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ON POINTED HOPF ALGEBRAS OVER DIHEDRAL GROUPS

FERNANDO FANTINO AND GASTON ANDRES GARCIA

Let D,, be the dihedral group of order 2m with m = 4¢, ¢ > 3. Given an al-
gebraically closed field of characteristic 0, we classify all finite-dimensional
Nichols algebras over D, and all finite-dimensional pointed Hopf algebras
whose group of group-likes is D,,, by means of the lifting method. As a
byproduct we obtain new examples of finite-dimensional pointed Hopf alge-
bras.

Introduction

This paper is concerned with the classification of finite-dimensional Hopf algebras
over an algebraically closed field k of characteristic 0. In particular, we study
pointed Hopf algebras over dihedral groups D,,, m = 4t > 12, using the lifting
method, which leads to the study of finite-dimensional Nichols algebras in the
category E%Z Y% of left Yetter—Drinfeld modules over D,,. For more examples
over D,, p an odd prime or 4, see [Andruskiewitsch and Grafa 1999, Section 3.3].

Significant progress has been achieved in [Andruskiewitsch and Schneider 2010]
in the case of pointed Hopf algebras with group-likes an abelian group. When
the group of group-likes is not abelian, the solution is far from complete. Some
hope is present in the lack of examples: in this situation, Nichols algebras tend
to be infinite-dimensional; see, for example, [Andruskiewitsch and Zhang 2007;
Andruskiewitsch and Fantino 2007b; Andruskiewitsch et al. 2011; 2009; Freyre
et al. 2007; 2010]. Nevertheless, examples for which the Nichols algebras are
finite-dimensional do exist. Over S3 and Sy these algebras were determined in
[Andruskiewitsch et al. 2010b]. All of them arise from racks associated to a co-
cycle, and in [Andruskiewitsch et al. 2010b; Garcia and Garcia Iglesias 2011] the
classification of pointed Hopf algebras over S3 and Sy is completed, respectively.

Let G be a finite group and let Ay be the group algebra of G. The main steps
of the lifting method for the classification of all finite-dimensional pointed Hopf
algebras with group G are as follows:
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(a) Determine all Yetter—Drinfeld modules V such that the Nichols algebra B (V)
is finite-dimensional.

(b) For such V, compute all Hopf algebras A such that gr A >~ B(V) # Ay, the
Radford—Majid product. We call A a lifting of *B(V) over G.

(c) Prove that any finite-dimensional pointed Hopf algebra with group G is gen-
erated by group-likes and skew-primitives.

Assume G =D,,, m = 4t,t > 3. In Section 2 we complete step (a), that is, we
determine all V € %%:: Y% such that the Nichols algebra B (V') is finite-dimensional,
and we describe explicitly these Nichols algebras. Then we prove steps (b) and (c)
in Section 3, which are given by Theorem B and Theorem 3.2, respectively.

Summarizing, the main theorems are the following (for definitions see Defini-
tions 2.6, 2.9 and 2.14).

Theorem A. Let B(M) be a finite-dimensional Nichols algebra in %‘{%fz Y%. Then
B(M) >~ \ M, with M isomorphic either to My, My, or M; p,withl € $,L € ¥,
or (I, L) € K, respectively.

The proof of this theorem uses the classification of finite-dimensional Nichols
algebras of diagonal type due to I Heckenberger [2009].

Although all finite-dimensional Nichols algebras in %ﬁ%ﬁ Y% turn out to be ex-
terior algebras, which will be denoted by /\ M, we write B(M) to emphasize the
Yetter—Drinfeld module structure. The following theorem gives all liftings of these
families of Nichols algebras.

Theorem B. Let H be a finite-dimensional pointed Hopf algebra over D,,. Then
H is isomorphic to one of the following algebras:

() BMp)#kD,, with I ={(i,k)} € %,k £n.

(b) B(Mp)#KkD,, with L € &.

©) A;(,y)withl € $,|I| > 1orI ={(i,n)}and y =0.
(d) Bro(A,y,0,w)ywith(I,L) e X, |I| > 0and |L| > 0.

Conversely, any Hopf algebra in this list is a lifting of a finite-dimensional Nichols
algebra in ﬁ%ﬁ Y9%p.

After the study of finite-dimensional pointed Hopf algebras over SzandSy, this
theorem is the first result that gives an infinite family of nonabelian groups where
the classification of finite-dimensional pointed Hopf algebras with nontrivial ex-
amples is completed and, unlike the symmetric groups case, it provides for each
dihedral group infinitely many nontrivial finite-dimensional pointed Hopf algebras.

The paper is organized as follows. In Section 1 we establish conventions and re-
call some basic facts about pointed Hopf algebras H such as the coradical filtration,
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the grading associated to it and the category I,_}’goyéb of Yetter—Drinfeld modules over
the coradical. If G = G(H), the irreducible modules of Zgoyéb are parameterized by
pairs (O, p), where O is a conjugacy class of G and p is an irreducible representation
of the centralizer of an element o € 0. At the end of this first section we recall the
type D criterion [ Andruskiewitsch et al. 2011, Theorem 3.6], which helps to deter-
mine when the Nichols algebra 25(0, p) associated to (0, p) is infinite-dimensional,
depending only on the rack structure of the conjugacy class O. In Section 2 we work
with Nichols algebras over the dihedral groups D,, with m =4t > 12 and give the
proof of Theorem A. We begin by determining which irreducible modules give rise
to finite-dimensional Nichols algebras and then we extend our study to arbitrary
modules. It turns out that all finite-dimensional Nichols algebras in ﬁgz@@ are
exterior algebras of some irreducible modules or specific families of them. The
last section of the paper is devoted to the classification of pointed Hopf algebras
over D,,, that is, to the proof of Theorem B. It consists mainly in the construction
of the liftings of the finite-dimensional Nichols algebras given in Section 2. To
do this, we show first in Theorem 3.2 that all finite-dimensional pointed Hopf
algebras over D,,,, m = 4t > 12, are generated by group-likes and skew-primitive
elements. Then we prove that if H is a pointed Hopf algebra over D,,, some
quadratic relations must hold and using these relations we define in Definitions 3.9
and 3.11 two families of quadratic algebras. Finally, using representation theory
we prove that these algebras together with the bosonizations are all the possible
liftings. We conclude the paper with the study of the isomorphism classes.

1. Preliminaries

1A. Conventions. We work over an algebraically closed field k of characteristic
zero. Let H be a Hopf algebra over k with bijective antipode. We use Sweedler’s
[1969] notation A(h) = h; @ h, for the comultiplication in H, but dropping the
summation symbol.

The coradical Hy of H is the sum of all simple subcoalgebras of H. In particular,
if G(H) denotes the group of group-like elements of H, we have kG (H) C Hy. We
say that a Hopf algebra is pointed it Hy=kG (H). Denote by { H;};>0 the coradical
filtration of H;if Hy is a Hopf subalgebra of H, then gr H =D, ., gr H (n) is the
associated graded Hopf algebra, with gr H(n) = H,,/H,— (set H_, =0). Letting
7 :gr H— Hy be the homogeneous projection, R = (gr H)*°” is the diagram of H;
which is a braided Hopf algebra in the category Zgoyéb of left Yetter—Drinfeld mod-
ules over Hy, and it is a graded subobject of gr H. The linear space R(1), with the
braiding from ggoygb, is called the infinitesimal braiding of H and coincides with
the subspace of primitive elements P(R) ={r e R: Ap(r) =r®1+1Qr}. It turns
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out that the Hopf algebra gr H is the Radford—Majid biproduct gr H >~ R#kG(H)
and the subalgebra of R generated by V is isomorphic to the Nichols algebra B (V).

1B. Yetter-Drinfeld modules over kG. Let G be a finite group. A left Yetter—
Drinfeld module over kG is a left G-module and left kG-comodule M such that

8(g.m)=ghg '®g.m forallme My, g, heG,

where My, = {m € M : §(m) = h ® m}; clearly, M = @, _; My. The support
of M is suppM = {g € G : M, # 0}. Yetter—Drinfeld modules over G are
completely reducible; see [Dijkgraaf et al. 1990; Cibils 1997, Andruskiewitsch
and Grafia 1999, Proposition 3.1.2]. Irreducible Yetter—Drinfeld modules over G
are parameterized by pairs (0, p), where O is a conjugacy class and (p, V) is an
irreducible representation of the centralizer Cg (o) of a fixed point o € 0. We
denote the corresponding Yetter—Drinfeld module by M (0, p) and by B(0, p) its
Nichols algebra.

Here is a precise description of the Yetter—Drinfeld module M (O, p). Let o1 =
o, ..., 0, beanumeration of 0 and let g; € G such that g,-aglfl =o; forall1 <i <n.
Then M (0, p) =P, .;-, 8 V. Letgiv:=g;®vbein M(0, p), 1 <i <n,veV.
IfveVand 1 <i<n, then the action of g € G and the coaction are given by

g-(giv)=g;j(y-v), 8(giv)=0;®gv,

where gg; = gjy forsome 1 < j <n and y € Cg(0). The explicit formula for the
braiding is then given by

(N c(giv®gjw) =o0;-(gjw)®gv=_gny v)Rgv

forany 1 <i,j <n,v,w eV, where 0;g; = g,y for unique 2, 1 < h <n and
y € Cg(0). Since 0 € Z(Cg(0)), Schur’s Lemma says that o acts by a scalar g5+
onV.

The following are useful tools that, under certain conditions, allow us to de-
termine if the dimension of a Nichols algebra is infinite. These results are about
abelian and nonabelian subracks of a conjugacy class O of G, respectively.

Lemma 1.1 [Andruskiewitsch and Zhang 2007, Lemma 2.2]. Let G be a finite
group and O, be a conjugacy class in G. If O, is real (that is, o~ € 0) and
dimB(0,, p) < o0, then g, = —1 and o has even order. O

We say that O is of type D if there exist r, s € O such that (rs)? # (sr)? and r
and s are not conjugate in some subgroup H of G containing r and s.

Lemma 1.2 [Andruskiewitsch et al. 2011, Theorem 3.6]. If O is of type D, then
B (0, p) is infinite-dimensional for all p. [l
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Let A be a finite abelian group and g € Aut(A). We denote by (A, g) the rack
with underlying set A and rack multiplication x>y :=g(y)+({id —g)(x), x, y € A;
this is a subrack of the group A x (g). Any rack isomorphic to some (A, g) is
called affine.

For instance, consider the cyclic group A = Z/n and the automorphism g given
by the inversion; the rack (A, g) is denoted %,, and called a dihedral rack. Thus, a
family (14;)iez/n of distinct elements of a rack X is isomorphic to 9@, if u; >p; =
poi—j forall i, j.

Lemma 1.3 [Andruskiewitsch et al. 2010a, Lemma 2.1]. If m > 2, then the dihe-
dral rack %y, is of type D. [l

2. Nichols algebras over D, for m =4t > 12

Let m be a positive integer, m > 3. The dihedral group of order 2m can be presented
by generators and relations as

D, = (x,y:x>=1=y", xy=y 'x).

From now on we assume that m = 4t witht > 3 and setn =m/2 = 2t.
In this section we determine all finite-dimensional Nichols algebra over D,,; see
Theorem A and Table 2.

2A. Nichols algebras of irreducible Yetter—Drinfeld modules. The dimension of
Nichols algebras of some irreducible Yetter—Drinfeld modules over D, with m even
was determined in [Andruskiewitsch and Fantino 2007a, Table 2]. Here we com-
plete the study in the case m = 4t > 12, determining the dimension of the Nichols
algebras of the irreducible Yetter—Drinfeld modules coming from the remaining
two conjugacy classes O, and O,,.

2A1. The conjugacy class of y". Since y" is central, the conjugacy class and the
centralizer of y" in D,, are Oy» = {y"} and Cp, (y") = D,,, respectively. The
irreducible representations of D, are well-known and they are of degree 1 or 2.
Explicitly, there are:

(i) n — 1 = (m — 2)/2 irreducible representations of degree 2. Letting w be an
m-th primitive root of 1, they are given by p,; : D,, — GL(2, k),

a ¢ b
2) ,Oe(x“yb):<(1) (1)) (a()) a)(zz) , l<t<n.

(i1) 4 irreducible representations of degree 1. They are given in Table 1.

Let p be an irreducible representation of Cp, (y") = D,,. Since n is even, if
degp =1 or p = p, as in (2) with £ even, then dim B(0y, p) = oo. Indeed, here
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o 1 y" yb,lgbgn—l X Xy
x1 |1 1 1 1 1
x2 | 1 1 1 -1 | -1
x3 | 1| (D" (—1)° 1 -1
xa | 1] (=D" (—1)° —-1] 1

Table 1. One-dimensional irreducible representations of D,, with
m = 2n even.

gynyn #—1 and Lemma 1.1 applies. In the cases when p = p, as in (2) with £ odd,
we have that gy = —1. If My = M (Oyn, pg), then we have the following lemma,
which is [Andruskiewitsch and Fantino 2007a, Theorem 3.1 (b) (1)].

Lemma 2.1. B(O0,», py) >~ /\ My for all £ odd with 1 < { < n. In particular, the
dimension dim B (0, py) equals 4. ([l

Notice that there are ¢ irreducible Yetter—Drinfeld modules with support Oy»
such that its Nichols algebra is finite-dimensional.

2A2. The conjugacy class of y', 1 <i <n — 1. The conjugacy class and the cen-
tralizer of y' in D, are Oy = {y’, y~'} and Cp, (y') = (y) = Z/m, respectively.
The group of characters of Cp, (y') is

m

Cp, () ={xX@ : 1 <k <m—1},
where xu)(y) 1= ®* with @ an m-th primitive root of 1. Let M; ; = MO, X))
Since Oy is real, if X(k)(yi) # —1, then dimB(0,:, x)) = oo, by Lemma 1.1.
Assume that x)(y') = —1; this amounts to saying there exists » with r odd and
1 <r <m—3suchthatik =rn.

LetN;={k:0<k<m-—1, X(k)(yi) = —1}. Then, forevery i with 1 <i <n-—1,
there are card N; irreducible Yetter—Drinfeld modules with support O, and dimen-
sion dimB(0,:, xx)) < 00. Let w € k be a primitive m-th root of 1. We define
J={(,k):o*==1,1<i<n—-1,1<k<m—1)}.

Remarks 2.2. Notice that if (i, m) = 1, then N; = {n}. Also,
e if i =2, then Ny = {¢, 3t};
o if i =3, then N3 = {n} if 317, whereas N3 = {2u, 6u, 10u} if t = 3u;
o ifi =4, then Ny = @ if 211, whereas N4 = {u, 3u, Su, 7Tu} if t = 2u.
The next lemma is [Andruskiewitsch and Fantino 2007a, Theorem 3.1 (b) (ii)].

Lemma 2.3. B(0,i, xx)) = /\ M for all (i, k) € J. In particular, the dimension
dim B0y, x«)) equals 4. U
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2A3. The conjugacy classes of x and xy. We show that these two conjugacy classes
give rise to infinite-dimensional Nichols algebras.

Lemma 2.4. The classes Oy and O, are « of type D. ﬂeﬂe dim*B(0,, p) and
dim‘B(0,,, n) are infinite for all p € Cp,, (x) and n € Cp,, (xy).

Proof. Since the classes O, and O, are isomorphic as racks to the dihedral rack %,,,

the result follows from Lemma 1.3. ([
Conjugacy class Centralizer Representation dim‘B(V)
e D, any 00
O = m/2 , X1s X2 X35 X4
ye =7 Do pe, £ even o
|©ym/2| == 1
pe, £ odd 4
={y*},i #0,m/2, , 0k = —1 4
|© |: X(k),a);rlf;é—l e¢]
0, = {xy/ : j even}, Z7/2x7]2 e®e, e ®sgn, o
Oy =m/2 ~ (x) @ (y"™/?) sgn ® sgn, sgn ®¢
Oyy = {xy/ : j odd}, Z7]2x7]2 e®e, e ®sgn, o
Oyl = m /2 ~ (xy) @ (") | sgn®sgn, sgn ®e

Table 2. D,, for m = 4t with ¢ > 3.

2B. Nichols algebras of arbitrary Yetter—Drinfeld modules. In this section we
determine all finite-dimensional Nichols algebras in %{‘B'g Y%. Specifically, we prove
that they are all exterior algebras over some Yetter—Drinfeld modules. For such a
module, we write B(M) instead of /\ M to emphasize the Yetter—Drinfeld module
structure.

2B1. Nichols algebras over the family {M; y}. Recall M; = M (0, xx)) with
1<i<n-—1,0<k <m—1. We define an equivalence relation in J (see
Section 2A2) by

3) (i, k) ~ (p,q) if 0'7HPF =1.

In such a case, one can prove that w”* = w'? = —1'. We denote by [i, k] =
{(p,q) e J:(p,q)~ (i, k)} the class of (i, k) under this equivalence.

IWrite n = (i, n)h. Since nlik, one has that h|k. As n|ig + pk, we have that (i, n)| pk and thus
n|pk. Then prove that pk = n mod m.
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Proposition 2.5. Let M = M;, 1, ®--- B M;, x, with (is, k) € J forall 1 <s <r.
Then dim B(M) < oo if and only if (i, kp) ~ (iq, kg) forall 1 < p,q <r. In such
a case, B(M) ~ \ M and dim B(M) = 4".

Proof. Assume first r =2. Let (i, k), (p, q) € J and consider M, ; and M, ,. Then
Oy =fo1:=y,00:=y7'}, Opp = {11 := y?, ;3 1= y P} and xy(y') = —1 =
X (YP). Set g1 =h; =1 and g = hy = x. Then

gy'er =01, gy'e =0, hiyhi'=t, hy’h' =n1.

Consider now the Yetter-Drinfeld module M = M; , ® M, ,. As a vector space M
is the k-span of {g1, g2, h1, h2}. The braiding ¢ in M is given by ¢|y; @M, = Cm; >
Canq@MpJJ = CMp-q’ and

c(g1®h1) = () h1 ® g1, c(g1®h2) = x(y H ha® g1,
c(©®h)=xg) M ®g,  c(g2®h)=xnO)h® g,
ch1 ®g1) = xw () g1 ®hi, ch1®g2) = xw(» ") g ®hi,

cha®g1) = xw (") g1 ®ha, c(hy ® g2) = Xy OY') 82 ® ho.

Thus M is a diagonal vector space whose matrix of coefficients is

-1 -1 X0 X

_ -1 =1 X@O™) x@O")
XoOP) X)) -1 -1
X ™) X OP) —1 -1

Let A := x() (V) xwy(YP) = PR If & # 1, that is, ©/9TP% £ 1 then (i, k) =
(p, g) and dim B (M) = oo, by [Heckenberger 2009], since the generalized Dynkin
diagram associated to M is given by Figure 1.

Figure 1

If A =1, that is, @'91P* = 1 then (p, ¢) ~ (i, k). In such a case, wP* = ' = —1
(see the paragraph after (3)), whence B(M) = /\ M, since the braiding in M is
¢ = —flips; in particular dim(M) = 16.

Assumer >2andlet M = M;, y, ®---BM;, , with (i5, k) € J forall 1 <s <r.

In particular, @'k = —1 for all 1 <s < r. If there exist p.q. 1 <p,g=r
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such that (i, k) = (ig, k), that is, xu,)(y"")x@,) () = wrhatieks £ 1, then
dim %(Mip, k, ® M, k,) =00 as above, which implies that dim B (M) = oco. Thus
(ip, kp) ~ (ig. ko) forall 1 < p, g <r and xu,)(¥'") Xk, (y'7) = w'rkatiakr = 1. As
before, wiekr = w'rks = —1, which implies that B(M) = /\ M, since the braiding
in M is ¢ = —flips; in particular dim B(M) =4". (]

Definition 2.6. Let

9= {I = ]_[{(is,ks)} D5, ks) € J and (is, ks) ~ (ip, kp), 1 <s,p =< r}.

s=1

For I € 9, we define M; = EB(i’k)e, M; .

By Proposition 2.5, we have B(M;) >~ /\ M; and dim‘B(M;) = 4,
Remark 2.7. Denote by a; i, b; k, (i, k) € I the primitive elements that generate
$B(Mj). Then, the Yetter—Drinfeld module structure is given by
(4) Xeaig=big, y-aig=o‘a, Sar) =y ®a,
5) Xobik=aig, y-big=0 " big, Sbix) =y @bix.
2B2. Nichols algebras over the family {M;}. Recall that My, = M (O, p;). In

this section we study Nichols algebras over sums of irreducible Yetter—Drinfeld
modules isomorphic to M, with 1 < £ < n, £ odd.

Proposition 2.8. Let M = My, & --- ® M,, with 1 < {; < n odd numbers. Then
B(M) >~ \ M and dimB(M) =4".

Proof. 1t suffices to show that the braiding c in M is ¢ = —flips. Let 1 < p,qg <r
and denote by vy, v and w;, w, the linear generators of M ¢y and M tys respectively.

Then ¢ = —flips in M,, & M,,. Indeed, we know that c| My, ®M;, = —flips and

clme, oM, = —flips, by Lemma 2.1, and by straightforward computations,
cr@w)=y"w v =" w @ = (=)W ®v; = —w; Ry,
c@w)=y"w v =0 ""w, Qv =(-)"Yw QU = —wr Qu,
cm@w)=y"w ®u=0""w Qv =(—)"w Qv = —w; vy,
cL@w) =Y WwRu =0 "YWL =D YWV =—wv. O

Definition 2.9. Let

¥ = {L:]_[{Es}:lfﬁl,...,ﬁr <n0ddnumbers}.
s=1

For L € &, we define M, =@, ; M;.
By Proposition 2.8, we have B(M) ~ A\ M and dimB(M}) = 4IL1,
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Remark 2.10. Denote by ¢y, d; with £ € L the primitive elements that generate
$B(Mp). Then, the Yetter—Drinfeld module structure is given by

(6) x-co=dy, y-cp=0'c, ) =y"®c,

(7 x-dg=cp, y-dg=w'dy, $(d)=y"®dy.
2B3. Nichols algebras over mixed families.

Proposition 2.11. Let M; ;¢ = M;  ® My with (i, k) € J and 1 <{ <n be an odd
number. Then dimB(M;  ¢) < oo if and only if k is odd and (i, £) € J. In such a
case, %(Mi,k’g) ~ /\ Mi’k’g and dim %(Mi,k’g) = 16.

Proof. Letc: M, x ¢ @ M .0 — M, k¢ ® M; i ¢ be the braiding of M; ; ,. As before,
it suffices to show that ¢ = —{flips. Denote by g; = 1, go = x and vy, v, the linear
generators of M; ; and My, respectively. Then by Lemmata 2.3 and 2.1, we have
that c|y, . @m, , = —flips and c|y,em, = —flips. Thus c is determined by the values

cgr®v) =y 1®g =0 g,

ci®g)=y" 8 ®v = xp("g1 ®vi =g ®v = (=g @,
c(@u)=y"vRn=0"v®g,

c(VI®g)=Y"g®v = xp(Mg®v =gV = (- n e,

1

@@=y neg=0"veg,
c(®g)=y" 81 ®v=xp(¥"g1 ® v =g ®vy= (=g @ v,
(@) =y 1uen=0"neg,
c(1®g)=Y"g®v=xp(MgE®vn=0"gH v = (1) gneuv.

This implies that M is a diagonal vector space with matrix of coefficients

—1 -1 o't w it
-1 -1 w*iﬂ a)ie
(=DF (=DF -1 -1

(=DF (=DF -1 =1

9 =

Let A := (—1)*w'*. If A # 1, then the generalized Dynkin diagram associated to
M; i ¢ is given by Figure 1, whence dim‘B(M) = oo, by [Heckenberger 2009].
Therefore, in order to have dim‘B(M; ; ¢) < co we must have that A = 1, that is,
(—D* = w'‘. By assumption w'* = —1, thus 0'** = (—1)* = —1, because £ is
odd. But —1 = (@)% = ((=1)*)* = (=1)¥, thus k must be odd and wi¢ = —1,
that is, (i, £) € J. In such a case, the braiding in M; ;¢ is ¢ = —flips and then
%(Mi,k’g) ~ /\ Ml"k,g and dim(Mi,k,g) =16. U
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For I € $ and L € &, define M; | = (EB(Lk)e] M,;k) <) (@[EL Mg). The next
result generalizes Proposition 2.11 for arbitrary finite sums.

Proposition 2.12. Let I € $, L € & and assume that k is odd for all (i, k) € 1.
Then dimB(M; 1) < oo ifand only if (i,€) € J forall (i,k) € I,£ € L. In such a
case, B(M; 1) ~ /\ M; 1 and diim B(M; 1) = 4//1+IL,

Proof. Denote by a; ¢, b; ;. and ¢y, dy the linear generators of M; ; and M,, respec-
tively, for all (i,k) € I, £ € L. Then by the proof of Propositions 2.5, 2.8 and
2.11, it follows that dim B(M; 1) is finite if and only & is odd for all (i, k) € I and
(i,¢) e J forall (i,k) € I, £ € L. In such a case, the braiding in My ; is given by
—flips, whence B(M; 1) >~ \ M L. O

Remark 2.13. Denote by a; k, b; k, c¢, d¢ with (i, k) € I and £ € L the primitive
elements that generate B(M; ). Then, the Yetter—Drinfeld module structure is
determined by (4), (5), (6) and (7).

Definition 2.14. We define
H={U,L):I1e¥, LeFandkodd, (i,£)e J forall (i,k)el,LelL}.

By Proposition 2.12, for all (I, L) € I, we have B(M; ) ~ /\ My and
dim B(M; ) = 41+

Proof of Theorem A. Let 2B8(M) be a finite-dimensional Nichols algebra in ﬁ%ﬁ@)@.
Since %‘{%Z Y9 is semisimple, M must be a finite direct sum of irreducible Yetter—
Drinfeld modules. Then the result follows from Lemmata 2.1, 2.3 and Propositions
2.5, 2.8, 2.12. Clearly, Nichols algebras over distinct families are pairwise non-
isomorphic, since they are generated by the set of primitive elements which are
nonisomorphic as Yetter—Drinfeld modules. ]

3. Liftings of Nichols algebras over dihedral groups

In this section we describe all finite-dimensional pointed Hopf algebras over dihe-
dral groups D,,, assuming that m =4¢, ¢t > 3.

Let H be a Hopf algebra with bijective antipode and let B € #%% be a braided
Hopf algebra. From B and H one can construct a new Hopf algebra B # H,
called the Radford—Majid product or bosonization, whose underlying vector space
is B ® H and the Hopf algebra structure is given by

@#h)(b#k) = alhq, - b) #hok,
Ala#h) =aV# @) _1hay @ @?) 0 #ha),

for all (a#h), (b#k) € B#H, where Ag(a) =a¥ ®a® is the braided coproduct
and dp(a) = a—1) ®a ) is the coaction of H on B.
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Remark 3.1. Assume that A is a finite-dimensional pointed Hopf algebra with
Aop=LkG(A) and let gr A =P,_, Ai/A;_1. Then gr A is a Hopf algebra which is
isomorphic to the bosonization R # kG (A), where R = (gr A)*°”. If a € R(1) is
a homogeneous primitive element, that is, §(a) = g ®a, g € G(A), thena#1 €
R#KkG(A) is (g, 1)-primitive. Indeed, by the formula above we have A(a#1) =
aV# @)@ @?)o#l=a#1x01#1+1#g®a#1. Consider now the
projection, w : A — A;/Ag, which is in particular a projection of Hopf kG (A)-
bimodules, and denote by o a section of Hopf kG (A)-bimodules. Since A;/Ag =
Ao ® P(R)#LkG(A), by [Andruskiewitsch and Schneider 1998, Lemma 2.4], we
have thata#1 € A;/Ap, and o (a #1) is (g, 1)-primitive in A.

The following is a key step for the classification; see [Andruskiewitsch and
Schneider 2000, Proposition 5.4; 2002, Theorem 7.6; Andruskiewitsch and Grafia
2003, Theorem 2.1, Angiono and Garcia Iglesias 2011, Theorem 2.6; Garcia and
Garcia Iglesias 2011, Theorem 3.1]. It agrees with a well-known conjecture [An-
druskiewitsch and Schneider 2000, Conjecture 1.4].

Theorem 3.2. Let A be a finite-dimensional pointed Hopf algebra with G(A)=D),,.
Then A is generated by group-likes and skew-primitives.

Proof. Since gr A = R#kD,,, with R =D, , R(n) the diagram of A, it is enough
to prove that R is a Nichols algebra, since then A would be generated by G(A)
and skew-primitive elements. Let S be the graded dual of R. By [Andruskiewitsch
and Schneider 2000, Lemma 5.5], S is generated by V = S(1) and R is a Nichols
algebra if and only if P(S) = S(1), thatis, if § is itself a Nichols algebra.
Consider B(V) € ﬁ%ﬁ@}@. Since V = R(1)* = P(R)* and B(P(R)) is finite-
dimensional, we have by [Andruskiewitsch and Grafia 1999, Proposition 3.2.30]
that B (V) is also finite-dimensional and by Theorem A, 8(V) is isomorphic to an
exterior algebra B(M;), B(M) or B(M; 1), withl € $, L e £ and (I, L) € X,
respectively. Moreover, a direct computation shows that the elements r in S repre-
senting the quadratic relations are primitive and since the braiding is —flips, they
satisfy that c(r ® r) =r ® r. As dim § < oo, it must be » =0 in § and hence there
exists a projective algebra map B(V) — S, which implies that P(S) = S(1). O

3A. Some liftings and quadratic relations. We begin this section with the follow-
ing proposition that shows how to deform the relations in the Nichols algebras to
get a lifting.

Let A be a finite-dimensional pointed Hopf algebra over kD,,. Then we have
that gr A = B(M) # kD,, by Theorem 3.2, and its infinitesimal braiding M is
isomorphic either to M; with I € $ and |I| > 1 or I ={(i, n)}, or M with L € ¥,
or M; with (I, L) € ¥ and |L| > 0, || > O; see Section 2B.

From now on, we denote by g, / the generators of G(A) ~D,, with gZ=1=h"
and ghg =h~".
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Forall 1 <r,s <m,let M) ={ae M :6(a) =h’®a,h-a=w"a}. Then
M = @r, s M;. Following Remark 3.1, we write x = o (a#1) for the element in A
defined by the Hopf kG (A)-bimodule section o. In particular, if a € M?, then x
is (h*, 1)-primitive and hxh ™! = ' x.

Proposition 3.3. Let A be a finite-dimensional pointed Hopf algebra that has
G(A)=D,, and infinitesimal braiding M. Leta € M, be M, with 1 <r, s, u,v<m
and denote x = o (a#1), y =o (b#1). Then there exists A € k such that

®) XY+ Y = 8 (1 — V).

In particular, if x = y we have that x*> = 8, , )/ (1 — h**) with \' = 1/2.
Proof. By Theorem 3.2, M is isomorphic either to M; with [ € $ and |I| > 1 or
I ={@,n)},or My with L € &, or My with (I, L) e ¥ and |[L| >0, |I| > 0. As
ae M’ be M}, Propositions 2.5, 2.8 and 2.12 yield that »*" = —1 = "’ and
(r,s) ~ (u, v), that is, ®"*™* =1 and @'’ = —1 = w*“.

A straightforward computation yields that the element & = xy + yx is (h**V, 1)-
primitive. Indeed,

Aa) = Alxy + yx)
=R+ I+r"Qy)+(YR1I+A"@y)(x®1+h'®x)
=xyR1+xh"@y+hy@x+h M @xy+yx®1
+yR ®x+h'x @y +h @ yx
=@y +y0) @1+ Q@ (xy +yx) + (xh’ +h’x) @ y + (h'y + yh*) @ x
=@y +y0) @ L+r"T® (xy + yx).
If s + v = 0 mod m, then « is primitive. Since A is finite-dimensional, we must

have that « = 0. Suppose s + v # 0 mod m. Then, by Theorem 3.2 there exist
(h*TV, 1)-primitive elements Xij € Mj. withi =s+vand A, B; ; € k such that

a=r(1—hr"")+ Z Bi,jXi,j-
i=s+v,j
Conjugating on both sides by & gives

hah™ = o Ma =2, 00 (1=hT) + Y Bijolx;,
i=s+v,j
which implies that A = A" ™ and B; jo’ = B; jo' T forall i, j. If r4+u %0 mod m,
then A, , i« = 0. So to end the proof we must show B; ; =0 for all i, j. On the
contrary, suppose f; ; # 0 for some i, j. Then j =r +u mod m. In such a case,
asi=s—+v,
1= a)ij — w(s+v)(r+u) — wsr-i—vuwsu-i-vr — 1’

a contradiction. In conclusion, we must have that & = 8, ,—,A(1 — h5TV). U



82 FERNANDO FANTINO AND GASTON ANDRES GARCIA

As a direct consequence of Proposition 3.3 we get the following corollaries.
The first one shows that all pointed Hopf algebras over D,, whose infinitesimal
braiding is isomorphic to M; with I = {(i,k)} € $, k #n, or My with L € &, as
in Sections 2B1 and 2B2, respectively, are isomorphic to bosonizations.

Corollary 3.4. Let A be a finite-dimensional pointed Hopf algebra with G(A)=D,,
such that its infinitesimal braiding M is isomorphic to My with I ={(i, k)} € $ and
k#n,or My with L € &. Then A >~ gr A ~B(M) #KkD,,.

Proof. Suppose M >~ M; with I ={(i, k)} € $ and k #n and denote x = o (a;  #1),
y = o (b x #1). By Proposition 3.3, we have that x> = 0 = y? and xy + yx =
8im—ir(1— hi*tm=iy =0 for any A € k*. Thus A ~ gr A ~ B(M;)#kD,,. Assume
now that M >~ M; with L € &, and denote x = o(cp#1), y = o(cp #1) with
£,£ € L, and ey, ey in the set of linear generators {c;,dy : £ € L} of M. As x
and y are (h", 1)-primitive, again by Proposition 3.3 we have that x> = 0 = y? and
xy+yx =8¢ m_er(1—h"T")=0forany A € k*. So A~gr A~B(M)#kD,,. O

The following two corollaries give the explicit relations that a lifting of a Nichols
algebra over D), must satisfy.

Corollary 3.5. Let A be a finite-dimensional pointed Hopf algebra with G(A)=D),,
such that its infinitesimal braiding is isomorphic to My with I € $ and |I| > 1 or
I ={(i,n)}. Denote x, 4 =0(ap,#1)and y,,=o0(b,,#1) forall (p,q) € I.
Then there exist two families A = (Ap q.i k) (p.q). G k)yel» AMd Y = (Vp.q.i.k) (p.q).G.l)el
of elements in k such that

9 Xp.gXik +XikXp.qg =0gm—kApq,ik(l— hPTY,
(10) yp,qJ’i,k + yi,kyp,q = 5q,m—k)‘p,q,i,k(1 — hfpfi)’
(11) Xp.gVik t YikXpqg = 8q,kyp,q,i,k(1 _ hp—i).

Remark 3.6. The symmetry of Equations (9) and (11) imply that the families
A= pqii)(p.g.iker A Y = (Vpq.ik)(p.g).Ghel satisfy

(12) Apm—k,ik = Mik,pm—k and Yy ik = Vik pk-

Corollary 3.7. Let A be a finite-dimensional pointed Hopf algebra with G(A)=D,,
such that its infinitesimal braiding is isomorphic to My 1, with (I, L) € X. Denote
Xpg =0(apg#1), ypqg =0bps#1), 20 =0(ce#1) and wy = o(de #1) for
all (p,q) € I, £ € L. Then there exist four families A = (Ap 4.ik)(p.q).G.k)el>
Y = Wpag.ik)pg).ibels 0 = Opqg.0)p.gelteL, and = (Upq.0)(p.grel ter. O
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elements in k such that the following relations in A hold:

(13) x,=0=y

(14) Zewer +werze =0,  zpzer+20020 =0, wewe +wewe =0,
(15) XpgXik +XikXp.g =8g.m—tiAp.gir(1—hPH),

(16) YpaVik + VikVpg = qm—ihpqik(l—h"P7H),

(17) Xp.qVidk + VikXp.g =08¢.kVp.qik(1—hP™"),

(13) XpaZt +2eXp.g =8g.m—tOp.g.0(1 —h"TP),

19) Yp.qWe+WeYp.g =8g.m—t0pqge(1 —h"""),

(20) XpqWe + WeXpg =840 Up.g.e(1—h"TP),

2D Vp.gZt +2eYp.qg =8q.6 hpge(1—h""P).

Remark 3.8. As before, (15) and (17) imply the equalities in (12).

3B. Quadratic algebras. In this section we introduce two families of pointed Hopf
algebras which are defined by quadratic relations. They are constructed by deform-
ing the relations on two families of Nichols algebras in %%Zjoyéb. Moreover, we show
that they are liftings of bosonizations of Nichols algebras and belong to the family
of Hopf algebras that characterize pointed Hopf algebras over D,,, m = 4¢, t > 3.

The families of parameters. Let I € $ and L € & be as in Definitions 2.6 and
2.9, respectively, and let A = (A, 4.i.k)(p.q). i 0el> ¥ = Vp.g.ik) (p.g).Gloel> 0 =
Op.q.0)(p.g)el el and = (W p 4.¢)(p.q)el,ecr be families of elements in k, satis-
fying the conditions

(22) Apm—k,ik =Nikpm—k and Yy ik = Vik pk-

In particular, 6 and u are families of free parameters in k.

Definition 3.9. For I € $, denote by A;(A, y) the algebra generated by the ele-
ments g, h, X, 4, ¥p.q With (p, q) € I satisfying the following relations:

(23) g2: 1 :hm, ghg:hm_l’

(24) 8Xpg =Vpa8 hxpg=0%,,h, hy,, ="y, ,h,
(25) XpgXik +XikXpg =Ogmirpgis(1—hPT),

(26) Xp.qYik + VikXp.g = Sq.kVp.g.ik(1 =P

It is a Hopf algebra with its structure determined by
Alg)=g®g, A(h)=h®h,
Axpg) =Xpg®@1+h"®xp g, Apg) =Ypg®@L+E T ®y)p4.
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Since it is generated by group-likes and skew-primitives, it is pointed by [Mont-
gomery 1993, Lemma 5.5.1]. We will call the pair (A, y) a lifting datum for
B(M;). Wesety =0if [I| =1.

Example 3.10. If / = {(i, k)} with k # n, then by Corollary 3.4, the Hopf algebra
defined above is the bosonization B(M;) # kD,,. If k = n we obtain the Hopf
algebra A; , (1) generated by the elements g, 4, x, y satisfying

glzlzhm’ ghg:hm_l,
gx =yg, hx = —xh, hy = —yh,
x2=r(1—=hn%), Y*=11—-h"%), xy+yx=0.
It is a finite-dimensional pointed Hopf algebra with its structure given by
A(g)=g®Rg, AM)=h®h, AX) =x®1+h ®x, A(y)= y®1+h*"®y.

Definition 3.11. For (I, L) € ¥, denote by B; (%, y, 6, ) the algebra generated
by g, h,Xxp g4, Yp.q, 2, we satisfying the relations

27) ol ghg .
(28) Xpy =Vpa8 hxpg =%, h,

(29) gz =g, he = otech,

(30) x127,q =0= yﬁ,q, 2owp +wpze =0, zeze + 7020 =0,
(31) XpgXik +XikXp.g = 8gm—thp.gir(1—hPH),

(32) Xp.gVik + VikXpg =0qkVp.qik(1—hP™7),

(33) XpgZt +20Xp.g =8g.m—t0p.q.0(1 —R"HP),

(34) XpgWe+ WeXp g = 8.0l pq.e(1—h"TP).

It is a Hopf algebra with its structure determined by

A(g) =g®g, Ah)y=h®h,
A(xp,q) =Xpgq Q1+h? ®Xp,q, A(yp,q) = Yp.q Q1+h"? ®)’p,q,
Az)) =2 ®@1+h" @z, Alwe) =we @1+ h" @ wy.

Since it is generated by group-likes and skew-primitive elements, it is pointed by
[Montgomery 1993, Lemma 5.5.1]. We call the 4-tuple (A, y, 8, ) a lifting datum
for s,B(]W I, L).

Example 3.12. If I = {(i, k)} and L = {£} with 1 < k, £ < m odd numbers and
m—{ # k, then the Hopf algebra defined above is the bosonization B(M; ) #kD,,.
If Kk = m — £ we obtain the Hopf algebra B; (0, 1) generated by the elements
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g, h, x,y,z, w satisfying the relations
g2:1:hm’ ghg:hm—l’

gx=yg, hx=oxh, gz=wg, hz=w*zh,

x2:0:y2, z2:0:w2, xy+yx =0,

wHwz=0, xz4+zx=0(1—-h""), xw4wx=pd-r".

As we have seen in Section 2, finite-dimensional Nichols algebras in ﬁgz@@
are exterior algebras; see Theorem A. In addition, the Hopf algebras A; (X, ) and
B; (A, y,0, u) defined above are quadratic algebras for all / € $ and (I, L) € K.
Our next goal is to show that if H is a lifting of a finite-dimensional Nichols
algebra in ﬁ%x@)@, then H is isomorphic to a quadratic algebra defined above for
some lifting data, and conversely, these Hopf algebras together with the bosoniza-
tions are all liftings of finite-dimensional Nichols algebras in ﬁ%g:oy@. First we
work on quadratic algebras to obtain a bound on the dimensions of A;(A, y) and
By (A, y,0, ). We follow [Garcia and Garcia Iglesias 2011] for our exposition.

Let W be a finite-dimensional vector space and let T(W) = €B,,., W®" be the
graded tensor algebra with the induced increasing filtration F' := Eé j<i W®J, Let
R C W ® W be a subspace and denote by J(R) the two-sided ideal of T(W)
generated by R. A (homogeneous) quadratic algebra Q(W, R) is the quotient
T(W)/J(R). Analogously, for a subspace P C F>=k®W & W ®W, we denote by
J (P) the two-sided ideal in T (W) generated by P. A (nonhomogeneous) quadratic
algebra Q(W, P) is the quotient T(W)/J (P).

Let A = Q(W, P) be a nonhomogeneous quadratic algebra. It inherits an in-
creasing filtration A, from T (W) givenby A, = F" /(J(P)NF") and the associated
graded algebrais gr A=@P,., An/As—1, where A_; =0. Consider now the projec-
tion 77 : F2— WQW withkernel F! andset R=7(P) C WQW. Let B= Q(W, R)
be the homogeneous quadratic algebra defined by R. If PNW =0, then we have an
epimorphism p : B — gr A. Indeed, let p’: T (W) — gr A be the graded algebra map
induced by W — A} — A|/Ap. Suppose x € R C W®2, Then there exist xo € k,
x1 € W such that x —x; —xg € P and therefore x = x| +xo € F2/(J(P)NF?) = A,.
Thus p'(x) =0 € Ay/Aq, whence p" induces p: B=T(W)/J(R) — gr A.

Let G be a finite group and suppose that B(V) is a finite-dimensional Nichols
algebra in ﬁg@@ which is given by quadratic relations, that is, B(V) = %Q(V).
Denote by p;(xj,,...,x;) = 0 these quadratic relations, where x; € P(V) are
gj-homogeneous elements with g; € G and p;, i € I, are finitely many quadratic
polynomials with coefficients in k.

Assume H is a Hopf algebra containing kG as a Hopf subalgebra which is gener-
ated by kG and P (V) such that x; is (g, 1)-primitive for all x; € P(V), ngg_1 =
8- Xj for all g c G, Xj € P(V) and pi(le, ey x]'k) = )‘i,ju---,jk(l — gi’jl,_",jk) for
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some A; ;.. j € kand g; j, . ; €G. The next lemma is a slight generalization of
[Garcia and Garcia Iglesias 2011, Proposition 4.2].

Lemma 3.13. dim H < dim*B(V)|G]|.

Proof. H is the nonhomogeneous quadratic algebra Q(W, P) defined by W and P,
for W =k{x;, H:x; € P(V),ge Gland PCk@® W ® W ® W the subspace
generated by

{He—l,Hg®Hz_HgtaHg®xj_g.'xj®H ’
pi(le’ . ,Xjk) _)\i,j1,...,j/{(1 = 8i i ]k)}

Let R = m(P). Explicitly, R C W ® W is the subspace generated by {H, ® H;,
H,®xj—g-x;®Hg, pi(xj,,...,x;)}. Let B= Q(W, R) be the homogeneous
quadratic algebra defined by W and R. Then B ~ B(V) # Y, where Y is the
algebra linearly spanned by the set {1, y, : ¢ € G} with unit 1 and multiplication
table given by y,y, =0 for all g, r € G and # stands for the commutation relation
(I#y)(xj#l)=g-x;#y,, (1#1)(x;#1)=x;#1forall g€ G, x; € P(V). Thus
by the preceding discussion, there exists an epimorphism p : B(V)#Ys — gr H.

Since PNF! =k{H,—1}, by [Garcia and Garcia Iglesias 2011, Lemma 4.1] we
have p(H,) = 0, whence there exists an epimorphism p, : B/By,B — gr H. The
commutation relation and the fact that the elements {y,}¢cc are pairwise orthogo-
nal, give By, B =%(V)y, C B. This implies dim B" —dim(5(V)"y,) > dim gr H"
and since dim B” =dimB(V)"(|G|+ 1), we have dim B (V)" |G| > dim gr H" and
consequently dim H < dim‘B(V)|G]|. (]

The next corollary follows immediately.
Corollary 3.14. Forall I € $ and (I, L) € K we have

dim A; (A, y) < dimB(M;)|D,,| = 4"12m,
dim BI,L()\'a Y, 9, ,bL) < dim %(MI,L)“D)ml = 4|”+|L|2m

3C. Representation theory. Let H be a finite-dimensional pointed Hopf algebra
over kD,,. In this section we prove using representation theory that the qua-
dratic algebras defined in Definitions 3.9 and 3.11 are liftings of finite-dimensional
Nichols algebras over kD,, for all lifting data (A, y) or (A, y, 8, u), and we end
the section with the proof of Theorem B.

Let H=A;(A,y)withl € $or H=B; (A, y,0,u) with (I, L) € . By
definition, the group G(H) is a quotient of D,,; in particular, any H-module is a
kD,,-module. Denote by  : D,, — G(H) this quotient. The following lemma is
a key step to determine the dimension of H.
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Lemma 3.15. Let p : H — End(V) be a representation of H such that

(i) pigyom : Dy — End(V) is faithful;

(i) if H = A[(X,y), then p(x,4) ¢ kp(G(H)) for all (p,q) € I and if H =
Brp(A,y,0, 1), then p(xp4), p(z¢) € kp(G(H)) forall (p,q) €l and £ € L.

Then gr H = B(M) #kD,, and thus dim H = dim B(M)|D,,|.

Proof. Let M = M/ ;, and suppose that H = Bj (A, v, 6, ). Since G(H) is a
quotient of D,,, from (i) it follows that G(H) >~ D,,. Thus H is a pointed Hopf
algebra over D, and by Theorem 3.2, gr H ~B(N)#kD,, with B(N) an exterior
algebra; see Theorem A. Furthermore, by Lemma 3.13 we have that dim*B(N) <
dim B (M). But by (ii) the map ¢ : M — H;/Hy, sending

Apg > Xpgs bpg=>Ypg, Cor> 2, de—> Wy,

induces an injective map ¢ : M — N in {{§" %% which implies that dim B(N) >
dim B (M). The proof for H = A; (A, y) is completely analogous. (]

Proof of Theorem B. Let H be a finite-dimensional pointed Hopf algebra with
G(H) = D,,. Then gr H >~ R # kD,, and by Theorem 3.2 the diagram R is a
Nichols algebra B(M) for some M € E%’; Y% and consequently it is isomorphic to
one of the Hopf algebras of Theorem A.

If M ~ M; with I ={(,k)}and k #n or M ~ M; with L € &, then H >~
B(M) #kD,, by Corollary 3.4. If M ~ M; with [ € $ and |I| > 0, then by
Corollary 3.5 there exists a lifting datum (A, y) and an epimorphism of Hopf alge-
bras A; (A, y) — H. Hence dim H < dim A;(A, y) < dimB(M;)|D,,|. This im-
plies that H >~ A; (A, y), since dim H =dim gr H =dimB(M)|Dy,|. t M ~M; 1
with (I, L) € &, then using the same argument as before with Corollary 3.7 shows
that H >~ BI’L(A, y,0, 1.

For the converse, it is clear that the algebras listed in items (a) and (b) are liftings
of Nichols algebras over D,,,. Thus, we need to show only that the Hopf algebras
Aj(A,y)and By (A, y, 0, n) are liftings forall 7 € $, (I, L) € ¥ and for all lifting
data.

Assume first that I € $. Following Lemma 3.15, we give a representation for
Aj(A, y). Give I an order and write I = ((i1, k1), ..., (ir, k). Let V be a vector
space with basis given by two families of vectors {u,}, {v,}, indexed by all possible
ordered monomials in the letters iy 1, is» for all 1 < s < r such that each letter
appears at most once (set ug, vg if no letter appears) and the order is given by
is,p <ippforall p=1,2,if and only if s <1, 5| < isp forall 1 <s <r and
isp < i if and only if s < ¢; for example, v; i,,i;,i5, 1S @ basis element. In
particular, dim V = 2dim A M;.
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Forall 1 < j <n, V bears an A; (X, y)-module structure determined by

g-up=vy, h-upo=w'uy, xi i -uo= Wi s Vigks U0 = Ui,
_ (it :
(Xi, kg Xiy k) - U0 = — Wi iy + Ok m—k, Mig kg i ke (1 — w! Gy if > s,
iyt Xig o) U0 = — Ui, 17> + 5.1 Vi koo o (1 — @07 ) ift >,

because of the defining relations of A; (X, y); see Definition 3.9. Hence, the com-
position piG(a,(,y)) o7 : Dy — End(V) is faithful since (k{uo, vo}, pjGa;(n,y)) =
(k2, pj), and p(x; ) ¢ kp(G(A;(A, y)) by definition. Therefore gr A;(A, y) =
B(M;p)#kD,, and A;(%, y) is a lifting.

The proof for By (X, y, 8, u) is analogous. U

Isomorphism classes. In this last section we study the isomorphism classes of the
families of Hopf algebras given by Theorem B.

Let H be a finite-dimensional pointed Hopf algebra over D,,. Then H is iso-
morphic to a Hopf algebra listed in Theorem B; in particular, it is a lifting of a
finite-dimensional Nichols algebra over D,,.

It is clear that two algebras from different families are not isomorphic as Hopf
algebras since their infinitesimal braidings are not isomorphic as Yetter—Drinfeld
modules.

Thus, we have to show that two different members in the same family are not
isomorphic. By the argument above, if I ={(i, k)}, I'={(p,q)} € $ withk,q #n
and (i, k) # (p, q), then B(M;) #kD,, 2 B(M;) #kD,,, and if L, L' € & with
L # L', then B(Mp) #kD,, 2 B(M)#KkD,,. We end the paper by showing the
isomorphism classes of the families of the items (c) and (d).

Observe that Z/m acts on $ with the action on each I € $ induced by

(i, k) if 1 <li; <n modm,

(m —Lig, £ 'k,)  if n < iy mod m.

£- (isv ks) = {

Lemma 3.16. Let I, 1’ € $. Then A;(\, y) >~ Ap (), y') if and only if there exists
LeZ/mwith (£,m) =1 suchthat£-1=1',and for all (p, q), (i, k) € I,

Apgim—gq =N, ;
(35) { P.q.i,m—q / L(p,q),L-(i,m—q) if pl, il <norn< pf, if mod m,
Yp.a.i.a = Ye(p.g).t-(Gi.q)

Sqm—ihpgik =0kqV, .
(36) [q’m CEpatkZOATE 600 orheryise.

_ /
8q.kVp.q.iq = dqm—ihe.(p.g).0G0)

In particular, A;(\, y) ~B(M;) #kD,, if and only if . =0 = y.
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Proof. Suppose ¢ : Aj (A, y) — Ap (), y') is a Hopf algebra isomorphism and de-
note by g, h, x; x, yixand g’, i, xlka, y,{,k the generators of A;(A,y)and Ay (A, '),
respectively. Since both must have the same dimension, we have that |I| = |I’].
Moreover, ¢(g) =g', ¢ (h) = h'* for some £ € Z/m with (m, £) =1, and ¢ (x; ) and
@(yix) are (b, 1)-primitive and (h'~%¢, 1)-primitive in A (A, ") forall (i, k) €I,
respectively. Using that @(hx;th™") = W o(x;)h'~" we have that (x; ;) =
a,-,k,,-g,kg—lx;[,keq if i < n and (p(x,-,k) = bi,k,m—i&k@*ly;n—iz,klfl ifn <il < m,
for some a; k. p.q, bik,p.q € k*. In particular, this implies that I’ = £ - I. Clearly,
we may assume that a; x p g, bik,pqg = 1.

Let (p, q), (i, k) € I and suppose that £p, i < n. Then applying ¢, on both
sides of (25) yields

I / / 1 _ ) _ p(p+i)
Xop.e~1gXei e~k + Xei =1k Xep.e-1g = Sqm—krp.qik(1 —h )-

But the left hand side equals 8¢-14,m—e-1kApp o-14 41015 (1 — R+ by the same

relation in Ap(A', y'). Hence Ap gim—q = A‘z-(p,q),é-(i,m—q)' On the other hand,
applying ¢, on both sides of (26) yields

1 / l l _ . _ p(p—i)
Xepo-1gYei ek + Yei ok Xepe—tqg = 8q.kVp.gik(l—h ).

But the left hand side equals 8¢-1g e~k ¥y, 1441015 (1 — BP%), by the same re-
lation in Ay (X', y’). Hence yp 4.iq = yé-(p,q),@-(i,q)' The proof for the remaining
cases is completely analogous.

Assume now that there exists £ € Z/m with (£, m) =1, such that £- I = I’, and
equations (35), (36) hold for all (p, q), (i, k) € I. Then we may define an algebra
morphism by ¢¢(xp.q) = Xp, 1,5 Pe(Vp.g) = Yip 14 if €p < n and @e(xp4) =
Ym—tp.e-'q> Pe(Vp.g) = Xp_gp 41, if n < €p mod m. Equations (35), (36) and the
fact that £ - I = I, ensure that ¢, is a well-defined surjective Hopf algebra map,
which is indeed an isomorphism by Theorem B. ([

Note also that Z/m also acts on & with the action induced by
¢ ey if 1 <2 ' <nmodm,
=
m— L r ifn<¢'r mod m.
Lemma 3.17. Let (I, L), (I', L") € H. By (A, y,0, 1) =~ Bp o\, y', 0", 1) if

and only if there exists £ € Z/m with (€,m) =1, such that £ -1 =1, ¢-L =L/,
A, A and y, y' satisfy conditions (35) and (36), and for all (p,q) € 1,r € L,

_ /
{Sq,mrep,q,r - 8‘%’”7’0@'(17,‘1)»6"’ (fpz I’E_l <n
‘Sq,rﬂp,qm = ‘Sq,’/*:‘i-(p,q),f-r

_ /
{Sq,m—rep’q,r — 6q,r012~(p,q),€~r #n < pﬂ, rz_] mOd m,

— /
Sq.rlp.qr = 8q.m—rly.(p g0
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_ /
Sqm=rOp.q.r = dgm=rle.(p.g).er if pt <n<rt~" modm,

_ ’
8q.rlp.qr = 3q,r95-(p,q),e-r

_ /
Oq.m=rOp.q.r = 8q’r'u£'(’”q)’“ ifrﬁ’1 <n < pf mod m.

_ /
8q.rtp.qr = 8q.m—rb.(p.g).0r

Proof. The proof is completely analogous to the proof of Lemma 3.16. (]
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