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TWO KAZDAN-WARNER-TYPE IDENTITIES FOR THE
RENORMALIZED VOLUME COEFFICIENTS AND THE
GAUSS-BONNET CURVATURES OF A RIEMANNIAN METRIC

BIN GUO, ZHENG-CHAO HAN AND HAIZHONG LI

We prove two Kazdan—Warner-type identities involving the renormalized
volume coefficients v®° of a Riemannian manifold (M", g), the Gauss—
Bonnet curvature G»,, and a conformal Killing vector field on (M", g). In

the case when the Riemannian manifold is locally conformally flat, we find
- 4(n—r)r!
v = (=2 and Gy(g)=——""0,
(n=2r)!

and our results reduce to earlier ones established by Viaclovsky in 2000 and
the second author in 2006.

1. Introduction

Theorem A [Viaclovsky 2000b; Han 2006a]. Let (M, g) be a compact Riemann-
ian manifold of dimension n > 3, let ox (g™ o A,) be the oy curvature of g, and
let X be a conformal Killing vector field on (M, g). When k > 3, assume also that
(M, g) is locally conformally flat. Then

(1-1) / (X, Vor(g o Ag))dvg =0.
M

Recall that on an n-dimensional Riemannian manifold (M, g) with n > 3, the full
Riemannian curvature tensor Rm decomposes as

where W, denotes the Weyl tensor of g,

A, = L (Ric — L g)
£ n=2 & 2n—1)
denotes the Schouten tensor, and © is the Kulkarni-Nomizu wedge product. Under
a conformal change of metrics g, = " g, where w is a smooth function over the
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Keywords: renormalized volume coefficients, v(@0) curvature, conformal transformation, locally
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manifold, the Weyl curvature changes pointwise as Wy, = e?* W,. Thus, essential
information about the Riemannian curvature tensor under a conformal change of
metrics is reflected by the change in the Schouten tensor. One often tries to study
the Schouten tensor through the elementary symmetric functions o3 (g~! o Ag)
(which we later denote as oy (g)) of the eigenvalues of the Schouten tensor, called
the oy curvatures of g, by studying how they deform under conformal change of
metrics.

Question. For all £ > 1, can we generalize Theorem A without the condition that
(M, g) is locally conformally flat?

In this note, we show the answer is yes. The renormalized volume coefficients
v®®)(g) of a Riemannian metric g, were introduced in the physics literature in the
late 1990s in the context of AdS/CFT correspondence — see [Graham 2009] for a
mathematical discussion — and were shown in [Graham and Juhl 2007] to be equal
to ok (g A ¢)» up to a scaling constant, when (M, g) is locally conformally flat. In
fact, in the normalization we are going to adopt,

(1-2) v?(g)=—301(8) and v?(g) = jor (o).
For k = 3, Graham and Juhl [2007, page 5] have also listed the formula
(1-3) V() = 5 (73(8) + 555 (A0 (B ).
where
(Bo)ij = —— VAV Wiy, + LR"’WM{J

-3 2

is the Bach tensor of the metric. Just as f w Ok (g7'0A ¢) dvg is conformally invari-
ant when 2k =n and (M, g) is locally conformally flat, Graham [2009] showed that
/ ” v (g)d v, is also conformally invariant on a general manifold when 2k = n.
Chang and Fang [2008] showed that, for n # 2k, the Euler-Lagrange equations for
the functional |, Y V@ (g)d v, under conformal variations subject to the constraint
Vol, (M) = 1 satisfies v (g) = const, which is a generalized characterization for
the curvatures o3 (g ™! o A,) when (M, g) is locally conformally flat, as given by
Viaclovsky [2000a].

In this note, we will first show that the curvatures v‘>*)(g) will play the role of
or(g oA ¢) in (1-1) for a general manifold. Graham [2009] also gives an explicit
expression of v® (g), but the explicit expression of v®¥)(g) for general k is not
known because they are algebraically complicated; see [Graham 2009, page 1958].
Thus the study of the v®®(g) curvatures involves significant challenges not shared
by that of ox(g): First, v (g) for k > 3 depends on derivatives of curvature of g;
in fact, these depend on derivatives of curvatures of order up to 2k —4. Second, the
v (g) are defined in [Graham 2009] via an indirect, highly nonlinear inductive
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algorithm. Despite these difficulties, we can use some properties of these vX(g)
curvatures to prove the following.

Theorem 1.1. Let (M, g) be a compact Riemannian manifold of dimension n > 3,
and let X be a conformal Killing vector field on (M", g). For k > 1, we have

(1-4) / (X, Vo (g))dv, = 0.
M

Remark 1.2. From (1-2), we know that Theorem 1.1 is equivalent to Theorem A
when k =1, 2, or when (M", g) is locally conformally flat for k£ > 3.

One main reason for interest in identities such as (1-1) and (1-4) is that they
play crucial roles in analyzing potentially blowing up conformal metrics with a
prescribed curvature function, with v>*)(g) prescribed in this case. Although little
is known about this problem at this stage, Theorem 1.1 establishes one ingredient
for attacking this problem.

Our second result involves the Gauss—Bonnet curvatures G, for 2r < n, intro-
duced by H. Weyl in 1939 and defined by

- Ri2r71i2r
J2r=1J2r’

GZr(g) — ajljZ"‘er—ljZ;'RiliZ

i1iginr—1i2r J1j2

where 51'j1 '/zzlf:l'zj’z’ is the generalized Kronecker symbol; see also [Labbi 2008].

Note that G, = 2R, with R the scalar curvature.

Theorem 1.3. Let (M", g) be a compact Riemannian manifold, and let X be a con-
formal Killing vector field. Then for the Gauss—Bonnet curvatures defined above,
we have

| .G, =o
M

Remark 1.4. When (M, g) is locally conformally flat, we see that the Gauss cur-

vature satisfies
Gor (2) 4 (n—r)lr!
= — (0, s
2r(8 (I’l _ 27‘)' r

so Theorem 1.3 reduces to Theorem A.

Remark 1.5. M. Labbi [2008] proved that the first variation of the functional
/ v G2rdvg within metrics with constant volume gave the so-called generalized
Einstein metric, and this functional has the variational property for 2r < n and
is a topological invariant for 2r = n. In fact, if n = 2r, this functional is the
Gauss—Bonnet integrand up to a constant [Chern 1944].

In the next section, we first provide a general proof for Theorem 1.1 by adapting
an ingredient in a preprint version [Han 2006b] of [Han 2006a], and using of a
variation formula for v® (g) established in [Graham 2009] and [Chang and Fang
2008]. Because of the explicit expression for v®(g) and potential applications to
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other related problems in low dimensions, we provide in Section 3 a self-contained
proof for Theorem 1.1 in the case k = 3. We prove Theorem 1.3 in Section 4.

2. Proof of Theorem 1.1

We will need the following variation formula for U(Zk)(g); see [Graham 2009].

Proposition 2.1. Under the conformal transformation g; = ¢*"g, the variation of
v (g,) is given by

9

(2-1) Py

(g = =2k £ (L)),

where LZ{) is defined as in [Graham 2009] by

k
. 1 o 1 i)
Ly == 70> @087 (0],
=1

with g;;(p) denoting the extension of g such that

_ (dp)* —2pg(p)

8+ 4,02

is an asymptotic solution to Ric(gy) = —ngy near p = 0.

An integral version of (2-1) first appeared in [Chang and Fang 2008]:

/(%‘ (0 (g) +2knu® (g) ) dv, = 0.
M t=

Proof of Theorem 1.1 in the case n # 2k. Let X be a conformal vector field on M.
Let ¢; denote the local one-parameter family of conformal diffeomorphisms of
(M, g) generated by X. Thus for some smooth function w, on M, we have

i (g)=e"g=1g.

We have the properties

(2-2) 0 (g) = v (grg) = v (2 ),
d divX
2-3 3 = — = s
(2-3) @ dt t:sz n
0 _ . .o
(2-4) 3718 0 AR)) ==V —2ig 0 Ag),
(2-5) % _ dive, X =nXy=n(X, V).
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Using (2-2), (2-3), and (2-1), we have
X Vo) = 2| @)
2ka)v(2k) + Vi (Lo
- _7(div X)) 4+ v, (L(k)wj)
= 2 div® ) + 25 (x, Vo) (g)) + LV, (LY (div X)),
from which it follows that
(2-6) (1 - 2,1—")( X, Vo (g)) = dlv(v(Zk)X) +o ly, (L(k)(div X) ).

Theorem 1.1 in the case 2k # n follows dlrectly by integrating (2-6) over M. [

Proof of Theorem 1.1 in the case 2k = n. As in [Han 2006b], we will prove that
for any conformal metric g; = ¢*'g of g,

/ (X, v (g1))dv,, :f (X, v(Zk)(g))dvg:—/ div, Xv ) (g)dv,,
M M M

that is, | (X, v (g))d v, is independent of the particular choice of metric in the
conformal class. We only have to prove that

)

(2-7) 3

/ divy, Xv@ (g))dv,, =0 for g, = e*'"g.
M

t=0
We prove (2-7) by direct computations using Proposition 2.1. Indeed,

ad

. 2k
3 t=0/Md1Vg’ X' )(g,)dvgt

_ /M( n(X, V) +div X (~2kqu® + V;(LY n))) +np div Xo®P)dv,
= fﬁ4( (X, Vi) 4 div X V; (L(k)n/))dvg
_ / (X, Vi) — L}, (div X)in;)dvg

M

= f( div(nv @ X) + V; (L, (div X);))ndvg =0
M

in the case n = 2k by (2-6).

The remaining argument is an adaptation of an argument of Bourguignon and
Ezin [1987]: either the connected component of the identity of the conformal
group Co(M, g) is compact, and then there is a metric ¢ conformal to g admit-
ting Co(M, g) as a group of isometries, from which it follows that divy X =0
and therefore (1-4) holds; or, Co(M, g) is noncompact, and then by a theorem of
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Obata and Ferrand, (M, g) is conformal to the standard sphere, in which case we
can pick the canonical metric to compute the integral on the left hand side of (1-4)
and conclude that it is zero. O

3. A self-contained proof of Theorem 1.1 in the case k =3

We aim to give a direct, self-contained derivation for a more explicit version
of (2-1); namely, under conformal change of metric g; = ¢*"g,

() Bii(g) \o,
8 +24(n—4))v’7)’

d

G-D 5l

v () = -6 () + v ((

where Tii.z) (g) is the Newton tensor associated with Ag, as defined in Reilly [1977]:

Definition. For an integer k > 0, the k-th Newton tensor is

(k) 2 : Jie JAJ .
11 k' 811 s 11J1"‘Alkjk7

87175 is the generalized Kronecker symbol.

where §;

With (3-1) we can repeat the proof in the last section to prove Theorem 1.1 in the
case k =3.

First we recall the transformation laws for the tensors B;; and A;; under con-
formal change of metric g, = ¢2"g — see [Chang and Fang 2008]:

Aij(g) = Aij — 1V + VgV — 12|Vl g,
Bij(g) =e 2’"(8,-,- + (n =Dt (Ciji + Cji) Vi + (n — H* Wi i Vi Vi),

where C;jr := A;j r — Ajx, j are the components of the Cotton tensor, with A;;  the
components of the covariant derivative of the Schouten tensor A;;.
Thus

9| Ali(g) = —Viiy—4AT

i (&) n (&)n,

d

3 t_OBij(gt) = (n —4)(Cijx + Cjix)VEn — 2nB;;.

Proposition 3.1 [ Viaclovsky 2000a; Han 2006b; Hu and Li 2004]. We have
(i) ko) =) Tf "4y

i,j

(i) Y 7 = (n—bow(e).

(i) Y V' Wy = —(n —3)Cijx.
1
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Using the relation between v©® and o3 (g), and with AY/ B;; asin (1-3), we find

A )
88t‘t=0v (g[)

) y y
= TP (g)(—Vn—29A" (g))
;(
3(n—4)

1
- _6<03(g)+3(n—4)

_ 6) v (2) z/(g)> )
— 4800 (g)n V,(( () +5 -5}

() ;
H(X (13 @+ 5288 1344 Cu ),
J
where we used (1-3) and Proposition 3.1(i). The following lemma implies that

Z(T,ﬁzﬂ( )+ (” J(i))> +2A5Cy =0,
J

thus establishing (3-1).

Lemma3.2. () » T, =—AMC,;.

+ —B;;j(9)V n+(n—4)AY (g)(Cijx+C i) Vin—6nAY B;;)

AV ) (T<2>( o (”(gj)) U2 A ()Ciy T

j
(i) Y By =m—HA"Cy.
J
Proof of (1). In normal coordinates, we have

@) J1j2j Jri2j —
Z sz J Z(zy Z(Szllzzzz A’l/1A12J2> 28111121 All/lAlzjzaj - _qucpqi»
J

where we used
‘Si1j1 5!'1]2 5i1j
I =1 80y Sinjy B
8ij, ¢
and ) Aj; j =) Ajj, itself a consequence of the second Bianchi identity. U
l 1

i Oij

Proof of (ii). First, using Proposition 3.1(iii) and substituting R;; in terms of A;;
in the definition of the Bach tensor B;;, we obtain

B =— Z Cikjx + Z A Wiikj
k k,l

=- Z(Aik,jk — Ajjrk) + Z At Wiik; -
k k.l
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Thus
> Biij
J
=- Z(Aik,jkj — Aijkkj) + Z(Akl,j Wiikj + A Wiikj, j)
ik

kl,j

=- Z(Aik,jkj — Aik,jjk) + Z A, jWiikj — (n —3) Z A Crit
Jk k.l j kI

=— Z (Aik,m Rmjkj + Aim, j Rmikkj + Amk, j Rmikj)

J.k,m
+ Z A, jWiikj + (n —3) Z A Cri
kil,j k,l
= > (—Amk.j Ruikj + Akm,jWnitj) + (1 =3) D AuCris
Jsk,m k.l
= Z Ak, j (—Amk&ij + Amj&ik — &mkAij + &mjAix) + (n —3) Z A Cri
Jk.m k,l
= Z(_Amk,iAmk + Ami,kAmk - Amk,jgmkAij + Amj,kgmkAij)
m,k
+(—3)) AuCui
k.l
=Y Ak (Amik — Amici) + (1 —3) Y AuCui
m,k k,l
=Y AmCuik+(n—3) Y AuCui
m.k k.l
=n—4) ) AuCui,
k.l
where we have used
Ruikj = Wiikj + Ami&ij — Amj&ik + &mkAij — &mjAik- O

Proof of Theorem 1.1 in the special case k = 3. We use the notation of Section 2.
Let ¢, be the local one-parameter family of conformal diffeomorphisms of (M, g)
generated by X. For g, = ¢/ (g) = e>@ g, similarly to (3-1), we have

ad
X v©) = ‘ 6
(X, v™) 9t |, OU (81)

(TP@) B |
— _6n© . J ij ij(8) i
=—6v"(g)w+ E \Y (( g +24(n_4)>v a)),

i,j

(3-2)




TWO KAZDAN-WARNER-TYPE IDENTITIES 265

if n # 2k. Then integrating (3-2) we can get Theorem 1.1.

If n = 2k, then by use of (3-1) and (3-2), we can prove that fM(X, v©® (8))dv,
is independent of the particular choice of the metric within the conformal class.
The remainder of the proof repeats verbatim that of Section 2. U

4. Proof of Theorem 1.3

In this section, we will prove Theorem 1.3 using a method similar to the one used
in Section 2. Let (M", g) be a compact Riemannian manifold, and denote by R; ;i
the Riemann curvature tensor in local coordinates. Define a tensor P, by

J Jivjajar—1jar pitia ior—1i2r
Prl 8”112 I2r—102r R J1Jj2 R Jar—1Jor for 2r <n,

8.]]1]2 Jor—1J2r

where Hrireing 1

is the generalized Kronecker symbol.

Lemma 4.1. The tensor P, is divergence free, that is,
rz ¥ =0 foranyi.

This property was present in [Labbi 2008] and [Lovelock 1971], although with
different notation and formalism. Since we define the tensor P, explicitly as above,
and the property of P, in Lemma 4.1 is a direct consequence of the Bianchi identity,
we include a proof here.

Proof. We have

P j r(Sjjljz J2r—1Jj2r Ri1i2 o Ri2r7|i2r

Ti,j iiyi...inr—1i2r JijzsJ Jor—1jar
ra].]l]Z ]2; l]2r i1ip .. ior—1i2r
iiyipior—1izr J2JsJ1 Jor—1J2r
Jivj2ejar—1Jar pitiz ior—1i2r
6”1!2 “Ior—112r R jig R Jar—1J2r
JI 2 Jar—1J2r pliin Dor—102r
2”811112 “dop—1i2r J1j2sJ R Jor—1Jjor
J
2Pr, ]7

where we have used the second Bianchi identity. It then follows that P, l] ;=0 ([

Lemma 4.2. The generalized Kronecker symbol satisfies

288”' J':( r)(S]' Jr forany1<iy,...,j,<nandr <n.

J iy, iy
i,j=1
The proof follows by a direct calculation from the definition.
Let X be a conformal vector field, and denote by ¢, the one-parameter subgroup
of diffeomorphisms generated by X. Then there exists a family of functions @, such
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that g, = ¢ g = ¢** g. We have (2-3), wp = 0, and
4-1) Gar(g1) = ¢; G2 (8)-

Under the conformal change of metric g, = >

example [Chow et al. 2006])

g, we have the formula (see for

(4-2) R (g =e (R — (@0 )",
where we denote a;; = (w;);j — ()i (@) j + % IV |? gij for convenience (note that
(wy);j is the covariant derivative with respect to the fixed metric g) and © is the
Kulkarni—-Nomizu product, defined by
(@ © Q)ijki = ik&ji + 18k — %18 jk — X jk&il-

From (4-2) we see that
(4-3) Gap(gn) = e g0 oY

.(R"liz i2r—1i2r

i1ip i2r—1i2r
= @O ) (R, — @), ).

Taking derivative with respect to ¢ on both sides of (4-1) and using (4-3), we see
by using (2-3) that

(X, G2, (2))
=2 Gate
= —2r@Ga(g) — ré] 2l (%—? NS g>ili2jl jzRi3i4jaj4 R
) _ ~2r@Ga,(g) —4r(n —2r + ) Pr_y/ &
— —2rdiV X Go,(g) — wﬂlf(div X)ij
= 26y () - TN (p v X)),

where we have used Lemma 4.2 in the third equality and Lemma 4.1 in the last.
Integrating (4-4) over M and using the divergence theorem, we see that

(4-5) f (X, Gay(g))dv = —2r / WX G ()dv =2 [ (X, Gar(g)dv,
M M N n Ju

Hence, if n > 2r, it follows from (4-5) that fM(X, Gy (2))dv=0. If n =2r, we
follow ideas in Section 2, that is, we need to prove that the integral

f G2 (g) divy Xdvy,
M
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is independent of a particular choice of metric within a conformal class. Let g; =
e?g(n e C®(M)) be any metric in the conformal class [g]. Considering a family
of metrics g, = e*g connecting g and g, we need to prove that

d

ot z=o/M Gor(gs) divg, Xdv,, = 0.

By a direct computation, we have

0 .
3 z:O/M G (g:) divg, Xdvg,

-1,G

— / (—2rnGar(8) div X —4r(n —2r + 1) P10, div X
M

OGzr(g,) div X 4+ Gy, (g)% . divg, X +nnGo,(g) div X)dvg
1= =

+nG2(8){Vn, X) +nGa(g) div Xn)dv,

:/ (—2rnGar(g) div X — 4nr(n —2r + 1) Py (div X))’
M

—nn{VGa(g), X))dv,
=0,

where we have used (2-5) in the second equality, the divergence theorem in the third
and (4-4) in the last. The remainder of the proof follows the idea of [Bourguignon
and Ezin 1987] as in Section 2. Hence we complete the proof of Theorem 1.3.
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GONALITY OF A GENERAL ACM CURVE IN P3

ROBIN HARTSHORNE AND ENRICO SCHLESINGER

Let C be an ACM (projectively normal) nonsingular curve in P% not con-
tained in a plane, and suppose C is general in its Hilbert scheme — this is
irreducible once the postulation is fixed. Answering a question posed by
Peskine, we show the gonality of C is d — [, where d is the degree of the
curve and [ is the maximum order of a multisecant line of C. Furthermore
I = 4 except for two series of cases, in which the postulation of C forces
every surface of minimum degree containing C to contain a line as well. We
compute the value of / in terms of the postulation of C in these exceptional
cases. We also show the Clifford index of C is equal to gon(C) — 2.

1. Introduction

Let C be a nonsingular projective curve over an algebraically closed field K. The
gonality of C, written gon(C), is the minimum degree of a surjective morphism
C — P!, or equivalently the minimum positive integer k such that there exists a
g,i on C.

For curves of genus g > 1 the gonality varies between 2, the value it takes on
hyperelliptic curves, and [% (g+ 3)], which by Brill-Noether theory is the gonality
of a general curve of genus g. It may be regarded as the most fundamental invariant
of the algebraic structure of C after the genus, providing a stratification of the
moduli space of curves of genus g.

When a curve is embedded in some projective space, it is natural to wonder
whether the gonality may be related to extrinsic properties of the curve. Here
is a classical result in this direction, already known to Noether [Ciliberto 1984;
Hartshorne 1986]:

Theorem 1.1. A smooth curve C C P? of degree d >3 has gonality gon(C) =d—1,
and any morphism C — P! of degree d—1 is obtained by projecting C from one of
its points.

Hartshorne was partially supported by Gnsaga - Programma Professori visitatori. Schlesinger was
partially supported by MIUR PRIN 2005 Spazi di moduli e teoria di Lie and PRIN 2007: Moduli,
strutture geometriche e loro applicazioni.
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See [Hartshorne 2002] for a proof and references. It is a simple exercise to
prove the statement using the method of [Lazarsfeld 1986], which associates a
vector bundle on P? to a basepoint-free pencil on C. It is this method that we will
exploit in the proof of our result.

One may ask a similar question for a curve C C P3. If L is a line in P3,
projection from L induces a morphism 7; : C — P!, whose degree is the degree
of C minus the number of points of intersection of C and L. Thus the morphisms
;. of minimal degree are those corresponding to maximal order multisecant lines.
We define

[ =1(C) =max{deg(CNL):L aline in P3)

By analogy with the plane curves case one might wonder whether
(1-1) gon(C) =deg(C) —I(C)

for a curve in P3, in which case following the terminology of [Hartshorne 2002]
we say the gonality of C is computed by multisecants. Of course, this is usually
not the case. For example, a general curve of genus g has gonality [%(g+3)] and
can be embedded in [P? as a nonspecial linearly normal curve of degree g+3. Since
the Grassmannian of lines in P* has dimension 4, and the set of lines meeting C
is a codimension one subvariety, one expects [(C) to be 4, and so

deg(C)—I(C)=¢g—1> [%(g+3)] = gon(C).

See [Hartshorne 2002, Examples 2.8 and 2.9] for specific counterexamples.

On the other hand, if the embedding of C in P is very special, one may hope
the gonality of C is computed by multisecants. In this vein Peskine raised the
question:

Question 1.2. If C is a smooth ACM curve in P3, is its gonality computed by
multisecants?

Here ACM means arithmetically Cohen—Macaulay: a curve in P? is ACM if the
natural maps HY%(P3,0(n)) — H°(C, Oc(n)) are surjective for every n > 0.

Some special cases have been treated in the literature. Early results about
uniqueness of the linear series |O¢(1)| for complete intersections and other ACM
curves are in [Ciliberto and Lazarsfeld 1984]. Basili [1996] has proven that the
gonality of a smooth complete intersection is indeed computed by multisecants.
Ellia and Franco [2001] showed that the maximum order / of a multisecant to a
general complete intersection of type (a, b) is 4 if a > b > 4 as one expects. Lazars-
feld [1997, 4.12] finds lower bounds for the gonality of a complete intersection
curve in P".

Results from [Martens 1996] and [Ballico 1997] show that the gonality of a
smooth curve C C P? on a smooth quadric surface is computed by multisecants.
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In [Hartshorne 2002] it is shown that if a smooth curve C C P3 is ACM, lies on a
smooth cubic surface X, and is general in its linear system on X, then its gonality
is computed by multisecants. Farkas [2001] has shown that smooth ACM curves
C C P3 lying on certain smooth quartic surfaces that do not contain rational or
elliptic curves have gonality computed by multisecants.

In this paper, we show that, with the exception of very few cases we cannot
decide, the gonality of a general ACM curve is indeed computed by multisecants.
We have to make sense of the expression general ACM curve. To obtain an irre-
ducible parameter space for ACM curves one needs to fix the Hilbert function, that
is, the sequence of integers h°(O¢ (n)). This is more conveniently expressed by its
second difference or A-vector:

he(n) = h°(Oc(n)) —2h°(Oc (n — 1)) + h°(Oc (n —2)).

which has the advantage of being finitely supported while still nonnegative. We
will denote by A () the Hilbert scheme parametrizing ACM curves in [P* with h-
vector 4. By a theorem of Ellingsrud (see Remark 6.4), the Hilbert scheme A (h)
is smooth and irreducible. Thus by a general ACM curve we will mean a curve
in a Zariski open nonempty subset of A(/). We believe it is reasonable to assume
that C is general in the statement of our theorem, because it might happen that a
special ACM curve had a low degree pencil unrelated to the line bundle O¢(1).

Theorem 1.3. Assume K = C is the field of complex numbers. Let C C P3 be a
nonplanar smooth ACM curve. If C is general in the Hilbert scheme A(hc), then

gon(C)=d —1,

where d = deg(C) and | = [(C) is the maximum order of a multisecant line to C,
except perhaps when the degree d, the genus g and the least degree s of a surface
containing C form one of the following triples: (15, 26, 5), (16, 30, 5), (21, 50, 6),
(22,55, 6), (23, 60, 6), (28, 85, 7), (29,91, 7), (36, 133, 8).

For curves C contained in a quadric or a cubic surface, the statement follows
from the references cited above. So our contribution is for curves not lying on a
cubic surface.

We can also determine the integer /(C) in terms of the i-vector of C. Most of
the time /(C) = 4, with two families of exceptions. These exceptional cases arise
because the #-vector forces surfaces of minimal degree containing C to contain a
line as well; this line is then a multisecant of order higher than expected. If s as
above denotes the least degree of a surface containing C, we let

t =min{n : h°(Fc(n)) — h°(Ops(n — s)) > 0},
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so that (s, t) is the smallest type of a complete intersection containing C. We
denote by e the index of speciality of C: e = max{n : h'O¢(n) > 0}.
The value of /(C) is given as follows:

Theorem 1.4. Let C C [P’% be a general smooth ACM curve with s > 4. Let | =1(C)
denote the maximum order of a multisecant line to C. Then | = 4, unless

o the h-vector of C satisfies h(e+1) =3 and h(e+2) =2, in which case | = e+3
and C has a unique (e 4 3)-secant line, or

o t > s+ 3 and the h-vector of C satisfies h(t) =s —2 and h(t + 1) = s—3, but
noth(e+1) =3, h(e+2) =2, in which case |l =t—s+1 and C has a unique
(t—s+1)-secant line.

Nollet [1998] has found a sharp bound for the maximal order [ = [(C) of a
multisecant line in terms of the h-vector of C, valid for any irreducible ACM
curve. If C is not a complete intersection, the bound is the largest integer n for
which hc(n — 1) — he(n) > 1. Since this number is at least s, we see that [(C)
and the gonality of C vary in the family A (%), provided s > 5, and the gonality of
the general curve is d — 4 (in fact the argument of Theorem 4.1 shows that [(C)
varies in the linear system |C| on a smooth surface X of degree s > 5). On the
other hand, in the special case i(e 4+ 1) = 3 and h(e +2) = 2, then Nollet’s bound
is precisely e 4 3, so that [(C) is constant in A(h).

Finally, in most cases we can prove that every pencil computing the gonality of
C arises from a maximum order multisecant: the finite list of exceptions is given
in Theorem 9.1. In particular, C has a finite number of pencils of minimal degree,
and therefore its Clifford index is Cliff(C) = gon(C) —2=d —I(C) — 2.

It would be interesting to investigate linear series g; on general ACM curves
also for r > 2. For results in this direction we refer to [Lopez and Pirola 1995].

Outline of proof and structure of the paper. Since the conclusions of our result
are semicontinuous on the Hilbert scheme A (%), it suffices to show the existence
of a single curve C for which the result holds. Let C be a smooth ACM curve in P
with given h-vector £, not lying on any surface of degree at most 3. In Section 3 we
review the classical result that for every smooth space curve D of degree at least
10 there exists a line L that is at least a 4-secant line of D. Thus gon(C) <d —4.
Next, if C is general in A(h), it is contained in a smooth surface X of degree s. We
prove in Corollary 4.2 that, if C is general in its linear system on X and L is an
[-secant line of C with [ > 5, then L is contained in X. In fact, we prove a slightly
more general result, which gives explicit conditions for a space curve not to have
5-secant lines:
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Theorem 4.1. Let C C [P’% be a curve contained in an irreducible surface X of
degree s. Suppose C is a Cartier divisor on X and

HY(P?, 9¢c(s—=2))=0, H'(P? 9c(m))=0 form=s—-2,5-3, s—4.

If C is general in its linear system on X, then deg(C N L) < 4 for every line L not
contained in X, and C has only finitely many 4-secant lines not contained in X.

In particular, if X does not contain a line, then C does not have an l-secant line
foranyl > 5.

At this point to prove our main theorem we need to show that every pencil of
minimal degree arises from a multisecant line. The proof uses the technique from
[Lazarsfeld 1986], which associates to a basepoint-free pencil on C a vector bundle
€ on the surface X, as explained in Section 5. In Section 6 we review enough
liaison theory for ACM curves to be able to show that the bundle € is Bogomolov
unstable. Thus it has a destabilizing divisor A € Pic(X), whose degree x = A.H
satisfies stringent numerical restrictions in terms of the intersection numbers A2,
A.C and C2.

To use these constraints effectively we need to control the Picard group of X.
The hypothesis that the ground field is C allows us to apply the Noether—Lefschetz
type theorem of [Lopez 1991, I1.3.1] or the more recent [Brevik and Nollet 2008]
to conclude that, if C is general in A(h) and X is very general among surfaces
of minimal degree containing C, then Pic(X) is freely generated by H and the
irreducible components of a curve I" that is general among curves minimally linked
to C. Such a I' is a general ACM curve, but it may not be irreducible. Thus
we are led to establish a structure theorem for general ACM curves. Section 7 is
devoted to the proof of this result. It generalizes Gruson—Peskine’s theorem [1978],
according to which the general ACM curve in A(h) is smooth and irreducible if &
is of decreasing type (‘“has no gaps”™):

Theorem 7.21. Let A(h) denote the Hilbert scheme parametrizing ACM curves in
IP’HO’,g with h-vector h. If U is general in A(h), then

'=DyUD,U..--UD,,

where r — 1 is the number of Gruson—Peskine gaps of h, and the D; are distinct
smooth irreducible ACM curves whose h-vectors are determined by the gap de-
composition of h as explained in Section 7. Furthermore, for every 1 <i| < iy <
- < iy <vr,the curve

D; UD;,U---UD;,
is still ACM.

Thus we can write the destabilizing divisoras A=aH + ) _ a; D;. In the proof of
the main Theorem 9.1, using the fact that the curves D; and their unions are ACM,
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together with the numerical constraints on x = A.H we show —s—1 <x < 0. We
then play this inequality against the bounds of Corollary 8.9, which are essentially
upper bounds for the genus of an ACM curve lying on X in terms of the degree
of the curve and of degree of X. In fact, these bounds are a refinement of the
bounds for the genus of an ACM curve proven in [Gruson and Peskine 1978] (see
Remark 8.8). The end result is that there are only two possibilities for A: either
—A = H (the plane section) or —A = H — L for some line L on X.

Corollary 5.7 shows that in case A = —H the pencil arises from a multisec-
ant line not contained in X, while in case A = L — H the pencil arises from L.
This shows pencils of minimal degree on C all arise from multisecant lines, thus
completing the proof of the theorem.

2. Notation and terminology

A linear system of degree k and projective dimension r on C is denoted with the
symbol g;, and a g,i is called a pencil. The gonality of C, written gon(C), is the
least positive integer k such that there exists a g,l on C. Since a pencil of least
degree is automatically basepoint-free, the gonality of C is the least degree of a
surjective morphism C — P!. One can further notice that a g,l with k = gon(C) is
complete, so that h°(C,0c(2)) =2 for every divisor Z in the pencil.

Definition 2.1. Assume C C P3isa nonplanar curve. Given aline L, let 7 : C —
P! be obtained projecting C from L, and let %(L) denote the g,i corresponding to
mr. Note that Z(L) is obtained from the pencil cut out on C by planes through
L removing its base locus, which coincides with the scheme theoretic intersection
CN L. In particular,

deg(mp) =deg#(L) = deg(C) —deg(C.L)

and #(L) is complete if deg(C.L) > 2. We say that a g,i on C arises from a
multisecant if it is of the form #(L) for some line L. We say the gonality of C
can be computed by multisecants if there exists a line L such that #(L) has degree
gon(C).

3. Existence of 4-secant lines

The following statement is classical and well known, but it seems hard to find a
reference.

Proposition 3.1. Let C be a smooth irreducible curve of degree d > 10 in P3. Then
C has an l-secant line L with | > 4. In particular, the gonality of C is at most d —4.

Proof. The statement is clear if deg(C) > 4 and C is contained in a plane or
deg(C) > 7 and C is contained in a quadric surface. If C is not contained in a
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quadric surface, we will show the Cayley number of 4-secants

d—2)(d—-3)?*d—-4 d*>—7d+13—
‘G(d,g):( )( 12)( ) &( a g)

is positive. The existence of L then follows from intersection theory as explained
in [Le Barz 1987] or in [Arbarello et al. 1985]. For fixed d > 7, the number €(d, g)
is a decreasing function of g, because the partial derivative with respect to g is

d*—7d+13
2 b

which is negative because g < d>/4 —d + 1 when C is not contained in a plane.
But C is not even contained in a quadric surface; thus its genus is bounded above
by 3d(d —3)+1, and
_d(d—3)d—-6)(d—9)

G(d, g) = 6(d, gd(d —3)+1) = - :

which is positive for d > 10. (]

Remark 3.2. The result is sharp, because a smooth complete intersection of two
cubic surfaces has degree 9 and no 4-secant line.

4. Nonexistence of 5-secant lines

Theorem 4.1. Let C C P3 be a curve contained in an irreducible surface X of
degree s. Suppose C is a Cartier divisor on X and

HO(P3, 9¢c(s—2))=0, H'(P? $c(m))=0 form=s—-2,5-3, s—4.

If C is general in its linear system on X, then deg(C.L) < 4 for every line L not
contained in X, and C has only finitely many 4-secant lines not contained in X.

In particular, if X does not contain a line, then C does not have an l-secant line
foranyl > 5.

Proof. The statement is obvious if s < 3, so assume s > 4. The hypotheses imply
h'O(D) =0 for D =C, C — H, C —2H because, by Serre duality,

(P, $c(m)) =h' (X, 0x(mH — C)) = h' (X, 0x(C + (s —4 —m)H)).
Similarly, H?(Ox(C —nH)) is dual to
H(Ox((s —4+n)H — C)) = H'(X, $¢ x(s — 4 +n)),

which by assumption is zero for n < 2. Thus we see that h%0x (D) = x0x (D) for
D=C,C—H,C-2H.
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Let L be aline not contained in X, and let V be the scheme theoretic intersection
of X and L. Then V has degree s, and there is an exact sequence

0— Ox(—2H) = Ox(—H)® - $y x — 0.
Twisting by Ox (C) and taking cohomology we see that
h%($y(C)) =2h°(0x (C — H)) — h’(Ox(C —2H)).
Therefore
h2(0x(C)) = h*(9v(C)) = h*(0x(C)) —2h°(Ox (C—H)) + h°(Ox(C—2H))
= x(0x(C)) —2x(0x(C — H)) + x (0x(C —2H)) = 5.

This shows that the points of V impose independent conditions on the linear
system |C|. It follows that the family of curves in |C| meeting L in a scheme of
length [ < s has codimension / in |C|. This implies the statement because L varies
in a four-dimensional family. ([

Corollary 4.2. Let C C P3 be an ACM curve. Suppose that C is contained in a
smooth surface X C P? of degree s = s¢, and that C is general in its linear system
on X. Then deg(C.L) < 4 for any line L not contained in X.

In particular, if X does not contain a line, then C does not have an l-secant line
foranyl > 5.

Proof. The statement follows from Theorem 4.1 because C is ACM precisely when
H'(P3, $¢(m)) = 0 for every m. ([l

5. Gonality of curves on a smooth surface: Lazarsfeld’s method

In this section we explain a construction due to Lazarsfeld [1986; 1997] that will
be crucial in proving that every pencil of minimal degree on a general ACM curve
arises from a multisecant.

When a curve C is contained in a smooth surface X, we associate a rank two
vector bundle on X to a basepoint-free g,} on C as follows. The basepoint-free
g,l is determined by a degree k line bundle O¢(Z) on C, and a surjective map of
Oc¢-modules

B:0&* — 0c(2).

(Note that, since k > 1, the map H(B) : HO(OGCﬂ) — H%0c(2)) is injective.)

Definition 5.1. Suppose C is an integral curve on the smooth projective surface
X, and % is a basepoint-free pencil on C defined by 8 : @?2 — 0c(Z). Let

o @)6(92 — O0c(Z)

denote the map obtained composing B with the natural surjection @;92 — @?2.
Then the kernel € of « is called the bundle associated to the pencil %.
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Proposition 5.2. Let € be the bundle associated to a pencil of degree k on C as in
the previous definition. Then

(a) € is a rank two vector bundle on X.
(b) H°(€) =0.
(¢) ¢1(€) =0x(—C) and c>(€) = deg(Z), so that

AE) E 2(8) — 4ey(€) = C* — 4k,
(Here we consider the first Chern class as an element of A!(X) = Pic(X), while
we view the c% and c; as integers, via the degree map for zero cycles.)

Proof. By definition of € there is an exact sequence:
0—€—> 02— 0c(2)—0

Since O¢ has rank zero and projective dimension 1 as an Ox-module, € is a rank
two vector bundle on X, whose Chern classes can be computed from the above
sequence. If HO(¢) were not zero, then H() : HO(@?Z) — H%0¢(2)) would
not be injective, so & would induce a surjective map O¢c — O¢(Z), contradicting
degZ=k>1. O

We recall the definition of Bogomolov instability for rank two vector bundles
on a surface, and Bogomolov’s theorem which gives a numerical condition for
instability.

Definition 5.3. Let € be a rank two vector bundle on X. One says that € is Bo-
gomolov unstable if there exist a finite subscheme W C X (possibly empty) and
divisors A and B on X sitting in an exact sequence

(5-1) 0—0x(A) > ¢ — $wR0x(B) — 0.

where (A — B)?> > 0 and (A — B).H > 0 for some (hence every) ample divisor H.
We say A is a destabilizing divisor of ‘€. It is unique up to linear equivalence.

Theorem 5.4 ([Bogomolov 1978]; compare [Huybrechts and Lehn 1997, 7.3.3]
and [Lazarsfeld 1997, 4.2]). Suppose the ground field K has characteristic zero.
Let € be a rank two vector bundle on the smooth projective surface X, and let
A(€) = c1(€)? — 4ca (¥).

If A(€) > 0, then € is Bogomolov unstable.

Following Lazarsfeld’s approach, we will show in Section 6 that the bundle
associated to a pencil computing the gonality of a smooth ACM curve satisfies
A(€) > 0, hence it is Bogomolov unstable, and there is a destabilizing divisor A.
To work effectively we will need the following technical result that will be useful
in two ways. First it immediately implies that, when —A = H (plane section) or
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—A = H—L (plane section minus a line), the given pencil arises from a multisecant;
later on the inequalities A> > 0 and A.H < 0 will be used to exclude all other
possibilities for A.

Proposition 5.5. Suppose X is a smooth projective surface, C is an integral curve
on X, and |Z| is a complete basepoint-free pencil on C. Let € be the rank 2 bundle
on X associated to |Z|. Suppose there is an exact sequence

(5-2) 0— Ox(A) > € — $yy ®0x(B) > 0
with W zero-dimensional and B not effective. Then the linear system | — A| on X
contains two effective curves D1 and D, with the following properties:

(a) Dy and D, meet properly in a 0-dimensional scheme V containing W.
(b) Dy and D, meet C properly, and, if R is the base locus of the pencil cut out
on C by C.D; and C.D,, then
0c(Z) =0x(—A)®O0c(—R);
that is, the pencil | Z| is obtained by first restricting D1 and D, to C and then
removing the base locus R.

(c) R is the residual scheme to W in V , that is, there is an exact sequence
0—- 0wy — 0y > 0r—0.
In particular h°$w (—A) > 2, A.H < 0 for every ample divisor H, and A*> > 0,

Remark 5.6. The proposition applies if € is Bogomolov unstable with destabi-
lizing sequence (5-2). Indeed in this case, if H is an ample divisor on X, then
(A—B).H > 0. Since ¢1(€) = A+ B = —C in Pic(X), we compute

—2B.H=(A—B).H+C.H>0.

Therefore B is not effective.

Proof of Proposition 5.5. Dualizing 0 — € — @?2 — O0¢(Z) — 0 we obtain an
exact sequence
0— 0% — €(C) = 0c(C—2Z) — 0.

We now look at the composite map g : @)6(92 — €(C) > $w(—A).

This map is nonzero, otherwise O )6?2 would map injectively into the kernel of
€(C) - $w(—A), which is Ox(C + A), absurd. Hence the image of g has rank
one, and has the form $y(—A) for some proper subscheme Y C X containing W.
Then $y = $y (— D) where D is the divisorial part of Y, and V is zero dimensional.
We obtain an exact sequence

0 — Ker(g) — 02> — $y(~A— D) — 0.
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It follows Ker(g) = 0x(A+ D) and —A — D is effective. A diagram chase shows
there is an exact sequence

0—->0x(A+D)—0x(C+A)—0c(C—-2)

from which we see there is an effective curve Cy linearly equivalent to C — D
contained in C. Since C is irreducible, this implies either D = C or D =0.
Now —A — D is effective, so, if we had D = C, then B = —A — C would be
effective, contradicting the hypotheses. Hence the only possibility is D = 0.
Putting everything together we obtain a commutative diagram with exact rows:

0 —— Ox(A) —— 022 20 g Ay — 0

J» | !

00— ¢ — 0¥ —— 0c(Z) — 0

Now let D and D, the divisors defined by the sections s; and s, of Ox(—A). The
first row of the diagram shows D; and D, meet properly in the zero dimensional
scheme V, which contains W by construction. The two sections remain indepen-
dent in H°(0¢(Z)) because H°(€) = 0. Hence D; and D, meet C properly, and
D,.C and D,.C span a pencil on C.

By the snake lemma, the kernel of the vertical map $y(—A) — O¢c(Z) is
Iw(B) =9w(—A — C), hence a diagram chase produces an exact sequence

0—0c(Z2) = 0x(-A)®0c — Oy /0w — 0
which proves the rest of the statement. U

Corollary 5.7. Assume X C P3 is a smooth surface with plane section H, contain-
ing a smooth irreducible curve C. Suppose C is not contained in a plane. Let |Z|

be a complete basepoint-free pencil on C, and let € be the bundle on X associated
to | Z].

(a) Ifthere is an exact sequence
0—0x(A) > € — Fw(B)—>0

with W zero dimensional and A + H effective, then there is a line L such that
|Z| =% (L) is the pencil cut out on C by planes through L. Furthermore, if X
does not contain L, then A = —H and W is the residual scheme to C N L in
X N L, while, if X contains L, then A= L — H and W is empty.

(b) Assume C is linearly normal and |Z| is the pencil cut out on C by planes
through a line L meeting C in a scheme of length at least 2. Then there
exists an exact sequence as above with A = —H if X does not contain L and
A =L — H if X contains L.
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Proof. (a) The divisor B is not effective; otherwise
B+(A+H)=(-A-C)+(A+H)=H-C

would be effective, which contradicts the assumption that C is not contained in
plane.

Thus we may apply Proposition 5.5 to the given exact sequence to conclude the
linear system | — A| contains a pencil. By assumption P = A + H is effective, and
therefore in order that | — A| = |H — P| may contain a pencil it is necessary that
P be empty or a line.

If P is empty, by 5.5 the are two plane sections D; = HiNX and D, = HyNX
of X meeting in a zero dimensional scheme V, hence the line L = H; N H; is not
contained in X. Proposition 5.5b shows |Z]| is obtained removing from the pencil
spanned by C N Hy and C N H, its base locus C N L, that is, |Z| = %(L), and
Proposition 5.5¢ shows W is the residual scheme to CN L in X N L.

Finally, if P is a line, then D; and D; belong to | H — P|, hence their intersection
V = Dy N D, is empty. It follows from Proposition 5.5 that |Z| = %(P) and that
and W is empty.

(b) By the definition of € there is an exact sequence
0—¢— 02— 0c(Z) — 0.
Comparing this sequence with
0— 0c— 0c(Z)—> 07— 0,

we obtain
0—>0x(—C)—>€— 9z x—0.

Now twist by H and take cohomology to get a long exact sequence
0— HOx(H —C)) — H(¥(H)) - H (97 x(H)) - H' (Ox(H - C)).

Since Z is contained in a plane, ho(fﬁz,x(H)) > 0, while H'(Ox(H — C)) =
H'(9¢(H)) = 0 because C is linearly normal. Hence €(H) has a section, and
after removing torsion in the cokernel if necessary we find an exact sequence:

0—->0x(P—H)—>%¢$—>9%yw(H—-—P—-C)—0,

with W zero dimensional and P effective. Now (b) follows from (a). U

6. ACM curves

In this section we show that, if C is an ACM curve of degree d having a pencil of
minimal degree k < d — 4 on a smooth surface of degree s = sc, then the bundle
€ associated to the given pencil satisfies A(€) > 0 (except for a small list of cases
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given in Proposition 6.10); hence, if the ground field has characteristic zero, it is
Bogomolov unstable. The proof is based on the structure of the biliaison class of
ACM curves which we now briefly recall. We also include some information about
the minimal link I" of a curve C, which we will need later.

Given a curve C in P? its fundamental numerical invariants are, besides its

degree d¢ and its arithmetic genus g(C) =1 — x(O¢):

« its index of speciality e(C) = max{n : h'Oc(n) > 0});

« the minimal degree s¢ of a surface containing C;

o the integer tc = min{n : h%($c(n)) — h°(Ops(n — s¢)) > 0)}. If C is integral
or more generally if C lies on an integral surface of degree sc, the integer #¢
is the smallest n such that C is contained in a complete intersection of two
surfaces of degree s¢ and n.

When C is ACM, all its basic numerical invariants can be computed from the
Hilbert function. It is convenient to express the Hilbert function through its second
difference function, the so called h-vector h¢ of C — see [Migliore 1998, §1.4] —
because A is a finitely supported function. Thus one defines

he(n) =h%Oc(n)) —2h°(Oc(n — 1) + h°(Oc (n - 2)).
If s =s(C) and e = ¢(C), the function A¢ satisfies
hny)=n+1 if 0<n<s—1,
(6-1) h(n) =h(n+1) if n>s-—1,
h(e+2)>0 and h(n)=0 forn=>e+3.
Thus we may write & as
he={1,2,...,8,hc(s),...,hc(e+2)}.

with s =he(s—1) > he(s) = he(s+1) > --- > hc(e+2).

We say that a finitely supported function 4 : N — N is an h-vector if it satisfies
(6-1) for some s > 1. Every h-vector arises as the h-vector of an ACM curve in P3;
see [Martin-Deschamps and Perrin 1990, Theorem V.1.3, p. 111] and Remark 7.7
below. It will be convenient to allow the identically zero function among /-vectors,
and think of it as the h-vector of the empty curve. In terms of the h-vector, the
fundamental invariants of C are:

Proposition 6.1. For an ACM curve C in P3, with h-vector hc, we have
(1) de =) hc(n),
(2) g(C)=1+) (n—Dhc(n),
3) e(C)+2=max{n: hc(n) > 0},
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@) sc=min{n >0:hc(n) <n+1}, and
5) tc=min{n>0:hc(n—1) > hc(n)}.

Consistently with these formulas, for the empty curve we define s = 0, d = 0,
g=1,e=—o0.

Remark 6.2. If C is an ACM curve with s¢ = s, then

s—1
de=> hc(n) =Y (n+1)=}s(s+1).

n=0
The h-vectors of integral curves have a special form:

Definition 6.3 [Maggioni and Ragusa 1988]. An h-vector is of decreasing type if
h(a) > h(a + 1) implies that for each n > a either h(n) > h(n + 1) or h(n) =0.

Remark 6.4. By a result from [Ellingsrud 1975] (see also [Martin-Deschamps and
Perrin 1990, p. 5; corollaire 1.2 on p. 134; §1.7, p. 139]), the Hilbert scheme A (h)
of ACM curves in [P?> with a given A-vector is smooth and irreducible, even when
h is not of decreasing type.

Gruson and Peskine [1978] (see also [Maggioni and Ragusa 1988] and [Nollet
1998]) showed that, if C is an integral ACM curve, then & ¢ is of decreasing type,
and conversely, if 4 is an h-vector of decreasing type, then there exists a smooth
irreducible ACM curve C with ¢ = h. Thus an h-vector £ is of decreasing type
if and only if the general curve C in A(h) is smooth and irreducible.

If C is not irreducible, it may happen that every pair of surfaces X; and X,
containing C of minimal degrees s¢ and #¢ have a common component. Nollet
[1998, Proposition 1.5] generalized the result of Gruson and Peskine by showing
that if C is contained in a complete intersection of type (sc, fc), then h¢ is of
decreasing type. We partially reproduce his argument here:

Lemma 6.5. (i) Suppose an ACM curve D is contained in a complete intersec-
tion Y of type (sp, tp), and let I be the curve and linked to D by Y. Then

e(l)+3 <sp.

(1) Let " be an ACM curve, and suppose a < b are integers such thata > e(I') +3
and b > e(I") + 4. Then the h-vector of a curve D linked to I" by a complete
intersection of type (a, b) is of decreasing type. If a > e(I') + 4, then sp = a
andtp=>b. Ifa=e(")+3, thensp =aandtp =b — 1.

Proof. If I and D are linked by a complete intersection Y of type (a, b), we have,
by [Migliore 1998, 5.2.19],

hr(n) =hy(n) —hp(@a+b—2—n)=hy(a+b—2—n)—hpla+b—2—n).
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Suppose first a = sp and b = tp. Then
hr(sp —1)=hy(ty = 1) —hp(tp — 1) =sy —sp =0.
Therefore e(I') +3 <sp — 1.
Next suppose b > a > e(I') +4. Then sp < a because D C Y, and
hpb—1)=hy(a—1)—hr(a—1)=hy(a—1)=a
while
hpb)=hy(a—2)—hr(a—2) <hy(a—2)=a—-1
hence sp =a and tp = b.
Ifa=e(')+3 and b > e(I") +4, then a similar calculation shows hp(b—2) =a
and hp(b—1) <a,sothatsp =aand tp =b — 1.
It remains to show /i p is of decreasing type. Let u =s(I'). Thenu <e(I')+3 <a
and hr(n) =hy(n) =n+1forn <u—1;hence hp(n)=0forn>a+b—1—u.
Since hir(n) > hr(n+1) forn >u—1, wesee thatforb—1<m <a+b—2—u
hpm)—hp(m+1)=hy(m)—hy(m+1)—hr(a+b—2—m)+hr(a+b—1—m)
=1—0hr(a+b—1—m) > 1,
which shows that % p is of decreasing type. U

Fix a smooth surface X C P3 of degree s. Two curves C and D on X are said to
be biliaison equivalent if C is linearly equivalent to D 4+ n H for some integer n.

Definition 6.6. A curve C on a surface X is minimal on X if C — H is not effective.

Proposition 6.7. A curve C is minimal on a smooth surface X if and only if
e(C)+3 < deg(X).

Proof. To say C is minimal is equivalent to saying h°(Ox (C — H)) = 0. By duality
on X this is the same as h2($¢(s—3)) = 0, where s = deg(X). On the other hand,
h?($¢c(s—3)) =h'(O¢c(s—3)), so the condition says s —3 > e(C), or equivalently,
e(C)+3<s. O

Definition 6.8. We say that an h-vector is s-minimal if the corresponding curve
satisfies e + 3 < s. We say that an h-vector is s-basic if it is the h-vector of an
integral curve C satisfying sc = t¢c = s. Thus the s-basic h-vectors are those
h-vectors of decreasing type that begin with a string

{1,2,...,s—1,5,m}
with m = h(s) <s—1.

Table 1 on the next page lists s-basic h-vectors for s =4 and s = 5.
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d g h-vector C2—4(d—4) C?—4(d—5) » (T =tH-C) q()
10 11 1,2,3,4 4 0 1,2,3 20
11 14 1,2,3,4,1 2 2 2,3 17
12 17 1,2,3,4,2 0 4 1,3 16
Y1320 1,2,3.4.3 2 6 1,2 17
w 13 21 1,2,3,4,2,1 4 8 3 9
14 24 1,2,3,4,3,1 6 10 2 12
15 28 1,2,3,4,3,2 10 14 1 9
16 33 1,2,3,4,3,2,1 16 20 o 0
15 26 1,2,3,4,5 -9 -5 1,2,3,4 50
16 30 1,2,3,4,5,1 6 ) 2,3,4 46
17 34 1,2,3,4,5,2 -3 1 1,3,4 44
18 38 1,2,3,4,5,3 0 4 1,2,4 44
18 39 1,2,3,4,5,2,1 2 6 3,4 34
19 42 1,2,3,4,5,4 3 7 1,2,3 46
19 43 1,2,3,4,5,3,1 5 9 2,4 36
20 47 1.2.3.4,54,1 8 12 2,3 40
« 20 48 1,2,3,4,5,3,2 10 14 1,4 30
21 52 1,2,3,4,5,4,2 13 17 1,3 36
21 54 1,2,3,4,5,3,2,1 17 21 4 16
22 57 1,2,3,4,5,4,3 18 2 1,2 34
22 58 1,2,3,4,5,4,2,1 20 24 3 24
23 63 1,2,3,4,5,4,3,1 25 29 2 24
24 69 1,2,3,4,5,4,3,2 32 36 I 16
25 76 1,2,3,4,5,4,3,2,1 41 45 @ 0
21 50 1,2,3,4,5,6 —12 -8 1,2,3,4,5 105
© 22 55 1.2.3.4.5.61 -8 —4 2,3,4,5 100
= 23 60 1,2,3,4,5,6,2 —4 0 1,3,4,5 97
24 65 1,2,3,4,5,6,3 0 4 1,2,4,5 96
28 85 1,2,3,4,5,6,7 ~12 -8 1,2,3,4,5,6 196
Il 29 91 1,2,3,4,5,6,7,1 7 -3 2,3,4,5,6 190
© 30 97 1,2,3,4,5,6,7,2 ) 2 1,3,4,5,6 186
35130 1,2,3,4,5,6,7,4,3 29 33 1,2,5,6 154
“ 36133 1,2,3,4,5.6.7.8 -8 4 1,2,3,4,5,6,7 336
« 37140 1,2,3,4,5,6,7,8,1 -2 2 2,3,4,5,6,7 329
45196 1,2,3,4,5,6,7,8,9 1 5 1,2,3,4,5,6,7,8 540

Table 1. s-basic h-vectors and s-minimal biliaison types.
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Proposition 6.9. Suppose C is an ACM curve contained in a smooth surface X of
degree sc. Let s =sc,t =tc and e = e(C). Thene+3 >t > s and

(a) hc is of decreasing type;

) ifT e |tH —C|, then e(I') + 3 < s and I is minimal on X;
(¢c) C —mH is effective if and only if m < e+ 4 —s;

) ifCre|C—(@—=s)H|, hc, is s-basic;

(e) if C2 e |C—(t—s+1)H]|, hc, is of decreasing type.

There is a one to one correspondence hr — hc, mapping s-minimal h-vectors
to s-basic h-vectors.

Proof. Since C is ACM, the ideal sheaf $ ¢ ps is (e + 3)-regular, hence e +3 > 7.
By definition of ¢, we have # > s, and C is contained in a surface F of degree ¢ that
does not contain X. Therefore C is contained in the complete intersection X N F of
type (s, t). Let I" € |t H — C| be the curve linked to C by XN F: thene(I'g) +3 < s
and I' is minimal (by either Lemma 6.5 or by definition of ¢).

Each of the curves C, Cy, C; is linked to a curve in the linear system |I'| by a
complete intersection of type (s, 1), (s, s), or (s—1, s), respectively. By Lemma 6.5
the h-vectors of C, Cy and C; are of decreasing type, and /¢, is s-basic. ([

There is a unique 1-basic h-vector, namely ig = {1}, the h-vector of a line. Every
(s—1)-basic h-vector gives rise to two s-basic h vectors by performing a type A
or type B transformation, defined as follows: (1) A type A = A transformation
consists of inserting an s to an (s—1)-basic h-vector h ={1,2,...,5s—1,m, ...} to
transform it into the s-basic vector /' = {1,2,...,s—1,s,m...}. Geometrically,
if h is the h-vector of a curve C on a surface X of degree s, i’ is the h-vector of the
effective divisor C 4+ H on X. (2) A type B transformation consists of inserting a
string s, s—1 to an (s—1)-basic h-vector h = {1,2,...,s—1,m, ...} to transform
it into the s-basic vector A’ ={1,2,...,s—1,s,s—1,m...}. Geometrically, this
operation breaks into two steps: suppose /4 is the s-vector of a curve C on a surface
X of degree s—1. Let C; = C + H be obtained by adding to C a plane section of
X1, then pick a surface X, of degree s containing C, and finally let C, = C; + H
be obtained by adding to C a plane section of X,. Then h” is the h-vector of C;.

Conversely, any s-basic h-vector with m = h(s) < s — 2 arises from a type A
transformation of an (s—1)-basic h-vector, while any s-basic h-vector with m =
h(s) = s—1 arises from a type B transformation of an (s—1)-basic h-vector. In
particular, the number of s-basic i-vectors is 2°~! (see Table 1).

Proposition 6.10. Let C be an integral ACM curve in P? with sc¢ > 4. Suppose C
is contained in a smooth surface X of degree s = s(C). Suppose C has a basepoint-
free pencil of degree k, and let € be the bundle on X associated to such a pencil.
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(a) If k <d — 5, then A(€) > 0 unless

e s=4and(d, g)=(10,11), or

e s=5and (d, g) = (15, 26), (16, 30), or

e s=06and (d, g) = (21, 50), (22,55), (23, 60), or

e s=T7and (d, g) = (28, 85), (29,91), or

e s=8and (d, g) = (36, 133).
(b) Ifk=d — 4, then A(€) > 0 unless

e s=4and(d, g)=(10,11), (11, 14), (12, 17), or
s=5and (d, g) = (15,26), (16,30), (17,34), (18, 38), or
s=6and (d, g) = (21,50), (22,55), (23, 60), (24, 65), or
s=T7and (d, g) = (28, 85), (29,91), (30,97), or
s=8and (d, g) = (36,133), (37, 140).

Proof. We can compute A(€) in terms of d = d¢ and g = g(C):
A(E)=C?—4k=2g—2— (s —4)d —4k = 8,(d, g) +4(d — k),

where we have set §,(C) = §;(d, g) = 2g — 2 — ds. One can easily verify the
following facts:

(1) Let C € X, be a curve on a surface X of degree s in P3, and consider the
divisor C + H on X. Then

85(C + H) — 8,(C) = 2d — 3s.
In particular, if d > 1s(s+1) and s > 3, 8,(C + H) > §,(C).

(2) Suppose C C X, 1 is a curve on a surface X of degree s+1 in 3, and consider
the divisor C + H on X1 Then

8y41(C + H) = 8,(C) =d —3(s+1).

In particular, if d > %s(s—i—l) and s > 6, §,41(C + H) > 6,(C), and the in-
equality is strict unless s = 6 and d = 21.

To prove the proposition, we have seen that A(€) can be computed in terms of
d, g, s, k, which depend only on the h-vector and the choice of s, k. Therefore,
using the two remarks (1), (2) just made and using biliaisons on each surface
to reduce to s-basic h-vectors, and using the transformations of type A and B
mentioned before the statement, it would be sufficient to prove that A > 0 for all
s-basic h-vectors with s = 4. Unfortunately this is not so, as A < 0 for the first
three 4-basic h-vectors (see Table 1). Still the two remarks show that A becomes
positive using the transformations of type A and B, with the only exceptions listed
in the statement. Table 1 displays all i-vectors for which A <0 for k =d —4 and
k=d->5. (]
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7. General ACM curves

We now generalize the results of [Gruson and Peskine 1978] by giving a description
of a general ACM curve C with a given h-vector &, even when 4 is not of decreasing
type. We show (Theorem 7.21) that C is a union of smooth ACM subcurves whose
h-vectors are determined by that of C. The basic step is Proposition 7.18, which is
a special case of [Davis 1985, Corollary 4.2], and says that C is the union of two
ACM subcurves whenever h¢ is not of decreasing type. As a corollary we show
the existence of multisecant lines for ACM curves with i-vector of special types.

Definition 7.1. Let Cy and C be two curves in P3.

(a) Following [Martin-Deschamps and Perrin 1990] we say that C is obtained
by an elementary biliaison of height h from Cy if there exists a surface X
in P3 containing Cp and C so that $¢ x = J¢, x(—h). In the language of
generalized divisors [Hartshorne 1994] this means C is linearly equivalent to
Co+hH on X, where H denotes the plane section.

(b) As a particular case, we say C is obtained by a trivial biliaison of height /4 if
$c,x = Ic, xPy,x where Y is a complete intersection of X and a surface of
degree h. If Y meets Cyp properly, this means C is the union of Cp and Y.

(c) By a special biliaison of degree k we mean an elementary biliaison of height
one C ~ Cy+ H on a surface of degree k > ¢(Cp) + 4. The condition k >
e(Cp) + 4 guarantees s¢ = sc, + 1 and k = e(C) + 3 by [Martin-Deschamps
and Perrin 1990, p. 68].

Proposition 7.2 (Lazarsfeld—Rao property). Suppose C is an ACM curve with in-
dex of speciality e. Then C can be obtained by a special biliaison of degree k =e+3
from some ACM curve Cy satisfying sc, = sc—1.

Proof. One knows — see for example [Strano 2004] — that an ACM curve C with
index of speciality e can be obtained by an elementary biliaison of height 1 on a
surface X of degree ¢ 4 3 from an ACM curve Cj satisfying

sc,=sc—1 and e(Cp) <e(C).
Since deg(X) = e+ 3 > e(Cp) + 4, this is a special biliaison. U

Remark 7.3. When s¢c = 1, the curve Cy above is the empty curve, which is
therefore convenient to allow among ACM curves.

Corollary 7.4. Let C be an ACM curve. Then there exist positive integers k| <
ko < -+ < ky such that C is obtained from the empty curve by a chain of u special
biliaisons of degrees ki, ..., k,. The sequence A¢c = (ky, ks, ..., k) is uniquely
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determined by C, and we will call it the biliaison type of C. Morever, we have

u 1 u u .
de =) ki, g(C)=1+§Zki(ki_3)+2(sc_l)ki,
i=1 i=1 i=1

sc=u, tc—sc+1=k, eC)+3=k,.

Example 7.5. If C C P? is ACM , then d¢ > 3sc(sc + 1), with equality if and
onlyif Ac =(1,2,3,...,5¢ — 1, s¢).

Remark 7.6. The biliaison type A¢ was introduced from a different point of view
in [Green 1998], and it essentially the same thing as the numerical character {n ;}
of [Gruson and Peskine 1978]: the precise relationship, if s = s¢, is

”lj_j:ks—j fOI'j=O,---7S_1'

The biliaison type (hence the numerical character) is equivalent to the h-vector
of C. Indeed, h¢ can be recovered from Ac because one knows how h¢ vector
varies in an elementary biliaison, while A¢ can be computed out of i¢ via the
formula

ki=#n:hcn) =sc+1—i}.

One can visualize ¢ and A¢ as follows. In the first quadrant of the (x, y) plane,
draw a dot at (n, p) if n and p are integers satisfying 1 < p < h(n). Then h(n) is
the number of dots on the vertical line x = n, while k; is the number of dots on the
horizontal line y = s —i + 1. In particular, k; = t¢ — s¢ + 1 is the number of dots
on the top horizontal line y = s, and k; = e(C) + 3 is the number of dots on the
bottom line y = 1.

Remark 7.7. The statement that every h-vector arises as the s-vector of an ACM
curve in P? is equivalent to the statement that every finite, strictly increasing se-
quence of positive integers A = (ky, ..., k,) occurs as A¢ for some ACM curve
C C P3. We can see this by induction on u. When u = 1, A = (k) is the biliaison
type of a plane curve of degree k. If u > 1, by induction there is an ACM curve
Co with Ac, = (ky, ..., ky—1). Now s¢, < e(Co) +3 = ky—1 < k,. Therefore we
can find a surface X of degree k, containing Co, and construct C from Cy by a
biliaison of height one on X. Since e(Cy) + 3 < k,,, the biliaison is special, hence
Ac equals the given A. A refined version of this construction is in Theorem 7.21.

Definition 7.8. A sequence A = (k1, k2, ..., k,) hasa gap ati if k;y; —k; > 3.

For example, the sequence A¢ of Figure 1 has a gap ati = 2.

Davis [1985] shows that a gap in A¢ forces C to break in the union of two ACM
subcurves. We now give a more geometric proof of this result. For this we need
some preliminary remarks. While in general the union C of two ACM curves B
and D can fail to be ACM, it is certainly ACM if Ip/I¢ is isomorphic to Rp up to
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h=1{1,2,3,4,2,2}
A={1,2,5,6}

s=4 C@O k=t—s+tl=1
o0
00000

Figure 1. Biliaison type and h-vector.

a twist. This condition is satisfied when C is obtained from B by a trivial biliaison,
and also when C is obtained from B by a chain of elementary biliaisons “trivial on
B (Lemma 7.16 below). Here are some preliminary examples.

Example 7.9. If C is obtained from a curve B by a trivial biliaison of height &
on a surface X, “adding” to C the complete intersection ¥ of X with a surface of
degree h, then

Iy/Ix . H)$vx) . H)Ox(=h))
Ic/Ix — HX(9cx) HY(Ipx(—h))

Example 7.10. Let D C P3 be a curve, and L a line not contained in D. Set
C = DUL, and let f be the degree of the scheme theoretic intersection D N L.
Then $p.c = 9pnr.L =0r(—f). If Dis ACM, it follows that C = DU L is ACM
if and only if Ip/Ic = Rp(—f).

By the same argument, if B and D are two ACM curves meeting properly and
$8np.8 =0p(—f), then C = BUD is ACM if and only if Ip/Ic = Rp(—f).

From another point of view, suppose B and D are two ACM curves contained
in a smooth surface X, and let C = B + D. Then

Iy/Ic =

= Rp(=h)

05(—D) & 0x(—D)®05 = $p.c.

If O5(—D) = Og(— f), then C is ACM if and only if Ip/Ic = Rg(—f).

The condition Ip/Ic = Rp(—f) implies that C is obtained by a “generalized
liaison addition” of B and D in the sense of [Geramita and Migliore 1994]. The
following proposition is essentially a special case of Theorem 1.3 of that reference.

Proposition 7.11. Suppose that C contains two subcurves B and D, and that for
some integer f there is an isomorphism of Rc-modules:

(7-1) Ip/Ic = Rp(—f).
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(a) There is a surface S of degree f containing D but not C, and the curve D is
the scheme theoretic intersection of C and S. In particular, f > sp.

(b) The degrees and genera of B, C and D are related by the formulas
dc =dp+dp, g(C)=g(B)+g(D)+ fdp—1.

If B and D have no common component, then C is the scheme-theoretic
union of B and D, $pnp.p =O0p(—f),and B.D = fdp.

If C is contained in a smooth surface X, then C = B + D on X, and
Ox(D)®0p = 0g(f). In particular, B.D = fdp.

(c) Suppose D is ACM. Then B is ACM if and only if C is ACM, in which case
he(n) =hp(n— f)+hpn)
(d) Suppose B, C and D are ACM and f = sp. If max{ig} < min{Ap} then
Ac=ApUAp.

Proof. The hypothesis Ip/Ic = Rp(—f) is equivalent to there being a form
F € H°(P?, O(f)) such that the sequence

0= Ip/Ic(—f) = Re(—f) 5> Re — Rp — 0

is exact. In particular, Ip = Ic + Is where S is the surface of equation F' = 0,
hence D is the scheme theoretic union of C and S. Sheafifying the exact sequence

0— Ip(—f)—> Ic > Ip/(F)—>0
we obtain another exact sequence
0~ H(9p)(~f) —> H,($c) > H,(Ip).

It follows that, if D is ACM, then H!($p)(—f) = H}(9¢), and B is ACM if and
only if C is ACM.

If B and D are ACM, the relation between the h-vectors follows immediately
from the exact sequence 0 — Rp(—f) - Rc — Rp — 0.

The relation between the degrees and genera follows computing the Euler char-
acteristics of the two sides of $p ¢ = Op(—f).

Suppose B and D have no common components. The kernel of the natural
surjective map

Op(—=f)=9p.c = IBnD.B

is supported on D and is a subsheaf of Oy. Since B is locally Cohen—Macaulay and
has no component in common with D, the kernel is zero, hence Op(— f) = $pnp 5.
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Suppose C is contained in a smooth surface X. Since D C C, there is an effective
divisor A on X such that C = A+ D. Then

Op(=f)=EIpc=0x(—D)®0y

from which we deduce A = B and Og(f) =0x (D) ® Op, hence B.D = fdp.
We deduce (d) from (c). By assumption

e(B)+3 =max{Ag} <min{Ap}=1tp —sp+1.

On the other hand, hp(n) =sp ifand only if sp — 1 <n <tp—1,and hg(n —sp)
is nonzero if and only if sp <n < sp 4+ e(B) + 2. Since tp > sp +e(B) + 2,
we see hp(n) = sp whenever hg(n — sp) is nonzero (hp so to speak sits on the
top of hp, as in Figure 1). Now it follows from h¢c(n) = hg(n — f) 4+ hp(n) that
Ac =ApUAp. O

Example 7.12. Figure 1 on page 289 shows the h-vector of a curve which is the
union of a twisted cubic curve B and a divisor D of type (6, 5) on a smooth quadric
surface. The biliaison types are Ap = {1, 2} and Ap = {5, 6}.

Definition 7.13. Suppose Dy C Cy are curves in P? contained in a surface X, and
D is obtained from Dg by an elementary biliaison of height 2 on X. The biliaison
is defined by an injective morphism v : $p, x(—h) — Ox whose image is $p x.
Then the image of the restriction of v to $¢, x(—h), is the ideal $¢ x of a curve
C C X, obtained by biliaison from Cy. In this case, we say that the biliaison from
Cy to C is induced by the given biliaison from Dy to D. Note that C contains D.

Remark 7.14. When Dy is empty, a biliaison induced from Dy is the same thing
as a trivial biliaison. Indeed, in this case v is multiplication by a local equation of
the complete intersection D in Oy, and v maps $¢,, x(—h) onto $¢c, x¥p x.

Remark 7.15. For an elementary biliaison from Cy to C to be induced by a biliai-
son of Dy it is enough that the corresponding morphism u : $¢, x(—h) — Ox lift
to a morphism & : $p, x(—h) — Ox. Indeed, & is automatically injective because
its kernel ¥ is isomorphic to a subsheaf of $p, c,(—h) € Oc,(—h), and at the
same time is a subsheaf of Ox (—#); since Ox and O¢, have no common associated
points, we must have ¥ = 0.

Lemma 7.16. Suppose C contains B and Dy, and Ip,/Ic, = Rp(— f). Suppose C
is obtained by an elementary biliaison from Cy induced by an elementary biliaison
of height h from Dg to D on a surface X. Then C contains D and B, and

Ip/Ic = Rp(—f —h).
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Proof. Since the biliaison from Cy to C is induced by that from Dy to D, C contains
D, and
Ip,/Ix(—h)
Ip/le = —————=Rp(—f —h)
Icy/Ix(—h)

In particular, Rg(—h — f) is an Rc-module, therefore B € C. U

Lemma 7.17. Suppose Cq contains B and Dy, and Ip,/Ic, = Rg(—sp,). If k is
an integer such that

k > max(sp, +e(B) + 6, e(Co) +4),

then any height-one biliaison from Cy to C on a surface of degree k is induced by
a biliaison from Dy to a curve D such that

Ip/Ic = Rp(—sp)

Proof. The lemma generalizes [Martin-Deschamps and Perrin 1990, Remark 2.7c,
p. 65], which treats the case Cyp = B and Dy = &. The statement in this case
becomes: if k > e¢(Cp) + 6, then every height-one elementary biliaison from Cy to
C on a surface of degree k is trivial.

To prove the statement, let X be the degree k surface on which the biliaison
from Cy to C is defined, and apply Homg, ( -, Ox) to the exact sequence

0— $cyx(=1) = Ipy x(—=1) > Op(—=sp, — 1) = 0

to see that u : $¢, x(—1) — Ox lifts to &t : $p, x(—1) — Ox if and only if the
image of u in Ext(lgx (0p(—sp, — 1), Ox) vanishes. Now by Serre duality on X the
latter Ext group is dual to

HY (X, 0p(k —sp, —5))

which is zero because k > sp,+e(B)+6. Thus u lifts to give a height-one biliaison
from Dy to a curve D inducing the biliaison from Cy to C. By Lemma 7.16 above
Ip/Ic = Rp(—sp,—1). Finally, since k > sp, + 1, we have sp = sp, + 1. O

The following proposition is a special case of [Davis 1985, Corollary 4.2].

Proposition 7.18. Suppose the biliaison type Ac = (ki, ka, ..., k) of an ACM
curve C has a gap at j. Then C contains ACM curves B and D such that

Ap=(ki,ka, ..., kj), Ap=(kjyr1,kjt2,...,kg), and Ip/Ic = Rp(—sp).
Furthermore, (B, D) is the unique pair of ACM curves with the above propetrties.

Proof. Note that s = s¢. Suppose first j = s—1, that is, k; > k;_1 + 3. Since
ks = e(C) 4+ 3, by Proposition 7.2 C is obtained by a special biliaison on a surface
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X of degree k; from an ACM curve B. By definition of biliaison type, Ap =
ki, ky, ..., kg_1). Asky,_1 =e(B) + 3, we see

k> ko1 +3 =e(B)+6.

By Lemma 7.17 the biliaison is trivial, so C contains a plane section D of X, and

Ip/Ic = Rp(—1). Since Ap = (deg(X)) = (k;), the statement holds when j =s—1
We now suppose j < s—1 and proceed by induction on s — j. By Proposition 7.2

C is obtained by a special biliaison on a surface X of degree k; from an ACM curve

Co whose biliaison type is Ao := A¢c, = (k1, k2, ..., ks—1). Thus Ao has a gap at j,

and sc, = s—1, hence by induction Cy contains ACM curves B and Dy such that

Ag=(ki, ko, ..., kj), ADy, = (kj—Hv kj+2, ..., ky_1), and Ip,/Ic, = Rp(—sp,)-
In particular, sp, = s — j — 1, so that

kg ij+1+s—j—12kj—|—3+SD0 =€(B)+6—|-SDO.

Since ks = ¢(C) + 3 > e¢(Cyp) + 4, by Lemma 7.17 the biliaison from Cy to C is
induced by a biliaison from Dy to a curve D, and Ip/Ic = Rp(—sp). Finally, since
D is obtained from Dg by a special biliaison, D is ACM and Ap = Ap, U (ks) =
(kjy1.kjro, ... kg).
It remains to prove uniqueness. Note that sp = s — j is determined by C, hence
So is fp because
tp —sq+1=min(Ap) = kj_;,_].

By assumption e(B) +3 =k; <kjy1 —3 =1tp —sp — 2, hence from the exact
sequence

0— wp(m) - wc(m) - wg(sp+m) —> 0

we See
Hwp(m)) = H(wc(m)) for every m <3 —tp.

We will show that Qp = H?(wp) is generated over the polynomial ring R =
HO(P3) by its elements of degree at most 3 — 5. Taking this for granted for the
moment, it follows that Qp is the submodule of 2¢ generated by

D Hwc(m));
m<3—tp

hence it is determined by C. But Ip is the annihilator of Q2p, because Rp is
Cohen—Macaulay with canonical module 2p, hence D is determined by C.

Since tp —sp + 1 = kjy1 > 1, the curve D is contained in a unique surface
S of degree sp, and therefore B is also determined, being the residual curve to
D=CNnSinC.

To finish, we need to show Qp = H?(wp) is generated by its sections of degree
at most 3 — ¢p. For this we choose a complete intersection Y of type (sp, u)
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containing D and let E be the curve linked to D by Y. As Qp = Ig/Iy(—ey) and
IE is generated by its elements of degree at most e(E) + 3, it is enough to show
e(Y)—tp >e(E).

From wg(—e(Y)) = $p /9y and h2(Ip(tp — 1)) = hO(Iy(tp — 1)), we see that
o (w(tp —1—e(Y))) =0; that is, 1p — e(Y) < —e(E), as desired. O

Corollary 7.19. Let C C P3 be an irreducible, reduced ACM curve that is con-
tained in a smooth surface X of degree s = sc. Lett = tc and e = e(C).

(@) Ifhc(e+1) =3, he(e+2) =2, then C has a unique (e + 3)-secant line L,
and every surface of degree at most e + 2 containing C contains L as well.

®) If he(t) =s =2, he(t+ 1) =5 — 3 (so that s > 3), then X contains a line L
thatis a (t—s+1)-secant of C.

Remark 7.20. As a partial converse, we will see in the proof of Theorem 9.1 that,
if, for every smooth C in the Hilbert scheme A (%), the general surface of degree s
containing C contains a line, then the A-vector of C satisfies either (a) or (b).

Proof of Corollary 7.19. Since X is smooth, by definition of ¢ there is surface X, of
degree t containing C but not X. Thus C is contained in the complete intersection
Y =XNX,. Let I the curve linked to C by Y. Then on X

C~tH-T

where H denotes a plane section of X, and ~ stands for linear equivalence. By
[Migliore 1998, Corollary 5.2.19],

hr(n) =hy(s+t—2—n)—hec(s+t—2—n).
Case A: h(e+1) =3 and h(e+2) =2. The formula above implies

sp =min{s, s+t —4 —e}.

But r < e+ 3 because h¢c(e +3) =0, hence s =5+t —4 — e. The conditions on
h¢ then translate as follows:

hr(sr) =hr(sr+1)=sr — 1.

If sy = 1, this implies I' = L is a line. If sy > 2, then the condition on Ar is
equivalent to Ar = (1, kp, ...), with ko > 4 because hr(n) > sp — 1 at least for
n=sr—2,sr—1, s, sp+ 1. By Proposition 7.18 I" contains a line L and an ACM
curve D with Ip/Ir = R (1 —sr). We can treat the two cases simultaneously if
we take D to be the empty curve when s = 1.

By Proposition 7.11, ' =L+ D on X, and L.D = sr — 1. Thus

CL=tH—-L—-D).L=t+s—2—spr+1=s4+t—spr—1=e€e+3.
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In particular, every surface of degree at most e 4 2 containing C contains L as
well. On the other hand, C 4 L is an ACM curve, because it is linearly equivalent
to D +tH. Therefore

Ic/IcyL = R (—C.L) = Ry (—e—3).

It follows that hcyuz () and h ¢ (n) differ only for n =e+3, where their value is 1 and
0 respectively. In particular, hcyr(e+2) =hc(e+2) =2 and heur(e+3) =1, so
that by [Nollet 1998, Proposition 1.5] the homogeneous ideal of CUL is generated
by its forms of degree at most e 4 2, hence by the forms in /¢ of degree at most
e+2.

Suppose now M is an (e + 3)-secant line of C. Then the homogeneous ideals of
C and C U M coincide in degrees at most e + 2. It follows that the ideal of CU L
is contained in that of C U M, hence CUL = C UM and L = M. Therefore L is
the unique (e + 3)-secant of C.

Case B: he(t)=s—2and he(t+1)=s—3. Then hr(s—3) = hr(s —2) =1
and hr(s—1) = 0. This implies either Apr = (s—1), or Ap = (..., k,—1, s—1) with
s—1—k,_1 > 3. By Proposition 7.18, I" contains a plane curve P of degree s—1
and an ACM curve B (possibly empty) such that Ip/Ir = Rp(—1).

By Proposition 7.11, I'= B+ P on X, and B.P =dp. Let L be the line residual
to P in the intersection of X with the plane of P. Then B.L = B.H — B.P =0;
hence

CL=(H—-B—P).L=((t—-V)H—-B+L).L=t—1+2—s=t—s+1. O

Given any sequence A = (ki, ko, , ..., k,) with r—1 gaps (for any r > 1), we
can decompose A uniquely as

(7-2) A=A Ul U---UA,,

where each A; has no gaps and, if a; and b; denote respectively the minimum
and the maximum integer in A;, we have a;11 — b; > 3. We call (7-2) the gap
decomposition of A.

Theorem 7.21. Let A(A) denote the Hilbert scheme parametrizing ACM curves
having biliaison type A. If C is general in A(A), then C is reduced and for every
f = e(C) + 3, there exists a smooth surface F of degree f containing C.

Let . = A1 UAyU---UA, be the gap decomposition of ). Then:

(a) Every ACM curve C € A(A) contains ACM subcurves D;, i = 1,2,...,r,
such that Lp, = A;.

(b) If C is general in A()L), we have

C=DiUDyU---UD,,



296 ROBIN HARTSHORNE AND ENRICO SCHLESINGER

where the D; are distinct smooth irreducible ACM curves satisfying Ap, = A;;
foreveryl <iy <ip, <---<iy <r,the curve

Di] UDZQUUDlh
is ACM and has biliaison type Ajy UA;, U---UA,,.

Remark 7.22. The D; in Theorem 7.21 (for i > 2) are not necessarily general in
A(A;): this is because they are forced to lie on surfaces containing D; for j <.

Proof of Theorem 7.21. Recall that by a theorem of Ellingsrud A(}) is irreducible
(see Remark 6.4). By Proposition 7.18 and induction on the number of gaps we
see that for each i, 1 <i <r, there are ACM curves C; and D; with the following
properties:

(1) ¢, =C and Cy = D;y.

(2) If2<i <r, C; contains C;_; and D;, and Ip,/Ic; = Rc, ,(—sp,).
(3) Ap, =A; forevery 1 <i <r.

4) Ac,=A1UXU---UA; forevery 1 <i <r.

We claim that for every 1 < i; < iy < --- < i, < r there are ACM curves
Eil,iz,...,ih - Cih such that

(1) if h= ], El’ = D,‘, and, if h = r, E1,2,...,r = C;
2)if2<h<r, E; .., contains E; ;, ; ,and D;,, and
Ip, /Ei ..., = RE

S=Ai Uk Us U,

i3 (_sDih );

(3) Ag

We prove the statement by induction on 4. When 4 =1 there is nothing to prove.

P10l

Suppose & > 1. By the induction hypothesis, there is a curve A = Ej, j,....i,, €
Ci,_, with the properties above. Let B =C;,_1. By Lemma 7.23 below there exists
a curve Cp C C;, containing B and D;, such that / D;, /Ic, =R A(_Sth)' Since A
and D;, are ACM, it follows from Proposition 7.11 that Cp is ACM as well. We
define E;, ;, . i, tobe Co. Then E;, ;, . ; has the required properties (the formula
for the biliaison type follows from part (d) of the same proposition).

To see the components D; of a generic C are smooth, we follow the original
proof of [Gruson and Peskine 1978, 2.5]. More precisely we show that, if

A=A UrU-- UL,

is the gap decomposition of A = (ky, ..., ks), there exists an ACM curve C with
Ac = X satisfying the following properties:

(1) C is contained in a smooth surface for every f > k; = e(C) + 3.
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2) C=DyUDy,U---UD,, where the D; are smooth irreducible ACM curves
satisfying Ap, = A;; in particular, C is reduced.

(3) wp,(—e(D,)) has a section whose scheme of zeros is smooth (contains no
multiple points).

We prove this statement by induction on s as in [Gruson and Peskine 1978,
2.5]. For s = 1, the statement is about plane curves and is well known (note that
e(C) 4+ 3 =d for a plane curve C).

Assume now the statement is true for A, fix a curve C with the properties above,
and consider AT = A U {k,,1}. We have two cases to consider:

Case 1: kyi1 < ks +3. In this case AT has a gap at s, and its gap decomposition
isSAT =AUl U---Ur Ufkgyr}.

By assumption, ks4+1 > ks +3 = e(C) + 6; thus there exists a smooth surface
X of degree ks containing C. Let D,;; be a general plane section of X, and
let Ct = CUD,,,. Then D, is smooth with A = (ks;1), thus C™ satisfies (2)
with respect to AT. It also satisfies (3) because wp,,,(—e(D,41)) = 0p,,,. By
construction C* lies on the smooth surface X of degree k;41 = e(C™) + 3. The
fact that C™ is contained in a smooth surface of degree f, for every f > e(CT)+3,
follows now from the fact that $+(e(C™) + 3) is generated by its global sections;
see, for example, [Peskine and Szpiro 1974] and [Nollet 1998, Corollary 2.9]. Thus
C™ also satisfies (1), and we are done in case 1.

Case 2: kyi1 =ky + 1 or kg +2. In this case the gap decomposition of AT is

AT =2 UMU---Ur_UAT

where 17 =4, U {ky41}.

We can still find a smooth surface X of degree k.1 containing C because kg1 >
e(C) + 3. In particular, X contains D,. The proof of [Gruson and Peskine 1978,
2.5] shows that the general curve D' in the linear system D, + H on X is smooth
with Ap+ = A}, and that wp+(—e(D;")) has a section whose scheme of zeros is
smooth. Thus

Ct=DyUDyU---UD}
has the required properties (note that e(C*) + 3 = ky11 = deg(X)). O
Lemma 7.23. Suppose C C P? is a curve, with subcurves B, D such that
Ip/Ic é Rp(—f).
If A is a subcurve of B, there exists a unique curve Co with the following properties:

(1) Cyis contained in C.
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o

(2) Cy contains A and D, and there is an isomorphism Ip/Ic, = Ra(— f) which
makes commutative the diagram

In/le — Ry(=/)

l |

Ip/lcy, —— Ra(—f)

where the vertical arrows are induced by the inclusions Co C C and A C B.
If A and D have no common components, then Co = AU D.

Proof. The inclusion
—1

Ia/Ip(—=f) = Rp(—f) = Ip/Ic — Rc

defines an ideal J in Rc. Uniqueness is clear, because if such a Cy exists, we

must have I¢,/Ic = J. To show existence, let I be the inverse image of J in the

polyno%lial ring R = HO(Op3), so that I /1c = 14/Ig(— f). The given isomorphism
o

Ip/Ic = Rp(—f) induces Ip/I = Ra(— f), hence an exact sequence
0— Ra(—f)—> R/I - Rp — 0.

From this exact sequence we see that R/I has depth at least one, hence [ is the
saturated ideal of a subscheme Cy C C.
By constructior}l8 Ic,/Ic and 14/1p(—f) are isomorphic, so that the given iso-
o

morphism Ip/Ic = Rp(— f) induces another, Ip/Ic, = R4 (— f), with the desired
properties. Finally, we can check Cy is a locally Cohen—Macaulay curve looking
at the exact sequence

0— O0xs(—=f)—> 0¢y— Op— 0.

If A and D have no common components, then Cy contains the union A U D.
Since both Cy and A U D are locally Cohen—Macaulay curves of degree d4 + dp,
they must be equal. U

8. Bounds on the quadratic form ¢ (D, D)

Let X C P? be a smooth surface of degree s > 2. We will make use of the bilinear
form on Pic(X):

D.H H?
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This is essentially the positive definite product on Pic(X)/ZH induced by the in-
tersection product: by the algebraic Hodge index theorem, ¢ (D, D) > 0 for any
divisor D on X, and ¢ (D, D) = 0 if and only if D is numerically (hence linearly)
equivalent to a multiple of H.

In the proof of our main theorem it will be crucial to be able to bound ¢ (D, D)
from below in terms of the degree dp when D is an ACM curve on X. Note that
if D is a curve on X, then

(8-1) (D, D) =d3 +s(s —4)dp —2s(g(D) — 1)

Thus, if we fix the degree dp and s, then knowing ¢ (D, D) is the same as knowing
the genus g(D), and bounding ¢ (D, D) from below is the same as bounding g(D)
from above. In fact, the bounds of this section can be seen as a refinement of
the bounds on the genus of an ACM curve of [Gruson and Peskine 1978]; see
Remark 8.8. The form ¢ (D, D) has the advantage of being invariant if we replace
D with mH — D or D + nH, that is, it is invariant under liaison and biliaison on
X. Thus one can compute ¢ (D, D) assuming D is a minimal curve on X.

To compute these bounds we note that, by (8-1), the form ¢ (D, D) for an ACM
curve D depends only on the /i-vector (or the biliaison type 1) of D and on s. Since
it is enough to consider only minimal curves on X, and there only finitely many
possible biliaison types A of minimal curves for each s, our proof will proceed by
a careful analysis of these A.

We call a biliaison type A s-minimal if it corresponds to a minimal ACM curve
on a smooth surface X of degree s. Since minimal is equivalent to e + 3 < s
by Proposition 6.7, the s-minimal types A are just those increasing sequences of
positive integers A = (ki , k2, . . ., k,,) satisfying k, <s. There are 2°~! such possible
sequences (including the empty one), and by Proposition 6.9 the corresponding
curves are linked by a complete intersection (s, s) to curves with s-basic s-vectors.
For any such A, we let d, g, e be the corresponding invariants of the associated
curve I', and we define

(8-2) qg\) =¢ (T, F)=d2+s(s—4)d—2s(g—1).

Then one verifies the formula

(8-3) g =Y ki(s—D(s —k) =2 Y ki(s —kj).
i=1 I<i<j<u

Table 1 on page 284 lists all the s-basic h-vectors and associated s-minimal bili-
aison types A for s = 4,5 and a few for s = 6, 7, 8, 9, together with the values ¢
takes on them.
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Definition 8.1. Suppose A = (ki, k2, ..., k) is s-minimal. Then we define the
s-dual A" of X to be

N=(—kys—ky_1,....,5—kj)

if L #£@. If L=, then A’ = . Note that, if A is the biliaison type of an ACM curve
[, then A’ is the biliaison type of a curve linked to " by a complete intersection of
two surfaces of degree sy = u, and s (see Section 6).

Proposition 8.2. The invariants of A" are u,r = uy, dy = u;s —dy, g(A) =q().

Proof. The first two equalities are obvious. The equality g (1") = g (1) follows from
(8-3), or can be deduced from the invariance of ¢ (D, D) under liaison on X. [

We say that A, = (ky, ko, ..., k) precedes »o = (I1, [2, ..., [,) and write A| < Ay
if k, < [;. In this case, if A, is s-minimal, then

)"1U)"2=(k17k27"'7ku7117---9lv)
is also s-minimal. Note that (AU ) = UM,

Example 8.3. A plane curve of degree k < s on a surface X of degree s > 2 is
minimal. The corresponding A sequence is A = (k), and g(A) = k(s—1)(s — k).

More generally if A is the biliaison type of a complete intersection of two sur-
faces of degrees a < b < s then g(A) = ab(s —a)(s — D).

Example 8.4. Let A= (1,2,...,k—1,k) withk <s. Then d, = %k(k—i— 1) and
qO) =d;. (s* — 352k + 1)+ dy)

The first statement of Proposition 8.5 below determines, once g ((k)) is known,
the function ¢ (X) by induction on the number u; of elements of A.

Proposition 8.5. Suppose A < u are s-minimal.

(@ gAUp)=q0)+q(w) —2dd,.
®) Ifx < (k) and (k+1) < u, then

gAUk+DUpn) —qgUk)Up) = (s—1)(s—1—2k)—2(d,y —dy).

(c) Suppose B is another s-minimal biliaison type, and h, k are two integers such
that . < (h—1), (h) <B < (k),and (k+1) < . Let s =AU (h)UBUk)Uu
ande =AU (h—1)UBU (k+1)U u. Then

q8) —q(e)=2s(k—h—upg) >2s > 0.

We next show that g (1) increases if one inserts a new integer in a sequence A.
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Corollary 8.6. Let (ki, k3, ..., k,) be s-minimal.
(a) Ifk, <k <s, then
qki, ko, .. ke k) > qlky, ko, ... k) + k(s —k)?

In particular, g(1) > (s—1)? unless » = @.
®) Ifki <k <kjy1, then

q(k17k27 .. ’ki’ka ki-‘,—lv A 7kll) Z q(k17k25 .. 'akr)—i_k(s _k)
Proof. Let A = (ky, ko, ..., k,) By Proposition 8.5 we have
g U (k) =q) +qk) —2d,(s —k) =q(A) + (s — k) (k(s—1) — 2d,) .

Thus the first claim follows from
-
1
(8-4) d, :;k,- < Sk(k—1).

For the second claim, set A = (ky, ko, ..., k;) and w = (kix1, kivo, ..., ky).
Using Proposition 8.5 we compute

gAUk)Uw) —qgrUp) =q(k)Uu)—q(n)+2d,(dy —dryuny)

Now d,v — d(yuuy = —(s — k), while by duality and the first claim

g((k)yUp) —q(n) =g U(s —k) —qu') > (s — k)k*.

Hence
qO-U () U ) =g Up) = (s — k> = 2d; (s — k)
= (s =) (k* = 2dy) = k(s —k),
where the last inequality follows from (8-4). (]

We now prove a lower bound for g (1) in terms of the residue class of dj modulo s.

Proposition 8.7. Let A be s-minimal, of degree d congruent to f modulo s, with

0< f <s. Then
(@) Ifuy, =2, so that . = (h, k) with h +k = f (mod s), then
()\)_{f(s—l)(s—f)+2h(k—1)s ifh+k<s,
T fG=DG=f) +2(s—k)(s—h—1)s ifh+k>s.

(®) Ifu, >3 ands > 5, we have
g(A) = 2s+m(f,s),

where m(f, s) denotes the minimum of q(i1) as w varies among s-minimal
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biliaison types satisfying u, =2 and d, = f ord, =s—f (mod s). In fact,

fl—=D(s—f)+2s(f-2) f3<f<s—forf=s-2s—1,
fG=Ds—f)+2sG6—f=2) if3<s—f=forf=012
This minimum is attained by A = (1, f—1) and ) = (s— f+1, s—1) when 3 <

f<s—forif f=5s-2,s—1l,andbyr=(,s—f—1Dand X =(f+1,s—1)
when3 <s—f < for f=0,1,2

= |

Proof. Part (a) is a simple computation. To prove part (b), note that the role of f
and s— f is symmetric, reflecting the fact that ¢ (1) = g()A’). Thus we can replace
A with A’ whenever convenient. If A = (ky, ko, ..., k,) and there are two indices
i < jsuchthatk; —1>k;_yand k; +1 < k; 1, we replace k; by k; — 1 and k; by
k;+1 to obtain a new increasing sequence A with the same degree as A, hence the
same f. Then g(X) > g(A1) + 2s by Proposition 8.5(c). When u; = 2, it follows
that the minimum m (f, s) is attained by sequences of the form (1, k) or (h, s—1),
as in the statement. When u;, > 3, iterating the procedure above and passing to the
dual word if necessary, we may assume that A is one of the following sequences:

(L,2,...,h) 3<h<s
(1,2,...,h,s—m,s—(m—1),...,s—1) 1<m=<h, 2<h<s—m-—2
(1,2,...,h,k) 2<h<k-2

(L,2,...,hk,s—m,s—(m—1),...,5—1) m<h, 1<h<k-2,k<s—m-2
Ifr=(,2,...,5s—1), wereplace it with (2, ..., s—2), since
q(1,2,...,5—1)>q2,...,5-2)
If h > 2, we define
uw=Q2,....h—1,h+1,...)

to be the sequence obtained removing 1 and % from A and adding A +1. If h =1,
then A = (1, k, s—1) with 3 < k < s—3, in which case we define u = (k+1, s—1).

Then d,, = d, u, = u; — 1, hence we will be done by induction on u, if we
show g (A) > g(u) + 2s. By Proposition 8.5(a) we can assume A = (1,2,...,h)
and u = (2,...,h—1,h+1). Then one computes g(A) —q(n) = 2s. O

Remark 8.8. One can show that the bound g(X) > f(s—1)(s — f) is equivalent to
the bound in [Gruson and Peskine 1978] for the genus of an ACM curve of degree
d > s(s—1) not lying on a surface degree s—1. They also show that curves of
maximal genus are linked to plane curves: in our notation this means u; = 1 if
g (A) attains its minimal value f(s—1)(s — f).
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Corollary 8.9. Let A be s-minimal of degree d congruent to f modulo s, with
0< f<s. Ifu), =2, then
2s5(s—2) if f=0,
qh) > {3s>2=8s+1 iff=1or f=s—1,
252 —4s+4 if £ ¢{0,1,5—1}.
Proof. We may assume s > 5 because the cases s = 3, 4 are easily checked; see

Table 1. If f =0, 1 or s—1, the statement follows immediately from Proposition 8.7.
If f#£0,1,s—1, again by the smae proposition we have

q) = q(f)+25 > qQ2)+25 =25" —4s +4. O

Corollary 8.10. Suppose s > 5 and let ) be s-minimal. Suppose q(1) < (s+1)2.
Then one of the following occurs:

() x=gandqg(r) =0.

Q) r=0)orr=(s—1),and g(A) = (s—1)2

B)S<s<Tand A= (2) or A = (s=2), so that g(A) =2(s—1)(s—=2).

4) s=6and ) = (3), so that g(A) =3(s—1)(s—3) =45.

5) s=5or6and)=(1,s—1).

(6) s =5and = (1,3) or . = (2, 4), in which case g(A) = 36 = (s+1)>.
(7)) s=5and A= (1,2) or . = (3, 4), in which case q(A) = 34.

Furthermore, if g(\) < (s— 1)2, then either (1) or (2) occurs. If (s—1 )2 < gy < 52,
then either s =4 and A = (2) or (1, 3),0ors =5 and . = (2) or (3).

Proof. Suppose first A = (f). Then g(A) = f(s—1)(s—f). One checks this is
bigger than (s+1) except in the cases listed in the statement.

Suppose now u; > 2. If f =0, then g(A) > 2s(s —2) by Corollary 8.9, and this
is bigger than (s41)% unless s <6. When s = 5 or 6, one checks by hand the only
possibility is A = (1, s—1).

If f =1 ors—1, the lower bound for g(A) is

352 — 8s+1,

which is bigger than (s41)% unless s <5. When s = 5, one finds the two sequences
A=(1,3)orA=(2,4).

If f+#£0,1,s—1,then g(1) > 25> — 45 + 4 which is bigger than (s+1)? unless
s <5. When s =5, one finds the two sequences A = (1, 2) or A = (3, 4) for which
qg()) =34. (]
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9. Gonality of a general ACM curve

In this section we give the proof of our main result.

Theorem 9.1. Assume K has characteristic zero. Let C C [P’HS< be an irreducible,
nonsingular ACM curve with h-vector h, and let s = sc,t =tc,e = e(C) and g =
g(C). Assume that s > 4 and that (s, d, g) is not one of the following: (4, 10, 11),
(5,15, 206), (5, 16, 30), (6, 21, 50), (6, 22, 55), (6, 23, 60), (7, 28, 85), (7,29, 91),
(8, 36, 133).

Suppose there is a smooth surface X of degree s containing C with the following
properties:

(1) The linear system |t H — C| on X contains a reduced curve ', such that the
irreducible components D1, ... D, are ACM curves, and

Ar=Ap, Ukp,U---Uhkp,

is the gap decomposition of Ar.
(2) The Picard group of X is Pic(X) =Z[H|® Z[D1]®--- D Z[D,].
(3) C is general in its linear system on X.

Then
gon(C)=d —1,
where | = [(C) is the maximum order of a multisecant of C. Furthermore, with

the possible exception of the values of (s, d, g) listed in Proposition 6.10(b), C has
finitely many gcllfl; hence its Clifford index is

CLff(C) =gon(C) —2=d — 1 —2.
More precisely:

(@) If h(e+ 1) =3, h(e +2) = 2, then the gonality of C is d—e—3 and there is
unique pencil of minimal degree, arising from the unique (e + 3)-secant line
of C (compare Corollary 7.19).

®) ifh(t)y=s—2,h(t+1)=s5-3,1t > s+ 3, but the condition of case (a) above
does not occur, then the gonality of C is d — (t—s+1), and there is unique
pencil of minimal degree, arising from the unique (t—s+1)-secant line of C.

(¢) if neither case (a) nor (b) above occurs, then the gonality of C is d—4, and
every g}i_4 on C arises from a 4-secant line, unless either
(1) (s,d, g) is in the list of Proposition 6.10(b), or
2) s=4,C €|Cy+ bH| where b > 2 and Cy has degree 4 and arithmetic

genus 1; in this case |O¢c (b)| is the unique g}i_ 4 that does not arise from a
4-secant.
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Finally, if C has a complete basepoint-free pencil of degree k < d — 4, then the
pencil arises either from an (e + 3)-secant line or from a (t—s—+1)-secant line.

Remark 9.2. The conditions on /4 in (a) and (b) are not satisfied in any of the cases
listed in Proposition 6.10(b).

Proof of Theorem 9.1. The gonality of C is at most d — 4 by Proposition 3.1.

Suppose % is a complete basepoint-free pencil of degree k on C, and assume
k <d —4, unless we are in one of the cases listed in Proposition 6.10(b), for which
we assume k < d — 5. We will classify these pencils as follows. By the same
proposition the bundle € associated to % on X satisfies A(€) > 0, and then by
Bogomolov’s result (Theorem 5.4) it follows that € is Bogomolov unstable. Let
Ox (A) be the line bundle that destabilizes €. We will show that only the following
cases can occur:

(1) for any h-vector, we can have A = —H; then by Corollary 5.7 the pencil %
arises from a multisecant line L that is not contained in X. Corollary 4.2
shows that k = deg%¥ = d — 4 and that there is a finite set of such pencils.

(2) when h(e+1) =3 and h(e +2) =2, then C has a unique (e + 3)-secant line
L,and%¥ =%(L). Inthiscase LC Xand A=L— H.

3) ift>s+3,h(t)=s—2, h(t+1) =s5—3, then C has a unique (t—s-+1)-secant
line L, and ¥ =%(L). Inthiscase LC X and A=L — H.

4) s=4,C e |Co+bH| where b > 2 and Cy has degree 4 and arithmetic genus
1. In this case % = [O¢(b)| and A = —Cy. In particular, deg¥ =d —4 and ¥
does not arise from a multisecant.

The statement of the theorem clearly follows from this classification. For the Clif-
ford index, we use the fact, proved in [Coppens and Martens 1991], that Cliff(C) =
gon(C) — 2 when C has a finite number of pencils of minimal degree.

We now proceed to classify the possible basepoint-free complete pencils % of
degree at most d —4. Let A be the divisor that destabilizes the bundle € associated
to #. Recall that A sits in an exact sequence

0— 0x(A) > €— Iy x(B)—0

where W is zero-dimensional and (A — B).H > 0. From the exact sequence we
see A—B=2A+C and

QA+ C)>=(A—B)?>> A(€) = C? — 4k.

By Proposition 5.5 we also have (—A).H > 0 and A? > 0.
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To be able to work effectively with the above inequalities, we write x = A.H
for the degree of A, and consider the bilinear form on Pic(X)

2
(D, E)=(D.H) (E.H)—s (D.E) = det [D‘H H } .

DE E.H

We then obtain the following numerical constraints on x:
(9-1) —d<2x <0, x*2>¢(A,A), x>+dx+ks>¢(A, A+C),

the last two inequalities being equivalent to A> > 0 and (2A + C)? > C? — 4k
respectively.
In Pic(X) we can write A =>_a; D; +cH with a; € Z, ¢ € Z. We wish to show

P(A, A+C) > 0.

We first prove ¢ (D;, Dj) <0. Let Ap = A1 UA,U- - -UA, be the gap decomposition
of Ar, so that AD, = Aj. Ifi <j, D;+ Dj is ACM with )"DH-D/' = A U)xj by
Theorem 7.21. Since ¢ (D, D) = g(Ap) for an ACM curve D with sp < s, by
Proposition 8.5

9-2) ¢(Di, Dj) = —dy;dy; <0

(note that the formula ¢ (D;, D;) = —d, dyj is correct only for i < j).
To simplify notation we let g; = ¢(D;, D;) and b; = — Zj#l- ¢(D;, D;). We
claim that g; > 2b; for every i. To prove this let E; =} ;_; D;. Then
¢, T)=¢(D; + E;i, Di + E;) = ¢(D;, Di) + ¢(E;, E;) +2¢(D;, E;)
= ¢(E;, Ei) +qi —2b;;
thus it is enough to show ¢ (I', I') > ¢ (E;, E;), thatis, g(Ar) > g(Ag;). The latter

inequality holds by Corollary 8.6; hence g; > 2b;.
We now compute

$(A, A) =3 ai¢(Di, D)) +2 Y aia;j¢(Di, Dj)

i<j
=Y aXgi—b)— Y a} Y ¢(Di, D) +2 Y aa;jp(D;, D))
i i JEi i<j
=Y a}(gi —b) — Y (ai —a))*¢(Di, D)),

i<j
$(A,C) =¢(ZaiDi, tCH_ZDj) :¢(ZaiDis —ZDJ'>
i J L J
= -2 ai¢(D;, Dj) = -} ai(qi —b).
LJ i
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Therefore
9-3) ¢(A, A) =3 ai(qi—b) — Y (a; —ap)’d(Di, D)),
14 1<j

(9-4) P(A, C) == ai(qi — bi),

9-5)  G(A A+C) =30} —a(qi —b) — Y. (@i —ap)*$(D;. D;).

1<j
The last equality implies ¢ (A, A 4+ C) > 0 because the g; are integers, g; >
2b; > b; and ¢ (D;, Dj) < 0.
We now show that ¢ (A, A+ C) > 0 implies x > —s—1.
By hypothesis k < d — 4; therefore

X2 4+dx+(d—4)s>x>+dx+ks>¢(A, A+C) > 0.
Let 8§ be the discriminant of the equation x> 4+ dx + (d — 4)s = 0:
§=d*—4sd + 165 = (d — 2s5)> — 4s(s — 4).

Let y =d —2s. Since C is ACM and s = sc, we have d > 1s(s+1) by Remark 6.2,
hence

y—2=d—25—2>1(s* =35 —4) > 1(s* —4s).
In fact, we can have equality only if s =4 and d = 10, while the hypotheses of the
theorem when s = 4 require d to be at least 11. Thus y —2 > %s(s —4) and

§=y>—4s(s—4) > y>—8y+16=(y —4)%.

Thus § is positive, and the equation has two real roots, one smaller than —d /2, the
other one, say x, larger than —d/2. Since —d/2 < x < 0, we conclude x > Xx.
Furthermore, unless s =4 and d = 11, we have y —4 > 0 under the hypotheses of
the theorem, hence

o d. 1 N Sy __d_ 1
X = 2+2¢5> STy 8yHl6=—T 4 S~ =—s-2.

The inequality x > —6 holds also in case s =4 and d = 11. Thus x > —s—1. Then
from x> ¢ (A, A) we see that

(s+1)2 > ¢ (A, A).

If all the a; are zero, then A = cH (this is the case if C is a complete intersection
of X and another surface). Since —s—1 <x =deg A <0, we must have A = —H.
If not all the a; are zero, let 1 < i; < --- < i < r be the indices for which
a; # 0. Formula (9-3) holds with this new set of indices, and shows that, if all the
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coefficients a; are nonzero, then ¢ (A, A) attains its minimum when all the a; are
equal to 1. Thus
#(A, A) = ¢ (D, D),
where D = D;, + - - -+ D;, is the support of A.
Now D is ACM with biliaison type Ap = A;, U- - -UA;, by Theorem 7.21. If Ap
is not one of the special cases listed in Corollary 8.10, then

¢(D, D) =q(\p) > (s+1)?,

contradicting (s+1)2 > ¢ (A, A).

Suppose now Ap is one of the special cases listed in Corollary 8.10. We still
have ¢ (A, A) > (s—1)? because Ap is not empty. Before examining the various
cases, let us remark that, if only one of the g; is nonzero, so that

A=aD+cH
with D irreducible and a # 0, then either a = 1 or a = —1. This follows from
2 P(AA) _ (s+1)?
a” = < <
¢(D, D) ~ (s—1)?

Also note that D is irreducible precisely when A p has no gaps, that is, in all cases
of Corollary 8.10 except when s =5 or 6 and A = (1, s—1).

To complete the list of Corollary 8.10, observe from Table 1 that for s = 4 there
are 7 possibilities for A p, because A # & and u; < 4, namely

D, @), 3), (1,2), (1,3), 2,3), (1,2,3).

Casel: Ap # (1), Ap #(s—1),and, whens =5o0r 6, Ap £ (1,s—1).
Then ¢(D, D) > (s—1)% and Ap has no gaps by Corollary 8.10. Thus D is
irreducible, A =aD + cH with a = £1 and

(s+1)? > x? > ¢(A, A) =a’*p(D, D) > (s—1)*.
Hence x = —s—1 or x = —s.

Case la: a =1, x = —s—1. In this case dp = x = —1 (mod s), and by
Corollary 8.10 we must have s < 5. Furthermore by the last inequality in (9-1)

x2+dx+(d—4)s >0,
that is
2+ 2s+1—sd—d+(d—4)s >0

sod <s2—2s+1. This givesd <9ifs=4,andd <16if s =5, while d > %S(S-f—l)
because C is an ACM curve s¢ = s. Thus we must have s = 5, and examining
the list in Corollary 8.10 we find Ap = (1, 3) is the only possibility. Then, for
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I' =tH — C, we know Ar contains Ap = (1, 3) in its gap decomposition and
u,. < 5. This forces Ar = Ap, hence D =T" and therefore

d=st—deg(l') >25—-4=21
a contradiction, so this case does not occur.

Case 1b: a =1, x = —s. In this case dp =x =0 (mod s) and 5% = x2 > qr).
By Corollary 8.10 the only possibility is s = 4 and Ap = (1, 3), which forces
D =T =tH — C. Furthermore, we must have gon(C) = k = d — 4 for the
inequality x> +dx +ks > ¢(A, A+ C) of (9-1) to hold.

Since x = —4 = deg(D + cH), we see ¢ = —2. Now pick an effective divisor
Co €| —A| =12H — D|. Then Cy is ACM with biliaison type (1, 3), thus Cj is
up to a deformation with constant cohomology an elliptic quartic. By construction
Ce|Co+bH| withb=t—2>2. (Note that b =2 gives (d, g) = (12, 17), which is
in the list of Proposition 6.10(b).) For b > 2 the restriction of |Cy| to C is |O¢(b)],
and is a gall_ 4 on C that does not arise from a multisecant.

Case Ic: a=—1,x=—s—1or —s. Inthiscase A=—D+cH,hence, if D= D;,
P(A, A)+¢(A, C)=2¢(D;, D))+ Y. ¢(—D;, —D;)=2q;—b; > 3g; > 3(s—1)*.
J#i
Therefore
x> 4dx+(d—4)s > %(s—l)z,
which contradicts both x = —s—1 and x = —s, so this case does not occur.

Case2: Ap=(1),sothat Disaline L C X,and A=cH +alL witha ==+1. In
this case either I' = L and Ar = (1), or Ar has a gap at the beginning:

ar=(1,4,...)

In both cases L = D; is unique. The proof of Corollary 7.19 shows that the A-
vector of C satisfies hc(e+1) =3 and hc(e+2) =2, and that C.L = e+ 3. Thus
in any case

deg(Z) =gon(C) <d —e—3.

We wish to show that A =L — H and Z =%(L).
Recall that the degree x of A must satisfy the inequalities —s—1 < x < 0 and

x> >a*¢(L, L) = (s—1)°.

We also know x = c¢s +a with a = 1. Therefore c = —1 and either A=—H — L
orA=—H-+L.
Suppose first A= —H — L. Since deg(X) =s >4,

H0x(H + L) = H°0x(H)
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thus every curve B in the linear system | — A| = |H + L| contains the line L. This
contradicts Proposition 5.5, according to which we can find two effective divisors
in | — A| meeting properly. So A =—H — L is impossible. Therefore A=—-H + L,
and Z =%(L) by Corollary 5.7.

Case 3: Ap = (s—1),sothat D= H — L is a plane curve of degree s—1, residual
to a line L in a plane section of X. Furthermore, A=cH +aD = (c+a)H —alL
with a = £1.

In this case D = D,, thus L is unique, and either I' = D, or Ar has a gap
at the end. The proof of Corollary 7.19 shows that the h-vector of C satisfies
he(t) =5 —2, he(t+1) =s—3 and that L is a (r—s+1)-secant line for C. An
argument analogous to the one of the previous case shows A = —H + L, so that
% =2%(L).

Cased: Ap=(1,s—1) withs =5 or 6, hence A =cH +aiL+ ayP where L
is a line, P is a plane curve of degree s—1, and a; and a, are nonzero. Note that
¢(Lq, P) = —1, therefore

P(A, A) = (a7 +a3)(s—1)* — 2a1a;

= (a12 +a§)(s2 —28)+ (a1 — a2)* > 2(s* — 25) > s°.

On the other hand, (s+1)> > x2 > ¢(A, A). Therefore we must have x = —s—1
and a% —I—ag < 3, that is, a; and a, can only be 1 or —1.
Then

—s—l=x=cs+a+a(s—1),

from which we see —1 =a; —ay (mod s). This is impossible because a; = +1 and
a) = +1.

This complete the list of possible cases, and proves the classification of complete
basepoint-free pencils &% of degree at most d — 4, hence the theorem ([

Remark 9.3. In the first of the cases excluded in the theorem, namely s = 4 and
(d, g) = (10, 11), we can prove gon(C) = 6 =d — 4 by the method of [Hartshorne
2002].

Theorem 9.4. Assume the ground field is the complex numbers. Then the conclu-
sions of Theorem 9.1 hold for the general ACM curve C in A(h).

Proof. Since the conclusions of Theorem 9.1 are semicontinuous on A (k) (cf. [Ar-
barello and Cornalba 1981]), it is enough to show the existence of a single curve C
for which the hypotheses of that theorem are satisfied. To check this, let 2" denote
the h-vector of a curve I' linked by two surfaces of degrees s and t =¢ to C € A(h).
Note that 4’ may not be of decreasing type, but in any case sy < er +3 < s by
Lemma 6.5. By Theorem 7.21 a general curve I' in A(h') is reduced, its irreducible
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components are ACM, with biliaison type prescribed by Ar; and, since s > er + 3,
there exist smooth surfaces of any degree > s — 1 containing I.

Now let /1, be the h-vector of a curve C linked to I" by the complete intersection
of two smooth surfaces of degree s—1 and s respectively. The flag Hilbert schemes
parametrizing pairs (T, Y), where ' € A(h’) and Y is a complete intersection of
type (s—1, s), is irreducible [Martin-Deschamps and Perrin 1990, VII §3]. Thus a
general I" in A(h’) can be linked to a general C; € A(hy). By Lemma 6.5 h; is of
decreasing type, hence we may assume C; is smooth, and lies on smooth surfaces
of degree s—1 and s. Since we are working over the complex numbers, we can
use the Noether—Lefschetz type theorem of [Lopez 1991, II 3.1]. We apply this
theorem to C, withd = s, e =1, and T a smooth surface of degree s—1 through
C; to conclude that, if X is a very general surface of degree s containing C», then
Pic(X) is freely generated by the classes of a plane section H and of the irreducible
components of I (here “very general” means, as usual, outside a countable union
of proper subvarieties).

Now on X we can take for C a general curve in the linear system

|Co+(t—s+1)H|=|tH-T|.

The hypotheses of Theorem 9.1 are then satisfied for the smooth surface X and the
curve C.

One can simplify the argument using a more recent result [Brevik and Nollet
2008, Theorem 1.1], which allows one to work directly with I" rather than C,. [J
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UNIVERSAL INEQUALITIES FOR THE EIGENVALUES
OF THE BIHARMONIC OPERATOR ON SUBMANIFOLDS

SAID ILIAS AND OLA MAKHOUL

We establish universal inequalities for the eigenvalues of the clamped plate
problem on compact submanifolds of Euclidean space, of spheres and of
real, complex and quaternionic projective spaces. We prove similar results
for the biharmonic operator on domains of Riemannian manifolds that ad-
mit spherical eigenmaps (this includes compact homogeneous Riemannian
spaces) and finally on domains of hyperbolic space.

1. Introduction

Let (M, g) be a Riemannian manifold of dimension n and let A be the Laplacian
operator on M.

We will be concerned with the following eigenvalue problem for the Dirichlet
biharmonic operator, called the clamped plate problem:

Au=xru inQ,
(1-1)

U= du _ 0 on o€,

av
where Q is a bounded domain in M, A? is the biharmonic operator in M and v
is the outward unit normal. It is well known that the eigenvalues of this problem
form a countable family 0 < Ay <Ay <---— +00.
For the case when M = R", Payne, P6lya and Weinberger [1956] established

the following inequality, for each k > 1:

k
8(n+2)
A1 — A < ~ % Zki-

This work was partially supported by the Agence Nationale de la Recherche through the FOG project
(ANR-07-BLAN-0251-01).

MSC2000: 35P15, 58A10, 58C40, 58J50.

Keywords: eigenvalue, biharmonic operator, universal inequality, submanifold, eigenmap.

315


http://pjm.berkeley.edu
http://dx.doi.org/10.2140/pjm.2011.251-2

316 SAID ILIAS AND OLA MAKHOUL

Implicit in [Payne et al. 1956], as noticed by Ashbaugh [1999], is the better in-
equality

k 2
8 2
(1-2) A1 — Ap < %—;)(Z )»il/z) .
i=1

Later, Hile and Yeh [1984] extended ideas from earlier work on the Laplacian by
Hile and Protter [1980] and proved the better bound
23/2 k

n2k3 A2 k 1/2
< —t Ai .
8(n+2) ~ <§ M1 —M) <§ )

Implicit in their work is the stronger inequality

n’k? £ )Ml/z 12
8<n+2)5<zxk+1— )(ZK )

which was proved independently by Hook [1990] and Chen and Qian [1990]; see
also [Chen and Qian 1993a; 1993b; 1994].
Cheng and Yang [2006] obtained the bound

k k
(1-3) > G~ = (B0E2)” Z (hi st —20) 2.
i=1 i=1

Very recently, Cheng, Ichikawa and Mametsuka [2009b] obtained an inequality for
eigenvalues of Laplacian with any order / on a bounded domain in R". In particular,
they showed that for [ = 2,

(1-4) Z(ml ay? < 20t Z(xkﬂ A

i=1

For the case when M = S”, Wang and Xia [2007] showed that
£ 12 1/2
(1-5) > O — 1) < (Z(ml 12 (n? + @n+ 42, ))

i=1 i=l1 12
(Z(xkﬂ 1) (n? +4A”2>) ,

from which they deduced, using a variant of Chebyshev’s inequality,

1/2

(1-6) Z(xkﬂ—/\) <—Z(kk+1—k)(2(n+2)kl/z+n)(4A +n?).

i=1 i=1
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This last inequality was also obtained by a different method by Cheng, Ichikawa
and Mametsuka [2009a].

On the other hand, Wang and Xia [2007] also considered the problem (1-1) on
domains of an n-dimensional complete minimal submanifold M of R” and proved

k
A7) > Owgr — Ai)’?
i=1
1/2

12 12  k /
< (Fe£2) <Z<Ak+1 x)zx”z) (Z(M«H A)A”) ,
i=1 i=1

from which they deduced the following generalization of inequality (1-4) to mini-
mal Euclidean submanifolds:

(1-8) Z(ml ay? < 20t Z(xkﬂ e

i=1

Recently, Cheng, Ichikawa and Mametsuka [2010] extended this last inequality to
any complete Riemannian submanifold M in R” and showed

1/2 1/2
(19) 21:(Ak+1 i) <ﬁ2(xk+] 2 (28 4 2(n +2)0, ) (n28 + 42,
1
with
5 = supg |H%,

where H is the mean curvature of M.

The goal of Section 2 of this article is to study the relation between eigenvalues
of the biharmonic operator and the local geometry of Euclidean submanifolds M
of arbitrary codimension. The approach is based on an algebraic formula (see
Theorem 2.3) we proved in [Ilias and Makhoul 2010]. This approach is useful for
the unification and for the generalization of all the results in the literature. In fact,
using this general algebraic inequality, we obtain (see Theorem 2.4) the inequality

172
(1-10) Zf(k )<~ (Zg(x) 2(n+2)x1/2+n25)>
k

(f (0i))? 2 )“2
4x."7 +n%8) )
X(§g<xi)<xk+1—xi)( BRAA

where f and g are two functions satisfying some functional conditions (see Defi-
nition 2.1), 8§ = supg, | H|? and H is the mean curvature of M. The family of such
pairs of functions is large. And particular choices for f and g lead to the known
results. For instance, if we take f(x) = g(x) = (Ag+1 —x)?2, then (1-10) becomes
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1/2
(1-11) Z(xkﬂ A<= (Z(xkﬂ A>(2<n+2>x‘/2+n23))

1/2
x (Z(MH — k)42 +n25)) :
i=1
which gives easily (see Remark 2.2) inequality (1-9) of Cheng, Ichikawa and
Mametsuka [2010].

In Section 3 we consider the case of manifolds admitting spherical eigenmaps
and obtain similar results. As a consequence, we obtain universal inequalities for
the clamped plate problem on domains of any compact homogeneous Riemannian
manifold.

In Section 4, we show how one can easily obtain, from the algebraic techniques
used in the previous sections, universal inequalities for eigenvalues of (1-1) on
domains of hyperbolic space H".

All our results hold if we add a potential to A? (that is, A?> 4+ g where ¢ is a
smooth potential). For instance, in this case instead of inequality (1-10), we obtain

172
(1-12) Zf(k )<+ <Zg(k) 2(n+2)A]/2+n28)>

i=1 i=1
k ) 12
(f)) 12, 2 )
4)» ) ,
" (; §0 Gy iy Y

where A; = A; — infg q.
Finally, the case of the clamped problem with weight

{Azu—kpu in ,

1-13
(1-13) u_g—”_o on 9<2,

can be easily treated with minor changes.

2. Euclidean submanifolds

Before stating the main result of this section, we introduce a family of pairs of
functions and a theorem obtained in [Ilias and Makhoul 2010], which will play an
essential role in the proofs of all our results.

Definition 2.1. Let A € R. A pair (f, g) of functions defined on ]—o0, A[ belongs
to 3, if f and g are positive and, for any distinct x, y € ]—o0, A[,

FO—FOV (@) | (D) V(g —gO)
e () + (o + oo ) (55 <o



UNIVERSAL INEQUALITIES FOR EIGENVALUES OF THE BIHARMONIC OPERATOR 319

Remark 2.2. This definition of the family 3, differs slightly from that given in
[Mlias and Makhoul 2010], but all the results there are still valid.

A direct consequence of our definition is that g must be nonincreasing.

If we multiply f and g of J;, by positive constants, the resulting functions are
also in J;. In the case where f and g are differentiable, one can easily deduce
from (2-1) the necessary condition

((n F0) = 5= (ng(x))'

This last condition helps us to find many pairs (f, g) satisfying the conditions of
Definition 2.1, for example,

(1, A=) | >0},
{(O—x), A =x)P)| =1},
(=2 A —x)")0<8<2)}

Let 7 be a complex Hilbert space with scalar product (-, - ) and corresponding
norm || - ||. For any two operators A and B, we denote by [A, B] their commutator,
defined by [A, B]= AB — BA.

Theorem 2.3. Let A : %D C H — H be a self-adjoint operator defined on a dense
domain 9, which is semibounded below and has a discrete spectrum

M=A<SA3<---

Let
{(T):9— %}’;:1

be a collection of skew-symmetric operators and
{B,:T,(D) —> %}'I’,:l
a collection of symmetric operators, leaving 9 invariant. Denote by
{u; }?21

a basis of orthonormal eigenvectors of A, u; corresponding to ;. Let k > 1 and
assume that i1 > M. Then, for any (f, g) in 3,

k n 2
(2-2) (Z Z FONTp, Bplu, ui))
i=1 p=1 k n
< 4(2 Zg()‘i) [A, Bplui, BP”i))
i=1 p=1
(f(Ai))?
(ZZ g(hi) (Akg1 — )‘)” il )
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Our first result is the following application of this inequality to the eigenvalues
of the clamped plate problem (1-1) on a domain of a Euclidean submanifold:

Theorem 2.4. Let X : M — R™ be an isometric immersion of an n-dimensional
Riemannian manifold M in R™. Let Q2 be a bounded domain of M and consider
the clamped plate problem (1-1) on Q2. Then for any k > 1 such that A4+, > Ay and
forany (f, g) in 3, ,, we have

1/2
(2-3) Zf(/\)< (Zg(k)2(n+2)kl/2+n23))

i=1 i=1
k

(f()»,-))2 ( 1/2 n2 ))1/2
A -5 ,
) (; sO) G — i\ T2

where 8§ = supq, |H |* and H be the mean curvature vector field of the immersion X
(that is, which is given by rl; trace h, where h is the second fundamental form of X).

Proof. We apply inequality (2-2) of Theorem 2.3 with A = A?, B p=Xpand T, =
(A, X,], p=1,...,m, where Xy, ..., X,, are the components of the immersion
X. This gives

k

m 2
(2-4) (Z > oA X, X Jus, u,-)Lz)

i=1 p=1 K m

(ZZg(A) (1A% X plui, ,,ui)Lz)
i=1 p=1
(f ()2
(ZZ prRTRE SIS X,,]uiuiz),

where u; are the L2-normalized eigenfunctions. First we have, for p=1,...,m,

[A% X plu; = A*X pu; +2VAX . Vi +2A(VX - V) +2AX , Aui+2V X .V Au;.
Thus
([A% Xplui, X pu;) 2

:/ ul-szA2Xp+2/ XpuiVAXp.Vu,-—i—Z/ Xpui A(VX, - Vuy)
Q Q Q
+2/ XpMiAXpAui+2/ XpuiVXp.VAu,-
Q Q
=/ AX,,A(X,,M?)—zf div(X ,u; Vu; ) AX +2/ AXpui)VX, - Vu;
Q Q Q

—I—Z/ XpAXpuiAui—Zf div(X,u; VX,)Au;.
Q Q
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A straightforward calculation gives
(2-5) ([A% Xplui, X pui) 2 :4/ u,-AXpVXp-Vu,-+/(AXp)2ul~2
Q Q

+4/(VX,,.W,~)2—2/ VX, 2u; Au,.
Q Q

Since X is an isometric immersion, we have

(2-6) nH=(AX1,...,AXy)

and
m m

(2-7) ZuiAXpVXp-Vu,- =0, Z(vx,,-wi)zz |Vu;|?.
p=1 p=1

Incorporating these identities in (2-5) and summing on p from 1 to m, we obtain

m

D A% X plui, Xpui) 2 = 4/ |Vu,-|2—2n/ u,-Au,-+n2/ |H |*u?
Q Q Q

p=1

=2(n—|—2)/ u,-(—Aui)+n2/ |H [*u?
Q Q

1/2 1/2
(2-8) 52(n+2)(/ (—Au,-)z) (/ u,.2> +n2/ |H |*u?
Q Q Q

=2(n+2)x" +n2/ |H |u?
Q

1/2

(2-9) <2(n+2)x,"" +n%s,

where the Cauchy—Schwarz inequality gave (2-8) and where § = supg, | H|>.
On the other hand, we have

(A, Xp]ui =2VXp-Vu,- —|—Ml'AXp.

Then

m m
DA, Xpluill7 = / Q@VX, - Vu; +u;AX )
p=1 p=1 Q2

m m
=4Z/(pr.w,-)2+42/ wiAX VX,V
Q Q
p=1 p=l1

m

+Z/(Axp)2uf.
p=1 @
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Using the identities (2-6) and (2-7), we obtain

m
(2-10) DA, Xpluill3 =4/ |w,-|2+n2f |H|?uf
Q Q
p=1

=4/(—Au,~)-ui+n2/ |H |*u?
Q Q

172 172
Q Q

= 4212 4 n2s.

i

A direct calculation gives

([[A7Xp]aXp]ui,ui>L2=/ (A(Xlz;ui)_ZXpA(Xpui)+X12,Aui)ui
Q
:2/ VX, |%u?.
Q
m

(2-11) D (A Xp) X plui, ui), =2Zf VX, |*u? =2n.
p=1"

p=1

Therefore

To conclude, we simply use the estimates (2-9), (2-10) and (2-11) together with
inequality (2-4). O

Remarks 2.5. « As indicated in the end of the introduction, Theorem 2.4 holds
for a general operator A% + ¢, where ¢ is a smooth potential. Indeed, this is an
immediate consequence of the fact that [A% 4 ¢, X pl = [AZ, X »] and the entire
proof of Theorem 2.4 works in this situation. The only modification is in the
estimation of the term fQ [Vu;|%. In this case, letting A = A;j —infg g, we have

1/2 1/2 172
f|w,-|25(/ (—Au,->2) (/ u?) =(xi—/quf) <)
Q Q Q Q

Taking into account this modification in inequalities (2-8) and (2-10), we obtain
inequality (1-12).

o If f(x) = gx) = (Mg — x)2, then inequality (2-3) extends inequality (1-7)
of Wang and Xia [2007] to any Riemannian submanifolds of R™. By using a
Chebyshev inequality (for instance the one of [Cheng et al. 2009b, Lemma 1]),
inequality (1-9) of Cheng, Ichikawa and Mametsuka [2010] can be easily deduced
from inequality (2-3).

o If f(x)= g(x)2 = (Ag+1 — Xx), then inequality (2-3) generalizes inequality (1-3)
of Cheng and Yang [2006] to the case of Euclidean submanifolds.
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Using the standard embeddings of the rank one compact symmetric spaces in
a Euclidean space (see for instance [El Soufi et al. 2009, Lemma 3.1] for the val-
ues of |H|? of these embeddings), we can extend easily the previous theorem to
domains or submanifolds of these symmetric spaces and obtain:

Theorem 2.6. Let M be the sphere S™, the real projective space RP™, the com-
plex projective space CP™ or the quaternionic projective space QP™ endowed
with their respective metrics. Let (M, g) be a compact Riemannian manifold of
dimension n and let X : M — M be an isometric immersion of mean curvature H.
Consider the clamped plate problem on a bounded domain Q2 of M. For any k > 1
such that Ak+1 > A and for any (f, g) € 3;,.,, we have

1/2
(2-12) Zf(k)< (Zg(A)Z(n+2)A1/2+n28))

k 1/2
(fF()) 1p  n? ))
A —5 ,
) (Zl.zl 80 Gutr —m( "

1 ifM=S",
2(n+1)/n  if M =RP™,
2(n+2)/n  if M =CP™,
2(n+4)/n  if M =QP™.

where

8 =sup(|H|* +d(n)), whered(n)=

Remarks 2.7. « As in [El Soufi et al. 2009, Remark 3.2], in some special geomet-
rical situations, the constant d(n) in the inequality of Theorem 2.6 can be replaced
by a sharper one. For instance, when M = CP" and

— M is odd-dimensional, then d(n) can be replaced by d'(n) =(2/n)(n+2—1/n),
— X (M) is totally real, then d(n) can be replaced by d’'(n) =2(n + 1) /n.

e When f(x) = g(x) = (Agg1 — x)%, and M is a sphere, (2-12) generalizes to
submanifolds inequality (1-5) established by Wang and Xia for spherical domains.

o As for Theorem 2.4, the result of Theorem 2.6 holds for a more general operator
A+ g, with the same modification (that is, )\ 1/2 instead of kl/ 2)

3. Manifolds admitting spherical eigenmaps

In this section, as before, we let (M, g) be a Riemannian manifold and €2 be a
bounded domain of M. A map X : (M, g) — S" ! is called an eigenmap if its com-
ponents X, X, ..., X,, are all eigenfunctions associated to the same eigenvalue A
of the Laplacian of (M, g). This is equivalent to say that the map X is a harmonic
map from (M, g) into S™=1 with constant energy A (that is, Z';Zl VX p|2 = A).
The most important examples of such manifolds M are the compact homogeneous
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Riemannian manifolds. In fact, they admit eigenmaps for all the positive eigenval-
ues of their Laplacian; see [Li 1980].

Theorem 3.1. Let A be an eigenvalue of the Laplacian of (M, g) and suppose that
(M, g) admits an eigenmap X associated to this eigenvalue . Let 2 be a bounded
domain of M and consider the clamped plate problem (1-1) on Q2. For any k > 1
such that A1 > Ay and for any (f, g) € Sy, we have

k
G-1) ) 0

i=1 k 12 , k 2 1,2
A (A 6x.1/2> ( (/ (i) A 4A]/2) .
s(Zg( )0+ 62,7) ;g(m(ml_“( +42,"%)

i=1
Proof. As in the proof of Theorem 2.4, we apply Theorem 2.3 with A = A2,
B,=X,and T, =[A,X,], p=1,...,m, to obtain

2
(3-2) (ZZM) [[A, Xp1, X plui, ui)y )
i=1 p=1
< 4(2 > g IA%, X plu;, X,,u,-m)
i=1 p=1
(f (1))? 2>
A,X i 2 |
(Zzgm(xm oy I Xplilly

where {u;}{°, is a complete L?-orthonormal basis of eigenfunctions of A? associ-
ated to {A;}72,. Asin (2-11), and using the equality

m
D IVX, =1
p=1
we have
m m
(3-3) D (A Xp) Xplu ui),, =2 Z/Q VX, [2u? =22
p=1 p=1

We further have

m
D IA, Xpluil3
p=1
m

—Z/ (A, X))’
_4/Z(VX Vu) +/Z(AX )2u2+4/iu AX,VX, Vu;
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Applying Cauchy—Schwarz and the equalities
Y X)=1 and X,=-1X,,

we then obtain

m
> AL X pluill
p=1 m m m
54/QZ|VX,,|2|Vui|2+AZ/SZ(ZX§,>u?—2A/S2uiv(ZX§>.wi

p=1 p=1 p=1

1/2 1/2
=4A/(—Aui)ui+)»2§4)»</ (_A”i)z) (f u?) +32
Q Q Q

= 420172

AR
Similarly, we infer from (2-5) that

m

D (A% Xplui, X pui) g2

p=1
m m
=x2/ u%—,\/v<§ :xf,)-vu%+4§ /(vx,,-wi)%rz,\/(—m,-)u,-
Q Q Q Q
p=1 p=1

m 1/2 1/2
§x2+4/ Z|vx,,|2|w,-|2+2,\</ (—Au)z) (/ u%)
Q.5 Q Q

1/2
i
1/2

i .

< A2+ 4200
=A%+ 61

Incorporating these two bounds, together with (3-3), in inequality (3-2) gives the
theorem. ([

Corollary 3.2. Let (M, g) be a compact homogeneous Riemannian manifold with-
out boundary and let A1 be the first nonzero eigenvalue of its Laplacian. Then the
inequality (3-1) of Theorem 3.1 holds with . = Ay.

Remark 3.3. As before, one can get a similar result for the operator A%+ ¢.

4. Domains in hyperbolic space

We turn next to the case of a domain €2 of hyperbolic space. It is easy to establish a
universal inequality for eigenvalues of the clamped plate problem (1-1) on €2 in the
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vein of the preceding ones. Unfortunately, until now we have not succeeded in ob-
taining a simple generalization for the case of domains of hyperbolic submanifolds.
In what follows, we take the half-space model for H", that is,

H'={x=(x1,x,...,x,) €R": x, > 0}
with the standard metric
B dx12+dx§+---+dx2

n

ds?

2
Xn

In terms of the coordinates (x;);_,, the Laplacian of H" is given by

n
_ 2 32 B d
A=x, E 1 9%,0%; + Q2 —-n)x, o,
]:

Theorem 4.1. For any k > 1 such that Ay41 > Ay, the eigenvalues A; of the clamped
problem (1-1) on the bounded domain 2 of H" must satisfy for any (f, g) € 3.,

k k 1/2
@1 > fon < (Z g 61> — (n — 1>2)>
i=1

- X(i( (f ()? >(4A1/2_(n_1)2))”2
S\ gOi) 1 —=2) ) ‘

Proof. Theorem 2.3 remains valid for A = A2, B,=F=Inx,and T, =[A, F],

for all p=1,...,n. Thus, denoting by u; the eigenfunction corresponding to A;,
we have

k 2
4-2) (Z FODIIA, F1, Flu;, ui>L2)

i=1 k

< 4(2 g ([A%, Flui, Fu,-m)

i=1 '
(f(A:))? ) i )
A, Fluilly ).

X <;<g()‘i)()‘k+1 _)‘i) ”[ ]u ”L

We start with the calculation of
(A, F1, Flui, u;),, = f (1A, F1(Fu;) — FIA, Flu;)u;
Q
=/ (A(F?u;) — 2FA(Fuy) + F*Auj)u;.
Q

Note that

(4-3) AF=1—n and |VFP?=1.
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Thus a direct calculation gives
(4-4) (LA, F1, Flug, ug),, = 2f9 |VF|?u? =2.
On the other hand, using again the identities of (4-3), we obtain
@5 A, Fluil?, = /Q(AFM,- +2VF - Vu;)?
= /Q(AF)ZM? +4/Q(VF Vup)? +4f9 AFu;VF -Vu;

:(1—n)2+4/(VF-Vu,-)2+4(1—n)/ u;VF-Vu;.
Q Q

But
/uiVF-Vui:—/ uiVF-Vul-—/ u?AF,
Q Q Q
hence
(4-6) /uiVF-Vui _n=l
o 2

Then we infer from (4-3), (4-5) and (4-6) that

(4-7) ||[A,F]u,-||izf—(n—1)2+4/ |VF|? |Vu;|
Q

=—(n— 1)2+4/ Vuil? = —(n — 1)2+4/ i (= Aup)
Q Q

1/2 1/2
5—(n—1)2+4</ u%) (/ (—Au,-)2>
Q Q

=47 —(n—1)>

Now,

(4-8) [A2, Flu; = A*(Fu;)— FA>u; = A(AFu; +2VF -Vu;+ F Au;)— FAu;
=2(1—n)Au; +2A(VF -Vu;)+2VF -V Au;;

thus

([A%, Flu;, Fu;) 2

:2(1—n)/ Fu,-Au,--i—Z/ Fu,-A(VF-Vui)+2f Fu;VF -V Au;

Q Q Q

=2(1—I’l)/ Fu,-Au,-—l—Z/ A(Fu,-)VF-Vui—2/ div(Fu;VF)Au;
Q Q Q

zzf AFu,-VF-Vu,-+4/(VF-Vui)2—2/ |VF|?u; Au;.
Q Q Q
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We infer from (4-3) and (4-6) that

4-9) <[A2,F1u,~,Fui>Lzs—(n—1>2+4/ |VF|2|Vu,-|2+2fui<—Aui)
Q Q

=—(n—1)> +6/ i (—Auy)
Q

o ) ()

=61 —(n—1)>
Inequality (4-2) along with (4-4), (4-7) and (4-9) gives the theorem. [l

Remarks 4.2. « It will be interesting to look for an extension of Theorem 4.1 to
domains of hyperbolic submanifolds.

e Our method works for any bounded domain €2 of a Riemannian manifold admit-
ting a function such that |V#| is constant and |Ah| < C, where C is a constant.

« As before, we have the same statement as in Theorem 4.1 for the operator A2 +¢;
it suffices to replace Al/ 2 by Al/ 2
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MULTIGRADED FUJITA APPROXIMATION

SHIN-YAO JOow

The original Fujita approximation theorem states that the volume of a big
divisor D on a projective variety X can always be approximated arbitrarily
closely by the self-intersection number of an ample divisor on a birational
modification of X. One can also formulate it in terms of graded linear series
as follows: Let W, = {W;} be the complete graded linear series associated
to a big divisor D, where

Wi = H*(X, Ox (kD)).

For each fixed positive integer p, define W.(” ) to be the graded linear sub-
series of W, generated by W ,:

W(I’)={0 if ptm,

Image(S*W, - Wy,) ifm=kp.

Then the volume of W.(p ) approaches the volume of W, as p — oo. We will
show that, under this formulation, the Fujita approximation theorem can
be generalized to the case of multigraded linear series.

1. Introduction

Let X be an irreducible variety of dimension d over an algebraically closed field K,
and let D be a (Cartier) divisor on X. When X is projective, the following limit,
which measures how fast the dimension of the section space H(X, Ox(mD))
grows, is called the volume of D:

0
vol(D) = voly(D) = lim (X Ox(mD))

One says that D is big if vol(D) > 0. It turns out that the volume is an interesting
numerical invariant of a big divisor [Lazarsfeld 2004a, Section 2.2.C], and it plays
a key role in several recent works in birational geometry [Tsuji 2000; Boucksom
et al. 2004; Hacon and McKernan 2006; Takayama 2006].

MSC2000: 14C20.
Keywords: Fujita approximation, multigraded linear series, Okounkov body.
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When D is ample, one can show that vol(D) = D4, the self-intersection number
of D. This is no longer true for a general big divisor D, since DY may even be
negative. However, Fujita [1994] showed that the volume of a big divisor can
always be approximated arbitrarily closely by the self-intersection number of an
ample divisor on a birational modification of X. This theorem, known as Fujita
approximation, has several implications for the properties of volumes, and is also a
crucial ingredient in [Boucksom et al. 2004] (see [Lazarsfeld 2004b, Section 11.4]
for more details).

Lazarsfeld and Mustatd [2009] (henceforth [LM]) recently obtained, among
other things, a generalization of Fujita approximation to graded linear series. Re-
call that a graded linear series W, = {W;} on a (not necessarily projective) variety X
associated to a divisor D consists of finite dimensional vector subspaces

Wi € HY(X,0x(kD))
for each k > 0, with Wy = K, such that
Wi-We © Wi

for all k, £ > 0. Here the product on the left denotes the image of Wy ® W, under the
multiplication map H(X, Ox (kD)) ® H*(X, 0x(¢D)) — H(X, Ox((k +£)D)).
In order to state the Fujita approximation for W,, they defined, for each fixed
positive integer p, a graded linear series WP which is the subgraded linear series
of W, generated by W),:

»_ )0 if p{m,
" Im(S¥W, — Wy,) if m = kp.

Then under mild hypotheses, they showed that the volume of WP approaches the
volume of W, as p — oo. See [LM, Theorem 3.5] for the precise statement, as
well as [LM, Remark 3.4] for how this is equivalent to the original statement of
Fujita when X is projective and W, is the complete graded linear series associated
to a big divisor D (that is, Wy = H°(X, 0x (kD)) for all k > 0).

The goal of this note is to generalize the Fujita approximation theorem to multi-
graded linear series. We will adopt the following notation from [LM, Section 4.3]:
Let Dy, ..., D, be divisors on X. For m = (my,...,m,) € N, write mD =
Zm,‘Di, and put In_il = Z |m;].

Definition. A multigraded linear series W3 on X associated to the D; consists of
finite-dimensional vector subspaces

w: < HO(X, 0x (kD))
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for each k € N’, with Wi = K, such that

We-Wa & Wiias

where the multiplication on the left denotes the image of W; ® Wj; under the natural
map

HO(X, 05 (kD)) ® H(X, Ox (D)) — H(X, Ox((k + m)D)).

Given a € N’, denote by W; , the singly graded linear series associated to the
divisor @D given by the subspaces Wi; € H°(X, Ox(kaD)). Then put

voly, (@) = vol(W;.,)

(assuming that this quantity is finite). It will also be convenient for us to consider
Wi when a € Q. , given by

Wi ifkaeN’,

Wix =
ok {0 otherwise.

Our multigraded Fujita approximation, similar to the singly graded version, is
going to state that (under suitable conditions) the volume of W; can be approx-
imated by the volume of the following finitely generated submultigraded linear
series of Wj:

Definition. Given a multigraded linear series W; and a positive integer p, de-
fine W{P) to be the submultigraded linear series of W generated by all Wy, with
|m;| = p, or concretely,

0 if p1|m|,
WP = > Wi, W, if ] =kp.

_ mil=p
mi+---+mp=m

We now state our multigraded Fujita approximation when W; is a complete
multigraded linear series, since this is the case of most interest and allows for a
more streamlined statement. The Remark on page 335 points out what assumptions
on W; are actually needed in the proof.

Theorem. Let X be an irreducible projective variety of dimension d, and let D1,
Dy, ..., D, be big divisors on X. Let W; be the complete multigraded linear series
associated to the D;, namely

Wi = H(X, Ox (m D))
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for each m € N'. Then given any € > 0, there exists an integer po = po(&) having
the property that if p > po, then

<é&

(D

‘ voly.» (@)

voly. (@)

foralla e N',

2. Proof of the Theorem

The main tool in our proof is the theory of Okounkov bodies developed system-
atically in [Lazarsfeld and Mustata 2009]. Given a graded linear series W, on a
d-dimensional variety X, its Okounkov body A(W,) is a convex body in R? that
encodes many asymptotic invariants of W,, the most prominent one being the vol-
ume of W,, which is precisely d! times the Euclidean volume of A(W,). The idea
first appeared in Okounkov’s papers [1996; 2003] in the case of complete linear
series of ample line bundles on a projective variety. Later it was further developed
and applied to much more general graded linear series by Lazarsfeld and Mustata
[2009] and also independently by Kaveh and Khovanskii [2008; 2009].

Proof of the Theorem. Let T = {(ay,...,a;) € R | a; +---+a, = 1}, and let
Tg be the set of all points in 7 with rational coordinates. The fraction inside (1)
is invariant under scaling of a due to homogeneity, hence it is enough to prove (1)
for a € Tg.

Let A(W;) C RY x R" be the global Okounkov cone of W; as in [LM, Theo-
rem 4.19], and let 7 : A(W;) — R’ be the projection map. For each a € T, write
A(W;); for the fiber 7~ 1(a). Define in a similar fashion the convex cone A(W;(p))
and the convex bodies A(W;(p)) s. By [LM, Theorem 4.19],

2) A(W;); = A(W;.,) foralld € Tg.

Although [LM, Theorem 4.19] requires a to be in the relative interior of 7', here
we know that (2) holds even for those a in the boundary of T because the big cone
of X is open and W; was assumed to be the complete multigraded linear series. By
the singly graded Fujita approximation, vol(Wj; ,) can be approximated arbitrarily
closely by vol(WA£)) if p is sufficiently large. (Here by Wi%) we mean WP
restricted to the @ direction, which certainly contains (W; ,)(?).) Hence given any
finite subset S C Tg and any &’ > 0, we have

VOl(A(W{P)) > vol(A(W;);) —¢' foralld e S

as soon as p is sufficiently large.
Because the function d — vol(A(W;);) is uniformly continuous on 7', given
any ¢’ > 0, we can partition T into a union of polytopes with disjoint interiors
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T =|JT;, in such a way that the vertices of each 7; all have rational coordinates,
and on each 7; we have a constant M; such that

3) M; <vol(A(W;);) <M; +¢& forallaeT,.

Let S be the set of vertices of all the 7;. Then as we saw in the end of the previous
paragraph, as soon as p is sufficiently large we have

4) VOI(A(W{P)-) > vol(A(W;);) —¢&' foralld € S.
We claim that this implies
(5) vol(A(WLP))-) > vol(A(W;);) —2¢'  forall a € Tg.

To show this, it suffices to verify it on each of the T;. Let vy, . . ., Uy be the vertices
of T;. Then each a € T; can be written as a convex combination of the vertices:
d=1Y t;v; where each t; > 0 and }_#; = 1. Since A(W{P) is convex, we have

A(W;(p))a ) th A(Wi(p))ﬁj’

where the sum on the right means the Minkowski sum. By (3) and (4), the volume
of each A(W;(P) )6,- is at least M; — &, hence by the Brunn—Minkowski inequality
[Kaveh and Khovanskii 2008, Theorem 5.4], we have

vol(A(WSP).) > M; — ¢’ foralla e T; N Tg.

This combined with (3) shows that (5) is true on 7; N Tg, hence it is true on Ty
since the T; cover T.
Since (1) follows from (5) by choosing a suitable &', the proof is complete. [

Remark. In the statement of the Theorem we assume that W; is the complete
multigraded linear series associated to big divisors. But in fact since the main tool
we used in the proof is the theory of Okounkov bodies established in [Lazarsfeld
and Mustatd 2009], in particular [LM, Theorem 4.19], the really indispensable
assumptions on W; are the same as those in [LM] (which they called Conditions
(A’) and (B’), or (C')). The only place in the proof where we invoke that we are
working with a complete multigraded linear series is the sentence right after (2),
where we want to say that (2) holds not only in the relative interior of T but also
in its boundary. Hence if W; is only assumed to satisfy Conditions (A’) and (B),
or (C'), then given any & > 0 and any compact set C contained in 7 Nint(supp(W5)),
there exists an integer po = po(C, €) such that if p > p¢ then

voly. (@) > voly, (@) — ¢

forall a € C N Ty.
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SOME DIRICHLET PROBLEMS ARISING FROM CONFORMAL
GEOMETRY

QI-Rul L1 AND WEIMIN SHENG

We study the problem of finding complete conformal metrics determined by
some symmetric function of the modified Schouten tensor on compact man-
ifolds with boundary; which reduces to a Dirichlet problem. We prove the
existence of the solution under some suitable conditions. In particular, we
prove that every smooth compact n-dimensional manifold with boundary,
with n > 3, admits a complete Riemannian metric g whose Ricci curvature
Ric, and scalar curvature R, satisfy

det(Ric, — R, g) = const.

This result generalizes Aviles and McOwen’s in the scalar curvature case.

1. Introduction

Let (1\71 ", g), for n > 3, be a compact, n-dimensional smooth Riemannian manifold
with smooth boundary dM. Let M = M \ d M be the interior of M, and denote the
Ricci tensor and the scalar curvature by Ric and R (or Ricg and R, to emphasize the
metric), respectively. In [2003], Gursky and Viaclovsky introduced the modified
Schouten tensor

Ag, = n—i2<Ricg ( ) )

where T € R. We are interested in deforming the metric in the conformal class [g]
of a fixed back ground metric g to certain complete metric g satisfying

det(g_lAg) =const in M.

More generally, let '™ be an open convex cone in R" with vertex at the origin
satisfying T'F ¢ T+ C '), where

I ={k=(,....k0) €R"|0j(k)>0,1<j <k},

The authors were supported by NSFC 10771189 and 10831008.
MSC2000: primary 53C21; secondary 53C23.
Keywords: modified Schouten tensor, Dirichlet problem, complete metric, prescribed curvature.
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and
or(k) = Z Kiy =+ Kig
<<l
Let F : R" — R be a smooth symmetric function that satisfies some structure
conditions in I't, to be listed later. We ask, Does there exist a complete metric g
in the conformal class [g] such that

(1-1) F(g~'Ap=f(x) inM

for some given smooth function f € C*(M)? In this paper, we give a partial
answer in the case T > n — 1. We remark that, if ' = o1, then (1-1) becomes

2—-1t)n-2

=D —2) X=X

In the case T > n — 1 and f(x) is positive, some results have appeared in [Aviles
and McOwen 1988].

To find a complete conformal metric satisfying (1-1), we need to solve the
Dirichlet problem for (1-1) with larger and larger boundary data. We first write this
curvature equation as a partial differential equation. Recall the following formula
for the transformation of A¥ under a conformal change of metric g = e?“g:

T2 2 T
5 Vul"g+A,.

(1-2) A;:;:;(Au)g—vzu—i-du@du-{—

From (1-2) we may write (1-1) as
F(%(Au)g VUt du®du+ %szg + A;) — Fx)e.
In this paper, we study a more general equation. Let A (x, z) : M" x R be some
smooth positive function. Let’s consider
(1-3)  FM(Awg—Vu+a@)du®du+bx)|Vul’g + B) = h(x, u),

where A > 1, B is a symmetric 2-tensor, and a(x) and b(x) are smooth functions
on M. Suppose F is homogeneous of degree one, F =0 on aI'", and F satisfies
the following in I'*:

(C1) F is positive;

. . 2p . . . .
(C2) F is concave (that is, 32_ 5{ - is negative semidefinite);
i0kj
(C3) F is monotone (that is, gTF is positive).
For convenience, we define

Wilu):= V2 u+B,
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and
\% it =A(Au)g — V2u +adu ® du +b|Vu|2g

con

in the sequel. We call u is admissible if g_lW[u] elt.

Theorem 1.1. Forn > 3, let (1\7", g) be a smooth, compact Riemannian manifold
with boundary oM. If

(1) BeTt;

2 h>00nMxR, 9.h(x,z) >0o0n M xR, lim,_, ;o h(x,z) = 400 and
lim, , o h(x,z) > 0in M xR; and

(3) a(x) is positive on M and ra(x) + b(x) is nonnegative in M,

then there exists a unique admissible function u € C®(M) solving the Dirichlet
problem

(1-4) F(Wlul) =h(x,u) inM,
u=g on oM,

where @ is a smooth function defined on a neighborhood of OM.

We may apply Theorem 1.1 to the elementary symmetric functions and their
quotients (ak/al)l/(k_l) on F,j, with0 <l <k <n and og = 1:

Corollary 1.2. Forn >3, let (M", g) be a smooth, compact Riemannian manifold
with boundary 9M. Let f € C*®°(M), let f > 0, and let S be a Riemannian metric
on M that is conformal to glyp. IfAz, € F,j' and T > n — 1, then there exists a

smooth metric § € [g] on M satisfying

o\ /=D _ R
() @ap=s inM and Rl =5,

where 0 <[ <k <n.

Recently Gursky, Streets and Warren [2011] proved that any Riemannian man-
ifold with boundary admits a negative Ricci curvature metric; see also Lohkamp
[1994] and Guan [2008]. Once Ric, <0, we have A3" " = -1 (Ric, —R,g) €T
Therefore:

Corollary 1.3. For n > 3, every smooth compact n-dimensional manifold with
boundary admits a Riemannian metric g with its Ricci tensor Ric and scalar cur-
vature R satisfying

ak(g_l(Ric —Rg)) = const > 0,

where 1 <k <n. In the case k = n, we have

det(Ric —Rg) = const > 0.
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By solving the infinite boundary data Dirichlet problem, we can produce com-
plete metrics with constant oy-Aj curvature, where 7 >n — L.

Theorem 1.4. For n > 3, let (1\7 ", g) be a smooth, compact Riemannian manifold
with boundary 3M. Choose any smooth positive function f € C*(M). If B e I'T,
a(x) is positive on M, and ra(x) +b(x) is nonnegative in M, then there exists an
admissible solution u € C*°(M) to the equation

F(W[u)) = f(x)e* in M,
u =400 on oM.

(1-5)

Moreover, there exist some constants C > 0 and 0 < y < 1, depending on

n, Ao Afleagy Nalpeany  1bliean,  1Bloan
and the geometry of (M, g), such that
—C —ylogd(x) <u(x) <—logd(x)+C nearoM,
where d(x) denotes the distance to d M with respect to the metric g.
We can combine this with the result of [Gursky et al. 2011]:

Corollary 1.5. For n > 3, every smooth compact n-dimensional manifold with
boundary admits a complete metric g whose Ricci curvature satisfies

o1 (g7 '(Ric —Rg)) = const > 0,
where 1 <k <n. In the case k = n, we have
det(Ric —Rg) = const > 0.

When we consider the modified Schouten tensor with t <0, it seems reasonable
to consider the negative cone, by seeking a complete conformal metric g in the
conformal class [g], such that ak(—gAg) = const > 0. There are some interesting
results, and we refer the reader to [Guan 2008] and [Gursky et al. 2011]. In the
case T =1, A;, is just the classical Schouten tensor. In [2005], Schniirer fixes the
metric at the boundary and realizes a prescribed value for the product of the eigen-
values of the Schouten tensor in the interior, provided there exists a subsolution.
In [2007], Guan proved the existence of a conformal metric given its value on the
boundary as a prescribed metric conformal to the (induced) background metric,
with a prescribed curvature function of the Schouten tensor.

For compact manifolds without boundary, the problem of finding conformal
metrics in F,j of constant oy curvature (that is, of finding g € [go] such that
A;, € I“,j and oy, (g_lA;,) = const) —known as the higher order k-Yamabe prob-
lem for k > 2 — has attracted enormous interest since the work [Viaclovsky 2000]
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appeared. It can be viewed as a fully nonlinear version of the Yamabe problem,
which was solved by Trudinger [1968], Aubin [1976] and Schoen [1984]. The
solvability of the higher order k-Yamabe problem was shown for kK =2 in [Sheng
et al. 2007] (see also [Chang et al. 2002; Ge and Wang 2006]), for k = n/2 in
[Trudinger and Wang 2010], for k > n/2 in [Gursky and Viaclovsky 2007], and
for locally conformally flat manifolds in [Guan and Wang 2003a; Li and Li 2003;
Sheng et al. 2007]. For results concerning the modified Schouten tensor on closed
manifolds, see [Gursky and Viaclovsky 2003; Li and Sheng 2005] for the case
7 < 1, and [Sheng and Zhang 2007] for the case T > n — 1.

Our primary task is to solve the Dirichlet problem (1-4). The proof goes via
the continuity method and a priori estimates. This paper is organized as follows.
In Section 2, we show (1-3) is elliptic at any admissible solution. In Section 3,
4 and 5, we establish a priori estimates that are essential in proving the existence
result. We then complete the proof of Theorem 1.1 in Section 6 and solve the
infinite boundary data Dirichlet problem (1-5) in Section 7.

2. Ellipticity
In order to discuss the ellipticity properties of Equation (1-3), we define
Alul = F(g~'W(ul) — h(x, u).

We then suppose that u € C%(M) satisfies sd[u] = 0. Let uy = u + sy, then the
linearized operator of o is

_ 4
EAVRES ds Alug]ls=0
= F(g7 ' WuD)” (M(AY)gij — Vij +2aui¥j +2b (Vu, Vi) gij)
—h,(x, u)y.
Defining
2-1) Q' =1y (F")§' — FY,
I

we have
(22) Ly = QY +2F (auiyj +b (Vi V) gij) — ho(x, w) .
Proposition 2.1. Equation (1-3) is elliptic at any admissible solution.

Proof. Since F'/ is positive definite in I'", we have
Q7> (-1 (Fs >0.
I

Therefore, (1-3) is elliptic by (2-2). (]
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If 3.h(x, z) is positive on M x R, then the coefficient of v in the zeroth-order
term of (2-2) is strictly negative, and we have this:

Corollary 2.2. If 8.h(x, z) is positive on M x R, then at any admissible solution
of (1-3), the linearized operator £ : C>*(M) — C*(M) is invertible.

3. The global C° estimates

Proposition 3.1. If B € T'" and lim,_, ; oo h(x, 7) — +00, lim,_, _o h(x, z) — O.
Then there exists some positive constant Cg, depending only upon h, B and ¢, such
that for any C*(M) admissible solution u of (1-4), we have

lulcoary = Co-

Proof. Since M is compact, we may suppose X is a minimum of the function u. If
X € M, we have

h(%, u(®)) = F(M(Au)(¥)g — Vu(¥) + B(¥))

> min F(B) > 0.
M

Using lim,_, _ o h(x, 7) — 0, we get the lower bound of u. Otherwise x € IM, we
get u > minyyy @.

The upper bound of u follows by considering a maximum of the function u# and
using the fact that lim,_, . o h(x, z) — +o00. ([

4. Gradient estimates

We first establish the interior gradient estimates.

Lemma 4.1. Suppose B € ' and ra(x)+b(x) is nonnegative in M. If u € C3(B,)
is an admissible solution of (1-4) in a ball B, C M, then there is a constant C
depending only on |a|ci (), |blcimy MaXpx—co.corlltlcrs 1812y A5 [Blern
and |u|cop,, such that

sup|Vu| < C.

B2

Proof. Consider the auxiliary function
H(x) = ¢ (x)ve? ™,

where ¢(x) € Cg°(B,) is a cutoff function to be chosen later, v = (1 + %qu@),
¢ : R —>Ris a function of the form ¢ (s) = a(B +s)”, and |s| < |u|co(p,). The
constants «, B and p depend only on |u|co(p,) and |a|L=, such that the function ¢ (s)
satisfies ¢/(s) > 0 and ¢”(s) — ¢'>(s) — |a| ~¢'(s) > &, > 0 for some constant &
depending on |u|co(p ) and |a|~. Itis proved in [Gursky and Viaclovsky 2003] that
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such a function ¢ always exists in the case |a| .~ = 1. With a slight modification,
the proof still works for our case.

Suppose the maximum of H occurs at an interior point X € B,. Take a nor-
mal coordinate system (x!,...,x") at ¥ with respect to g such that W[u]; (%) is
diagonal. Then at X we have

0= H; = (& + Cugiug +vE ¢ ui)e? ™,
that is,
(4-1) Cugiuy = —v(& + '),
and

(4-2) 0> Hyj = ¢(ugugij +ugiug; + wp(uiug; +ugiu )¢ )e?™
+V (@7 + @ uiu + ¢uij)e? ™
(g 4w §)e? " + (& + ¢ iy + Guj))e?™.
Recall that Q' = A, F!h§ii — FiJ | Since FU is positive definite in ', one
obtains A(}_; F!)§" > QU > go(>_, F'')8"/ > 0, where g9 = A — 1. Then (4-2)
implies
0> ¢ QY (wpmyij + wyiugj + 2u;ugur; @)
+ 08 QY (@7 + ¢ i + ¢'uij)
+2u1 QY g ¢+ v QY (& + 20 ui g ).
By the Ricci identity, we have u;;; = u;j; + Rjiipu,, where R;;;, is the Riemannian
curvature tensor of (M, g). Then
@-3) 0> Q" (upuiji+ Rjuipttpus + 2upugiv ;¢ +v((@* + ¢ Yuiu; + ¢'uij))
+2u1 QY uyi & + v QY (i +2¢'ui ).
Using h(x, u) = F(W[ul) = FVW(ul;; and h; + hou; = F/ W ul;j.;, we obtain
(4-4) QVu;j = —F" (auu; +b|Vul>gi; + Bij) +h(x, u),
and
4-5) w1 QYuijy
= —F(aquuiu; + 2au;u jyu; + by |Vu|* gi; + 2buguui gi; + u Bijr)
+hjuy + h|Vul.
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Plugging (4-4) and (4-5) into (4-3), we have
0> —¢FY (@upuiuj +2au;uju; + bluIIVulzgij + 2buguiu gij + u; Bijr)
— ¢vg' FY (aujuj +b|Vul*gij + Bjj)
+ ¢ QY (R jriput pus + 2ugugiu j¢’ +v(9”? 4+ ¢ uiu )
+ & (g + he | Vul® +vg'h(x, u)
+2u1 Q7w ¢ +2v¢' QY ui L +v QY g

Without loss of generality, we may assume %|Vu|2 <wv <|Vul? and using (4-1),
we derive

0> ¢vd'F(auiu; +b|Vul*gi;) + tv(@” — ¢ Q" uiu;
— ¢ FY (aqupuiu j + byug | Vul* g +u Bijr)
—Cvg'FYBij + ¢ QY Rjiipu puy
+ ¢ (hyug + h | Vu* + v¢'h(x, 1))
(4-6) —2v¢' QY giuj +2v(aF" +b(Y. F)8)u,
+v0"Y ¢ —2(/0) 0" 6t
> (" —¢* —a¢)QYuu;
+¢v¢' (a(x) + b)Y FHIVul> = Ce (X FH¥? + 1)
—Ce(w+1) = CC FY(VE 32 + V2 v+ (IVE 2 /0)w),

in the second inequality, we have used the definition of Q% to get
acve Fluu; = racd' (3, FIO|Vu|? —acve’ QY uiu;.
Now we choose ¢ to satisfy, as in [Guan and Wang 2003b],
O<¢s<1, [V¢l<bot'? |V <by
for some constant by > 0 and
((x)=1in B, and ¢(x)=0 outside B,.
By virtue of (4-6), we then have
0> (X, F'(soe10v? — Cev®? = Co) — Co(v+ 1) — €, FIH( V2032 +v).
Multiplying by ¢ on both sides and using that 0 < ¢ < 1, we have

4-7) 0> (Y, FlY(epe12%v? — CE3%032 —Cev—C) = C(v + 1).
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Note that Euler formula and concavity of F imply
QO F'Yte) = F(k) + 3, F'(1)(1 —k;) = F(e) >0 in T,

where e = (1, ..., 1). From (4-7), if ege;¢%v* — C3/*03/2 — Cev—C <0, we
have (¢v)(x) < C. Otherwise, we have

0> F(e)(gge1 220> — Ce3?v3? —Crv—C) = C(cv+1).
We then obtain (Zv)(x) < C. Hence H < C in B,; therefore supBr/2|Vu| <C. O

We now derive a priori bounds for the boundary gradient of solutions to (1-4)
with smooth Dirichlet data ¢. Without loss of generality, we may assume that
@ € C®(M) in the sequel. The method is to construct barrier functions near d M
using the boundary distance function. Let d(x) = distg(x, dM) for x € M, and set

Ms={xeM|dx)<d} ford=>D0.

Since dM is smooth and |Vd| =1 on d M, we choose § > 0 sufficiently small so
that d is smooth and % <|Vd| <2in Mj;.
Consider the locally defined auxiliary function

_ 82
w ::(p+910gm,

where 6 is some small positive constant. We may directly check that

w =,
4-8) { lom <P_
¢ +010g(8/2) = w™ [gx)=s) < ¢ + 06 logs.
Since )
Vw =Vp——2_v
v AL
_ 6 0
Viw™ = V% — Vid+—"—--Vd®Vd,
v Y aver e ®
we obtain
Wiy = S0 e v 9 O g
Wl — 5 o "
P @y ST @ a2 T @ s
— m(kAdgij —dij ta(pjdi +¢id;) +2b(Vo, Vd) gij)
+AAQgij — ¢ij +agip; +b|Vol*g; + B
>(80_(|“|L°°<M>+|b|L°°(M>)9)9|Vd|2gH_ 0 o —C'gi
- (d +82)? YVood+s2 %Y v

where C" and C” are some sufficiently large constants, depending only on [¢] 2z
Ay lal oo igys 101 Lo inys | B | (37 and the geometric quantities of (M, g), independent
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of §. Choosing

< £0 and 8§min{1,8—0,ﬂ},
2(|a|Loc(M) + |b|Loc(M)) 16C’ " 64C”
by virtue of |Vd| > 1/2 in Ms, we derive
Wlw™];; = ot 8ij — i C'gij— C'gij
8(d +8%)6 d+ 82
£0 " Beo
=N) ”

Z 35580~ C gij

B 980 (980 C,,) . > 980

= 6as% 615 ~ 645"

in the first inequality we have used the fact d + 8% < 28, while in the second, we
have used that d + 82 < 2.

To estimate the boundary gradient, we need the following maximum principle.
We first give a standard definition.

Definition 4.2. We say a subsolution w of (1-3) is admissible and
F(W[w]) = h(x,w) in M.

Changing the direction of the inequality, one gets the definition of the supsolution
of (1-3).

Lemma 4.3. Suppose that wi and w, are smooth sub- and supersolutions (respec-
tively) of (1-3) with wilyy < walom. If 9,h(x, z) is positive in M X R, then wi < w;
on M.

Proof. We argue by contradiction. Set w = wy —w;. Suppose w(x) =minj; w <0
for some x € M; then X must be an interior point. At this point,

Vwy(®) = Vwi(X) and Vwr(F) > Viw (F).
Consequently
F(Ww2)(X) = QY Vi wa (%) + FY (aViwaVjwy + b|Vwa*gij + Bij) (%)
> QViw( (%) + FY (aViw, Vjwi +b|Vwi [*gi; + Bij) (%)
= F(W[w;])(x).
We therefore have
h(x, w2 (X)) = F(W[w2])(X) > F(W[w1D(X) > h(x, wi(X)),

which contradicts that w(X) > w,(X) and 9,k (x, z) is positive in M x R. O
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Let xo be an arbitrary point on 0 M. We pick local coordinates in Ms so that
dM is the plane x, =0, and let {e,, e,,})”/;{ be the corresponding coordinate vector
fields, where e, (xo) denotes the interior normal vector and e, (xo) the tangential
direction.

Lemma 4.4. Let u be a C*>(M) admissible solution of (1-4). If B € Tt and
d;h(x, z) is positive in M X R, then there exists a constant C depending on

Co, A, |‘/’|C2(M)» |a|Loo(1171)s |b|LOO(M), |B|g(1171)
and the geometric quantities of (M, g), such that
opulyy > —C.

Proof. Recalling (4-8) and (4-9), we have

s 0
w sy =¢ and F(W[w‘]):F”W[w_]ijZ?T(SF(e’) on Ms.

We choose § smaller, so that

F(Ww™]) > max h(x,z)>h(x,w”) on Ms;.

Mx[min,ﬁ @, maxj; ¢]

Since |u|co(M) < Cp, we can regard w™ as a local subsolution of (1-3) on M5 =
{x | d(x) <8}. Applying Lemma 4.3 to M, we have
u() —u(x) _ w” () —w (xo)
d(x,xo) d(x, xo)

for any xo € M.

That is, 0,u|yy > 9, w™ |3m, and our lemma follows. O

We next prove that the 9, u have an upper bound; the boundary gradient estimates
follow.

Lemma 4.5. Let u be a C*(M) admissible solution of (1-4). If B € T and
d;h(x, z) is positive in M x R, then we have

dptt(xg) < C  for any point xo € OM,

where C is a positive constant depending on Co, &, |@lc2jz)» @l oo i7y> 101107
| Bl i1y and the geometric quantities of (M, g).

Proof. Since u is admissible and 't C '}, we have
c1Au+co|Vul> +tr B> (nh — DAu+ (a +nb)|Vul|> +tr B > 0,

where ¢; = nA — 1 and ¢ = |a|r = + n|b| ~. Therefore the proof reduces to
constructing a local supbarrier function of the equation

c1Av —i—62|Vv|2 +trB=0.
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Let’s consider wt = ¢ + 0 log((d + 82/8%)) in Ms; then

d.
+_ i )
v =0y T
did; di;
+ _ et i -
i =Gy e T
We therefore have
clAw++c2|Vw+|2+trB
0( ) vdP* F (1A +265(Vd, V) =2
=—-0(ci —c20)——— + (¢ c , —_—
1T e T 2 YD s

+ c1(A@) + 2| Vo|> +tr B.

Now we choose 6 < ¢1/(2¢;). Then using IVall2 > % in Mg, we derive

c16
clAwt + | Vwt P +tr B < 1 +C’ 4 +c”

T Ad+82)2 T d+8?

<<_C—1+c/) O ¢ in M
=\t d+52 ’

where C’ and C” are two positive constants depending on

|¢|C2(A7)’ A, |a|Loo(A7), |b|Loc>(M), |B|g(ﬁ7)

and the geometric quantities of (M, g), independent of §. Next we choose

< min{l _a i}
P S(C/+1)’ 207 )
then c;Awt + 3| Vwt > +tr B <0 in M.
Note that
{ whom =g,
W (xeMmid=s) = @ + 0 log(1/5).

Without loss of generality, we can assume § is small; then |u|co (M) < Cy and the
maximum principle imply u < w* in M. Consequently, for any xo € M,

u() —u(xo) _ wx) —wx)
d(x, xg) — d(x, xg)

That is, 9,u|yp < 9, w™|ym, and our lemma follows. O
Combining Lemma 4.1, Lemma 4.4 and Lemma 4.5, we obtain this:

Proposition 4.6. Suppose B T'", La(x)+b(x) is nonnegative in M and d,h(x, z7)
is positive in M x R. Then for any C3(M) admissible solution u of (1-4), there is
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a constant C| depending only on

Co, A, |¢|C2(A7I)’ |a|cl(1\7[), |b|cl(1\7), MX{I—I%)O( C0]|h|C1’ |B|C1(M)

and the geometric quantities of (M, g), such that |Vu| < Cy on M.

5. Estimates for the second derivative

As in Section 4, we begin by establishing the interior estimates.

Lemma 5.1. Let B € I'" and a(x) be positive on M. Let u € C*(B,) be an
admissible solution of (1-4) in a ball B, C M there is a constant C depending only
on

a ) , max |hl|c2, , |B , A, u
lalcomys 1ble2om M><[—C0,C0]| lc2 18l 1Bl lulcis,)

such that supBr/2|V2u| <C.
Proof. Since 't C '], we obtain
0 <tr Wlu]l = (nh — 1)(Au) + (a(x) +nb(x))|Vu|* +tr B.

Consequently Au > —C. For obtaining the upper bound of Au, we consider the
auxiliary function
G(x) = £ (x)(Au + Aa(x)|Vul?)

for some large constant A > 1, depending only on |a|z~, |b|r~ and A, to be chosen
later; here ¢ (x) € Cy°(B,) is a cutoff function as in Lemma 4.1.

Suppose G achieves a maximum at an interior point X € M. We take a normal
coordinate system (x!, ..., x") with respect to g such that W{u];;(X) is diagonal.
Without loss of generality, we may assume G(X) > 1 and x € B,. Then, at X, we
have

0=G; = (Au+ Aa|Vul»)¢ + ¢ (upi + Aai| Vul* +2Aauuyy),
that is,
(5-1) Cuni = —Aai¢|Vul* — 2Aagujuy; — (Au + Aa|Vul»)g;,
and
(5-2) 0> Gij = (upij+Aaij|Vul* +2Au; (i +a;ug) +2 Aa(uyg +uug;))
+ (uy; + Aa; |Vu|2 +2Aauu;)g;
+ (uprj + Aaj|Vul* + 2 Aawu))g + (Au+ Aa|Vu|*)¢;.

Recall that Q' = )\(Zl F!')§i/ — FiJ, Since FU is positive definite in '™, one
obtains A (), FHsii > Qi > g0 (), F!Hsii > 0, where g9 = A — 1. Notice that
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the Ricci identity gives u;;j =u;j; + O(|Vul) and uy;j = u;jn + O(|V?u| +|Vul).
Then (5-2) implies
0> Q"G
=¢QY (unij + Aaj \Vul® +4Auwaiugj 4+ 2Ma(ugiug; + uiuij))
(5-3) +20" (ui + Aai|Vul® + 2Aawui) ¢ + (Au+ Aa|Vul*) Q7
> ¢ 0 (uijn +20a(upiug; 4+ uui)) + 207wy g
—CAC, F!Y(IV2ul + 1),
Using hy; +2hyup +houy = FUW{ulij 4 F7" W{ul;j Wlulys;; and the con-
cavity of F', we obtain
(5-4)  QYuiju > —2aF" (uyuji +uiu i) — 263, F'OY(Vu|® + ugpug)
—C(X, F'Y(V?ul 4+ 1) + hy + 2hizu; + houg.
On the other hand, (4-5) implies
(5-5)  2Aau;Q"uijp = —CACY, F"Y(\V2ul 4+ 1) +2Aahju; + 2Aah | Vu|?.
Plugging (5-4) and (5-5) into (5-3), and employing (5-1) we have
0> 2Aag QY ujiuy; —2ag FY7 (uipu jy + uiu ji) +20% uy; ¢
—2b¢ (Y FDY(V?ul? + upur)
—CAQ, FIHY(IVul+ 1) — CA(IVul + 1)
> 2¢(Aar — b)Y, FID|V2ul?> = 2ac (A + 1) Fluyu
—CAQ, F'hY(IV2ul+ 1) — CA(IV?ul + 1)
> 2¢(spah —a —b)(Y, F'))|V?ul?
—CAC, FIHY(IVul + 1) — CA(|V?ul + 1).

Since a is positive on M, we assume a(x) > & > 0. We now choose A >
max{1, 2(la|r~ + |b|L=)/(g0€2)}, and multiply ¢ on both sides to produce

(5-6) 0> A, F'Y(e0620% | V2ul?> — CL|V?u| — C) — CA(L|VPul + 1).

It follows that (¢|V?u|)(¥) < C. Therefore supBr/zAu <C.
If It C I, then supg, , Au < C implies that supB,_/2|V2u| < C. To get the
Hessian bounds of « in general, we simply consider the maximum of

¢(x)  max  (VeVeu+ Aa(x)(Veu)?).
Ee(T,MNS")

The calculation is similar. O
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We next derive a priori bounds for second derivatives of solutions to (1-4). The
method we use is similar to that of [Guan 2007; Guan 2008; Gursky et al. 2011].
The notation below is the same as in Section 4.

We use a barrier function

v(x) = p(gd* —d) in Ms,
where p and ¢ are positive constants. Let’s define a linear operator
(5-7) PW) = Q7Y +2F Y (@(@)uiyr; +b(x) (Vu, V) gi)).

Then
Pd = Q"d;; +2F" (au;d; +b (Vu, Vd) gi),
and consequently
|Pd| < Cy >, F'' in Ms,

where Cy depends on A, |ulc1az), |alp i) D] 37y and the geometric quantities
of (M, g). On the other hand, we have in M

Pd* =20" (d;d;) +2dPd
>2¢0(Y, FI|Vd|? —2dCy Y, F!
> (80 —2Cy8) Y-, F!,
where g9 = A — 1 as before. After we choose

qg>2(1+Cy)/e0 and & <minf{ey/(4Cy), 1/(2q)},

the function v satisfies

(5-8) Pv > plg(eo—2C48) — Cy) X, F!' = p Y, F,
and
(5-9) v < —%pd in Ms.

Let xo be an arbitrary point on d M. Let r(x) = dist, (x, x¢) to denote the distance
from x to xg with respect to the background metric. Let Q25(xg) = Bs(xg) N M3,
where Bs(xo) = {x € M | r(x) < 8}. Since 8 is small, we assume r>
in 25(xp). A similar calculation implies

is smooth

(5-10) Teo X FU<Pr? < @r+3e0) Y, F!' in Q5(x0).

Now we pick a local coordinates in M so that d M is the plane x, =0, and we let
{e), en};’/;} be the corresponding coordinate vector fields, where e, (xo) denotes the
interior normal vector and e, (xo) the tangential direction. Fix some y and consider

the locally defined function ¢ = e, (u —¢), where u isa C 3(M) admissible solution
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of (1-4). In order to derive the boundary estimates for second derivatives, we need
the following lemma.

Lemma 5.2. In the notation above, there exists a constant C, depending only on
Co, C1, lalcinys 1Pler iy 1hl o1 (dax(—co.co1) @74 19103 ay)» Such that

¢l = C(A+ 3, F1).
Proof. Differentiating Equation (1-3) with respect to e,, yields
Qijuijy +2FY (aujyuj~+bujur,gi;)
= —F"(ayuiu; +b,|Vul*gij + Bij,) +hou, +h,.
Exchanging derivatives implies
Uijy = Uyij + (Rm*Vu)j,.
Combining these calculations yields
P = Qijuyij + 2Fij(auiuyj + buju,gij)
— QY ¢yij = 2F7 (auipyj + burp,gij)
= —F(ayuju;+b,|Vul*g;j + Bijy) + hou, +h,
— QY1) —2F (au;pyj + burppgij) — Q7 (Rm 5 Vu),j,

Therefore
1P| <C>, F!y+C. O

We are now ready to prove the boundary estimates for second derivatives.
Lemma 5.3. Let u € C3(M) be an admissible solution of (1-4). Then
IVZu| <C ondM,

where the constant C > 0 depends on

Co.  Cr, lalcrgnys leignys  hlerdixi-cocon 19lesans)s  1Bleran
and the geometric quantities of (M, g).

Proof. We require separate proofs for the different types V,V,u, V,V,u and
V,,V,,u of boundary second derivatives.
Let xo be an arbitrary point on d M. Using that u — ¢ = 0 on d M, we obtain

vyvn(u —@)(x0) = =V, (u — (P)H(ey, en)(XO),

where 1 < y,n <n — 1 and I denotes the second fundamental form of oM. We
therefore have the estimates for the pure tangential second order derivatives.
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Combining (5-8), (5-10) and Lemma 5.2, we have for any positive constant p
P(p—v+ur?) < (C—p+pi+38) X F'+C.
Picking u large enough and p > u?, we get
P(p—v+ur’) <—ipF(e)+C <.

Thus by the maximum principle, we conclude that the minimum of ¢ — v + ur?
occurs on the boundary of Q5(xp). It remains to check these boundary values.
There are two components of d2;5(xg) to check. Firstly, since ¢ =0 and v =0 on
092 (x0)NIM, we get p —v+pur? > 0on dQ2s(xo)NIM and (¢ — v+ ur?)(xg) =0.
Since w is large, (5-9) implies ¢ —v+ur? > ¢+ (p/2)d+ur? > 0 on d2s(xg) \dOM.
It follows that the normal derivative of ¢ — v + ur? is nonnegative, and therefore
we conclude

VaVyu(x0) >V, (Vyp + v — ur?) (xo)
=V, Vyp(xo) — p > —C.

However, using Lemma 5.2 again, it is clear that the same argument applies to —¢,
and one deduces the mixed second derivative estimates

[ViVyu| < C.

Once we bound V, V,u and V,,V,u, to estimate the double normal second de-
rivative V,V,,u we only need to bound Au. Note that W(u];; € l"f“, that 1s,

(nA —1)(Au) + (a(x) + nb(x))qul2 +tr B > 0.
Consequently Au is bounded from below and we have to establish an upper bound
Upy <C onoM.

Without loss of generality, one can assume u,, > 0 on d M (otherwise we are done).
Orthogonally decompose the matrix W at xo € dM in terms of e, and e,. Using
the known bounds, we find

Wlulij(x0) = (LAugij — uij + auuj + b|Vu|*gi; + Bij) (x0)

At L1 0
>
- 0 (A — Duyy,

> (&ottpn(x0) — C)‘Sijs

> (x0) — Cé;;
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where C depends on [u|c1 7y, |alcoazy> 1PIcocizy 1Bleogizys [Vy Vyul and [V, Vyul.
It is clear that
C > max ||

M x[=lulco gy 14l co gz ]
> FY (xo) W [ulj (xo)
> (gottnn (x0) — C) 3; F' (x0)
> (&ounn(x0) — C) F (e).
Thus we obtain the upper bound as desired. ([

Combining Lemma 5.1 and Lemma 5.3, we have the global estimates for the
second derivative.

Proposition 5.4. Suppose B € 't and a(x) is positive on M. Then for any C*(M)
admissible solution u of (1-4), there is a constant C, depending only on Cy, C1, A,
|a|C2(A7I)’_|b|C2(A7I)’ 1Rl c2(mxi—co.cons 1@l c3any» | Bleainy and the geometric quanti-
ties of (M, g) such that

IV2u|<Cy onM.

6. Proof of Theorem 1.1

The proof of Theorem 1.1 is standard. We only sketch it here. For ¢ € [0, 1], we
consider the equations

O]

{ F(VZ u+B)=h,

(%) t
ulgy = ¢,
where
1—1t
B'=tB ' — (11— 2u ' — to.
t —I—F(e)g, h (11—t +th(x,u), ¢ =te

For ¢t = 0, the admissible solution is u = 0 on M for t = 1, it is our desired
Equation (1-4). It is direct to check that

e BlelT.

e h'>00nM xR, 3,h'(x,z) >00n M x R, lim,_, 1o h'(x, z) = +00 and
lim, , oo h'(x,z) > 0in M x R.

o There exists a uniform constant C > 0, independent of ¢ € [0, 1], such that
|Bt|C2(A;,) <C, |h[|C2(A7I><[—C,C]) < C and |‘Pt|c3(1171) <C.

Applying our a priori estimates Proposition 3.1, 4.6 and 5.4 to (x;) and noting
that F is concave, we obtain, by Evans—Krylov estimates,

|M[|C2,Q(M) < C forallt (S [0, 1]
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Combining this with Corollary 2.2, we see by standard degree theory that (x;) is
solvable for r = 1. Uniqueness follows by Lemma 4.3.

7. Proof of Theorem 1.4

To solve the Dirichlet problem for large boundary conditions, we need to control
the behavior of the solution near the boundary. We can do this by constructing
barrier functions for some suitable equation.

Recall that F' is concave, then

Fk)<w) k; inlt
for some uniform constant > 0. For any C?(M) admissible function u satisfying
F(Wlul) = f(x)e* in M,

u is a subsolution of the equation

(7-1) biAu+bs|Vul* + by = €™,
where
wni—1) w(lalpe +nlb|Loo) w|tr B|p~
by=———F, b= . by = ——.
ming; f ming; f ming; f

Before constructing a local supsolution of (7-1), we give some notation. Take a
point yg € M4 near the boundary d M. Suppose xo € M is the point that satisfies
d(yo) = distg(x9, yo). Consider a geodesic running from xo, passing through yy,
and going out a small distance to a point zo with dist,(zo, xo) = 1. We use r(x)
to denote the distance from zp to x with respect to the background metric g. We
assume that § and 5 are small enough that r2(x) = (distg (x, 20))? is smooth in the
ball B,(zp). We may choose normal coordinates {e;}. Then we have

Ar*(zp) =2n.
We now assume
1<Ar?<3n in B,(z0).
Consider the following auxiliary function defined in B, (z0):

0 —r? 4

€
w(x) = —log(n® —r?) + 6 log — log 2 + 1 log(nby + by) + logn,

where 6 and € are constants to be chosen later. It is easy to check that

2rr; 2rr;
2 _ 2 n—rlte

W =
n



356 QI-RUI LI AND WEIMIN SHENG
and
vir? 4r2rir Vir? 4r2rir

T2 T =2 TR e TP —r2te?

Consequently, using |Vr|=1and I < Ar?> <3nin B, (z0), we derive

bIAT + by |V | + b3
Ar?  4(by +by)r? b0 Ar? 4(by — by0)0r?

=b - -
YT T =2 2= 24e (P —r21e)?
8b,0r2
- b
P =rH (> —r2+e) o
- 3nbin® + Bbi+4by)r* b0 4by —ba0)0r? b
= (2 —r2)? 2—rlte (PE—r2te)? 3

Now choosing 6 < b1/(2by), n < /b10/(2b3), € < nz, and using r < n, one
obtains

4(nb; +b2)n2 27
(2 =r7)?

Since w|jp, (z,) = +00, maximum principle implies

biAW + by |V |> + by <

u<w in By(z0);

hence

(7-2)  u(yo) < —logd(yo)+ 06 log

2nd +€
% +log 2+ log(nby + by).

Now we complete the proof as follows.

Proof of Theorem 2. We use the notation of Section 4. The argument here is similar
to that in [Guan 2008]. Let’s consider the locally defined auxiliary functions

mé? .
v = )/logW_H32 in Ms,

where y is some small positive constant to be chosen laterand m =1,2,3,.... It
is direct to check that

vy lam = ylogm,
(7-3) m : g
ylog 56 < v} |la)=s) < ylogs.
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By a direct computation, we obtain

A+ by)ym2 2 ayzm2 ym2
Wlonlis = =y sz VAV 8+ g didi = G didi
ym
(0 — (@l poe iy + 1B oo (a7 V) Ym?
> 0 Loo(M) Loo(M)) V)Y |Vd|2gij
(md + §2)2
ym / v
ndsrC 80T C e

where C’ and C” are some large constants depending only on X, |Bl,() and the
geometric quantities of (M, g), independent of §. Choosing

y < %0
2(|a|Lw(M) + |b|L00(1\71))

and 8§min{1, 8—0, £oy },
16C’ 64C”

and observing that |Vd| > 1/2 in Ms, we derive

gom ym
“7 y”>< _ /) "_C// .
LomJij = 4(md + 82) md + 82 Bij 8ij
2
soym "
= 8(md + 5228~ 8U
goym?

> g
= 16(md + 52)2 5

Consequently, if y < min{l, %80/(|G|LOO(M) + |b|L°0(1171))} and 4 is small enough,
then

2
) > Eoym
~ 16(md + §2)2
(7-4) __eoyF(e)
1684

> f(x)en

F(W[v)] F(e)

exp(2v;,/¥)

in Ms. For any integer m > 1, let u,, € C (M) be the admissible solution of the
Dirichlet problem
F(Wlu]) = f(x)e* in M,
{ u=ylogm onoM,
where y is the constant has been fixed. Then (7-3), (7-4) and Lemma 4.3 imply
52

m
(7-5) Uy = Uj; = ylog W
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Recalling (7-2), we obtain for any m > 1
(7-6) um < —logd+C.

Since u,, < u;,+1 for m > 1, and the u,, have the boundary control (7-5) and (7-6),
the limit

u(x):= lim wu,x)
m—00
exists for all x € M and satisfies
—C —ylogd <u(x) <—logd+C

near 0 M.
For any compact subset K C M, by the boundary control above and the a priori
estimates of Proposition 3.1, Lemma 4.1 and Lemma 5.1, we obtain

[umlcrexy < C,

where 0 < o < 1, C = C(K) is independent of m. Thus u is a solution of (1-5). [J
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POLYCYCLIC QUASICONFORMAL
MAPPING CLASS SUBGROUPS

KATSUHIKO MATSUZAKI

For a subgroup of the quasiconformal mapping class group of a Riemann
surface in general, we give an algebraic condition which guarantees its dis-
creteness in the compact-open topology. Then we apply this result to its
action on the Teichmiiller space.

1. Introduction

We consider a Riemann surface R in general, not necessarily topologically finite,
and a subgroup G consisting of quasiconformal mapping classes of R. Such a
group usually appears as acting on the infinite dimensional Teichmiiller space
of R and in particular discreteness of its orbit is often discussed. In this case,
the discreteness of G is understood through the action on the Teichmiiller space.
In this paper however, we first start from a more basic viewpoint on G as surface
homeomorphisms and then look into its action on the Teichmiiller space.

Throughout this introduction, we assume that a Riemann surface R has no ideal
boundary at infinity d R for the sake of simplicity. The quasiconformal mapping
class group MCG(R) of R is the group of all quasiconformal automorphisms g of R
modulo homotopy equivalence. We introduce a topology for this group induced
by the compact-open topology of homeomorphisms of R. Then a subgroup G
of MCG(R) is defined to be discrete if it is discrete in this topology. Our main
theorem refers to a certain algebraic condition under which G is always discrete.
Here we say that a group G is polycyclic if G is solvable and if every subgroup
of G is finitely generated.

Theorem 2.4. If a subgroup G of MCG(R) is polycyclic, then G is discrete.

This result is sharp in a sense that there is a counterexample for either a finitely
generated solvable group or an infinitely generated abelian group.
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Keywords: quasiconformal mapping class group, Teichmiiller space, discrete, polycyclic.
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In the first of the application of this theorem, we deal with stationary mapping
class subgroups and consider their action on Teichmiiller spaces. The quasiconfor-
mal mapping class group MCG(R) acts on the Teichmiiller space 7' (R) of a Rie-
mann surface R biholomorphically and isometrically. A subgroup G C MCG(R)
is called stationary if there exists a compact subsurface V of R such that every
representative g of every mapping class [g] € G satisfies g(V) NV #£ @.

A basic nature of stationary subgroups in connection with their discreteness
in the compact-open topology and discontinuity of the action on the Teichmiiller
space is that, if G C MCG(R) is stationary and discrete, then G acts discontinu-
ously on 7' (R). Then we have the following consequence from the main theorem.
Recall that we assume d R = @ until the end of this section.

Corollary 4.2. If a polycyclic subgroup G of MCG(R) is stationary, then G acts
discontinuously on T (R).

We expect that this result should be valid for every finitely generated stationary
subgroup G C MCG(R).

In the second application of Theorem 2.4, we deal with asymptotically confor-
mal mapping class subgroups. We say that a quasiconformal homeomorphism of a
Riemann surface R is asymptotically conformal if its complex dilatation vanishes
at infinity of R. We say that a subgroup G C MCG(R) is asymptotically conformal
if there exists some p € T (R) such that every element of G can be realized as an
asymptotically conformal automorphism of the Riemann surface R, corresponding
to p. We denote by MCG,(R) the subgroup of MCG(R) having this property for
peT(R).

Theorem 5.1. If an asymptotically conformal subgroup G of MCG,(R) for p €
T (R) is polycyclic, then the orbit G(p) is a discrete set in T (R).

One may ask a question about how the algebraic assumption on G can be relaxed
for this statement.

2. Discreteness of mapping class subgroups

We always assume that a Riemann surface R is hyperbolic, that is, R is represented
by a Fuchsian group F acting on the unit disk D and is endowed with the hyperbolic
metric. The quasiconformal mapping class group MCG(R) for R is the group
of all homotopy classes [g] of quasiconformal automorphisms g of R. Here the
homotopy is considered to be relative to the ideal boundary at infinity dR of R,
where 0R = (0D — A(F))/F for the limit set A(F) of F. This means that, when
0 R # @, two quasiconformal automorphisms g¢ and g; are regarded as homotopic
if there is a homotopy @ : R x [0, 1] — R between go = ®(-,0) and gy = P(-, 1)
such that its extension to each x € dR is constant over [0, 1].
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The compact-open topology on the space of all homeomorphic automorphisms
of R induces a topology on MCG(R). More precisely, we say that a sequence of
mapping classes [g,] € MCG(R) converges to a mapping class [g] € MCG(R) in
the compact-open topology if we can choose representatives g, € [g,] and g € [g]
satisfying that g, converges to g locally uniformly on R. When R has the ideal
boundary at infinity d R, we further require that the extensions g, of the quasi-
conformal automorphisms g, to dR converge to the extension g of g in such a
way that g, is identical with g on a compact subset W,, C dR, where {W,}"°,
is some compact exhaustion of dR, that is, an increasing sequence of compact
subsets of 0 R satisfying that the closure of the union of all W,, is d R. We call this
topology on MCG(R) the compact-open topology relative to the boundary. If [g,]
converges to [g] in the compact-open topology relative to the boundary, then there
are quasisymmetric automorphisms g, and g of the unit circle 3D corresponding
to [g,] and [g] respectively such that the sequence g, converges uniformly to g.

Definition. We say that a subgroup G of MCG(R) is discrete if it is a discrete set in
MCG(R) with respect to the compact-open topology relative to the boundary. The
discreteness is equivalent to the condition that, if a sequence of mapping classes
{[gn]}52; C MCG(R) converges to [id], then [g,] = [id] for all sufficiently large n.

Concerning the discreteness of the full mapping class group MCG(R), we have
a simple characterization.

Proposition 2.1. The quasiconformal mapping class group MCG(R) is discrete if
and only if R is analytically finite, that is, R is a compact Riemann surface from
which at most finitely many points are removed.

Proof. Assume that R is analytically finite. In this case, there are a finite number
of simple closed geodesics {c,v}f?:1 such that, if [g] € MCG(R) satisfies that g(c;)
is freely homotopic to ¢; for every i, then [g] = [id]. If a sequence of mapping
classes {[g,]}72 | converges to [id], then g, (c;) is freely homotopic to c; for every i
and for all sufficiently large n. This implies that MCG(R) is discrete.

Conversely, assume that R is not analytically finite. If R is topologically finite,
that is, the fundamental group mr;(R) of R is finitely generated, then R should
have the ideal boundary at infinity and clearly MCG(R) is not discrete in this
case. If R is not topologically finite, then there is an infinite sequence of simple
closed geodesics {c,}>>, diverging to the infinity of R, in other words, escaping
from any compact subset of R. Let [, ] be the mapping class caused by the Dehn
twist along c,. Then [z,] # [id] and {[7,]};2, converges to [id]. This implies that
MCG(R) is not discrete. O

We will consider the discreteness of countable subgroups of MCG(R). Note that
MCG(R) is uncountable in many cases when R is analytically infinite [Matsuzaki
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2005]. An uncountable subgroup G of MCG(R) is not discrete, as the following
proposition asserts.

Proposition 2.2. Assume that R has no ideal boundary at infinity OR. If a sub-
group G C MCG(R) is uncountable, then G is not discrete.

Proof. Let {c;}72, be the family of (free homotopy classes of) all simple closed
geodesics on R. We first consider the images of ¢; under G. Since G is uncountable
whereas {c;} is countable, there are uncountably many elements of G that map ¢
to simple closed curves freely homotopic to each other. Then, by composing the
inverse of one of these elements, we have uncountably many elements of G that
keep cj in its free homotopy class. Next we consider the images of ¢, under this
uncountable subset of G and obtain uncountably many elements of G that keep
c1 and ¢, in their free homotopy classes. By continuing this process and then by

taking the diagonal, we can choose a sequence {[g,]},-, of elements in G such
that g, (c;) is freely homotopic to ¢; for all i = 1,2, ..., n and for each n. This
implies that {[g,]} converges to [id]. O

In this section, we investigate an algebraic condition on a countable subgroup G
of MCG(R) under which G is always discrete. Our fundamental result is the fol-
lowing. The proof will be given in the next section.

Theorem 2.3. If G C MCG(R) is a finitely generated abelian group, then G is
discrete.

Note that both assumptions that G is finitely generated and that G is abelian are
necessary for the above theorem as examples below show. However, we cannot
have the converse statement to the theorem. In fact, for any countable group G,
there exists a discrete subgroup of MCG(R) for some Riemann surface R that is
isomorphic to G. Indeed, we can construct R so that its conformal automorphism
group, which is always discrete unless 7y (R) is abelian, contains such a subgroup.

Examples. (1) First we give an indiscrete G C MCG(R) that is abelian but not
finitely generated. Let R be a Riemann surface with an infinite family of mutually
disjoint simple closed geodesics {c,}>>, and G a subgroup of MCG(R) generated

by all the mapping classes [7,] caused by the Dehn twist along ¢, for each integer
n > 1. Since [t,] converges to [id], G is not discrete though G is abelian.

(2) Next we give an indiscrete G C MCG(R) that is finitely generated but not
abelian. Assume that there are a simple closed geodesic cp on R and a mapping
class [g] € MCG(R) such that the images {g" (co)}nez Of co under the iteration of
a representative g € [g] are mutually disjoint. Define ¢, to be the simple closed
geodesic freely homotopic to g”(cg) and [t,] to be the mapping classes caused
by the Dehn twist along ¢,. Let G be a subgroup of MCG(R) generated by two
elements [g] and [79]. Since [g]"[to] =[7,][g]" for every integer n € Z, we see that
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G contains the subgroup G’ generated by all such [7,]. Hence G is not discrete as
Example (1) shows.

In the second example above, the group G is solvable since the commutator
subgroup [G, G] is contained in the abelian subgroup G’. Although G itself is
finitely generated, G’ is not, so G is not discrete. Hence we consider the following
stronger condition than solvability which requires all its subgroups to be finitely
generated.

Definition. We say that a group G is polycyclic if G is solvable and if every sub-
group of G is finitely generated.

See [Wolf 1968] for other equivalent conditions for G to be polycyclic. This
name comes from the fact that G is polycyclic if and only if G has a finite normal
chain of subgroups G = Go> G > ---> Gy, = {1} such that each quotient group
Gi—1/G; (i =1,...,m) is cyclic. We can say that G is polycyclic when G is
obtained in finitely many simple steps from finitely generated abelian groups.

Theorem 2.4. If G C MCG(R) is a polycyclic group, then G is discrete.

This extension of Theorem 2.3 is obtained by an inductive argument which is
easily seen from the following assertion.

Lemma 2.5. Assume that every subgroup of G C MCG(R) is finitely generated. If
G is not discrete, then neither is the commutator subgroup |G, G].

Proof. Since G is not discrete, there is a sequence {[g,]} 2, in G that converges to

[id] as n — oo. Then we see that for every ng > 1, there exist m, n > ng such that
[g] and [g,,] do not commute. Indeed, if not, there is ng such that [g,,] and [g,]
commute for any m, n > ng. Then a subgroup G’ of G generated by {[g,1}n>n, is
abelian and G’ is not discrete. By assumption, G’ is finitely generated. However,
this contradicts Theorem 2.3.

Fix some ng > 1. We choose m, n1 > ng such that [i1]:=[[gm, ], [gn,]] is not the
identity [id]. Then we choose m2, ny > max{m, n1} such that [h2] :=[[gm, ], [8r,]]
is not the identity. Inductively, for each i > 1, we choose m;, n; > max{m;_1, n;_}
such that [h;] := [[gm,], [gn,]] is not the identity. Then every [/;] belongs to the
commutator subgroup [G, G] of G and [A;] converges to [id] as i — oo. This
implies that [G, G] is not discrete. O

3. Restraint of mapping class groups

In this section, we will prove Theorem 2.3. The proof uses a certain property of
mapping class groups, not necessarily satisfied for abstract groups in general. We
first explain this situation by the following example.
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Example. Let G, be the infinite symmetric group acting on a countable set X =
{1,2,...} as permutations. We consider an element g = (1)(23)(456) - - - of G
which gives a cyclic permutation on mutually disjoint subsets of n points in X
where n runs over all positive integers. Then we see that g™ converges to id in the
compact-open topology with respect to the discrete topology on X. In particular,
the cyclic subgroup (g) is not discrete.

Let X = {¢;}72, be the family of (free homotopy classes of) all simple closed
geodesics on a Riemann surface R. The quasiconformal mapping class group
MCG(R) acts faithfully on the countable set X by the correspondence of the free
homotopy class g(c) to [g] - ¢ for any [g] € MCG(R) and for any ¢ € X. In this
way, we can represent MCG(R) as a subgroup of G,,. As the above example
shows, an arbitrary subgroup of G, cannot have the required property which we
want to prove in Theorem 2.3. The nature in which MCG(R) C &, originates
from R gives a certain restriction on the action of MCG(R) and we must use this
constraint in order to prove our theorem. The following lemma can be regarded as
one of such properties of MCG(R).

Lemma 3.1. For every element [g] € MCG(R) of infinite order, there exists ei-
ther a compact subsurface V in R or a compact subset V' in an arbitrarily given
compact exhaustion of the ideal boundary at infinity R such that either the re-
striction g"|y is homotopic to id|y on R or the extension g" is the identity on V'
for no positive integer n € N.

Proof. Suppose to the contrary that there is no such compact subsurface V in R
nor compact subset V’ in the compact exhaustion of dR. Then, for any compact
subsurface V| C R, there is n| € N such that g"'|y, is homotopic toid|y, on R. Also,
for any compact subset V| in the compact exhaustion of R, there is n| € N such
that g™ is the identity on V'. Set h = g""™. Since h is not homotopic to the identity
on R relative to d R, there is either some compact subsurface V>, C R including V;
such that &y, is not homotopic to id|y, on R or some compact subset V in the
compact exhaustion of dR including V| such that h is not the identity on V,. We
assume that the first case occurs. The argument for the second case is similar.
For that compact subsurface V», there is n, € N such that g"?|y, is homotopic
to id|y, on R. We may assume that ny is a proper multiple of nin/, that is,
ny =knn) for some integer k > 1. Then h|y, ~id|y,, h|y, #id|v, and hklv2 ~1id|y,,
where ~ means that they are homotopic to each other on R. However, this is
impossible, as we see in the following. Represent the Riemann surface R by a
Fuchsian group F acting on the unit disk D and take a subgroup F; of F corre-
sponding to the subsurface V;. Choose a quasisymmetric automorphism / of 9D
corresponding to 4 so that h is the identity on the limit set A (F7) C 9D of F7. Also,
take a subgroup F, of F corresponding to the subsurface V, which contains Fj.
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Then the quasisymmetric automorphism h is not the identity on the limit set A (F>)
containing A (Fp). This implies that there is a point x € A(Fp) — A(Fy) that is
moved by h. Since the movement of x is towards one direction in some interval
contained in D) — A (Fy), it cannot return to the original place under the iteration
of h. Thus /¥ (x) # x, which violates the condition that /*|y, ~ id|y,. 0

Although the following fact is not special for mapping class groups, the property
of discreteness is shared with a subgroup of finite index as in usual arguments. We
also use this fact in the proof of Theorem 2.3.

Proposition 3.2. Let G’ be a subgroup of G C MCG(R) of finite index. If G’ is
discrete, then so is G.

Proof. If G is not discrete, there is a sequence of distinct elements [g,] of G that
converges to [id]. Since the index of G in G is finite, we may assume that the [g,]
are all in the same coset, say, G'[A] for some [h] € G. Then [g/] = [g,] - [A]™!
belong to G’ and converge to [1]~!. This contradicts the assumption that G’ is
discrete. U

Now we are ready to prove our fundamental result.

Proof of Theorem 2.3. By Proposition 3.2, we may assume that G is isomorphic
to a free abelian group Z™ of rank m > 1. We will prove the statement of the
theorem by induction with respect to m. First, we show that the statement is valid
when m = 1. Assume that G = Z is not discrete, that is, there is a sequence of
elements in G converging to [id]. When R has the ideal boundary at infinity 0 R,
some compact exhaustion of dR is associated to this converging sequence. For a
generator [g] € MCG(R) of G, Lemma 3.1 gives either a compact subsurface V
of R or a compact subset V' in the exhaustion of R as in its statement. However,
since G is not discrete, there is some n € N such that g"|y is homotopic to id|y
on R and the extension g" of g"” to dR is the identity on V’. This contradicts the
choice of V and V'.

We assume that the statement is true for any subgroup of MCG(R) isomorphic
to Z/ for every integer j with 1 < j <m — 1. Let G be a subgroup of MCG(R)
isomorphic to Z™; we prove that G is discrete. Suppose to the contrary that G
is not discrete. Then we have a sequence [g,] € G converging to [id] as well
as a compact exhaustion of dR associated with this sequence. We will choose
a subsequence of [g,] so that any m elements in the subsequence generates a
subgroup isomorphic to Z™. To this end, first observe that all the elements [g;]
in the convergent sequence cannot be contained in a finite union of subgroups
of G that are isomorphic to Z/ with 1 < j <m — 1, by the induction assumption.
Then choose a subsequence [g,(;)] in the following way. The first m — 1 entries
[gx(1)]s . - ., [8rnem—1)] are chosen so that they are linearly independent over Z. Sup-
pose that we have already chosen [ entries G; = {[gx)]. - - ., [gny]} fOr I > m —1.
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Then take the (/+1)-st entry [g,¢+1)] so that any m — 1 elements of G; together
with [g,+1)] are linearly independent over Z, in other words, [g,+1)] belongs to
no maximal proper subgroup (= Z"~!) of G containing m — 1 elements of G;. The
reason why we can choose such [g,+1)]1s that, if not, all [g, ] must be contained in
the union of the finite number of subgroups of G determined by any m — 1 elements
of G;. By this construction, it is clear that any m elements in the subsequence [ g, ;)]
generate a subgroup isomorphic to Z™.

Fix an arbitrary nontrivial element [go] € G. By Lemma 3.1, we take either a
compact subsurface V of R such that g{j|y 7 id|y or a compact subset V' in the
exhaustion of 9 R such that g¢|y # id|y- for all n € N. We only consider the first
case. The second case is similar. Since we are assuming that [g,)] converges
to [id], there is some i such that g, )|y ~ id|y for every i > io. Take m arbitrary
elements [g,()] with i > iy and rename them as [g;] (i =1, ..., m). Since they
generate a subgroup of G isomorphic to Z™, a linear combination of [g;] (i =
1,...,m) over Z yields some multiple of any element of G. This implies that
[go]” for some n € N is represented by [gl]kl .. [gm]km for some k; € Z. However,
this forces g;|v ~ id|y, which contradicts the choice of V. O

4. Discontinuity of the action on the Teichmiiller space

We apply our theorem to the action of mapping class subgroups on Teichmiil-
ler spaces. For a Riemann surface R, the Teichmiiller space T (R) is defined to
be the set of all equivalence classes [ f] of quasiconformal homeomorphisms f
of R. Here we say that two quasiconformal homeomorphisms f; and f, of R
are equivalent if there exists a conformal homeomorphism % : fi(R) — f2(R)
such that fz’l o h o f1 is homotopic to the identity on R, where the homotopy is
considered to be relative to the ideal boundary at infinity d R. The Teichmiiller
distance between two points [ f1] and [ f>] in T (R) is defined by d7 ([ f1], [ f2]) =
(1/2)log K(f), where f is an extremal quasiconformal homeomorphism in the
sense that its maximal dilatation K ( f) is minimal in the homotopy class of f,0 fl_1 .
Then dr is a complete distance on 7 (R). The Teichmiiller space T (R) can be
embedded in the complex Banach space of all bounded holomorphic quadratic
differentials on R’, where R’ is the complex conjugate of R. In this way, T'(R) is
endowed with a complex structure. Consult [Lehto 1987; Nag 1988; Gardiner and
Lakic 2000] for the theory of Teichmiiller spaces.

Each element [g] e MCG(R) acts on T (R) from the left as [g]-[f]1=[fog ']
for [f] € T(R). It is evident from the definition that MCG(R) acts on T (R) iso-
metrically with respect to the Teichmiiller distance. It also acts biholomorphically
on T (R). Except for few cases where the dimension of T (R) is lower, the action
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of MCG(R) on T (R) is faithful. Then MCG(R) can be represented in the group
of all isometric biholomorphic automorphisms of 7 (R).

We say that a subgroup G C MCG(R) acts at p = [f] € T (R) discontinuously
if there exists a neighborhood U of p such that the number of the elements [g] € G
satisfying [g](U) N U # & is finite. We denote the orbit of p under G by G(p)
and the stabilizer subgroup of G at p by Stabs(p). Then G acts discontinuously
at p if and only if G(p) is a discrete set and Stabg(p) is a finite group. If G
acts discontinuously at every point p in T (R), then we say that G acts discontinu-
ously on 7T'(R). When R is analytically finite, MCG(R) itself acts discontinuously
on T (R). However, for a Riemann surface in general, this is not always true. See
[Fujikawa 2004] regarding the discontinuity of the action of mapping class groups
on Teichmiiller spaces.

We consider mapping class subgroups by imposing a stationary property on
them in the following sense.

Definition. We call a subgroup G of MCG(R) stationary if there exists a compact
subsurface V of R such that every representative g of every mapping class [g] € G
satisfies g(V)NV #£ <.

The stationary property puts a certain normalization on a family of quasicon-
formal automorphisms of R. Under this condition, the discreteness of G in the
compact-open topology affects the behavior of its orbit on the Teichmiiller space.

Lemma 4.1. Let G be a stationary subgroup of MCG(R) for a Riemann surface R
with 0R = @. If G is discrete then the orbit G(p) for any p € T (R) diverges to the
infinity of T (R), and in particular, G acts discontinuously on T (R).

Proof. Compactness of a family of normalized quasiconformal homeomorphisms
with uniformly bounded dilatations yields that if there is a sequence [g,] in a sta-
tionary subgroup G of MCG(R) such that [g,](p) is bounded in T (R), then a
subsequence of some representatives g, € [g,] converges to some quasiconformal
automorphism of R locally uniformly. However, if G is discrete in the compact-
open topology, then there is no such sequence. This implies that [g,](p) is bounded
in T (R) for no sequence [g,] € G, that is, the orbit G(p) diverges to the infinity
of T(R). (]

Combining Theorem 2.4 and Lemma 4.1 immediately yields the following.

Corollary 4.2. Let G be a stationary subgroup of MCG(R) for a Riemann sur-
face R with 0R = @. If G is polycyclic, then G acts discontinuously on T (R).

We expect that this corollary is valid for every finitely generated stationary sub-
group G of MCG(R).

Conjecture. If a finitely generated subgroup G C MCG(R) is stationary, then G
is discrete.
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If R is analytically finite, then MCG(R) is finitely generated and stationary.
In this case, MCG(R) is discrete and acts on 7 (R) discontinuously. The above
conjecture can be regarded as a generalization of this property for mapping class
groups of analytically finite Riemann surfaces.

There is an example of an infinitely generated (countable) stationary subgroup G
such that G does not act discontinuously on 7' (R). This is obtained similarly to
Example (1) in Section 2 but we must further assume that the lengths of the simple
closed geodesics ¢, in the example tend to zero as n — oo.

Remark. If we assume a bounded geometry condition on the hyperbolic metric
on R, then we do not have to impose any algebraic condition on a stationary sub-
group G for the discontinuity of its action on 7 (R). This result was proved in
[Fujikawa 2004; Fujikawa et al. 2004]. See also these papers for the definition of
the bounded geometry condition, to which we add 0R = @.

5. Discreteness of the orbit on a fiber over the asymptotic Teichmiiller space

In this section, we impose a certain analytic condition on a subgroup of the quasi-
conformal mapping class group and show the discreteness of its orbit in the Teich-
miiller space. Our condition also generalizes certain properties of the mapping
class group of an analytically finite Riemann surface.

A quasiconformal homeomorphism f of a Riemann surface R is called asymp-
totically conformal if, for every ¢ > 0, there exists a compact subsurface V of R
such that the maximal dilatation of f restricted to R — V is less than 1+ ¢. The
asymptotic Teichmiiller space AT (R) of R is defined by replacing the words “con-
formal automorphisms” with “asymptotically conformal automorphisms” in the
definition of the Teichmiiller space 7 (R). Since a conformal automorphism is
asymptotically conformal, there is a projection « : T (R) — AT (R). We denote the
fiber of a containing p € T(R) by T), thatis, T, = oFl(oc(p)). Consult [Earle
et al. 2000; 2002; 2004; Gardiner and Lakic 2000] for the theory of asymptotic
Teichmiiller spaces.

The quasiconformal mapping class group MCG(R) acts on T (R) preserving the
fiber structure of «. Hence it acts on AT(R). We define MCG,(R) to be the sub-
group of MCG(R) consisting of all elements keeping the fiber 7), invariant. Every
element of MCG,(R) can be realized as an asymptotically conformal automor-
phism of the Riemann surface R, corresponding to p. We say that a subgroup G
of MCG(R) is asymptotically conformal if G is a subgroup of MCG, (R) for some
p € T(R). When R is analytically finite, AT(R) consists of a single point and
MCG, (R) coincides with the full MCG(R) for every p € T(R).

We will show the following theorem concerning the discreteness of the orbit of
an asymptotically conformal subgroup.



POLYCYCLIC QUASICONFORMAL MAPPING CLASS SUBGROUPS 371

Theorem 5.1. For a Riemann surface R with 0R = @, if an asymptotically con-
Sformal subgroup G of MCG,(R) is polycyclic, then the orbit G(p) is a discrete set
in T(R).

We first prove this theorem in the case that G is a finitely generated abelian
group. Before the proof, we give the definition of an escaping sequence of mapping
classes. A sequence {[g,]};2, of mapping classes in MCG(R) is stationary if
there exists a compact subsurface V of R such that every representative g, of
each mapping class [g,] satisfies g,(V) NV # &. If a subgroup G of MCG(R) is
stationary in the previous sense, then every sequence in G is stationary in this sense.
On the contrary, a sequence {[g,]};>, is called escaping if, for every compact
subsurface V of R, there exists some representative g, of each mapping class [g;]
such that {g, (V)} diverges to the infinity of R (that is, escapes from every compact
subset of R) as n — co. Remark that a sequence {[g,]} C MCG(R) can be neither
stationary nor escaping, but we can always choose a subsequence either stationary
or escaping.

The following lemma is crucial for considering an escaping sequence in an
asymptotically conformal mapping class group. The proof has been given in [Mat-
suzaki 2007; 2010, Theorem 5.6].

Lemma 5.2. Assume that the fundamental group w1 (R) of R is noncyclic. Let G
be an abelian subgroup of MCG,(R) having an escaping sequence [g,] such that

[8x1(p) = p asn — oo. Then [g](p) = p for every [g] € G.

Then the following inductive step gives the full statement of Theorem 5.1 as we
have done in Section 2.

Lemma 5.3. Assume that d R = & and every subgroup of G C MCG,, (R) is finitely
generated. If the orbit G(p) is not a discrete set, then neither is the orbit G1(p) of
the commutator subgroup G| =[G, G].

Proof of Theorem 5.1. Let G be a finitely generated abelian subgroup of MCG, (R).
If G is stationary, then Corollary 4.2 gives that G acts discontinuously on 7T (R),
and in particular, the orbit G(p) is a discrete set in 7' (R). This is also true for
a stationary sequence in G. If G contains an escaping sequence {[g,]} such that
[gx](p) — p as n — oo, then Lemma 5.2 implies that G(p) = {p} is a discrete
set. Hence, if G is a finitely generated abelian subgroup, then the statement of the
theorem is valid. For the general case that G is polycyclic, we apply Lemma 5.3
to obtain the statement. U

Proof of Lemma 5.3. If G(p) is not a discrete set, then we find a sequence
{[gx1};2; C G such that [g,](p) # p converges to p as n — oo. Then we can
apply the same arguments as in the proof of Lemma 2.5. Namely, for every ng > 1,
there exist m,n > ng such that [g,] and [g,] do not commute. Indeed, if not,
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there is ng such that [g,,] and [g,] commute for any m, n > ng. Then the finitely
generated subgroup G’ of G generated by {[g,1},>n, is abelian and G'(p) is not a
discrete set. However, this contradicts Theorem 5.1 in the finitely generated abelian
case. Note that this case has been proved without Lemma 5.3.

Fix some ng > 1. Choose my, n; > ng such that [A] := [[gm, ], [gn,1] # [id].
Then choose m,, ny > max{m1, n} such that [h,] := [[ng], [gnz]] # [id]. Using
induction, for each i > 1, choose m;, n; > max{m;_1, n;_1} such that [h;] :=
[[gm,.], [g,,,.]] # [id]. Then every [A;] belongs to the commutator subgroup [G, G]
of G. Note that all [/;] are not necessarily distinct. We see that [h;](p) — p as
i — 00. Indeed,

d([hil(p), p) =2d([gm1(P), P) +2d([gn;](P), p) = O

as i — oo. If [h;](p) # p for infinitely many i, then we are done by passing to a
subsequence. Hence we have only to consider the case that all but finitely many
[A;] # [id] belong to the stabilizer subgroup H = Stabg(p) of G for p, and in
particular the case that H is not trivial.

We may assume that p is the base point of the Teichmiiller space T (R). Then
there is a conformal automorphism group of R identified with H. Let Fix(H) be
the fixed point locus of H in T (R), which can be identified with the Teichmiiller
space T'(R/H) of the orbifold R/H. If [g,](p) does not lie in Fix(H ), then there is
some [e,] € H such that [e,1[g,1(p) # [81(p). Set [hn]=[en]""[gn] ' [en]lgn] for
such n, which belongs to [G, G] and satisfies [#,](p) # p. If there are infinitely
many such n, we have [h,](p) — p, which is the desired consequence. Hence
we have only to consider the case that [g,](p) lies in Fix(H) for all but finitely
many 7.

The condition [g,]1(p) € Fix(H) is equivalent to [g,] '[e]lg.] € H for every
[e] € H. This is satisfied if and only if the mapping class [g,] € MCG(R) descends
to a mapping class [g,] of R/H. Consider the subgroup of the mapping class group
MCG(R/H) generated by all {[g,1}°2,. Here [g,] belongs to MCG,(R/H) for
p € T(R/H) =Fix(H). In the case where H is a finite group, this is easily seen.
In the case where H is an infinite group, the present situation is possible only when
[gn] belongs to H. Indeed, this follows from the fact that T), "Fix(H) = { p} for the
infinite group H [Matsuzaki 2010, Theorem 4.2]. However, since we are dealing
with the elements [g,] € G satisfying [g,](p) # p, this is not the case. Hence, by
the same reason as before, we can choose a sequence {[4;]} in [G, G] such that
[#;1(p) = p asi — oo and in addition that none of [/;] belongs to H = Stabg(p).
This implies [#;](p) # p converges to p as i — 0o, which completes the proof. [J

In the remark of the previous section, we mentioned that when R satisfies the
bounded geometry condition, we do not have to impose any algebraic condition



POLYCYCLIC QUASICONFORMAL MAPPING CLASS SUBGROUPS 373

on G. In particular, G is not necessarily finitely generated. The corresponding
statement for the discreteness of the orbit of an asymptotically conformal mapping
class subgroup will be the following.

Proposition 5.4. Assume that a Riemann surface R satisfies the bounded geometry
condition. If a subgroup G of MCG,(R) is solvable, then the orbit G(p) is a
discrete set in T (R).

However, it G C MCG,(R) is an infinitely generated (countable) group, for
instance, then the orbit is not necessarily a discrete set. Our question asks for
some algebraic conditions upon G that guarantee this discreteness.
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ON ZERO-DIVISOR GRAPHS OF BOOLEAN RINGS

ALI MOHAMMADIAN

The zero-divisor graph of a ring R is the graph whose vertices consist of the
nonzero zero-divisors of R in which two distinct vertices a and b are adja-
cent if and only if either ab = 0 or ba = 0. In this paper, we investigate some
properties of zero-divisor graphs of Boolean rings. Among other results, we
prove that for any two rings R and S with I' (R) ~ I'(S), if R is Boolean and
|R| > 4, then R ~ S.

1. Introduction

Throughout the paper, R denotes a ring, not necessarily with identity, and D(R)
denotes the set of all zero-divisors of R. If X is either an element or a subset of
R, then the left annihilator of X is Anng(X) = {a € R|aX = 0} and the right
annihilator of X, denoted by Ann, (X), is similarly defined. For any subset ¥ of R,
we let Y* = Y\{0}. The zero-divisor graph of R, denoted by I"(R), is a graph with
the vertex set D(R)* such that two vertices x and y are joined by an undirected
edge if and only if x # y and either xy = 0 or yx = 0. Notice that a ring R
is a domain if and only if I'(R) is the null graph. For a commutative ring R with
identity, the definition of a zero-divisor graph of R that was first introduced in [Beck
1988] coincides with the above definition of I"(R). The zero-divisor graph concept
for noncommutative rings was first defined in [Redmond 2002]. The zero-divisor
graphs offer a graphical representation of rings so that we may discover some new
algebraic properties of rings that are hidden from the viewpoint of classical ring
theorists. For an instance, using the notion of a zero-divisor graph, it has been
proven in [Redmond 2004] that for any finite ring R, ) .. |Anng(x) \ Ann,(x)| is
even. A simple proof of this result is given in [Akbari and Mohammadian 2007].

Let us recall some definitions regarding graph theory and ring theory. For a
vertex v of a graph G, N(v) denotes the set of all vertices of G adjacent to v, and
the degree of v is defined by |[N(v)|. A graph G is called a star if G contains
at least two vertices and there exists a vertex that is joined to all other vertices

This research was in part supported by a grant from IPM.
MSC2000: 05C25, 06E20, 16P10.
Keywords: Boolean ring, reduced ring, zero-divisor graph.
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and G has no other edges. A path P in a graph G is a sequence of distinct vertices
vy, V2, ..., Ukt in which every two consecutive vertices are adjacent. The number
k is called the length of P. For two vertices u and v in a graph G, the distance
between u and v, denoted by d(u, v), is the length of the shortest path between u
and v, if such a path exists; otherwise, we define d(u, v) = co. The diameter of a
graph G is defined by diam G = sup{d(u, v) | u and v are distinct vertices of G}.
In [Redmond 2002] it was shown that for any ring R, diam I'(R) < 3. Furthermore,
two graphs G| and G, are said to be isomorphic if there is a bijective map ¢
between the vertex set of G and the vertex set of G, such that the adjacency
relation is preserved. Finally, we recall that a ring is called reduced if it has no
nonzero nilpotent elements. A ring whose elements are all idempotent is called
Boolean. We denote by Z, the ring of integers modulo n and by [, the field with
q elements.

In this article we study the zero-divisor graphs of Boolean rings. We show that
for any reduced ring R that is not a domain, I" (R) is isomorphic to the zero-divisor
graph of a nonreduced ring, provided that I'(R) is a star. As a consequence, we
prove that Boolean rings with more than four elements are determined by their
zero-divisor graphs.

2. The results

In [Akbari and Mohammadian 2006, Theorem 17], it is proven that for any finite
ring R that is not a field, if I'(R) is isomorphic to the zero-divisor graph of a
reduced ring S, then R 2~ §, unless § >~ 7, x F,, where either g =2 or (¢ +1)/2
is a prime power. Since for any finite field F, I'(Z; x F) is a star, the following
theorem presents an analogue of this result for the general case.

Remark 1. Let {4;};c; and {B;} e, be two families of commutative domains with
identity, where |/| > 2. In [Anderson et al. 2003, Theorem 2.1], it is shown that
F(]_[iel lei) o~ F(]_[jej fBj) if and only if there is a bijective map 7 : [ — J such
that |4;| = | B(;)| for all i € I. Hence there are many examples of nonisomorphic
pairs of infinite reduced commutative rings whose zero-divisor graphs are isomor-
phic.

Theorem 2. Let S be a reduced ring such that S is not a domain and I'(S) is not a
star. If R is a ring such that T'(R) >~ T'(S), then R is also a reduced ring.

Proof. We recall a well-known fact about reduced rings: for all elements x and y
of a reduced ring T, xy = 0 if and only if yx = 0. For this, note that if xy =0
for some elements x, y € T, then (yx)2 = 0 and since T is reduced, we find that
yx = 0. This fact implies that if two vertices u and v of I'(S) are adjacent, then
uv = vu = 0. We use this property frequently in what follows. We also state two
properties of I'(S):
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(i) For every two adjacent vertices # and v of I'(S) with at least one common
neighbor, u 4+ v is a vertex of I'(S) and N(u + v) = N(u) N N(v). For this,
note that if x € N(u) N N(v), then xu = xv = 0, and hence x(u + v) = 0.
Also, u + v # 0 since uv = 0 and § is reduced. Therefore, x € N(u + v).
Conversely, if x € N(u +v), then (xu)u = x(u 4+ v)u = 0 and thus u(xu) =0.
Therefore (xu)> = 0 and so xu = 0. This means that x € N(«) and with a
similar argument, we find that x € N(v), as required.

(ii) For every three mutually adjacent vertices u, v and w of I'(S), we have N(u) Q
N() UN(w). Indeed, it easily seen that v + w € N(u) \ (N(v) UN(w)).

Suppose that R is a ring with I'(R) >~ I'(S). So properties (i) and (ii) also hold
for I'(R). To the contrary, assume that a® =0 for some element a € R*.

Since S is reduced, [Akbari and Mohammadian 2006, Corollary 4] yields that
["'(R) has at least two vertices. Note that a is not adjacent to all other vertices
of I'(R). To prove this, suppose otherwise. Since I'(R) is not a star, there exist
two adjacent vertices x, y € N(a). So N(x) € N(a) UN(y), which contradicts
(ii). Moreover, we have |N(a)| > 2. For this, suppose otherwise. Since I'(R)
is a connected graph [Redmond 2002] with at least two vertices, we may assume
that N(a) = {b} for some vertex b of I'(R). From a + b € Anny(a) U Ann,(a),
we conclude that a + b = 0. Hence b = —a and therefore I'(R) is a star on two
vertices, a contradiction.

We claim that either Ra = {0, a} or aR = {0, a}. Suppose that there exist two
elements b € Ra \ {0,a} and ¢ € aR \ {0, a}. If b # ¢, then a, b and c are three
mutually adjacent vertices and N(a) € N(b) UN(c), which contradicts (ii). Hence
b = c¢. For some vertex d € N(a) \ {b}, the vertices a, b and d are mutually
adjacent and N(a) € N(b) UN(d), which again contradicts (ii). Since Ra # {0}
and aR # {0}, the claim is proved.

We assume that Ra = aR = {0, a}. For any two vertices x, y & N(a), we have
xa = ya = a. Thus (xy)a = a and so xy # 0. This means that every edge of
['(R) has at least one endpoint in N(a). Working towards a contradiction, assume
that no two vertices in N(a) are adjacent. This means that I'(R), and so ['(S) is a
bipartite graph, and using [Akbari et al. 2003, Theorem 2.4], I'(S) and thus I'(R)
is a complete bipartite graph. Let » € N(a) and s € N(a) N N(r). Since I'(R)
is a complete bipartite graph and a + s € N(a), r is adjacent to a + s. Therefore
a=r(a+s)r =0, acontradiction. Hence there are two adjacent vertices b, c € N(a).
We now consider the two following cases.

Case 1. Suppose that a together with one of the elements b, ¢ are contained in
one of the one-sided annihilators of the third element. Without loss of generality,
assume that {a, c} € Anng(b). By (i), there exists a vertex d in I'(R) such that
d &{a,b} and N(d) =N(@)NND). If b #a+c, then a4+ c € N(a) " N(b), and
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hence a = d(a + ¢)d = 0, a contradiction. Thus » = a + ¢, and it follows from
ab = 0 that ac = 0. Moreover, if ca # 0, then a = ca = cb — ¢*> = —c?, which
contradicts d € N(c¢) \ N(a). Therefore ca = 0 and so ¢> = c¢b — ca = 0. Since
b = a + ¢, we find that the product of any two elements of {a, b, c} is zero.

Suppose towards a contradiction that there is a vertex r € (N(b) N N(c)) \ {a}.
We have rar =r(b —c)r =0 and by Ra =aR = {0, a}, we deduce that r € N(a).
By (i), there exists a vertex s in I'(R) such that N(s) = N(a) NN (r). This implies
that sas = s(b —c)s =0, since {b, ¢} € N(a) "N (r). On the other hand, s € N(a)
and Ra = aR = {0, a} yields that sas = a, a contradiction. This establishes that
N(®b) N N(c) = {a}.

For convenience and without loss of generality, assume that cd = 0. From
{b, c} € Ann,(c), d & N(a) UN(b) and N(b) " N(c) = {a}, we have Rc = {0, c}.
Therefore [R : Anng(a) NAnng(¢)] < [R: Anng(a)][R : Anng(c)] = |Ra||Rc| = 4.
Since N(b) N N(c) = {a} and the product of any two elements of {a, b, c} is zero,
we find that Anng(a) N Anng(c) = {0, a, b, c}. This yields that | R| < 16. Using (i),
let e be a vertex of I'(R) in which N(e) = N(a) N N(¢). It is not hard to see that

R={0,a,b,c}U(d+{0,a,b,c})U(e+{0,a,b,c})U(d+e+{0,a,b,c}).

Therefore Anng(a) = Ann,(a) ={0,a,b,c}U(d+e+{0,a, b, c}). Because e ¢
N(a) UN(c), Ra = {0, a} and Rc = {0, ¢}, we conclude that ea = a and ec = c.
Therefore eb = b and by b € N(a) N N(c), we obtain that be = 0. Furthermore,
e € N(a) UN(c) and N(b) N N(c) = {a} yield that Rb = {0, b}. It follows from
d ¢ N(b) that d + e € Anny(b), and so N(a) € N(b) UN(c), which contradicts (ii).

Case II. When Case I does not occur, by replacing b with c if necessary, we may
assume that ab = bc = ca = 0 and none of ba, cb and ac is zero. We have
{a, b} € Anny(cb), and so, applying the argument in the first paragraph of Case I
for cb and b instead of b and c, respectively, we obtain in particular that ba = 0,
which is a contradiction.

Next, with no loss of generality, assume that aR = {0, a} and there exists an
element g € Ra \ {0,a}. Since aR = {0,a}, —a = a and so —g = g. Also,
from g € Ra and aR = {0, a}, we easily obtain that ag = ga = 0. By (i), there
exists a vertex A in I'(R) such that N(h) = N(a) "N(g). We claim that Ann, (a) C
Ann, (h)U{0, a, g, a+g}. Suppose x € Ann, (a) \ (Ann, (h)U{a, g}). Since g € Ra
and N(h) = N(a) "N(g), we conclude that x € Anng (k). Moreover, h € N(a) and
aR ={0,a}, soah =a. Wehavea+ g € N(a)N'N(g) and (a+gh =a+ g,
and hence h(a + g) = 0. These equalities yield that (¢ + g + x) = hx # 0
and (a + g +x)h = a+ g # 0. On the other hand, a(a + g + x) = 0, so it
follows from g € Ra and N(h) = N(a) N N(g) that a + g + x = 0. Therefore,
x =a+ g, and the claim is proved. Since Ann,(a), Ann, (k) and {0, a, g,a + g}
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are three additive subgroups of R in which Ann,(a) € Ann,(h) U{0,a, g,a + g}
and a € Ann,(a) \ Ann, (h), we deduce that Ann, (a) = {0, a, g, a + g}. Applying
(ii), there exists a vertex y € N(a) \ (N(g)UN(a+g)). We have ya =0 and ay #0.
By [R : Ann,(a)] = |aR|, we conclude that R = Ann, (a) Uy + Ann,(a). It follows
from Ann,(a) = {0, a, g, a + g} that Ra = {0}, a contradiction. Now the proof is
complete. ([

Example 3. The condition on I'(S) in Theorem 2 is necessary. For examples
involving infinite rings, let ¥ be an arbitrary infinite domain, % be the polynomial
ring in the set of variables {x} U {x, | @ € ¥} with coefficients in Z;, and $ be the
ideal of % generated by {x?} U {xXxq — X | € P} U {XoX — x| € F}. It is easy
to verify that I'(R /%) is a star on |¥| vertices and x + $ is that vertex which is
adjacent to all other vertices of the graph. Therefore I'(R /%) >~ I'(Z; x &), while
R/9$ is not reduced.

Remark 4. It is easy to establish that every reduced ring whose zero-divisor graph
is a star is isomorphic to the direct product of Z, and a domain. For this, let R be a
reduced ring with ['(R) a star and let e be that vertex which is adjacent to all other
vertices of I'(R). Obviously, e is idempotent, and using the fact that all idempotent
elements of a reduced ring are central, we may write R ~ e¢R x (1 — e)R. Since
['(R) is a star, we clearly conclude that eR = {0, e} and (1 — ¢)R is a domain,
as required. From this, Theorem 2, Example 3, and [Akbari and Mohammadian
2006, Theorem 17], we imply that for every reduced ring R that is not a domain,
I"(R) is isomorphic to the zero-divisor graph of a nonreduced ring if and only if
["(R) is either an infinite star or a star with g vertices, where either ¢ = 2 or both
q and (g + 1)/2 are prime powers.

In [LaGrange 2007, Theorem 4.1], it is shown that if R and S are two commuta-
tive rings with identity such that S is a Boolean ring with more than four elements
and I'(R) =~ I'(S), then R ~ S. In what follows, we generalize this result to every
arbitrary ring R. We need the following easy lemmas.

Lemma 5. Let R be a ring such that all elements in D(R) are idempotent. Then
R is either a domain or a Boolean ring.

Proof. Suppose that R is not a domain. By the hypotheses, R is reduced. Using the
fact that all idempotent elements of a reduced ring are central, D(R) is contained
in the center of R. Therefore, for every two elements a € R and z € D(R)*, we
have az € D(R). Hence (az)> =az, and so (a> —a)z =0. The latter equality shows
that > —a € D(R) and also Anny(a”> —a) = D(R). Thus a®> —a = (a®> —a)*> =0
for each element a € R, as desired. ([

Lemma 6. Let R be a Boolean ring with |R| > 4. Then I'(R) contains no vertex
adjacent to all other vertices of the graph.
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Proof by contradiction. Suppose that a vertex r is adjacent to all other vertices
of T'(R). Letz € D(R)\{0,7}. Wehave r(r +z) =r #0andsor +zis a
nonzero-divisor idempotent of R. Thus 1 = r + z is the identity of R and so
R ={0, 1, r, 1 —r}, which contradicts |R| > 4. O

Theorem 7. Let S be a Boolean ring with |S| > 4. Suppose that R is a ring
and ¢ : T'(R) — T'(S) is a graph isomorphism. Then ¢ is extendable to a ring
isomorphism from R to S. In particular, R >~ §.

Proof. Recall that the characteristic of every Boolean ring is 2. We first state the
following properties of I"(S).

(i) For every two vertices u# and v of I"(S), if N(u) = N(v), then u = v. For this,
note that if u 7# uv, then u + uv € N(v) \ N(u), which is impossible. So we
conclude that u =uv, and similarly v = uv, which yield that u = v, as desired.

(i1) For every two adjacent vertices u and v of I'(S), using (i) together with an
easy argument, we find that u + v is the unique vertex of I'(S) such that
N(u 4+ v) = N@w) N N(®), if N(u) N N(v) # @; and otherwise, 1 = u + v is
the identity of S, because in this case u + v is a nonzero-divisor idempotent
of §. Moreover, if S has identity, then v = 1 4 u is the unique neighbor of u
in T'(S) such that N(u) NN (v) = @. For uniqueness, note that for any vertex
x € N(u),if x #14+u, then 1 +u+x € N(u) N N(x).

(iii) For every two nonadjacent vertices u and v of I'(S), N(u#) UN(v) C N(uv);
and if N(u) UN(v) € N(w) for some vertex w of I'(S), then N(uv) C N(w).
For the second statement, let x € Anny(uv). We have vx € Anng(u). Since
N@u) SN(w), w(vx) =0 and so wx € Anng (v). It follows from N(v) € N(w)
that w(wx) = 0 and thus x € Anng(w), as required.

Since I'(R) >~ I'(S), the above properties also hold for I'(R). Using Theorem 2
and Lemma 6, R is reduced. It is easily checked that N(z%) = N(z) for each vertex
z of T'(R). By (i), we have z? = z for every element z € D(R). Applying Lemma 5,
R is a Boolean ring. Define ¢(0) = 0. By (i1), ['(R) (respectively, I'(S)) contains
two adjacent vertices with no common neighbors if and only if R (respectively, S)
has identity. Since I'(R) >~ I'(S), either both R and S have identity or neither of
them has identity. When the first case occurs, we define ¢ (1) = 1. Furthermore,
the properties (ii) and (iii) imply that for every two vertices u and v of I'(S), the
elements

e 1+ u, if S has identity;
e y+ v, if u and v are adjacent and u + v #~ 1; and

e yv, if u and v are not adjacent,
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can be determined by I'(S). We claim that for every two distinct nonadjacent
vertices u and v of I'(S), the element u + v can also be determined by I'(S). First
assume that uv ¢ {u, v}. Using (iii), we obtain that the element uv is determined
by I'(S). By (i) and (ii), u 4+ uv is the unique vertex of I'(S) such that N(u) =
N(uv)NN(u~wuv). This and a similar argument establish that the elements u +uv
and v 4 uv are determined by I'(S). Since the vertices u + uv and v + uv are
adjacent, we are done using (ii). Next, with no loss of generality, suppose that
uv = u. In this case, the vertices u and u + v are adjacent, and so applying (i) and
(ii), we find that u+v is the unique vertex of I'(S) such that N(v) =N (u) "N(u+v).
This proves the claim. Now, by I'(R) ~ I'(S) and the above reasonings, it is not
hard to verify that ¢(a + b) = ¢(a) + ¢(b) and p(ab) = ¢(a)p(b) for all a, b € R,
as desired. O

As an interesting fact, it is well-known that every isomorphism between mul-
tiplicative semigroups of two Boolean rings is a ring isomorphism. Obviously,
Theorem 7 generalizes this fact. The following theorem asserts that the zero-divisor
graph of a Boolean ring R determines whether R has identity or not.

Theorem 8. Let R be a Boolean ring and |R| > 4. Then diamI'(R) = 3 if R has
identity, and otherwise diam I'(R) = 2.

Proof. We know from [Redmond 2002] that for any ring 7, diam I'(T") < 3. First
suppose that R has identity. Since |R| > 4, we can take an element e ¢ {0, 1}. We
have R = eR & (1 — e)R, so either [eR| > 2 or |(1 —e)R| > 2. With no loss of
generality, let f € eR \ {0, e}. Since e and 1+ ¢ + f are two nonadjacent vertices
with no common neighbors and diam I'(R) < 3, the result follows.

Next suppose that R has no identity. Applying Lemma 6, we find diam I"(R) > 2.
Now, let a and b be two nonadjacent vertices of I'(R). Since R has no identity,
there exists an element ¢ such that (a +b+ab)c # c. We have c+ac+bc+abc €
N(a) " N(b), which clearly completes the proof. O

It is well-known that every finite Boolean ring has identity. We generalize this
fact in the following theorem.

Theorem 9. Let R be a Boolean ring such that I' (R) has a vertex of finite degree.
Then R has identity.

Proof. Recall that the adjoint multiplication o of an arbitrary ring T is defined by
xoy =x+y+xy for any two elements x, y € T. Suppose that a is a vertex
of finite degree of I'(R) and N(a) = {ay, ..., a,} for some integer n > 1. Let
b=ajo---o0ay. Clearly, ab =0 and a;b = a; for all i. We show that a + b is the
identity of R. Indeed, it is enough to prove that a + b is a nonzero-divisor. Toward
a contradiction, assume that (@ 4+ b)z = 0 for some element z € R*. Multiplying
this equality by a, we find that az = 0, and hence z = a; for some j € {1, ..., n}.
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Also, multiplying the equality (a + b)z = 0 by a; yields that a;z = 0, which is
impossible. This completes the proof. U

Remark 10. The converse of Theorem 9 is not true. Let %R be the set consisting of
the empty set together with all finite unions of all left-closed right-open intervals
and all left-unbounded right-open intervals of real numbers. Clearly,  is a Boolean
ring with identity with respect to symmetric difference as the addition operation
and intersection as the multiplication operation, while obviously every vertex of
["(R) has infinite degree.

We conclude the paper with the following theorem on the polynomial rings over
Boolean rings.

Theorem 11. Let R and S be two Boolean rings such that I'(R[x]) ~ " (S[x]).
Then R >~ S.

Proof. Let T be an arbitrary Boolean ring. I' (T [x]) is the null graph if and only if
T ~ 7,. Hence we may assume that D(R)* and D(S)* are both nonempty. Using
Theorem 7, it suffices to establish that I'(R) >~ I"(S). Since finitely generated one-
sided ideals of von Neumann regular rings, including Boolean rings, are principal
[Lam 2001, (4.23)], for each finitely generated ideal / of T, there exists a unique
element e such that / = (e). For a polynomial f(x) =a,x"+- - -+ag e T[x], let f’(-;)
be the unique element of T such that (ag, ..., a,) = ( f/(;)). From [Armendariz
1974, Lemma 1], every reduced ring is Armendariz, and hence it is not hard to see
that for any polynorgi\al f(x) € D(T[xD*, f/(;) is the unique element of 7 such
that N(f(x)) = N(f (x)).

Now, assume that ¢ : I'(R[x]) — I'(S[x]) is a graph isomorphism. We define
Y:I'(R)—T'(S)by ¥(a)= ¢’(E) for all a € D(R)*, and we claim that v is a graph
isomorphism. If @ and b are two adjacent vertices of ['(R), then ¢ (a) € N(¢ (b)) =
N (b)). This yields that ¢ (b) € N(¢p(a)) = N(¢(a)) and therefore ¥ (a) and
Y (b) are adjacent in I'(S). The converse is clearly true, and so y preserves the
adjacency relation. Moreover, if ¥ (a) = ¥ (b) for two vertices a and b of I'(R),
then N (¢ (a)) =N (¢ (b)) and thus N(a) =N(b). In particular, N(a)NR=N(b)NR.
Using the property (i) of the zero-divisor graphs of Boolean rings given in the proof
of Theorem 7, we deduce that a = b. This concludes the injectivity of . Finally,
we prove that v is surjective. Suppose s € D(S)* and let

r=¢ ().
Since N(¢p~'(s)) = N(r), we find that N(s) = N(¢(r)) = N(¥(r)) and hence
s =¥ (r). This establishes the claim and completes the proof. (]

Remark 12. Letn > 2 and R and & be two rings which each of them is the direct
product of n arbitrary finite fields. Using the result mentioned in Remark 1, it is
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easily checked that I'(R[x]) ~ I'(¥[x]). Therefore the conclusion of Theorem 11
is not true if one of R and S is not Boolean.
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RATIONAL CERTIFICATES OF POSITIVITY ON COMPACT
SEMIALGEBRAIC SETS

VICTORIA POWERS

Let R[X] denote the real polynomial ring R[ X}, . .., X,] and write ) R[X 1?
for the set of sums of squares in R[X]. Given g¢,..., g, € R[X] such that
the semialgebraic set K :={x e R"” | g;(x) > 0 for all i} is compact, Schmiid-
gen’s theorem says that if f € R[X] such that f > 0 on K, then f is in
the preordering in R[X] generated by the g;’s, i.e., f can be written as a
finite sum of elements o gf‘ ... 8%, where o is a sum of squares in R[X] and
each e; € {0, 1}. Putinar’s theorem says that under a condition on the set of
generators {g1, . .., g;} (Which is a stronger condition than the compactness
of K), any f > 0 on K can be written f = o9 + 0121 + - - - + 0,gs, Where
g; € Y RIX 1%. Both of these theorems can be viewed as statements about
the existence of certificates of positivity on compact semialgebraic sets. In
this note we show that if the defining polynomials g4, ..., g; and polyno-
mial f have coefficients in QQ, then in Schmiidgen’s theorem we can find a
representation in which the ¢’s are sums of squares of polynomials over Q.
We prove a similar result for Putinar’s theorem assuming that the set of
generators contains N — )" X? for some N € N.

1. Introduction

We write N, R, and Q for the set of natural, real, and rational numbers. Let n € N
be fixed and let R[X] denote the polynomial ring R[ X, ..., X,]. We denote by
> R[X]? the set of sums of squares in R[X].
For S ={g1, ..., g} € R[X], the basic closed semialgebraic set generated by
S, denoted Ky, is
{xeR"|g1(x) >20,..., g(x)>0}.

Associated to S are two algebraic objects: The quadratic module generated by S,
denoted My, is the set of f € R[X] which can be written

f=o00+o181+- - +o04gs,
MSC2010: primary 11E25, 12D15, 13J30, 14P10; secondary 14Q20.

Keywords: rational sums of squares, certificates of positivity, Schmiidgen’s theorem, Putinar’s
theorem.
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where each o; lies in Y R[X]?, and the preordering generated by S, denoted T, is
the quadratic module generated by all products of elements in S. In other words,
Ty is the set of f € R[X] which can be written as a finite sum of elements

og;'...g>, for o € R[X]and each ¢; € {0, 1}.

A polynomial f €Y R[X]? is obviously globally nonnegative in R” and writing
f explicitly as a sum of squares gives a “certificate of positivity” for the fact that f
takes only nonnegative values in R"”. (Note: To avoid having to write “nonnegativ-
ity or positivity” we use the term “positivity” to mean either.) More generally, for
a basic closed semialgebraic set K, if f € Ts or f € Mg, then f is nonnegative on
K and an explicit representation of f in Mg or Tg gives a certificate of positivity
for f on K.

Schmiidgen [1991] showed that if the semialgebraic set K is compact, then any
f € R[X] which is strictly positive on K is in the preordering 7s. A preordering
or quadratic module is archimedean if it contains N — ) X 12 for some N e N. We
note that if My is archimedean, then it follows immediately that Kg is compact,
however the converse is not true in general. Putinar [1993] showed that if My is
archimedean then any f € R[X] which is strictly positive on K is in Mg. In other
words, these results say that under the given conditions a certificate of positivity
for f on Ky exists.

Recently, techniques from semidefinite programming combined with Schmiid-
gen’s and Putinar’s theorems have been used to give numerical algorithms for ap-
plications such as optimization of polynomials on semialgebraic sets. However
since these algorithms are numerical they might not produce exact certificates of
positivity. With this in mind, Sturmfels asked whether any f € Q[X] which is a
sum of squares in R[X] is a sum of squares in Q[ X]. Hillar [2009] showed that the
answer is yes in the case where f is known to be a sum of squares over a totally
real field K. The general question remains unsolved.

It is natural to ask a similar question for Schmiidgen’s and Putinar’s theorems: If
the polynomials defining the semialgebraic set and the positive polynomial f have
rational coefficients, is there a certificate of positivity for f in which the sums
of squares have rational coefficients? In this note, we show that in the case of
Schmiidgen’s theorem the answer is yes. This follows from an algebraic proof of
the theorem, originally due to T. Wormann [1998]. In the case of Putinar’s theorem,
we show that the answer is also yes as long as the generating set contains N — )~ X 12
for some N € N. This follows easily from an algorithmic proof of the theorem,
due to Schweighofer [2005]. For Lasserre’s method [2001] for optimization of
polynomials on compact semialgebraic sets, it is usual in concrete cases to add a
polynomial of the type N —>_ X 12 to the generators in order to insure that Putinar’s
theorem holds. Thus our assumption in this case is reasonable.
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2. Rational certificates of for Schmiidgen’s theorem

Fix S ={g1, ..., g} € R[X] and define K5 and T as above.

Theorem 1 (Schmiidgen). Suppose that K is compact. If f € R[X]and f > 0on
Ky, then f eTs.

In this section we show that if f and the generating polynomials gy, ..., g5 are
in @Q[X], then f has a representation in Ts in which all sums of squares o, are in
3" @Q[X]%. This follows from T. Wormann’s algebraic proof of the theorem using
the classical Abstract Positivstellensatz, and a generalization of Wormann’s crucial
lemma due to M. Schweighofer.

The abstract Positivstellensatz. We will need a version of the abstract Positivstel-
lensatz, a result traditionally attributed to Kadison and Dubois, but now thought to
have been proved earlier by Krivine or Stone. For details on its history, see [Prestel
and Delzell 2001, Section 5.6]. The setting is preordered commutative rings, and
we state the version we need as Theorem 2 below.

Let A be a commutative ring with @ € A. A subset T C A is a preordering
fT+TCT, T-TCT,and—-1¢T. ForS={ay,...,ar} S A, we define the
preordering generated by S, Ts, exactly as for A = R[X].

An ordering in A is a preordering P such that PU—P = A and PN —P is
a prime ideal. Any a € A has a unique sign in {—1, 0, 1} with respect to a fixed
ordering P and we use the notationa >p O0ifae P,a>p0ifae P\ (PN—P),
etc.

Fix a preordered ring (A, T') and denote by Sper A the real spectrum of (A, T'),
i.e., the set of orderings of A which contain 7. Then define

H(A) ={a € A | there exists n € N with n &=a >p 0 for all P € Sper A},
the ring of geometrically bounded elements in (A, T), and
H'(A)={aec A| thereexists n € N withn +a € T},
the ring of arithmetically bounded elements in (A, T). Clearly, H'(A) C H(A).
The preordering T is archimedean if H'(A) = A.

Theorem 2 [Schweighofer 2002, Theorem 1]. Given the preordered ring (A, T)
as above and suppose A = H'(A). Foranya € A, ifa >p 0 for all P € Sper A,
thenaeT.

Consider the case where A = R[X] and T = Ts for S = {g1, ..., &} € R[X].
Let K = K, then K embeds densely in Sper A and hence H(A) ={f e R[X]]| f is
bounded on S}. If S is compact, this implies H(A) = A and Schmiidgen’s theorem
follows from the following result:
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Lemma 3 [Berr and Wormann 2001, Lemma 1]. With A, T, and S as above, if
H(A) = A then H'(A) = A.

Our result follows from a generalization of this lemma:

Theorem 4 [Schweighofer 2002, Theorem 4.13]. Let F be a subfield of R and
(A, T) a preordered F-algebra such that F € H'(A) and A has finite transcen-
dence degree over F. Then

A=H(A) = A=H'(A).

We can now prove the existence of rational certificates of positivity in Schmiid-
gen’s theorem. The argument is exactly that of the proof of the general theorem
above.

Theorem 5. Given S = {g1, ..., g5} € Q[X] and suppose Ks C R" is compact.
Then for any and f € Q[X] such that f > 0 on K, there is a representation of f
in the preordering Ts,

f= Z oe8) ... 8y,

e€{0,1}*
with all o, € Y Q[X].

Proof. Let T be the preordering in Q[X] generated by S. Since K is compact,
every element of (Q[X] is bounded on Ks. Then Kg dense in Sper A implies that
H(Q[X]) = Q[X], hence by Theorem 4 we have Q[X] = H'(A). Note that the
condition F € H'(A) holds in this case since @t =>_ Q2. The result follows from
Theorem 2. U

3. Rational certificates for Putinar’s theorem

Given S = {g1, ..., &s}, recall that the quadratic module generated by S, My, is
the set of elements in the preordering K¢ with a “linear” representation, i.e.,

Mg = {ao+cr1g1 +---tosg5|0i € ZIR[X]Z}.

In order to guarantee representations of positive polynomials in the quadratic mod-
ule, we need a condition stronger than compactness of Kg, namely, we need Mg
to be archimedean.

The quadratic module My is archimedean if all elements of R[X] are bounded
by a positive integer with respect to My, i.e., if for every f € R[X] there is some
N € N such that N — f € Mg. It is not too hard to show that My is archimedean
if there is some N € N such that N — ) Xl.2 € M. Clearly, if My is archimedean,
then K is compact; the polynomial N — > X 12 can be thought of as a “certificate
of compactness”. However, the converse is not true; see [Prestel and Delzell 2001,
Example 6.3.1]. The key to the algebraic proof of Schmiidgen’s theorem from the
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previous section is showing that in the case of the preordering generated by a finite
set of elements from R[X], the compactness of the semialgebraic set implies that
the corresponding preordering is archimedean.

Putinar [1993] showed that if the quadratic module My is archimedean, we can
replace the preordering Ts by the quadratic module M.

Theorem 6 (Putinar). Suppose that the quadratic module My is archimedean.
Then for every f € R[X] with f >0on Kg, f € Ms.

Lasserre’s method [2001] for minimizing a polynomial on a compact semial-
gebraic set involves defining a sequence of semidefinite programs corresponding
to representations of bounded degree in Mg whose solutions converge to the min-
imum. In this context, if Mg is archimedean then Putinar’s theorem implies the
convergence of the semidefinite programs. In practice, it is not clear how to decide
if Mg is archimedean for a given set of generators S, however in concrete cases a
polynomial N - X 12 can be added to the generators if an appropriate N is known
or can be computed.

Using an algorithmic proof of Putinar’s theorem due to M. Schweighofer [2005]
we can show that rational certificates exist for the theorem as long as we have a
polynomial N — > X L2 as one of our generators:

Theorem 7. Suppose S = {g1,..., 8} € Q[X] and N — ZX,Z € My for some
N € N. Then given any f € Q[X] such that f > 0 on Ky, there exist oy ...0;,0 €
3" Q[X]? so that

f=o0+oigi+-+og+a(N=Y X?).

Proof. The idea of Schweighofer’s proof is to reduce to Pdlya’s theorem. We

follow the proof, making sure that each step preserves rationality.
Let

A={yel0,00 |y +--4yu=2n(N+ 1)} CR*

and let C be the compact subset of R" defined by C =I(A), where [ : R — R”

is defined by
(yl — Y+l Y _yZn)
y > .

2 T2
Scaling the g;’s by positive elements in (), we can assume that g; < 1 on C for
all i. The key to the proof is the observation that there exists & € R™ such that

qg:=f—-r>(g— I)Zkg,- > 0 on C [Schweighofer 2005, Lemma 2.3]. Since we
can always replace A by a smaller value, we can assume A € (), whence g € Q[X].
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Let d = degqg and let Q; be the homogeneous part of g of degree i, so g =
S Qi LetY =(Yy,...,Ys,) and define in Q[Y]

d d—i

. Vi—Yopr  Ya=Yu\ (Y441
F(Yl,...,an).ZZQi( i )( N+ ) :
i=1 4

Then F is homogenous and F > 0 on [0, 00)>" \ {0}. By Pélya’s theorem, there is
some k € N so that
Yi+--+ Y, \F
G = (1+—+12> F
2n(N + 7)

has nonnegative coefficients as a polynomial in R[Y]. Furthermore, since F €
Q[Yy, ..., Ya,], it is easy to see that G € Q[Y].
Define ¢ : Q[Y1, ..., Y2,] = Q[X] by

PYD)=N+3+Xi, ¢Yu)=(N+{—-X; fori=1,....n
and note that ¢ (G) = g and

(YD) =(N+£X;
= ;(X? +(X;i£7)°)+ (N-X X)) € ZAIXP +(N-YXX7).
J7F=1
Thus ¢ (G) = g implies there is a representation of g of the required type and then,
since f =q+AY (g — 1)*g; with A € @, we are done. O

Remark 8. In the preordering case (Schmiidgen’s theorem), as noted above if
the semialgebraic set Kg is compact, then it follows that the preordering 75 in
Q[X] is archimedean. However it is more subtle in the quadratic module case
since it is not always clear how to decide if My is archimedean for a given set of
generators S. Thus an open question is the following: Suppose S € Q[X] is a finite
set of polynomials and My is archimedean as a quadratic module in R[X]. Is it true
that M is archimedean as a quadratic module in Q[ X]? To put it more concretely,
suppose S ={g1, ..., &} € Q[X] and we know that there is some N € N such that

N=>"X]=o00+01g1+ +05g.

with 0; € )" R[X 1?. Does there exist a representation with o; € > Q[X 1?2 Equiv-
alently, does there exist N € N such that for eachi =1, ..., n we can write

NEtX;,=00+0181+ -+ 0,5,

with o; € 3" Q[X]??
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QUIVER GRASSMANNIANS, QUIVER VARIETIES AND THE
PREPROJECTIVE ALGEBRA

ALISTAIR SAVAGE AND PETER TINGLEY

Quivers play an important role in the representation theory of algebras,
with a key ingredient being the path algebra and the preprojective algebra.
Quiver grassmannians are varieties of submodules of a fixed module of the
path or preprojective algebra. In the current paper, we study these objects
in detail. We show that the quiver grassmannians corresponding to sub-
modules of certain injective modules are homeomorphic to the lagrangian
quiver varieties of Nakajima which have been well studied in the context of
geometric representation theory. We then refine this result by finding quiver
grassmannians which are homeomorphic to the Demazure quiver varieties
introduced by the first author, and others which are homeomorphic to the
graded/cyclic quiver varieties defined by Nakajima. The Demazure quiver
grassmannians allow us to describe injective objects in the category of lo-
cally nilpotent modules of the preprojective algebra. We conclude by relat-
ing our construction to a similar one of Lusztig using projectives in place of
injectives. In an appendix added after the first version of the current paper
was released, we show how subsequent results of Shipman imply that the
above homeomorphisms are in fact isomorphisms of algebraic varieties.
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Introduction

Quivers play a fundamental role in the theory of associative algebras and their
representations. Gabriel’s theorem, which states a precise relationship between
indecomposable representations of certain quivers and root systems of associated
Lie algebras, indicated that the representation theory of quivers was also intimately
connected to the representation theory of Kac—Moody algebras. This eventually
lead to the Ringel-Hall construction of quantum groups and the quiver variety
constructions of Lusztig and Nakajima.

Fix a quiver (directed graph) Q = (Qo, Q1) with vertex set Q¢ and arrow set
Q1. The corresponding path algebra CQ is the algebra spanned by the set of di-
rected paths, with multiplication given by concatenation. There is a natural grading
CQ=6p, (CQ), of the path algebra by length of paths. Representations of a quiver
are equivalent to representations (or modules) of its path algebra. Note that (CQ)g-
modules are simply Qg-graded vector spaces, and in particular all CQ-modules are
Qo-graded. For a CQ-module V and u € NQy, the associated quiver grassman-
nian is the variety Grg(u, V) of all CQ-submodules of V' of graded dimension
u. These natural objects (or closely related ones) can be found in several places
in the literature. For instance, they appear in [Crawley-Boevey 1996; Schofield
1992] in the study of spaces of morphisms of CQ-modules and in [Caldero and
Chapoton 2006; Caldero and Keller 2006; Derksen et al. 2009] in connection with
the theory of cluster algebras. Geometric properties have been studied in [Caldero
and Reineke 2008; Szant6 2009; Wolf 2009] and representation theoretic properties
in [Fedotov 2010; Geiss et al. 2006; Lusztig 1998; 2000; Nakajima 2003; Reineke
2008].

Let g be the Kac—Moody algebra whose Dynkin diagram is the underlying graph
of Q (the graph obtained by forgetting the orientation of all arrows) and let O be the
double quiver obtained from Q by adding an oppositely oriented arrow a for every
a € Q1. One is often interested in modules of the preprojective algebra % = P(Q),
which is a certain natural quotient of the path algebra CQ and inherits the grading.
In particular, 9-modules are also CQ-modules. To each vertex i € Qp, we have an
associated one-dimensional simple %-module s’. For

w =7 w;ii € NQy,
i

we let s¥ = P, (s')®* be the corresponding semisimple module. By Baer’s Theo-
rem, the category of -modules has enough injectives, so we can define g* to
be the injective hull of s*. One of the main results of the current paper is that
the quiver grassmannian Gr 5, q") is homeomorphic to the lagrangian Nakajima
quiver variety £(v, w) used to give a geometric realization of irreducible highest
weight representations of g; [Nakajima 1994; 1998]. In addition, for each o in
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the Weyl group of g, there is a natural finite-dimensional submodule ¢*-° of ¢"

such that the quiver grassmannian Gr (v, ¢*?) is homeomorphic to the Demazure
quiver variety £, (v, w) defined in [Savage 2006d]. Since Nakajima’s realization
of highest weight representations and the first author’s realization of Demazure
modules depend only on the topological information of the spaces involved, such
homeomorphisms allow one to replace quiver varieties by quiver grassmannians in
the constructions. This change of setting affords some advantages. In particular,
it avoids the description as a moduli space. One can view it as a uniform way of
picking a representative from each orbit in the original moduli space descriptions.

Quiver grassmannians admit natural group actions. We describe these actions
and show that certain special cases agree, under the homeomorphisms described
above, with well-studied groups actions on Nakajima quiver varieties. In this way,
we are able to give a quiver grassmannian realization of the cyclic/graded quiver
varieties used by Nakajima [2004] to define t-analogs of g-characters of quantum
affine algebras.

The injective modules g" are locally nilpotent if and only if the quiver Q is of
finite or affine type. However, it turns out that the submodules ¢*-° are always
nilpotent. The limit g% of these submodules is the injective hull of the semisimple
module s¥ in the category of locally nilpotent %-modules, giving us a description
of the indecomposable injectives in this category.

Lusztig has previously presented a canonical bijection between the points of
the lagrangian Nakajima quiver variety and the points of a type of quiver grass-
mannian inside a projective (as opposed to injective) object. In finite type, the
projective objects are also injective. It turns out that, on the level of geometric
realizations of representations of finite type g, the two constructions are related by
the Chevalley involution. Outside of finite type, there are some other subtle yet
important differences between the two constructions. In particular, the description
in terms of projective objects requires one to impose a nilpotency condition in the
definitions. However, the description in terms of injectives given in the current
paper requires no such condition and is in this way simpler. Furthermore, through
the use of the distinguished modules ¢"-° mentioned above, one can always con-
sider quiver grassmannians of submodules of a fixed finite-dimensional module of
the preprojective algebra. Thus, one can avoid working with infinite-dimensional
objects.

Motivated by an earlier version of the current paper [Savage and Tingley 2009],
I. Shipman [2010] has recently proven that the canonical bijection given by Lusztig
and mentioned above is, in fact, an isomorphism of algebraic varieties. We have
added an Appendix explaining how this result allows us to conclude that the maps
between quiver grassmannians and lagrangian Nakajima quiver varieties described
in the current paper are also isomorphisms of algebraic varieties.
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Throughout this paper, we work over the field C of complex numbers. While
many results hold in more generality, this assumption will streamline the exposition
and several results we quote in the literature are stated over C. We will always use
the Zariski topology and do not assume that algebraic varieties are irreducible. We
let N =75 and denote the fundamental weights and simple roots of a Kac—-Moody
algebra by w; and «; respectively.

This paper is organized as follows. In Section 1 we review some results on
quivers, path algebras and preprojective algebras. In Section 2 we discuss various
module categories of these objects and introduce our main object of study, the
quiver grassmannian. We review the definition of the quiver varieties of Lusztig
and Nakajima in Section 3 and realize these as quiver grassmannians in Section 4.
In Section 5 we introduce a natural group action and show how it can be used
to recover group actions typically constructed on quiver varieties. We also de-
fine graded/cyclic versions of quiver grassmannians. In Section 6 we use quiver
grassmannians to give a geometric realization of integrable highest weight repre-
sentations of a symmetric Kac-Moody algebra and discuss the compatibility of this
construction with the natural nesting of quiver grassmannians. Finally, in Section 7
we discuss a precise relationship between our construction and a similar one due to
Lusztig. The Appendix, added after the appearance of [Shipman 2010], provides a
proof that the maps between quiver grassmannians and quiver varieties described
in the current paper are isomorphisms of algebraic varieties.

1. Quivers, path algebras, and preprojective algebras

We briefly review the relevant definitions concerning quivers. We refer the reader
to [Deng et al. 2008; Ringel 1998; Savage 2006a] for further details.

A quiver is a directed graph. That is, it is a quadruple Q = (Qo, O1, s, 1)
where Qg and Q; are sets and s and ¢ are maps from Q; to Qp. We call Q¢ and
0 the sets of vertices and directed edges (or arrows) respectively. For an arrow
a € Q1, we call s(a) the source of a and t(a) the target of a. Usually we will
write O = (Qo, Q1), leaving the maps s and ¢ implied. The quiver Q is said to
be finite if Q¢ and Q; are finite. A loop is an arrow a with s(a) = t(a). In this
paper, all quivers will be assumed to be finite and without loops. A quiver is said
to be of finite type if the underlying graph of Q (i.e the graph obtained from Q by
forgetting the orientation of the edges) is a Dynkin diagram of finite ADE type.
Similarly, it is of affine (or tame) type if the underlying graph is a Dynkin diagram
of affine type and of indefinite (or wild) type if the underlying graph is a Dynkin
diagram of indefinite type.

A path in Q is a sequence 8 = a;a;_1 - - - a; of arrows such that ¢ (a;) = s(a;11)
for 1 <i <1 —1. We call [ the length of the path. We let s(8) = s(a;) and
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t(B) = t(a;) denote the initial and final vertices of the path 8. For each vertex
i € I, we have a trivial path e; with s(e;) =1t(e;) =1.

The path algebra CQ associated to a quiver Q is the C-algebra whose underlying
vector space has basis the set of paths in O, and with the product of paths given
by concatenation. More precisely, if 8 =a; - --a; and 8’ = by, - - - by are two paths
in Q, then B8’ = a;---aib, ---by if 1(B") = s(B) and BB’ = 0 otherwise. This
multiplication is associative. There is a natural grading

co =Hco).,
n>0
where (CQ), is the span of the paths of length .
Given a quiver Q = (Qyg, Q1), we define the double quiver associated to Q to
be the quiver Q = (Qp, Q1) where

01=|J{a.a), where s(@) =t(a), 1(@)=s(a).
acQ
We then have a natural involution Ql — Ql given by a — a (where a=a). The
algebra
P=P(Q)=CQ/ ) (ad—aa)
aeQ
is called the preprojective algebra associated to Q. It inherits a grading

@:@@n

n>0

from the grading on CQ. Up to isomorphism, the preprojective algebra P(Q)
depends only on the underlying graph of Q. See [Lusztig 1991, §12.15] for details.

2. Modules of the path algebra and quiver grassmannians

2A. Module categories. For an associative algebra A, let A-Mod denote the cat-
egory of A-modules and A-mod the category of finite-dimensional A-modules.
We will use the notation V € A-Mod (resp. V € A-mod) to indicate that V is an
object in the category A-Mod (resp. A-mod). Note that Pp-mod is equivalent to
the category of finite-dimensional Qg-graded vector spaces whose morphisms are
linear maps preserving the grading, and we will often blur the distinction between
these two categories. Up to isomorphism, the objects of Py-mod are classified
by their graded dimension. We denote the graded dimension of a module V by
dimg,V =} ;(dim V;)i € NQg and let dim¢ V = Zier dimV; e N. We will
sometimes view the graded dimension dimg,V of V as its isomorphism class.
For V, W € #y-mod, we denote the set of #p-module morphisms from V to W
by Homg,(V, W). Under the equivalence of categories above, Homg,(V, W) is
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identified with €, €00 Homc(V;, W;). We define Endg,V to be Homg,(V, V) and
GLy = H,’EQO G L(V;) to be group of invertible elements of Endg, V. For V € Py-
mod, we will write U C V to mean that U is a Py-submodule of V. This is the
same as a Qp-graded subspace. Note that any -module becomes a #p-module by
restriction, and thus can be thought of as a Q¢-graded vector space.

Suppose A = €D, A is a graded algebra and V is an A-module. Then V is
nilpotent if there exists an n € N such that Az - V = 0 for all k > n. We say V
is locally nilpotent if for all v € V, there exists n € N such that A - v = 0 for all
k > n. We denote by A-InMod the category of locally nilpotent A-modules. For
n >0, we define A~, = P,., Ax and we let A, = A.

Proposition 2.1. For a quiver Q, the following are equivalent:
(1) P(Q) is finite-dimensional,
(ii) all finite-dimensional % (Q)-modules are nilpotent,

(iii) all finite-dimensional P (Q)-modules are locally nilpotent, and

(iv) Q is of finite type.

Proof. The equivalence of (i) and (iv) is well-known; see [Reiten 1997], for exam-
ple. That (ii) implies (iv) was proven in [Crawley-Boevey 2001] and the converse

was proven by Lusztig [Lusztig 1991, Proposition 14.2]. Since a finite-dimensional
module is nilpotent if and only if it is locally nilpotent, (ii) is equivalent to (iii). [J

2B. Simple objects. For each i € Qy, let s' be the simple CQ-module given by
sf =C and s§ =0 fori # j. Then s’ is also naturally a ?-module which we also
denote by s".

Lemma 2.2. The set {s'};c, is a set of representatives of the isomorphism classes
of simple objects of CQ-InMod and ®-InMod. In particular, if Q is of finite type,
then {s') icQ, IS a set of representatives of the isomorphism classes of simple objects
of CO-mod and P-mod.

Proof. Any nonzero element of a simple locally nilpotent module M generates a
finite-dimensional module which must be all of M. Therefore M is finite-dimen-
sional and hence nilpotent. Then (CQ). and %, are two-sided ideals of CQ and &
respectively that act nilpotently on any nilpotent module. Therefore, simple nilpo-
tent CQ-modules and #-modules are the same as simple CQ/(C Q) -modules and
% /% -modules respectively. Since

CO/(CQO)+ =2 /P = (P Cer,
iel
the first statement follows. The second statement then follows from Proposition 2.1.
(]
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Lemma 2.3. Fix a quiver Q and let A be either CO or #(0). If V € A-InMod,
then the socle of Vis{ve V| Ay -v=0}.

Proof. 1t is clear that {v € V | Ay - v =0} is a sum of simple subrepresentations
of V and is thus contained in the socle of V. Similarly, by Lemma 2.2, any simple
subrepresentation of (V, x) is contained in {fv e V | AL - v =0}. [l

2C. Projective covers. Recall that if A is an associative algebra and V is an A-
module, then a projective cover of V is a pair (P, f) such that P is a projective
A-module and f : P — V is a superfluous epimorphism of A-modules. This means
that f(P) =V and f(P’) # V for all proper submodules P’ of P. We often omit
the homomorphism f and simply call P a projective cover of V.

Definition 2.4. For i € Qy, let p' = Pe;.

Lemma 2.5. Assume Q is a quiver of finite type. For i € Qy, {Pi}ier is a set
of representatives of the isomorphism classes of indecomposable projective P-
modules. Furthermore, p' is a projective cover of s*.

Proof. This follows from [Auslander et al. 1995, Proposition 4.8]. U

Lemma 2.6. Assume Q is a quiver of affine (tame) or indefinite (wild) type. Then
there exist i € Qg for which the simple module s' does not have a projective cover

Proof. Since the module s’ is obviously cyclic, by [Anderson and Fuller 1992,
Lemma 27.3] it has a projective cover if and only if s = %e /I ¢ for some idempotent
e € % and some left ideal / contained in the Jacobson radical of ?. Assume this is
true for some idempotent e and ideal /. Then we must have e = ¢; and then / would
have to contain % ¢;, the ideal consisting of all paths of length at least one starting
at vertex i. We identify ZQ( with the root lattice via ) " vjj <> Y v;a;. Let B bea
minimal positive imaginary root and let i be in the support of 8 (i.e., B =) Bj«;
with B; > 0). By [Crawley-Boevey 2001, Theorem 1.2], there is a simple module T’
of  whose dimension vector is 8 and so, in particular, dim 7; # 0. Since the simple
module T cannot be killed by % e; (since then 7; would be a proper submodule),
%1 e; is not contained in the Jacobson radical of %. This contradicts the fact that
[ is contained in the Jacobson radical. ]

2D. Injective hulls. Recall that if A is an associative algebra and V is an A-
module, then an injective hull of V is an injective A-module E that is an essential
extension of V (that is, V is a submodule of E and any nonzero submodule of E
intersects V nontrivially). By Baer’s Theorem [1940], the category %-Mod has
enough injectives. In particular, the simple modules s’ have injective hulls. Here
we give an explicit description of these injective hulls in the finite type case, and
study some of their properties in the more general case.
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Definition 2.7. Assume Q is a quiver of finite type. For i € Qy, let

q' = Home(;?, C)
be the dual space of the right %-module ¢;%. Define a left -module structure on
g' by setting a - f(x) = f(xa),foraeP, f €q', and x € ¢;P.

Lemma 2.8. If Q is a quiver of finite type, then {q"},-GQ(J is a set of representatives
of the isomorphism classes of indecomposable injective P-modules. Furthermore,
q' is an injective hull of s'.

Proof. If Q is of finite type, then P is finite-dimensional by Proposition 2.1. The
result then follows from Lemma 2.5 and a well-known fact about modules over
finite-dimensional algebras; see, for example, [Lam 1999, Corollary 3.66]. O

For w =), w;i € NQ, define the semisimple %-module
s¥ = @(si)EBw,"
i€Qo

Let g’ be the injective hull of s’ in the category P-Mod (if Q is a quiver of finite
type, this agrees with the notation of Definition 2.7). Then

9" =PgH*"

iel
is the injective hull of s*.
Lemma 2.9. For w € NQy, any finite-dimensional submodule of q" is nilpotent.

Proof. Let V be a finite-dimensional submodule of ¢*. Then we have the chain of
submodules V =%59V D P~V O P,V DO--.. Since g" is an essential extension
of s*, we have s* NP,V # 0 for all n € N such that -,V # 0. Because P
acts trivially on s*, we have dim®>,,1V < dim®-,V for all n € N such that
P>,V #0. Thus P,V =0 for n large enough. ]

Remark 2.10. It follows from Lemma 2.9 and Proposition 7.10 that if Q is a quiver
of finite type, then p" (and ¢") is nilpotent. However, in general the p* are not
nilpotent.

Proposition 2.11. If Q is of affine (tame) type, then q¥ is locally nilpotent for all
w € NQo. If Q is connected and of indefinite (wild) type, then q¥ is not locally
nilpotent for any w € NQq, w # 0.

The following proof was explained to us by W. Crawley-Boevey.

Proof. 1t suffices to consider the case where w = i for some i € Qg. We identify
Z Qo with the root lattice via ) v;j <> > vja;. We first assume that Q is con-
nected of wild type. Let 8 be a minimal positive imaginary root. Thus (8, j) <0
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forall j € Qp. Suppose the support of 8 is all of Q¢. Since Q is wild, 8 cannot be a
radical vector (see [Kac 1990, Theorem 4.3]), so (8, j) <0 for some j € Qy. If, on
the other hand, the support of g is not all of Qy, we take j € Oy to be a vertex not in
the support of B but connected to it by an arrow and we again have (8, j) < 0. By
[Crawley-Boevey 2001, Theorem 1.2], there is a simple module 7 for the prepro-
jective algebra of dimension 8. By [Crawley-Boevey 2000, Lemma 1], Ext! (7, s/)
is nonzero. Let V be a nontrivial extension of T by s/. This module must embed in
the injective hull g/ of s/ and thus ¢/ cannot be locally nilpotent. Thus the result
holds whenever (8, i) < 0. For general i, choose a shortest path from i to some
j with (B8, j) < 0 and consider the corresponding nilpotent module U with head
s/ and socle s'. Then, as above, there is a nontrivial extension of T by U, which
must embed into g*. So ¢’ is not locally nilpotent.

Now assume that Q is of tame type. Since the preprojective algebra of a tame
quiver is a finitely generated C-algebra, noetherian, and a polynomial identity ring
[Baer et al. 1987, Theorem 6.5] (see [Ringel 1998] for a proof that the preprojective
algebra considered there is the same as the one considered here), any simple module
is finite-dimensional; see [McConnell and Robson 2001, Theorem 13.10.3]. By
[Jategaonkar 1976, Theorem 2], the injective hull of a simple %-module is artinian.
In particular, finitely generated submodules of injective hulls of simple modules are
artinian and noetherian. Thus they are of finite length and hence finite-dimensional.
Now, the dimension vectors of simple -modules are the coordinate vectors i € Qg
and the minimal imaginary root §. Since (§,i) = 0 for all i € Qy, there are no
nontrivial extensions between simples of dimension § and the one-dimensional
simples. Therefore, the composition factors of the finite-dimensional submodules
of the injective hull ¢’ of s’ are all one-dimensional simple modules. Thus ¢’ is
locally nilpotent. (]

Remark 2.12. In types A and D, there exist simple and explicit descriptions of
the representations ¢', i € Qy, in terms of classical combinatorial objects such
as Young diagrams; see [Frenkel and Savage 2003; Savage 2006b; 2006¢]. This
allows one to give simple and explicit descriptions of the injective modules g% for
any w € NQ¢ when the underlying graph of the corresponding quiver is of type A
or D.

2E. Quiver grassmannians.

Definition 2.13 (quiver grassmannian). For a CQ-module V, let Gro (V) be the
variety of all CQ-submodules of V. We have a natural decomposition

Gro(V)= || Gro@.V), Gro(u,V)={UeGrg(V)| dimU = u}.
MGNQO
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We call Grg(u, V) a quiver grassmannian. Note that Grg(u, V) is a closed sub-
set of the usual grassmannian of dimension u subspaces of V and thus is a pro-
jective variety. If V is a P-module, then %-submodules of V are the same as
CQ-submodules of V. Hence one can think of GrQ(V) as the variety of all -
submodules of V. Therefore, we will often write Grg(V) and Grg(u, V) for
GrQ(V) and GrQ(u, V) when V is a P-module.

Example 2.14 (grassmannians). If Q is the quiver with a single vertex and no
arrows, then % = C and P-modules are simply vector spaces. Then Grg(u, V) =
Gr(u, V) is the usual grassmannian of dimension u subspaces of V.

Example 2.15 (partial flag varieties). Let Q be the quiver with Qg ={1, 2, ..., n}
and Q; ={ay,...,a,_1}, where s(a;) =i,t(a;)=i+1foralli=1,...,n—1. Fix
a positive integer d and set V; =C?foralli=1,...,n. Foreachl1 <i<n-—1, leta;
act by the identification V; = V; 1. Then for u e NQg with u; <up <---<u, <d,
the quiver grassmannian Grg (1, V') is isomorphic to the partial flag variety

(0CF CFHC---CF,CC?| dimF; =u;}.

Definition 2.16. For V € -Mod, we define a natural action of Auty V on Grg (1, V)
by
(g, U)—gU), geAutpV, UeGrpu,V).

3. Quiver varieties

We briefly recall certain quiver varieties defined by Lusztig and Nakajima, referring
the reader to [Lusztig 1991; Nakajima 1994; 1998] for further details, as well
as the Demazure quiver varieties introduced in [Savage 2006d]. We fix a quiver
0 = (Qo, 01) and let ¥ = P(Q) denote its preprojective algebra.

3A. Lusztig and Nakajima quiver varieties. For V € Py-mod, define

Repg V = €D Home (Vi r(a)-
aGQl
Forapathf=a;---a;in Q and x = (xa)aeél eRepQ V,wedefine xg =x4, - - - Xq, -
For an element }_; ¢;8; € CQ, we define

C//3/ chxﬁ/

Thus each x € Rep; V' defines a representation CQ — Endc V of graded dimen-
sion dimg,V (i.e., whose induced representation of (CQ)y is in the isomorphism
class determined by dimg, V). Furthermore, each such representation comes from
an element of x € Rep oV- These two statements are simply the equivalence of
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categories between the representations of the quiver and of the path algebra. We
say that x is nilpotent if there exists N > 0 such that xg = O for all paths g of
length greater than N.

Definition 3.1 (Lusztig nilpotent variety). For V € P¢-mod, define A(V)=Ap(V)
to be the set of all nilpotent -module structures on V compatible with its P-
module structure. More precisely,

Z XaXq — Z Xzxqa =0 Vi e Qp, x nilpotent ;.

acQ1, aeQy,
t(a)=i s(a)=i

A(V) = Ix € RepQ \%

We call A(V) a Lusztig nilpotent variety.

As above, elements of A(V) are in natural one-to-one correspondence with
nilpotent representations % — Endc V' of graded dimension dimg, V.

For V, W € ®p-mod, let A(V, W) =A(V) xHomg,(V, W). We say that (x, t) €
A(V, W) is stable if there exists no nontrivial x-invariant %y-submodule of V
contained in ker ¢. This is equivalent to the condition that ker((x, t)|y,) = O for all
i € Qo (see [Frenkel and Savage 2003, Lemma 3.4] — while the statement there
is for type A, the proof carries over to the more general case). We denote the set
of stable elements by A(V, W), There is a natural action of GLy on A(V, W)
and the restriction to A(V, W)™ is free; see [Nakajima 1994; 1998]. We denote
the GLy-orbit through a point (x, ¢) by [x, ¢].

Definition 3.2 (lagrangian Nakajima quiver variety). For V, W € %Py-mod, let
LV, W) = AV, W)Y )GLy. We call £(V, W) a lagrangian Nakajima quiver
variety. Up to isomorphism, this variety depends only on v = dimg,V and w =
dimg, W and so we will sometimes denote it by £(v, w).

Remark 3.3. The quiver varieties defined above are lagrangian subvarieties of
what are usually called the Nakajima quiver varieties [Nakajima 1994; 1998].

3B. Group actions. Let Gy be the group of algebra automorphisms of % that
fix Po. The group GLw acts naturally on Homg (V, W). As above, we identify
elements of A (V) with nilpotent representations % — End¢ V of graded dimension
dimg, V. Then

(h, (x, 1) > (hxx,t), hxx=xoh" ', heGgy,

defines a Ggp-action on A(V, W). The actions of GLy and G commute and both
commute with the GLy-action. Since they also preserve the stability condition,
they define a GLy x Gg-action on £(v, w).

We can use this action to define GLy x C*-actions on £(v, w) as follows. Sup-
pose a function m : Ql — Z is given such that m(a) = —m(a) for all a € Ql.
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Then the map a + z"@*!a, 7 € C*, extends to an automorphism of % fixing Py.
We denote this automorphism by #4,,(z). Thus h, defines a group homomorphism
C* — Gg. Then the homomorphism

(3-1) GLwy x C* — GLw x Gy, (8, 2) > (28, hw(2))

defines a GLy x C*-action on £(v, w) which we denote by x,,.

We give two important examples of this action [Nakajima 2001, §2.7; 2004].
First, for each pair i, j € Qo connected by at least one edge, let b;; denote the
number of arrows in O joining i and j. We fix a numbering ay, ..., ap,; of these
arrows, which induces a numbering aj, ..., a5, of the corresponding arrows in
Ql. Define m; : H — Z by

ml(ap)zb[j—i—l—Zp, ml(&p)z—bij—1+2p.
For the second action, we define m,(a) =0 forall a € Q.

3C. Demazure quiver varieties. Let g be the Kac-Moody algebra corresponding
to the underlying graph of Q (the one whose Dynkin diagram is this graph) and let
W be its Weyl group. Recall that W' acts naturally on the weight lattice of g. For
u € ZQy, we define elements of the weight and root lattice by

Wy = Z u;wi, oy = Z u;o;.
i€Qo i€Qo

Proposition/Definition 3.4 [Savage 2006d, Proposition 5.1]. The lagrangian Nak-
ajima quiver variety £(v, w) is a point if and only if w,, — @, = o (w,,) for some
o € W (ie., wy — oy is an extremal weight of the irreducible representation of
highest weight w,,, equivalently v is w-extremal in the sense of Definition 4.7).
In this case, we let (x*>?, t"-?) be a representative (unique up to isomorphism)
of the GLy-orbit corresponding to this point. So £(v, w) = {[x¥7, t*-?]} when
Wy — oty =0 (Wy).

Definition 3.5 (Demazure quiver variety). Foro €W and v, w e NQy, let £, (v, w)
be the subvariety consisting of all [x, ] € £(v, w) such that (x, ¢) is isomorphic to
a subrepresentation of (x-7, t"?). We call £, (v, w) a Demazure quiver variety.

Remark 3.6. It follows from the uniqueness assertion in Proposition/Definition 3.4
that the GLy x Gg-action on £(v, w) fixes £, (v, w) for all o € W. Thus we have
an induced GLy x Gg-action on the Demazure quiver varieties.

4. Quiver varieties as quiver grassmannians

4A. Lagrangian Nakajima quiver varieties as quiver grassmannians. We will
now show that certain quiver grassmannians are homeomorphic to the lagrangian
Nakajima quiver varieties. We begin with a key technical proposition.



QUIVER GRASSMANNIANS AND THE PREPROJECTIVE ALGEBRA 405

Proposition 4.1. Suppose A = D,.( A, is a graded algebra and V is a locally
nilpotent A-module. Furthermore, suppose S is a semisimple locally nilpotent A-
module with injective hull E.

(i) Letw : E — S be an Ag-linear retract for the canonical embedding 1 : S — E
(that is, an Ag-linear map such that i =1d) and let Tt : V — S be a homomor-
phism of Ag-modules. Then there exists a unique A-module homomorphism
y : V. — E such that the following diagram commutes:

e
T
T
V—3-
Furthermore, the map vy is injective if and only if T|socle v IS injective.

(1) Suppose w1,y 1 E — S are Ag-linear retracts for the canonical embedding
t:S— E. Then there exists a unique y € Auty E such that mp =m1y. The map
y fixes S pointwise. Conversely, given an Ag-linear retract w : E — S and
any y € Auty E fixing S pointwise, ty : E — S is also a Ag-linear retract.

Proof. Since V is locally nilpotent, we have a filtration
0=vVOcv®=gocleVvcVv@Pcv®c...

of V where V™ ={m € V | A~, -m = 0}. We prove by induction on » that there
exists a unique homomorphism y, : V® — E such that the diagram

(4-1) / Ln

ym s g

commutes, where 7, = T|ym. Since V) =socle V and A, -socle V =0, we must
have y;(V(V) C S and so the unique choice for y; is 7;. Suppose the statement
holds for n = k. Since E is injective, there exists an A-module homomorphism
Vk+1 such that the following diagram commutes:

yrn 2 p

| A

v ®
Define yx1 by

Yk+1 = V41 — 7T O Yhg1 + T.
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It is then clear that the diagram (4-1) commutes (with n = k + 1). Note also that
Ve+1ly®w = vk We claim that 4 is a homomorphism of A-modules. Since it is
an Ap-module homomorphism by definition, it suffices to show it commutes with
the action of A..

Forre Ay andm e V&) wehave r-m € VO, Also, Ay - S =0. Then

rYep1(m) =71 - (Y1 (m) — 7 0 Py (m) + t(m))
=7 Yip1(m) = Y1 (r -m) = y(r -m)

= yk+l(r 'm)9

as desired.

Now suppose that y;, ; is another -module homomorphism making (4-1) com-
mute (with n = k +1). By the inductive hypothesis, we have yiy1|lyw =y, lvw.
Forall r € Ay and m € V**+D, we have

F Vi1 (m) = Y1 (r-m) =y (r-m) =1 -y, (m).

Thus yxy1(m) — v, 41 (m) lies in S. Therefore

Vi1 (m) = vy (m) = 7 (Vi1 (m) — yiiq (m)
=7 (Y1 (m)) = (Y4 (M) = T(m) — 7(m) = 0.

The induction is complete and we obtain the desired map y by taking the limit.

Note that ¥ |socle v = Tlsocle v- Since a homomorphism of modules is injective if
and only if its restriction to the socle is injective, it follows that y is injective if
and only if T|gocle v 1S injective.

We now prove (ii). By (i), there exists a unique A-module homomorphism
y 1 E — E such that mp = m1y. Similarly, there exists a unique A-module auto-
morphism y : E — E such that 7; = 7,y and yy = yy = id by the uniqueness
assertion in (i). Thus y is an A-automorphism of E. The converse statement is
trivial. ([

Remark 4.2. The retract ¥ : E — S in Proposition 4.1 is equivalent to choosing
an Ap-module decomposition £ = S@ T . The second part of the proposition states
that any two such decompositions are related by a unique A-module automorphism
of E fixing S.

Definition 4.3. Let V be a %p-module of graded dimension v. Define @r@ (v, g™)
to be the variety of injective Pp-module homomorphisms y : V — g% whose image
is a P-submodule of g% .

Theorem 4.4. Fix v, w € NQq. Then there is a bijective GLy-equivariant al-
gebraic map from Grg(v, g%) to A(v, w)* and a bijective algebraic map from
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Grg (v, g¢%) to £(v, w). In particular, §r@(v, q%) is homeomorphic to A(v, w)™
and Grg (v, g") is homeomorphic to £(v, w).

Remark 4.5. Lusztig [1998; 2000] has described a canonical bijection between
the lagrangian Nakajima quiver varieties and grassmannian type varieties inside
the projective modules p” (see Section 7). In several places in the literature, it was
claimed that the varieties defined by Lusztig are isomorphic (as algebraic varieties)
to the lagrangian Nakajima quiver varieties. However, the authors were not aware
of a proof existing in the literature. Most references for this statement were to
[Lusztig 1998; 2000], where the points of the two varieties are shown to be in
canonical bijection (similar to the situation in the current paper). Lusztig informed
the authors that he was not aware of a proof that the varieties are isomorphic. After
the appearance of an earlier version of the current paper [Savage and Tingley 2009],
Shipman [2010] proved that the varieties are indeed isomorphic. From now on, we
will incorporate Shipman’s work, as it allows us to strengthen several results; in
particular (see Corollary A.6 in the Appendix) the map ¢ in the proof below is an
isomorphism of algebraic varieties.

Proof of Theorem 4.4. Fix V € Pp-mod of graded dimension v and a %p-module
homomorphism 7 : g% — s% that is the identity on s. We identify s* with the
W appearing in the definition of the quiver varieties. A point y € ér@(v, q")
defines an embedding of V into g%, hence a -module structure on V satisfying
the stability condition and so a point of A (v, w)®. More precisely, y € 6@ (v, g™)
corresponds to the point (y ~'x¥y, my) € A(v, w)™, where x? is the element of

Repj g% corresponding to the P-module ¢*. Thus we have a map
1:Gryp(v, ¢%) > AV, W)™,

which is clearly algebraic and GLy-equivariant. By Proposition 4.1, ¢ is bijective.
Passing to the quotient by GLy we also obtain a bijective algebraic map ¢ from
Grg (v, ¢¥) to £(v, w).

Now, Grg (v, ¢") and £(v, w) are both projective. By, for example, [Hartshorne
1977, Theorem 4.9 and Exercise 4.4], the image of a projective variety under an
algebraic map is always closed, so ¢ takes closed subsets to closed subsets. Since ¢ is
a bijection, this implies that 1! is continuous. Hence 7 is a homeomorphism. Since
§r@(v, q") and A (v, w)* are principal G-bundles over Grg (v, ¢*) and £(v, w),
the map ¢ also induces a homeomorphism. U

Remark 4.6.

(i) The role of the retract m in Proposition 4.1 is to ensure the uniqueness of y.

(il) When Q is of finite type, the injective module g" is also projective (see
Proposition 7.10) and thus Theorem 4.4 follows from [Lusztig 2000, §2.1].
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(iii) The isomorphisms of Theorem 4.4 depend on the choice of the retract 7 :
q" — s". By Proposition 4.1(ii), isomorphisms coming from different retracts
are related by an automorphism of g% fixing s".

(iv) In Lusztig’s grassmannian type realization of the lagrangian Nakajima quiver
varieties [Lusztig 1998; 2000], one must require that the submodules contain
all paths of large enough length (this corresponds to the nilpotency condition
in the definition of the quiver varieties). In the current approach using injective
modules, no such condition is required due to Lemma 2.9.

4B. Demazure quiver grassmannians. As before, let g be the Kac—Moody alge-
bra corresponding to the underlying graph of Q and let W be its Weyl group with
Bruhat order <.

Definition 4.7. For each w € NQg, we define an action of W on ZQy as follows.
For v € ZQ( and o € W, define o -, v = u where u is the unique element of ZQy
satisfying

0 (Wy — 0ty) = Wy — 0.
We say that v € NQy is w-extremal if v e W -, 0.
Lemma 4.8. If v, w € NQy and w,, — o, is a weight of the irreducible highest

weight representation of g of highest weight w,, (i.e the corresponding weight space
is nonzero), then o -, v € NQq for all o € W. In particular W -, 0 € N Q.

Proof. This follows easily from the fact that W acts on the weights of highest
weight irreducible representations and the weight multiplicities are invariant under
this action. ]

Proposition 4.9. For v € NQy, the following statements are equivalent:
(1) v is w-extremal,

(i) L£(v, w) consists of a single point,

(iii) Grg (v, g%) consists of a single point, and

(iv) there is a unique submodule of g% of graded dimension v.

Proof. The equivalence of (i) and (ii) is given in [Savage 2006d, Proposition 5.1].
The equivalence of (ii), (iii) and (iv) follows from Theorem 4.4. O

Definition 4.10 (Demazure quiver grassmannian). For o € W', we let ¢ denote
the unique submodule of ¢* of graded dimension o -, 0. We call Grg (v, g**?) a
Demazure quiver grassmannian.

Proposition 4.11. If o1, 05 € W with o1 <X o2, then ¢*>°% has a unique submodule

of graded dimension o -, 0 and this submodule is isomorphic to q*°!.
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Proof. Since o1 <X 03, we have L, » < Ly, o, Where L, 5 is the Demazure
module corresponding to L,,, (the irreducible integrable highest weight g-module
with highest weight @,,) and o;. It then follows from [Savage 2006d, Theorem 7.1]
that ¢g*-°! is (isomorphic to) a submodule of ¢g*>?2. Since any submodule of ¢g">°2
is also a submodule of g%, uniqueness follows directly from Proposition 4.9. [

Proposition 4.12. Fix o € W and v, w € NQy. Then Grgp (v, g"%) is isomorphic
(as an algebraic variety) to the Demazure quiver variety £, (v, w).

Proof. This follows immediately from Definitions 3.5 and 4.10 and the description
of the homeomorphism Grg (v, g*) = £(v, w) given in Theorem 4.4, which is
actually an isomorphism of algebraic varieties by Corollary A.6. ([

Remark 4.13. Note that if Q is a quiver of finite type and oy is the longest element
of W, then £,, (v, w) = £(v, w) and Gr(v, ¢*?°) = Gr(v, g%) for all v, w € NQy.

The (%) cw form a directed system under the Bruhat order. Let g be the
direct limit of this system.

Lemma 4.14. Any locally nilpotent submodule V of g% is contained in g" .

Proof. First note that for n € N, the submodule (g*)™ = {v € ¢¥ : P>, - v =0}
of g% is finite-dimensional. This follows from the fact that ¢’ is a submodule of
Homge (e; P, C) (since this is an injective module containing s'), which has this
property, and ¢ = @, (¢")®"".

Since V is locally nilpotent, we have a filtration

0=vOcv®=soclevcv?®c...

where VW ={v e V :®,-v=0}. Local nilpotency of V ensures that | J, V" =V.
It suffices to show that each V™ is contained in g". Since vy c (qw)("), it
follows that V™ is finite-dimensional. Choose a linear retract 7 : g* — s*. By
Theorem 4.4, V corresponds to a point of £(v, w). Choose o € W sufficiently
large so that the (w,, — o, )-weight space of the representation L, is contained
in the Demazure module L, , (we can always do this since the weight space is
finite-dimensional). Then by Proposition 4.12, we have that V C g% Cg*. U

Theorem 4.15. We have that g% is the injective hull of s¥ in the category P-InMod.

Proof. Since each ¢"-? is nilpotent, it follows that g* is locally nilpotent and thus
belongs to the category -InMod. Furthermore, it is clear that g% has socle s* and
that it is an essential extension of s*. It remains to show that g" is an injective
object of P-InMod. Suppose M and N are locally nilpotent -modules and we
have a homomorphism M — g" and an injection M < N. Since g is injective
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in the category of ?-modules, there exists a homomorphism 4 : N — ¢ such that
the following diagram commutes:
N

]

M—=q§"—>¢q

w

Since N is locally nilpotent, #(N) is a locally nilpotent submodule of ¢». There-

fore the map & factors through g¥ by Lemma 4.14. U
Corollary 4.16. We have that g% = q" if and only if Q is of finite or affine (tame)
type.

Proof. This follows immediately from Theorem 4.15 and Proposition 2.11. ([

We see from the above that {g"? }, < is a “rigid” filtration of g¥ (rigid in the
sense of the uniqueness of submodules of the given w-extremal graded dimen-
sions). Proposition 4.12 can be seen as a representation theoretic interpretation of
this filtration. It corresponds to the filtration by Demazure modules of the irre-
ducible highest-weight representation of g of highest weight w,,. If the quiver Q is
of finite type, the Weyl group W', and hence this filtration, is finite. Otherwise they
are infinite. In the infinite case, we have a filtration of the infinite-dimensional g%
by finite-dimensional submodules g*?, o € W.

5. Group actions and graded quiver grassmannians

We now define a natural GLy x Gg-action on the quiver grassmannians and show
that the maps of Theorem 4.4 are equivariant. We then define graded/cyclic quiver
grassmannians and show they are isomorphic to the graded/cyclic quiver varieties
of Nakajima [2001, §4.1; 2004, §4].

5A. GL,, x Gg-action and equivariance. Let GL,, = GL v and recall that Gg is
the group of algebra automorphisms of % that fix P, pointwise. For a ?-module
V and h € Gy, denote by hV the P-module with action given by (a, v) — h='(a)-
v. Now, fix (g, h) € GL,, x Gy and a Pyp-module retract = : g¥ — s¥. By
Proposition 4.1, there exists a unique %-module homomorphism y(g z) : hgw — g»
such that the following diagram commutes:

h Yig.h)
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The uniqueness assertion of Proposition 4.1 ensures that y(, 5y is bijective with
inverse y(,-1 5-1y. Note that since the action of Py on hg® and g is the same,
Y(g.n) can be considered as a Pp-automorphism of ¢*. This defines a group ho-
momorphism GL,, x Gy — GLyv, (g, h) = Y(g.n). In other words, it defines an
action of GL,, x Gg on g% by Py-module automorphisms. This in turn defines an
action on @r@(v, q") and Grg (v, g") given by

(&) *xy =veny, v eGrap, g
(8. ) xU=ynlU), UeGrp(,q").

Proposition 5.1. The isomorphisms of Theorem 4.4 are GL,, x Gg-equivariant.

Proof. Let (x, 1) — y(x, t) be the map A (v, w)* E) @r@(v, q") of Theorem 4.4.
Fix (x, 1) € A(v, w)*. Recall that for (g, h) € GL,, x G, we have (g, h)*(x, t) =
(hxx, gt). Let V* be the -module corresponding to x. Then” V" is the -module
corresponding to /& x x. We have the commutative diagram

w

q

vl
T

Vx_l>Sw

It follows that the diagram

Y(g.h)
h W __ "% qw
q
V(V j j
b4 b4
th p s¥ Z §W

commutes. By the uniqueness statement in Proposition 4.1, we have

y((g, h)* (x, 1)) = y(h*x,gt) =ymyx, 1) = (g h)*y(x,1),
which proves that the map A (v, w)* = 6@ (v, g¢») is equivariant. The remaining
claim follows from the fact that the isomorphism £(v, w) = Grg (v, g%) is obtained

from the map A (v, w)% 5 §r@(v, q") by taking quotients by GLy . O

5B. Graded/cyclic quiver grassmannians. Fix an abelian reductive subgroup A
and a group homomorphism p : A — GL,, x Gg, defining an action of A on g% by
Po-module automorphisms. The weight space corresponding to A € Hom(A, C*)
is

(5-1) 7" 0) L (v eg” | pla)w) =) Yace A).
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We define
Gry(q")* ={U € Grap(q") | p(a)»U=U Va e A},
Grg (u, ¢")* = Grap(g")* NGrap(u, ¢").
Then for all U € Grp(g™)4, we have the map py : A — GLy, a — p(a)|y. In
other words, py is a representation of A in the category of Py-modules. If p; and
02 are two such representations, we write p; = pp when p; and p; are isomorphic.
That is, p; = p, for p; : A — GLy,, if there exists a p-module isomorphism

£ : Uy — U, such that p, = £p1E~!, where £py&~" denotes the homomorphism
a v Epy(a)e~!. Then, for p; : A — GLy, U a Pyp-module, we define

Grg(p1, ¢")* = (U’ € Grap (™) | pur = p1}.

Note that Grg(p1, ¢*)* depends only on the isomorphism class of p;.
Recall the action of GL,,x Gg on A(V, W) and £(v,w) described in Section 3B
(where we now identify W with s, w = dimg, W). Define
L) =[x, 1] € £, w) | p(@) *[x, 1] =[x, 1]V a € A},
L, w)* = L) N L, w).

Fix a point [x, t] € £(v, w)?. For every a € A, there exists a unique p;(a) € GLy
such that

(5-2) pla)*(x,1) = p; (@) (x,1),

and the map p; : A — GLy is a homomorphism. Let £(p1, w)A C £(v, w)* be the
set of A-fixed points y such that (5-2) holds for some representative (x, ¢) of y.

Theorem 5.2. Let V be a Pog-module and py : A — GLy a group homomorphism.
Then Grg(p1, g)? is isomorphic to £(p1, w)4 as an algebraic variety.

Proof. Choose [x, t] € £(p1, w)A. Let U = y (x, t)(V) be the corresponding point
of Grg (v, g%)4. We want to show that p; = py. Let (g, h) € A and consider the
commutative diagram

Low Y(g.h) qw
V</ L l ‘\”
hys% w w
\% ; K 2 K ; \%

Then py (g, h) = y(g,n)lu- Note that y (x, 1) is an isomorphism when its codomain
is restricted to U and we denote by y (x, 1)~ the inverse of this restriction. We
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claim that p; = p def y(x, 1)~ (y(g,h)ly) y (x, t). It suffices to show that

(hxx,gt)=(g, W) *(x,0)=p "' - (x,1) = (5~ 'xp, 1)
We have

1

P =y, ) Wemlv) My (x, x

=y, )7 W lo)  xy (x, 1)
=y, D7 h* ) Vg l0) "y (x, 1)
=(h*x)y (.7 W lo) "y (x. 1)
=(hxx)p~ ",

0 p~'xp = h*x. Similarly, 15 =ty (x, )" (yemlv) ¥ (x, 1) = gt and we are

done. O

We now restrict to a special case of this construction that has been studied by
Nakajima. In particular, we define GL,, x C*-actions on the quiver grassmannians
corresponding to the actions on quiver varieties described in Section 3B.

For any function m : Q1 — Z such that m(a) = —m(a) for all a € Ql, the
group homomorphism (3-1) defines a GL,, x C*-action on ¢", @r@(v, q%) and
Grg (v, ¢¥) which we again denote by *,,. If A is any abelian reductive subgroup of
GL,, x C*, we can consider the weight decompositions as above. For the remainder
of this section, we fix m = m (see Section 3B). That is, m(a) =0 for all a € Q;.
We also write » for x,,. Recall the definition (5-1) of g*(1). Forx € ®,,, v e g% (A)
and (g, z) € A, we have

P (8, (X V) = Vg hm) (X - V) =27"X - Vg hm(z) (V) =27 "A(g, 2)V.

Thus &, : gV ()) = qg" (7" L), where we write [ "X for the element L(—n) ® A of
Hom(A, C*) and L(—n) = C with C*-module structure given by z-v = z7"v.
Now let (g, z) be a semisimple element of A and define
Gryp(q")®? = {U € Grap(g") | (g, 2)»U = U},
Gry(u, ¢")*? = Grzp(q")? NGy (u, ¢").
The module ¢g* has an eigenspace decomposition with respect to the action of

(8, 2) given by

" =P q"@. ¢"@={veq"”| (g 2)*v=av}

aeC*

Then Grg(g*)©? consists of those U € Grg (g% that are direct sums of subspaces
of the weight spaces g% (a), a € C*. Thus, each U € Grg(g™)¢? inherits a weight
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space decomposition, or C*-grading,

U= U@. Uw@={pel]|(g )*v=av).
aeC*
As above we see that ®,, : gV (a) — g% (az™") and P, : U(a) — U(az™"). We also
regard s* as an A-module via the composition

« Projection
—_—

A= GL, xC GL, = GL;w.

Thus s* also inherits a C*-grading as above. For a Q¢ x C*-graded vector space
V= @ Vg, define the graded dimension (or character)

i€Qo,
c* .
“ char V=Y (dim V; 4) Xi.a € N[X;alicgy. acc>-
i€Qo,
aeCx

Recall that a g-module is equivalent to an Q¢-graded vector space. Thus g%, s¥,
and elements of Gry(¢™)¢? have natural Q¢ x C*-gradings and we can consider
their graded dimensions.

Definition 5.3 (graded/cyclic quiver grassmannian). For a graded dimension
d € N[X; 4lie@y, aecr, define

Grp(d, ¢*) 9 = (U € Gryp(g™)®? | charU = d}.

We call Gry(d, ¢»)®? a cyclic quiver grassmannian if z is a root of unity, and a
graded quiver grassmannian otherwise.

Theorem 5.4. Let V be a Q¢ x C*-graded vector space. For a semisimple element
(g,2) € GL,, x C*, the graded/cyclic quiver grassmannian Grg(char V, g*)&-?
is isomorphic to the lagrangian graded/cylic quiver variety £°*(V, s") defined in
[Nakajima 2004, §4], where s¥ is considered as a Qo x C*-graded vector space as
above.

Proof. This follows immediately from Proposition 5.1 since £°(V, W) is simply
the set of points of £(V, W) fixed by a semisimple element (g, z) of GL,, x C*. [J

Remark 5.5. Nakajima [2004] assumes the quiver Q is of ADE type. However,
the definitions in §4 of that article extend naturally to the more general case.

6. Geometric construction of representations of Kac—Moody algebras and
compatibility with nested quiver grassmannians

Since certain quiver grassmannians are isomorphic to lagrangian Nakajima quiver
varieties, one can translate Nakajima’s geometric construction of representations of
Kac—Moody algebras into the quiver grassmannian setting. Having done this, one
sees that the quiver grassmannian construction is compatible with a natural nesting
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of these varieties—a property which seems to have no analog in the setting of
quiver varieties. One benefit of this nesting compatibility is that it allows one
to always work with quiver grassmannians in finite-dimensional modules, even
though the injective objects g* themselves may be infinite-dimensional (outside
of finite type).

For the remainder of this section, we fix a Kac—-Moody algebra g with symmetric
Cartan matrix and let W be its Weyl group. Let Q = (Qg, Q1) be a quiver whose
underlying graph is the Dynkin graph of g and let % = ?(Q) denote the corre-
sponding path algebra. We also fix a %p-module retract 7 : g — s%, allowing us
to identify Grg (v, ¢*) with £(v, w) as in Theorem 4.4.

6A. Constructible functions. Recall that for a topological space X, a constructible
set is a subset of X that is obtained from open sets by a finite number of the usual set
theoretic operations (complement, union and intersection). A constructible func-
tion on X is a function that is a finite linear combination of characteristic functions
of constructible sets. For a complex variety X, let M (X) denote the C-vector
space of constructible functions on X with values in C. We define M (&) = 0. For
a continuous map p : X — X', define

p M) > MX), (P fHx)=f(pkx), [f'eMX)

and

piMX) > MX), (pfHx) =) ax(p” N f@), feMX),

aeQ

where x denotes the Euler characteristic of cohomology with compact support.

Lemma 6.1. Suppose X is a constructible subset of a topological space Y and let
t: X — Y be the inclusion map. Then

Q) *(f) = flx for f € M(Y), and
(ii) for f € M(X), vu(f) is the extension of f by zero. That is,

fx) ifxeX,

“(f)(x):{o ifxeY\X.

The proof is straightforward and will be omitted.

6B. Raising and lowering operators. Let V be aP-module. For u, u’ e NQ( with
u<u'(ie,u=7) wuiiandu =7 ui where u; <u; foralli e Qo), define

(6-1) Gry(u, u', V) ={(U,U") € Gryp(u, V) x Grg(u', V) | U S U'},
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and let
Gryp(u, V) & Grypu, u', V) > Grp @', V)
be the natural projections given by 7y (U, U’) = U and 7, (U, U") = U’. For each
i € I, define the operators
Ei: M@Grpu+i, V)= M(Grpu, V), Eif =@} f).

(6-2) .
it M(Grep(u, V) > MGrp(u+i, V), Fif=@@irif),

>

where the maps 71 and 75 are as in (6-1) with u’' = u + 1.
6C. Compatibility with nested quiver grassmannians. Suppose V| C V, are P-
modules. Then we have the commutative diagram

T[l 711
Gry(u, Vi) ~—— Grg(u, u', Vi) —— Gy, V1)

bu buu! Ly

7? n?

Gry (u, Va) ~—— Grg(u, u', Vo) —— Gryp (', V»)

where ¢,, t,» and ¢, , denote the canonical inclusions. Denote by EAIJ and ﬁi/ ,
J =1, 2, the operators defined in (6-2) for V = V;.

Proposition 6.2. We have
1) Eil =10 Elz o (ty+i), and
(i) Fl' =, 0F?o ).

Proof. Let u' = u + i. By linearity, it suffices to prove the first statement for
functions of the form 1y where X is a constructible subset of Grg(u’, Vi). Then
(tw )1 1x = 1x, where on the right-hand side, X is viewed as a subset of Grg (u’, V>).
We have

()" 0 () lx = ()" Lx = Lz2)1(x)
and
(Lu,u/)!(ﬂzl)*lx = (Lu,u/)!l(ﬂzl)fl(x) = 1(7r21)*1(X)‘

Since X C Grg(u’, V1), we have (nzz)_l(X) = (7121)_1 (X) and thus

(T3 * o (L)l x = Ly o () *1x.

Therefore
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o Eo (tunly =1 o ()0 () * o ()ilx

=13 o (TPro (uu)ro (my)*1x
=5 o ({0t )0 (my)*1x
=0 o(ly 0771)' o(nz) 1x
=0 (o ()0 () 1y

= ()10 (my))*1x

= E] 1y,

where the sixth equality holds since ¢} o (¢,): is the identity on M (Grg(u, V1)).
We now prove the second statement. Again, it suffices to prove it for functions

of the form 1x where X is a constructible subset of Grg(u, V1). Now, for U €
Grg(u’, V1), we have

o o (i) 1x(U) =y o (3)10 (1) * 0 (L)1 1x (U)
=0 (712)1 o (rrl) 1x(U)
=10 (712)1 o l(ﬂz),l(x)(U)

=x (@D W)N@EDH (X))
=Mmgwwmmﬁwm)
= ()] (100 (V)
= ()10 (m})*1x (V)
= F1x (),
where the fifth equality holds since U € Grg (u’, V7). O

It follows from Proposition 4.12 that the Demazure quiver grassmannians stabi-
lize in the following sense.

Corollary 6.3. For u, w € NQy, there exists o € W, such that Grg (v, q“”"/) is
isomorphic to £(v, w) forall o' > o.

Proof. 1t follows from [Savage 2006d, Proposition 6.1] that there exists a 0 € W
such that Grg (v, ¢*%) = £, (v, w) = £(v, w). It follows from the same proposi-
tion that for o’ > o, we have £,/ (v, w) = £(v, w). The result then follows from
Proposition 4.12. O

Corollary 6.4. For v, w € NQy, let o”* € W be minimal among the o € W' such
that Grg (v, g*°%) is isomorphic to £(v, w). Then Gry(v, g*?) = Gra (v, g%) for
all o = o¥". In particular, every submodule of the injective module q* of graded
dimension v is a submodule of ¢"° for o > o¥".
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Remark 6.5. In the case when g is of finite type, we can take 0 = oy, where
oo is the longest element of the Weyl group. Then Grg (v, g*) is isomorphic to
Grg (v, g°) for all v € NQy.

Lemma 6.6. Suppose w, v, v’ € NQg withv <v' and o € W. Then the diagram

Grop(v, ¢¥°) <—— Grp(v, v/, ¢¥*°) —— Gryp(v/, ¢"*°)

T 2

Grp (v, ¢™)

Grp (v, v', g")

!/
Gryp(V', ¢")
. . . ’
commutes, where the vertical arrows are the natural inclusions. Ifo > oV, 0" ",
then the vertical arrow are isomorphisms.

Proof. This follows immediately from Corollary 6.4. U
6D. Quiver grassmannian realization of representations. For eachi € I, define
(6-3) Hi : M(Grp (v, ¢*)) - M(Grp(v,q")), Hif=w—Cv);f,

where C is the Cartan matrix of g. Also, in the special case when V = g™ for some
w, we denote the operators E; and F; by E; and F; respectively.

Proposition 6.7. The operators E;, F;, H; define an action of g on
D M (Grg(u, g")).
u

Proof. Throughout this proof, for varieties X and Y, the notation X = Y means
that X and Y are homeomorphic. In [Nakajima 1994, §10], Nakajima defines the
variety

S, w; i) € Fw, w; i)/GLy,

where
S, w; i) ={(x,1,Z) | x,t) e A(V, W), ZCV, x(Z)C Z, dimZ =v —i}.
Using the homeomorphism of Theorem 4.4, we have
S, w; D =((y, 2) |y €Grap(v,¢¥), ZCV, dmZ=v—i, P-y(2)) S y(2))}.
The map from the set

{.2) |y €Grp(v.q™), ZCS V., dimZ=v—i, P-y(Z) S y(2)}
into Grg (v — i, v, g*) given by

v, Z) = (v(2),y(V))
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is a principal GLy-bundle and thus

S, w; i)
=§(v, w; i)/GLy
={(y,2) |y €Grap(v,q”), ZCV, dmZ =v—i, P -y(Z) C y(Z)}/GLy
=Grgp(u —i,u,q").

Therefore, the following diagram commutes:

Gryp (v —1i, ¢%) =~ Grgp(v —i, v, ¢*) = Gryp (v, g*)

(6-4) l; l; l;

L —i, w) ~——— F, wi i) ——= L(v, w)
where the maps 71 and 7, appearing on the bottom row are described in §10 of
[Nakajima 1994]. The result then follows immediately from Proposition 10.12 of
the same reference. ([

Let U(g)~ be the lower half of the enveloping algebra of g. Let o be the constant
function on Grg (0, g¥') with value 1 and let

(6-5) Ly S U@ oS @ MGra(v.q")),

(6-6) L) € M(Grp. ") N Ly,

Theorem 6.8. The operators E;, F;, H; preserve Ly, and L, is isomorphic to the
irreducible highest-weight integrable representation of g with highest weight w,,.
The summand L., (v) in the decomposition L,, = @, L., (v) is a weight space with
weight wy, — ay.

Proof. In light of the commutative diagram (6-4), the result follows immediately
from [Nakajima 1994, Theorem 10.14]. U

Remark 6.9. It follows from Proposition 6.2 and Lemma 6.6 that we can always
work with Grg (v, ¢*>?) for large enough o. Therefore, we can avoid quiver grass-
mannians in infinite-dimensional injectives if desired.

From the realization of irreducible highest-weight representations given in Theo-
rem 6.8, we obtain some natural automorphisms of these representations. Recall
from Definition 2.16 the natural action of Auty g% on Grg (v, g¥') for any v given
by (g, V) — g(V). This induces an action on &, M (Grgp (v, g")) given by

& ) fog™', fe@PMGr®,q"), gecAutyqy.
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This action clearly commutes with the operators E; and F; and thus induces an
action on L. Such actions do not seem to be clear in the original quiver variety
picture. Similar actions were considered in [Lusztig 2000, §1.22] in the case when
Q is of finite type.

7. Relation to Lusztig’s grassmannian realization

Lusztig [1998; 2000] gave a grassmannian type realization of the lagrangian Naka-
jima quiver varieties inside the projective modules p". In the case when Q is a
quiver of finite type, the injective hulls of the simple objects are also projective cov-
ers (of different simple objects). Thus, Lusztig’s and our construction are closely
related. In this section, we extend Lusztig’s construction to give a realization of the
Demazure quiver varieties. We then give a precise relationship between his con-
struction and ours in the finite type case. We will see that the natural identification
of the two constructions corresponds to the Chevalley involution on the level of
representations of the Lie algebra g associated to our quiver.

7TA. Lusztig’s construction and Demazure quiver varieties.

Definition 7.1. For V € %-Mod, define
Gryp(V) = {U € Grgp(V) | P, -V C U for some n € N}.

In other words, GI‘@(V) consists of all -submodules of V' such that the quotient
V /U is nilpotent. For u € NQ, we define

Gryp(u, V) ={U € Grgp(V) | dimg,(V/U) = u}.

Proposition 7.2. Fix v, w € NQg. Then £(v, w) is isomorphic to Grgp(v, pY) as
an algebraic variety.

Proof. This is proven in Corollary 3.2 of [Shipman 2010]. Note that, in that article,
a different stability condition is used in the definition of £(v, w). However, it is
well-known that the different stability conditions give rise to isomorphic varieties.
We refer the reader to [Nakajima 1996] for a discussion of various stability condi-
tions. U

Proposition 7.3. For v € NQy, the following statements are equivalent:
(1) v is w-extremal.

(1) L£(v, w) consists of a single point.

(i11) Grgp (v, p¥) consists of a single point.

(iv) There is a unique P-submodule V of p* of codimension v such that p*/V is
nilpotent.
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Proof. The equivalence of (i) and (ii) is given in [Savage 2006d, Proposition 5.1].
The equivalence of (ii) and (iii) follows from Proposition 7.2. Finally, the equiva-
lence of (iii) and (iv) follows directly from Definition 7.1 U

Definition 7.4. For o € W, we let p*»° denote the unique submodule of p¥ of
graded codimension o -, 0 and define

Grg,, (v, p*) ={V € Grp(v, p*) | p*° C V).

Proposition 7.5. Fix 0 € W and v, w € NQg. Then G~rQ,g (v, p*) is isomorphic
to the Demazure quiver variety £, (v, w).

Proof. This follows directly from Definitions 3.5 and 7.4 and Proposition 7.2. [

7B. Relation between the projective and injective constructions. We now sup-
pose Q is of finite type and let g be the Kac—-Moody algebra whose Dynkin diagram
is the underlying graph of Q. Let o be the longest element of the Weyl group of
g. There is a unique Dynkin diagram automorphism 6 such that —wo(c;) = ().
Extend 6 to an automorphism of the root lattice &P, c0, L by linearly extending
the map o; — o). We also have an involution of NQy given by w — 6 (w) where
O(w); = we().

Definition 7.6 (Chevalley involution). The Chevalley involution ¢ of g is given by

C(E))=F;, (¢((F)=E;, ((H)=—H,:.

For any representation V of g, let ¢V be the representation with the same under-
lying vector space as V, but with the action of g twisted by ¢{. More precisely, the
g-action on * V is given by (a, v) — ¢(a) - v.

For a dominant weight A of g, let L, denote the corresponding irreducible
highest-weight representation and let v, be a highest weight vector. Recall that an
isomorphism of irreducible representations is uniquely determined by the image of
v;. The following lemma is well known.

Lemma 7.7. The lowest weight of L), is og(A) = —0(L). If v_g()) denotes a lowest
weight vector, then the map v; — v_g(;) induces an isomorphism L, = Lo).

Lemma 7.8. We have dimg, p* = dimg, g" = 00 -y, 0.

Proof. Since the lowest weight of the representation L(w) is og(w), the result
follows immediately from Theorem 4.4 and Proposition 7.2. U

Lemma 7.9. For w € NQg, we have 0¢ -, 0 = 0609w 0. Furthermore, 6 (0q-,,0) =
o0 w 0.

Proof. Let v =00, 0. Then oy, = wy — 0p(wy) = wy + O(wy,) and the results
follow easily from the fact that #2 = Id. (]

Proposition 7.10. If Q is a quiver of finite type and w € NQy, then p* = ¢q%™).
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Proof. Since p* =@, (p)®" and ¢* = P, (¢") ", it suffices to prove the
result for w equal to i for arbitrary i € Qy.

Let v = 09 -,y 0 = dimg, p’. In the geometric realization of crystals via quiver
varieties [Saito 2002], the point Gr@(v, p¥) = £(v, w) corresponds to the lowest
weight element of the crystal B,,. The lowest weight of the representation L,
is op(w;) = —wp(;). Therefore, it follows from the geometric description of the
crystals that dimg, socle p' = 6(i). By Lemmas 7.8 and 7.9, we have

diInQ0 pi =00 w 0= 00 *6(w) 0= dimQO qe(i).

Thus, by Proposition 4.9, we have p' = ¢%@. O
Corollary 7.11. Suppose Q is a quiver of finite type, w € NQy, and o € W. Then
qw,a ~ pG(w),aao‘

Proof. Let T = 0oy (and so 0 = 70yp). In light of Propositions 4.9, 7.3 and 7.10
and Definitions 4.10 and 7.4, it suffices to prove that the codimension of g in
qw 1S T *6(w) 0.

Let y =7 -gw) 0, so that 7(0(w)) = 6(w) — ay, that is,

ay =0(w) — (@ (w)).
Next, let
v=dimg,¢” =00, 0 and u=dimgp,q"’ =0 -,0,
which implies op(w) = w — «, and o (w) = w — «,,. Then

D (i—upey = —oo(w) + o (w) = 0(w) + top(w) = 0(w) — T(O(w)),
i€Qo

and so y = v — u as desired. [l

Proposition 7.12. If Q is a quiver of finite type, then
Grp(u, ¢*) = Gryp (00 -w 0) — u, p?™).

Proof. Let (x, V) be the quiver representation corresponding to the #-module g%
and let v =dimg,V = 0¢ -, 0. By Proposition 7.10, (x, V') also corresponds to the
%-module p?™. By Remark 2.10, %, - p* = 0 for sufficiently large n. Therefore
Gryp(u,q")={UCV |x(U)CU, dimU = u}
={UCV|x(U)CU, dimgp,V/U =v —u}
>~ Gryp(v —u, p’™). O
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By Proposition 7.12, we have

(7-1) L, wy<~—24L—Gry (u, ™) = Groy (60 - 0) — u, p?™)
Yo (QuuO—t) 0 (5 -, 0) — u, B(w)),

where ¢,, («) is the isomorphism of Theorem 4.4 (see Corollary A.6), and ¥y (1)
is the isomorphism of Proposition 7.2. Define

$uw = (Puw @)y : Gre(q") — | L(u, w),

Y = Wu @)y : Gra(p™) = || L(u, w).
u
Theorem 7.13. The isomorphism gy o ¢, Uinduces the involution ¢. More pre-

cisely, we have a o (o) © ¢ujl)* = (Vo) © q’;;l)* o¢(a), a € g, as operators on
Ly, where (Yigw) o ¢y, )* denotes the pullback of functions along Vg o ¢,

Proof. For u, u’ € NQy, define
Gro(u, u', p"™) = (U, U") € Gra(u, p°™) x Gra (', p*™) | U' C U).
The map V() induces a isomorphism
Gro (u, u', p?™) g Su, O(w); u—u')

for all u, u’ € NQg and we will also denote this collection of isomorphisms by
Yow)- Then we have the commutative diagram

s 2

S(M_i’ w) ‘S(ua w; l) 2(”7 w)
dw | = duw | = duw | =
. ] . )
Gr@’(u_l7 qw) Gr@(u—l, M,qw) Gr@(u’ qw)
3 . ) 2 g 3 0 (w)
Grg ((00-w0)—(u—i), p”™*’) E Grg ((00-w0)—u, p”*”)
‘//H(w) = W(w) = 1/19(11;) =

£((00-w0) —(u—i), B(w)) <— F(00-w0) =1, B(w); i) > L£((00-w0)—u, 6(w))

where & = Gryp ((00 - 0) — u, (00 - 0) — (u — i), p?™). It follows that, for f in
@D, M(L(u, w)), we have

Ei o (Yo 0Py ) (f) = Wow) 0 9y ) o Fi(f),
Fi o (Wo) 0 by ) (f) = Yo 0 py)* 0 Ei ().
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Furthermore, (Y (w)o @, Iyx maps the constant function on £(0, w) with value one
to the constant function on £(og -, 0, 6 (w)) with value one. The result follows. [

Remark 7.14. Note that the middle isomorphism in (7-1) depends on our iden-
tification of ¢ and p?™). The isomorphism ¢, (1) also depends on our fixed
retract 7 : ¢ — s*. By Proposition 4.1, all such choices are related by the
natural action of Autg g*; see Definition 2.16. A similar group action appears
in the identification of Gry (o9 - 0) — u, p?™) with £((cg v 0) — u, H(w)); see
[Lusztig 2000]. Via the isomorphisms ¢, («), the group Autg g* acts on the space
of constructible functions on | |, £(v, w) and L,, is a subspace of the space of
invariant functions. The pullback (g © gb;l)* acting on the space of invariant
functions is independent of the choice of m and the chosen identification of g%
with p?®),

Appendix: Isomorphisms of varieties

After an earlier version of the current paper was released [Savage and Tingley
2009], Shipman proved [2010] that the grassmannian type varieties Grg (v, p*)
defined by Lusztig are indeed isomorphic as algebraic varieties to the lagrangian
Nakajima quiver varieties £(v, w). A simple “duality” map gives an isomorphism
of varieties between the quiver grassmannian Grg (v, ¢") and Gr@ (v, p*). The
purpose of this appendix is to describe this map precisely, and from there to con-
clude that the map from Grg (v, g*) to £(v, w) constructed in Theorem 4.4 is in
fact an isomorphism of algebraic varieties. An alternative approach (not pursued
here) would be an injective version of the argument of [Shipman 2010] that would
directly show that Grg (v, ¢¥) is isomorphic to £(v, w).
Let i € Qg and fix a nondegenerate bilinear pairing

(«, )8t xs' > C,

and a retract 7 : ¢ — s’ of Po-modules. For a path 8 = a; - - - a, in the double
quiver Q, let

(A-1) B =ay---a

be the reverse path. Extending by linearity, this defines an algebra anti-involution
of CQ that induces an algebra anti-involution of %. Then define a bilinear pairing

(A-2) (-.):@'xp'—>C, (v, Be)=(T(B"v), €)yi.
Forn >0, let
ph=P5,e: Cp',
gy={veq | P, v=0={veg | P, v=0},
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where the last equality holds since §' contains all nilpotent elements of g’ by
Lemma 4.14. Note that each ¢! is finite-dimensional. We have the obvious inclu-
sions

4G SdiSa S,
and it follows from Lemma 4.14 and Theorem 4.15 that §' = U, g'. Ttis clear
from the definitions that

(qfl, pLH) =0, foralln>0.
Thus we have the induced bilinear pairing on g/ x (p*/p, ).
Lemma A.1. The pairing
(~,)iqyx(p'/ph) —>C
is nondegenerate.

Proof. Since g! is nilpotent of degree n and has socle s’, for all nonzero v € ¢/,
there exists 8 € P, such that 0 # B-v € s'. Then (v, BVe;) #0. Thus, it suffices to
show that dim(pi/pfl+1) <dimg!. Now, (pi/p;+1)* is naturally a right ?-module.
Via the anti-involution (A-1), this becomes a nilpotent left %-module with socle
s'. Therefore, by Proposition 4.1, (p'/ p,i 4+1)" injects into g'. Tt is clear that the
image of this injection is contained in g, and thus the result follows since g,, is
finite-dimensional. U

We then have the following corollary, whose proof is immediate.

Corollary A.2. The pairing (A-2) is nondegenerate. Furthermore,
g' ={f eHome(p', C) | fl,; = 0forn>>0}
as P-modules, where the P-module structure on the right-hand side is given by
B-fHW) =B v,
forBe®, vep,and f' € {f € Homc(p', C) | flpi =0forn>0}.

Remark A.3. One should compare this result to Definition 2.7 and Lemma 2.8 in
finite type.

Recall that, for w =), w;i € NQy, we have
s"=@PeHe, pr=PrHe. " =aEH*.
i i i

By declaring distinct summands to be orthogonal, we have a nondegenerate bilinear
pairing

(A-3) (-,):G" x p¥ — C.
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For a subspace U of g%, define the subspace

Ut={vep”| (v, v)=0forallv' € U}
of p¥. Similarly, for a subspace U of p¥, define the subspace U+ of G¥.
Proposition A.4. For U € Grg (v, gV'), we have Ute Grgp(v, pY), and the map

Gryp(v,§") - Grap (v, p*), U U™,
is an isomorphism of algebraic varieties.

Proof. 1t follows from the definition of the pairing (A-3) that U is a submod-
ule of §¥ if and only if U' is a submodule of p*. Also, note that U C ¥ is
finite-dimensional if and only if U C g,” for some n. Therefore, it follows from
Lemma A.1 that the maps U — U+ (in either direction) are mutually inverse bijec-
tions between Grg (v, g%') and Gr@p(v, p"). Since these maps are clearly algebraic,

the result follows. O

Theorem A.5. The quiver grassmannian Grg (v, g%') is isomorphic to the lagran-
gian Nakajima quiver variety £(v, w) as an algebraic variety.

Proof. This follows from the isomorphisms of algebraic varieties
Gro(v. ¢*) = Gra (v, §") = Gra (v, p*) = L(v, w).

Recall that all finite-dimensional submodules of ¢ are submodules of g*. This
gives the first equality. The first isomorphism is Proposition A.4 and the second is
Proposition 7.2. U

Corollary A.6. The map t : Grg (v, g%¥) — L£(v, w) of Theorem 4.4 is an isomor-
phism of algebraic varieties.

Proof. By Theorem A.5, we know that Grg (v, ¢") and £(v, w) are isomorphic
as algebraic varieties. Since 7 is a bijective algebraic map by Theorem 4.4, the
result follows by [Kaliman 2005, Lemma 1] (while the result there is stated for
irreducible varieties, the proof applies to reducible ones — the only difference is
that the normalization is now a disjoint union of components). U
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NONAUTONOMOUS SECOND ORDER
HAMILTONIAN SYSTEMS

MARTIN SCHECHTER

We study the existence of periodic solutions for a second order nonautono-
mous dynamical system. We make no assumptions on the gradient other
than continuity. This allows both sublinear and superlinear problems. We
also study the existence of nonconstant solutions.

1. Introduction

We consider the following problem. One wishes to solve

(1-1) —X(1) =V, V (1, x(1)),

where

(1-2) x(1) = (x1(1), ..., %, (1))

isamap from / =[0, T'] to R" such that each component x (¢) is a periodic function
in H! with period T, and the function V (¢, x) = V (¢, x1, ..., x,) is continuous

from R"*! to R with
(1-3) V.Vt x) = @V/dx1,...,0V/dx,) € CR"™, R").

For each x € R", the function V (¢, x) is periodic in ¢ with period 7.

We shall study this problem under several sets of assumptions. First, we make
no assumption on V, V (¢, x) other than (1-3). This allows both sublinear and su-
perlinear problems.

Theorem 1.1. Assume:

(1) The function V satisfies
T
05/ V(t,x)dt — oo as|x| — oo, x € R".
0

MSC2000: 3520, 35125, 47130, 49140, 58E05.
Keywords: Hamiltonian, second order, nonautonomous, critical point, linking, dynamical system,
periodic solution.
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(2) There are positive constants «, m such that
T
/ Vt,x)dt <a, |x|<m, xeR".
0

Then the system
(1-4) —X(t) =BV, V (1, x(1))

has a solution for almost all values of B satisfying B < 6m?/aT. If, in addition,
there are a constant y > 0 and a function W (t) € L'(I) such that

Vi, x) zylx P = W),
then the system (1-4) has a nonconstant solution for almost all B satisfying

2 2
2L<[3<6£.
yT?2 =" = aT

Corollary 1.2. Assume:
(1) The function V satisfies

T
05/ V(t,x)dt — oo as|x| — oo, x € R".
0

(2) There are positive constants o, m such that
Vit,x)<a, |x|<m, xecR"

Then the system (1-4) has a solution for almost all values of B satisfying 0 < g <
6m?/aT?.

Theorem 1.3. Assume:

(1) The function V satisfies
T
05/ V(t,x)dt — oo as|x| — oo, x € R".
0
(2) There is a constant q > 2 such that
Vi, x) <C(x|9+1), rel, xeR".
(3) there are constants m > 0, a > 0 such that
Vt,x)<alx]®, |x|<m, tel, xeR".

Then the system (1-4) has a solution for almost all B satisfying 0 < g <2m*/aT>.
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Theorem 1.4. Assume:

(1) The function V satisfies
T
05/ V(t,x)dt — oo as|x| — oo, x € R".
0

(2) There are a constant o > 0 and a function W (t) € L'(I) such that
Vit,x) <alx|*+ W), tel, xeR"

Then the system (1-4) has a solution for almost all 0 < B < 27*/aT?. If we assume
B := / W(t)dt <0,
I

then (1-4) has a nonconstant solution for almost all such B.
Theorem 1.5. The conclusions of Theorem 1.4 are valid if we replace condition
(2) with:
(2)) There is a constant a > 0 such that
T

sup / V(t,x)dt <am®>+ B foreverym >0,

|x|<m JO
and require 0 <  <6/uaT.

The advantage of these theorems is that we obtain solutions under very weak
hypotheses. In fact, we make no assumption on V, V (¢, x) other than (1-3). The
disadvantage is that we do not obtain a solution for any particular value of 8. If
we wish to prove existence for every such 8, we will have to make assumptions
concerning V, V (t, x) as well. We now present additional hypotheses which guar-
antee existence of solutions for all values of g in the given intervals. We do this
for Theorems 1.1 and 1.3. The hypotheses are:

(1) 0< V(t,x)/|x|*> = oo as |x]| = oo.
(2) There are a constant C and a function W (¢) € L'(I) such that
H(,0x) <CH@E,x)+W(), 0<6<l,tel, xeR",

where
H(t,x) =V, V({t,x) -x—=2V(t, x).

Theorem 1.6. Assume:
(1) 0<V(t, x)/|x|*> = oo as |x| = oo.

(2) There are positive constants o, m such that

T
/V(t,x)dtfoz, x| <m, x e R".
0
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(3) There are a constant C and a function W (t) € L'(I) such that
H(t,0x)<CH(t,x)+W(@), 0<6<l,rel, xeR".
Then the system (1-4) has a solution for all values of B satisfying 0 < g < 6m?/aT.
Theorem 1.7. Assume:
(1) 0 < V(t, x)/|x|*> = oo as |x| = oo.
(2) There is a constant q > 2 such that
Vi, x) <C(x|9+1), tel, xeR".
(3) There are constants m > 0, o > 0 such that
Vit,x)<a|x|?, |x|<m, tel, xeR"
(4) There are a constant C and a function W (t) € L' (I) such that
H(@0x)<CH@,x)+W@k), 0<6<l,tel, xeR".

Then the system (1-4) has a solution for all B satisfying 0 < g < 27%/aT>.

The periodic nonautonomous problem
(1-5) X(1) =V V(t, x(1)

has an extensive history in the case of singular systems (see, for example, [Am-
brosetti and Coti Zelati 1993]). The first to consider it for potentials satisfying
(1-3) were Berger and the author [1977]. We proved the existence of solutions to
(1-4) under the condition that

V(t,x) > o0 as|x|— o0

uniformly for a.e. r € I. Subsequently, Willem [1981], Mawhin [1987], Mawhin
and Willem [1989], Tang [1995; 1998], Tang and Wu [1999; 2001; 2002] and
others (see the references therein) proved existence under various conditions.

The periodic problem (1-1) was studied by Mawhin and Willem [1986; 1989],
Long [1995], Tang and Wu [2003] and others. Tang and Wu [2003] proved exis-
tence of solutions of problem (1-1) under the following hypotheses:

(D V(t, x) — oo as |x| = oo uniformly for a.e. t € I.
(II) There exist a € C(R*, RT), b e L'(0, T, RT) such that

[V(t, x)|+|VV(t,x)| <a(|x])b(t) forall x e R" and a.e.t €[0, T].

and the superquadraticity condition:
(IIT) There exist 0 < u <2, M > 0 such that

V(t,x)>0, H,:=VV(t,x)x—uV(t,x)<0 forall |[x| >M andae.re[0,T].
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Rabinowitz [1980] proved existence under stronger hypotheses. In particular, in
place of (I), he assumed:

(I') There exist constants a;, a, > 0, o > 1 such that
V(t,x)>a|x|"+a, forallx e R* andae.tr€[0,T]

In place of (III), he assumed:
(IIT') There exist 0 < u < 2, M > 0 such that

0<VV({Et,x)-x <uV(t,x) forall |x| >M anda.e.r [0, T].

Mawhin and Willem [1986] proved existence for the case of convex potentials,
while Long [1995] studied the problem for even potentials. They assumed that
V (¢, x) is subquadratic in the sense that

there exist az < 27/ T)? and a4 such that
|V (t,x)| <asz|x|*>+ay forall x € R” and a.e. 1 € [0, T].

Mawhin and Willem [1989] also studied the problem for a bounded nonlinearity.
Tang and Wu [2003] also proved existence of solutions if one replaces (I) with

T
/ V(t,x)dt —> oo as|x| —> o0
0

and V(z, x) is y-subadditive with y > 0 for a.e. t € [0, T]. All of these authors
studied only the existence of solutions.

All of the results mentioned above concerned the existence of solutions, which
might be constants. Little was done concerning nonconstant solutions of problem
(1-1). For the homogeneous case, Ben-Naoum, Troestler and Willem [Ben-Naoum
et al. 1994] proved the existence of a nonconstant solution. For the case T = 2w,
Theorem 1.7, with substantially stronger hypotheses, was proved by Nirenberg;
see [Ekeland and Ghoussoub 2002]. Among other things, they assumed

V(ix) <505, X< reR xeR",
2
and the superquadraticity condition
V(t,x)>0, H,(t,x) <0, [x|>C, teR, xeR",
for some u > 2, which implies our hypotheses, and
V(it,x)>Clx|*-=C', xeR", C>0,

among other things. These results were generalized in [Schechter 2006a; 2006b].
Further results, involving some of the hypotheses used in these last two papers,
were obtained in [Wang et al. 2009].
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We shall prove Theorems 1.1-1.5 in Section 5, and Theorems 1.6 and 1.7 in
Section 7. We use linking and sandwich methods of critical point theory and
then apply the monotonicity trick introduced by Struwe [1988; 1996] for mini-
mization problems. (This trick was also used by others to solve Landesman—Lazer
type problems, for bifurcation problems, for Hamiltonian systems and Schrédinger
equations.)

Jeanjean [1999] shows that for a specific class of functionals having a mountain-
pass (MP) geometry, almost every functional in this class has a bounded Palais—
Smale sequence at the (MP) level. This theorem is used to obtain, for a given
functional, a special Palais—Smale sequence possessing extra properties that help
to ensure its convergence. Subsequently, these abstract results are applied to prove
the existence of a positive solution for a problem of the form (P) —Au + Ku =
f(x,u),ue H I(RN), K > 0. He assumed that the functional associated to (P) has
an (MP) geometry. His results cover the case where the nonlinearity f satisfies
() f(x,s)s ! = a e (0,00] as s = +oo and (ii) f(x, s)s~! is nondecreasing as
a function of s > 0, a.e. x € RV.

Here, we obtain a bounded Palais—Smale sequences for functionals that need
not have (MP) geometry. We then apply the theory to situations in which the (MP)
geometry is not present. In particular, we apply it to situations where there is
linking without the (MP) geometry. We also apply it to situations in which there
are sandwich pairs which do not link.

The theory of sandwich pairs began in [Silva 1991; Schechter 1992; 1993] and
was developed in subsequent publications such as [Schechter 2008; 2009].

2. Flows

Let E be a Banach space, and let ¥ be the set of all continuous maps o = o (¢)
from E x [0, 1] to E such that

(1) o(0) is the identity map,

(2) for each t € [0, 1], o (¢) is a homeomorphism of E onto E,
(3) o’(¢t) is piecewise continuous on [0,1] and satisfies

2-1) lo’(t)u| < constant, u € E.

The mappings in X are called flows.

Remark 2.1. If o1, o0y are in X, define 03 = 01 0 03 by

o1(2s) if 0<s <1,
o3(s) = o1
02(2s — Doy(1) if 3 <s <1.

Then o100y € .
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3. Sandwich systems

Let E be a Banach space. Define a nonempty collection 3 of nonempty subsets
K C E to be a sandwich system if 3 has the following property:

c()Ke¥H, oex, Kel.

Theorem 3.1. Let ¥ be a sandwich system, and let G (u) be a C' functional on E.
Define

3-1 = inf G
S @:= jatsup G

and assume that a is finite. Assume, in addition, that there is a constant Cy such
that for each § > 0 there is a K € ¥ satisfying

(3-2) supg G <a+34,

such that the inequality

(3-3) Gu)>=a—-68, uek,

implies ||u|| < Co. Then there is a bounded sequence {u} C E such that
(3-4) G(up) =~ a, |G (up)ll — 0.

Theorem 3.2. Let ¥ be a sandwich system, and let G (u) be a C' functional on E.
Assume that there are subsets A, B of E such that

(3-5) ap:=supy, G <00, by:=infp G > —o0,
A e ¥ and
(3-6) BNK #2, KeX.

Assume, in addition, that there is a constant Cy such that for each § > 0 there is
a K € X satisfying (3-2) such that the inequality (3-3) implies ||u|| < Co. Then
the value a given by (3-1) satisfies by < a < ag and there is a bounded sequence
{ur} C E such that

(-7 Gu) —~a, |Gyl — 0.

Definition 3.3. We shall say that sets A, B in E form a sandwich pair if A is a
member of a sandwich system J{ and B satisfies (3-6).

Theorem 3.4. Let N be a finite dimensional subspace of a Banach space E, and
let p be any point of N. Let F be a continuous map of E onto N such that F = 1
on N. Then A = N and B = F~'(p) form a sandwich pair.
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Corollary 3.5. Let N be a closed subspace of a Hilbert space E and let M = N*.
Assume that at least one of the subspaces M, N is finite dimensional. Then M, N
form a sandwich pair.

Corollary 3.6. Let N be a finite dimensional subspace of a Hilbert space E with
complement M' = M @ {vp}, where vy is an element in E having unit norm, and let
8 be any positive number. Let ¢(t) € C'(R) be such that

0<p@®) =1L, ¢0)=1 and ¢@)=0, |t]=1.
Let
(3-8) Flv+w+svy) =v+ (S +4 —8(p(||w||2/82))vo, veN,weM, seR.
Then A= N'= N @ {vo} and B = F~'(8vo) form a sandwich pair.
Proof. One checks that the mapping F given by (3-8) satisfies the hypotheses of
Theorem 3.4 for N'. U
4. The parameter problem

Let E be areflexive Banach space with norm ||-||, and let A, B be two closed subsets
of E. Suppose that G € ¢! (E, R) is of the form G (u) := I (u) — J (u), u € E, where
I, J € ¢'(E, R) map bounded sets to bounded sets. Define

Gy(u)y=AI(u)—Jm), reA,

where A is an open interval contained in (0, +00). Assume one of the following
alternatives holds.

(H)) I(u) >0forallu € E and I (1) +|J (u)|] — oo as |lu|| — oo.
(Hy) I(u) <O0forallu € E and |I(u)|+ |J(u)| = oo as |u|| — oc.
Furthermore, we suppose that X is a sandwich system satisfying
(H3) a(A) :=infgey supg G, is finite for each A € A.

Theorem 4.1. Assume that (H,) (or (H»)) and (H3) hold.

(1) For almost all \ € A there exists a constant ko(A) := ko (depending only on )\)
such that for each 5 > 0 there exists a K € X such that

supg G, <a(i) 44,
4-1) lul| <kp whenever u € K and G, (u)>a(r)—34.

(2) For almost all A € A there exists a bounded sequence uy()\) € E such that

G (u)ll = 0, G (ug) = a(ir) = Iirg{supl( G, ask— oo.
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Corollary 4.2. The conclusions of Theorem 4.1 hold if we replace Hypothesis (H3)
with:
(H;) There is a sandwich pair A, B such that for each A € A,
4-2) ap:=sup, G, <oo, by:=infp G, > —o0.

Corollary 4.3. The conclusions of Theorem 4.1 hold if we replace Hypothesis (H3)
with:

(HY) There are sets A, B such that A links B and for each ) € A,

(4-3) ap:=sup, G <bg:=infp G,.

5. Proofs of the theorems

We now give the proof of Theorem 1.4.

Proof. Let X be the set of vector functions x(f) described above. It is a Hilbert
space with norm satisfying

n
2 2
EFEDEA S
j=1
We also write

n
2 2
e ll? = 117,
j=1

where || - || is the L?(I) norm.
Let

N ={x(t) € X : x;(t) = constant for 1 < j < n},

and set M = N1. The dimension of N is n, and X = M @ N. See, for example,
[Mawhin and Willem 1989, Proposition 1.3] for details on the following lemma.

Lemma 5.1. Ifx € M, then

2 _ T .2 T ..
I3 < 1517 and ¥l < -1
Define
(5-1) G(x) = ||)%||2—2/ Vi, x@)dt, xeX.
I

For each x € X write x = v+ w, where v e N, w € M. For convenience, we shall
follow [Mawhin and Willem 1989] and use the equivalent norm for X:

2 =12 2
Ixl% = Nlwll” + [lv]I”
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Let
100 = 412, J(x)=2/va,x<r>>dr.
1

By Hypothesis (1),

J()—> 00 as|v||— o0, veN.

Hence,
I(x)+|J(x)]| > o0 as|x|x = oo.
Let
(5-2) G,(x) :)»”X”Z —2/ Vi, x@)dt=x(x)—J(x), xeX.
I

Hypothesis (1) implies
(5-3) supy G (v) = —infy J(v) < oo.

If x € M, we have by Hypothesis (2) and Lemma 5.1 that

(5-4) Gy (x) > M%) — 2fa|x<r)|2dr —B
472\
> (75" —20)IxI*~ B = —B,
provided
(5-5) A >aT?/27°.

By Corollary 3.5, M and N form a sandwich pair. Then by Corollary 4.2, for
almost every A satisfying (5-5) there is a bounded sequence {x®} ¢ X such that

(5-6) G (x®) = 202 =2 f v, xO(1) dt — ¢ = —B,
1
-7 (GL(x®),2)2=0®, 2) — f V.V, x®) . z(t)dt - 0, zeX,
1
(5-8) (G;(x(")),x<k>)/2zx||5c<k>||2—/va(z,x“‘))-x(") dt — 0.
1

Since
o= lIx®|x <C,

there is a renamed subsequence such that x® converges to a limit x € X weakly
in X and uniformly on /. From (5-7) we see that

(G/A(x),z)/2=)\()'c,2)—/VXV(t,x(t))-z(t)dz‘:O, zeX,
1
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from which we conclude easily that x is a solution of (1-4) with 8 = 1/A, proving
the first statement of the theorem. To prove the second, note that (5-4) implies

G,(x)>—B, xeM.
Consequently, if B < 0, we see that
bo =inf G, (x) > 0.
M
Thus, the solution x satisfies G, (x) > by > 0. If x were a constant, we would have

G, (x) = —J(x) <0, a contradiction. This gives the result. O

The proof of Theorem 1.5 is similar to that of Theorem 1.4 with the exception
of the inequality (5-4) resulting from Hypothesis (2). In its place we reason as
follows: If x € M and ||%||> = 12m?/T, then |x| < m by Lemma 5.1. Thus, we
have by Hypothesis (2'),

Gi(x) = A — 2am® — B
> (121 —2aT)m?/T — B > —B,
provided A > «T /6. The remainder of the proof is essentially the same.

In proving Theorem 1.1, we follow the proof of Theorem 1.4. Hypothesis (1)
implies

(5-9) G,(v) <0, veNl.
If x € M and
612 = p? = 222,

then Lemma 5.1 implies that ||x||.c < m, and we have by Hypothesis (2) that
fOT V(t, x)dt < a. Hence,

T
(5-10) Go(r) = Al —2f Vt, x)dr
0
> Ap® —2a >0,

provided A > T /6m>.
If we take
A=MNB, B=N,
then A links B by [Schechter 1999, Corollary 13.5]. Thus, we see that Hypoth-
esis (H;') of Corollary 4.3 holds with G, replaced with —G,. By that corollary,
there is a bounded sequence satisfying (5-6)—(5-8). The first result now follows as
before. To prove the second, let

y(t) = v+ swo,
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where v e N, s > 0, and
wo = (sin(Rxt/T),0,...,0).
Then wog € M, and
lwoll*> =T/2,  Ijuiol|* =277/ T.
Note that
Iyll? = vl + s>T/2 = T|v|* + Ts/2.

Consequently,
G () =?»82||U')0||2—2/V(l,y(l))dl SZKWZSZ/T—2V/I)’(I)I2dl+B
1 1
<2a%s%/ T =2y (|v|> + Ts%*2) + B
<QAar?—yTHs*T —2Ty|v|* + B — —o0 as s> + |v]|* — 0.
Take
A={veN: |v|<R}U{swy+v:veN,s>0,|swo+v| =R},
B=0B,NM, 0<p <R,

where
B, ={xeX:|xllx <o}

By [Schechter 1999, Example 3, page 38], A links B. Moreover, if R is sufficiently
large,

(5-11) sup4 G, <0 <infp G,.

Hence, we may apply [Schechter 1999, Corollary 2.8.2] and Corollary 4.3 to con-
clude that there is a sequence {x®} c X such that

(5-12) G, (x®y =1x® )% - 2/ v, x®@)dt — c>0,
1

(5-13)  (G,(xP), 2)/2=2GP, 2) - f V.V, x®) . z()dt — 0, ze€X,
1

(5-14) (G:\(x(k)),x(k))/Z=A||)&(k)||2—fVXV(t,x(k))-x(k) dt — 0.
1

Since
o= lx®x < C,

there is a renamed subsequence such that x® converges to a limit x € X weakly
in X and uniformly on /. From (5-13) we see that

(G/A(x),z)/2=)\(5c,2)—/VXV(t,x(t))-z(t)dz‘:O, zeX,
1
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from which we conclude easily that x is a solution of (1-1). By (5-12) we see that
G.(x) = ¢ =0,

showing that x (¢) is not a constant. For if ¢ > 0 and x € N, then
G, (x)= —2[ V(t,x(t))dr <0.
I

If ¢ =0, we know that d(x®, B) — 0 by [Schechter 1999, Theorem 2.1.1]. Hence,
there is a sequence {y®’} c B such that x® —y® — 0in X. If v € N, then

x,0) = (x —x®, )+ x® —y® ) -0,

since y¥' € M. Thus x € M. This completes the proof.
To prove Theorem 1.3, note that Hypothesis (1) implies

(5-15) G,(v) <0, veNl.

If x € M, we have by Hypothesis (2)

Go(x) = xuxnz—z/ alx(OP di —Cf (Ix]9 + 1) dt

lx|<m |x|>m
> A% = 2alx)> = C(A +m?> 1 +m™9) |x|9 dt
|x|>m
-2 2 2 / q
> %17 (A — QuT?/4n ))—C/ |x|9 dt
|x|>m

> (= @T%22) Ix ]} — C” /I Il di
> (h—@T%/272)Ix ]k = C"lx % = (A= @T%/27) = " I1x1572) Ix 1%
Hence,
(5-16) Gi(x) = elxx. lxlx<p. xeM
for p > O sufficiently small, where ¢ < A — (« T?/27%) is positive. If we take
A=MNB,, B=N,

then A links B by [Schechter 1999, Corollary 13.5]. Thus, Hypothesis (H;') of
Corollary 4.3 holds with G, replaced with —G,. By that corollary, there is a
bounded sequence satisfying (5-6)—(5-8). The result now follows as before.
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6. Finding the sequences
Proof of Theorem 3.1. Let M = Cop+ 1. Then
lo(Mvl =M

whenever o € ¥ satisfies ||o’(¢)|| < 1 and v € E satisfies ||v|| < Cy. If the theorem
were false, then there would be a § > 0 such that

(6-1) |G’ ()| = 38
when
(6-2) uefuekE:|ull<M+1,|Gu)—al <36}

Take 8§ < 1/3. Since G € C'(E, R), for each 6 < 1 there is a locally Lipschitz
continuous mapping Y (u) of E = {u € E : G'(u) # 0} into E such that

(6-3) Y@l <1, 0IG Wl <(G'w),Yw), ueck
(see, for example, [Schechter 1999]). Take 6 > 2/3. Let

Qo={uecE:|ul <M+1,|G(u)—al <268},
Qr={ueckE:|ul <M, |Gu)—al <6},
0>=E\ Qo,

n(u) =d(u, Q2)/(d(u, Q1) +d(u, Q2)).

It is easily checked that 1 (u) is locally Lipschitz continuous on E and satisfies

nu) =1 if u e Qy,
(6-4) nw) =0 if ue Qs
n(u) € (0,1) otherwise.
Let
W) =—n)Y (u).
Then
IWw)|| <1, ueekE.

By [Schechter 2009, Theorem 4.5], for each v € E there is a unique solution o (¢)v
of the system

(6-5) o'(t)=W(o (@), teRY, o(0)=v.
We have
(6-6) dG (o (1)v)/dt = —n(o (1)v)(G' (o (1)v), Y (o (t)v))

< =0n(@)G' (@) < —=305n(0).
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Let K € ¥ satisfy the hypotheses of the theorem. Let v be any element of K N Q.
Then ||v|| < Cy. If there is a f; < 1 such that o (t;)v ¢ Q, then

(6-7) G (v) <a -4,

since |lo(Dv|| < M,
G (D) = G(o(1)v)

and the right hand side cannot be greater than a + 6 by (6-6). On the other hand,
if o(t)v € Q; for all ¢ € [0, 1], then we have by (6-6)

Go(v)<a+86—3860 <a—>6.
If v e K\Q;, then we must have
Go(v) <G(v) <a -6,
since G(v) > a — § would put v into Q. Hence
(6-8) Go(lv)<a—-6, vek.
By hypothesis, K = o (1)K € ¥. This means that
(6-9) Gw)<a—8, wek.

But this contradicts the definition (3-1) of a. Hence (6-1) cannot hold for u satis-
fying (6-2). This proves the theorem. (]

Proof of Theorem 3.2. Since A € K, clearly a < ag. Moreover, for any K € ¥, we
have

by =1inf G, < inf G, < G, < G,.
=G < jnf G < sup G < supg G

Hence, by < a. Apply Theorem 3.1. ([
Proof of Theorem 3.4. Define
H={c(1)A:0 € Z}.

Then I is a sandwich system. To see this, let K =5 (1)A be asetin K. If o € X,
then o o & is also in . Thus, J is a sandwich system. Let B = F~!(p). If we
can show that B satisfies (3-6), then the result will follow from Theorem 3.2. Now
(3-6) is equivalent to

F Y p)Nno(H)N #£3, oceX.

Let Qg(p) be a ball in N with radius R and center p, and let o (¢) be any flow
in X. Since

(6-10) o(Hu—u =[ o'(Nudr,
0
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we have
lo@®u—o(s)u| < Clt —s|.

Ifue Ag =0Qxr(p), and v € B, we have
h(s) :=d(o(s)u, B) < [lo(s)u —v| < llo(Ou —v| + Clt —s].
This implies
(6-11) h(s) <h@)+C|t —s|.
Moreover, by [Schechter 2009, Lemmas 4.3 and 4.8], A (s) satisfies

h(s)>m(R) >o00 asR—>o00, 0<s<I1, uedQr(p).

Thus,

lo(s)u —F~'(p)|| = h(s) =m(R) — 00, u€ Ag.
Consequently,
(6-12) Fipno(HAr=2, oceX,

for R sufficiently large. Now A links B; see, for example, [Schechter 1999]. For
I' € @, define

o(2s) if0<s
s

r =
1(5) {U(I)F(2s— noif <
Clearly, I'y € ®. Consequently, there is a #y € [0, 1] such that

I'(tARNB £ .
If rp < %,then
o(2ty) ARN B # @,

contradicting (6-12). If 79 > %, then
oc()I'Rty—1)ArNB £ 2.
Take I'(s)u = (1 —s)u. Then I' € ® and I'(2fo — 1) Agr C N. Hence,
c(1))NNB # 2.

Thus (3-6) holds, and the theorem is proved. O
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7. The monotonicity trick

Proof of Theorem 4.1. We prove conclusion (1) assuming the first of the alternative
hypotheses, (H).

By (Hy), the map A — a(}) is nondecreasing. Hence, a’(A) :=da())/d) exists
for almost every A € A. From this point on, we consider those A where a’()) exists.
For fixed A € A, let A,, € (A,2A) N A, A, — X as n — 00. Then there exists 7())
such that

7-1) Ay —1< w <d ) +1 forn>i(h).

Next, there exist K,, € ¥ g, ko := ko(A) > 0 such that
(7-2) lull <ko whenever Gy (1) >a(d) — (A, —A).
In fact, by the definition of a(A,), there exists K,, such that

(7-3) sup G (u) < sup Gy, (u) < a(rin) + Ap —4).
Kn Kn

If G,(u) >a()) — (A, —A) for some u € K, then, by (7-1) and (7-3), we have that
Gy, (u)—G; ()

(7-4) I(u) =

Ap—A
< aQ)+ A=) —aM)+ R —A)
- Ap—A
<ad'(x)+3,
and it follows that
(7-5) J(u) = I (u) — Gy, (u)

< k(@A) +3) = Gy(u)
< (@) +3)—a) + (ky— 1)
<2x(@' () +3)—a() +A.

On the other hand, by (Hy), (7-1), and (7-3),

(7-6) J (W) =21 (u) — Gy, (u)
> —G,,(u)
> —(a(ry) + (A — 1))
> —(a(A) 4+ (tn — 1) (@' (1) +2))
> —a(L) —Ala’(A) +2].

Combining (7-4)—(7-7) and (H;), we see that there exists ko(1) := ko (depending
only on A) such that (7-2) holds.
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By the choice of K, and (7-1), we see that

Gu(u) < G, () <supg Gy, (u)
<a(ip) + (A, —A)
<@ M)+ D0 =2 +a) + Oy — )
<a()+ @) +2)(h— 1)
for all u € K,,. Take n sufficiently large to ensure that |a’ (1) +2| (A, —A) < 8. This

proves conclusion (1). Conclusion (2) now follows from Theorem 3.1. The proof
under Hypothesis (H>) is similar, and is omitted. O

In proving Corollary 4.3, we shall make use of the following results of linking.
Let E be a Banach space. The set ® of mappings I'(#) € C(E x [0, 1], E) is to
have following properties:

(a) For each r € [0, 1), I'(¢) is a homeomorphism of E onto itself and @) 'is
continuous on E x [0, 1).
b)) ro=1.

(c) For each I'(t) € ® there is a ug € E such that I'(1)u = ug for all u € E and
['(t)u — ug as t — 1 uniformly on bounded subsets of E.

(d) For each 1y € [0, 1) and each bounded set A C E we have
sup {IT(@)ull + T~ ()ul]} < oo.
0<t<ty
ueA
A subset A of E links a subset B of E if AN B = & and, for each I'(¢) € ®, there
isate (0, 1] suchthat I'(!)AN B # @.

Theorem [Schechter 1999, Theorem 2.1.1]. Let G be a Cl-functional on E, and
let A, B be subsets of E such that A links B and

ap:=supG < by :=inf G.
A B

Assume that
a:= inf sup G (s)u)

€Po<s<1
ueA

is finite. Then there is a sequence {uy} C E such that
G(uy) = a, G'(uy)— 0.
If a = by, then we can also require that

d(ui, B) — 0.
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Proof of Corollary 4.3. Let
H={T'(s)A: T e ®, sel}

Then ¥ is a sandwich system. In fact, if o € ¥ and I" € ®, define

o (25) if0<s<i,
[i(s) = o1
o(Hr@2s—1) if 3 <s =<1
Then I'; € ®. Thus,
oc(Hh)Ke¥H, oeXx, KelX.

Since A links B, we have for each I'(t) € @, there is a ¢ € (0, 1] such that
I'(t)A N B # &. Consequently,

(7-7) BNK #£9, Kei.
Thus, A, B form a sandwich pair. Let

a(X):= inf sup G, (I'(s)u).
€Po<s<1
ueA

Then a()) := infxex supg G is finite for any A € A. This shows that Hypothe-
sis (H3') implies Hypothesis (H3). We can now apply Theorem 4.1. O

Proof of Theorem 1.6. Take A = 1/B. Let Ao = aT/6m?, and let v < co. By
Theorem 1.1, for a.e. A € (Ao, v), there exists u; such that G (u;) =0, Gy (u;) =
a(d) > a(hg). Let A satisfy Ayg < A < v. Choose A, — A, A, > A. Then there
exists x, such that

G, () =0, Gy, (x2) =a(ry) = a(ho).

2V (¢,
Q ”xn”X

Now we prove that {x,} is bounded. If ||x,|x — oo, let w, = x,,/||x,||x. Then
there is a renamed subsequence such that w, — w weakly in X, strongly in L*°(£2)
and a.e. in 2.

Let €29 be the set where w # 0. Then |x, (¢)| — oo for t € Qq. If ¢ had positive
measure, then we would have

2V (t, 2V (t, 2V (t,
czf—( x")dz=/—( x”)lwnlzdtz/ 2V, Pt — o,
Q Q w0

2
el x2 X2

Therefore,

showing that w = 0 a.e. in 2. Hence, w, — 0. Since

2 2
[ 1”4+ lwall” =1,
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we have ||w, | — 1. Define 6, € [0, 1] by

Gkn (6nxn) = max G}\.n (Ox).
6€[0,1]
For any ¢ > 0 and w,, = cw,, we have
/ Vi, w,)dt — 0
Q
(see, for example, [Schechter 2008, page 64]). Thus,
Gy, (6nxy) = Gy, (cwy) = hp |l ]I> — 2/ V(t, Wy)dt — Ac?, n— oo.
Q

Hence, G,,(6yx,) > kc2/2 for n sufficiently large. That is, lim,, oo G, (64x,) =
oo. If there is a renamed subsequence such that 6, = 1, then

(7-8) G (x) — 00.

If 0 <6, < 1 for all n, then we have (G;n (0,x,), x,) <0. Therefore,

f H(t,0pxy) dt = / (VaV(t, 05x0)6pxn — 2V (1, 6pxy)) dt
Q Q

= Gkn (Gnxn) — (G;n (Onxn), Onxn)

> Gy, (Onxn) — 00.

By hypothesis,

G, (x,) = /Q H(t, x,)dx > /Q H(t,0,x,)dt/C — /Q W(t)dt — oo.
Thus, (7-8) holds in any case. But
Gy, (xn) = a(ry) <a(v) < oo,
Thus, ||x,|lx < C. It now follows that for a renamed subsequence,
G, (xp) = 0, Gu(xn) = a(r) = a(ro).
Applying [Schechter 1999, Theorem 3.4.1, page 64] gives the desired solution. [

Proof of Theorem 1.7. This time we take Ao = aT?/27?, apply Theorem 1.3 and
follow the proof of Theorem 1.6. U
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GENERIC FUNDAMENTAL POLYGONS
FOR FUCHSIAN GROUPS

AKIRA USHIJIMA

A Dirichlet fundamental polygon for a Fuchsian group is said to be generic
if its combinatorial shape is stable under any small permutation of the cen-
ter of the polygon. Almost all points in the hyperbolic plane are known to be
centers of generic fundamental polygons. We prove that the same property
holds for points in the boundary of the hyperbolic plane.

1. Introduction

For a given topological space with a group action, a fundamental region is a subset
consisting of representatives of the orbits of a given point by the action. In general,
itis chosen to be connected. Such regions are used for the study of groups and their
actions on spaces; they give tessellation of the spaces, which imply presentations
of the groups.

When a metric is given to the space and the group is discrete, the Dirichlet
domain (also known as the Voronoi cell) is an example of a fundamental region;
for a point p free under the group action, the Dirichlet domain for p is the set of
all points closer to p than any other point in the orbit of p. For discrete groups
acting on the hyperbolic plane, such domains are also called Dirichlet fundamen-
tal polygons with center p. We simply call them fundamental polygons in what
follows.

One interesting question about fundamental polygons is how many different
combinatorial shapes of such polygons are obtained from a given hyperbolic sur-
face. This problem was considered for closed surfaces of genus two by Fricke
and Klein [1897], and, independently, by Jgrgensen and Néaitianen [1982]. They
showed that there were exactly eight types of “generic” fundamental polygons.
Though the precise definition will be given in Section 3, a generic fundamental
polygon has a property of stability of its combinatorial shape under any small
perturbation of its center. Generic fundamental polygons are therefore in a sense
far from the so-called canonical polygons of Fricke [Fricke and Klein 1897; Keen
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1966]. For closed surfaces of genus two, each generic fundamental polygon has
18 edges, while each canonical polygon has 8 edges.

Besides genus two, there are known facts about numbers of combinatorial shapes
of admissible generic fundamental polygons for closed surfaces. The complete list
of generic fundamental polygons of genus three was obtained in [Nakamura 2004].
Each such polygon has 30 edges. The formula to calculate possible numbers of
combinatorial shapes of generic fundamental polygons for closed surfaces of any
genus was obtained in [Bacher and Vdovina 2002]. Counting number of possible
types is related to the study of extremal discs in a surface. For further results on
this subject, see [Girondo and Nakamura 2007; Vdovina 2008].

Once we have known the number of combinatorial shapes of admissible generic
fundamental polygons for a surface, it is also interesting to think about how these
fundamental polygons are related to each other. Such a question was proposed in
[Ndidtdnen and Penner 1991] as follows: what kind of decomposition is given on a
surface by a relation that two points on the surface are equivalent if they are centers
of the fundamental polygon with the same combinatorial shape.

A local figure of such a decomposition of a closed surface of genus two was
given in [Naitdnen 1985]. In this figure, the set of points corresponding to non-
generic fundamental polygons seems to have measure zero. Beardon proved [1983,
Theorem 9.4.5] that this is true for any Fuchsian group; for any given such group,
almost all points in the hyperbolic plane are centers of generic fundamental poly-
gons. A corresponding result for three-dimensional hyperbolic geometry, that is,
for Kleinian groups, was proposed in [Jgrgensen and Marden 1988]. However, the
proof of Lemma 3.1 in that article, which plays an important role in the proof of
the main result, is incomplete.

As a first try to give a complete proof of Jgrgensen and Marden’s result, we
applied their strategy to the case for Fuchsian groups in [Diaz and Ushijima 2009].
We obtained an alternative proof of the result of Beardon there.

The idea of fundamental polygons can be generalized to the case where the
center lies on the boundary of the hyperbolic plane. The main purpose of this paper
is to show, again following the strategy of Jgrgensen and Marden, that Beardon’s
result holds even when the centers lie in the boundary of the hyperbolic plane.

2. Preliminaries

Let H? := {z € C | Im z > 0} be the upper half-plane model of the two-dimensional
hyperbolic space. It is given as a subset of the complex plane C, but it is also
regarded as contained in the Riemann sphere C:=CuU {oo}, where oo denotes the
point at infinity. The boundary ﬂ-l]2 of H? is considered in C so that it consists of
the real axis R plus co. We set H2 := H?> U dH?.
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A circle in C means either a Euclidean circle in C or - a Euclidean line in C,
as a circle through oco. Hyperbolic lines in H? (resp. in H2) are obtained as the
intersection of H? (resp. H2) and circles in C which are perpendicular to R. For
two distinct points z and w in H2, we denote by [z, w] the hyperbolic line segment
with endpoints z and w in H2.

The orientation-preserving isometry group of H? is known to be isomorphic to
the following projective special linear group:

PSL,(R) := : (‘C’ Z)

where [ denotes the identity matrix. The action of an element 7 in PSL;(R) on C
is a Mobius transformation

a,b,c,deR,ad—bc:l}/{:l:I},

The restriction of this action on H? is orientation-preserving and isometric with
respect to the hyperbolic metric. We denote the set of the fixed points of 7' in H? by
Fix(T). Any nontrivial element of PSL,(R) is classified into three types according
to the number of elements in Fix(7'); a nontrivial element 7 in PSL;(R) is said to
be elliptic if Fix(T) coincides with Fix(T) N H? that is a one point set, parabolic
if Fix(T) coincides with Fix(7) N dH? that is a one point set, and hyperbolic if
Fix(T) coincides with Fix(7) N dH? that consists of two points. For hyperbolic T,
the axis Ax(T) is defined to be the hyperbolic line whose endpoints are the fixed
points of 7.
For an element T in PSL,(R) and a point z in H? — Fix(T), let

B(z; T):={weH |dw,z) =d(w, T(2))}

be the set of points in H? that are equidistant from z and 7' (z) with respect to
the hyperbolic distance d( -, -). It is a hyperbolic line, the perpendicular bisector
of [z, T (z)]. We remark that our definition of B(z; T'), as in [Diaz and Ushijima
2009], differs from the one given in [Jgrgensen and Marden 1988]; there B(z; T)
was defined as the perpendicular bisector of [z, T-1(2)].

The definition of B(z; T') generalizes to the case that the point z lies in dH2. For
a point p in dH? — Fix(T), a hyperbolic line B(p; T') is defined to be the limit of
B(z; T) as z converges to p. In particular, if p is taken to be oo, then B(oco; T') is
the isometric semicircle for T~!. .

We denote by B(z; T') the closure of B(z; T') in H?. For further properties and
a proof of the following proposition [Jgrgensen and Marden 1988, Section 2].

Proposition 1. Let T be a nontrivial element in PSL; (R).
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(1) If T is elliptic, then B(z; T) contains the fixed point of T for any point z in
H2 — Fix(T).

(2) If T is parabolic, then B(z; T) contains the fixed point of T for any point z in
H2 — Fix(T). If the point z approaches the fixed point ¢ of T conically, then

B(z; T) converges to ¢.

(3) If T is hyperbolic, then B(z; T) does not contain any fixed point of T for any
point z in H2 —Fix(T). Furthermore it intersects perpendicularly with Ax(T).

If the point z approaches a fixed point { of T, then B(z; T) converges to ¢.

Fuchsian groups are discrete subgroups of the orientation-preserving isometry
group of H?>. We regard them as subgroups of PSL,(R) in what follows. For a
given Fuchsian group I" and a point w in H?, we define a subset Po(w) in H? as
follows:

Po(w) == {z e H* | d(z, w) <d(z, T(w)) forall T €'}

when w is in H2, and

Po(w) 1= :z € H?

for any T € I' — {1}, the point z lies in the closure of
the component of H? — B(w; T') that is adjacent to w

when w is in dH2. The subset Po(w) is a fundamental polygon for I' when w is
taken from H? — Uzer Fix(T). Then Po(w) is called a (Dirichlet) fundamental
polygon for T'. For a point w in dH?, on the other hand, the subset P (w) is not
always a fundamental polygon. Let Q (I") be the ordinary set for I in C. Itis shown
in [Beardon 1983, Theorem 9.5.2] that P(w) is a fundamental polygon when w
is taken from Q(I"). When such w is taken to be oo, the fundamental polygon
Po(w) is known as the Ford fundamental region. Set P(w) := Po(w) N (),
where Po(w) means the closure of ?(w) in H2. The point w is called the center
of Py(w), or of P(w).

3. Generic fundamental polygons and the main result

Since the polygon P (w) is defined to be the intersection of Py(w) with Q(I"), the
vertices of Pg(w), or the endpoints in 2(I") of edges of Py(w), are vertices of
%(w). Fixed points of elliptic elements of order two on edges of Po(w) are also
called vertices of P (w). Vertices in H? are called inner vertices, and those in €2(I")
are called boundary vertices.

A cusp of P(w) is a parabolic fixed point lying in %(w). Cusps are not bound-
ary vertices, since any parabolic fixed point belongs to the limit set, which is the
complement of Q(I") in C.

The edges of ?(w) are either those of Py(w) or closed segments in P (w) N 9H?.
An edge of Po(w) as a hyperbolic polygon is decomposed into two edges of P (w)
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if it has a vertex corresponding to the fixed point of an elliptic element of order
two. The edges of (w) which come from those of Po(w) are also called inner
edges. We denote by £(e) the hyperbolic line containing an inner edge e of Po(w).

An inner vertex v of #(w) said to have a vertex cycle of length k if there is
asequence Ty = I, Tp, T3, ..., Ty, Tyy1 = T1 = I of elements in I" such that
the sequence 71 (P (w)) = P(w), To(P(w)), ..., Tx(P(w)) of polygons is a cyclic
arrangement around v in the ["-orbit of % (w). In other words, the length of a vertex
cycle is the number of disjoint vertices of Py(w) that are equivalent to v under I'
if v is not fixed by elliptic elements in I". The sequence Ty, 1>, ..., T is called
the vertex cycle of v.

Definition. For a Fuchsian group I, the fundamental polygon % (w) centered at w
in H2 U Q(I") is said to be generic if it satisfies the following conditions:

(1) For an inner vertex, if the length of its vertex cycle is greater than three, then
the vertex is the fixed point of an elliptic element in I'.

(2) For an inner edge e, if £(¢) contains the fixed point of an elliptic or a parabolic
element in I, the element of " defining £(e) as the bisector is an elliptic or
a parabolic element fixing the point in question. Similarly, if £(e) intersects
perpendicularly with the axis of a hyperbolic element in I', the element of I"
defining £(e) as the bisector is a hyperbolic element fixing the axis in question.

(3) Every boundary vertex is an endpoint of exactly one inner edge.

(4) If two inner edges share an endpoint on dH?2, then the endpoint is a cusp that
is the fixed point of a parabolic element gluing these inner edges.

Analogous notions have been studied before. Our definition of generic funda-
mental polygons is the two-dimensional counterpart of the definition of generic
fundamental polyhedra in [Jgrgensen and Marden 1988]. Our Conditions (1), (3),
and (4) correspond to those defining Dirichlet polygons in [Beardon 1983, Theo-
rem 9.4.5].

The conditions for generic fundamental polygons have geometric interpreta-
tions. Condition (1) and (2) together imply that, if a vertex v is fixed by an elliptic
element in I, its vertex cycle coincides with the cyclic elliptic subgroup with fixed
point v. Another interpretation is that any cone singularity of the surface H?/ T is
cut by the image of exactly one inner edge. Similarly, Conditions (2) and (3) mean
that any border (open end) of H?/ T is also cut by the image of exactly one inner
edge, and Condition (4) means that any cusp of H?/ T is also cut by the image of
exactly one inner edge.

Theorem. For a Fuchsian group T, there is a subset Nt in dH? of measure zero
such that, for any point w in (Q(I') N dH?) — Nr, the fundamental polygon P(w)
is generic.
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Proof. To obtain the subset N1, we define three families of subsets in dH?. For
Ty, T, Tz in PSL,(R), define a subset V', 1,75 in OH? as

V11,1 := | p € 3H* | B(p; T1) NB(p; 1) NB(p; T3) # 2}
For Ty, T, in PSL,(R), define I 7, 7, as

Tr.1, = {p € dH* | B(p; T)) NB(p; 7o) NIH* # o}
For T1, T> in PSL,(R), define &7, 1, as
Fr.1, = {p € IH* | Fix(T\) NB(p; T») # 2}
when T is elliptic or parabolic, and
Fr.1 = { pE oH? ’ B(p; T») intersects perpendicularly with the axis of Tl}

when T is hyperbolic.
Using these subsets, we define

Np = ( U OVTI,TZ,T3> U ( U gT4,T5) U < U @TG,T7>,
{1.7,, T3} {14, T5} (T6,T7)
where {7}, T,, T3} runs over all triples in I" that are mutually distinct, nontrivial
and neither elliptic with a common fixed point nor parabolic with a common fixed
point, {74, Ts} runs over all pairs in I" that are distinct, nontrivial and not parabolic
with a common fixed point, and (7g, 77) runs over all ordered pairs of nontrivial
elements in I" such that Fix(77) and Fix(7§) are different.

Each of the indexes in the definition of N runs over countably many triples
and pairs, because I' is a discrete group (see [Beardon 1983, Exercise 2.3.3], for
example,). To see that N1 has measure zero, it is thus enough to see that the subsets
V1, 1.15> I 1,75 and Fr, 7, have measure zero. These are shown in Propositions 5,
7 and 9, respectively.

We next use case analysis to show that the fundamental polygon % (w) is generic
for any w in (Q(I") NdH?) — Nr.

For Condition (1), take a vertex v of Po(w). Let S, be the vertex cycle of v, and
k, the length of S,. Suppose k, > 3. Then there are at least three nontrivial and
distinct elements, say 7, Tj and T, in S,. Though w is not in U{Tl,Tz,Ta} Vr,.1.15
the bisectors B(w; T,), B(w; Tp) and B(w; T,) contain v. This means that the three
elements 7, T; and T, are either elliptic with a common fixed point or parabolic
with a common fixed point. If they are parabolic, then B(w; 7,), B(w; Tp) and
B(w; T,) contain a common fixed point in dH?. This contradicts the assumption
that v is in H?. If they are elliptic with a common fixed point, S, is in a cyclic
subgroup of I' by the discreteness of I". Then the cyclic subgroup is generated by
an elliptic element, which fixes v.
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For Condition (2), take an inner edge e of ?(w). Let T, be an element in I" such
that £(e) coincides with B(w; T,). Suppose that an endpoint of £(e) coincided with
the fixed point of a parabolic element, say 7. This means that Fix(7T) NB(w; T,) is
nonempty. Since w is not in |_J (Ts.Ty) F1, 15> the set Fix(T) coincides with Fix(T).
The same argument is applied to the cases that 7, is either elliptic or hyperbolic.

For Conditions (3), and (4), take a vertex (in the ordinary sense) v* of P(w)
that is in dH?. Suppose that v* is the endpoint of two inner edges, say a and b,
of Po(w). Let T, and T}, are elements in I" such that £(a) and £(b) coincide with
B(w; T,) and B(w; Tp) respectively. Since w is not in (_J (T4 T5) I 1,.15, the elements
T, and T}, are parabolic with a common fixed point. Then v* is their common fixed
point so that it is a cusp of P(w) given as the endpoint of a and b that are glued
together by T, = T, "

Furthermore, the argument above implies that a vertex v* in € (I") is an endpoint
of exactly one inner edge, for any parabolic fixed point is not in Q(I"). Such a
vertex is a boundary vertex by definition.

We have thus shown that % (w) is generic for any w in (Q(I") N dH?) — Np. O

This theorem is a generalization of [Beardon 1983, Theorem 9.4.5] and [Diaz
and Ushijima 2009, Corollary 3.11]. The algebraic equations defining V'r, 1,75,
I 1,15 and Fr, 1, can be regarded as defined on C, so the set Nt can be extended
to one in H2. Both N r and its extension have measure zero, so their complements
are dense in 9H? and H2. The fundamental polygon % (w) is thus generic for almost
every point w in H? and Q(I") N aH?.

4. Propositions

To prove the propositions used in the proof of the theorem, we use the projective
disc model D? of two-dimensional hyperbolic space. As a set it is the open unit disc
centered at the origin in two-dimensional real projective space RP2. We choose
the isometry from H? to D? so that 0, 1, co € dH? are mapped, respectively, to
0, —1), (1,0), (0, 1) in RP?. o

Given an element T = (z Z) in PSL, (R) and a point z in H2—Fix(T), let C(z; T)
be the pole in RIP? of the projective line containing the image of B(z; T) in D?2.
For a point p e R C dH?, a formula in [J grgensen and Marden 1988, §2.9] tells us
the coordinate of C(p; T'):

1
(ap+b)*+(cp+d)*—p>—1
x (2((ap+b)(cp+d) — p), (ap+b)>—(cp+d)*— p*+ 1).

" C(p:T)=

Using this formula, we have the following proposition, which is a key in proving
others.
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Proposition 2. For distinct and nontrivial elements Ty, T, and T3 in PSL;(R), the
following two conditions are equivalent:

(1) The three points C(p; T1), C(p; T») and C(p; T3) are collinear in [Rlpzfor any
point p in dH? — U?Zl Fix(T;).

(2) The elements T, T and T; either

(a) have the same fixed point set, or
(b) up to conjugation by an element of PSL,(R), satisfy

az

Ti(z) =az, T(x)=bz+1-b, TE)=—t—,
1(z) =az, T(z) =bz 3(2) @—b)zth

for some a, b in R— {0, 1}.

Proof. This result is closely related to Theorem 4.3 in [Diaz and Ushijima 2009],
which says that Condition (2) of the proposition holds if and only if, for any z € H?,
the points z, 71(z), T>(z) and T3(z) are cocyclic in C. We will see in Proposition 3
that this condition is equivalent to C(z; T1), C(z; T») and C(z; T3) being collinear
for any z € H? — Ui3=1 Fix(T;). This shows the implication (2) = (1).

Moreover the collinearity of C(z; T1), C(z; T») and C(z; T3) is an algebraic con-
dition (see proof of the theorem just cited). If 77, T, and T3 are not one of the triples
listed in Condition (2), the algebraic equation is proper, that is, the solution set is
nowhere dense in C. This, however, does not guarantee that R is not contained in
the solution set. Thus the implication (1) = (2) is not proved yet.

Let Ty, T, T3 be distinct nontrivial elements of PSL;(R) satisfying (1). Then
the determinant A(p) of the 2 x 2 matrix with columns C(p; T;) — C(p; T3) and
C(p; T1) — C(p; T3) vanishes wherever it is defined — that is, for any p € R such
that the points C(p; T1), C(p; T»), C(p; T3) are not on the line at infinity of RP2.
(Here of course the C(p; T;) are given by the formula (*).)

Now, as p runs over dH, each B(p; T;) describes a projective line; we can as-
sume without loss of generality that none of these three lines is the line at infinity.
(If it is, we conjugate 11, T», T3 by an element of PSL;(R), which is allowed since
desired conclusion, Condition (2), is insensitive to conjugation.) Thus the determi-
nant A(p) is defined —and, by assumption, vanishes — for all but finitely many
values of p. Hence, in any expression N (p)/D(p) of A(p) as a rational function
of p, the numerator N (p) is the zero polynomial. We will show, by analyzing the
possible cases, that this implies the desired conclusion.

Case 1. One of T; (say Ty) is hyperbolic and another (say 7>) is not elliptic.
We first consider the case that the set Fix(77) N Fix(73) is not empty. By
conjugation, we can assume that 77 fixes 0 and oo, and 7, fixes co. The matrix
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presentations in SL;(R) of these elements are

a O a by az by
hi= (o 1/a1>’ 2= (o 1/a2>’ = <C3 d3>'
The constant term of N is then 4a>b,b3(arbrds — b3). Since ap is not zero, we
have either b, =0, b3 =0 or aybrd; = bs.

When b, = 0, the coefficient of p2 is —4b3d3(a1? — ax?)(ax® — 1). We have
Ty = T» in PSL,(R) when a;2 = a2, we have Tj is trivial when a2 = 1, and
the case that b3 = 0 will be discussed later. So d3 is to be 0, which together with
det T3 = 1 implies —b3c3 = 1. The coefficient of p? is then 8(a;? — a2?) (a2 — 1).
All of the possible cases when it is zero have already been discussed.

When b3 = 0, we have d3 = 1/as, for det T35 = 1. The coefficient of p3 is then
8arbrcs(ar’as® — a1?) /as. It is a straightforward calculation that there will be no
new possible cases when either b, or c3 is zero. We thus assume a3z = aj/a, without
loss of generality. The polynomial N is then expressed as

4
N(p) = a—z((cn2 — ax))(a? — 1) + aax’brcs) (br — arc3z?) p*.

We thus have c3 = (41> — a2?)(1 — a2?) /(a1a2*b>). The point axbr /(1 — as?) is
fixed by T5. After normalizing this fixed point to be 1, three elements 77, 7, and
T3 coincide with the ones in (2b).

When aybrds = b3, we have ¢z = (az3ds — 1)/(axbyds), for detTs = 1. The
coefficient of p is then 8a22b22(a22d32 — 1), which implies 7, = T3, contrary to
assumption.

We next consider the case that Fix(77) N Fix(73) is the empty set; here 77 can
be assumed to fix 0 and oo, and 75 to fix 1. The matrix presentations in SL,(R) of
these elements are

1

a 0 ay —ap a azd;—1
ar—ce) 3 —C
I = o L] = 1 , Iz= 3
(6 —C C d
ai a,—co 3 3

The coefficient of p6 is then —4a;%cac3>(ax — ¢2)%(azc3 — azcz). When it is zero,
we have arcz — azcp = 0, otherwise we are in the case already considered. This
implies T, = T3.

Case 2. Two of T; (say T and T3) are parabolic.
We first consider the case that Fix(7}) coincides with Fix(7>); the common fixed
point of 7 and 7> is assumed to be co. The matrix presentations in SL, (R) of these
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_ 1b1 . lbz __ (a3 b3
Tl_(o 1>’ T2_(0 1>’ T3_(C3 d:,’)’

where a3d; — bsc3 = 1. It is then a straightforward calculation that there will be
no new possible cases.

We next consider the case that the set Fix(77) NFix(73) is empty; 7 is assumed
to fix oo and 75 is assumed to fix 0. The matrix presentations in SL;(R) of these
elements are

b

1 b 10 a0

T1—<0 1), T2—<C2 1>, I; = a3c§)3—1 s
3

elements are

The constant term is then 8b33(b 1d3 — bz), which implies 71 = T3.

Case 3. Two of the T; are elliptic.
We assume 7 fixes «/—1 and T» fixes h+/—1, for some & > 0. The matrix
presentations in SL;(R) of these elements are

T — cosf; sin6 T — costh hsinf, Te — ab
=\ —sing; coso ) 27 —%sin@z cosh, ) P \cd)
where 01, 6, € R and ad — bc = 1. Recall sin6; # 0 for i = 1, 2 since both 77 and
T» are not trivial.

Let py1 :=h(—1+cos6,)/sin6, and pr; :=h(1+cosby)/ sin6,. These points
satisfy «/—1 € B(p2;; T») for i = 1, 2. Since we are assuming (1), we also have
V=1 eB(pyi; Tz) fori = 1, 2, which means C(p»;; T3) ¢ R? C RP?.

Let D; be the denominator of C(py;; T3) for i = 1, 2. They then satisfy
—4h 4h cos 6,

di, Di+Dy=—=

D — D, =
sin? (3 sin” 6,

dy +2d,,

where d) := (ab + cd) sin0, + h(a* + ¢ — 1) cos 0 and dp := h*>(@*>+c2 — 1) +
(b*> +d? —1). Since C(pa;; T3) & R?, we have D; = D, =0. This implies, by the
equations above, d| =d, = 0.

Similarly, there are points pi; in oOH? satisfying ha/—1¢€ B(p1i; Th) fori=1, 2.

Let
= (JOE 1/(3/%)'

We then have Fix(H~'T\H) = {~/—1/h} and Fix(H~'T>H) = {~/—1}. Applying
similar calculations as before we have dz = d4 = 0, where
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d3 = (ab + cdh) sin 0 + (a* + *h* — 1) cos 0y,
dy = @>+b> =1+ (P +d> =D

When ¢ = 0, we have a = 1/d and b = h(d?> — 1) cos 0, /(d sin6>). Substitute
them for both d» and ds4 and we have ds — d» = (d* — 1)(h* — 1) sin®6,. The
condition ds — d> = 0 implies that 73 is trivial.

When ¢ # 0, we have b = (ad — 1)/c. Substitute it for both d, and d4 and we
have d» — dy = c*(a@®> —d*)(h* —1). When h*>* =1ora=d, a straightforward
calculation shows that 77, 75 and T3 have a common fixed point. When a = —d,
we have the following expression of d:

di = —a(a* +c* + 1) sin 6, + ch(a® + c¢* — 1) cos 6.
Suppose a® +c? — 1 # 0, otherwise we have no new triple. Then £ is expressed as

_ a(@*+c%+1)sinb,
(@ +c2—1)costy

Substitute them for d> and we have the expression of sin’ 6, as

(@*+c=1D)((@®+c* = D(a* — 1) +4a?)

i .2
sin“ 6, =
2 42 — (@2 +c2+1)

Similarly, substitute them for d3 and we have the expression of sin” 6] as

(2ac)?

)
sin“ 6; = .
YT @ty -4

These expressions imply, after a few more calculations, that there will be no new
triple in this case. This concludes the proof of Proposition 2. ([

Proposition 3. Fori =1, 2, let B; be the perpendicular bisector of the hyperbolic
line segment [zg, z;] with endpoints zo and z; in H2, and C; the pole in RP? of
the projective line containing the image of B;. In each of the following triples of
statement, the three conditions are equivalent:

(1-1) The points zg, z1 and zo are on a hyperbolic circle with center w € H?2.
(1-2) The projective lines By and B, intersect at w € H>.

(1-3) The projective line in RP? through Cy and C, does not intersect ﬁ, and its
pole corresponds to w € H2.

(2-1) The points zo, z1 and z» are on a horocycle with center w € dH?.
(2-2) The projective lines By and B, intersect at w € dH>.

(2-3) The projective line in RP? through Cy and Cs touches 8 D?, and the tangen-
tial point corresponds to w € dH>.
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(3-1) The points zy, z1 and 7o are on an equidistant point set whose axis is £.
(3-2) The projective lines By and B, intersect perpendicularly with .

(3-3) The projective line in RP? through C| and C, intersects with D?, and it
contains the image of L.

Proof. For j = 1,2, 3, the equivalence between (j-2) and (j-3) comes from the
duality for the pole and the projective line in RP2.

Suppose that (1-1) holds. Since any point on B; is equidistant from zg and zi,
the center w lies on Bj, and so does on B,. Thus (1-3) holds, and the converse is
also true by the same argument. The equivalence between (2-1) and (2-2) comes
by a continuity argument from the equivalence above. The equivalence between
(3-1) and (3-2) comes from Proposition 1 (3). O

Lemma 4. Let Ty, T, and T3 be mutually distinct and nontrivial elements in a
Fuchsian group. Suppose that three points C(p; T1), C(p; Tz) and C(p; T3) are
collinear in RP? for any p in dH? — Ui3=1 Fix(T;), and that there is a point py in
oH? — U?:l Fix(T;) such that the set

B(po; T1) NB(po; T2) NB(po; T3)  (resp. B(po; T1) NB(po; T2) NB(po; T3))

is not empty. Then Ty, T, and T3 belong to a cyclic elliptic (resp. parabolic) sub-
group.

Proof. Suppose that C(p; T1), C(p; T>) and C(p; T3z) are collinear in RP? for any
p in 9H? — U?:l Fix(T;). Since Proposition 2(2b) does not occur from elements
in a Fuchsian group, the elements 77, 7> and 73 have the same fixed point set.
Furthermore, they belong to a cyclic subgroup generated by, say T, since they
come from a Fuchsian group.

We first consider the case that T is hyperbolic; in particular, the axis of T is
assumed to be contained in the imaginary axis of C. The circle in c through
p, Ti(p), To(p) and T3(p) is a Euclidean line through the origin for any p in
dH? —{0, oo}. Then the hyperbolic lines B(p; T;) are ultraparallel by Proposition 3
so that there is no such point pg in question.

We next consider the case that T is parabolic; in particular, T is assumed to
fix co. For each i =1, 2, 3, the hyperbolic line B(p; T;) is contained in a vertical
Euclidean line for any p in dH> — {oo}. The set

B(p; T1) NB(p; T2) NB(p; T3)

then coincides with {oco}.
Finally, if T is elliptic, then the four points are on a hyperbolic circle centered
at the fixed point of T for any p in dH?. (]
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Proposition 5. Let Ty, T and Tz be elements in a Fuchsian group. Suppose that
they are mutually distinct, nontrivial and neither elliptic with a common fixed point
nor parabolic with a common fixed point. Then V', 1,1, has measure zero.

Proof. We first consider the case that 71, 7> and T3 belong to a cyclic subgroup
of a given Fuchsian group I'. By the assumption, the subgroup is generated by a
hyperbolic element 7. By Proposition 1, the set ¥'7, 1, 1, coincides with the fixed
point set Fix(7") of T', which consists of two points. So V'r, 1, 7, has measure zero.

We next consider the case that 77, 7> and T3 do not belong to any cyclic subgroup
of I'. Define

OV/Tu,Tz,Ts = {p € OH? | C(p; T1), C(p; T») and C(p; T3) are collinear in IRPZ}.

As is mentioned in the proof of Proposition 2, the set °V’T1’T2’T3 is the solution set
of a real algebraic equation with variable p. By the assumption together with
Proposition 2, the equation is proper. So °V/TI’T2’T3 has measure zero in dH?. By
Proposition 3 the set V7, 7, 7, is contained in °V/TI’T2,T3; when the projective line
through C(p; T1), C(p; T) and C(p; T3) intersects with D?, the point p is not
contained in V7, 15.7,. The set V7, 1,.7, then has measure zero in dH? as well. [

Lemma 6. Let T\ and T, be distinct and nontrivial elements in PSL,(R). Suppose
that they are not parabolic with a common fixed point. Then there is a point pg
in 9H? — (Fix(Ty) UFix(T»)) such that B(po; T1) and B(po; T>) do not share their
endpoints.

Proof. We first consider the case that both 7 and 75 are elliptic. Take the hyper-
bolic line ¢ through their fixed points (choose any hyperbolic line which contains
the fixed point if their fixed points are identical). Then there is a point pg in dH?
such that £ coincides with B(pg; T1). On the other hand, B(po; T>) always contains
the fixed point of 7, by Proposition 1. So B(pg; T») intersects with B(pg; T7) = ¢ at
the fixed point of 7». If £ happen to coincide with B(pg; T3), then take another point
po satisfying the same condition, or switch 7} and 7, and do the same argument.
Then you can find a point in question on dH? since 7} and T are different.

We next consider the case that 77 is elliptic and that 75 is either parabolic or
hyperbolic. For any point in H> — Fix(73), there is p in dH? — Fix(7») such that
B(p; T») contains the point. So there is a point pg in dH? such that B(po; T»)
contains the fixed point of 77, which is on B(pg; T1) since T is elliptic.

We then consider the case that both 77 and 7, are not elliptic. Suppose first
that their fixed point sets are different. Let p; be a fixed point of T; which is not
fixed by 75, for example. Since T} and T, are not elliptic, B(p; T1) converges to
p1 when p approaches to p;. A point p close enough to p; is mapped to another
point 7>(p) by T, which is not close to p;. Then the endpoints of B(p; T») are
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not close to p; as well, which means that B(p; T1) and B(p; T>) do not share their
endpoints.

If T7 and T, are not elliptic and their fixed point sets coincide with each other,
then they are hyperbolic by the assumption. Then B(p; T7) and B(p; T,) are ul-
traparallel for any p in 9H? — (Fix(Ty) UFix(T)) by Proposition 3. O

Proposition 7. Let T\ and T, be distinct and nontrivial elements in PSL;(R).
Suppose that they are not parabolic with a common fixed point. Then I, 1, has
measure zero.

Proof. The set I, 1, is defined as the solution set of an algebraic equation. Actu-
ally it is given by calculating the Euclidean distance between the origin in D? and
the projective line through C(p; T1) and C(p; T;). See [Jorgensen and Marden
1988, Lemma 3.3]. Lemma 6 means that the equation is proper. So J7, 1, has
measure zero. (]

Lemma 8. Let T be a nontrivial element in PSLy(R). If there is a point w in H2
such that B(p; T) contains w for any p in 9H? — Fix(T), then T is either elliptic
or parabolic and w is its fixed point. Similarly, for a hyperbolic line £, if B(p; T)
intersects perpendicularly with £ for any p in dH? — Fix(T), then T is hyperbolic
and € is its axis.

Proof. Suppose that T fixes w. Then the statement holds only if T is elliptic or
parabolic by Proposition 1.

Suppose that 7' does not fix w. If T is elliptic, there is a point pg in dH? such
that B(po; T) does not contain w, for the fixed point of T is the unique point that
lies in B(p; T') for any p in AHZ. If T is parabolic, then B(p; T') does not contain
w for any point p close enough to the fixed point of 7', for B(p; T') converges to
the fixed point. The same argument holds when T is hyperbolic.

For a hyperbolic line £, consider its image in D?. Let C; be the pole of the
image of £. Then we interpret the assumption as the projective line L, containing
the image of B(p; T') contains C, for any p in OH? — Fix(T). If T is elliptic or
parabolic, then L, contains the image of its fixed point for any p in dH? —Fix(T).
If T is hyperbolic, then L, contains the pole of the image of its axis for any p
in 9H? — Fix(T). This implies that, if the assumption holds, then T is hyperbolic
with axis £. (]

Proposition 9. Let T\ and T, be distinct and nontrivial elements in PSL,(R). Sup-
pose that Fix(T) and Fix(T,) are different. Then &7, 1, has measure zero.

Proof. Let z; be a point in RPP? which corresponds to the fixed point of T} if it is
elliptic or parabolic, or to the pole of the axis of 77 if it is hyperbolic. We denote
by ¢, the projective line in RP? containing the image of B(p; 7). Then F1,.1, 18
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interpreted as

Fr,.1, = {p € 9H? | £, contains z,}.

Using this interpretation, the set %7, 7, is defined as the solution set of an alge-
braic equation. To see it, use the Minkowski space model. The equation is given by
the Minkowski inner product of p; and the normal vector of £,. Lemma 8 means
that this algebraic equation is proper. So the set Fr, 7, has measure zero. (]
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STABILITY OF THE KAHLER-RICCI FLOW
IN THE SPACE OF KAHLER METRICS

KAI ZHENG

We prove that on a Fano manifold M admitting a Kéihler—Ricci soliton
(@, X), if the initial Kihler metric w,, is close to  in a certain weak sense,
then the weak Kihler—Ricci flow exists globally and converges in the sense of
Cheeger and Gromov. In particular, ¢, is not assumed to be Kx-invariant.
The methods used are based on the metric geometry of the space of the
Kihler metrics and are potentially applicable to other stability problems of
geometric flows near the corresponding critical metrics.

1. Introduction

The Ricci flow was first introduced by Hamilton [1982] and now plays an important
role in understanding the geometric and topological structure of the manifolds it
lives on. We call the Ricci flow a Kdhler—Ricci flow if the underlying manifold is
a Kéhler manifold. The normalized Kiihler—Ricci flow is given by

0
(1-1) aw: — Ric + w,

w(0) = wy,,

where w(0) stays in the canonical class 2w C;(M) and A is the sign of the first
Chern class. Cao [1985] first showed that the Kéhler—Ricci flow (1-1) has long-
time existence. He also proved that the Kihler—Ricci flow converges to a Kihler—
Einstein metric when the first Chern class is negative or zero. Now we restrict
ourselves to the case where the first Chern class is positive. Since the Kéhler—
Ricci flow preserves the Kihler class, we can rewrite the Kéhler—Ricci flow in
terms of the Ricci potential:

n

9 1og % o —hy+a(t)

— = log —— — s
(1-2) or B T¥TeTd

¢ (0) = ¢o,

where a is a function of ¢+ and the Ricci potential 4, of the reference metric w is

MSC2000: primary 32Q20, 53C25; secondary 53C55, S8E11.
Keywords: Kihler—Ricci flow, space of Kéhler metrics, stability.
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defined by

(1-3) V—18dh, =Ric(w) —w and / o w" = Vol(M).
M

The convergence of the Kihler—Ricci flow has been studied by many authors.
Chen and Tian [2002; 2006] proved it for Kédhler—FEinstein manifolds under the
assumption of positivity of the Ricci curvature along the flow. Perelman (unpub-
lished; see detailed proof in [Sesum and Tian 2008]) obtained an estimate of the
Kihler—Ricci flow and proved that it converges to a Kéhler—Einstein metric in the
sense of Cheeger—Gromov, when one exists for any initial Kihler metric. Tian and
Zhu [2007] extended this to the case of a Kédhler—Ricci soliton for a Ky-invariant
initial metric; a Kdhler—Ricci soliton is a Kihler metric such that there is a holo-
morphic vector field X satisfying

(1-4) Lyw=Ric—w.

Since the right side of (1-4) is real-valued, we obtain L}, = 0 and Im X, the
imaginary part of X, generates a one-parameter isometry group Ky. Without as-
suming that M admits a Kéahler—Einstein metric or a Kdhler—Ricci soliton, the
analytic and geometric conditions of the convergence of the Kédhler—Ricci flow are
studied in [Phong and Sturm 2006; Phong et al. 2009, 2008; 2011, Tosatti 2010;
Székelyhidi 2010; Munteanu 2009; Pali 2009; Chen and Wang 2010; Rubinstein
2009.

In order to study the asymptotic behavior of the Kdhler—Ricci flow, we consider
the flow’s stability problem. That is, on a Kéhler manifold M admitting a K&hler—
Ricci soliton (w, X), for what kind of neighborhood of w does the Kihler—Ricci
flow with initial datum in that neighborhood converge (in some sense — maybe
exponentially) to the Kdhler—Ricci soliton?

This stability problem has been investigated by many people; for references, see
[Chen and Li 2009]. That work and [Tian and Zhu 2008] consider perturbing both
the initial metric and the complex structure near a Kdhler—Einstein metric.

In this paper, we focus on perturbing the initial metric near the Kihler—Ricci
soliton without changing the complex structure. The main results of this paper are
as follows, where N'(eg; B, p) is a small neighborhood of the zero function, to be
specified in Section 6.

First we will give a direct proof, based on the geometry of the space of Kihler
metrics, of long-time existence and convergence in the Cheeger—Gromov sense,
within the frame of Donaldson’s program [2004]. The result is this:

Theorem 1.1. If a Kihler manifold admits a Kihler—Ricci soliton (w, X), there
exists a positive constant €y such that, if the initial potential @y stays in N'(eo; B, p),
the weak Kdhler—Ricci flow exists globally and converges in the Cheeger—Gromov
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sense. If, moreover, g is Kx-invariant, the weak modified Kdhler—Ricci flow con-
verges exponentially to a unique Kdhler—Ricci soliton nearby.

When the Futaki invariant vanishes, it is obvious that the holomorphic vector
fields X is zero and the Kéhler—Ricci soliton is a Kdhler—Einstein metric.

Theorem 1.2. On a Kdhler—FEinstein manifold, there exists a positive constant €
such that, if the initial potential @q stays in N (€o; B, p), the weak Kdihler—Ricci flow
exists globally and converges exponentially to a unique Kdihler—Einstein metric
nearby.

Simon [1983] studied the asymptotic behavior of the gradient flow of the varia-
tion problem via the Lojasiewicz—Simon inequality, which compares the distance
to the critical set with the norm of the gradient of the functional in the L? space
under the condition that the functional should be analytic. The underlying idea is to
reduce the infinite-dimensional problem to a finite-dimensional problem. Perelman
[2002] introduced a new functional, called the p functional, and pointed out that
the Ricci flow is the gradient flow of the p functional up to a diffeomorphism.

We will not apply the Lojasiewicz—Simon inequality to the x functional directly.
Instead, we provide a new approach to the study of the asymptotic behavior of
the flow which is merely a pseudogradient flow of some functional, since in the
Kihler setting, geometry gives us more information. To be precise, the critical
set in the space of Kihler metrics is a finite-dimensional Riemannian symmetric
space, which we will explain later.

Since the K#hler—Ricci flow is the pseudogradient flow of the K-energy, in order
to make the mechanism of our proof more clear, we first prove Theorem 1.2 under
the assumption that the C>* norm of ¢ is small. Then we generalize our approach
to the case of a Kdhler—Ricci soliton (Theorem 1.1).

A sketch of the proofs goes as follows. We first prove that the Kidhler—Ricci
flow (1-2), after pullback by the corresponding holomorphic transformations, will
always stay in a small neighborhood of the background Kihler—Einstein metric.
When M has no nontrivial holomorphic vector field, it is not necessary to find
the transformations; Section 3 gives a proof of this. However, in general, when
M admits nontrivial holomorphic vector fields, we need a new method, developed
in Section 4A, to pick up the appropriate transformations following the trace of
the Kéhler—Ricci flow in the space of normalized Kihler potential #y; see (2-2).
It has been shown by Mabuchi [1987], Donaldson [1999] and Semmes [1992]
independently that ¥ is an infinite-dimensional symmetry space of negative cur-
vature. Later, Chen [2000b] proved ¥ is also a metric space. Since the space €
of potentials of Kdhler—Einstein metrics is a totally geodesic submanifold in 3,
the projection p minimizing the distance function from the Kéhler—Ricci flow to
‘€o is uniquely determined. The Bando—Mabuchi uniqueness theorem [1987] on
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the Kahler—Einstein metric implies that w,, is different from the reference Kéihler—
Einstein metric by a holomorphic transformation. The projection Kéhler—Einstein
metric is exactly the new reference metric we’ve acquired.

Another way to derive a holomorphic transformation (Section 7) of ¢ € ¥ is to
minimize in € the I — J functional, introduced in [Bando and Mabuchi 1987] to
prove the uniqueness of the Kdhler—Einstein metric. However, this method cannot
be applied in our case directly, since in general the hessian of the / — J functional
is not strictly positive; that is, the minimizer is not unique. Nevertheless, as we
observed when the C%% norm of ¢ is small, the hessian of the / — J functional
is indeed strictly positive. Therefore, the holomorphic transformation is uniquely
determined.

In Section 5, we prove stability of the Kihler—Ricci flow near a Kidhler—Ricci
soliton (w, X), similarly to the case of K&hler—Einstein metric. We use (w, X) as
the background metric. We first prove that the Kéhler—Ricci flow (1-2) with small
C? initial Kihler potential will always stay in a small neighborhood of w in the
Cheeger—Gromov sense. The key idea is to use Perelman’s p functional [2002]
instead of the K-energy, since the hessian of the p functional is nonnegative at a
Kihler—Ricci soliton within the canonical class [Tian and Zhu 2008]. Furthermore,
we reparametrize the Kédhler—Ricci flow (1-1) by the automorphisms ¢ (#) generated
by the real part Re X of X such that

a Ri
(1_5) Ewtp = — lc(a)¢)+w¢+LRexw¢,

W (0) = Weyo -

It is obvious that the Kihler—Ricci soliton is the stationary solution of the modified
Kéhler—Ricci flow (1-5). Since the Kidhler—Ricci soliton (w, X) is Kx-invariant and
the Kéhler—Ricci flow is also invariant under the holomorphic diffeomorphism, we
assume without loss of generality that the initial datum is Kx-invariant. Then the
exponential convergence of the modified Kidhler—Ricci flow follows from [Phong
et al. 2011].

Finally, in Section 6, at a fixed time, we show that the C 2.% norm of the potential
is small when the initial value is small under certain weak conditions. The main
idea is to use the estimate introduced in [Chen et al. 2008].

As a corollary of Theorem 1.1, we deduce that the limit metric of the Kéhler—
Ricci flow is unique. Let {¢(#;)} be a sequence of solutions of the K&hler—Ricci flow
converging to a Kihler—Einstein metric or Kdhler—Ricci soliton g, if one exists;
then there exists some ¢ € {¢(f;)} satisfying the stability condition of Theorem 1.1.
According to that condition, the Kéhler—Ricci flow with initial value ¢ converges
exponentially to a Kihler—Einstein metric g! or Kihler-Ricci soliton, respectively.
Further, since we assume that {¢(#;)} = go0, We must have géo = go-
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We stress that the approach used to prove Theorem 1.1 is also applicable to the
case of the general pseudogradient flow: neither the condition that the flow is the
gradient flow of some functional, nor Perelman’s deep estimate, nor a prior long-
time existence of the flow is required. It is possible that our method can be used to
solve other, similar problems of geometric flow, such as the stability of the pseudo-
Calabi flow near a constant scalar curvature Kéhler metric in [Chen and Zheng
2010] and of the Calabi flow near a extremal metric in [Huang and Zheng 2010].

The paper is organized as follows: in Section 2 we review known results on the
space of Kihler metrics and the well-posedness of the pseudo-Calabi flow obtained
in [Chen and Zheng 2010] —see (2-10). In Sections 3 and 4 we prove Theorem 1.2
under the assumption that the C>* norm of the initial Kéhler potential is small.
Then we prove Theorem 1.1 under the same assumption in Section 5. Finally,
in Section 6 we explain how to weaken the initial condition to the one stated in
Theorem 1.2 and Theorem 1.1. In Section 7, we explain another method to choose
the holomorphic transformation.

2. Notation and basic results

Let M be a compact Kihler manifold of complex dimension n with positive first
Chern class C1(M) and let w be a Kéhler form representing the canonical class
27 Cy{(M). In a local holomorphic coordinate zy, z2, ..., Z,, the form w is ex-
pressed by

wz«/—_ligijdzi Ad7l.
The corresponding Riemannian metri::_is given by
g= igijdzi X dzj.
i=
For a Kihler metric w, the volume form is
dV =o" = (V=1)"det(g;;)dz' Ade' A A dZ" AdT

The Ricci form
n . - _
Ric=+—1} R;;dz' Ndz! = —v/ 1039 logdet”
i=1

is a closed real (1, 1)-form and belongs to 2w C{(M). Accordingly, the scalar

curvature satisfies

Sw" =nRicAw" L.

A direct calculation gives the average scalar curvature:

1 n . nel
S=—] §dV=— [ Richno" =n.
Viu Vimu
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Let ¥ be the set of Kihler forms on M representing 2w C; (M) and let € be the set
of Kihler-Einstein metrics in %. According to the 39 lemma, for any Kihler metric
o’ in ¥ there exists a smooth real-valued function ¢ such that ' = w++/—139¢.
Then the space of Kihler potentials of X is given by

H={peC®M,R)|0++—1033¢p € K}.
Apparently, we have an isomorphism
THZH x C(M,R).

Mabuchi [1987], Donaldson [1999] and Semmes [1992] independently defined a
Riemannian metric on # by
f1 o),
| s

for any fi, fo € T,¥. For any path ¢(¢) (0 <7 < 1) in %, the length is given by

1
2-1 L(fp(t))=/0 ‘/‘/ 9 () wy ) dt,
M

and the geodesic equation is

¢"(t) = 51V D17y =0,

where ’ denotes differentiation in ¢ and V; denotes the covariant derivative for
the metric g,(;). The geodesic equation enables us to define the connection on the
tangent bundle. For any tangent vector field ¥ (¢) along the path ¢(#), the covariant
derivative along ¢(#) is defined by

3
Dy = a_‘t” LV, Vg,

Then the connection at ¢ is given by

G(X|Y)(W1, ¥2) = =5 (V1. Vi),
for any vy and v in T, 9. G(X|Y) is torsion-free and metric-compatible.

Theorem 2.1 [Mabuchi 1987; Donaldson 1999; Semmes 1992]. The Riemannian
manifold ¥ is an infinite-dimensional symmetric space; it admits a Levi-Civita
connection whose curvature is covariant constant. At a point ¢ € ¥ the curvature
is given by

Ry (819, 8520)830 = —3{{8190. 820}, 53<ﬂ}¢,

where {, }, is the Poisson bracket on C*°(M) of the symplectic form w,.
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Theorem 2.2 [Chen 2000b]. ¥ is a metric space, and is convex by C-! geodesics.

Calabi and Chen [2002] proved #€ is negatively curved in the sense of Alexan-
droff. We denote the space of normalized Kihler potentials by

(2-2) Ho={p e C®(M,R) | w+~/—1033¢ > 0 and I (¢) = 0},

where

| 1
I(p) = —
W=y ,,go (p+Dl(n—p)!

In fact, ¥ can be naturally split as

f Q" P A (00¢)P.
M

3 =%y x R.

This leads to a decomposition of the tangent space:

= o]

On a Kihler—FEinstein manifold (M, w), choose w be the reference metric. It is
clear from the definition (1-3) that 4, = 0. Substituting this into the potential
equation (1-2) of the Kihler—Ricci flow, we obtain

9 _10g 4o 1)
— =log — a(t),

(2-3) or B T
¢(0) = @o.

If we choose the normalization constant in (2-3) appropriately, namely,

1 g n
we see that
(2-5) 81()_1/8 -
- = — w, = V.
=y M %%

We first assume that ¢y € # satisfies 1 (¢g) = 0; the general case will be treated
in Section 6. Then (2-5) implies I (¢) = 0, which ensures that the solution ¢ of
(2-3) always stays in .

For any ¢ € ¥, Mabuchi [1986] defined the K-energy of (M, w) as

1 1
(2-6) V(w, wy) = 7 /.5 /;VI O (1) (Se(r) —5)60(’;(1)61%
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where @ (7) is an arbitrary piecewise smooth path from O to ¢. An explicit expres-
sion of the K-energy is formulated in [Chen 2000a; Tian 2000] as

1 wz . Sn!
27 vule) = v/, log %t 71(90)

1 -1 n! ; O
- — Ric A 0" 171 A (00¢)".
Vgo(i+1)!(n—i—1)!/M"’ ene (99¢)

In later sections we will simply write v(¢) instead of v, (¢).

Theorem 2.3 [Mabuchi 1987]. If w is a critical point of v(¢), the second variation

of the K-energy satisfies )

ﬁ”(ez)h:o >0
for every smooth path {6, | —e <t <€} in X such 6y = w.

Let Aut(M) be the group of holomorphic automorphisms of M and Auty(M)
its identity component.

Theorem 2.4 [Bando and Mabuchi 1987; Bando 1987]. Assume € # <.

(1) The K-energy is bounded from below on X and takes its absolute minimum
exactly on €.

(i1) € consists a single Auty(M)-orbit.

Indeed, the normalization constant a(¢) can be estimated by the K-energy.
Lemma 2.5. Let ¢ be the solution of (2-3). The relation between a(t) and the
K-energy v(g) is given by
(2-8) a() +v(@) =a(0) + vigo).

Proof. We calculate the evolution of a(t) along the Kdhler—Ricci flow directly:

n

Via(t):—/ (A +1)¢a)”—/ <log&+¢)>A o
dt M ¢ ¢ M " ¢ ¢

By Stokes’ theorem and (2-5) the first term vanishes identically. Integration by
parts and the use of (2-3) gives for the second term

/M (Sy — n)gbwg.
Since (2-6) implies

d 1 o
(2-9) Ev(t) = —VfM(&p —n)Qw,,

we obtain %a(t) = —%v(t). We conclude by integrating both sides with respect
to ¢. ]
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Since the K-energy is decreasing along the Kéhler—Ricci flow, we immediately
conclude the following according to Theorem 2.4.

Corollary 2.6. On a Kdihler—Einstein manifold, a(t) is uniformly bounded along
the Kdhler—Ricci flow.

Set
X =C%0, T), C*™(M, g))NC' ([0, T), C*(M, g)).

The following theorems asserting short-time existence, regularity and continuous
dependence on initial data for the Kéhler—Ricci flow were proved by Chen and the
author, who defined a new second-order Monge—Ampere flow, called the pseudo-
Calabi flow and coinciding with the Kihler—Ricci flow when the initial datum is
restricted in the canonical Kéhler class:

A _
(2-10) rrie (@),

Dy f(p)=S(p) —S.
Theorem 2.7 [Chen and Zheng 2010]. Let g9 € C 2, g) be such that
Aw < wy, < Aw,

for two positive constants ) and A. Then the pseudo-Calabi flow has a unique
solution ¢(x,t) € X, where T is the maximal existence time.

Theorem 2.8 [Chen and Zheng 2010]. The solution of the pseudo-Calabi flow
¢ € X is smooth for any t > 0. More precisely, if |o(t)|c2« < Aforany0<t<T,
there exists a constant C (depending on A, g, to and k) such that |¢(t)|ck« < C for
any T —tg <t <ty<T.

Theorem 2.9 [Chen and Zheng 2010]. If ¢ is the solution of the pseudo-Calabi
flow for an initial datum ¢g on [0, T], there is a neighborhood U of ¢g such that the

pseudo-Calabi flow has a solution ¢(t) on [0, T] for any ¢y € U and the mapping
@o > () is Ck fork=0,1,2,....

As a corollary of the continuous dependence on initial data we have:

Theorem 2.10 [Chen and Zheng 2010]. Suppose M admits a constant scalar cur-
vature Kihler metric . Let gy € C>*(M, g) be such that Ao < wy, < Aw for
positive constants ) and A. Then for any T > O there exits a positive constant
€o(T) such that, if |@o|c2em,q) < €0(T), the pseudo-Calabi flow has a unique
solution on [0, T'] and

|¢)|C"‘(M,g) + |¢|C2"°‘(M,g) < CE()(T) for allt e [0, T],

where C depends on M, g and T. As T goes to infinity, eo(T) goes to zero.
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3. No nontrivial holomorphic vector fields

Let n(M) be the set of all holomorphic vector fields on M. We start with the case
n(M) = &. We shall prove the following proposition in this section.

Proposition 3.1 [Tian and Zhu 2008; Zhu 2009]. Assume M admits a Kdhler—
Einstein metric w and has no holomorphic vector fields. There exits a small positive
constant €y such that, if the initial datum satisfies

lpol c2aa) =< €0,
then the Kihler—Ricci flow g, converges smoothly to g.

Proof. We at first show that under the assumption of the proposition, the solution
of (2-3) always stays in some small €;-neighborhood of the zero function.

Lemma 3.2. For any €| > 0, there exits a small positive constant €y such that, if
lpolc2a(ary < €0, then |@(1)|2,« < €1 for all t € [0, +00).

Proof. Suppose that the conclusion fails; then there exists a sequence of initial data
@Y such that

0 1
|(ps |C2*°‘ = E

By virtue of Theorem 2.10, we get a sequence of solutions ¢ (¢) satisfying the flow
equations (2-3) with ¢;(0) = go?. Let Ty be the first time such that

(3-1) |05 (Ts) | c2e = €] and los ()| c2e < €1 for0 <t <Tj.

According to Theorem 2.10 again, we have Ty > T; > 0. Moreover, we apply
Theorem 2.8 to (2-3) on [Ty — 2a, T;] for fixed a such that 0 < a < Ty /2 — T1/4,
then we obtain a uniform higher-order bound for the sequence of solutions:

loslckapry < C(k, €1,a)  on[Ty—a, Ti], forall k > 0.

Consequently, there is a subsequence of ¢, = ¢,(Ty) converges smoothly to ¢
satisfying

(3-2) |poclc2a = €1.

Itis obvious that g4 _ is still a Kéhler metric. Since the K-energy is not only well de-
fined for ¢ by (2-7) but also decreasing along the Kihler-Ricci flow, Theorem 2.4

implies that
C

S .

0 < vu(@s) < vu(ps(0) <

By passing the limit we obtain

lim Va)((ps) = Vw(gﬂoo) =0.
§—00
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Using Theorem 2.4, we obtain that g4 _ is a Kihler—Einstein metric. From the same
theorem we deduce that ¢, must be a constant. Furthermore the normalization
condition [ (¢poo) = 0 leads to ¢, = 0, which contradicts to (3-2). The lemma
follows. U

According to Theorem 2.8 and Lemma 3.2, we have |¢(¢)|c« < Cy for any k > 3
away from r = 0. It follows that for any sequence #; there is a subsequence such that
¢ (t;) converges smoothly to a limit function ¢,. Moreover, since the K-energy
has a lower bound and it decays along the flow, @, must be a Kéhler—Einstein
metric. This, together with Theorem 2.4 and the normalization condition, implies
that poo = 0. Because the #; can be chosen arbitrarily, we conclude that the Kdhler—
Ricci flow converges smoothly to the original Kidhler—Einstein metric. ]

4. M admits nontrivial holomorphic vector fields

4A. Choice and estimate of holomorphic transformations. When M admits holo-
morphic vector fields, we need to find an appropriate holomorphic transformation.
Let €y C ¥ be the space of Kihler potentials of Kdhler—Einstein metrics.

Let 0, w be any curve with oy =id in €. The tangent vector at w is

o
Here X = (0;); ! 9,0/|;¢ is the real part of some holomorphic vector field. Since
C1(M) > 0 implies that M is simply connected by [Kobayashi 1961], we obtain
Lyw = +/—10300x for some function fy. Hence, the finite-dimensionalness of
the space of holomorphic vector fields implies that of €3. Moreover, according
to [Mabuchi 1987], € is also a totally geodesic submanifold of #y. Then the
point p € € realizes the shortest distance between ¢, and € is uniquely deter-
mined. In fact, according to Theorem 2.4, we obtain a holomorphic diffeomor-
phism o € Autg(M) such that 0*w = w + v/—133p. The K-energy is invariant
under holomorphic transformations:

|t=0a) = Lyw.

Lemma 4.1 [Mabuchi 1986]. v(w, @ -1y+(p—p)) = V(@, @y) = v(w), ®y).
Proof. Since w and w, are both Kiéhler-Einstein metrics, Lemma (5.4.1) and The-
orem (5.3) of [Mabuchi 1986] yield, respectively, the equalities
V(@, @51y (g—p)) = V(0 ®, 0y) = V(w)p, ®y)
=V(wp, ) +V(w, wy) =v(w, wy). O

We next state two lemmas from [Chen and Zheng 2010] regarding the metric

rephrased for economy
geometry of the space of constant scalar curvature Kihler metrics. They show that
when metrics stay close to w, their projection metrics are uniformly bounded.
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Lemma 4.2 [Chen and Zheng 2010]. There exists a positive constant € such that
|p|c3e < Cae for any p satisfying d(0, p) <e.

Proof. Since € is a finite-dimensional Riemannian symmetric space, a small €
neighborhood near p = 0 in this submanifold can be pulled back by the exponential
map exp, to the tangent space Ty(éo) at 0. Set y =exp,, Y(p). Then the length from
¥ to 0 is €. The norm induced by the distance on 7p(€p) is equivalent to the C 2
norm, since all norms on a finite-dimensional vector space are equivalent. Thus
| expy Y(p) |c2.« 1s bounded by Cje. Since the exponential map is a diffeomorphism
in the € neighborhood near p = 0, we obtain |p|c2« < Ce for some constant C;.
The lemma follows by an appropriate choice of €. U

We can improve this conclusion for C* for fixed k > 0, not only for C>% norm.

Lemma 4.3 [Chen and Zheng 2010]. There exists a positive constant € such that
|@|c2o < €1 implies

lolcse <Cq and ol < Cs,
where h is the left invariant metric in Aut(M).

Proof. Choose a path y; = tp — I(tp) € ¥y for 0 <t < 1. Denote d(0, ¢) the
distance between 0 and ¢. Using (2-1), we compute

1 8% 2 1/2
a0.9) < Lon) = [ ( /| (E) wy,) i
1 12
= f ( f <<p—at1(w))2w';,) dt < Csey
0 M

for |¢|c2« < €. Moreover, the choice of the p implies
d(0, p) =d(0,¢) +d(p, p) =2d(0, ¢) < Czey,

by the triangle inequality. From Lemma 4.2, it follows that |p|c3.« < Cq = C2C3e€y.
Using [Chen and Tian 2006, Lemma 4.6], we derive |o|, < Cs and the lemma
follows. ([

Remark. Alternatively the holomorphic transformation can be derived by mini-
mizing the / — J functional, as in [Bando and Mabuchi 1987], which will be further
discussed in Section 7. Those authors use this minimizer to prove the uniqueness
of the Kahler—Einstein metric when the first Chern class is positive. The minimizer
of the I — J functional is not unique in general, since the second variation of this
functional is not strictly positive. However, when the potential is small enough,
the minimizer is unique. We mention also that Corollary 7.2 provides an estimate
similar to Lemma 4.3.
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4B. Long time existence and Cheeger—Gromoy convergence. Set

Ser, Clk, €)= {¢ | plcra < €15 1@l craqny < Clk, €1)}.

It is obvious that 0 € ¥. We will show that when the initial potential is small, the
solution of (2-3) always stays in & after pulling back by a sequence of holomorphic
transformations.

Lemma 4.4. For any € > 0, there is a small positive constant o depends on € and
S such that, for any ¢ € &, if v,(¢) < o, then |(O'_l)*((p —P)|cre <€

Proof. If the conclusion fails, we take a positive constant € and a sequence of

@s € ¥ satisfying
1
Vo ((03) =< E
and such that

(4-1) 10, (@5 — p) |20 > €.

Since ¢ € F(€1, C(k, €1)), we obtain a subsequence Ps; of ¢; converging smoothly
t0 @oo. Let @5 = (as_l)*(gos — ps). Lemma 4.3 gives

|pslcse < Cq4  and oy < Cs,

which implies that there are, by the Arzela—Ascoli theorem and the Bolzano—
Weierstrass theorem respectively, subsequences of pg; and oy; for which (using
the same notation)
Ps; = Poo IN c*?  for any 8 <«
and
05; — O 0 the left invariant metric.

Combining with Lemma 4.1, which implies that

Vo (@o0) = Uw((z)oo) =0,

we derive that ¢, converges to ¥oo = (05 * (Po0 — Poo) € € in C*F and 0w =
@ ~+ 00 poo. Moreover, according to Theorem 2.4, we have ¢no, Yoo € €.
We claim that
d(¢oos Poo) = 0.
Otherwise, for some sufficient large N, when s; > N,

d((PSja ij) = d((psja %0)

has a strictly positive lower bound. Since the distance function is at least C! (see
[Chen 2000b]), we have d (¢, €9) > 0, contradicting ¢, € €9. Consequently,
the claim holds. It follows that ¢, = O, in contradiction with the lower bound
|Poo| 20 > € Of (4-1). (]
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Proposition 4.5. Assume M admits a Kihler—Einstein metric w and has nontrivial
holomorphic vector fields. There is a small positive constant €y such that, if
|0l c2.e(pry < €0, there is a unique solution ¢(t) and a corresponding holomorphic
transformation o(t) such that the normalization potential of o (t)*w (t) always stays
in ¥. Moreover, any sequence t; has is a subsequence (still denoted by t;) such
that o(tj)*w(t;) converges smoothly to a Kiihler-Einstein metric ®so.

Proof. We prove this proposition by contradiction. Let €; be as in Lemma 4.3.
Using Theorem 2.10, we assume there is a maximal time 7 such that

|olcae <€ 0n[0,T) and |o(T)|c2e = €.

According to Theorem 2.8 we obtain [¢(T)|ck« < C(k, €1, ty, g) on [T — 1o, T'] for
afixed T/2 <ty <T. Let the constant C(k, €1) be C(k, €1, tp, g). So we get

@(T) € S(e1, C(k, €1)).

There are two situations. If ¢(7') is a Kdhler—Einstein metric, the flow will stop
here and our theorem is proved. Otherwise, we will extend the flow as follows.
We first choose €y small enough to guarantee

vole) = o 5. F(er, Clko 1)),

where the constant o(e1/2, (€1, C(k, €1))) is determined in Lemma 4.4. Let the
holomorphic transformation o be the projection of ¢(7") in € with

c*w=w++/—103p.
We set (p? be the Kihler potential of the metric pulled back by o, that is,
(0 ) wyr) = 0+ ~=100[(c ) (9(T) — p)] = w +/~133¢}.
Since the K-energy decreases along the Kéhler—Ricci flow, Lemma 4.1 yields

(4-2) Vo(e?) < o(%1 Pey, C(k, a))).

— C(k,&,)
Vv .,
s e

(1

|
0 T T+T, T+T,

780

Idea of the proof of Proposition 4.5: solving the equation after pulling back.
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Letting ¢ = (e~ H*(@(T) — p), Lemma 4.4 implies that
€]

(4-3) V2o = [(@ ™ @) = 0)| oy < >

We next show that the Kihler—Ricci flow is invariant under the transformation.
Let o1 = (6~ )*(p(t) — p). We compute
9 —1y* wg 1 a)g
— — log —% _ (1 _¢ ) n
1= )|:0gwn+(,0 V/M og =" +¢)w,
wﬂ 1 wn
= (a_l)*[log L tp—p— —/ (log 2 1 —,o)a)g:|

" 1 "
= |:10g w‘i‘ + @1 — V</M(10g w‘i‘ + ¢1>CL)$C|.
The second equality follows form the fact that w, is a Kéhler—Einstein metric. We
conclude that ¢ is the solution of an equation of the form

9 lo o + o1 +a()
—_— — _— a y
(4-4) a1 TR T

P1(0) =¢) = (" H*(p(T) - p),

where (4-3) and (4-2) hold. Again, Theorem 2.10 implies (4-4) has a solution on
[0, T1] with T7 > T such that

lo1(T1)|c2e = €.
According to Theorem 2.8, we also obtain
lp(T)|cra < Clk, €1,10,8)  on [T — 1o, T1].
So we still have ¢(T}) € $(€1, C(k, €1)). Moreover, if we let
pt) =0 o1t —=T)+p on[T,T+T),

the new ¢(¢) is the solution of (2-3) on [0, T+T7].
We repeat the same steps inductively for

(pS—l(TY—l) € 9(61, C(k7 61))’

with T;_{ > T obtained in Theorem 2.10, until ¢; becomes a Kihler—Einstein at
time T, with Ty < oo. If this does not happen, the Kidhler—Ricci flow has long-time
existence and the solution ¢(¢) for all + > 0 is given by

s—1

s—1 s
owo=[Tofop0 on [ L1 307),
i=0

i=0 i=0
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Finally, we prove the convergence of the Kdhler—Ricci flow. For any sequence
{¢1,}, there is s such that Zf;é Ty <tj <> T Let

o-(ii)"

i=0
We have

|Q7w¢tj— w|ce <€) and |ija)¢tj—a)|ck <C(k,€)).
Therefore all metrics are equivalent and their derivatives are bounded. We set

ok
wl//tj - ijﬁﬂtj'

It follows that there is a subsequence of Wy that converges to a limit metric weo
(which depends on the choice of the subsequence). Since the K-energy is bounded
below, we have lim;_, o V(w, a)ll,tj) = (0. It follows from Theorem 2.4 that g, is a
Kéhler—FEinstein metric. The proposition is proved. ([

Let t, = Zfzo T;. Following the argument in [Chen and Tian 2006], we can
first connect each pair of points ¢, and ¢, by a geodesic in the space of Kihler—
Einstein metrics, so

o) =o0(s)exp((t —s)X,) forallrels,s+1],

with X uniformly bounded by Lemma 4.3. We then smooth the corner at each
point #; by replacing the broken line by a smooth curve in a small neighborhood
of t;, without changing the value and the ¢ derivative at the endpoints. Hence we
have extended the holomorphic transformation to all #, while ensuring Lipschitz
continuity in ¢.

Let wy ) = 0(t)*wy(). We have already seen that the Kihler—Ricci flow con-
verges to a Kéhler—Einstein metric in Cheeger—Gromov sense; i.e., for any se-
quence g(#;), there is a subsequence g(7;;) and a holomorphic transformation o(#;)
such that o(#;,)*g(#;;) converges smoothly to a Kéhler-Einstein metric goo. So we
have

[1_1)1210 Ric(gy,) — wy, =0,

which leads to the convergence of the eigenvalue. To obtain the compactness of the
sequence of holomorphic transformations o(#) and the exponential convergence of
the Kihler—Ricci flow, we use an auxiliary result:

Theorem 4.6 [Phong et al. 2009, Theorem 2 and Remark (7)]. If the Kdhler—Ricci
flow converges to a Kihler—Einstein metric in Cheeger—Gromov sense. Then the
Kdhler—Ricci flow must converge exponentially to a unique Kdhler—Einstein metric
nearby.
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5. Kihler-Ricci solitons

In this section we generalize our argument to the Kdhler—Ricci solitons. According
to [Fujiki 1978], the identity part of holomorphic transformation group Auty(M)
is meromorphically isomorphic to a linear algebraic group L(M) and the quotient
Autg(M)/L(M) is acomplex torus. Futaki and Mabuchi [1995] used the Chevalley
decomposition to L(M) to obtain a semidirect decomposition

Auto(M) = Aut, (M) ¥ R,.

Here Aut, (M) is the reductive algebra group, which is the complexification of a
maximal compact subgroup K, and R, is the unipotent radical of Autg(M). Let n,
be the Lie algebra of Aut,(M). Recall that a Kédhler metric w is called a Kdhler—
Ricci soliton if there is a holomorphic vector field X such that

(5-1) Lxw =Ric —w.

Tian and Zhu [2000] proved the uniqueness of Kéhler—Ricci solitons for a fixed X
in the Lie algebra of Auty(M).

Theorem 5.1 [Tian and Zhu 2000]. If (w, X) and (@', X) are Kéiihler—Ricci soli-
tons, there are holomorphic transformations o € Auty(M) and t € Aut, (M) such
that 6*w = t*0*w' and 6*X € n,.

Theorem 5.2 [Tian and Zhu 2002]. If (w, X) and (', X') are two Kdihler—Ricci
solitons, then there is a holomorphic transformation group o € Auty(M) such that
w=0*wand X =0 'X'.

Since Ly xw = 0, Im X generates a one-parameter isometric group Kx. We
further choose K such that Kx € K. According to Proposition 2.1 of [Tian and
Zhu 2002], X lies in the center of 1,.

Now we fix a holomorphic vector field X. By the Hodge theory there is a real
value function 0y such that Lyw = ~/—10396x with f M e%*@w" = V. Then the
potential equation of the Kihler—Ricci flow (1-2) is

n

ap w,
— =log — -0 1),
®(0) = ¢o.

We choose
n

®) 1/(1 Do\ 9) "
a = —— og — — w,
%4 M ga)” ¢ X ¢

moreover I (¢g) = 0, so the Kdhler—Ricci flow stays in .
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Recall the W-functional of [Perelman 2002], defined by

W(g. f.0) = () [ [P 48) 4 =n]e T av,
M

and invariant under diffeomorphisms ¢ and scaling C:
(5-3) W(Co*g,0*f,Ct)=W(g, f, ).
Recall also Perelman’s p functional, defined by
u(g, ) =inf{W(g, f,v) | @nr)™?* [,,e=/dV =1},

and also invariant under diffeomorphism. Its minimum is achieved by some smooth
function f satisfying T[(2A f — |V f|1*)+ S+ f —n = (g, 7). The first variation
of u(g, 7) at glfj = v;; for fixed 7 is

W (vij, T) = (dmr) ™2 /M{—r<v,~j, Ric+D*f — %g)}e_deg.

So the (shrinking) Kihler—Ricci soliton is the critical point of u(g, T = %). The
gradient flow of the p functional equals to (1-1) with A = 1 up to a diffeomorphism
generated by V f. So the u functional is nondecreasing along the Ricci flow. The
second variation of this functional near a Kéhler—Ricci soliton in the canonical
class has been calculated:

Theorem 5.3 [Tian and Zhu 2008, Proposition 2.1]. We have

2 _
(5-4) %u(w+v—133¢)|z=0§0,

and equality holds if and only if ¢(0) is the real part of the holomorphic potential
of some holomorphic vector field.

So the only directions in which the Kihler—Ricci soliton w in (5-4) vanishes are
those tangent to the orbit of @ under the action of Auty(M). We thus obtain the
following local property of the u functional:

Lemma 5.4. A Kdhler—Ricci soliton is a local maximum of i (g) in .

Proof. Near a Kédhler—Ricci soliton g, the tangent space T, (#) splits as n(M)@ N,
where N is the orthonormal part. Due to Theorem 5.3, u(g’) < u(g) along any
direction in N. Moreover, since o*g is still a Kdhler—Ricci soliton for any o €
Auty(m), we have u(g") = nu(g) along any direction in n(M). O

As a result we deduce that a Kédhler metric that achieves the maximum value of
the w(g) functional near a Kdhler—Ricci soliton must be a Kéhler—Ricci soliton.

Let €y C 3o be the space of potentials of Kédhler—Einstein solitons with respect
to the holomorphic vector field X. Due to Theorem 5.1, € is a single orbit under
the action of Aut, (M).
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Lemma 5.5. € is a finite-dimensional totally geodesic submanifold of ¥.

Proof. Analogously to the case of the extremal metric in [Calabi 1985], Lemma A.2
and Theorem A of [Tian and Zhu 2000] imply that the identity component of
the holomorphic isometric group of the Kéhler—Ricci soliton (w, X) is a maximal
compact subgroup of Aut, (M) containing Kx. So (Aut, (M), K) is a Riemannian
symmetric pair and € is Aut, (M )-equivariantly diffeomorphic to the Riemannian
symmetric space Aut,(M)/K. Then for any w € €, each geodesic starting at @ in
€ can be written in the form

y(t) =exp(tReY)*w,
for some nonzero Y whose imagine part is a Killing vector field. Then Theorem
3.5 and Remark 3.3 in [Mabuchi 1987] show that y (¢) is also a geodesic in 3y. [J

Now choose w, = w+ 99 p such that p realizes the shortest distance between v/
and €. Clearly, p is uniquely determined. In fact, due to Theorem 5.1 we obtain
a holomorphic diffeomorphism o € Aut, (M) such that

cfw=w,=w+v-1 30 p,
with p € €p. By an argument analogous to the one in Proposition 4.5, but using
the u functional instead of the K-energy, we obtain:

Lemma 5.6. For any € > 0, There is a small positive constant o depends on € and
& such that for any ¢ € &, if u(wy) > u(w) — o, then |(c~)* (¢ — P)|cre < €.

Proof. If the conclusion fails, take a positive € and a sequence of ¢, € & satisfying

1 -
wwg) = p@) =~ and [0 ) (s = po)] 2 Z €.

Since ¢; € ¥, we obtain a subsequence @s; of ¢, converging smoothly t0 @uc.
Lemma 4.3 gives
|oslcse < Cq4 and  og|p < Cs,

which implies that (q; 1)*(<psj — ps;) converges in C 3.8 towards

Poo = (0)* (o0 — Poo) € €0, With 020 = 0 + 90 poo.

Then (5-3) implies that u(wy, ) = u(wg,) = u(w). The rest of this proof is the
same as for Lemma 4.4. O

Proposition 5.7. Assume M admits a Kdhler—Ricci soliton (w, X). There exits a
small constant € such that, if |go|c2.e ) < €0, there is a unique solution ¢(t) and
a corresponding holomorphic transformation o(t) € Aut,(M) such that the nor-
malization potential of o(t)*w,(t) always stays in ¥. Moreover, for any sequence
i, there is a subsequence t;, such that Q(t,-_/)* 8¢(n;) converges smoothly to geo.
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Proof. The proof, by contradiction, is similar to that of Proposition 4.5. Let ¢
be as in Lemma 4.3. Applying Theorem 2.10 to the potential equation (5-2), we
assume there is a maximal time 7 such that

|@|lc2e <€ on[0,T) and |o(T)|c2e = €.

From Theorem 2.8 we obtain |¢(T)|cx« < C(k, €1, 19, g) on [T —ty, T'] for a fixed
T/2 <ty <T. Let the constant C(k, €1) be C(k, €1, t9, g). So we get

@(T) € S(e1, Clk, €1)).

There are two situations. If ¢(T) is a Kdhler—Ricci soliton, the flow will stop
here and our theorem is proved. Otherwise, we will extend the flow as in the proof
in Proposition 4.5.

We first choose €y small enough to guarantee that

€]
(@) > () — 0(3, Fler, Ck, a))),

where the constant o(e€;/2, ¥(e1, C(k, €1))) is determined in Lemma 4.4. Let the
holomorphic transformation o be the projection of ¢(7') in €, with

c*o=w++/—100p.
Let (p? be the Kéhler potential of the metric pulled back by o, that is,
(0 Y wpry =0+ vV=133[(c™H*(@(T) — p)] = 0 +/—133¢!.

Since the u functional is nondecreasing along the Kédhler—Ricci flow, we obtain

€1
(5-5) 1@, = p@) o5 Ier, Clh. ).
Lemma 4.4 implies that
—1yx* €1
(5-6) (@™ @(T) = )| coaqy < 5

Set @1 (1) = (0‘1)*(<p(t) — p). Combining (5-2) and (5-1), we obtain that ¢, is the
solution of an equation of the form

n

J @,
(5-7) 5,91 =log —r o1 —Ox +alt),

91(0) =) = (0~ H*(p(T) — p),
where (5-6) and (5-5) hold.
Again, Theorem 2.10 implies that (5-7) has a solution on [0, T1], with T} > T,
such that

lo1(T1) | c2e = €.
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From Theorem 2.8, we also obtain |¢(71)|cke < C(k, €1, to, g) on [T1—ty, T1]. So
we still have

o(Ty) € S(e1, C(k, €1)).

If we set () = o*p1(t — T)+ p on [T, T+T)), the new ¢(t) is the solution of
(5-2) on [0, T+T7].
We repeat the same steps inductively for

@s—1(Ts-1) € F(€1, C(k, €1)),
with T;_; > T obtained in Theorem 2.10. We thus obtain a sequence of holomor-
phic transformations o; and the solution ¢(¢) for all ¢+ > 0 given by

s—1

0oy = [ [ 0w,y on [ZEZ ’)'

i=0 i=0
s—1 —1
Seto; = ( I1 a,-) . We have
i=0
|Q§w¢tj—w|ca <€ and |Q§w¢tj—w|ck < C(k, €1).

It follows that there is a subsequence of o] iw,, converging to a limit metric we.
According to Lemma 5.4, the u functlonal is bounded above and wy is a Kédhler—
Ricci soliton. (]

Assume 9 is generated by Re X:
* at

Let ¢ and ¢ satisfy ¢*w = w, and ¢ = ¢*¢ + 0. We obtain the modified Kihler—
Ricci flow of the form

0 .

Ea)tb = — RlC(a)¢) + wy + LReXw¢,

Wy (0) = Wy, -

We apply [Phong et al. 2011, Theorem 1] to obtain:

Theorem 5.8. If the Kihler—Ricci flow converges to a Kdahler—Ricci soliton in the
Cheeger—Gromov sense and the initial Kihler potential is K x-invariant, then the
modified Kdihler—Ricci flow converges exponentially to a unique Kdhler—Ricci soli-
ton nearby.

Zhu [2009] also discussed the stability of Kéhler—Ricci flow near a Kdhler—Ricci
soliton by using Perelman’s estimate (unpublished) and Chen and Tian’s energy
method [2002; 2006].
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6. Weak flow

In this section we weaken the initial condition. Let a(z) = 0 in (2-3); the potential
equation then reads

1) o
- = 10 _(p + ’
(6-1) or S Y

¢(0) = go.
We defined ¢y is the limit of ¢, € PSH(M, w) N L*°(M) in L* norm. Meanwhile,
wg, > 0 in the sense of currents. Let the weak solution be a limit of a sequence of
approximation solutions by

@)= lirr(l) @(s,1).

The Kdhler—Ricci flow with weak initial data was studied in [Chen and Ding 2007;
Chen and Tian 2008; 2008]. We also have:

Theorem 6.1 [Song and Tian 2009, Proposition 3.2]. If ¢q is defined above with
l@o|Le < A and Ia)(’/’,o/a)”le(M,w) < B for p > 1, there is a unique smooth solution
8y (1) of (1-1) for t > O such that

li t) = @p.
Aim (1) = o
The estimate in Song and Tian’s proof is that
(6-2) |(p(t)|C" SC(I, Tvk’ A’ B) on (Ov T]

For fixed B and p, introduce the space

n

a)n

N(GO;B,P)Z{Qﬁ‘fﬂleféo, §Bf0rsomep>l},

LP(M,0)
Here B and p should be chosen such that N'(eg; B, p) is not the empty set. Clearly,
if |@o|c11 < €p, then g € N(eo, 14+ (2" — 1)ey, oo) Actually, we have:

Lemma 6.2. Fix ty € (0, T]. For any €| > 0 there is a small €y such that for any
®o € N(€o; B, p) we have |¢(1p)|c2« < €.

Proof. If the conclusion fails, choose a sequence of ¢, such that

n
w%

a)n

< B.
LP(M,w)

lps|Le < " and

For each corresponding solution ¢, (¢) constructed by Theorem 6.1, we have

(6-3) lgs (t0) | 2.« > €7.
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Setting g,,;7 = fot (87 +ag;;)da > 0, we rewrite (6-1) as follows

dg
E = Agaw(p + (p’
905(0) = @s.-

From the maximum principle we obtain

(6-4) supy 1@s (to)| < " supy, [@s].

By (6-2), we can pass a subsequence of ¢y, (fp) such that lim;_, , @5, (f0) = @oo(t0)
in C* for k > 0. Let s = s; in (6-4). Then the limit approaches sup,, |¢oc(f0)| <0,
which contradicts (6-3). ]

Now we have a C>% small initial datum ¢(fy); we normalize it to be o — I (¢o)
which is also C%* small. Then we can solve Equation (2-3) with this initial datum.
Combining Propositions 3.1 and 4.5, Theorem 4.6, and Lemma 6.2, we obtain
Theorem 1.2. Analogously, we apply Proposition 5.7, Theorem 5.8 and Lemma 6.2
to obtain Theorem 1.1.

7. Another choice of holomorphic transformations

In this section, we follow the arguments in [Bando and Mabuchi 1987; Chen and
Tian 2002] to find a good holomorphic transformation. The / and J functionals
are defined as

1
I(w,a)(p):V/ go(a)n_a)g)’
M

L[ i1

n - . .
J(w,wq,):%_ Mm«/—law/\Bgo/\ o' Ao
=

From [Aubin 1998] we know that I and J are both semipositive functionals and
satisfy
(7-1) 0=I(w,w,) <+ (0, wy) — J (0, wy)) <nl(w, w,) foree.
Fix ¢ € #p. Consider the functional

V()= —J)wy, o*w) =1 — J)(w,, w)),

which is defined for any o in the reductive subgroup Aut(M) with o*w = w+ 39 p.
Since w, is a Kéhler—Einstein metric, it satisfies

n

@p
(7-2) log—+p=0 and I(p)=0.
a)n
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If w, is the minimal point of ¥, for any u € A(w,), we have

(a-3) | o= =0
M

It is known that n(M) = A(w) for any K#hler—Einstein metric @ [Matsushima
1957]. To prove that the minimizer of W is always attained, it suffices to prove:

Proposition 7.1 [Bando and Mabuchi 1987]. For all
o€ {,0 |o*w=w,,0 € Aut,(M), ¥ (o) < r},

we have
lp — ,0|C21a(gw) < C(lolcee).
Proof. Clearly,

—Ag(p—¢9)<n and —A,(p—¢)>—n.

A lower bound for the Green function is given by

7-4 Gy, > — _(p:_A’
(7-4) = J/Volw ¢

since the volume is constant in a fixed Kéhler class and the diameter of g, is
bounded by C diam(g) when |¢|-2 < C. Using Green’s formula and (7-4), we
obtain

(7-5)  supy(p —¢)
- %fM(p — P, — %fM Dy(p — @) (W)(Gy(x, y) + Ap)wy (y)
= %/M(p — @)y, +nA,.
Similarly, we deduce that
(7-6)  infy(p — @)
- %/ (0 =)o), = %/ Dp(p =) W(G)(x, y) + Ap) @y (¥)
M M
= [ 0oy —na,.

Because Ric(p) =w,, we have diam(g,) <+/2n — 1 Myers’ theorem. Combining
(7-5) and (7-6) we get

(7-7) Oscy(p —¢) = %/ (0 — @)@ — )+ Cllplc2).
M
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From (7-1) we obtain
1
V/M(” — @ — ) = 1 @ ) < 1+ DT = D)@y, 0)) < (0 + Dr.

Since w, is a Kihler—Einstein metric, we have

(7-8) (wp+=100(p — @) =P~ H 0]
with
v/~19dh, = Ric(w,) —w, and / e"r ) = Vol(M).
M
By using the second-order estimate in [Yau 1978], we get
n+Ay(p—9) < eCOSCM(p_(p)C(SupM(iiQ£|R¢l~17k]z|), infy; Sy, supy, hy)

< M= C (|| ca).

Then the Krylov estimate shows that p — ¢ has C>* bound. O

Thus we also obtain a uniform bound for the gauge p. Our previous discussion
implies:

Corollary 7.2. If |¢|cs« is bounded and p is the minimizer of W, then |¢ — p|c2.
and |p|c2.« are both bounded.

This implies that g, is equivalent to g.
We now turn to the uniqueness of the critical points of the functional ¥ when ¢
is small. The second variation of W at p is given by

|
(7-9) DU, (u, v) = V/M<1 + %App>uvwz.

Lemma 7.3. Forall |¢|c2« < €1 andu € Aj(w,), the bilinear form Dz\llp(u, u)is
positive definite. Hence p is unique.

Proof. Note that (7-8) can be rewritten as
(7-10) (wp+~/—130(p — p))' = e WP ey,

By definition, A, is given by
" 1
— i -
h(p = —IOgJ —§0—10g<v\/gwe ‘o)w".

(7-11) |h(p|C2v0!(gp) =< CGI = 57

We conclude that
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by the assumption on ¢. Let

Ci,a(M) — {(p € C>*(M) ' / <pua)Z for all u € Al(a)p)}.
M
Define the operator of (7-10) by

w, +~/—1030a)"
(wp vwn )+a

0

®(a, b) =log +b, CT*(M)x C*(M)— C*(M).

It is clear from (7-10) that ®(¢ — p, hy) = 0. The linearized operator of (7-10) at
(a,b) = (0,0) is given by
3, P(v) =A,v+v.

We infer that §,® is invertible from C i’“ (M) to CY(M). The implicit function
theorem implies that there is a small § neighborhood of 0 in C*(M) such that
when |hy| cra(g,) =98, we have from (7-3) that

|(p — p|c2,a(gp) < Cs.

Then we use Corollary 7.2 and (7-11) to obtain

lplc2e <@ — plcze + |@lc2e < Cey.

Hence |p| 2.« is small if we choose appropriate €; and the bilinear form Dzlllp (u, u)
is positive definite. O
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THE SECOND VARIATION
OF THE RICCI EXPANDER ENTROPY

MENG ZHU

The critical points of the . functional introduced by M. Feldman, T. Ilma-
nen and L. Ni are the expanding Ricci solitons, which are special solutions
of the Ricci flow. On compact manifolds, expanding solitons coincide with
Einstein metrics. In this paper, we compute the first and second variations
of the entropy functional of the 9, functional, and briefly discuss the linear
stability of compact hyperbolic space forms.

1. Introduction

Perelman [2002] introduced two important functionals, denoted by & and W'. The
corresponding entropy functionals A and v are monotone along the Ricci flow
0gij/dt = —2R;; and are constant precisely on steady and shrinking solitons.
H.-D. Cao, R. Hamilton and T. Ilmanen [Cao et al. 2004] presented the second
variations of both entropy functionals and studied the linear stabilities of certain
closed Einstein manifolds of nonnegative scalar curvature.

To find the corresponding variational structure for the expanding case, M. Feld-
man, T. Ilmanen and L. Ni [Feldman et al. 2005] introduced the functional W..
Let (M", g) be a compact Riemannian manifold, f a smooth function on M, and
o > 0. Define

Welg. foo) = (a2 [ e (@(97P +R) = f4n)av.
M

pi(g, o) :inf{m(g, f,0) ‘ f e C®(M) with (47rc7)_”/2/ e fdv = 1},
M
v1(g) = sup puy(g,0).
o> 0
Then v, is nondecreasing along the Ricci flow and constant precisely on expanding

solitons.

Research is partially supported by NSF grant DMS-0354621.
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Keywords: entropy functional, v4 functional, W, functional, linear stability, linear variation,
negative Einstein manifold, second variation.
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In this note, analogous to [Cao et al. 2004], we present the first and second
variations of the entropy vy. By computing the first variation of v, one can see
that the critical points are expanding solitons, which are actually negative Einstein
manifolds (see [Cao and Zhu 2006], for example). Our main result is this:

Theorem 1.1. Let (M", g) be a compact negative Einstein manifold. Let h be a
symmetric 2-tensor. Consider the variation of metric g(s) = g + sh. Then the
second variation of vy is

d?vi(g(s))
ds?

(o
=— Nyh, h),
s=0 VOlg//.w< * )

where

Nih:= %Ah—kdiv*divh—l—%vzvh—FRm(h,-)—i—L/ trh;
2no Vol g J i

here tr is the trace with respect to g and vy, is the unique solution of
Up .y
Av, — — =div(div h), / v, =0.
20 M

In this case, we may still define the concept of linear stability. We say that an
expanding soliton is linearly stable if Ny < 0; otherwise it is linearly unstable.
Similar to [Cao et al. 2004], the N operator is nonpositive definite if and only
if the maximal eigenvalue of the Lichnerowicz Laplacian acting on the space of
transverse traceless 2-tensors has a certain upper bound. Using the results in [Delay
2002; 2008] or [Lee 2006], one can then see that compact hyperbolic spaces are
linearly stable. But unlike the positive Einstein case, it seems hard to find other
examples of negative Einstein manifolds which are either linear stable or linear
unstable.

2. The first variation of the expander entropy

Recall that in [Perelman 2002], the & functional is defined by
Ff5)= [ AVFE RV,
and its entropy A(g) is
a(g) = inf{%(f, 2) ‘ f € C®(M) with /M e/ = 1},

where R is the scalar curvature. By [Feldman et al. 2005, Theorem 1.7], we know
that 4 (g, o) is attained by some function f. Moreover, if A(g) < 0, then v, (g)
can be attained by some positive number o
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Lemma 2.1. If v, (g) is realized by some f and o, it is necessary that the pair
(f, o) solves the equations

(1) o(=2Af +IVfP=R) +f—n+vy=0
and
) (4710)_"/2/ fetav="2_,.

M 2

Proof. For fixed o > 0, suppose that ;i (g, o) is attained by some function f.
Using the Lagrange multiplier method, consider the following functional

L(g, f.0.2)

:(47‘[0)_"/2/ e (o (IVFP+R)— f+n)dV + ,\((47m)—"/2/ e—fdv—1).
M M

Denote by §f the variation of f. Then the variation of L is
0=46L
— o) [ oo TFP+R) ~ £ +n)aV
M

+ (4710)_”/2/

e—f(zanV(af)—af)dv—(47m)—"/2/ A(8f)e  av
M M

= (dro)™"/? fM e T f)(o(=2Af +|VfI* = R))dV

+ (4m)"/2/ e TEH(f—n—1-21)dV

M
Therefore,

o(=2Af +|Vf> —=R)+ f—n—1—1=0.

Integrating both sides with respect to the measure (4 o) ~"/?e~/dV, we get

—)\—1=(47m)—”/2/ e (o(IVFP+R) — f+n)dV = puy(g,0).
M

When o and f realize v, (g), this is just Equation (1).
Now we consider the variations §o and §f of both o and f. We have

(3) O=(4m7)"/2/

Me*f(—%aa —6f)(a(|Vf|2—|—R) — f+n)dV

+ (4m)—"/2/ e (8o (IVFI*+R) +20VFV(8f) —8f)dV
M

and

&) (4ro)~/? /M e (—%80 - 5f) dV =0.
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Using (1) and (4), we can write (3) as
0= (4;10)—"/2/ e (8a(IVFI>+R)—58f)dV
M
= (4wo)"? / e_f<180(v+ + f—n)+ iSo) dv
M oy 20

_ (55 L 2 | - _n
= (60)- (470) /M e <v+ iy 2) v,
which gives (2). O

Before computing the variations of the vy functional, let’s recall some variation
formulas for curvatures. By direct computation, we have:

Lemma 2.2. Suppose that h is a symmetric 2-tensor and g(s) = g + sh is a varia-
tion of g. Then

OR
) S| = RV Vi — At
and
©) azR‘ Dl Ry — 2y M R
9s2 ls=0 kpTpl K ds ls=0 g 952 ls=0

= 2hkphlekl — hy (ZVPthpl — Ahy — Vi Vitr h)
=V (hpg(2Vihig — Vg trh)) 4 Vi(hpg Vil pg)
+ 1V, wh(QVihiy — Vp trh) + 2 (Vih pg Vichpg — 2Vphig Vohip),

where V is the Levi-Civita connection of g and trh is the trace of h taken with
respect to g.

Now we are ready to compute the first variation of v;(g).

Proposition 2.3. Let (M", g) be a compact Riemannian manifold with A(g) < 0.
Let h be any symmetric covariant 2-tensor on M, and consider the variation

g(s) =g +sh.

Then the first variation of v4(g(s)) is

dvi(g(s))
ds s=0

B B 1
= (4no) ”/2/ oe f<—Rij_Viij_%gij)hij av,
M

where the smooth function f and o > 0 realize v4(g).
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Proof. By taking derivatives directly, we have

(N

aﬁ=(4na)"/2/ e’f(—iaa 8f—l—— i p, >(G(|Vf|2+R))dV
M

s 20 9s _ as 28
+(4710)_"/2/

Me—f< ndo 9f 1 §7hij ) (= f +m) dV

20 ds as 2
+(4m)—"/2/ —fa" (VfI>+R)dV
M

- (47m)"/2/ e M (og'Pg!h,, Vi fV; f)dV
M

+(47r0)_"/2/M - < (2¢virv; %L +%)_%>

Since (4710)*”/2/ e~ /dV =1, we have
M

®)

-2 [ (_n 9o df (1 )—f _
(4ma) /M( 2 85 ds 2g hij)e " dV =0.

Substituting (1), (2) and (8) in (7), we obtain

3U+(S) |s_

as

200 Os 2

= (4mo)™? /M(2cr(|Vf|2 —Af) +v+(0))(——— -4 —g"f'h,-j)e*fdv

—1—(47‘[0)_”/2/

M

+ (4710)_”/2/

M

(52avsr+r = 2L —oh;vipv; f)erav

0<2%(|Vf|2 — Af)+ViVihy — Atrh —hinij>e_de

:(4710)_”/2/M< (VP +R) = 8L — 0y ¥,V f 4y Rip) )™ av

20 0Os

_ —-n/2 n do\ _r
— (4r0) /M<as(|Vf| +R)+ =50 )e ™l av

. (4710)"/2/ ohij (Rij + ViV, f + ig,-j)e*fdv
I, 20

_ (47'[0)_"/2/ 1 9o (f(O)——+v+(O) 2o(|Vf|2—Af))e—fdv
M

o s

—(4no)_"/2f ah,,(R,-j +V:V;f+ %gij)e_de
M U

—10) ™ [ty (R + V9, + gy )eTav.
M o -
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Hence, the first variation of v, is

dv(g(s))
ds s=0

:(4710)_"/2[ oe—f(—Rij—vivjf—zlgij)hijdv. O
M U

From the proposition, we can see that a critical point of v (g) satisfies
2 1
Rc+Vif+—g=0,
20
which means that (M, g) is a gradient expanding soliton.

3. The second variation

Now we compute the second variation of v_. Since any compact expanding soliton
is Einstein (see [Cao and Zhu 2006], for example), f is a constant. After adding a
constant to f we may assume that f =n/2.

In the following, as in [Cao et al. 2004], we set Rm(h, h) = ,Jklhlkhﬂ, divw =
Viw;, (divh); =V;hj;, and (div* w)ij = —(V wj+Vjw;) =—5L,gj, where h
is a symmetric 2-tensor,  is a 1-tensor, o is the dual vector ﬁeld of w, and L
is the Lie derivative.

Proof of Theorem 1.1. Let (M, g) be a compact negative Einstein manifold with

f =n/2 and R;; = —1/(20)g;j. For any symmetric 2-tensor &, consider the

variation g(s) = g + sh. By Proposition 2.3, we know that (dvy /ds)|s—0 = 0.
From (1) and (2), we get

n do af of
9) - —(0) —20A—(0) — —(0) + —(0)
o 0s as

and

(4n0)"/2f e"/2<2 (—i 99 f Lo+ trh) Lo (0)) dv = 0.
M S
It follows by (8) that
(10) (4na)_"/2f %(O)e_"/zdv =0
M 8s

and

n do

1
11 o thdV,
(D 2% s 0= Volg/2r
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where (4mo)2e "/ = L Thus
Volg’

dv_+:(4na)—n/2/ e—f(_ia_a 8f_|_
M

ijp.. 2 _
ds 35 a5 a5 T2 hiD(E (VI +R) = f+n)dV

+ano) ™ [ I (Sqvspar)- ) av
M

+(4m7)_”/2/ oe—f( 8¢ hp Vi fV; f +287Vi fV; o +g) v
M

n _ do 9 ;
= (470) /2/ eI (—a 90 84 Leiing ) 2o (VP = AP +vi) dV
M

+(4n0)"/2/ ( (IVf]2+R)— 8f)dv
M

+(4n0)_”/2/ oe ( §Pg Vi fV; f +28"V: fV; f >dV
M

as
— (4;10)—"/2/ oe g (IVfI* = Af)dV
M

+ (4716)"/2f

ef< < gPgMh Vi fV; f + 8_R) _ %gijhij> av,
M

where we note that

/2ae—fgffv,-fvjz—fdv:/ 20@‘-fg(|Vf|2—Af)dV
M N M as
and
af
fMe (35 (VP +R) - )dv

n do 1

_ -r (99 2 ndo 1 G,
_/Me (as“vf' TRy 28 h”)‘W
1 0o 1
— [ (5 (e 9P+ R+ ) - e h)av
_ [ ,rldo 2 _ _n Y S 7
_/Me -~ (o(2|Vf| INA 2+v+)dV /Me Yolh;dv

:—/ e_f~%gijhl~jdV.
M

Since f(0) = =, we have



506 MENG ZHU

vy 1 af
12 5| = Volg/MatrhAast

1 _ndo _3f 1 )( IR _1 )
+Volg/M( 2095 as T2\ mauh)dv

1 do 9R 3R 1“2)
" Vol fM(as s 105,z Talhijl")dv.

In the following, all quantities are evaluated at s = 0. First, we have

1 3%R

=2 I NP v
_Volg/M( Ulhtjl hk1(2Vkahp1 Ahy — Vi Vitrh)

=V (hpg2Vihig — Vg trh)) + Vi(hpg Vich pg)

+ IV, tr h(2Vihiy — Yy trh) + 2 (Vih g Vich pg — 2vphkqvqhkp))dv

_ o
"~ Volg

B T 1 2 1 2
/M( i = hia ¥y Vi py = 5|V 2|Vtrh|)dv

__0 1, 1 2 1 2)
_Volng( 2= SIVhE = SV wh?) dV

o
Vol g

___ b [ L,
N Volg/MZ|h”|dV

/ It (Vi Vphpi + Righgr + Rprgihpg) dV
M

o 2 1 2 1 2
—1 —Lv .
+V01g/M(|d1vh| +Rm(k, h) — L VAR = LV eh2)dv
Moreover,
1 do IR 1 JR
(14) v =2 /trth o
Volg Jy ds 0s n Volg Juy Volg Ju Os

1 1 2
:_( trth).
2n\Volg Ju

Let vy, be the solution to the equation

Avy — ;—(’7 = divdivh = V,V,h . / v = 0.
M

Then
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1 _ndo _9f 1 )%
Volgf( 20 ds 3s+2trh asdv

=7 _ia_a_ﬁ_ )( T )
_Volg/< 20 s 9s trh ) Avy 2U+20’ trh—Atrh)dV

__(_1 1 AL 3f>
= (VolngZtrth> * ol g ””( Bos Tagas) 4V
o ﬂ_L%>
* Vol g /M”h(Aas 20 9

o 1 B/ SO )
+V01g/Mztrh(Avh Uy twh—Ath)aV,

where we have used (11) to derive the first term in the last equality. Meanwhile,

__1 Lop(—90 _93f )
Volg/M2trh( 20 3s as+2”h
___1 1, of SR 1 )
= Volg/MZ th(=20 A% —o G0+ ).

It follows that

1 f(_ia_a_ﬂ+_th)< a—R——th)dV

Vol g 20 0s  0s as
:Vollg/MatrhA%dV—%lg/Ml(trh)de
—(%lg/M%trth> +W vh< ABJ;+2103{) v
e RLCS s L
T Vglg/Mtrh<Avh ;”1 +2—trh Atrh)d
Now since

o A L%) __o (_La_o— 18R>
Volg/Mvh( Aas 20 0s dV_Volg Mvh 4028s+28 dv

_ 1 U i _ )
_Volg/ 2 (Avh 20+2Gtrh Atrh)dV

o _l 2 Uh 1
Volg/M 2|Vvh| yp +4 trh 2thtrth
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and

o %_Lﬂ)
VOlg/M“h@as 20954V
o n do 10R
= Volg /M“h(ma‘zﬁdv

2
:( 1 /ltrhdv)— o f1trh(Avh—”—h+itrh—Atrh)dv,
M M

Vol g 2 Vol g 2 20 20
we have
1 0 d 1 R 1
(15) /(—i—(’——f+-trh)(a—__trh)dv
Volg Ju\ 20 0s ds 2 as 2
9 1 2
_ /JtrhA—de+ ? /(——|vph|2—i+—|Vtrh|2)dV.
Volg Ju as Volg Ju\ 2 40 2

Substituting (13), (14) and (15) in (12), we get

d?v, o 0 1 21 2 U}%)
= R —LwvhR = L r = Y
| o= oz (fM<|dwh| +Rm(h, h) = 3|VA = 2|V = ;L) av
2
1 (1
+%(—V01g/1;4trhdv>
o

_Volng<N+h,h>. O

As a simple application, we discuss briefly the linear stability of negative Ein-
stein manifolds. In analogy with [Cao et al. 2004], we say that a negative Einstein
manifold is linearly stable if N; < 0, otherwise it is linearly unstable. As in that
paper, decompose the space of symmetric 2-tensors as

ker div @im div*,
and further decompose ker div as
(kerdiv)o ® Rg,

where (ker div)g is the space of divergence free 2-tensors & with / trh =0. Itis
easy to see that N, vanishes on im div*, and on (ker div)g M

1 1
Ny = z(AL - ;)’

where Ay = A4+2Rm(-, ) —2Rc is the Lichnerowicz Laplacian on symmetric
2-tensors.



THE SECOND VARIATION OF THE RICCI EXPANDER ENTROPY 509

Moreover, we may write (kerdiv)g as
(kerdiv)g = Sp @ S,

where Sy is the subspace of trace free 2-tensors and

S = {h € (ker div)g

h,‘,‘ = (—Lu—i—Au)g,-j—V,-Vju, u GCOO(M) and / MZO};

: 20 M
see [Buzzanca 1984], for example.

Define

Tu:= (—%M + Au)gij - V,-Vju.

Since Ay (Tu) = T (Au) for all smooth functions u and ker T = {0}, we can see
that the Lichnerowicz Laplacian and the Laplacian on function space have the same
eigenvalues. Thus N4 is always negative on S;. Therefore, to study the linear
stability of negative Einstein manifolds, it remains to look at the behavior of Ay
acting on Sy which is the space of transverse traceless 2-tensors.

Example. Suppose that M is an n dimensional compact real hyperbolic space with
n > 3. By [Delay 2002] or [Lee 2006], the biggest eigenvalue of A, on trace free
symmetric 2-tensors on real hyperbolic space is —Alf(n—l)(n—9). Since on M we
have Rc = —(n — 1)g, we obtain

1
—=2(n-—1).
o

Thus the biggest eigenvalue of N, on Sy is not greater than —%(n — 1)2. This
implies that M is linearly stable for n > 3.

Remarks. (1) When n =3, D. Knopf and A. Young [2009] proved that closed 3-
folds with constant negative curvature are geometrically stable under certain
normalized Ricci flow. R. Ye [1993] had obtained a more powerful stability
result earlier.

(2) For n =2, R. Hamilton [1988] proved that when the average scalar curvature
is negative, the solution of the normalized Ricci flow with any initial metric
converges to a metric with constant negative curvature. In particular, they are
linearly stable. On the other hand, in [Delay 2008] we see that the biggest
eigenvalue of the Lichnerowicz Laplacian on trace free symmetric 2-tensors
is 2. Thus N is nonpositive definite on (ker div)g, which also implies the
linear stability.

(3) For the noncompact case, V. Suneeta [2009] proved certain geometric stability
of H" using different methods.
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