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UNIQUENESS OF THE FOLIATION
OF CONSTANT MEAN CURVATURE SPHERES
IN ASYMPTOTICALLY FLAT 3-MANIFOLDS

SHIGUANG MA

This paper studies the constant mean curvature surface in asymptotically
flat 3-manifolds with general asymptotics. Under some weak conditions,
the foliation of stable spheres of constant mean curvature is shown to be
unique outside some compact set in the asymptotically flat 3-manifold with
positive mass.

1. Introduction

A three-manifold M with a Riemannian metric g and a two-tensor K is called an
initial data set (M, g, K) if g and K satisfy the constraint equations

(1-1) Ry — K|} + (trg(K))> = 16mp and  divy(K) —d(trg(K)) =8 J,
where R, is the scalar curvature of the metric g, trg(K) denotes g K; j» p is the
observed energy density, and J is the observed momentum density.

Definition 1.1. Letg € (% 1]. An initial data set (M, g, K) is called an asymptot-
ically flat (AF) manifold if there is a compact subset K C M and coordinates {x}
with the following properties: M \ K is diffeomorphic to R*\ B;(0); p and J from
(1-1) satisfy p(x) = O(|x|72727) and J (x) = O(|x|7>7%); and

gij(x) =46;j +h;j(x) with hij(x)=05(|x|*")K,-j(x)=01(|x|*1*<1),

where f = O (|x|™%) means 8' f = O(|x|~'"9) for1 =0, ..., k. Wecall M\ K
an end of the AF manifold (M, g, K); we will only consider AF manifolds with
one end. The mass of this end is defined as

. 1 i
m= i Tow [, (i T i)V dites

where vy and dyu, are the unit normal vector and volume form with respect to the
metric g. From [Bartnik 1986], we know the mass is well defined when g > %
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Given a function £, let f°%(x) = f(x) — f(—x) and f&"(x) = f(x)+ f(—x).

Definition 1.2. An AF manifold (M, g, K) is said to satisfy the Regge—Teitelboim
condition, and is called an AF-RT manifold, if p and J satisfy

PP = 0 (x|, JoM ) = 0(1x| 772
and g, K satisfy the asymptotically even/odd conditions
hf ) = 0x(1x 7179, K (x) = 01 (x| 7279,

For AF-RT manifolds, the center of mass C is defined by

o 1 o
¢ = 16m rlirgo(/m:rx (hljyl hll,])vgd:ug /

|x|=r

(hiqvg = hiivg) dug).
From [Huang 2009], we know the center of mass is well defined.

Let X be a surface of constant mean curvature (CMC). We say that X is stable
if the second variation operator has only nonnegative eigenvalues when restricted
to the functions with 0 mean value, that is,

f (A2 +Ric(vg, v)) f2 dpu < f VP dp
) )

for f a function with fz fdu = 0, where A is the second fundamental form
and Ric(vg, vg) is the Ricci curvature in the normal direction with respect to the
metric g.

We discuss the existence and uniqueness of CMC spheres that separate the com-
pact part from infinity in AF-RT manifolds. The following two theorems are due
to Lan-Hsuan Huang [2010]:

Theorem 1.3 (existence). If (M, g, K) is AF-RT with q € (%, 1] and m > 0,
there exists a foliation by spheres {¥X g} with constant mean curvature H(Xg) =
2/R + O(R™'79) in the exterior region of M. Each leaf y is a (coR'~9)-graph
over Sg(C) and is strictly stable.

Set r(x) = (Y(x")2)"/?. Fora CMC sphere ¥ separating infinity from K, define
ro(X) =inf{r(x) | x € ¥}, ri(X)=sup{r(x)|x e X}

Theorem 1.4 (uniqueness). Assume that (M, g, K) is AF-RT with q € (%, 1] and
m > 0. There exist o1 and C| such that, if X is a topological sphere of constant
mean curvature H = H(Xg) for some R > oy, and moreover % is stable and
satisfies ri(X) < Clré/afor some a € (2(52;43]), 1], then X = Xp.
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Uniqueness is the harder problem. In Theorem 1.4, Huang needs the assumption
rp<C 1ré/ “ for the radius of the surface. To get a sharper uniqueness result as in
[Qing and Tian 2007], we consider metrics of the following form:

Definition 1.5. An AF-RT manifold (M, g, K) with mass m is called an (m, k, &)-
AF-RT manifold, where k > 2 and ¢ > 0, if the metric g can be expressed as

(1-2) 8ij = 8ij +hij =8;; +h};©0)/r + 0,
with 2},(0) € C7(5?), Q = Os(|x|7%), and

(1-3) 1hi;(0) = 8i; (O) lweas) < .
Here 6 = (6, 6,) is the coordinate on S? C R3.

Remark 1.6. From (1-3), we know that the mass m has positive two-side bounds.
We can certainly consider the case ||hl.1j (0) — C4;j(0)lwr2(s2y < € for any positive
C, but here we only assume C = 1 without lost of generality.

Our main uniqueness result is this:

Theorem 1.7. For any k > 2 there exists ¢ > 0, depending only on k, with the
following property. For any (m, k, €)-AF-RT manifold (M, g, K), there exists a
compact K and a constant C > 0 such that, for any constant H > 0 sufficiently
small, there is a unique stable CMC sphere ¥ separating K from infinity and such
that H(X) = H and logri(X) < Cro(X)V/4,

Remark 1.8. This is an improvement on Huang’s result, as can be seen by com-
paring r; < Clré/“ with logr(2) < Cro(2)Y/* (since logr; grows much more
slowly than any positive power of r}).

Remark 1.9. In the proof of Theorem 1.7, the RT condition is needed only for the
existence theorem in [Huang 2010].

Remark 1.10. Here I can only deal with the case when g = 1. When g € (3, 1) it
seems that [|h;;(0) — 8;;(0) |lw+2(s2) < € is not a proper condition.

The paper is organized much like [Qing and Tian 2007]: In Section 2 we give an
a priori estimate on stable CMC spheres based on Simon’s identity. In Section 3,
we introduce blow-down analysis in three different scales. In Section 4 we recall
the asymptotic analysis from [Qing and Tian 1997] and prove a technical lemma.
In Section 5 we introduce asymptotically harmonic coordinates. In Section 6 we
introduce the notion of the center of mass and prove Theorem 1.7.
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2. Curvature estimates

In this section and the next we assume that (M, g, K) is AF-RT with g € (%, 1].
Let ¥ be a CMC sphere in the asymptotically flat end (M \ K, g), and assume
Y separates the compact part from infinity. First we have the following estimate,
similar to [Huisken and Yau 1996, Lemma 5.2].

Lemma 2.1. Let X = x'(3/0x") be the Euclidean coordinate vector field and

;= (Z(xi)z)l/z.

With respect to the metric g, let v be the outward normal vector field, du be the
volume form of . Then we have the estimate

/ (X, )2 r*du < H*|Z|.
by
Moreover for each a > ay > 2 and ry sufficiently large,
/ rdu < Clap)ry “H*|Z|.
by

Proof. Because the mean curvature H is constant, for some smooth vector field Y
on X, we have the divergence formula

/diszdu:H/(Y, vy dpu.
> >

Choose Y = Xr=%, a > 2 and let ¢, be the orthonormal basis on X, o = 1, 2.
Supposing e, = a’,(3/dx"), it is obvious that @', is bounded because the manifold
is asymptotically flat. Then

divy Y =divs(Xr™%) = (V,, (Xr™%), eq)
=r“divs X —ar " %dlalx'x/ + O (r"79)
=r~“divg X —ar X P+ 0 "Y),
where X7 is the tangent projection of X. Also,

|divs X —2| = O(r™).
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Note that |[X7|?> =r? — (X, v)? + O(r>~%). Combining all of these,

(2-1) ‘(2—@/ r_“d,u—l—a/(X, v)zr_“_zd,u—H/(X, v)r ¢ d,u‘
) ) D)

SC/ r 7 9du.
b

Choosing a = 2, from Holder’s inequality, we have

(2-2) /(X, vWrtdp < §H2|2|+Cf r274dp.
D) D)

Then choosing a = 2 + g gives

fr_z_qd,u§4ro_q(/ (X, v)zr_4du+H2|Z|+C/ r_z_qdu).
z z z

This combined with (2-2) implies
/ (X, v)2r*du < HY|Z|.
i
Again from (2-1), we have for a > ag > 2,

/ rT4 < Clap—2)""rF“H?|2|. O
)

Now we can derive the integral estimate for |A| from the stability of the surface
as in [Huisken and Yau 1996, Proposition 5.3]:

Lemma 2.2. Suppose X is a stable CMC sphere in an asymptotically flat manifold.
For rg sufficiently large,

[ AR au = crye,
H* %] <C,
fz H?*dp =167+ 0(@ry ).
Proof. Since ¥ is stable,
fzIVflzdusz(lAlerRiC(v,v))fzdu

for any function f with fz fdu =0, where A is the second fundamental form
of ¥ and Ric is the Ricci curvature of M.

Choose v to be a conformal map of degree 1 from ¥ to the standard S? in R>.
Each component y; of i can be chosen such that f Y; du =0 [Li and Yau 1982].
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For each

/ VP dp =T
E 3

Since )" ¥? = 1 we conclude that

/2 |A|2 + Ric(v, v)du < 8.
From the Gauss equation
(2-3) IJA® +Ric(v,v) — IR+ K = 1 H?,

we have
|A® +Ric(v, v) = J|A*+ H* + LR — K,

where K is the Gauss curvature of ¥ and A is defined as fi,-j =A;j—(H/2)gij.
Then

f NAP+3H 2| < 12 41y TH?| 2|
D)

because R = O (r~2729), from the constraint equation (1-1). So H?|Z| < 167.
Using the Gauss equation in a different way, we have

. H?
/IAlzduzf |A|2—7du
) )
1

=l/ |A|2+Ric(v,v)dp,+_/ R —3Ric(v,v) —2K du
5/ r 2 dp
>
=0(ry .
Then again from the Gauss equation (2-3),
/sz#=4fKdu+0(r0q):16n—|—0(r0q). O
by by

Lemma 2.3. Suppose M is a constant mean curvature surface in an asymptotically
flat end (R*\ B{(0), g). Then

f H}dp, =167+ 0(ry 7).
b
Proof. We follow the calculation of Huisken and Ilmanen [2001] to obtain

gij = 68ij +hij.
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Suppose that

gijls = fij,  dijls =¢&ij,
where f J and €/ are the corresponding inverse matrices. Let v, w, A, H, du
represent the normal vector, the dual form of v, the second fundamental form, the
mean curvature and the volume form of ¥ in the metric g and v,, w,, A., H,, e
represent the corresponding ones in Euclidean metric. Easy calculation gives
Q-4 fY =&V =—fTha Y £ClAP,
2-5)  g¥ -8 =—g"hug" £ClhP,

2. _ We i ol

( 6) |wg|, v g w}’

2-7) (@o)i = w; £C|P|, vy =0 +CIhl, 1—l|w|=zhijv'v’,
(2-8) It = 38" (Vihji + ¥V jhiy — Vihij) & Clh| £ C|Vh|,

where Fl].‘j is the Christoffel symbol for V — V, and we denote the gradient for the
metrics g and § by V and V,.
We have the formula

(2-9) lwelgAij = (Ae)ij — (we)kl“f‘j-
This implies
H—H, = f7A;; — eV (A
= (f7 = ") Aij+ &Y Aij(1 — |welg) + €7 (|lwel g Aij — (Ae)i)-
From (2-4), (2-5), (2-7),
eV Ai;(1— |welg) = THV' v/ hj; £ C|h*| Al
Using (2-4)—(2-9), we obtain
£ (| Aij — (A)ij) = —& (e kT

= =3 fTan g (Vihji+V jhy — Vihi;) £ C|h||Vh]

= —f9u'Vihj + % 90!V hi; £ Clh||VA].
At last,
2-10) H—H,= —fikhklfle,'j + %Hvivjhij — fijvlﬁihjl

+ 3 FIVV ;£ CIh| VR £ Clh|? Al
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and
/Hezd,ue=(1+0(r0_q))/ H?dp
D) X
§(1+0(r0_q))</ szu+/<He—H)2+2|H<He—H>|du)
) )

<1+ O(ro_q))<167r +0(ry %) +/ (H, — H)?
)

1/2 172
o(fran) ([o-nran)”)
= =

/<He—H>2dusf0<|x|—2‘1>|A|2+H2o<|x|—2q>+o<|x|—2—2q>du
< [ O H + O IAR + 01 ) dp

)
=0(r, ),
so we have
/ H}dp. <167 +0(ry ).
=
On the other hand, by Euler’s formula,
K,={H? = 3|A.[*.
So we have

/deuez 167

which implies
/ HZdpe =161+ 0(ry ). a
b)
Based on [Michael and Simon 1973] we have the following Sobolev inequality.

Lemma 2.4. Suppose X is a constant mean curvature surface in an asymptotically
flat end (R3 \ B1(0), g) with ro(X) sufficiently large and that f): H? < C. Then

12
2-11) (/E fzdu> SC(/ZIVfIdMJr/EHIfIdu)-

Proof. Note that this is valid for a surface in Euclidean space. So by the uniform
equivalence of the metrics g and 4, we have

1/2 1/2
</|f|2du) sC(/|f|2due) iC(/IVf|+H|f|+|H—He||f|dM)-
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To bound the last term on the right, we use
/IH—HeIIfIdME/O(IXI_q)IAI|f|+O(IXI_Q)H|f|+0(|X|_1_q)|f|du
—q {12 12—
=06y [ HIFI+( [ 1APdr) ~06g IS
+ 0y OISl

So we can choose r¢ sufficiently large to get the desired result. ([

Lemma 2.5. Suppose X is a constant mean curvature surface in an asymptotically
flat end (R \ B (0), ) with ro(X) sufficiently large. Then

CH™' <diam(®) < C,H "

where diam(X) denotes the diameter of = in the Euclidean space R>. In particular,
if the surface ¥ separates infinity from the compact part, then

ClH™ <r(®) <G H ™
Proof. We already know that
/ H?dp, =167+ 0(ry 7).
z

Then from [Simon 1993, Lemma 1.1],

2|2
2le _ Giam(s) < CV/ISLF(D),

F(X) —

where F(X) = % f 5 He2 is the Willmore functional and | X |, is the volume of X with
respect to the Euclidean metric. Since the Euclidean metric is uniformly equivalent
to g, we get the result. U

To get the pointwise estimate for A, we use Simon’s identity (2-12) below and
Moser’s iteration argument.

Lemma 2.6 [Schoen et al. 1975]. Suppose N is a hypersurface in a Riemannian
manifold (M, g). Then the second fundamental form satisfies the identity

(2-12) AA;; =ViV;H+ HAjAjx — |APAij + HR3i3; — Aij Ragse + A ji Ruit
+ Aix Riiji — 2Au Ritje + V j Ragix + Vi Riji,

where R;ji and V are the curvature and gradient operator of (M, g).
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From this we easily deduce for CMC surfaces the inequality
—AIAIA| < |A* + CHIAP + CH?| AP + C|A|Hx| 7274
+CH|A||x|7>79 + C|A] x| 7.

We also need an inequality for V A because we also want to estimate the higher
derivative:

~IVAIAIVA| < CIVAP(IAP + HIA| + H? + 0(1x|>7%)
+ [VAI((AP? + HIA|+ HH O (x| 7279 + (Al + H)O(Ix| 7)) + O(1x|~+79)).

Then we can get the pointwise estimates for A and VA.

Theorem 2.7 [Qing and Tian 2007]. Suppose that (R*\ B1(0), g) is an asymptot-
ically flat end. Then there exist positive numbers oy, 8o such that for any constant
mean curvature surface in the end which separates infinity from the compact part,
we have

(2-13) AP (x) < C|x|—2/ |AP dp+Clx| 7% < Clx|2ry
By x| (x)
and
Q-14)  [VAP() < C|x|—2/ VAR du+Clx| 2 < Clx| 92,
By x| (x)

provided that ry > oy.

Proof. In the Sobolev inequality (2-11), take f = u?. Then

1/2
(/u4du) §C<2/|u||Vu|du+/Hu2du>
b b b
1/2 1/2 1/2 172
§C(/u2> </|Vu|2du> +C( szu) (/u“d,u) .
z z supp(u) z

To proceed, we need some auxiliary results.

Lemma 2.8. For any ¢ > 0, we can find a uniform &y sufficiently small such that
/ H*du<e foranyx e X.
By x| (x)

Proof. The metric g is equivalent to Euclidean metric §. Thus we need only to
prove that there exists C such that

| Bsyje| ()| < C83x %,
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because then

H?|Bsyjx)(X)]e < C83|x|*H? < C82.

From the proof of Lemma 1.1 in [Simon 1993] we know that, for any x € X,
if B, (x) denotes the Euclidean ball of radius o with center x in R3 and ¥, =
Y N B, (x), then there exists C such that for 0 <o < p < o0,

072 S6le < Co 2, 4+ F(Z))),

where F(X,) is the Willmore functional. The constant C does not depend on
2,0, p.
Letting p — oo, p‘2|2p| — 0 gives

o 2Zl < CF(2) < C.
This proves the lemma. U

So if supp(u) C Bs,|x|(x), we have the scaling invariant Sobolev inequality

(fzu“du)l/zsc(/zuZ)l/z(/E|W|zdu)”z'

Lemma 2.9 [Qing and Tian 2007, Lemma 2.6]. Suppose a nonnegative function
v € L? solves

—Av < fv+h

on Brg(xp), where
/ frdp <CR™?
Bor(x0)

and h € L*(Byg(xp)). Also, suppose that

(Lwdu)l/zsc(/zuzy/z(/E|W|2du)l/2

holds for all u with support inside Byg(xg). Then

—1
Sup v S CR || v ”LZ(BQR(X())) + CR ”h || LZ(BQR(XO)) .
Br(x0)

Then we find that
—AlAl < (AP + H*+ HIA| +Clx| 2 D)|A| + CH|x| 279 4+ C|x| 371
= filA| + hy
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and
—A|VA| < C|VAI(AP? + H|A|+ H>+ 0(1x| %)
+(UAP+ HIAI+ HHO(xI7) + (Al + H)O(x|™ + O(Ix| 7))
= f2|VA| + hs.

As in Theorem 2.5 of [Qing and Tian 2007] we have || f;|7, B () = Clx|~?
for i = 1, 2. Further, it is easy to show that 0

O(x|™*7%4) and O (|x|~7%9).

2 _ 2 —
”hl ”LZ(BZ(SO\;(\(X)) — ||h2||L2(BZ¢SO|x|(X)) —

At last we know that
(2-15) / |APdu < Clx|72ry 7,
By 1x1 (%)

and

1/2
e1e | IVAIZdMSIXI_2</ |A|2du) < x| 2y 112,
By jx( (x) By |x| (x)

The first inequality follows from Lemma 2.2 and the second one from Simon’s
identity (2-12). This concludes the proof of Theorem 2.7. O

3. Blow down analysis

Now like [Qing and Tian 2007], we blow down the surface in three different scales.
First we consider

N=1HN={iHx|xeN}.
Suppose there is a sequence of constant mean curvature surfaces {V;} such that

1im ro(N;) = oc.
1—> Q0

We know that
lim | H’dp, = 16m.

i—00 N;
Hence, by the curvature estimates established in the previous section combined
with the proof of [Simon 1993, Theorem 3.1], we have:

Lemma 3.1. Suppose that {N;} is a sequence of constant mean curvature surfaces
in a given asymptotically flat end (R \ B,(0), g) and that

1lim ro(N;) = oo.

1—> 00

Also, suppose that N; separates infinity from the compact part. Then, there is a
subsequence of {N;} which converges in Gromov—Hausdorff distance to a round
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sphere Slz(a) of radius 1 and centered at a € R3. Moreover, the convergence is
C>% away from the origin.

Then, we use a smaller scale ry to blow down the surface
N = ro(N)_lN = {ro_lx | x € N}.
Lemma 3.2. Suppose that {N;} is a sequence of constant mean curvature surfaces
in a given asymptotically flat end (R3 \ B1(0), g) and that lim ro(N;) = oo. Also,
1—> 00

suppose that
1lim ro(N;)H(N;) =0.
1 —> 0

Then there is a subsequence of {]Q’,-} converging to a 2-plane at distance 1 from the
origin. Moreover the convergence is in C>* in any compact set of R3.

We must understand the behavior of the surfaces N; in the scales between ry(N;)
and H~'(N;). We consider the scale r; such that

N.
fim 2N 0 lim () =0

i—oo I i—00

and blow down the surfaces
Ni :]"l.ilN = {I"iilx |X (S N}.

Lemma 3.3. Suppose that {N;} is a sequence of constant mean curvature surfaces
in a given asymptotically flat end (R \ B, (0), g) and that

lim ro(N;) = oo.
11—
Also, suppose that r; are such that

B ro(N;)
1m =

i— 00 ri

0, lim r;H(N;)=0.
1—> 00

Then there is a subsequence of {N;} converging to a 2-plane at the origin in
Gromov—Hausdorff distance. Moreover the convergence is C>* in any compact
subset away from the origin.

4. Asymptotic analysis

In this section and the next two we assume that (M, g, K) is an (m, k, €)-AF-RT
manifold, with ¢ = 1. First we revise [Qing and Tian 1997, Proposition 2.1],
proving a different version. Set

2 2 2
||u||1,l-=/ |ul* + |Vul|*dt dé,
[(=1)L,iL]xS!

where (t, 6) is the standard column coordinate.
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Lemma 4.1. Suppose u € WH2(X, RY) satisfies
Au+A-Vu+B-u=h

in ¥, where ¥ =[0,3L] x S! for L large. Then there exists a positive number &g
such that if

I2llL2x) < do max lulli,; and ||AllL=) < ol Bllre(s) < do,

e following conditions are satisfied:
the foll g dit tisfied
@) llulli3 < e Y2 ully o implies ulli 2 < e Y2 uly 1.
) llulliy < e VDI \ully o implies |lulli» < e~ VDL |ul 3.

(c) If both

f udd and f udf <8 max |lullq;,
LxS! 2L xS! I<i<3

then either |lull1 2 < e V2 ully 1 or lulli2 < e V2E ull; 5.

Proof. Supposing u € W'2(%) and u is harmonic, we can deduce that u satisfies
(a), (b) and this variant condition:

(c) If both

/ udd and / udd =0,
LxS! 2L xS!

then either [Jull12 < e V2 ullyy or Jlulli 2 < e VDL uly 3.
A harmonic function u can be written as

o0
u=ay+ bot + Z(e'”(an cosnf + b, sinnd) +e " (a_, cosnd +b_, sin n@)).

n=1
Then it follows that fori =1, 2, 3,
lullt; =27 ((ag + b L +aoboL*(2i — 1) + 165 L3 (3i* = 3i + 1))

X, omL-1
"4 5 2(i—DnL /2 2 —2niL /2 2
+5§1(—n (20D (q2 4 p2) 4 e ML (a2, + b2 )
-

+AL(ana_n + bnb,n))

X omL-1 .
+ JTZ(eT (2D (Par +-n?b)) + e (a2, +nD2 )
n=1

+AL(Pana_y + nzbnb_n)).
If L is fixed and sufficiently large, then

2 1, ,L 2 —L 2
lullf o < 5(e™llully 3 +e " lully 1),
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which implies (a). We get (b) in the same way. For (¢’), we have ag = by = 0, so
then
leell 5 < ze™ " laellt 5+ el
which implies (¢).
The second step is to pass to limits. If the proposition were false, then one would
have a sequence §; — 0 and a sequence of solutions uy, each violating (a), (b), or
(), with [|Agllz2 < & maxi<i<3 lukll1is |Aklloo <&k and || B lloo < 8k solving

Aup + Ap - Vug + By - up = hy.

We may assume maxj<;<3 ||uxll1,; = 1; otherwise we can normalize them. So we
know |luk|l1.2 > C > 0, because uy violates (a), (b), or (c). We know that there
is a subsequence that converges to some harmonic function u € W!2(X) weakly.
From the interior W>? estimate we know the convergence is strongly W'?2 in I,
which implies that u is not trivially zero.

Because u; — u weakly in W12(%) sense, we know u; — u in the W12(I;) and
W12(I3) senses. Then

lminf flu; 110 > llulli,  mo flugllio = lulle,  lminf (w3 > Jlulls.
11— 00 1—> 00 11— 00
Then u; converges to some nontrivial harmonic function u# which violates one of
(a), (b), or (¢), proving the lemma. O
Given a surface N in R3, recall from, for example, [Kenmotsu 2003, (8.5)], that
AoV + |Vou|*v =V, H,,
where v is the Gauss map from N — S2.

Lemma 4.2. For the constant mean curvature surfaces in the asymptotically flat
end (R*\ B1(0), g), we have

IV H,|(x) < Clx| ™%y

Proof. Because the metric g and the Euclidean metric are uniformly equivalent,
we must prove that
IVH,|(x) < Clx|ry "
From (2-10), (2-13), (2-14), and Lemma 2.5 (now g = 1), we know that
IVH,| < |Vhij| Al + |hij| |AI* + |hij| [V Aij| + H|A] |hij| 4+ H|Vhj)|
+|A]|Vhij| +V?h
1

2
§|x| r() ’

which completes the proof. U
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Suppose X is a constant mean curvature surface in the asymptotically flat end.
Set
Apm={xeX|rn <|x[<nr}

and let A91 ., be the standard annulus in R2. We are concerned with the behavior of
von Ak, (x).su-1(x) of X where K is fixed large and s is fixed small. The lemma

below gives us good coordinates on the surface.

Lemma 4.3. Suppose ¥ is a constant mean curvature surface in a given asymp-
totically flat end (R> \ B1(0), g). Then, for any ¢ > 0 and L large, there are M, s
and K such that, if ro > M and Kro(X) <r < sH™(X), then (r_lAr’eLr, r72g.)
may be represented as (A(l), o> 8) and

18 = ldxPllcrcag,) < -
In other words, in the cylindrical coordinates (Sl x [logr, L +logr, g.1),

= 2 2
”gc - (dt + do )”Cl(Slx[logr,L-i-logr]) =e

Proof. Suppose this is not true. Then we can assume that such K (or such s)
cannot be found. Then by Lemma 3.2, for some ¢y > 0, there is a sequence X,
with ry(%,,) — oo and [,, — oo such that

L,Ly—1 LiLN=2
((Kroe" ™)™ Ay, it g ppetinines (Kroe™ ) ™ g,)

is not &y close to (A(])’L,L, g).

By Lemma 3.1, L

K roei"
sH=1(Zy)
must hold because we have chosen s sufficiently small.

-0

So if we assume r, = Kroel"L, then

. I'n . I'n
lim =00, lim =0
n—oo Kry n—oo s H—1
Blowing down the surface using r, gives a contradiction with Lemma 3.3. ([

Now consider the cylindrical coordinates (¢, 8) on (S Ix [log Krg, logs H -1.
The tension field satisfies

lT(v)| = r?|V.H,| < Cry!

for t € [log Kry, logsH_l]. Thus,
f lT(v)[*dtdd < Cry*.
SUx[t,t+L]

Let I; be S x [log Kro+ (G —1)L,log Krg+iL],and N; be I; _{UL;Ul; ;. On %,
assume log(sH_l) —log(Krg) =1,L. As in [Qing and Tian 1997], first we prove:
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Lemma 4.4. For eachi € (3,1, — 2], there exists a geodesic y such that
(4-1) f IV —y)drdo < C(e™ 't e~ tDlyg2 L Cr
I;

where V is the gradient on S' x [log(Kryp), log(sH_l)].
Lemma 4.5. By Theorem 2.7,

\V —1/2
[lcar) < Vullz < Clry /> +5).
Thus if ro sufficiently large and s sufficiently small, then [v]c«(v,) is very small.

Proof of Lemma 4.4. To apply the Lemma 4.1 to prove this lemma we choose
points P and Q on S? (the image of Gauss map) satisfying

i—1)LxS!

- = vdf| <C max |v— P,
2n (i—1)LxS!

'Q—L/ vd@’ <C max |v— Q%
27 Jipxst iLxS!
Note that S? is compact and smooth, so by Lemma 4.5 we can always find such P
and Q that are very close. So there is a unique geodesic y; connecting P and Q
whose velocity is sufficiently small.

If we write down the equation satisfied by v —y; on ' x [log(K ry), log(s H 1],

Au+A-§u+B-u=r,
where u = v — y;, we have

|Al < C(IVu| 4 |Vyi)) < b0,
(4-2) 1B < C min{|Vv]%, [Vy;]?} < bo.

If Lemma 4.1(c) cannot be used, the only reason is that

v =villii = Clitliz2n).

and so
fl V(v —y)Pdtdd < Cry?,

which implies (4-1).
If Lemma 4.1(c) can be used, then applying it for u = v — y; over N;, we have

one of the following:

—(1/2)L

lullr; <e lleellv,i-1,

—(1/2)L

lulli; <e leell1ig1-
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Suppose the first one happens (without loss of generality). Then we may push this
relation to the left because (4-2) holds regardless of ¢’s position. If the theorem
can be used on N but not on N; for some j > 2, then

lulli; < e—(1/2)(i—j)L||u||1 < Ce~ /206~ j)L I < Cr(;l.

If the theorem can be used until /5, then

L/2
e ull o < lullig

1/2 - 1/2
:(f uzdtd0> +< |Vu|2dtd9>
I I
1/2 2 1/2
5(/ uzdtdt9> +( (u(t,e)—u(z+L,9)) dtde)
I I

_ 1/2
+(/ |Vu|2dtd9) .
I
So we have

L/2 du 12 =~ 2 172
@2 1)lulli 2 < ) (r+s9)pm  drdo +( | SuPdrae
I

9 1/2 N 12

&/ (/w u(b+s9)‘dtd9) ds+< |Vuﬁdtd9)
0 I
- 12
sc(/I |VuFdnw)
LU

- 1/2 N 1/2

C(/’ IVdenm) -+C</‘ |vmﬁdnm>
LunL LU

<C(ry " *+9).

IA

IA

This implies the estimate
lullii < Ce 2P ful 2 < Cem WPy P 45).

If ||lull; < e_(l/z)L||u||1,,~+1 happens, we will have similarly

lullyi < Cem DL G2 gs).
Finally we get

lullys < Cle™ WP 4o~ DIDhyg 4 Cr /2,
which implies (4-1). U
Then to get the energy decay, we use the Hopf differential
= 13,v]* — |3pv]* — 24/ = 13,0 - dgv.
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We know that the L' norm of ® is invariant under conformal change of the co-
ordinates. Now (z, 0) is the coordinate of Ak, .i-2r gyi+ne. We find another
coordinate for it: Set r; = Kroe'’. Then

-1 -2
(r7 Ak re-DL Krpet+hL, i~ &e)

can be represented as (A% ., g), where

- 2
18 = ldx|"llcrca0an i) <&

Assume this Euclidean coordinate is (x, y), so

/ |d>|dtd0:/ |P|dxdy.

S!x[log Kro+(i—1)L,log Kro+iL] AL,

To estimate the right hand side, we use the Cauchy integral formula on Q2 =
AQr i, and set ' = AJ-. |. Then for any z € €,

Cb(w) 8<I>(w) dw/\dw

= 2 x/_/sz w— Z Zn\/_f -z

We know

10,0l 19,v] < CKroe' |A] < CKroe (Ix| " ry 2 4171
< C(r(;l/2 + s~ =Ly,

so we have

D (w) dw

Zﬂx/_/QwZ

For the second term, notice that by easy calculation

<C(r + 5272 ln=DLy

_8<I>(_w) =dv-T(v),
ow

where T (v) is the tension field under this coordinate. Now,

IT()| < (Kroe™)?|V H,| < Cry!

so we have
8CI>(w) dwAdw

271«/_/ w—2z

<Cry I
Then we get

|| < C(ry ' +s2e 20Dy,
Q/
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By direct calculation,

/ |0, v|* dt db
SIx[Kroe@—DL Krgeil]

5/ |CI>|dtd9+/ |8pv|? dt db,
SUx[Kroe@—DL Krpeil] SUx[Kroe@—DL Krpeil]

and we can get the estimate of

/ |0gv|* dr d6
S!x[Krge—DL Krpell]

directly by (4-1). So we get the estimate

/ IVul?drdo < Ce 'L + e t=DLy? 4 Cry !
SIx[Kroge@—DL Krgeil]

Proposition 4.6. Suppose that{X,} is a sequence of constant mean curvature sur-
faces in a given asymptotically flat end (R>\ B1(0), g) and that

1lim ro(E,) = co.
1—>00

Also, suppose that
lim ro(Z,)H(Z,) =0.
n—oo

Then there exists a large number K, a small number s and a number ng such that,
when n > ny,

mlax ﬁvl < C(ef(’ﬂ)L + ef((l"*")/z)L)s + Cro_l/z,

where

I = " x [log(Kro(E4)) + (i — DL, log(Kro(E,)) +iLl,
i €10, L1 1og(Kro(E.)) + L L =log(s H ™' (,)).

Proof. We use the interior estimate of the elliptic equation
Av+ ﬁvlzv =T.
We know ||%v||<>o < C(ro_l/2 +5),and || T]leo < Cro_l. Assume that
I; cC I; CC N;.
Then for some p > 2,
s1;pﬁv| < CIVullwirgy < CAV Iy +r5 ) < CARI2, +7 )
B ol e L (e P o e O
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This analysis improves our understanding of the blowdowns that we discussed
in the previous section. Namely,

Corollary 4.7. Assume the same conditions as in Proposition 4.6 and, in addition,

. logr;
lim

1/4
rg—>00 4
0

=0.

Then the limit plane in Lemmas 3.2 and 3.3 are all orthogonal to the same vector a.
In fact, we may choose s small and i large enough so that

lv(x)+al <e

forallx € ¥, and |x| <sH™'(Z)).

Proof. We want to prove that
OSCBquﬂZn v

is sufficiently small if o(X,) is large and s is small. We already know that
OSCBKroﬂzn v

is very small from Lemma 3.2, so we need only to prove that

Osc(B,,,_1\Bx,yNE, V

is small.
From Proposition 4.6 above we find that

ll‘l ln
Osc(B,,,_1\B, )Nz, V = Z Oscpv=<C Z sup |Vv|

i=1 i=1
In
<CY (e WL 4= DDLys 712y < Cs Ly V2

i—1
From the inequalities C~'r; < H~! < Cr{, we have

logr;
1/2
"o

Ly ? = L™ (log(s H™") —log(Kro))ry /* < C

as ro — 0o, which proves the corollary. U
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Corollary 4.8. Assume the same conditions as in Proposition 4.6. Let v, = v(p;)
for some p, € I}, 2. Then fori € [0, %ln],
sup v — v, | < C(e WL 4 o=U/DILyg —i—lnro_l/z,
I;
and fori € [%ln, 1],
sup |v — vp| < C(e= VDML 4 p=1/DU=DL ) ¢ +lnr0_1/2

I;
5. Harmonic coordinates
We assume that the metric g can be expanded in the coordinate {x'} as
8ij = 8ij +hij =8ij +hj;(0)/r + Q.

where 6 is the coordinate on the unit sphere S, hl.lj (0) is a function extended
constantly along the radial direction, and Q satisfies

supr2+k|8kQ| <C
fork=0,1,...,5.

First, note that

-1 ij 9
Ag ! faxl (@g axf )

9 _
= ;g “t 1g* g™ guni = —g™" Tk, = O(Ix|™).

Our aim is to find an asymptotically harmonic coordinate, that is, a coordinate y’
such that A,y* = O(|x|73):

k it ikl (9 0 i)
Art = =g (Gt gghi = )

il j :
= _gllgl k2< ((hlli,j(e) —h), (9)’67) + (h}i’,(é) — h}i(e)x?)
— (nh© - },<e>x7)))+8Q
=—g/'g" 2 f1,0) + 0 (Ix| 7).

We also know that g'/ = §V/ — h}j ©)/r+0@™2).
Then
At =—=3r72 f, @) + 0 7).
Suppose 0 = &y > & > & > --. are the eigenvalues of A|g2, and A,(6) are the
corresponding orthonormal eigenvectors.
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Set
Yo=x 4 R AL0).

n=0
We have

Agy* = A+ " A (fE ) AR0) + D) (Mg — Aps) (£ (1) An(0)).

n=0 n=0
Solve the equation

Agx* + " Aps(f5 (1) An(0)) = O(Ix| 7).
n=0
Assume

1 ©) =) " 2EAL0).
n=0

So we have

Y Ar(fE)A0) =172 ALAL©),

n=0 n=0
LQrfy +r2 £+ &) = Ay n=0,...
fé‘ = A](; logr,
)\k
fh="n n>0,
g
and this solution satisfies
o0
3 (Ag — Ap) (L) An6)) = O (x| 7).
n=0
So if
k k L S
5-1 = —— o1 L A,(0),
(5-1) y x+2ﬁoogr+;$n 2 (0)
then we must have
Ay* = 0(|x|7?).

Note that

o0

2k .
Alg Y. A0 = D An®) =3 £j150) = 11y
n=1

n=1

where jlk y (0) is its mean value on the unit sphere.

(0)

167
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Set
1 - )“k
SO =3 g0 =4 (3l © =115, ®).
' g R L ]

5-2 — =30k = 0);—,

(5-2) S =0 O
ax’
gy =4 0™,

So we get

~ a 0 -
& =85y 3,7) =40+ O0xI ™.

We now define fzi ; by
&ij = 8ij + hij

and discuss its ellipticity. We have

L_ (3 e ) (8} ;0)+g!,0)
2r \/_ r ’

where gl .(0) denotes the constant extension along the radial direction of function
(9g/ (9)/3X])|S2

Example 5.1. For the metric g;; = §;; + 8;;/r, we have

hij = hij —

lx

Agxh = — 35+ 0(x x|7.
On S2, we have Alszxk = —2xk. So if we let
k
k__ k_1x*
y =x pat

U= T 3

Lemma 5.2. Suppose in some coordinate {x'} that g; =20+ h @)/ + 0. Then
for any m > 2 there exists € > 0 such that lfllh1 @) —6;j (9)||sz(sz) <eg, then in
the asymptotically harmonic coordinate {y') from above, we have

8ij = 8ij +flija

where ﬁ,-j =0(y|™") sand |y|f~z,~j is uniformly elliptic.
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Proof. We know easily from (5-2) that ﬁij = O(|x|™") and that limyy 500 [y|/|x|=1.
Then h; = O(lyl™"). So we need only to prove that |y|fz,~ ; 18 uniformly elliptic.
First, from ||hi1j () = 3ij ) lwn2s2) < &,

x*

H <Ce.
r Wm—l,Z(sZ)

1,1 1
EONORS

Note that % jlkj @) = Ziio )J,j A,(0) and x¥ is an eigenvector of Ay, SO we can

assume that A () = CyxF| 52 without loss of generality. Now,

o0
1R6A0(®) + (M Ck = 1)x + Y A AL O) yn-12¢52) e,

n=2
SO we get
o0
Ml<e. MCi—f<e Y (&I V) <e.
n=2
By (5-1),
ay" Mo1x 1 S xxk\ o A 944 (0)

s, 2o Lx Ly (S
o T mr 2(2i8)<r r3>+Z§n oxi

n=2

where the last term on the right can be estimated, for some p > 0, as

‘i Yy 340 (0) | _ iu_’w V52 An(6)]
g, ox | T=El v
5 i 1251 1145 (0) | a2
1| r
N Pl 8P AL @)
=t r

o0
1 - _
S;X;I)»flllé‘nl(m VP2 g, | (D2
n=

00 1/2 , o©
< }(Z(Wy |sn|<'"—”/2>2> <Z |sn|P—'"+1)
n=2 n=2

Let p = (m —2)/2. Then from &, = O(n) we have

1/2

x
Y lalrmt <,
n=2
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SO

o Lk
‘Zx_naAn(_e)‘ _Ce.

Then we have

Byk_._lé,-k_xx) Ce
g == g (P -T5) +
so we can deduce that
T _ . 8[] x Cg
hij=hij + 5 2r 2r3 r

It follows from ”hl (0) —8;;(9) mez sy =€ that rh;; is uniformly elliptic. The
eigenvalues of (x'x/) /r? are between 0 and 1, so | ylh, ; 1s uniformly elliptic, from
the fact that lim,_, o, |y|/r = 1 and ¢ is sufficiently small. O

So all the analysis in Sections 2—4 can be done in the asymptotically harmonic
coordinate {y'}.

Lemma 5.3. In the asymptotically harmonic coordinate {y'}, we have
—34log|gl = R(g) + O (y™.

Proof. From direct calculation we have

R(g) =g’ g’lémz(aar? —%iyi?‘)+0(lyl_4),
g% g" gm a:y?k = g”gmz%y??") +0(yI™
=—"8m Mai,.ym +o(yl™H=0q0yI™,
—&7*8" i ZF?‘ =—38"g" 88 ,é;lpk +0(ylI™

= —30glog|g|+ 0y,
which proves the lemma. O

Corollary 5.4. If in addition R = O(|x|~377) for some t > 0, then in the asymp-
totically harmonic coordinate {y'}, we have

W

S i = 8m(g)/ Iyl +o(ly[ 7).

Proof. First we know that

lim m =1.
[x|—o00 |X|
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Then from Lemma 5.3, in the coordinate {y’} we have

Aglog|gl = 0(y| 7).
We know that
log|g] = 0(y[™).
From the theory of harmonic functions in R”, there exists a constant C such that
~ C _1-
log [] = 7 +o(yI™ /).

From Bartnik’s result, we know the mass is invariant under the change of coordi-
nates because R(g) € L'

[
m(g):ngnoom/s‘le(hij’j_hjj’i)vgdu'

Now,
Giks — 38k =878 <§jk,1 - %gkl,j) +0(lyI™)
=2y + 0y =00y,
therefore
. 1 17 j
m(g) = R];moo Tem [R <—§ hjj,,‘)v[’g du
1 [ alogldl
=AM /SR oyt Ve dH
1 Cyi i
= —v' d
R—o00 327 SR |y|3 vg ®
_¢
8
So we get the result by easy calculation. ]

Remark 5.5. We can replace the constraint equation by the condition

R=0(x|>"7) forsomet > 0.

6. Proof of Theorem 1.7

Now let’s prove Theorem 1.7. First note that, if it were false, we could find a
sequence X, of stable constant mean curvature surfaces with ro(X,) — oo and
logri(2,) < %rO(En)l/ 4. but the X, do not belong to the foliation constructed
by the standard method. So r; < Cry cannot hold with a uniform C, by Huang’s
uniqueness theorem.
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Recall that, for any surface ¥ embedded in R and any given vector b € R?,

/ He(ve-b)edpe =0,
z

where H, and v, denote the mean curvature and normal vector field with respect
to the Euclidean metric.

On the other hand, if ¥ is a constant mean curvature surface in the asymptoti-
cally flat end, then

/ H (e b dpte = 0.
¥
So we have

/ (H — Hy)(ve - be djte = .
)

Now we want to prove that, for a sequence of stable constant mean curvature
spheres X, with ro(X,) — oo and logri(%,) < %rO(En)l/“, if there does not
exist a uniform constant C such that r; < Cry for every %,, then there exists a
subsequence (also denoted by X,) and a constant vector b, such that

n—oo

(6-1) lim sup/ (H— H,){ve,b)edr, <0.
2

Then Theorem 1.7 follows from this contradiction.
From now on, our calculation is in the asymptotically harmonic coordinate {x'}.
We have calculated H — H,, so

62 [ (=t b di,
b
= / (—fikhklfleij + %Hl)ivjhij - fijvlﬁ,'hﬂ
by
5 £y £ CIA| (V] 2 CIAPIAL) (Ve - Bhe dte.

For the sequence of constant mean curvature surfaces X, chosen above, we have

lim ro(X,) =00, lim H(XZ,)ro(X,) =0,

n—oo n—oo

and

10g rl(zn) _

(¢3) A o E A

because all the radius conditions are preserved when the coordinates turn into
asymptotically harmonic coordinates.

So we can choose s sufficiently small and K sufficiently large with s H~! > Kr
for ry sufficiently large.
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We know that
lh|=0(xI™"), |Vhl=0(x|"), |Al<CH+C|A|

From the estimate
Al <ry Zo(x™,
we have

[(ic|h||§h|ic|h|2|A|)<Ue'b>edﬂe
z

< C/ HIx|2+ x| =005"h
>

by the estimates in Section 2.
Now we calculate other terms in (6-2):

/ — f9 (Vih v ™ d e
=
- % / (fY7hj Ay — Holo b o™ b™ d e + % / IO R A fA Y™ d e
S Zn
_ %f FIO (Vih v b™ d e,
Zn

because dp, =(1+0 (1)) dp, ve=(1+0 @ ""))vand (v.-b)e = (v-b) .+ O (7).
So we have

/ (H — H,){(ve-b)edte
M

=/ L g £ A+ fV R Ay £
E}‘l
fzj lv hjlvmbm+ flJUlvll’lljvmbm—f-O(ro )dﬂ

Note that

—1,2

A=A+ J;”H sup |A| <ry CO(IxX[TY,

hence
J A e R T
Zy Zn
+ %fij(ﬁlhij)vlvmbm - %fij(ﬁihﬂ)vlvmbm

iC/ 22 L 06,
n

_ 1 2
/ 22 d .
PO

In this case we calculate
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We divide the integral into three parts:

/ |x|_2r0_1/2=/ +/ +/ |x|_2r0_]/2.
n ErlmBjH_l(O) ZntKro(O) an(BsH—l\BKro)

Then by the blowdown results in Section 3,

_2 —1/2 2 —1/2 ,~ —1/2
f x| ~2rg duezﬁ %72y P < cry
N8BS, 1 (0) %,NBE(0)
_2 —1/2 _ 1 2
/ x| 72 /duezﬁ £172rg Pdp < Cry!
2ntKrO(O) E ﬂBk(O)

_ 1/2 - 1/2
f "2y dpe = Z / x| =2y " d e
2,0 (B y—1\Bkry) En (B, it \B gy ti—L)

§CZ/ %7 2ry Pdp < Cry L L,
i—0 Y BaL\Bi

where "L Krog=sH™!.

So if
log H
tim OEH1_
ro—0 r /2
0
in other words, |
ogr
tim 12710,
ro—0 o
we have
/ x| 72 l/2du -0
as ro — 0o.

From the property of the asymptotically harmonic coordinate,

gijh,-- — ﬁ 4o (,ﬁlff/Z)
J - ,
g" (gik,l — %gkl,i) = O0(|x|™Y),
H klh mpm H Imh lbm 1 rij ﬁh ﬁh l mpm
. = S vt O+ T [ v b 4 5 fY (Vihig = Vikvie

:/ —%gklhklvmbm-l-%gjmhﬂvlbm
pIM Lo _
+1 ’f(vzhl-j—V-h,-1>v’vmb'"+0<|ro|—l>

= _2m(g)/ <£<ve 'be>e+ (X Ue e Ve! f _hmlv b" +0(1)
s, N7
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Therefore,

lim (—Zm(g)/ (%we-b)e (X Ve)elVe - ble f 2 o b"”) —0.
n— oo En

Note that L L
= (s — 2025, 300 1 T,

mlU

where tr(h) = g h;; e
Assume that the three eigenvalues of 4, are

A=Ay >23>0.

For p € ¥ fixed, choose coordinates properly so

tr(h
hml - I'(2 )8ml
can be written as
Ay — tr(h) 0 0
0 oy — tr(h)
_tr(h)
0 0 A3 >

Assume v = (0!, 9%, 9°) and (312 + (%)% + (3*)> = 1. Then

3 3
>((ni- @)ai)z _ —(”(?)2 =3 ki) — A @2,
' i=1

i=1
Because of uniform ellipticity, there exists C > 0 such that

tr(h)

<A3 <A <A < (1 - %) tr(h),
SO

M) = 1) = = (1= 5 ) @)

3 (=) ) < (3= L1 L)y
. ghmlvlbm = /};n %(tr(zh) (v-b)+ (hml - @Sml)vlbm)
1 (14 [~ (- 1))
m

(8) 2
((v-b)—i—l—E.

N—"
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Thus, as n — oo,
/ (H - He)(”e 'b>e
Zn
H 2 2 H
<—m /2 B (verb) o5 (v (v} dpte (1= 2 )m(e) /E = dp+o(l).

From Lemma 3.1, we have that (H/2) X, subconverges to some sphere 512 (a) with
|a] = 1. Now we choose b = —a. Then by the calculation in [Qing and Tian 2007],

_m(g) / (ve-ble = —Sm(g)
_m(g)/ X Ue e ve'b> — ——nm(g)

(- Zm(e / (1-2)82m(e)

as n — oo.

Since there is a small difference from [Qing and Tian 2007], we prove these
convergences again. Notice from Lemma 3.1 that (H/2) %, subconverges to some
sphere Sj(a) with |a| =1, and the first and third integral converge, respectively, to

2 __8 _2 2_(1-2
@) | Stueble==3mm(e) and (1-Z)mie) [ 2= (15 )smmie).

To deal with (6-4), first notice that

2
/2 30 Ve)e{ve D)o dpte = .
§%(a)

Then we break up the integral (6-4) into three parts:
2
/ 3()6 Ve)e{Ve - b)ed e
, r

2
:/ +/ +f _3<x've>e<ve‘b>ed,uve-
ZNB, (0 JENBkyy () JENB i \Brry T

Then
2 2
lim 3 (X - Ve)e(ve " D)edipe = 3 (X - Ve)e(ve - D)e d e,
=B, 07 s2anse "
. 2 2
lim _3<x “Ve)e(Ve - b)edite = _3<x “Ve)e(Ve - b)e dbe,
"m0 J5,NByy (0) T PNBx©) ¥
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where P is the limit plane in Lemma 3.2. From Corollary 4.7, the normal vector

of P is v.. Due to an easy calculation,

r3

/ 2 (x - 0o (e - bl dpre = 4.
P

From the divergence theorem,

2
/ r—3<x “Ve)ede =81
EH
for any n and

/ %(X'Ue)edﬂg:47f,
N

Z(a) r

because the origin is on the sphere S?(a). Since

. 2 2
lim —3(X'Ue)edu,e:/ _3<x've>edﬂe,
e JEnB, O S2(@)nBe(©) 7
. 2 2
lim (X ve)edpe = (X ve)ed /e,
=00 2ntKrO(O) r PﬁBK(O) r

2
/ r_3<x've>edﬂe =4,
P

we have
. . 2
(6-4) lim  limsup (X Ve)edp.| =0.
s—>0,K—>00 n—00 Enm(BsH—l\BKro) r
Now we want to prove that
. . 2
(6-5) lim  limsup (X Ve)e(Ve - b)edpe| = 0.
s—>0,K—00 00 Eﬂm(BSH—]\BKVO) r

Use Corollary 4.8 to get (6-5) from (6-4), but there is a small difference from [Qing
and Tian 2007]:

L %(x’ve>e(ve‘b>e dite

WN(B, ;1 \Bkry) T

— (00 -b)e / 2 (0, - bedpe
>

nN(By—1\Bkry) I~

+/>: %(X “Ve)e((Ve — Un) - b)e dte.

WN(B, ;- 1\Bkry) T
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The first term will converge to 0. We deal with the second term using the cylindrical
coordinates in Section 4:

/E %Oc've)e((ve—vn)'b)edue

WN(By—1\Bkry) T

ln
ZL %(X “Ve)e((Ve — V) - D)o d e
j=1

Kroe(j’l)L.KrOejL
In
§CE L max |v, — v,
, Ij
=1 J
1./2 I
=C L max |v, —v,|+C E L max |v, — vy|.
I. .
j=1 ! j=h/24+1

From Corollary 4.8,

/2 I
CL Zsup lv—v,|+CL Z sup |v —v,| < C(lne*(l/“)l"L +C)s +l,%r0_1/2.
i=1 i i=l,/2+1 T
But from the condition
. logri(%,)
lim ———— =0,
=00 o ()14
we know
_ L~ '(logsH™' —log Kro) \>
lim r; 12 _ lim< (logs _ g ro)) 0.
n—oo n—oo },.O/

so (6-5) holds.
Then

0<—%mm(g)— Rmm(g)+ (1 - %)Smn(g) = —%67”"(3’)-

But m(g) > 0, so
(6-6) lim sup/ (H — H,){ve, b)edr, <O.
n—oo JX,

This proves Theorem 1.7.
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