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In this paper, we present some new Wirtinger-type inequalities on time
scales. As special cases, some new continuous and discrete Wirtinger-type
inequalities are given. The obtained inequalities are applied to a certain
class of half-linear dynamic equations on time scales in order to establish
sufficient conditions for disconjugacy.

1. Introduction

Wirtinger-type inequalities are studied in the literature in various modifications,
both in the continuous and in the discrete settings. In principle, it is an integral
or sum estimate between the function and its derivative or difference, respectively.
These types of inequalities have received a lot of attention because of applications,
for example, in number theory, especially in studies concerning the distribution
of the zeros of the Riemann-zeta function [Hall 2002a; 2002b]. In this paper, we
are interested in deriving some new Wirtinger-type inequalities on time scales and
in employing them to study nonoscillation of the solutions of a certain class of
half-linear dynamic equations.

The study of dynamic equations on time scales, which goes back to its founder,
Stefan Hilger [1990], is an area of mathematics that has recently received a lot of
attention. It was created in order to unify the studies of differential and difference
equations. Many results concerning differential equations carry over quite easily
to corresponding results for difference equations, while other results seem to be
completely different from their continuous counterparts. The study of dynamic
equations on time scales reveals such discrepancies, and helps avoid proving results
twice —once for differential equations and again for difference equations. The
general idea is to prove a result for a dynamic equation where the domain of the
unknown function is a time scale T, which may be an arbitrary closed subset of
the reals. This way, results are obtained not only related to the set of real numbers
or integers but those pertaining to more general time scales.
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The three most popular examples of calculus on time scales are differential cal-
culus, difference calculus, and quantum calculus [Kac and Cheung 2002], that is,
when T=R, T=N, and T=¢" ={g" : t € Ny}, where ¢ > 1. Dynamic equations
on a time scale have an enormous potential for applications. In population dy-
namics, they can model insect populations that are continuous while in season, die
out in winter while their eggs are incubating or dormant, and then hatch in a new
season, giving rise to a nonoverlapping population [Bohner and Peterson 2001].
There are applications of dynamic equations on time scales to quantum mechanics,
electrical engineering, neural networks, heat transfer, and combinatorics. A cover
article in the New Scientist [Spedding 2003] discusses several possible applications.
Since then, several authors have expounded on various aspects of this new theory.
The books on the subject of time scales by Bohner and Peterson [2001; 2003]
summarize and organize much of time scale calculus. An overview of various
inequalities on time scales is given in [Agarwal et al. 2001].

The classical Wirtinger inequality, [Hardy et al. 1988, Theorem 257], is given
by

b b
(1-1) / ' (1)*dt > / y2(t)dt

for any y € Cl([a, b]) satisfying y(a) = y(b) = 0. Beesack [1961] extended the
inequality (1-1) and proved that

b 3 b
(12 [[oarar=3 [ o

for any y € C2([a, b)) such that y(a) = y(b) = 0. Beesack [1961, page 59] proved
that

Tk 2k—1 T ok
(1-3) @) dt > T TN yo(t)dt, fork > 1,
0 in — 0
(ksm 2k>

where y € Cl([0, 7r]) with ¥(0) = y(mr) =0. Agarwal and Pang [1995] proved that

ok 2 (2k+1) T o
(1-4) fo (@) dtznZkFZ((Zk—l-l)/Z) ; y=(t)dt, fork=>1,

for any y € C!([0, 7]) such that y(0) = y(w) = 0. Brneti¢ and Pecari¢ [1998]
proved that

T , 1 T
(1-5) /0 ' (1)) dt > T /0 y*(@ydt,  for k>1,
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where y € C!([0, 7]) with y(0) = y(r) =0, and

1
. 1
I(k)_A (t]_2k+(1—t)1_2k) dt

Boyd [1969] proved the inequality

1 1
(1-6) / ly'(t)|**dt > / ly()|1*dt,  where y(0) = y(1) =0,
0 0

1
C2k (k)

with best constant (by applied variational techniques, the determination of the best
constant depends on a nonlinear eigenvalue problem for an integral operator)

an e () e ()

Note that inequality (1-6) is the best one in the literature, and we hope that it can
be extended to time scales.

Hinton and Lewis [1975] extended the inequality (1-1) and proved by using the
Schwarz inequality that

) 2(1) > b
(1-8) / O dr = L|M<r>|y (1)d1

for any positive M € Cl([a, b)) with M’ (1) #£0,y€ C2([a, b)), and y(a)=y(b)=0.
Pefia [1999] established the discrete analogue of (1-8) and proved the following
result: For a positive sequence {M, }o<n<n+1 satisfying either AM > 0,or AM <0
on [0, N]NZ,

M, M,
(1-9) Z |AM+|‘ (Ay n>2_wZ|AM Yas1
n=0

holds for any sequence {y,}o<n<n+1 With yo = yy4+1 = 0, where

o= (o )l (o, i) ]
= sup sup —m—— .
0<n<N Mn+1 0<n<N |AMVH—1|

Hilscher [2002] proved a Wirtinger-type inequality on time scales, which gives a
unification of (1-8) and (1-9); see also [Agarwal et al. 2008]. Hilscher proved that

(1-10) f MOM©@®) (820 > L / M2 (1) |y (o (1) At

|MA@)] —y?
holds for a positive function M € Crld(ﬁ) with either M2 > 0 or M* < 0 on 9*,
y € Cly($) with y(a) = y(b) =0, $ = [a, bly C T, and

= (Sp M(1) )1/2+[(Sup “(”'MA(”')+(SHP M(t) )]“2
rege M(o (1)) ege M(o (1)) rege M (o (1)) ‘
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Our aim in Sections 3 and 4 is to derive some new Wirtinger-type inequalities
on time scales, which are different from the inequality (1-10), where we will use
y?*1instead of the term (y®)?*! (due to the fact that y° is not differentiable on an
arbitrary time scale). In particular, we obtain (1-8) as a consequence of our results.
In Sections 5 and 6, we obtain, as special cases, new Wirtinger-type inequalities
in the continuous and the discrete case, respectively. In Section 7, we apply our
results to a certain class of half-linear dynamic equations on time scales in order
to derive sufficient conditions for nonoscillation.

2. Preliminaries

Before we state and prove the main results, for completeness, we recall the follow-
ing concepts related to the notion of time scales. A function f : T — R is said to
be rd-continuous provided it is continuous at right-dense points, and at left-dense
points in T, left-hand limits exist and are finite. The set of all such rd-continuous
functions is denoted by C_;(T). Rd-continuous functions possess antiderivatives.
(For the definition of derivative, refer to [Bohner and Peterson 2001; 2003]; here
we only note that 2 = f/if T=Rand f* = Af if T = Z.) Integrals are defined
in terms of antiderivatives (so integrals are usual integrals for T = R and sums for
T = Z). We define the time scale interval [a, b]T by [a, b]r := [a,b] N'T. The
graininess function u for a time scale T is defined by u(¢) := o (t) —¢, and for any
function f : T — R, the notation f¢ is short for f oo, where o : T — R is the
forward jump operator defined by o (¢) :=inf{s € T : s > ¢}. We will make use of
the following product and quotient rules for the derivative of the product fg and
the quotient f/g (where gg° # 0) of two differentiable function f and g:

5_fP8—fst

(fe)*=f2¢+f7¢"=fg*+ f*¢” and (i) 5
g gg

The integration by parts formula is given by

b b
/ FER 1A =LF (D] - / FA(0)8° (DA,

To prove the main result, we will use the following lemma.

Lemma 2.1 [Bohner and Peterson 2001, Theorem 6.13, Holder’s Inequality]. Let
a,b € T. For two functions f, g € C ([a, b], R), we have

b b pp [P 1/
[ irasoise<[ [irorad [ [isorar] .

where p>1land1/p+1/qg =1.
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3. Main result

Throughout this paper, we assume that the function M € C:d(sb) is positive, where
$ = [a, b]y, and define

o (M@)\F o (nOIMA D]
G-1) “",E‘i( M) )y and 5-—5;;12( M) )

Now, we are in a position to state and prove the main result.

Theorem 3.1. Suppose y > 1 is an odd integer. For a positive M € Crld(ﬁ) satisfy-
ing either M2 >0, or M® < 0 on $%, we have

3 2) / My(t)M(G(t))( (t)))/-HAt

A +1
IMA(0)|Y M= @)y (1) At

- W/
foranyy e C 4($) with y(a) = y(b) =0, where V(«a, B, y) is the largest root of
(3-3) x?H 27Ny 4+ Dax? =271 =0.

Proof. Let y and M be defined as above, and denote

" MY ()M (o (1))

My WO AL

b
A:=/ M2 @)y’ T (1)Ar  and B::/

a

Using the integration by parts formula and the fact that y(a) = y(b) = 0, we have
a4 A= MA@l 0 Ar
= {sen(M*(a))} / b M2 @)y (1) At
= {sgn(MAm))}{[M(r)yy“(mz — f b M(o(r))(y”l)A(t)At}
—{sen(M*(a))} / b Mo )y’ H2 @) A

b
< f M@ @)Y THA @) At

By the Potzsche chain rule [Bohner and Peterson 2001, Theorem 1.90] we obtain
1
35 107HA0I= @+ D) / [y (@) +n@Ohy* OV dh|[y* ()]
0

1
<(y+Dy* @) /0 [y (@) + u(@)hy® )" dh.
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Applying the inequality [Mitrinovi€ et al. 1993, page 500]
lu+v|” <2 Y(ul” + "), foru,veR,

with u = y(¢) and v = u(t)hy>(¢), we have from (3-5) that

1
(3-6) 1G"™HAMI < (v + DIy* @) /O [y (@) + w(Ohy® @)Y dh

1 1
§2V‘](y+1)|yA(t)|{/o Iy(t)IthJr/O Iu(t)hyA(t)Ith}

=2""1 D)y Oy + 2"y 2Oy @)
Substituting (3-6) into (3-4), we have

b
(3-7) A§2y_l()/+1)/ M (o (0)ly> 01y @) At

b
427! / M) 0y (07 At

1 4
T/ M° MA _r
=27~ 1(y+1)/ { |MAVI yAp ) (M ||yly“)y“}(t)m

4or! /f{(“'%”)y(’l‘ﬁﬁfyy|yA|V+1)}<t>Ar.

Applying the Holder inequality (Lemma 2.1) with p=y + 1, ¢ = )/7-1-1’
1 Y
Mo MY 1 M |M T

7= (M) T ana g = (M)

we obtain from (3-7) the upper bound for A as

14

b o Y b o A
2V1<y+1>{/ (%i‘fyﬂyﬂy“)(r)m}”]{f (%W“)mm} "
b A o
+2V—1/ {(“'% ')%%i‘fyylﬁly“)}(om
-1 PIMOMY | A PP T
<2+ vaf [T v oar T [Cawirhoad

2 lﬁ/ o

that is,

(3-8) A <27 ((y + D)aBYrTH47/0+D | gp).
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Dividing both sides of (3-8) by B!/**+D AY/(*+1 we obtain

Al/(v+D - BY/(v+D
m§2 ((V+1)a+,3m),
and putting
A/ (r+D
= BUG+D ~
we get

y—1 :8
c<2 ((y—i—l)ot—i—cy)
which gives

AV +D

_ v+l _9y-—1 Y _or—1 : _Aartr
(3-9) C 2V (y + DHaC 2V <0, WlthC_Bl/(y+l)'

By (3-9), we have
C=V¥(xB,vy),

where W («, B, y) is the largest root of Equation (3-3), and thus, replacing C in
terms of A and B as in (3-9), we have

Al/r+D < WU(a, B, ),)Bl/(y-i-l),

that is,
A<W (B, y)B,

which is the desired inequality (3-2). U
Using Theorem 3.1 with y = 1, we obtain the following result.

Corollary 3.2. For a positive function M € Crld(ﬂ) satisfying either M® > 0, or
M2 < 0on 9%, we have

M@OM@©@ @), a2 I
(3-10) / S etorarz f IM2 (1) |y*(t) At

foranyy e Crld(ﬁ) with y(a) = y(b) =0, where

0= Jsup M), \/Sup M) o pOMA0]

rege M(1) regK M(2)

Proof. When y =1, we see that the largest root W (e, B, 1) of the quadratic equation
x? —2xa — B =0is given by

Y(a, B, ) =a+Va2+B=0.
Therefore, (3-10) follows from Theorem 3.1. O
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Example 3.3. Note that in the case where T = R, we have o (¢t) = ¢, u(t) =0,
and y» = y’. Then ¢ = 2 in Corollary 3.2, and in this case, (3-10) becomes the
classical Wirtinger-type inequality (1-8) obtained by Hinton and Lewis.

In the case where T = Z and $ = [0, N 4+ 1] N Z, Corollary 3.2 gives a new
result, which is stated as follows.

Corollary 3.4. For any positive sequence { M, }o<n<n+1 Satisfying either AM > 0,
or AM <Qon [0, NINZ, we have

M, Mn+1 2
E A E AM,
|AM, | ( n) = wz 0| n|yn

n=0

for any sequence {y,}o<n<n+1 With yo = yy+1 =0, where

AM,
w::\/ sup M—|—\/ sup Muir | sup | "|.
0 0

<n<N n <n<N n 0<n<N n

Proof. When T =7, wehave o(t) =t + 1, u(t) = 1, and y* = Ay. Then ¢ =
in Corollary 3.2, and the claim follows by using this in Corollary 3.2. (]

4. Further dynamic Wirtinger inequalities

We now apply different algebraic inequalities to establish some new Wirtinger-type
inequalities. We use the inequality [Mitrinovi¢ et al. 1993, page 518]

4-1) u+o) M <ty +Duv+ L,vu”, whereu,v>0.

Note that L,, > 1 in (4-1) is a constant which does not depend on u or v.

Theorem 4.1. Suppose y > 1 is an odd integer. For a positive M € C 1($) satisfy-
ing either M® > 0, or M® < 0 on 9, we have

MY OM©@@®) (A )7+ 1 " MA@y
oy [(MOMCOD (ot b [t o

foranyy € Cld(ﬁ) with y(a) = y(b) =0, where ©(«, B, y) is the largest root of
43) (v + D+ sz Cx —2 Ny D1+ a)x —27 g =0.

Proof. We proceed exactly as in the proof of Theorem 3.1 to get (3-9), that is,

Al/r+D

) y+1 y—1 Y y—1 i ==
4-4) C <27 (y 4+ DaC”+2Y7"4, withC = BT

Applying the inequality (4-1) withu =C,v=1,and L, = 2Ny +1) > 1, we
have
Y= (C+ D) =y +DCY =277y + 1Y,
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which together with (4-4) implies that
(4-5) C+D)" =@+ DC” =2 'y + D1 +a)C” =277 'p <0.
Using the inequality (which follows easily from the binomial formula)
(4-6) A+’ ' > +Du+ Wﬁ, where u > 0,
for u = C, we have from (4-5) that

(y+1DC+ Wcz —(y+DC” =2 'y + DA +a)C” =271 <0.
Therefore,

C S cI)(a’ ﬂ’ y),

where @ («, B, y) is the largest root of Equation (4-3), and thus, replacing C in
terms of A and B as in (4-4), we have

AV < o, B, y) BT,

that is,
1
B> ——A
T ortlia, By)
which is the desired inequality (4-2). ([
Using the inequality

A+u)?t > Wuz, where u > 0,

instead of the inequality (4-6) that was used in the proof of Theorem 4.1, we have
the following new result.

Theorem 4.2. Suppose y > 1 is an odd integer. For a positive M € C 1($) satisfy-
ing either M® > 0, or M® < 0 on 9, we have

MY (OM @), Ayt 1 b Aoyt
(47)/ TR =) Atz—mﬂ(a’ﬂ’y)fa M=)y (1) At

foranyy eC d(ﬁ) with y(a) = y(b) =0, where Q2 («, B, y) is the largest root of

@8 UL~ (e — 27 g =0,
In the following, we apply the inequality [Hardy et al. 1988, Theorem 41]
(4-9) W4yt —(y + Duv?” >0, where u, v >0,

and derive a new Wirtinger-type inequality on time scales.
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Theorem 4.3. Suppose y > 1 is an odd integer. For a positive M € C 1($) satisfy-
ing either M® > 0, or M® < 0 on 9, we have

@10 / MY ()M (o (@)

b
A +1 1 A i

foranyy € Cld(ﬁ) with y(a) = y(b) =0, where A(a, B, y) is the largest root of
4-11) y+Dx+D—y—(@F+Dx? =2y + Dl +a)x’ =2V =0.
Proof. We proceed exactly as in the proof of Theorem 4.1 to get (4-5), that is,
4-12) (C+ D) —(y+DC” =2 Yy + DY <2V Ny + DaCY +27718.
Applying the inequality (4-9) with u = C 41 and v = 1, we have from (4-12) that
Y+DIC+D)—y—(+1DC” =2y + D1 +a)C” =27 7'g <0.

Therefore C < A(a, B, y), where A(a, B, y) is the largest root of (4-11). This
implies, from the definition of C, that

Al/()/+1) <A, B, )/)Bl/(erl).

Thus A < A¥*!(a, B, y)B, which is the desired inequality (4-10). O

5. Applications: Continuous Wirtinger inequalities

As special cases of the time scales results presented in Sections 3 and 4, we now
give some new Wirtinger-type inequalities in the continuous case. Note that in the
case where T = R, we have o (t) =t and w(¢) = 0, so that

(5-1) a=1 and B=0.
Then we have, from Theorems 3.1, 4.1, 4.2, and 4.3, the following results.

Theorem 5.1. Let y > 1 be an odd integer. For a positive M € C'([a, b)) satisfying
either M' > 0, or M' < 0 on [a, b], we have

/ MO s =

M y+1
M’ ()Y /I @y’ () dt

y2— 1( +1)y+1

foranyy € Cl([a, b)) with y(a) = y(b) =
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Proof. Using (5-1), Equation (3-3) becomes
x7 27"l 4 1Hx? =0.
Hence, W(1, 0, y) from Theorem 3.1 is given by
W(1,0,p)=2"""(y +1),
and the proof is completed by applying Theorem 3.1. U

Theorem 5.2. Let y > 1 be an odd integer. For a positive M € C'([a, b)) satisfying
either M' > 0, or M’ < 0 on [a, b], we have

f M yyar s

+1
M (t)| / |M'(t)|y" " (1) dt

- <I>V+1(1 0,y

for any y € C'([a, b]) with y(a) = y(b) =0, where ®(1, 0, y) is the largest root of

-+ Dx+ LEDL 2 4 1yx =27 + 7 =0
Proof. The claim follows from (5-1) and Theorem 4.1 with T = R. [l

Theorem 5.3. Let y > 1 be an odd integer. For a positive M € C'([a, b)) satisfying
either M' > 0, or M' < 0 on [a, b], we have

/ MY iy +iar >

— +1
M’ ()] = Qy+l(1 0,y / |M'(D)]y" ™ (1) dt

forany y € C'([a, b]) with y(a) = y(b) =0, where (1, 0, y) is the largest root of
WEDY 2 (4 1x? =27y + D =0,
Proof. The claim follows from (5-1) and Theorem 4.2 with T = R. O

Theorem 5.4. Let y > 1 be an odd integer. For a positive M € C'([a, b)) satisfying
either M' > 0 or M’ <0, on [a, b], we have

@) +1 +1
[; |M/(t)|y( (t))y dt > jtl W[ |M (t)lyy (t)dt
for any y € C'([a, b]) with y(a) = y(b) =0, where A(1, 0, y) is the largest root of
y+Dx+D—y—(+DHx?=2"(y+1x” =0.

Proof. The claim follows from (5-1) and Theorem 4.3 with T = R. O
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6. Applications: Discrete Wirtinger inequalities

As special cases of the time scales results presented in Sections 3 and 4, we now
give some new Wirtinger-type inequalities in the discrete case. Note that in the
case where T =7, we have o () =t + 1 and u(¢) = 1, so that

M Yy
(6-1) o= sup (ﬂyl“ and B = sup (

IAMnI)V
0<n<N Mn 0<n<N

M,
Then we have, from Theorems 3.1, 4.1, 4.2, and 4.3, the following results.

Theorem 6.1. Let y > 1 be an odd integer. For a positive sequence { My }o<n<N+1
satisfying either AM > 0, or AM <0on [0, N]NZ, we have

N N

Mr):Mn+1 1 1 1
L Ay s ————— |AM,|yY "
g [AM, S e B ) ;0 "

Sfor any sequence {y,}o<n<n+1 With yo = yn+1 =0, where ¥ (c, B, y) is the largest
root of

X 277Ny 4+ Dax? =271 =0.

Theorem 6.2. Let y > 1 be an odd integer. For a positive sequence {My}o<p<N+1
satisfying either AM > 0 or, AM <0 on [0, N]NZ, we have

N N

Mr}z/Mn-H 1 1 1
(AT 2 ) |AM, |y
g AM, " oY H(a, B, y) ; "

for any sequence {y,}o<n<n+1 With yo = yn+1 =0, where ®(c, B, y) is the largest
root of

(y+ Dx + @xz (4D =2 Ny + (U +a)x” =271 =0.
Theorem 6.3. Let y > 1 be an odd integer. For a positive sequence {My}o<n<n+1
satisfying either AM > 0,o0r AM <0 on [0, N]|NZ, we have

N N

Mr]z/Mn+1 1 1 1
ek ARV NCNE L S S— Y VAT S
; AM, " Q' (a, ﬂ,y)g n\

for any sequence {y,}o<n<n+1 With yo = yn+1 =0, where Q(a, B, v) is the largest
root of

Wﬁ —(+Dx? =2 Yy + DA +a)x? =21 =0.
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Theorem 6.4. Let y > 1 be an odd integer. For a positive sequence {My}o<n<n+1
satisfying either AM > 0,or AM < 0Qon [0, N]|NZ, we have

N N

My My 1 1 1
———— (AT = ————— ) [AM, |y}
; |AM, | " AV Hl(a, B, y) g e

Sfor any sequence {y,}o<n<n+1 With yo = yn+1 =0, where A(w, B, y) is the largest
root of

+DE+D—y =+ Dx" =2y + DU +a)x” =277 =0.

Remark 6.5. Notice that the results can also be applied to other discrete time scales
suchas T=ANwithh >0, T=¢V withg > 1, T=N?, T = /Ny, T = /Ny,
etc., where the integration on discrete time scales is given by

b
/f(t)At: > u@f@) fora<b.

tela,b)NT

7. Applications: Half-linear dynamic equations

In this section, we apply the result from Section 3 to the half-linear dynamic equa-
tion

(7-1) rly* )20+ p®ly@®)| =0

on an arbitrary time scale T, where y > 1 is an odd positive integer, and r and p
are real-valued rd-continuous functions defined on T with () # O for all ¢ € T.
We will establish a sufficient condition for disconjugacy. We say that a solution
y of (7-1) has a generalized zero at ¢ if y(r) = 0. We say y has a generalized
zeroin (¢, 0 (t)) incase r(t)y(¢t)y(o(t)) < 0. Equation (7-1) is called disconjugate
on the interval [a, b]y if there is no nontrivial solution of (7-1) with two (or more)
generalized zeros in [a, b]T. Equation (7-1) is said to be nonoscillatory on [a, c0)T
if there exists ¢ € [a, 00)T, such that (7-1) is disconjugate on [c, d]t for every d > c.
In the opposite case, (7-1) is said to be oscillatory on [a, co)T. The oscillation of
solutions of Equation (7-1) may equivalently be defined as follows: A nontrivial
solution of (7-1) is called oscillatory if it has infinitely many (isolated) generalized
zeros in [a, 0o)T; otherwise it is called nonoscillatory. Equation (7-1) is said to
be oscillatory if all its solutions are oscillatory. By the Sturm separation theorem,
we see that oscillation is an interval property, that is, if there exists a sequence
of subintervals [a;, b;]T of [a, c0)T, as i — 00, such that for every i there exists
a solution of (7-1) that has at least two generalized zeros in [a;, b; T, then every
solution of (7-1) is oscillatory in [a, co)T. Hence, we can speak about oscillation
and nonoscillation of (7-1). We define a class U = U (a, b) of so-called admissible
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functions by

Ua,b) :={y e Cj($,R) : y(a) = y(b) =0},

and define the functional & on U (a, b) by

b
F(y) = / OO = pOly0 1) Ar.

We say that & is positive definite on U (a, b) provided #(y) >0 forall y € U(a, b),
and &(y) = 0 if and only if y = 0. Now we turn our attention to the roundabout
theorem for (7-1); see [Agarwal et al. 2003, Theorem 5.1] or [Rehék 2002; 2005].

Theorem 7.1. Suppose that the functions r and p are rd-continuous and r(t) # 0
forallt € T. Then Equation (7-1) is disconjugate on a time scale interval [a, b]t
if and only if the functional & is positive definite on U (a, b).

In view of Theorem 7.1, we will prove the disconjugacy of a certain class of half-
linear dynamic equations (7-1) in terms of the positivity of the functional %. In

the following, we apply only Theorem 3.1 since the other theorems can be applied
similarly. In what follows, we will assume that ¥ («, 8, y) is the largest root of

x? 27"y 4 Dax? =271 =0.
We consider the following example as an application of Theorem 3.1.

Example 7.2. Let T C (0, oo) be an arbitrary time scale. Consider the equation

A
to(t)

(7-2) (@) o @)")* + y' (@) =0, t€la,blr,

where A > 0. Equation (7-2) is of the form (7-1) with

r(6)= (o)~ and p(t)zﬁ.

We apply Theorem 3.1 with M(¢) = % We see by using the quotient rule from
Section 2 that

MY @)M(a (1)) _ (1/17)-(1/o@))

— y—1 _
[MA®@)|Y - | —1/(to (1))]” = (o (1)) =r(t).




SOME DYNAMIC WIRTINGER-TYPE INEQUALITIES AND THEIR APPLICATIONS 15

Now let y € U(a, b) be nontrivial. Then y € C 1($) and y(a) = y(b) = 0. By
Theorem 3.1, we obtain

P MY ()M (0 (1))
a IMA(t)I”

/ MA@ (1) At

b
/ r@) ()AL = 2@ At

> - @@
- \IJV+1(a ,3

_ / A0
w+1(a,ﬂ,y> . o)

_ 1 b +1
=Sy |, PO o

b
> f p)y" ()AL,

At

provided

1
wrtl(e, B, y)’

Thus, assuming (7-3), % is positive definite on U (a, b). Therefore, by Theorem 7.1,
Equation (7-2) is disconjugate on [a, b]t provided (7-3) holds.

(7-3) 0<i<

Example 7.3. Let y =1 and T = R. In this case, Equation (7-2) becomes

(7-4) y'(@) + %y(t) =0, tela,b]

From Example 7.2 (see also the calculations a=1,8=0, ¥{1,0,1) =2 in
Example 3.3), we see that if A < 7, then Equation (7-4) is disconjugate. In fact, if

= 1, then Equation (7-4) has a nonoscﬂlatory solution y(7) = tV3=D/2V5) which
satisﬁes y(0) =0 and lim,_, oo M (£)y?(t) = 0.

Example 7.4. Let T = (0, c0). Consider the second-order half-linear differential
equation

A
(7-5) (1) + Wy”(t) =0, te€la,b],

where A > 0. Equation (7-5) is of the form (7-1) with

A

r(t)=1 and p(Z)IW

We apply Theorem 5.1 with
yY
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In this case, we see that

MY eyt
MO~ |=yr /ey

=1 =r(@).

Now let y € U(a, b) be nontrivial. Then y € C!([a, b]), and y(a) = y(b) = 0. By
Theorem 5.1, we obtain

b b +1
[ rocorta= RO

1

b
/ y+1
2 i T / M/ @)y (1) dt

— 1 /b yY Tyl ”
2V271(y+1)y+1 " v+l
b
- )»21’2—1)/(7;11)%1 /a p)y’ T (t)dt
> /bp(t)yy+l(t)dt,
a
provided
(7-6) 0<a yr+

S

Thus, assuming (7-6), % is positive definite on U (a, b). Therefore, by Theorem 7.1,
Equation (7-5) is disconjugate on [a, b] provided (7-6) holds. Note that the oscil-
lation constant of (7-5) is y¥T!/(y + 1)7*! [Saker 2010, page 223].
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