AO’I(W, C) and OH = 0. Let gb‘:v, u € (ug — 8, uyg+9),
be a smooth family of Riemannian metrics on the complex manifold W. Then
the corresponding twisted Cappell-Miller holomorphic torsion tholo, p.u(W, E, H)
varies smoothly and the variation of tholo, p,u (W, E, H) is given by a local formula

d
S Tholo,p.u (W, E, H) = ( >t /W bn,p,k,u> “ Tholo,p.u(W, E, H).

k=0,1

We have the following corollary. See also [Mathai and Wu 2010a, Theorem 5.3,
Corollary 7.1] for the case of analytic torsion on Z,-graded elliptic complexes.

Corollary 3.9. Let W be a complex manifold of complex dimension n and let E
be a holomorphic bundle with connection D that is compatible and of type (1, 1)
over W. Suppose that H € A% (W, C) and dH =0. Let Fy, F> be two flat complex
bundles over W of the same dimension. Then

Tholo,p(W’ E®F,H)® (tholo,p(Wy EQ® F,, H)]_l)
in the tensor product of determinant lines

(Det B2 (W, E® Fi, H)® (Det Hyl'y "(W, E® Fi, H)) =)
E

n 71
® (Det H!"*(W, E® F>, H) ® (Det Hy's "(W, E® F>, H)) V"""
oE D

is independent of the Hermitian metric g% chosen.

This follows from the fact that the two bundles £ ® F; and E ® F, are lo-
cally identical as bundles. For the untwisted case, see [Cappell and Miller 2010,
Corollary 4.5].

Twisted Cappell-Miller holomorphic torsion under flux deformation. Suppose
that the flux form H is deformed smoothly along a one-parameter family with
parameter v € R in such a way that the cohomology class [H] € H 01w, C)
is fixed. Then (d/dv)H = —dB for some form B € A®O(W, C) that depends
smoothly on v. Let 8 = B A -. Fix vp € R and choose A > 0 such that there are no
eigenvalues of Of 5 ., Of absolute value A. Then there exists § > 0 small enough
that the same holds for the spectrum of O 5 v|A1”‘ (W.E) for v € (vo — 8, vo + §).
For simplicity, we omit the parameter v in the notatlon in the following discussion.
Recall that Q, ; is the spectral projection onto A[o, (W, E).

The proof of the following lemma is similar to the proof of [Mathai and Wu
2008, Lemma 3.7]; see also [Huang 2010, Lemma 4.7].
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Lemma 3.10. Under the assumptions above, we have
d k _
SoTpa == ) (D THBQ, 7l 7y 0.,
k=0,1
upon identification of determinant lines under the deformation.

Lemma 3.11. Under the assumptions above, we have
d A%, H =H _
% ( Z (—l)k LDetg(azvaan ) |Ai]:)»,oo)(W’E)>
k=0,1
SDCIL TTINIED SICIY Wt
k=0.1 k=0.1 W

where cy ), i is given by a local formula.

Proof. Under the deformation, we have
d d

%ég =B, f_)g], %52%10 =—[8B, 52%10]
Following the proof of [Mathai and Wu 2008, Lemma 3.5], we obtain the desired
variation formula. ]

By combining Lemma 3.10 with Lemma 3.11, we obtain the main theorem of
this section.

Theorem 3.12. Let W be a complex manifold of complex dimension n and let E
be a holomorphic bundle with connection D that is compatible and of type (1, 1)
over W. Along any one parameter deformation of H that fixes the cohomology
class [ H] and the natural identification of determinant lines, we have the variation
formula

d
d_fholo,p(W, E,H)= < Z (_l)k/ Cn,p,k) : Tholo,p(W, E, H).
v w
k=0,1
As with Corollary 3.9, we have the following corollary. See also [Mathai and
Wu 2010a, Corollary 7.1] for the case of analytic torsion on Z,-graded elliptic
complexes.

Corollary 3.13. Let W be a complex manifold of complex dimension n and let E
be a holomorphic bundle with connection D that is compatible and of type (1, 1)
over W. Suppose that H € A% (W, C) and dH =0. Let Fy, F, be two flat complex
bundles over W of the same dimension. Then

Tholo,p (W, E ® F1, H) @ (Tholo,p(W, E Q@ F», H))_l

is invariant under any deformation of H by an d-exact form, up to natural identifi-
cation of the determinant lines.
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4. Twisted Cappell-Miller analytic torsion

In this section we first define the de Rham bigraded complex twisted by a flux
form H and its (co)homology groups. Then we define the Cappell-Miller an-
alytic torsion for the twisted de Rham bigraded complex. We obtain the varia-
tion theorems of the twisted Cappell-Miller analytic torsion under metric and flux
deformations. Su, in a recent preprint [2011], also briefly discussed the twisted
Cappell-Miller analytic torsion when dimension of the manifold M is odd.

The twisted de Rham complexes. Suppose M is a closed oriented m-dimensional
smooth manifold and let ‘€ be a complex vector bundle over M endowed with a
flat connection V. We denote by Q7 (M, €) the space of p-forms with values in
the flat bundle €, that is, QP (M,€) =T'(M, \'(T*M)r ® €) and by

V:Q'(M,€) — Q(M, €

the covariant differential induced by the flat connection on €. Fix a Riemannian
metric g¢¥ on M and let x: Q*(M, €) — Q" ~*(M, €) denote the Hodge  operator.
We choose a Hermitian metric 2% so that together with the Riemannian metric g
we can define a scalar product (-, - )3 on Q°(M, €). Define the chirality operator
I =T(g"):Q*(M, %) — Q*(M,€) by [Braverman and Kappeler 2007, (7-1)]

(4-1) Tw:=i" (=149t 20, weQi(M,E),

where r = (m+1)/2 if m is odd and r =m /2 if m is even. The numerical factor in
(4-1) has been chosen so that I'> = Id; see [Berline et al. 2004, Proposition 3.58].
Assume 7 is an odd degree closed differential form on M. Let QY (M, €)=
Qeven/odd(pr €y and V¥ := V + % A -. Assume that ¥ does not contain a 1-form
component, which can be absorbed in the flat connection V.
It is not difficult to check that (V%2 = 0. Clearly, for each k =0, 1, we have
V% Qk(M,€) — QFf1(M,€). Hence we can consider the twisted de Rham

complex
(4-2)
% — % - % — %
QM. €.V : .. 5 dme) Y Qlm.e) > QOM.€) L .. .

We define the twisted de Rham cohomology group of (Q*(M, €), V) as

. Ker(V* : QK(M,€) — QF1(M, €
HEM. €. 90 = M) ME) o
Im(V* : Qk-1(M, €) — QF(M, €))

The groups H k (M, €, ¥), k=0, 1, are independent of the choice of the Riemann-
ian metric on M or the Hermitian metric on €. Replacing # by #' = # — d% for
some B € QU(M) gives an isomorphism eg = PN QU(M,E) — QU(M,E)
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satisfying

!
S%OV%:V% 0 Egy.

Therefore eg induces an isomorphism on the twisted de Rham cohomology. Also
denote by &g the map

(4-3) eq: H*(M,€, %) — H*(M, €, %).

Denote by V?* the adjoint of V¥ with respect to the scalar product (-, - ) 5s. Then
the Laplacian
A% — v%,*v% + v%v%,*

is an elliptic operator and therefore the complex (4-2) is elliptic. By Hodge theory,
we have the isomorphism Ker A* = H*(M, €, ). For more details of the twisted
de Rham cohomology, see, for example, [Mathai and Wu 2008].

Now denote by V’ the connection on € dual to the connection V with respect
to the Hermitian metric 4¢ [Braverman and Kappeler 2007, Section 10.1]. Denote
by €’ the flat bundle (€, V'), referring to €’ as the dual of the flat vector bundle €.

We emphasize that, similar to the untwisted case [Braverman and Kappeler 2007,
(10-8); Cappell and Miller 2010, (8.4)],

v = v,

where V=V 4+ 9 A - ) o
Let V%2 =T VT, Then (V*%)2=0. Clearly, V% : Qk(M, €) — QK1 (M, €).
Hence we can consider the twisted de Rham complex

. 9,1 - 9,1 -
@-4) (Q (M. %), V™ : ... L2 Q0m, e < Ql(M. %)
.4 = 9.8
Q0 m, gy L.
We also define the homology group of the complex (Q*(M, €), V%) as

Ker(VH%2 . QK (M, €) — QF1(M, €))

Hip(Q*(M,€), V) .= S - ,
Im(V%:5 . QF1(M, €) — QK(M, €))

k=0,1.

Similarly, the groups Hg(2°(M, €), v#8) k=0, 1, are independent of the choice
of the Riemannian metric on M or the Hermitian metric on €. Suppose that €
is replaced by %" = # — 8B’ for some B’ € QU(M) and § the adjoint of d with
respect to the scalar product induced by the Riemannian metric g™. Then there is
an isomorphism &gy = ¢® A - 1 Q*(M, €) — Q*(M, €) satisfying

opl!
Egy O V%’n = V% R O &Eap.
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Therefore £gy induces an isomorphism on the twisted de Rham homology. Also
denote by gy the map

(4-5) egy : Ho(Q* (M, €), V%) — H(Q"(M, €), V).

Denote by V*%* the adjoint of V?# with respect to the scalar product (-, - ).
Then we have the equalities

Iz 1%, %
9

A N 4" v e v e I v e
Again the Laplacian A’ s an elliptic operator and thus the complex (4-4) is ellip-
tic. By Hodge theory, we have the isomorphism Ker AN = H,(Q*(M, ¢), V1),

In particular, for k =0, 1,

(4-6) Hy(Q*(M,€), V) = H (M, €', %).

Definition of twisted Cappell-Miller analytic torsion. The flat Laplacian
ATE = (V4 vy

maps QFk (M, €) into itself. Suppose $ is an interval of the form [0, A], (A, u], or
(A, 00) (0 > A >0). Denote by IT%? the spectral projection of A% # corresponding
to the set of generalized eigenvalues, whose absolute values lie in $. Set

Qf (M, €)= (@M, €)) c @XM, ®).

If the interval $ is bounded, then the space Q’; (M, €) is finite dimensional. Since
V#* and V** commute with Age, the subspace Q25(M, €) is a subcomplex of the
twisted de Rham bi-complex (Q2°*(M, €), v, V%*ﬁz. Clearly, for each A > 0, the
complex sz,oo)(M’ €) is doubly acyclic, that is, HF(Q® (M, €), V*) =0 and

9 (2,00)
Hp (g ) (M, ), V") = 0. Since

(4-7) (M, &) =y, (M. €) & QF, (M, ),

the homology H;;(Q['O,H(M, €), V1) of the complex (QFO’M(ML%), V71 is nat-
urally isomorphic to the homology Hi(2*(M, €), Ve = HY(M, €, %) (see
(4-6)), and the cohomology H* (2% (M, €), V*) of (2 ;,(M, €), V") is natu-
rally isomorphic to the cohomology H*(M, €, ).

Similar to the Z-graded case [Cappell and Miller 2010, Section 8], the chirality
operator I establishes a complex linear isomorphism of the homology groups with
cohomology groups

Hi(Q,,(M,€), V) = B k(8 (M, 6), V) = H"F(M, €, %).
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In particular, we have the isomorphism

“s) Det H, (Q*(M,€), V) = Det Hy(Q ;,(M, ), V")
= (Det H*(M, €, %)) """,

Using Poincaré duality, we also have the isomorphism

(4-9) Det H™ % (M, €, %)~ = Det H*(M, €', %),

where €’ is the dual vector bundle of the vector bundle E. Therefore, we have

Det H*(M, %€, %) @ Det H" ~*(M, €, %)~
(4-10) ~Det H*(M, %, %) @ Det H*(M, €', %) by (4-9)
~Det H*(M,€ D€, %).

For k =0, 1, set

@i Qk (M, €) :=Ker(V*V*H) n @k (M, ®),
QF (M, €) :=Ker(VIV") n Q& (M, ).

Clearly,

ko= M, &) ;(M, ) if0gs.

Let 8 € (0, 27r) be an Agmon angle; see [Shubin 2001]. Since the leading symbol of
vHtiy#ig positive definite, the ¢ -regularized determinant Dety (VHEV7) QF ,(M,©)
is independent of the choice of 6.

For any 0 < A < u < 00, one easily sees that

T A (=¥
[ (eto 7591, an0)
k=0,1

1k
= ( 1_[ (Dety (V%’nv%)lﬂi(w(Mﬁ))( N >

k=0,1
Yt - (=DF
( | | (Dety (V*FV ek, ) )

k=0,1
For any A > 0, denote by 77,5 the Cappell-Miller torsion of the twisted de Rham
bigraded complex (Q[.o, (M, €), v, V%’n). Via the isomorphisms
Hy (0,1 (M,€), VI°F) = Hy(Q°(M,6), V'),
H* (R ;9(M, €), V) = H* (M, €, 30),

and (4-10), we can view 7|9 ;] as an element of Det H*(M, ¢®¢’, 9). In particular,
if m is odd, then, up to an isomorphism,

(4-12) 110, € Det H*(M, €, %) ® Det H* (M, €, %) = Det H*(M, ¢ ® €', %).
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The proof of the following lemma is similar to the proof of [Cappell and Miller
2010, Theorem 8.3].

Lemma 4.1. The element

ERE R AN (=k)
T[0.3] - 1_[ (Dety(V*FV ek , %)
k=0.1

is independent of the choice of A.

We now define the Cappell-Miller analytic torsion for the de Rham complex
twisted by a flux.

Definition 4.2. Let (¢, V) be a complex vector bundle over a connected oriented
m-dimensional closed Riemannian manifold M and # be a closed odd degree form
(not a 1-form). Further, let

VA=V4+%A. and V=TV,

Let 0 € (0,27) be an Agmon angle for the operator A%F ;= (V¥ 4 V%52,
The Cappell-Miller torsion t(V, #) for the twisted de Rham bigraded complex
(°(M,€),V*,V*?) is an element of Det H*(M,€,5¢)® (Det H*(M, €, ?;{f))<—1>"’+1
defined as

- ._ . AR AT R )
(4-13) T(V, %) =701 [ | (Deta(VFV gt | me) -
k=0,1

Twisted Cappell-Miller analytic torsion under metric and flux deformations. In
this section we obtain the variation formulas for the twisted Cappell-Miller analytic
torsion 7 (V, #) under the metric and flux deformations. In particular, we show that
if the manifold M is an odd-dimensional closed oriented manifold, then the twisted
Cappell-Miller analytic torsion is independent of the Riemannian metric and the
representative # in the cohomology class [#(]. See also [Su 2011].

The proof of the following theorem is similar to the proof of Theorem 3.8.

Theorem 4.3. Let (€, V) be a complex vector bundle over a m-dimensional con-
nected oriented closed Riemannian manifold M and ¥ be a closed odd degree
form (not a 1-form). Let gf)” ,a <v < b, be a smooth family of Riemannian metrics
on M. Then the corresponding twisted Cappell-Miller analytic torsion t,(V, ¥)
varies smoothly and the variation of t,(V, ¥) is given by a local formula

d _
%TU(V, ) = (k_XO:I(—l)k'/M bm/Z,k,v) -1, (V, ).

In particular, if the dimension of the manifold M is odd, then twisted Cappell-
Miller analytic torsion ©(V, %) is independent of the Riemannian metric g™.
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For the untwisted case considered in [Bismut and Zhang 1992], the variation of
the torsion can be integrated to an anomaly formula.

The proof of the following is similar to that of [Mathai and Wu 2010a, Theorem
6.1]. See also [Mathai and Wu 2008, Theorem 3.8].

Theorem 4.4. Let (€, V) be a complex vector bundle over a m-dimensional con-
nected oriented closed Riemannian manifold M and ¥ be a closed odd degree form
(not a 1-form). Under the natural identification of determinant lines and along any
one parameter deformation ¥, of ¥ that fixes the cohomology class [¥], we have
the variation formula

d
SoT(V.9) = ( > (—1>k/Mcm/z,k,v) (V. 9).

k=0,1

In particular, if the dimension of the manifold M is odd, then, under the nat-
ural identification of determinant lines, the twisted Cappell-Miller analytic tor-
sion T(V, #) is independent of any deformation of ¥ that fixes the cohomology
class [#].

Relationship with the twisted refined analytic torsion. In this section we assume
that M is a closed compact oriented manifold of odd dimension. Recall that in
[Huang 2010, (3.13)], for each A > 0, we define the twisted refined torsion pry
of the twisted finite-dimensional complex (Q[.o, IS (M, €), V) corresponding to the
chirality operator I'[g ;. In our setting, as in the Z-graded case [Braverman and
Kappeler 2008a, (5.1)], the twisted Cappell-Miller torsion can be described as (see
(4-12))

(4-14) 701 1= Proy © Pro, € Det H*(M, €, 3) ® Det H* (M, €, %).

By combining (3.14), (3.20), (5.28) and Definition 4.5 of [Huang 2010], the
twisted refined analytic torsion can be written as

9 _ —k/2
(4-15) lOan(v%)=:|:,OrmM : l_[ (Detg(V%'“V%)|Q§r’wo)(M’%)) /
k=0,1
-exp(—im (N(BY (V™)) — rank & - isivial) )

where n(%%f(V%)) —rank € - Nyivial 1S the p-invariant of the twisted odd signature
operator %%f(V%) defined in [Huang 2010, (3.2)].

By combining (4-13), (4-14) with (4-15), we have the following comparison
theorem of the twisted Cappell-Miller analytic torsion and twisted refined analytic
torsion.

Theorem 4.5. Let (€, V) be a complex vector bundle over a connected oriented
odd-dimensional closed Riemannian manifold M and ¥ be a closed odd degree
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form (not a 1-form). Further, let V* =V + % A -. Then
(V. 90 - exp(—=2ix (n(Bg (V™) — rank € - fivian)) = Pan(V™) ® pan(V7).

Suin [2011, Theorem 5.1] compared the twisted Burghelea—Haller analytic tor-
sion which he introduced with the twisted refined analytic torsion. By combining
[Su 2011, Theorem 5.1] with Theorem 4.5, we can also obtain the comparison
theorem of the twisted Burghelea—Haller torsion and the twisted Cappell-Miller
analytic torsion. We skip the details.
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GENERALIZATIONS OF AGOL’S INEQUALITY AND
NONEXISTENCE OF TIGHT LAMINATIONS

THILO KUESSNER

We give a general lower bound for the normal Gromov norm of genuine
laminations in terms of the topology of the complementary regions.

In the special case of 3-manifolds, this yields a generalization of Agol’s
inequality from incompressible surfaces to tight laminations. In particular,
the inequality excludes the existence of tight laminations with nonempty
guts on 3-manifolds of small simplicial volume.

1. Results

Agol’s inequality [1999, Theorem 2.1] is the following (see Section 7 for notation):

Let M be a hyperbolic 3-manifold containing an incompressible, properly em-
bedded surface F. Then

Vol(M) > —2V3x(Guts(M — F)),

where V3 is the volume of a regular ideal tetrahedron in hyperbolic 3-space.
In [Agol et al. 2007], this inequality was improved to

Vol(M) > Vol(Guts(M — F)) > — Vo X(Guts(M — F)),

where Vi is the volume of a regular ideal octahedron in hyperbolic 3-space.

In this paper we will, building on ideas from [Agol 1999], prove a general in-
equality for the (transversal) Gromov norm ||M| g and the normal Gromov norm
| M]|5™ of laminations.

To state the result in its general form we need two definitions.

Definition (pared acylindrical). Let Q be a manifold with a given decomposition

00 =0800U0,0.

The pair (Q, 91 Q) is called a pared acylindrical manifold if any continuous map of
pairs f:(S' %[0, 1], S! x {0, 1}) = (Q, 3; Q) that is 7;-injective as a map of pairs
MSC2000: primary 57R30; secondary 53C23, 57M27, 57N10, 57TM50.

Keywords: lamination, hyperbolic, 3-manifold, volume, Gromov norm, tight, Weeks manifold,

simplicial, simplex, straightening.
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is necessarily homotopic, as a map of pairs (S!'x[0,1],S' x {0, 1}) = (Q, 8; 0),
into 0 Q.

Definition (essential decomposition). Let (N, 9 N) be a pair of topological spaces
such that N = Q U R for two subspaces Q, R. Let

90 =0NR,$0=0QNIN,R=RNIN,IQ0=30U Q,dR=dQUdR.

We say that the decomposition N = QUR is an essential decomposition of (N, dN)
if the inclusions

010> Q0—> N, )R- R—> N,IN—> N,3Q — Q0,90 — R
are each mi-injective (for each path component).

Theorem 1.1. Let M be a compact, orientable, connected n-manifold and ¥ a
lamination (of codimension one) of M. Assume that N := M — % has a decompo-
sition N = Q U R into orientable n-manifolds (with boundary) Q, R such that the
following assumptions are satisfied for 0Q = QNR, ;0 =QNIN, 9 R=RNIN:
(i) Each path component of 99 Q has amenable fundamental group.
(i1) (Q, 01 Q) is pared acylindrical and 9, Q is acylindrical.
(i) Q, 0N, 010, 01 R, 09 Q are aspherical.
(iv) The decomposition N = Q U R is an essential decomposition of (N, dN).
Then
1
M,IM||E™ > ——3Q].
| Iz _n+1” Ol
In the case of 3-manifolds M carrying an essential lamination %, considering
0 = Guts(M — &) yields a special case:
Theorem 1.2. Let M be a compact 3-manifold with (possibly empty) boundary
consisting of incompressible tori, and let F be an essential lamination of M. Then

M, dM||37™ > —x(Guts(M — F)).

More generally, if P is a polyhedron with f faces, then
2 —
M, M |5 > —ﬁX(Guts(M —%)).

The following corollary applies, for example, to all hyperbolic manifolds M ob-
tained by Dehn-filling the complement of the figure-eight knot in S3. (It is known
that each of these M contains tight laminations. By the following corollary, all
these tight laminations have empty guts.)
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Corollary 1.3. If M is a finite-volume hyperbolic 3-manifold with Vol(M) <2V3 =
2.02..., then M carries no essential lamination & with ||M||%‘jr;,n = ||M| p for all
polyhedra P, and nonempty guts. In particular, there is no tight essential lamina-
tion with nonempty guts.

Calegari and Dunfield [2003] observed that their own results about tight lami-
nations with empty guts would imply the following corollary, in the presence of a
generalization of Agol’s inequality to the case of tight laminations.

Corollary 1.4 [Calegari and Dunfield 2003, Conjecture 9.7]. The Weeks manifold
(the closed hyperbolic manifold of smallest volume) admits no tight lamination %.

Taking into account the main result of [Li 2006], this can be strengthened:

Corollary 1.5. The Weeks manifold admits no transversely orientable essential
lamination.

We also have an application of Theorem 1.1 to higher-dimensional manifolds.

Corollary 1.6. Let M be a compact Riemannian n-manifold of negative sectional
curvature and finite volume. Let F C M be a geodesic (n—1)-dimensional hyper-
surface of finite volume. Then | F| < %(n + D||M]|.

The basic idea of Theorem 1.1, say for simplicity in the special situation of
Corollary 1.6, is the following: a simplex which contributes to a normalized fun-
damental cycle of M should intersect dQ = 2F in at most n + 1 codimension-one
simplices. This is of course not true in general: simplices can wrap around M
many times and intersect F arbitrarily often, and even a homotopy rel vertices will
not change this. As an obvious example, look at the following situation: Let y
be a closed geodesic transverse to F, and for some large N let o be a straight
simplex contained in a small neighborhood of y». Then o and F intersect N times
and, since o is already straight, this number of intersections can of course not be
reduced by straightening. This shows that some more involved straightening must
take place, and that the acylindricity of F is an essential condition. The way to use
acylindricity will be to find a normalization such that many subsets of simplices are
mapped to cylinders, which degenerate and thus can be removed without changing
the homology class.

We remark that many technical points, including the use of multicomplexes, can
be omitted if (in the setting of Theorem 1.2) one does not consider incompressible
surfaces or essential laminations, but just geodesic surfaces in hyperbolic mani-
folds. In this case, all essential parts of the proof of Theorem 1.1 enter without the
notational complications caused by the use of multicomplexes. Therefore we have
given a fairly detailed outline of the proof for this special case in the beginning
of Section 6. This should help to motivate the general proof in the second half
of that section (156). (We mention that Theorem 1.1 is not true without assuming
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amenability of 1199 Q. This indicates that the proof of multicomplexes in the proof
of Theorem 1.1 seems unavoidable.)

2. Preliminaries

2A. Laminations. Let M be an n-manifold, possibly with boundary. In this paper
all manifolds will be smooth and orientable. (Hence they are triangulable by White-
head’s theorem and possess a locally finite fundamental class.) A (codimension 1)
lamination & of M is a foliation of a closed subset & of M, i.e., a decomposition of
a closed subset & C M into immersed codimension 1 submanifolds (leaves) so that
M is covered by charts ¢; : R"~! x R — M, the intersection of any leaf with the
image of any chart ¢; being a union of plaques of the form ¢; R x {%}). (We
will denote by & both the lamination and the laminated subset of M, i.e., the union
of leaves.) If M has boundary, we will always assume without further mentioning
that F is either transverse to d M (that is, every leaf is transverse to &) or tangential
to O0M (that is, dM is a leaf of %). If neither of these two conditions were true,
then the transverse and normal Gromov norm would be infinite, therefore all lower
bounds will be trivially true.

To construct the leaf space T of &, one considers the pull-back lamination F on
the universal covering M. The space of leaves T is defined as the quotient of M
under the following equivalence relation ~. Two points x, y € M are equivalent
if either they belong to the same leaf of F, or they belong to the same connected

component of the metric completion M — F (for the path metric inherited by M —%
from an arbitrary Riemannian metric on M).

2B. Laminations of 3-manifolds. A lamination % of a 3-manifold M is called es-
sential if no leaf is a sphere or a torus bounding a solid torus, M — & is irreducible,
and d(M — &) is incompressible and end-incompressible in M — %, where again
the metric completion M — & of M — & is taken with respect to the path metric
inherited from any Riemannian metric on M; see [Gabai and Oertel 1989, Chapter
1]. (Note that M — % is immersed in M, the leaves of & in the image of the
immersion are called boundary leaves.)

Examples of essential laminations are taut foliations or compact, incompress-
ible, boundary-incompressible surfaces in compact 3-manifolds. (We always con-
sider laminations without isolated leaves. If a lamination has isolated leaves, then
it can be converted into a lamination without isolated leaves by replacing each two-
sided isolated leaf S; with the trivially foliated product S; x [0, 1], resp. each one-
sided isolated leaf with the canonically foliated normal /-bundle, without changing
the topological type of M.)

If & is an essential lamination, then the leaf space T is an order tree, with
segments corresponding to directed, transverse, efficient arcs. (An order tree T is
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a set T" with a collection of linearly ordered subsets, called segments, such that the
axioms of [Gabai and Oertel 1989, Definition 6.9], are satisfied.) Moreover, T is an
R-order tree, that is, it is a countable union of segments and each segment is order
isomorphic to a closed interval in R. 7' can be topologized by the order topology
on segments (and declaring that a set is closed if the intersection with each segment
is closed). For this topology, moT and 7, T are trivial (see, for example, [Roberts
et al. 2003], Chapter 5, and its references).

The order tree T comes with a fixed-point free action of 7y M. Fenley [2007]
has exhibited hyperbolic 3-manifolds whose fundamental groups do not admit any
fixed-point free action on R-order trees. Thus there are hyperbolic 3-manifolds not
carrying any essential lamination.

If M is hyperbolic and & an essential lamination, then M — & has a characteristic
submanifold which is the maximal submanifold that can be decomposed into /-
bundles and solid tori, respecting boundary patterns (see [Jaco and Shalen 1979],
[Johannson 1979] for precise definitions). The complement of this characteristic
submanifold is denoted by Guts(%). It admits a hyperbolic metric with geodesic
boundary and cusps. (Be aware that some authors, like [Calegari and Dunfield
2003], include the solid tori into the guts.) If & = F is a properly embedded, in-
compressible, boundary-incompressible surface, then Agol’s inequality states that
Vol(M) > —2V3 x(Guts(F)). This implies, for example, that a hyperbolic manifold
of volume < 2V3 can not contain any geodesic surface of finite area. Agol, Storm,
and Thurston [Agol et al. 2007], using estimates coming from Perelman’s work on
the Ricci flow, have improved this inequality to

Vol(M) = Vol(Guts(F)) > — Vo X(Guts(F)).

Assume that % is a codimension one lamination of an n-manifold M such that
its leaf space T is an R-order tree. (For example this is the case if n = 3 and &
is essential.) An essential lamination is called tight if T is Hausdorff. It is called
unbranched if 7' is homeomorphic to R. It is said to have two-sided branching
[Calegari 2000, Definition 2.5.2] if there are leaves A, A1, A2, i, i1, (o such that
the corresponding points in the T satisfy A < A1, A < A2, 0 > u1, & > g, but
A1, Ao are incomparable and w1, (, are incomparable. It is said to have one-sided
branching if it is neither unbranched nor has two-sided branching.

If M is a hyperbolic 3-manifold and carries a tight lamination with empty guts,
we know from [2003, Theorem 3.2] that 71 M acts effectively on the circle, i.e.,
there is an injective homomorphism ;M — Homeo(S'). This implies that the
Weeks manifold cannot carry a tight lamination with empty guts [Calegari and
Dunfield 2003, Corollary 9.4]. The aim of this paper is to find obstructions to the
existence of laminations with nonempty guts.
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2C. Simplicial volume and refinements. Let M be a compact, orientable, con-

nected n-manifold, possibly with boundary. Its top integer (singular) homology

group H,(M,dM; Z) is cyclic. The image of a generator under the change-of-

coefficients homomorphism H,(M,dM; Z) — H,(M, dM; R) is called a funda-

mental class and is denoted [M, M ]. If M is not connected, we define [M, oM ]

to be the formal sum of the fundamental classes of its connected components.
The simplicial volume ||M, dM || is defined as

p
IM, oM =inf {3 11},
i=1
where the infimum is taken over all singular chains ) ;_, a;o; (with real coeffi-
cients) representing the fundamental class in H,(M, oM; R).
If M — 0M carries a complete hyperbolic metric of finite volume Vol(M), then

|M,oM| = iVol(M),
Vi
with V,, = sup {Vol(A) : A C H" geodesic simplex}; see [Gromov 1982; Thurston
1980; Benedetti and Petronio 1992; Francaviglia 2004].

More generally, let P be any polyhedron. Then the invariant ||M,dM | p is
defined in [Agol 1999] as follows: denoting by C«(M, dM; P; R) the complex of
P-chains with real coefficients and by H.(M, 0M; P; R) its homology, there is a
canonical chain homomorphism ¢ : C.(M,dM; P; R) — C.(M, dM; R), given
by certain triangulations of P which are to be chosen so that all possible cancella-
tions of boundary faces are preserved. Then | M, d M || p is defined as the infimum
of >"_, la;| over all P-chains ) ;_, a; P; such that ¥ (3 '_, a; P;) represents the
fundamental class [M, d M]. Set Vp :=sup{Vol(A)}, where the supremum is taken
over all straight P-polyhedra A C H?>.

Proposition 2.1 [Agol 1999, Lemma 4.1]. If M — 0 M admits a hyperbolic metric
of finite volume Vol(M), then

1
M, M| p = —— Vol(M).
Vp

(The proof in [Agol 1999] is quite short, and it does not give details for the
cusped case. However, the proof in the cusped case can be completed using the
arguments in [Francaviglia 2004, Sections 5 and 6].)

Let M be a manifold and & a codimension-one lamination of M. Let A" be the
standard simplex in R"*!, and o : A" — M some continuous singular simplex.
The lamination & induces an equivalence relation on A", whereby x ~ y if and
only if o (x) and o (y) belong to the same connected component of L No (A") for
some leaf L of &. We say that a singular simplex o : A" — M is laminated if the
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equivalence relation ~ is induced by a lamination %|, of A”. We call a lamination
F of A" affine if there is an affine mapping f : A" — R such that x,y € A"
belong to the same leaf if and only if f(x) = f(y). We say that a lamination 4
of A" is conjugate to an affine lamination if there is a simplicial homeomorphism
H : A" — A" such that H*% is an affine lamination.

We say that a singular n-simplex o : A" — M, n > 2, is transverse to % if it
is laminated and it is either contained in a leaf, or |, is conjugate to an affine
lamination % of A”".

For n = 1, we say that a singular 1-simplex o : A! — M is transverse to 7 if it
is either contained in a leaf, or for each lamination chart ¢ : U — R”~! x R! (with
m-th coordinate map ¢,, : U — R') one has that ¢,, 00 |1y o ' (U) - R'is
locally surjective at all points of int(AD), i.e., for all p € int(A") No~1(U), the
image of ¢, o o|,-1(yy) contains a neighborhood of ¢, oo (p).

We say that the simplex o : A" — M is normal to % if, for each leaf F, o~ (F)
consists of normal disks, i.e., disks meeting each edge of A" at most once. (If
F = 0M is a leaf of & we also allow that o~ '(F) can be a face of A"). In
particular, any transverse simplex is normal.

In the special case of foliations, % one has that the transversality of a singular
simplex o is implied by (hence equivalent to) the normality of o, as can be shown
along the lines of [Kuessner 2004, Section 1.3].

More generally, let P be any polyhedron. Then we say that a singular polyhe-
dron o : P — M is normal to % if, for each leaf F, o ~'(F) consists of normal
disks, i.e., disks meeting each edge of P at most once (or being equal to a face of
P, if F is a boundary leaf).

transverse normal, not transverse not normal

Definition 2.2. Let M be a compact, oriented, connected n-manifold, possibly
with boundary, and let & be a foliation or lamination on M. Let A" be the standard
simplex and P any polyhedron. Let X be the set of singular simplices A" — M
transverse to %. We define

i=1 i=

r r
M, oM |5 := inf{ > ail : w( > a,-a,-) represents [M, d M] for some o; € E}
1
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and

p
> am,-) represents [M, d M] for some 0; € ¥ }

.
M, OM :=inf{ 3 lail w(
i=1 i=1

In particular, we define || M, dM||3™ = [|M, OM 3"z

All these norms are finite, under the assumption that % is transverse or tangential
to dM. There are obvious inequalities

M, oM| < |IM,0M||5™ < |M, IM||5.

In the case of foliations, this last inequalities becomes an equality.

(We remark that all definitions extend in an obvious way to disconnected man-
ifolds by summing over the connected components.)

The next proposition and lemma are straightforward generalizations of [Calegari
2000, Theorem 2.5.9] and of arguments in [Agol 1999].

Proposition 2.3. Let M be a compact, oriented 3-manifold.

(a) If F is an essential lamination which is either unbranched or has one-sided
branching such that the induced lamination of M is unbranched, then

IM, dM|lg5"p' = |M, dM|| p

for each polyhedron P.

(b) If F is a tight essential lamination, then
8
1M, OM|5" = |M, oM p
for each polyhedron P.

Proof. Since ¥ is an essential lamination, we know from [Gabai and Oertel 1989,
Theorem 6.1] that the leaves are m|-injective, the universal covering M is homeo-
morphic to R? and that the leaves of the pull-back lamination are planes, in partic-
ular aspherical. Therefore Proposition 2.3 is a special case of the next result. [

Lemma 2.4. Let M be a compact, oriented, aspherical manifold, and & a lamina-
tion of codimension one. Assume that the leaves are mwi-injective and aspherical,
and that the leaf space T is an R-order tree.

(a) If the leaf space T is either R or branches in only one direction, so that the
induced lamination of 9 M has leaf space R, then | M, 8M||§S%n =|M,oM]|p
for each polyhedron P.

(b) Ifthe leaf space is a Hausdorff tree, then ||M, M ||3"p = | M, dM || p for each
polyhedron P.
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Proof. To prove the wanted equalities, it suffices in each case to show that any
(relative) cycle can be homotoped to a cycle consisting of normal polyhedra We
denote by F the pull-back lamination of M and by p: M — T =M% the projection
to the leaf space.

(a) First we consider the case that P is a simplex [Calegari 2000, Section 4.1] and &
is unbranched. For this case, we can repeat the argument in [Calegari 2000, Lemma
2.2.8]. Namely, given a (relative) cycle Y :_, a;0;, lift it to a 7| M-equivariant
(relative) cycle on M and then perform an (equivariant) straightening, by induction
on the dimension of subsimplices of the lifts 6; as follows: for each edge ¢ of any
lift &;, its projection p(e) to the leaf space T is homotopic to a unique straight arc
str(p(e)) in T ~ R. It is easy to see (covering the arc by foliation charts and then
extending the lifted arc stepwise) that str(p(e)) can be lifted to an arc str(e) with
the same endpoints as ¢, and that the homotopy between str(p(e)) and p(e) can
be lifted to a homotopy between str(¢) and e. str(e) is transverse to &, because its
projection is a straight arc in 7. These homotopies of edges can be extended to a
homotopy of the whole (relative) cycle. Thus we have straightened the 1-skeleton
of the given (relative) cycle.

Now let us be given a 2-simplex f : Az — M with transverse edges. There is
an obvious straightening str(p(f)) of p(f) : A2 — T as follows: if, for r € T,
(p £)~1(¢) has two preimages x|, x» on edges of A2 (which are necessarily unique),
then str(p( f)) maps the line which connects x; and x, in A2 constantly to 7. It is
clear that this defines a continuous map str(p( f ) :A? > T.

Since the leaves F of & are connected (nof = 0), str(p( f )) can be lifted to
a map str(f) - A2 > M with p(str(f)) = str(p(f)). The 2-simplex str(f) is
transverse to %, because its projection is a straight simplex in 7.

There is an obvious homotopy between p( f ) and str(p( f )). Foreachtr € T,
the restriction of the homotopy to (pf)~(¢) can be lifted to a homotopy in M,
because 74 M =0. Since nzM =0, these homotopies for various ¢ € T fit together
continuously to give a homotopy between f and str( f ).

These homotopies of 2-simplices leave the (already transverse) boundaries point-
wise fixed; thus they can be extended to a homotopy of the whole (relative) cycle.
Hence we have straightened the 2-skeleton of the given (relative) cycle.

Assume that we have already stralghtened the k-skeleton, for some k € N. The
analogous procedure, using my_ 1 F =0 for all leaves, and ;M = 0, nk+1M 0,
allows to straighten the (k-+1)-skeleton of the (relative) cycle. This finishes the
proof in the case that % is unbranched.

The generalization to the case that & has one-sided branching and the induced
lamination of d M is unbranched works as in [Calegari 2000, Theorem 2.6.6].

We remark that in the case that P is a simplex we get not only a normal cycle,
but even a transverse cycle.



118 THILO KUESSNER

Now we consider the case of arbitrary polyhedra P. Let ) :_,a;0; be a P-
cycle. It can be subtriangulated to a simplicial cycle Y i_, a; Zj: | Ti,j- Again the
argument in [Calegari 2000, Lemma 2.2.8], and the corresponding argument for
manifolds with boundary, shows that this simplicial cycle can be homotoped such
that each 7; ; is transverse (and such that boundary cancellations are preserved).
But transversality of each 7; ; implies by definition that o; = Z‘}:l 7;,; s normal
(though in general not transverse) to .

(b) By assumption M / F is a Hausdorff tree. Its branching points are the projec-
tions of complementary regions: Indeed, if F is a leaf of %, then F is a submanifold
of the contractible manifold M. By asphericity and m;-injectivity of F, F must
be contractible. By Alexander duality it follows that M — F has two connected
components. Therefore the complement of the point p(ﬁ ) in the leaf space has (at
most) two connected components, SO p(ﬁ ) cannot be a branch point.

Again, to define a straightening of P-chains it suffices to define a canonical
straightening of singular polyhedra P such that straightenings of common bound-
ary faces will agree. Let 7y, ..., 1, be the vertices of the image of P. For each
pair {v;, v;} there exists at most one edge ¢;; with vertices v;, v; in the image of P.
Since the leaf space is a tree, we have a unique straight arc str(p(e;;)) connecting
the points p(v;) and p(v;) in the leaf space. As in (a), one can lift this straight
arc str(p(e;;)) to an arc str(e;;) in M , connecting v; and v;, which is transverse
to %. We define this arc str(¢;;) to be the straightening of ¢;;. As in (a), we have
homotopies of 1-simplices, which extend to a homotopy of the whole (relative)
cycle. Thus we have straightened the 1-skeleton.

Now let us be given the 3 vertices iy, 1, U2 of a 2-simplex f with straight
edges. If the projections p(vg), p(v1), p(02) belong to a subtree isomorphic to a
connected subset of R, then we can straighten £ as in (a). If not, the projection of
the 1-skeleton of this simplex has exactly one branch point, which corresponds to
a complementary region. (The projection may of course meet many branch points
of the tree, but the image of the projection, considered as a subtree, can have at
most one branch point. In general, a subtree with n vertices can have at most
n — 2 branch points.) The preimage of the complement of this complementary
region consists of three connected subsets of the 2-simplex (the “corners” around
the vertices). We can straighten each of these subsets and do not need to care
about the complementary region corresponding to the branch point. Thus we have
straightened the 2-skeleton.

Assume that we have already straightened the k-skeleton, for some k € N. Given
the k42 vertices vg, V1, . . ., Ux+1 of a (k+ 1)-simplex with straight faces, we have
(at most k) branch points in the projection of the simplex, which correspond to
complementary regions. Again we can straighten the parts of the simplex which
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do not belong to these complementary regions as in (a), since they are projected to
linearly ordered subsets of the tree. Thus we have straightened the (k+1)-skeleton.

Since, by the recursive construction, we have defined straightenings of simplices
with common faces by first defining (the same) straightenings of their common
faces, the straightening of a (relative) cycle will be again a (relative) cycle, in the
same (relative) homology class. ([

Remark. For ||[M||5 instead of || M||5?™, equality (b) is in general wrong, and
equality (a) is unknown (but presumably wrong).

If & is essential but not tight, one may still try to homotope cycles to be trans-
verse, by possibly changing the lamination. In the special case that the cycle is
coming from a triangulation, this has been done by Brittenham [1995] and Gabai
[1999]. It is not obvious how to generalize their arguments to cycles with overlap-
ping simplices.

3. Retracting chains to codimension zero submanifolds

3A. Definitions. The results of this section are essentially all due to Gromov, but
we follow mainly our exposition in [Kuessner 2010]. We start with some recollec-
tions about multicomplexes; for details, see [Gromov 1982, Section 3; Kuessner
2010, Section 1].

A multicomplex K is a topological space | K| with a decomposition into sim-
plices, where each n-simplex is attached to the (n—1)-skeleton K,,_ by a simplicial
homeomorphism f : dA" — K,,_1. (In particular, each n-simplex has n+1 distinct
vertices.) In contrast with simplicial complexes, in a multicomplex there may be
n-simplices with the same (n—1)-skeleton.

We call a multicomplex minimally complete if the following condition holds:
Let o0 : A" — |K| be a singular n-simplex such that dyo, ..., d,0 are distinct
simplices of K. Then o is homotopic relative d A" to a unigue simplex in K.

We call a minimally complete multicomplex K aspherical if all simplices o #
in K satisfy o # t;. That means that simplices are uniquely determined by their
1-skeleton.

Orientations of multicomplexes are defined as usual in simplicial theory. If o is
a simplex, & will denote the simplex with the opposite orientation.

A submulticomplex L of a multicomplex K is a subset of the set of simplices
closed under face maps. (K, L) is a pair of multicomplexes if K is a multicomplex
and L is a submulticomplex of K.

A group G acts simplicially on a pair of multicomplexes (K, L) if it acts on the
set of simplices of K, mapping simplices in L to simplices in L, so that the action
commutes with all face maps. For g € G and o a simplex in K, we denote by go
the simplex obtained by this action.
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3B. Construction of K (X). We recall the construction from [Kuessner 2010, Sec-
tion 1.3] (originally found in [Gromov 1982, pp. 45-46]).

For a topological space X, we denote by S, (X) the simplicial set of all singular
simplices in X and by |S,(X)] its geometric realization.

For a topological space X, a multicomplex K (X) C |S4+(X)] is constructed as
follows. The 0-skeleton fO(X ) equals So(X). The 1-skeleton K 1(X) contains one
element in each homotopy class (rel {0, 1}) of singular 1-simplices f : [0, 1] > X
with f(0) # f(1). For n > 2, assuming by recursion that the (n—1)-skeleton is
defined, the n-skeleton K, (X) contains one singular n-simplex in each homotopy
class (rel boundary) of singular n-simplices f : A" — X with df € I/(\,,_l(X).
We can choose K (X) with the property that o € K (X) <= o0 € K (X) (recall
that the bar denotes orientation reversal). We will henceforth assume that K (X) is
constructed according to this condition.

According to [Gromov 1982], |I? (X)| is weakly homotopy equivalent to X.

The multicomplex K (X) is defined as the quotient

K(X):=K(X)/~

where simplices in K (X) are identified if and only if they have the same 1-skeleton.
Let p be the canonical projection p : K (X) — K(X).

K (X) is minimally complete and aspherical.

If X’ C X is a subspace, we have (not necessarily injective) simplicial mappings
jiK(X)— K(X)and j: K(X') > K(X).

If 71 X" — m1 X is injective (for each path-connected component of X’), then j
is injective ([Kuessner 2010], Section 1.3) and we can (and will) consider K (X')
as a submulticomplex of K (X). (Since simplices in K (X’) have image in X', this
means that we assume we have constructed K (X) so that simplices in K (X) have
image in X’ whenever this is possible.) If moreover 77, X" — 7, X is injective for all
n > 2 (say, if X’ is aspherical), then f is also injective and K (X") can be considered
as a submulticomplex of K (X).

In particular, if X and X' are aspherical and m\ X' — 71X is injective, there is
an inclusion

i CY™ (K (X), K(X) = CX™ (K (X), K(X") > C2™(X, X)
into the relative singular chain complex of (X, X').

3C. Infinite and locally finite chains. In this paper we will also work with infinite
chains, and in particular with locally finite chains on noncompact manifolds, as
introduced in [Gromov 1982, Section 0.2].

For a topological space X, a formal sum ), _; a;0; of singular k-simplices with
real coefficients (with a possibly infinite index set /, and the convention a; # 0
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for i € I) is an infinite singular k-chain. It is said to be a locally finite chain if
each point of X is contained in the image of at most finitely many o;. Infinite k-
chains form a real vector space denoted by C ,i(“f(X ), and locally finite k-chains one
denoted by C}f(X ). The boundary operator maps locally finite k-chains to locally
finite (k—1)-chains, hence, for a pair of spaces (X, X’) the homology H) (X, X")
of the complex of locally finite chains can be defined.

For a noncompact, orientable n-manifold X with (possibly noncompact) bound-
ary dX, one has a fundamental class [X, dX] € H,llf(X, 0X). We will say that an
infinite chain Zie ; a;jo; represents [X, 0 X] if it is homologous to a locally finite
chain representing [X, 0X] € H,llf(X, 0X).

For a simplicial complex K, we denote by C,ilmp ’mf(K ) the R-vector space of
(possibly infinite) formal sums ), ; a;0; with ¢; € R and o; k-simplices in K.
If T X " — m,X is injective for n > 1, we have again the obvious inclusion iy :
cim R (X), K(X')) — CI(x, X').

The following observation is of course a well-known application of the homo-
topy extension property, but we will use it so often that we state it here for reference.

Observation 3.1. Let X be a topological space and oy : A" — X a singular
simplex. Let H : 0A" x I — X be a homotopy with H(x,0) = o¢(x) for all
x € dA". Then there exists a homotopy H : A" x I — X with H|yanx; = H and
H | anx (0} = 00.

If X' C X is a subspace and the images of oo and H belong to X', we can choose
H so that its image belongs to X'.

Lemma 3.2. Let (X, X') be a pair of topological spaces. Assume 7w, X' — 7, X is
injective for each path component of X' and each n > 1.

(@) Let ) ;. aiti € C ,il“f(X , X) be a (possibly infinite) singular n-chain. Assume
that I is countable, and that each path component of X and each nonempty
path component of X' contain uncountably many points. Then ) ,_; a;t; is
homotopic to a (possibly infinite) simplicial chain

S ait € CS™PIK(X), K (X)) C C™(X, X').
iel

In particular, ) ;; a; 7] is homologous to ), _; a;T;.

(b) Let op € K(X) and H : A" x [0,1] > X a homotopy with H(-,0) = oy.
Consider a minimal triangulation A" x [0, 1] = AgU ... A, of A" x [0, 1]
into n+1 (n+1)-simplices. Assume that H(d A" x [0, 1]) consists of simplices
in K(X). Then H is homotopic (rel A" x {0} UJdA" x [0, 1]) to a map H :

A" x[0,1]— X such thatﬁlA,. € I?(X); in particular oy :=H(-, 1) € I?(X).

Proof. (a) From the assumptions it follows that there exists a homotopy of the
O-skeleton such that each vertex is moved into a distinct point of X, and such
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that vertices in X’ remain in X’ during the homotopy. By Observation 3.1, this
homotopy can by induction be extended to a homotopy of the whole chain.

Now we prove the claim by induction on k (0 < k < n). We assume that the
k-skeleton of ). 7 GiT; consists of simplices in K (X) and we want to homotope
> ic; @i Ti such that the homotoped (k+-1)-skeleton consists of simplices in K(X).

By construction, each singular (k41)-simplex o in X with boundary a sim-
plex in K (X) is homotopic (rel boundary) to a unique (k-+1)-simplex in K (X).
Since the homotopy keeps the boundary fixed, the homotopies of different (k+1)-
simplices are compatible. By Observation 3.1, the homotopy of the (k+1)-skeleton
can by induction be extended to a homotopy of the whole chain.

If the image of the (k+1)-simplex o is contained in X', then it is homotopic
rel boundary to a simplex in K (X'), for a homotopy with image in X’. Thus we
can realize the homotopy in such a way that all simplices with image in X’ are
homotoped inside X'.

(b) follows by the same argument as (a), successively applied to Ag, ..., A,. U

We remark that there exists a canonical simplicial map
SR 0, K(X) = CEPIK (X), K (X)),

defined by induction. It is defined to be the identity on the 1-skeleton. If it is
defined on the (n—1)-skeleton, for n > 2, then, for an n-simplex 7, p(t) € K(X)
is the unique simplex with 9; p(t) = p(9;t) fori =0, ..., n.

3D. Action of G =T1(A). We repeat the definitions from [Kuessner 2010, Section
1.5] (originally due to Gromov), as they will be frequently used in the remainder
of the paper.

Let (P, A) be a pair of minimally complete multicomplexes. We define its space
of nontrivial loops ©2*A as the set of homotopy classes (rel {0, 1}) of continuous
maps y : [0, 1] — |A| with ¥ (0) = y (1) and not homotopic (rel {0, 1}) to a constant

map.
We define
I1(A) .= {{yl,...,y,,} neN, y, ..., € A{UQA, ¥(0) = y;(1) for all i,

¥i(0) # v;(0), vi (1) # y; (1) for i # j}.
If y, y’ are elements of A; with y’ #7% and y (0) =y’'(1), we denote by y *y’ € A;

the unique edge of A in the homotopy class of the concatenation.! If ¥ € A; and
y' € Q*A (or vice versa), with y (1) # y(0) = y'(1) = y’(0), we also denote

'We follow the usual convention of defining the concatenation of paths by y * y'(t) = y (2¢) if
t < % andy xy' (1) =y'Qt - 1)ift > % Unfortunately this implies that, in order for IT(A) to act
on P, we will need the multiplication in IT(A) to satisfy, for example, {y}{y’'} = {y’ * y}. We hope

that this does not lead to confusion.
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by y %y’ € A; the unique edge in the homotopy class of the concatenation. If
v,y € Q*A with y (1) = y(0) = y'(1) = ¥’(0), we denote by y xy’ € Q*A the
concatenation of homotopy classes of loops.

We then define a multiplication on [T1(A) as follows: Given {yy, ..., ¥»} and
{v{,-.., vy}, we reindex the unordered sets {y1, ..., v} and {y], ..., y,} so that
yi(1) =y;(0) for 1 < j <iand y;(1) # y;(0) for j >i+1and k > i+ 1. (Since
we are assuming that all y;(1) are pairwise distinct, and also all yj’. (0) are pairwise
distinct, such a reindexing exists for some i > 0, and it is unique up to permuting
the indices < i and permuting separately the indices of the y; and y; with j >i+1
and k > i + 1.) Moreover we permute the indices {1, ..., i} so that there exists
some h with 0 < h < satisfying the following conditions:

— For 1 < j < h we have either y]’. #7V; € Ay or y]’. * yj_l € Q*A.
— For h < j < i we have either y]/. =Yy; €Ay or y]f = yj_l € Q*A.

With this fixed reindexing we define

{Vlv---»ym}{)/lla---,Vy:}5={71/*7/1a---aV};*VhaVi+l»---a)/m’)/i/+1,---,Vy:}-

(Note that we have omitted all y j’ xy; with j > h. The choice of y j’ *y; rather than
Vi * yJ’. is just because we want to define a left action on (P, A).)

We have shown in [Kuessner 2010] (footnote to Section 1.5.1) that the product
belongs to I1(A). Moreover, the multiplication so defined is independent of the
chosen reindexing. It is clearly associative. A neutral element is given by the empty
set. The inverse to {y1, ..., ¥,} is givenby {y{, ..., ¥}, with y/ =7, if y; € A and
Y = yl._l if y; € Q*A. (Indeed, in this case & = 0; thus {y1, ..., v }{{y{, ..., ¥} is
the empty set.) Thus we have defined a group law on I1(A).

Remark. There is an inclusion
T1(A) C mapy(Ao, [[0, 11, |A[]p)).

where [[0, 1], |A|]|p| is the set of homotopy classes (in |P|) rel {0, 1} of maps
from [0, 1] to |A|, and mapO(Ao, [[O, 1], |A|]‘p|) is the set of maps f : Ay —
[[0, 11, |A]] P with

- f(y»)(0) =y forall y € Ag, and
— f(-)(1): Ag —> Ag is a bijection.

This inclusion is given by sending {y1, ..., ¥»} to the map f defined by f(y;(0)) =
[yilfori=1,...,n,and f(y)=/[c,] (the constant path) for y & {y1(0), ..., ¥,(0)}.
The inclusion is a homomorphism with respect to the group law defined by

[8f DM :=1fWMI*[g(f(»(D)]
on map (Ao, [[0, 11, |Al] p).
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3E. Action of T1(A) on P. From now on we assume that P is aspherical. We
define an action of mapO(Ao, [[O, 1], |A|]|p‘) on P. This gives an action of T1(A)
on P.

Let g € mapy (Ao, [(0, 1), |Al];p)). Define gy = g(y)(1) for y € Ag and gx = x
for x € Py — Ag. This defines the action on the 0-skeleton of P.

We extend this to an action on the 1-skeleton of P. Recall that, by minimal
completeness of P, 1-simplices o are in one-to-one correspondence with homotopy
classes (rel {0, 1}) of (nonclosed) singular 1-simplices in | P| with vertices in Py.
Using this correspondence, define

go :=[g(@(0)]*[o]*[g(a(D)],

where * denotes concatenation of (homotopy classes of) paths.

In [Kuessner 2010, Section 1.5.1] we proved that this defines an action on P;
and that there is an extension of ths action to an action on P. (The extension is
unique because P is aspherical.)

We remark, because this will be one of the assumptions to apply Lemma 3.7,
that the action of any element g € I1(A) is homotopic to the identity. The homotopy
between the action of the identity and the action of {y1, ..., y,} given by the action
of {y/, ..., ¥/}, 0 <t <1, with y/(s) = y; (s1).

The next lemma follows directly from the construction, but we will use it so
often that we want to explicitly state it.

Lemma 3.3. Let (P, A) be a pair of aspherical, minimally complete multicom-
plexes, with the action of G = I1(A). If o € P is a simplex all of whose vertices
are notin A, then go = o forall g € G.

For a topological space and a subset P C S.(X) closed under face maps, the (an-
tisymmetric) bounded cohomology H; (P) and its pseudonorm are defined literally
like for multicomplexes in [Gromov 1982, Section 3.2]. The following well-known
fact will be needed for applications of Lemma 3.7 (to the setting of Theorem 1.1)
with P = K*"(3Q), G = TI(K (3, Q)).

Lemma 3.4. (a) Let (P, A) be a pair of minimally complete multicomplexes.
If each connected component of |A| has amenable fundamental group, then
[T1(A) is amenable.

(b) Let X be a topological space, P C S«(X) a subset closed under face maps,
and G an amenable group acting on P. Then the canonical homomorphism

id@1: Ci™(p) — CI™P (P @76 7

induces an isometric monomorphism in bounded cohomology.

The proof of (a) is an obvious adaptation of that of [Kuessner 2010, Lemma 4].
Part (b) is proved by averaging bounded cochains; see [Gromov 1982].
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3E. Retraction to central simplices.

Lemma 3.5. Let (N, ON) be a pair of topological spaces with N = Q U R for two
subspaces Q, R. Let

00=0NR,010=0NIN,0R=RNIN,90Q0 =00QU3;Q,R=09pQU0IR.

Assume that 90 — Q — N,0iR - R — N,0N — N, 30 — Q,90 — R
are w1 -injective, and that IN, 0, Q, 01 R, 99 Q are aspherical (so the corresponding
K (-) can be considered as submulticomplexes of K (N)).

In connection with the simplicial action of G = T1(K (390Q)) on K(N), there is
a chain homomorphism

r: CY™ MK (N)) ®26 Z — CY™ ™ (K (Q)) @16 7

indegrees x > 2, mapping Ciimp’inf(GK(E)N))@ZGZ to Ciimp’inf(GK(al 0)®zcZ,
and such that

— ifo is asimplexin K(N), thenr(c ® 1) =k @ 1, where either k is a simplex
in K(Q) ork =0;

— ifo isasimplexin K(Q),thenr(c @ 1) =0 ®1;
— ifo is a simplexin K(R), thenr(c @ 1) =0.

Proof. This is [Kuessner 2010, Proposition 6]. (We have replaced the assumption
ker(md0Q — w1 Q) = ker(w1doQ — mR) from that reference by the stronger
assumption of mi-injectivity, since this will be true in all our applications and
we have no need for the more general assumption.) The conclusion is stated in
[Kuessner 2010] for locally finite chains, but of course r extends linearly to infinite
chains. ]

Remark. If some edge of o is contained in K (dgQ) = K (Q) N K(R), then
c®1=0eC"™"™(K(N) @6 Z;

see [Kuessner 2010, Section 1.5.2]. (The proof is essentially the same as that of
Lemma 5.17 below.) In particular, if o is contained in both K (Q) and K (R), then
rco®1)=r(0)=0.

3G. Fundamental cyclesin K(N) and K (Q). Let N be a (possibly noncompact)
connected, orientable n-manifold with (possibly noncompact) boundary d N. Then
HY(N,dN) >~ Z by Whitehead’s theorem and a generator is called [N, dN]. (It
is only defined up to sign, but this will not concern our arguments.) Recall that
an infinite chain is said to represent [N, d N] if it is homologous to a locally finite
chain representing [N, O N].
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If 9N — N is my-injective and d N is aspherical, we know from Section 3B that
CI™ RN, K@N) € G MU(N, ON).

Thus it makes sense to say that some chain z € Ciimp’inf(l/(\ (N), K (0N)) represents
the fundamental class [NV, ON].

If 010 — Q is mi-injective and Q and 9; Q are aspherical, and if we set G :=
M(K (9Q)). then CI™ ™ (GK (9;0)) = Ci"™P™(GK (8, 0)) € CI"™*™(3Q), as
G maps simplices in im(K (dQ) — K(Q)) to 51mphces inim(K((0Q) — K(Q)).
Thus it makes sense to say that some chain z € C81mp inf (K(Q), GK (91 Q)) repre-
sents the fundamental class [Q, 0 Q].

The projection p : I?(N) — K (N) is defined at the end of Section 3B.

Lemma 3.6. Let N be an orientable n-manifold with boundary (wWhere n > 2),
and let Q, R C N be orientable n-manifolds with boundary such that N = Q U R
satisfies the assumptions of Lemma 3.5 and that d0Q, 01Q C dQ and 0;R C OR
are (n—1)-dimensional submanifolds (with boundary) of 0 Q or dR. Assume also
that Q is aspherical. Let ) ; a;jo; € Cf,lmp’mf(l/(\(N), I/(\(BN)) represent [N, ON].

@) Y air(pe))@1eCy™ ™ (K(Q), GK (310)®z6Z represents [Q, I QI® 1.

(b) 3> air(po)) @1 e CImPI (G K (5Q)) @76 Z represents [10] @ 1.

Remark. Explicitly, statement (a) means that the element on the left represents
the image of 2 ® 1 under the canonical homomorphism H,?mg’mf(Q, 00)R762Z —
H,(C3"™(0,00) ®76 7), where h € Hy™ ™ (K (Q), GK(3;Q)) represents
[0,00] € H,"8(Q,00). Similarly, (b) means that the element represents the
image of & ® 1 under the canonical homomorphism H,‘flmp’mf(GK 010) Q767 —
H,(CY™ ™ (GK (8,0))®267), where h € Hy™ ™ (G K (3, Q)) represents [0 Q] €
H,"(Q).

Proof. Since p and r are chain maps, it suffices to check the claim for some chosen
representative of [N, dN]. So let z € C, simp. lnf(K (N), K (0N)) be a representative
of [N, dN] chosen so that

p(2) =20 +2r,
where z¢ represents [Q, d Q] and zg represents [R, dR], and so that

0zg = w1 +wy, 0Zp = —w2 + w3

with w; € CSlmp mf(K(alQ)) representing [d1 Q], wy € Cblmp ‘“f(K(ao Q)) repre-
senting [dgQ], and w3 € Cilinf’mf(K(al R)) representing [0; R].
From Lemma 3.5 we have

r(p()®@1)=zp®1,
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which implies the first claim, and
Ir(p(2)®@1) =001 =w; 1 +w, ®1.

Since w; + wy represents [d Q], this implies the second claim. O

Remark. From the remark after Lemma 3.5 we have w; ® 1 = 0. This implies
r(p(2)®1) =029 @1 =w; ®1, thatis, 9r(p(z) ® 1) represents at the same time
[00]® 1 and [8; 0] R 1.

3H. Using amenability. The next lemma is well-known in slightly different for-
mulations and we reprove it here only for completeness. (It has of course a relative
version as well, but we will not need that for our argument.)

We will apply? this lemma in the proof of Theorem 1.1 with X = dQ, G =
q+(TI(K (30 Q))) and K = GK*"(3, Q).

Lemma 3.7. Let X be a closed, orientable manifold and K C S,(X) closed under
face maps. Assume that

— there is an amenable group G acting on K, such that the action of each g € G
on | K| is homotopic to the identity, and

— there is a fundamental cycle z € C iimp(K ) such that 7 ® 1 is homologous to a
cycleh=3"5_,bjT; ®1 € C;"™(K)®z6 Z.
Then

N
X1 <) " 1bjl.
j=1

Proof. If || X || =0, there is nothing to prove. Thus we may assume || X || # 0, which
implies [Gromov 1982, p. 17] that there is B € H, (X), a bounded cohomology class
dual to [X] € H,(X), with [|B]| = 1/[1 X

Let p: Cy"™(K) — Cy"™ (K) ®7¢ Z be the homomorphism defined by p(o) =
o ® 1. Since G is amenable we have, by the proof of [Gromov 1982, Lemma 4b],
an “averaging homomorphism” Av : H;(K) — H;(C4(K) ®z¢ Z) such that Av
is left-inverse to p* and Av is an isometry. Hence

1
A = =—.
[Av(B)I = 1Bl X

2Ifa group G acts simplicially on a multicomplex M, then Cy (M) ®z Z are abelian groups with
well-defined boundary operator dx ® 1, even though M /G may not be a multicomplex, like for the
action of G = Iy (X) on K (X), for a topological space X.

We remark that Cy«(M) @76 Z =~ C«(M) ®rg R is just the quotient chain complex for the G-
action. In particular, even though Cy (M) is an RG-module, it does not make any difference whether
we tensor over ZG or RG.
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Moreover, denoting by [Zj’:l bit;® l] the homology class of Zj: 1 biTi®1, we
have obviously

N
> by 1]

j=1

‘Av(ﬂ)[

<1l 3 1|
Z

and therefore
5 1bj]

1X] = = '
Av(B) |l ‘Av(ﬂ)[ijlbﬂJ@l])

N

It remains to prove that Av(ﬂ)[zjz1 bit; ® l] = 1. For this we have to look at
the definition of Av, which is as follows:

Let y € Cj;(K) be a bounded cochain. By amenability there exists a bi-invariant
mean av : B(G) — R on the bounded functions on G with infeeg 8(g) < av(d) <
supgeGé(g) for all § € B(G). Then, given any p(o) € Cy(K) ®z¢ Z, one can
fix an identification between G and Go, the set of all ¢’ with p(c’) = p(0),
and thus consider the restriction of y to Go as a bounded cochain on G. Define
Av(y)(p(o)) to be the average av of this bounded cochain on G >~ Go. (This
definition is independent of all choices; see [Ivanov 1985].)

Now, if z = Zj’:l bjt; is a fundamental cycle, we have (z) = 1. .

If g € G is arbitrary, then left multiplication with g is a chain map on C 2 P(K),
as well as on C; #(X). Since the action of g on |K| is homotopic to the identity,
it induces the identity on the image of C;"" (K ) — C3"*(X). Thus, for each cycle
z € C™(K) representing [X] € Hy"¢(X), the cycle gz € Cy """ (K) must also
represent [ X].

If gz represents [X], then B(gz) = B([X]) = 1. In conclusion, B(p(z’)) =1 for
each 7’ with p(z’) = p(z). By the definition of Av, this implies Av(B)(p(z)) =1
for each fundamental cycle z. In particular, Av(,B)[Z;: 1 bt ® 1] = 1, which
finishes the proof of the lemma. U
Remark. In the proof of Theorem 1.1, we will work with Ciimp (K) ®7¢G Z rather
than C; "7 (K). This is analogous to Agol’s construction of “crushing the cusps to
points” in [Agol 1999]. However C; " (K (Q)) ®zn@,0) Z # Cx T (K (Q/30Q));
thus one cannot simplify our arguments by working directly with Q/d9Q.

4. Disjoint planes in a simplex

In this section, we will discuss the possibilities for how a simplex can be cut by
planes without producing parallel arcs in the boundary. (More precisely, we pose
the additional condition that the components of the complement can be colored
by black and white such that all vertices belong to black components, and we
actually want to avoid only parallel arcs in the boundary of white components.)
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For example, for the 3-simplex, it will follow that there is essentially only the
possibility in Case 1 pictured below; meanwhile, in Case 2, each triangle has a
parallel arc with another triangle, regardless how the quadrangle is triangulated.

Case 1 A\ Case 2

& |

Let A" ¢ R"*! be the standard simplex3 with vertices vy, . .., v,. Itis contained
in the plane E = {(x1, ..., Xpp1) € R™ i xy 4+ 4 x4 = 1),

In this section we will be interested in (n—1)-dimensional affine planes P C E
whose intersection with A" either contains no vertex, consists of exactly one vertex,
or consists of a face of A”. For such planes we define their type as follows.

Definition 4.1. Let P C E be an (n—1)-dimensional affine plane such that P N A"
contains no vertex, consists of exactly one vertex, or consists of a face of A”.

— If PN A" =09ypA", we say that P is of type {0}.

- If PNA" =09;A" with j > 1, we say that P is of type {Ol...f...n}.

— If PN{vo, ..., vy} ={vo}, we say that P is of type {0}.

- If PN{vy, ..., v} = or PN{vy, ..., v,} ={v;} with j > 1, we say that P

is of type {Oay ...ax} with ay, ..., ar € {1, ..., n} if the following condition
is satisfied: v; belongs to the same connected component of A" — (P N A")
as vg if and only if i € {ay, ..., ar}.

Observation 4.2. Let P; be a plane of type {Oa; ...ax} and P> a plane of type
{0by ...b;}. Assume that Q| .= PiN A" # & and Qr := P, N A" # &. Then
01N Oy = & implies that either {ay, ...,ar} = {b1, ..., b} or exactly one of the
following conditions holds:

—{ay,...,ar} C{by, ..., b}
—{b1,..., b} C{ay,...,a}.
—an, ... a)UlbL, ... by ={1,....n).

3 As usual, v; is the vertex with all coordinates except the i-th equal to zero, and 9; A" denotes
the subsimplex spanned by all vertices except v;. We will occasionally identify singular 1-simplices
o: Al - M with paths e : [0, 1] — M by the rule e(t) = o (¢, 1 —1). In particular, e(0) =0 (vy) =010
and e(1) =0 (v]) = dgo.
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Proof. A" — Q consists of two connected components, C; and C,. Similarly,
A" — Q5 consists of two connected components, D and D,. Choose the numbering
so vg € C1 and vy € Cy. In particular, C; N D # @.

Since Q1 N O, = &, it follows that Q> is contained in one of C; or Cy, and Q;
is contained in one of D; or D;.

If Q| C Dy, either we have C| C Dy, which implies {a1, ..., ar} C {b1, ..., b},
or we have C; C D1, which implies {1, ...,n}—{ay, ..., ar} C{by, ..., b;}, hence
{ar, ...,a}U{by, ..., b} ={1,...,n}

If instead Q| C D,, we have Q, C Cj. After interchanging Q| and Q, we are
back in the case of the previous paragraph. U

Notational remark. Arc will mean the intersection of an (n—1)-dimensional affine
plane P C E (such that P N A" # & either contains no vertex, consists of exactly
one vertex or consists of a face) with a 2-dimensional subsimplex > C A", If an
arc consists of only one vertex, we call it a degenerate arc.

Definition 4.3 (parallel arcs). Let Py, P, C E be (n—1)-dimensional affine planes.
Let t be a 2-dimensional subsimplex of A" with vertices v,, vs, v,. We say that
the disjoint arcs ey, e, obtained as intersections of P, and P;, respectively, with t
are parallel arcs if one of the following conditions holds:

— Both are nondegenerate and any two of {v,, v, v;} belong to the same con-
nected component of T — e if and only if they belong to the same connected
component of T — e;.

— One, say e, is nondegenerate, the other, say with vertices vy, vy, is contained
in a face, and v, does not belong to the same connected component of T — ¢
as either vg and v;.

— One, say ej, is nondegenerate, the other is degenerate, say equal to v,, and
vy, vy do not belong to the same connected component of T — e} as v,.

— Both are degenerate and equal.
— Both are contained in a face and equal.

— One is degenerate, the other is contained in a face.
Lemma 4.4. Let A" C R"! be the standard simplex. Let Py, P C E be (n—1)-
dimensional affine planes with Q; = P, N A" # @ fori = 1,2. Let P, be of type
{Oay...ar} with1 <k <n—2 and P, of type {Ob; ...b;} with | arbitrary. Then
either Q1N Qy # &, or Q1 and Q; have a parallel arc.

Proof. Assume that Q; N Q> = &. By Observation 4.2, there are four possible
cases:

— {0ay ...ar} ={0b; ...b;}. Then we clearly have parallel arcs.
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— {Oay ...a} is a proper subset of {0b;...b;},ie., 1 <k <l <n—1 and
a; = by, ...,ar = br. There is at least one index, say i, not contained in
{Ob; ... b;}. The 2-dimensional subsimplex with vertices vy, vq,, v; intersects
Py and P, in parallel arcs, because P; and P both separate vy and v, from v;.

— {0by ... b} is a proper subset of {Oay...ar}, ie., 0 <[ <k <n—2 and
ay =by,...,a = b;. There are two indices i, j not contained in {Oaj ... ag}.
The 2-dimensional subsimplex with vertices vo, v;, v; intersects P; and P, in
parallel arcs, because Py and P, both separate vy from v; and v;.

—{ay,...,ar}Ulby, ..., b} ={1,...,n}. Since k <n—2, there are two indices
i, j not contained in € {Oa, ...ax}. Hence i, j € {by, ..., b;}. There exists an
index h € {ay, ...,ar} such that h & {by, ..., b;}; otherwise, we would have
{ar, ...,ar} C{b1,...,b;},hence {1, ...,n}={ai,...,a}U{b1,..., b} C
{b1, ..., by}, contradicting O, # &. Now the 2-dimensional subsimplex with
vertices v;, vj, v, intersects Py and P, in parallel arcs, because both P; and
P, separate v; and v; from vj,. U

Definition 4.5 (canonical coloring of complementary regions). Let Py, Pp,...C E
be a (possibly infinite) set of (n—1)-dimensional affine planes with Q; := P;,N A"
nonempty and Q; N Q; = @ for all i # j. Assume that each Q; either contains no
vertices or consists of exactly one vertex.

A coloring of the connected components of A" — | J; Q; by the colors black and
white, and of all the Q; by black, is called a canonical coloring (associated to
Py, P, ...) if all the vertices of A" are colored black and each Q; is incident to
at least one white component.

Definition 4.6 (white-parallel arcs). Let {P; :i € I} be a set of (n—1)-dimensional
affine planes P; C E, with Q; := P,NA" # fori € I. Assume that ;N Q; =9
for all i # j € I, and that we have a canonical coloring associated to {P; : i € I}.
We say that arcs e;, e; obtained as intersections of P;, P; (i, j € I) with some 2-
dimensional subsimplex of A" are white-parallel arcs if they are parallel arcs and
belong to the boundary of the closure of the same white component.

We mention two consequences of Lemma 4.4. They will not be needed for the
proof of Lemma 4.13, but they will be necessary for the proof of Theorem 1.1.

Corollary 4.7. Let A" C Rt pe the standard simplex. Let Py, ..., P, C E bea
finite set of (n—1)-dimensional affine planes and let Q; = P,NA" fori=1, ..., m.
Assume that Q; N Qj = @ for all i # j, and that we have an associated canonical
coloring such that Q; and Q ; do not have a white-parallel arc fori # j.

Then, unless m = 0, we have m = n + 1 and P is of type {0}, P41 is of type
{01...n—1}, and P; is of type {Ol...i—’\l...n}fori =2,...,n.
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Proof. 1f the conclusion were not true, there would exist a plane P; of type
{Oay...ar} with 1 <k <n —2. Let W be the white component of the canonical
coloring that is incident to P;. Because, for a canonical coloring, no vertex belongs
to a white component, there must be at least one more plane P, incident to W. Since
01N Q-2 =, from Lemma 4.4 we get that Q| and Q» have a parallel arc. Because
0, and QO are incident to W, the arc is white-parallel. O

Corollary 4.8. Let A" C R+ be the standard simplex. Let Py, P»,... C E be a
(possibly infinite) set of (n—1)-dimensional affine planes and let Q; = P; N A" for
i=1,2,.... Assume that we have an associated canonical coloring.

Let P; be of type {Oa’i .. .aé(i)},fori =1,2,.... Then either

- c(1)e{0,n—1}, 0r

— whenever, for some i € {2,3,...}, P; and P; bound a white component of
A" —U; Q;, then they must have a white-parallel arc.

Proof. Assume that ¢(1) ¢ {0, n — 1}. The white component W bounded by P;
is bounded by a finite number of planes; thus we can apply Corollary 4.7, and
conclude that P; has a white-parallel arc with each other plane adjacent to W. [

Definition 4.9. Let P C E be an (n—1)-dimensional affine plane and T a triangu-
lation of the polytope Q := P N A". We say that T is minimal if all vertices of T
are vertices of Q. We say that an edge of some simplex in 7 is an exterior edge if
it is an edge of Q.

Observation 4.10. Let P C E be an (n—1)-dimensional affine plane and T a
triangulation of the polytope Q := P N A". If T is minimal, each edge of Q is an
(exterior) edge of (exactly one) simplexin T.

Proof. By minimality, the triangulation does not introduce new vertices. Thus
every edge of Q is an edge of some simplex. ([

Observation 4.11. Let P C E be an (n—1)-dimensional affine plane with Q :=
PN A" £ @. Assume that P is of type {Oa, . . .ay}. Then either

(a) Each vertex of Q arises as the intersection of P with an edge e of A". The
vertices of e are v; and v withi €{0,ay, ..., a;} and j {0, ay, ..., a;}. (We
will denote such a vertex by (v;v;).)

(b) Two vertices (v;,vj,) and (vj,v},) of Q are connected by an edge of Q (i.e., an
exterior edge of any triangulation) if either i| = iy or j| = jo.
Proof. (a) holds because e has to connect vertices in distinct components of A" — Q.

Statement (b) holds because the edge of Q has to belong to some 2-dimensional
subsimplex of A", with vertices either v;,, vj,, vj, or v;;, v;,, v}, (]
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Remark. If, for an affine hyperplane P C E, Q = P N A" consists of exactly
one vertex, then we will consider the minimal triangulation of Q to consist of
one (degenerate) (n—1)-simplex. This convention helps to avoid needless case
distinctions.

Lemma4.12. Let {P; C E :i € I} be a set of (n—1)-dimensional affine planes and
let Q; := PiN A" fori € 1. Assume that Q; N Q; = & for all i # j and that we
have an associated canonical coloring. Assume that we have fixed, for eachi € I,
a minimal triangulation Q; =, tia of Qi.

If Py is of type {Oal1 .. .ai(l)} with 1 <c(1) <n —2, then for each simplex 1|, C
Q| there exists some j € I and some simplex tj, C Q; (of the fixed triangulation
of Q) such that t;, and tj, have a white-parallel arc.

Proof. Let wy, ..., w, be the n vertices of the (n—1)-simplex t1;. By Observation
4.11(a), each wy arises as intersection of O with some edge (v,,v5) of A", and
the vertices v,,, vy, satisfy r; € {0, all, AU acl(l)} and s; ¢ {0, all, R ag(l)}.

For the canonical coloring, there must be a white component W bounded by
P;. We distinguish the cases whether W and vy belong to the same connected
component of A" — Q or not.

Case 1: W and vg belong to the same connected component of A" — Q.

Since c¢(1) < n — 2, there exist at most n — 1 possible values for ;. Hence there
exists [ #m € {1, ..., n} such that v, = v, .

Let e be the edge of 71 C Q; connecting w; and w,,. By Observation 4.11(b), e
is an exterior edge. Consider the 2-dimensional subsimplex 72 C A" with vertices
Uy, Vs, Us,,. We conclude that P intersects 72 1in e, i.e., in an arc separating vy,
from the other two vertices of 72.

Note that r; € {0, all, R acl(l)}; hence v,, belongs to the same component of
A" — Q1 as vg. In particular, v, belongs to the same component of A" — Q; as
W. On the other hand, since the coloring is canonical, all vertices are colored
black, and v,, cannot belong to the white component W. Thus there must be some
plane P; such that Q; bounds W and separates v,, from Q1. (The possibility that
P; N A" = {v,} is allowed.) In particular, some (possibly degenerate) exterior
edge f of Q; separates v,, from vy, vy, . Thus e and f are white-parallel arcs. By
Observation 4.10, f is an edge of some 7j;.

Case 2: W and vg don’t belong to the same connected component of A" — Q.

Since n —c(1) <n —1, there exist some [ #m € {1, ..., n} such that v, = v, .

Let e be the edge of 7 C Q) connecting w; and w,,. e is an exterior edge
by Observation 4.11(b). Consider the 2-dimensional subsimplex 7> C A" with
vertices vy, vy, , Ug,. Pj intersects 72 in e, i.e., in an arc separating v, from the
other two vertices of 2.
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We have s; € {0, all, R aj(l)}; hence vy, does not belong to the same component
of A" — Q1 as vp. This implies that v, belongs to the same component of A" — Q4
as W. On the other hand, since the coloring is canonical, vy, cannot belong to the
white component W and there must be some plane P; such that Q ; bounds W and
separates vy, from Q. In particular, some exterior edge f of Q; separates vy, from
Uy, Uy, . Thus e and f are white-parallel arcs. By Observation 4.10, f is an edge
of some 7. O

Lemma 4.13. Let {P; : i € I} be a set of (n—1)-dimensional affine planes with

Q=P NA"#£O foriel. Let P; be of type {Oail) .. .a,g)}fori € I. Assume that

QiNQ; =3 fori # jel,and that we have an associated canonical coloring.

Assume that for each Q; one has fixed a minimal triangulation Q; = U,t((;)l Tik.
Foreachi €1, let

D; =t{tjx C Q;: thereis no t;; C Q; such that Ty, T;; have a white-parallel arc}.

Then

> D;i=0 or Y Di=n+1.

iel iel
Proof. First we remark that the number of planes may be infinite, but we may
of course remove pairs of planes P;, P; whenever they are of the same type and
bound the same white component. This removal of P;, P; and the common white
component does not affect ) ";_, D;. Since there are only finitely many different
types of planes, we may without loss assume that we start with a finite number
Py, ..., P, of planes. (It may happen that after this removal no planes and no
white components remain. In this case ), c; Dier = 0.) So we assume now that
we have a finite number of planes Py, ..., P,, and no two planes of the same type
bound a white region.

The first case to consider is that all planes are of type {Oa; ...a;} with k =0
or k = n — 1. Since all vertices are colored black, this means that m = n + 1
and (upon renumbering) Pj is of type {0}, P,y isof type {0 1...n — 1}, and P;
is of type {Ol...ii\l...n} fori =2,...,n. Hence Dj =--- = D,y =1 and
Y Di=n+1.

Now we assume that there exists P;, say Pj, of type {Oafl) .. .a,E})} with 1 <
c(1) <n—2. Let W be the white component bounded by P; and, without loss of
generality, let P, ..., P; be the other planes bounding W. Then Lemma 4.12 says
that each simplex in the chosen triangulation of Q; has a parallel arc with some
simplex in the chosen triangulation of each of Q», ..., Q;. In particular, D; = 0.
For j € {2,...,1},if I <c(j) <n — 2, the same argument shows that D; = 0. If
J€{2,...,l}andc(j)=0orc(j)=n—1, then Q; consists of only one simplex. By
Corollary 4.8, this simplex has a parallel arc with (some exterior edge of) O and
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thus (by Observation 4.10) with some simplex of the chosen triangulation of Q;.
This shows that D; =0 also in this case. Altogether we conclude that le=1 D;=0
and thus Y ", D; =Y 7, +1 Di. Hence we can remove”* the white component W
and its bounding planes Pj, ..., P; to obtain a smaller number of planes and a new
canonical coloring without changing Y/~ | D;. Since we start with finitely many
planes, we can repeat this reduction finitely many times and will end up either with
an empty set of planes or with a set of planes of type {Oa; ...ax}, with k =0 or
k=n—1. Thus either > ;" D;=0o0r ) ;. Di=n+1. O

We have thus proved that, in the presence of a canonical coloring, the number of
(n—1)-simplices without white-parallel arcs in a minimal triangulation of the Q; is
0 or n+1. We remark that in the proof of Theorem 1.1 we will actually count only
those triangles that have neither a white-parallel arc nor a degenerate arc. Thus, in
general, we may remain with even less than n + 1 (n—1)-simplices.

5. A straightening procedure

In this section we will always work with the following set of assumptions.

Assumption L. Q is an aspherical n-dimensional manifold with aspherical bound-
ary 0Q. We have (n—1)-dimensional submanifolds 00Q, 01Q C 0Q such that
00 =000U0,0, 000Q = 00,0, and 9, Q # & is aspherical.

The example that one should have in mind is a nonpositively curved manifold
Q with totally geodesic boundary d; Q and cusps corresponding to dp Q.

In the case of nonpositively curved manifolds with totally geodesic boundary,
there is a well-known straightening procedure that homotopes each relative cycle
into a straight relative cycle. It is explained for closed hyperbolic manifolds in
[Benedetti and Petronio 1992, Lemma C.4.3].

However, we will need a more subtle straightening procedure, which considers
relative cycles with a certain 0-1 labeling of their edges and straightens the 1-
labeled edges into certain distinguished 1-simplices. This straightening procedure
will be explained in Section 5C. Before that, we explain a construction which will
“morally” (although not literally) reduce the proof of Theorem 1.1 to the case that
doQ N C is path-connected, for each path component C of 9 Q.

5A. Making 39 Q N C connected.

Construction 5.1. Let Assumption I be satisfied. There exists a continuous map
of triples g : (Q, 00, 010) — (Q, 30, 91 Q) that is (as a map of triples) homotopic
to the identity and such that, for each path component C of dQ, the image A :=
q(00Q N C) is path-connected.

4To remove a white component means that this component together with the neighboring black
components will form one new black component.
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Moreover, for each path component F' of d; Q, the path components of dF C
d0QNd; O can be numbered by EL, ..., EF and one can choose points x - € Ef
such that g (xr) = xgr fori =0,...,s.

Proof. For each path component F of d; O, number the path components of d F C
30N Oby EL, ...  EF, where s depends on F. Choose one point xg e E for
each path component £ C F of dpQ N 91 Q. Whenever Ey, E; is a pair of path
components of dgQ N 3d; Q adjacent to the same path component F of 9; O, choose
a 1-dimensional submanifold /rpr C 9 Q with

The [ Ef EF Ty be chosen succesively in such a way that they are disjoint from
each other (apart from the common vertex x EOF) and disjoint from dy Q (apart from
the vertices x Ef and x EF)

For each pair {E/’, EF} let A : lEFEF — {)CEF} be the constant map from ZEFEF
to xgr. For each path component F of 010, the union

S
)
Ulerer
i=1

is an embedded wedge of arcs in 9 Q; hence it is contractible. In particular, i
is homotopic to the identity. By the homotopy extension property there exists
g: F — F with

8li g r =h=xg

el EF
for all / EFEFs and g ~ id by a homotopy extending the homotopy between 4 and id.

Thus we defined g on each path component F of 9; Q with FNdyQ # &. On
path components F of d; Q with F NdyQ = @ we define g = id. Hence we have
defined g on all of 9; Q.

On path components C of dgQ with C N 9; Q0 = &, we define f = id. Again
by the homotopy extension property there exists f : dQ — dQ with fl30 = g,
flc = id for path components C of dpQ with C N 910 = &, and f ~ id by a
homotopy extending the homotopy of g. (Of course, f does not preserve the path
components of dypQ that intersect 9, Q.)

Once again by the homotopy extension property there exists ¢ : 0 — Q with
g ~ id such that g extends f and the homotopy between g and id extends the
homotopy between f and id.

Due to the stepwise construction, ¢ is a map of triples, homotopic to the identity
by a homotopy of triples. Moreover, A := g(dpQ N C) is path-connected for each
component C of dQ. Indeed, any two points in dpQ N C can be connected by a
sequence of paths which either have image in dpQ or belong to | J;_, ! EFEF for
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some path component F of 9; Q0 N C. The image of these paths under g, in both
cases, is in A. |

Remark. The map ¢ induces a simplicial map ¢ : K(Q) — K(Q) and a homo-
morphism g, : TT(K (dpQ)) — I1(K (A)) defined by

gy, ..o vad) ={qy0), ... q(va)},
such that g.(g)g(0) = q(go) for each 0 € K(Q) and g € [1(K (39 Q)).

Proof. Continuous maps g : Q — Q induce simplicial maps g : K(Q) — K(Q).
(The simplicial map agrees with g on the 0-skeleton, and it maps each 1-simplex
e € K1(Q) to the unique 1-simplex of K;(Q) that is in the homotopy class rel
{0, 1} of g(e).) ~

Let e € K1(Q). By construction, {yi, ..., yy}e = [a * e x B] for some «, B €
{y1, .- -» vat U{ce), ceqry}- Thus

), ... qr)}g@) =lg(@) xqle) xqg(B)l=q(n, ..., yale).

This implies the claim for the 1-skeleton, and thus, by the asphericity of K (Q),
for all 0 € K(Q). [l

5B. Definition of K" (Q). Let Q, 90, 010, 9y Q satisfy Assumption 1.

Recall that we have defined in Section 3B an aspherical multicomplex K (Q) C
S+ (Q) with the property that (for aspherical Q) each singular simplex in Q, with
boundary in K (Q) and pairwise distinct vertices, is homotopic rel boundary to a
unique simplex in K (Q).

The aim of this subsection is to describe a selection procedure yielding a sub-
set K"(Q) C S«(Q). The final purpose of the straightening procedure will be
to produce a large number of (weakly) degenerate simplices, in the sense of the
following definition.

Definition 5.2. Let O be an compact manifold with boundary d Q. We say that a
simplex in S,(Q) is degenerate if one of its edges is a constant loop. We say that
it is weakly degenerate if it is degenerate or its image is contained in 0 Q.

Notational remark. For subsets K" (Q) C S.(Q) we define

K"(00Q) == K"(Q) N S (30 Q),
K331 0) := K2"(Q) N S«(81 0),
K (30 0) := KX"(Q) N S«(30 Q).

Lemma 5.3. Let Q,00, 010, 99 Q satisfy Assumption I. Let K(Q) C S«(Q) be as
defined in Section 3B. Let q : Q — Q and {xpr € 00N 91 Q0 :0 <i < s} be given
by Construction 5.1. l

Then there exists a subset K{"(Q) C S«(Q), closed under face maps, such that:
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() If C is a path component of 3yQ with C N9, Q = &, then K "(Q) contains
0
each point in C.

(ii) For a path component F of 91 Q with FNdyQ = O, there is exactly one point
xp € K"(Q)N F, while
for a path component F of 3 Q with F N 3yQ # &, we have KJ"(Q) N F =

{xEOF, .. .,XEXF}.

(i) K3"(Q) =K{"(3Q).
(iv) K}"(Q) consists of
— all 1-simplices e € K (Q) with de € K" (Q),
— exactly one 1-simplex for each nontrivial homotopy class (rel boundary)
of loops e with dge = d1e € K3"(Q), and
— the constant loop for the homotopy class of the constant loop at x, if
x € KJ"(0).

(v) Forn > 2, if o € S,(Q) is an n-simplex with do € KZtil(Q), then o is
homotopic rel boundary to a unique t € K3"(Q).

(vi) If o € K" (Q) is homotopic rel boundary to some t € K, (Q), then o = 1.

(vil) If o € K "(Q) is homotopic rel boundary to a simplex t € S,(3;Q), then
o € K"(010); if o € K§"(Q) is homotopic rel boundary to a simplex T €
S1(30Q), then o € K" (39 Q).

(viii) K:"(Q) is aspherical, i.e., if o, T € K{"(Q) have the same 1-skeleton, then
o=r.

Proof. K:"(Q) is defined by induction on the dimension of simplices as follows.

Definition of Kj"(Q): Choose K;"(Q) such that conditions (i)—(iii) are satisfied.
Note that we have chosen a nonempty set of O-simplices since we are assuming

Q0 #9.

Definition of K;"(Q): For an ordered pair (x, y) € KJ"(Q) x Kj"(Q) with x # y,
there exists unique simplex in K1 (Q) in each homotopy class (rel boundary) of arcs
e from x to y. Choose these 1-simplices so they belong to K;"(Q). (Uniqueness
implies that (vi) is true for n = 1.) For pairs (x, x) € K"(Q) x K"(Q), choose
one simplex in each homotopy class (rel boundary) of loops e from x to itself. For
the homotopy class of the constant loop, choose the constant loop.

Choose the 1-simplices in dgQ and/or d; Q whenever this is possible. (If a 1-
simplex is homotopic into both dy O and 9; Q, then it is necessarily homotopic into
000 N 01 Q. Indeed, a disk realizing a homotopy between 1-simplices in dyQ and
01 Q can be made transversal to dypQ N d; Q and then intersects dpQ N 91 Q in an
arc or loop.) Hence (vii) is satisfied for n = 1.
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Definition of K;"(Q) for n > 2, assuming that K", (Q) is defined: For an (n+1)-
tuple o, ..., k, of (n—1)-simplices in Kfltil(Q), satisfying 0;«x; = 0;_1k; for all
i, j, there are two possibilities:

— If no edge of any «; is a loop, then, by the asphericity of Q, there is a
unique n-simplex o € K,(Q) with ;0 = k; fori =0, ..., n. In this case set
k :=o. Uniqueness implies that (vi) is satisfied for n. (By the construction in
Section 3B, we have x € K, (91 Q) if k is homotopic rel boundary into 9, Q.)

— Otherwise, choose an n-simplex x € S,(Q) with 0;x = «; fori =0, ...,n.
Since Q is aspherical, « exists and is unique up to homotopy rel boundary.
Choose the simplices in 0] Q whenever this is possible.

By construction, K;"(Q) is closed under face maps and satisfies the conditions
(1)—(vii). Condition (viii) follows by induction on the dimension of subsimplices
of o and t from condition (V). U

The simplices in K3"(Q) will be called straight simplices.

We remark that K"(Q) is not a multicomplex because simplices in K:"(Q)
need not have pairwise distinct vertices. (Note also that simplices in K (Q) belong
to K"(Q) if and only if all their vertices belong to K" (Q), by construction.)

Observation 5.4. Let Q, 00, 31 Q, 39 Q satisfy Assumption I. Let K" (Q) C S« (Q)
satisfy conditions (1)—(viii) from Lemma 5.3. Then q : Q — Q induces a simplicial
map q : K3'(Q) — K¥(Q), compatible with the simplicial map q : K (Q) — K(Q)
from Section 5A.

Proof. By construction, ¢ maps K3"(Q) to itself. Indeed:
— If C is a path component of dgQ with C N9d;Q = &, then g(v) = v for each
veC.

— If F is a path component F of 9, Q with FNdyQ = &, then g(v) = v for each
v € F (in particular for the unique v € F N K3"(Q)).

— If F is a path component of 3; Q with F N9y Q # &, then we have K" (Q) N
F= {xEOF, .. .,xE_f}, and g (xgr) =XgF fori =0, ..., s by Construction 5.1.

Hence ¢ induces a simplicial map on K*"(Q). (The simplicial map agrees with
g on the O-skeleton, and it maps each 1-simplex e € K{"(Q) to the unique 1-
simplex of K}"(Q) that is in the homotopy class rel {0, 1} of g (e). Since K*"(Q)
is aspherical, this determines the simplicial map ¢ uniquely.) (]

5C. Definition of the straightening.

Definition 5.5. Let (Q, 8, Q) be a pair of topological spaces andletz=) ", _, a;7; €
CI"f(Q) be a (possibly infinite) singular chain.
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(a) A set of cancellations of z is a symmetric set € C S,—1(Q) x S,—1(Q) with
(M1.m2) € € = n1 =n2 and 0y = %7, n2 = 0,7, for some iy, ir € I and
k,1€{0,...,n}.

(b) Letz=)", ,aiTi € C,ilnf(Q). If 6 is a set of cancellations for z, the associated
simplicial set Y ¢ is the simplicial set generated® by {A; : i € I}, subject to
the identifications dx A;, = d;A;, if and only if (9 7;,, 0;7i,) € 6.

(c) Letz=) ", ,a;Ti € C,iff(Q). Choose a minimal presentation for dz (meaning
that no further cancellation is possible). Define

J=Jy, = {(i, a)el x{0,...,n}:0,t; occurs with a nonzero coefficient
in the chosen presentation of 8z}.

Let € be a set of cancellations for z. Then the simplicial set 31 ¢ is defined
as the set consisting of |J| (n—1)-simplices A; 4, (i, a) € J, together with all
their iterated faces and degenerations, subject to the identifications 9,9,,7;, =
0404,Ti, foralla =0, ..., n—1, whenever (9, 7;,, 04,Ti,) €€ and (i1, a;) € J.

(d Ifz=),at € Cril“f(Q) is a relative cycle, then a set of cancellations 6 is
called sufficient if the formal sum ) el ZZZO(—I)"ai 0 T; can be reduced to
a chain in C,il“f] (0 Q) by substracting (possibly infinitely many) multiples of
(8a1fi1 — aazfiz) with (3alti1, aaz‘[iz) € 6.

Observations 5.6. Let (Q, d; Q) be a pair of topological spaces.

(@ Ifz=D),, a7 € C,il“f(Q) is a singular chain, € is a set of cancellations,
and T := Y, ¢ is the associated simplicial set, the geometric realization |Y| is
obtained from |/| copies of the standard n-simplex A;, i € I, with identifications
04, A, = g, A, if and only if (94, 7i,, 04,7i,) € €. For a minimal presentation of
0z and Y := 097, ¢, [0Y] is the subspace of | Y| containing all simplices 9,4, A;,
with (i1, a1) € J.

(b) There exists an associated continuous map 7 : |Y| — Q with t|A; = 7; (upon
the identification A; = A"). If z is a relative cycle, i.e., if dz € le“fl(al 0), then t
maps [07Y| to 91 Q.
(©) Letz; =Y, aiti, 22 =Y ;c;ai0i € CM(Q, d; Q) be relative cycles and let
€1, 6, be sufficient sets of cancellations of z; and z, respectively. Assume that
(g, Tiy » 0a, Tip) € €1 if and only if (04,07, 04,0i,) € €2, and that there exist minimal
presentations of dzy, dz» such that J,, = J,.

If the associated continuous maps 7, o : || — Q are homotopic, for a homotopy
mapping [0Y'| to dQ, then ), _, a;7; and ), _; a;jo; € CIM'(Q, 3 Q) are relatively
homologous.

iel

SThat is, the subset of kai"g(Q) containing the |/| n-simplices A;, i € I, together with all simplices
obtained by iterated applications of face and degeneracy operators. See [May 1967, Example 1.5].
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We emphasize that we do not assume that 6 is a complete list of cancellations,
and the simplicial map . : C; 7 (Y) — C;"¢(Q) need not be injective.

After having set up the necessary notations, we will now define the actual
straightening. We first mention that there is of course an analogue of the classical
straightening of [Benedetti and Petronio 1992, Lemma C.4.3] in our setting.

Observation 5.7. Let Q, 90, 0,0, 9 Q satisfy Assumption I. Suppose K" (Q) C
S« (Q) satisfy conditions (1)—(viii) from Lemma 5.3. Then there exists a “canonical
straightening” map

Strean : C2"P (K (Q)) — G (KT(Q)),
mapping Ciimp’inf(K(al 0)) to Ciimp’inf(KStr(al Q)), with the following properties:

(1) strean is a chain map.

(i) Ifz =Y, aiti € C™™(K(Q)) and Y., aioi :=Y".., @i strean(%;), then
the maps 7,0 : || — Q (defined by Observation 5.6(b) after fixing a set of
cancellations ¢ and a minimal presentation of dz) are homotopic.

Moreover, if z =), _,; a;T; is a relative cycle with 9z € Ciimp’inf(K(E?] 0)), the
same is true for Y ._; a;o0;, and

7,0 : (lTlv |8T|) g (Qv aIQ)

are homotopic as maps of pairs.
In particular, ", _; a; strean(1;) is relatively homologous to )

iel

iel ier 4iTi-
Proof. We define strq,,, and the homotopy to the identity, by induction on the
dimension of simplices. (During the construction we take care that strc,, and the

homotopy preserve K (31 Q).)

O-simplices. If C is a path component of dgQ with C N 0;Q = &, we define
Strean(v) = v for each O-simplex v in C. The homotopy H (v) is for each v given
by the constant map.

If C is a path component of dyQ with C N0, Q # &, there is at least one path
component F of 9 Q with CNF # @. By Construction 5.1 and condition (ii) from
Lemma 5.3, for each such F, there is a straight O-simplex x;r € C N F. Choose
one such straight O-simplex (among the x ) for each path colmponent C of 990,
denote it x¢, and for each v € C we define Strean (V) 1= x¢ € KS“(Q) N C and we
choose the homotopy H (v) to belong to C.

If v € 91 Q, then there is (at least) one straight O-simplex in the same path compo-
nent F of 91 Q, we choose strea, (v) € FDKS”(Q) and there exists H(v) € K{(9; Q)
with 0 H (v) = v — Stregn (v).

If v € 0Q, then we define str¢o,(v) to be some straight O-simplex in d Q and we
fix arbitrarily some H (v) € K1(Q) with 0 H (v) = v — strean (v).
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1-simplices. For e € K{(Q) we define
Strean(e) := [H (d1€) * e * H (dpe)],

where, as always, [ - ] denotes the unique 1-simplex in K{"(Q), that is homotopic
rel boundary to the path in brackets.

The simplex e is homotopic to stre,y (€) by the canonical homotopy that is inverse
to the homotopy moving H (d;e) or H (dpe) into constant maps. In particular, the
restriction of this homotopy to de, dge gives H(d1e), H(dpe). Thus, for differ-
ent edges with common vertices, the homotopies are compatible. We thus have
constructed a homotopy for the 1-skeleton Y.

We note that, for v € 9;Q, the homotopy H (v) is either constant or lies in
K1(31Q), Thus if t € K;(3;Q) then strean(r) € K{"(9;Q) and the homotopy
between 1 and stre,, (T) takes place in 91 Q.

n-simplices. We assume inductively, that for some n > 1, we have defined str¢,, on
K< (Q), mapping K.<,(9; Q) to K%, (3; Q), and satisfying (i) and (ii).

Let T € K(Q) be an (n+1)—simplex_. Then we have by (ii) a homotopy between
a7 and stre,(d7). By Observation 3.1 this homotopy extends to . The resulting
simplex t’ satisfies 97" € K;"(Q). Condition (v) from Lemma 5.3 means that t’
is homotopic rel boundary to a unique simplex stren(7) € Kfltfrl (Q). This proves
the inductive step.

If r € K (91 Q), then we can inductively assume that the homotopy of 97 has im-
age in 0, Q. Then condition (vii) from Lemma 5.3 implies stre,, (7) € K;t;l(a] 0).
Moreover, since 01 Q is aspherical, the homotopy of T can be chosen to have image
in 01 Q.

By construction, for any set of cancellations ¢, the induced maps t and o are
homotopic. In particular, if we chose a sufficient set of cancellations in the sense
of Definition 5.5(d), then Observation 5.6(c) implies that er: | Qi Strean(T7) s (rel-
atively) homologous to Y i _, a; T;. ]

However, we want to define a more refined straightening, which will be defined
only on relative cycles with some kind of additional information.

Before stating the definition of distinguished 1-simplices, we remark that there is
a left and right action of the pseudogroup I' := (9 Q) (as defined in Section 3D) on
K‘f‘r(Q): ifee Kf“(Q), y1 €m(0Q, d1e), y» € T (00, doe), then let y ey, be the
unique straight 1-simplex homotopic rel {0, 1} to y| *e*y,. (The left action agrees
with the action defined in Section 3D.) The cosets ' K 15“ (Q)T in Definition 5.8 are
with respect to this action.

For x, y € Kj"(Q) we will denote Klsf;y :={e € K{"(Q) : d1e = x, dpe = y}.

Definition 5.8. Let O, 00, 9,0, 9y Q satisfy Assumption L.



AGOL’S INEQUALITY AND NONEXISTENCE OF TIGHT LAMINATIONS 143

Letg: Q — Q and {xzr € 900 N 91 Q} be given by Construction 5.1.

Let K$"(Q) C S«(Q) sa{tisfy conditions (i)—(viii) from Lemma 5.3.

Aset D CK f“(Q) is called a set of distinguished 1-simplices if it satisfies the
following conditions:

(ix) doe, di1e € K§"(Q) for each e € D.
(x) For each (x, y) € K"(Q) x K§"(Q), the set

Dyy:={e€D:0die=x,0) =y}

contains exactly one element in each double coset I'fI" € 'K ff;y(Q)F,
where I' = Q(0 Q).

(xi) For all x € K§"(Q), the constant loop c, belongs to D.
(xii) If e € D, then e € D, where the bar denotes orientation reversal.

(xiii) If F, F’ are path components of d; Q and
{xgpr € 00N F}, {pr/anQﬂF/}
i j
are given by Construction 5.1, then g (DXEFXEF' )= DXEFXEF' forall xpr, xpp.
i j 0 £o t J

(xiv) If x1, x, € Cy and y;, y, € C, for some path components C;, C, of dQ, then
for each ey € D,,,, there exists some e, € D,,,, with g(ez) = gq(ey) for
some g € H := q,(II(K (30 Q)))-

In connection with (xiii) we note that if F'NdyQ = &, there is only one straight
0-simplex x Ef in F. Similarly, if F'NdyQ = &, there is only one straight O-simplex
Xpr in F'. In particular, if FNdQ = @ and F'NdyQ = &, condition (xiii) is

0
empty.

Observation 5.9. Let the assumptions of Definition 5.8 be satisfied. Then a set D
of distinguished 1-simplices exists.

Proof. For each path component C of dQ we fix some x¢ € ji"(C).
For each pair {Cy, C>} of path components, we select for membership in Dy xc,
one simplex e with

81e =XCy» 806 =X,

in each coset of 'K ft;C v, (O If e is selected for Dy xc,» We select e for
Dxc2 %, If C; = C,, then in particular for the coset of the constant loop we choose
the constant loop for Dy, xc, -

For each path component C of dQ and each path component F of C N 9;Q,

we conclude that g (x¢) and g (x E(‘f) belong to the path-connected set g (dpQ N C).
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Therefore we have a sequence of 1-simplices «1, ..., o, € K1(dpQ) with images
in distinct path components of dpQ N C, such that

d1g (1) =¢q(xc), dog (1) = 019(a2), ...,
doq (@m—1) = d1g (),  Bog(m) =q(xgr).

To prepare the definition of the Dy y, we first describe, for each x e CNK§"(Q),
a sequence {«j, ..., ag} of 1-simplices:

—IfCNJQ =, then k = 1 and for each x € C we choose arbitrarily a
1-simplex o1 in C with 9] = x¢, oo = x.

- IfCNa3Q =@, then C N KJ"(Q) = {xc} by condition (ii) of Lemma 5.3,
and we let k = 0.

- If CNdpQNa; Q # I, again by condition (ii) of Lemma 5.3 we have x = xgr
for some path component F' of 91 Q and some i; thus we have the sequen(;e
oy, ..., oy constructed above with d1g(a1) = q(x¢), dog (1) = 019(a2), ...,
00g (m—1) = 019 (tt), doq () = q(xpr), where the last equality holds true
because g (xpr) = xgr =q(xgr). l

Let x,y € K{"(Q). Let Cy, C; be the path components of dQ with x € C;
and y € C,. We have constructed sequences of 1-simplices «y, ..., ax € K1(dQ)
and By, ..., B € K1(3Q) such that 9,1g(a1) = q(xc,), dog(c1) = dig(x2), ...,
doq (ox—1) = 919 (ax), dog (o) = q(x), and 919 (B1) = q(xc,), dog(B1) = 319 (B2),
covs 009 (Br—1) = 019 (Br), doq (Br) = q(y). Note that all g(«;) and g (B;) are either
constant or contained in g(K(dpQ)).

Let H := q+(TT1(K (39 Q))). Define

g:={q(@n),q@n}.. {qew), 9@ Hq B, g(BD} .- {g(B), q(B1)} € H.

(If k =1 =0, this just means g = 1.)
We have g = g~ ! and

str str
8¢ €Ki y(0q»(Q) == € €Ki y(c)q0e,) (D)

By construction, the g associated to x EFs X EF agrees with the g associated to
XgEs Xpr-

We are given Dxclxcz and we want to define D,, such that condition (xiii) is
satisfied.

First, if C1N9d;Q = @ or C, N9 Q = &, then we can fix an arbitrary choice of
D, , satisfying conditions (x)—(xii). (Condition (xiii) is empty in this case.)

So let us assume C1 N9 Q # @ and C; N3 Q # &. We note that

q:(0,90,90)— (Q,00,0:10)
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is homotopic to the identity as a map of triples, by the construction in Section SA.
This implies that cosets of I'K] “r (Q)F are in one-to-one correspondence (by

applying ¢) with those of I'K}" rq(x) 4on 1 Thus it suffices to describe ¢(Dxy) C
str

Lg(x)q(y)*
Let

LfT € TKYG g0/ (QT

be a double coset. Then the double coset

LT € TKYG (e e, (DT
is the image under g of some double coset

IeT eTK" (Q)r

Lxc,xc,

Let e be the unique distinguished simplex in I'e'I". Then we choose gg(e) to be
the distinguished simplex in ['fI". This is possible because gqg(e) belongs to the
double coset I'fT". Indeed,

qe) eT'(gH)T

means that g(e) = g.(y1)gfq«(y2) for some loops y; and y» based at x¢, and xc,,
respectively, and this implies gg(e) = q.(y,) fg«(y;) with

Vi i= 0 % kA kY Q% k], Vs = [Ba k.. xBrryakBrx. ..k Bl

This defines D,,. By construction, condition (xiv) is satisfied if e; € D,CC1 ey
In general, if e € D,,,,, then we get e € DxC xc, and g € H w1th q(e1) =giq(e)
and e; € Dy, y,, g2 € H with g(e2) = g2 (e); thus g(e2) = g28; ' q(e1).

Condition (xiii) is implied because g (x EF) = Xgr, q(xgr) = x
associated to x EF» Xpr agrees with the g associated {0 x EL> x EF-

One checks eas11y that (xi) and (xii) are true for ny, s1nce they are true for
O

El and the g

D

xcl XC2 .
Definition 5.10. Let 0, 3Q, 390, 9; Q satisfy Assumption I. Letz =), _, a;7; €
C,il“f(Q) be a singular chain and let Y be the associated simplicial set (for some set
of cancellations ).

We say that a 0-1 labeling of the elements of the 1-skeleton Y is admissible if
de; N dey = & for all 1-labeled vertices ey, .

Lemma 5.11. Ler Q, 00, 01 Q, 09 Q satisfy Assumption I. Let q - Q — Q be given
by Construction 5.1.

Let K" (Q) C S«(Q) satisfy conditions (i)—(viii) from Lemma 5.3, and let D C
K" (Q) be a set of distinguished 1-simplices.

Letz=7, ;aiTi € CSImp lnf(K(Q)) be a relative cycle with

9z € CI™ (K (3, Q).
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Let a set of cancellations € for z and a minimal presentation of 0z be given. Let
Y, Y be the associated simplicial sets, T : (| Y|, |0Y]) = (Q, 91 Q) the associated
continuous mapping.

Assume that we have an admissible 0-1 labeling of Y|. Then there exists a
relative cycle o

Z =Y ait) € CY"PMKI(Q), K81 0))
iel

satisfying the following conditions:

(1) The associated continuous mappings
7,7 (|7 107 — (Q, 310)
are homotopic by a homotopy mapping |07Y | to 0 Q.
(ii) If an edge of some t; is labeled by 1, the corresponding edge of T/ belongs to D.
Remark. The homotopy in (i) does not necessarily map [0 Y| to 9; Q, but to 0 Q.

Proof. First we apply the canonical straightening streo, from Observation 5.7. The
resulting chain Zie 7 @i Strean (7;) satisfies (i), but not necessarily (ii).

> ] Qi Strcan (T;) inherits the admissible labeling from Zie ; a; 7. Thus we can,
without loss of generality, restrict ourselves to the case that all t; belong to K*(Q).

Let e € K{"(Q) be a 1-labeled edge, and set x = dje € KS‘I(Q), y = dpe €
K§"(Q). By Definition 5.8, the coset T'el” contains a unique distinguished 1-
simplex str(e) € D,,. (We use the notation from Definition 5.8; in particular,
:=Q@0@0).)

That str(e) € I'el" means® that there are loops y1, y» C dQ based at x and y,
respectively, such that str(e) ~ y; *e* y» rel {0, 1}. There is an obvious homotopy
between e and y; *x e * 2, which moves d;e along y; and dpe along y». (Of course,
we change the homotopy class relative boundary, so we cannot keep the endpoints
fixed during the homotopy.) If e and/or dpe and/or dje have image in 9; O, then
their images remain in d Q (and end up in 9, Q) during the homotopy.

Using Observation 3.1, the homotopy thus constructed between e and str(e) can
be extended to a homotopy from

T (T [97]) = (Q, 01 9)
to some

(7107 — (2, 310,
such that 7 is a simplicial map from Y to S,(Q). (If a O-labeled edge has one or
both vertices adjacent to 1-labeled edges, then the O-labeled edge just follows the

orf dpe, d1e ¢ 31 0, then str(e) € I'eI” means, of course, str(e) = e. Similarly, if only one vertex
of e belongs to 91 Q, then only that vertex is moved during the homotopy.
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homotopy of the vertices. Edges labeled with O but not adjacent to 1-labeled edges
can remain fixed during the homotopy.) The homotopy maps [0 | to 9 Q.

Next we apply homotopies rel boundary to the (already homotoped images of)
all O-labeled edges f € Kj"(Q), to homotope them to edges in K{"(Q). If f and/or
dof and/or 9; f have image in 0 Q, then their images remain in 0 Q (and end up
in 01 Q) during the homotopy.

Now we have a simplicial map 7 : T — S,(Q), such that all 1-simplices are
mapped to K;"(Q), and such that

2(e)e D C K"(Q)

holds for all 1-labeled edges e. Then we can, as in the proof of Observation 5.7,
by induction on n, apply homotopies rel boundary to all n-simplices to homotope
them into K" (Q). Simplices in 9;Q remain in dQ (and end up in 9; Q) during
the homotopy.

We obtain a homotopy (of pairs), which keeps the 1-skeleton fixed, to a simpli-
cial map

7: Y - K(Q),

mapping 97 to K°(d; Q) and satisfying conditions (i) and (ii) of Lemma 5.11. [

A somewhat artificial formulation of the conclusion of Lemma 5.11 is that we
have constructed a chain map

str: CY™P P, 97) — MK (Q), KU (9, 0)).

Unfortunately, this somewhat artificial formulation can not be simplified because

str depends on the chain ) ;_; a;7;. That is, we do not get a chain map

str: CSmPIT g (0, K (810)) — CIMPI RS0, KT, 0)).

5D. Straightening of crushed cycles. Recall from Section 3H that () ®zg Z
means the tensor product with the trivial ZG-module Z, that is, the quotient under
the G-action. We first state obvious generalizations of Observation 5.6 to the case
of tensor products with a factor with trivial G-action.

Observation 5.12. Let (Q, d; Q) be a pair of topological spaces. Let G be a group
acting on a pair (K, 0K) with K C S,(Q) and 0K C S,(9; Q) both closed under
face maps.
) If o
z=Yau®1eCi™™ K, 0K) ®267
iel
is a relative cycle, so is

2=Y % ai(gn) € ™MK, IK).
iel geG
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If <€ is a sufficient set of cancellations for z, there exists a set of cancellations @
for Z such that (ny, n2) € € implies (N, ® 1,7, ® 1) € 6.
Ifoz=> a.i Cai0,Ti ® 1 is a minimal presentation for dz, then

0z = Z aniaa(gti)

g€G a,i
is a minimal presentation for Z.

(i1) Let ?, 3 be the simplicial sets associated to Z, the sufficient set of cancella-
tions 6 and the minimal presentation of 9z. They come with an obvious G-action.
Then we have an associated continuous mapping 7 : (||, [0Y]) — (Q, 9; Q).

Corollary 5.13. Let Q, 00, 0,Q, 09Q satisfy Assumption I. Let q : Q — Q be
given by Construction 5.1. Let Kjfr( Q) C S, (Q) satisfy conditions (1)—(viiil) from
Lemma 5.3, and let D C K"(Q) be a set of distinguished 1-simplices.

Let G :=TI(K (39 Q)) with its action on K" (Q) defined in Observation 5.4, and
let H := q,(G) as defined in Section 5A. Let

Yat®1eCi™MK(Q), GK(8:0)) ®z67Z

iel
be a relative cycle. Fix a sufficient set of cancellations € and a minimal presen-
tation for dz. Let Y, 07X be defined by Observation 5.12. Assume that we have a
G-invariant admissible 0-1 labeling of the edges of Y.
Then there is a well-defined chain map

gostr: Cy™ ™ (T @67 — CI™ ™ (H K (0)) @71 Z.
mapping Cy"™™ @Y) ®26 Z to CY™™ (GK™ (8, Q) ®zy Z, satisfying the fol-

lowing conditions:
(1) Ifee Y\ is a 1-labeled edge,str(e®1) = f®1, then f € D.
(i1) If Q is an orientable manifold with boundary 0 Q, and if

Yat®1eCi™™(K(Q). GK(310)) ®z6Z

iel
represents’ the image of [Q, 301 ® 1, then
Y aigostr(r; ® 1) € CX™ ™ (HK"(Q), HK*" (81 Q)) ®z4 Z

iel
represents’ the image of [Q, 0] ® | and
0y aigostr(t; ® 1) € CL™ ™ (HK™(3,0)) @z 7

iel
represents the image of [00] ® 1.

7See the remark following Lemma 3.6.



AGOL’S INEQUALITY AND NONEXISTENCE OF TIGHT LAMINATIONS 149

Proof. We can apply Lemma 5.11 to the infinite chain ) ; eeH
a chain map str : Cilmp’mf(T) — Cilmp’mt(Ks”(Q)), given by

a;(gt;) to obtain

str(g;) == (g%)’.

The map g : (KS"(Q), K(8;Q)) — (K*"(Q), K*"(3; Q)) is defined by Obser-
vation 5.4. (We actually have g o str(gt;) € K*(Q). We need HK®*(Q) in the
statement of Corollary 5.13 just to have the tensor product well-defined.)

We are going to define g ostr(o ® z) := g (str(0)) ® z for each o € YandzeZ.
For this to be well-defined, we need this fact:

Claim. Foreacho € K, g € G, there exists h € H with q(str(go)) = hq(str(0)).

Proof. By condition (viii) from Lemma 5.3 (asphericity of K*"(Q)), it suffices to
check this for the 1-skeleton.

O-simplices. If o = v € Sp(dg Q) then v and gv belong to the same path com-
ponent C of dpQ, hence str(v) and str(gv) belong to the same path component
C. Let y : [0,1] — 39Q be a path with y(0) = str(v), y(1) = str(gv). Let
y' be the unique 1-simplex in K (3pQ) which is homotopic rel boundary to y.
Let ¢ == {y’,y'} € G = I1(K(8,Q)). Then g’ str(v) = str(gv), which implies
q(str(gv)) = hq(str(v)) with h = g,(g') € H.

If o =v &0dyQ, then gv = v, hence g(str(gv)) = g (str(v)).

1-simplices. In a first step we prove that for e € K1(Q) and g € G we have
Strcan(ge) = g’ strean(e) with ¢’ € G. Then we show that, if e € K{"(Q) and
g € G, there exists h € H with g(str(ge)) = hq(str(e)). Hence altogether we will
get g(str(ge)) = q(str(strean(ge))) = q(str(g" strean(e))) = h g(str(strean(e))) =
h g (str(e)).

Step 1. This is basically a case analysis.

First case: If both vertices of e do not belong to dyQ, then also both vertices
of strean(e) do not belong to dp O, and we have ge = e, g Strcan(€) = str(e), which
implies the conclusion.

Second case: If both vertices of e belong to dgQ, then strean(e) ~ oy * e *x orp
and strean(ge) ~ B1 * ge x B for some paths «p, o, B1, B2 in dgQ. Moreover,
by the definition of the action (Section 3.3) we have ge ~ y» * e *x y; for some
V1,72 € K1(30Q). Thus strean(ge) ~ 1 # y1 % o Strcan(€) * oy % 12 % Bo; in
particular strea,(ge) = g’ strean(e) for some g’ € G.

Third case: Finally we consider the case that one vertex, say dpe, belongs to
00Q, but dje does not. Then we are in the situation of the second case with
vy, = 1 and ap = B, except that «, is not contained in dyQ. We get strean(ge) ~
B1*xy1 *ozl_l * Strean(e). Since B * yj *al_l is contained in dp Q, this implies that
Strean(ge) = g’ strean(e) for some g’ € G.
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Step 2. Let e € K}"(Q).
If e is a 1-labeled edge, with x = dje, y = dpe € KS“(Q), then we have by
condition (xiv) from Definition 5.8 that

q(str(ge)) = hq(ez)

for some e; € D,, and some h € H. But e; belongs to the same coset in FKIS“(Q)F
as e; thus ey = str(e), which proves the claim for e.

If f is adjacent to one 1-labeled edge e and g(str(ge)) = hq(str(e)), then
q(str(gf)) =hq(str(f)) because the homotopy of f just followed that of e, and the
homotopy of g f just followed that of ge; for example, if 0| f =0;e and g (str(ge)) ~
g« () % g (str(e)) xq«(B) with o, B € K1 (30 Q), then g (str(gf)) ~ g« () *q (str(f)).
Similarly if f is adjacent to two 1-labeled edges.

Finally, if a 0-labeled straight 1-simplex f is not adjacent to a 1-labeled edge,
we have str(f) = f and str(gf) = gf, which implies that str(gf) = g str(f) and
q(st(gf)) = gu(g) str(f).

This concludes the proof of the claim. ([

Thus g o str is well-defined; by Lemma 5.11, it satisfies the equation in part (i)
of our corollary. To prove part (ii), we first observe that, if ), _; a;7; represents
[Q, 0 0], then, by Observation 5.6(c) and condition (i) from Lemma 5.11 (together
with g ~ id), the element

-
Y aiqostr(t) =Y aiq(t))
iel i=1
represents [Q, d Q] and the claim follows. Thus it suffices to check: if ), e GiTi®1
is (relatively) homologous to Zjej bjkj®1,then g ostr(}_; ., a;T; ® 1) is (rela-
tively) homologous to g o str ( Zjej bik; ® 1).

So let

Yam®l= 3 bik;@®1=09 3 cin® 1 mod ™ (GK (810)) ®z6 Z
i€ j€ €

imp,inf

for some chain ) , _, cxme®1 € Cs (K(Q))®zcZ. In complete analogy with
Lemma 5.11, we may extend str to the simplicial set built by the gny, their faces
and degenerations, and obtain a singular chain g (str(}_,cx cxknc)) with boundary

dq o str( > cknk) =qo str(Z ait ® l) —qo str(z bikj® l)

keK icl =
mod C3™ ™ (H K" (3, 0)) ®71 Z.

This gives the first claim of (ii). The second claim of (ii) follows because 0 maps

[Q.30]to [dQ]. O
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5E. Removal of 0-homologous chains.

Definition 5.14. Let Q be an n-dimensional compact manifold with boundary 0 Q.
We define rmv : S,(Q) — S.(Q) by
0 if o is weakly degenerate (Definition 5.2),
rmv(o) =
o else.
Lemma 5.15. Assume that Q is a n-dimensional compact manifold with boundary
0Q. Let K"(Q) C S.(Q) satisfy conditions (1)—(viii) from Lemma 5.3. Then the

map from C3™ (KS(Q), K™ (3 Q) U K*(3; Q)) to itself defined by
rmv([o]) := [rmv(0)]

is a well-defined chain map. Moreover, if

S aj1j € CIMKN(Q), K™ (390) U K™ (3, 0)) € C2™(0.90)
j=1

represents [Q, 0 Q], then Z;zl ajrmv(t;) represents [Q, 0 Q].

Proof. If 0 € K*"(3pQ) U K*"(3; Q), then rmv(c) € K" (3pQ) U K (9, Q); thus
rmv is well-defined. We next prove it is a chain map.

Assume that rmv(o) =0. If o has image in d Q, then rmv (o) and rmv(do) both
vanish; thus 0 rmv(c) =rmv(do).

If some edge e of o, say connecting the i-th and j-th vertices, is a constant
loop, then all faces of o except possibly d;0 and d;0 have a constant edge. Thus
rmv(dgo) = 0 if k & {i, j}. Moreover, since e is constant, corresponding edges of
0;0 and 00 are homotopic rel boundary and thus agree (possibly up to orientation)
by condition (v) from Lemma 5.3. By induction on the dimension of subsimplices
we get, again using condition (v) from Lemma 5.3, that 8;0 = (—1)'7/9;0. Alto-
gether we get rmv(do) = 0; thus d rmv(c) = rmv(do).

Assume that rmv(o) = o. Since no edge of ¢ is a constant loop, of course also
no edge of a face d;0 is a constant loop. If the image of d;o is not contained in
a0, this implies rmv(0;0) = d;0 = J; rmv(c). If 0,0 has image in 0 Q, then of
course [d;0] = [0] = [d; rmv (0 )], which implies rmv(d;0) = 0; rmv (o).

Now we prove that rmv sends relative fundamental cycles to relative funda-
mental cycles. Let 23:1 a;7; be a straight relative cycle representing the relative
homology class [Q, dQ]. We denote by J; C {I,...,r} the indices of those T,
which have a constant edge. The sum ) jes, @jTj is a relatively O-homologous
relative cycle. Indeed, each face of 9;t; not contained in 0 Q has to cancel against
some face of some t;, because Z;: 1 a;t; is arelative cycle. If 0; 7, is degenerate,
then necessarily / € J;. Moreover, if t; is degenerate and 9; 7x is nondegenerate, it
follows from the earlier part of the proof that 0; 7, cancels against some 9; 7.
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Thus ) jes, @jTj represents some relative homology class. The isomorphism
H,(Cy™(0,00)) — R is given by pairing with the volume form of an arbi-
trary Riemannian metric. After smoothing the relative cycle, we can apply Sard’s
lemma, and conclude that degenerate simplices have volume 0. Thus )
is 0-homologous.

We denote by J> C {1, ..., r} the indices of those t; which are contained in 9 Q.
For j € J, we have [1;]1=[0] € C;"¥(Q, 3 Q).

Thus Zj ¢5,uJ, 4T is another representative of the homology class [Q, d Q1.
But, by Definition 5.14, it also represents (rmv).([Q, 0 O]). O

Consider a subgroup H C I1(K (A)) for some A C d Q. For instance, A =q (dy Q)
in the setting of Construction 5.1, and H = ¢, (IT(K (dpQ))) C I1(K (A)).

A 1-simplex e is a constant loop if and only if /e is a constant loop for all
h € H. This implies that a simplex o is degenerate if and only if ko is degen-
erate for all ho. Moreover, H maps simplices in dQ to simplices in d Q. Thus
rmv(o) = 0 if and only if rmv(ko) =0 for all & € H, that is, rmv is well defined
on Cilmp’mf(HKS“(Q)) ®zy Z for each subgroup H.

jes, 4jTj

Lemma 5.16. Assume that Q is a n-dimensional compact manifold with boundary
0 Q. Let the assumptions of Corollary 5.13 be satisfied. Then we can extend rmv to
a well-defined chain map from (HKS"(Q), HK*" (3, Q))®zyZ to itself by defining

0 if rmv(o) =0,

mv(e ®2) = {a ®z else.

Moreover, if Zje] a;jti Q1 € Ciimp’inf(HKS“(Q), HK"(3:0)) Qzn Z repre-
sents the image of [Q,0Q1® 1, then ) _; ajtmv(t; @ 1) represents the image of
[Q,00]® 1.

Proof. Well-definedness of rmv follows from the remark before Lemma 5.16. The
same proof as for Lemma 5.15 shows that rmv is a chain map.

If Z;‘:l ajtjrepresents [Q, d O], the second claim follows from Lemma 5.15. If
Zje] a;j7;®1is homologous to Y ;_, bik;® 1 and ) ;_, b;k; represents [Q, d O],
then, because rmv is a chain map, rmv(zjej a;jt; ® 1) and rmV(Zf:1 bik; ® 1)
are homologous, which implies the second claim. U

The proof of Theorem 1.1 will pursue the idea of straightening a given cycle
in such a way that many simplices either become weakly degenerate or will have
an edge in dp Q. In the first case, they will disappear after application of rmv. In
the second case, they disappear in view of the following observation, which is a
variant of an argument used in [Gromov 1982].

Lemma 5.17. (a) Let Assumption I be satisfied for a manifold Q and consider
the action of G = I1(K (99 Q)) on K(Q). Let 0 € K(Q) be a simplex. If
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str(o) has an edge in 99 Q, then
simp, inf
str(c ® 1) =0 € C3"™"™ (K (Q)) ®z¢ Z.

M) If g : Q — Q is given by Construction 5.1, H = q,(G), and 0 € K(Q) is a
simplex such that g (str(o)) has an edge in q(3yQ), then

q(str(o ® 1)) =0 € CI™™(K (Q)) ®z4 Z.

Proof. (a) Let y be the edge of str(o) with image in dpQ. Then g = {y, ¥} is
an element of G = (K (dpQ)) and gstr(o) = str(o). In the simplicial chain
complex Ci'mp’mf(K(Q)), one has str(c) = —str(o). Thus gstr(o) = —str(o),
which implies str(c ® 1) =str(c) ® 1 = 0.

(b) Let y be the edge of ¢(str(o)) with image in ¢(39Q). Let ¥’ be the corre-
sponding edge of str(c). Let g ={y’,y7'} € G and h = g,(g) = {y,y} € H. The
same argument as in (a) shows hq(str(o)) = —q(str(0)). U

6. Proof of Main Theorem

As discussed in the introduction, before tackling the proof of Theorem 1.1 in full
generality, we prove some particular cases as motivation.

Example 6.1. M is a connected, orientable, hyperbolic n-manifold, F is an ori-
entable, geodesic (n—1)-submanifold, and Q = M — F'. For simplicity we assume
that M and F are closed; thus Q is a hyperbolic manifold with geodesic boundary
010 #J,and 9gQ = I.

Outline of proof that ||M||¥"™ > [[dQ|/(n + 1). Start with a fundamental cycle
Z;: a;io; of M such that oy, ..., 0, are normal to F. Since we want to consider
laminations without isolated leaves, we replace F by a trivially foliated product
neighborhood %. We can assume after a suitable homotopy that each component
of al._l (0 Q) either contains no vertex of A" or consists of exactly one vertex, and
that each vertex of A" belongs to ai_l (F),fori=1,...,r.

Each 0;1 (Q) consists of polytopes, which can be further triangulated (without
introducing new vertices) in a coherent way (i.e., such that boundary cancellations
between different o;’s will remain) into 7y, .. ., Tisg).

The sum er: 1ai(Ti1 + - - - + Tig()) 1s a relative fundamental cycle for Q.

For each o;, preimages of the boundary leaves of & cut A" into regions which
we color with black (components of o*l._1 (%)) and white (components of ai_l (9)).
If al._l (0 Q) contains vertices, these vertices are colored black. This is a canonical
coloring (Definition 4.5).
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The edges of the simplices 7; ; fall into two classes: “old edges”, i.e., subarcs
of edges of o}, and “new edges”, which are contained in the interior of some sub-
simplex of o; of dimension > 2.

We label the edges of 7;; in such a way that old edges are labeled 1 and new
edges are labeled 0. This is an admissible labeling (Definition 5.10). With this
labeling, we apply the straightening procedure® from Section 5 to get a straight
cycle Z;Zl a; (str(tj1) + - - - +str(zisqy)). (Thus old edges are straightened to dis-
tinguished 1-simplices.)

After straightening we apply the map rmv from Section 5D to remove all weakly
degenerate simplices (simplices contained in d Q or having a constant edge). By
Lemma 5.15, this does not change the homology class. In particular, the boundary
of the relative cycle, 0 Zi’ jai rmv(str(z;;)) still represents the fundamental class

[0Q]of 00.

Claim. For each o;, after straightening there remain at most n + 1 faces of non-
degenerate simplices str(z;;) contributing to 9 Zi, jai rmv (str(z;;)).

Proof of claim. In view of Lemma 4.13, it suffices to show a subclaim: If, for a
fixed i, the faces T\ = 0y, 7;j, and T = 0,7}, of Tij, and t;j, have a white-parallel
arc (Definition 4.9), then rmv(str(z;;,)) and rmv(str(t;j,)) vanish.

In particular the corresponding straightened faces® str(7}), str(7»)

do not occur (with nonzero coefficient) in 0 Zi, j rmv (str(t;;)).

To prove the subclaim, let W be the white region of A" con-
taining 77 and 73 in its boundary. By the assumption of the
subclaim, there is a white square bounded by two arcs e; C Ty, 1 /2
ey C T, and two arcs f, f> which are subarcs of edges of A”.
(The square is a formal sum of two triangles, U1+ U, which
are 2-dimensional faces of some 7;;’s.)

We want to show that all edges of str(z;;,) belong to S7"(d Q). Note that Ty, T» C
dW are mapped to dQ. Let x;, x, € S§"(Q) be the unique elements of S§"(Q) in
the same connected component Cy, C; of dQ as o;(T1) and o;(7T»), respectively.
In particular 9y str(e;) = x; = 0y str(e;) and 9y str(ez) = xp = 9; str(ez). Thus e
and e; are straightened to loops str(e;) and str(e;) based at x| and x,, respectively.
The straightenings str( f1), str( f>) of the other two arcs connect x; to x», and they
are distinguished 1-simplices because they arise as straightenings of old edges.
Thus str( f1) = str(f2), by uniqueness of distinguished 1-simplices in each coset

€2

8Under the assumptions of Example 6.1, straight simplices can be chosen to be the totally
geodesic simplices with vertices in S;"(Q). Distinguished simplices are chosen according to
Observation 5.9.

9For a subsimplex 7T of an affine subset S C A" we get a singular simplex o; |7 by restricting o;
to T'. We denote by str(7') the straightening of o; | 7.
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| ¢ ftr(Q)F of ' = Q(0Q). This is why we have performed the straightening con-
struction in Section 5 such that there should be only one distinguished 1-simplex,
in each coset, for any given pair of connected components.

This means that the square is straightened to a cylinder.

But (Q, 9Q) is acylindrical; thus either both str(e;) and str(e,) are constant (in
which case rmv(str(t;;,)) = rmv(str(z;;,)) = 0), or the cylinder must be homotopic
into d Q. In the latter case, str( f;) must be homotopic into, and therefore contained
in, d Q. In particular, dy str( f1) and 9; str( f;) belong to the same component of d Q.
This implies dg str( f1) = dq str(f1). Since str( f7) is a distinguished 1-simplex, this
implies that str( f]) is constant.

Let Py, P, be the affine planes whose intersections with A" contain 77 and 7>,
respectively. There is an arc f; connecting P; N A" to P, N A" such that str( f;)
is contained in d Q. This implies that for each other arc f connecting Py N A" to
P> N A" its straightening str( f) must be homotopic into, and therefore contained
in, 00.

If P and P, are of the same type, then all edges of str(z;;,) connect P; N A" to
P, N A"; hence all edges of str(z;;,) belong to Sf“(a Q). If P, and P, are not of
the same type, the existence of a parallel arc implies that at least one of them, say
P1, must be of type {Oa; . ..ax} with k & {0, n — 1}. Then, if Pz is any other plane
bounding W, it follows from Corollary 4.8 that P3 has a white-parallel arc with P;.
Repeating the argument in the last paragraph with P and Ps in place of P; and P,
we conclude that for each arc f connecting P; N A" to P3N A" its straightening
str(f) must be homotopic into, and therefore contained in, 0 Q. Hence, for each
7;j, in the chosen triangulation of W, its 1-skeleton is straightened into 0 Q.

Since straight simplices o (of dimension > 2) with do in the geodesic boundary
0 Q must be in dQ, this implies by induction that the k-skeleton of str(z;;,) is in
0 Q for each k. In particular, str(t;j,) € SS9 Q). Hence rmv (str(t;j,)) = 0. This
proves the subclaim.

By Lemma 4.13, the subclaim implies the claim. U

Since Y i_;a;d ) ;Tmv(str(z;;)) represents the fundamental class [0Q], we
conclude that |00 < (n+1) Z?:l |a;|, as desired. [l

The simplifications of Example 6.1 in comparison to the general proof below
are essentially all due to the fact that dpQ = . In the next example, if F is not
geodesic, then Q # N and thus dgQ # @ (even though d M and 0 F are both empty).
Thus the generalization to dgQ # & would be necessary even if one only wanted
to consider closed manifolds M and F.

Example 6.2. M is a connected, closed, hyperbolic 3-manifold, F C M a closed,
incompressible surface, N =M — F, Q = Guts(N).
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Outline of proof that |M ||™ > }L |0Q]. Start with a fundamental cycle Y _;_, a;o;
of M, such that oy, ..., o, are normal to F'. As in Example 6.1 we get a relative
fundamental cycle Y ;_, a; (i1 +- - -+ Tis;)) of N. We cannot apply the argument
from Example 6.1 to N because N is not acylindrical. Therefore we would like to
work with a relative fundamental cycle for the acylindrical manifold Q.

N is aspherical. Using Lemma 3.2, we can assume that all 7;; belong to K (N).
Then we can apply the retraction » from Lemma 3.5. Since r is only defined after
tensoring with Z over ZG, we get r(7;; ® 1) = k;; ® 1 with k;; € K(Q) only
determined up to choosing one ;; in its G-orbit.

Since Q is aspherical, we have K (Q) = K (Q), that is, the «;; can be considered
as simplices in Q and we can apply Lemma 3.6(b) to obtain a fundamental cycle
for 0 Q.

The rest of the proof basically boils down to copying the proof of Example 6.1,
with 7;; replaced by «;;; but taking care of the ambiguity in the choice of «;;. The
details can be found in the full-fledged proof of the theorem we’re about to give. [J

Proof of Theorem 1.1. The theorem is trivially true if » = 1. Hence we assume
n>2.
If 01 Q is empty, the equality 0 Q = dpQ and the amenability of 7199 Q would

imply ||0Q|| = 0, and Theorem 1.1 would be trivially true. Hence we assume
010 # &. In particular, Q satisfies Assumption I from Section 5.
Consider a relative cycle er _; a;o;, representing [M, M1, such thatoy, ..., o,

are normal to %. Our aim is to show that
ul 1
a;| > ——|90|.
E]I zl_n+1|| ol

Define
N=M-—%.

Since each o; is normal to &, we have for eachi =1, ..., r that, after application
of a simplicial homeomorphism #; : A" — A", the image of oi_l (N) consists of
polytopes, which can each be further triangulated in a coherent way (i.e., such that
boundary cancellations between different o;’s will remain) into simplices 6;;, with
S Ji. (Itis possible that |J:-| = 00, because N may be noncompact.) We choose
these triangulations of the al._l(N ) to be minimal (Definition 4.9); that is, we do
not introduce new vertices. (Compatible minimal triangulations of the oi_l (N) do
exist: one starts with common minimal triangulations of the common faces and
extends them to minimal triangulations of each polytope.)

Because boundary cancellations are preserved, we see that ) ;_, a; ) jed; 0i;
is a countable (possibly infinite) relative cycle representing the fundamental class
[V, 0N] in the sense of Section 3B.
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We fix a sufficient set of cancellations € for the relative cycle Z?:l a;o;, in
the sense of Definition 5.5. This induces a sufficient set of cancellations 6" for
the relative cycle > ;_; >

If 0M is a leaf of &, then all faces of z contributing to dz are contained in dN.
We call these faces exterior faces. We can assume that, for each i,

]EJ

— each component of al._l(aN ) either contains no vertex of A", or consists of
exactly one vertex, or consists of an exterior face, and

— and each vertex of A" belongs to O‘l-_l (%).

Indeed, by a small homotopy of the relative fundamental cycle Y :_, a;0;, pre-
serving normality, we can obtain that no component of ai_l (dN) contains a vertex
of A", except for exterior faces. Afterwards, if some vertices of Z?:l a;o; do not
belong to &, we may homotope a small neighborhood of the vertex, until the vertex
(and no other point of the neighborhood) meets d N. This, of course, preserves
normality to F.

Since each o; is normal to %, in particular each o; is normal to the union of
boundary leaves

)N :=39N —(@MNIN).

Thus for each o;, after application of a simplicial homeomorphism 4; : A" — A",
the image of ol._l (01 N) consists of a (possibly infinite) set

01, Qz,...C A",

such that

Q=P NA"
for some affine hyperplanes P;, P>, .... We define a coloring by declaring that
(images under /; of) components of

o ' (int(N)) := o, '(N — 3| N)

are colored white and (images under /; of) components of ai_l(%) are colored
black. (In particular, all Q; are colored black.) Since we assume that all vertices
of A" belong to ai_l (%), and since each boundary leaf is adjacent to at least one
component of al._l (int(N)), this is a canonical coloring (Definition 4.5).

6;;, which

By Lemma 3.2(a), we can homotope the relative cycle Y :_; > . jed; Oij»

belongs to CIM(N, dN), to a relative cycle

Ya Y 6

=l je

such that each éi ; 1s a simplex of K (N), as defined in Section 3B, and such that



158 THILO KUESSNER

the boundary 9> ;_, > jej bij is homotoped into K (ON). Then consider

Y S anii=Y Y aip@;) € CSmPINT (K (N)),

i=ljeli i=1jeJ;
where p : K (N) = K(N) is the projection defined at the end of Section 3B, and
7;; = p(6;;) for all i, j.
Consider Q C N as in the assumptions of Theorem 1.1. We define

G :=TI(K(3Q)).

We have by assumption that N = QUR is an essential decomposition (as defined
in the introduction), which means exactly that the assumptions of Lemma 3.5 are
satisfied. Thus, according to Lemma 3.5, there exists a retraction

r: G (N) ®26 2 — C"P (K (Q)) @26 Z
for n > 2, mapping Cy™ ™ (GK (dN)) ®26 Z to C™ ™ (GK (3, 0)) ®26 Z, such
that, for each simplex 7;; € K(N), we either have r(7;; ® 1) =0 or
rTi®)=«;®1
for some simplex «;; € K(Q). (Recall that we’ve assumed that n > 2.) Thus

r(iai > Tij®1):2r:ai 2 kij®1,

i=1  jej i=1  jeli

with J; C f, for all i. (It may still be possible that |J;| = 0c0.) We remark that «;;
is only determined up to choosing one k;; in its G-orbit. .

Since r is a chain map, we get a sufficient set of cancellations for ) " a; ) «;; ®1
by setting =l jedi

€9 = {Okkiji @1, Okciyjy @ 1) 2 (i jy» 9 Tinj) € (ﬁN}-
By assumption, Q is aspherical. We can therefore apply Lemma 3.6 and get
r . .
H(La X ky®1) e ™ GK©0) 867
i=l  jeJ;

represents (the image of) [00] ® 1.
Lemma 3.4(a) gives that G is amenable. Together with Lemma 3.7 this implies

1001 < 3 lail(n + DI J;l.
i=1
In the remainder of the proof, we will use Lemma 5.16 to improve this inequality,
getting rid of the unspecified (possibly infinite) numbers |J;|.
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0,00, 000, 91 Q satisfy Assumption I (page 135). Thus there exists a simpli-
cial set

K3(Q) C S.(Q)

satisfying conditions (i)—(viii) from Lemma 5.3, and a set
D C K{"(Q)

of distinguished 1-simplices (Definition 5.8).
Recall that, for each i,
2. 0ij
jed;
was defined by choosing a triangulation of al._l(N ). The simplices 6; ; thus have
“old edges”, i.e., subarcs of edges of o;, and “new edges”, whose interior is con-
tained in the interior of some subsimplex of o; of dimension > 2.

Associatedtoz =) ;_,a; Y jed; 6;; and 6" (and an arbitrary minimal presen-
tation of dz) are, by Definition 5.5, simplicial sets TN, 97N,

The only possibility that two old edges have a vertex in YV in common is that
this vertex is a vertex of o;.

So the labeling of edges of Y \_, Zj cj. 0ij by labeling old edges not contain-
ing a vertex of any o; with label 1 and all other edges with label 0 is an admissible
labeling (Definition 5.10).

Associated to

,
w = Z a; Z Kij X1
i=1  jel;
and €2 (and an arbitrary minimal presentation of dw) there are simplicial sets
Y, dY. By our definition of €, Y is isomorphic to a simplicial subset of YV,
namely to the subset generated by the set

{reTV:rz®1)#£0)

together with all iterated faces and degenerations. In particular, the admissible 0-1
labeling of YV induces an admissible 0-1 labeling of Y.

By Construction 5.1, there is a map of triples ¢ : (Q, 00, 01 0) — (Q, 00, 31 0)
which is (as a map of triples) homotopic to the identity, and such that g(dgQ N C)
is path-connected for each path component C of 9 Q.

We define

A:=¢q(300), H:=q:(G)=q:.(II(K(3Q))) CII(K(A)).

We observe that H is a quotient of G, hence amenable, even though IT(K (A))
need not be amenable.
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Let Y, 8 be defined by Observation 5.12. By Corollary 5.13, there is a chain
map imp, inf 2> imp, inf
gostr: C;"™""™(Y) ®z¢ Z — C;™" (HK™(Q)) ®z1 Z,

mapping C3™ ™ (37) ®76 Z to CS™ ™ (H K*"(3, 0)) ®7# Z such that

0 2’: a; ) q(str(ci;) ®1

i=1  jel;
represents (the image of) [0Q] ® 1 and such that 1-labeled edges are mapped to
distinguished 1-simplices. (We keep in mind that «;; is only determined up to
G-action; thus g(str(k;;)) is determined only up to choosing one simplex in its
H -orbit.)
We then apply Lemma 5.16 to get the cycle

r .
0y a; Y- mv(g(stri) @ 1) € "M (HK (31 0)) @211 7
i=1  jeJ;
representing (the image of) [0 Q] ® 1. We want to show that this is actually a finite
chain of /'-norm at most

n+1) Y |ail.
i=1

Claim. Foreach i,

d > rmv(g(str(x;;)) ® 1)
JeJi

is the formal sum of at most n + 1 (n—1)-simplices L ® 1 with coefficient 1.
Proof. This is a consequence of the following subclaim and Lemma 4.13:

Assume that for some fixed i € 1, for the chosen triangulation

o '(N)= U 6
jedi
and the associated canonical coloring, there exist j|, j, € JA, andky, k, €{0,...,n}

such that the faces
T\ = 0, 0;j, € Sp—1(ON), T = 0,b;j, € Sp—1(IN)
have a white-parallel arc (Definition 4.9). Then
mv(g(str(k;;,)) ® 1) =0,  rmv(g(str(k;j,)) ® 1) =0.
To prove the subclaim, note first that
3,01 € Su_1(BN)
implies (by Lemma 3.5 and Construction 5.1)

O, q (str(kij)) € HKS' (91 0)
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for/ =1, 2. Now assume (for a contradiction) that
rmv (g (str(k;;,)) ® 1) #0.

By the subclaim’s hypothesis, there are white-parallel arcs ej, e, of T} and 7>,
respectively. This means that there are arcs e, e in a 2-dimensional subsimplex
72 C A" of the standard simplex, and subarcs f;, f> of some edge of 72, all satis-
fying

doer = 01 f2, dofa=0pez, O1e2=20of1, 01f1=01el
and such that ey, f>, e2, f1 bound a square in the boundary of a white component.
(See figure on page 154. We will use the same letter for an affine subset of A"
and for the singular simplex obtained by restricting o; to this subset.) The square
is of the form U; + U;, where Uy, U; are (n—2)-fold iterated faces of some 6;;’s.
Hence 0U; = e1 + f» + 0,Uy and 0U, = —ep — f1 — 32U, in other words,

Ui +Ux)=e1+ fr—ex— f1 and 0 U; = —0dU,.

We emphasize that we assume e and e to be edges of ¢;;, and 6;;,, respectively,
but fi, f> need not be edges of 6;;, or 6;,.

Notational remark. For each iterated face f =0y, ... 0;; withi € I, j € J;, we
will denote by f’ the (n—I)-simplex with

FO1I=0 .. 0kij @1 =r@ ... 00T ®1) =7, ...0,p0;)1).

(The last two equations are true because r, p and the homotopy from Z ;a;0;j to
> J 9, ;j are chain maps.) In other words, if f is an iterated face of some rl j» then
f' s, up to the ambiguity by the H-action, the corresponding iterated face of «;;.

By Lemma 3.5 we have e}, ¢, € GK(3; Q). Thus we can (and will) choose
Kij, , Kij, in their G-orbits in such a way that e}, e;, € K (d; Q), which implies that
str(e)), str(ey) € K¥(3, Q).

Since r, p and the homotopy are chain maps, we have

azUl/ ®1= —82Ué® 1.
That is,
82U1/ =g82U£

for some g € G.
Since U { and Ué belong to different «;;’s, say «;;, and k;;,, we can, upon replac-
ing «;j, by gkij,, assume that

32U{ = 0,UJ,
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that is, U{ 4+ U} is a square. (Since g maps de} to de/, this second choice of «;j, in
its G-orbit preserves the condition that e}, € K" (9, Q).)

Let F and F' be the path components of 9; Q such that ¢/ C F and ¢}, C F'.
Then 9y str(f{), do str(f;) € F and 9 str(f{), 9y str(f,;) € F'.

We note that f{ and f; are edges with label 1. By condition (i) of Corollary 5.13,
this implies that str(f{) and str(f,) are distinguished 1-simplices.

By conditions (ix) and Condition (xiii) of Definition 5.8 we have

g (str(f7)) = xgg = g (str(f3)), doq (str(f1)) = xppr = 01q (str(f3)).

That is, q(str(e/l)) and q(str(e/z)) are loops in d; Q, based respectively at x EF and
X - F!
El-
Since the square ¢ (str(U| + U,)) realizes a homotopy between ¢ (str(f)) and
q(str(f)), we have

g (str(f)) = yig(ste(f3)) 2
with
Y1 =q(str(e)), y2 = q(str(ey)) € 2(3;Q) C T =Q @0 Q0).

By condition (x) from Definition 5.8 this implies

q(str(f])) = g (str(f)).

This means that g (str(U})) 4 ¢ (str(U})) is a cylinder with the boundary circles
q(str(e})) and g(str(e})) in 91 Q.

(This is why we have performed the straightening construction in Section 5 in
such a way that there should be only one distinguished 1-simplex in each coset.)
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The assumption rmv (g ostr(k;;, )®1) # 0 made at the top of page 161 implies that
the loops ¢ (str(e})) and g (str(e})) are not 0-homotopic. Indeed, if one of them is 0-
homotopic (and thus constant), so is the other, because they are homotopic through
the cylinder. But g (str(e})) and g (str(e5)) are edges of g (str(k;j,)) and g (str(k;},)),
respectively. In particular, g (str(x;;,)) and g (str(k;;,)) then have a constant loop as
an edge. By Lemma 5.16 and Definition 5.2, this implies rmv(q ostr(k;;,) ®1) =0.

Thus we can assume that g (str(e})) and g(str(e})) are not O-homotopic, that is,
the cylinder

q(str(U)) + q (str(U3))

is my-injective as a map of pairs. Since (Q, d; Q) is a pared acylindrical manifold,
the cylinder must then be homotopic into d Q, as a map of pairs

(S' x[0,1],S' x {0, 1}) = (0, 8, 0).

Since 9; Q is acylindrical, the cylinder must then either degenerate (that is, S! x
[0, 17— 8 Q homotopes to a map that factors over the projection S' x [0, 1] — S';
in particular, g (str(e})) = g(str(e}))) or be homotopic into dpQ (and hence into
q(00Q), since g ~ id). In the second case the vertices xpr, x EF must belong to
9o Q and we get by condition (vii) from Lemma 5.3 that g (str(e})) and g (str(e})) lie
in Kftr(ao Q). By Lemma 5.17 this implies that g (str(k;;,)) ® 1 and g (str(x;;,)) ® 1
vanish.

Thus we can assume that the cylinder degenerates. In particular, ¢ (str(f;)) and
q(str(f)) lie in K" (9, Q).

Let Py, P, be the affine planes whose intersections with A" contain 77 and 7>,
respectively. Let W be the white component whose boundary contains the white-
parallel arcs of T, 7. We have seen that there are arcs f, f» connecting Py N A"
to P, N A" such that

g (str(f), qstr(f3)) € K17 (31 Q).

This implies that for each other arc f connecting P N A" to P, N A" the straight-
ening ¢ (str(f’)) must be (homotopic into — and therefore, by condition (vii) from
Lemma 5.3), contained in—9; Q.

If P, and P, are of the same type (Definition 4.1), this shows that for all arcs
f C W we have

q(str(f') € Ki"(310)

If P, and P; are not of the same type, then the existence of a parallel arc implies
that at least one of them, say P;, must be of type {Oa; ...ax} with k & {0, n — 1}.
Then, for each plane P; # P; with P;NA" C 9 W, it follows from Corollary 4.8 that
P3N A" has a white-parallel arc with PiNA”. Thus, repeating the argument with P;
and P; in place of P; and P,, we prove that there are arcs in d; Q connecting PjNA"
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to P3N A", and consequently for each arc f C W connecting P N A" to P3N A",
the straightening str( f") must be homotopic into, and thus contained in, 9; Q.

Consequently, also for arcs connecting P, N A" to P3N A", we conclude that
q(str(f”)) must be homotopic into, and therefore contained in, 9, Q. This finally
shows that the 1-skeleta of g (str(k;;,)) and g (str(x;;,)) belong to K ;“(a 10). By the
mi-injectivity of 9; Q0 — Q, the asphericity of K (d; Q), and condition (vii) from
Lemma 5.3, this implies that the 2-skeleta of g (str(k;;)) and g (str(x;;,)) belong
to K{"(9; Q). Inductively, if the k-skeleta of g (str(x;j,)) and ¢ (str(k;;,)) belong to
K}"(31Q), then by the asphericity of K (Q) and K (9; Q) together with condition
(vii) from Lemma 5.3 we obtain that the k+1-skeleta of g (str(«;;,)) and g (str(i;,))
belong to K'f +1(01Q). This provides the inductive step and thus our inductive proof
shows that q(str(K,JI)) and ¢ (str(k;j,)) belong to K*"(3; Q).

By Definitions 5.2 and 5.14 and Lemma 5.16 this implies

rmv(g(str(k;;,)) ® 1) =0, mmv(g(str(k;;,)) @1) =0

So we have shown the subclaim: if 7 = 0, 6;;, and T> = 09,0;;, have a white-
parallel arc, then rmv(g(str(x;;,)) ® 1) = 0 and rmv(g(str(k;j,)) ® 1) = 0. In
particular, g (str(77)) and ¢ (str(T,)) do not occur (with nonzero coefficient) in

d Y mv(q(str(k;;)) ® 1).
JEJi

By Lemma 4.13, for a canonical coloring associated to a set of affine planes

Py, P,, ..., and a fixed triangulation of each Q; = P, N A", we have at most n + 1
(n—1)-simplices whose 1-skeleton does not contain a white-parallel arc. This show
that the subclaim implies the claim. (]

The upshot is that we have presented [0 Q] ® 1 as a finite chain of I'-norm
at most (n + 1) 2;21 la;]. By Lemma 3.4(a) we know that G = I[1(K (dpQ)) is
amenable. Hence H = ¢,(G) is amenable. Thus Lemma 3.7, applied to X =30
and K = HK""(3; Q) with its H-action, implies [|[0Q|| < (n+1) >_;_, |a;|. This
concludes the proof of Theorem 1.1. (]

Theorem 1.1 is not true without assuming the amenability of 7,99 Q0. Coun-
terexamples can be found, for example, using [Jungreis 1997] or [Kuessner 2003,
Theorem 6.3].

Remark. In [Agol 1999], Theorem 1.1 has been proven for incompressible sur-
faces in hyperbolic 3-manifolds. We compare the steps of the proof in [Agol 1999]
with the arguments in our paper:
Agol’s step 1 is the normalization procedure, which we restated in Lemma 2.4.
Step 2 consists in choosing compatible triangulations of the polytopes a_l (N).
Step 3 boils down to the statement that, for each component Q, of Q there
exists a retraction r : N — p~1(Q)), for the covering p : N—>N corresponding to
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1 Q;. Such a statement cannot be correct because it would (together with Agol’s
step 7) imply | N| > || Q|| whenever Q is a m-injective submanifold of N. This
inequality is true for submanifolds with amenable boundary, but not in general. In
fact, one only has the more complicated retraction

r: Cx(K(N), K(N") ®26 Z — C«(K(Q), K(3Q)) ®z6 Z,

with G =TI1(K (dpQ)). This is why much of the latter arguments become notation-
ally awkward, although conceptually not much is changing. Moreover, the action
of G is basically the reason why Theorem 1.1 is true only for amenable G.

Basically, the reason why the retraction r : N— Q does not exist, is as follows.
Let R; be the connected components of N — p~'(Q;). Then R j 1s homotopy
equivalent to each connected component of dR;. If 9 R; were connected for each
Jj» this homotopy equivalence could be extended to a homotopy equivalence r :
N — p~1(Q;). However, in most cases d R ; will be disconnected, and then such
an r cannot exist.

We note that also the weaker construction of cutting off simplices does not work.
A simplex may intersect Q; in many components and it is not clear which compo-
nent to choose.

Step 4 from Agol’s proof puts a hyperbolic metric with geodesic boundary on Q.

His step 5 is the straightening procedure, corresponding to Sections 5B-5D in
this paper. We remark that the straightening procedure must be slightly more com-
plicated than in [Agol 1999] because it is not possible, as suggested in that same
paper, to homotope all edges between boundary components of dQ into shortest
geodesics. This is the reason why we can only straighten chains with an admis-
sible 0-1 labeling of their edges (and why our straightening homomorphism in
Section 5C is only defined on C:™(]7]) and not on all of C3"8(Q)).

Agol’s step 6 consists in removing degenerate simplices. This corresponds to
Section 5E in this paper.

His step 7 proves that each triangle in oi_l(aN ) contributes only once to the
constructed fundamental cycle of dQ. Since, in our argument, we do not work
with the covering p : N — N, we have no need for this justification.

His step 8 counts the remaining triangles per simplex (after removing degenerate
simplices). It seems to have used the combinatorial arguments which we work out
for arbitrary dimensions in Section 4.

We mention that the arguments of Section 4 are the only part of the proof
which gets easier if one restricts to 3-manifolds rather than arbitrary dimensions.
Moreover, the proof for laminations is the same as for hypersurfaces except for
Lemma 2.4. Thus, upon these two points it seems that even in the case of in-
compressible surfaces in 3-manifolds the proof of Theorem 1.1 cannot be further
simplified.
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7. Specialization to 3-manifolds

Guts of essential laminations. We start by recalling the guts-terminology. Let
M be a compact 3-manifold with (possibly empty) boundary consisting of in-
compressible tori, and & an essential lamination transverse or tangential to the
boundary. N = M — & is a, possibly noncompact, irreducible 3-manifold with
incompressible, aspherical boundary d N. We set

ooN =0NNIM, 0N =0N—09pN.

(Thus 01N is the union of boundary leaves of the lamination.) By the proof of
[Gabai and Kazez 1998, Lemma 1.3], the noncompact ends of N are essential /-
bundles over noncompact subsurfaces of d; N. After cutting off each of these ends
along an essential, properly fibered annulus, one obtains a compact 3-manifold to
which one can apply the JSJ-decomposition [Jaco and Shalen 1979; Johannson
1979]. Hence we have a decomposition of N into the characteristic submani-
fold Char(N) (which consists of I-bundles and Seifert fibered solid tori, where
the fibrations have to respect boundary patterns as defined in [Johannson 1979,
p- 83]) and the guts of N, Guts(N). The I-fibered ends of N will be added to the
characteristic submanifold, which thus may become noncompact, while Guts(V)
is compact. (We mention that there are different notions of guts in the literature.
Our notion is compatible with that of [Agol 1999; Agol et al. 2007], but differs
from the definition in [Gabai and Kazez 1998] or [Calegari and Dunfield 2003] by
taking the Seifert fibered solid tori into the characteristic submanifold and not into
the guts. Thus, solid torus guts in the paper of Calegari—Dunfield is the same as
empty guts in our setting.) If dgN N3 Q # & consists of annuli Ay, ..., Ag, then,
to be consistent with the setting of Theorem 1.1, we add components A; x [0, 1]
to Char(N) (without changing the homeomorphism type of N), which implies
ONNIQ=0.
For O = Guts(N) we set

010 =0INNIQ=0NNIQ=0NaoN, 9pQ=00—00.
For R = Char(N) we set
0tR=0NNJR, JpR=0R—0R.

Then dgN N0 Q = & implies 30O = QN R.

do Q consists of essential tori and annuli; in particular 711 dp Q is amenable. The
guts of N has the following properties: the pair (Q, 91 Q) is a pared acylindrical
manifold (Definition 4.3), Q, 91 Q, 91 R are aspherical, and the inclusions

00 —0, 60— 0, Q— N, HR— R, O4R—> R, R— N
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are m-injective; see [Jaco and Shalen 1979; Johannson 1979]. It follows from
Thurston’s hyperbolization theorem for Haken manifolds that Q admits a hyper-
bolic metric with geodesic boundary d; O and cusps corresponding to dpQ. (In
particular, we have x(0Q) < 0; thus dQ is aspherical, and 9; Q is a hyperbolic
surface, thus acylindrical.)

Theorem 7.1. Let M be a compact 3-manifold with (possibly empty) boundary
consisting of incompressible tori, and let F be an essential lamination of M. Then

1M, dM 2™ > — x(Guts(%F)).

More generally, if P is a polyhedron with f faces, then

IM, oM ||5"p" > —ﬁx(Guts(@)).

Proof. Let N = M —%. Since F is essential, N is irreducible (hence aspherical,
since dN # &) and has incompressible, aspherical boundary. Let R = Char(N)
be the characteristic submanifold and Q = Guts(N) be the complement of the
characteristic submanifold of N. The discussion before Theorem 7.1 shows that
the decomposition N = Q U R satisfies the assumptions of Theorem 1.1.

From the computation of the simplicial volume for surfaces [Gromov 1982,
section 0.2] and x(Q) = %X(a Q) (which is a consequence of Poincaré duality for
the closed 3-manifold Q Uyp Q), it follows that

—X(Guts(F)) = —1 x(3 Guts(%)) = 1113 Guts(F)|..

Thus, the first claim is obtained as application of Theorem 1.1 to Q = Guts(%F).

The second claim — the generalization to arbitrary polyhedra—is obtained as
in [Agol 1999]. Namely, one uses the same straightening as above, and asks again
how many nondegenerate 2-simplices may, after straightening, occur in the inter-
section of d Q with some polyhedron P;. In [Agol 1999, p. 11], it is shown that
this number is at most 2 f — 4, where f is the number of faces of P;. The same
argument as above then shows that

.
> lail =
i=1

giving the wanted inequality. (]

The following corollary applies, for example, to all hyperbolic manifolds obtained
by Dehn-filling the complement of the figure-eight knot in S3. (It was proved in
[Hatcher 1992] that each hyperbolic manifold obtained by Dehn-filling the com-
plement of the figure-eight knot in 3 carries essential laminations.)
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Corollary 7.1. If M is a finite-volume hyperbolic manifold with Vol(M) < 2V3 =
2.02..., then M carries no essential lamination F with

for all polyhedra P, and nonempty guts. In particular, there is no tight essential
lamination with nonempty guts.

Proof. The derivation of this corollary from Theorem 1.2 is exactly the same as
in [Agol 1999] for the usual (nonlaminated) Gromov norm. Namely, by [Sleator
et al. 1988] (or [Agol 1999], end of Section 6) there exists a sequence P, of straight
polyhedra in H? with
. Vol(Py)
lim =

n—00 fn -2

3,

where f,, denotes the number of faces of P,. Assuming that M carries a lamination
F with || M, 8M||%°r1'}: = |IM,0M|| p, for all n, one gets

fo—2 fo—=2 fa —2 Vol(M)
—x(Guts(%)) < ——||M, oM || p = M, oM = ’
X(Guts(F) = =—| lg.p, = ———1 Ie = =5 o1ce)
which tends to
Vol(M)
< 1.
2V3

On the other hand, if Guts(%) is not empty, it is a hyperbolic manifold with
nonempty geodesic boundary; hence x(Guts(%)) < —1, giving a contradiction. [J

Definition 7.2. The Weeks manifold is the closed 3-manifold obtained by applying

—%, —%)-surgery at the Whitehead link [Rolfsen 1976, p. 68].

It is known that the Weeks manifold is hyperbolic and that its hyperbolic volume
is approximately 0.94.... It is actually the hyperbolic 3-manifold of smallest
volume.

Corollary 7.3 [Calegari and Dunfield 2003, Conjecture 9.7]. The Weeks manifold
admits no tight lamination %.

Proof. According to [Calegari and Dunfield 2003], the Weeks manifold cannot
carry a tight lamination with empty guts. Since tight laminations satisfy || M||5p' =
||M] for each polyhedron (see Lemma 2.4), and since the Weeks manifold has
volume smaller than 2 V3, it follows from Corollary 7.1 that it cannot carry a tight

lamination with nonempty guts neither. ([

The same argument shows that a hyperbolic 3-manifold M of volume less than
2V;3 and such that there is no injective homomorphism 71 M — Homeo™ (S') can-
not carry a tight lamination, because it was shown in [Calegari and Dunfield 2003]
that the existence of a tight lamination with empty guts implies the existence of an
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injective homomorphism 771 M — Homeo™ (S'). Some methods for excluding the
existence of injective homomorphisms 77; M — Homeo ™" (S') have been developed
in that same paper (which yielded in particular the nonexistence of such homomor-
phisms for the Weeks manifold, used in the corollary above), but in general it is
still hard to apply this criterion to other hyperbolic 3-manifolds of volume < 2V3.

As indicated in [Calegari 2003], an approach to a generalization of some of
the above arguments to essential, nontight laminations, yielding possibly a proof
for nonexistence of essential laminations on the Weeks manifold, could consist
in trying to define a straightening of cycles (as in the proof of Lemma 2.4) upon
possibly changing the essential lamination.

As a consequence of a result of Tao Li, one can at least exclude the existence of
transversely orientable essential laminations on the Weeks manifold.

Corollary 7.4. The Weeks manifold admits no transversely orientable essential
lamination %.

Proof. According to [Li 2006, Theorem 1.1], if a closed, orientable, atoroidal 3-
manifold M contains a transversely orientable essential lamination, then it contains
a transversely orientable tight essential lamination. Hence Corollary 7.4 is a direct
consequence of Corollary 7.3. (]

8. Higher dimensions

We want to finish this paper showing that Theorem 1.1 is interesting also in higher
dimensions. While in dimension 3 the assumptions of Theorem 1.1 hold for any
essential lamination, it is likely that this will not be the case for many laminations
in higher dimensions. However, the most straightforward, but already interest-
ing, application of the inequality is Corollary 8.1, which means that, for a given
negatively curved manifold M, we can give an explicit bound on the topological
complexity of geodesic hypersurfaces. Such a bound seems to be new except, of
course, in the 3-dimensional case, where it goes back to [Agol 1999] and (with no
explicit constants) to [Hass 1995].

Corollary 8.1. Let M be a compact Riemannian n-manifold of negative sectional
curvature and finite volume. Let F C M be a geodesic (n—1)-dimensional hyper-
surface of finite volume. Then

n+

2
Proof. Consider N = M — F. (N, dN) is acylindrical. This is well-known and
can be seen as follows: assume that N contains an essential cylinder; then the

double DN = N U, n N contains an essential 2-torus. But, since N is a negatively
curved manifold with geodesic boundary, we can glue the Riemannian metrics to

1
IF] < 1M1
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get a complete negatively curved Riemannian metric on DN. In particular, DN
contains no essential 2-torus, giving a contradiction.

Moreover, the geodesic boundary d N is y-injective and negatively curved, thus
aspherical. Therefore we can choose Q = N, in which case the other assumptions
of Theorem 1.1 are trivially satisfied. From Theorem 1.1 we conclude that

1
M|P™ = ——|aN].
1M = = 1N

The boundary of N consists of two copies of F, hence ||0N| = 2||F||. The leaf
space of F© C M is a Hausdorff tree; thus Lemma 2.4(b) implies [|M || = [|M|].
The claim follows. O

This statement should be read as follows: for a given manifold M (with given
volume) one has an upper bound on the topological complexity of compact geo-
desic hypersurfaces.

For hyperbolic manifolds one can use the Chern—Gauss—Bonnet theorem and the
proportionality principle to reformulate Corollary 8.1 as follows: If M is a closed
hyperbolic n-manifold and F a closed (n—1)-dimensional geodesic hypersurface,
then Vol(M) > C, x(F) for a constant C,, depending only on 7.
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CHERN NUMBERS AND THE INDICES OF SOME ELLIPTIC
DIFFERENTIAL OPERATORS

PING L1

Libgober and Wood proved that the Chern number c;c,_; of a compact
complex manifold of dimension n can be determined by its Hirzebruch y -
genus. Inspired by the idea of their proof, we show that, for compact, spin,
almost-complex manifolds, more Chern numbers can be determined by the
indices of some twisted Dirac and signature operators. As a byproduct,
we get a divisibility result of certain characteristic number for such man-
ifolds. Using our method, we give a direct proof of the result of Libgober
and Wood, which was originally proved by induction.

1. Introduction and main results

Suppose (M, J) is a compact, almost-complex 2n-manifold with a given almost
complex structure J. This J makes the tangent bundle of M into a n-dimensional
complex vector bundle Ty,. Let ¢c;(M, J) € H % (M Z) be the i-th Chern class of
Ty. Suppose we have a formal factorization of the total Chern class as follows:

n
Lei(M, D)+ +eu(M, ) =] +x),
i=1

ie., x1, ..., x, are formal Chern roots of T);. The Hirzebruch yx,-genus of (M, J),
Xy(M, J), is defined by

n ; 1+ —X;
(M, J) = (]’[ %)[m
i=1

Here [M] is the fundamental class of the orientation of M induced by J and y is
an indeterminate. If J is specified, we simply denote x, (M, J) by x,(M).
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When the almost complex structure J is integrable (equivalently, when M is an
n-dimensional compact complex manifold), x, (M) can be obtained by

n

XP(M) =3 (= DIRPIM), xy (M) = xP(M) - 3P,

q=0 p=0

where h”-9( -) is the Hodge number of type (p, ¢). This is given by the Hirzebruch—
Riemann—-Roch Theorem, proved in [Hirzebruch 1966] for projective manifolds
and in [Atiyah and Singer 1968] in the general case.

The formula

n

n .
xi(L4ye™)
1-1 P(M)-yP = AL AR 1YY
(1-1) D o xP(M) -y (1‘[ o )Ml
p=0 i=1
implies that x” (M), the index of the Dolbeault complex, can be expressed as a
rational combination of some Chern numbers of M. Conversely, we can address

the following question.

Question 1.1. For an n-dimensional compact complex manifold M, given a par-
tition A = AjAy---A; of weight n, can the Chern number ¢, cy, - - - ¢y, [M] be
determined by x” (M), or more generally by the indices of some other elliptic
differential operators?

For the simplest case c,[M], the answer is affirmative and well-known [Hirze-
bruch 1966, Theorem 15.8.1]:

cnlM] = xy(M)|y=—1 =D (=P x"(M).
p=0

The next-to-simplest case is the Chern number cic,_|[M]. The answer here is also
affirmative, as was proved by Libgober and Wood [1990, pp. 141-143]:

n
(P »p B n(3n —15) i

(1-2) [’2:;(—1) (2))( (M)——24 cn[M]+ 1201cn_1[M]-
The idea of their proof is quite enlightening: expanding both sides of (1-1) at
y = —1 and comparing the coefficients of the term (y + 1)2, one gets (1-2).

Inspired by this idea, in this paper we consider twisted Dirac operators and
signature operators on compact, spin, almost-complex manifolds and show that the
Chern numbers ¢,;, ¢c1¢p—1, c%cn_z and cpc;,,—, of such manifolds can be determined
by the indices of these operators.

Remark 1.2. Equation (1-2) was also obtained later by Salamon [1996, p. 144],
who applied this result extensively to hyper-Kéhler manifolds.
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Let M be a compact, almost-complex 2n-manifold. We still use xi, ..., x, to
denote the corresponding formal Chern roots of the n-dimensional complex vector
bundle Tj;. Suppose E is a complex vector bundle over M. Set

/2
AWM. E) = (ch( ) H#ﬁclm)w],

L(M,E):= (ch(E) HM>[M]

where ch(E) is the Chern character of £E. The celebrated Atiyah—Singer index
theorem [Hirzebruch et al. 1992, pp. 74-81] states that L(M, E) is the index of
the signature operator twisted by £ and when M is spin, A(M, E) is the index of
the Dirac operator twisted by E.

Definition 1.3. Set

n n
Ay(M) =) AM AP(Tp) -y and Ly(M) =)  L(M.AP(T3) - y".
p=0 p=0
where AP(T};) denotes the p-th exterior power of the dual of T,.

Our main result is the following:

Theorem 1.4. Let M be a compact, almost-complex manifold.

n

(1) Y (=DPAM, AP(Ty) = culM],
p=0
S =17 p AM, AP(T) = 3 (nea M1+ crc1[M)),
p=1
Z( 1>P( )A(M ar(a) = (M2, 1+ 320+ gk o) (M)
@) S (—1PL(M, AP(Tjp)) = 2"c,[M],

p=0

n

D (=1)Pp LM, AP(Tp)) = 2" (neal M1+ crc, -1 [M]),
p=1

Z( 1>P( )L(M AP (Typ)

= 2n_2(n(3n6—5) cn+ 3n3_2€1€n71 +C%Cn72 - CZCn72> [M].
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Corollary 1.5. (1) The Chern numbers c,[M], cic,—1[M] and c%cn_z[M] can be
determined by A, (M).
(2) The characteristic numbers c,[M], cicp—1[M] and c%cn_g[M] — CaCp—_n[M]
can be determined by L, (M).

(3) When M is a spin manifold, the Chern numbers c,[ M, cic,—1[M], c%cn,z[M]
and cyc,—2[M] can be expressed by using linear combinations of the indices
of some twisted Dirac and signature operators.

As remarked in [Libgober and Wood 1990, p. 143], it was shown by Milnor
[1960] that every complex cobordism class contains a non-singular algebraic vari-
ety. Milnor also showed that two almost-complex manifolds are complex cobordant
if and only if they have the same Chern numbers. Hence Libgober and Wood’s
result implies that the characteristic number

n(3n—>5)

24
is always an integer for any compact, almost-complex 2n-manifold N.
Note that the right-hand side of the third equality in Theorem 1.4 is

1
ca[N1+ Eclcn—l[N]

3n—5 1 1
(2D, M1+ SerenalM1) + g (200 Deren M1+ ey alM]).
24 12 8
Corollary 1.6. For a compact, spin, almost-complex manifold M, the integer
2(n — Dercn1[M]+ cicp2[M]
is divisible by 8.

Example 1.7. The total Chern class of the complex projective space CP" is given
by c(CPH) =1+ 2)"*!, where g is the standard generator of H*(CP", 7)) = Z.
CP" is spin if and only if n is odd, as ¢;(CP") = (n + 1)g. Suppose n =2k + 1.
Then

2(n = Deicn—1[CP" 1+ cfea—a[CP"] = 8(k + 1)*(k(2k + 1) + Sk(k + 1) (2k + 1)).
It is easy to check that CP* does not satisfy this divisibility result.
2. Proof of the main result

Lemma 2.1. Let M be a compact, almost-complex manifold. Then:

n xi(14 e—xz'(1+y)) . y
A>7<M>=<l_[( g e ’““’/Z)WJ,

1— e*xi(1+y)
i=1

n . —xi(1+y)
Ly(M) _ (H(Xl(l + ye ) a _|_ex,-(l+y))>)[M]‘

1 — e*xi(1+y)
i=1
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Proof. From

n
c(Ty) =[ [ +x)
i=1
we have (see, for example, [Hirzebruch et al. 1992, p. 11])

c ATy =[] (I=@iy+-+x,).

I<iy<--<ip=<n

Hence
p
ch(AP(T}))yP = Z e~ (i ttip) Z (1_[ —x,)
I<iy<--<ip=<n I<ij<--<ip=<n > j=1
Therefore
n p n
> " ch(AP(Ti)y” Z( > (H i )) [Ja+ye ™).
p=0 I<iy<--<ip=n * j=1 i=1
So
@-1) Ay(M) =" A(M, AP(T}) - y"
p=0
n n x,'/2
= h(AP(TyNy?P )| | ———— | M
((,;C ( <M>>y> Esinh(xi/Z))[ ]

- . xi/2
= 5T3) Jon

i=1
(f(H02 ) o
Pl 1 —e

Since for the evaluation only the homogeneous component of degree n in the x;
enters, then we obtain an additional factor (1 4 y)" if we replace x; by x;(1 4+ y)
in (2-1). We therefore obtain

1 xz(1+y)(1+y€_x’(l+y)) i (14)/2
Ay(M) = ((1+ ) H( [ — x4y ﬂ ))[M]

= (TT(ECE ) riz) ) oan
BACE AN :
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Similarly,

n

i(l+e™™
Ly(M) = (H((l +ye ). xif—:_xl_)))[M]

i=1

1 (% (14 y) (1 + ye i1+ e
((1+y)n E( 1 —e—xi(1+Y) “(I+e )| | [M]

“((xi(14 ye i) X
(112 o) o :
i=l

Lemma 2.2. Set z =14 y. We have

n

Ay(M) = <1‘[((1 +xi) — (i 4 53Dz + (5527 + §x7) 2+ ~))[M],
i=1

Ly(M) = (]‘[(2(1 +xi) — Qx; +xD)z+ (Ex7 + 3x)) 7+ ))[M].
i=1

xi (14 ye i)y xi(L+y) Xz

e e BT A A

:—xi(z—1)+(1+%x,~z+%xi2z2+-'-)

=(1+X,‘)—%xiz+%xi222+"' .

Proof.

So we have

no —x;(1+y)

x; (14 yei0+7)) —x;(14)/2

Ay(M)z(l_[ e el x(0/2 ) 1M
i=1

n
(1_[((1 +xi) — %xl'z+%x,-2z2+~-)(l - %xl'z+§x,~222+--->>[M]
i=1

- (H((l ;) — O+ SxDz+ (Ha7 + §x7) 2 + - -))[M]-

i=1

Similarly,

n . —xi(1+y)
Ly(M) _ (1—[()61(1 + ye ) (1 +e—xi(l+y))))[M]

1 —exid+y)
i=1

n

((1+x) —%Xiz+l—lzxi2z2+---)(2—xl-z+%x,-zzz+---))[M]

i=1

Il
=

21+ x;) — @x; +xD)z + (%x}+%x§)z2+---))[M]- O

i=1
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Let f(xy, ..., x,) be asymmetric polynomial in xy, ..., x,. Then f(x, ..., x,)
can be expressed in terms of ¢y, ..., ¢, in a unique way. We use h( f(x1, ..., X))
to denote the homogeneous component of degree n in f(xy, ..., x,). For instance,
when n = 3,

h(x; 4+ x2+x3 +x12x2 +x12x3 —f—x%xl +X%X3 +x§x1 —|—x32xz)
= xlzxz —I—x12X3 +x22x1 +X22)C3 +x32x1 —i—x%xz

= (X1 +x3 +x3)(x1x2 + x1x3 + X2X3) — 3x1x2X3 = C1¢3 — 3¢3.

The next lemma is a crucial technical ingredient in the proof of our main result.

Lemma 2.3.
(1) hy :=h( (x,- []a +x,-))) = ncp.
i=1 i
@ =i X (o [Ta+mw)) =",
1<i<j<n k#i, j
(3) hy:= h(z (X,-z 1_[(1 +xj))> = —nc, +c1cp—1.
i=1 J#i
4) hyp:= h( Z ((Xizxj +XiXJ2-) l_[ (1 +xk)>> = (n —2)(—ncy, +crcp—1).
1<i<j<n k#i, j
() h22Z=h( > (xl-zx? ] (1+xk)>>=@cn—(n—z)clcn_ﬁcgcn_z.
1<i<j<n k#i, j
(6) h3 = /’l(z (xl3 l_[(l +Xj)>> =ncy, —C1Cp—1 +C%Cn_2 - 2026,1_2.
i=1 i

Now we can complete the proof of Theorem 1.4; we postpone the proof of
Lemma 2.3 to the end of this section.

Proof. From Lemma 2.2, the constant term in A, (M) is

(H(l +xi)>[M] = ca[M].
i=1

The coefficient of z is
(3 (- + ba?) [T-+0) 1801 = (= = 3o
i=1 j#
= —3(nca[M]+crc,-1[M]).
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The coefficient of z2 is
n
(Z((%x? + %x?) [T -I-xj)) + Z ((xl- + %x?)(xj + %sz-) [T +xk))> [M]
i=1 J#i l<i<j<n ki, j
= (3h2+ gh3+hiy + 3hiz + 1ha)[M]

_ (n(3n-=5) 3n—2
_( 2 vt

Similarly, for L, (M), the constant term is

1
C1Cn—1+ gC%Cn—z) [M].

(2” [1a +x,~)) [M]=2"¢,[M].
i=1

The coefficient of z is

n

(Z(—(zxi +x) 20 +x,~>)>[M] = (=2"h1 — 2" 'hy)[M]

.=l ' 7
i J# = —2""Nne, [M]+cie,—1[M]).

The coefficient of 7?2 is

n

(Z((%x?—{—%x?) 1;[ 2(1+xj))+ 3 ((2xi+xi2)(2xj+sz-) ]_[2(1+xk))>[M]
J#i

i=1 l<i<j<n ki j

yn—2
_ (7 23 By +2"2hy +2"hy + 2" hyy + 2n72h22)[M]
= 2"*2(”(3"6_5)@, + 3n3,_2clcn—1 +cien — Czcn—2>[M]- O

Proof of Lemma 2.3. In the following proof, x; means deleting x;. Parts (1) and
(2) are quite obvious. For (3),

hy = Z (h<x[21_[(1+xj‘))) = Z (xinl ce X -xn) = Z(xic"—l —cy)
i=1

i=1 J#i i=1 j#i
= —nc, +Ci1¢p—1.
For (4),
hip = Z (h((xizxj +xix]2) 1_[ _(1 +Xk)>)
I<i<j<n ki
=Y ((xi +x;) D x1 ---fk"'xn)

l<i<j<n ki, j

=n-2)) (xl- DX -xn)= (n=2hy = (1 =2)(=ncy +crca-1).

i=1 ki
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For (5),
I<i<j<n 1<k<l<n
= Z (x,.xj Z xl...fk...fl...xn)
1<i<j<n 1<k<I<n
_ 2 2 ~ ~ ~
= Z <x1x2"-xn+(xl.xj+xixj) le...xk...xl-...xj...xn
I<i<j<n k#i, j
2.2 ~ A A A
+xixj Z xl...xk...xl...xi...xj...xn)
1<k<l<n
k#i, j
1#i]
nn—1)
=———Cnt+hin+hn.
2
Therefore,
nn—1) n(n—73)
hy = cacp_n — Tcn —hpp= Tcn —(n—=2)cicp—1 +c2¢4-2.
For (6),

(cf —2¢2)cn-2

n n
:(ng>( )3 xl...fj...fk...xn)zz(xg )3 xl...){j...){k...xn>
i=1 i=1

1<j<k<n I<j<k<n
n
_ 3 ~ ~ ~ 2 ~ ~
i=1 1<j<k=<n ki
J#
k#i
=hs+ hs.
Hence h; = (c% —2c)cpp —hy=nc, —cicp_1+ c%cn_z —2crCp_n. |

3. Concluding remarks

Libgober and Wood’s proof [1990, p. 142, Lemma 2.2] of (1-2) is by induction.
Here, using our method, we can give a quite direct proof. We have shown that

"o —xi(14+y)
l—lx,(1+ye )
Xy(M)=< e )Ml

i=1

= <]_[((1 +x) — 3T+ X+ -)) [M].
i=1
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The coefficient of 72 is

(Z v ,]_[<1+x,)) 2 (ixixj ]_[<1+xk)))[M]

i=1 JFEi I<i<j<n k#i, j

= (ko + ) v1 = "2, v+

24 2

It is natural to ask what the coefficients are for higher-order terms (y + 1)#, for
p > 3. Unfortunately the coefficients become very complicated for such terms. In
[Libgober and Wood 1990, pp. 144-145] there is a detailed remark on the coef-
ficients of the higher-order terms of x,(M). Note that the expression of A, (M)
(resp. Ly(M)) has an additional factor e Xi(1+y)/2 (resp. 1 + %1y relative to
than that of x, (M). Hence we cannot expect that there are explicit expressions of
higher-order coefficients similar to Theorem 1.4.

cicp—1[M].
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BLOCKS OF THE CATEGORY OF CUSPIDAL sp,,-MODULES

VOLODYMYR MAZORCHUK AND CATHARINA STROPPEL

In this paper we show that every block of the category of cuspidal general-
ized weight modules with finite dimensional generalized weight spaces over
the Lie algebra sp,, (C) is equivalent to the category of finite dimensional
Cllt, t2y « - - 4 t, [I-modules.

1. Introduction and description of the results

Fix the ground field to be the complex numbers. Fix n € {2, 3, ...} and consider
the symplectic Lie algebra sp,, =: g with a fixed Cartan subalgebra h and root

space decomposition
g=heo @ o

aeA
where A denotes the corresponding root system. For a g-module V and A € h* set

Vii={veV:h-v=A(h)v for any h € b},
V*:={veV:(h—ih)* v=0foranyh € b and k > 0}.
A g-module V is called
* a weight module provided that V = D, ¢ Vi;
o a generalized weight module provided that V = P, b+ VA

e a cuspidal module provided that for any o € A the action of any nonzero
element from g, on V is bijective.

If V is a generalized weight module, then the set {A € h* : V, £ 0} is called the
support of V and is denoted by supp(V).

Denote by % the full subcategory in g-mod that consists of all cuspidal gen-
eralized weight modules with finite dimensional generalized weight spaces, and
by € the full subcategory of % consisting of all weight modules. Understanding
the categories ¢ and % is a classical problem in the representation theory of Lie
algebras. The first major step towards the solution of this problem was made in
[Mathieu 2000], where all simple objects in @ were classified. Britten et al. [2004]

MSC2000: 17B10.
Keywords: cuspidal module, category, block, power series.
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showed that the category € is semisimple, hence completely understood. The aim
of the present note is to describe the category ¢.

Apart from sp,,,, cuspidal weight modules with finite dimensional weight spaces
exist only for the Lie algebra sl,, [Fernando 1990]. In the latter case, simple objects
in the corresponding category % are classified in [Mathieu 2000], the category 6 is
described in [Grantcharov and Serganova 2010] (see also [Mazorchuk and Stroppel
2011]), and the category % is described in [Mazorchuk and Stroppel 2011]. Taking
all these results into account, the present paper completes the study of cuspidal
generalized weight modules with finite dimensional generalized weight spaces over
semisimple finite dimensional Lie algebras.

Let U (g) be the universal enveloping algebra of g and Z(g) the center of U (g).
The action of Z(g) on any object from G is locally finite. Using this and the
standard support arguments gives the following block decomposition of @:

@ (%x,év

x:Z(g)—C
Eeh*/ZA

3

12

where € x.& consists of all V' such that supp(V) C & and (z — x (2)*-v =0 for all
veV,zeZ(g) and k > 0. Set

(6)(,5 =% H%X’E.

From [Mathieu 2000, Section 9] it follows that each nontrivial % x.,& contains a
unique (up to isomorphism) simple object. In particular, @ ».& 18 indecomposable,
hence a block. From this and [Britten et al. 2004] we thus get that every nontrivial
block 6, ¢ is equivalent to the category of finite dimensional C-modules. Our main
result is the following:

Theorem 1. Every nontrivial block G x.& is equivalent to the category of finite di-
mensional C[[t1, t2, . . ., t,]l-modules.

To prove Theorem 1 we use and further develop the technique of extension of
the module structure from a Lie subalgebra, originally developed in [Mazorchuk
and Stroppel 2011] for the study of categories of singular and nonintegral cuspidal
generalized weight sl,-modules. The proof of Theorem 1 is given in Section 4.
In Section 2 we recall the standard reduction to the case of the so-called simple
completely pointed modules (that is, simple weight cuspidal modules for which a/l
nontrivial weight spaces are one-dimensional) and a realization of such modules
using differential operators. In Section 3 we define a functor from the category of
finite dimensional C[[#y, 17, . . ., t,]]-modules to any block ] x,& containing a simple
completely pointed module. In Section 4 we prove that this functor is an equiva-
lence of categories. In Section 5 we present some consequences of our main result.
In particular, we recover the main result of [Britten et al. 2004] stated above.
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2. Completely pointed simple cuspidal weight modules

A weight g-module V is called pointed provided that dim V) = 1 for some A € h*.
If V is a pointed simple cuspidal weight g-module, then, obviously, all nontrivial
weight spaces of V are one-dimensional, in which case one says that V is com-
pletely pointed (see [Britten et al. 2004]). It is enough to consider blocks with
completely pointed simple modules because of the following:

Lemma 2. All nontrivial blocks of @ are equivalent.

Proof. In the case of the category 6, this is proved in [Britten et al. 2004, Lemma 2].
The same argument works in the case of the category 6. U

We recall the explicit realization of completely pointed simple cuspidal mod-
ules from [Britten and Lemire 1987]. Denote by W, the n-th Weyl algebra, that
is, the algebra of differential operators with polynomial coefficients in variables
X1, X2, ..., X,. The algebra W, is generated by x; and d/dx;, i =1, ..., n, which
satisty the relations [d/0x;, x;] = §; ;. Let &1, &2, ..., ¢, be the vectors of the
standard basis in C". Identify C" with h* such that A becomes the following
standard root system of type Cj,:

{(eitej):1<i<j=<njU{E2¢:1=<i=<n}.
Then
H=H,={2¢1,6—¢€1,63—¢62,...,6 —&En_1}

is a basis of A. Fix a basis of g of the form
C:={Xisii€j 1<i<j=<nU{Xio,:i=12,...,n}U{Hy:a € H}

such that the following map defines an injective Lie algebra homomorphism from
g to the Lie algebra associated with W,,:

ad .,
Xsi—e_,Hxin’ I<i#j=<n,
Xejte; > XiXj, i,j=1,2,...,n,
a 0
(l) X_ei_gj = B—XIE, L, ] = 1, 2, ,n,
ad .
H8i+l_81}_>'xi+l a.xl+] _Xia_.xl" l=172a"'7n_1’

oo Lo+ ).

2\Max T o
Set
B :={(b,by,....,b,)€Z" :by+by+---+b, €27}
Fora = (ay, ay, ..., a,) € C" define N(a) to be the linear span of

(x? = xf1+h1x§2+b2 cx@the . p e BY.
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First define an action of the elements from C on N (a) using the formulae from (1)
as follows:

Xei—e,x" = (aj+bp)xei7e I<i#j=<n,

X8-+s Axb — xb+£[+a‘j

iTEj

X _ge;x" = (ai +b)(aj+bpx"57%  1<i#j<n,

X 9exP =(aj +b)(ai +b; — DxP% i=1,2,....n,
Hgm_gixb = (aj+1+biy1—a; —b,')xb i=1,2,...,n—1,

Hoe,x” = 1(2a; +2b; + Dx?.

2

Theorem 3 [Britten and Lemire 1987]. (i) For every a € C" the formulae in (2)
define on N (a) the structure of a completely pointed weight g-module.

(i) Ifa; € Z foralli =1, ..., n, then the module N (a) is simple and cuspidal.

(iii) Every completely pointed simple cuspidal g-module is isomorphic to N (a)
for some a € C" suchthata; ¢ Z,i =1, ...,n.

3. The functor F

This section is similar to [Mazorchuk and Stroppel 2011, Section 3.1]. Fix a €
C" such that @; ¢ Z,i = 1,...,n. Let %a denote the block of € containing
N(a). The category @q is closed under extensions. Denote the category of fi-
nite dimensional C[[#, f5, ..., t,]]-modules by C[#, t3, ..., t;,]-mod. For V €
Clt, t2, - - ., ty]-mod denote by T; the linear operator describing the action of ¢
onV.Set0=(0,0,...,0) € B.

For b € B consider a copy V? of V. Define

FV := QB %48

beB

Define the action of elements from C on the vector space FV in the following way:
for v e V? set

Xe,—e;v=(T; + (a; +b;)Idy)v c yhreie;
Xeije; V=10 e Vhteite)
X_eme,v=(T; + (a; + b)) 1dy)(T; + (a; + b)) ldy)v € VP7o7¢,
Xoe,v = (Ti + (@i + b)) 1dv)(T; + (a; + bi — 1) 1dy)v € V2727,
He\—ev=(Ti11 —T; +(aiy1 +biv1 —a;i —b)Ildy)v € 1%

Hyeyv = 32T + Qay +2by + 1) dy)v ev’,

3)
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where i and j are as in the respective row of (2). For a homomorphism f:V — W

of Cll#, o, ..., t,]l-modules denote by Ff the diagonally extended linear map
from FV to FW, that is, for every b € B and v € Vb, set
) Ff(v) = f(v) e W’.

Proposition 4. (i) The formulae of (3) define on FV the structure of a g-module.

(i) Every V? is a generalized weight space of FV. Moreover, for b # b’ the
weights of VP and V¥ are different.

(iii) The module FV belongs to %a.

(iv) Formulae (3) and (4) turn F into a functor
F:Cl#, 5, ..., t,]]-mod — %a.
(v) The functor F is exact, faithful and full.

Proof. Consider the g-module N (a) for a as above. Then, for every b, the defin-
ing relations of g (in terms of elements from C) applied to x? can be written as
some polynomial equations in the a;. Since (2) defines a g-module for any a by
Theorem 3(i), these equations hold for any a, that is, they are actually formal
identities in the a;. Now write

Ti+(a;+bj)ldy =A; + B,

a sum of matrices, where A; = T; +a;Idy and B; = bjIdy. All A; and B;
commute with each other and with all the 7;. For a fixed b, the defining relations
for g on FV reduce to our formal identities (in the A;) and hence are satisfied. This
proves claim (i). Claim (ii) follows from the last two lines in (3) and the fact that
all the 7; are nilpotent (hence zero is the only eigenvalue).

As f commutes with all 7;, the map F f commutes with the action of all elements
from C and hence defines a homomorphism of g-modules. By construction we also
have F(f o f') = Ff oFf’, which implies claim (iv).

By construction, F is exact and faithful. It sends the simple one-dimensional
Clt, ta, - . ., ty]-module to N (a) (as in this case all 7; =0 and hence (3) gives (2)),
which is an object of the category @4 closed under extensions. Claim (iii) follows.

To complete the proof of claim (v) we are left to show that F is full. Let
¢ : FV — FW be a g-homomorphism. Then ¢ commutes with the action of all
elements from f. Using claim (ii), we get that ¢ induces, by restriction, a linear map
f:V=Vv"> W®=W. As ¢ commutes with all H;,,_,, the map f commutes
with all operators Tj4+1 — T;. As ¢ commutes with Hy, , the map f commutes
with 7). It follows that f is a homomorphism of C[[#, t2, ..., t,]-modules. This
yields ¢ = F f and thus the functor F is full. This completes the proof of claim (v)
and of the whole proposition. (]
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4. Proof of Theorem 1

Because of Lemma 2 it is enough to fix one particular block and show there that F
is an equivalence. Thus, we may assume that a; +a; ¢ Z for all i, j (in particular,
a; ¢ Z for all i). According to Proposition 4, we are only left to show that F is
dense (that is, essentially surjective). We establish the density of F by induction
on n. We first prove the induction step and then the basis of the induction, which
is the case n = 2.

Denote by A the weight of x" e N(a) (see Proposition 4(ii)). Let M € %a. Set
V := M, and denote by M’ the a-module U (a)V.

4.1. Reduction to the case n = 2. The main result of this section is the following:
Proposition 5. If the functor F is dense for n = 2, then it is dense for any n > 2.

Proof. Assume that n > 2 and that the functor F is dense in the case of the alge-
bra sp,,_,. Realize sp,,_, as the subalgebra a of g corresponding to the subset
H,_| C H of simple roots.

Let Yy, Y»,..., Y, be the linear operators representing the action of the elements
Hye , Hey ¢\, Hes—s,,..., Hy,_,, on V, respectively. Set

T = Y1 —3Q2a1 + 1) 1dy,
T :=Y,+ T — (a2 —ay) Idy,
o) TI3:=Y;+ T — (a3 —az) Idy,

Ty =Yy +T,—1—(ay —an—1) Idy .

The T; are obviously pairwise commuting nilpotent linear operators.

The module M’ is a cuspidal generalized weight a-module with finite dimen-
sional weight spaces. Moreover, as all composition subquotients of M are of the
form N (a), all composition subquotients of M’ are of the form N (a)’, the latter
being a completely pointed simple cuspidal a-module. By our inductive assump-
tion, the functor F is dense in the case of the algebra a. Hence M’ = N’ := @b vb,
where b € B is such that b, = 0, and the action of a on N’ is given by (3).

Lemma 6. There is a unique (up to isomorphism) g-module Q € (%a such that
Q' = N’ and which gives the linear operator T, when computed using (5).

Proof. The existence statement is clear, so we need only to show uniqueness.
Assume that Q € €, is such that Q' = N’ and the formulae in (5) applied to Q
produce the linear operator 7,,. Since a,, ¢ Z, the endomorphism 7, + (a, +b,) Idy
is invertible for all b, € Z. As the action of X, ., , on Q is bijective, we can
fix a weight basis in Q such that both the a-action on Q' = N’ and the action
of X,,—¢, , on the whole Q is given by (3). As n > 2, the elements X1,,, commute



BLOCKS OF THE CATEGORY OF CUSPIDAL sp,,,-MODULES 189

with X, _., , and hence their action extends uniquely to the whole of Q using this
commutativity. This holds similarly for all elements X4, ¢, ), i <n —1, and for
the element X, ,_., . This leaves us with the elements X, ,_,, , and X, ,_,.
The simple roots €, —¢&,—2 and €, —¢,— corresponding to the elements X, ., ,
and X, _. , generate a root system of type A, (this corresponds to the alge-
bra sl3). Lemmas 21 and 22 of [Mazorchuk and Stroppel 2011] prove that the
actions of X, _,—.,_, and X, _,_,, extend uniquely to Q. This completes the proof
of Lemma 6. ]

The module FV obviously satisfies (FV)’ = N’ and defines the linear operator 7},
when computed using (5). Hence Lemma 6 implies M = FV. Since M € €, was
arbitrary, the functor F is dense, completing the proof of Proposition 5. O

4.2. Base of the induction: some slj-theory as preparation. In this section we
will recall (and slightly improve) some classical sl,-theory. For details see [Ma-
zorchuk 2010]. Consider the Lie algebra sl, = sl(C) with standard basis

() () =)

Let V be a finite dimensional vector space and A and B be two commuting linear
operators on V. For i € Z denote by V® a copy of V and consider the vector space
V= Dis V@ (a direct sum of copies of V indexed by i). Define the actions of
e, f and h on V as follows: for v e V@ set

vi=(P—ildy)v e VD,
(6) v:=(Q+ildy)v evi-b,
vi=(Q—P+2ildy)veVv®,

This can be depicted as follows (here right arrows represent the action of e, left
arrows represent the action of f and loops represent the action of h):

P+21dy P+1dy P P—Idy
S Tweb T Eyvo T Evo T e
Q-Tdy ) o) ) oty ) o+2ldy
0—-P—21dy 0-P Q—P+21dy

Proposition 7. (i) The formulae in (6) define on V the structure of a generalized
weight sly-module with finite dimensional generalized weight spaces.

(ii) Every cuspidal generalized weight sly-module with finite dimensional gener-
alized weight spaces is isomorphic to V for some V with P and Q as above.

(iii) The action of the Casimir element ¢ := (h 4+ 1)> +4 fe on V is given by the
linear operator (P + Q +1Idy)>.
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(iv) Let C?* denote the natural slp-module (the unique two-dimensional simple sl,-
module). Then the linear operator (¢ — (P + Q + 21dy)?)(c — (P + Q)?)
annihilates the sly-module C2Q V.

(v) Let C3 denote the unique three-dimensional simple sl,-module. Then the lin-
ear operator (c—(P+Q+31dy)?) (c—(P+ Q+Idy)?)(c— (P+Q—1dy)?)
annihilates the sly-module C3 ® V.

Proof. The fact that V is an sl,-module is checked by a direct computation. That V
is a generalized weight module follows from the fact that the action of & on V pre-
serves (by (6)) each V' and hence is locally finite. Since the category of generalized
weight modules is closed under extensions, to prove that V has finite dimensional
generalized weight spaces it is enough to consider the case when h has a unique
eigenvalue on V©, say A. However, in this case & has a unique eigenvalue on V',
namely A 4 2i, which implies that V" =V is finite dimensional. Claim (i) follows.
To prove Claim (iii) we observe that the action of ¢ on V' is given by

(Q—P+ Qi+ DIdy)>+4(Q+ (i + 1D Idy)(P —ildy) = (P + Q +1dy)>.

Claim (ii) can be found with all details in [Mazorchuk 2010, Chapter 3].

To prove claim (iv) choose a basis {vy, ..., vr} in V, which gives rise to a
basis {vgi), ey v,ii), i €7} in V. Choose the standard basis {e;, e} in C2. Since
he) = ey, hey = —ep and h acts by Q — P +2i Idy on V®_ we obtain that h acts

by Q — P + (2i + 1) Idy on the vector space W@ with basis
fer@v”, .. e1@v e @0t e @)

We have C2®@ V = D.s W@ and one easily computes that in the above basis the
actions of e and f on C>® V are given by the following picture:

P+Ild Id P 1d
( 0 P) (0 P—Id)
ST WO Wy
(Q 0 ) (Q—l—Id 0 )
Id Q+1d d Q+21d
The action of ¢ on W(© is now easily computed to be given by the linear operator
G.— ((Q—P+21d)°+4(Q+1d) P 4(Q+1d)
o 4p (Q—P+21d)*+4(Q+21d)(P—1d)+41d )

The characteristic polynomial of G is
X6(0) = (0= (P + Q +21)H) (L — (P + O)P).

Claim (iv) now follows from the Cayley—Hamilton theorem.
We have an isomorphism of sly-modules as follows: C> ® C* = C3 @ C (here
C is the trivial module), and hence claim (v) follows applying claim (iv) twice.
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Alternatively, one could do a direct calculation, similar to the proof of (iii). The
proposition follows. U

The statement of Proposition 7(ii) is a special case of a more general result
of Gabriel and Drozd describing blocks of the category of (generalized) weight
slp-modules, in particular, simple weight sl,-modules (see [Drozd 1983; Dixmier
1996, 7.8.16]). The statements of Proposition 7(iv) and (v) are sly-refinements of a
theorem of Kostant [1975, Theorem 5.1] describing possible (generalized) central
characters of the tensor product of a finite dimensional module with an infinite
dimensional module.

4.3. The case n =2. Assume now that n = 2. We have a;, az, a1 +ax ¢ Z. Let a
denote the Lie subalgebra of g generated by X (,—¢,). The algebra a is isomorphic
to slp.

Let M € CA(%a. Denote by A the weight of x% e N(a) and set V := M,. Let ¥,
and Y; be the linear operators representing the actions of the elements H,,_., and
C := (Hyy—e, +1)> +4X,,_,Xe,—, on V. The element C is a Casimir element
for a. In particular, the operators Y; and Y, commute. Our first observation is the
following:

Lemma 8. The action of C on V is invertible and hence has a square root.

Proof. From (2) we have that C acts on x? by

(a2 —ar+ D> +4(ax+ Day = (a1 +ax + 1),

Since a; + a, & Z by our assumptions, x°

eigenvalue. As the module M has a composition series with subquotients isomor-
phic to N (a), the complex number (a; +as + 1)? # 0 is the only eigenvalue of C
on V. The claim follows. O

is an eigenvector of C with a nonzero

Consider the a-module M’ := U(a)M,. Let Yz’ denote any square root of Y,
which is a polynomial in Y> (it exists by Lemma 8). So Y, commutes with Y;. Set

Y,—Y, —1Id Y;+Y —1d
=M—alldv, T23=¥
2 2
Then T and 7> are two commuting nilpotent linear operators (it is easy to check

T] . —azldv.

that O is the unique eigenvalue for both 77 and 75), hence define on V the structure
of a C[[#1, rz]-module. The aim of this section is to establish an isomorphism
FV = M, which would complete the proof of Theorem 1.

Set R := U (a)(FV),. A direct computation using (3) shows that H,,_,, and C
act on (FV); = V" as the linear operators Y| and Y, respectively. As any cuspidal
generalized weight a-module is uniquely determined by the actions of H,,_,, and C
(see [Drozd 1983; Mazorchuk 2010, 3.7] for full details), it follows that M’ = R’.
The isomorphism FV = M now follows from the next proposition:
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Proposition 9. There is at most one (up to isomorphism) g-module R € Ga such
that U(a)R;, = R'.

Proof. Let R € @a be such that U(a)R; = R’. Choose a weight basis in R such
that the action of a on R’ and the action of Xz, on R is given by (3) (in other
words these actions coincide with the corresponding actions on FV). Since X, _,,
commutes with X5, , it follows that the action of X,, _, on R is also given by (3).

It is left to show that the action of X,,_., extends uniquely from R’ to R and
then that there is a unique way to define the action of X_5,. This will be done in
the Lemmata 10 and 11 below. U

Lemma 10. There is a unique way to extend the action of X.,_¢, from R to R.

Proof. We first show that for every k € {1, 2, ...}, the action of X,, ., extends
uniquely from Xlz‘;lR’ to XIZ‘SIR’ (here nglR’ =R).
Consider the following picture:

X
o o
\_/
0
@) 1 1
P+1 P
./N./N.
~—  — N—__—
0 o+1

Here bullets are weight spaces with some fixed bases. The lower row is a part of
X /2‘;1 R’ where the a-action is already known by induction. The bases in the weight
spaces in the lower row are chosen such that the action of a in the lower row is given
by (3). The upper row is a part of X ’581 R’ where the a-action is to be determined.
Arrows pointing up indicate the action of X5,,. The bases of the weight spaces in
the upper row are chosen such that the action of X»,, is given by the operator Idy
(as in (3)). Left arrows indicate the action of X, ,_.,. The latter commutes with
the action of X»., and hence is given by the same linear operator in each column.
Right arrows indicate the action of X,,_, (which is known for Xlz‘;ll R’ and is to be
determined for X 12‘81 R’). The part to be determined is given by the dashed arrow.
Labels P and Q represent coefficients (which are linear operators on V') appearing
in the corresponding parts of formulae (3). Note that P and Q commute. The
action of X,,_,, on Xégl R’ which is to be determined is given by some unknown
linear operator X.

From H,,_;, = [X¢,—¢,, X¢,—¢,] We see that the action of H,_., on the middle
weight space in the lower row is given by Q — P. Using [Hg,—¢,, X2, 1 = —2X0¢,
we get that H,,_,, acts on the right dot of the upper row via Q — P — 2. Using
[Hey—e,» Xe—e, ] =—2X,_¢, we getthat H,,_,, acts on the left dot of the upper row
via Q — P —4. So the action of C on the upper row is given by (Q — P —3)>+4X Q.
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The action of C on the lower row is given by (Q — P — D2 +4P+1DQ =
(Q+ P+ 12

The elements X»,,, X2, and X, 4., form a weight basis of a simple three-
dimensional a-module C? with respect to the adjoint action of a. Hence the upper
row of our picture is a subquotient of the tensor product of the lower row and C°.
Therefore, from Proposition 7(v) we obtain that the linear operator

(C—(Q+P—-DHC—(Q+P+DHC—(Q+P+3)%

annihilates the upper row. A direct computation using (3) shows that the action
of the operators C — (Q + P — 1)? and C — (Q + P + 1)? on the part X’z‘glN(a)/
of the module N(a) is invertible. As the g-module we are working with must
have a composition series with subquotients N (a), it follows that the action of
both C—(Q+P—1?and C — (Q+ P +1)*> on X’Z‘EIR/ is invertible. Hence
C — (Q + P +3)? annihilates X §€| R’, which gives us the equation

(Q—P—324+4XQ0=(Q+P+3)%

This equation has a unique solution, namely X = Q + 3, which gives the required
extension.

Similarly one shows that for k € {—1, —2, ...}, the action of X,,_,, extends
uniquely from X’z‘:llR’ to X’Z‘E1 R’ (here again ng1 R =R). O

Lemma 11. There is a unique way to define the action of X_»;, on N.

Proof. To determine this action of X_,,, on N we consider the following extension
of the picture (7) with the same notation as in the proof of Lemma 10:

P+3 P42
~— =2
\ 0 O+l \

1| 1w vl 1w
/ RN/ 0 /
VPl N — N
.\_/ \_/7.
\ 0 VOl

1| 1x iy
/ R/
V__p-i VY
.\_/.

0

Here all right arrows, representing the action of X,,_,,, are now determined by
Lemma 10 and we have to figure out the down arrows, representing the action of
X _2¢,. The two dotted arrows will be used later on in the proof.

Consider the sl;-subalgebra ¢ of g generated by e := X»,, and f := X_5,,. Set
h:=[e, f]. Denote by Z the action of /4 in the leftmost weight space of the middle



194 VOLODYMYR MAZORCHUK AND CATHARINA STROPPEL

row. Then Z =x —u. The element & commutes with both / and H,,_,,. Therefore,
by (3), the operator Z commutes with both 77 and 75 and hence with both P and Q.

The algebra ¢ has the quadratic Casimir element C., whose action on the c-
module given by the leftmost column of our picture is given by x + f(Z), where f
is some polynomial of degree two. From (3) it follows that the unique eigenvalue
of this action is nonzero, in particular, x + f(Z) is invertible. Let x’ be a fixed
square root x + f(Z), which is a polynomial in x + f(Z).

The elements X,,_,, and X,,4,, form a basis of a simple two-dimensional c-
module with respect to the adjoint action. Using Proposition 7(iv) and arguments
similar to those used in the proof of Lemma 10, we get that C. — (x’ + 1)? or
C. — (x' — 1)? annihilates the middle column (the sign depends on the original
choice of x’). The middle column equals X,,_., applied to the leftmost column.

Similarly, the elements X,,_., and X_,,_., form a basis of a simple two-dimen-
sional ¢-module with respect to the adjoint action. Applying the same arguments
as in the previous paragraph we get that C. — (x’)? annihilates any vector of the
form X, _s, X¢,—¢, v, where v is from the leftmost column. This implies that the
actions of C. and X, _¢, X¢,—, and thus the actions of C. and C on the leftmost
column commute. As the action of H commutes with the action of C, we thus
obtain that x commutes with the action of C. This implies that x commutes with
T1+T,. As it obviously commutes with 77 — T,, we get that x commutes with both
T; and T, and hence with both P and Q.

Similarly one shows that y, u, v and w commute with both P and Q. From the
commutativity of X,, ., and X_,,, we get the conditions

yP+1)=P-Dx, V(P+3)=(P+Du, w(P+2)(P+3)=P(P+u.

Here everything commutes by the above and P+ 1, P +2 and P + 3 are invertible
(as X¢,—¢, acts bijectively). Therefore

y=(P=1)(P+D) " 'x, v=(P+D)(P+3)"'u, w=P(P+1)(P+3)"(P+2) 'u.

This implies that y, v and w are uniquely determined by x and u.

Since the actions of both X,,_,, and X,,, are completely determined, we can
compute the action of X»., and see that it is given (similarly to the action of X2, )
by Idy (this is depicted by the dotted arrows in the picture). As X_,,, and X,
commute, we obtain that w = x, that is,

®) x=P(P+1)(P+3)""(P+2) u

Therefore the only parameter left for now is u.

On the one hand, the action of the element /& on the middle dot of the second
row is given by y —v = (P — 1)(P 4+ 1)"!'x — (P + 1)(P 4+ 3)"'u. On the other
hand, from [h, X,,—, ] =4X,,—¢, we have that this action equals Z+4 =x —u-+4.
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This gives us the equation
©) (P-D(P+D"x=(P+DP+3) u=x—u+4.

Using (9) and (8) we get the equation

P(P-1) M+P+1u: P(P+1)
(P+2)(P+3) P+3 (P+2)(P+3)

This is a linear equation with nonzero coefficients and thus it has a unique solution,
namely u = (P 4 3)(P +2). Hence u is uniquely defined. The claim of the lemma
follows. (]

u—u-+4.

5. Consequences

Corollary 12. Let a € C" be such that a; ¢ Z and a; +a; ¢ Z for all i and j. Let
Me%and e supp(M). Denote by Uy the centralizer of by in U (g). Then for any
A, B € Uy the actions of A and B on M, commute.

Proof. By Proposition 4, we may assume that M = FV. For the module FV the
claim follows from the formulae in (3). U

Corollary 13. For any simple weight cuspidal g-module L with finite dimensional
weight spaces we have dim Ext;(L, L)=n.

Proof. This follows from Theorem 1 and the observation that a similar equality is
true for the unique simple C[[#1, 2, . . ., t,]l-module. O

We also recover the main result of [Britten et al. 2004]:
Corollary 14. The category of all weight cuspidal g-modules is semisimple.

Proof. By [Britten et al. 2004, Lemma 2], all blocks of the category of weight
cuspidal g-modules are equivalent. Hence it is enough to prove the claim for the
block containing N (a) for some a € C" such that a; +a; ¢ Z forall i, j. From (3) it
follows that the module FV is weight if and only if all operators 7; are semisimple,
hence zero. Therefore from Theorem 1 we get that the block of the category of
weight cuspidal modules is equivalent to the category of finite dimensional modules
over Cllt1, 1, ..., t,1/(t1 — 0,6, —0, ..., t, —0) = C. The claim follows. O
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A CONSTANT MEAN CURVATURE ANNULUS
TANGENT TO TWO IDENTICAL SPHERES IS DELAUNEY

SUNG-HO PARK

We show that a compact embedded annulus of constant mean curvature in
R tangent to two spheres of the same radius along its boundary curves and
having nonvanishing Gaussian curvature is part of a Delaunay surface. In
particular, if the annulus is minimal, it is part of a catenoid. We also show
that a compact embedded annulus of constant mean curvature with negative
meeting a sphere tangentially and a plane at a constant contact angle > /2
(in the case of positive Gaussian curvature) or < 7 /2 (in the negative case)
is part of a Delaunay surface. Thus, if the contact angle is > 7 /2 and the
annulus is minimal, it is part of a catenoid.

Delaunay surfaces are rotational surfaces (surfaces of revolution) of constant
mean curvature in R?. Besides cylinders and spheres, they are divided into undu-
loids, nodoids, and (allowing the case of zero mean curvature in the definition,
for convenience) the catenoid, recognized long ago [Bonnet 1860] as the only
nonplanar minimal surface of rotation in R3.

Thus a Delaunay surface meets every plane perpendicular to the axis of rota-
tion under a constant angle. Conversely, if a compact surface of constant mean
curvature meets two parallel planes in constant contact angles, it is part of a De-
launay surface. This can be proved by using Alexandrov’s moving plane argument
[Alexandrov 1962; Hopf 1989] with planes perpendicular to the parallel planes.

A compact immersed minimal annulus meeting two parallel planes in constant
contact angles is also part of a catenoid. This result is not true when the con-
stant mean curvature is nonzero: Wente [1995] constructed examples of immersed
constant mean curvature annuli in a slab or in a ball meeting the boundary planes
or the boundary sphere perpendicularly. Compared to the above first case, we
may ask whether a compact minimal annulus or a compact embedded constant
mean curvature annulus meeting two spheres in constant contact angles is part of
a catenoid or of a plane. In [Park and Pyo > 2011], it is shown that if a compact
embedded minimal annulus meets two concentric spheres perpendicularly then the
minimal annulus is part of a plane.

Supported by the Hankuk University of Foreign Studies Research Fund of 2011.
MSC2000: 53A10.
Keywords: minimal annulus, contact angle, sphere, parallel surface.
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In this paper, we show that a compact embedded constant mean curvature annu-
lus 4 in R? meeting two spheres S; and S, of the same radius p tangentially and
having nonvanishing Gaussian curvature K is part of a Delaunay surface. More
precisely, depending on the values of K and the mean curvature H we have three
cases: (i) K <0 and H > —1/p, in which case o is part of a unduloid if H < 0,
part of a catenoid if H = 0 and part of a nodoid if H > 0, (ii)) K > 0 and
—1/p < H < —1/2p, in which case o is part of a unduloid, and (iii) K > 0
and H < —1/p, in which case & is part of a nodoid. In the first two cases, A
stays outside of the balls By and B, bounded by S; and S,. If (iii) holds, then
A C B N By.

We also show that a compact embedded constant mean curvature annulus %A
in R® with negative (respectively, positive) Gaussian curvature meeting a unit
sphere tangentially and a plane in constant contact angle > /2 (respectively,
< m/2) is part of a Delaunay surface. In particular, a compact embedded mini-
mal annulus in R? meeting a sphere tangentially and a plane in constant contact
angle > /2 is part of a catenoid.

To prove Theorems 3.1 and 3.2, we use the —p-parallel surface A of (respec-
tively, % of B), that is, the parallel surface of # (respectively, of %) with distance
p in the direction to the centers of the spheres. We use Alexandrov’s moving plane
argument [Alexandrov 1962; Hopf 1989] to prove that d and % are rotational.
Since si and % are the parallel surfaces of «{ and % respectively, &{ and % are also
rotational and, hence, are part of a Delaunay surface or part of a catenoid.

1. Constant mean curvature annulus meeting spheres tangentially

In the following, we may assume that the spheres have radius 1. Let s{ be a compact
embedded annulus with constant mean curvature H meeting two unit spheres S
and S, tangentially along the boundary curves y; and y,. We fix the unit normal N
of o in such a way that N points away from the center of S; along each y;. Let
Y : A(1, R) = R? be a conformal parametrization of s from an annulus A(1, R) =
{(x,y) e R?: 1 < /x24+y2 < R}. We define X by X = Y oexp on the strip
B ={(u,v) € R :0 < u < logR}. Then X is periodic with period 2. Let
z=u+ivand A% := | X,|> = | X,|> with A > 0.

Let h;j, i, j =1, 2, be the coefficients of the second fundamental form of X with
respect to N. Note that the Hopf differential ¢ (z) dz> = (h1y — hoo — 2ih12) dz?
is holomorphic for constant mean curvature surfaces [Hopf 1989]. The theorem
of Joachimsthal [do Carmo 1976] says that y; and y, are curvature lines of .
Hence 71 =0 on u =0 and u = log R. Since /1, is harmonic and periodic, we
have k15 = 0 on B. This implies that z is a conformal curvature coordinate and
hi1 — hoy is constant [McCuan 1997]. Let ¢ = hy; — hoy. If o is minimal, then we
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have K <0 and ¢ =2h;; > 0 by the choice of N. When H = —1, « is part of the
unit sphere S; = S, by the boundary comparison principle for the mean curvature
operator [Gilbarg and Trudinger 2001]. We assume that H # —1 in the following.
The principal curvatures of & are
c c

(1) K1:H+m and KZZH_ﬁ-

We use for y; and y; the parametrizations y;(v) = X (0, v) and y»(v) = X (log R, v),
for v e|0, 27). In the following, we assume that s¢ has nonzero Gaussian curvature.

Lemma 1.1. Each y;(v), i = 1, 2, has constant speed /c/2(1 + H) and k; is —1
on yy and y,. As spherical curves, y| and y» are convex. On A \ 04, we have
A2 <c¢/2(1+ H) when K <0 and A\*> > ¢/2(1 + H) when K > 0.

Proof. The curvature vector of y;(v) is

R 1 d Xy 1 Xy
(2) K= = Ilezxvv - IXU|4 (Xy - Xoo)

X, dv \ |X,]
1 Ay

Let the center of S; be the origin of R?. Since s is tangential to S; along y, we have
N0, v) = X(0,v) = y1(v) on y. Since y; is on the unit sphere S;, the curvature
vector k¥ of y; satisfies (k - ¥1)(v) = —1. Hence we have k» = h7,/A> = —1 on y.
Since A% = |y1,|? on y1, we have |y;,| = +/c/2(1 + H) from (1). By choosing the
center of S, as the origin of R, we get the results for ;.

The Gaussian curvature K satisfies

Alogh = —K2?2,
where A = 32/9u® + 9%/dv>. We can rewrite this equation as
(3) AAL = |VA|]> = K24

Since A,(0,v) = 0 and A,(logR,v) = 0 and K # 0, A does not have interior
maximum when K < 0, and does not have interior minimum when K > 0. Since
A2 =c¢/2(1+ H) on y; and y», it follows that A> < ¢/2(1 + H) on sl \ ds¢ when
K <0and A? > c¢/2(1 + H) when K > 0. Moreover we have A, <0 on u =0 and
Ay >0onu=1ogR when K <Oand A, >0onu=0and A, <0onu=1ogR
when K > 0. Since X, /|X,| € TS; is perpendicular to y;, the geodesic curvature
of y; as a spherical curve is ¥ - (X, /| X,|) = —Au/kz. Hence y; and y, are convex
as spherical curves. ([

Remark 1.2. If A> = ¢/2(1 + H) on s, then K = 0 and o is part of a cylinder.
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2. The —1-parallel surface
The —1-parallel surface s of s is defined by
X=X-N.

The image of y; (respectively, of y») in disa point corresponding to the center
of 1 (respectively, of S,). We denote the centers of S| and S> by O and O, for
simplicity. We fix the unit normal N of si to be N. Since z = u +iv is a curvature
coordinate of X, we have

4) &:(Lﬂﬂ>x and X:(Lﬂ@>x.
)\‘2 u v )\‘2 v

Since k» = —1 on y; by Lemma 1.1, X is singular for u = 0 and u = log R. By

Lemma 1.1, we have A% # ¢/2(1 + H) on s \ 34, which implies that 1 4 k5 # 0

on o\ dd. When K < 0, we have x; > 0 on & \ 4. Hence X is regular for

0 <u <log R and we have H > —1.

Now suppose that K > 0. Since k; = —1 on y; by Lemma 1.1, we have x| <0
and H < —1/2. We consider two cases separately: H < —1and —1 < H < —1/2.
If H < —1, then ¢ < 0 from A% = ¢/2(1 + H) > 0 on y;. Hence we have x| < —1,
which implies that X is regular for 0 < u <log R. If —1 < H < —1/2, then we must
have ¢ > 0. This implies that 14« # 0. Otherwise we have 0 < 2A%>(1+H) = —c,
which contradicts ¢ > 0. Hence X is regular for 0 < u < log R.

Remark 2.1. When K <0Oor K >0and —1 < H < —1/2, o stays outside of the
balls By and B; bounded by S; and $>. If K > 0 and H < —1, then &{ C B; N B;.

Lemma 2.2. The mean curvature H and the Gaussian curvature K of si satisfies

(1+H)K=(+4+2H)H — H. On A\ {0, O,}, we have the following:

() If K <Oand H > —1, then k1 > 0,%, > 1 and H > 1.

(i) IfK >0and —1 < H < —1/2,then 0 <c/2)*(1+H) <min{l, —H /(1+ H)},
K1 <0,k <H/(1+H)and H < H/(1+ H).

(iii) If K >0and H < —1,then 0 < c/22*(1+ H) < 1, k1 > (1+2H)/2(1+ H),
Kn>H/(1+H)and H > H/(1+ H).

Proof. Since

. - hy
m2=N-xw=<1+;§>mﬁXw)=Q

(u, v) is a curvature coordinate (not conformal) for A except for O and O,. We
have

- - hi ~ - hao
hin=N- Xy = 1+F hit, hp=N-X,,= 1+F has.



A CMC ANNULUS TANGENT TO SPHERES IS DELAUNEY 201

The principal curvatures of o are

ki H/(A+H)+(c/222(1+ H))

K1 = = ,
YTl 1+ (c/222(1 + H))
N ky  H/(+H)—(c/22*(1+ H))
K
Tl - (c/222(1+H))
H-K
From «; + Kk, =2H, wehaveH:z— or (1+H)K_(1+2H)H H.

It is straightforward to see that

5 H/(H) = (e/222( + H))®
1= (c/220+H)*

Note that ko < 0 on o{. First suppose that K < 0. Then we have x; > 0, which
implies that k1 = k1 /(1 + 1) > 0. Since c/2X*(1+H) > 1 by Lemma 1.1, we
have & > 1 and H > 1.

When K > 0, we have k; = H+c/2A? <0. If =1 < H < —1/2, then we have ¢ >
0 because A2 =c/2(1+H) > 0 on y;. It follows that c/2A%>(14+H) < —H/(1+ H).
By Lemma 1.1, we also have c/2k2(1 4+ H) < 1. Therefore 0 < c/2k2(1 +H) <
min{l, —H/(1 4+ H)}. It is easy to see that k; < 0, kp < H/(1 + H) < 0 and
H<H/(1+H) <0.

When K > 0 and H < —1, we have ¢ < 0 and 0 < ¢/2A%(1 + H) < 1. It is
straightforward to see that k1 > (1 4+2H)/(1+ H), ko > H/(1 + H) and H >
H/(1+ H). 0

This lemma says that  is a linear Weingarten surface with two singular points O
and O, and is positively curved outside O and O,.

Lemma 2.3. sl is embedded.

Proof. Let v(v) = (X,/|Xu4])(0,v). Note that v is a closed curve in the unit
sphere S;. We claim that v is convex as a spherical curve. Otherwise, there is a
great circle n intersecting the image of v at no less than 3 points v(vy), ..., v(v,).
(It is possible that v maps an interval (v,, vp) C [0, 27) into a single point. We
choose the v;’s in such a way that v maps no two v;’s to the same point.) Each v(v;)
determines a great circle Sll)l, C S contained in the plane perpendicular to v(v;).
At each y;(v;), y is tangent to S})i. Since n and Sll)i are perpendicular, y; can-
not be convex when n > 3. Hence v intersect every geodesic of S; at no more
than two points. This shows that v is convex as a spherical curve. Similarly,
(X./1Xu)(og R, v) is also convex as a spherical curve.

Since s is a parallel surface of s, the tangent cone Tan(O, ) of o at O is
the cone formed by rays from O through v. Since v is a convex spherical curve,
Tan(O, &@) is convex. This shows that a small neighborhood of O in d is embedded
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and nonnegatively curved as a metric space [Alexandrov 1948]. Similarly, there
is a neighborhood of O; in s which is embedded and nonnegatively curved as a
metric space.

Hadamard showed that a closed surface S in R? with strictly positive Gauss-
ian curvature is the boundary of a convex body [Hopf 1989]. In particular, § is
embedded. Alexandrov [1948] generalized Hadamard’s theorem to nonnegatively
curved metric spaces. Since s is a nonnegatively curved closed metric space, s{ is
embedded. ]

Remark 2.4. We have v, = (1,/A*)X,. At points where A, # 0, the curvature

vector of v is
. 1 Au
ey = | =5 Xu +hnN ).

The geodesic curvature of v as a spherical curve k, - N = hy /A,.

3. Main results

We use Alexandrov’s moving plane argument [Alexandrov 1962; Hopf 1989] to
prove the theorems.

Theorem 3.1. A compact embedded constant mean curvature annulus 4 with non-
vanishing Gaussian curvature meeting two spheres S| and Sy of the same radius
tangentially is part of a Delaunay surface. In particular, if S is minimal, then A
is part of a catenoid.

Proof. We suppose that the radius of S; and Sy is 1. By Lemma 2.2 and Lemma 2.3,
disa compact embedded surface with two singular points O and O, and satisfying
(1+ H)K = (1+2H)H — H at regular points. A small neighborhood of a regular
point of d can be represented as the graph of a function f(x, y) satisfying

(5) 200+ H)(fex fyy — [3) +2HU + 7+ f])?
=L+ 2H) (A + £ fex = 2fc fy foy + A+ D fr) A+ £2+ DV,

This equation can be rewritten as
©6) det(2(1+ H)D* f + A(Df)) = W,

where

2
A(Df)=—(1+2H) <(I;£X&W (ﬁj%lw) and W= /1+f2+ f2.
* y

Equation (6) is elliptic with respect to f if 2(1 + H)D?f + A(Df) is positive
definite. Since det(2(1+ H)D? f + A(Df)) = W* > 0, this happens if

(1) Tr2(1+ H)D*f + A(Df)) =2(1 + H)Af — (1 +2H) 2+ fF + fHW



A CMC ANNULUS TANGENT TO SPHERES IS DELAUNEY 203

is strictly positive.
First we consider the case K < 0. Since H > 1 by Lemma 2.2, we have

(3) AF+ f7 o = 2fc o fay + Ffyy > 2W2,

for f representmg . We may assume that f is defined on B(0, €) C T, A so that
V)= 0 and D? f is diagonal. For sufficiently small € = €(p), (8) 1mphes that
(7) is strictly positive. Hence (6) is elliptic with respect to f representing .
When —1 < H < —1/2, (7) is automatically satisfied.
Now we consider the case K > 0 and H < —1. Since H > H/(1+ H) by
Lemma 2.2, we have
2H 2H s

©) Af+ i fe=2fh b+ £ fo > {og

Assuming that f is defined on B(0, €) C Tp&i with V f(0) = 0 and D> f is diagonal,
(9) implies that
142H
A =304
is strictly positive for sufficiently small €. So det(—2(1 +H)D?*f — A(Df )) =w*
is elliptic for f representing A. The ellipticity of (6) for f representing A en-
ables us to use the maximum principle and the boundary point lemma [Gilbarg
and Trudinger 2001].

Since o is convex and embedded, we can use Alexandrov’s moving plane ar-
gument [Alexandrov 1962; Hopf 1989] to show that s is rotational as follows.
Let Ty be the plane containing the line segment 00> C R? and making angle @
with a fixed vector E which is perpendicular to 00,. Fix a positive constant L
such that each plane HHL that is parallel to I1y with distance L from [Ty does not
meet s for all 6. Let 1'119 be the plane between Hg and [Ty with distance / from ITj.
When T1} intersects s, we reflect the TT} side part of sd about IT,. Denote this
reflected surface by sﬂref As we decrease [ from L, there might be a first ly > O for
which &ﬁfe o 18 tangent to o at an interior point or at a boundary point of 8&&1}5%.
We call this point the first touch point. If there is no nonnegative / with the first
touch point, we repeat the process for 1'[5 4 to find [y, which must be positive.
At the first touch point, we apply the comparison principles for (5) to see that the
part of o in the [Ty side and 5&}"' p are identical and, hence, [y = 0. This implies
that Iy is a symmetry plane for 4. Since 6 can be chosen arbitrarily, s should
be rotational and, hence, o is also rotational. Since the Delaunay surfaces and the
catenoid are the only nonplanar rotational minimal and constant mean curvature
surfaces, o is part of a Delaunay surface or part of a catenoid. ([l

Q+ [+ fDHW

We used the embeddedness of s to prove that d is embedded. Whether there
is a nonembedded minimal or constant mean curvature annulus meeting two unit



204 SUNG-HO PARK

spheres tangentially is an interesting question. Moreover we raise the following
questions.

(1) Is a compact immersed minimal annulus or a compact embedded minimal
or constant mean curvature surface meeting a sphere perpendicularly or in
constant contact angles part of a catenoid or part of a Delaunay surface?
Nitsche showed that an immersed disk type minimal or constant mean cur-
vature surface meeting a sphere in constant contact angle is either a flat disk
or a spherical cap [Nitsche 1985].

(2) Is a compact immersed minimal annulus or a compact embedded minimal
or constant mean curvature surface meeting two spheres in constant contact
angles part of a catenoid or a plane or part of a Delaunay surface?

(3) Is a compact immersed minimal or constant mean curvature annulus or a com-
pact embedded minimal or constant mean curvature surface meeting a sphere
and a plane in constant contact angles part of a catenoid or part of a Delaunay
surface? We give an affirmative answer to this problem in a special case in
the following.

Theorem 3.2. A compact embedded constant mean curvature annulus B with neg-
ative (respectively, positive) Gaussian curvature meeting a sphere tangentially and
a plane in constant contact angle > 1w /2 (respectively, < /2) is part of a Delaunay
surface. In particular, if B is minimal and the constant contact angle is > 7 /2 then
B is part of a catenoid.

The angle is measured between the outward conormal of % and the outward
conormal of the bounded domain in IT bounded by the boundary curve. Since the
proof of this theorem is similar to that of Theorem 3.1, we omit some previously
proved details.

Proof. Denote the sphere by S, and the plane by I1. We may assume that the radius
of §; is 1. Let o be the constant contact angle between % and I1. If « = /2, then
we can reflect B about I1 to get a constant mean curvature annulus meeting two
unit spheres tangentially. Hence & is part of a catenoid or a Delaunay surface by
Theorem 3.1.

In the following, we assume that o = /2. As in the case for o in Section 1, there
is a conformal parametrization X of % from a strip {(#, v) € R?: 0 < u < log R}
for which z =u +iv is a curvature coordinate. We fix the normal N of % to point
away from the center of S. Let ¢;(v) = X (0, v) be on IT and ¢ (v) = X (log R, v)
be on §; with 0X3/0u > 0 along c¢;. As in Lemma 1.1, ¢, has constant speed
/¢/2(1+ H) and k» = —1 along ¢;. Since K #0 on % and z =u+iv is a curvature
coordinate, we have k, < 0 on ¢y. The curvature of c| is |K| = —k»/sina > 0,
which shows that ¢ is locally convex. Since c; is a Jordan curve, it is convex.
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First, we assume that K <0 and o > /2. Since (¢ /|c|)- (X,/ Xu|) =cosa <0
on cy, it follows from (2) that ., >0 on ¢;. Since A, (log R, v) =0 (see Lemma 1.1),
it follows from (3) that A,, > 0 on ¢;. Otherwise, A will have an interior maximum,
which contradicts (3). Hence we have A2 < ¢/2(1 + H) on B \ c;. Note that
k1 > 0 and kp < 0 in 9. From A, < 0 on ¢, we see that ¢, is convex as a
spherical curve (see Lemma 1.1). Arguing as in the proof of Lemma 2.3, we see
that (X, /|X,1)(log R, v) is also convex as a spherical curve.

When K > 0 and o < 7/2, we have (k/|k|) - (X,/|Xy,|) = cosa > 0 on cy.
Hence A, < 0 on c;. Since A,(log R, v) = 0, it follows from (3) that A does not
have interior minimum. Then we have A, <0 on ¢, and 12 > c/2(14+ H) on B\ cy.
Note that k1 < 0 and «» < 0 in %B. From A, < 0 on c3, it follows that ¢, is convex
as a spherical curve. Moreover (X, /| X,|)(log R, v) is convex as a spherical curve
(see Lemma 2.3).

Let % be the —I-parallel surface of &B. As in Section 2, we can show that P is
regular except for O,: the image of ¢, and H > —1 when K <0 and H < —1/2
when K > 0. As in Lemma 2.2, we see that mean curvature H and the Gaussian
curvature K of % satisfies 1+ H)I% =(1 +2H)I:I — H and (1) if K < 0 and
H > —1, then k4 >0,E2>1andfl> 1, i)if K >0and —1 < H < —1/2,
then 0 < ¢/22>(1 + H) < min{l, —H/(1 + H)}, &1 <0, &» < H/(1 + H) and
H < H/(1+ H), and (iii) if K > 0 and H < —1, then 0 < ¢/2A*>(1 + H) < 1,
&> +2H)/20+H),# > H/(1+H)and H> H/(1+ H).

The convexity of (X, /|X,|)(log R, v) as a spherical curve implies that there
is a neighborhood of O3 in 9% which is embedded and nonnegatively curved as a
metric space. Let I be the plane parallel to IT and containing ¢;. The curvature
of ¢ is |k2|/sinw, which does not vanish. Hence ¢; is locally convex. Using
the orthogonal projection onto m, & may be considered as a (sin «)-parallel curve
of ¢ In I1. Hence ¢y is also a convex Jordan curve.

Suppose that K < 0 and > 7/2. Since k; > 0, X,, is a positive multiple of X,
by (4). The positivity of k] and i, implies that 9 meets I1 in constant angle m —o.
Suppose that K > 0 and o < /2. If —1 < H < —1/2, then we have ¢ > 0 and
k1 > —1. Hence X, is a positive multiple of X, by (4). The negativity of #; and @,
implies that % meets T1 in constant angle «. When K > 0 and H < —1, we have
¢ <0and k; < —1. Hence f(u is negative multiple of X,, by (4). In this case, B
lies below 1 and & and &, are both positive. It is straightforward to see that P
meets I1 in constant angle «.

Let % be the smgular surface obtained from % by attaching the disk in i
bounded by ¢; to %. Since % meets 1 in acute angle, Bisa nonnegatively curved
metric space. By Alexandrov’s generalization [1948] of Hadamard’s theorem, B is
the boundary of a convex body. Therefore 9 is embedded. Note again that H, K,
K1 and «; satisfy the statements of Lemma 2.2. Hence (5) is elliptic for functions
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representing P locally. We can apply Alexandrov’s moving plane argument to P
using planes perpendicular to IT as in the proof of Theorem 3.1 to see that B is
rotational. Hence % is rotational and, as a result, is part of a Delaunay surface or
part of a catenoid. U
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A NOTE ON THE TOPOLOGY OF THE COMPLEMENTS
OF FIBER-TYPE LINE ARRANGEMENTS IN CP?

SHENG-LI TAN, STEPHEN S.-T. YAU AND FEI YE

We prove that BDiff+(Sz, {x15...,Xn41}) isa K(;, 1) space, where 7 is the
mapping class group of an (n+1)-punctured sphere. As a consequence we
derive that the center-projecting braid monodromy of a fiber-type projec-
tive line arrangement determines the diffeomorphic type of its complement.

1. Introduction

A complex arrangement of hyperplanes s is a finite collection of C-linear sub-
spaces of dimension n — 1 in C". Denote by M () = C" — (J{H : H € s} the
complement of &{. The theory of arrangements of hyperplanes is not only closely
related to singularity theory, algebraic geometry and hypergeometric function the-
ory, but also has its own interesting questions. For example, one of the central
problems is to find the relationship between the topological structure and combi-
natorial structure of an arrangement. In other words, one wants to understand the
topological properties of M (1) and how to classify the arrangements according
to their combinatorics. To study such problems, mathematicians have developed
many techniques, for example, the lattice-isotopy theorem and braid monodromy
method which will be used in this paper. The lattice-isotopy theorem was used
in [Jiang and Yau 1994; Wang and Yau 2005; 2007; 2008; Yau and Ye 2009] to
derive the structures of so-called nice arrangements and prove that their differential
structures are determined by their combinatorics. Braid monodromy method has
been widely used to study the topology of complements of plane algebraic curves
and line arrangements; see, for example, [Moishezon 1981; Cohen and Suciu 1997;
Dung 1999; Kulikov and Taikher 2000; Cohen 2001; Artal Bartolo et al. 2003;
2007]. However, there are still many kinds of arrangements for which we are
far from understanding the relationship between the topology and combinatorics.
This is true even in the case of a fiber-type projective line arrangement, that is,
the projectivization of a fiber-type hyperplane arrangement in C>. Cohen [2001]
studied the structure and properties of the fundamental group of the complement of

MSC2000: primary 14N20, 52C35; secondary 57R22, 37E30.
Keywords: fiber-type line arrangement, braid monodromy, differentiable fiber bundle.
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a fiber-type arrangement. He showed that the Whitehead group of the fundamental
group of the complement of a fiber-type arrangement is trivial, which was con-
jectured by Aravinda, Farrell and Roushon [2000]. He also proved the conjecture
by Xicoténcatl [1997] on the structure of the Lie algebra associated to the lower
central series of the fundamental group. Besides that, we still don’t know whether
the combinatorics of a line arrangement determines the topology of its complement.

It is well known that fiber-type projective line arrangements are the same as
supersolvable projective line arrangements (see, for example, [Orlik and Terao
1992]). Moreover, Jiang et al. [2001] studied the geometric characterization of
supersolvable line arrangements in CP?2. They showed that any fiber-type line
arrangement in CP? has a center through which every multiple point of the ar-
rangement has a line in the arrangement passing. The complement of a fiber-type
projective line arrangement is a locally trivial fiber bundle with punctured sphere
as base and fibers. It is a natural question how to classify the complements of
fiber-type line arrangements in CP? by center-projecting braid monodromies (see
Definition/Construction 4.1). One of the applications of such braid monodromies is
that the fundamental group of a fiber-type projective line arrangement is isomorphic
to the semidirect product of free groups F,, x4 F,, where ¢ is the center-projecting
braid monodromy [Cohen 2001]. The purpose of this paper is to use this center-
projecting braid monodromy to study the topology of the complement.

It is well known that the braid monodromy determines the homotopy type of
the complement of an algebraic curve [Libgober 1986]. In this paper, we prove
that for a fiber-type projective line arrangement its center-projecting braid mon-
odromy determines even the diffeomorphic type of its complement, consequently,
determines the homotopy type.

Main Theorem. Let sy and S, be two fiber-type projective line arrangements. If
they have the same center-projecting braid monodromies, then their complements
are diffeomorphic.

The key ingredient of the proof is Proposition 3.1. It shows that the classifying
space of the structure group of the complement, the orientation-preserving diffeo-
morphism group Diff+(Sz, {x1,x2,...,xX441}) of S2 fixing the set {x1, x2, ..., Xy+1},
is a K(m, 1) space, where 7 is the mapping class group of a punctured sphere.
Morita [1987] explained that BDiffy(X,), where Diffy(X,) is the subgroup of dif-
feomorphisms of a Riemann surface X, which can be deformed to the identity, is
contractible for g > 2, using a result of Earle and Eells [1967]. However, in our
case, Earle and Eells’ result is not applicable.

2. The complements of fiber-type line arrangements in CP>

We begin by recalling some definitions which one can find in [Orlik 1992].
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Definition 2.1. A hyperplane arrangement s is called strictly linear fibered if,
after a suitable linear change of coordinates, the restriction of the projection of
M () to the first (n — 1) coordinates is a fiber bundle projection with base the
complement M (%) of an arrangement % in C”~D, and fiber the complement C,
of finitely many points in C3.

Definition 2.2. A 1-arrangement s{; of finitely points in C is fiber-type. An n-
arrangement is fiber-type if it is strictly linear fibered over a fiber-type (n—1)-
arrangement. A fiber-type projective line arrangement s{* in CIP? is the projec-
tivization of a fiber-type 3-arrangement {3 in C.

Definition 2.3. Let s¢* be an arrangement in C?? and ¢ be a point in the lattice
L(s4*). The point c is called a center of «¢* if for any multiple point p of s{* there
is a line / in s{* connecting ¢ and p.

Let A* be a fiber-type projective line arrangement with complement M (s4*).
We now recall some geometric characterizations of fiber-type line arrangements.
Theorem 2.4 [Terao 1986]. An arrangement A is fiber-type if and only if L(A) is
supersolvable.

Theorem 2.5 [Jiang et al. 2001]. Let A be a 3-arrangement. The lattice L(A) is a
supersolvable if and only if the projectivization {4* has a center.

Using the above two theorems, the structure of the complements of fiber-type

projective line arrangements can be characterized as follows.
Remark 2.6 [Jiang et al. 2001]. Let ¢ be the center of s{*. After a suitable linear
transformation, we may assume that ¢ = (0: 1: 0) and that one of the lines passing
through c is the line at infinity, z = 0. We can view M (s4*) as a subset of C2.
Assume that the lines passing ¢ are defined by the equations

z=0, x=kiz, ..., x=kyz

and the rest of the lines in A* are

y=aix+biz, ..., y=apx—+b,z.
Therefore, M (A*) is a fiber bundle over base X = CP! — {k1, ..., ky, o0} and
with fibers F, = CP' — {ai;x + by, ...,a,x + b,, 00}, x € X, under the first

coordinate projection C> — C. Moreover, this fiber bundle admits a structure
group Diffy (S2, {x1, ..., Xp, Xng1}).

Definition 2.7. Let s{* be a fiber-type projective line arrangement in CP?. Let
¢ =(0:1:0) be the center of s¢*. Denote by St(c) the set of lines in s{* passing
through c¢. Define the subarrangement associated to s4* as B = s4* — St(c).

Note that % can be viewed as an affine arrangement in C? = CP? — L. We
will construct the braid monodromy of % related to s{* in Section 4.
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3. Classification of the complements of fiber-type line arrangements in CP>
as fiber bundles

For any differentiable fiber bundle with fiber F, let the group Diff, (F) be its
structure group, the group generated by all orientation preserving diffeomorphisms
of F equipped with topology. It is well-known that Diff (F) is also a manifold.
Two differentiable fiber bundles p; : Ey — B and p» : E; — B are isomorphic
if there exists an diffeomorphism % : £y — E; such that the following diagram
commutes:

The following natural bijection is a well-known fact:
{isomorphism class of differentiable fiber bundles over X} = [X, BDiff, (F)],

where [ X, BDiff (F)] is the set of homotopy classes of differentiable maps from X
to the classifying space BDiff, (F).

Note that the homotopy classes of continuous maps and that of differential maps
are canonically the same (see Corollary 3.8.18 in [Conlon 2001]). So the classifi-
cation of differentiable fiber bundles over X with structure group Diff, (F) lies in
the set of homotopy classes of continuous maps X — BDiff, (F).

It is well known from obstruction theory (see for example Theorem 11 on page
428 in [Spanier 1981]) that if BDiff, (F) is a K (i, 1) space, then

[X, BDiff, (F)] = homeoj (1 (X), 7y (BDiff  (F))

where homc,,; means the conjugacy classes of homomorphisms. Two homomor-
phisms f and g are in the same conjugacy class if and only if there is an inner
automorphism a of the target group such that f =aogoa™". In the following, we
will show that the classifying space of BDiff+(S2, {x1,....xp41}) is a K(m, 1)
space and the fundamental group is nothing but the mapping class group of an

(n+1)-punctured sphere, which is the group g (Diff+(Sz, {x1,..., x441})) of path
components of Diff+(S2, {x1, ..., x441}); see, for example, Chapter 4 in [Birman
1974].

Proposition 3.1. BDiff+(Sz, {x1, ..., xp41}) isa K(m, 1) space. Moreover,
71 (BDIff 4 (8%, {x1, ..., ¥a11})) = 7wo(Diffy (%, {x1, ..., X¥a11}))

is the mapping class group of an (n+1)-punctured sphere.
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Proof. Let Diff (S%, x1, ..., x,41) be the subgroup of Diff, (52, {x1, ..., Xu11})
consisting of diffeomorphisms fixing the base points x;, i = 1,...,n + 1. Then
Diff, (52, x1, ..., X,41) is a normal subgroup in

Diff (82, {x1, ..., Xn41))

with the symmetric group G, as its quotient. On the classifying space level, it
follows the fibration

BDIff, (8%, x1, ..., xns1) — BDIff (82, {x1, ..., Xp11}) = BG,i1;

see [Piccinini and Spreafico 1998, Theorem 6.1]. Since &, is a discrete group,
7;(S,41) =0 for i > 1. Then
i (BGn11) =mi-1(6py1) =0

for i > 2, which implies that B&,11 is a K(&,41, 1)-space. The advantage of
working with Diff+(Sz, X1, X2, ..., Xp4+1) is that we can take x, | to be the point
at oo and identify

Diff (52, x1, ..., Xpp1) = Diff (82 — {00}, X1, ..., X»)

with the group Diff, (R?, x1, ..., x,,) of diffeomorphisms of R? that keep the n
points xi, ..., x, fixed. The later is a better known group. Following from the
well-known criterion for classifying spaces [Steenrod 1999, Theorem 19.4; Cohen
1998, Proposition 2.15], we have another fibration

Diff, (R?)/ Diff  (R2, x1, .. ., x,) — BDiffy (R, x1, ..., x,) <> BDiff, (R?),
where f is defined by forgetting the n points. Consider the configuration space
F,(R?) of n points in R?:

FuR) ={(x1,..., %) |x; eR*fori=1,2,...,nand x; #x; ifi #j}.

It is easy to see that the fiber Diff+([R{2)/Diff+(R2, X1, ..., Xy) equals F,(R?),
which can be considered as the quotient of the flowing homomorphism

Diff | (R?) — F,(R?)
hi—= (h(x1), ..., h(xy)).
It is well known that the configuration space F,(R?) is a K («r, 1)-space and its
fundamental group is a braid group. On the other hand, by Theorem 1 in [Friberg
1973], Diff, (R?) has the same homotopy type as SO(2), which is homeomor-

phic to the circle S'. So 7y (Diff { (R?)) = 7;(SO(2)) = Z and m; (Diff, (R?)) =
7;(SO(2)) =0 for i > 2. Hence to prove that

7;(BDIff (R, x1, ..., x2)) =0
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for i > 2, by using the long exact sequence of the fibration

7; (Fy(R?) — 7;(BDIff (R, x1, ..., xn)) — 7; (BDiff . (R?))
112
;-1 (Diff . (R?))
112
7;-1(SO(2)),

it is enough to prove that the boundary map 9 in the diagram

7, (BDIff L (R2) ~2» 71 (F, (R?))

| 7

1 (Diff 1 (R?))

is injective. The map m; (Diff; (R?)) LY 71(F,(R?)) can be identified with the
induced homomorphism given by

Diff (R?) — F, (R?)
h=(h(xy),...,h(x,)).
From this interpretation, it is easy to see that a generator of 7 (Diff (R?)) is
mapped to a nontrivial element in m(F,,H([RZ)). Thus 9 is injective and hence

BDiff, (S, x1, ..., X,41) is a K (i, 1)-space. So BDiff, (S, {x1,..., X,41}) is
also a K (i, 1)-space and

71 (BDIff (82, {x1, ..., Xpg1})) = mo(Diff L (8%, {x1, ..., Xns1}))
is the mapping class group of an (n+1)-punctured sphere. ([
It follows immediately that:

Theorem 3.2. Let B=S?\{ki, k2, ..., kmy1} and F = S*\{x1, x2, ..., Xus1}. The
isomorphic classes of differentiable fiber bundles over B with fiber F and structure
group G = Diff | (F) are in one-to-one correspondence with the conjugacy classes
of homomorphisms from 71 (B) to m1(BG) = M", where M" is the mapping class
group of an n-punctured sphere.

4. Application of braid monodromy

Before we prove our Main Theorem, we will give the definition of center-projecting
braid monodromy of a fiber-type projective line arrangement and some useful re-
sults [Cohen and Suciu 1997; Dung 1999; Artal Bartolo et al. 2003].
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Let fi(x) =a;x + b;, 1 <i <n, be the linear functions of the lines not passing
through the center ¢ of a fiber-type projective line arrangement. Define

f:C\{ki,....kn} = Fo(C)

to be the map f(x) = (f1(x), fo(x), ..., fu(x)).

Definition/Construction 4.1. Let s4* be a fiber-type line arrangement in CP? with
center ¢ and let 9B be the subarrangement associated to s{*. Choose the projection
from the complement M (%) in C? to C so that it coincides with the projection
from M (4*) to a Cp! through the center c¢. Let 00, ki, ko, . . ., k;; be the points in
CP! that are the projective images of the lines in s¢* passing through c. The braid
monodromy of % is the homomorphism ¢ : 7 (C\ {ki, ..., k;}) = B, induced
by the map f, where B, is the braid group of n strings (see [Birman 1974]) and
n is the number of the lines in «{* not passing through the center ¢. Such a braid
monodromy is called the center-projecting braid monodromy of the fiber-type line
arrangement s4* in CP2.

One can easily check that the braid monodromy of % coincides with the mon-
odromy of the fiber bundle M (s4*).
This fact about the bundle structure of M (4*) is a theorem of Cohen [2001]:

Theorem 4.2. The complement of A* with the natural bundle structure is equiva-
lent to the pullback of the bundle of configuration spaces p,+1 : F+1(C) = F,(C)

via f.
The next corollary follows immediately from Theorem 4.2 and Proposition 3.1.

Corollary 4.3. Let g : m1(B) — M" be a classifying morphism representing the
isomorphism class of the bundle M (A*) — B and q : B,, — M" be the classifying
morphism representing the isomorphism class the fiber bundle F,,(C) — F,(C).
Then g factors through q via the center-projecting braid monodromy .

Proof. Let G = Diff (52, {x1, ..., Xu, Xn41}) be the structure group of the bundle
M(A*) — B. Let g’ : B— BG be a differentiable map which induces the map g
and ¢’ : F,(C) — BG be a differentiable map which induces the map ¢g. Then
we have the following bundle isomorphisms: g*EG = M (A*) = f*(F,+1(C)) =
(@™ (EG))=(q o f)*(EG), where BG is the classifying space of G and EG is
the universal fiber bundle over BG. Then ¢’ o f and g’ are representing the same
bundle. Therefore g = g o ¢, because the braid monodromy ¢ is induced by the
map f. (]

Denote by F,, the free group generated by m elements.

Definition 4.4. Let ¢, ¢, : m(C\ {k1,...,kn}) = F,, — B, be the center-
projecting braid monodromies of s4} and 54} respectively. We say that (] and
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o5 have the same braid monodromy if there exists an element p € B, such that
Ya(a) = p -y (a) - p~ ! for any @ € F,.

Main Theorem. Let 51} and s13 be two fiber-type projective line arrangements. If

they have the same center-projecting braid monodromies, then their complements
M (A7) and M (s43) are diffeomorphic.

Proof. By Remark 2.6, the complements of the two fiber-type line arrangements
are fiber bundles. Since they have the same center-projecting braid monodromy,
they have the same base, fiber and structure group. By Theorem 3.2, we know
that the isomorphism classes of such fiber bundles over same base with same
fiber and structure group are in one-to-one correspondence with the homomor-
phisms 71 (S \ {x1, ..., Xm41}) — A" up to conjugation. By Corollary 4.3, the
isomorphism class of the complement of a fiber-type projective line arrangement
as a fiber bundle is determined by the braid monodromy. Let the homomorphism
q : B, — A" be a representative of the isomorphism class of the bundle of config-
urations F,,11(C) — F,(C). If ¥y, ¥ : m (C\ {ky1, ..., kn}) =F,, —> B, are the
same center-projecting braid monodromies associated to 4] and s{3 respectively,
then there exists a p € B,, such that ¥ («) = p - ¥ (a) - p~ ! for any o € F,,,. Thus
goyr(a)=q(p)-(goyi())- (q(,o))_1 for any @ € F,,,. This implies that g oy and
q o Yo determine the same isomorphism class. By the definition of isomorphism
of differentiable fiber bundles, any two members in the isomorphism class have
diffeomorphic total spaces. This proves the theorem. U

Combined with a theorem of Jiang and Yau [1993], our Main Theorem implies
that the center-projecting braid monodromy of a fiber-type projective line arrange-
ment determines its lattice. In fact:

Theorem 4.5 [Cohen and Suciu 1997]. The braid monodromy of a line arrange-
ment determines its lattice.

The braid monodromies they considered are generic braid monodromies, that
is, projecting from a generic point such that each fiber of the projection contains
at most one singularity. However, their method seems also work for nongeneric
cases. In fact, when there is more than one singularity in a fiber, the images of
the local braid monodromies still record the twists of the braids which reflect the
intersecting of lines.

Example 4.6. The complements of any two line arrangements 54} and {3 of six
lines with four triple points and three nodes are diffeomorphic. Clearly, any triple
point can be viewed as a center for such an arrangement. Assume that the line at
infinity passes through the center. After removing the center, the subarrangement in
C? contains three lines, the three solid lines in Figure 1, and the braid monodromy
is uniquely determined. In fact, the center-projecting braid monodromies of s}
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| |
I I
2 | — /
I
I
I
I

Remove z =0,
then lines 4 and 5

|
|

|

|

3 3 w
1/ \ 2/ :
z=0 4 5 5 4

Figure 1. Arrangement of six lines with four triple points and
three nodes and its associated subarrangement.

and o3 coincide with the generic braid monodromy of arrangement of 3 lines. Let
&1 and &, be two circles centered at x; and x;, in the base B = C\ {x1, x»}, where
x1 and x; are the projections of lines 4 and 5 respectively. Assume that & and &,
have a tangent point between x; and x;. Then the fundamental group of the base B
is w1 (B) = (&1, &). It is easy to see that the braid monodromy of arrangement of 3
lines as shown in Figure 1 is uniquely determined up to conjugacy by the images
of & and &, which are the monodromy generators 012 (the image of &;) and 022 (the
image of &), where o and o, are the two generators of the braid group B3 on 3
strings as shown in Figure 2 (see, for example, [Cohen and Suciu 1997] on how
to calculate braid monodromy generators in general). Hence by our theorem, the
complements M (s47) and M (s43) are diffeomorphic.

11X

Figure 2. Braid generators of Bj.

Remark 4.7. The arrangement in the example above is well studied in many as-
pects. For example, it has been shown in a recent paper [Nazir and Yoshinaga
2010] that the moduli space of line arrangements of six lines with four triple points
and three nodes is irreducible, so is connected. In fact, it is easy to see that line
arrangements of six lines with four triple points and three nodes are of simple C3
type in the sense of Nazir and Yoshinaga.
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INEQUALITIES FOR THE NAVIER AND DIRICHLET
EIGENVALUES OF ELLIPTIC OPERATORS

QIAOLING WANG AND CHANGYU XIA

This paper studies eigenvalues of elliptic operators on a bounded domain in
a Euclidean space. We obtain lower bounds for the eigenvalues of elliptic
operators of higher orders with Navier boundary condition. We also prove
lower bounds and universal inequalities of Payne-Pélya—Weinberger—Yang
type for the eigenvalues of second order elliptic equations in divergence
form with Dirichlet boundary condition.

1. Introduction

Let © be a bounded domain in an n-dimensional Euclidean space R" (n > 2)
with smooth boundary d€2. Let A be the Laplacian of R" and consider the fixed
membrane or Dirichlet eigenvalue problem

(1-1)
Let

{Au =—A\u in £,
ulpe =0.

O<Ai<p<---—> 00

denote the eigenvalues (repeated with multiplicity) of the problem (1-1). Weyl’s
asymptotic formula [1912] tells us that

2/n
(1-2) A ~ C(n)(@> as k — oo,

where |Q| is the volume of  and C (n) = 27)%w, 2" With w, being the volume of
the unit ball in R". Pélya [1961] showed that for any “plane covering domain” 2 in
R? (those that tile R?) this asymptotic relation is a one-sided inequality (his proof
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also works for R"-covering domains) and conjectured, for any domain 2 C R", the
inequality

2/n
(1-3) Ak = C(n) <@) for all k.
Li and Yau [1983] showed the lower bound
k 2/n
nkC(n) ( k
1-4 Ai > — ,
(4 Zl T on+2 <|sz|)
which yields an individual lower bound on A in the form
(1-5) aez T (L)
n+2 \ |2

Similar bounds for eigenvalues with Neumann boundary condition were proved
in [Kroger 1992; 1994; Laptev 1997]. It was pointed out in [Laptev and Weidl
2000] that (1-4) also follows from an earlier result of Berezin [1972] by using the
Legendre transformation. Melas [2003] gave an improvement of (1-4):

k 2/n

nkC(n) ( k 12
1-6 » ki — dpk———,
(- =T on+2 <|9|) @

where the constant d,, depends only on the dimension and

acR"

1(Q) = min/ Ix —al*dx
Q

is the “moment of inertia” of 2.

In this paper, we study eigenvalues of elliptic operators of higher orders with
Navier boundary condition and of second order elliptic equations in divergence
form with Dirichlet boundary condition and prove lower bounds for them which
are similar to the inequality (1-6). We will also prove universal inequalities of Yang
type for the Dirichlet eigenvalues of second order equations in divergence form.
The first two results concern eigenvalues with Navier boundary condition.

Theorem 1.1. Let Q be a bounded domain in R" and let | be a positive integer.
Consider the eigenvalue problem

a-n {(—A)lu=ku inQ, ueC®),

-1
ulpo=Aulpo=---=A""ulye=0.

Let
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be the eigenvalues of (1-7) and denote by [y, ..., |, the first n nonzero eigen-
values of the Neumann problem

—Av=puv in £,

1-8
(1-8) {(3v/3v)|as2=0,

where v is the unit outward normal vector field along 0S2. Then

(1:9) k N7 nkC(n)( k )2/” d(n)k

T a2\l Z?:llh_l.

Here d(n) is a positive constant depending only on n.

j=1

Theorem 1.2. Let 2 be a bounded domain in R" and let | be a fixed positive
integer. Let L be the elliptic operator given by

[
Lu= Zam(—A)mu, ueC®(Q),

m=1

where the a,, are constants with a,, > 0, 1 <m <[, and aj = 1. Consider the

eigenvalue problem

Lu=Au 1n Q,
(1-10) { -1

ulpgo =Aulpg=---=A""ulpe=0.
Let

O< A1 <A< <A< >

be the eigenvalues of (1-10). Then

! 2/n m

nC(n)( k) d(n) )

1-11 A E ol ——(— ) + —— ),
- =t <n+2 CVAD VRV

where |1, ..., L, are the first n nonzero Neumann eigenvalues of Q2 and d(n) is a
positive constant depending on n.

Our next results are about second order equations in divergence form with
Dirichlet boundary condition. Firstly, we have a Li—Yau type inequality.

Theorem 1.3. Let Q2 be a bounded domain in R" and let V be a nonnegative con-
tinuous function on Q2. Consider the eigenvalue problem

n

0 u .
_ v = = A Q
) a’ﬂzzl T (aa,s<x> axﬁ)”(’“)”‘ u inQ,

ulage =0.
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Assume that there is a positive number &y such that the symmetric matrix [aqg]
satisfies [aqg] > 0l in the sense of quadratic forms throughout 2, where I is the
identity matrix of order n. Let

0<)\,] S}"ZS"'f)‘«kf"'—)OO
be the eigenvalues of (1-12). Then

k c k" d v
(1-13) ijzéok(';f;)<@) +—Z"(n) +&‘:)

J:] 1 1

Here Vo =inf,cq V(x), w1, ..., i, and d(n) are as in Theorem 1.1.

We then prove a universal inequality of Payne—Pélya—Weinberger—Yang type
[Payne et al. 1956; Yang 1991] for an eigenvalue problem more general than (1-12).

Theorem 1.4. Let 2 be a connected bounded domain in R" and let V be a non-
negative continuous function on Q with Vo = infycq V(x). Let p be a continuous
function on Q satisfying p1 < p(x) < po for all x € Q, for some positive con-
stants p and p;. Assume also that there are positive numbers & and &, such that
the symmetric matrix [aqg] satisfies [aqg] > &1 in the sense of quadratic forms and
Y | daa < n& throughout Q. Consider the eigenvalue problem

n

a .
(1-14) _a§:1 9xg < aﬁ(x)—)+V(x)u—)»,ou in 2,

ulpe =0.
Let

D<M <M< - <qg<--+—>

be the eigenvalues of (1-14). Then

W15 3k h? s 452‘) Zml x)(k—%)
i=1

i=1

Remark 1.5. Universal inequalities of Payne—P6lya—Weinberger-Yang type for
eigenvalues of elliptic operators on Riemannian manifolds have been studied re-
cently by many mathematicians. One can find various interesting results in this
direction, for example, in [Ashbaugh 1999; 2002; Ashbaugh and Benguria 1993a;
1993b; Ashbaugh and Hermi 2004; Cheng and Yang 2005; 2006a; 2006b; 2006c;
2007; El Soufi et al. 2007; Harrell 1993; Harrell and Michel 1994; Harrell and
Stubbe 1997; Harrell and Yildirim Yolcu 2009; Hile and Protter 1980; Hook 1990;
Laptev 1997; Levitin and Parnovski 2002; Sun et al. 2008; Wang and Xia 2007a;
2007b; 2008; 2010a; 2010b; 2010c; 2011].
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2. An auxiliary result
Before proving 1.1-1.3, we show the following fact.

Theorem 2.1. Let Q2 be a bounded domain in R" and let wy, ..., wi : 2 — R be
smooth functions satisfying

2-1) wilogo =0 and /w,-(x)wj(x)dx=8,-j fori,j=1,... k.
Q

Then

k 2/n
kC(n) { k d(n)k
22 > Yw; () dx > = (—) +—
- jzlfe' A C VS ~ B

where d(n) is a computational positive constant depending only on n and the u;
are the first n nonzero Neumann eigenvalues of the Laplacian of 2.

Proof. Let vy, ..., v, be orthonormal eigenfunctions corresponding to iy, ..., y:
—Av; = piv;  in £, %) =0, UiUJ':S,'j fori,j=1,...,n.
v lag Q

By a translation of the origin and a suitable rotation of axes, we can assume, using
[Ashbaugh and Benguria 1993b, p. 563], that

/xidx=0 fori=1,...,n,

Q

/xjv,-dx=0 forj=2,....,n,i=1,...,j—1.
Q

It then follows from inequality (2.8) in the same paper that

izfszm x.

2-3
& i |€2]

i=1
By a simple rearrangement argument, we have

2/n
(2-4) [P ar= ()7
o n+2 Wy

Extend each w; to R" by letting w; (x) =0 for x € R" \ Q. For a function g on R",
we will denote by F(g) the Fourier transformation of g. For any z € R", we have,
by definition,

(2-5) F(w;)(z) = (275)_”/2/ e_i<x'z>wj (x)dx.
Q
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Since {w; }’;:1 is an orthonormal set in L?(£2), the Bessel inequality gives

(2-6) Zwv(wj)(zn <@m)™" / e 2 dx = 21) 7|,

j=1

Foreachg=1,...,nand j =1, ...k, since w; vanishes on 32, one gets from
the divergence theorem that

ae lXZ

w;(x)dx

Q7)) 2 F(w)() =i /
Q

=—i(2n)"/2/ Iwj(0) pmitra) gy = —
o 9xg

I
S
—
o5
5
N

It then follows from the Plancherel formula that

@8 [ kPR d= [ Z\f a’”f)@) a:

=/ Z z;w, /|ij(x)| dx.
Q.5 xq
Since

V(Fw) () = 7)™ f (—ixe™ 2y (1) dx,
Q

we have
k

29 Y IVFw) @ < @m)™" f lixe A2 dx = 2m) 7" / x| dx.
= Q Q

Set

k
G =) |1FwHRI*
j=1
Then 0 < G(z) < 2m)7"|2| and

k 12 , k
(2-10) |VG(z)|52(Z|Of(wj><z>|2> (ZW(@(w,-))(z)F)

J=l Jj=1

1/2
< 2<2n>"(|sz|f |x|2dx)
Q

for every z € R". We also have

k
2-11) / G(z)dz:Z/ w;(x)?dx =k.
R" oi/e

12



NAVIER AND DIRICHLET EIGENVALUES OF ELLIPTIC OPERATORS 225

Let G*(z) = g(|z]) be the decreasing spherical rearrangement of G. By approxima-
tion, we may assume that g : [0, +00) — [0, (2r)7"|€2|] is absolutely continuous.
Setting «(t) = [{G* > t}| = |{G > t}|, we have

(2-12) a(g(s)) = wps”,

which implies that nw,s" ' =a’(g(s))g’(s) for almost every s. The coarea formula
[Chavel 1984] tells us that

1
(2-13) o/(t) = —/ ——dA,.
G=n IVG| "

Set n = 2(27r)*”(|§2| fQ |x|2dx)l/2; then one infers from (2-10) and the iso-
perimetric inequality that

(2-14) —d/(g(s)) > n~area({G = g(s)}) > 0™~ 'naw,s" !,
and so
(2-15) —n<g'(s)<0

for almost every s. It follows from (2-11) that

(2-16) k=/ G(z)dzz/ G*(z)dzzna)n/ s"g(s)ds
R R 0

and, by (2-8),
k

(2-17) Z/ |ij|2:/ |z|2G(z)dzZ/ 21°G*(z) dz
j:1 Q R~ R»

o0
=na),,/ s"He(s)ds,
0

since z — |z|? is radial and increasing.
We next apply the following lemma to the function g, with A =

1/2
n=ﬂ%ﬂ”(mt/uﬁdﬁ :
Q

Lemma [Melas 2003]. Letn > 1 and n, A > 0 and let h : [0, +00) — [0, +00)
be a decreasing and absolutely continuous function such that

and
nw,

o0
—n<h(s)<0 and / s"h(s)ds = A.
0
Then
nA)(n+2)/n
+2

Ah(0)?

hO_Z/n _—
Ot S+ om

(2-18) /oos”+1h(s) ds > (
0
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After applying the lemma and using (2-17), we infer that

k
noo _ kg(0)?
2_19 Vw; 2d > _ 2/nk1+2/n O 2/n
o jzlfﬂl T SO ST
P
n omatam. n—2m . Tk8(0)
> " o220 TR
S22 sO o

where 7 is any constant with 0 < v < %. From (2-4) we know that

12
(2-20) > 2(2;1)—"<nL+2) w1 Q)

Observe that 0 < g(0) < (2m)"|2]. Let T = 7(n) be the constant given by

) { 1 1672n }
T =min{ -, —————
6 (n+ Z)wi/"
Then one can see by using (2-20) that the function
2
N o142/, —2/n Tkt
1) =—— k t —
PO = BT
satisfies

B(2m)"IQ0) <0,

and so B is decreasing on (0, (2r)~"|€2|]. Hence, choosing d(n) =
have

k
(2-21) Z/ IVw; (x)|* dx
j=1"¢

> B(g(0) = B((2m) "I

T
dn+2) ¢

k(Q2m)™"|R)?
_ . n w—Z/nkH-Z/n((zn)—n|Q|)—2/n+T (2m)~"[L2])

T n42 " (n+2)n?
no( 20\ i d(n)k|S|

_ /n) o =2/

= o) KR 4 .
n+2\ o) Jo |x1?dx

Substituting (2-3) into (2-21), one gets (2-2). completing the proof of Theorem 2.1.
]

3. Proof of the main results

Proof of Theorem 1.1. Let {ui}f.‘zl be a set of orthonormal eigenfunctions corre-
sponding to {)\,-}f.‘zl:
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! . -1
(=A)'u; =Aju; inQ, uilogg = Auilsgg == A" u;ilse =0,
/ uiuj:&-j for i,j=1,...,k.
Q
We show that foreachs=1,...,landi=1, ...k,
(3-1) o</ wi (=AY u; < 2!
= i i =N
Q

When [ =1, (3-1) holds trivially, so assume / > 1. when s € {1, ..., [} is even, we
have from the divergence theorem that

fui(—A)suizf uiA“'ui:/(As/zui)zzo.
Q Q Q
On the other hand, if s € {1, ..., [} is odd,

/ l/t,'(—A)sl/tl' = —/ I/tl'Asl/tl'
Q Q
— _/ A(s—l)/zuiA(A(s—l)/Zui) :f |V(A(S_1)/2ui)|2 > (.
Q Q

Thus the first inequality in (3-1) holds.
We claim now that forany s =1,...,1 —1,

s+1 s
(3-2) </ ui(—A)sui) < (f ui(_A)s+lui>-
Q Q
Since )
([ u,-Au,-) 5/ uiz/(Au,-)zz/ u,-Azu,-,
Q Q Q Q

we know that (3-2) holds when s = 1.
Suppose that (3-2) is true for s — 1, that is,

Ky s—1
(3-3) ( f m(—A)”ui) < ( f ui(—A)Sui) :
Q Q

When s is even, we have

f wi(—A) u; = / AP AN Py = — / V(A u) V(AT uy)
Q Q Q

1/2 1/2
< (/ |V<Af/“u,->|2) (/ |V<AS/2u,-)|2)
Q Q
1/2 1/2
— (_/ AS/Z—]uiAS/Zui> <_/ As/zuiAs/2+lui>
Q Q
1/2 1/2
= (/ ui(_A)S_lui) </ Mi(—A)‘YJrlui) .
Q Q
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On the other hand, when s is odd,

/ ui(—A)'u; = / (=) 0702y (= 2) 0D 2y
Q Q

s-1/2,, \2 2 s+1)/2,, \2 2
_ s— . . s+1) .
g(fQ« A) ul)) (fQ« A) ul))
1/2 1/2
=<f ui(_A)S_lui) (/ Mi(—A)SHMi) .
Q Q

Thus we always have

1/2 1/2
(3-4) / wi(—A)u; < ( / ui(—A)s—lui) ( f ui(—Af“ui) :
Q Q Q

Substituting (3-3) into (3-4), we know that (3-2) is true for s. Using (3-2) repeat-
edly, we get

s/(s+1) s/l
/ ui(—=A)u; < (/ Mi(—A)SHMi) <---< </ ug(—A)lu,-) = Af/l.
Q Q Q

Thus the second inequality in (3-1) is also true. Consequently,

k k k
(3-5) Z/ |Vuj|2:Z/ wj(—Auj) < 2!

which implies (1-9) by applying Theorem 2.1 to the functions uy, ..., ux. This
completes the proof of Theorem 1.1. O

Proof of Theorem 1.2. Let {ui}f.‘zl be a set of orthonormal eigenfunctions of the
problem (1-11) corresponding to {)»,-}f.‘: 1

. -1
Lu; = Au; in Q, uilsgg = Aujlpg == A" uilpe =0,

/uiuj=8ij fOI'i,j=],...,k.
Q

Denote by {)»l-}f.‘ | the first k fixed membrane eigenvalues of the Laplacian of €2

corresponding to the orthonormal eigenfunctions {v; }f:] :

—Av,-:)\,-vi in Q, Ul'|3g2=0, / v,-vj=8,-j for i,j=1,...,k.
Q

k
Let w= ) aju; # 0 be such that
j=1

(3-6) /wvi=0 fori=1,...,k—1.
Q
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Such an element w exists because {«; | 1 < j < k} is a nontrivial solution of a
system of k—1 linear equations

k
(3-7) Zaj/ujv,:o, l<i<k-—1,
=1 ¢
in k unknowns. Also assume without loss of generality that
(3-8) f w?=1.
Q

Then it follows from the Rayleigh—Ritz inequality that

(3-9) M < / w(—Aw).
Q
By using the arguments similar to those in the proof of (3-2), we have

NS _ j
(3-10) (f w(—A)/w) 5(/ w(—A)f“w), j=1,...,1—1.
Q Q

Hence

1/s
(3-11) /w(—Aw)5</ w(—A)fw) L os=1,....1,
Q Q

which, combined with (3-9), gives
)»25/ w(—A)’w, s=1,2,...,1L
M
Thus we have
(3-12) arhp+ah+---4a Ak

5/ (@1 (=A) +ar(=AY + -+ a1 (=AY + (=AY )
Q

k k

=/wLu)= E oz,-aj/uiLu]_ E ala]/u,A]u]
Q _ Q _
i,j=1 i,j=1
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It is easy to see by taking / =1 in (1-9) that

nC(n) 2/ d(n)
(3-13) Ak > t< oo
n+2 |Q| dimt M
Substituting (3-13) into (3-12), we get (1-11). Theorem 1.2 follows. O

Proof of Theorem 1.3. Let {ui}f.‘zl be a set of orthonormal eigenfunctions of the
problem (1-12) corresponding to {)L,-}f.‘zl

(3-14) - i ai (aaﬁ(x) Ou; ) +V(xX)u; =Aju; in Q,

(3—15) ui|3Q:O, / uju; :8ij for i,j = 1, ,k
Q

Multiplying (3-14) by u;, integrating over €2, and using the divergence theorem
and the inequalities V > Vj and [aqg] > o/, we obtain

/( Z ap (X) 5 3”’ 8“! L+ VOO )

o, =1

8u,~>2 2 2

—/95021(% V"/Q”’ o 9w+ o
a=

which gives

k k
316 Vi 2 l( A,-—kV).
(3-16) ;/Q| uil” = & ; 0

Observing (3-15), one gets (1-13) by using Theorem 2.1 applied to uy, ..., u.
Theorem 1.3 follows. U

Proof of Theorem 1.4. Let xy, ..., x, be the coordinate functions on R". For a
function f : Q@ — R, set fo = 0f/0xy, « = 1,...,n. Let {ul-}f.‘:1 be a set of
orthonormal eigenfunctions of the problem (1-14) corresponding to {ki}flez

— Z 82 (aaﬂ(x) Ou; ) + V(X )u; = A;jpu; in Q,
o, B=1

Ml'|aQ=0, /uiujz&-j for i,j=1,...,k.
Q

Foreacha =1,...,nandi =1, ..., k, following [Payne et al. 1956], consider
the functions ¢,; : 2 — R given by

k
(3-17) Pai = Xalli — ¥ _ Taijli ),

j=1
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where
(3—18) Vaij =/ PXogUilUj.
Q
Since ¢qilye = 0 and
/ pujpe; =0 fori,j=1,....,kanda=1,...,n,
Q

it follows from the Rayleigh—Ritz inequality that

(3-19) Akt / pba;

@\

¢al Z (aﬂy¢al y) B + V¢Oll>
B.y=1
k

¢Ctl( Z (aﬂy(onu )y),3+anu,—ZraijAjpuj)
gy =
e

Gai | MipxXgu; — Z((aaﬂu ) Bt agptt;, ,3))

I I
S~ 5

Z (apy (xalti) ) g+ anu,)
B.y=1

Il
5

Ai f Pdai — / ¢ai(§ ((aapui) g +aaﬂui,ﬁ>)
Q Q2 B=1
n k
)»if ,0¢2,,- —/ Xaui( E ((aaﬁui),ﬂ+aaﬁui,ﬁ)> + E YaijSaijs
Q Q ,
B=1 j=1

where

Saij =/ <Z((aaﬁ” ).8 T dapiti, ﬂ)>”1

p=1
Multiplying the equation

n
(3-20) — Y (apyujp).y +Vuj=rjpu;
B.y=1

by x,u;, we have

n
(3-21) — Z (apyujg)yXaui + Vxquittj =XAjpxXqUiu;j.
B.y=1
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Interchanging the roles of i and j, we get

n
(3-22) — Z (agyuig) yXqltj+ Vxquittj = Aj pXqilt .
By=1

Subtracting (3-21) from (3-22) and integrating the resulted equation on 2, we get
by using the divergence theorem that

n
(3-23) (i —Aprwij= Y / (@pynj p),yXatti — (apyti p) yXal})
Q
B.y=1

n
= Z /(_aﬂy”j,ﬂ(xa“i),y +aﬂy”‘i,5(xa”j),y)
Q

B.y=1

n
= Z/Q(_aaﬁ”j,ﬁ”i +aa,3u,"ﬁuj)
p=1

n
= Z/ ((aapui),p + aopui p)uj = Sqij,
p=1"
which, combined with (3-19), gives

(324) Cert =) / o2,
Q

< —/ d’ai(Z((aaﬂui),ﬂ +aaﬁui,ﬂ))
Q st
n k
= —/Qxaui ( D ((@aptii) +aaﬂui,ﬂ)) + D 0i = Ara
B=1 Jj=1

fm’jZ/ Ujlia;
Q

k k
325) [ (Dbuittia =2 [ Katitia+2 Y ity =l +2 3 1t
Q Q

j=1 j=1

Set

then laij t1laji = 0 and

Multiplying (3-25) by (A1 — A;)? and using the Schwarz inequality and (3-24),
we get

k
(M1 —mz(nuinz +2Zrmjrmj)

j=1
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1 k
= (k1 — Ai)? /Q(—z)\/ﬁ%i <ﬁui,o{ - ;taij\/ﬁuj)

(A1 — A
< 8(Chp1 — A I/Pai | +

k 2
w— D laij/PU
=1
k
- Z%%ij)
Jj=
<8(Akg1— )‘i)z(_/g Xo Ui (Z((aaﬁu ), g1 aupli, ﬁ)) + Z()‘ Oll])
k
(Aky1 —
A (Hf Ztﬁ”)’

Jj=1
where § is any positive constant. Summing over i and noticing that ry;; = rj; and
laij = —lyji, We infer that

= 8(hir1 — A’ I/Paill* + L(H «/_

k k
Z(?»H] — )P ui > =2 Z M1 = A) A — A jrgijlaij

i=1 ij=1

k n
<$ Z()\k—i-l - )»i)2<—/Q Xolhi ( Z((aaﬁ”i),ﬁ +aaﬁ”i,ﬁ)>)
i1 B=1

*Z(MH - “ NG

i=1

2k k
(Ak+1—27)
af =Y a1 =A)S i —A)rd =

-~ )
i,j=1 i,j=1

Hence,

k k n
> Ouepr =2 Ml |1 <8 Z(MH—A,-)Z(— f xau,-(Z((aaﬂu»,waaﬂui,,s)))
i=I i=l &

A — A
+Z(k+l )H—Mza

Summing over «, we infer
k

(3-26) 1Y (hgr — ) [lui])?

i=1
n

k n
<$ Z(K/H_] — )»,')2 (— Z /Q Xo Ui ( Z((aaﬁ”i),ﬂ + aaﬂ”i,ﬁ))>

i=1 a=I 5—1

+ Z ()Lk—i-l
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. 2
Since fQ pu; =1and p; < p(x) < ps for x € 2, we have

] ]
(3-27) — < ui|* < —.
P2 P1

One gets from the divergence theorem that

(3-28) —Z/Qxaui<2((aaﬁu,-),ﬂ +aaﬂu,-,ﬁ)>
a=1 B=1

n

:/< > (aaﬁui(xaui),ﬂ—aaﬂui,ﬁxaui)) =/ <Zam)ui2
¢ & a=1

o, B=1

snfz/ u? <82
Q L1

n
Multiplying the equation — ) (aqpui p),a+V (x)u; =A; pu; by u; and integrating
over €2, we get o p=1

n
Vi
(3-29) i =f ( Z Agp (X)i gUi g+ V(x)u%) Z[ £1|Vu;|* + ,o_;)’
£ Q

o,f=1

which gives

(3-30) H —|Vu,|

<_/|Vu| ,01§1<. %)

Substituting (3-27), (3-28) and (3-30) into (3-26), we infer

k k k
n 2 ) né A1 —2) 1 Vo
LN g1 =) <8Y o =2 =+ Y : (xi——).
p2 = A — ! L ) p1&1 02

Taking

k 1/2
(Z()\kJrl —)»i)( i~ %))
(3-31) 5= ’:lk ,

12
( Y (g1 — Ki)2n€1€2>
i=1

we get (1-15). This completes the proof of Theorem 1.4. U
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A BEURLING-HORMANDER THEOREM
ASSOCIATED WITH THE RIEMANN-LIOUVILLE OPERATOR

XUECHENG WANG

We establish an analogue of the Beurling theorem associated with the Rie-
mann-Liouville operator. We also derive some other versions of uncertainty
principle theorems associated with this operator.

1. Introduction and the main result

The uncertainty principle, which plays an important role in harmonic analysis,
states that a nonzero function and its Fourier transform cannot simultaneously be
very small at infinity. This principle has been researched on various aspects and has
several versions named after Hardy, Morgan, Cowling and Price, Gelfand, Beurling
and others. The Beurling theorem is the most general case since it implies the other
uncertainty principles.

The classical Beurling theorem was proved by Hérmander [1991] and general-
ized to d dimensions by Bonami et al. [2003]. Here we record the general case:

Lemma 1.1. For f € L>(RY) and N > 0, if

/ / STl
reJpe (T Ixl+IyDY 0 =

then f(x) = P(x)e %% g > 0, where A is a real positive definite symmetric
matrix and P (x) is a polynomial of degree < (N —d) /2. In particular, f =0 when
N <d.

In the lemma and the rest of the paper, fis the classic Fourier transform of f
in R?, defined by

f(k)=/ f(x)e ¥ dx, reR9.
Rd

The Beurling theorem has been generalized to different settings. L. Bouat-
tour established an analogue in the framework of Chébli-Trimeche hypergroups
(R4, %(A)) (see [Bouattour and Trimeche 2005]). J. Z. Huang and H. P. Liu [2007a;

MSC2000: 33C45,42B10.
Keywords: uncertainty principle, Riemann-Liouville operator, Beurling—-Hormander theorem,
Riemann-Liouville transform.
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2007b] gave analogues for the Laguerre hypergroup and the Heisenberg group.
R. P. Sarkar and J. Sengupta [2007b] established the analogue of the Beurling
theorem on the full group SL(2, R). As for the noncompact semisimple Lie group
case, S. Thangavelu [2004] first gave the analogue on rank 1 symmetric spaces with
an additional condition like the one required in the Cowling—Price theorem, so he
called it the Cowbeurling Theorem; then R. P. Sarkar and J. Sengupta [2007a] re-
moved this additional condition and gave the analogue in rank 1 symmetric spaces;
recently, L. Bouattour [2008] generalized this result and gave the analogue for real
symmetric spaces of rank d. For more Beurling theorems in different settings, refer
to [Kamoun and Trimeéche 2005; Parui and Sarkar 2008].
In this paper, for « > 0 we consider the singular partial differential operators

B
A= —
1 ax,
9% 2a+1 9 92 <
Az—ar2 P L (r,x) € (0, +00) xR, o =0,

originally studied in [Baccar et al. 2006; Omri and Rachdi 2008]. The latter authors
have proved an uncertainty principle that generalized the Heisenberg—Pauli—Weyl
inequality for the classical Fourier transform:

Proposition [Omri and Rachdi 2008]. For all f € L*(dvy), we have

20+3
11601l 1082+ 23 2 Fo (N, 2 =218,

with equality if and only if
fr,x) = Ce (31215 for (r,x) e Ry xR, 19> 0, C eC,

where dv,, is a measure defined on Ry x R by
r2a+1

def dl"
22 (a+1)27

(D) dvy(r,x) =dc(r) ®dx with dc(r) =

drq (i, A) is a measure defined on the set T
My =Ry xRU{@r,x): (1,x) € Ry x R, 1 < |x]};

|(r, x)| is the Euclidean norm in R?, that is, |(r, x)| = (r*> + x*)V/?; and Fo (f) is
the generalized Fourier transform associated with the Riemann—Liouville operator.

Our main result is an analogue of the Beurling—Hormander theorem for this
generalized Fourier transform %, associated with the Riemann—Liouville operator:
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Theorem 1.2. Let K = Ry x R, and assume N = 0. For f € L*(K, dvy), if

- 12
/ | f (ry ) [Fa (f) (1, V)] e dvg (r, x) dre (i, A) < 00,
r. Jx

(14 x|+ AN

then

k
flr.x) = e—“"z(z wj<r>xf),
j=0

r20l+1 )

N-1 _r
22T (a+1)

wherea >0, k < >

when N < 3,

,and i(r) € L2<[O, +00), In particular,
Frx)=e" "y (),

where Y (r) € L*([0, +00), r?**1/(2*T (e + 1)) dr), and when N < 1, we have

f=0.

Section 2 contains some preliminary facts about the Riemann—Liouville operator
and the generalized Fourier transform. In Section 3, we prove Theorem 1.2. In
Section 4, we give some other uncertainty principles. In Section 5, we give a
stronger result but at the cost of more strictly constraining the function f(r, x) by
utilizing the Riemann-Liouville transform and its dual.

2. Preliminaries

In this section, we set some notation and theorems about the generalized Fourier

transform associated with Riemann-Liouville operator. For detailed information,

refer to [Baccar et al. 2006; Hamadi and Rachdi 2006; Omri and Rachdi 2008].
From this last reference we know that for all (i, 1) € C?, the system

Au(r,x)=—ilu(r, x),
Aou(r, x) = —p? u(r, x),
u(0,0)=1, (Qu/or)(0,x)=0, xeR

admits a unique solution ¢, ;, given by

2) @ (1, x) = jor V2 +22) e for (1, 2) € R?,

where

N Ju(x) _ S (=D x>
(3) Ja(¥) =27+ D=0 _F(a+1)%:nlr(a+n+l)(2) ’
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and J,(x) is a Bessel function of the first kind of index «. The modified Bessel
function j, has the following integral representation: for all i, r € R4 we have

row=| a1 ?Ezi)m/ (1= Peos(run) dr i a > —1/2
cos(ru) ifo=—1/2.

The Riemann-Liouville integral transform associated with A, A, is defined by

1 1
3/ /f(rsvl — 2, x+rt)(1 =) V21 = sH* dr ds
T Jo1J-1

Ra (), x) = if a > 0,

1 1
—/ Ffrv1—1t2,x+rt) ifa =0.
T J-1

)

Now we give some properties of the eigenfunction ¢, ;.

(i) The supremum of ¢, ; satisfies

sup gpa (r,x)| =1
(r,x)eR?

if and only if (i, A) belongs to the set
M =R*U{(it,x): (t,x) e R, [t] < |x]}.
(i1) The eigenfunction ¢, ; has Mehler integral representation

1 1
g/ / FrsVT—=12, x +ri)(1 — 2212 (1 — 21 dr ds
T J-1J-1

Qua(r,x) = if ¢ >0,

1
%/ frv1—12, x+rt)
~1

dr .
ifa =0,
V1 =12
where f is a continuous function on R?.

From our definition, we can see that the transform R, generalizes the “mean
operator” defined by
1 2
Ro(f)(r,x) =— f(r sin(@), x +r cos(8))do.
T Jo

In the remainder of the paper, we use the following notation:
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(i) L?(dvy) denotes the space of measurable functions f on K =R, x R such
that

00 1/p
11l p,ve =(/0 fRIf(V,X)I”dva(r,X)) <oo if pell, +00),

I flloo,v, = €sssup | f(r, x)| <400 if p =4o00.
(r,x)ekK

(i) (, )v, is the inner product defined on L?(dvy) by

Ut = [ [ 10 0Em D a0,
(iii) I+ =Ry x RU{(it, x) 1 (1, x) € Ry x R, 1 < |x]}.
(iv) Br, is a o-algebra defined on I' ;. by
Br, ={07'(B): B e BR. xR},
where 0 is the bijective function defined on the set I';. by
011, %) = (V2 +22,1).

(v) O is the operator given by (® o f)(u, A) = f(6(u, A)) for any function f
defined on I';..

(vi) dy, is a measure on B, given by
Ya(A) =v4(0(A)) for A€ RBr,.

(vii) Let L?(dy,) denote the space of measurable functions f on I'y such that

1/p
||f||p,ya=(ffF If(u,/\)l”d)/a(u,/\)> <00 if pell,+00),

Il flloo,y, = €sssup e| f(u, A)| <+00 if p =4o00.
(n,2)ely

(viii) (, )y, is the inner product defined on L?(dy,) by

(fs 8y, = . S, Mg, A) dye (e, A).

Proposition 2.1. (i) For all nonnegative measurable functions g on I' ., we have

frg(u A) dya(p, A) = /f g (i, W) (W 4AH% e dpe da

[A]
+ f / g(iu,k)()\z—uz)“udud/\)
R JO

2°‘F(oz+1)«/_(
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(i1) For all measurable functions f on K, the function ®o f is measurable on I 4.
Furthermore, if f is a nonnegative or integrable function on K with respect
to the measure dv,, then we have

4 fr (@0 ). 1) dya(ps 1) = /O fR £ %) dva(r, ).

Now we give the definition of the generalized Fourier transform associated with
the Riemann—Liouville operator and some relevant properties.

Definition 2.2. For f € L!(dv,), the Fourier transform %, associated with the
Riemann-Liouville operator is defined by

FolF) (s 1) = fK ()0 (1 x) dva(r.x) for (1, 2) € T

For this generalized Fourier transform, we have an inversion formula and an
Plancherel theorem, just as with the classical Fourier transform in Euclidean space.

Theorem 2.3 (inversion formula). Let f € L'(dvy) such that F,(f) € L' (dyy).
Then for almost every (r, x) € K, we have

f(rax):/l: %a(f)(/‘Lv )")(p,ll.,)x(rv x) dVa(Ma)&)

Theorem 2.4 (Plancherel). The Fourier transform %, can be extended to an iso-
morphism from L*(dvy) onto L*(dyy). In particular, for all f, g € L*(dvy), we
have a version of Parseval’s equality:

/r Fo ) (12 1) T (@ (1) dya (s 1) = /K (180 ) dva (r, %),

The next two important lemmas will be used later in our proof.

Lemma 2.5. Form € N, let

_ [2*T D@+ 1) m! o2 L 2
<I)’"(’”)_\/ T(a+m+1) Lo ().

The family {®,, () }men forms an orthonormal basis of the space
LYX(Ry, r?*1/(2°T (aw + 1)) dr)

where LY (x) is the Laguerre polynomial of degree m and order a defined by the
expansion [Stempak 1988]

Zt L) = e
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For the polynomial L% (x), from [Huang and Liu 2007b], we also have the ex-
plicit expression for LY (x):

PN - I'(m+a+1) (=x)’
Lm<x>—§r(m—j+1)r<j+a+1> J!

From the explicit expression of the Laguerre polynomial of degree m and order «,
we know that there exists a function M : N — R, such that for each m € N, we
have |®,,(x)| < M (m). The essence of this claim is that the polynomial doesn’t
grow as rapid as the exponential function when r approaches infinity.

Lemma 2.6 [Omri and Rachdi 2008, page 9]. Forallm € N,
o
/ ¢ PLG () (YNIr dr = (—1)"2e Py L ().
0

We make the variable replacements r = a2, y = b?, but for simplicity we still
use r and y instead of a, b. Then

o0
/ e LY () I (ry)rt dr = (= 1) ey LE (vY),
0

that is,

) /O Jo(ry) rT @, (r) dr = (= 1)™y* @, ().

3. Proof of the main result

In this section, we will prove Theorem 1.2. From the definition of the generalized
Fourier transform, we know that

Fo ()1, 2) = /K S )@ (r, x) dvg (r, x).
Replace ¢, ;(r, x) by the expression in (2) to get
Fo (f) (11, ) = / / F . x) jou(ry/p? +22) e dx de(r)
0 R

If we let
T (F) (1 1) = fo /R £ x) ja () e dx de(r),

then Fo (£)(1t, 2) = (O 0 Fy (f)) (11, 1). Thus our condition,

// £ (r 201 1 Fa (f) (s )] P
K JTs (I+ x| +[ADN

dvg (r, x) drg(p, 1) < o0,
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is equivalent to

f LF(r, ) 1T (F) (e, )| eI
kJK (I + x|+ APV
by (4) (see Proposition 2.1). Defining

dvg (r, x) dvg (i, A) < 00

£ = f Frhx)e ™ dx and  f(x) = / " £ ) (r) de(r),
R 0

we obtain ~
T ) = /0 LR @y (r) de(r).

Before we proceed, we first prove the following useful formula:

oo 1 —~
6 Fa , AP, d =—|fn(M)].
©) VO Fo (1) (11 1) P (1) C(u)‘ = |t

Indeed,

(7) /O T (F) (11, 1) Dy (1) de (i)

:/0 /0 /Rf(r,x)eixxja(ru)cbm(u)dxdc(r)dc(u)

00 OO Ja(r,u) M2a+1
=20T 1 » @, () dp de(r).
(a@+1) /O /0 frr) )" Pt Do (n) dpde(r)

By (5) (see Lemma 2.6), we know that the right-hand side equals

—1)y"
( cD Jm(A),

—1)m 00 N
D, d =
\/E/o Fr ()P (r)de(r) N

which proves the claim.
We also need to prove the function f(r, x) is in L'(dvg). Since

/ |, 20 1T () (e, 1) PP
ry JK (L+ |x|+ AN
there must exist a Ao € R such that
lx[l2ol
/ |f(r, x)le i) < 4o
k (L4 x|+ 12D

Since there exists a constant C > 0 such that (1 + |x| + |Ao)N < Cel*!*ol for all
x € R, we obtain

(8) dvg (r, x) dry (e, A) < o0,

L[ 1Sl
/;{ | f(r, x)| dvg (r, x) < E/K TENEATNL dvg (r, x) < 400,

that is, f(r, x) € L' (dvg(r, x)).
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To proceed, we first prove that for any m, n € N,

) 1]
9 / | fn GO fu(X) e
R JR

dx dr .
(It x|+ Ay o=+

Since

|fm<x>|=‘ /0 Frx) () der)| < M(m) /0 1f (0] de(r)

and

| Fn () =27

/0 T (F) (11, 1)@y (1) dC(u)‘

w —_
< V2x M(n) /0 T (1) 12 )] de (),
we have, for any m, n € N,

/ | o GO T () e 1A
R JR

dx dA
(14 |x|+ AN

|f s Ol Fa () (1, 1) 1

< mM(m)M(n)/ dvg (r, x) dvg (i, A)
K JK

(I+ Ix[+[ADN
= LS (r, ) Fa () (e, 1) | 1
_x/EM(m)M(n)/K‘/l;r A+ x| LDV dvg (r, x) dye (i, A)

< +00.
In particular, setting m = n, we get

/ | fin QO o ()] P
RJR

dx dA .
A+ x|+ 2DV <Hee

Then by Lemma 1.1 (in this case d = 1), we have

Fn(X) = Ppy(x) e’

where a,, is positive and P, (x) is a polynomial with degree less than (N — 1)/2.
Further we claim that for all m € N, we have a,, = a,, = a. This holds since if there
exist m, n € N such that a,, # a,, then the equation

/ | fin QO Fa () [
rJr  (L+[x|+[ADY

cannot hold, since it is in contradiction with the same equation derived by exchang-
ing subscripts, which must be equally true. So, by Lemma 2.5,

o0 k
FEx) =" fulx) Op(r) = ( > i) x"),
i=0

j=0

dxdl <400




248 XUECHENG WANG

—1
2

where k < and

r2(1+1 )

Vi(r) € LZ([o, 400, Fot gy O

Thus when N < 3 we have f(r,x) = e“”‘zw(r). In particular, when N < 1 we
know that f = 0, since f;,(x) = 0 for each m € N. This finishes the proof of
Theorem 1.2.

4. Some other versions of the uncertainty principle

We now derive other versions of the uncertainty principle as corollaries of our
theorem. We start with a Gelfand-Shilov type uncertainty principle, which it is
relatively straightforward to prove using Holder’s inequality and reduction to the
absurd.

Theorem 4.1 (Gelfand—Shilov type). Let N = 0 and assume f € L*(K, dvy(r, x))
satisfies

| f(r, x)| e@/PII?
K (14 |xV
|Fo (f) (e, A)| @ /DR
/F+ (14 [ApN

where 1 < p,q < oo satisfy 1/p+1/q = 1, and a, b are positive numbers such
that ab 2 1. Then f =0 unless p=q =2,ab=1and N > 0, and in this case, we

dvy (r, x) < 400,

dVa(M’ )") < +OO,

have
m
) .
flrrx)y=e* (ij(r)xf),
j=0
where ¢;(r) € L*(Ry, dc(r)) and m < N — 1. In particular, when N < 1,

frx) =@y,
where W (r) € L*>(Ry, de(r)), and when N < 1, we have f =0.

Proof. Following the same procedure as in the proof of Theorem 1.2, we derive

| fin (X)] €@ /PIIXI" q |f;()\)| e/ DIr1
X < 00,

d\ < o0.
R (L+|xDV R (14 [ADY

From Hoélder’s inequality, we have

PlxlP  papnle
-1y 2

alx|blA| =
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Then

/ | fin QO | Fon (3)] €@ 112
ele (U4 Ixl+ 2DV
@ /p)x|? |7 @1/ )11
5// | fm(X)] € | fm(M)] e
rJr (14 [xDV (1 4+ [ADN
So, when ab > 1, we could first derive the exact form of the function f,(x) from
the Beurling theorem. We then know that with this form for f, (x), the inequality

// | fon GO [ fom (1)] €20 X112 i =
rJe (L [x] + A2V

cannot hold if f;;(x) # 0. When ab = 1 and either p > 2 or ¢ > 2, also from the
Beurling theorem, f,,(x) is the product of polynomial and e~ ¢ ¥ We deduce that
the inequality

dx dA

dx di < o0.

dx < o0

| fin (X)] €@ /P)IXI"
fu&e (L + |xph¥
cannot hold when p > 2 and the inequality
| Fn ()| @7 /01211
R (L4 ADY
cannot hold when g > 2, if f,,(x) # 0.

The conclusion in the last possible case, when ab =1 and p = g = 2, can be
derived from the Beurling theorem directly. (|

dl < o0

Following the same idea as in Section 3, we can derive a Morgan-type theorem,
which also gives a sharp lower bound for the Gelfand—Shilov type uncertainty
principle:

Theorem 4.2. Let f € L*(K, dv, (r, x)) and suppose f satisfies
/ £ (ry )] e MIIP dug (r, x) < o0, / |Fa () (e, WM dyy (1, 1) < 00,
K r,

where 1l < p <2, 1/p+1/q =1, and a, b are positive numbers. Then f =0 if
ab > |cos(pm/2)|'/P.

Proof. By the same argument as in the proof of our main theorem, we have

/ | ()] e W77 dx < 00 and f | Fn ) 21174 45, < 0.
R R

Then [Bonami et al. 2003, Theorem 1.4], under the condition ab > |cos(pm/2)| /p,
implies that f,,(x) = 0 for each m, so we have f(r, x) =0. O
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Theorem 4.3 (Hardy type). Suppose f € L*>(K, dv,(r, x)) satisfies
£ 01 £ Cre™ D and | Fo(f)(, W) S Coe™? W,
where C1, Cy are positive constants and a, b are positive real numbers such that
abz t. Ifab> §, then f =0. Ifab = {, then
Fr0 =y (),
where Y (r) € L2(R+, de(r)).
Proof. To prove this corollary, we recall the well-known classical Hardy’s theorem
for the classical Fourier transform on R which says that if
[f@IECe™ and  F() £ e,
where fis the Fourier transform of f, then
(i) f =0 when ab > %;
(i) f(x)= ce=® when ab = %;

(iii) there are infinitely many linearly independent functions satisfying the above
conditions when ab < %.

From the conditions in the corollary and using the same method used in Section 3,
we have
@IS Ce™ and | Fu()I S Ce™,

d}Cz

So from the classical Hardy’s theorem, we have f,,(x) =c, e ™ if ab = % for

each m € N. Then

o0

flrxy = ( > em <I>m<r>) =™y (),

m=0

where ¥ (r) € L>(Ry, dc(r)). When ab > 4—1‘, each f;,(x) vanishes, so we have
f(r,x)=0. [l

Theorem 4.4 (Morgan type). Suppose f € L*(K, dvy(r, x)) satisfies

00 oo
f | f(r, )| r? T dr < Cre™ ", / Fo (F) (s M) > T dp < Cre™ P,
0 0

where C1, Co are positive constants, 1 < p <2, 1/p+1/q =1, and a,b are
positive numbers. Then f =0 if (ap)/?b q)l/q > |cos(p7r/2)|1/”.

Proof. First let a =a?/p and b = B9/q. Then

a B > |cos(pm/2)|P.
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There exists an € > 0, such that (o« —€) (8 —€) > |cos(p w/2)|'/? also holds. Then

/ |fm(x)|e(a—e)n|xlp/p dx < M(m)/ e—(aﬂ—(a—e)l’)/p|x|pdx < o0,
R R

/ |ﬁ()») eB =M /q gy ~ M(m)/ e~ BI=B=D/q 1M 95 < 0.
R R

By [Bonami et al. 2003, Theorem 1.4], we have f,,(x) = 0 for each m € N, so
f=0. O

5. More on this topic

We now derive a sharper result than the main theorem, requiring an additional
constraint on the function f(r, x).

First we introduce some related notation and propositions about the dual of the
Riemann-Liouville operator. For more details, refer to [Baccar et al. 2006]. Let
%, (R?) be the function space of continuous functions on R? even with respect to
the first variable, and 9’*([R2) the space of infinitely differentiable functions on R2,
rapidly decreasing together with all their derivatives even with respect to the first
variable. The dual Riemann—Liouville operator (or transform) is defined by

/OO/ Ra () (r, )g(r, x) dx r2**! dr:/oo/ f(r %) " Re () (r, x) dx >+ dr,
o Jr o Jr

where f € €,(R?) and g € ¥, (R?). This is also why ‘R, called the “dual”. We
also have for f € SP*([R{Z),

[ (VT
—f / fl,x+v)(p? — v —rH)* dopdu
R (f)(r, x) = if a >0,

1
—/f(\/r2+(x—y)2,y)dy ifa=0.
T JR
Some propositions related to the dual Riemann-Liouville transform are needed
before going to our main result in this section.

Lemma 5.1 [Baccar et al. 2006, Lemma 3.6, page 9]. For f € &, (R?),

Fo(F)(A) = A 0 R () (1, 1) for (u, 1) € R?,

where Ny is a constant multiple of the classical Fourier transform on R? defined by

dr.

Aa () (i, A) = fo /R f(r, x) cos(rp) exp(—id x) mzar(aﬂ)dx

Lemma 5.2 [Baccar et al. 2006, Proposition 3.7]. (i) 'Ry is not injective when
applied to 9 (R?).



252 XUECHENG WANG

(i) ‘Ra(F4(R?)) = Fu(R?).

To proceed, we still need to define two special subspaces of ¥, (R?). Denote by
Sf’g(Rz) the subspace of F.(R?) consisting of functions f such that

P

supp Fo (f) C {(1, 1) € R? 2 |p] 2 JA]).

Denote by 9’*,0(R2) the subspace of &, (R?) consisting of functions f such that
o0
/ f(r,x)r**dr=0 forall k€ N and x € R.
0

From Lemma 5.2, we know that ‘R, is not a isomorphism between ¥, (R?) and
. (R?). But things are different on the subspace 9)2 (R?). We have the isomorphism
lemma as well as inversion formula for the operator ‘R, .

Lemma 5.3. The dual transform 'R, is an isomorphism from QQ(RZ) onto ff*,o(Rz).

Lemma 5.4 [Baccar et al. 2006, Theorems 4.5 and 4.6]. For g € 9*,0(R2) the
inversion formula

(Ro) " (g) = (K20 R (g)

holds for 'R, where Ry, is the Riemann—Liouville operator defined in Section 1
and the operator K o% is defined by

_ /4
Koo =7 (g

(12 +22)%| | Fo <g>> (r, ).
Also K 021 is an isomorphism from ng([Riz) onto itself.
With the help of these lemmas, we derive our new analogue:

Theorem 5.5. Suppose f € 9’2([@2) satisfies

/ / |f (. 01 1Fa () (e D] I DN E ()
k Jr, L0001+ G DN

dy, (e, A) dvy (r, x) < 0.

Then
fr.x)=(Re) (P(y) e” ),

where y = (r, x), P(y) is a polynomial with degree less than (N —2)/2, A is a real
positive definite symmetric 2 x 2 matrix, | - || is the usual norm in C*, and E(u, A)
is defined by
1
(12 + A1) |
In particular, when N < 2, we have | = 0.

S, 1)
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Proof. We first prove that for all (u, A) € R2, there exists C > 0 such that

[P (), ) 1T () g, 2)] NG 2D
f A+ 11O+ e MDY
£ )1 Fa () (2, 1) el DN
f A+ 1001+ 1 G DY

We first consider the case when « > 0; then

dr dx

dvg (r, x).

"Ra ()1, x) = / f B fQux+ ) —v> = rH* N dv pdp.
N

So we have

' (G [ FZRAT]
"R (f)(r, x)] e M drdx
k I+, x)||+||(u /\)II)N

w,x+v) (u>—vr—r2)*dopudp|el MG

200 [°
=—/ dxdr
A+ 1 (e, MDY
Vi 7r2|f(M x4v) | (u2—v2=r2)e =Ll 0.l
//// dvududxdr.
Vi (1101 G, MDY

Changing variables, let u = u, b = x + v, r = r, x = x. For simplicity we will
still use v instead of b. Then by a change of variables and integration, we see that
the right-hand side above is bounded above by

00 1) 1 Cees ) I
§C1/ / /)l e NI”ZOH'1 dr dx
o Jr (L+ G )|+ (e, M) ID

<C2€/ | £ (r, x)] el O]
k A+ 0O+ 1 Ge, MDY

For the case o =0, our previous claim also holds by using the same method as in the
case o > 0, using a different variable replacement by letting a = vr?> + (x — y)?,
y =y, and for simplicity still using r instead of a. This proves our claim.

By Proposition 2.1(i), and restricting the integral region I'; to K, we derive the
inequality

/f "Ry () (r, )| 1Fo (), A el MG AD
A+ )+ 1, MDY

- / [ LG 1 1Fa () g, W] NN 5 g1, )

S Cx

- ry A+ 10+ (e, MDY

dvg (r, x).

dr dx du da

dvg (r, x) dya (1, A)
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By Lemma 5.1 we know that the above inequality satisfies the conditions of the
Beurling theorem (Lemma 1.1) in 2-dimensional Euclidean space. So

‘R (f)(r, x) = P(y) e A,

where y = (r, x), P(y) is a polynomial such that its degree is less than (N —2)/2,
and A is a positive definite symmetric 2 x 2 matrix. From f € $%(R?) and
Lemma 5.3 we know that P(y) e~ (4" ¢ ff*,o(le) and

Fr,x) = (Re) N (P(y) e ).

In particular, if N < 2, we have

"R (f)(r, x) =0,
which implies f(r, x) = 0 so our proof is finished. ([

Remark. In this section, we gave another analogue of the Beurling—Hormander
theorem. When compared with Theorem 1.2, which just gives the precise structure
of x but not r since we only know that ¥;(r) € L2(R+, dc(r)), the new analogue
derived in this section gives the precise structure of both r and x. However, this
requires the additional condition that f € ng(Rz) and it’s difficult to remove this
condition because the dual Riemann—Liouville transform is not injective on the full
space & (R?). To conquer this difficulty, a different method might be needed.
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