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UNDER THE RICCI FLOW

XIAORUI ZHU

We consider the linear heat equation on a manifold that evolves under the
Ricci flow. The gradient estimates for positive solutions as well as Li-Yau
type inequalities are given in this paper. Both the case where M is a com-
plete manifold without boundary and the case where M is compact are
considered. We have also obtained the Harnack inequalities for the heat
equation on M by previous results.

1. Introduction

The heat equation is a classical subject that has been extensively studied and has
lead to many important results, especially in studies of differential geometry. One
of the important techniques used in studying the heat equation is the differential
Harnack inequality developed by Li and Yau [1986]. This is also applied to Ricci
flow by Hamilton [1993], and plays an important role in solving the Poincaré con-
jecture.

We consider the positive solutions of the linear heat equation on a manifold
M that evolves under the Ricci flow. A series of gradient estimates are obtained
for such solutions, including several Li—Yau-type inequalities. The manifold M
considered here is a complete manifold without boundary.

Let M be a manifold without boundary, and (M, g(x, t)):c[0,7] be a complete
solution to the Ricci flow

1) %g(x,t):—ZRic(x,t), xeM,tel0,T].
We assume that its curvature remains uniformly bounded for all € [0, T']. Consider

a positive function u(x, ) defined on M x [0, T] solving the equation

) %—?ﬂu—q(x,r)u, xeM, t€[0,T],

where A stands for the Laplacian given by g(x, r) and ¢(x, t) is a C? function
defined on M x [0, T']. Noticing that A depends on the parameter ¢, we study the
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linear heat equation (2) along with the Ricci flow (1). Equation (1) provides us
with additional information about the coefficients of the operator A appearing in
(2), but is itself fully independent of (2).

2. Gradient estimates

Firstly, we introduce a cutoff function on B, r. the notation B, 7 stands for the
set {(x,1) € M x [0, T] | dist(x, xo, ) < p}, which satisfies the basic analytical
results stated in the following lemma.

Lemma 2.1. Given t € (0, T, there exists a smooth function
W :[0,00)x[0,T]— R

satisfying the following requirements:

1. The support of W(r, t) is a subset of [0, p] x [0, T], and 0 < W(rt)<1lin
[0, pI % [0, T].

2. The equalities

Tr.)=1 and aa—‘f(r, H=0

hold on [0, p/2] x [T, T] and [0, p/2] x [0, T], respectively.
3. The estimate

C lIJl/2
T

R

<
dt

is satisfied on [0, o0) x [0, T for some C >0, and E(r, 0) =0forall T €10, 00).
4. The inequalities

CoW® QW RV
0 r ar?

‘ - C,*
02

hold on [0, c0) x [0, T for every a € (0, 1), with a constant C, dependent on a.

This lemma was first introduced in [Bailesteanu et al. 2010]. In the following
part of this section, we establish Li—Yau-type inequalities for system (1)—(2) and
obtain a local and a global estimate. To this end, we must introduce an auxiliary
function to apply the maximum principle on it. The following lemma deals with
the evolution equation of the auxiliary function.

Lemma 2.2. Suppose (M, g(x,t));e0.1] is a complete solution to the Ricci flow
(1). Assume that —k g(x,t) < Ric(x, t) < kog(x,t) for some ki, ko > 0 and all
(x,1) € By 7. Suppose u : M x [0, T] — R is a smooth positive function satisfying
the heat equation (2), and q(x,t) is a C 2 function defined on M x [0, T]. Given
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o > 1, define f =logu and F = t(|Vf|? - of; —agq). The estimate

3) (A—ai)Fz—2<Vf,VF>—Fz—1—2k1az|Vf|2
2"‘“(|Vf| — fi— @ = S max(i3, BB} — teAg — 21( — )V f Vg

holds for any a, b > 0, such thata +b = 1/«.

Proof. We begin with finding a convenient bound on A F. Notice that
AF —t(2f +2f; fiii —aA(f;) —alAq), xeM, t€[0,T]
By the assumption on the Ricci curvature of M, it follows that
fifjii = [ fiij + Rij fi [ = (VL VAS) =k [VfI?

at an arbitrary point (x, t) € B, r. Using (1), we get that

n
A =(Af) =2 Rijfj.
ij=1
Thus, the estimate
AF = 1[2f7; +2(Vf. VAF) =2k VS —a(Af) + 20 R f;j — a Aq]
holds at (x, t) € B, r. The next step is to find a suitable bound on those terms in
the right side involving f;; by completing the square. Specifically, we find that

n

Z (fl% +aRjj fij) = Z [(aa—l—ba)fi% +aRij fij)]

ij=1 ij=1

- Z(aaﬁ]-i-a(\/_fu I)Z—%Rfj')

i,j=1
= Z (aozfu __R2>
i,j=1

at (x,t) € B, r forany a, b > 0, such that a + b = 1/a. Using the assumptions in
the lemma and the standard inequality

n 2
A (Af)”
ij — n ’

i,j=1

we obtain the estimate

Z(ﬁ§+akijﬁ,-)> AN - max{kz,kz} (x,1) € B, 1.
ij=1
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Obviously, we conclude that

“) AF>t[2a—a(Af)2+2 (V. VAS) =2k [VfI —a(Af),

—aAg — 2 max{k?, kz}]

2b
2aat

(VI = fi—)* = 2VVAVFP = fi —q)

nt
—2kit [Vf1? —taAq+at(|Vf* = fi —q): — max{k?, k3)

b

in the set B, 7.
This gives a convenient bound for A F. Now we consider the derivative of F in
t €0, T']. It is not hard to compute that

oF F
FTE —+f(|Vf| —af —aq);.

Subtracting this from (4), we see that the inequality

(8= 2VF = 2V fP— i — g~ 2V VAV - fi—q) = 2Dt VP

F
—taAg — Ema x(kf, K3} = =+ (@ = Dr(IVATP)

holds in the set B, 7, with > 0. We need the estimate on |V f |t2 in order to obtain
(3) from this inequality. The Ricci flow equation (1) and the assumptions of the
lemma imply

IVFI7 =2VfV(f) +2Ric(V £, Vf) = 2VfV(f,) — 2k |V fI?

at (x, 1) € B, r. As a consequence,

d - 2aat
(8= )F = =EAVIP = fi —9) 2k |Vf P ~1ang

ot
— L max{i}, K3} - ? OV FVF —2(a— 1)iVfVyq
in B, 7. The desired assertion follows. (]

Now we can consider the local space-time gradient estimate with Lemma 2.2.
In the following part, n is the dimension of M.

Theorem 2.3. Let (M, g(x,t))ci0,1] be a complete solution to the Ricci flow (1).
Suppose —k1g(x,t) < Ric(x,t) < kyg(x, t) for some ki, ko > 0 and all (x,t) €
B, 1. Suppose u : M x [0, T] — R is a smooth positive function solving the
heat equation (2), and q(x,t) is a C? function defined on M x [0, T1, Vgl <y,
|Aq| < 6. There exists a constant C " that depends only on the dimension of M and
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satisfies the estimate

2
) UL o™ oy
u u
, 2 ko -1 [2ak
Sca2<2a—+l+max{k1,k2}>+n 1 +)/(ot ) |2 1+20t\/0m9
pla—1) ¢ oa—1 o n

foralla > 1andall (x,t) € B,pp,7 witht # 0.

Proof. We will use the same notation, f =logu and F = t(IVfI?—af; — aq), as
in Lemma 2.2 and denote max{kj, k»} as k. For a fixed 7 € (0, T'] and fixed W (r, 1)
satisfying the conditions in Lemma 2.2, define W : M x [0, T] — R by setting

W(x, 1) = W(dist(x, xq, 1), 1).

We will establish the inequality in Theorem 2.3 at (x, ) for x € M, such that
dist(x, xo, T) < p/2. This will complete the proof.
From Lemma 2.2, some straightforward computations lead to

© (a-2)wnr)

> _OVIV(WF)+2FV VW + (2"‘”(|Vf|2— fi—q)? —2kat |VF

n
- "‘2—';%2 —taAg — ? - 2(a—1)tVqu)\IJ
vv LIV o
+(AW)F +2-- V(W F) — 200 F = S,

This inequality holds in the part of B, 7 where W(x, ) is smooth and strictly
positive. Let (x1, #;) be a maximum point for the function W F in the set

{(x,1)|0<t<7,d(x,x0,1) < p}.

Then we have

2aat
(M 0= 2FVfVU+ (VS = fi =) = 2kian |V f P
11—
g ang—E o — l)tIVqu>\IJ
2b 151
|V |? oW
AW)F —2 F-Yp
+ (AW) v ot

at (x1, t1). We will now use (7) to show that a certain quadratic expression in W F’
is nonpositive. The desired result will then follow.
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We recall Lemma 2.1 and apply the Laplacian comparison theorem to obtain

|V\IJ|2§C12/2’
v p2
CipW!/? C wl/2 diw!’??
AU 1/;2 ‘/Zp (—1)fcoth(fp)>——— Ip NG

at the point (x1, #1), where d, is a positive constant depending on n. There exists
C > 0 such that

v _Cy'”

3t_

Using these observations along with (6), we get the estimate

—CI/ZEIDI/Z.

2aot
02 =2F |Vf| V9| + (= (Vf = fi = 9)" = 2kaany [V
oanty—
—haAg =L, —1vv)
halg——, s ” (a =Dt VfVgq
1 wl2 vz,
+d (————\/k S )F
2\~ ’ 1 -

at (xy, t;), where

= {3d,, C1)2, 3C1/2, C}.
Multiplying by W and making a few elementary manipulations, we obtain

3/2
IV

Ci W
(8) 0> —21F2

21}
+ =L (aaW?(Vf P — £ = )" = nkia¥? |V

_M 2wl M owlAg — _ 2)
4bk 2a\11 Ag —n(e—1)VfVqgW¥

+d2(—p— - —f— 1 —k)tl(lDF) _WF

at (x1, #1). Our next step is to estimate the first two terms on the right side. In order
to finish, we introduce the following notations.
Define

y=WI|Vf]? and z=W(f,+q).

It is clear that
W32F |Vf]

1/2(
t

y/(y—az)=
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when ¢t # 0, which yields

Cp W32 212
©) 2P |Vf|+—1(aaw2<|Vf|2—ﬁ—q)2
— ke W |VF? - %kz — 2aWAg —n(@ - l)Vqu\IJ2>

212 n*a=2 -
> . (aoz(y z) nkjoy m k™

nC
=IO RG — 0 - Sawag - nla - DY VVR).

Let us observe that

12 _
(y—27’= %(y —az)’ + (aa;) ¥+ 2(0;2 1)y(y —az)

and substitute this into the previous estimate. Regrouping the terms and applying
the inequality mv?—nv > —n2/4m, which is valid for m, n > 0 and v € R, we get

C]/2w3/2

2t}
“mF—==— V14 L (aaw2 (VS = fi =) ki [Vf P

— k- Sawag —n(a - 1)Vquqﬂ)
21

nC
= T(E(y—az)z—anloternkmy— PO - pl/zyl/Z(y_aZ)

2a(a—1)
o

4b

— Zaw?0 —n(@— Dy w2y S — 122+ ¥ —a2))
212 2

Z—l( (y —az)? — ey

n

4b )
n’dyo y2n(a—1)2w
B P ey S G - )
2a 8ap?(a—1) (v —az) ale —1)2 4k

2](12063

Because ¢t (y —az) = W F by definition, (8) now implies that

ndt
0>_(on)2 ( 221( o [+ 1+ evk + £ +p2k)(\IlF)
0% \a(oe—
2nk?a’ — 12w
S L L S L TN &_quﬂ@
a(a —1)2 2b 2k
dst o ) 2nk3o’ 2
A G ey s i) - ) -
14 (0[_1)21

2k \Ifz

_ _ 212
2b d 2kia afy 7o
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at (x1, t;1) with ds = 4nd,. The expression in the last two lines is a polynomial in
W F of degree 2. Consequently, in accordance with the quadratic formula,

dst
\ngza[“( o +p +,02k>

ala—1)
\fnkqury( @ Dn /kl +1 1,/2“ }

at (x1, ;). We will now use this conclusion to obtain a bound on F(x, t) for an
appropriate range of x € M.

Recall that W (x, ) = 1 whenever dist(x, xg, ) < p/2. Also, (x1, t1) is a maxi-
mum point for W F in the set {(x, 1) € M x [0, ] | dist(x, xo, T) < p}. Hence,

Fx,1)=WF)(x, 1) < (VF)(x1,11)

nadyt o ,o 2 no nkjo?
= 2ap? (a(o¢—1)+ te k) +a(oz—1)

+ozfnk\/7+ y (00— 1)‘[\/71 /2n

for all x € M, such that dist(x, xg, ) < p/2. Since t € (0, T'] is chosen arbitrarily,
this formula implies that

(IVflz—oeft—aq)(x )

ads |« 2\ nkiet ank [1 y@—=1) [k [2n6
< (a(a 1)+ +'0 k>+a(a—l)+7 E+ o E+a a’

(x,1) € By, 7, with dy = max{nds, n}, as long as ¢t # 0. If we set a = 1/(2a),
note that b = 1 /o — a, and define the constant C’ appropriately, estimate (5) will
follow by a straightforward computation. O

Now we consider the case where the manifold M is compact. Assume M has
nonnegtive Ricci curvature, we will deduce a global estimate on u(x, t). A related
inequality for (1)—(2) can be found in [Hamilton 1993].

Theorem 2.4. Suppose the manifold M is a solution to the Ricci flow (1). Assume
that 0 < Ric(x, t) < kg(x,t) for some k > 0 and all (x,t) € M x [0, T]. Suppose
u:M x [0, T] - R is asmooth positive function satisfying the heat equation (2),
and q(x, 1) is a C? function defined on M x (0, T) and |Aq| < 6. The estimate

2
E—Zl—&—qfkn—l-i—i-%/n@
u

(10) o
holds for all (x,t) e M x [0, T].
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Proof. As before, we write f instead of log u. It will be convenient for us to denote
F = t(|Vf|2 — fi —¢q). Fix t € (0, T], and choose a point (xg, fp) € M x [0, 7]
where F attains its maximum on M x [0, t]. Our first step is to show that

Fi(xo, to) < tokn + % +2+/n01y.

Then the theorem will follow.

If o =0, then F(x, #p) is equal to O for every x € M, and estimate (10) becomes
evident. Therefore, we can assume 79 > 0 without loss of generality. By Lemma 2.2
and assumptions on the Ricci curvature of M, we can deduce that

A-Z)Vp >4 2 AVFVF — —— —1)Aq

< a> 2 F* F ntok?
ot —n b fo 2(1—61)

for all a € (0, 1) at the point (xo, fo). Recall that F; attains its maximum at (xg, #p).
This tells us that

AFI(0,10) <0, - Fi(30,10) 20, and VFi(xo, 1) =0.

In consequence, the estimate

holds at (xo, #p), and the quadratic formula yields

2
Flgi(1+\/1+4a—t0k2+@t§>.
4 n

a 1—a

Letting a = (1 +kty) /(1 +2kty), and substituting this into the above inequality, we
arrive at (10).

We now need only a simple argument to complete the proof. Since (xg, fp) is
the maximum point for F; on M x [0, t], we are then able to conclude that

Fi(x, ) < Fi(x0, to) < tokn + % +2vnbty < thn + % +2vnbt

for all x € M. Therefore, the estimate

V|2
Vul —&—qikn+i+2\/n0
u? u 27

holds at (x, 7). Because 7 € (0, T'] can be chosen arbitrarily, the assertion of the
theorem follows. O
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3. Harnack Inequalities

The last goal is to get two Harnack inequalities. These may be viewed as applica-
tions of Theorems 2.3 and 2.4.

Lemma 3.1. Let (M, g(x,t))cj0,71 be a complete solution to the Ricci flow (1).
Suppose u : M x [0, T] — R is a smooth positive function satisfying the heat
equation (2), and q(x, t) is a C? function defined on M x [0, T). Define f =logu,
and assume that

af _ ( 2 _ﬁ)_
az—A IVfI©—As ; qg, xeM,te0,T]

for some Ay, Ay, Az > 0. Then the inequality

1\ —A3/A Ay Aj
u(x, ) > u(xy, t1)<—> eXP(——F(M, t,x2, ) — —(tr — fl))
131 4 A1

holds for all (x1,t1) € M x (0, T), and (x3,t) € M x (0, T) such that t; < 1,
where

F(xl,ll’)Q,tz):inf/ [ )/(l)| +—q]dt

Al

and the infimum is taken over the set ©(x1, t1 x2, t7) of all the smooth paths y :
[t1, t2] = M that connect x| to xy. We remind the reader that the norm |-| depends
ont.

Proof. Consider a path y € ©(x1, # x2, t2). We begin by computing

f()/(t) n=VfyQ®, t) V() + o f(()/(t) DI

3

>~V O r)%y(z)( + (V- A= 22) -

‘dty()) +—( Az—%)-%

t e, nl
By the inequality mv? —nv > —n?/(4m), valid for m, n > 0 and v € R, we get
the last step. It then follows that

f(xz,lz)—f(xl,ll)—/ < 1@,

=)

The assertion of the lemma follows by exponentiating. U

As o
)| — h—t ——1 - — dt.
4yl -4 FRCRTIEE th
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We are ready to formulate our Harnack inequalities for (1)—(2).The first one
applies on noncompact manifolds. The second one does not, but provides a more
explicit estimate.

Theorem 3.2. Let (M, g(x, t)):c[0,1] be a complete solution to the Ricci flow (1).
Assume that —k1g(x,t) <Ric(x, t) <kpg(x,t) for some ki, ko >0 and all (x,t) €
M x [0, T). Suppose u: M x [0, T] — R is a smooth positive function solving the
heat equation (2), and q(x,t) is a C? function defined on M x [0, T], |Vq| <y,
and |Aq| < 0. Given o > 1, the estimate

53 —C'a o
(11) u(xz,rz)zu(xl,n)(t—) exp(—zml,n,xz,rz)
1

;e nkia® _ 2ok
—é(C azk—i—n 1 —i—y(aa D [2 1+2a\/om9)(t2—t1))
n

a—1

holds for all (x1,t1) € M x [0, T], and (x2, t;) € M x [0, T, such that t| < t. The
constant C' comes from Theorem 2.3, where

Lrod 2 4
I"'(x1, t1. x2, tp) = inf [— t — ]a’t,
(x1, 11, %2, 12) ln/tl |dt)/()| +A1q

and the infimum is taken over the set ©(x1, ] x2, t2) of all the smooth paths y :
[t1, 1] = M that connect x; to x».

Proof. Letting p go to infinity in (5), we conclude that

Vul> = ko —1) [2ak
ﬂzl<| b;| —Ca2<l+k>—n 12 ye=D |2k /—ane)_q
u a\ y t a—1 o n

on M x (0, T']. The desired assertion is now a consequence of Lemma 3.1. (]

Theorem 3.3. Suppose the manifold M is a solution to the Ricci flow (1). Assume
that 0 < Ric(x, t) < kg(x,t) for some k > 0 and all (x,t) € M x [0, T]. Suppose
u:M x [0, T] — Ris asmooth positive function satisfying the heat equation (2),
and g(x,t) is a C? Sfunction defined on M x [0, T, |Aq| < 0. The estimate

tH\ —1n/2
u(xy, ) > u(xy, l1)<f> exp(—%l"(xl, 1 X2, 1) — (kn +2\/E)(l‘2 — l‘]))

holds for all (x1,t)) € M x [0, T] and (xp,t) € M x (0, T) as long as t; < t,.
Proof. Theorem 2.4 implies that

|Vul?

u?

—q—(kn+%+2\/n0)§&, xeM,te(0,T).
u

We now use Lemma 3.1 to complete the proof. U
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