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We study the existence of periodic solutions for a second order nonautono-
mous dynamical system. We make no assumptions on the gradient other
than continuity. This allows both sublinear and superlinear problems. We
also study the existence of nonconstant solutions.

1. Introduction

We consider the following problem. One wishes to solve

(1-1) —X(1) =V, V (1, x(1)),

where

(1-2) x(1) = (x1(1), ..., %, (1))

isamap from / =[0, T'] to R" such that each component x (¢) is a periodic function
in H! with period T, and the function V (¢, x) = V (¢, x1, ..., x,) is continuous

from R"*! to R with
(1-3) V.Vt x) = @V/dx1,...,0V/dx,) € CR"™, R").

For each x € R", the function V (¢, x) is periodic in ¢ with period 7.

We shall study this problem under several sets of assumptions. First, we make
no assumption on V, V (¢, x) other than (1-3). This allows both sublinear and su-
perlinear problems.

Theorem 1.1. Assume:

(1) The function V satisfies
T
05/ V(t,x)dt — oo as|x| — oo, x € R".
0
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(2) There are positive constants «, m such that
T
/ Vt,x)dt <a, |x|<m, xeR".
0

Then the system
(1-4) —X(t) =BV, V (1, x(1))

has a solution for almost all values of B satisfying B < 6m?/aT. If, in addition,
there are a constant y > 0 and a function W (t) € L'(I) such that

Vi, x) zylx P = W),
then the system (1-4) has a nonconstant solution for almost all B satisfying

2 2
2L<[3<6£.
yT?2 =" = aT

Corollary 1.2. Assume:
(1) The function V satisfies

T
05/ V(t,x)dt — oo as|x| — oo, x € R".
0

(2) There are positive constants o, m such that
Vit,x)<a, |x|<m, xecR"

Then the system (1-4) has a solution for almost all values of B satisfying 0 < g <
6m?/aT?.

Theorem 1.3. Assume:

(1) The function V satisfies
T
05/ V(t,x)dt — oo as|x| — oo, x € R".
0
(2) There is a constant q > 2 such that
Vi, x) <C(x|9+1), rel, xeR".
(3) there are constants m > 0, a > 0 such that
Vt,x)<alx]®, |x|<m, tel, xeR".

Then the system (1-4) has a solution for almost all B satisfying 0 < g <2m*/aT>.
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Theorem 1.4. Assume:

(1) The function V satisfies
T
05/ V(t,x)dt — oo as|x| — oo, x € R".
0

(2) There are a constant o > 0 and a function W (t) € L'(I) such that
Vit,x) <alx|*+ W), tel, xeR"

Then the system (1-4) has a solution for almost all 0 < B < 27*/aT?. If we assume
B := / W(t)dt <0,
I

then (1-4) has a nonconstant solution for almost all such B.
Theorem 1.5. The conclusions of Theorem 1.4 are valid if we replace condition
(2) with:
(2)) There is a constant a > 0 such that
T

sup / V(t,x)dt <am®>+ B foreverym >0,

|x|<m JO
and require 0 <  <6/uaT.

The advantage of these theorems is that we obtain solutions under very weak
hypotheses. In fact, we make no assumption on V, V (¢, x) other than (1-3). The
disadvantage is that we do not obtain a solution for any particular value of 8. If
we wish to prove existence for every such 8, we will have to make assumptions
concerning V, V (t, x) as well. We now present additional hypotheses which guar-
antee existence of solutions for all values of g in the given intervals. We do this
for Theorems 1.1 and 1.3. The hypotheses are:

(1) 0< V(t,x)/|x|*> = oo as |x]| = oo.
(2) There are a constant C and a function W (¢) € L'(I) such that
H(,0x) <CH@E,x)+W(), 0<6<l,tel, xeR",

where
H(t,x) =V, V({t,x) -x—=2V(t, x).

Theorem 1.6. Assume:
(1) 0<V(t, x)/|x|*> = oo as |x| = oo.

(2) There are positive constants o, m such that

T
/V(t,x)dtfoz, x| <m, x e R".
0
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(3) There are a constant C and a function W (t) € L'(I) such that
H(t,0x)<CH(t,x)+W(@), 0<6<l,rel, xeR".
Then the system (1-4) has a solution for all values of B satisfying 0 < g < 6m?/aT.
Theorem 1.7. Assume:
(1) 0 < V(t, x)/|x|*> = oo as |x| = oo.
(2) There is a constant q > 2 such that
Vi, x) <C(x|9+1), tel, xeR".
(3) There are constants m > 0, o > 0 such that
Vit,x)<a|x|?, |x|<m, tel, xeR"
(4) There are a constant C and a function W (t) € L' (I) such that
H(@0x)<CH@,x)+W@k), 0<6<l,tel, xeR".

Then the system (1-4) has a solution for all B satisfying 0 < g < 27%/aT>.

The periodic nonautonomous problem
(1-5) X(1) =V V(t, x(1)

has an extensive history in the case of singular systems (see, for example, [Am-
brosetti and Coti Zelati 1993]). The first to consider it for potentials satisfying
(1-3) were Berger and the author [1977]. We proved the existence of solutions to
(1-4) under the condition that

V(t,x) > o0 as|x|— o0

uniformly for a.e. r € I. Subsequently, Willem [1981], Mawhin [1987], Mawhin
and Willem [1989], Tang [1995; 1998], Tang and Wu [1999; 2001; 2002] and
others (see the references therein) proved existence under various conditions.

The periodic problem (1-1) was studied by Mawhin and Willem [1986; 1989],
Long [1995], Tang and Wu [2003] and others. Tang and Wu [2003] proved exis-
tence of solutions of problem (1-1) under the following hypotheses:

(D V(t, x) — oo as |x| = oo uniformly for a.e. t € I.
(II) There exist a € C(R*, RT), b e L'(0, T, RT) such that

[V(t, x)|+|VV(t,x)| <a(|x])b(t) forall x e R" and a.e.t €[0, T].

and the superquadraticity condition:
(IIT) There exist 0 < u <2, M > 0 such that

V(t,x)>0, H,:=VV(t,x)x—uV(t,x)<0 forall |[x| >M andae.re[0,T].
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Rabinowitz [1980] proved existence under stronger hypotheses. In particular, in
place of (I), he assumed:

(I') There exist constants a;, a, > 0, o > 1 such that
V(t,x)>a|x|"+a, forallx e R* andae.tr€[0,T]

In place of (III), he assumed:
(IIT') There exist 0 < u < 2, M > 0 such that

0<VV({Et,x)-x <uV(t,x) forall |x| >M anda.e.r [0, T].

Mawhin and Willem [1986] proved existence for the case of convex potentials,
while Long [1995] studied the problem for even potentials. They assumed that
V (¢, x) is subquadratic in the sense that

there exist az < 27/ T)? and a4 such that
|V (t,x)| <asz|x|*>+ay forall x € R” and a.e. 1 € [0, T].

Mawhin and Willem [1989] also studied the problem for a bounded nonlinearity.
Tang and Wu [2003] also proved existence of solutions if one replaces (I) with

T
/ V(t,x)dt —> oo as|x| —> o0
0

and V(z, x) is y-subadditive with y > 0 for a.e. t € [0, T]. All of these authors
studied only the existence of solutions.

All of the results mentioned above concerned the existence of solutions, which
might be constants. Little was done concerning nonconstant solutions of problem
(1-1). For the homogeneous case, Ben-Naoum, Troestler and Willem [Ben-Naoum
et al. 1994] proved the existence of a nonconstant solution. For the case T = 2w,
Theorem 1.7, with substantially stronger hypotheses, was proved by Nirenberg;
see [Ekeland and Ghoussoub 2002]. Among other things, they assumed

V(ix) <505, X< reR xeR",
2
and the superquadraticity condition
V(t,x)>0, H,(t,x) <0, [x|>C, teR, xeR",
for some u > 2, which implies our hypotheses, and
V(it,x)>Clx|*-=C', xeR", C>0,

among other things. These results were generalized in [Schechter 2006a; 2006b].
Further results, involving some of the hypotheses used in these last two papers,
were obtained in [Wang et al. 2009].
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We shall prove Theorems 1.1-1.5 in Section 5, and Theorems 1.6 and 1.7 in
Section 7. We use linking and sandwich methods of critical point theory and
then apply the monotonicity trick introduced by Struwe [1988; 1996] for mini-
mization problems. (This trick was also used by others to solve Landesman—Lazer
type problems, for bifurcation problems, for Hamiltonian systems and Schrédinger
equations.)

Jeanjean [1999] shows that for a specific class of functionals having a mountain-
pass (MP) geometry, almost every functional in this class has a bounded Palais—
Smale sequence at the (MP) level. This theorem is used to obtain, for a given
functional, a special Palais—Smale sequence possessing extra properties that help
to ensure its convergence. Subsequently, these abstract results are applied to prove
the existence of a positive solution for a problem of the form (P) —Au + Ku =
f(x,u),ue H I(RN), K > 0. He assumed that the functional associated to (P) has
an (MP) geometry. His results cover the case where the nonlinearity f satisfies
() f(x,s)s ! = a e (0,00] as s = +oo and (ii) f(x, s)s~! is nondecreasing as
a function of s > 0, a.e. x € RV.

Here, we obtain a bounded Palais—Smale sequences for functionals that need
not have (MP) geometry. We then apply the theory to situations in which the (MP)
geometry is not present. In particular, we apply it to situations where there is
linking without the (MP) geometry. We also apply it to situations in which there
are sandwich pairs which do not link.

The theory of sandwich pairs began in [Silva 1991; Schechter 1992; 1993] and
was developed in subsequent publications such as [Schechter 2008; 2009].

2. Flows

Let E be a Banach space, and let ¥ be the set of all continuous maps o = o (¢)
from E x [0, 1] to E such that

(1) o(0) is the identity map,

(2) for each t € [0, 1], o (¢) is a homeomorphism of E onto E,
(3) o’(¢t) is piecewise continuous on [0,1] and satisfies

2-1) lo’(t)u| < constant, u € E.

The mappings in X are called flows.

Remark 2.1. If o1, o0y are in X, define 03 = 01 0 03 by

o1(2s) if 0<s <1,
o3(s) = o1
02(2s — Doy(1) if 3 <s <1.

Then o100y € .
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3. Sandwich systems

Let E be a Banach space. Define a nonempty collection 3 of nonempty subsets
K C E to be a sandwich system if 3 has the following property:

c()Ke¥H, oex, Kel.

Theorem 3.1. Let ¥ be a sandwich system, and let G (u) be a C' functional on E.
Define

3-1 = inf G
S @:= jatsup G

and assume that a is finite. Assume, in addition, that there is a constant Cy such
that for each § > 0 there is a K € ¥ satisfying

(3-2) supg G <a+34,

such that the inequality

(3-3) Gu)>=a—-68, uek,

implies ||u|| < Co. Then there is a bounded sequence {u} C E such that
(3-4) G(up) =~ a, |G (up)ll — 0.

Theorem 3.2. Let ¥ be a sandwich system, and let G (u) be a C' functional on E.
Assume that there are subsets A, B of E such that

(3-5) ap:=supy, G <00, by:=infp G > —o0,
A e ¥ and
(3-6) BNK #2, KeX.

Assume, in addition, that there is a constant Cy such that for each § > 0 there is
a K € X satisfying (3-2) such that the inequality (3-3) implies ||u|| < Co. Then
the value a given by (3-1) satisfies by < a < ag and there is a bounded sequence
{ur} C E such that

(-7 Gu) —~a, |Gyl — 0.

Definition 3.3. We shall say that sets A, B in E form a sandwich pair if A is a
member of a sandwich system J{ and B satisfies (3-6).

Theorem 3.4. Let N be a finite dimensional subspace of a Banach space E, and
let p be any point of N. Let F be a continuous map of E onto N such that F = 1
on N. Then A = N and B = F~'(p) form a sandwich pair.
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Corollary 3.5. Let N be a closed subspace of a Hilbert space E and let M = N*.
Assume that at least one of the subspaces M, N is finite dimensional. Then M, N
form a sandwich pair.

Corollary 3.6. Let N be a finite dimensional subspace of a Hilbert space E with
complement M' = M @ {vp}, where vy is an element in E having unit norm, and let
8 be any positive number. Let ¢(t) € C'(R) be such that

0<p@®) =1L, ¢0)=1 and ¢@)=0, |t]=1.
Let
(3-8) Flv+w+svy) =v+ (S +4 —8(p(||w||2/82))vo, veN,weM, seR.
Then A= N'= N @ {vo} and B = F~'(8vo) form a sandwich pair.
Proof. One checks that the mapping F given by (3-8) satisfies the hypotheses of
Theorem 3.4 for N'. U
4. The parameter problem

Let E be areflexive Banach space with norm ||-||, and let A, B be two closed subsets
of E. Suppose that G € ¢! (E, R) is of the form G (u) := I (u) — J (u), u € E, where
I, J € ¢'(E, R) map bounded sets to bounded sets. Define

Gy(u)y=AI(u)—Jm), reA,

where A is an open interval contained in (0, +00). Assume one of the following
alternatives holds.

(H)) I(u) >0forallu € E and I (1) +|J (u)|] — oo as |lu|| — oo.
(Hy) I(u) <O0forallu € E and |I(u)|+ |J(u)| = oo as |u|| — oc.
Furthermore, we suppose that X is a sandwich system satisfying
(H3) a(A) :=infgey supg G, is finite for each A € A.

Theorem 4.1. Assume that (H,) (or (H»)) and (H3) hold.

(1) For almost all \ € A there exists a constant ko(A) := ko (depending only on )\)
such that for each 5 > 0 there exists a K € X such that

supg G, <a(i) 44,
4-1) lul| <kp whenever u € K and G, (u)>a(r)—34.

(2) For almost all A € A there exists a bounded sequence uy()\) € E such that

G (u)ll = 0, G (ug) = a(ir) = Iirg{supl( G, ask— oo.
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Corollary 4.2. The conclusions of Theorem 4.1 hold if we replace Hypothesis (H3)
with:
(H;) There is a sandwich pair A, B such that for each A € A,
4-2) ap:=sup, G, <oo, by:=infp G, > —o0.

Corollary 4.3. The conclusions of Theorem 4.1 hold if we replace Hypothesis (H3)
with:

(HY) There are sets A, B such that A links B and for each ) € A,

(4-3) ap:=sup, G <bg:=infp G,.

5. Proofs of the theorems

We now give the proof of Theorem 1.4.

Proof. Let X be the set of vector functions x(f) described above. It is a Hilbert
space with norm satisfying

n
2 2
EFEDEA S
j=1
We also write

n
2 2
e ll? = 117,
j=1

where || - || is the L?(I) norm.
Let

N ={x(t) € X : x;(t) = constant for 1 < j < n},

and set M = N1. The dimension of N is n, and X = M @ N. See, for example,
[Mawhin and Willem 1989, Proposition 1.3] for details on the following lemma.

Lemma 5.1. Ifx € M, then

2 _ T .2 T ..
I3 < 1517 and ¥l < -1
Define
(5-1) G(x) = ||)%||2—2/ Vi, x@)dt, xeX.
I

For each x € X write x = v+ w, where v e N, w € M. For convenience, we shall
follow [Mawhin and Willem 1989] and use the equivalent norm for X:

2 =12 2
Ixl% = Nlwll” + [lv]I”
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Let
100 = 412, J(x)=2/va,x<r>>dr.
1

By Hypothesis (1),

J()—> 00 as|v||— o0, veN.

Hence,
I(x)+|J(x)]| > o0 as|x|x = oo.
Let
(5-2) G,(x) :)»”X”Z —2/ Vi, x@)dt=x(x)—J(x), xeX.
I

Hypothesis (1) implies
(5-3) supy G (v) = —infy J(v) < oo.

If x € M, we have by Hypothesis (2) and Lemma 5.1 that

(5-4) Gy (x) > M%) — 2fa|x<r)|2dr —B
472\
> (75" —20)IxI*~ B = —B,
provided
(5-5) A >aT?/27°.

By Corollary 3.5, M and N form a sandwich pair. Then by Corollary 4.2, for
almost every A satisfying (5-5) there is a bounded sequence {x®} ¢ X such that

(5-6) G (x®) = 202 =2 f v, xO(1) dt — ¢ = —B,
1
-7 (GL(x®),2)2=0®, 2) — f V.V, x®) . z(t)dt - 0, zeX,
1
(5-8) (G;(x(")),x<k>)/2zx||5c<k>||2—/va(z,x“‘))-x(") dt — 0.
1

Since
o= lIx®|x <C,

there is a renamed subsequence such that x® converges to a limit x € X weakly
in X and uniformly on /. From (5-7) we see that

(G/A(x),z)/2=)\()'c,2)—/VXV(t,x(t))-z(t)dz‘:O, zeX,
1
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from which we conclude easily that x is a solution of (1-4) with 8 = 1/A, proving
the first statement of the theorem. To prove the second, note that (5-4) implies

G,(x)>—B, xeM.
Consequently, if B < 0, we see that
bo =inf G, (x) > 0.
M
Thus, the solution x satisfies G, (x) > by > 0. If x were a constant, we would have

G, (x) = —J(x) <0, a contradiction. This gives the result. O

The proof of Theorem 1.5 is similar to that of Theorem 1.4 with the exception
of the inequality (5-4) resulting from Hypothesis (2). In its place we reason as
follows: If x € M and ||%||> = 12m?/T, then |x| < m by Lemma 5.1. Thus, we
have by Hypothesis (2'),

Gi(x) = A — 2am® — B
> (121 —2aT)m?/T — B > —B,
provided A > «T /6. The remainder of the proof is essentially the same.

In proving Theorem 1.1, we follow the proof of Theorem 1.4. Hypothesis (1)
implies

(5-9) G,(v) <0, veNl.
If x € M and
612 = p? = 222,

then Lemma 5.1 implies that ||x||.c < m, and we have by Hypothesis (2) that
fOT V(t, x)dt < a. Hence,

T
(5-10) Go(r) = Al —2f Vt, x)dr
0
> Ap® —2a >0,

provided A > T /6m>.
If we take
A=MNB, B=N,
then A links B by [Schechter 1999, Corollary 13.5]. Thus, we see that Hypoth-
esis (H;') of Corollary 4.3 holds with G, replaced with —G,. By that corollary,
there is a bounded sequence satisfying (5-6)—(5-8). The first result now follows as
before. To prove the second, let

y(t) = v+ swo,
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where v e N, s > 0, and
wo = (sin(Rxt/T),0,...,0).
Then wog € M, and
lwoll*> =T/2,  Ijuiol|* =277/ T.
Note that
Iyll? = vl + s>T/2 = T|v|* + Ts/2.

Consequently,
G () =?»82||U')0||2—2/V(l,y(l))dl SZKWZSZ/T—2V/I)’(I)I2dl+B
1 1
<2a%s%/ T =2y (|v|> + Ts%*2) + B
<QAar?—yTHs*T —2Ty|v|* + B — —o0 as s> + |v]|* — 0.
Take
A={veN: |v|<R}U{swy+v:veN,s>0,|swo+v| =R},
B=0B,NM, 0<p <R,

where
B, ={xeX:|xllx <o}

By [Schechter 1999, Example 3, page 38], A links B. Moreover, if R is sufficiently
large,

(5-11) sup4 G, <0 <infp G,.

Hence, we may apply [Schechter 1999, Corollary 2.8.2] and Corollary 4.3 to con-
clude that there is a sequence {x®} c X such that

(5-12) G, (x®y =1x® )% - 2/ v, x®@)dt — c>0,
1

(5-13)  (G,(xP), 2)/2=2GP, 2) - f V.V, x®) . z()dt — 0, ze€X,
1

(5-14) (G:\(x(k)),x(k))/Z=A||)&(k)||2—fVXV(t,x(k))-x(k) dt — 0.
1

Since
o= lx®x < C,

there is a renamed subsequence such that x® converges to a limit x € X weakly
in X and uniformly on /. From (5-13) we see that

(G/A(x),z)/2=)\(5c,2)—/VXV(t,x(t))-z(t)dz‘:O, zeX,
1
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from which we conclude easily that x is a solution of (1-1). By (5-12) we see that
G.(x) = ¢ =0,

showing that x (¢) is not a constant. For if ¢ > 0 and x € N, then
G, (x)= —2[ V(t,x(t))dr <0.
I

If ¢ =0, we know that d(x®, B) — 0 by [Schechter 1999, Theorem 2.1.1]. Hence,
there is a sequence {y®’} c B such that x® —y® — 0in X. If v € N, then

x,0) = (x —x®, )+ x® —y® ) -0,

since y¥' € M. Thus x € M. This completes the proof.
To prove Theorem 1.3, note that Hypothesis (1) implies

(5-15) G,(v) <0, veNl.

If x € M, we have by Hypothesis (2)

Go(x) = xuxnz—z/ alx(OP di —Cf (Ix]9 + 1) dt

lx|<m |x|>m
> A% = 2alx)> = C(A +m?> 1 +m™9) |x|9 dt
|x|>m
-2 2 2 / q
> %17 (A — QuT?/4n ))—C/ |x|9 dt
|x|>m

> (= @T%22) Ix ]} — C” /I Il di
> (h—@T%/272)Ix ]k = C"lx % = (A= @T%/27) = " I1x1572) Ix 1%
Hence,
(5-16) Gi(x) = elxx. lxlx<p. xeM
for p > O sufficiently small, where ¢ < A — (« T?/27%) is positive. If we take
A=MNB,, B=N,

then A links B by [Schechter 1999, Corollary 13.5]. Thus, Hypothesis (H;') of
Corollary 4.3 holds with G, replaced with —G,. By that corollary, there is a
bounded sequence satisfying (5-6)—(5-8). The result now follows as before.
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6. Finding the sequences
Proof of Theorem 3.1. Let M = Cop+ 1. Then
lo(Mvl =M

whenever o € ¥ satisfies ||o’(¢)|| < 1 and v € E satisfies ||v|| < Cy. If the theorem
were false, then there would be a § > 0 such that

(6-1) |G’ ()| = 38
when
(6-2) uefuekE:|ull<M+1,|Gu)—al <36}

Take 8§ < 1/3. Since G € C'(E, R), for each 6 < 1 there is a locally Lipschitz
continuous mapping Y (u) of E = {u € E : G'(u) # 0} into E such that

(6-3) Y@l <1, 0IG Wl <(G'w),Yw), ueck
(see, for example, [Schechter 1999]). Take 6 > 2/3. Let

Qo={uecE:|ul <M+1,|G(u)—al <268},
Qr={ueckE:|ul <M, |Gu)—al <6},
0>=E\ Qo,

n(u) =d(u, Q2)/(d(u, Q1) +d(u, Q2)).

It is easily checked that 1 (u) is locally Lipschitz continuous on E and satisfies

nu) =1 if u e Qy,
(6-4) nw) =0 if ue Qs
n(u) € (0,1) otherwise.
Let
W) =—n)Y (u).
Then
IWw)|| <1, ueekE.

By [Schechter 2009, Theorem 4.5], for each v € E there is a unique solution o (¢)v
of the system

(6-5) o'(t)=W(o (@), teRY, o(0)=v.
We have
(6-6) dG (o (1)v)/dt = —n(o (1)v)(G' (o (1)v), Y (o (t)v))

< =0n(@)G' (@) < —=305n(0).
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Let K € ¥ satisfy the hypotheses of the theorem. Let v be any element of K N Q.
Then ||v|| < Cy. If there is a f; < 1 such that o (t;)v ¢ Q, then

(6-7) G (v) <a -4,

since |lo(Dv|| < M,
G (D) = G(o(1)v)

and the right hand side cannot be greater than a + 6 by (6-6). On the other hand,
if o(t)v € Q; for all ¢ € [0, 1], then we have by (6-6)

Go(v)<a+86—3860 <a—>6.
If v e K\Q;, then we must have
Go(v) <G(v) <a -6,
since G(v) > a — § would put v into Q. Hence
(6-8) Go(lv)<a—-6, vek.
By hypothesis, K = o (1)K € ¥. This means that
(6-9) Gw)<a—8, wek.

But this contradicts the definition (3-1) of a. Hence (6-1) cannot hold for u satis-
fying (6-2). This proves the theorem. (]

Proof of Theorem 3.2. Since A € K, clearly a < ag. Moreover, for any K € ¥, we
have

by =1inf G, < inf G, < G, < G,.
=G < jnf G < sup G < supg G

Hence, by < a. Apply Theorem 3.1. ([
Proof of Theorem 3.4. Define
H={c(1)A:0 € Z}.

Then I is a sandwich system. To see this, let K =5 (1)A be asetin K. If o € X,
then o o & is also in . Thus, J is a sandwich system. Let B = F~!(p). If we
can show that B satisfies (3-6), then the result will follow from Theorem 3.2. Now
(3-6) is equivalent to

F Y p)Nno(H)N #£3, oceX.

Let Qg(p) be a ball in N with radius R and center p, and let o (¢) be any flow
in X. Since

(6-10) o(Hu—u =[ o'(Nudr,
0
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we have
lo@®u—o(s)u| < Clt —s|.

Ifue Ag =0Qxr(p), and v € B, we have
h(s) :=d(o(s)u, B) < [lo(s)u —v| < llo(Ou —v| + Clt —s].
This implies
(6-11) h(s) <h@)+C|t —s|.
Moreover, by [Schechter 2009, Lemmas 4.3 and 4.8], A (s) satisfies

h(s)>m(R) >o00 asR—>o00, 0<s<I1, uedQr(p).

Thus,

lo(s)u —F~'(p)|| = h(s) =m(R) — 00, u€ Ag.
Consequently,
(6-12) Fipno(HAr=2, oceX,

for R sufficiently large. Now A links B; see, for example, [Schechter 1999]. For
I' € @, define

o(2s) if0<s
s

r =
1(5) {U(I)F(2s— noif <
Clearly, I'y € ®. Consequently, there is a #y € [0, 1] such that

I'(tARNB £ .
If rp < %,then
o(2ty) ARN B # @,

contradicting (6-12). If 79 > %, then
oc()I'Rty—1)ArNB £ 2.
Take I'(s)u = (1 —s)u. Then I' € ® and I'(2fo — 1) Agr C N. Hence,
c(1))NNB # 2.

Thus (3-6) holds, and the theorem is proved. O
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7. The monotonicity trick

Proof of Theorem 4.1. We prove conclusion (1) assuming the first of the alternative
hypotheses, (H).

By (Hy), the map A — a(}) is nondecreasing. Hence, a’(A) :=da())/d) exists
for almost every A € A. From this point on, we consider those A where a’()) exists.
For fixed A € A, let A,, € (A,2A) N A, A, — X as n — 00. Then there exists 7())
such that

7-1) Ay —1< w <d ) +1 forn>i(h).

Next, there exist K,, € ¥ g, ko := ko(A) > 0 such that
(7-2) lull <ko whenever Gy (1) >a(d) — (A, —A).
In fact, by the definition of a(A,), there exists K,, such that

(7-3) sup G (u) < sup Gy, (u) < a(rin) + Ap —4).
Kn Kn

If G,(u) >a()) — (A, —A) for some u € K, then, by (7-1) and (7-3), we have that
Gy, (u)—G; ()

(7-4) I(u) =

Ap—A
< aQ)+ A=) —aM)+ R —A)
- Ap—A
<ad'(x)+3,
and it follows that
(7-5) J(u) = I (u) — Gy, (u)

< k(@A) +3) = Gy(u)
< (@) +3)—a) + (ky— 1)
<2x(@' () +3)—a() +A.

On the other hand, by (Hy), (7-1), and (7-3),

(7-6) J (W) =21 (u) — Gy, (u)
> —G,,(u)
> —(a(ry) + (A — 1))
> —(a(A) 4+ (tn — 1) (@' (1) +2))
> —a(L) —Ala’(A) +2].

Combining (7-4)—(7-7) and (H;), we see that there exists ko(1) := ko (depending
only on A) such that (7-2) holds.
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By the choice of K, and (7-1), we see that

Gu(u) < G, () <supg Gy, (u)
<a(ip) + (A, —A)
<@ M)+ D0 =2 +a) + Oy — )
<a()+ @) +2)(h— 1)
for all u € K,,. Take n sufficiently large to ensure that |a’ (1) +2| (A, —A) < 8. This

proves conclusion (1). Conclusion (2) now follows from Theorem 3.1. The proof
under Hypothesis (H>) is similar, and is omitted. O

In proving Corollary 4.3, we shall make use of the following results of linking.
Let E be a Banach space. The set ® of mappings I'(#) € C(E x [0, 1], E) is to
have following properties:

(a) For each r € [0, 1), I'(¢) is a homeomorphism of E onto itself and @) 'is
continuous on E x [0, 1).
b)) ro=1.

(c) For each I'(t) € ® there is a ug € E such that I'(1)u = ug for all u € E and
['(t)u — ug as t — 1 uniformly on bounded subsets of E.

(d) For each 1y € [0, 1) and each bounded set A C E we have
sup {IT(@)ull + T~ ()ul]} < oo.
0<t<ty
ueA
A subset A of E links a subset B of E if AN B = & and, for each I'(¢) € ®, there
isate (0, 1] suchthat I'(!)AN B # @.

Theorem [Schechter 1999, Theorem 2.1.1]. Let G be a Cl-functional on E, and
let A, B be subsets of E such that A links B and

ap:=supG < by :=inf G.
A B

Assume that
a:= inf sup G (s)u)

€Po<s<1
ueA

is finite. Then there is a sequence {uy} C E such that
G(uy) = a, G'(uy)— 0.
If a = by, then we can also require that

d(ui, B) — 0.
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Proof of Corollary 4.3. Let
H={T'(s)A: T e ®, sel}

Then ¥ is a sandwich system. In fact, if o € ¥ and I" € ®, define

o (25) if0<s<i,
[i(s) = o1
o(Hr@2s—1) if 3 <s =<1
Then I'; € ®. Thus,
oc(Hh)Ke¥H, oeXx, KelX.

Since A links B, we have for each I'(t) € @, there is a ¢ € (0, 1] such that
I'(t)A N B # &. Consequently,

(7-7) BNK #£9, Kei.
Thus, A, B form a sandwich pair. Let

a(X):= inf sup G, (I'(s)u).
€Po<s<1
ueA

Then a()) := infxex supg G is finite for any A € A. This shows that Hypothe-
sis (H3') implies Hypothesis (H3). We can now apply Theorem 4.1. O

Proof of Theorem 1.6. Take A = 1/B. Let Ao = aT/6m?, and let v < co. By
Theorem 1.1, for a.e. A € (Ao, v), there exists u; such that G (u;) =0, Gy (u;) =
a(d) > a(hg). Let A satisfy Ayg < A < v. Choose A, — A, A, > A. Then there
exists x, such that

G, () =0, Gy, (x2) =a(ry) = a(ho).

2V (¢,
Q ”xn”X

Now we prove that {x,} is bounded. If ||x,|x — oo, let w, = x,,/||x,||x. Then
there is a renamed subsequence such that w, — w weakly in X, strongly in L*°(£2)
and a.e. in 2.

Let €29 be the set where w # 0. Then |x, (¢)| — oo for t € Qq. If ¢ had positive
measure, then we would have

2V (t, 2V (t, 2V (t,
czf—( x")dz=/—( x”)lwnlzdtz/ 2V, Pt — o,
Q Q w0

2
el x2 X2

Therefore,

showing that w = 0 a.e. in 2. Hence, w, — 0. Since

2 2
[ 1”4+ lwall” =1,
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we have ||w, | — 1. Define 6, € [0, 1] by

Gkn (6nxn) = max G}\.n (Ox).
6€[0,1]
For any ¢ > 0 and w,, = cw,, we have
/ Vi, w,)dt — 0
Q
(see, for example, [Schechter 2008, page 64]). Thus,
Gy, (6nxy) = Gy, (cwy) = hp |l ]I> — 2/ V(t, Wy)dt — Ac?, n— oo.
Q

Hence, G,,(6yx,) > kc2/2 for n sufficiently large. That is, lim,, oo G, (64x,) =
oo. If there is a renamed subsequence such that 6, = 1, then

(7-8) G (x) — 00.

If 0 <6, < 1 for all n, then we have (G;n (0,x,), x,) <0. Therefore,

f H(t,0pxy) dt = / (VaV(t, 05x0)6pxn — 2V (1, 6pxy)) dt
Q Q

= Gkn (Gnxn) — (G;n (Onxn), Onxn)

> Gy, (Onxn) — 00.

By hypothesis,

G, (x,) = /Q H(t, x,)dx > /Q H(t,0,x,)dt/C — /Q W(t)dt — oo.
Thus, (7-8) holds in any case. But
Gy, (xn) = a(ry) <a(v) < oo,
Thus, ||x,|lx < C. It now follows that for a renamed subsequence,
G, (xp) = 0, Gu(xn) = a(r) = a(ro).
Applying [Schechter 1999, Theorem 3.4.1, page 64] gives the desired solution. [

Proof of Theorem 1.7. This time we take Ao = aT?/27?, apply Theorem 1.3 and
follow the proof of Theorem 1.6. U
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