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REMARKS ON A KUNNETH FORMULA
FOR FOLIATED DE RHAM COHOMOLOGY

MELANIE BERTELSON

The validity of the Kiinneth formula for foliated cohomology, that is, for
the tangential de Rham cohomology of a foliated manifold, is investigated.
The main difficulty encountered is the non-Hausdorff nature of the foliated
cohomology spaces, forbidding the completion of the tensor product. We
present versions of the Kiinneth formula when both factors have Hausdorff
foliated cohomology and when one factor has finite-dimensional foliated co-
homology and a compact underlying manifold. We also give a counterex-
ample to an alternative version of the Kiinneth formula. The proof of the
second result involves a right inverse for the foliated de Rham differential.

Introduction

The tangential de Rham cohomology or foliated cohomology of a foliated manifold
(M, %) is the cohomology of the complex obtained by forming the quotient of the
Fréchet space of ordinary smooth forms on the manifold by those who vanish along
the leaves of the foliation. Our initial interest for this cohomology comes from the
observation that its vanishing in degree two may, under certain circumstances, be an
obstruction to existence of a foliated symplectic structure, or equivalently, a regular
Poisson structure whose underlying foliation is & (see [Bertelson 2001]). Among
the tools for computing de Rham cohomology is the Kiinneth formula which asserts
that the cohomology space of a product is isomorphic to the completed tensor
product of the cohomology spaces of the factors via the map

Q. @ HP(MYQ HI(N) > H'(M x N), a®br>aAnb.
ptq=n

This map indeed induces a map on foliated cohomology but because these spaces
do not generally enjoy the Hausdorff separation property, the completion of the
tensor product may not even be defined.

The results obtained so far and shown in the present paper are:

MSC2000: primary 46A32, 46E10, 53C12, 53D17; secondary 46A63, 46M18, 46A04.
Keywords: foliation, tangential de Rham cohomology, Kiinneth, tensor product, right inverse.
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258 MELANIE BERTELSON

(1) The Kiinneth formula is valid when the foliated cohomology spaces of both
factors are Hausdorff. This is a consequence of a result of Grothendieck, described
in [Schwartz 1954]. We have nevertheless included a relatively detailed proof in
Section 2.

(2) It is also valid when the foliated cohomology of one of the factors is finite-
dimensional and the underlying manifold of that same factor is compact. Notice
that it is not necessary to complete the tensor product in that case. This result was
already known when one of the factors is a one-leaf foliation [El Kacimi-Alaoui
1983; Moore and Schochet 2006]. Our proof requires the construction of a right
inverse for the foliated de Rham differential. It is based on results in the theory of
splitting of exact sequences of Fréchet spaces [Meise and Vogt 1997; Vogt 2004].

(3) In the simple case where one of the factors, say (M, %), has a non-Hausdorff
foliated cohomology and the other factor, say (N, %), is a manifold foliated by
its points, a natural alternative version to the Kiinneth formula would involve
C>®°(N, H*(%)) in place of the completed tensor product. Nevertheless, we have
constructed on the torus T? foliated by Liouville slope lines a smooth family of ex-
act forms — representing thus the zero element in C*°(N, H*(%)) — which is not
the coboundary of any continuous family of functions — corresponding therefore
to a nonzero element in H*(% x 9).

Many relevant questions remain unanswered:

» Does a more sophisticated version of the Kiinneth formula, involving some
type of higher order functors, hold in a non-Hausdorff situation?

o Does the foliated de Rham differential still admit a right inverse when the as-
sumption of compactness or finite-dimensionality of the foliated cohomology
is relaxed?

Finally, the results of this paper may apply to other cohomologies. We have
in mind the Poisson cohomology of a Poisson manifold (not surprisingly, the tan-
gential Poisson cohomology of a regular Poisson structure is isomorphic to the
foliated cohomology of the induced foliation). For instance, the Kiinneth formula
for Poisson cohomology is valid when the cohomology spaces are Hausdorff.

1. Preliminaries

Let (M, &) be a foliated manifold, that is, a smooth Hausdorff second countable
manifold M endowed with a smooth foliation . The space of smooth p-forms,
p > 0, is denoted by QP(M) (a smooth O-form is just a smooth function) and
the space of all forms by Q*(M). The weak C* topology provides Q7 (M) (and
Q*(M)) with the structure of a nuclear Fréchet space. We are interested in the
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nuclear property because it guarantees uniqueness of the completion of the tensor
product with any other Fréchet space.

Recall that a Fréchet space is a locally convex, metrizable, complete topological
vector space. We will not attempt to explain the nuclear property here, but rather
refer to Sections 47 and 50 [Treves 1967], henceforth, abbreviated as [T]. For our
purpose it is sufficient to know that the set of smooth functions on an open subset
of R" is nuclear (Corollary of Theorem 51.5 in [T, p. 530]), that a product of
nuclear spaces is nuclear and that a Hausdorff projective limit of nuclear spaces
is nuclear (Proposition 50.1 in [T, p. 514]). Indeed, 27 (M) is the projective limit
of the spaces Q7 (¢, (Uy)), where (Uy, ¢,) runs through an atlas on M. We will
occasionally write TVS for topological vector space.

Consider the space QP(M,F) = {w € QF(M) : w|r = 0 V leaf F} of forms
vanishing along the leaves of %. It is a closed subspace of Q2”(M). Thus the
quotient Q7 (M)/ QP (M, %) is a Fréchet nuclear space as well (see [T, p. 85 and
Proposition 50.1, p. 514]). It is the space of foliated p-forms. The de Rham differ-
ential d : Q*(M) — Q*+1 (M) which is a continuous linear map induces the foliated
de Rham differential dg : Q*(F) — Q*t1(F) with like properties. The space of dg-
closed (respectively dg-exact) foliated p-forms is denoted by %7 (%) (respectively
BP (F)). The cohomology H*(F) =%*(F)/B*(F) is called the foliated (de Rham)
cohomology of (M, F).

Remark 1.1. The (ordinary) de Rham differential is always a homomorphism, that
is, the image of an open subset of Q27 (M) under d consists of a relative open subset
of d(2P (M)). This is a consequence of the fact that a form is exact if and only if its
integral over any closed cycle vanishes, showing that exact forms are a closed sub-
set which by the open mapping theorem for metrizable and complete topological
vector spaces implies that d is open (Theorem 17.1 in [T, p. 170]). In contrast, the
differential ds need not be a homomorphism, as illustrated by Example 1.2 which
describes the Liouville slopes foliations on the torus T2. Observe that assuming
that ds is open is equivalent to assuming that B* (%) is closed (by the open mapping
theorem for one direction and the observation that the image by a homomorphism
of a complete metrizable TVS is a closed space for the other direction) or that the
cohomology H*(%) is Hausdorft.

In this connection, the following examples are useful to keep in mind.

Example 1.2 (Kronecker foliations). Consider the foliation of R? by parallel lines
of slope « € R. Invariant under the action of Z> by translations, this foliation
induces a foliation, denoted %,,, on the torus T2. The leaves are circles when « is a
rational number and are dense lines otherwise. The foliated de Rham cohomology
of %, for « irrational depends on the type of irrational number considered. More
specifically, it is infinite-dimensional and non-Hausdorff (with a one-dimensional
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Hausdorff quotient) when « is a Liouville number (see Definition 1.3), and one-
dimensional and Hausdorff otherwise. The proof of this well-known fact can be
found in [Haefliger 1980; Moore and Schochet 2006] and will appear implicitly in
Section 4.

Definition 1.3. A Liouville number « is an irrational number that is well appro-
ximated by rational numbers. More precisely, for all integers p > 1, there exist
relatively prime integers m, n with n > 1 such that

1

=]
a——|<—.
nl |nlP

A typical example of such a number is Liouville’s constant ) . , 107, Liouville
numbers are transcendental because an algebraic number « of degree p > 2 admits
a constant ¢ such that

o——|>—
n |n|P’

) m c
for all integers m, n with n > 0. On the other hand e and 7, for instance, are not
Liouville, as are uncountably many transcendental numbers. The set of Liouville
numbers is a countable intersection of open dense sets and has measure zero. A

non-Liouville number is sometimes called a generic number.

Example 1.4. Let (M, %) be a foliation that has a vanishing k-cycle, that is, a
smooth foliated map v : (S x [0, 1], F) — (M, F), where SK is a sphere of
dimension k and ¥, is the foliation by the fibers of the canonical projection
71 S¥ % [0, 1] — [0, 1], such that the image of Sk x {t} is homotopically trivial in
its leaf for each ¢ except t = 0. A p-dimensional foliation from which a point is
removed carries a vanishing (p—1)-cycle. We explain hereafter, in the specific case
of a punctured foliation (M, F) = (N —{q}, 9|n—4)), how the presence of the van-
ishing (p—1)-cycle implies that H? (%) is non-Hausdorff and infinite-dimensional.
The argument can certainly be extended to a larger class of vanishing cycles.

Observe that our vanishing cycle can be “filled", in the sense that there exists
a foliated map v : (D? x [0, 1] — int D? x {0}, &) — (M, F) that extends v.
Let 2 be a foliated volume form on (N, 9) and let f be a smooth function on M
approaching infinity near the puncture. Then f2 is a foliated closed p-form on M
than cannot be foliated exact. Indeed, suppose on the contrary that fQ = dga.
Then, by Stokes’ theorem,

(DP x{t}) v(SP=1x{r})

Clearly, as ¢ approaches 0, the right-hand side converges to fv(sp,lx{o})

the left-hand side diverges, yielding a contradiction. Besides, it is not too difficult
to construct an example of a nonexact p-form of this type that is the limit of a

o while
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sequence of exact forms, showing that the set of foliated exact forms is not closed
in the set of foliated closed forms.

2. Kiinneth formula when the cohomology is Hausdorff

The main result of the present section, that is, a Kiinneth formula for foliated
cohomology when the foliated cohomology of each factor is Hausdorff, is not
original, as it is essentially a consequence of a theorem due to Grothendieck and
described in [Schwartz 1954]. (A proof in terms of sheaves can also be found in
the literature, namely in [Bredon 1997].) Nevertheless we give a relatively detailed
explanation of the proof, with systematic references to the book [Treves 1967]
(referred to as [T]) for the background functional analysis, believing that some
readers might find it useful to have the proof expressed in a language familiar to
differential geometers with references from just one very well-written book.

Let (M, &) and (N, %) be two foliated manifolds both having the property that
the foliated de Rham differential is a homomorphism. Consider the (algebraic)
tensor product Q7 (F) ® Q279(%). There are two natural ways to construct a topology
on the tensor product of two locally convex Hausdorff topological vector spaces,
namely the ¢ and the 7 topology (Sections 42 and 43 in [T]), thus yielding two
different completions of the tensor product. However, when one of the factors is
Fréchet nuclear, both topologies coincide (Theorem 50.1 in [T, p. 511]). So in
our case we can ignore this issue and write Q7 (%) ® Q4(%) for the completion —
with respect to this unique natural topology — of the tensor product of Q7 (%)
with ©9(%). The tensor product of two continuous linear maps fi : E; — F; and
> 1 E; — F, between nuclear Fréchet spaces is a continuous linear map

f®fH:EIQE,—> FI®F, CFI®F,

by Proposition 43.6 in [T, p. 439]; this induces a continuous linear map f; ® f> :

E, ® E; - F| ® F, between the completions. In general, the completion of a

Hausdorff locally convex TVS E is denoted by E and the extension of a continuous

linear map u : E — F to the completions by # : E — F [T, Theorem 5.1, p- 39].
Consider the tensor product complex (Q*(%) ® Q*(9), d) defined as

(@ BCW)'E P "B,
pt+q=n
with differential d = dy ® 1 + & ® dg, where e(w) = (—1)”w when w is a foliated
form of degree p. It follows from general considerations that Q*(%) ® Q*(%9) is
a nuclear Fréchet space (Proposition 50.1 in [T, p. 514]) as well and that d is a
homomorphism. The latter assertion is a consequence of Proposition 43.9 in [T,
p. 441] and the fact that the sum of two homomorphisms is a homomorphism.
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There is a natural map ¢ between and Q* (%) ® Q*(9) and Q*(F x 9), given by
extension of the map

¢ Q5 (F) ® QL (9) — Q(F x9)
I
Yo i ®Bi > pu”(ei) A pNT(Bi),
i=1

where pjs and py denote the projections of M x N onto M and N. It is clearly a
cochain map (¢ od = dg g o ¢), and so induces a map on foliated cohomology.

Theorem 2.1 (Kiinneth formula). The map ¢ is an isomorphism on cohomology:
H™(F x Q) =(H*(F) ® H*(9))".
This is a direct consequence of the following two results:

Theorem 2.2 (Grothendieck; see [Schwartz 1954]). Let (E*, dg), (F*,dgp) be
two differential complexes of Fréchet spaces and homomorphisms. Suppose that
the EP’s are nuclear. Consider the differential complex (E* ® F*, d) with d =
dp ® 1 +e®dp. Then H*(E® F) = H*(E) ® H*(F).

Proposition 2.3. The differential complexes
(Q*(%) R Q*(9), d) and (Q*(% X 9), dg:xcg)
are isomorphic under the map .

The proof of Theorem 2.2 relies mostly on the next two lemmas:

Lemma 2.4 [Grothendieck 1955]. Let E, F, G and H be four Fréchet spaces with
either E, F and G nuclear or H nuclear. Letu : E — F and v : F — G be linear
homomorphisms such that

0ESFAXG>0

is a short exact sequence. Then the sequence

0> ERH S FRH S GRH -0

is a short exact sequence of Fréchet spaces and linear homomorphisms as well.

Proof. That u ® id is one-to-one and v ® id is onto follows from Propositions
43.6 and 43.9, respectively, in [T, pp. 440-441]. Exactness at F ® H is argued as
follows. Firstly, observe that

0> EQH“ S FoH 2 GeoH — 0

is a short exact sequence of homomorphisms. Indeed, the corollary of Proposition
43.7in [T, p. 441] implies that # ®id is a homomorphism. As for v®id, it suffices to
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know that a basis of neighborhoods of 0 for the -topology consists of the convex
hulls of sets of type U @ V ={u ® v:u € U and v € V}, where U (respectively
V) is a balanced neighborhood of 0 in the first factor (respectively second factor).
In other words, U is a neighborhood of 0 such that Au € U, for all |A| <1,u e U.
Therefore, G H = F Q@ H/u ® id(E ® H). Secondly, it is not difficult to prove
if E is a metrizable TVS and if N C E is a closed subspace then

E/N = E/N,
where N denotes the closure of N in the completion E of E. U

Lemma 2.5. Let (A*, dy), (B*, dp) and (C*, d¢) be three differential complexes
of metrizable complete TVS’s and homomorphisms and let

O—>A*1>B*—g>C*—>O

be a short exact sequence of differential complexes with f, g continuous maps
(hence homomorphisms by the open mapping theorem). Then the usual long exact
sequence

s HY A D B B) S HYC) S H T (A) > -

is well-defined with f, g. and v homomorphisms.

Proof. Since dy4, dp and d¢ are homomorphisms, all spaces involved (that is, cocy-
cles, coboundary and quotients of the formers by the latter) are complete metrizable
spaces. The open mapping theorem implies that any surjective continuous linear
map between those spaces will be a homomorphism. The only thing that requires
a proof is therefore the continuity of v. This is easily seen by chasing open sets in
the diagram providing the construction of v, namely,

0 ——> Art! —f> Brtl &, crtl 5

fo e e
0 —— AP SN B —%- ¢cr — 0.

This completes the proof. ]
Proof of Theorem 2.2. We introduce some notation:

%P = EP NKerdg, RBP = EPNImdg, HP =%P /RBP,

%P = FPNKerdp, B'P? = FPNImdp, H'? =%"P/B'P,
Now consider the following exact sequences of linear homomorphisms:

0— %” — EP - P+ 0, 0— %P> FP > @Ptl 5,

0—> R > %P > HP -0, 0> B? %P 5 H? (.
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By Lemma 2.4, they induce the following other exact sequences of linear homo-
morphisms (obtained by tensoring with a fixed space and the identity map), where
we have omitted the superscripts *:

(1) 0— (FQF)" - (ERF)" - (BRF)" -0
(2) 0— (ER%)' - (¥QF)" - (¥@B)"' >0
(3) 0> FB)' - FRF)' > *FSH)' —0
4) 0— BRE)' > (BRIF)" - (BRIB)'"™'— 0
(5) 0—> BIB)'> (BRIE)'—> (BRH)' —0
(6) 0> BOH)'> (*QH)'->(HQH)" —0

The first one is also an exact sequence of differential complexes when (¥ ® F)*
(respectively (B® F)*) is endowed with d’ = ¢ ® dr (respectively d” = —e ®d[),
yielding, by Lemma 2.5, the long exact sequence

(7) - > H#*QF)—> H(E®F)—> H'"\(BRIF) > H*T'FEQF) — .

Moreover, the sequences (2) and (3) imply that H* (% ® F) = (¥ ® H')*. Indeed
the sequence (2) identifies (¥ RE)* (respectively (¥ ® B')*) as being the kernel
(respectively the image) of the differential d’ (the & does not affect that conclu-
sion since all maps are graded). Moreover, sequence (3) says that the quotient of
(*®%')* by ((QB)* is isomorphic to (¥® H’)*. Similarly (4) and (5) imply that
H*(BQF) = (B® H')*. With these isomorphisms, the sequence (7) becomes

®) > FH) > HERF)— BIH)Y S FQH)Y T > ...

We will prove that v is the map induced by the natural inclusion B* — %*. Indeed,
consider the following diagram:

0 — (g@F)n-H N (E®F)n+1 N (%®F)n+l -5 0

g - 5

0 —— @#RXF)'" ——> (EQF) ——> BIF)" —— 0.

Pick Zf‘:l b ® z; in B? @ ¥'4. Letting b; = dgx; for some x; in EP~!, then we
have d (Zle xXi®z) = Z{'(:I b; ® z;. This shows that v and i ® id coincide on the
subspace B” ® H'9. Therefore they coincide on all of B & H'.

Since v is an injective map (again by [T, Proposition 43.7, p. 440]), the long
exact sequence (8) is equivalent to the short exact sequence

0> BRXHN > (ER®H)* - H(EQF) — 0.
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Hence H*(EQ® F) = (¥ ® H')* /(R ® H')* and the latter space is isomorphic to
H® H', as the sequence (6) shows. O

Proof of Proposition 2.3. The proof is notationally heavy but conceptually quite
simple. First observe that the continuous map ¢ : Q*(%F) @ Q*(9) — Q*(F x 9)
is injective. We will prove hereafter that it is a l_lomomorphism with dense image,
implying that its extension ¢ : Q*(%) ® Q*(%) — Q*(F x ¥) is an isomorphism.

To prove that ¢ is a homomorphism, recall that the following subsets of Q7 (%)
form a basis of neighborhoods of 0:

WU(r, &, {(Ui, pi)}, {Ki}) = {w € QU (F) : D w; jy...j,(X)| < €
VY multi-index a = (ay, ..., adgim m) With |a| <r,
Vi<i<n,VxeKk;},

where r is some nonnegative integer, € > 0, {(U;, ¢;) : 1 <i <n}is a finite collection
of foliated charts and K; is a compact subset of U; for each 1 <i <n. The functions
Wi ji-j,» 1 < j1 <-++ < jp <dim M, denote the tangential coordinates of @ with
respect to the chart (U;, ¢;) and Dw; j,...j, is the a—th derivative

aal aadimM
= m(wl’”"]")'
We want to verify that if U is a neighborhood of 0 in 27 (%) ® Q7(9), then ¢(U) D
0 N o(QP(F) ® Q4(9)) for some neighborhood of 0 in QP (F x 4). Now a

neighborhood of 0 in Q7 (%) ® Q27(%) can be chosen of the type
S 1 }’

where U and V are neighborhoods of 0 in Q7 (%) and Q9(%9), respectively, and
where U denotes the polar of U, that is, the subset

a
Dwi j...j,

I

D @y, B

i=1

1
wwe,ve)= { ZOK,’ ®pBi: sup
i=1 x'eU’
y’EV”

U’={x"eQP(F) :|(x',u)|<1VuecU)}

of the dual Q7 (%)’ of QP(F) (same for V?). We say a few words about this issue
in the next paragraph.

The (algebraic) tensor product E ® F of two locally convex Hausdorff TVS’s
is isomorphic to B(E,,, F), the vector space of continuous bilinear forms on the
product E/. x F, of the duals of E and F each endowed with its respective weak
topology (topology of pointwise convergence) (Proposition 42.4 in [T, p. 432]).
The latter space can be naturally realized as a subspace of a complete locally
convex Hausdorff TVS, namely the space B.(E,, F.) of separately continuous
bilinear forms on E/ x F, with the e-topology, or topology of uniform conver-
gence on products of equicontinuous subsets of E’ and F’ (Definition 43.1 and
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Proposition 42.3 in [T, pp. 430, 434]). When endowed with the topology induced
by B (E_, F), the tensor product of E and F is denoted by

E®.F.

The topology on 3B, (E,, F.) can be defined by the following basis of neighbor-
hoods of 0:

W(A, B) = {¢p € B(E,, F,):|¢(A, B)| < 1},

where A (respectively B) is an equicontinuous subset of E’ (respectively F’). The
reason for the restriction to equicontinuous sets (rather than just bounded sets) is
explained in [T, pp. 427-428]. Now any equicontinuous subset of E’ is contained
in the polar U? of some neighborhood U of 0 (Proposition 32.7 in [T, p. 341]).
Thus, a basis of neighborhoods of 0 is also given by the sets Us (U, V), where U
(respectively V) runs through a basis of neighborhoods of 0 in E (respectively F).

Returning to the proof that ¢ is a homomorphism, we make the claim that if U =
WU(r, &, {(Ui, ¢}, {Ki}) and V =UC(s, 8, {(Vk, ¥i)}, {Li}), then o(UWU?, V) D
Im¢ N O, where O = U(max{r, s}, &8, {(U; x Vi, ¢; x ¥i)}, {K; x Li}). For that
purpose, it will be useful to observe that the set U(r, €, {(U;, ¢;)}, {K;}) is the polar
of the following subset of the dual of Q7 (%):

A(r, &, {(Ui, ¢)}, {Ki})
= {Caesijiipx (@) = (1/£)0° 0 jy..j, () :

lal <ri=1,....,n,1<ji<---<j,<dimM, x € K;}.

Thus U = A°. On the other hand, a locally convex Hausdorff TVS E is isomorphic
to the dual of its weak dual, that is, E = (E)" (Proposition 35.1 in [T, p. 361]),
and if U = A°, then U° = (A?)? coincides with the closed convex balanced hull
of A (that is, the closure of the convex hull of ;. ;<) #A), denoted by I'A
(Proposition 35.3 in [T, p. 362]). Furthermore, one verifies directly from the def-
initions involved that U(A, B) =U(T"A, I'B). Thus, U(U°, V) =U(A, B) with
A=d(r, e, {(Ui, i)}, {K;}) and B = (s, 8, {(Vi, ¥}, {Li}).

Now let § = Zthl o @ Br € QP (F) ® Q24(%) be such that ¢(0) belongs to O,
that is, for all multi-indices ¢ with |¢| <rs, foralli, k, j1 <--- < jp, L1 <--- <4
and for all (x, y) € K; x L, one of the following holds:

< &d,

T
D¢ ( Z(at)i,jlmjp (,Bt)k,ll--~lq> (x,y)
=1

T
1 1

E gDa(at)i,jln-j,,(x)ng(,Bt)k,lr--lq (y)‘ <1,

t=1
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where ¢ = (ay, ..., Adimm> b1, - - -, bdim n). Equivalently,

T
D Mlaseiisjijposs ) s ietytyys B)| < 1,

t=1

which means that 8 € U(A, B), thus proving that ¢ is a homomorphism.

It remains to prove that the image of ¢ is dense in Q" (F x9). This is essentially a
consequence of the fact that polynomial functions are dense in the space of smooth
functions on the Euclidean space, implying that if X and Y are open subsets of
R" and R™ respectively, then the tensor product C>°(X) ® C°(Y) of the spaces
of smooth functions with compact supports on X and Y is dense in the space
C®(X x Y) of smooth functions on X x Y (see [T, Theorem 39.2, p. 409 and
Corollary 1, p. 159]). Let w € Q" (¥ x %) and consider U a neighborhood of w of
the type w+U(r, &, {(U; x Vi, ¢; x i), {K; x Lt }}). For each tangential component
Wik, i jpoly Ly denoted hereafter w; k. ;. 1., of @ with respect to the chart ¢; x ¥,
pick functions f% ;; € C°(U;) and g, ; ; € C°(Vi),n=1,..., N, such that

N
n n
E :fi,k,J,L 8ik,J,L

n=1

lies in w; k. 7. +U(r, €, K; x Lr) C C®°(U; x Vi). Then the form

n n J L
E Jiksn 8ik, s dx” Ndx
n,J,L

belongs to U N ¢ (27 (F) @ Q1(9)). O

3. Kiinneth formula when one of the factors is finite-dimensional

Another natural question is whether the Kiinneth formula holds in the case where
the tensor product does not need to be completed, that is, when one of the factors,
say H*(%¥), is finite-dimensional. The answer is positive provided the ambient
manifold of that factor is compact. There is no assumption on the second fac-
tor. This statement was already well-known when & is a one-leaf foliation (see
[El Kacimi-Alaoui 1983; Moore and Schochet 2006]). We use the fact that under
the previous assumptions, the foliated de Rham differential ds admits a right in-
verse, which is implied by results in the theory of splitting of exact sequences of
Fréchet spaces appearing in [Meise and Vogt 1997; Vogt 2004].

Proposition 3.1. Let (M, %) and (N, 9) be foliated manifolds. Suppose H*(%F) is
finite-dimensional and M is compact. Then, as topological vector spaces,

H*(F x4 =H"(F Q H*(9).
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Although we may not anymore quote theorems about coincidence of the e- and
m-topologies on H*(%) ® H*(%9) since H*(%) might not be Hausdorft, one may
verify directly that both these topologies coincide with the direct sum topology that
appears when H*(%) ® H*(%9) is identified with a finite direct sum ;_, H* ()
via the choice of a basis of H*(%).

Remark 3.2. The assumption that H*(%) is finite-dimensional implies that it is
Hausdorff as well. This follows from the well-known fact that for a continuous
linear map A : E — F between Fréchet spaces, if the range is finite-codimensional
it is also closed, itself a consequence of the open mapping theorem. Indeed, let
f1, ..., fn be a basis of an algebraic complement to Im A in F. Define the map

A E/KerA®R" — F, (lel,ai,...,a,) > A(e)+aifi+- - +anfn.

It is continuous as the sum of two continuous maps and bijective. Hence it is an
isomorphism. Since Im A is the image of the closed subspace E /Ker A, it is closed
as well. We thank the referee for pointing this out to us.

Proof of Proposition 3.1. The idea is to replace the complex (Q*(%), ds) by a
homotopy equivalent finite-dimensional complex (V, dy). It is then easy to prove
that H*(V ® Q*(%9)) coincides with H*(Q*(F) ® Q*(9)) = H*(F x 9). Besides,
it is well-known that H*(V ® Q*(9)) = H*(V) ® H*(2*(9)) as vector spaces and
it is not difficult to be convinced that this equality holds for the topologies as well.
So we are done. To obtain an equivalence with a finite-dimensional complex we
need a right inverse for the foliated differential ds, that is, a continuous linear map
@ BF(F) - Q*(F) such that ds o ¢ = id. This is the content of the Lemma 3.3
below. We assume this fact and proceed with the present proof.

The complex (2*(%), dz) is denoted hereafter by (2, d), Ker dg by % and Im dg
by 9. Consider closed foliated forms (of pure degree) «y, ..., «, representing
a basis {[aq], ..., [a,]} of H*(%). The subset V = {«ay, ..., «,} endowed with
the zero differential (dy = 0) is a finite-dimensional subcomplex of (€2, d) with
cohomology H*(%). It is thus (algebraically) homotopy equivalent to (€2, d) (see
[Spanier 1966, Theorem 7.4.10, p. 192]). We show next that the homotopy, its in-
verse and the equivalence may be chosen continuous when d admits a right inverse.

We first need to set up some notation.

 The natural inclusion V — Q is denoted by i.
e The map ¢ : B — 2 denotes a continuous linear right inverse to d.
e The cohomology class of a closed form § is denoted by [S].

o Since H*(%) is finite-dimensional and Hausdorff (see Remark 3.2), the linear
map e : H*(%) — V such that e([«;]) = «; is continuous; it is a right inverse
for the natural projection #*(%) — H*(%) with values in V.
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Defineo : Q2 — V and D: Q2 — Q by

o(B) =elB —p(dp)],
D(B) = —¢((B—¢(dP)) —icelf —¢(dP)]).

The maps o and D are clearly continuous. It is only necessary to verify that o is
a cochain map, that 0 oi =idy and thati oo =idg +D od +d o D. The first two
assertions are obvious and the third holds since

(Dod+doD)(B)=—¢(dB) —dogp((B—¢dB)) —iocel—p(dp)])
=—pf+ice[f—gp)]l=—-P+ioa(p).

Now the continuous cochain maps i and ¢ induce continuous cochain maps i ®id :
V®Q(9 — Q(F) ® R (Y and 0 ®id : Q*(F) ® Q*(9) — V ® Q*(¥9) such
that

(0 ®id) o (i ®id) =1id,

(i®id) o (0 ®id) =id +D' o dgyg+ dgxgo D',

where D' = D ®id and dgy¢ = dg ® id +¢ ® ds. (The last assertion follows from
the fact that € o D + D o & = 0.) Furthermore, the continuous cochain maps i ® id
and o ®id induce continuous maps on cohomology that are inverse to one another.
This shows that H*(V ® Q*(9)) = H*(F x 9) as TVS’s. Of course, V & Q*(9)
is the same as V ® Q*(%9) since V ® E is complete when V is finite-dimensional
and E is complete.

Finally, the fact that H*(V ® Q2*(9)) =V ® H*(9) follows from considering
the short exact sequences

00— VRF Q) — Ve w9 2% veon+(y) — o,

0— VB (Y —>VRIZE (Y — VRH" (9 —N0.

Observe that ¢ ® dyg is continuous but not open. Likewise V ® RB*+1(9) is not
complete and V ® H*(9) is not Hausdorff. Nevertheless, the first sequence tells
us that the kernel of the differential € @ dg on V ® Q*(%9) is V ® ¥*(%) and that its
image is V ® B*+1(%4). Besides, the topology induced on V ® %*(4) (respectively
V @ B*t1(9)) from its embedding in V ® Q2*(%) coincides with the tensor product
topology (Proposition 43.7 in [T, p. 440]). Finally, since the maps in the second
sequence are homomorphisms (remembering that V ® H* (%) carries the direct sum
topology), the quotient V ® %*(%9)/V ® B* () is isomorphic to V Q H*(§). U

Lemma 3.3. If M is compact and H*(%¥) is finite-dimensional then ds admits a
continuous linear right inverse.

Proof. The proof relies on the following result.
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Theorem 3.4 [Meise and Vogt 1997, Splitting theorem 30.1, p. 378]. Let E, F, G
be Fréchet—Hilbert spaces and let 0 — F — G — E — 0 be a short exact sequence
of continuous linear maps. If E has property (DN) and F has property (2), then
the sequence splits.

We explain hereafter why Theorem 3.4 can be applied to the short exact sequence
0— Z%(F) - QY(F) — B*(F) — 0.

The assumption that the spaces are Fréchet—Hilbert is automatically satisfied for
nuclear Fréchet spaces (see [Meise and Vogt 1997, Definition, p. 370 and Lemma
28.1, p. 344]). We mention the definitions of properties (DN) and (2) for com-
pleteness but we will only need here the fact that they are stable under performing
certain operations. Let E be a Fréchet space endowed with a countable fundamental
systems {|| - ||x : kK > 1} of seminorms (that is, for all x € E, x # 0, there exists k
such that ||x|lx > O and for all ky, k;, there exists k3 and a constant C such that
max{|l - &, Il - l&,} < Cll - llx;)- The property (DN) is satisfied by E if and only if
it supports a continuous norm || - || on E such that for any seminorm || - ||; there
exists a constant C and a seminorm || - ||¢ such that

Ixll; < Clixlllixllx  forall x € E.

The property (€2) is satisfied by E if and only if for each p > 1 there existsa g > 1
so that for every k > 1, there exists a0 < 6 < 1 and a constant C such that

1-6 6
Iylls < Cllyls iyl forall y € E/,

where ||y [[; means sup{|y(x)| : [|lx[[x < 1}.
Both properties are satisfied by the Schwartz space

o0
§= {(Xj)jz] :Z|xj|2j2k <ooVk>1 }
=1

[Meise and Vogt 1997, Example 29.5(1), p. 363, Lemma 29.2, p. 359 and Lemma
29.11, p. 368]. Any space of C*°-sections of a finite-dimensional vector bundle
E over a compact manifold is isomorphic, as topological vector space, to s (see
[Valdivia 1982])".

! The reference [Valdivia 1982] contains a proof of the fact that for a compact manifold M, the
space C®° (M) = s which can easily be adjusted to the case of C°°(M, E). Indeed, a finite partition
of unity {6; : i = 1, ..., n} subordinated to a cover of M by trivializing open subsets allows us to
identify the space of smooth sections of the bundle E with a finite direct sum @; C°(C;, RY),
where C; is the support of 6;, where d is the rank of E and where C2°(C;, R7) is the set of smooth
functions with compact support in C;. Because each CZ°(C;, R) is isomorphic to s [Valdivia 1982,
(5), p- 536] and s @ s = s [Valdivia 1982, (5), p. 327], we reach our conclusion.
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Thus the space of foliated forms Q*(%) enjoys the properties (DN) and (£2).
Property (DN) is inherited by closed subspaces (see [Meise and Vogt 1997, Lemma
29.2, p. 359]). So B*(%F) has property (DN). To see that #*(%) has property (£2),
we use the fact that H* (%) is finite-dimensional. Indeed, property (£2) is inherited
by quotients by closed subspaces (see [Meise and Vogt 1997, Lemma 29.11(2),
p. 368]) so that B* (%), which is isomorphic to Q*~!(F)/%*~!(F), has property
(2). Since H*(%) is finite-dimensional, the natural projection ¥*(¥) — H*(%)
admits a right inverse so that %*(%) = B* (%) & H* (%) and can be thought of as a
quotient of Q*~1(F) @ H*(%) (by ¥*~'(F) & {0}), which is itself also isomorphic
to the Schwartz space s when > 1. Finally, %°(%) has property (£2) because it is
finite-dimensional (it is thus a Banach space). (Il

Remark 3.5. When the manifold M is not compact, the space Q*(%) is isomor-
phic to s (argument similar to the compact case with a locally finite partition of
unity subordinated to an open cover of M by foliated chart domains) rather than s.
So that it does not anymore enjoy properties (DN) nor (£2), but rather, so-called
properties (DNjq) and (210c). One might nevertheless reach a similar conclusion,
using the following splitting theorem due to Vogt, if one could prove that dg is a
SK-homomorphism when it is a homomorphism (this does not hold in general, but
might be true for dg).

Theorem 3.6 [Vogt 2004, Theorem 3.5, p. 820]. Let0 - F - G — E — 0 be
an exact sequence of nuclear Fréchet spaces, A an SK-homomorphism. If E has
property (DN ) and F property (Qoc), then the sequence splits.

4. Counterexample

One would like to understand what happens when neither of the situations encoun-
tered above occurs. Let (M, ) and (N, %) be two foliated manifolds. Suppose
that both foliated cohomologies are infinite-dimensional with one of them non-
Hausdorff. Then the tensor product H*(%) ® H*(%) cannot be completed. There
is nevertheless a case where an alternative to completion could be proposed, that
is, when one of the foliations, say 4, is a foliation by points § = %y. Then H*(9)
coincides with C®°(N) and one is tempted to replace H*(%) @ C*°(N), which
does not make sense here, by C°°(N, H*(%)), since these two spaces coincide
when H*(%) is Hausdorff (Theorem 44.1 in [T, p. 449]). It is therefore natural
to wonder whether the trivial map H*(% x %y) — C*(N, H*(¥y)) yields an

isomorphism or not:
)

) H*(F x Fy) = C®(N, H*(F)).

The answer is negative. Indeed, the torus T2 endowed with a Liouville foliation
(see Example 1.2) supports a smooth family of foliated exact forms which is not
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the coboundary of any smooth, nor even continuous, family of forms. This smooth
family represents thus both the zero element in C*°(N, H*(%)) and a nonzero
element in H*(%F x Fy). I do not see any obvious theoretical reason for such a
family to exist; both the space H*(¥ x %y) and the space C*°(N, H*(%¥)) are
non-Hausdorff; somehow H™*(%F x %) is “more separated” than C*(N, H*(%F)).

Let x, y denote standard coordinates on the torus T2. The leaves of the folia-
tion %, are the orbits of the vector field X = 9, + «d,. Any foliated 1-form is
automatically closed and can be written fdx, with f in C°(T?) and dx the image
of the closed form dx € Q1(T?) in Q' (%F,). It is exact when f dx = d_g for some g
in C*°(T?), which is equivalent to f = Xg. Besides, we may consider the Fourier
expansions of the functions f and g:

f — Z fmyn62m(mx+ny) and g= Z gm’neZJIz(mx+ny)‘

m,nez m,neZ

The equation f = Xg is equivalent to the sequence of equations
fm,nzzni(m +an) 8m,n» m,n €z,

which of course implies fp o =0.

Lemma 4.1. Suppose that (f,);er is a family of functions on T2, It is a smooth
Sfamily of smooth functions if and only if each function t +— (f;)m.n is smooth and
for all compact intervals I in R and integers a > 0, j > 1, there exists a constant
c=c(l,a, j) such that
c
sup |3/ (fmnl < ——F—-
er O o D)

To see the necessity of this condition it suffices to combine integration by parts
in order to get rid of the derivatives with respect to x and y with the fact that
the Fourier coefficient (3 8; 0f ft)m,n 1s bounded by a constant depending only on
I,k,l and a.

With these preliminaries in mind, we are ready to construct a family f; of func-
tions on T2 with the following properties:

(1) f; is a smooth family of smooth functions.
(i1) For each value of the parameter ¢, there is a smooth solution to f; = Xg;.
(iii) There no smooth, or even continuous, family of smooth functions g, solving
fr=Xg:.

Since « is a Liouville number, for each integer p > 1, there exists a pair of integers

(mp,np) such that
1

im,+aoan,| < —mm—.
b PR (mp|+np))P
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Without loss of generality assume that (m,,n,) # (my, n,) for p # g and that
n, > p. Now define

(mp +anp)(mpl +npDp(sy(t —5)) i (m,n) = (mp, np),

0 otherwise,

where p is a bump function supported in the interval [—1, 1] that achieves its max-
imum value 1 at 0 and where s, = p(p + 1). The function ,o(sp (t - %)) has its
support contained in

s+ * e

p 2p(p+1)’p 2p(p+DI

We verify that the (f;)n.»’s are the Fourier coefficients of a family f; enjoying
properties (i), (ii) and (iii).

(i) For smoothness of f; we use the criterion described in Lemma 4.1.

107 (fdmpn, | < |(mp 4-anp)|(Imy| +1n,p]) sup [0 p ()]s p|*
tel

1
Calsp|a C:, Ca,j

< -
= (mpl+1npDP=E T (mpl 4 Inp P12 T (Imp| + 1 p 1)/

The second inequality on the last line follows from the fact that s, is a polyno-
mial of degree 2 in p and the assumption n, > p, while the last inequality is a
consequence of the fact that p — 1 —2a — oo when p — 0.

(i) The coefficients (g/)m.n = (f1)m.n/(m +an) define a smooth function for each
value of ¢. Indeed, for a fixed ¢,

(&1)mpn, = (Impl+np)p(sp(to—1/p)) =0

for all p except perhaps one since the supports of the various functions p (s, (fo— %))
are disjoint. The Fourier series of the function g, has thus only one term.

(iii) The function g, is not smooth, nor even continuous, near ¢ = 0. Indeed, the
coefficients (g;)., are not uniformly bounded on any interval / around O:

sup [(€)m,,n,| = (Impl +|npl) sup|p(sp(to —1/p))| = (Impl +1np))
tel

tel

as soon as p is sufficiently large for % to belong to 1.
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Quantum Stiefel manifolds were introduced by Vainerman and Podkolzin,
who classified the irreducible representations of the C*-algebras underlying
such manifolds. We compute the K-groups of the quantum homogeneous
spaces SU, () /SU, (n —2) for n > 3. In the case n = 3, we show that K, is a
free Z-module, and the fundamental unitary for quantum SU(3) is part of a
basis for K;.

1. Introduction

Quantization of mathematical theories is a major theme of research today. The
theories of quantum groups and noncommutative geometry are two prime examples
in this program. Both these programs started in the early 1980s. In the setting of
operator algebras, the theory of quantum groups was initiated independently in
[Woronowicz 1987] and [Vaksman and Soibelman 1988], for the case of quantum
SU(2). Later Woronowicz studied the family of compact quantum groups and ob-
tained Tannaka-type duality theorems [Woronowicz 1988]. The notion of quantum
subgroups and quantum homogeneous spaces soon followed [Podles 1995].

The noncommutative differential geometry program of Alain Connes [1985]
also started in the 1980s. In his interpretation, geometric data is encoded in elliptic
operators or, more generally, in specific unbounded K-cycles, which he called spec-
tral triples. It is natural to expect that, for compact quantum groups and their homo-
geneous spaces, there should be associated canonical spectral triples. Chakraborty
and Pal [2003] showed that indeed that is the case for quantum SU(2). In fact for
odd-dimensional quantum spheres, one can construct finitely summable spectral
triples that display Poincaré duality [Chakraborty and Pal 2010].

In this connection, a natural question is, are these examples somewhat singu-
lar or can one in general construct finitely summable spectral triples with further

Chakraborty acknowledges financial support from Indian National Science Academy through its
project “Noncommutative Geometry of Quantum Groups”.
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properties like Poincaré duality, on quantum groups associated with Lie groups or
their homogeneous spaces? Even though there are suggestions to construct such
spectral triples [Neshveyev and Tuset 2010], their nontriviality as a K-cycle is not
known. In fact, there are suggestions that, for quantum groups and their homo-
geneous spaces, one should look for a type-III formulation of noncommutative
geometry. On this formulation also, there are currently two points of view, that
of Alain Connes and Henri Moscovici [2008], and that of Carey—Phillips—Rennie
[2010]. Therefore, to understand the true nature of the interplay between noncom-
mutative geometry and quantum homogeneous spaces, it makes sense to take a
closer look at these algebras.

The underlying C*-algebras of these compact quantum groups were analyzed
by Soibelman [1990] (also [Levendorskii and Soibelman 1991]) who described
their irreducible representations. Exploiting their findings, Sheu went on to obtain
composition sequences for these algebras. He initially obtained the results for
SU, (3) [Sheu 1991], and later extended them to the general SU, (n) [Sheu 1997].

In this hierarchy of exploration, the next thing to look for would be K-groups;
that is what we are looking for. But, instead of concentrating on quantum groups,
we consider the quantum analogs of the Stiefel manifolds SU(n)/ SU(n — m),
introduced by Podkolzin and Vainerman [1999]. Those authors have already de-
scribed the structure of irreducible representations of the quantum Stiefel manifolds
SU,(n)/SU,(n — m). We take up the case of SU,(n)/SU,(n — 2) when n > 3.
We obtain the composition sequences for these algebras and then, utilizing them,
we compute the K-groups. More importantly, as we remarked earlier, applications
towards noncommutative geometry require an explicit understanding of generators
for these K-groups; during our calculation we also achieve that. Specializing to
the case n = 3, we get the K-groups of quantum SU(3).

We should remark that these K-groups can be computed using the variant of
KK-theory introduced by Nagy in [2000]. In fact, it is shown in [Nagy 1998] that
SU,(n) and SU(n) are KK-equivalent, but here we produce explicit generators,
which is essential to test the nontriviality of K-cycles by computing the K-theory—
K-homology pairing. To our knowledge, there are not many instances of K-theory
calculations for compact quantum groups. Other than the paper by Nagy, there
is another related work by McClanahan [1992], where he computes the K-groups
of the universal C*-algebra generated by the elements of a unitary matrix, and
shows that the associated K is generated by the defining unitary itself. This raises
the question whether something similar holds for compact matrix quantum groups,
namely, whether the defining unitary of a compact matrix quantum group is nontriv-
ial in K. For quantum SU(2), this was remarked by Connes [2004]. Here, we not
only prove that the defining unitary of quantum SU(3) is nontrivial, the K is a free
Z-module, and the fundamental unitary for quantum SU(3) is part of a basis for K.
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2. The quantum Stiefel manifolds and their irreducible representations

The quantum Stiefel manifold S;" was introduced in [Podkolzin and Vainer-
man 1999]. Throughout, we assume that ¢ € (0, 1). Recall that the C*-algebra
C(SU,(n)) is the universal unital C*-algebra generated by n? elements u; j satis-
fying the conditions

n n

E Mikujk_(sl]’ E Mkiukj_alja

k=1 k=1

n n n
2 : E E Eiyiy.ciy Wiy - - - Wiy = Ejijo. s

i1=1ir=1 ip=1

where
E ) 0 if iy, ip, .. .1, are not distinct,
nig...lp, - (_q)f(ll,lz ..... l,,) OtherWISC’
and where £(o) denotes the length of a permutation o on {1, 2, ..., n}. The C*-

algebra C(SU,(n)) has a compact quantum group structure with comultiplication
given by

A(u;j) = Zuik Qug;.
k

Let 1 <m <n—1. Call v;; the generators of SU,(n — m). The map ¢ :
C(SUy(n)) = C(SU,(n —m)) defined by
v ifl1<i, j<n—m,
(2-1) o) :=1{" .

8;j otherwise.

is a surjective unital C*-algebra homomorphism such that Aogp = (¢ ®¢)A. In this
way, the quantum group SU, (n —m) is a subgroup of the quantum group SU, (n).
The C*-algebra of the quotient SU, (n)/ SU, (n —m) is defined as

C(SUy(n)/SU;(n —m)) :={a € C(SUy(n)): (¢ @ A(a) =1®a}.
We refer to [Podkolzin and Vainerman 1999] for the proof of the following:
Proposition 2.1. The C*-algebra C(SU,(n)/ SU,(n—m)) is generated by the last
m rows of the matrix (u;;), that is, by the set {u;; :n —m+1 <i <n}.

In [Podkolzin and Vainerman 1999], the quotient space SU,(n)/SU,(n — m) is
called a quantum Stiefel manifold and is denoted by S;-™. We will use the same
notation.

Before proceeding further, let us fix some notations. Let N be the set of non-
negative integers. Consider the number operator N and the left shift S on £2(N)
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defined on the standard orthonormal basis {e, : n > 0} by
Se,:=e,_1 and Ne, :=ne,.

Note that N is an unbounded selfadjoint operator. We denote by t the C*-algebra
generated by S. The C*-algebra t is nothing but the Toeplitz algebra.

The irreducible representations of the C*-algebra C(S;™) was described in
[Podkolzin and Vainerman 1999]. First, we recall the irreducible representations
of C(SU,(n)) as in [Soibelman 1990]. The one-dimensional representations of
C(SU,(n)) are parametrized by the torus T"~1'. We consider T"~! as a subset of
T" under the inclusion (t1, ta, ... ty—1) — (1, t2, . . ., ta—1, 1), Where £, ;= ]_[7:_11 f.
Fort:=(ti,tp, ..., 1) € T" ! let 7, : C(SU,(n)) — C be defined as

T (Uij) == ta—i418ij.
Then, ; is a *-algebra homomorphism. The set {7, : t € T"~!} is a complete set of
mutually inequivalent one-dimensional representations of C(SU, (n)).

Denote the transposition (i, i +1) by s;. The map n,, : C(SU,(n)) — B(£2(N)),
defined on the generators u,s by

VI—g?N42s  ifr =i, s =i,
—gN+! ifr=i s=i+1,

75, (uys) = { gV ifr=i+1, s=i,
ST —g?2N+2 ifr=i41,s=i+]1,
3ij otherwise,

is a x-algebra homomorphism. For any two representations ¢ and & of C(SU,(n)),
let p & :=(p ®&)A. For w € S, let w = s;,54, ... 5;, be a reduced expression.
Then, the representation 7, := Ty kT, % K Ty, is an irreducible representation.
Up to unitary equivalence, the representation 7, is independent of the reduced
expression. For ¢ € T and w € S, let .0 = Tt % T,. We refer to [Soibelman
1990] for the proof of the following:

Theorem 2.2. {r,, :t € T""!, w € S,} is a complete set of mutually inequivalent
irreducible representations of C(SU, (n)).

The irreducible representations of C (S, ;’*”’) were studied in [Podkolzin and Vain-
erman 1999]. We recall them here. Embed T" into T"~! via the map

l‘=(l‘1,l‘2,...,tm)—>(l‘l,l‘z,...,l‘m,1,1,...,1,tn),

where #, := [[/L, . For a permutation w € S,, let * be the permutation in
the coset S,_,,@ with the least possible length. We denote the restriction of the
representation 7, ,, to the subalgebra C (S;””) by m;,, itself.
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Theorem 2.3 [Podkolzin and Vainerman 1999]. The set {rr; s : t € T", w € Sy} is
a complete set of mutually inequivalent irreducible representations of C(S;™).

3. Composition sequences

In this section, we derive certain exact sequences analogous to that of [Sheu 1997,
Theorem 4]. We then apply the six-term sequence in K-theory to compute the K-
groups of C(S;”2).

Lemma 3.1. Lett € T" and @ := s,—1Sy—2 - . . Sp—k. The image ofC(SZ*m) under
the homomorphism 1, ,, contains the algebra of compact operators H.(£>(NF)).

Proof. Since n,,w(C(S;"m)) = nw(C(S;’m)), it is enough to show that H(2(NKY) ¢
T, (C (SC’]"’")). We prove this result by induction on n. Since

T[w(unn) = S*V 1 —6]2N+2 ® 1,

it follows that S® 1 € nw(C(Sg”"). Hence, H(2(N) @1 C nw(C(S;”m), and the
result is true when n = 2.

Next, observe that (p ® 1) mwy(uy,;) == p @ wyy(vp—1;) for 1 <i <n—1,
where @' := s,_28,_3 ..., and (vij) denotes the generators of C(SU,(n — 1)).
Hence, nw(C(Sg””)) contains the algebra p ® nw/(C(S;’_l””)). Now, by the in-
duction hypothesis, it follows that 7, (C (S;”m)) contains p ® K (£2(NF1)). Since
7, (C(S)™)) contains both H(£*(N)) ® 1 and p ® H(L*(N*71)), it follows that
7, (C (S, ™)) contains the algebra of compact operators, which completes the proof.

[l

Let w be a word on s1, 52, ..., Sy, say, W := $;, 8, ... S;, (not necessarily a re-
duced expression). Define i, := Ty, * Mg, % ... Ty, and, for t € T", let ¥, 4, 1=
T, * ¥,. Observe that the image of ¥ ,, is contained in T®". We prove that, if w’
is a subword of w, then v, factors through ¥, ,,.

Proposition 3.2. Let w = wsgywy be a word on sy, 52, ..., s,. Denote the word
wiwy by w' and lett € T™ be given. There exists a x-homomorphism

& 11w (C(SI™) = Yru (C(SI™))
such that Yy = € o Yy .

Proof. If £(u) denotes the length of a word u on sy, 52, . ..., sy, then ¥, (C(S;™))
is contained in T® ™) ® r ® T®¢W2) Let ¢ denote the restriction of | ® 0 ® 1 to
wt,w(C(S;”m)), where o : T — C is the homomorphism for which o (S) = 1.

Ve (trs) = Y Wroany () @ Ty (1, ) @ Yy ().

JisJ2
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Since o (75, (1}, j,)) =8, j,, it follows that
g0 w(re) = Y Vi, (1)) @ Yruy (1t j) = Y u (ttys).
J

This completes the proof. (]

Let w be a word on 51, §2, ...s,. Then,forn—m+1<i<mnand 1< j <n,the
map 1" : 1 — Y (uij) € t®¢™) is continuous. Thus, we get a homomorphism
Xw : C(S)™) — C(T™) @ T®™) such that x,,(a) (1) =1, (a) forall a € C(S)™).

Remark 3.3. Clearly, for a word w on sy, s2, . . . sy, the representations v ,, factors
through x,. One can also prove, as in Proposition 3.2, that if w’ is a subword of
w, then y,, factors through yx,,.

Let us introduce some notation. Denote by w; ; the permutation s;s;_; ...s; for
j=i. If j<i,let wji:= 1. For1 <k <n,let wy = Wn_m, 1 On—mt1,1 - Op— 1 n—k+1-

Theorem 3.4. The homomorphism x., : C(Sp™) — C(T™) @ t®““") is faithful.

Proof. If w € S, then wj(the representative in S, _,wo with the shortest length) is
a subword of w,. By Remark 3.3, it follows that every irreducible representation of
C(S,™) factors through x,,. Hence, xo, is faithful. This completes the proof. []

For1 <k <n, let C(Sg*’"*") = ka(C(S;‘*m)). Then,
c(spmty cespmh @b,

For 2 < k < n, let o, denote the restriction of (1 ® 12¢~2 ® o) to C(S;”m’k). The
image of oy is C(S;”’”’kfl). We determine the kernel of o in the next proposition.
We need the following two lemmas.

Lemma 3.5. The algebra x.,,_,, . (C(Si"")) contains C*(t1) ® H(£*(N*)), which
is isomorphic to C(T) @ H(£*(NK)).
Proof. Note that x,, , ,_, (Unn) =11 ®S*y/1 —¢>N+2® 1. Hence it follows that the

operator
1 ® m@ 1 = Xwn—l,n—k (u:l’lunn)

lies in the algebra x,,_,,_ (C(Si"1). As /1 —¢?N+2 is invertible, 1 ® S*® 1 €
Xwn_l_n_k(C(Sg*l)). Thus, the projection 1 ® p ® 1 is in the algebra C(Sg*l’k“).
Observe that, for 1 <s <n — 1, one has

(3’1) (1 Xp® 1) Xoon_1.0—k (Uns) =11 @ P& T p—i (Unfl,s)v

where (v;;) are the generators of C(SUy(n — 1)). If n = 2, then k = 1, and what
we have shown is that C(Sg’l’z) contains ©; ® S* and ; ® p. Hence, C*(¢;) @ I is
contained in the algebra C (Sg’l’z).
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We can now complete the proof by induction on n. Equation (3-1) shows that
C*(t)) ® p @ H®*=D is contained in the algebra C(S;‘*l’k“). Also, 11 @5*®1 e
C (S Tt follows that C*(#1) ® H®F is contained in the algebra C(S)1*+1).
This completes the proof. ([

Lemma 3.6. Given 1 < s < n, there exist compact operators X, ys such that
Xs TWipy_y i (Ujs) Vs =8js(P @ p &+ @ p), where p :=1—§*S.

Proof. Let 1 <s < n be given. Note that the operator

wn—l,n—k(”ss) =108 & z,
where z; € {1, /1 — ¢?N+28, §*\/1 — ¢?N+2}. Define x;, y; by

14 ifz; =1,

Xi:=1p ifzi:\/l_qws’
(1 —g)3pS ifzi = %/ — 2N+,
p ifz; =1,
yi=d—g?) is*p ifz = JT—gis,
p if z; = S*\/]_qw.

Then, x;z;y; = p for 1 <i <k. Now, letx; :=x1Qx;®...x, and y, (= y1 Q@ » ®
... Yk. Then,

Xs Xwn—l,nfk(uss) =p ® P R Q p.
—
k times

Let j # s be given. Then, xu, ,, ,(Ujs) =a1 ®a, ® - - - @ ax wWhere

a; € {1, JT— g2 S, S+ /1= g?N+2, —gN+1 gN}.

Since j # s, there exists an i such that a; € {¢g", —¢g™T!'}. Let r be the largest
integer for which a, € gV, —qN+1}. Then, z, # 1 and hence x,a,y, = 0. Thus,
Xs Xwn_1.ni (U js) ys = 0, which completes the proof. |

Proposition 3.7. Let 2 < k < n. Then, C(S;™ ") @ H(L*(N))®*D is contained
in the algebra C(S™™*). Moreover, the kernel of the homomorphism oy, is exactly
C(Sg*’”’l) QK (L*(N)B*=D We have the exact sequence

0— C(sEmhH @uPE= — c(simky = sk — 0.

Proof. First, we prove that C(S)"™") ® H®*=1 is contained in C(Sg*m’k). For
ace C(S;”l), one has x.,, (@) =1® Xw, .. (@), and it follows from Lemma 3.5
that C(S)"*) contains 1 @ H(€*(N*"1)). Letn —m+1<r <mand 1 <s <nbe
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given. Note that

Xy (trs) = Z Xon (“rj) b Tyt p—k+1 (“jS)'
j=1
By Lemma 3.6, there exist x;, ys € C(S;"m’k) such that

Xs Xwx (Mrs)ys = Xoy (urs) R p®(k—1)’

where p®*—D:= p®p®- - -® p. Thus, we have shown that C(S(’;’m*k) contains 1®
HEE=D and C (51 @ p®*—D. Hence, C(S)"*) contains C(S)"™ ") @HS*D.

Clearly, oy vanishes on C (Sg*m*l) ® H®*=D_ Let w be an irreducible repre-
sentation of C(S;”””k) which vanishes on the ideal C(SZ”"’l) ® HO*=D ' Then,
7T O X, 1S an irreducible representation of C (S;”m) and hence 7 o x,, = 710
for t € T" and some w of the form w,—m i, Wp—m+1,i, - - - On—1,i,_,,- SIOCE T ©
Xy WUnpn—ty1) = 0, it follows that ﬂt,w(“n,n—k-ﬁ-l) = 0. However, nt,w(un,n—k-‘rl) =
L(1® Ton 1y (Un.n—k+1)) and hence i,,_,, > n —k + 1. In other words, w is a
subword of wi_;. Therefore, 7 o x,, factors through x,,_ , and so there exists a
representation p of C(Sg*m’k_l) such that 770 X, = PO Xw,_,- SINCE Xw;, | =O0kO Xy »
it follows that 7 = p o oy.

We have shown that every irreducible representation of C (S;;*’”’k) which van-
ishes on the ideal C (Sg*'”’l) QR K®*=D factors through o;. Hence, the kernel of oy
is exactly the ideal C (Sg’m’l) QH®*=D_This completes the proof. O

We apply the six-term exact sequence in K-theory to the exact sequence in
Proposition 3.7 to compute the K-groups of C (Sg'z’k) for 1 <k < n. In the next
section, we briefly recall the product operation in K-theory.

4. The operation P

The algebras that we consider will be nuclear. So, no problem arises with regard
to tensor products. Let A and B be C*-algebras. We have the product maps

Ko(A) ® Ko(B) — Ko(A® B), K1(A)® Ko(B) — Ki1(A® B),
Ko(A)® K1 (B) = K|(A® B), Ki(A)® K|(B) —> Ko(A® B).

The first map is defined as [p] ® [¢] — [p ® ¢q]; the second one, as [u] ® [p] —
[u® p+1—1® p]; and the third one likewise. The fourth map is defined using
Bott periodicity and the first product; we describe it briefly, referring the reader to
[Connes 1981, Appendix] for details.

Let h: T> = P;(C) := {p € Proj(M,(C)) : trace(p) = 1} be a degree-one map.
Given unitaries u € M,(A) and v € M,(B), the product [u] ® [v] is given by
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[h(u, v)] — [eg], where

10
ey = (0 O) EMZ(Mpq(A®B))

and h(u, v) is the matrix with entries 4;;(u ® 1,1 ® v). We denote the image of
[x]® [y] by [x] ® [y] itself. Let A be a unital commutative C*-algebra. Then, the
multiplication m : A ® A — A is a C*-algebra homomorphism. Hence, we get a
map at the K-theory level from K(A) ® K;(A) to Ko(A).

Suppose U and V are two commuting unitaries in a C*-algebra B. If A :=
C*(U, V), then A is commutative. Define

PU,V):=Kom)([U]®[V]),

which is an element in Kg(A). By composing with the inclusion map, we can
think of it as an element in Ko(B). From the formula of [Connes 1981] that we
just recalled, the following properties are clear:

(1) If U and V are commuting unitaries in A, and p is a rank-one projection in
J,then we have PUQp+1—-1Q0p,V®p+1-1®p):=PU, V) p.

(2) If U and V are commuting unitaries, and p is a projection that commutes with
Uand V, then P(U,Vp+1—p)=PWUp+1—p,Vp+1—p).

(3) If ¢: A— B is aunital homomorphism, and U and V are commuting unitaries
in A, then Ko(¢) (P(U, V)) = P(pU), (V).

(4) If U is aunitary in A, then P(U, U)=0. Since P;(C) is simply connected, the
matrix h(U, U) is path-connected to a rank-one projection in M»(C). Hence,
PWU,U)=0.

We need the following lemma in the six-term computation. Let z; ® 1 and 1 ® z»
be the generating unitaries of C(T) ® C(T). Then, Ko(C (T?)) is isomorphic to 7?
and is generated by 1 and P(z; ® 1, 1 ® z2).

Lemma 4.1. Consider the exact sequence
0— CMHRIHK—C(MHTt—C(MC(T) —0
and the six-term sequence in K-theory
Ko(C(T) ®K) Ko(C(T) ® 1) — Ko(C(T) @ C(T))

| |

Ki(CMeCM) ~—K(C(M®1) K (C(T) @ %).

The subgroup generated by 5 (P(z1®1, 1®z2)) coincides with the group generated
byz1@p+1—-1Q& p,whichis K1(C(T)®X) =7Z.
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Proof. The Toeplitz map ¢ : T — C(T) induces an isomorphism at the Ko-level.
Thus, by the Kiinneth theorem, it follows that the image of Ko(1®¢) is Ko(C(T))®
Ko(C(T)), which is the subgroup generated by [1]. The inclusion 0 - X — 1
induces the zero map at the K level and hence, again by the Kiinneth theorem, the
inclusion 0 — C(T) ® 5 — C(T) ® t induces the zero map at the K;-level. Thus,
the image of § is K1 (C(T) ® ¥), which completes the proof. (]

Corollary 4.2, Let 0 — [ — A %5 B —> 0 be a short exact sequence of
C*-algebras. Consider the six-term sequence in K-theory

Ko(p)
Ko(I) Ko(A) Ko(B)
of |
K1(B) +— Ki(A) —— K\(D).

Suppose that U and V are two commuting unitaries in B such that there exists a
unitary X and an isometry Y with o(X) =U and ¢(Y) =V. If X and Y commute,
then the subgroup generated by § (P (U, V')) coincides with the subgroup generated
by the unitary X(1 —=YY*)+YY* in K1(I).

Proof. Since C(T) is the universal C*-algebra generated by a unitary, and 7 is
the universal C*-algebra generated by an isometry, there exists homomorphisms
P:C(MRt—>Aand ¥V :C(T)® C(T) — B such that

(1) :=X, P(IR®S):=Y, V(7 D):=U, VY(1Rzn):=V.
We have the commutative diagram

0—CMHRIH —C(MRXTr ——=C(NHKXC(T) ——10

Ie e,

0 I A B 0.

By the functoriality of § and P, it follows that
S(P(U,V)=Ki(®)(6(P(z1®1,1®22))).

By Lemma 4.1, it follows that the subgroup generated by (P (U, V)) is the sub-
group generated by (71 @ p+1—1Qp)in K (/). Notethat ®(z; @ p+1—-1Qp) =
X1 —YY*)+ YY*. This completes the proof. (]

5. K-groups of C(S;"z’k) fork <n

In this section, we compute the K-groups of C (SZ’Z”‘) for 1 <k < n, by applying
the six-term sequence in K-theory to the exact sequence in Proposition 3.7. We
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fix some notation. If ¢ is a projection in £2(N) then ¢, denotes the projection
gRqR---Qq (r factors) in 22(N"). We define the unitaries U, Vi, ug, vk by

U =111, 2@ pr-1+1-1® 1,2 ® pr-1,
Vi=th ®@ppa2®Limi+1 =18 ppr ® 141,
U =1 Qpr2@pi—1+1—-1Q pr_2Q pr_1,
V=0 QPr2@pk-1+1—1® py—2® pr—1-

Note that the operators Uy, Vi, ug, vy lies in the algebra C(S;”Z'k). Indeed,

Uk = 11y Unn—kt1Upy oy ji ) Unn—tr1 + 1= 1y (pn—kr1tty ,gi1)
Vie= 1y up—ratgy_y ) g0+ 1= 1y (a1 11,y ),
wi = 11y Uk 1y jy 1 Un—1,1Up 1 1) Unn—ty1 + 1
— Ly Uk 1ty 1 Un—1,1Uy 1.1,
Uk = 11y (U n—k1 Uy 1 Un—1, 18—y DUp—1,1+ 1

* *
— Ly (ke 11y, g Un—1,105 1)

Note that the unitaries U,, u, and v, lie in the algebra C(S;”Z’"). We start with the
computation of the K-groups of C (Sg'z’l).

Lemma 5.1. The K-groups KO(C(S;”ZJ)) and K1(C(Sg~2’1)) are both isomorphic
to 7%. In fact, [U1] and [V}] form a Z-basis for Kl(C(SZ'z’l)), while [1] and
P(uy, vy) form a Z-basis for KO(C(Sg,z,l))_

Proof. First, note that C(Sg’z’l) is generated by 11 ® 1,2 and 1 @ 7, _, , (Un—1,;)
for 1 < j <n—1. The C*-algebra generated by {r,®m, , , (up—1,;): 1 <j<n—1}
is isomorphic to C(Sé"”). Hence, C(Sg'Z’l) is isomorphic to C(T) ® C(Sq2"*3).
Also, Ko(C(57"7%) and K (C(S}"~?)) are both isomorphic to Z, with [1] gener-
ating KO(C(S§”_3)), and [H ® pr—2+1—1® p,_»] generating K (C(S;”_3)).

Now, by the Kiinneth theorem for the tensor product of C*-algebras (see [Black-
adar 1986]), it follows that C (S;”Z’l) has both K and K isomorphic to 72, with
[U1] and [V;] generating K1(C(S;”2'1)), and [1] and

Phi®ly 2, Q@ pro2t+1—1Qp,_2)

generating Ko(C(S)>")). The projection 1® py—2 = 11} (Xw,_p, Un—1,105_; ) i
in C(SZ’Z’I) and commutes with the unitaries 1; ® 1,, > and L Q@ p, 2+ 1—1® p,_».
Hence,

Pti®ly2,0@pr—2+1-1Q pp—2) = P(uy, vy).
This completes the proof. ]
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Proposition 5.2. Let 1 < k < n. The K-groups Ko(C(S}**)) and K{(C(S)-*"))
are both isomorphic to 72 and, in particular, [Uy] and [Vy] form a Z-basis for
K1(C(Sp25)), while [1] and P (ux, vi) form a Z-basis for Ko(C(Sj*)).

Proof. We prove this result by induction on k. The case k =1 is just Lemma 5.1.
Assume the result to be true for k. From Proposition 3.7, we have the short exact
sequence

0— C(SH*H @UPH — C(sprth 25 o5 — 0,
which gives rise to the following six-term sequence in K-theory:

Ko(ok+1)
—_—

Ko(C(Sy*H @A) —— Ko(C(S321) Ko(C(S22h))

| |

Ki(C(S)) < Ki(C(S)2HH) < Ki(C (82 @995,

To compute the six-term sequence, we determine § and d. Since 041 (Vi4+1) = Vi,
it follows that 9 ([ Vi ]) =0. Since C(S;”z*k“) contains the algebra C(Sg’z’ D @A @k,
it follows that the operator

X=t1®1,20¢"®¢"®...q" @5*

(k—1) times

is in the algebra C (SZ’Z’I); indeed, the difference X — xu,,, (tn,n—k+1) lies in the
ideal C(S3>") @ H®X. Let

X=X X)X 4+1—11(X* X).
Then, X is an isometry such that o4 (X) = Uy and hence
AU =[1-X"X]—[1-XX"].

Thus, 0([Ux]) =—[1®1,,—2® pr]. The image of d is the subgroup of KO(C(S3'2’1)®
KBk generated by [1 ® 1,_» ® pi], while its kernel is [V].
Next, we compute 8. Since ox1(1) = 1, it follows that §([1]) = 0. Let

Y i=(1®p, 210101, 2@ 1 @DX+1-1@p, 2@ pi1 ®1.

Since 1 ® pp—2 ® 1 = 11y (X (U}, _; un—1,1)) and 1 ®@ 1,2 @ py—1 = 1y (X*X),
it follows that Y € C(S->**1). Also,

Y=11Qpr2@pi- 1S " +1—-1Qp, 2@ pr_1 ® 1.
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Note that Y is an isometry such that o341(Y) = ug. One has oy (Vg+1) = V.
Observe that Y and vg4; commute. By Lemma 4.1, it follows that the image of §
is the subgroup generated by [vg (1 =YY" )+ YY*|=[ViQ@ pr + 1 —1Q pr].
This computation with the six-term sequence implies that Ky(C (S;”2*k+1)) is
isomorphic to 7? and is generated by P(uy, v1) ® pr = P(ug, vx) and [1]. Also,
the group K (C (S;”Q’k“)) is isomorphic to Z? and is generated by [Viy1] and
[U; ® pr + 1 — 1 ® pr] = [Uk+1]. This completes the proof. (|

6. K-groups of C(S,'I"Z)

In this section, we compute the K-groups of C (SZ'Z). We start with a few obser-
vations.

Lemma 6.1. In the permutation group S,, one has w,_21Wp—11 = Op—1,1Wn—12-

Proof. First, note that s;s; 15, = s;+15;5;+1, and s;s; = s;s; if |i — j| > 2. Hence,
Wp—1k®n—1,1 = Op—1,k+1®n—1,15k+1- The result follows by induction on k. O

We denote the representation X, , ;* 7w, ,, bY Xw,. Since w,_11w,—12 1s a
reduced expression for w,, the representations x,, and y,, are equivalent. Let U
be a unitary such that U x,, (-) U" = o, (-). It is clear that

X0, (C(SPN CCAM @T T,
Let 6, denote the restriction of 1 ® o ® 12?2 to X, (C (S;”z)). Since
On(Xaw, i) = Xan_; WMij),
we have the commutative diagram

Xan (C(SI2)

x gn

C(SZ’Z’n_l)

U )u*

Fan (C(SI)).

Lemma 6.2. There exists a coisometry X € X, (C(S;"z)) such that ,(X) =V,
and X* X =1 — 1{1y(Xw, (U u,))).

Proof. From the commutative diagram above, it is enough to show that there exists
a coisometry X € x,, (C (S;’z)) such that

0n(X)=V,o1 and X X =1—10y(Xe, Wy u,))-
Note that

Xeow Uy Uy g — Cunu,) =1010¢"" ¢V ®...¢*" ®1,,.

(n—2) times
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Hence the projection 1 ® 1 ® py—2 ® 1,2 = 111} (Xw, Uy g g — qzujlun]))
is in the algebra X, (C(S;”z)). Nowlet Y :=(1®1® pr2 ® 1,-2) X, tn-1.1)-

Then,
Y =1 ®\/1—c]72N+ZS®Pn—2 ®1,-2.

Hence, the operator Z := 1, ® S ® pn—2 ® 1,_2 is in the algebra x,, (C(S;”z)).
Now, let X:=Z+1-27* Then, Xisa coisometry such that o, (g) =V,_1 and
X*X =1—1Q® pp_1 ® 1,2, which is 1 — 1(1)(X., (* u,1)). This completes the
proof. U

Observe that the operator

Z=01®1,.19¢"®¢"®...q4" ®5*

(n—2) times

lies in the algebra C(S*"), since the difference Z — o, (in,2) lies in the ideal
C(SI2N@U®M =D Let Z :=1()(Z*Z) Z and Y, := Z + 1 — Z*Z. Then,

(6-1) Z,=11®1, 2®@p,2®S",

(6-2) Y, =111, 2@pr2®5 +1-101, 2@ p,2Q1.

Hence, Y is an isometry and Y Y* =1 — 1{1)(Xw, (u};;u,1)). If X is a coisometry in
C(S;”z’”) such that 0,,(X) = v,—1 and X*X :=1 — 1{1}(Xw, (4} un1)), then XY is
a unitary. (The existence of such an X was shown in Lemma 6.2.)

Proposition 6.3. The K-groups Ko(C (S;’*z) and K,(C (S;”z) are both isomorphic
to 72. In particular,

(1) the projections [1] and P (u,, v,) generate KO(C(SZ’Z));

(2) the unitaries U, and XY, generate K (C(SZ’Z)), where X is a coisometry in
C(SZ’Z) such that 0,(X) =V, and X*X =1 — 1y1y(u)un1), while Y, is as
in (6-2)

Proof. By Proposition 3.7, we have the exact sequence
0— C(SP2H @A) — C(s2m) 2> O — 0,
which gives rise to the six-term sequence in K-theory

Ko(C(S121) @ H®"~1) ——= Ko(C(Sm21) — 2o Ko(C(S124))

| |

Ky(C(sp>" 1) K1(C(S1:21) <——— Ky(C(S21) @ 1),

Ki(on)
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Now, we evaluate 0 and § to compute the six-term sequence. Since [U,_1] and
[Va—1] generate K1(C(S;"2’”*1)), it follows that [U,—] and [V,,—1U,—_] gener-
ate Kl(C(SZ’z’"_l)). As XY, is a unitary with 0,(XY,) = V,_1U,—1, it follows
that 0([V,,—1U,—1]) = 0. Next, Y, is an isometry with o0,(Y,) = U,—;. Hence
O([Up1) =[1=-Y*Y]—[1=YY*]. Thus, 9([Uy—1]) = —[1® 1,2 ® pu—1].

Now, we compute §. Since 0,(1) = 1, it follows that §([1]) = 0. One observes
that p, > ® $S*m,,_, ,(u;1) =0if j > 1. Hence,

Zn X, (Un—1.1) = 1112 ® Pr—2 ® pp—2 @ /1 — g*N*2,

where Z, is as defined in (6-1). The operator R, :=t1t) ® py—2 ® pp—2 ® 1 lies
in the algebra C(S;”z’”), since the difference R, — Z, X, (4n—1,1) lies in the ideal
C(T?) @ #®2"=3) Hence, the projection 1 ® p,_>» ® pp—2» ® 1 lies in the algebra
C(S:I”z’”). Now, define

Sn = Rn+1_RnR:;a
T =(0®pr2®pp2@DZ,+1-1Q@p,2®@pr2®1.

Then, S, is a unitary and 7, is an isometry such that 0,(S,) = u,_1v,—1 and
0,(T,) = u,_1. Moreover, S, and 7, commute. Note that P(u,_1, v,—1) =
P(uy—1,up—1v,—1). By Lemma 4.1, the image of § is the subgroup generated
by S,(1 =T, T;))+ T, T; in K1 (C(Sp->") @ #®"=D). Now,

S (A=T,TH+T, T, =ti @ Pr—2@Pu—1+1 = 1@ pr_2® pu_1.

Since 1 ® p,— is trivial in Ko(C(S"~?)), the unitary #) ® pp2+1—1® p,_2 is
trivial in K (C(S;">")) = K1(C(M®C(S7*?)). One has [S, (1T, T,/)+ T, T, 1=
Vi ® pu—1 +1—=1® pailin K1 (C(Sp>") @ H=CD).

This computation, with the exactness of the six-term sequence, completes the
proof. ]

7. K-groups of quantum SU(3)

In this section, we show that when n = 3 the unitary X Y, in Proposition 6.3 can
be replaced by the fundamental 3 x3 matrix (u;;) of C(SU,(3)). First, note that
for n = 3 we have C(S;"2) = C(SU,4(3)), since C(SU,(1)) = C. The embed-
ding SU, (1) € SU,(3) is given by the counit. The quotient C(SU,(3)/SU, (1))
becomes isomorphic with C(SU,(3)). In [Sheu 1997], the algebra C(S;->') is
denoted C(U,(2)). Then, C(U,(2)) = C(T)® C(SU,(2)). Letev; : C(T) — C be
the evaluation at the point 1. Then, ¢ = (ev| ®1) 0203, where ¢ : C(SU,(3)) —
C(SU,(2)) is the subgroup homomorphism defined in (2-1).

Proposition 7.1. The K-group K(C(SU,(3)) is isomorphic to 72, generated by
the unitary U3 :=1t; @ p® p+1—1Q p ® p and the fundamental unitary U = (u;;)
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Proof. By Proposition 6.3, we know that K;(C(SU,(3)) is isomorphic to Z? and
generated by [U3] and [XY3], where X is a coisometry such that o3(X) = V; and
X*X =1-1{1y(Xw; (u3,u31)). Observe that p(X) =,® p+1—1® p and p(¥3) =1.
Hence, p(XY3) =6, ® p+1—1® p. Also note that

0
¢(U3) =0 and co(U)=[’g J,

where u denote the fundamental unitary of C(SU,(2)). Since K;(C(SU,(2)) is
isomorphic to Z, the proof is complete if we show thatr, @ p+1—1® p and [u]
represent the same element in K(C(SU,(2)); we do this in the next lemma. [

Denote by u, the 2x2 fundamental unitary u = (u;;) of C(SU,(2)). Consider
the representation x,, : C(SU,(2)) — B(£*(Z) ® £*(N)). We let the unitary 7 act
on ¢%(Z) as the right shift, that is, te, = e,+1. Let {e,m : n € Z, m € N} be the
standard orthonormal basis for the Hilbert space ¢2(Z) ® £>(N). For an integer
k, denote by P; the orthogonal projection onto the closed subspace spanned by
{en.m :n+m <k}, and set Fy :=2P; — 1. Note that Fy is a selfadjoint unitary.

Proposition 7.2. For any integer k, the triple (x,, £*(Z) ® ¢*(N), Fy) is an odd
Fredholm module for C(SU,(2)), and we have the pairing

Q) tp+1—-1Qp, Fr)y=—1, wherep=1—-S8*S.

Proof. 1t is not difficult to show that C(SU,(2)) is generated by t ® S and 1 ® p.
Now, one can see that [t® S, Pr]=0and [t® p, Pi]is a finite-rank operator. Hence,
the triple (xy,, £2(Z)®¢(N), Fy) is an odd Fredholm module for C(SU,(2)). Since
C(SU,(2)) is generated by r ® S and ¢ ® p, it follows that u, € C(SU,(2)) for
every p > 0. Also, as p — 0, u, approaches u in norm, where u is given by

L._(1®S 0
T \U®p st

Hence, [uy] = [u] in K1(C(SU,(2))). It is now easy to check that ([u], Fi) = —1
and ([ ® p+ 1 —1® pl, Fr) = —1. This completes the proof. O
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A CLASS OF IRREDUCIBLE INTEGRABLE MODULES FOR
THE EXTENDED BABY TKK ALGEBRA

XUEWU CHANG AND SHAOBIN TAN

The baby TKK algebra is a core of the extended affine Lie algebra of type A
over a semilattice in R2. In this paper, we classify the irreducible integrable
weight modules for the extended baby TKK algebra under the assumption
that its center acts nontrivially.

1. Introduction

Extended affine Lie algebras (EALAs) were first introduced in [Hgegh-Krohn and
Torrésani 1990] and studied systematically in [Allison et al. 1997; Berman et al.
1996]. They are natural generalizations of finite-dimensional simple Lie algebras
and affine Kac—-Moody algebras. There are many examples of EALAs, such as
toroidal algebras and TKK algebras [Moody et al. 1990; Mao and Tan 2007a;
2007b; Eswara Rao 2004; Tan 1999]. In [Eswara Rao 2004], the author studied
the irreducible integrable weight modules of toroidal algebras.

The baby TKK algebra @(}(S)) is the universal central extension of G($(S))
obtained by the Tits—Kantor—Koecher construction. Its vertex operator representa-
tion and quantum analogue were studied in [Tan 1999; Gao and Jing 2010].

We recall this construction [Allison et al. 1997; Tan 1999]: Let ¢; = (1, 0) and
e> = (0, 1) be the unit elements in the lattice Z2. Let S; for 0 <i < 3 be the cosets
of 277 in Z* defined by

(1-1)  So=27% Si=e+27% S=er+27% Si=e;+er+277%
Let S = SoUS; US,. For o € S, let x° be a symbol. Then we obtain a Jordan
algebra $(S) = @, g Cx? with multiplication

(1-2) = X' ifr,seSouUS;and 0 <i <2,
0 otherwise.

Let L¢(s) be the set of multiplication operators of $(S) and
Inder(§(5)) = [Ly(s), Ly(s)] = spanc{[La, Ly] : a, b € F(S)}

Supported by the National Natural Science Foundation of China (No. 10931006).
MSC2010: primary 17BXX; secondary 17B60, 17B67.
Keywords: Integrable module, EALA, TKK algebra, Jordan algebra.
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where [L,, Lp] is an inner derivation of the Jordan algebra $(S). Let s[,(C) be the
3-dimensional simple Lie algebra. We use x1, x_ and «” to denote the Chevalley
basis of sl (C) with relations

(1-3) [xi1,x_]=a" and [o', xi]=2H2x..

Define a Lie algebra 4($($)) = (s (C) ® $(S)) ®Inder($(S)) with multiplication
[ARx",BRx*]1=[A, Bl®x"x* +2tr(AB)[L,r, Lys],
[D,A®x"]=A® Dx",

[D» [Lyr, Lx‘]] = [Lpxr, Lxs]+[Lxr, Lpxs],

for A, B € s[5(C), x", x* € $(S), and D € Inder($(S)). The Lie algebra 4($(S))

is a perfect Lie algebra. Its universal central extension %($(S)) is called the baby

TKK algebra.

Let ($(S), $(S)) be the quotient space ($(S)®$(S))/I, where I is the subspace
of $(S) ® $(S) spanned by all vectors of the form

a®b+b®a or abQc+bcRQa+ca®b

for a, b, c € $(S). We will use (a, b) to denote the elementa ® b+ I in ($(S) ®
$(S))/I. In [Tan 1999], the baby TKK algebra 4($(S)) is realized as the vector
space

(1-4) 4($(5)) = (sL(C) ® F($)) B ($(S). F(5)),
with the Lie bracket given by
[AQa, B&b]=[A, Bl®ab+2tr(AB)({a, b),
(1-5) [{a,b), AQcl=A®][Lq4, Lp]c,
[(a, b), (¢, d)] =([La, Lylc,d)+(c, [La, Lp1d),
fora, b, c,d e $(S)and A, B esl(C). A vertex operator representation of@(}(S))

was given in [Tan 1999] on a mixed bosonic-fermionic Fock space.

Let dy, d» be the derivations on the baby TKK algebra @(}(S)) given by
[di, A®x7]=(0-e))A®x",
(1-6) o T o T
[di7 <-x , X >]=((G+T)el)<x , X >,

foro,t € S, A €esh(C), i,j =1,2, where a - b denotes the inner product of
a,b e R
The extended baby TKK algebra & is defined to be

(1-7) L =%($(S)) ®Cd, ® Cds.
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The center of & is two-dimensional, denoted by CC; B CC,, where Cy = (x¢, x~°1)
and Cr = (x2, x ).

In this paper, we study the irreducible integrable weight modules of the extended
baby TKK algebra & such that C; acts nonzero while C; acts as zero. We identify
50, (C) with the subalgebra sl,(C) ® 1 of £. Then, & has a five-dimensional Cartan
subalgebra Ca¥ & CC| @ CCy & Cd; & Cd,. Let A be the root system of & with
respect to this Cartan subalgebra. In Section 2, we will decompose A into A =
A_ U ApU A, and, correspondingly, have a “triangular decomposition” of the
extended baby TKK algebra &£,

(1-8) E=L(A) D L(A) ®L(AL),

where £(Ay) = @ﬂeAi £p and L(Ag) = @ﬁer %g, where £ denotes the root
space for 8 € A. By a highest-weight module we mean a weight module generated
by a weight vector that is annihilated by £(A ). We show that any irreducible
integrable module V for & with the actions of C; > 0 and C, = 0 is a highest-
weight module, and we also determine the conditions for a highest weight module
to be integrable.

The paper is organized as follows: In Section 2, we recall some results on the
structure of the extended baby TKK algebra &, and give the definition of inte-
grable modules of &£. We close the section with a lemma about the properties of
irreducible integrable modules of &. In Section 3, we study the highest-weight
modules of &. Let ¥ = CAQ(gé(S)) @ Cd, be a subalgebra of . We define irreducible
highest-weight modules, denoted by V (¥) and L(y), for the Lie algebras & and
%, respectively. We show that the integrability of the £-module V () is equivalent
to the integrability of the H{-module L (). Then, we investigate the conditions for
the H-module L () to be integrable. In Section 4, we prove that every irreducible
integrable module of & with the actions of C; > 0 and C, = 0 is isomorphic to a
highest-weight module V (1) constructed in Section 3.

We denote by Z, N, Z, R, C the sets of integers, nonnegative integers, positive
integers, real numbers, and complex numbers, respectively. U (g) stands for the
universal enveloping algebra of a Lie algebra g. All algebras are over C.

2. Basic concepts

We recall the structure of & and its root system. Following [Tan 1999], we define
x+®x° ifoes,

0 ifo € 83,

o’ ®x° ifoels,

2(xer, x°~¢) ifo € 83,

x+(0) =xx(m,n) = {

a'(o)=a"(m,n) = !
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and
E," o —e; f S’
Cio) = Ci(m, my = | 27 o€
0 if o &8,
wherei =1,2, m,n € Z and o = (m, n). We also define
0 if‘L’ESQ,
Q(t):=13-1 ifrtes,
1 ifteds,

for T € S. The sets Sy, Si1, S, S3 and S were defined in (1-1).

Proposition 2.1 [Tan 1999]. The universal central extension ‘:@(}(S)) of 4($(9))
is spanned by the elements {x4+(c), ' (v), Ci(p)}, fori =1,2, 6 € S, 1 € 7> =
Zey + Zey, and p € Sy, and satisfies the following relations:

(R1) Foro,t €S,

[x+(0), x+(7)] =0,
Qt)a'(o+1) if o+t ¢S,

@' (0+1)+2> (0-¢)Ci(c+1) if o+TES.
i=1,2

[x+(0), x_(v)] = {

(R2) Foro €72, t €S,

+2x4 (0 + 1) if oes,

[a’(0), x£(T)] = { .
2Q(t)xx(c+1) if o &8S.

(R3) Foro, 1 €72,

2Q(t)a’ (o + 1) ifogS, tes,
—4> (0-¢)Ci(c+1) if 0,T &S,
CHCRUCIES Sy
4% (0-¢))Ci(c+71) ifo,teSand o+t €S,
i=1,2
2Q(T)a’ (o0 + 1) ifo,teSand o+t ¢8S.

(R4) C;(o) are central for o € Sy and i =1, 2, and satisfy
(0-e1)C1(0) + (0 -€2) C2(0) = 0. .
Remark 2.2. We set hy = Ca¥ (0, 0) = Ca” and the Cartan subalgebra
h=ho®CC1 @ CCr, & Cd; ®Cd>

of the baby TKK algebra & = ‘AQ(}(S)) @ Cdy & Cd,. The center %(¥) of & is
CC1 @ CCs.
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Remark 2.3. & contains as a subalgebra the affine Kac—-Moody algebra

shh(C) = (sh(©) @ (¥ Cx")) & CC @ Cd,.
neZ

Definition 2.4. A module M over ¥ is called a weight module if
M= M,,
reh*
where M, ={ve M :h.v=A(h)v forall h € h}. The set P(M) = {A € bh* :
M, # 0} is called the weight set of M. For A € P(M), M, is called a weight space
associated to A.

Lemma 2.5. If M is any irreducible weight module over &, then the actions of C|
and C, are constant. O

From this lemma, we see that, for any irreducible weight module M over &, the
actions of C; and C; are always linearly dependent. Due to this, in this paper we
will consider modules with the actions of C| nonzero and C, = 0.

Define the elements «, §; and w; in h* (i =1, 2) by

a(@)=2, a(d;)=a(C;)=0,

§i(@) =0, &i(dj) =4, &(Cj)=0,

wi(e) =0, wid;)=0, w;(Cj)=34j,
for j =1, 2. Define also

AR = {da + 1181 + 128y : (n1, n2) € S},
A™ = (0181 4+ 128 : (n1, na) € 7%},
A = ARCUAIM,

The elements in AR® and A™ are called real and imaginary (or isotropic) roots,
respectively. Then, &£ has a root space decomposition

=D,
BeEA

where £g ={x € £:[h, x] = B(h)x forall h € h} and £y =bh.
Define the coroot y¥ = +a” +2n,C14+2n,C, for y = a+n6; +ny8; € ARe.
and define the reflection r, on h* by setting

ry()=r—A(y)y.

Let W be the subgroup of GL(H*) generated by {r, : y € AR®}. We call W the Weyl
group of . One can read more about the structure of W in [Azam 1999].
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Set

Ay =+ N8 +Z8) U (—a +Z1.8 + Z8) U(Z 481 + Z8)) N A,
A= ((a—Z8 +Z8) U (—a —N§ + Z8,) U (—Z1.81 + Z82)) N A,
Ao =175,.

Correspondingly, set

F(Ay) = @ i,:p/g, P(A) = @ (EBIB, F(Ag) = @ i,:p/g.
BeA BeA_ Belo

Then, one has A = A_UAqUA; and £ =L(A_) D L(Ao) ®L(AL).
Remark 2.6. The three subspaces £(A+) and £(Ap) are all Lie subalgebras of &£.
Definition 2.7. A module M for ¥ is said to be integrable if

(1) M is a weight module,
(2) each weight space of M is finite-dimensional,

(3) for any B € AR, x € ¥p and v € M, there exists some k € Z such that
xK v =0 that is, x acts locally nilpotent on M.

Lemma 2.8. If M is an irreducible integrable module for &, then

(1) the weight set P(M) is W-invariant,

(2) dim M, =dim M, for all . € P(M) and w € W,

(3) for any real root y and weight A € P(M), M(y") € Z;

@) ifyisreal, . € P(M) and A(y") > 0, then A —y € P(M);

(5) fori =1,2, the action of 2C; on M is a constant integer.

Proof. Without loss of generality, we take a real root y = o +n181 + ny8, and set
o =nje;+nzes. Letsh(y) =spanc{x; (o), x_(—0), y'=a"+2n1C1+2n,C2},
which is isomorphic to s[> (C). Set s, =exp(x_(—0))-exp(—x4.(0))-exp(x_(—0)).
Then, s, is well-defined on M. It is easy to check that s, M, C M, ; and, hence,
sy M; = M,.,;. Statements (1) and (2) follow from these observations.

Statement (3): Since x4 (o) and x_(—o) are nilpotent on any nonzero vector
v € M,, by the representation theory of sl,(C) one sees that A(y") is an integer.

Statement (4): For any vy, € M, W = U(slp(y))v, is finite dimensional. As
a (slr(y) + h)-module, the weights of W are A — py, ..., A +qy, where p, g are
nonnegative integers, and p — g = A(y"). Now, if A(y") > 0, then p > 0 and,
hence, A —y € P(M).

Statement (5) follows from (3) and Lemma 2.5. U
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3. The highest- and lowest-weight modules

We define highest-weight and lowest-weight modules over &, and construct a class
of irreducible highest-weight modules V () for & so that 2C; acts as a positive
integer and C, acts as zero. Then, we investigate sufficient conditions for V(lﬁ) to
be integrable.

Definition 3.1. A module M over & is called a highest- (respectively, lowest-)
weight module, if there exists some 0 # v € M such that

(1) v is a weight vector; that is, for all & € h, we have h . v = A(h)v for some
reb’

(2) L(A4).v =0 (respectively, Z(A_) .v =0);

B UE).v=M.

Let H = spanc{a’(0), C1(20), Ca,d; : 0 € Zes} and ¥ be a linear functional
on H satisfying ¥ (Cy) # 0 and ¢ (C,) = 0. Note that £(Ag) = H & Cd, and
that H/CC, is abelian. Let C[t, '] be the Laurent polynomial ring. Define an
associative algebra homomorphism ¥ by
e ¥ UH)— Clt,17'],

Xi...Xe = U(X1) ... (Xp) ™ tmie

where X; is homogeneous in H and [dy, X;] =m; X; for 1 <i <k.
Denote by A, the image of ¥ in C[t, t~']. Since £(Ao) is Z-graded with respect
to d», we have a £(Ag)-module structure on A,’p defined, for X € H, by
X.t"=y¢X)t" and do.t" =nt".

Lemma 3.2 [Rao 1995]. The £(Ag)-module A¢ defined by (3-1) is irreducible if
and only if each homogeneous element of Ay, is invertible in A . (I

Let ¢ be given by (3-1) such that Axﬁ is irreducible as an £(Ag)-module, and
let £(A4) act trivially on A ;. Consider the following induced module for &£:
M) =U(&D) By apona,) Ai-

Let 1o be the restriction of ¥ on h; = hod CC; b CC, b Cd;. We extend ¥y to a
linear functional (still denoted by ) on f by setting ¥o(d>) = 0.

Proposition 3.3. (1) M (V) isa highest-weight module over <.

(2) The weight set P(M(Y)) is a subset of Yo + 78, — spanyA_. Moreover,
x € M () has a weight of form Yo+ nds if and only if x € Ay

(3) M(¥) has a unique irreducible quotient V).
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Proof. (1) Applying the Poincaré—Birkhoff—-Witt (PBW) theorem, we have M (Y)=
U(£(A-))Ay. Noting that 1 = A= Ay and Ay is irreducible as £(Ag)-module,
we see that A; = U(£(A0))1°. Hence, M () = U(L(A)) U(L(Ap)) (1®1°) =
U(%) (1 ®1°). It follows that M (1}) is a highest-weight module over .

(2) This is clear.

(3) Let W, and W, be two nonzero proper submodules of M (y). Since Ay is
irreducible as £(A()-module, it follows that A‘; NW; =0fori=1,2. Now, we
check that (W; + W2) N Ay = {0}, that is, Wi + W, is still a proper submodule
of M(¥). If (W) + W>) N Alﬁ # {0}, we may write a weight vector x € A@ as
x =y1 + y; for some y; € W; fori =1, 2. By (2), we can assume that the weight
of x is Yy + nd, for some n € Z. Then, in at least one of Wi and W, there exists
a weight vector of weight ¥y 4+ nd,, which is again impossible by (2). If M is
the sum of all proper submodules of M (Y), then V() = M () /M is the unique
irreducible quotient. O

In the rest of this section, we investigate the conditions for V (1) to be integrable.
We will show in next section that any irreducible integrable module of & with the
actions C; > 0 and C, = 0 is isomorphic to V (1) for some .

Let X =%($(S)) ®Cd, be a subalgebra of £. Then, K =FL(A_)DHDL(AL).
Definition 3.4. A J-module W is called a highest-weight module if there exists a
nonzero vector v € W such that

1) L(AL).v=0,
QU .v=W,
(3) there exists some ¢ € H* with ¥ (C2) =0such that h.v=vy (h)vforall hin H.

Let ¢ be in H* with ¢ (C2) = 0. We view C as a one-dimensional H @ £(A)-
module, on which A acts as the scalar ¢ (h) for h € H, and £(A,) acts trivially.
Consider the induced module for ¥,

W) =U) Quowna,y T

Clearly, W (¥) has a unique irreducible quotient denoted by L (), with the highest
weight vector v =1® 1.

Consider any ¥ defined by (3-1) such that Ay is an irreducible £(Ao)-module.
Define a linear map X : A; — C by evaluating the polynomials at 1. In other
words, X(f(¢))= f(1) forall f(¢) € AI;. If ¥ =Xo(¥|y), then we get the L ()
defined above. One can easily check that the following action gives an £-module
structure on the vector space L(y) ® Clt, 1

(3-2) X.@at"=X.a)@t"™ and dr.(@®@t™)=ma@t"
for X € ¥ satisfying [dp, X]=nX, a € L({¥), and m € Z.
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Theorem 3.5. IfAJ, is irreducible as an L(Ag)-module, then L(¥) @ C[t, 1]
is completely reducible as an $-module, and the component containing v ® 1 is
isomorphic to V() as an L-module.

Proof. First, note that Aj = C[#V, t=N] for some nonnegative integer N. Take
G={0,1,...,N=1}if N>1,or G =7 if N =0. We will show that

L) ®Clt,17'1= D UDH e,
neG
and that each U (¥£) (v ® ") is irreducible as an £-module.

If w®t™ e L(Y)RC[t, t~'], then there exists some X € U () such that Xv=w
in L(y). Write X =) X,,, where [d», X,,]=nX,. Wehave ), X,,.(v®t" ") =
w ® ™, which implies that L(y) @ C[t, 171 = Yoz U (v 1M).

For 1" € Aj, we have V(X')=1t" for some X’ € U(H), and then X' . (v®1™) =
v® 1™ Hence, U(L)(v®@1t™) =U(¥) (v®t™") and

(3-3) L) Clt,t =Y U@ @wet.
neG

Next, we prove that U (£) (v ® ') is irreducible as an £-module when m € G.
Let W be a nonzero ¥-submodule of U (¥) (v ® t™). Consider the linear map

7:W—L{), wet"—w.

It is clear that v is a homomorphism of J-modules. Since L(y) is irreducible
as a J-module, 7 has to be surjective. Using the fact that W is Z-graded with
respect to da, it follows that W contains v ® t" for some integer n. Clearly, v ®1" €
U(&)(v®1t™) implies that v ® t" € U(L(Ap)) (v ® t™). Then, there exists some
Y € U(H) such that Y (v ® t"") = v @ ", which means that Y (Y) = """ € Alﬁ-
Choose Z € U(H) such that ¥ (Z) =¢"". Then, v®1™ = Z(v®t") € W and hence
W=U(&)(v®t™), as required. From the above, we see that vt € U(¥) (vRt")
if and only if m —n € G (mod N). Therefore,

(3-4) L) ®Clt,t = PUE)(v@1").

neG

Finally, the assertion that “the component containing v ® 1 is isomorphic to
V(¥) as an £-module” is clear. O

Proposition 3.6. If \/ is defined by (3-1) and such that dim Ay =1, then at least
one of the weight spaces of V () is infinite-dimensional.

Proof. Since dim A =1, we have that C;v # 0 and C;(0, 2m)v =0 for all m #0.
First, we show that o (—2, 2m)v # 0 in L(y) for all m € Z. Otherwise, we assume
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that o’ (—2,2m)v = 0 for some n € Z. Then,
0=a’'(2, —2m)a’(=2,2m)v = [a' (2, —2m), a’ (=2, 2m)]v = 8 Cyv,

which is a contradiction.
We complete the proof by showing that the set

{a"(=2,2m)a’ (=2, —2m)(v® 1) :m > 0}
is linearly independent in V (/). Otherwise, we may assume that we have a relation

Y by’ (=2,2m)a’ (=2, —2m)(v®1) =0

with some b, # 0. Under the action of «"(2, 2s), we obtain

> by (@ (=2, —2m) C1(0, 2(m +5)) +a” (—2, 2m) C1(0, 2(~m+5))) (v 1) =0.

For any element s € {m : b,, # 0}, we deduce that by = 0 —a contradiction. U

Proposition 3.7. Let \ be defined by (3-1) and such that Ay is an irreducible
F(Ay)-module with dim A‘; > 1. Then, V () has finite-dimensional weight spaces
with respect to by if and only if L({) has finite-dimensional weight spaces with
respect to by.

Proof. Suppose that V (1) has finite-dimensional weight spaces with respect to b;.
Then, L(y) ® C[t, t~'] has finite-dimensional weight spaces with respect to h. By
Theorem 3.5, we see that V () has finite-dimensional weight spaces with respect
to h.

Suppose now that V () has finite-dimensional weight spaces with respect to b,
and consider the ¥-module homomorphism

¢ L) ®C[t, ' — L),

(3-5)
wRt" = w,

where w € L(Y) and n € Z. For k € Z, let £ be the restriction of ¢ to L(y) ® k.
Then, ¢ is a J-module isomorphism. If L (1) has a weight space L (1), satisfying
dim L(yr), = oo, then {k_] (L(Y)y) = (L(¥) ® t¥), is infinite-dimensional. Note
that G is a finite set. Therefore, there is at least one n € G such that the weight
space (U(£L) (v ® 1))y of U(¥) (v ® ") is infinite dimensional, where v'|p, = v
and v/(d,) = k. This is a contradiction. U

Now, we investigate the conditions for L(i) to be integrable.

Theorem 3.8. Let Ay, ..., Ax; — 41, ..., —; be nonnegative integers, and take
two sets of nonzero distinct complex numbers, {ay, ..., ai} and {by, ..., b;}.
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If ¥ : H— Cis a linear map such that

k
(3-6) (e’ (0,m)) = Lia",
i=1
1
(3-7) Y (a’ (0, 2m) —2C1(0,2m)) = Y w;b",
i=1
(3-8) ¥ (Cr) =0,

then L(r) is an integrable module for XK.
Conversely, if L() is integrable (with ¥ (C>) = 0) for I, then  has to be
defined as above.

Before proving Theorem 3.8, we present several results which we will use later.

Lemma 3.9. The Lie subalgebra £ (A ) is generated by the set
(3-9) {x+(0,n), x_(1,2n), x_2,2n+1):n € Z}.
Proof. 1t is straightforward to check. U

For n € Z, we define
(3-10) Xin=x40,n), Xp,=x_(1,2n), X3,=x_(2,2n+1).

Recall that an element X € ¥ is said to be locally nilpotent on L () if, for any
element w € L(), one has X" w =0 when m > 0. For an arbitrary Lie algebra g,
we have the following results:

Proposition 3.10 [Kac 1990]. Let vy, vy, ... be a system of generators of a g-
module V, and let x € g be such that ad x is locally nilpotent on g and x™i (v;) =0
for some positive integers N;,i = 1,2, .... Then x is locally nilpotenton V. [J

Proposition 3.11 [Moody and Pianzola 1995]. Let w : g — gl(V) be a representa-
tion of g on a vector space V. If x € g is such that both ad x and 7 (x) are locally
nilpotent, then, for all y € g,

m((expadx)(y)) = (expw(x)) 7w (y) (expm(x))~". 0

Let €9 = —a + 8;. Then, {«, ap} is a set of simple roots of the affine Kac—
Moody algebra sl (C) = (sL(C) ® (3", ., Cx**1)) @ CC; @ Cd; (see Remark 2.3).
Let Wy be the subgroup of W generated by the reflections associated to o and .
Then, Wy is the Weyl group of ;[2(([:).

Lemma 3.12. If y =d+a+n6; +n38; € AR® s a real root, then there exists some
w € Wy such that w(y) = a+n28; or w(y) = ag+n28,. In any case, w(y) is still
a root in AR®,
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Proof. Denote y' = y — n8,. Since Y’ is a real root of the affine Kac—-Moody
algebra g[z((E), there exists w € Wy such that w (') =« or w(y’) = ay. We see that
w(y") =« (respectively, ap) if n; is even (respectively, odd). Thus, w(y) =a+n,8;
or w(y) = ag +n»8,. In either case, w(y) is a root in AR®, O

Lemma 3.13. Suppose that, for all m € Z, both x(0,,) and x_(t,,) are nilpotent
on the highest-weight vector v in L({), where a,, = —e| + 2me;, and 1,, = mej.
Then, x+ (o) are locally nilpotent on L({) for all o = k1e| + kyes € S.

Proof. Since x4 (0,,) and x_(1,,) are nilpotent on v and locally nilpotent on & under
the adjoint action, they are locally nilpotent on L () by Proposition 3.10. Thus,
L(y) is an integrable module (without the finite-dimensional weight-spaces con-
dition) for the sl (C)-copies {x(—1;), x—(t;n), &'} and {x1(o}), X_(—0p), &’ —
2C1} (we are assuming C = 0).

Let y = o + k161 + k26, be the root of xi (o) for 0 = kje; + kyer. By
Lemma 3.12, there exists some w € Wy such that w(y) = B+ k28, for B € {«, ap}.
Let s, be the inner automorphism of & associated to w, and take Y € £g 4,5, to be
a nonzero root vector. Up to a nonzero constant multiple, we have s, (x1 (o)) =Y.
By Proposition 3.11, we know that x1 (o) are locally nilpotent on L (). U

Consider the loop algebra ;[z((E) =5L(C)®C[t, t~']. Letuy, ..., u, be nonzero
complex numbers and &1, ..., &, (with n > 0) be nonnegative integers. Let B be
the sl (C)-module generated by an element w subject to the relations

n
4 QC[t D). w=0, (@) .w= > Sju?’w, x_-® 1)2_,§j+1 .w =0,
j=1

with m € Z. We have:

Theorem 3.14 [Chari and Pressley 2001]. (1) The QZ(C)-module B (associated
withuy,...,u, and &y, ..., &, withn > 0) is finite-dimensional.

(2) If B’ is any finite-dimensional E:\[z(([:)—module generated by an element w’ such
that dim U (« ® C[t,t~'))w’ = 1, then B’ is a quotient of some module B
constructed as above. U

Lemma 3.15. If ¢ is as in Theorem 3.8, then, for all m € Z, both x,(o,,) and
x_(t,) are nilpotent on the generator v of L({r), where 0,,, = —e| + 2me, and
Ty = meyj.

Proof. As L() is irreducible, it is enough to show that

(3-11) LAY . (x4 (@) Yv=0 and L(A}).(x_ () v =0
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for some N > 0. By Lemma 3.9, £(A) . (x4 (0,))Y v = 0 is equivalent to

(3-12) X1 (x4 (o) v =0,
(3-13) X2, (x4 (@) v =0,
(3-14) X35 (x 4 (o)) v =0.

It is easy to see that (3-12) and (3-14) hold for N > 0. To show (3-13), we set
(3-15) Xp =x4(00), Ypn=x_(—0_), h,=0a"(0,2n)—-2C(0,2n),
for n € Z. Noting that C; =0 on L(v), these vectors satisfy

[xa, Yol =hagp,  [hes Xal =2%cqa,  [he, Yol = —2ypc.

Hence, they form a basis for a loop algebra of type A;. Denote this subalgebra by
G. In W(¥r), we consider the G-submodule generated by v. From Theorem 3.14,
we know that (x,(0,,))Y v belongs to a proper submodule of U(&)v for some
N > 0. Applying the PBW Theorem to W (), we see that (3-13) holds. The
proof that L(A ). (x— (t,,))Nv = 0 is similar and is omitted. O

The following proposition gives the first part of Theorem 3.8.
Proposition 3.16. For  as in Theorem 3.8, L({) is integrable as a X-module.

Proof. By applying Lemmas 3.13 and 3.15, we show that, with respect to , the
weight spaces of L () are finite-dimensional.

Let i1 be the restriction of ¥ on ;. Then, the weight set P(L(y)) is a subset
of Y1 (Z4yap+2Z1a). Consider any weight space L(Y)y,—, withn e Z ag+27a.
From applying the PBW Theorem to L(v/), the vector space L(3)y,—, is spanned
by some vectors of the form

(3-16) X(Br,n) X (B2, n2) ... X (B, mi) v,

where X (8;, n;) is a root vector of £(A_) with root 8; + n;8,, and the §; are
negative affine roots satisfying )~ 8; = —n. For a fixed 7, only finitely many §;
will appear. It suffices to show that, for fixed S, ..., Bk, the vectors of the form
(3-16) span a finite-dimensional vector space.

As a subalgebra of $(S), the subspace I = &, _, Cx*** is isomorphic to the
Laurent polynomial ring C[¢, ~!']. Define

k , k i ) I
p= z(:)eixzez — Hl(xez _aj) and qg= ZE)EZ{XZzez — HI(XZez _ bj).
1= J= = j=

Let s = pg. We use P, Q and S to denote the ideals pJ, ¢J and sJ of J,
respectively. Write s =), €/x'*>. By using the definition of ¥, it is straightforward
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to check the following two identities:

(3-17) V(@' ®S)=0.
l
(3-18) w( > e,’nhm+n> —0 forallneZ (see (3-15)).
m=0

First, we show that, for any negative affine root 8 and all m € Z, we have
Y €'X(B,m+i)v=0, where X (B8, m +1i) is a root vector of L(A_) with root

l
B+ (m +1i)§,. We prove this by induction on the height of —8. When the height
of —B is 1, we need

(3-19) Y€/ (xo@xthe) v =0.
i
(3_20) Z E;/(X+ ®x—€1+(m+i)ez) v=0.
i
Since L(v) is irreducible, this is equivalent to both Y, €/ (x_ ® x™+)e2) v and
Y€/ (xp @ x—atmtDe) 1y being annihilated by £(A4). By Lemma 3.9, it is

enough to check that they are annihilated by X ,, X», and X3, for n € Z. Now,
it is clear that

Xon Y €/ (xo@x™2) v=0 and X3, € (x-®@x"2) v=0.
But, by (3-17) and using that C, =0 on L(¥/),
XY, el-"(x_ ®x(m+i)ez) =o' ® (x"2s).v=0.
i

Similarly, we can prove (3-20). If the height of —f is 2, then ), €/ X (8, m +i)v
is 0, as it is annihilated by X; , for i = 1, 2, 3. Now, we assume that the height
of —f is 3. Then, 8 = —a — & or « — 25;. In case B = —a — &1, one can easily
see that

Xin> e X(B,m+i)v=0 forj=1,2,3.
So, Y ;€' X(B,m~+i)v=0.Incase B =a — 28,
Xiny € X(B,m+iv=0 forj=1,2.
;

Thus, X3, ;€ X (B, m+i)v =0 Dby (3-17) and (3-18). When the height of —f
is greater than 3, consider

Xjn Y€ X(B,m+)v=2¢[Xjn X(B,m+i)].v.
1 l

Clearly, the negative of the height decreases and hence it is zero by induction, as
required.
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For the fixed negative affine roots y1, ..., y; (1 < j <I), we show that
Yo' X(yin) .. . X(yj,n+DXYjp1,nj41) ... Xy, n) v =0,
i

for all integers n, ny, ..., n;, using induction on the height of —(y; 1 +---+ ).
It is clear when B4, ..., B; are 0. Now, since

ZE{/X(Vl,nl) X, n+ D) XY nip) . X () v
l
= ZEf/X(Vl,nl) X+, XY ne0] - X () L
1

+Y X)) Xm0 X (vjon+i) . X (i, n) v,
i

the terms on the right hand side are zero by induction.

Since dim(J/S) < oo, for fixed B, ..., Bk, the vectors of the form (3-16) span
a finite-dimensional vector space. Therefore, we know that the weight spaces of
L () are finite-dimensional. This completes the proof of this proposition. O

The second part of Theorem 3.8 follows from the next proposition.

Proposition 3.17. If L(y) is integrable as a H-module, with the action C, = 0,
then  satisfies the conditions of Theorem 3.8.

Proof. We consider the affine algebra ¥ = sl,(C) ® J & CC,. Denote by V
the irreducible quotient of U (¥)v of €. We claim that dimV < oco. From the
integrability of L (), the set

{x_(0,n).v:ne?Z}

is linearly dependent. So, there exists some nonzero polynomial f = Y, fix'®
suchthat (x_® f)v=0. Set F=fJ. Wehave (x_® F).v=0and («"Q F).v=0.
The first identity follows since

0=a"(0,m)(x-Q fHlv=(x_® fHa’'(0,m)v—2(x_Qx"" f)v

and (0, m) acts on v as a constant. The second identity follows from the first.
It follows that (s, (C)® F ®CC,).v =0, and we show that (slL(C)® FHCC»).
V = 0. In fact, if we define W ={w € V : (s(C) ® F & CC3) . w = 0}, then W
is a nonzero submodule. Hence V = W, since V is irreducible. We deduce that V
is an irreducible integrable module for (s,(C) ® T & CC3)/(sL(C) ® F & CC»).
This implies that dim V < oco. Using Theorem 3.14, we can see that i satisfies the
condition (3-6) of Theorem 3.8. Similarly, we can prove that i satisfies (3-7). UJ

4. The classification theorem

We classify the irreducible integrable modules for the extended baby TKK algebra
& with actions C| # 0 and C, = 0.
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Proposition 4.1. If V is an irreducible integrable module for the extended baby
TKK algebra & such that Cy acts as a positive number and C; acts as zero, then V
is a highest-weight module.

Proof. By Lemma 2.8, we may assume that 2Cy acts on V as a positive integer,
say 2cj.

First, we show that, for any fixed A € P(V), there exists some A" € P(V) such
that A’ + na is not a weight for any positive integer n, and that A'(d;) = A(d;) for
i=1,2.

Let W={weV:dw=Ad)w,i=1,2}. Write Py ={uec P(V):V, CW}hL
Then, for any u € P;, we can write y in the form

w =+ A(d) 8 + A(dr) 62 + crwy,

where (1 = p]p,. Set Py ={ji: € P;}. Since W is an integrable module for the
Lie subalgebra spanc{x+, o'}, with finite-dimensional weight spaces with respect
to ho = Ca", it follows from Weyl’s theorem that W can be decomposed as

W=D V),
neby
where each V(i) is an irreducible finite-dimensional module for spang{x+, o”}
with highest weight . Since V is irreducible, for any two weights w, v in Py, we
have p —v = na for some integer n. Thus, P belongs to either Zo or %oc +Za. Set

w=2xldy)s1 +Ar(dy) 8y +crw; if Pl CZa, or
= La+1d)s1 +r(d2)r +crwr if Py C (1/2)a + Za.

By sl,(C)-theory, we know that & is a common weight of the V (v)-terms that
occurin W = EB\')E*JS V(v). Since V,, is finite-dimensional, P is a finite set. Take
A" € Py so that A'(«”) is maximal. Then, A’ is the required weight.

Recall that {eg = —a + 81, «} is a set of simple roots of the affine Kac—-Moody
Lie algebra

Sh(C) = (5[2(@) ® (2 ij"’l)) ®CC; @ Cd,.

jez
Define a partial order < on h* by setting

A=<upn ifandonlyif A—pu=njag+nyx for some ny,ny € —N.

If A is as above and such that A’ + na is not a weight for any positive integer n,
then A'(«) > 0 by Lemma 2.8. Let IT = {« +mé8; : m > 0} U{—a +mé; : m > 0}
be the set of positive real roots of ;[2((13), and [Ty ={y € IT: A'(y") < 0}. Since
A(Cy) > 0, it follows that IT;/ is a finite set. Using a similar technique as in the
proof of [Chari 1986, Thm 2.4], we get a nonzero weight vector v € Viy 5., p >0,
such that &,5,v =0 for all r > 0, and £gv =0 for all but finitely many roots 8 € I1.
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Using an argument similar to the first paragraph of the proof of [Eswara Rao
2004, Prop 2.8], we obtain a weight u € P (V) such that

(4-1) w+n¢gP(V) forall n £0.

In particular, u + g ¢ P(V) for all g € II.

By Lemma 2.8, we have u(B8"Y) > 0 for all 8 € I1. In particular, u(a) > 0. To
prove that the module V has a highest-weight vector, we divide the argument into
two cases: case 1, for u(a) > 0, and case 2, for u(a) =0.

Case 1: Suppose that u(x) > 0. If u+ B +méd, ¢ P(V) for all integers m such
that B +md, € A, then it is clear that £(Ay).v =0 forany 0 #v € V,,, and we
are done. On the other hand, assume that there exist some 8 € I1 and mg € Z such
that B+ mod2 € Ay and Vygimys, # 0. Let v = + B +mod,. We show that v
is a highest weight. That is, V, 1, 14, = 0 for all y € IT and all k € Z such that
y +k8 € AL. Suppose this is false. Then, V, 1, 145, 7 0 for some y € IT and
ko € Z such that y +kod> € Ay. Let y; = B+ (mo+ko)d>. We divide the argument
into three subcases. In each subcase, we will get a contradiction with (4-1).
Subcase 1.1: Suppose B8,y € {a + mé; :m >0} or B,y € {—a +md; : m > 0}.
We have (B + y)(8Y) > 0 and (B + y)(yY) > 0. If y; is a root in A, then
(v+y +kod2) (") = (u+ B+ y)(BY) > 0, which implies that

uw+y=@w+y+kod)—yi € P(V),

which contradicts (4-1). If y; is not a root, then we take y; —8;, which is obviously
aroot in A. Similar arguments show that u 4+ y 4+ §; € P(V), contradicting (4-1)
again.

Subcase 1.2: Suppose f = o +md; and y = —a +nd; for some m >0 and n > 0.
If y1 € Ay, then we have (u+ B+ y + (mo + ko)82) (") = u(B”) > 0, which
implies that

w+y =W+ B+y+(mo+kop)d) — (B+ (mo+ko)d) € P(V).
This contradicts (4-1). If y; & A, then (u+ B+ y + (mo+kp)82) (1 —81)Y) > 0,
which gives
w+y+d=Ww+pB+y+mo+ko)d) — (B —38 + (mo+ko)d) € P(V).

This contradicts (4-1) again.

Subcase 1.3: Suppose 8 = —a +mé; and y = o +nd; for some m > 0 and n > 0.
This can be dealt with similarly to Subcase 1.2. This completes the proof of Case 1.

Case 2: Suppose now that u(«¥) = 0. We assume that there exist some Sy € I1
and r € Z such that By + 18 € Ay and V48,445, 7 0. Let 1 = pu + Bo + 16.
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If wi+pB+méy & P(V) for all integers m such that g + mé, € A4, then, for
any 0 #v € V,,, we have £(Ay) .v = 0 and we are done. On the other hand,
we assume that there exist some 8’ € Il and m € Z such that 8’ +m6, € A,
and V,,, 4p'4ms, # 0. Let vi = uy + B’ 4+ m18,. We prove that v; is a highest
weight. That is, V,, 4, 4ks, =0 forall y € IT and all k € Z such that y +kd> € Ay.
Suppose this is false. Then, V), /4,5, 7 0 for some y’ € IT and k; € Z such that
v +ki6y€ Ay. Let yo = B'+ (t +my +k1)8>. We divide the arguments into four
subcases. In each subcase, we will get a contradiction with (4-1).

Subcase 2.1: Suppose 8', ¥’ € {a +mé; : m > 0}. In this case, (8’ +y)(B"Y) >0
and (8" +y")(y"Y) > 0. If y, is aroot in A, then

i +y' +k18) (1) = (u+ o+ B +yH(BY) >0,

which implies that
wtpPot+y' =i +y +kid) -y e P(V).

If By € {—a +md; : m > 0}, then we arrive at a contradiction with (4-1). If By €
{a+méy:m >0}, then (u+Bo+y")(y") > 0, which means that u+ 8y € P(V) —
a contradiction again. If y, is not a root, then we take y» — §;, which is a root in A.
Similar arguments give a contradiction with (4-1).

Subcase 2.2: Suppose B', ¥y’ € {—a + mé; : m)0}. This is very similar to the
arguments for Subcase 2.1.

Subcase 2.3: Suppose B’ = o +m'S8; and y' = —a + n’§; for some m’ > 0 and
n’ > 0. We have these two subcases:

Subcase 2.3.1: Suppose By € {& +md; : m > 0}. If y» € A4, then

(w+Bo+B +y +@+mi+k)s) ()= w+po+ B +y)(B")>0.

This implies that © + By + ' € P(V), which is impossible by (4-1). If y» &€ AL,
we consider y» — 81 € A4. Then,

(w+Bo+B +y' + @ +mi+k)8)((y2—81)")
=(u+po+p +y)((B —=8)")>0.
This implies that i + By + ¥’ + 81 € P(V), which is also impossible.

Subcase 2.3.2: Suppose By € {—a +md; :m > 0}. We denote y3 =y'+ (t +m +
k)b If 3 € Ag, then

(w+po+B +y +@+mi+k)&) () =+ Bo+B +vH¥")>0.
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So we have u + By + B’ € P(V), which is impossible. If y3 ¢ A, then
(w+po+B +y +@+mi+k)s)((y3—381)")

=(u+po+ B +y)(—a+ @ —1s)") >0.
We get u+ Bo+ B+ 81 € P(V), which is a contradiction.

Subcase 2.4: Finally, suppose ' = —a +m’$; and y' = a +n'§; for some m’ > 0
and n’ > 0. This can be discussed similarly to Subcase 2.3, and thus completes the

proof of Case 2.
In every case, there exists some weight vector, say v € V, such that £(A;).v=0.
Therefore, V is a highest-weight module for &£. (Il

Lemma 4.2 [Eswara Rao 2001]. Any Z-graded simple commutative and associa-
tive algebra, with all its homogeneous subspaces finite-dimensional, is isomorphic
to a subalgebra Ay of Clt, t=1 for some  (as defined by (3-1)). Furthermore,
every nonzero homogeneous element in Ay, is invertible in A, U

Theorem 4.3. Let V be an irreducible integrable module for the extended baby
TKK algebra & such that Cy acts as a positive number and C; acts as zero. Then,
V is isomorphic to V (\r), for some W given in Section 3, such that Ay is an irre-
ducible £ (Ay)-module.

Proof. By Proposition 4.1, there exists some nonzero weight vector v € V such
that £(Ay).v =0. Let M be the £(Ap)-module generated by v. In fact,

M={weV:Z(A}).w=0}

and M is irreducible as an £(Ap)-module by the irreducibility of V. Let I =
{XeUH): X.v=0}. Itis clear that M = U(H)/I as £(Ap)-modules. Since
U(H)/(U(H)C,) is commutative and / is an ideal of U (H), we see that U(H)/I
is a Z-graded simple commutative and associative algebra. By Lemma 4.2, M is
isomorphic to some A . It is now clear that V' is isomorphic to V(). O

In view of Proposition 4.1, we have:

Corollary 4.4. If'V is an irreducible integrable module for the extended baby TKK
algebra & with C1 < 0 and C, =0, then V is a lowest-weight module. (I
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DUALITY PROPERTIES FOR QUANTUM GROUPS

SoPHIE CHEMLA

Some duality properties for induced representations of enveloping algebras
involve the character Trad,. We extend them to deformation Hopf alge-
bras A, of a noetherian Hopf k-algebra A satisfying Ext’;,o (k, Ay) = {0}
except for i = d where it is isomorphic to k. These duality properties involve
the character of A, defined by right multiplication on the one-dimensional
free k[[h]l-module Extih (kl[h]l, Ay). In the case of quantized enveloping
algebras, this character lifts the character Trad,. We also prove Poincaré
duality for such deformation Hopf algebras in the case where k[%] is an
Ap-module of finite projective dimension. We explain the relation of our
construction with quantum duality.

1. Introduction

Let k& be a field of characteristic 0 and set K = k[[i]]. Let Ay be a noetherian
algebra. Assume k has a left Ag-module structure such that, for some integer d,

{Exﬁ'Ao (k, Ag) ={0} ifi+#d,
Ext§ (k, Ag) ~ k.

It follows from Poincaré duality that any finite-dimensional Lie algebra g verifies
these assumptions. In this case, d = dim g and the character defined by the right
representation of U (g) on Extcliju(ng;3 (k, U(g)) is Tradg [Chemla 1994]. The algebra
of regular functions on an affine algebraic Poisson group and the algebra of formal
power series also satisfy these hypothesis. Let Ay be a deformation algebra of Ag.
Assume that there exists an Aj,-module structure on K that reduces modulo £ to
the Ag-module structure we started with. The main theorem of the paper constructs
a new character of Aj that will be denoted by 6,4, .

Theorem 4.1. With the assumptions made above:
(2) Exty (K, Ay) = (0} if i #d.
(b) Extff\h(K , Ap) is a free K-module of dimension one. The right Ap-module
structure given by right multiplication lifts that of Ag on Ext‘fl\0 (k, Ag).

MSC2000: primary 16S80, 16W70; secondary 16D20.
Keywords: quantum groups, Hopf algebras, duality, Poincare duality, induced representations.
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The right Aj-module Extﬁh (K, Ap) will be denoted by 24, . If there is an am-
biguity, the integer d will be written dy, .

Theorem 4.1 applies to universal quantum enveloping algebras, quantization of
affine algebraic Poisson groups and quantum formal series Hopf algebras.

Let g be a Lie bialgebra. Denote by F[g] the formal series Poisson algebra
U(g)*. If Fylg] is a quantum formal series algebra such that Fj[gl/hFp[g] is
isomorphic to F[g] as a Poisson Hopf algebra, we construct a resolution of the
trivial Fj[g]-module that lifts the Koszul resolution of the trivial F[g]-module k&
and that behaves well with respect to quantum duality [Drinfeld 1987, Gavarini
2002]. This construction is not explicit, but it allows us to show that if Fj[g] and
Uy (g*) are linked by quantum duality, the relation 0, g] = h0y, g+) holds.

As an application of Theorem 4.1, we show Poincaré duality:

Theorem 7.1. We make the same assumptions as above. Let M be an Aj-module.
Assume that K is an Aj-module of finite projective dimension. For all integers i,
the K -modules ExtiAh (K, M) and TOT?:, _; (&4, M) are isomorphic.

Convention. From now on, we assume that Ay is a deformation Hopf algebra.

Brown and Levasseur [1985] and Kempf [1991] showed that, in the semisim-
ple context, the Ext-dual of a Verma module is a Verma module. In [Chemla
1994] we extended this result to the Ext-dual of an induced representation of any
Lie superalgebra. In this article, we show that this result can be generalized to
quantum groups provided that the quantization is functorial. Such a quantization
has been constructed in [Etingof and Kazhdan 1996, 1998a, 1998b, Etingof and
Schiffmann 2002]. As the result holds for quantized universal enveloping algebras,
for quantized functions algebras and for quantum formal series Hopf algebras, we
state it in the more general setting of Hopf algebras.

Corollary 7.3. Let Ay, and By, be topological Hopf deformations of Ag and By,
respectively. We assume that there exists a morphism of Hopf algebras from By, to
Ay, suchthat Ay, is a flat B,(;p -module. We also assume that B, satisfies the condition
of the Theorem 4.1. Let V be a Bj-module which is a free finite-dimensional K -
module. Then, if S, denotes the antipode of By, one has:

(a) Exti‘h(Ah ® V, Ayp) is {0} if i is different from dp,.
By

d
(b) The right Ap-module ExtAi” (Ap®p,V, Ayp) is isomorphic to (QLp,QV*)Qp, An,
where Qp, @ V* is endowed with the right B,-module structure given by

(@® f)-u :ngTwZQBh(u;,n)w@»f.S,f(u’;,n)
J

and A(u) = lirf 2 U, ®uf,, forallue By, all f€V* andall € Qp,.
n— oo ’

J:n’
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Proposition 7.4. Let Ay, be a Hopf deformation of Ay, B, be a Hopf deformation
of By and Cj, be a Hopf deformation of Cy. We assume that there exists a morphism
of Hopf algebras from By, to Ay, and a morphism of Hopf algebras from Cj, to Ay,
such that Ay is a flat BZP -module and a flat CZP -module. We also assume that
By, and Cy, satisfies the hypothesis of Theorem 4.1. Let V (respectively W) be a
By,-module (respectively Cj,-module) which is a free finite dimensional K-module.
Then, for all integers n, there is an isomorphism

Exty, (41 @ V. A @ W) 2 Ex(y O (0, ® W @ Aj, (R, @ V) @ 4 ).
& By Ch & Ch B
The right B,-module structure on Qp, ® V* and the Cj-module structure on

Qc, ® W* are as in Corollary 7.3.

Remarks. Proposition 7.4 was already known in the case where g is a Lie algebra,
b and ¢ are Lie subalgebras of g, and Aj, By, Cj, are the corresponding enveloping
algebras. In this case, dp, = dimb and d¢, = dim¢. More precisely, Boe and
Collingwood [1985] and Gyoja [2000], generalizing a result of G. Zuckerman,
proved a part of this theorem (the case where h = g and n = dim h = dim £) under
the assumptions that g is split semisimple and § is a parabolic subalgebra of g. In
[Collingwood and Shelton 1990], such a duality is also proved in a slightly different
context (but still under the semisimple hypothesis).

M. Duflo [1987] proved Proposition 7.4 for a g general Lie algebra, h = €,
V = W* being one-dimensional representations.

Proposition 7.4 is proved in full generality in the context of Lie superalgebras
in [Chemla 1994].

Wetset A} =A;,® AZP . Using the properties of a Hopf algebra [Chemla 2004],

we show that all the Ext%; (Ap, AhmA n)’s are zero except one. More precisely:
h

Proposition 7.5. Assume that Ay, satisfies the conditions of Theorem 4.1. Assume
moreover that Ay ® Agp is noetherian. Consider Ah%Ah with the following
Aj -module structure: for any o, B, x,y in Ap, o - (x ®y) - B = ax @ yp.

(@) HH), (Ay@un)An) is zero if i # dg,.
(b) The Zi-module HHX:h (Ah%Ah) is isomorphic to Q 4, @ Ay with the fol-
lowing Aj-module structure: for any a, B, x in A,

@ (@®x)-B=0wd,(B)®SBHxS" (@), where =3 B @B/

This result has already been obtained in [Dolgushev and Etingof 2005] for a
deformation of the algebra of regular functions on a smooth algebraic affine variety.
From Proposition 7.5, as in [van den Bergh 1998], we deduce a duality between
Hochschild homology and Hochschild cohomology.
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Organization of the paper. In Section 2, we gather all the necessary results about
decreasing filtrations, and in Section 3, we recall some basic facts about deforma-
tion algebras. The main theorem of the paper, Theorem 4.1, is stated, proved and
illustrated by examples in Section 4. In Section 5, we study the behavior of the
character 0, with respect to quantum duality. Section 6 is devoted to the study of
an example. In Section 7, we give applications of our main theorem.

Our study of algebras endowed with a decreasing filtration and filtered modules
over such algebras relies on the use of the associated graded algebra and graded
module, and on topological arguments. We apply this study to deformation alge-
bras endowed with the -adic filtration and filtered modules over such algebras. In
[Kashiwara and Schapira 2008], a study of the derived category of Aj-modules is
carried out using the right derived functor of the functor M +— M /(hM).

2. Decreasing filtrations

In this section, we give results about decreasing filtrations. These results are proved
in [Schneiders 1994] in the framework of increasing filtrations. Most of our proofs
are obtained by adjusting those of Schneiders.

Let GA =P, ., G+ A be a Z-graded algebra. Let GM = P, ., G:M and GN =
D, G:N be two graded GA-modules. A morphism of graded GA-modules from
GM to GN is a morphism of GA-modules f : GM — GN, such that f(G;M) C
G;N. The group of morphisms of graded GA-modules from GM to GN will be
denoted by Homga (GM, GN).

For r € Z and a graded GA-module GM, define the shifted graded GA-module
GM (r) to be the GA-module GM with the grading defined by G,M (r) = G, M.
Denote by Hom, (GM, GN) the graded group defined by setting

G:Homg;,(GM, GN) = Homga (GM, GN (1)).

The i-th right derived functor of the functor Hom,,(—, N) will be denoted by
Extl, (=, N).
A graded GA-module GL is finite free if there are integers dj, . . ., d, such that

n
GL ~ & GA(—d,).
i=1
A graded GA-module GM is of finite type if there exists a finite free graded
GA-module GL and an exact sequence in the category of graded GA-modules
GL —- GM — 0.
A graded ring GA is noetherian if any graded GA-submodule of a graded GA-
module of finite type is of finite type.
Henceforth, all the GA-modules we consider will be graded, so we refer to
graded GA-modules simply as GA-modules.
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We are now going to consider a k-algebra endowed with a decreasing filtration
- CF1ACFAC---C F1A C FyA = A. The order of an element a, o(a),
is the biggest ¢ such that a € F; A. The principal symbol of a is the image of a in
Foa)/ Foa)+1. It will be denoted by [a].

A filtered module over FA is the data of an A-module M and a family (F; M),z
of k-subspaces, such that

UFM=M, F.MCFM, FA-FFMCF M.

teZ
We will assume that F; M = M for t << 0. The principal symbol of an element
of M is defined. We endow such a module with the topology for which a basis of
neighborhoods is (F;M),.z. The topological space M is Hausdorff if and only if
(;ez F1M = {0}. If M is Hausdorff, the topology defined by the filtration is that
of the metric given by

d(x,y) = |lx — y|| = 27 WUSZIx—YeE;My - for all (x, y) € FM.

Example. Let k be a field and set K = k[[k]]. If V is a K-module, it is endowed
with the following decreasing filtration - -- C h"V C h"~'V C-.- ChV C V. The
topology induced by this filtration is the i-adic topology.

Lemma 2.1 [Schwartz 1986, page 245]. Let N be a Hausdorff filtered module. Let
P be a submodule of N which is closed in N. Let p be the canonical projection
from N to N/P.

(a) The topology defined by the filtration p(F;N) on N/ P is the quotient topology.
N/ P is Hausdorff and its topology is defined by the distance

d(x,y)=Ilx—yll, where|x|| =inf{[lall, a € X}.
(b) If N is complete, then N /P is complete for the quotient topology.

Let FM and FN be two filtered FA-modules. Fu : FM — FN, a filtered
morphism, is a morphism u# : M — N of the underlying A-modules, such that
u(F;M) C F;N. It is continuous if we endow M and N with the topology defined
by the filtrations. Denote the morphism u|f,y : F;M — F;N by F;u. Denote the
group of filtered morphisms from FM to FN by Homgs (FM, FN). The kernel of
Fu is the kernel of u filtered by the family Ker Fun F; M. If M is complete and N
is Hausdorff, then Ker Fu, endowed with the induced topology is complete.

A graded ring GA = €, Fi1A/Fi+1A is associated to a filtered ring FA.
A graded GA-module GM = @IEZ F:M/F;1 1M is associated to a filtered FA-
module FM. If x is in F; M, we will write o;(x) for the class of x in F;,M/F; 1 M.
We will denote by Gu : GM — GN the morphism of GA-modules induced by Fu.



318 SOPHIE CHEMLA

An arrow Fu: FM — FN is strict if it satisfies
u(FFM)y=u(M)NF,N.

An exact sequence of FA-modules is a sequence FM % FN L FP_ such
that Ker F;v =Im F,u. It follows from this definition that Fu is strict. If, moreover,
Fu is strict, we say that it is a strict exact sequence.

Proposition 2.2. (a) Consider Fu: FM — FN and Fv : FN — FP two filtered
FA-morphisms such that Fv o Fu = 0. If the sequence FM Lu, pN Lo FP
is strict exact, then GM Su, GN SY GP is exact.

(b) Conversely, assume that FM is complete for the topology defined by the filtra-
tion and FN is Hausdorff for the topology defined by the filtration. If the se-
quence GM C% GN S GP is exact, then the sequence FM £“> FN £Y> Fp
is strict exact.

Corollary 2.3. Let FA be a filtered k-algebra and let FM and FN be two FA-
modules. Let Fu : FM — FN be a morphism of FA-modules. Then it follows
that G Ker Fu C Ker GFu and Im GFu C G Im Fu. Assume moreover that FM is
complete and FN is Hausdorff. Then the following conditions are equivalent:

(a) Fu is strict.
(b) G Ker Fu = Ker GFu.
(¢c) ImGFu=GImFu.

Proposition 2.4. Let (M*, d*) be a complex of complete FA-modules. H' (M*®) is
filtered as follows:

Kerd; N F,M' +Imd;_; . Kerd;n F,M!

F,H (M®) = ~ —.
Imdl-_l Imdi_lﬂF,M’

If d; and d;_; are strict, then GH' (M*®) is isomorphic to H (GM*)

Remark. The isomorphism from G, H'(M*®) to H' (G, M?*) associates cl(o;(x)) to
o; cl(x).

For any r € Z and for any FA-module FM, we define the shifted module FM (r)
as the module M endowed with the filtration (F;,M),7.

An FA-module module is finite free if it is isomorphic to an FA-module of
the type f:l FA(—d;), where dy, ..., d, are integers. An FA-module FM is of
finite type if there exists a strict epimorphism FL — FM, where FL is a finite free
FA-module. This means that we can find m; € FyM,...,m, € F4,M, such that
any m € F;M may be written as

P
m= Zad_dimi, where ag_4 € Fg_g A.
i=1
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Proposition 2.5. Let FA be a filtered k-algebra and FM be an FA-module.

(a) If FM is an FA-module of finite type generated by (sy, ..., s,), then GM is
a GA-module of finite type generated by ([s1], ..., [s/]). Conversely, assume
that FA is complete for the topology given by the filtration, and FM is an
FA-module which is Hausdorff for the topology defined by the filtration. If
GM is a GA-module of finite type generated by ([s1], ..., [s,]), then FM is
an FA-module of finite type generated by (sy, ..., S;).

(b) If FM is a finite free FA-module, then GM is a finite free GA-module. Con-
versely, assume that FA is complete for the topology given by the filtration,
and FM is an FA-module that is Hausdorff for the topology defined by the
filtration. If GM is a finite free GA-module, then FM is a finite free FA-
module.

Definition 2.6. A filtered k-algebra is said to be (filtered) noetherian if it satisfies
one of the following equivalent conditions:

o Any filtered submodule (not necessarily a strict submodule) of a finite-type
FA-module is of finite type.

o Any filtered ideal (not necessarily a strict ideal) of FA is of finite type.

Proposition 2.7. Let FA be a filtered complete k-algebra and GA its associated
graded algebra. If GA is graded noetherian, then FA is filtered noetherian.

Proof of Proposition 2.7. We assume that GA is a noetherian algebra. We need
to prove that a filtered submodule FM’ of a finitely generated FA-module FM is
finitely generated.

First we assume that FM is Hausdorff. For this case, the proof is identical to
that of [Schneiders 1994].

We no longer assume that F'M is Hausdorff. As FM is a finite-type FA-module,
there exists a strict exact sequence

FL = EB FA(—d;) 2> FM — 0.

i=1

We may apply the first case to the submodule of FL, p~'(FM’), endowed with
the filtration

Flp~' (M) = p; " (F:M") = p~ (F,M') N F,L.
The general case follows easily. ]

Proposition 2.8. Assume that FA is noetherian for the topology given by the fil-
tration. Any FA-module of finite type has an infinite resolution by finite free FA-
modules.
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Remark. The sequence --- — GL; - GL;_; — -+ — GLy - GM — QO is a
resolution of the GA-module GM for such a resolution of FM.

Proposition 2.9. Assume FA is noetherian and complete. If FN is a finite-type
FA-module, then it is complete.

Proof of Proposition 2.9. Assume that FN is Hausdorff. Let FN be a finite-type
Hausdorff FA-module. We have FL = @7: | FA(—=d;) L5 FN — 0, a strict exact
sequence. The filtration on FN is given by p(F;L). Let us endow the kernel K of
p with the induced topology. We have 0 - FK — FL — FN — 0, a strict exact
sequence. As N is Hausdorff, K = p~1({0}) is closed in FL. The filtered FA-
module FN is isomorphic to FL/K, endowed with the quotient topology. Hence,
FN is complete (see Lemma 2.1).

We no longer assume that FN is Hausdorff. From the first case, FK, endowed
with the induced topology, is complete and therefore closed in FL. We have FN ~
FL/K, so the FA-module FN is Hausdorff. O

Remark. Proposition 2.9 is proved in [Kashiwara and Schapira 2008] in the case
of an Ap-module (A, being a deformation algebra) endowed with the A-adic filtra-
tion.

3. Deformation algebras

In this section k will be a field of characteristic 0 and we will set K = k[[h]].

Definition 3.1. A topologically free K -algebra Ay, is a topologically free K -module
together with a K-bilinear (multiplication) map A, x A, — Ay, making Aj into
an associative algebra.

Let Ag be an associative k-algebra. A deformation of Ay is a topologically free
K-algebra Ay, such that Ag >~ A,/ hAj, as algebras.

Remark. If A, is a deformation algebra of Ay, we may endow it with the z-adic
filtration. We then have

hi Ay,
GAp = EB hitTA, =~ Aolnl
ieN

as k[h]-algebras. From Proposition 2.7, we deduce that a deformation algebra of
a noetherian algebra is noetherian.

Definition 3.2. A deformation of a Hopf algebra (A, ¢, u, €, A, S) over a field k
is a topological Hopf algebra (Ay, t, s, €, Ap, Sp) over the ring k[[/]], such that

(i) Ay, is isomorphic to Ap[[/] as a k[[#]-module, and
(i) Ap/hAy is isomorphic to Ag as a Hopf algebra.
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Example 3.3 (QUEA: quantized universal enveloping algebras). Let g be a Lie
bialgebra. A Hopf algebra deformation of U (g), Uy (g), such that Uy, (g)/(hUy(g))
is isomorphic to U(g) as a coPoisson Hopf algebra, is called a quantization of
U(g).

Quantizations of Lie bialgebras have been constructed in [Etingof and Kazhdan
1996].

Example 3.4 (quantization of affine algebraic Poisson groups). A quantization of
an affine algebraic Poisson group (G, {, }) is a Hopf algebra deformation &, (G)
of the Hopf algebra %(G) of regular functions on G, such that F,(G)/(h%,(G))
is isomorphic to (F(G), {, }) as a Poisson Hopf algebra.

Etingof and Kazhdan [1998b] have constructed quantizations of affine algebraic
Poisson groups. (See also [Chari and Pressley 1994] for the case of G simple.)

Example 3.5 (QFSHA: quantum formal series Hopf algebras). The vector space
dual U (g)* of the universal enveloping algebra U (g) of a Lie algebra can be identi-
fied with an algebra of formal power series and has a natural Hopf algebra structure,
provided we interpret the tensor product U(g)* ® U (g)* in a suitable, completed
sense. If g is a Lie bialgebra, then U (g)* is a Hopf Poisson algebra.

A quantum formal series Hopf algebra is a topological Hopf algebra Bj over
k[[~], such that B, /(hB;,) is isomorphic to U(g)* as a topological Poisson Hopf
algebra, for some finite-dimensional Lie bialgebra.

Proposition 3.6 [Kashiwara and Schapira 2008, Theorem 2.6]. Let Aj, be a defor-
mation algebra of Ay and let M be an Ap-module. If

(1) M has no h-torsion,

(i) M/(hM) is a flat Ay-module, and
(iii) M = 1<i1_nn M/(h"M),
then M is a flat Ap-module.

4. A quantization of the character trad

Theorem 4.1. Let Ay be a noetherian k-algebra and let Ay be a deformation of
Ag. Assume that k has a left Ag-module structure such that there exists an integer
d, such that .
{Ext’AO(k, Ag) ={0} ifi #d,
Ext4 (k, Ag) ~ k.

Assume that K is endowed with an Ajp-module structure, which reduces modulo h
to the Ag-module structure on k that we started with. Then:

(a) Exty (K, Ay) is zero if i #d.
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(b) Extf‘h (K, Ap) is a free K-module of dimension 1, and a right A,-module
under right multiplication. It is a lift of the right Ag-module structure (given
by right multiplication) on Extﬁ0 (k, Ag).

Notation. We denote by €24, the right Aj,-module Ext‘f\h (k, Ap),i and by and the
character defined by this action 6y, .

Remark. Kashiwara and Schapira [2008, Section 6] make a similar construction
in the setup of DQ-algebroids. In [Chemla 2004], it is shown that a result similar
to Theorem 4.1 holds for U, (g) (g semisimple).

Example 4.2. Poincaré duality gives us the following result for any finite dimen-
sional Lie algebra.

Ext} g (k, U(@) = {0} if i #0,

Extyes (K, U(8) = A%™9(g").
The character defined by the right action of U(g) on Ext?/il({;f (k, U(g)) is tradg
[Chemla 1994]. Thus, the character defined by Theorem 4.1 is a quantization of
the character trad,.

o If g is a complex semisimple algebra, as H (g, k) = {0} [Hilton and Stamm-
bach 1997, page 247], there exists a unique lift of the trivial representation of
Ui (g), hence the representation Q2y, (g is the trivial representation.

e Let a be a k-Lie algebra. Denote by a;, the Lie algebra obtained from a by
multiplying the bracket of a by 4. Thus, it is true that for any elements X
and Y of a; =~ a, one has [X, Y],, = h[X, Y]4. Denote by @ the h-adic
completion of U (ay). Then @ is a Hopf deformation of (a®? 8§ =0). The
character 9@ defined by the theorem in this case is given by

Hﬂuh\)(X) =htrads(X) forall X €a.

Thus, even if g is unimodular, the character defined by the right action of
Un(g) on Q¢ = A"™9(g*)[2] might not be trivial.

* We consider the following Lie algebra: a = EBIS: | ke; with nonzero bracket
[es, e4] = e;. Consider k[[h]-Lie algebra structure on a[[/#] defined by the
nonzero brackets [e3, es] = hes and [ep, e4] = 2e;. Then U (a[[/]) is a quan-
tization of U (a). It is easy to see that

0 ifi#5,
O e (6 = :—h ifi =>5.

Example 4.3. Theorem 4.1 also applies to quantization of affine algebraic Poisson
groups. If G is an affine algebraic Poisson group with neutral element e, we take
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k to be given by the counit of the Hopf algebra &#(G). By [Altman and Kleiman
1970], we have Ext"g(c)(k, F(G)) ={0} if i # dim G, while
Ext@nG (k, F(G)) ~ N"™C (Mo /A2)*,  where M, ={f € F(G) | f(e) =0).

Let g be a real Lie algebra. The algebra of regular functions on g*, F(g*), is
isomorphic to S(g) and is naturally equipped with a Poisson structure given by the
following: if X and Y are in g, then {X, Y} = [X, Y]. In the example above,

—

U(gn) is a quantization of the Poisson algebra F(g*). %F(g*) acts trivially on

Extg-j?;f) (k, F(g*)), whereas the action of &, (g*) ~ U (g;) on Extgﬁg{)(k, Fn(g™))
is not trivial.

Example 4.4. Theorem 4.1 also applies to quantum formal series Hopf algebras.

Proof of Theorem 4.1. Let us consider a resolution of the A,-module K by filtered
finite free Aj-modules

g G bt A pp0 ks q0),
with FL' = kdi FAp(—mj ;), so that the graded complex
=1
L GLY G L GLY 8% GLO - k[h] — {0}
is a resolution of the Ag[#]-module k[4]. Consider the complex
M* = (Homy, (L®, Ay), ).
Recall that there is a natural filtration on Homg, (LY, Aj) defined by

FyHomy, (L', Ap) = {» € Homy, (L', Ap) | M(F,L") C FiypAp}.

d;
One has an isomorphism of right FA-modules F Homy, (L', Ap) = D FA(m; ;).

Hence, . ‘ j=1
GF Homy, (L', Ap) >~ Homg,, (GL', GAp),

and the complex Hom,; A, (GL!, GAp) computes E_xt’G A (k[h], GA}). We have the
following isomorphisms of right Ag[/]-modules.

Exti, (k[h], GAp) ~ Bxty 1 (k[h], Aolh]) ~ Ext)y (k, Ao)[h].

If i #d, then E_xt’G A (k[h], GA) = {0}. This means that the sequence
Homg, (GLi-1, GAy) <% Homy, (GL;, GAy) <45 Homyg, (GLi11, GAy)
is an exact sequence of GAj,-modules. Applying Proposition 2.2, the sequence

FHomFA(FLl-,l, FN) i) FHOIIIFA(FL,', FN) tati& FHOII]FA(FL,'Jrl, FN)
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is strict exact. As FL,; is finite free, the underlying module of F Hompgs(FL;, FN)
is Homy (L;, N). Hence, we have proved that Extgh (K, Ap) ={0}ifi #d.

We have also proved that all the maps 9; are strict. Hence, by Proposition 2.4,
we have

G Ext)y, (k[[h], Ap) ~ Exti, (k[h], Ao[h]) ~ Ext)y (k, A)[h],

for all integers i. The FAj-modules ExtiAh (K, Ap) are finite-type FA-modules.
They are therefore Hausdorff, in fact, they are even complete (Proposition 2.9). As
Ext§ (K, Ap) is Hausdorff and G Ext} (k[h]. A) ~ Ext§ (k, Ao)[h], the k[]-
module Extf‘h (K, Ap) is one-dimensional. This finishes the proof. O

From now on, we assume that A, is a topological Hopf algebra and that its
action on K is given by the counit. The antipode of A; will be denoted by Sj,.
If V is a left Aj-module, we define the right A;-module V" by

v-g,a=3S(a)-v forallae ApandveV,
and the right Aj-module V* by
Vg a= Sh_l(a)‘v forall a e Apandv e V.
Similarly, if W is a right A,-module, we define the left A,-module W' by
a-ssw=w-Sy(a) forall ae Ay andw e W,
and the left A,-module W* by

a-Shflw:w-Sh*l(a) forall a € A, and w e W.

One has (V) =V, (V/)! =V, (W) = W and (W*)" = W. Thus, we have
defined two (in the case where S,% = id) equivalences of categories between the
category of left Aj-modules and the category of right Aj-modules, that is, left
AZP -modules.

Let Mod(Ap) be the abelian category of left A;-modules and D(Mod(Ay)) be
the derived category of the abelian category Mod(A;). We may consider Ay as an
Ay ® A;P-module. Introduce a functor D4, from D(Mod(Ay)) to D(Mod(A}"))
by setting

Dy, (M®) = RHomy,(M*®, Ay) forall M* e D(Ay).

If M is a finitely generated module, the canonical arrow M — D 4o 0 Dy, (M) is
an isomorphism.

Let V be a left Aj,-module. Then, by transposition, V* = Homg (V, K) is
naturally endowed with a right Aj,-module structure. Using the antipode, we can
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also see it as a left module structure. Thus, one has
u-f=f-S,(u) forall ue A, and f V™.

We endow 24, ® V* with the right A,-module structure given by
: 2
@@ f)ru= Tm > 040, )00 f S,
J

forallu € Ay, all feV* andall w € Qy4,.

J— 1 / V
and A(u) _nEI—Poo Zj w, ®u'

Theorem 4.5. Let V be an Ap-module free of finite type as a k[[h]-module. Then
Dy, (V) and Qa, ® V* are isomorphic in D (A;").
To prove the theorem, we need the following lemma [Duflo 1982; Chemla 1994]:

Lemma 4.6. Let W be a left Ap-module. A,QW is endowed with two different
(Ap ® AZP )-module structures, as follows. Set

(4-1) A@) = lim Za;’n ®a/, for ac Ay.
l

The first structure, denoted by (AR®W)1, is given by

uQw)-a=ua®w and a-(u®w):nlirllooz:al{’nu@a;fn-w,
4

where w € W and u, a € Ay,. The second structure, denoted by (Ah®W)2, is given
by
a-Ww)=au®w and Ww)-a= lim Zual{’n@Sh(al{fn)-w.
i

n——+o00o

The A, ® A;ip-modules (AR®W)| and (A,@W), are isomorphic.
Proof of Lemma 4.6. The map W : (Ap®@W)2 = (AW, given by

UQw> lim u;, @u;,-w,
n—+00 ’ ’
i

with A as in (4-1), is an isomorphism of A, ® AZp—modules from (A,@W), to
(A,®W);. Moreover, V" '(u @ w) = 3 i, ® Sp(uf,) w. H

i,n
Proof of Theorem 4.5. Let L*® be aresolution of K by free Aj-modules. We endow
L' ® V with the following left Aj,-module structure:

a-(l®v)=n£rfw2ain‘l®al{fn-v.
i

Then L® ® V is a resolution of V by free A;-modules. Using the relation

a-1@v=lim 3 a, (1S, v).
]
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one shows the sequence of Aj-isomorphisms
Dy, (V) ~Homy,(L® V, Ay) >~ Homy, (L, (Ay ® V*)1)
~Homy, (L, (As ® V*)2) > RHomy, (K, Ay) ® V*. O

5. Link with quantum duality

Review of the quantum dual principle [Drinfeld 1987, Gavarini 2002]. There are
two functors,

() :QUEA — QFSA and ( )Y :QFSA — QUEA,

which are inverse to each other. If Uy (g) is a quantization of U(g) and Fj[[g]l
is a quantization of F[[g]l = U(g)*, then Uy, (g)’ is a quantization of F[g*] and
Ful[g]lY is a quantization of U (g*). We recall the construction of the functor ( )Y,
which is the one we will need. Let g be a Lie bialgebra and F,[g]] a quantization
of F[[gll = U(g)*. For simplicity we will write Fj, instead of Fj[[g]. If €, denotes
the counit of Fy, set [ := e;l(hk[[h]]) and J = Keregy. Let

FX = Zh_"l” = Z(h—‘l)" = U(h_ll)”
n>0 n>0 n>0
be the k[[A]l-subalgebra of k((7))®xpny £ generated by h='I. As I =J+hF,, one
has
Fr=> " h"J"
n>0

Define F,’ to be the h-adic completion of the k[[2]-module F,. The Hopf algebra
structure on Fj induces a Hopf algebra structure on F,’. A precise description

of Fhv is given in [Gavarini 2002]. The algebras Fj,/hF; and k[[xy, ..., x,] are
isomorphic. We denote 7 : Fj, — F},/ h F}, be the natural projection. We may choose
Xj € n_l()?j) for any j, such that €¢;,(x;) = 0. Then Fj, and k[[xi, ..., x,, il

are isomorphic as k[[/]-topological modules and J is the set of formal series f
whose degree in the x;, dx (f) (that is, the degree of the lowest-degree monomials
occurring in the series with nonzero coefficients) is strictly positive. As Fy,/hFj,
is commutative, one has x;x; — x;x; = hy; j with x; ; € Fj,. Since x; ; is in J, it
can be written as
n
Xij = an(h)xa + fi,j(x1, ..., x5, h),  with ox(fi ;) > 1.

a=1

If ¥; = h~'x;, then

Fhv: {f:ZPr(il,...,)?n)hr P.(X,...,Xn) Ek[Xl,...,Xn]}.
reN
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The topological k[[2]-modules Fhv and k[X, ..., X,][#] are isomorphic. One has

n

a=1

where fi,j()?l, ..., Xp, h) is obtained from f; j(x1, ..., x,) by writing x; = hX;.
The element h_lfvi,j()?l, cooy Xp, h)isin hk[Xy, ..., X, 1[A] (as dx (fi ;) > 1). The
k-span of the set of cosets {¢; = X; modhF,’} is a Lie algebra isomorphic to g*,
and the map W : F,” — U(g*)[[h] defined by

w(Z Pr(il,...,)?n)h’> =ZP,(e1,...,en)hf

reN reN

is an isomorphism of topological k[[/]]-modules. Denote by -, multiplication on
Fj, and its transposition to U (g*)[[#]] by V. If u and v are in U (g*), one writes
u-pv= ZreN h" w,(u, v). One knows that the first nonzero p, is a 1-cocycle of
the Hochschild cohomology.

If P in k[Xy,...,X,] can be written P = Zil ’’’’’ i ,-"X’il .. .Xﬁ,” and
g €k[Xy, ..., Xu]l[h] can be written g = Zle P.(Xq,...,X,)h", then one sets

n
®i ;
P®(ey, ..., ep) = E iy,...in€q = Tk(@kei>,
i

i=1

.....

..... in

g®(61,...,en)=ZPr®(e1,...,er)h’.

i=1
(Fy,)Y is isomorphic as an algebra to
n
Tk[[h]]( D kl[hllei>
i=1
I ’
where [ is the closure (in the /-adic topology) of the two sided ideal generated by
the relations

n
eiRej—ej Qe = ch(h)ek—l—h_] ;%(61,...,en,h).
k=1

Un(g*) ~

Quantum duality and deformation of the Koszul complex. We may construct res-
olutions of the trivial F,[g] and F),[g]"-modules that respect the quantum duality.

Theorem 5.1. Let g be a Lie bialgebra, Fj,[g] a QFSHA such that Fy[g]/(hFy[g])
is isomorphic to F[g] as a topological Poisson Hopf algebra and Fy,[g]" = Uy, (g*),
the quantization of U (g*) constructed from Fy|g] by the quantum duality princi-
ple. Let xy1, ..., X, be elements of F|[g] such that F|g] ~ k[[x1, ..., X,]l. Choose
X1, ..., Xp, elements of Fplgl, such that x; = x;modh and €,(x;) = 0. Then
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Un(g*) =~ k[¥1, ..., X, ][h] with X; = h~'x;. Let (i, ..., €,) be a basis of g*
and C}! j the structural constants of g* with respect to this basis. We can construct
a resolution of the trivial Fy[g]-module K!' = (Fh g1 ® A g*, 8;1) of the form

(A1 @ep, A+ Aep,)

e

- -
(D' xi @€p A ANEH A NEp,

i=1

XX (=DTRC) I Q€a Aep A AN NEQ A NEp,

r<s a

.....

tl,---,tq—l

such that agl""’tj,;l el = eh_l (hk[h]). Set

,,,,,

villyenlg—1 v v yeennlg—1
Upy g X1y ooy X)) =0 5 (X1, s X))

ozpl,__,,tpq is in hk[X1, ..., X,][h]. Now define the morphism of U,(g*)-modules
3 Un(g) @ N'(g") — Un(g") @ N (8%) by

M1 ®ep, A+ Nep,)

M=

i—1 v o~
(D" Xi®€p A AER A AEY,

i=1

+ —_ —_—
+ 22 (=DTC, LI @€ Nep A NER N NER A NEp,

r<s a

.....

Then IE}; = Un(gH @ N'g", 5;7) is a resolution of the trivial Uy (g*)-module k[ h]].

Proof of Theorem 5.1. One sets x;x; — XjX; = > hCija + huﬁjxa. We know

a=1

that uf ; is in 1. Take M =en, 0 (1®€) =x;. Set

8;’(1®ei/\ej):x,~®ej—xj®e,-—ZhCi‘fj@)ea—hZuﬁj@eC,.
a a

We have 8{’ o 8;’ = 0 and we may choose afj =uj ;.

Assume that 8{)’, 8{’, R 8(’; have been constructed such that
« 3" 3t =0forallre[l,ql;
e Im Brh = Ker arh_l for all r € [1, g] (and the required relations are satisfied);

qis---s qr—1
* Appop €1

.....
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Let us show that we can construct 8;’ 4 satisfying these three conditions.
A computation [Knapp 1988, page 173] shows that

q+1
h i—1 —
8q<§ :(_1) xpi®€p1/\"'/\Gpi/\"'/\epqﬂ)

i=1

+8;‘(ZZ( D**hCs  1®eanep, /\---/\E/p\k/\---/\e/p\,/\---/\équ)

k<l a

+ —_— —_—
—Z( 1) J(xpxp —XpXp— ZhC [,)(X)él/\---/\epj/\---/\epi/\---/\elﬁ,q+l

j<i

i—1 r+sg2 . =
+E (=D hxpap,,..p.. ,pq+1+§ :( D™ hC p ps¥a. 1o Proe Pl Py

r<s

Modulo #, this expression is zero. Since 8;‘ 8;’ Vanlshes this same expression is
1,

in h Ker Bh [h Im Bh Hence it equals —8h(h o p .1), for of an appropriate

choice ofa Y 1! Fh[g].

Pg+1
We prove that a;{:::ff‘},qﬂ isin /. Clearly, —8;’ (ha ;,11’, ot @€ A A€ ) is an
element of 1> ® /\’g*. Note that 8;’ sends I" @ Ng* to I't' @ A\?g*. Let us write
.. I, in
aPl’ l’q+l - Z ( Upy,.. an+1)ll x;, s
with (o Pl p g+1)i1....iy 10 k[[2]]. From the remarks just made, we see that

h I, 3
8(] (h Z (aPh qu+1)0 L0€ A /\th) el ®/\qg*‘
tl,‘..,tq

Hence, (a;; pqﬂ)o ,,,,, o 1s in hk[h]).
Since Im Gah = Ker G9", one has Im 85“ = Ker 8;1.
Set a4 1(x1,...,£n>=a;‘.’;::i,";,;l(x1,...,xn). Then dy =€, 31(1®¢€) =¥,
az(1®e,-/\ej)=xi®ej—)Ej®ejzcgj®ea—Zﬁﬁj®ea,and
a a

Ah
aq—&-l(1 Q€p Aot A qu+l)
q+1

— i-lx. ¢
_Z(—l) Xi@€p N+ Nép N N€p,
i=1

r+s —~a 2 ~
+ZZ(—1) G p 1 ®€aNeEy Noe o NEp N NER N2 NEp,

r<s a

VI,
+ E: Upy,.. pq+1®€n EREAR

I,enlg—1
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If P isin Fj, one has 9, (P ®€p, A+ A€y, ) :h(‘;(ls@em A+ -A€p,). The relation
5q 5q+1 =0 is obtained by multiplying the relation 8;1 8;’+1 =0by h™2. As Gég is
the differential of the Koszul complex of the trivial U (g*)[/]-module, the complex
IEZ = (Uh (") @ N'g*, 5,?) is a resolution of the trivial Uy (g*)-module. [l

A link between 0, and 0v. The remainder of this section is devoted to the proof
of this equality:

Theorem 5.2. 0F, = hOFy.

Proof. We keep the notation of the previous proposition and we will use the proof
of Theorem 4.1.

The complex (/\'g ® F,.! 8,},’) computes the k[[4]-modules Ext’fh (kAT Fr).-
The cohomology class cl(1 ® €] A--- A€y) is a basis of

Exth g kI, FIgllAD) = G Exty, (KIAT, Fy).

Hence, there exists o = 1 +hoy +- - - € Ker’ 8/ such that [cl(0 @ €} A--- A€l)] is
a basis of G Exty, (k[h]l, Fy). As the filtration on Ext, (k[[2]l, Fj) is Hausdorf,
the cohomology class cl(o @ €] A - - A€y) is a basis of Exty, (k[[All, Fi).

Define ¢ by o (X1, ..., X,) =0 (x1,...,X,). One has '3, = h'd,, and it is easy
to check that & @ €5 A --- A€t is in Ker' 9. If we had

n
TREFN-Nner = 8,’]_1<Z&,-®e]“/\---Ae;"/\---Ae:),
i=1

then, reducing modulo &, we would get

- n
5@67/\.../\6:=taf_l<26i®e]*/\---/\e;*/\---/\ej;).
i=1

This would imply that cI(1 ® €] A--- A€yr) is 0 in Ext’l’](g*)(k, U (g*)), which is
impossible because cl(1 ®@ €] A --- A €y) is a basis (zf Ext’,’](g*)(k, U(g*)). Thus,
cl(0 @€ A--- A€)) is a nonzero element of Ext(g}:zgg*)(k[[h]], Un(g*)). Foralli in
[1, ], one has the relation

OXi@EFN- AN =0p ()0 Qe A---ANer + M ()

Letuswriteu:Zim@eT/\---/\g‘/\---/\e;‘: with u; € Fj[g]. We set

1

RiGi B = (X)) and L= i @€f A A A AeL

1

Then we have hX; ® €] A--- A€ =9Fh(xi)5*®e;"/\-~/\e,’;+ht<’§,’j(ﬁ). O
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6. Study of an example

We will now explicitly study an example suggested by B. Enriquez. Chloup [1997]
introduced the triangular Lie bialgebra

(@=kX 1 QkXo kX3 D kX4 DkXs,r =4(X2 A X3)),

where the nonzero brackets are given by [X, X»] = X3, [X1, X3] = X4 and
[X1, X4] = X5, and the cobracket 4 is the following:

if Xeg, thend(X)=X- -4(X2A X3).

The dual Lie bialgebra of g will be denoted by (a = @15: 1 kei, 8). The only nonzero
Lie bracket of a is [e;, e4] = 2e1 and its cobracket § is nonzero on the basis vectors
€3, €4, €5

d(e3) =e1®ery—er ®e; =2e1 ANex, 8(es) =2e1 ANes, b(es) =2e; Ney.

We may twist the trivial deformation of (U (@], ro, Ao, to, €0, So) by the
invertible element

R=exp(h(X2® X3 — X3® X»))

of U(g) [hIRU (@)[[~] (see [Chari and Pressley 1994, page 130]). The topologi-
cal Hopf algebra obtained has the same multiplication, antipode, unit and counit.
However, its coproduct is AR = R™'AgR. It is a quantization of (g, 7). We will
denote it by U, (g). The Hopf algebra U, (g)* is a QFSHA and (U, (g)*)" is a
quantization of (a, 84). We will compute it explicitly.

Proposition 6.1. (a) (U(g)*)" is isomorphic as a topological Hopf algebra to the
topological kf[h]]-algebra

Tigry(kllhller @ k[ hllex @ kl[hllez @ kl[hlles @ k([hlles)
7 ;

where 1 is the closure of the two-sided ideal generated by

er®es—es ey —2ey,

€3®€5—€5®€3—%h2€1®€1®€1,
e4®es—65®€4—éh3€1®e1®61®81,

ex®es —esQ@er+hey Qey,

e3®@es—es@ez+her ey,

ei®e;—e;®e;, 1f{i,j}#{2,4} {3,5},{4,5},{2,5}, (3,4},
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with the coproduct Ay, counit €, and antipode S defined as follows:

Apler) =e1®@1+1®ey,

Ap(er) =2 ®@1+1Qen,

Ap(es) =e3®@1+1Q®ez—hey ey,

Aples) =es®@1+1@es—hes®e1 +3h°e; @7,

Aples) =es®@1+1®es—hes®@e1 +sh’e3 Q] — ther @ ey,
€,(e;,)=0 and S(e;j))=—e; foriell,s].

(b) (U(g)*)" is not isomorphic to the trivial deformation of U (a) as an algebra.
Proof of Proposition 6.1. Let &; be the element of U (g)* defined by

E X XPXEXEXDY =840+ 8ai1 -+ - Bas.0-

The algebras U(g)* and k[[&f, ..., &,] are isomorphic. The topological Hopf
algebra (U, (g)*, ’Ag = -, ‘o = Ayp, 'eo, o = €5, 'Sp) is a QFSHA. Uy (g)*
and k[[&1, ..., &,, h] are isomorphic as k[[~#]]-modules. The elements &y, ..., &,
generate topologically the k[[:]- algebra Uy (g)* and satisfy €,(&;) =0,

Q& —EQ8, ARX] ... XE) #0 < (a1, a2, a3, a4, a5) = (1,0, 0,0, 0)

and <&, ® &4 —E4® &, AR(X 1)) =2h. Hence, & - £&4 — &4 -, & = 2hé&;. The other
relations are obtained similarly.
Let us now compute the coproduct A, of Uy, (g)™*:

(ApEs), XPXPXEXPXE @ XV XPXPXPXEY £0
(0,0,0,0,1,0,0,0,0,0) or
(0,0,0,0,0,0,0,0,0,1) or
(611, az,613,614,615,b1,b2,b3,b4,b5) = (0, 0, O, 1, 0, 1,0, 0, O, 0) or
(0,0,1,0,0,2,0,0,0,0) or
(0,1,0,0,0,3,0,0,0,0).

Moreover,
(Ap(Es), Xa®@ X)) =—1,  (Ap(Es), X30XD =1, (ApEs), Xo®@X) =—1.

Hence,

ApEs) =EQ1+ 1R —EQE + 35 Q& 1 &1 — 2 @& & nér.

Ap(€1), Ap(&), Ap(&3) and Ay (&4) are computed similarly.
We set & =h~'& and e; = & mod i (U(g)*)”. From what we have reviewed in
the first paragraph of this section, the first part of this theorem is proved.
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Then ¥ : (U(g)*)" — U(a)[[h]], defined by

w(z Pr(él,...,énﬂz*) =D Prler... el

reN reN

is an isomorphism of topological k[[#]]-modules. Let -5 be the transposition of the
multiplication of Fj, to U(a)[[2]. If u and v are in U (a), one sets

o0
U-pv= uv+Zhrur(u, v).

r=1

One has 11 (e3, e4) = 0, pu1(es, €3) = e} and py(ea, es) =0, pui(es, e2) = e7. Let
us show that 1 is a coboundary in the Hochschild cohomology. The Hochschild
cohomology HH*(U (a), U (a)) is computed by the complex

(Hom(U (0)%*, U(a)), b),
where

b(f)@o, ....an) =aof(ar,....a) + Y (=1 f(ao.....ai 1a;,...ay)
- £ @,y (=1)"

if f e Hom(U ()®" 1 U(a)). Using the explicit isomorphism between the Hoch-
schild cohomology HH*(U (a), U (a)) and the Lie algebra cohomology of a with
coefficients in U (a)?? (with the adjoint action) and H*(a, U (@)% [Loday 1998,
Lemma 3], one can show that u; = b(«). The map ¢ € Hom(U (a), U(a)) is
determined by

g = —%6’162 ®e; — %6164 ® el
and
wi(u, v) =ua(v) —a@v) +uax(v) forall (u,v) e U(a).

We set B, = id —ha. Then g, ' = 3°°° hia!. If u and v are elements of U (a),
we put u -/h v = ,Bh_1 (Br(u) -5, B (v)). If i and j are different from 3 and 5, then
e ;1 ej = ¢; -y ej. Computations lead to the relations:

/ / / / / / / /
€lpes=¢e5-p,€1, € ,€3=¢€3: €, €3-,€65=¢e5" €, €3€64=E¢e4" €3,
/ ’ ! 4 172 3 ’ / 1 2.3
el-,e3=e3- e, ey es—ese3=ch'e], 94'h€5—€5'h€4=g—h e;.
The topological algebras [U (a)[2]], -] and [U (w)[A1, }1] are isomorphic, hence,

their centers are isomorphic. Using the commutation relations, one can compute
the center Z [U(a)[[h]], }l] of [U(a)[[h]], ;l]

Z[U @Al ] = {Z P, (el

n>0

Prek[Xl]}.
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But, the center of the trivial deformation of U (a) is
Z[U(a)[[h]]’ /“LO] = {Z Pr(elv e37 eS)hr Pr € k[X17 X37 XS]}‘
n>0
Hence, the algebras [U (a)[[A1]], '}l] and [U (a)[[A]], o] are not isomorphic. U

Proposition 6.2. We consider the quantized enveloping algebra of Proposition 6.1.
We write the relations defining the ideal I as follows.

eie;—ej Qe — E Cl{l,jea_Pi,j-
a

As all the P;;’s are monomials in ey’s, the notation P; j/e; makes sense. The

complex
Bh ah h

h h
0= Up(@@N a2 Up@@Na 2 .2 U (@) @a -5 Uy () 22 k[h] — 0,

where the morphisms of Uy (a) and 3;; are described below, is a resolution of the
trivial Uy, (a)-module k[[h]]. We set

h(l@ep N---Nep,)

n
i—1 —
:Z(_l)l €p; @ep N Nep New-Nep,
i=1

k+l —~ ~
+Z(—1) Z @ I@eqNep AN Aer-Aepy A Aep.

Pk, D1
k<l a
Then,
35[ =€y,
h
0/ (I®e;) =e,

h Pij
0, (1Qeinej) = 32(1®ej/\€j)—e—®ei,
1
h Pij
3 (1®e NejAer) = 03(1 ®€i/\€j/\€k)—e—®€1 Aeg
1

P i Pj i

s Js

+ - @enej— L5 e Ae,
€1 €l

af(l®elAei/\ej/\ek) =04(1®e1NejNejAey),

P
8f(1®e2/\e3 ANegNes) = 84(1®€2/\€3/\e4/\65)+£®61/\€2/\€4
€l

P34 Py 5 Py s
——— Qe NepANes———QReirNexyNes———QRQeyr ANe3Ney,
el €] e]

8?(1@61/\82/\63/\64/\85) =05(1Re; Aex AesAegAes).
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The character defined by right multiplication on Ext%,h( o) (k[LA], Up(a)) of Up(a) is
zero.

Proof of Proposition 6.2. The resolution of k[[A] is obtained as in the proof of
Theorem 5.1. The rest of the proposition follows by easy computations. U

7. Applications

Poincaré duality. Let M be an A}”-module and N an Aj,-module. The right exact

functor M ® — has a left derived functor. We set
Ap

Tor,, (M, N) = L'(M ® -)(N).

Theorem 7.1. Let Ay be a deformation algebra of Ao satisfying the hypothe-
sis of Theorem 4.1. Assume moreover that the Ap-module K is of finite pro-
Jjective dimension. Let M be an Aj-module. The K-modules Ext;}1 (K, M) and

Torﬁ:/ _;(R4,, M) are isomorphic.
Remark. Theorem 7.1 generalizes classical Poincaré duality [Knapp 1988].

Proof of Theorem 7.1. As the Ap-module K admits a finite-length resolution by
finitely generated projective Aj,-modules, P®* — K, the canonical arrow

RHomy, (K, Ap)®% M — RHomy, (K, M)
is an isomorphism in D(Mod Ay,). O

Duality property for induced representations of quantum groups. From now on,
we assume that Ay is a topological Hopf algebra.

In this section, we keep the notation of Theorem 4.5. Let V be a left A;-module,
then, by transposition, V* = Homg (V, K) is naturally endowed with a right Aj-
module structure. Using the antipode, we can also see V* as a left module structure.
Thus,

u-f=f-Swu) forall ue A,and f e V™.

We endow 24, ® V* with the right Aj,-module structure given by
@8 f)ru= Tm > 0x);,)00 f S,
J

forallu € Ay, all f e V*, andall w € Qy4,.

Let Aj be a topological Hopf deformation of Ag, and let B, be a topological
Hopf deformation of By. We assume, moreover, that there exists a morphism of
Hopf algebras from By, to Ay, and that A, is a flat B,”-module (by Proposition 3.6

J— 1 / V
and A(u) _nEI—Poo Zj w, ®u'
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this is verified if the induced Bg-module structure on Ag is flat). If V is an Ay,-
module, we can define the induced representation from V as follows:

Indg: (V) == Ah®Bh v’
on which A acts by left multiplication.

Proposition 7.2. Let A, be a topological Hopf deformation of Ay and let By, be
a topological deformation of By. We assume that there exists a morphism of Hopf
algebras from By, to Ay, such that Ay, is a flat BZp -module. In addition, we assume
that By, satisfies the hypothesis of Theorem 4.1. Let V be a Bp-module which is a
free finite-dimensional K-module. Then, Dp, (Indi’; (V)) is isomorphic to (Q2p, ®
V)@, Anl—dp,] in D(Mod B/").

Corollary 7.3. Let Ay, be a topological Hopf deformation of Ag and let By, be a
topological deformation of By. We assume that there exists a morphism of Hopf
algebras from By, to Ay, such that Ay is a flat BZP -module. We also assume that
By, satisfies the condition of Theorem 4.1. Let V be a Bp-module which is a free
finite-dimensional K -module. Then,

(a) Ext"Ah (An®p,V, Ap) is reduced to 0 if i is different from dp, .
(b) The right Aj,-module Extii” (Ap®p,V, Ay) is isomorphic to (Q2p,QV*)®p,Ap.

Remark. Proposition 7.2 is already known in the case where g is a Lie algebra, b
is a Lie subalgebra of g, and A and B are the corresponding enveloping algebras.
In this case, one has dp, = dim § and d¢, = dim €. More precisely, It was proved by
Brown and Levasseur [1985, page 410] and Kempf [1991] in the case where g is
a finite-dimensional semisimple Lie algebra, and Indggﬁi(V) is a Verma-module.
In addition, Proposition 7.4 is proved in full generality for Lie superalgebras in

[Chemla 1994].
Here are some examples of situations where we can apply Proposition 7.2.

Example. Let k£ be a field of characteristic 0. We set K = k[[h]l. Etingof and
Kazhdan have constructed a functor Q from the category LB(k) of Lie bialgebras
over k to the category HA(K) of topological Hopf algebras over K. If (g, ) is a
Lie bialgebra, its image by Q will be denoted by U}, (g).

Let g be a Lie bialgebra and let f) be a Lie sub-bialgebra of g. The functoriality
of the quantization implies the existence of an embedding of Hopf algebras from
Ui (h) to Uy (g) which satisfies all our hypothesis.

Example. If gis a Lie bialgebra, we will denote by (g) the formal group attached
to it and by %, (g) its Etingof Kazhdan quantization. Let g and h be two Lie
algebras, and assume that there exists a surjective morphism of Lie bialgebras
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from g to fh. Then, F;(g) is a flat Fj (h)-module, and A, = F;(g) and By, = F,(h)
satisfies the hypothesis of the theorem.

Example. If G is an affine algebraic Poisson group, we will denote by F(G) the
algebra of regular functions on G and by %, (G) its Etingof Kazhdan quantization.
Let G and H be affine algebraic Poisson groups. Assume that there is a Poisson
group map G — H such that #(G) is a flat F#(H)°’-module. By functoriality
of Etingof Kazhdan quantization, A, = %,(G), and B, = %, (H) satisfies the
hypothesis of the theorem.

The proof of Proposition 7.2 is analogous to that of [Chemla 2004, Proposi-
tion 3.2.4].

We now extend to Hopf algebras another duality property for induced represen-
tations of Lie algebras [Chemla 1994].

Proposition 7.4. Let Aj, be a Hopf deformation of Ay, By, be a Hopf deformation
of By and Cj, be a Hopf deformation of Co. We assume that there exists a morphism
of Hopf algebras from By, to Ay, and a morphism of Hopf algebras from Cj, to Ay,
such that Ay is a flat BZP -module and a flat Cflp -module. We also assume that
By, and Cy, satisfy the hypothesis of Theorem 4.1. Let V (respectively W) be an
Bj,-module (respectively Cj,-module) which is a free finite dimensional K-module.
Then, for all integers n, one has an isomorphism

Ext) " (Ah BV, A1 ® W) = Exty (@, ® W) ® An (2, ®V) @ Ar).
h h h

Remark. Proposition 7.4 is already known in the case where g is a Lie algebra, b
and € are Lie subalgebras of g, and A, B and C are the corresponding enveloping
algebras. In this case one has dp, = dimb and d¢, = dim €. More precisely, gen-
eralizing a result of G. Zuckerman [Boe and Collingwood 1985], A. Gyoja [2000]
proved a part of this theorem (namely the case where h = g and n =dim h =dim )
under the assumptions that g is split semisimple and h is a parabolic subalgebra
of g. D. H. Collingwood and B. Shelton [1990] also proved a duality of this type
(still under the semisimple hypothesis) but in a slightly different context.

M. Duflo [1987] proved Proposition 7.4 for a g general Lie algebra, h = €,
V = W* being one-dimensional representations.

Proposition 7.4 is proved in full generality in the context of Lie superalgebras
in [Chemla 1994]. The proof in the present case is very similar to that of [Chemla
2004, Corollary 3.2.5].

Hochschild cohomology. Int this subsection, Ay is a topologlcal Hopf algebra. We
set Aj = Ah®k[[h]]Ah and Ah = Ah®kﬂh1]A .If M is an Ae -module, we set

HH}, (M) = Ext; (45, M) and HH (M) = Tor!" (A, M).
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The next result was obtained in [Dolgushev and Etingof 2005] for a deformation
of the algebra of regular functions on a smooth algebraic affine variety. Its proof
in our setting is analogous to that of [Chemla 2004, Theorem 3.3.2].

Proposition 7.5. Assume that A satisfies the conditions of Theorem 4.1. Assume
moreover that Ag @ Agp is noetherian. Consider ApQxn1An with the Aj-module
structure given by a - (x @ y) - B =ax Q yB. for o, B, x,y € Ap.

(@) HH) (A®uquyAn) is zero if i #da,.
(b) 7/716 A\z—module U= HHX:” (Ah%Ah) is isomorphic to Q 4, ® Ay, with the
Aj -module structure given by
@ (@®x)-B=wba,(B) @SB xS (o)

fora, B, x € Ay, where B =", B/ Q B/

Proof. Using the antipode Sj, of A, we have in D(Mod A\Z) the isomorphism
R Homyz (Ap, An®Ap) 2 RHomy, g, ((An)*, (An®An)),

where the structures on (A;)* and (A,®A;)* are given by (« ® B) - u = auSy(B),
@®PB)- uW@v) =au@vS,(B), and M@ v) - ® B = ua ® Sy(B)v, for all
o, B, u, v € Ay. Using the version of Lemma 4.6 for right modules [Chemla 2004,
Lemma 1.1], one sees that (A;,)* is isomorphic to (A, ®A,)®4, K as an A, ®A,-
module. We get

RHomg: (A, Ay®An) = R Homy, 4, (A84®4, K, (A8 AN")
~ RHomy, (K, (A,®A)")
~ RHomy, (K, Ap)®a, (A®A*
~ @4, (AR®AL)".

Furthermore, the isomorphism id ® S, ! transforms (Ap @Ah)# into the natural
(AR®A) ® (A®Ap)P-module (A,®A;)", given by

@®P) - uRv)=au@Pv, URV) - d®P =uxQvp

for all («, B, u, v) € Ay,.
Using Lemma 4.6, one sees that 2,®4, (Ap®@A,)M is isomorphic to 2, ® Ay
endowed with the (A @Ah)"” -module structure given by

URV) - a®p = ZueAh(a;) ® S(a/)yvp forall a, B € Ay,

This finishes the proof of the proposition. U
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We are in the case where Ext’ - (Ap, ) is 0 except when i = dy,,, so we get
a duality between Hochschild homology and Hochschild cohomology [van den
Bergh 1998].

Corollary 7.6. Let Ag be a k- algebra satisfying the hypothesis of Theorem 4.1.
Assume moreover that AS = Ag ® A is noetherlan and that the Ae -module Ay, is
of finite projective dimension. Let M be an A -module. One has

HH'(M) ~ HHy, _i(U®a,M), where U = Ext (Ah, A9).

Proof. The proof is similar to that of [van den Bergh 1998]. Assume first that M
is a finite-type ;li -module. Let P* — Aj; — 0 be a finite-length and finite-type
projective resolution of the ZE -module Ay, and let Q®* — M — 0 be a finite-type
projective resolution of the Zli—module M. As Q' and U®,4, Q' are complete, one
has the following sequence of isomorphisms:

HHE- (M) ~ H' (Homg; (P*, M) ~ H' (Homg; (P*, A))® 7 M)
~ H'(U[-dI®% M) ~ H' % (U 0°)
~ gi—da, ((A,,®Ah U)®z 0°)
~ Hi", (Ah®gi(U®Ah 0%)) ~ HHgy, —i(U®a,M).

In the general case, when M is no longer a finite-type ;\E—module. We have
M = h_r)n M’', where M’ runs over all finitely generated Af-submodules of M. This
allows us to finish the proof. U
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REPRESENTATIONS OF THE CATEGORY OF MODULES
OVER POINTED HOPF ALGEBRAS OVER S3 AND Sy

AGUSTIN GARCIA IGLESIAS AND MARTIN MOMBELLI

We classify exact indecomposable module categories over the representation
category of all nontrivial Hopf algebras with coradical S; and S4. As a
byproduct, we compute all its Hopf—Galois extensions and we show that
these Hopf algebras are cocycle deformations of their graded versions.

1. Introduction

Given a tensor category €, an exact module category [Etingof and Ostrik 2004a]
over € is an abelian category [l equipped with a biexact functor ® : € x Jl — M
subject to natural associativity and unit axioms, such that, for any projective object
P € and any M € Jl, the object P ® M is again projective.

Exact module categories, or representations of €, are interesting objects to con-
sider. They are implicitly present in many areas of mathematics and mathematical
physics, such as subfactor theory [Bockenhauer et al. 2000], affine Hecke algebras
[Bezrukavnikov and Ostrik 2004], extensions of vertex algebras [Kirillov and Os-
trik 2002; Huang and Kong 2004], Calabi—Yau algebras [Ginzburg 2007], and con-
formal field theory, see for example [Barmeier et al. 2010; Fuchs and Schweigert
2003; Coquereaux and Schieber 2007; Coquereaux and Schieber 2008]. Module
categories have been used in the study of fusion categories [Etingof et al. 2005], and
in the theory of (weak) Hopf algebras [Ostrik 2003b; Mombelli 2010; Nikshych
2008].

The classification of exact module categories over a fixed finite tensor category
% has been undertaken by several authors:

— when € is the semisimple quotient of U, (sl>), by [Kirillov and Ostrik 2002;
Etingof and Ostrik 2004b];

— over the tensor categories of representations of finite supergroups, by [Etingof
and Ostrik 2004a];

The work was partially supported by CONICET, FONCyT-ANPCyT, Secyt (UNC), Mincyt
(Cérdoba).
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— over Rep(D(G)), where D(G) is the Drinfeld double of a finite group G, by
[Ostrik 2003a];

— over the tensor category of representations of Lusztig’s small quantum group
uy(sly), by [Mombelli 2010];

— and more generally over Rep(H), where H is a lifting of a quantum linear
space, by [Mombelli 2011].

The main goal of this paper is the classification of exact module categories
over the representation category of any nontrivial (that is, different from the group
algebra) finite-dimensional Hopf algebra with coradical kS3 or kSj4.

Finite-dimensional Hopf algebras with coradical kS3 or kS4 were classified in
[Andruskiewitsch et al. 2010] and [Garcia and Garcia Iglesias > 2011], respec-
tively. For all these Hopf algebras, the associated graded Hopf algebras gr H is of
the form B (X, q) #kS, for n = 3 or 4, where X is a finite set equipped with a
map > : X x X — X satisfying certain axioms that make it into a rack, and where
q: X x X — k* is a 2-cocycle. We obtain the result:

Let n = 3 or 4, and let Jl be an exact indecomposable module category over
Rep(®B(X, q) #kS,,). There exist

— asubgroup F < 'S, and a 2-cocycle ¥ € Z%(F, k),
— asubset Y C X invariant under the action of F,

— a family of scalars {£¢} compatible (see Definition 7.1) with (F, ¢, Y),

such that MM > gy, F,y )M, where B(Y, F, ¥, §) is a left B(X, q) #kS,-comodule
algebra constructed from the data (Y, F, ¥, &).

We also show that, if H is a finite-dimensional Hopf algebra with coradical kS3
or kSy, then H and gr H are cocycle deformations of each other. This implies that
there is a bijective correspondence between module categories over Rep(H) and
Rep(gr H).

The content of the paper is as follows. In Section 3 we recall the basic results on
module categories over finite-dimensional Hopf algebras. We recall the main result
of [Mombelli 2011] that gives an isomorphism between Loewy-graded comodule
algebras, and a semidirect product of a twisted group algebra and a homogeneous
coideal subalgebra inside the Nichols algebra.

In Section 4 we show how to distinguish Morita equivariant classes of comodule
algebras over pointed Hopf algebras.

In Section 5 we recall the definition of a rack X and a gl-datum 2, and how
to construct (quadratic approximations to) Nichols algebras gz(X , q) and pointed
Hopf algebras #(2) from them. In particular, we recall a presentation of all finite-
dimensional Hopf algebras with coradical kS3 or kSy4.
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In Section 6, we give a classification of connected homogeneous left coideal
subalgebras of %Q(X ,q) and also a presentation by generators and relations.

In Section 7 we introduce a family of comodule algebras large enough to classify
module categories. We give an explicit Hopf-biGalois extension over %Q(X ,q)#
kS,, n € N, and a lifting #(2), proving that there is a bijective correspondence
between module categories over Rep(’%z(X, q) #KkS,,) and Rep(#(2)), n =3, 4.
In particular, we obtain that any pointed Hopf algebra over S3 or Sy is a cocycle
deformation of its associated graded algebra, a result analogous to a theorem of
Masuoka for abelian groups [Masuoka 2008]. Finally, the classification of module
categories over Rep(‘%z(X ,q) #KkS,) is presented in this section and, as a conse-
quence, all Hopf—Galois objects over %2(X ,q) #kS,, are described.

2. Preliminaries and notation

We will denote by k an algebraically closed field of characteristic zero. The tensor
product over the field k will be denoted by ®. All vector spaces, algebras and cat-
egories will be considered over k. For any algebra A, 4.l will denote the category
of finite-dimensional left A-modules.

The symmetric group on n letters is denoted S,;, and the conjugacy class of all
j-cycles in S, is denoted @’}. For any group G, any 2-cocycle ¥ € Z%(G, k), and
any h € G, we will denote ¥" (x, y) =¥ (h~'xh, h='yh) forall x, y € G.

If H is a Hopf algebra, a 2-cocycle o in H is a convolution-invertible linear
map o : H x H — k such that

(2-1) o(xmy, Y1) 0 (x2)y2), 2) =0 (Y1), 2(1)) (X, Y2)22))

ando(x,1) =01, x) =e(x), for every x, y, z € H. The set of 2-cocycles in H is
denoted by Z%(H).

If A is an H-comodule algebra via A : A — H ® A, we will say that a (right)
ideal J is H-costable if A(J) € H ® J. We will say that A is (right) H-simple if
there is no nontrivial (right) ideal H-costable in A.

If H =& H(i) is a coradically graded Hopf algebra, we will say that a left
coideal subalgebra K C H is homogeneous if K =P K (i) is graded as an algebra
and, for any n, K (n) € H(n) and A(K (n)) € Bi_, H({) ® K(n—i). K is said
to be connected if XN H(0) = k.

If H=B(V)#kG, where V is a Yetter-Drinfeld module over G and K C H
is a coideal subalgebra, we will denote by Stab K the biggest subgroup of G such
that the adjoint action of Stab K leaves K invariant.

If H is a finite-dimensional Hopf algebra, then Hy C H; C --- C H,, = H will
denote the coradical filtration. When Hy € H is a Hopf subalgebra, the associ-
ated graded algebra gr H is a coradically graded Hopf algebra. If (A, 1) is a left
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H-comodule algebra, the coradical filtration on H induces a filtration on A, given
by A, =17 '(H, ® A). This filtration is called the Loewy series on A.

The associated graded algebra gr A is a left gr H-comodule algebra. The algebra
A is right H-simple if and only if gr A is right gr H-simple; see [Mombelli 2010,
Section 4].

3. Representations of tensor categories

Given a tensor category € = (€, ®, a, 1), a module category over € (or a repre-
sentation of €) is an abelian category Jl equipped with an exact bifunctor

® 6 x M— M
and natural associativity and unit isomorphisms
mxym: (XQY)OM - XQ Y QM)

and €5 : 1Q M — M, satisfying natural associativity and unit axioms; see [Etingof
and Ostrik 2004a; Ostrik 2003b]. We assume, as in the first of these papers, that all
module categories have only finitely many isomorphism classes of simple objects.

A module category is indecomposable if it is not equivalent to a direct sum
of two nontrivial module categories. A module category Jl over a finite tensor
category 6 is exact [Etingof and Ostrik 2004a] if, for any projective P € 6 and
any M € J, the object P ® M is again projective in JL.

If /L is an exact module category over 6, then the dual category €% (see [Etingof
and Ostrik 2004a]) is a finite tensor category. There is a bijective correspondence
between the set of equivalence classes of exact module categories over € and over
%©%,; see [Etingof and Ostrik 2004a, Theorem 3.33]. This implies that, for any
finite-dimensional Hopf algebra, there is a bijective correspondence between the
set of equivalence classes of exact module categories over Rep(H) and Rep(H™).

3A. Module categories over pointed Hopf algebras. We are interested in exact in-
decomposable module categories over the representation category of finite-dimen-
sional Hopf algebras. If H is a Hopf algebra and A : 4 — H ® o is a left H-
comodule algebra, the category H‘/I/L&g is the category of finite-dimensional right
sl-modules left H-comodules, where the comodule structure is a s{-module mor-
phism. If &’ is another left H-comodule algebra the category gﬂ&&q, is defined
analogously.

The category of finite-dimensional left s{-modules 4.l is a representation of
Rep(H). The action ® : Rep(H) x gl — 4l is givenby VR M =V @ M for
all V e Rep(H) and M € y4Jl. The left s{-module structure on V ® M is given by
the coaction A.
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If M is an exact indecomposable module over Rep(H ), then there exists a left H-
comodule algebra s right H-simple with trivial coinvariants such that M >~ 4.l as
modules over Rep(H ); see [Andruskiewitsch and Mombelli 2007, Theorem 3.3].

If o and A’ are two right H-simple left H-comodule algebras such that the
categories 4Jl and s/l are equivalent as representations over Rep(H ), then there
exists an equivariant Morita context (P, Q, f, g); thatis, P € g,Jl/L&q, 0e€ zJI/LS&,,
f:P®,0 — s and g: O ®, P — s, such that the latter are bimodule
isomorphisms. Moreover, it holds that &4’ >~ Endy(P) as comodule algebras. The
comodule structure on Endy (P) is given by A(T) =T (1) ® T (9), where

(3-1) (. Tn)) Toy(p) = o, T(p0)-n¥ ' P=1)) T (P©) 0y

for any « € H*, T € Endg(P) and p € P. See [Andruskiewitsch and Mombelli
2007] for more details.

From the previous paragraph, we can see that the categories il play a central
role in the theory. The following theorem will be of great use in the next section.

Theorem 3.1 [Skryabin 2007]. Let H be a Hopf algebra and A a left H-comodule
algebra, both finite-dimensional.
() If A is H-simple and M € "My, then there exists t € N such that M', the

direct sum of t copies of M, is a free sd-module.

(i) M € "My is free as an A-module if and only if there exists a maximal ideal
J C A such that M/M - J is free as a A/ J-module. (I

Part (i) of this theorem is present in the proof of Theorem 3.5 of [Skryabin 2007].
Part (ii), which is Theorem 4.2 of the same paper, will be particularly useful when
the ideal J is such that s¢/J =k, since in this case M /M - J is automatically free.

Theorem 3.2 [Mombelli 2011, Theorem 3.3]. Let G be a finite group and let H be
a finite-dimensional pointed Hopf algebra with coradical kG. Assume there exists
Ve goygz; such that gr H = U =*B(V)#kG. Let A be a left H-comodule algebra
right H-simple with trivial coinvariants. There exist

(1) a subgroup F C G,
(2) a2-cocycle € Z*(F, k*),

(3) a homogeneous left coideal subalgebra 3 = @:’;0 H(@) SB(V) where H(1) C
V is a kG-subcomodule invariant under the action of F,

such that gr 4 >~ J #ky F as left U-comodule algebras. [l

The algebra structure and the left U-comodule structure of J# ky F is given as
follows. If x, y € X, f, g € F then

x#HOH#H=x(g-NHY (g, f)ef,
AMx# =(xm#g ®(x2 #g),
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where the action of F on J{ is the restriction of the action of G on B(V) as an
object in goyD_ Observe that F is necessarily a subgroup of Stab ¥.

4. Equivariant equivalence classes of comodule algebras

In this section we will show how to distinguish equivalence classes of some co-
module algebras over pointed Hopf algebras, and then we will apply this result
to our cases. Many of the ideas here are already contained in [Mombelli 2010;
Mombelli 2011], although with less generality.

Let I" be a finite group and H be a finite-dimensional pointed Hopf algebra with
coradical kI and with coradical filtration Hy C H; < - -- C H,, = H. Assume there
isVe ll:oygb such that gr H = U =*B(V) #kI".

Lemma 4.1. Take ', U as above, and let o € ZZ(F, k*) be a 2-cocycle. There
exists a 2-cocycle ¢ € Z>(U) such that ¢|rxr = 0.

Proof. Consider the linear map ¢ : U x U — k defined on homogeneous elements
x,y €U by
o(x,y) ifx,yeU(0);

0 otherwise.

slx,y)= {

Notice that ¢(x, 1) = ¢(1, x) = ¢(x) by definition. We have to check that (2-1)
holds for x e U(m), y € U(n), z € U(k), and m, n, k € N. If k > 0, the left-hand
side of (2-1) is zero. Set A(z) = Y _oz @ 257, with z* € U(s), s =0, ..., k.
Analogously, set A(y) ="}_oy/ ®y"/, with y' € U(1), 1 =0, ..., n. Then the
right-hand side is

k n
DY sy I s ) = c(x, ¥ =0,

i=0 j=0

and thus (2-1) holds. Both sides of this equation are similarly seen to be zero if
m > 0 or n > 0, while the case m = n = k = 0 holds by definition of ¢. This map
is convolution invertible, and its inverse ¢! is defined in an analogous manner,
using o~ 1. O

Let o, A’ be two right H-simple left H-comodule algebras. Let F, F' C T
be subgroups and let ¢ € Z%(F, k*), ¥’ € Z*(F', k*) be two cocycles such that
Ao = ky F and ) = ky F'. Let K, K’ € B(V) be two homogeneous coideal
subalgebras such that grd = K #ky F and grsd’ = K #ky F'.

The main result of this section is this:

Theorem 4.2. The categories yM and M are equivalent as modules over Rep(H)
if and only if there exists an element g € T such that i’ ~ gslg™!
algebras.

as comodule
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Proof. Let us assume that Al = ./l as Rep(H)-modules. By [Andruskiewitsch
and Mombelli 2007, Proposition 1.24] there exists an equivariant Morita context
(P, Q, f, h);thatis, Pe Tt ,,0efiM,, f:P®,0— A andh: QR P — d,
where the latter are bimodule isomorphisms, and s’ ~ Endy(P) as comodule
algebras. The comodule structure on Endy(P) is given by A : Endy(P) - H®
Endy(P) with A(T) =T (—1) ® T 0y, where

4-1) (. Tn)) Toy(P) = o, T(p0)-n¥ ' P=1)) T (P©)0):

forany « € H*, T € Endyg(P), and p € P.

For any i =0, ...,m, define P(i) = P;/P;_1, where P_; = 0. The graded
vector space gr P = /., P(i) has an obvious structure that makes it into an
object in the category UJ(/LK#M . Denote the coaction by § : gr P — U ® gr P. In
particular, gr P € Ul ; thus, by Theorem 3.1(2), we have gr P ~ M ® K, where
M=grP/(grP-K%)since K/KT =k.

We have §(grP-KY) C(U®grP) (KT Q1 +UQ®KY), since K =k® K+
and thus the map § induces a new map’S\: M— U Q®M,where U=U/UK"U.
Notice that U’ is a pointed Hopf algebra with coradical kT", since U is coradically
graded and the ideal U K U is homogeneous and does not intersect Uy. M is also
a ky F-module withm - f = m- f,for f € F,m e M. This action is easily seen to
be well defined and, moreover, M € U:/‘/L[kv,p.

Let W e Z2(T,Kk*) be a 2-cocycle such that W|pyr = ¥; see [Brown 1982,
Proposition I1I (9.5)]. Let ¢ € Z?(U’) be such that ¢ |, =W ~!, as in Lemma 4.1.
By [Mombelli 2010, Lemma 2.1], there exists and equivalence of categories

/; !
v ./‘/L[kp ~ U./‘/L([kp)w.

By Theorem 3.1(2), any object in Y “Myr is a free kF-module. Thus, there is
an object N in U/UGEY" (. such that grP >~ N® K ®ky F. Therefore, dim P =
(dim N)(dim «). Similarly, we can assume that there is an s € N such that dim Q =
sdim o’

Using Theorem 3.1(1), there exists ¢ € N such that P’ is a free right s{-module;
that is, there is a vector space T such that P' >~ T ® #, and hence

(4-2) tdim N =dim7T.

Since P®y4 QO ~ 4/, wehave PPy O ~T Q Q >~ A" and so sdim T dim s’ =
t dim ', Using (4-2), we see that s dim N = 1, so dim N = 1, so dim P = dim «.
Claim 4.1. Ifn € Py,then P =n - .

Notice that Py #~ 0. In fact, if Py = 0 and k£ € N is minimal with P # 0, then

AP C Zl;zo Hy_;® P; = Hy® P, which is a contradiction. Let g € I" be such
that A(n) = g®n. Now, if J ={a € o : n-a =0}, then J is a right ideal of «{. We
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will prove that J =0. Leta € J and write A(a) = Y_'_, @’ ®a; in such way that the
set{a’ :i=1,...,n}C H is linearly independent. Now, {ga’ : i=1,...,n}CH
is also linearly independent, and we have 0 =A(n-a) =Y ;| ga' ®n -a;. Thus,
n-a;=0foralli=1,...,n;thatis, AM(a) € H® J and J is H-costable. As « is
right H-simple, we have J = 0. Therefore, the action - : N ® s{ — P is injective
and, since dim P = dim N dim &, the claim follows.

It is not difficult to prove that the linear map ¢ : gsdg™" — Endy(P) given by
¢(gag~"Y(n-b)=n-abis an isomorphism of H-comodule algebras.

Conversely, if si’ ~ gslg™! as comodule algebras and M € o/, then the set
gMg~! has a natural structure of «’-module in such way that the functor F :
g — M with M +— gM g~ ! is an equivalence of Rep(H )-modules. ([

1

5. Pointed Hopf algebras over S3 and Sy

In this section we describe all pointed Hopf algebras whose coradical is the group
algebra of the groups S3 and S4. These were classified in [Andruskiewitsch et al.
2010] and [Garcia and Garcia Iglesias > 2011], respectively.

Recall that a rack is a pair (X, >), where X is anonempty setand >: X x X — X
is a function, such that, for all i € X, ¢; =i > (-) : X — X is a bijection, and
satisfiesi > (j> k) = (@G > j) > (i>k) for all i, j, k € X. See [Andruskiewitsch
and Grafia 2003a] for detailed information on racks.

Let (X, >>) be arack. A 2-cocycle g : X x X — k*, denoted by (i, j) > g;j, is
a function such that, for all i, j, k € X,

qi,jok 4jk = qir>j,ik i k-

In this case, it is possible to generate a braiding ¢? in the vector space kX with
basis {x;}icx by setting ¢?(x; ® x;) = gq;jxi;® x; for all i, j € X. We denote by
B(X, g) the Nichols algebra of this braided vector space.

5A. Quadratic approximations to Nichols algebras. Let

=Py

r>2

be the defining ideal of the Nichols algebra B(X, g). We give a description of the
space $2 of quadratic relations.

Let R be the set of equivalence classes in X x X for the relation generated by
@, j)y~(@r>j,i). Let CeRand (i, j) € C. Take i} = j, i =i and, recursively,
into =lipy1 D> ip. Set n(C) =#C and

n(C)
QR/ — {C S % 1_[ C]ihH,,’h = (_l)n(C)}
h=1
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Let I be the free associative algebra in the variables {T;};cx. If C € R/, consider
the quadratic polynomial

n(C)

(5-1) bc = Z m(C) Ty, Tiy €T,
h=1

where 71 (C) = 1 and n,(C) = (—=1)"*'q1,1,Gisiy - - - iyiy, With b > 2. Then, a basis
of the space $2 is given by

(5-2) dc({xitiex) forC e

We denote by gz(X , q) the quadratic approximation of B(X, g), that is, the al-
gebra defined by relations ($?). For more details, see [Garcia and Garcia Iglesias
> 2011, Lemma 2.2].

Let G be a finite group. A principal YD-realization of (X, q) over G [An-
druskiewitsch and Grafia 2003a, def 3.2] is a way to realize this braided vector
space (kX, c?) as a Yetter—Drinfeld module over G. Explicitly, it is a collection
(-, & (Xi)iex), where

— - is an action of G on X,
- g: X — G is a function such that g, = hgih ' and g; - j =i > j,
— the family (x;);ex, where x; : G — k* is a 1-cocycle (that is,
Xi(ht) = xi (t) x1.i(h),
forall i € X and h, t € G) satisfies x;(g;) =q;i-

If (-, g, (xi)iex) is a principal YD-realization of (X, g) over G, then kX € goygz;,
as follows. The action and coaction of G are determined by

S3(xi))=¢gi®x;, h-xi=yxi(h)x,; forieX, hegd.
Lemma S.1. If i > j)>i = j foranyi, j € X, then
(5-3) Xi()arisrj ri=xj(f)qisji forany f€Gandi,jeX.

5B. Nichols algebras over S,. Let X be 0 or @2, considered as racks with the
map > given by conjugation. Consider the maps

sgn: S, x X — k*, (o,i) > sgn(o),
1 ifi=(a,b)and o(a) <o (b),

:Sl’l @n [k*» 7. i = ]
X x 0y = k¥, (0,1) = xi(o) {_1 if i = (a, b) and o (a) > o (b).
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We will deal with the cocycles
—1: X x X —> k¥, (j, 1)+ sgn(j) = —1, i,jeX;
x 105 x 05 — k¥, (J, ) — xi(j) i,je0j.
The quadratic approximations of the corresponding Nichols algebras are

5%2(03, —1) =kxgm, 1 <l<m=<n |x(2ab), X(ab)X(ef) + X(ef)X(ab)»
X(ab)X(be) T X(be)X(ac) t X(ac)X(ab)s
l<a<b<c<n,1<e< f<n, {a,b}ﬂ{e,f}:@),
B3, ) =Kxgmy. 1 <1 <m <n|xky). Xab)Xer) — Xe)Xab):
X(ab)X(be) — X(be)X(ac) — X(ac)X(ab)>
X(be)X(ab) — X(ac)X(bc) — X(ab)X(ac),
l<a<b<c=<n,1<e<f<n, {a,b}ﬂ{e,f}z@),
%2(@4, -1 = |]<<x,-, i € @2 }xiz, XiXj-1 + X;-1X;,
XiXj+xpx; +xjxpifij=kiand j £i #k € @3).
Example 5.2. A principal YD-realization of (0%, —1) or (0}, x), respectively of
X,q9)= (@4, —1), over S, respectively over Sy, is given by the inclusion X — S,
and the action - is the conjugation. The family {;} is determined by the cocycle. In

either case, g is injective. For n =3, 4, 5, this is in fact the only possible realization
over §,,.

Remark 5.3. Notice that all (0%, —1) and (0%, x) for any n, and (0%, —1) satisfy
that R =%R'. When n =3, 4, 5, we have from [Andruskiewitsch and Grafia 2003b;
Garcia and Garcfia Iglesias > 2011]

B(04, —1) = B(04, —1),
B(03, x) = B4, X).
dim B(05, —1), dimB (0, x) < oo.
5C. Pointed Hopf algebras constructed from racks. A quadratic lifting datum
(or gl-datum) [Garcia and Garcia Iglesias > 2011, definition 3.5] is a collection
2=(X,q,G, (.8 (Xiex), (yc)cen) consisting of a rack X, a 2-cocycle g, a
finite group G, a principal YD-realization ( , 8, (XDie X) of (X, g) over G such

that g; # g;gx forall i, j, k € X, and a collection (yc)cea € k satisfying that, for
each C ={(ip, i1), ..., (in, in—1)} € R and k € X, we have

(5-9) vc=0 if gi,gi, =1,
(5-5) YC = Qi Qi Yise kD> C ={k> (i2,i1), ..., kD> (in, ip-1)}.
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To each gl-datum 2 is attached a pointed Hopf algebra #(2), generated as an
algebra by {a;, H, : | € X, t € G} subject to the relations

(5-6) H,=1, H/H;=H,, fort,s € G;
(5-7) H;a; = x(t)a;; Hy forte G, l e X;
(5-8) dc({ar}iex) =yc(l — Hgy,) for Ce®', (i, j) eC.

Here, ¢¢ is as in (5-1) above. The algebra #(2) has a structure of pointed Hopf
algebra by setting

AH)=H®H;,, Aa)=g®a+a 1 fort e G,i € X.
See [Garcia and Garcia Iglesias > 2011] for further details.

5D. Pointed Hopf algebras over S,. The following gl-data provide examples of
(possibly infinite-dimensional) pointed Hopf algebras over S,,: for «, 8, A € k and

1= (a, p),

(1) 2, '[1]=(Su, 05, =1, -, 1, {0, o, B,
) Qﬁ[k]:(Sn,@g,x, -,1,{0,0,a}), and
(3) Dlt]=(S4, 0, =1, -, 1, {a, 0, B}).

We will present explicitly the algebras #(2) associated to these data. It will follow
that relations (5-8) for each C € R’ with the same cardinality are S,-conjugated.
Thus, for each C with a given number of elements, it is enough to consider a single
relation.

Example 5.4. %(Q;l[t]) is the algebra generated by {a;, H, :i € 05, r € S, } with

relations
H,=1, H/H,=H,, forr,seS,;

Hja; = —aj;jH; fori, je05;

a(212) =0;

aazaaay +aaaaaz) = o(l — Haoy Heaey);

az)aws) +aesyaas) +aazaaz = (1 — Haz His)).
Example 5.5. %(2[A]) is the algebra generated by {a;, H, :i € 05, r € S,} with
relations H,=1, H.,H=H,, forr,seS,;

Hja; = xi(j)ajijH; fori, j € 03;

a(zlz) =0;

aaz)azs) —aaaaa) = 0;

a12)a3) — awe3)aaz) — aazaaz) = a(l — Hiaz) Hez)).
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Example 5.6. #(%[¢]) is the algebra generated by {a;, H, : i € @3, r € Sy} with
relations
H,=1, H.,H=H,, forr,seS,;

Hjal- = —aﬁjHj fori e @i,j (S @4;
2

aiozay = (1 — HazyHoa));

a(1234)a1432) + a4z aczze) = 0;

a(1234)a(1243) + A(1243)a(1423) + a423yaa234 = P(1 — Huo) H1z)).

These Hopf algebras have been defined in [Andruskiewitsch and Grafia 2003b,
def 3.7], [Garcia and Garcia Iglesias > 2011, def 3.9] and [Garcia and Garcia Igle-
sias > 2011, def 3.10], respectively. Each of these #(2) satisfies gr#(2) =
%Z(X ,q) #kG for G = S,, with n as appropriate [Garcia and Garcia Iglesias
> 2011, propositions 5.4, 5.5, 5.6].

Remark 5.7. We have the following classification results:

(1) #@Q5 ! [t]), witht = (0, 0) ort = (0, 1), are all the nontrivial finite-dimensional
pointed Hopf algebras over S3 [Andruskiewitsch et al. 2010].

2) %(Q;l[t]), %(Slff[g“]) and #(D[t]), with t € I]3’[1k U{(0,0)} and ¢ € {0, 1},is a
complete list of the nontrivial finite-dimensional pointed Hopf algebras over
Sy [Garcia and Garcia Iglesias > 2011].

We will classify module categories over the category of representations of any
pointed Hopf algebra over Sz or Sy, that is, of the algebras listed in Remark 5.7.

6. Coideal subalgebras of quadratic Nichols algebras

A fundamental piece of information to determine simple comodule algebras is
the computation of homogeneous coideal subalgebras inside the Nichols algebra.
This is part of Theorem 3.2. The study of coideal subalgebras is an active field
of research in the theory of Hopf algebras and quantum groups, see for example
[Heckenberger and Kolb 2011; Heckenberger and Schneider > 2011; Kharchenko
> 2011; Kharchenko and Sagahon 2008].

In this section we present a description of all homogeneous left coideal subal-
gebras in the quadratic approximations of the Nichols algebras constructed from
racks.

Fixne N, let X ={i{,...,i,}bearackof n elementsand g : X x X — k* a
2-cocycle. Let & be as in Section SA. Assume that, for any equivalence class C in
R and i, j, k € X, we have

(6-1) @ j),GkeC= j=k and (,j),(k,i)eC = k=i>].
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Let G be a finite group and let (-, g, (x;)icx) be a principal YD-realization of
(X, g) over G. We further assume that

(6-2) g isinjective and R =R

Foreach subset Y C X, with Y ={i;,, ..., i} € X, denote by Jy the subalgebra
of Bor(X, q) #Kk1 generated by xj,, ..., xj,. Set I =Br(X, q) #kG.
Proposition 6.1. For each set Y ={i;,,...,i;} € X the algebra Jy is an homo-
geneous coideal subalgebra of ¥. For each such selection, if S ={gi, . ..., &, }
then

Stab¥y =S¢ ={h e G : hSyh™" = Sy).

Moreover, if X is a homogeneous coideal subalgebra of ¥ generated in degree one,
then there exists a unique Y C X such that

H=Hy.

In particular, the set of homogeneous coideal subalgebras of # generated in degree
one inside B,(X, q) # k1 is in bijective correspondence with the set 2% of parts

of X.

Proof. Tt is clear that 5 = Iy is a homogeneous coideal subalgebra. To describe

StabJ{ it is enough to compute the stabilizer of the vector space k{x; , ..., x; }.
But h-x;, = xj(h) xp.j,, k=1,...,r,and x5.;, € {xj,...,x;} if and only if
h-jx€{ji,..., -}, if and only if g;.;, = g, forsome [ =1, ..., r. And the first

part of the proposition follows since gj.;, = hg jkh_l.

Let ¥ be a homogeneous coideal subalgebra of # generated in degree one. If
J =k the result is trivial, so assume that 3 # k. Since I is homogeneous, J(1) #0.
Let 0 # y =) ; Aix; € H(1); then

A()=y®1+ Y AiH,®x; whichimplies > iiHy,®ux; €¥o®IH(1).
l l
Let ), AiHg®xi =) o H ® k¢, where k;, = ZjeX nijx; € H(1) with n;; € k,
for all ¢, j.
From the assumption (6-2) we know that H, = H,, if and only if 7 = g;, and
gi=gjifand only if i = j, where i, j € X and t € G. Hence n; = 0 if t # g for
some k € X. Set n;; = ng, ;. Thus,

D MMy ®xi=) 1ijHy @x;.
i i,j

Therefore, A; # 0 implies n;; = §; jA;, and so k; = x;. Thus, {x; |A; # 0} C K
and (1) = @x,-e?}{(l) k{x;}. Therefore,if Y ={i € X : x; € H(1)}, then H =Hy.
Finally, if ¥ # Y’, then it follows from the injectivity of g that 3y 2 Iy as coideal
subalgebras. U
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The next general lemma will be useful in Section 6A to prove that certain sub-
algebras are generated in degree one. Given a rack X, let us recall the notion of
derivations §; associated to every element of the canonical basis {e;};cx. If {e'}iex
denotes the dual basis of {e;};cx, then §; = (id ® ¢')A. For i € X, we denote by
X; the set X\ {i}, and thus kX; =k{x; | j € X;}. Let us assume, furthermore, that

(6-3) gii=—1 forallieX.

By (6-2), this condition is satisfied if, for example, dim s%Z(X ,q) <ooor X is
such that i >i =i for all i.

Lemma 6.2. Let H C %Q(X ,q) #Kk1 be a homogeneous coideal subalgebra of ¥,
and leti € X. If there is an w € K such that §;(w) # 0, then x; € H(1).

Proof. Let ¥ = @, #(s), w € T(kX), and i € X. In ¥,
o =a;(w) + Bi(w)x; with o;(w), Bi(w) € Ky,.

It suffices to see this for a homogeneous monomial w. We see it by induction on
¢ ={(w) €N such that w € T*(kX). If £ =0 or £ = 1, this is clear. Let us assume it
holds for £ =n—1, for some n e N. If {(w) =n and w=xj, ... x},, two possibilities
hold: j; #i or j; =i. In the first case, let ' = xj,...x;,. Then, {(o') <n —1
and therefore there exist «; ('), Bi (@) € Xx, such that o' = ¢; (') 4 Bi (@) x;. As
xj (@), xj,Bi(w') € Hy,, in this case the claim follows.

In the second case, let j = j, and let us note that j # i, by (6-3). By (6-2), we
can consider the relation

XiXj ={ijXi>jXi —{q4ijqir>jiXjXip>j-

Thus, if " = Xjz oo Xjpys then w = qijxiDjxia)” —4qijqir>j l-xjxiww// and both mem-
bers of this sum belong to X, + Hx,x; because of the previous case; the claim
follows.

Let 7 : @?:0 H(s) QH(m —s) — #H(m — 1) ® H(1) be the canonical linear
projection. Let w € T(kX), i € X and «; (w), B; (w) as above. Then,

TA@) € Bi(@) @xi +ED U@ x;.
J#
Notice that §; (w) = B;(w), and therefore, if §; (w) # 0, it follows that x; € K (1), by
using (6-2) as in the proof of Proposition 6.1. U

In this part we will assume that X is one of the racks 0}, n € N, or @3, with
q one of the cocycles in Section 5B. Notice that (6-1) is satisfied in these cases.
Using the previous results, we will describe explicitly all connected homogeneous
coideal subalgebras of the bosonization of the quadratic approximations to Nichols
algebras described in Section 5B.
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We first introduce some notation. Let ¥ C X be a subset, and define
RY={CeRr:CCY XY},
RY={(CeR:|CNY xY|=1)},
RY={CeR:CNY xY =0).
Remark 6.3. For the gl-data in Section 5D, we have %R = QR{ U %g U 9]{§ for any
subset Y. If f € Stab¥(y then f-RY CRY for any s = 1, 2, 3. Also, (6-3) holds.

Definition 6.4. Take the free associative algebra I in the variables {7}};cy. Ac-
cording to this, we set d¢c.y ({T}iey) in I as

¢c({Ti}iex) if Ce®Ry:
6-4) vcyUTihiey) =TT T — qisji T, T;T;  if C € RY, (i, j) e CNY xY;
0 if C e R,

We define the algebra £y as
(6-5) Ly =k{{yitier) / (OcyUyitier) : C € R).

If Y =X, then £x =*B(X, ¢g). For simplicity, we sometimes write V¢ for ¢ y.

Take ‘B to be one of the quadratic (Nichols) algebras %2((@", —-1), %2(@”, X)>
or B(04, —1). Accordingly, set X =03, g = —1, x or (X, q) = (03, —1). Con-
sider a YD-realization for (X, ¢) such that (6-2) is satisfied (for instance, one from
Example 5.2). Set # =B #kG.

Theorem 6.5. Let Y C X. Ly is an ¥H-comodule algebra with coaction
S(y)=gi®yi+xi®1, ieVY.

The map y; — x;, i €Y, defines an epimorphism of #-comodule algebras Ly —

Hy. Moreover, if n = 3, it is an isomorphism and Ly = Hy.

Proof. The relations that define £y are satisfied in B. In fact, it suffices to check
this in the case C € %g , since in the other ones we have ¥¢ = 0 or ¥¢ = ¢¢, and
¢c = 0 in *B; see (5-2). Now, ifCeQR% and (i, j) e CNY x Y, letk=i>j.
By the definition of %Y, we necessarily have k # i, j. Then, if we multiply the
relation x;x; — gijXi>jX;i +qijqi>jiXjXi>; = 0 by x; on the right, and apply these
relations to the outcome, we get
0 = XixjxXi +qijqirsji XjXisjXi = XiXjXi + qir>jiXj(XiXj + Gijqir>ji XjXir>j)
= XiXjXi tqisji XjXiXj.

Thus, we have an algebra projection 7w : £y — Ky. It is straightforward to see that

S(Wc,y{yitiey)) =Pc,y({xi}iey) @ 1 + gc,y ®9c,y ({yi}iey) forevery C € R,
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where
gig; IfCeR], (G, j)eC,
gey =1gigigi fCeRY, (i,j)eCNY xY,
0, if C e Ry,
Therefore, § provides £y with a structure of ¢-comodule in such a way that
becomes a homomorphism.

We analyze now the particular case n = 3. If |Y| = 1, the result is clear. Let
us suppose then that ¥ = {i, j} C @g. Notice that the map 7 is homogeneous. If
y €ker(m), then m(y) =0in BO3, —1). By (5-2), we necessarily have deg y > 3.
Now, if deg y = 3, then

Yy =ay;yjyi+Byjyiyi = (@+B)y;jyiyj.

for o, B € k. Then, m(y) = 0 implies that « = —f and y = 0. Finally, we can
see that there are no elements y € £y with degy > 4. In fact, an element y with
deg y =4 would be of the form

Y =ayiy;yiyi +Byjyiyiyi = ayiyiy;yi + By;jyjyiy; = 0.
This also shows there are no elements of greater degree. Therefore, £y = ¥y. U

Remark 6.6. If n # 3, then in general £y # Hy. In fact, whenn =4, g = —1 and
we take Y = {(13), (23), (34)} C 0%, we have

Ly Zk(x,y,z : X%, y%, 25, XyX — yXY, Y2y — Z¥Z, XZX — ZXZ).

Now, in the subalgebra of B0, —1) generated by x =x(23), y =x34) and z = x(13),
we have the relation

(xy2)? = X(23)X(34)X(13)X(23) X (34)X(13)
= —x23)X(34) (X(23)X(12) T X(12)X(13)) X(34) X (13)
= X(23)X(34)X(23)X(34) X (12)X(13) T X(23)X(12) X (34) X (13) X (34) X(13)
= X(23)X(23)X(34)X(23)X (12)X(13) T X(23)X(12) X (34) X (34) X (13) X (34)
=0.

But (xyz)? # 0 in £y. We will prove this using GAP [2008] with the package
GBNP [Cohen and Gijsbers > 2011]. See Proposition 6.9(6) for a description of
Jy in this case.

6A. Coideal subalgebras of Hopf algebras over S,. Set n =3 or 4, let 5 be a
finite-dimensional Nichols algebra over S, and # = B #kS,,. Recall that these
Nichols algebras coincide with their quadratic approximations. We will describe
all the coideal subalgebras of #. We will also calculate their stabilizer subgroups.
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We start out by proving that in this case these coideal subalgebras are generated
in degree one.

Theorem 6.7. If X is a homogeneous left coideal subalgebra of ¥, then X is gen-
erated in degree one. In particular, X = Ky for a unique Y C X.

Proof. We will see that, given w € I, we have w € (x; : §;w # 0). Then, by
Lemma 6.2, it will follow that w € (¥ (1)). Let I = {i € X : ;w = 0} and let us
assume / has m elements. We will proceed case by case, for m =0, ..., 6.

The cases when m = 0 (that is, x; € H(1) for all i € X), m = 6, and in general
m = n (since then w = 0, see [Andruskiewitsch and Grafia 2003b, Section 6]) are
clear. The case m =1 is Lemma 6.2, which also holds for any n € N.

Consider the case m = 2, for any n € N. Let I = {i, p}. We know that there is
an expression of w without, say, x;. Let us see that we can write w without x; nor
xp. Let j € X such that p> j =i. Using relations as in Lemma 6.2, and using that
X1xpX; = —qusr Xr XX, and x, x;x,x; =0 for all [, r € X, we can assume that w can
be written as 0 . 5

o=y +V XtV XpX;
with ¥, !, 2 not containing x;- or x p-factors in their expressions.

In more detail, we can assume that @ € T*(kX) is a homogeneous monomial.
For each appearance of a factor x,x; with [ # j, we replace it by g, x;xpx; +
qplqp>1pXp>1Xp. That is, we replace by an expression in which x, is located more
to the right, and an expression that does not contain x; or x,, (in the position where
we had an x,). If we have a factor of the form x,x;, we move it to the right until
we get to x,x;x,, but we can replace this expression by —¢q . jp XjXpX;.

Now, 0 = 46,0 = ylgp + yzgpxj =y! +quy2xl~)gp, and therefore we have

1 2 2 2
o =y + v, 4 qpivxixy + 4pigipy xixi = v° + a4piqipy xji.
But then, 0 =§;0 = ¢, q,-pyzxj gi, and therefore w = y° can be written without x;
Oor X ).
This finishes the case n = 3, since in this case | X| = 3. We now set n = 4, and

deal with the cases m = 3, 4, 5.
Consider the case m = 3. Fix I = {iy, i, p}. There are three possibilities:

(6-6) I={i,j, it j}
(6-7) I={i, j,k} suchthati>k=kor j>k=k;
(6-8) I =1{i, j,I} (the remaining case).

Let ji, jo» € X be such that p>> j; =i, for s =1, 2. We can assume that w is written
without x; for s = 1,2. Notice that j;, j» do not always exist. For instance, in
(6-6) there are no jj or jo, and in (6-7) j; or j, do not exist. We analyze the three
cases separately.
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In (6-6), as there are no jj, j», we can write w in the form w = y*+y 1x,,, with
v, ¥! without factors xj, j € I. But from §,w = 0 it follows that w = ¥ and,
therefore, we can write @ without factors x;, j € I.

Case (6-7) is similar. Assume, for example, that i, > p = p. Then, we have no
J». Accordingly, we can assume that w is of the form

w = VO + lep + szple = VO + lep +4pj V2xi1xp t4pj14jiir szjl Xi)

with y!, y2, 33 without factors xj, je€l. Now,0=6,0 = 'p +q,,jly2xil)gp
and thus @ = y°+q,j, i, X, xi, but, as §;,w =0, it follows w = y° and therefore
w is written without factors x;, j € I.

It remains to see (6-8). The existence of ji, j» makes this case more subtle than
the previous ones. Let us analyze the set [ = {ij, i2, p}. We have k =i| > i =
ir > i ¢ I but, moreover, we have X = {iy, iz, p, k, j2, j1}. In fact, we can have
neither i; > i, = j; (since this implies iy = p) nor i; I> iy = j, (since this implies
i1 = p). More, we have i> > j; = ji, and therefore x;,x;, = g;,;, xj, x;,. Set

a=x, b=xj, c=ux,

d=x;, e=xj,, [=x.

We analyze which are the longest words that we can write with the “conflicting”
factors a, b and c, starting with a. Recall that aba = +bab and abb = 0. Starting
with ab, we can preliminary form the words abca and abcb. Now, abcac =
+babca, and thus we discard it. Consider abcb. Since abcabc =0, we are left with
abcaba. As abcabab = 0, we reach abcabac. As abcabaca = abcabach = 0,
we keep this word. In the case of abcb, arguing similarly, we reach abcbach. If
we start with acbh, as acbc = tabcb, we consider those words starting with acba.
The longest one is acbacab, but this is abcbacb. So the longest word we can
form that was not considered before is acbac.

In consequence, we can assume there exist yi eX, i=0,...,15, without factors
Xj, j € I, such that  is of the form

o=y +yla+y*ab+ yiabc + y*abca + y abcab + y®abcaba
+ vy abcabac + yBabeb + y abeba + y abebac + yabeback
+ ylzac + yl3acb + y14acba + ylSacbac.
Using the relations and the fact that §; = 0 for s = p, i1, i, we will show that we
can write w without factors x;, s = p, i1, i». When using the relations, by abuse of
notation, we will omit the scalars g.. that may appear, including those in the (new)

factors y'. When needed, we will denote by ve, y"”, yim € X some of these scalar
multiples of the .
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As §,w =0, we can rewrite w as

w=y"+y*bd +y>bdc + )/ydce + y bdchbd + )/S/dcebd + v abcabce
+ y8bdch + )/S/dceb + )/SNdebd + yOabcbee + y ' abebebd
+ y“,abcbceb +y2ce+yBebd + ylyceb +yBacbea + yls,acbce.
Using that 6;, @ = 0 together with the relations dc = *cd, be = £eb, bcb = Ecbc
and abcabc = becbe = 0, we see that
w=y"+92bd +y’bed + vy cde + y bdchbd + y° dcebd
+y abedeae + y¥bdcb + yg/dcbe + yg//dbed +yMabcebeda
+y2ce+yPbed + ylycbe +yBacbee + yls/edaea.

Using that §;,w = 0 together with the relations, we get to

w=y"4+y%bd + y3bed + y bebad + v cbafe + v cbaed
+ y8bcad + yglbcba + yg//baed + ygwbafe +yMabcebebd
+ y“,abcbeab + y“”abcbfea + y“”’abcbfac +yBbed + ylS/bfe.

Using now that §; w =0,

w=y"+y’cbafe+ySbcba+ J/g/bafe +yMabeback
+yWabcbfce+y'" abebfac+y Bbfe.

Using again that §;,w =0,

w= )/0 + ygbcba + y“abcbacb + y”/abcbafc
= B°+ B'a + B*abcbach + Babcbabf

for B € *,i=0,..., 3, without factors x;, j € /. Using that § , = 0,
w = B° + B*dedaeda + Bdedadaf = B°,

since edaeda = dada = 0. That is, we can write w without any factors x;, j € I.

In the case m = 4, we look at the different subsets of three elements of 7. If we
have a subset of three elements that corresponds to the case (6-8), it follows that
w can be written without the factors x; with j in that subset, and then w is in an
algebra isomorphic to B(03, —1), for which we have already proved the result. If
we have a subset as in the case (6-6), when we add to this subset a fourth element
we obtain another subset as in the case (6-8). If our subset corresponds to the case
(6-7), in order to get to a case different from (6-8), we necessarily have to add a
fourth element such that [ is

I={i,j k1} withirk=kandjr>[=I.
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We analyze this case. If p € I is fixed and w is written without factors x; with
j € I\ {p} = {i1, i2, i3}, notice that if p > i3 = i3 there is no other j3 such that
p > j3 = i3 and, moreover, if ji, j» are such that p > j; = i for s = 1, 2, then
xj X, =%x,x;,. Therefore, we can assume that there are y’ fori =0, ..., 4, such
that they do not contain factors x; for j € I, and such that w can be written as

0 1 2 3 4
W=y VY Xp TV XpXj TV XpXjiXj TV XpXjiXjpXp

0, .2 3 3 4 .
=y + Y XjXi, TV XjXi,Xj, VX[ XjpXiy + VX Xi, X (since §pw = 0)

= VO + szjlxil + V3xj1xi1xj2 + )/3/xi1xj2x,-2 (since 8, = 0)
="+ szjlxil + V3xj1xi1xj2 (since &;,w = 0)
=y 4y xjxpx, (since &, w = 0)
= VO (since 6;,w = 0).

Then, we can write w without x; for j € I. In the case when m =5, w necessarily
belongs to an algebra isomorphic to B(03, —1). (]

Now, we apply Theorems 6.5 and 6.7 to calculate the coideal subalgebras and
stabilizer subgroups of # = ‘B(@g) #KkSs.

Corollary 6.8. The following are all the proper homogeneous left coideal subal-
gebras of B(03, —1) #KkS;:

(1) H; = (x;) = klx]/(x?) fori € 03,

(2) Ui j = (xi, 1)) Zkix, y)/ (3 Y% xyx = yxy) for i, j € 05.

The nontrivial stabilizer subgroups of Ss are, respectively, case

(1) Stab¥; =7, = (i) C S3,

(2) StabJ{; ; =2, = (k) C Sz fork #1, j. (]

Next, we use the computer program [GAP 2008], together with the package

[Cohen and Gijsbers > 2011], to compute the coideal subalgebras of the finite-
dimensional Nichols algebras over S4 associated to the rack of transpositions @‘2‘.
In the same way can be computed the coideal subalgebras of the Nichols algebra
B(0%, —1) associated to the rack of 4-cycles. The presentation of these algebras
may not be minimal, in the sense that there may be redundant relations. Moreover,
in the general case, non-redundant relations in a coideal subalgebra 3 may become
redundant when computing the bosonization with a subgroup F < Stab J{.

First, we need to establish some notation and conventions. Let k(x, y, z) be the
free algebra in the variables x, y, z. We set the ideals

RE(x,y,2) = (x*, y*, 2, xy +yz +zx) Ck{x, y, 2).
Set %I =%B(0%, —1) and B, = B(04, x). Recall that Y stands for a subset of @‘2‘.
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Proposition 6.9. Let ¢ = +. Any homogeneous proper coideal subalgebra K¢ of
B # K1 is isomorphic to one of the algebras in the following list:

— dimJc(1) = 1:
(1) Y = {i}, % =Kkix]/(x2), and dim ¢ =2.
— dimJc(1) = 2:

Q) Y={,j},i>j=j, X =kix,z)/(x% %, xz+¢ezx), and dim%K* = 4.
(3) Y={i, j}, i) #J, # =k(x, y)/(x*, y*, xyx—eyxy), and dim¥* =6.

— dimJc(1) = 3:

@) Y={i, j, k), i>j=k, 5 =k{x, v, 2)/{R*(x, y, 2)), and dim%K* = 12.
(5)Y={i,j.k}, i>j#jk i>k=k,
He o=k, y, 2/ (6%, ¥, 2%, xyx — eyxy, zyz — eyzy, Xz +£2x),
and dim K¢ = 24.
6) Y={i, j,k}, i>j, j>k, i>k¢{i,j k]
Hy =k{x,y,z: x2,y%, 2%,
VXY — EXYX, ZXZ — EXZX, ZYZ — EYZY,
ZXYZ+ yixy +xyzx, Zyxz+ yxzy +xzyx

ZXYXZX + EYZXYXZ, ZXYXZY + EXIXYXZ),
and dim H¢ = 48.

— dimJe(1) = 4:

T Y={,jkl}l,i>j=ki>l=I,
Hy =kix,y, z,w : x2, y2, 22, w?,
X +eyz+exy, zy+yx +éexz, wz+ezw,
VXY — EXYX, WXW — EXWX, WYW — EYWY,
WYX + EWXZ — EZWY, WYZ + WXY — WX
WXyZ —ZWXzZ, WXIW +xwxz,
WXYW + YWXY +XYWX, WXYXI — EIWXYX,
WXYXWX + EYWXYXW, WXYXWY + EXWXYXW),
and dim 3¢ = 96.
® Y={i,jkl}, i>j£jk idk=k j>l=I,



364 AGUSTIN GARCIA IGLESIAS AND MARTIN MOMBELLI

2

Hy =k{x,y,z, w @ x7, y2, 2%, w?

, 2y teyz, wx +exw,

VXY — EXYX, TXZ— EXZX, WYW — EYWY,

WZW — EZWZ, ZXYX + yIXY, ZXYZ + EXZXY,

Wyx — EZWY — yXZ + EXZW,

wzx —EzXy — ywz +exyw,

WYZXY — EYWYZX — XYyZWY + XYXZW,

WYZXW + ZXYywz — yXZWy — Xwyzx,

WYZW —EIXWZ — YZXW+YX WY +EXWYZ —EXYZX),
and dim ¥® = 144.

— dim¥¢(1) =5:
9 Y={,j kI m}
i>j=k, i>l=m, j>l#Il kbm#m, jom=m, k>I1=1,

2, uz, wz +ezw, uy +eyu,

He=kix,y, z,w,u : x>, y*, 22, w
Zx +eyz+exy, 2y +yx +éexz,
ux +ewu+exw, uw + wx + exu,
YXYy — EXYX, WXW — EXWX,
wWyw — eywy, UZu — Uz,
WYX + EWXZ — EZWY, WYZ + WXY — WX,
UZWw — EWXZ — XUz, WXy7Z —Iwxz,
WXYW + Ywxy +xywx,
WXYXZ — EZWXYX, WXIW +XWXZ,
WXYXWX + EYWXYXW, WXYXWY + EXWXYXW),
and dim J® = 288.

The stabilizers subgroups of Sy are, respectively,

(1) Zo X 22 = {gi. gj) C Sy with i > j = j;

2) D4 = {(gi,0) C Sy (if, for example, g; = (12) and o = (1324));

(3) Z>=(gk) CSu, k=iD>j.

(4) S3=1(gi,8j,8k) CSu4, i>j=k;

) Zr=(gjan), j#L j>l=1;

(6) S3=(girj» &jsk» ki) C Sas

(7) If H¢ belongs to items (7) or (8), then Stab ¢ = 1. O



CATEGORY OF MODULES OVER POINTED HOPF ALGEBRAS 365

Examples 6.10. We give, as an illustration, an example of a subset ¥ C @‘2‘ for
each case in the previous proposition. Note that, for any comodule algebra Ky,
if Y’ is not on the following list, then {y is S4-conjugated to another algebra Ky
with Y on the list.

(1) Y ={12)},

(2) Y ={(12), 34},

(3) Y ={(12), (13)},

@ Y ={(12), (13), (23)},

(5) Y ={12), (13), BH},

0) Y ={12), (13), (1)},

(1) Y ={(12), (13), (23), (14)},

(®) Y ={(12), (13), (24), 34)},

9) Y ={(12), (13), (23), (14), 24)}. u
Remark 6.11. LetY C @‘2L and let Z C @‘2‘ be such that @‘2‘ =Y U Z, as sets. Denote

by Y; one of the subsets of item (j) of Proposition 6.9, and by Z; the corresponding
complement. Notice that we have the following bijections

Z1=Yy, =Yy, Z3=Y7, Zs=Ys, Zs=VYs.

Therefore, dim Xy dimJz = dim*B?® for every Y. An analogous statement holds
when X = @j.

7. Representations of Rep(%z(X , q) #KkG)

In this section, we take & = (X, q, G, (-, & (X)iex), (Ac)cen) as one of the
gl-data from Section 5D. Note that in this case the set C; = {(i, i)} belongs to
R=%R and (i > j)>i = j forany i, j € X. Let #(2) be the corresponding
Hopf algebra defined in Section 5C, and set # = %Q(X ,q) #kG. We will assume
that dim %Z(X ,q) < oo (and thus dim #(2) < oo; see [Garcia and Garcia Iglesias
> 2011, Proposition 4.2]). In particular, this holds for n = 3, 4, 5.

7TA. %2(X , q) #kG-comodule algebras. We will construct families of comodule
algebras over quadratic approximations of Nichols algebras. These families are
large enough to classify module categories in all of our examples.

Definition 7.1. Let F < G be a subgroup and ¢ € Z*(F,k*). f Y € X is a
subset such that F-Y C Y, that is, F < Stab Xy, then we will say that a family of
scalars £ = {&c}ceq with ¢ € k is compatible with the triple (Y, F, ¥) if, for any
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f € Stab{y, we have

§r.c xi(xj(f) =8 ¥(f.gig) W (fgigs, f7) i CeR. G, j)eC;
Ere Xi(Nxj(f) =Ecv(f. gigig) ¥ (feigigi /=) ifCeRy, (i, j)eC;
Ec,=&c,=0 ifCeR}, (i, j)eC.
We will assume that the family & is normalized by & = O if either C € R},
(i,j)eC,and g;g; ¢ F,orif C eRY, (i, j)eC,and gigigi ¢ F.
We now introduce the comodule algebras we will work with.

Definition 7.2. Let F < G be a subgroup, ¢ € Z%(F,k*), and Y C X a subset
such that F - Y C Y. Let & = {{§c}ceqw be compatible with (Y, F, ). Define
AY, F, ¥, &) to be the algebra generated by {y;, e : [ €Y, f € F} and relations

(7-1) e1=1 and ees=vY(r,s)e,s forr,seF,
(7-2) eryi=xi(f)yriey for feF,le€Y,
SC ec if eceF
(7-3) ey ( )= for C € R.
c.y({yhiex 0 fecd F

Here, ¥¢,y was defined in (6-4) while the element ec is defined by

egg i CeR{ and (i, j) € C,
(7-4) ec = 1€ HCERY and (i, j)eCNY xY,
0, if C e Y.

If Z C X is a subset invariant under the action of F, we define B(Z, F, ¥, £) as
the subalgebra of A (X, F, ¥, &) generated by the elements {y;, ef:l € Z, f € F}.

Remark 7.3. (a) Applying ad(f), with f € Stab ¥y, to Equation (7-3) and using
(5-3) one can deduce the equations in Definition 7.1.

(b) It may happen that B(Z, F, ¢, §) # A(Z, F, ¢, §).
Let A :AY, F, ¥, &) > XA, F, ¥, &) be the map defined by

(7-3) AMer) = f Qey, Ay =x11+g Ry,
forall fe F,leY.

Lemma 74. A(Y, F, ¥, &) is a left #-comodule algebra with coaction A as in
(7-5) and B(Z, F, ¥, &) is a subcomodule algebra of A(X, F, ¥, ).

Proof. We first prove that the map A is well defined. It is easy to see that A(eyy;) =
xXi(f)A(yrieg) forany f e F,l € X.
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Let C € QRIY and (i, j) € C. In this case, ¢ = ¢c. We will prove that
Mpc({yi}iex)) = A(Ec eg,g,). Using the definition of the polynomial ¢¢, we obtain
that

n(C)
Mecyhex) = Y na(C) iy, X%, ® 1+ xi,,, 81, ® i,
h=1 + i1 Xin @ Viper + 8ini1 8in @ Yini Vi

=¢c{xihiex) ® 1+ gig; ® pc({yi}iex)
=&c 8igj ®egyq; = AEc egg;)-
The second equality follows since i,c)+1 = i1,
Gine1Xin = Giprin Xina&ingy  A0d - Na(C)Giy 10, = —Nn41(C).
Now, let C € QR%/ (i,j)eCandir>j¢Y. In this case relation (7-3) is
YiYiYi+qisjiyjyiyj =6C €gigigi-
Note that assumption ¢, = §c; = 0 implies that yl.2 =0= y]z. The proof that
AYiyiyi+qisjiyjyiyj) =Eci(egyg,gq) 1s a straightforward computation. (Il
Theorem 7.5. Let Y C X be an F-invariant subset. If A4(X, F, ¥, &) # 0, then the
following statements hold:
(1) The algebras A(X, G, , &) are left #-Galois extensions.
(2) If & satisfies
—Ac ifrc #0,
(7-6) ge=1 0 ific=0and g;gi # 1.
arbitrary if \c =0and g;g; =1,
then A(X, G, 1,&) is a (¥, #(2))-biGalois object.

3) BY, F,¥,8)o =ky F, and thus BY, F, ¥, &) is a right ¥-simple left ¥-
comodule algebra.

(4) There is an isomorphism of comodule algebras gr B(Y, F, , &) =Ky #ky F.

(5) There is an isomorphism B(Y, F, ¥, &) >~ BY', F', ¥', ") of comodule al-
gebrasifandonly if Y =Y, F=F', ¢ =y and § =§'.

Proof. Step 1: To prove that A(X, G, ¥, &) is a Galois extension, observe that the
canonical map

can: A(X, G, ¥, §)Q AX,G, ¢, §) > H @ AX, G, ¥, §),
can(x ® y) = x(-1) ® X©)¥»
is surjective. Indeed, for any f € G, € X, we have can(ef ® ey-1) = f ® 1 and

can(y @ 1 —eg, ®eg,“)’l) =x®1.
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Step 2: Define the map p : (X, G, 1, &) > A(X, G, 1,£) ® #(2) by
plef)=er@Hy and p(y)=yQl+e,®a forleX, fedC.
The map p is well defined. Indeed, if C € & and (i, j) € C, then

p(pc{yitiex)) = pc({yitiex) @ 1 + €44, @ pc({ar}iex)
=&cegg; @l 4 Acegy ® (1= Hyyg)).

Clearly, if & satisfies (7-6), then p(¢c({yi}iex)) = &c p(egq;)- The proof that
AX, G, 1,§) is a (¥, #(2))-bicomodule and a right #(2)-Galois object is done
by a straightforward computation.

Step 3: If d(X, F, ¥, £) #0, then there is a group F with a projection F —» F such
that A(Y, F, v, §)o =k F. The map sd(Y, F, ¥, £)o ® A(Y, F, ¥, £)o > kF @
AY, F, ¢, &)o, defined by ey ®eg = f @Y (f, g) esg, is surjective. Hence, F = F.
This implies that B(Z, F, ¥, §)o = ky F and, by [Mombelli 2010, Prop. 4.4], it
follows that B(Z, F, ¥, £) is a right #-simple left #-comodule algebra.

Step 4: It follows from Theorem 3.2(3) that gr B(Y, F, ¥, §) >~ K #ky F for some
homogeneous left coideal subalgebra 3 C B,(X, ¢g). Recall that ¥ is identified
with the subalgebra of gr B(Y, F, ¥, §) given by

laegrd(Y, F, ¢, &) : (id @m)r(a) e X® 1};

see [Mombelli 2010, Proposition 7.3 (3)]. There, it is also proved that the compo-

sition BRT)A w
grBY, F, ¥, &) —— H#ky F — grBY, F, ¢, &),

is the identity map, where 9 : % — s%Z(X, g)and w1 grBY, F, ¢, &) — ky F are
the canonical projections, and u is the multiplication map. Both maps are bijections
and, since for any / € Y we have(¥ ® m)A(y;) = x;, it follows that I = Hy.

Step 5: Let B: B, F, ¥, &) — B, F', ¥, £") be a comodule algebra isomor-
phism. The restriction of 8 to B(Y, F, ¥, £)¢ induces an isomorphism between
ky F and ky  F’, and thus F = F’ and ¥ = v'. Since B is a comodule morphism,
itis clear that Y =Y’ and &c = &_. for any C € R. O

Corollary 7.6. If A(X, G, 1, &) # 0 for some & satisfying (7-6), then

1. the Hopf algebras ¥ = %Z(X , Q) #KG and #(2) are cocycle deformations of
each other;
2. there is a bijective correspondence between equivalence classes of exact mod-

ule categories over Rep(#) and Rep(#(2)).

Remark 7.7. Under the assumptions in Corollary 7.8, we obtain in particular that
gr #(2) = B (X, g) #kG, since the latter is a quotient of the first.
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The following corollary uses Propositions A.14 and A.18, where certain algebras
are shown to be not null. These propositions will be proven in the Appendix, and
their proofs are independent of the other results in the article.

Corollary 7.8. If H is a nontrivial pointed Hopf algebra over S3 or Sy, then H is
a cocycle deformation of gr H.

Proof. Finite-dimensional Nichols algebras over S3 and S4 coincide with their
quadratic approximations. That is, if H is a finite-dimensional pointed Hopf al-
gebra over S, with n = 3,4, then gr H = %Z(X ,q) #KkS,. By Main Theorem
of [Garcia and Garcia Iglesias > 2011] we know that H = #(2). Therefore, the
theorem follows from Corollary 7.6, since in Propositions A.14 and A.18 we show
the existence of nonzero (gr #(2), #(2))-biGalois objects in these cases.

When dealing with either 924_1 [t] or 9[¢], notice that the condition & = 2&; in
Proposition A.18 does not interfere with the proof, since, by (7-6), & and respec-
tively & can be chosen arbitrarily. U

Remark 7.9. In [2008, Theorem A1l], Masuoka proved that the Hopf algebras
u (P, A, i) associated to a datum of finite Cartan type &9 appearing in the classifi-
cation of [Andruskiewitsch and Schneider 2010] are cocycle deformations of the
associated graded Hopf algebras u (%, 0, 0).

Corollaries 7.6(1) and 7.8 provide a similar result for some families of Hopf
algebras constructed from Nichols algebras not of diagonal type. It would be
interesting to generalize this kind of result for larger classes of Nichols algebras.

7B. Module categories over Rep(#(2)). Let A be a #-comodule algebra with
grA =Jly#ky F for F < StabJ{y and ¢ € Z%(F, k*). Let Z be such that, as sets,
X =Y U Z. Notice that FF < StabJ{ .

Lemma 7.10. Under these assumptions, there exists a family of scalars & compat-
ible with (X, F, ) such that A ~RB(Y, F, ¥, §) as comodule algebras.

Proof. The canonical projection w : Ay — A1/Ap = Hy(1) = kY is a morphism
of Ap-bimodules. Let ¢ : kY — A be a section of #y-bimodules of 7. Since the
elements {x; : [ € Y} are in the image of &, we can choose elements {y; :/ € Y} in
Aj such that ((x;) = y; for any [ € Y. It is straightforward to verify that A(y;) =
x®l+g @y andery = xi(f)yrierfor f € F, [ €Y. Since gr A is generated
by the elements {x;, er: [ €Y, f € F}, it follows that A is generated as an algebra
by the elements {y;,e;:1 €Y, f € F}.

Now, let B=A®¥ ;. Then, B has an comodule algebra structure for which the
canonical inclusion A < A® 1 C B is a homomorphism. The algebra structure is
given as follows:
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ForieY,jeZ, feF,set

(er@D(®y)) =er®yj,
A@y)ler® 1) =x;" (fef @ s,
Yi®@DhHU®yj)=(i®y)),
(I®y)yi®l) =
qjiyi®yj+écec®1 iti>j=j,
qjiyjsi ®Yj —qjiqjsi jyiyji @l +cec®1 ifi>j#j, i>jeY,
il ®Yjsiyi —qjiqjsijYi @ Yjsi Técec®1 ifij#j,i>j¢Y.
Here, C stands for the class C € R’ such that (j, i) € C. Recall that, by definition,
&c =01if g¢ ¢ F. Then, the map
(7-7) m:B—AX,F, ¥, &), a®x+ ax,
is an algebra epimorphism. Now, if

A3ar— a—ny®ago € HRXA and Hzy>x+— X1 ®x() € HRQH,

denote the corresponding coactions, define A : B— #QB by A(a®x) =a— )X ®
aq) ®x(. It is straightforward to check that A is well defined. We check this case
by case in the above definition of the multiplication of B. For instance, if i I> j # j
and i > j € Y, then we have

AMI®yj)rlyi®1)
=gieUey)+x;U@N)(E®(y®)+x (1))
=giU®y)E®yi®N))+(x;®@(1®1))(g®(yi®1))
+@RIRyNEUR1)+(x;@(URDN)(x; ®(1®1))
=g;gURyNyi®D+x;g®(yi®1)
+qixjpigi U ®y)+xjx; (1 1)
=8j& ®(qjiyjri ®Yj —qjiqji jYiYjri @1 +5cgc ® 1)
+x;86®(i®)+qjixj-ig; ®(1®Yy;)
+(qjiXjmiXj —qjiqjsi jXiXj>i @ 1) @ (1® 1),
which coincides with A(g;iyjei ® ¥j — qjiqjsi jYiYjei ® 1 +5cgc @ 1).
Thus, B is an #-comodule algebra, with

dim B = dim A dim %z = dim ¥y dim 7| F| = dim s4(X, F, ¥/, )

by Remark 6.11. Then, the map m from (7-7) is an isomorphism. (]
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We can now formulate the main result of the paper. For any 7 € G, we write
Sg = §,-1.c. Recall that we denote by B(Y, F, ¥, &) the sub-comodule algebra of
AX, F, ¢, &) generated by {yi}iey.

Theorem 7.11. (1) Let M be an exact indecomposable module category over
Rep(#(2)). There exist
(i) a subgroup F < G and a 2-cocycle r € Z*(F, k*),
(1) a subsetY C X with F-Y C Y, and
(iii) a family of scalars {Ec}ceqy compatible with (X, F, ),

such that there is a module equivalence M > gy F y &)M.

(2) Let (Y, F, vy, &) and (Y', F', ', ') be two families as before. There is an
equivalence of module categories gy, F y.£)M > gy F y )M if and only if
there exists an element h € G such that F' = hFh™', v/ =y", Y =h-Y
and &' = g,

Proof. Step 1: By Corollary 7.8, we can assume that J/l is an exact indecom-
posable module category over gr #(2) = #. It follows from [Andruskiewitsch
and Mombelli 2007, Theorem 3.3] that there is a right ¥-simple left #-comodule
algebra o such that M ~ 4Jl. Theorem 3.2 implies that there is a subgroup
F < G, a2-cocycle ¥ € Z>(F,k*) and a subset Y C X with F-Y C Y, such that
grod =Ky #ky F. Here, sdg = ky F. The result then follows from Lemma 7.10.

Step 2: If the module categories gy, .y ¢)/M and gy’ F7 y- ¢/l are equivalent, then
Theorem 4.2 implies that there exists an element 2 € G such that B(Y’, F', ¢', &)~
hRB(Y, F,, £)h~" as H-comodule algebras.

The algebra map o : AB(Y, F, ¥, EYh~™' — B(h-Y, hFh™', ", "), defined by
oe(hefhfl) = epsp-1 and oc(hy;hfl) = xi(h)ypforall fe Fandl €Y, is a
well-defined comodule algebra isomorphism. It follows that B(Y’, F’, ¢/, &) =~
RBh-Y,hFh™!, wh, éh) and, by using Theorem 7.5(3), we get the result. O

As a consequence of Theorem 7.11 we have:
Corollary 7.12. Any #-Galois object is of the form A(X, G, ¥, ).

Proof. Let A be a #-Galois object. Then, 4.l is an exact module category over
Rep #. Moreover, 4.t is indecomposable; otherwise, by [Andruskiewitsch and
Mombelli 2007, Proposition 1.18], there would exist a proper bilateral ideal J C A
d¢-stable. Thus, can(A ® J) = can(J ® A), which contradicts the bijectivity of can.
By Theorem 7.11, there exists (X, G, ¥, &) such that A = A(X, G, ¥, &). [l

7C. Modules categories over %(@;, —1) #KkS3. We apply Theorem 7.11 to ex-
hibit explicitly all module categories in this particular case. In this case the rack is

03 = {(12), (13), (23)}.
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For each i € @g, we denote by g; the element i when thought of as an element of
the group S3. We will show in the Appendix that the algebras in the following
result are not null; then, the next corollary will follow from Theorem 7.11.

Corollary 7.13. Let M be an indecomposable exact module category over
Rep(B(03, —1) #KkS3).

There is a module equivalence M =~ gy where s is one (and only one) of the

comodule algebras in following list, where i, j, k € @g and &, u, n ek

(1) For any subgroup F C S3, ¥ € Z>(F, k*), the twisted group algebra ly F.
(2) The algebra A{i}, &, 1)=(y;: yi2 =£&1) with coaction A(y;) =x; Q14+ g; R y;.
(3) The algebra A({i},&,7Z,) = (yi,h : y? = £1, h?> = 1, hy; = —y;h) with

coaction M(y;) =x; @1+ g ®y; and A(h) = g Q h.

(4) The algebra sA({i, j}, 1) = (yi,yj : ¥; = y7 = 0, yiy;jyi = y;jyiy;) with
coaction M(y;)) =x; @1+ g @y, and A(y;)) =x; @1+ g; ®y;.

(5) The algebra
i, j}, Za)=(yi, yj, h:yi =y; =0, k> =1, hyi=—yjh, yiy;yi=y;yiy;)
with coaction determined by A(y;) =x; @1+ g Qyi, M(yj)) =x;®1+g,;®Yy;
and A(h) = gx @ h, where k #1, j.

(6) The algebra s4(03, &, 1) generated by {y(12), y(13), Y23)} with relations

)’(212) = }’(213) = Y(223) =¢£1,
Ya2)yas) + ya»yes + ye3)yaz) =0,
Ya3)Ya2) + ye3)yaz) + yazyes =0.
The coaction is determined by AM(y;) = xs @ 1 + g, ® ys for any s € @g.
(7) The algebra 5&(@3, &, 7,) generated by {y(12), y13), Y23), h} with relations

)’(212) = y(213) = )’(223) =£&1, =1, hyaz2 = —yaxh, hyas = —yesh,
Ya2)yaz) + ya3yes) + ye3yaz = 0.

The coaction is determined by M(h) = g12) @ h and A(ys) = x, @ 1 + g ® s

foranys € @;.

(8) The algebra A3, &, u, n, Z3) generated by {ya2y, Y13). Y3, h} with rela-
tions

2 2 2 3
Yaz) =Yz = Yoy =& =1,
hyaz =yasnh, hyas =yenh, hyes =yayh,
Ya2)Ya3) + ya»yes +yesyay = nh,
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Ya3)yYa2) +y@3)ya3) +ya2yes) =1 h?.
The coaction is determined by A(h) = g(132) @ h and A(y;) = x;, @ 1 + g5 Q ys
foranys e @g.

(9) Foreach vy € Z*(S3, k), the algebra A3 €, 1, Ss, V) generated by {y(12),
Y(13), Y23). €n : h € S3} with relations

ener =Y (h, D) ey and eyys=—ynsen forh,1 €Sz, 5€03,
2 2 2
Va2 =Ya3 = Yoy =81 yaoyaz) +yazyes + ye3nyaz = Heas).

The coaction is determined by A(ep) = h @ e, and AM(ys) = xs @ 1 + g5 Q ys
foranys € @%.

Appendix: A(Y, F, ¥, &) #0

We will complete the proofs of Corollaries 7.8 and 7.13, by showing that the alge-
bras in their statements are not null.

Proposition A.14. If A(Y, F, ¥, &) is one of the algebras in Corollary 7.13, then
AY, F, ¥, &) £0.

Proof. The case Y # @% is clear. Set Y = @;. Note that each one of these algebras
is naturally a right kF'-module viaa < t = ae, fora e A(Y, F, ¥, &), t € F. Thus,
we can consider the induced representation W = A (Y, F, ¥, £) Qrr W., where
W, = k{z} is the trivial kF-module. Let

B ={1, ya2, ya3, Ye3), Ya3)Ya2), Ya2Ya3), Y12)Y23), Y13)Y@3),
Y(12)Y(13)Y@23), Y(13)Y(12)Y23)> Y12)Y(13)Y(12), Y(12)Y(13)Y(12)Y23)}

and consider the linear subspace V of W generated by B ® z. We show that this is
a nontrivial submodule in the four cases left, namely F =1, Z,, Z3 or S3. In all
these cases, the action of y(1) is determined by the matrix

0 & 0

)
)
)
)
)
)
)

—_
o

Yaz =

S OO, OO O OO o oo
S OO OoOM OO O O oo
—_ 0 O O O O O O o oo

SO OO O oM OO
SOV O O O O OO o oo

cCcoococoocoocooo
coocococoocoocooo

Coo0ooco0cOoO—~00 0O
Coooco—~000O0OoO
O~ o0CcocO0oO0O0OC OO
OO0 CcCoCO0OO0O aowm O
Cooocoo0ocOoOM OO
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Now, take I =S3, ¥ = 1. The action of e(12) and e(;3) is determined, respectively,
by the matrices

1 00 0 pu O O u 0 0 0 0
0-1 0 0 0 0 0 0-u O0-u O
0 0 0-1 0 0 0 0 0 u & O
0 0-1 0 0 0 0 0 &€-u 0 O
0 00 00O 0-1 0 0 0 0
0 00 0—-1 0 1 0 0 0 0-—u
0 000001 0-1 0 0 0 n
0 00 0—-1 0 0 0 0 0 0 0
0 00 00O 0 0 0 0 1 0
0 00 00O 0 0 0-=1 0 0
000000 0 0 I 0 0 0
0 00 00OO 0 0 0 0 0 1

and - -

1 0 0 0 0 & w O 0 0 0 O]
0 0 0-1 0 0 0 0 u 0 & 0
0 0-1 0 0 0 0 0 0 -p - O
0-1 0 0 0 0 0 0-px & O O
0 00 0 0-1 01 0 0 0-—u
0 0000 O—-1 0 0 0 0 0
0 000 0-1 00 0 0 0 0
0 00 01 0—-1 0 0 0 0 u
0 00 00O 0 0-1 0 0 0
000 00O 0 0 0 0 1 0
0 00 00O 0 0 0 1 0 0
(000 0000 0 0 0 0 0 1

The action of e(23) is given by e(12)e(13)€e(12). Finally, we use Mathematica to check
that these matrices satisfy the relations defining the algebra in each case.

We deal now with a generic 2-cocycle ¥ € Z%(S3, k*). Fix s = A(Y, F, 1, £)
and A’ = (Y, F, ¢, €). Also, set U = Ky #kF and U’ = Iy #ky F. If § €
Z%(U) is the 2-cocycle such that EFX r = ¥ (see Lemma 4.1), it follows that
U’ = U". Now, as s is an U-comodule algebra which is isomorphic to U as U-
comodules, it follows that there exists a 2-cocycle y € Z 2(U) such that o = yU
(see [Montgomery 1993, Sec. 7 & 8]). It is easy to check then that 4’ = , U’ by
computing the multiplication on the generators. Thus, «’ # 0. U

To finish the proof of Corollary 7.8, we present three families of nontrivial alge-
bras (X, G, 1, &) for X = 02, G =S, and certain collections of scalars {Ectcea
satisfying (7-6). In Proposition A.18, we will show that A (X, G, 1,&) # 0.

Definition A.15. Let ¢ € Z%(Sy4, k*) and «, 8 € k.
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(D) &ﬂ;] (a, B) is the algebra generated by {y;, e, :i € @g, g € S4} with relations

e1=1, ee; =Y, s)e, forr,seSy,
egy1 = Sgn(g) g1 e for g € Sy, [ €03,
Yay =al, yanyes +Yesyay = 2aen iz,
Ya2)Y@e3) + ye3)yas) + yazyaz = Beqs)-
2) &441// (a0, B) is the algebra generated by {y;, e, :i € @j, g € S4} with relations

e1=1, ee;=vY,s)e forr,s €Sy,
ey =sgn(g) ygie, for g€ Sy, I € @i,
Yz =@ean@e, Y234 Yaa3) + Y43 Yz = 2al,
Y(1234)Y(1243) + Y(1243) Y(1423) + Y(1423)Y(1234) = Be132).

3) &ﬁi (a, B) is the algebra generated by {y;, e, :i € @‘2‘, g € S4} with relations

e1=1, ee; =Y, s)e forr,seSy,
eg Vi = x1(8) yg1 € for g €Sy, [ €03,

2
Yay =al,  yazyes —yesyaz =0,
Y(12)Y23) — Y(23)Y(13) — Y(13)Y(12) = Be32).

Remark A.16. Let 9 = 97 ![r]. It is clear w;l(a, B) = (0%, Sy, ¥, &) for the
family &€ = {&c}ceq Where, fori =1, 2, 3, £&c =&; is constant in the classes C with
the same cardinality |C| =i and where, in this case, §; = «, & =2, &3 = S.

Analogously, if 2 = 9X[¢], then 5&@ (a, B) is the algebra A(0%, Sy, ¥, &) for a
certain family & subject to similar conditions as in the previous paragraph. The
same holds for 9 = %[¢], 9&3}0 (o, B) and A(O%4, Sy, ¥, &).

Recall that there is a group epimorphism 7 : S4 — S3 with kernel H = ((12)(34),
(13)(24), (23)(14)). Moreover, n(@‘z‘) = @%. Let 2 be one of the gl-data from
Section 5D for n = 4.

Lemma A.17. Let 9 be as above, and take y =0 if 9 = SZZ]. There is an epimor-
phism of algebras #(2) — #(25 ! [AD).

Proof. Consider the ideal I in 7(2) generated by the element H(12)H34) — 1, and
let £ =%(2)/1. We have

Ha4Hpos) = ad (Hos) (HaHisy), so HayHpsy =1 in &,
aag) =ad (HagyHezy)(arz),  so0 agsy =aqy  ind.
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Analogously, H(13) = H(24), a4y = as) and a4y = aas) in &£. Since, for this
ql-data, the action - : S4 x X — X is given by conjugation, and g : X — Sy is the
inclusion, the relations (5-6) and (5-7) in the definition of #(2) are satisfied in the
quotient. It is now easy to check that the quadratic relations (5-8) defining #(9)
become in the quotient the corresponding ones defining the algebra (25 ! (AD. O

Proposition A.18. Assume that (Y, F, ¥, &) satisfies §c, = &c; for all i, j € Y.
If2 + 9231( (A), assume in addition that

LjeY, ivj=jGjeC = & =2§.
Then, the algebra A(Y, F, v, §) is not null.

Proof. Assume first that ¥ = 1. Now, given a datum (Y, F, ¥, £), we have
m(F) < S3 and it is easy to see that 7 (Y) is a subrack of @g. Moreover, it follows
that & is compatible with the triple (7 (Y), 7 (F), ¥). Then, we have the algebra
A (Y), m(F), ¥, §). Asin Lemma A.17, it is easy to see that, if we quotient out
by the ideal generated by (ere, : fg~! € N), then we have an algebra epimor-
phism AY, F, ¥, &) - A (Y), n(F), ¥, §). As these algebras are nonzero by
Proposition A.14, so is A(Y, F, ¥, ).

Notice that, in the case in which (Y, F, v, £) is associated with the gl-datum
Slff (1), assumption (ii) is not needed, since the first equation in Definition 7.1
implies that, if i, j € Y are such that i > j =i and C € R’ is the corresponding
class, then £&c = 0 and this relation is contained in the ideal by which we quotient.

The case ¥ # 1 follows now as in the proof of Proposition A.14. O

Acknowledgments. We thank N. Andruskiewitsch for suggesting this project to us
and for his comments, which improved the presentation of the paper.
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(p, p)-GALOIS REPRESENTATIONS ATTACHED TO
AUTOMORPHIC FORMS ON GL,

EXNATH GHATE AND NARASIMHA KUMAR

We study the local reducibility at p of the p-adic Galois representation at-
tached to a cuspidal automorphic representation of GL,(Ag). In the case
that the underlying Weil-Deligne representation is Frobenius semisimple
and indecomposable, we analyze the reducibility completely. We use meth-
ods from p-adic Hodge theory, and work under a transversality assumption
on the Hodge and Newton filtrations in the corresponding filtered module.

1. Introduction

Let f =) 7, a,(f)q" be a primitive elliptic modular cusp form of weight k > 2,
level N > 1, and nebentypus x : (Z/NZ)* — C*. Let K y denote the number field
generated by the Fourier coefficients of f. Fix an embedding of Q into Q p» and let
¢ be the prime of @ determined by this embedding. Let g also denote the induced
prime of K, and let K, be the completion of K at p. For a global or local
field F of characteristic 0, let G r denote the absolute Galois group of F. There is
a global Galois representation

,Of,K,, . G@ —> GL2(Kf’5/'))

associated to f (and g) by Deligne which has the property that for all primes
L Np,

trace( p . (Froby)) = a(f) and  det(py,(Froby)) = x ()¢5

Thus det( pr o) = x X]éy_cl p where x cyc, p 18 the p-adic cyclotomic character.

It is a well-known result of Ribet that the global representation py,, is irre-
ducible. However, if f is ordinary at g, that is, if a,(f) is a ¢-adic unit, then an
important theorem of Wiles, valid more generally for Hilbert modular forms, says
that the corresponding local representation is reducible.

MSC2010: 11F80.
Keywords: local Galois representation, automorphic representation, filtered module, p-adic Hodge
theory.
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Theorem 1.1 [Wiles 1988]. Let f be a g-ordinary primitive form as above. Then
the restriction of py. to the decomposition subgroup Gq, is reducible. More pre-
cisely, there exists a basis in which

Xp M(B/P* D XK,

where x = xpx' is the decomposition of x into its p and prime-to-p parts,

A(x):Gq, — K;p

is the unramified character taking arithmetic Frobenius to x, and u : Gg,—> Ky,
is a continuous function; moreover, o is

(i) the unit root of X> —a,,(f)X+pk71X(P) ifptN,
(ii) the unita,(f)if p|IN, pfcond x, and k =2,
(iii) the unita,(f) if p| N and v,(N) = v,(cond x),

and B is given by af = x'(p)p*~.

Moreover, in case (ii), a,(f) is a unit if and only if kK = 2, and one can show
that py |G, 1s irreducible when k > 2.

Urban has generalized Theorem 1.1 to the case of primitive Siegel modular cusp
forms of genus 2. We briefly recall this result here. Let r be a cuspidal automorphic
representation of GSp,(Ag) whose Archimedean component 7, belongs to the
discrete series, with cohomological weights (a, b; a +b) with a > b > 0. For each
prime p, Laumon, Taylor and Weissauer have defined a four-dimensional Galois
representation

pr.p: Go — GL4(@))

with standard properties. Let p be an unramified prime for 7. Tilouine and Urban
have generalized the notion of ordinariness for such primes p in three ways to what
they call Borel ordinary, Siegel ordinary, and Klingen ordinary (these terms come
from the underlying parabolic subgroups of GSp,(Ag)). In the Borel case, the
p-ordinariness of 7 implies that the Hecke polynomial of 7, namely

(X —a)(X = )X —y)(X =9),

has the property that the p-adic valuations of «, 8, y, and § are 0, b+ 1, a + 2,
and a + b + 3, respectively.

Theorem 1.2 [Urban 2005; Tilouine and Urban 1999]. Say 7 is a Borel p-ordinary
cuspidal automorphic representation of GSp,(Aq) that is stable at oo with coho-
mological weights (a, b; a+b). Then the restriction of py,, to the decomposition
subgroup Gq, is upper-triangular. More precisely, there is a basis in which
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pﬂ,plG@p ~
A(B/pa+b+3) . Xg)—]i;l’);% * * *
0 Ay /p*) x4, * *
0 0 AB/PPY B, x|
0 0 0 Aa)

where L(x) is the unramified character that takes arithmetic Frobenius to x.

We remark that p,; , above is the contragredient of the one used in [Urban 2005]
(we also use the arithmetic Frobenius in defining our unramified characters), so the
theorem matches exactly with Corollary 1(iii) of that work. Similar results in the
Siegel and Klingen cases can be found in [Urban 2005].

The local Galois representations appearing in Theorems 1.1 and 1.2 are some-
times referred to as (p, p)-Galois representations. The goal of this paper is to
prove structure theorems for the local (p, p)-Galois representations attached to
automorphic representations of GL, (A qg) for any n > 1.

Let now 7 be a cuspidal automorphic representation of GL, (A g). We assume
that the global p-adic Galois representation p; , attached to m exists, and that
it satisfies several natural properties; for example, it lives in a strictly compatible
system of Galois representations, and satisfies local-global compatibility. Recently,
much progress has been made on this front: such Galois representations have
been attached to what are referred to as RAESDC (regular, algebraic, essentially
self-dual, cuspidal) automorphic representations of GL,(Ag) by Clozel, Harris,
Kottwitz and Taylor, and for conjugate self-dual automorphic representations over
CM fields these representations were shown by Taylor and Yoshida to satisfy local-
global compatibility away from p.

The assumptions above allow us to specify the Weil-Deligne parameter at p. We
study the (p, p)-Galois representation py , IG@,) attached to r, given this parameter.
In fact, as the expert reader will note, since our methods are local, our results could
equally well have been phrased purely in terms of this parameter.

A key tool in our analysis is the celebrated result of Colmez and Fontaine estab-
lishing an equivalence of categories between potentially semistable representations
and filtered (¢, N)-modules with coefficients and descent data. Under some stan-
dard hypotheses, such as Assumption 3.6 that the Hodge and Newton filtrations are
in general position in the corresponding crystal, we show that in several cases the
corresponding local (p, p)-representation oy plGg, has an upper-triangular form,
and completely determines the diagonal characters. In other cases, and perhaps
more interestingly, we give conditions under which this local representation is ir-
reducible. For instance, we directly generalize the comment about irreducibility
made just after Theorem 1.1. As a sample of our results, we state the following
theorem, which is a collation of Theorems 5.7, 5.8, and 6.10.
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Theorem 1.3 (indecomposable case). Say 7 is a cuspidal automorphic representa-
tion of GL,,,,(Ag) with infinitesimal character given by integers —f51 > - - - > —Bn.
Suppose the Weil-Deligne representation attached to 1, is Frobenius semisimple
and indecomposable, that is,

WD(pﬂ,plG@p) ~ Ty ® Sp(n),

where T, is an irreducible representation of Wq, of dimension m > 1, and Sp(n)
is the special representation for n > 1. Let Assumption 3.6 hold.

(1) Suppose m =1 and t\ = xo - x' is a character, where x is the ramified part,
and ' is an unramified character mapping arithmetic Frobenius to a.

a 7 is ordinary at p (i.e., v,(o) = —pB), then the B; are necessarily
(@) If m is ordi (@ p(@) B1), then the B il
consecutive integers, and
pﬂ,p'G@p ~
o —Bi
XO')‘<W)'chC,p * *
o —Bi—1
0 10 (i ) ol * ,
o —p1—(n—1)
0 0 XO.A(W).XCW’IP

where A(x) is the unramified character taking arithmetic Frobenius to x.
(b) If m is not p-ordinary, p,,,p|G@p is irreducible.
(i) Suppose m = 2. Then pr, plGq, is irreducible.

The theorem gives complete information about the reducibility of the (p, p)-
Galois representation in the indecomposable case (under Assumption 3.6). In
particular, the image of the (p, p)-representation tends to be either in a minimal
parabolic subgroup or a maximal parabolic subgroup of GL,,. While this is forced
in the GL, setting, it is somewhat surprising that the image does not lie in any
“intermediate” parabolic subgroups even in the GL, setting. We also point out
that parts (i)(b) and (ii) of the theorem imply that the global representation o5 ,
is irreducible (see also [Taylor and Yoshida 2007, Corollary B] for the case of
conjugate self-dual representations over CM fields).

The theorem is proved in Sections 5 and 6 using methods from p-adic Hodge
theory. Recall that the category of Weil-Deligne representations is equivalent to the
category of (¢, N)-modules. In Section 6, we classify the (¢, N)-submodules of
the (¢, N)-module associated with the indecomposable Weil-Deligne representa-
tion in the theorem. This classification plays a key role in analyzing the (p, p)-rep-
resentation once the Hodge filtration is introduced. Along the way, we take a slight
detour to write down explicitly the filtered (¢, N)-module attached to an m-dimen-
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sional “unramified supercuspidal” representation, since this might be a useful addi-
tion to the literature (see [Ghate and Mézard 2009] for the two-dimensional case).

The term “indecomposable case” in the discussion above refers to the standard
fact that every Frobenius semisimple indecomposable Weil-Deligne representation
has the form stated in the theorem. Some partial results in the decomposable case,
where the Weil-Deligne representation is a direct sum of indecomposables, can
be found in Section 8 of [Ghate and Kumar 2010]. The principal series case is
treated completely in Section 4 of the present paper. In the spherical case our
results overlap with those in D. Geraghty’s thesis [2010], and we thank T. Gee for
pointing this out to us.

We also refer to [Ghate and Kumar 2010, §3] for another proof of Theorem 1.1
along the lines of this paper. The original proof used Dieudonné theory only in
weight 2 and then Hida theory [1986] (see also [Banerjee et al. 2010]) to extend
to higher weights. Of the remaining sections, Section 2 recalls some useful facts
from p-adic Hodge theory, whereas Section 3 recalls some general facts and con-
jectures about Galois representations associated with automorphic representations
of GL,(Ag).

2. p-adic Hodge theory

We start by recalling some results we need from p-adic Hodge theory. For the basic
definitions in the subject, e.g., of Fontaine’s ring By, filtered (¢, N)-modules with
coefficients and descent data, and Newton and Hodge numbers, see [Fontaine 1994;
Savitt 2005; Fontaine and Ouyang; Ghate and Mézard 2009, §2]. Also, see [Ghate
and Kumar 2010, §2] for proofs.

Newton and Hodge numbers. We start by stating some facts about Newton and
Hodge numbers, which do not seem to be in the literature when the coefficients
are not necessarily Q.

Let F and E be two finite field extensions of @, and assume that all the con-
jugates of F are contained in E.

Lemma 2.1 (Newton number). Suppose D is a filtered (¢, N, F, E)-module of
rank n such that the action of ¢ is E-semisimple, that is, there exists a basis
{e1, ..., en} of D such that ¢ (e;) = a;e;, for some a; € E*. Then

n
tn(D)=[E:Q,]- Z vy ().
i=1
Lemma 2.2 (Hodge number). Suppose D is a filtered (¢, N, F, E)-module of rank
n. Then
tu(D)=[E:Q,] Y i-rankrg, £ gr' Dr.
ieZ
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Remark. By the last two lemmas, one can drop the common factor of [E : Q]
when checking the admissibility of a filtered (¢, N, F, E)-module.

Lemma 2.3. Let Dy and D; be filtered (¢, N, F, E)-modules of rank r; and ry,
respectively. Assume that the action of ¢ on D and D, is semisimple. Then

tN (D1 ® D7) =rank(Dy) ty (D7) +rank(D) ty(D1),
ty (D1 ® Dy) =rank(Dy) ty (D7) +rank(D>) ty(Dy).

Remark. The formulas above are well-known if £ = Q p-

Potentially semistable representations. Let E and F be two finite extensions of
Q,, and let V be a finite dimensional vector space over E.

Definition. A representation p : Gg, — GL(V) is said to be semistable over F or
F-semistable, if

dimp, Dy p(V) = dimp,(By ®q, V)" =dimg, V,

where Fy = Bg’” . If such an F exists, p is said to be a potentially semistable
representation. If ' = Q,, we say that p is semistable.

Remark. If p is F-semistable, p is F’-semistable for any finite extension of F’/F.
Hence we may and do assume that F is Galois over Q,,.

The following fundamental theorem plays a key role in subsequent arguments.

Theorem 2.4 [Colmez and Fontaine 2000]. There is an equivalence of categories
between F-semistable representations p: Gq,— GL, (E) with Hodge—Tate weights
—By < --- < —PB and admissible filtered (¢, N, F, E)-modules D of rank n over
Fo ®q, E such that the jumps in the Hodge filtration Fil' Dy on Dy := F ® F, D
areat f; <--- < B,.

The equivalence of categories in the theorem is induced by Fontaine’s functor
Dy . The Frobenius ¢, monodromy N, and filtration on By induce the corre-
sponding structures on Dy (V). There is also an induced action of Gal(F/Q),)
on Dy (V).

As an illustration of the power of the theorem we recall a useful and well-known
fact:

Corollary 2.5. Every potentially semistable character x : Gg, — E* is of the
form x = xo - Magp) - chyc,p’ where xo is a finite order character of Gal(F/Q,)
for a cyclotomic extension F of Q,, —i € Z is the Newton number of Dy r(x),
and A(ag) is the unramified character that takes arithmetic Frobenius to the unit
ay=p'jac O, where a = ¢(v) /v for any nonzero vector v in Dy ().
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Weil-Deligne representations. We now recall the definition of the Weil-Deligne
representation associated with an F-semistable representation p : Gg, — GL,(E),
due to Fontaine. We assume that F'/Q, is Galois and FF C E. Let W denote the
Weil group of F. For any (¢, N, F, E)-module D, we have the decomposition

[Fo:@p]

2-1) p~ [] i
i=1

where D; = D ® Fo®a, E.0") E, and o is the arithmetic Frobenius of F,/Q,,.

Definition 2.6 (Weil-Deligne representation). Let p : Gg, — GL,(E) be an F-
semistable representation. Let D be the corresponding filtered module. Noting
Wa,/Wr = Gal(F/Q,), we let

g € Wq, acton D by (g mod W) 0 @),

where the image of g in Gal(F »/Fp) is the a(g)-th power of the arithmetic Frobe-
nius at p. We also have an action of N via the monodromy operator on D. These
actions induce a Weil-Deligne action on each D; in (2-1), and the resulting Weil—-
Deligne representations are all isomorphic. This isomorphism class is defined to
be the Weil-Deligne representation WD(p) associated with p.

Remark. If F/Q, is totally ramified and Frob, € Wg, is the arithmetic Frobenius,
then observe that WD(p)(Frob,,) acts by ¢!

Lemma 2.7. Let p : Gal(Q »/Qp) — GL,(E) be a potentially semistable repre-
sentation. If WD(p) is irreducible, so is p.

Compatible systems. We recall the notion of a strictly compatible system of Galois
representations following [Khare and Wintenberger 2009, §5], where it was used
to great effect in the two-dimensional case. Let F' be a number field, £ a prime,
and p : Gy — GL,(Qy) a continuous global Galois representation.

Definition. Say that p is geometric if it is unramified outside a finite set of primes
of F and its restrictions to the decomposition groups at primes above ¢ are poten-
tially semistable.

A geometric representation defines, for every prime g of F, a representation
of the Weil-Deligne group at ¢, denoted by WD,,, with values in GL, (Qyp), well-
defined up to conjugacy. For g of characteristic not £, the definition is classical,
and comes from the theory of Deligne—Grothendieck, and for g of characteristic £,
the definition comes from Fontaine theory (Definition 2.6).

Definition. Let L be a number field. An L-rational, n-dimensional strictly com-
patible system of geometric representations (po¢) of G is the collection of data
consisting of:
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(1) For each prime ¢ and each embedding i : L <> Qp, a continuous, semisimple
representation pg : G — GL,(Q;) that is geometric.

(2) For each prime g of F, an F-semisimple (Frobenius semisimple) representa-
tion r, of the Weil-Deligne group WD, with values in GL,, (L) such that
e 1,4 is unramified for all g outside a finite set;
o for each £ and each i : L < Qy, the Frobenius semisimple Weil-Deligne
representation WD, — GL, (@4) associated with pg| D, is conjugate to ry
(via the embedding i : L — @Q,); and
o there are n distinct integers f; < - -- < B, such that p, has Hodge—Tate

weights {—f1, ..., —B,}. (The minus signs arise since the weights are the
negatives of the jumps in the Hodge filtration on the associated filtered
module.)

The existence of strictly compatible systems attached to classical cusp forms is
well-known [Katz and Messing 1974; Saito 1997]. For general cuspidal automor-
phic representations, we will not use the full strength of this definition. In fact
we only use it to obtain information about the Weil-Deligne parameter at p. Our
results could equally well be stated using this parameter as the starting point of
our analysis.

3. The case of GL,

The goal of this paper is to prove various generalizations of Theorem 1.1 for
the local (p, p)-Galois representations attached to automorphic representations of
GL, (A g). In this section we collect together some facts about such automorphic
representations and their Galois representations needed for the proof. The main
results we need are the local Langlands correspondence [Henniart 2000; Harris
and Taylor 2001] and the existence of strictly compatible systems of Galois repre-
sentations attached to cuspidal automorphic representations of GL,, (much progress
has been made on this by Clozel, Harris, Kottwitz, and Taylor [Clozel et al. 2008]).

Local Langlands correspondence. We will need a few results concerning the local
Langlands correspondence. We follow [Kudla 1994] in our exposition, noting that
that article follows [Rodier 1982], which in turn is based on the original work of
Bernstein and Zelevinsky.

Let F be a complete non-Archimedean local field of residue characteristic p,
letn > 1, and let G = GL, (F). For a partition n =n|+ny+---+n, of n, let P be
the corresponding parabolic subgroup of G, let M be the Levi subgroup of P, and
N the unipotent radical of P. Let §p denote the modulus character of the adjoint
actionof Mon N. If 0 =01 ® 02 ® - - - ® 0, is a smooth representation of M on
V, we let
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1§(@)={f:G— V| f smoothon G and f(nmg) =8, (m)(c(m)(f(g))}

forn e N,m € M, and g € G. The group G acts on functions in II(,; (o) by right
translation and Ig (o) is the usual induced representation of o. It is an admissible
representation of finite length.

A result of Bernstein and Zelevinsky says that if all the o; are supercuspidal
and o is irreducible, smooth and admissible, then Ig (0) is reducible if and only
if n; =n; and o; = o0 (1) for some i # j. For the partitionn =m+m+---+m
(r times), and for a supercuspidal representation o of GL,, (F'), call the data

(o,0(1),---,0r=1))=[o,0(r—1]=A

a segment. Clearly Ig(A) is reducible. By [Kudla 1994, Theorem 1.2.2], the
induced representation Ig(A) has a unique irreducible quotient Q(A) that is es-
sentially square-integrable.

Two segments

Ay =Joy,01(r1 — 1] and Ay =[07,02(r2 —1)]

are said to be linked if A; € Ay, Ay € Ay, and AU A, is a segment. We say that
A1 precedes Aj if Aj and A; are linked and if 0, = o (k) for some k € N.

Theorem 3.1 (Langlands classification). Let Ay, ..., A, be segments such that if
I < j then A; does not precede A j.

(1) The induced representation Ig(Q(Al) ®---® Q(A,)) admits a unique irre-
ducible quotient Q(Ay, ---, A,), called the Langlands quotient. Moreover,
r and the segments A; up to permutation are uniquely determined by the
Langlands quotient.

(2) Every irreducible admissible representation of GL,, (F) is isomorphic to some
Q(A19 T Ar)

(3) The induced representation I,?(Q(Al) ® - ® Q(A,)) is irreducible if and
only if no two of the segments A; and A are linked.

So much for the automorphic side. We now turn to the Galois side. Recall that
a representation of Wr is said to be Frobenius semisimple if arithmetic Frobenius
acts semisimply. An admissible representation of the Weil-Deligne group of F is
one for which the action of Wp is Frobenius semisimple. Let Sp(r) denote the
Weil-Deligne representation of order r with the usual definition. When F = Q,,
there is a basis { f;} of Sp(r) for which ¢f; = p'~! f;, and Nf; = f;_; fori > 1 and
Nf1 =0. It is well-known that every indecomposable admissible representation of
W is of the form 7 ® Sp(r), where 7 is an irreducible admissible representation of
Wp and r > 1. Moreover (cf. [Rohrlich 1994, §5, Corollary 2]), every admissible



388 EKNATH GHATE AND NARASIMHA KUMAR

representation of Wp is of the form
P @ Sp(r:),
i

where the t; are irreducible admissible representations of Wy and the r; € N.

Theorem 3.2 (local Langlands correspondence: [Harris and Taylor 2001, VIL.2.20;
Henniart 2000; Kutzko 1980]). There is a bijection between isomorphism classes
of irreducible admissible representations of GL, (F) and isomorphism classes of
admissible n-dimensional representations of Wr.

The correspondence is given as follows. The key point is to construct a bijection
®r 0 — v = Dp(0) between the set of isomorphism classes of supercuspidal
representations of GL, (F) and the set of isomorphism classes of irreducible ad-
missible representations of Wg. This was done in [Henniart 2000] and [Harris and
Taylor 2001]. Then, to Q(A), for the segment A = [0, o (r — 1)], one associates
the indecomposable admissible representation ® (o) ® Sp(r) of the Weil-Deligne
group of F. More generally, to the Langlands quotient Q(A1,---, A,), where
A; = [oj,0i(ri —1)], for i =1 to r, one associates the admissible representation
D; Pr(0i) ® Sp(r;) of the Weil-Deligne group of F.

Automorphic forms on GL,. The Harish-Chandra isomorphism identifies the cen-
ter 3, of the universal enveloping algebra of the complexified Lie algebra gl, of
GL,,, with the algebra C[ X, X, -- -, X, 15", where the symmetric group S, acts
by permuting the X;. Given a multiset H = {x, x2, ..., x,} of n complex numbers
one obtains an infinitesimal character of 3, given by xg : X; — x;.

Cuspidal automorphic forms with infinitesimal character xy (or more simply
just H) are smooth functions f : GL,(Q)\GL,(Ag) — C satisfying the usual
finiteness condition under a maximal compact subgroup, a cuspidality condition,
and a growth condition, for which we refer the reader to [Taylor 2004]. In addition,
if z € 35, then z- f = xp(2) f. The space of such functions is denoted by

Ay (GL, (@\GL, (Ag)).

This space is a direct sum of irreducible admissible GL,, (A(&o)) x (gl,, O(n))-
modules each occurring with multiplicity one, and these irreducible constituents are
referred to as cuspidal automorphic representations of GL, (A g) with infinitesimal
character yy. Let w be such an automorphic representation. By a result of Flath,
7 is a restricted tensor product & = ®/p 7, [Bump 1997, Theorem 3.3.3] of local
automorphic representations.

Galois representations. Let  be an automorphic representation of GL, (A g) with
infinitesimal character y g, where H is a multiset of integers. The following very
strong, but natural, conjecture seems to be part of the folklore.
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Conjecture 3.3. Let H consist of n distinct integers. There is a strictly compat-
ible system of Galois representations (py ¢) associated with w, with Hodge—Tate
weights H, such that local-global compatibility holds.

Here local-global compatibility means that the underlying semisimplified Weil—
Deligne representation at p in the compatible system (which is independent of the
residue characteristic £ of the coefficients by hypothesis) corresponds to 7, via the
local Langlands correspondence. Considerable evidence towards this conjecture
is available for self-dual representations, thanks to the work of Clozel, Kottwitz,
Harris, and Taylor. We quote the following theorem from [Taylor 2004], referring
to that paper for the original references (e.g., [Clozel 1991]).

Theorem 3.4 [Taylor 2004, Theorem 3.6]. Let H consist of n distinct integers.
Suppose that the contragredient representation t¥ = w @ ¥ for some character
(/38 @X\Aa — C*, and suppose that for some prime q, the representation m, is
square-integrable. Then there is a continuous representation

pr.e: Gg — GL,(Qp)

such that pr ¢ lGa, is potentially semistable with Hodge—Tate weights given by H,
and such that for any prime p # {, the semisimplification of the Weil-Deligne
representation attached to py ¢ lGa, is the same as the Weil-Deligne representation
associated by the local Langlands correspondence with w,,, except possibly for the
monodromy operator.

Subsequent work of Taylor and Yoshida [2007] shows that the two Weil-Deligne
representations in the theorem above are in fact the same (i.e., the monodromy
operators also match).

In any case, for the rest of this paper we shall assume that Conjecture 3.3 holds.
In particular, we assume that the Weil-Deligne representation at p associated with
a p-adic member of the compatible system of Galois representations attached to
using Fontaine theory is the same as the Weil-Deligne representation at p attached
to an £-adic member of the family, for £ # p.

A variant. A variant of the result above can be found in [Clozel et al. 2008]. We
state it now, using the notation and terminology from §4.3 of that reference.

Say 7 is an RAESDC (regular, algebraic, essentially self-dual, cuspidal) auto-
morphic representation if 7 is a cuspidal automorphic representation such that

s 77 =1 ® x for some character y : Q“\A§ — C*, and

* T has the same infinitesimal character as some irreducible algebraic repre-
sentation of GL,,.
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Let a € 7" satisfy
(3-D ap>--->ay.

Let E, denote the irreducible algebraic representation of GL,, with highest weight
a. We say that an RAESDC automorphic representation 7 has weight a if 7, has
the same infinitesimal character as E.; in this case there is an integer w, such that
a; +ap+1—; = w, foralli.

Let S be a finite set of primes of Q. For v € § let p, be an irreducible square-
integrable representation of GL, (Q,). Say that an RAESDC representation  has
type {py}ves if for each v € S, 7, is an unramified twist of p,.

With this setup, Clozel, Harris, and Taylor attached a Galois representation to
an RAESDC r.

Theorem 3.5 [Clozel et al. 2008, Proposition 4.3.1]. Let ¢ : @g ~ C. Let  be
an RAESDC automorphic representation as above of weight a and type {p,}ves.
There is a continuous semisimple Galois representation rp () : Gal(@/@) —
GL, (Qy) such that:

€)) rg,t(n)|5(§@ = (rg(tflnp)v)(l — n)* for every prime p 1 €. (Here r, is the
4
reciprocity map defined in [Harris and Taylor 2001].)

(2) If £ = p, then the restriction rg,t(n)l(;@p is potentially semistable and if m,
is unramified, it is crystalline, with Hodge—Tate weights —(a; +n — j) for
j=1,...,n

The Newton and Hodge filtrations. Let p, , lGq, be the (p, p)-representation at-
tached to an automorphic representation 7, and let D be the corresponding filtered
(¢, N, F, E)-module (for suitable choices of F and E).

There are two natural filtrations on Dp, the Hodge filtration Fil' Dr and the
Newton filtration defined by ordering the slopes of the crystalline Frobenius (the
valuations of the roots of ¢). To keep the analysis of the structure of the (p, p)-
representation pr |G, Within reasonable limits, we make this assumption:

Assumption 3.6. The Newton filtration on Dp is in general position with respect
to the Hodge filtration Fil' D .

Here, if V is a space and Fil"1 V and FiléV are two filtrations on V, we say they
are in general position if each Fil"] V is as transverse as possible to each FiléV.
We remark that the condition above is in some sense generic since two random
filtrations on a space tend to be in general position.

(Quasi)ordinary representations. As mentioned earlier, our goal is to prove that
the (p, p)-Galois representation attached to 7 is upper triangular in several cases.
To this end it is convenient to recall some terminology (see, e.g., [Greenberg 1994,
p. 152] or [Ochiai 2001, Definition 3.1]).
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Definition. Let F' be a number field. A p-adic representation V of G is called
ordinary (respectively quasiordinary) if the following conditions are satisfied:

(1) For each place v of F over p, there is a decreasing filtration of G r -modules
~-Fil'V D Fill™'V D ... such that Fil!V = V for i <« 0 and Fil!V = 0 for
i > 0.

(2) For each v and i, I, acts on Filf, v/ Filf}“V via the character Xiyc, p» Where
Xecye,p 18 the p-adic cyclotomic character (respectively, there exists an open
subgroup of 7, acting on Fil, V/ Fil; ™'V via x. ).

4. Principal series

Let 7w be an automorphic representation of GL, (A g) with infinitesimal character
H, for a set of distinct integers H. Let 7, denote the local automorphic repre-
sentation of GL, (Q,). In this section we study the behavior of the (p, p)-Galois
representation assuming that 7, is in the principal series.

Spherical case. Assume that 7, is an unramified principal series representation.
Since 7, is a spherical representation of GL,(Q,), there exist unramified char-

acters xi, ..., x, of @ such that 7, is the Langlands quotient Q(xi, ..., Xn)-
We can parametrize the isomorphism class of this representation by the Satake
parameters a1, .. ., &, for a; = x;(w), where w is a uniformizer for Q,,.

Note that p,, plGa, is crystalline with Hodge—Tate weights H. Let D be the
corresponding filtered ¢-module, having a filtration with jumps 81 < B2 <--- < B,
(so that the Hodge-Tate weights H are —f8; > --- > —f,).

Definition 4.1. An automorphic representation 7 is p-ordinary if B; +v,(a;) =0
foralli =1, ..., n. (In particular, the v,(c;) are integers.)

Theorem 4.2 (spherical case). Suppose that 7 is an automorphic representation
of GL, (A @) with infinitesimal character given by the integers —f1 > -+ > —f,
and such that m, is in the unramified principal series with Satake parameters

A1, ..., Q. If T is p-ordinary, then
Pr.plGa, ~
(k(ﬁ)-xc}g} * * *
0 x(ﬁ)-x{ycﬂ?p * i
0 0 Momas )l
0 0 0 k(%)-x&cﬂ?p
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In particular, py IG@p is ordinary.

Proof. Since 7, is p-ordinary, we have v, (o) <vp(a@,—1) <--- <v,(ay). By strict
compatibility, the characteristic polynomial of the inverse of crystalline Frobenius
of D, is equal to [ [;(X — a;).

Since the v, («;) are distinct, there exists a basis of eigenvectors of D, for the
operator ¢, say {e;}, with corresponding eigenvalues {o; 1. For 1 <i <n,let D;
be the ¢-submodule generated by {ey, ..., e;}. Since D, is admissible we know
that 1y (D;) <ty(D;) foralli =1,...,n.

The filtration on D, is

-~ COCFilP(D,) C--- CFiIP (D) =D, S+ .

Since D,, is admissible, we have

(4-1) D oBi== vplan).
i=1 i=1

By Assumption 3.6, the jumps in the induced filtration on D,_ are By, ..., By—1.
By (4-1), we have

n—1

n—1
th(Dp-) =Y Bi=— ) vple;)=tn(Dy1),
i=1 i=1
since B, = —vp(a,). This implies that D,_; is admissible. Moreover, D, /D,
is also admissible since ty (D, /D,—1) = B, and ty (D, /D,—1) = —v, (o) since ¢
acts on D,/ D, _1 by a;; !. Therefore, the Galois representation p,. plGa, looks like

Pn—1 *

IO ~ al’l 7,371 ’

where p,_; is the (n—1)-dimensional representation of Gg, corresponding to
D,_;.

Successive application of this argument to D,,_1, D,_», ..., Dj yields the result.

O

Variant, following [Clozel et al. 2008]. Let m now be an RAESDC representation
of weight a as in Theorem 3.5, and let 7, denote the local p-adic automorphic
representation associated with 7. Forany i =1, ..., n, set ,BV/IH_,- =a;+n—1i,
where the g;’s are as in (3-1). We have g, > B/ | > --- > f], and the Hodge-Tate
weights are —f, < —f/ | <--- < —pj.

Assume that 7, is in the unramified principal series, so 7w, = Q( x1, X2, - - -, Xn);
where the x; are unramified characters of @[X,. Set af = x;(w) p=D/2 Let t,(,J )
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be the eigenvalue of T,Sj ) on 7 SLn Zp) where T,gj ) is the Jj-th Hecke operator as in
[Clozel et al. 2008], and JTI?L”(ZP) is spanned by a GL,(Z,)-fixed vector, unique
up to a constant. We would like to compute the right-hand side of the equality in
Theorem 3.5(1). By [Clozel et al. 2008, Corollary 3.1.2], in the spherical case, one
has

(re('mp)")(1 = n)(Frob, ")
=X —ap)
1
= X"t DX e (1) pI U2 D T 1y D2,

where Frob;1 is geometric Frobenius. Let s; denote the j-th elementary symmetric
polynomial. Then, by the equation above, for any j =1, ..., n, we have

pj(j_l)/zt;,j) = sj(af) = pj(”_l)/zsj(Xi(P)),

and hence 15 = 5;(xi(p)) p/®~//2. In this setting, we have:

Definition 4.3. An automorphic representation r is p-ordinary if B} +v,(a!) =0
foralli=1,...,n.

Again, if 7 is p-ordinary, the v, («;) are integers.
By strict compatibility, crystalline Frobenius has its characteristic polynomial
exactly as above. The next theorem is proved like Theorem 4.2.

Theorem 4.4 (spherical case, variant). Let & be a cuspidal automorphic represen-
tation of GL,,(A ) of weight a, as in Theorem 3.5. Letr,, (1) be the corresponding

p-adic Galois representation, with Hodge—Tate weights —ﬁ;lﬂfi =a;+n—i,
fori =1,...,n. Suppose m, is in the principal series with Satake parameters
A, ..., 0, and set o = a; p~ V2 If w is p-ordinary, then

Fpa (DG, ~

/

In particular, rp,[(n)lc@p is ordinary.

)\(ﬁ))@;’fﬁp * N .
0 A(#@)'Xc_ygép * .
0 0 .)‘(L)'Xcﬁ’/’l .
pUr@p) ye.p /
\ 0 " 0 A(;;Uf?a,’,) 'Xc_yff/‘p
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Theorem 4.4 was also obtained by D. Geraghty in the course of proving mod-
ularity lifting theorems for GL,, (see [Geraghty 2010, Lemma 2.7.7 and Corollary
2.7.8]). We thank T. Gee for pointing this out to us.

Ramified principal series case. Returning to the case where 7 is an automorphic
representation with infinitesimal character H, we assume now that the automorphic
representation 7, = Q( X1, . - ., X»), Where the x; are possibly ramified characters
of Q.

By the local Langlands correspondence, we think of the x; as characters of the
Weil group Wg,. In particular, the restriction of the y; to the inertia group have
finite image. By strict compatibility,

WD(p)l;, ~ €D xil1,-
i

The characters x;|;, factor through Gal(@‘;@pm) / @‘l‘,r) >~ Gal(Q,(¢&pm)/Q)p) for
some m > 1. Denote Q,({,m) by F. Observe that F is a finite abelian totally
ramified extension of Q,. Let pg, p|G@,, : Gg, = GL,(E) be the corresponding
(p, p)-representation. Note that p; ,|g, is crystalline.

Let D, be the corresponding filtered module. Then D, = Ee;+- - -+ Ee,,, where
g € Gal(F/Q),) acts by x; on e;. A short computation shows that ¢(e;) = al._le,-,
where «; = x; (wr) for wp a uniformizer of F.

Using Corollary 2.5, and following the proof of Theorem 4.2, we obtain:

Theorem 4.5 (ramified principal series). Say w, = Q(x1, ..., Xn) is in the rami-
fied principal series. If 7t is p-ordinary,

Pr,p |G@p ~
o _
X J‘(p”p(la]))'xcyg’l” * *
2%} —B2
0 X2')»<—pvp(a2))')(cyc,p *
0 0 *

o ~Pn
An-A <—pvp?0!n) ) *Xeye,p
In particular, py lGa, is quasiordinary.

5. The Steinberg case

In this section we treat the case where the Weil-Deligne representation attached
to 7, is a twist of the special representation Sp(n). The case of unramified twists
occupies most of the section; ramified twists are the subject of Theorem 5.8 at the
end.
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We start with the case where the Weil-Deligne representation attached to 7, is
of the form y ® Sp(n), where x is an unramified character.

Let D be the filtered (¢, N, Q,, E)-module attached to p, 17|G@,,- Thus D is
a vector space over E. Note N* = 0 and N"~! # 0 so that there is a basis
{fus fa=1,..., fi}of D with fi_; :=Nf;forl <i <nand Nf; =0, i.e.,

fols fu B a0,

Say x takes arithmetic Frobenius to «. Since N¢ = ppN, we may assume that
o(fi) =ai_1f[- foralli=1,...,n, where al._] = p'~!/a. When a = 1, D reduces
to the Weil-Deligne representation Sp(n) mentioned after Theorem 3.1.

For each 1 <i <n, let D; denote the subspace { f;, ..., f1). Clearly, dim(D;) =i
and D; C Dy € --- C D,. One can easily prove:

Lemma 5.1. For every integer 1 <r < n, there is a unique N-submodule of D, of
rank r, namely D,.

Let 8, > - - - > B be the jumps in the Hodge filtration on D. We assume that the
Hodge filtration is in general position with respect to the Newton filtration given
by the D; (Assumption 3.6). An example of such a filtration is

<fn> Q (fna fn71> g T g (fn, fnfla ceey f2> g (fns fnflv ey f1>
The following elementary lemma plays an important role in later proofs.

Lemma 5.2. Let m be a natural number. Let {a;}]_, be an increasing sequence
of integers such that |a; 1 — a;| = m. Let {b;}!_, be another increasing sequence
of integers, such that |bj 1 — b;| > m. Assume that ) ;a; =) ; b;. If a, = b, or
a; = by, then a; = b; for alli.

The same holds with “decreasing” instead of “increasing”.

Proof. Let us prove the lemma when a, = b, and the a; are increasing. The proof
in the other cases is similar. We have

mn—1l4n—2+4-+1) <> (by—b)) =Y (ay—a;) =mn—1+n—2+--+1).

i=1 i=1

The first equality follows from a, = b,. From the equation above, we see that
b, —b; = a, — a; for every 1 <i < n. Since a, = b,, we have a; = b; for every
1<i<n. O

By Lemma 5.1, the D; are the only (¢, N)-submodules of D. The following
proposition shows that if two consecutive submodules D; and D; ;| are admissible,
all the D; are admissible.
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Proposition 5.3. Suppose there exists an integer 1 < i < n such that both D; and
Dj1 are admissible. Then each D,, for 1 <r <n, is admissible. Moreover, the B;
are consecutive integers.

Proof. Since D; and D;; are admissible, we have the equalities

i i+1
5-1) Bi+Bot-+Bi==Y vp(e,) and B+t -+Bi1=— Y vpla,),
r=1

r=1

whose difference gives

(5-2) —Vp(@it1) = Bit1-
Define a, = —v,(a,) and b, = B, for 1 <r < n. Hence,

53 ay > - >dj42 > djiy1 > a; > -+ > 4ay,

(_) bn>--->b,'+2>bl‘+1>bi>--~>b1.

By (5-2),ai+1=b;i4+1. By Lemma5.2 and (5-1), we have a, = b, forall 1 <r <i+1.
Since D,, is admissible,

(5-4) th(Dp) =Y Br=—_ vy(ey) =ty(Dy).
r=1

r=1
From (5-1) and (5-4), we have

n

D B== D vplan).

r=i+1 r=i+1

Again, by (5-3) and Lemma 5.2, we have a, = b, for all i +1 < r < n. Hence
Br = —vp(a,) for all 1 <r < n. This shows that all the other D;’s are admissible.
Also, the B; are consecutive integers since the v, («;) are consecutive integers. [

Corollary 5.4. Keeping the notation as above, the admissibility of D| or D,_,
implies the admissibility of all other D;.

Theorem 5.5. Assume that the Hodge filtration on D is in general position with
respect to the D; (Assumption 3.6). Then the crystal D is either irreducible or
reducible, in which case each D;, for 1 <i <n, is admissible.

Proof. If D is irreducible, we are done. If not, there exists an i, such that D; is
admissible. If D;_; or D, is admissible, then by Proposition 5.3, all the D, are
admissible. So, it is enough to consider the case where neither D;_1 nor D; 4 is
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admissible (and D; is admissible). We have

r=i—1

(5-52) BitBot 4B <= vplar),
r=1
(5-5b) BitBot-+Bi=—> vpla),
r=1
r=i+1
(5-5¢) Bit Bt 4By <= D vp@).
r=1

Subtracting (5-5b) from (5-5a), we get —fB; < v,(;). Subtracting (5-5b) from
(5-5¢), we get Biy1 < —vp(aiy1) = —v,(;) + 1. Adding these inequalities, we
obtain 8,1 — B; < 1. But this is a contradiction, since 8;+; > B;. This proves the
theorem. O

Definition 5.6. Say r is p-ordinary if B +v,(a) =0.

If 7 is p-ordinary, D; is admissible, so the flag Dy C D, C --- C D, is an
admissible flag by Theorem 5.5 (an easy check shows that if 7 is p-ordinary,
Assumption 3.6 holds automatically).

Applying the discussion above to the local Galois representation oy, p|G@p’ we
obtain:

Theorem 5.7 (unramified twist of Steinberg representation). Say w is a cuspidal
automorphic representation of GL, (A g) with infinitesimal character given by the
integers —f1 > - - - > —B,. Suppose that 1, is an unramified twist of the Steinberg
representation, that is, WD(p, plG@p) ~ x ® Sp(n), where x is the unramified
character mapping arithmetic Frobenius to «o. If w is ordinary at p (that is,

v,(a) = —PBy), then the B; are necessarily consecutive integers and
o —Bi
)L(pvp(a) ) *Xeye, p * *
o —Bi—1

0 M) 1t *

pﬂ,p |GQPN p )
o —pi—(n—1)
0 0 A (W) *Xeye,p

where A(a/ p'r®) is an unramified character that takes arithmetic Frobenius to
a/p'r @, and in particular, pﬂ,pl(;@p is ordinary. If w is not p-ordinary and
Assumption 3.6 holds, then py ), |G@p is irreducible.

Proof. By strict compatibility, D is the filtered (¢, N, Q,, E)-module attached to

Pr.plGa, - If 7 is p-ordinary, we are done and the characters on the diagonal are
determined by Corollary 2.5.
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If & is not p-ordinary, D is irreducible. Indeed, if D is reducible, then by
Theorem 5.5, all D;, and in particular Dy, are admissible, so 7 is p-ordinary. [J

Theorem 5.8 (ramified twist of Steinberg representation). Let the notation and
hypotheses be as in Theorem 5.7, except that this time assume that

WD(pn,plG@p) ~ x ®Sp(n),

where x is an arbitrary, possibly ramified, character. Write x = yo - x' where
Xo is the ramified part of x, and x' is an unramified character taking arithmetic
Frobenius to a. If w is p-ordinary (B1 = —v,(a)), then the B; are consecutive
integers and

pﬂ,p |G@p ~
o —p
o —p1—1
0 XO')"<W>'chc,p *
% —B1—(n—1)
0 0 XO'k(W)'chc,p

If w is not p-ordinary and Assumption 3.6 holds, then p. plG@p is irreducible.

Proof. Let F be a totally ramified abelian (cyclotomic) extension of Q, such
that xo|;, = 1. Then the reducibility of p, ,|G, over F can be shown exactly as
in Theorem 5.7, and the theorem over Q,, follows using the descent data of the
underlying filtered module. If 7 is not p-ordinary, then by arguments similar to
those used in proving Theorem 5.7, p; |G, 1s irreducible, so that p , |G@,, is also
irreducible. [l

6. Supercuspidal ® Steinberg

We now turn to the case where the Weil-Deligne representation attached to 7, is
indecomposable. Thus we assume that WD (o, |G@p) is Frobenius semisimple and
is of the form 7 ® Sp(n), where 7 is an irreducible m-dimensional representation
corresponding to a supercuspidal representation of GL,, for m > 1, and Sp(n) for
n > 1 denotes the usual special representation.

(¢, N)-submodules. We start by classifying the (¢, N, F, E)-submodules of D,
the crystal attached to the local representation oy, plg@p, when WD (o, p|G@p) =
T®Sp(n) form > 1 and n > 1. This will play a key role in the study of the structure
of pz,p |G@p’ when taking the Hodge filtration on D into account.

Recall from [Breuil and Schneider 2007, Proposition 4.1] that there is an equiva-
lence of categories between (¢, N)-modules with coefficients and descent data, and
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Weil-Deligne representations. We write D for the (¢, N)-modules corresponding
to 7, and likewise Dsp(,) for those corresponding to Sp(n), and so on.

Theorem 6.1. All the (p, N, F, E)-submodules of D = D; ® Dsp,) are of the form
D: ® Dsp() for some 1 <r < n.

The case that m = 1 was treated in the previous section (twist of Steinberg), and
the case n = 1 is vacuously true.

Assume first that 7 is an induced representation of dimension m of the form
Indx; X, where K is a p-adic field such that [K : Q,] =m, and x is a character
of Wg. This is known to always hold if (p, m) =1 or p > m. For simplicity, we
shall assume that K is the unique unramified extension of Q,, namely Q,~, and
refer to 7 in this case as an unramified supercuspidal representation. Let o be the
generator of Gal(Q,~/Q,), and let I,,» denote the inertia subgroup of Q,». Then

w m i
Tlty=t,m = (ndy” O = €D X7 1
i=1

Since 7 is irreducible, by Mackey’s criterion, we have x # X“i for all 7, on W ,m
and also on /,». Moreover, x # x° foranyi # j.

Following the methods of [Ghate and Mézard 2009], it is possible to explicitly
write down the crystal D, whose underlying Weil-Deligne representation is the
unramified supercuspidal representation t above. For the details we refer the reader
to [Ghate and Kumar 2010, §7.2]. In particular, one may write down appropriate
finite extensions Fp and F of @, so that D; is a free rank m module over Fp ® E
with basis e;, i =1, ..., m, such that D; is given by

ple))=t""e;, N(e)=0, o(e)=eir1,
glen=0100x" (©)(e), gecl(F/K)

for all 1 <i <m and some constant t,, € Og. When m = 2, this (¢, N)-module is
exactly the one given in [Ghate and Mézard 2009, §3.3], though the ¢; used here
differ by a scalar from the e; used there.

Recall that the module Dsp(,) has a basis { f,, fu—1, ..., f1}, with properties as
in Section 5. Using (6-1) and a basis of D; ® Ds(,) of the form ¢; ® f;, itis possible
to give an explicit proof of Theorem 6.1, when t is an unramified supercuspidal
representation of dimension m [Ghate and Kumar 2010, §7.2.5]. However, it is
also possible to prove the theorem for general 7, independently of any explicit

(6-1)

formulas. We give this proof now. The following general lemma is useful:

Lemma 6.2. The theory of Jordan canonical forms can be extended to nilpotent
operators on free finite-rank (Fy ® E)-modules. We call the number of blocks in
the Jordan decomposition of the monodromy operator N as the index of N.
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Proof. One simply extends the usual theory of Jordan canonical forms on each
projection under (2-1) to modules over Fy ® E-modules. U

Returning to our situation:

Lemma 6.3. There are no rank r (¢, N, F, E)-submodules of D = D; @ Dspu)
on which N acts trivially for 1 <r <m — 1.

Proof. Suppose there exists such a module, say D, of rank r < m. Since N acts
trivially on D, we have D C D; ® ( f1) = D: ® Dsp(1) = D;. But 7 is irreducible,
so Dy is irreducible by Lemma 2.7, a contradiction. U

Corollary 6.4. The index of N ona (¢, N, F, E)-submodule of D is m.

Proof of Theorem 6.1. Let D" be a (¢, N, F, E)-submodule of D = D; ® Dsp(n).
By the corollary above, there are m blocks in the Jordan canonical form of N on D’.
Without loss of generality, assume that the blocks have sizes r; <r, <--- <r,, with
Y it ri=rank D’. Suppose wi, ..., wy, are the corresponding basis vectors in D’
such that the order of nilpotency of N on w; is r;, so that the N J(w;) form a basis
of D'. If all the r; are equal to say r, an easy argument shows D' = D; ® Dsp(r).
We show that this is indeed the case.

Suppose towards a contradiction that r; #r; 4 for some 1 <i <m. For 1 <i <n,
let D; denote the submodule D, @ Ker(N') = D; ® Dsp(iy. Now, arrange the basis
vectors N/ wy of D’ as follows:

wy, Nwy, ..., N lwy,
Wy, ka, ey Nrk_lwk,
rre1—r1—1 Tk1—T Tr+1—1
Wit1, Nwegr, ooy N7 0w, NP, oo, NPT gy,
Wy, Nwy, N*wy, ..., Ny, N= Ty, Ny,

With respect to this arrangement, denote the span of the vectors in the last i columns
by A;. Since r; # r;41, the rank of the space A,,1/A,, is less than m. Moreover,
Ay +1/A,, is asubspace of D,,11/D,,; thatis, there is an inclusion of (¢, N, F, E)-
modules A, +1/A,, <> Dy, +1/D,,. Now

Dy, 11/ Dy; = (D ® Dsp(r;+1))/(Dr @ Dsp(r;))
= Dr ® (DSp(r,-+l)/DSp(r,-)) = Dr &® DSp(l) = Dr-

All the isomorphisms above are isomorphisms of (¢, N, F, E)-modules over FyQFE.
By Lemma 6.3, the inclusion above is not possible! Hence all the r; are indeed
equal. This finishes the proof of Theorem 6.1. U
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Filtration on D = D, ® Dsy(,). We can now apply the discussion above to write
down the structure of the (p, p)-Galois representation attached to a cuspidal auto-
morphic representation of GL,,, (A g).

We start with some remarks. Suppose D; and D, are two admissible filtered
modules. It is well-known (see [Totaro 1996]) that the tensor product D; ® D;
is also admissible. The difficulty in proving this lies in the fact that one does
not have much information about the structure of the (¢, N)-submodules of the
tensor product. If they are of the form D’ ® D”, where D" and D" are admissible
(¢, N)-submodules of D; and D, respectively, then D’ ® D" is also admissible by
Lemma 2.3. But not all the submodules of D{ ® D, are of this form.

However, we saw in Theorem 6.1 that for D = D; ® Dsp(,), all the (¢, N, F, E)-
submodules of D are of the form D; ® Dsp ) for some 1 <r <n. This fact allows us
to study the crystal D and its submodules, once we introduce the Hodge filtration.

Filtration in general position. Assume that the Hodge filtration on D is in general
position with respect to the Newton filtration (Assumption 3.6). Let m be the rank

of D.. Let {$; ;}iZ}/Z}" be the jumps in the Hodge filtration with 8, j, > B j,. if

i] > iz, or if i1 Iiz and j] > jz. Thus
ﬁn,m > ﬁn,m—l > > ﬂn,l > ﬂn—l,m > > ,Bl,m > > ,81,1-

Define, for every 1 <k <n,
j=m
b= Z Br.»
j=1
and
ar =tn(D: ® Dspy) — tn(Dr @ Dspk—1)) =ty (D) + m(k — 1),
where the last equality follows from Lemma 2.3. Clearly,
bn>bn_1 >--->b2>b1,
a, > a1 >--->ay > daj.

Observe that b; | — b; > m? and ai+1 —a; = m for every 1 < i < n. Since
D is admissible, the submodule D; ® Dsp;) of D is admissible if and only if
Dkm1 bk =24 ak.

The arguments below are similar to the ones used when analyzing the Steinberg
case. We start with an analog of Lemma 5.2.

Lemma 6.5. Let {a;}]_, be an increasing sequence of integers such that a; 1 —a; =
m for every i and for some fixed natural number m. Let {b;}?_, be an increasing
sequence of integers such that b; 1 — b; > m? for every i. Suppose that Yiai=
> i bi. Ifa, = b, or ay = by, then m =1 and hence a; = b; for all i.
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Proof. We prove the lemma when a, = b,; the case of a; = by is similar. Write

n n
m*(n—14n—2+4 - +1) <Y (by=b)) = (an—a;) =m(n—1+n—2+---+1),
i=1 i=1
where the first equality follows from a, = b,,. From the inequality we see that
m = 1. Now, the rest of the proof follows from Lemma 5.2. O

Theorem 6.6. If D; @ Dsy;y and D, @ Dsp(i+1) are admissible submodules of D,
then m = 1, in which case all the D; ® Dsp(), for 1 <i < n, are admissible.

Proof. Since D; ® Dsp(;y and D; @ Dsp;+1) are admissible, we have

i i+1
(6-2) b1+b2+---+bi=2ar and b1+b2+---+b,-+1=2a,.
r=1

r=1
From these expressions, b; 11 = a;+1. As recalled above:

bn>'-‘>bi+2>b,’+1>bi>-‘~>b1,

ay > > 0aj42 > djy1 > a; > -+ > dj.

Since a;+1 = b;11 and (6-2) holds, by Lemma 6.5 we have m = 1 and a; = b; for
all 1 <i <n. This shows that all the D; ® Dsy(;) are admissible. O

Theorem 6.7. Let D = D ® Dsp(y) and assume that the Hodge filtration on D is in
general position (Assumption 3.6). Then either D is irreducible or D is reducible,
in which case m = 1 and the (¢, N, F, E)-submodules D @ Dsy, for 1 <i <n,
are all admissible.

Proof. Let D; = D ® Dsp;y for 1 <i < n. If D is irreducible, we are done. If
not, by Theorem 6.1, there exists an 1 <i <n such that D; is admissible. If D;_;
or D;; is also admissible, then by the theorem above, m = 1 and hence all the
(¢, N, F, E)-submodules of D are admissible. So, assume D;_; and D;, are not
admissible, but D; is admissible. We shall show that this is not possible. Indeed,
we have

r=i—1
(6-3a) bitbyt-+bioi <) ar
r=1
(6-3b) b1+b2+-~+bl-:2a,,
r=1
r=i+1

(6-3¢) bi+by+-+bi <) ay.

r=1



(p, p)-GALOIS REPRESENTATIONS AND AUTOMORPHIC FORMS 403

Subtracting (6-3b) from (6-3a), we get —b; < —a;. Subtracting (6-3b) from (6-3c),
we get b; 1 <a;+1. Adding these two inequalities, we get b; 1 —b; <a;y1—a; =m.
But this is a contradiction, since b; 11 — b; > m. ]

For emphasis we state separately:

Corollary 6.8. With assumptions as above, the crystal D = D; ® Dsp(y) is irre-
ducible if m > 2.

Definition 6.9. Say 7 is ordinary at p if a; = by, thatis, ty(D;) = Z’]’;l B1,;-

This condition implies m = 1; the definition then coincides with Definition 5.6.
Applying the discussion above to the local (p, p)-Galois representation in a
strictly compatible system, we obtain:

Theorem 6.10 (indecomposable case). Say 7 is a cuspidal automorphic represen-
tation with infinitesimal character consisting of distinct integers. Suppose that

WD(pﬂ,p|G@p) ~ Ty ® SP(”),

where t,, is an irreducible representation of Wa, of dimensionm > 1, and n > 1.
Assume that Assumption 3.6 holds.

e If w is ordinary at p, then Pr.plGa, is reducible, in which case m=1, t| is a
character, and py, p|G@,, is (quasi)ordinary as in Theorems 5.7 and 5.8.

o If m is not ordinary at p, then py, plGa, is irreducible.

Tensor product filtration. One might wonder what happens if the filtration on D is
not necessarily in general position. As an example, we consider here just one case
arising from the so-called tensor product filtration.

Assume that D, and Dsp(,) are the usual filtered (¢, N, F, E)-modules, and
equip D; ® Dsp () with the tensor product filtration. By the formulas in Lemma 2.3,
one can prove:

Lemma 6.11. Suppose that D = D; ® Dsp(n) has the tensor product filtration. Fix
1 <r <n. Then D; ® Dsp ) is an admissible submodule of D if and only if Dsp )
is an admissible submodule of Dsp ).

We recall that if the filtration on Dsy(,) is in general position (as in Assumption 3.6),
then we have shown that furthermore Ds(, is an admissible submodule of Dsp ()
if and only if Dgp (1) is an admissible submodule.

The lemma can be used to give an example where the tensor product filtration
on D is not in general position (i.e., does not satisfy Assumption 3.6). Suppose
that 7 is an irreducible representation of dimension m = 2 and Dsp(2) has weight 2
(as in [Breuil 2001] or [Ghate and Mézard 2009, §3.1]). Note that Dgp(y) is an ad-
missible submodule of Ds;(2). Hence, by the lemma, D; ® Dsy(1) is an admissible
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submodule of D; ® Dsp(2). If the tensor product filtration satisfies Assumption 3.6,
then the admissibility of D; ® Dsp(1) would contradict Theorem 6.7, since m = 2.
In any case, we have the following application to local Galois representations.

Proposition 6.12. Suppose that ps. plGa, ~ Pr ® Pspm) is a tensor product of
two (p, p)-Galois representations, with underlying Weil-Deligne representations
T and Sp(n), respectively. If psp) is irreducible, so is px p |G@p-

Errata
We end this paper by correcting some errors in [Ghate and Mézard 2009]:

o p. 2254, lines 6 and 7: Q should be Q,,.
e p. 2257, first two lines should be ¢(e1) = (1/4/1) e1 and @(e2) = (1/4/1) €.

e p. 2260: first three lines in the middle display should be ¢(e;) = (1/ Jt) ey,
@(er) = (1/+/t)er, and t € O, val, (1) = k — 1. Moreover, 7 is to be chosen
in §3.4.3 satisfying t> = 1/c (we may take ¢ = d, since ¢ commutes with ¢,
and s is no longer required).
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ON INTRINSICALLY KNOTTED
OR COMPLETELY 3-LINKED GRAPHS

RYO HANAKI, RYO NIKKUNI, KOUKI TANIYAMA AND AKIKO YAMAZAKI

We say that a graph is intrinsically knotted or completely 3-linked if every
embedding of the graph into the 3-sphere contains a nontrivial knot or a
3-component link each of whose 2-component sublinks is nonsplittable. We
show that a graph obtained from the complete graph on seven vertices by
a finite sequence of AY-exchanges and YA-exchanges is a minor-minimal
intrinsically knotted or completely 3-linked graph.

1. Introduction

Throughout this paper we work in the piecewise linear category. Let f be an
embedding of a finite graph G into the 3-sphere. Then f is called a spatial em-
bedding of G and f(G) is called a spatial graph. We denote the set of all spatial
embeddings of G by SE(G). We call a subgraph y of G that is homeomorphic to
the circle a cycle of G. For a positive integer n, let '™ (G) denote the set of all
cycles of G if n = 1 and the set of all unions of » mutually disjoint cycles of G if
n > 2. For simplicity, we also write I'(G) for 'V (G). For an element A in '™ (G)
and a spatial embedding f of G, f(}) is a knot if » = 1 and an n-component link
ifn>2.

A graph G is said to be intrinsically linked (IL) if for every spatial embedding f
of G, f(G) contains a nonsplittable 2-component link. Conway and Gordon [1983]
and Sachs [1984] showed that K¢ is IL, where K, denotes the complete graph on
m vertices. Also, IL graphs have been completely characterized as follows. For
a graph G and an edge e of G, we denote the subgraph G \ inte by G — e. Let
e =uv be an edge of G that is not a loop. We call the graph obtained from G —e by
identifying the end vertices u and v the edge contraction of G along e, and denote
it by G/e. A graph H is called a minor of a graph G if there exists a subgraph
G’ of G and edges ey, e, ..., e, of G’ such that H is obtained from G’ by a

Nikkuni was partially supported by Grant-in-Aid for Young Scientists (B) (No. 21740046), Japan
Society for the Promotion of Science. Taniyama was partially supported by Grant-in-Aid for Scien-
tific Research (C) (No. 21540099), Japan Society for the Promotion of Science.

MSC2000: primary 57M15; secondary 57M25.

Keywords: spatial graph, intrinsic knottedness, AY-exchange, YA-exchange.
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sequence of edge contractions along ey, e, ..., e,. A minor H of G is called a
proper minor if H does not equal G. Let & be a property for graphs that is closed
under minor reductions; that is, for any graph G that does not have %, all minors
of G also do not have . A graph G is said to be minor-minimal with respect to
% if G has % but all proper minors of G do not have %. Note that G has % if and
only if G has a minor-minimal graph with respect to % as a minor. By the famous
theorem of Robertson and Seymour [2004], there are finitely many minor-minimal
graphs with respect to . NeSetfil and Thomas [1985] showed that IL is closed
under minor reductions, and Robertson, Seymour and Thomas [Robertson et al.
1995] showed that the set of all minor-minimal graphs with respect to IL equals
the Petersen family, which is the set of all graphs obtained from K¢ by a finite
sequence of AY-exchanges and YA-exchanges. A AY-exchange is the left-to-right
operation shown here:

N
<

GA GY

That is, a graph G » containing a three-edge cycle A is changed into a new graph
Gy by removing the edges of the cycle and adding a new vertex x connected to
each of the vertices of the deleted cycle, thus forming a Y. A YA-exchange is the
reverse of this operation. AY- and YA-exchanges preserve IL: if G, is IL, so is
Gv [Motwani et al. 1988], and if Gy is IL, so is G [Robertson et al. 1995].

The Petersen family contains seven graphs, including the Petersen graph Pio:

@S
&'

Ks 07

—

/o

Py P1o

(An arrow between two graphs indicates the application of a single AY-exchange.)

A graph G is said to be intrinsically knotted (IK) if for every spatial embedding
f of G, f(G) contains a nontrivial knot. Conway and Gordon [1983] showed
that K7 is IK. Fellows and Langston [1988] showed that IK is closed under minor
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reductions. Motwani, Raghunathan, and Saran [Motwani et al. 1988] showed that
K7 is a minor-minimal IK graph, and additional minor-minimal IK graphs were
given in [Kohara and Suzuki 1992] and [Foisy 2002; 2003].

IK graphs have not been completely characterized yet. If G 5 is IK then Gy is
also IK [Motwani et al. 1988], but if Gy is IK then G o may not always be IK. That
is, the YA-exchange does not preserve IK in general. Flapan and Naimi [2008]
showed that there exists a graph Gy obtained from K7 by five AY-exchanges
and two YA-exchanges that is not IK. We call the set of all graphs obtained from
K7 by a finite sequence of AY and YA-exchanges the Heawood family.! This
family contains exactly twenty graphs, as illustrated in Figure 1; of these, C4 is
the Heawood graph (Remark 4.7).

Kohara and Suzuki [1992] showed that a graph G in the Heawood family is a
minor-minimal IK graph if G is obtained from K7 by a finite sequence of AY-
exchanges, that is, if G is one of fourteen graphs K7, Hs, Hy, ..., Hi2, Fo, Fio,
Eio, E1; and Cyy, Cia, ..., C14.2 On the other hand, N{O is isomorphic to G gy,
that is, Ny, is not IK. Our first purpose in this paper is to determine completely
when a graph in the Heawood family is IK.

Theorem 1.1. For a graph G in the Heawood family, the following are equivalent:
(1) GislK.
(2) G is obtained from K7 by a finite sequence of AY-exchanges.
(3) T®(G) is the empty set.

Hence the members No, Nio, N1, Ny, Ni, and N{, of the Heawood family are not
IK, and only they contain a union of three mutually disjoint cycles.

Our second purpose is to show that any of the graphs in the Heawood family
is a minor-minimal graph with respect to a certain kind of intrinsic nontriviality
even if it is not IK. We say that a graph G is intrinsically knotted or completely
3-linked—I(K or C3L) for short—if for every spatial embedding f of G, f(G)
contains a nontrivial knot or a 3-component link all of whose 2-component sublinks
are nonsplittable. An IK graph is I(K or C3L). As we show in Proposition 2.2, I(K
or C3L) is closed under minor reductions.

Theorem 1.2. All graphs in the Heawood family are minor-minimal I(K or C3L)
graphs.

As we have seen, No, N1, Ni1, Ny, N{, and Nj, are not IK, but they are but
I(K or C3L) and are minor-minimal with respect to I(K or C3L).

1Van der Holst [2006] calls the set of all graphs obtained from K7 or K3 3 1,1 by a finite sequence
of AY-exchanges and YA-exchanges the Heawood family, where K3 3 1.1 is the complete 4-partite
graph on 3 + 3 4 1 + 1 vertices.

20ne edge of F( in [Kohara and Suzuki 1992, Figure 5] is wanting.
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& @

Figure 1. The Heawood family. An arrow between two graphs
indicates the application of a single AY-exchange.

Remark 1.3. A graph G is said to be intrinsically n-linked (InL) if for every spatial
embedding f of G, f(G) contains a nonsplittable n-component link [Flapan et al.
2001a; 2001b]. I2L coincides with IL. Let G be a graph in the Heawood family
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that is not IK. Then we show in Example 4.6 that there exists a spatial embedding
f of G such that f(G) does not contain a nonsplittable 3-component link. That is,
G is neither IK nor I3L.

Remark 1.4. A graph G is called intrinsically knotted or 3-linked—I(K or 3L)
for short— if for every spatial embedding f of G, f(G) contains a nontrivial knot
or a nonsplittable 3-component link. Clearly I(K or C3L) implies I(K or 3L), but
the converse is not true: [Foisy 2006] exhibits an I(K or 3L) graph G and a spatial
embedding f of G such that f(G) contains no nontrivial knot and all nonsplittable
3-component links contained in f(G) have split 2-component sublinks.

The rest of this paper is organized as follows. Section 2 contains general results
about graph minors, AY-exchanges and spatial graphs. We prove Theorem 1.1 in
Section 3 and Theorem 1.2 in Section 4.

2. Graph minors, AY-exchanges and spatial graphs
Let H be a minor of a graph G. Then there exists a natural injection
v =g T H) — TG

for any positive integer n. We write W for W, Let f be a spatial embedding of G
and e an edge of G that is not a loop. Then by contracting f(e) into one point, we
obtain a spatial embedding 1/ (f) of G/e. Similarly, we can also obtain a spatial
embedding ¥ (f) of H from f. Thus we obtain a map

¥ =vY6.n : SE(G) — SE(H).
Then we immediately have:

Proposition 2.1. For a spatial embedding f of G and an element A in T (H),
V() (L) is ambient isotopic to f(¥™ (1)). O

Proposition 2.2. I(K or C3L) is closed under minor reductions.

Proof. Let G be a graph that is not I(K or C3L), and H be a minor of G. Let f be
a spatial embedding of G that contains neither a nontrivial knot nor a 3-component
link all of whose 2-component sublinks are nonsplittable. Then by Proposition 2.1,
¥ (f) has the same property. This implies that H is not I(K or C3L). U

Remark 2.3. Proposition 2.1 also implies that IK, InL and I(K or 3L) are closed
under minor reductions.

Let G and Gy be two graphs such that Gy is obtained from G by a single
AY-exchange, as in the previous section. Let A be an element in '™ (G ») that
does not contain A. Then there exists an element ®" (1) in '™ (Gy) such that
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A\ A =®™ )\ Y. Thus we obtain a map
O =0 ;. (T W(Ga) |12 D) — T (Gy),

for any positive integer n. We denote ®!) by ®. Note that ® is surjective and
the inverse image of A by ® contains at most two elements in ' (G ») for any
element A in '™ (Gy). The surjectivity of & implies Proposition 2.4.

Proposition 2.4. Forn >2,if T (GA) = @, then T (Gy) = @. O

Let f be a spatial embedding of Gy, and let D be a 2-disk in the 3-sphere such
that DN f(Gy)= f(Y)and 0D N f(Gy) ={f(u), f(v), f(w)}. (Throughout the
paper we use u, v, w, x for the vertices of the Y of interest, as in the first figure on
page 408), Let ¢(f) be a spatial embedding of G A such that ¢(f)(x) = f(x) for
xeGy\Yand o(f)(Gpr) = (f(Gy)\ f(Y))UdD. Then we obtain a map

® =¥Gy,G, 1 SE(GY) —> SE(G ),
and we immediately have Proposition 2.5.

Proposition 2.5. For a spatial embedding f of Gy and an element A in T (Gy),
f(X) is ambient isotopic to ¢(f)(A') for each element )" in the inverse image of A
by ™. O

Lemma 2.6. If G is I(K or C3L), then Gy is also I(K or C3L).

Proof. Assume that Gy is not I(K or C3L), that is, that there exists a spatial
embedding f of Gy that contains neither a nontrivial knot nor a 3-component link
all of whose 2-component sublinks are nonsplittable. We show that ¢ (f)(G ) also
has the same property.

Let y be an element in I'(G »). If y is not A, then ¢(f)(y) is ambient isotopic
to f(®(y)) by Proposition 2.5, and f(®(y)) is a trivial knot by the assumption.
Since ¢ (f)(A) is also a trivial knot, it follows that ¢( f)(G ) does not contain a
nontrivial knot. Let A be an element in I'® (G ). If A does not contain A, then
@(f)()) is ambient isotopic to (P (1)) by Proposition 2.5, and f(®®) (1)) is a
3-component link that contains a split 2-component sublink by the assumption. If A
contains A, then ¢(f) (1) is a split 3-component link. Thus we see that ¢ (f)(Ga)
does not contain a 3-component link with a nonsplittable 2-component sublink. [

Lemma 2.7. If Gy is minor-minimal for I(K or C3L), then G is also minor-
minimal for I(K or C3L).

Proof. (This lemma has already been proven in more general form [Ozawa and
Tsutsumi 2007, Lemma 3.1, Exercise 3.2], but we prove it here for convenience.)
We show that for any edge e of G 4 that is not a loop, there exist a spatial embedding
f of Ga —e and a spatial embedding g of G A /e such that each of f(Ga —e) and
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g(Ga/e) contains neither a nontrivial knot nor a 3-component link all of whose
2-component sublink are nonsplittable. If e is not one of the edges uv, vw or wu
of the A then there exist a spatial embedding f’ of Gy —e and a spatial embedding
g’ of Gy/e such that both f’(Gy — ¢) and g’'(Gy/e) contain neither a nontrivial
knot nor a 3-component link all of whose 2-component sublinks are nonsplittable.
The graph Gy — e is obtained from G — e, and likewise Gy/e from Ga/e, by
a single AY-exchange at the same A. Then we see that each of ¢(f)(Ga — e)
and ¢(g’')(G/e) contains neither a nontrivial knot nor a 3-component link hav-
ing only nonsplittable 2-component sublinks, in a way similar to the proof of
Lemma 2.6. If e is one of uv, vw and wu, we may assume that e = uv without
loss of generality. Now there exists a spatial embedding f’ of Gy/Xw such that
f'(Gy/xw) contains neither a nontrivial knot nor a 3-component link having only
nonsplittable 2-component sublinks. Then we can see that Go — uv = Gy/xw.
On the other hand, there exists a spatial embedding g’ of Gy/Xxv/Xu such that
g'(Gy/xv/xu) contains neither a nontrivial knot nor a 3-component link having
only nonsplittable 2-component sublink. Take a 2-disk D’ in the 3-sphere such that
D'Ng'(Gy/xv/xu) = g'(uw) and dD" N g'(Gy/xv/xu) = {g'(u), g'(w)}. Then
(¢'(Gy/xv/xu) \int g'(ww)) Ud D’ may be regarded as the image of a spatial em-
bedding of G A /uv, denoted by g. Clearly g(G A /uv) contains neither a nontrivial
knot nor a 3-component link having only nonsplittable 2-component sublink. [

3. Proof of Theorem 1.1
Lemma 3.1. Each of the graphs No, N1, N11, Ny, N{, and Ny, in the Heawood
family is not IK.

Proof. For N, see [Flapan and Naimi 2008]. We show that Ny, N1o, N1, N{, and
N, are not IK. Let fo be the spatial embedding of Ny illustrated in Figure 2. It
can be checked directly that fo(Ng) does not contain a nontrivial knot. Thus Ny is

®e@
N

SiWVip) S12(N12)

*

So(N9) S0 Nyo) S

Figure 2
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not IK. Let fio be the spatial embedding of N illustrated in Figure 2. Let ¢y, N,
be the map from SE(Njg) to SE(Ny) induced by the YA-exchange from Njg to Ng
at the Y-fork marked % in Figure 2. Then clearly ¢( f19) = fo. Since fo(Ng) does
not contain a nontrivial knot, by Proposition 2.5 it follows that f19(Ng) also does
not contain a nontrivial knot. Thus, Njg is not IK. By repeating this argument, we
can see that each of the graphs Ny, Ni, and N|, is also not IK; see Figure 2. [

Proof of Theorem 1.1. First we show that (1) and (2) are equivalent. Since we
already know that (2) implies (1), we show that (1) implies (2). If G is IK, then
by Lemma 3.1 we see that G is not one of N, Nyig, N1, N{,, Nj, or N{,. Thus G
is obtained from K7 by a finite sequence of AY-exchanges. Next we show that (2)
and (3) are equivalent. Assume that G is obtained from K7 by a finite sequence of
AY-exchanges. I'®(K7) is the empty set. Thus, by Proposition 2.4, we see that
I'®(G) is the empty set. Conversely, if G is one of No, N1o, Ni1, Niy» Ni;, and
Njy,, then I'®(G) is not the empty set. This completes the proof. (]

Remark 3.2. Let f{, be the spatial embedding of N7, illustrated in Figure 2, and
let f], be the spatial embedding of Ny illustrated in the figure below. Let PN, N,
be the map from SE(Ny,) to SE(N{,) induced by the YA-exchange from Ny, to
Ny, at the Y-fork marked . Then clearly ¢(f{,) = f{,- Also, we can see that
f1o coincides with Flapan and Naimi’s example [2008] of a spatial embedding of
Nj, whose image does not contain a nontrivial knot, as illustrated in the leftmost
diagram:

SloWNVio) 2 SN

4. Proof of Theorem 1.2

Lemma 4.1 [Conway and Gordon 1983; Taniyama and Yasuhara 2001]. Let G be
a graph in the Petersen family and f a spatial embedding of G. Then there exists
an element A in T'®)(G) such that Ik(f (1)) is odd, where 1k denotes the linking
number in the 3-sphere.

Let D, be the graph illustrated on the right. We denote the set of
all cycles of D4 with exactly four edges by I'4(D4). For a spatial
embedding f of Dg4, we define

a(f)= Y axf(y) (mod?2), D,

y€l4(Dy)
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where a, denotes the second coefficient of the Conway polynomial. Note that
a(K) of a knot K is congruent to the Arf invariant modulo 2 [Kauffman 1983].

Lemma 4.2 [Taniyama and Yasuhara 2001]. Let f be a spatial embedding of D4
and A, ) all elements in TP (Dy). If both Ik(f (L)) and 1k(f (1)) are odd, then
a(f)=1.

Let G be a graph that contains D4 as a minor and f a spatial embedding of G.
Then we define

a(f)= Y a(f(¥p,c(y)) (mod2).
v €l4(Ds)
Lemma 4.3. Let G be a graph that contains D4 as a minor and let f be a spatial

embedding of G. For two elements ju and ' in \IJ(D?’G(FQ)(DA;)), if both Ik(f (1))
and Ik(f (1)) are odd, then a(f) = 1.

Proof. For two elements A and A’ in '@ (Dy,), we see that both lk( f (\Ilgz’ G(A)))
and lk( f (lﬂgj’c(k/ ))) are odd by the assumption. Then by Proposition 2.1, it
follows that k(Y. p,(f)(A)) and Ik(¥G. p,(f)(A")) are also odd. Therefore, by
Lemma 4.2, we have that

a(N= Y a(f(Up.cN)= Y. axWep(H¥)=1mod2). O

y€l4(Dy) y€l4(Dy)
The next theorem is the most important part of the proof of Theorem 1.2.

Theorem 4.4. Let G be Ny or Ny,. For every spatial embedding f of G, there
exists an element y in I'(G) such that a;(f (y)) is odd, or there exists an element A
in T®(G) such that each 2-component sublink of f (1) has an odd linking number.
Proof. We will denote by [i; is ... ii] the cycle i1l Ulpiz U~ Uig_yix Uigi; of
G. We label each vertex of G as follows:

First we show the case of G = Ny. Let f be a spatial embedding of Ng. Note
that Ny contains K¢ as the proper minor

(((N9—78)—89)—97)/47/58/69.

By Lemma 4.1, there is thus an element v in I'®(Kg) such that NN ADIN))
is odd. Hence, by Proposition 2.1, there exists an element w in \Dgﬁ) NQ(FQ)(K6))
such that Ik( f(u)) is odd. \IJ;?; NQ(F(Z)(KG)) consists of ten elements, and by the
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symmetry of Ng, we may assume that u = [1743]U[2658] or [123]U[456]
without loss of generality.

Case 1. Let u=[1743]U[2658]. Note that Ny contains P; as the proper minor
(N9 —61) —62) —64) —65) —69)/30.

Thus, by Lemma 4.1, there is an element v’ in T'? (P5) such that Ik(¥/x, p, (f) (V)
is odd. Hence, by Proposition 2.1, there exists an element u’ in \IJ(Z) (F(z)(P7))
such that 1k( f(n")) is odd. \Dg) No (I'®(Py)) consists of the nine elements

W, =[345]U[1287], ub=[1547]U[2398], u;=[2854]U[3179],
hy=[12471U[3589], s =[123]U[4785], s =[1285]U[3479],
iy =12341U[1587], uhp=[7891U[1245], u,=[153]U[2874].

Fori =1,2,...,9, let J' be the subgraph of Ny that is /,LU/,LI’. U69ifi =3,6
and U p; if i # 3, 6. Assume that 1k(f (u})) is odd for some i # 8. Then it can
be easily seen that J' contains a graph D' as a minor, such that D is isomorphic
to Dy and {u, 1)} = \pg) #(C@(DY). Since both Ik(f (1)) and Ik(f (1)) are
odd, by Lemma 4.3 there exists an element y in I'(J?) such that a>(f(y)) is odd.
Next assume that 1k( f (ug)) is odd. We denote two elements [789]U[1265] and
[789]U[4265]in '@ (J®) by ug | and pj ,, respectively. We denote the subgraph
uwy Ms - of J8 by J8/ (j =1,2). Then it can be easily seen that J%/ contains
a graph D¥J as a minor, such that D%/ is isomorphic to D4 and {u, Ms ]} =

W) s, (TP (DY) (j=1,2). Note that

[1245]=[1265]+[4265]

in H,(J%; Z,), where H.(-; Z,) denotes the homology group with Z,-coefficients.
Then, by the homological property of the linking number, we have that

1= 1K(f (1) = K(f (1)) + IK(f (15 ) (mod 2).

Thus we see that lk(f(ug’l)) is odd or lk(f(ug’z)) is odd. In either case, by
Lemma 4.3 there exists an element y in I'(J¥/) such that a>(f(y)) is odd.

Case 2. Let u =[123]U[456]. Note that Ny contains Py as the proper minor
(((Ng—12) =23) =31)—45)—56) - 64.

Thus, by Lemma 4.1, there is an element v’ in I'® ( Py) such that 1k(1pN9 p ()W)
is odd. Hence by Proposition 2.1, there exists an element ' in o' Py Ng(F(z)(P )
such that Ik( £ (u')) is odd. \11(2) (F(Z) (Py)) consists of seven elements, and by the
symmetry of Ng, we may assume, without loss of generality, that ©' =[1587]U
[26934]or [789]U[153426]. Denote by J the subgraph uUu’ of Nyg. Assume
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that ' =[1587]U[26934]. We denote the two elements [1587]U[432] and
[1587]U[6932]in r@(J) by p and W5, respectively. ‘We denote the subgraph
uUp;of J by J' (i =1,2). Then J' contains a graph D' as a minor such that D’
is isomorphic to D4 and
(@) ) pi T
{,piy =V, @9 DY) (=12).

Since [26934]=[432]4[6932] in H,(J; Z3), it follows that

I=1k(f (1) =1k(f (1) +1k(f (12) (mod 2).

This implies that Ik( f (1)) is odd or Ik( f (15)) is odd. In both cases, by Lemma 4.3
there exists an element y in I'(J") such that a,(f(y)) is odd. Next assume that

=[789]U[153426]. We denote four elements [7 89]U[34 5], [789]U[45 6],
[789]U[156] and [789]U[246] in TP (J) by u|, b, u} and ), respectively.
Since [153426]=[345]+[456]+[156]+[246]in H|(J; Z,), we get

1 =1k(n) =1k(u)) + k() + k(b)) +1k(py) (mod 2).

This implies that Ik(u;) is odd for some i =1, 2, 3 or 4. Moreover, by the symmetry
of J, we may assume that k(1)) is odd or 1k(y15) is odd without loss of generality.
Assume that Ik(u)) is odd. We denote the subgraph p U uy U 17U69 of Ny by
J'. Then J! contains a graph D' as a minor such that D' is isomorphic to Dy
and {pt, u}} =) 1 (C@(D)). Since both 11<( f(u)) and Ik(f (1)) are odd, by
Lemma 4.3 there exists an element y in ['(J') such that a( f(y)) is odd. Next
assume that lk(uz) is odd. We denote four elements [7 89]U[12 6], [789]U[1 2 3],
[789]U[234] and [789]U[135]in T®(J) by W5, fg, 5 and g, respectively.
Since [153426]=[126]+[123]+4+[234]+[135]in H (J; Z,), we have

1= 1Ik(u) = Tk(u5) +k(pg) +Ik(u7) +k(ug) (mod 2).

Thus we see that 1k(yt}) is odd for some i =5, 6, 7 or 8. Moreover, by the symmetry
of J, we may assume that lk(ug—) is odd or lk(,ug) is odd without loss of generality.
Assume that 1k(u%) is odd. We denote the subgraph U u U47 U39 of Ny by
J3. Then J° contains a graph D> as a minor such that D3 is isomorphic to Dy
and {i, ) = W) s(T@(D%)). Since both IK(f (1)) and Ik(f (1)) are odd,
by Lemma 4.3 there exists an element y in I'(J°) such that a,(f(y)) is odd.
Finally, assume that lk(ug) is odd. Let us consider the 3-component link L =
F([123]U[456]U[789]). Since all 2-component sublinks of L are f(u), f(,u/z)
and f(ug), each of the 2-component sublinks of L has an odd linking number.

Now we show the case of G = Nj,. Let f be a spatial embedding of N{,. Note
that Ny, contains P; as the proper minor

(((Njp—78)—89)—97)/47/58/60.
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Thus by Lemma 4.1, there is an element v in '@ (P;) such that lk(wN/ P (HW)
is odd. Hence by Proposition 2.1, there exists an element p in W' s N, (F(z)(P ))
such that Ik(f(u)) is odd. \11(2) (F(2)(P7)) consists of nine elements and by
the symmetry of Nj,, we may assume that u = [1745]U[210396], [2458]U
[110396],[31085]U[16247],[345]U[11026]or[2810]U[169 34 7] without
loss of generality.

Case 1. Let u = [1745]U[210396]. Note that N{, contains Py as the proper

minor [
(((((N{y—51)=53)—54)—56)—58)—T709.

Thus by Lemma 4.1, there is an element v’ in '@ (Py) such that lk(wN/ (M)

is odd. Hence by Proposition 2.1, there exists an element 4’ in \IJ; N (C'®(Py))

such that 1k( £ (")) is odd. \11(2) (F(z)(Pg)) consists of seven elements
’1 [31089]U[1624T7], M/2=[17810]U[24396],
/3:[11026]U[34789], M2=[24310]U[17896],
/5 [2478]U[110396], /L/6:[2896]U[110347],
b =12810]U[169347].
Fori=1,2,...,7, let J! bethesubgraphofN{othatisuUuQUﬁifi=1,6,7
and p U p; if i =2,3,4,5. Assume that Ik(f(«.)) is odd for some i. Then J!

contains a graph D' as a minor such that D' is isomorphic to D4 and {u, u}} =

lIJg,) 5 ('@ (D")). Because both Ik(f (w)) and Ik(f (u})) are odd, by Lemma 4.3

there exists an element y in['(J' ") such that a»( f(y)) is odd.

Case 2. Let 4 =[2458]U[110396]. Note that N, contains another Py as the
proper minor

Thus by Lemma 4.1, there is an element v’ in '@ (Py) such that lk(x//N/ ()
is odd. Hence by Proposition 2.1, there exists an element ' in W by N, (TP (Py))
such that 1k( f(«")) is odd. \Df) N, (I'@(Py)) consists of the seven elements
wy=[1697]U[245310], wu,=[1745]1U[210396],
Wy =1[35691U[110247], w,=[153101U[24796],
ws=[11026]U[39745], ug=[1561U[2479310],
us=[2456]U[110397].
Fori =1,2,...,7, let J' be the subgraph of Nj, that is o U u; U78ifi=1,7
and p U if i # 1, 7. Assume that Ik(f(14})) is odd for some i. Then J ! contains
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a graph D' as a minor such that D' is isomorphic to D4 and

(, wy =wg) (D).
Since both 1k( f(u)) and 1k( f (;L;.)) are odd, by Lemma 4.3 there exists an element
y in I'(J?) such that a>(f(y)) is odd.

Case 3. Let © =[31085]U[16247]. Let Py be the proper minor of Ny, and ]

the element in

v? Oy (=1,2,...,7)

Py,N!,
asin Case 2. Fori =1,2,...,7,let J' be the subgraph of Nj, thatis U p; U 89
ifi =1,4and U M; if i ;é 1,4. Assume that lk(f(ul)) is odd for some i.
Then J¢ contains a graph D' as a minor such that D' is isomorphic to D4 and
{, 1)} = g} ;i (TP(D). Because both Ik(f(w)) and IK(f (11})) are odd, by
Lemma 4.3 there exists an element y in I'(J') such that a>( £ (y)) is odd.

Cased. Let u=[345]U[11026]. Note that N| 1o contains another P; as the proper

minor e
((N7y—34)—45)—-53)/39/47/58.

Thus by Lemma 4.1, there is an element v’ in '@ (P;) such that lk(wN/ (V)

is odd. Hence by Proposition 2.1, there exists an element ' in ¥ b, N, (T'®py))

such that 1k( (")) is odd. \11(2) (F(z)(P7)) consists of the nine elements

W = [5698]U[110247], 1y =[31089]1U[16247],
Wy =[15810]U[24796], u,=[789]U[11026],
1y =[2810]U[1697],  u=[2856]U[110397],
1wy =[1785]U[210396], usz=[156]U[2479310],
o =[2478]U[110396].

Fori = 1,2,...,9, let J' be the subgraph of Nj, thatis U u5U47US58
if i =5 and pUp; if i #5. Assume that 1k(f(u;)) is odd for some i #
4,8. Then J' contains a graph D' as a minor such that D is isomorphic to Dy
and {u, u)} = \pg} ;(TP(DY). Since both Ik(f (1)) and 1k(f () are odd, by
Lemma 4.3 there exists an element y in I'(J') such that a>(f(y)) is odd. Next
assume that 1k(f (,ug)) is odd. We denote two elements [156] U [243 10] and
[156]U[3479]in T'®(J?) by ,uéJ and Mél’ respectively. We denote the sub-
graph nU g | of J® by J%! and the subgraph pu U I8 2 U89US8I0 of Ni, by
J32. Then J%/ contains a graph D¥/ as a minor such that D%/ is isomorphic
to Dy and {u. pg ;} = \ygg_j’ﬁ_j(r@)(z)&f)) (j = 1,2). Since [2479310] =
[24310]+[3479]in H,(J%; Z,), it follows that

1= IK(f (1) = IK(f (1)) +IK(f (1t ) (mod 2).
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This implies that 1k(f (/Lé’])) is odd or 1k(f (ué’z)) is odd. In either case, by
Lemma 4.3 there exists an element y in I'(J%7) such that a>(f (y)) is odd. Finally
assume that 1k(f (,u4)) is odd. Note that N 1o contains another Py as the proper
minor

((N}g—24)—26)—28)—-210)-51)—53.
Thus by Lemma 4.1, there is an element v in I'? ( Py) such that [INQV (H)
is odd. Hence by Proposition 2.1, there exists an element ©” in \11(2) (TP (Py))

Py,N},
such that 1k(f (1)) is odd. \IJ;,ZQ) (I'®(Py)) consists of the seven elements

,u/{:[5698]U[110347], wy=[45871U[110396],
wy=[17810]U[34569], pn;=1[31089]U[17456],
ns=[16971U[345810], p¢=1[3974]U[110856],
=[789]U[1103456].

For j = 1,2,...,7, let J*/ be the subgraph of N;, which is u, U Wi U24 if
j=2,6and pu, U ;t” if j #2,6. Assume that lk(f(u”)) is odd for some j # 7.

Then J*/ contains a graph D*J as a minor such that D*/ is isomorphic to D4 and
{w, nl} = mpgjj 4, T@(D*)). Since both 1k( f (1)) and Ik(f (1)) are odd,

by Lemma 4.3 there exists an element y in ['(J*7) such that as( f (y)) is odd.

Next assume that 1k( f (pL ")) is odd. We denote three elements [789]U[15310],

[789]U[156] and [789]U[345]in I'®(N{)) by 4 |, u5 , and uufy 5. We denote
the subgraph U,u U47U28 of Nl’0 by J4TK (k =1,2). Then J*7k contains
a graph D*7* as a minor such that D7 is isomorphic to D4 and {u, uf ,} =
v 147k(F(2)(D47k)) (k =1,2). Since [1103456] = [15310] +[1 56] +
[345]in H, (NIO, Z,), it follows that

1 =1k(f () = 1k(f (17 1)) +1k(f (17 2)) +1k(f (17 3)) (mod 2).

This implies that lk(f(/tg’k)) is odd for some k. If Ik(f (5 ,)) is odd or Ik(f (15 ,))
is odd, then by Lemma 4.3 there exists an element y in I" (J* 4 7.k such that as (f (y))
is odd. If Ik(f (;t/{ﬁ)) is odd, let us consider the 3-component link

L= f([345]U[789]U[11026]).

Since all 2-component sublinks of L are f(u), f(u,) and f (,u 3), €ach of the
2-component sublinks of L has an odd linking number.

Case 5. Let £ =[2810]U[169347]. We denote two elements [28 10]U[169 7]
and [28 10]U[3974]in T@ (N 10) by w1 and po, respectively. Since [169347] =
[1697]1+[3974]in H; (Nlo, 7Z,), it follows that

I =1k(f () = Ik(f (1) +1k(f (n2)) (mod?2).
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This implies that Ik( f(1t1)) is odd or 1k(f (u2)) is odd. By the symmetry of N{O,
we may assume that Ik( f(it1)) is odd. Note that N {0 contains another P as the
proper minor

(((Njp—28)—810)—102)/26/310/58.

Thus by Lemma 4.1, there is an element v’ in '@ (P;) such that lk(l/me Py (HW)
is odd. Hence by Proposition 2.1, there exists an element p’ in S P, N, (TP (Py))

such that 1k( f(u)) is odd. 1111(3) N, (I'®(Py)) consists of the nine elements

Wy =1[35891U[16247], p,=[1785]U[24396],
w5 =[156]U[3974], u, =[3451U[1697],

ws=[5698]U[110347], pe=[45871U[110396],
15 [

=[15310]U[24796], nug=1[2456]U[110397],

no=[7891U[1103426].

Fori =1,2,...,9, let J' be the subgraph of Nj, that is gy U pf U310U538 if
i =3and pu; U, if i # 3. Assume that Ik(f(u})) is odd for some i # 4, 9.
Then J' contains a graph D' as a minor such that D' is isomorphic to D4 and
{1, wl} = \pg) ;(TP(DY). Since both 1k(f(141)) and Ik(f (1)) are odd, by
Lemma 4.3 there exists an element y in I'(J 7y such that a,( f(y)) is odd. Next
assume that 1k(f (,ug)) is odd. We denote two elements [789] U [162 10] and
[789]U[24310] in TP (J°) by 144, and w5, respectively. We denote the sub-
graph p1 U g | of J? by J%! and the subgraph p; U Ko 2 U53U51 of Nj, by
J%2. Then J%/ contains a graph D%/ as a minor such that D%/ is isomorphic to
Dy and

(e, o Y =5, 0, (CPD™)) (j=1,2).

Since [1103426]=[16210]+[24310]in H;(J%; Z,), it follows that

1= 1K(f (1)) = K(f (1)) + 1K(f (1th ) (mod 2).

This implies that lk(f(u’%)) is odd or lk(f(u’m)) is odd. In either case, by
Lemma 4.3 there exists an element y in I'(J%/) such that a>(f (y)) is odd. Finally
assume that 1k(f(u,)) is odd. Ny, contains another Py as the proper minor

(Nfp—61)—62)—65)—69) —87) —810.

Thus, by Lemma 4.1, there is v” € I''® (Py) such that INC2N (V")) is odd.

Hence by Proposition 2.1, there exists u” € \111(02) N, (F(2)(P9)) such that Ik( £ (n))
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is odd. The set \Df)
9

N/ (I'@ (Py)) consists of the seven elements
>2'10

w{=1[35891U[110247], p;=[3974]U[158210],
ws=[17451U[289310], py=[2458]U[110397],
us =[24310JU[15897], pe=1[15310]U[247938],
wy=[345]U[1102897].

For j=1,2,...,7,let J*/ be the subgraph of N/, that is Mﬁtu,u/]fuﬁifj =4,5
and ) U M’]’ if j #4,5. Assume that lk(f(u’j’)) is odd for some j # 7. Then
J*J contains a graph D*/ as a minor such that D*/ is isomorphic to D4 and
{wy, uit = \111()23,_,, 4, (D@ (D*7)). Since both Ik(f (1)) and Ik( f)) are odd,
by Lemma 4.3 there exists an element y in I'(J 4.J) such that as( f(y)) is odd.
Next assume that 1k(f (7)) is odd. We denote two elements [345]U[110897]
and [345]U[2810] in F(z)(Nl’O) by ,u/7/’1 and 7 ,, respectively. We denote the
subgraph 141 U p7 U24U56 of Nj{, by J*7. Then J*7 contains a graph D*7 as
a minor such that D*7 is isomorphic to D, and

2
(o, 1 b =Wl (M@ (DHT)).

Since [1102897]=[110897]+[2810] in H{(N{,; Z>), it follows that

1 =1k(f(u9) =1k(f (17,1) +1k(f (17 5)) (mod 2).

This implies that lk(f(;/{’])) is odd or lk(f(ug’z)) is odd. If lk(f(,u/{yl)) is odd,
then by Lemma 4.3 there exists an element y in ["(J 4.7y such that as( f(y))isodd.
If Ik(f (,LL’7”2)) is odd, let us consider the 3-component link

L= f([345]U[2810]U[1697]).

Since all 2-component sublinks of L are f(u1), f(u}) and f (/,L/7/’2), each of the 2-
component sublinks of L has an odd linking number. This completes the proof. []

Proof of Theorem 1.2. A graph in the Heawood family is obtained from one of
K7, Ng and Nj, by a finite sequence of AY-exchanges. Thus by Lemma 2.6,
Theorem 4.4, and the fact that K7 is IK—and thus I(K or C3L) — it follows that
every graph in the Heawood family is I(K or C3L). On the other hand, a graph
in the Heawood family is obtained from one of Hi; and Cy4 by a finite sequence
of YA-exchanges. Since each of Hj; and Ci4 is a minor-minimal IK graph and
' (H},) and T®(Cyy) are the empty sets, it follows that Hy, and C14 are minor-
minimal I(K or C3L) graphs. By Lemma 2.7, we have the desired conclusion. [J

Remark 4.5. A graph is said to be 2-apex if it can be embedded in the 2-sphere
after the deletion of at most two vertices and all of their incidental edges. It is
not hard to see that any 2-apex graph may have a spatial embedding whose image
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contains neither a nontrivial knot nor a 3-component link all of whose 2-component
sublinks are nonsplittable. Thus any 2-apex graph is not I(K or C3L). It is known
that every graph of at most twenty edges is 2-apex [Mattman 2011] (see also [John-
son et al. 2010]). Since the number of all edges of every graph in the Heawood
family is twenty-one, we see that any proper minor of a graph in the Heawood
family is 2-apex, and thus not I(K or C3L). This also implies that any graph in the
Heawood family is minor-minimal for I(K or C3L).

Example 4.6. Let gg be the spatial embedding of Ny and g}, the spatial embedding
of N, illustrated here:

g9(Ny) g10(N1o) g

-

g10(M)p) g11(V(1) _x g12(M>)

D-@-&

Then it can be checked directly that both gg(Ng) and g{O(N {0) do not contain a
nonsplittable 3-component link. Thus neither Ng nor Ny, is I3L. Also, we can see
that Nyg, N1, N{, and N{, are not I3L in a similar way as the proof of Lemma 3.1
(see figure above).

*

Remark 4.7. The Heawood graph is IK. The Heawood graph H is the dual graph
of K7, which is embedded in a torus. It is known that there exists a unique graph
C14 obtained from K7 by seven applications of AY-exchanges [Kohara and Suzuki
1992]. The seven triangles correspond to the black triangles of a black-and-white
coloring of the torus by K7. Then Ci4 and H are mapped to each other by a
translation of the torus:

Thus they are isomorphic. Since C4 is IK, we have the result.
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Remark 4.8. It is known that all twenty-six graphs obtained from the complete
four-partite graph K3 3 1,1 by a finite sequence of AY-exchanges are minor-minimal
IK graphs [Kohara and Suzuki 1992; Foisy 2002]. There exist thirty-two graphs
that are obtained from K331 by a finite sequence of AY-exchanges and YA-
exchanges but that cannot be obtained from K33 ;1 by a finite sequence of AY-
exchanges. Recently, Goldberg, Mattman, and Naimi [2011] announced that these
thirty-two graphs are also minor-minimal IK graphs.
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CONNECTION RELATIONS AND EXPANSIONS

MOURAD E. H. ISMAIL AND MIZAN RAHMAN

We give new proofs of the evaluation of the connection relation for the
Askey—Wilson polynomials and for expressing the Askey—Wilson basis in
those polynomials using ¢-Taylor series. This led to some inverse relations.
We also evaluate the coefficients in the expansions of (x + b)” in various
q-orthogonal polynomials, including the Askey—Wilson polynomials, which
leads to explicit expressions for the moments of the Askey—Wilson weight
function. We generalize the g-plane wave expansion by expanding €, (x; «)
in Askey—Wilson polynomials. Further, we prove a bibasic extension of the
Nassrallah—-Rahman integral and establish a recently conjectured identity
of George Andrews.

1. Introduction

Richard Askey and James Wilson introduced the polynomials that bear their names
in their memoir [1985], where they derived, among other properties, the connec-
tion relation between Askey—Wilson polynomials with different parameters. One
fundamental result of theirs is the evaluation of the Askey—Wilson g-beta integral,

(1-1) [” (e, e q) oo 40 — 27 (11213145 @) oo
0 szl(l‘jem, tje_ie; q) o (g5 9) 0 H1§j<k54(tjtk§ Q)oo'

All this work was done in the late 1970s and the results were made available to re-
searchers in the area, but the writing took a long time. In the mean time, Nassrallah
and Rahman [1985] generalized the Askey—Wilson integral to

T (¥, e g) oo (166" 1667 @) o
(1-2) . s : d
0 [[oi (e, tje™; g)oo
2ttt /15 oo [T (4163 oo
(g, t62; q)oo n1§j<k§5(tjtk; q)oo

2
x sWi(t5/q; te/t1, te/ 12, te/ 13, t6/ 14, t6/ 15} q, titatatsts/ e).

0

MSC2000: primary 05A19, 33D15; secondary 33D70.
Keywords: connection relations, bibasic integrals, moments of the Askey—Wilson and
g-ultraspherical distributions, g-plane wave expansions, bibasic integrals, Andrews conjecture.
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Remark. The preceding equation is (6.3.9) in [Gasper and Rahman 2004]. As in
that reference and in [Ismail 2009], we follow the notation of [Andrews et al. 1999]
for g-shifted factorials and basic hypergeometric series, and that of [Koekoek and
Swarttouw 1998] for orthogonal polynomials.

The Askey—Wilson and Nassrallah—-Rahman integrals play a fundamental role
in the derivation of the results of this article, which is laid out as follows. Section 2
contains many of the formulas needed, other than (1-1) and (1-2). In particular, the
Askey—Wilson polynomials are defined in (2-14).

In Section 3, we first solve the connection-coefficient problem of expanding an
Askey—Wilson basis element

i0

(ae’®, ae™%; q),

in Askey—Wilson polynomials. The proof utilizes the g-integration by parts tech-
nique of [Brown et al. 1996]. One application of this expansion is to give a new
derivation of a g-analogue of the plane wave expansion [Ismail 2009, (4.8.3)]

(1-3) e =(2/y)"T) Y (n+1)i" Ty (y) Co(x),
n=0

a result first proved in [Ismail and Zhang 1994]. More importantly, we generalize
the g-plane wave expansion to expand the Ismail-Zhang g-exponential function
€, (x; a) in Askey—Wilson polynomials, which is a new result. The aforementioned
connection-coefficient problem is also used to give a new proof of the connec-
tion relation of the Askey—Wilson polynomials. Each connection relation may be
used to discover an inverse relation of the form y, = Y ;_, ¥, «X if and only if
Xn = Y gy XnkYk. Inverse relations play a fundamental role in combinatorial-
enumeration problems, as discussed in Riordan’s classic [1968]. In the 1970s,
interpretations of inverse relations involving g-shifted factorials and g-binomial
coefficients were shown to be instances of Md&bius inversion [Rota 1964] and of
counting problems involving vector spaces over a finite field [Goldman and Rota
1970]. More recently, very general inverse relations were derived in [Krattenthaler
1989, 1996; Krattenthaler and Schlosser 1999].

Section 4 contains expansions of x” and (12x)” in g-ultraspherical polynomials.

Section 5 contains the evaluation of two bibasic integrals which extend the
Nassrallah—Rahman integral. They are stated as Theorems 5.1 and 5.2; the latter
contains as a special case the evaluation of the moments of the Askey—Wilson
weight function. [Corteel and Williams 2007] recently found a beautiful com-
binatorial expression for the n-th moment of the Askey—Wilson measure; this is
also part of the results announced in [Corteel and Williams 2010]. Our analytic
expression of the moments of the Askey—Wilson weight function is a double sum.



CONNECTION RELATIONS AND EXPANSIONS 429

George Andrews [2011] studied identities involving the Catalan numbers he
introduced in [Andrews 1987]. One of his identities was motivated by earlier work
of L. Shapiro. Andrews’ investigations led him to two summation theorems. One
summation theorem is

q ., a,b,q' 7" jab ‘ 2 z)zq‘”(a,b, —q; q)n (ab; g%,
q**"/a,q* " /b, qab|" ’ (ab; @)n (@, b; q¥)

which he proved. He conjectured the validity of the other summation theorem,

q72n’ a, b, q372n/ab ) q2
q272n/a’ q272n/b’ qab ’

’

(1-4) 4¢3 (

(1-5) 4¢3 (

_q "(a,b/q,—q;q)n (q —ab)
(1—=b/q)(ab—q*) (1 —abg*~")
(ab/q* g*)n
x 2. 2
(ab; @)n (a,b/q%; q*)n
Andrews verified (1-5) for 1 <n < 6. In Section 6, we give basic hypergeometric-

series proofs of both (1-4) and the conjectured identity (1-5). We show that both

(1-4) and (1-5) follow from a limiting case of the s¢4 to 12¢1| transformation stated
in [Gasper and Rahman 2004, (2.8.4)].

(abg™ *(g*—b) +abg" ' (1—q) +b —q).

2. Preliminaries

The expansions of x” and (1 — x)” in ultraspherical polynomials are

Qo B ven—2%

2-1 = —_—
n! =5 K Wnt1-k

n—2k (%)

[Rainville 1960, (36), p. 283], and

2200 220 (k4 ) (—p)k
22 1— ;O:F r 1/2
2-2) (1—x) W T'v+p+1/2) N gr‘(k+2v+p+1)

Cy (x),

valid for —1 <x <1, —p < %(v—i—l)ifvzo, and—p<v+%if—% <v =<0
[Erdélyi et al. 1953, (10.20.6)]. The Chebyshev polynomials are the special cases

n—+2v

C’(x) and U,(x)=Clx).
2v

(2-3) T,(x) = lirr%)

The Chebyshev polynomials are also special cases of the continuous g-ultrasphe-
rical polynomials, since

(2-4) Tn(x)zéiml_ﬁ""c:,’(x;mm and U () = Co(x: 4 | ).

1 1—-p2
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The Rogers connection relation for the g-ultraspherical polynomials is

/2] Lk n—2k
B /B ik (Vs On-i 1 —Bg
2-5 Cn(x; = § Cne 5
@) Gtario = @GO aB; Dk -8 )

[Ismail 2009, (13.3.1)]. The Ismail-Zhang g-exponential function is

(2-6) €4(cosb;a)

2 00 :
(a2 q )oo Z( Ligifg(mmI2 _jemif g (mm/2, oy (—la)”q,,z/4
T @0 D (45 Dn

[Ismail 2009, §14.1].
We shall always use the notation

2-7) X =cosb, z=e"?, fx)= f(z).

The set of polynomials {(aeie, ae q)n :n=0,1,...}1is a basis for the space
of all polynomials, and is called the Askey—Wilson basis. The connection formula
for the Askey—Wilson basis is

(be'? be™: )y _ Z (ae'”, ae™"% q)i (b/a; q)n—s (g )k
(¢, ab; q)n (q.ab; Pk (g5 @k \a

(2-8)
k=0

[Ismail 1995]; see also the proof of Theorem 12.2.3 in [Ismail 2009].
We recall the definition of the Askey—Wilson operator,

__J@")-fq ")
(2-9) @) = = = 102

It is easy to see that

2a(1—4q")
1 —

[Ismail 2009, (12.2.2)]. We shall use the inner product

(2-10) D (ae, ae; q), = — (aqg'?e, aq'?e™; q)ns

! —  dx
2-11 L g) = —_—
(2-11) (f. 8 /_1f(x)g(x)m
Let
(2-12) H,:={f: f((z+1/2)/2) is analytic for ¢ < |z| <¢~"}.

The following theorem — an analogue of integration by parts —is due to Brown,
Evans and Ismail [Brown et al. 1996]; see also [Ismail 2009, §16.1].
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Theorem 2.1. The Askey—Wilson operator %9, satisfies, for f, g € Hy 2,

124 ,—1/20 124 g=1/2
(2-13) <@qf,g>=’1’:/f;[f(q ~t )g(l)—f(—%)g(—l)}

—<f, V1=x29, ((x)(1 xz)_l/2)>.

The Askey—Wilson polynomials have the basic hypergeometric representation

QaQ)a

where t stands for the ordered quadruple (71, 2, 13, t4). Their weight function is

(2-14) pu(x;t|q)

i0
=1, "(tit, 113, 11145 @) 493 (

q " niiat3taqg" "\ 1€’ te”
nht, hts, 11y

(€ e @)oo 1

4 . - ’
njzl(tjele, tje 0 @)oo V1 —x2

2-15) w(x,t|q) = x=cosf e (—1, 1),

The Askey—Wilson polynomials satisfy the orthogonality relation

1
(2-16) /pm(x;th)pn(x;th)w(x;th)dx
-1
= hn(t) 5m,n
_ 2n(1ht31ag™; @)oo (Mt21314q" " @)

@S P T Eitg™: @)oo
1<j<k<4

m,n»

for max{|t;], |&2], 3], |4} < 1. The Askey—Wilson polynomials also satisfy the
Rodrigues-type formula

_ 1 n
@17 witig) paritle) = (1) ¢ ahwi gt g).
The Chebyshev polynomials are also special Askey—Wilson polynomials; indeed,

(X5 4, =4, VG, =g 1 @) = (@5 )0 Un (%),
(2-18) po(x;t]g)=To(x) =1,
P 1, —=1,/q, —/q 19) =2(q"; @)uTu(x)  forn>0.

We shall also use the g-Taylor expansion stated next.

Theorem 2.2 [Ismail 1995]. Let

(2-19) xp=(aqg"*+q7""%/a)/2 forO0<q<1,0<a<],
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If f(x) is a polynomial, then

[e.0]
f@) =" fi(ae” ae™; q),

k=0

with
(g —DF

fe=
(2a)*(q; @k
For a proof and details, see [Ismail 2009, Theorem 12.2.2].

g @ ).

3. Connection formulas and expansions

Lemma 3.1. We have the integral evaluation

1
(3-1) / (aeie, ae” %, nw(x;t|g)dx =
-1

21 (tia, a/t; @)n (11021314} ) o p ( q7", tit, 13, tils
= 493 1—
(QsCI)oo n1§j<m§4(tjtm§Q)oo tla9tlt2t3t49q ntl/a

q,q).

This integral can be evaluated by writing
(ae'’, ae™; q)oo

(aqme'?, aq"e?; q)oo

i0

(@’ ae™"; q), =
then using the Nassrallah—Rahman integral (1-2) and the Watson transformation
[Gasper and Rahman 2004, (II1.18)]. It also follows by expanding (ae'?, ae™?; 9n
in {(t1€?, t1¢7"%; q)x : 0 < k < n} by using (2-8), and then applying the Askey—
Wilson integral (1-1); see also [Ismail and Stanton 1998, Thm. 3].

Our first result is the next expansion of (be'?, be™'?; q),, in Askey—Wilson poly-
nomials.

Theorem 3.2.

(3-2) (be’® be™; @u =Y fuk(b, V) p(x; tg),
k=0

where

(=) q®) (g1 @)n (b/14. btag ; @)ni
(q, 128315 Or (G5 Pn—i

(3-3)  fak(b,t) =

X4¢3< g*", htag®, btgk, nugt
bisg*, nirtstag™, q' "1y /b

qa‘])-

Proof. 1t is clear that

Faihe@® = (pr(xit]| @ wx; t] q), V1—x2(be, be; q),)
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— 1\K , 4
= (15=) 4" ahw ¢t g), VI=x2be? be ™ g),)

N : 0 e
= () U [ g P @b be " ), da

NGOG (A)/ (bg"/*e" bg" e " q)u_r w(x: /7t | q) dx.
(C] q)n k

In these steps we used the Rodrigues formula (2-17), as well as (2-13) and (2-10).
The result follows from a slight variation of Lemma 3.1. (I

Our first application of Theorem 3.2 is the connection relation for the Askey—
Wilson polynomials.

Corollary 3.3. We have the connection relation

(3-4) Pu(xib) =Y coi(b, a) pi(x; ),
k=0

where

bE=" (b1babs3bag™ s @)k (q, biba, baba, b3ba; @)y

(3-5) cos(b,a) =
¢ (4; q>n_k (q. araza3a4q*="; q)x (b1ba. bybs, bby: @)z

k(k ) " [71]72173b4qn+ki1 a4b4qk.Q)j+lqj+l
Z (b1baq*,

et K, babag®, b3bag®; @) j+1 (a3 @) (45 @)1

(a1a4q ara4q*, azasq"; 61)1(174/014,61)] <b4)
(asbagk, ararazasq®; q);

Proof. The follows by expanding the left-hand side of (3-4) in the Askey—Wilson
basis {(aje’?, aje™'?; )}, then applying Theorem 3.2. O

aq

Corollary 3.3 is Theorem 14.4.2 in [Ismail 2009]. When a4 = b4, the double
series in (3-4) reduces to a s¢4 and we get a result of [Askey and Wilson 1985].
See also [Gasper and Rahman 2004, (7.6.2)—(7.6.3)]. For another proof, see [Ismail
and Zhang 2005], which also uses (2-13). Note that, in view of the orthogonality
relation (2-16), Corollary 3.3 is equivalent to Theorem 3.2.

The special case b = t3 of Theorem 3.2 is interesting. The result, after inter-
changing ¢ and 13, is

n

) . n K (111, 1113, 114 1 —t1rt3t
(3-6) (116", 1y~ Q)n:Z[ i|(_t1)kq(2)( 112, 1113, 11145 G)n 1213149
Lk (htr, i3, tita; @)k 1 —tiatsta/q

(t1tat3ta/q; @k
(121314 @Intk

2k—1

pr(x;t]q).
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Theorem 3.4. The following relations are equivalent:

n — —
(tity, i3, tita; @ (¢, hitstag" s @k 4
7 3
f im0 @ O[T titys @k

(-7 B, =

k
. f{‘q(Z) (t1/ts, iag", 1t3q", t11ag®; Qni
A=)

(3-8)
= (q. hiat314g" 711 @)k (q. 11121312975 @i

By

Proof. We set b=t in (3-2) and take (2-14) into account. The 4¢3 in (3-3) becomes
a 3¢,, and can be summed by the g-analogue of the Pfaff-Saalschiitz theorem. [J

Theorem 3.4 is known [Krattenthaler 1989; 1996]. An interesting question is to
explore where such inverse pair lives from the point of view of the M&bius function
on lattices [Rota 1964], because the lattices which will lead to such a deep result
will be very interesting. It is also interesting to explore the concept of Bailey pairs
[Andrews 1986] from the Mdbius-inversion point of view.

The g-ultraspherical polynomials are special Askey—Wilson polynomials, since

, (@B Dn
(9 pulvi VB VB VaB. ~VaB 1 q) = =57 S Caxi Bl

The g-plane wave expansion in g-ultraspherical polynomials is

. (@) (g5 Do o (L=g"™) oy,
3-10) €,(x; =
G10) Bq (i i) (—qaZ;q%oo(qVH;q)oo; a—qn

J2 Qa; q) Ca(x; 4" | 9);

see [Ismail and Zhang 1994].
Another application of Theorem 3.2 is this generalization of (3-10):

Theorem 3.5. We have the following generalization of the q-plane wave expansion
function:

»qz)oo
G i) = o TN

o n /4 Pn(x' t)

(q, tltztmq” L g)n

k(k—2n) /4

XZ(_O‘/W (—q !+ k2,

: 747k q
= @k

% s g7k, ntq", btaq", ttaq"
_it4q(1—k+n)/2’ it4q(l—k+n)/2’ t1l2t3t4q2"

Q’Q>-

Proof. Expand the €, in the Askey—Wilson basis via (2-6), then apply (3-2). [
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Another proof of Theorem 3.5. Since €, (x; a) € Lo[—1, 1, w(x; t)], we set

o0

Cg(xia) = cppalx:t).
n=0
Using (2-17), the divided-difference relation 9, %, (x; o) =20q /4 /(1—q) €, (x; )
and the g-integration by parts (2-13), we find that

1
Cnhn(t):/ Eq(x; ) pu(x; ) wix; t)dx
-1

q_

I\N? 1
:(—2 ) q(Z)/zfl%q(x;a)@gw(x;q"/zt)dx

1
= a"q"2/4 / €y (x; o) w(x; q""?t) dx

(a (@7 g )00 )Oo o n2/4 —la) k2/4
T @0 D Z @ Dx !

T
X / w(cosO; g™ty (—ig=P/2610  —jg(1=0/2=10. 4, sin6 db.
0
The integral above is
2 (—itaq O, —ingg TR 1y g (11213149775 @)oo
(@5 Doo [T1<jemeatjtmq"; @)oo

» g%, ttq", ttq", t3tsq"
I\ —itaq=RAm/2 gy g U=k I2 gy g?n

o)

The result now follows from (2-16). U

In the case of g-ultraspherical polynomials, the 4¢3 in (3-11) can be summed
by Andrews’ g-analogue of Watson’s 3 F, sum [Gasper and Rahman 2004, (I.17)].
Thus, the 4¢3 is zero for k odd and, when k is replaced by 2k, the 4¢3 is

Bk gkt (@, —q" "/ B; 4*)
4q ( ,Bq”“ 2k ,32 2n+2 Z)k

Thus, the k-sum in (3-11) is 2¢1 (— Bq" 2, —Bq" !5 B>¢*"%; 4%, ). Therefore,
(@ D)oo on &g/
(@0 @)oo “= (B: @n

_ n+2 n+1
8 2¢1< Bq"**, —Bq

ﬁ2 2n+2

(3-12) €¢,;(x;a) =

)C(x Bla).
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By equating the left sides of (3-12) and (3-10), we establish the identity
a’(—a?; ¢H oo ( —q""2, ="t | , 2)
—— ¢ , —a
@' @)oo g>t? 1
O[V(unrlaZ; qZ)OO _qv+2’ _qv-i-l 5 .2
= (qu—H; Q)oo 2¢2 q2v+2’ qv+2a2 q, qv o s
after applying the ¢ to ¢, transformation [Gasper and Rahman 2004, (II1.4)].
The representation of J,,(z) as a p¢» is due to [Rahman 1987].
The double series in (3-11) also reduces to a single series in the case of contin-

uous g-Jacobi polynomials, t, = thl/ Zand = t3q1/ 2 yielding a result in [Ismail
et al. 1996]. The details however are not lengthy and will be omitted.

1P Qe q) =

4. Expansions of x" and (1 £ x)”

Theorem 4.1. The expansion

41 (1—-x)= i2'0I'(,0—i-3/2)
JT

o

x 1 -4 (Z (k+2j + 1) (=p)is2j B7(q/B: 9)j (@ D
i— 1A (@, 9); @B Qi Tk +2j+p+3)

) Celxs Bl @)

j=0

holds for —1 <x <1, p>—1and B € (0, 1). The expansion for (1+x)? is similar,
since Cp(—x; B | q) = (=1)"Cpu(x; B [ q).

Proof. Apply (2-2) with v = 1, then expand C,l (x) = Ug(x) = Ci(x;q | q) in
C;(x; B | g) by using (2-5), then rearrange the series. The expansion (2-2) holds
for p > —1. The rearrangement is valid because the double series in the theorem
converges absolutely for p > —1, in view of the asymptotic formula [Ismail 2009,
(13.4.5)] and the well-known fact that n®~4T"(n +a)/T'(n+b)— 1asn— +oo. U

It is interesting to note that, as ¢ — 1, the expansion (4-1) should reduce to (2-2).
Indeed with 8 = ¢" the ¢ — 1 limit of the quantity in square brackets is a well-
poised 5 F4 at x = 1, which can be summed, see Slater [Slater 1966, (III.12)]. So
we could have discovered the abovementioned sum if it was not already known.
Theorem 4.2. For nonnegative integers n we have the q-ultraspherical expansion
[n/2] )
n! 1—pBg" "
42 2= —_g  CrmiBla)

m=0
i n+1-2k B"*q/B: Q)m-ri(@; Dn-m—k
X .
Kn+1-k)! (¢ Dm-k@qB; Qn—m—k

k=0
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Proof. The expansion (4-2) follows immediately from letting v = 1 in (2-1) then
use (2-5) with y = 1. O

Note that
n!(n+1—2k)_ n n
Kn+1—k)! \k k—1)
With 8 = ¢V, the limit of the k-sum in (4-2) as ¢ — 1 is a very well-poised 4 F3 at
= —1, which can be summed [Slater 1966, (II1.11)].

5. Two bibasic integrals

In this section we give evaluations of the integral (5-2) and the more general integral
(5-3). The proof uses the bibasic expansion

(q,94% @)oo
(qae'?, gae™%; q) o

(5-1) (be', be™; p)oo

_ Z 1—a q2k (az, ae'? ae1?: 9

1—a? (q.qae’®, aqge™%; q)y

(=1 q() (abg*, bg™ Ja; p)o,

which is valid for 0 < p < g, or p = ¢q and |b| < |a| [Ismail and Stanton 2003].

Theorem 5.1. We have the bibasic integral evaluation

do

(5_2) /n (€2i9 —2i6. Q)oo (belQ be—le’ p)oo
J l(a]ezG aje —i6. Q)oo
21 (axa3a4as/q; q) oo 1

B (C[; q>°° H2<r<s§5(a”a5; Q)OO (C] qall; Q)oo

— a%q% (a?; _ 2 2k+1 —k
« Z l—a} 2 (a1 @x 51 a1q (_1)kq(k§]) (albqk, bi; p)
1—a; (@ Dr [[_,(1 —ajasqh) i e

2 241, k191 (191 191 p @1, G2034445
XsW7< iq,.q  —.,q  —.,q  —,q  —;q,———

’

a as as as q

5
21 [[ios(a1arazasas/aj; q) oo

(g, a%a2a3a4a5; q)oco H1§r<555 (aras; q)oo

» i (a?; @k (atarazasas; q)ox
— (¢ i a}; O

5 ) _
x ] D 1) (b, 2 »)

_; (@aazaqas/aj; q)x

2 2%—1. k G2a3a445
X8W7<alaza3a4d561 sarang®, arasgt, ajasqt, ajasqt, ——; 4, q).
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Proof. In view of (5-1), the left-hand side of (5-2) is

1 i 1—a?q% (@?; )
(4. qat; PDeo =5 1—ai @@k
5 /7‘[ (621'9’ €_2i9; Q)oo (a]qk-i-leiQ’ alqk+le—i9; Q)oo

0

. o 5 . _
(a1g*e’?, a1gke™%; @)oo [T (aje’®, aje™; q)oo

(—1)*¢ D) (@1bgk, bg ™ Jar; p)os

deé.

The first equality in (5-2) follows from (1-2). The second equality follows from
the form of the Nassrallah—-Rahman integral stated in [Gasper and Rahman 2004,
(6.3.7)] with

fzalqk. O

When p = ¢q, Theorem 5.1 should reduce to the Nassrallah—Rahman integral (1-2).
This is not obvious, so we will indicate how it works. When p = ¢,

b (qai1/b; q)k

_ 1k, ((H kopo—k; . — .
(=D"q" >/ (a1bg”, bqg™" /ai; p)oc = (a1b, b/ar; @)oo — 1 :
a*(aib; q)x

We use the second equation in (5-2) and write the gW; as a sum over j. With
¢ = j + k, the left-hand side of (5-2) becomes

2 (arb, bjai; @)oo [[oos(@razazasas/ag; q)oo

(q, a1a2a30405; @)oo [ [ <y <5 <5(@ras; @)oo

00 2 20—1 2 .

8 1 —ajazazasasq (arazasas/q, ajazazasas/q; q)e
Z 2 2.
=y 1 —ajmazasas/q (g,q9a7; q)e

> (a1ar; q)
Xl_[ lr,QZ

o, (maazagas/ar; q)e
x ¢Ws(at; gai /b, aiaazasasq”™", 7% q, qb/aiarazasas).
The W5 can be summed by [Gasper and Rahman 2004, (I1.20)], and the expression
above reduces to the integral evaluation [Gasper and Rahman 2004, (6.3.7)].

The next theorem generalizes the evaluation of the moments of the Askey-—
Wilson weight function.

Theorem 5.2. We have the integral evaluation

T o(,2i0 72i9; o bie’bfie; "
(5-3) / (e 1_;’ Voo (be™, be™ " Pln )
0

4 . o
j=1(aje’? aje™; q)og
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_ 27 (a1a2a3a4; ) o (a1a2, qaraz, qaias; q)n
(@; Doo [l1<jr<al@jar; Do (g, qai, arazazas; )n

XX": 1—aq® (a?,q7"; @)«
— 1—ai (q,aiq"
k(nt1) (I —a1a3)(1 —ajas)
(1 —ajazg®)(1 — arasq*)

(a1bqg®, bq™" Jay; p)n

xq

k— k+1
e g ", q,azas, a1q" Jay
k41 k+1 1—
arazq*t arasqg" ', q' 7" Jaran

C],Cl)-

Proof. Observe that

(abg*, bg™* Ja; p)a

n—1

(_9)" I (abp’; )i (agp™ /b; @k
a (abp’; )i (ap™I /b; @i

n—1
= (ab; p) [ [ —ap™ /L)g ™"
j=0

j=0
n—1 ; ,
bp’; ~J /b,
= (ab,b/a; p)ag ™[ | (@bp”: q)i (aqp” ' /b: )k
=0 (ap=7 /b, abp’; q)y
Hence,
~ 1—aj (q,qume™™, qare?, aiq"; q) a n
n 2 2k 2 i0 —if ,—n.
l—a as,a1e'?,are, g™
= (a1b, bjay; p)n Y _ 1612 (@ ?9 ! _ qz ?)k k
—~ 1-a} (q,qme", qae™, ajq""; )
-1 . .
X'i—[ (qa1p™’ /b. qarbp’: q)
j=0 (a1bp/, a1p~/ /b; )k
2 i0 1 —if
as, q; be'’, be™'Y;
= (a1b, bjay; p)a (61_01 1 q),;( P)n
(qare'?, qare™%; q)n (a1b, b/ay; p)n
_(q.q9af; @ (be'  be™; p),
 (qaie?, qare=%; q),
So, we have

i

(q. qa?; @)n (be', be™?; p),
(qaie®, gaye=; q),

n .
1 _a2q2k (aZ’ ale’9

_ § : 1 1 .

- ’ ap
ay
k=0

,a e—iG’ —n; b —k
1 q97"; @ qk(n-i-l)(albqk q ) ‘
n

2 —i j 2 .
l—a; (q,qaie7?, qaie®, ajq"*"; q)x
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Therefore,

/ﬂ (€, 7% q)oc (be'?, be™""; p)y
N

n

1 1 2 2k ( 2’ —n; )k / —k
§ : arq ar, 9 q k(n—H)( 1[ k’ q )
n

= 2. 2 2 . P
(q,qai; n =, 1—a7 (q,a79"™; @ ai
§ /n (€9 =20, gy
0 (alq”+le’9, alq”+le_’9, alqketO, alqke—te; Q)oo
k41,6 k1 ,-i0.
, (a1g e ajgttle™ Do

4 . o
[Tiza(aje® aje=%; q)oo

Using [Gasper and Rahman 2004, (6.3.8)] and Watson’s formula [Gasper and Rah-
man 2004, (I11.18)], the integral in the equation above becomes

27 (a1a2a3a4; ) 0o (a1az; q)nlaias, aras; q)n+1
(@5 D)oo [Ti<jr<al@jar; @)oo (a1aza3aq; q)n
y 1 4¢3( q* ", q, aza4, a1g" ! Jay q q)
(1 —ajazg®)(1 — ayasq®) aazg"™, ajaug", ¢ " jaray |
This completes the proof. U

We give a second proof of (5-3) because it has an idea which may be useful
in other cases. The second proof uses the following recent result of [Ismail and
Stanton 2010]:

2.
() —LATID (40 i, ),
(qae'?, qae™"; q)n
n l_anZk (q—n’ (12, aei0’ ae—iﬁ; Q)k

— : : k(1+n) ab k b —k a: .
1_a2 (q,azq"+1,aq€le,aqe_’9;q)kq ( q ,bq / 7p)n

Second proof of Theorem 5.2. In view of (5-4), the left-hand side of (5-3) is

1 2": L—aiq® (7", al: g
(4 qat: Dn = 1—a7 (g, 479" q)
y /7‘[ (€2i9, e*ZiG; CI)OO (alqk+1€i0, alqk+lefi9)n_k
0

. s 4 . .
(a1g*e’, a1g*e™1%; @)oo [Tja(aje’®, aje™; @)oo

¢ (a1bg*, bg* Jar; p)a

do.



CONNECTION RELATIONS AND EXPANSIONS 441
This integral can be evaluated by (3-1) and equals

270 (a}q™* M, g5 Qi (¢*ara2a3a4; @)

(@ D)oo [Ti—2(@*a1}5 @)oo [To<y <s=4(@ras; o

k—n
X4¢3(q CI,Q>

The application of the iterated Sears transformation [Gasper and Rahman 2004,
(II1.16)] reduces 4¢3 to

k k k
s a1axq*, ajazq, ajasq
2 2k+1 k ,—
a;q™ !, aimazasg®, g 7"

k k=41 k+1.
(a1a2q*, arasg*, araag™; g)n—i

2 )
(a;q®*1, ajarazasq®, q; @)n—k

times the 4¢3 in (5-3). Simple manipulations now establish (5-3). [

Let p=1and ¢ = (b + 1/b). Then,

T 2i60  ,—2i0.
(5-5) / . (e o (050 —1)ds
o [[j=i(aje? aje % q)oo

21 (a1a2a3a4; q) oo (a1a2, qaiaz, gaias; q),

(@ Doo [i<jaa<alajan; oo (q.qat, ararazas; q)n

XX": 1—alq® (@ q™" @k
— 1—a} (q,aiq"" g
. (I—aa3)(1 —ajaq)

T (0= ara3g") (1 — arasq")

k—n k+1
azas, a a
><4¢3( q"",q,aza4, 014" Ja

k41 k+1 1—
arazq"t, ayasqg™t, q' 7" aray

(%(alqk+q7k/a1) —¢)"

CI’CI)-

The special case ¢ = 0 gives the Askey—Wilson moments

(a2, qaraz, qaiag; q)n
(2a1)"(q, qa3, ajazazas; q)n

1
(5-6) / Wi(x;a)x"dx =
-1

Xil—afqz" @l g™ gk
—~ 1—ai (q.aiq""; 9k

(1 —i—a%qy‘)”

% qk(n+1) (1 —a1a3)(1 — ayaq)
(1 —arazg*)(1 — arasq*)
k—n k+1
,qd,azay, d a
X4¢3< 9" ".q,a3a4,a19""" Jaz

k+1 k+1 1—
arazg"t, arasg™, ¢ " Jaran

Q»Q)a
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where W is the normalized weight function

; <r<s< aras;
(5-7) W(x:a) = (95 9) oo Hl, 74( q)oo
2m(a1a2a3a4; q) oo

w(x;a).

The moments of the Askey—Wilson weight functions were first computed in
the very interesting paper [Corteel and Williams 2007]. Corteel and Williams
used purely combinatorial techniques and showed that the moments of the Askey—
Wilson weight is a generating function for purely combinatorial objects. The
Corteel-Williams formula is very different in nature from our (5-6), and a very
interesting but difficult exercise is to show the equivalence of the two results.

6. The Andrews identities

We now prove both (1-4) and (1-5) using the s¢4 to 12¢; transformation [Gasper
and Rahman 2004, (2.8.4)].

Proof of (1-4). The limiting case e — 0 of the 5¢4 to 12¢1; transformation (2.8.4)
of [Gasper and Rahman 2004] is

q_n’ b7 c, d ()\‘2 n+l1.
q""5 q) _
4¢3 ql—n ql—n ql—n q,q | = (q}v q) n()»qn) n
b’ ¢ d e
}" qﬁ’ —Q\/x, )qun’ )‘an’ )‘dqn’ q_%’ _q_%v 51]%”, —6]]%”, 1
X l-n ,1-n ,1-n , A n+ ,
0?s V7RI v iy, Sy N yHTS SPPIES SV SR P Sl ha
b c d
where bed = g' 2", Thus, the 4¢3 above is
)\n—nl-”/zjl_)\ 2k —n. A Aba". Aea™. adam:
(Ag") g~ (7" @ox (A.ADG", heq”, Adq"; q)i
g @ = 1=1  (q.q"7"/b.q""/c.q""/d: )k
(A2q" ™ @)n g

(A2q"™ @)
0 B 1= g% (@7 @k (eAbg", heq, Adq™; @)
C0qia I 1=k (q.q"7"/bq' e, q' T/ d; )i
n+1)k’

x (A" gk (Ag
since (a; q),/(a; q); = (aq’; q)n—j. In the case of (1-4), we replace g by q°,
then replace b, c and d by a, b and q'~>" /ab, respectively. These choices make
A =¢q'7?". Hence, the 4¢3 in (1-4) transforms to
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_ Ln/2] _ _ _
6-1) " "Z 1—q'2 % (¢!, qa, gb, ¢*7*" Jab; ¢*)x
(q3—2n; q2)n — 1 _q1—2n (qz’ q2—2n/a’ q2—2n/b’ qab; Clz)k

x @ (@ " Pk (7 4P

Since (¢* 2"+ ¢, ok = ¢ 22 (=g (g% ¢*)u—2 by [Gasper and Rah-

man 2004, (I.8)], we ﬁnd that the summand of the series above vanishes, unless
0 <n—2k <1, which implies that the only nonvanishing term is when k = [n/2].
Computing and simplifying this last term gives the right-hand side of (1-4). U

Proof of (1-5). The use of the easily verifiable identity
1—abq™  (b,q*"/abiq® 5 50y (b,a’ " /abs g
—a
1 —ab*q> =3 (¢*="/b,ab/q; ¢*) (g2 /b, gab; q*)k

_ (b,g* " Jab; ¢*)
(g*=%"/b, qab; q*);’

gives

,a,b,q>*"Jab
(6-2) 4¢3< 2 zn/a q4q2n/b/qab‘ 2’5]2)

_ 1—abg™' " g7, a,b,q> " Jab 24
1—ab>q> 3"\ ¢ /a, q*=*" /b, ab/q

—2n b 3—2n/ab
_ ab2g?3 q —,4,b,9 2 2
a q 4¢3 q2—2n/a, q2—2n/b, qab q ’ q )

yielding two balanced and nearly-poised series of the second kind on the right-
hand side. Now we use the Watson transformation formula [Gasper and Rahman
2004, (II1.18)] to transform the right-hand side of into g¢; series. Thus

3—-2n
qun a. b 4 -1 2
4¢3 9 s @ ab q2 q2 — 1_abq (a/qvb/q;q )Vl
q272n q472n qab ’ l_abzqz,,_?, (1/6], ab/q; q2)n
a 9 b 9
b
q1—2n7 q—ﬂ+5/2, _q_"+5/2, q—2n’ a,qa, —, b 6—2n
X 367 3-2 ! a4
~ - q —2n q2—2n q4—2n q3—2n 2b2
q n+1/27_q n+l/2’q3’ , ,

a a b’ b
q2—2n q3—2n
ql—Zn’ q—n+5/2, _q—n+5/2, q—Zn’ b, qb, N
ab ~ ab 2 2
2-2n q :
,qab, ab

ab2 wm-3(b/q,ab; q )n P

8
(1/9,a;4*)n b1z a2 " q
q ’ q ’q ’ b £ b
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The crucial formula to use now is the quadratic transformation formula [Gasper
and Rahman 2004, (3.5.10)], that after some simplification, gives

—2n 3-2n
,a,b, ab
4¢3 < 1 " q°, 612>
2-2n.

q2—2n/a’ q4—2n/b’ qab
(q ) Q)Zn (abql’l—z, —abqn_2§ q)n _on 1-— Clbq_]
=20 /4 ba"—2. —bgn—2- & abtan—3
(q="/a; q)an (bq"==, —bq"~=; q)n ab=q

n

Z 1+q2—2n+2k/b (_q2—2n/b, q2—n/b, _q2—n/b, a; Q)k C]2k(6]_2n; q2)k
1+4272/b  (q,q3"/b, —q>" /b, —q>~2"Ja; q)i a*(q*>~>"; q*)i
(b/q.ab,a® qMn (@%@

(1/q,a,a’b*q*; q*)n (@*>72"/b; q)2n

n

Z 1 +abq2k (—ab, b, abg""", —abq"""; q)i qZk(q_2"; q2)k
l+ab (q,—qa,b,abq"', —abg"*'; q)x V¥ (g>2"; ¢*)i

k=0

_ abq3n—3

k=0
However, in each of the two series above there is the common factor

(q2_2n§ q)2n (q_2n§ qz)k _ (q2_2n+2k

(@* " qHk
which vanishes unless k = n. So, the only term that survives in each is the one
term with k = n. Combining the two terms after a lot of messy but straightforward

simplifications, we obtain (1-5). U
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CHARACTERIZING ALMOST PRUFER
v-MULTIPLICATION DOMAINS IN PULLBACKS

QING LI

Let I be an ideal of an integral domain 7', let ¢ : T — T /I be the projection,
let D be an integral domain contained in 7/I, and let R = (p‘l (D). We
characterize when R is an almost Priifer v-multiplication domain, an almost
valuation domain, and an almost Priifer domain, in the context of pullbacks.

1. Introduction

Let I be an ideal of an integral domain 7', let ¢ : T — T/ be the natural projection,
let D be an integral domain contained in 7'/1, and let k = g f (D) be the quotient
field of D. Let R = ¢~ (D) be the integral domain arising from the following
pullback of canonical homomorphisms:

R——D

oo

T —~T/I

It is well-known that D = R/I and that [ is a prime ideal of R. Notice that [ is
a common ideal of R and 7, and hence T is an overring of R. We assume that R
is properly contained in 7', and we refer to this as a pullback diagram of type (A).
For the diagram (A), if gf (D) C T/I, then we refer to this as a diagram of type
(A"). For the diagram (A), if I is a prime ideal of T and ¢f (D) = qf(T/I), then
we refer to this as a diagram of type (A*). Here ¢ f (T /1) denotes the quotient field
of T/1. For the diagram (A), if I = M is a maximal ideal of T, we refer to this as
a diagram of type (Ay). For the diagram (Ayy), if gf (D) = T /M, then we refer
to this as a diagram of type (A},).

Pullbacks are an important tool in constructing interesting examples and counter-
examples. They have become so important that in recent years there have been
many papers devoted to ring- and ideal-theoretic properties in pullback domains.
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For more details on pullbacks, see [Mimouni 2004; Houston and Taylor 2007;
Fontana and Gabelli 1996; Gilmer 1972; Gabelli and Houston 1997].

Zafrullah [1985] began a general theory of almost factoriality and introduced
the notion of an almost GCD-domain. Zafrullah defined R to be an almost GCD-
domain (AGCD-domain for short) if for each a,b € D \ {0}, there is a positive
integer n = n(a, b) such that a" D Nb" D is principal (or equivalently, (a”, b™), is
principal). Anderson and Zafrullah [AZ 1991] introduced several classes of integral
domains related to almost GCD-domains, including almost Bézout domains (AB-
domains), almost Priifer domains (AP-domains), and almost valuation domains
(AV-domains). As in [AZ 1991], an integral domain R is an AB-domain if for
each a, b € D\ {0}, there is a positive integer n = n(a, b) such that (a", b") is
principal; while R is an AP-domain if for each a, b € D \ {0}, there is a positive
integer n =n(a, b) such that (a”, b") is invertible. Following [AZ 1991], an integral
domain R is said to be an AV-domain if for each a, b € D \ {0}, there is a positive
integer n = n(a, b) such that a"|b" or b"|a". Similarly, in [Li 2012] we defined an
integral domain R to be an almost Priifer v-multiplication domain (APVMD) if for
each a, b € R\ {0}, there is a positive integer n = n(a, b) such that a" D Nb" D is
t-invertible, or equivalently, (a”, b") is t-invertible. Recall that an integral domain
R is said to be a Priifer v-multiplication domain (PVMD) if each a, b € R \ {0},
(a, b) is t-invertible. The class of APVMDs includes a lot of important rings, such
as AV-domains, AB-domains, AGCD-domains, AP-domains, PVMDs, and so on.

Anderson and Zafrullah [1991, Theorem 4.9] proved that D is an AB-domain
(respectively, AP-domain) if and only if R = D + Xk[X] is an AB-domain (re-
spectively, AP-domain). However, we notice that the (D + Xk[X])-construction
is a special case of the pullback of type (Ajp). Mimouni [2004, Theorem 2.2]
generalized these results and proved that for the diagram (A /), R is an AP-domain
if and only if 7 and D are AP-domains and the extension k € T /M is a root ex-
tension. He also gave a similar characterization for AV-domains. Mimouni [2004,
Corollary 2.6] continued to show that for the diagram (A7), assuming that D =k is
a field, then R is an AB-domain if and only if 7" is an AB-domain and the extension
k € T/M is aroot extension. In [Li 2012, Theorem 3.10], we proved that D is an
APVMD if and only if R = D + Xk[X] is an APVMD.

From this we notice that the characterization of AV-domains and AP-domains
is known only in the context of the special pullback of type (Ay), and that the
study of APVMDs is only in the (D 4+ Xk[X])-construction, a special case of type
(Ap). So the main purpose of this paper is to characterize APVMDs in pullbacks
in greater generality and to generalize the characterization of AV-domains and AP-
domains for the pullback of type (Aj) to that for the pullback of type (A").

In Section 2, we mainly prove that in the pullback of type (A), R is an APVMD
if and only if D and T are APVMDs, Ty, is an AV-domain, and the extension
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qf (D) C T/M is a root extension. Using this fact, we give Example 2.2 to show
that an APVMD is not necessarily a PVMD. We also show that for the diagram
(A%)), R is an APVMD if and only if D and T are APVMDs and Ty is an AV-
domain. Using this result, we prove that D is an APVMD if and only if R =
D + Xk[[X] is an APVMD.

In Section 3, we mainly indicate that for the diagram (A"), if T is an AV-domain,
then R is an APVMD if and only if D is an APVMD and the extension g f (D) C
T/I is a root extension. We prove that for the diagram (A’), R is an AV-domain
if and only if T and D are AV-domains and the extension k = gf (D) € T/I is
a root extension. We also show that for the diagram (A’), assuming that 7 is an
AV-domain, then R is an AP-domain if and only if D is an AP-domain and the
extension k = ¢ f (D) C T/l is a root extension.

Following [Zafrullah 1988, p. 95], assume that D is the ring of entire functions
and S is the multiplicative set generated by the principal primes of D; then D
is integrally closed, and hence R = D + X Ds[X] is integrally closed, but R =
D + X Dg[X] is not a PVMD. Because an integrally closed APVMD is a PVMD
by [Li 2012, Theorem 2.4], R is not an APVMD. Consider the following pullback:

R=D+XDg[X] — D

| l

T = Dg[X] Ds=T/I

Here I denotes X Dg[X]. The example indicates that gf (D) =¢qf(T/I), D and T
are APVMDs, [ is principal in T, and T = Dg[X] is a PVMD. It follows that 7}
is an AV-domain by [Li 2012, Theorem 2.3]. However, R is not an APVMD. The
pullback above belongs to the pullback of type (A*). Therefore, for the diagram
(A*), without some other assumption on 7', D or T/1, there is no hope of proving
that R is an APVMD even when 7 and D are APVMDs and 77 is an AV-domain.
So in Section 4, we prove that in a pullback of type (A*), if T = (I, : I,,), then R
is an APVMD if and only if T is an APVMD, 77 is an AV-domain, and for each
nonzero prime ideal P of D, either (1) D and T,-1(p\p) are AV-domains, or (2)
there exists a finitely generated ideal A of D such that A C P,A'NE =D, and
(@ "(P)T), =T.
For details on star operations, see [Gilmer 1972, Sections 32 and 34].

2. Pullbacks of type (Ayr)

We begin with the characterization of APVMDs in a pullback of type (Apy).

Theorem 2.1. For the diagram (Ayr), R is an APVMD if and only if D and T
are APVMDs, Ty is an AV-domain, and the extension qf (D) € T/M is a root
extension.
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Proof. (=) Assume that R is an APVMD. Let x,y € D \ {0}; then ¢(a) = x
and ¢(b) = y for some a,b € R\ M. Because R is an APVMD, there is a
positive integer n = n(a, b) such that (a”, b") is t-invertible in R. By [Wang
2006, Theorem 10.3.11], (¢(a™), ¢ (™)) is t-invertible in D. Because (x", y") =
(p(a)", p(b)") = (p(a™), p(b™)), it follows that (x", y") is ¢-invertible in D. Thus
D is an APVMD. Let ¢,d € T \ {0}. Because T and R have the same quotient
field, there is an element r € R \ {0} with rc,rd € R. Then ((rc)", (rd)")R
is a t-invertible ideal of R for some positive integer n. According to [Wang
2006, Theorem 10.3.11], ((rc)*, (rd)*)T is t-invertible in T. It is well-known
that ((re)"?, (rd))T =r"(c",d™)T, so (c",d™)T is t-invertible in T. Therefore T
is an APVMD. As we know, M is a v-ideal of R. Then Ry is an AV-domain by
[Li 2012, Theorem 2.3]. By [Wang 2006, Theorem 10.2.2], we have the pullback

Ry — Dr\wm

P

Ty —=T/M

By [Mimouni 2004, Theorem 2.2], Ty and Dpg\y are AV-domains and the ex-
tension ¢ f (D) = qf (Dr\m) S T/M 1is a root extension.

(<) Let P be a maximal ¢-ideal of R.

Case 1. Suppose that M ¢ P. By [Wang 2006, Theorem 10.2.4(3)], there is a
prime ideal Q of T with P = Q N R. Clearly, M ¢ Q. In fact P ¢ M. Because
M is a v-ideal of R, M is a t-ideal of R. As the maximality, P ¢ M. So Q ¢ M.
Hence Q is incomparable to M. According to [Fontana et al. 1998, Lemma 3.3],
Q is a maximal ¢-ideal of 7. Since T is an APVMD, Ty is an AV-domain. By
[Wang 2006, Theorem 10.2.1(6)], Rp = Tp. Hence Rp is an AV-domain.

Case 2. Suppose that M € P. There exists a prime ideal p of D such that P =
¢~ '(p). Because P isat-ideal of R, P=P,. Then o' (p) = (0~ (p)): =0~ ' (p;)
by [Wang 2006, Theorem 10.3.5(3)]. So p = p,. Thus p is a ¢t-ideal of D. Since D
is an APVMD, D, is an AV-domain. In this case, consider the following pullback:

RP—>D1,

P

Ty —=T/M

Since Ty and D, are AV-domains and the extension gf (D) € T/M is a root

extension, Rp is an AV-domain by [Mimouni 2004, Theorem 2.2]. Therefore R is
an APVMD. O
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Gabelli and Houston [1997, Theorem 4.13] showed that for the diagram (A ),
R isaPVMD if and only if T and D are PVMDs, k =T /M, and Ty, is a valuation
domain. Using this result and Theorem 2.1, we can easily get the following result.

Example 2.2. Let R = K + XL[X], where K and L are fields, K € L, and for
some prime p, L? C K. Consider the pullback

K+ XL[IX]—K

Lo

L[X] L

Then R is an APVMD but not a PVMD. Thus an APVMD need not be a PVMD.

Corollary 2.3. For the diagram (A},), R is an APVMD if and only if D and T are
APVMDs and Ty is an AV-domain.

Proof. 1t easily follows from Theorem 2.1 and [Mimouni 2004, Lemma 2.3]. [

Corollary 2.4. For the diagram (A},), R is an AP-domain if and only if D and T
are AP-domains.

Proof. (=) It follows from [Mimouni 2004, Theorem 2.2].
(<) Let P be a maximal ideal of R.

Case 1. Suppose that M g P. By [Wang 2006, Theorems 10.2.4(3) and 10.2.1(6)],
there is a prime ideal Q of T with P = QN R and Rp = Ty. Since T is an
AP-domain, Ty is an AV-domain by [AZ 1991, Theorem 5.8]. Hence Rp is an
AV-domain.

Case 2. Suppose that M C P. There exists a prime ideal p of D such that P =
¢~ (p). Since D is an AP-domain, D p 1s an AV-domain. In this case, consider the

pullback
Rp —= D,

b

Ty —T/M
Since Ty and D), are AV-domains and ¢f (D) = qf(D,) =T/M, Rp is an AV-
domain by [Mimouni 2004, Lemma 2.3]. Therefore R is an AP-domain. (|

Proposition 2.5. For the diagram (A yy), suppose that (T, M) is a quasilocal do-
main and D = k is a proper field of T/M. Then R is an APVMD if and only if R is
an AV-domain.

Proof. (<) It easily follows from their definitions.

(=) Assume that D is a field. Since D = R/M, M is a maximal ideal of R.
Because T is quasilocal, R is quasilocal by [Wang 2006, Corollary 10.2.1]. Also



452 QING LI
M = (R : T) is a v-ideal of R. Hence M is the unique maximal ¢-ideal of R.
Therefore R = Ry, is an AV-domain. U

In [Li 2012, Theorem 3.10], we considered the polynomial ring case and proved
that D is an APVMD if and only if R = D + Xk[X] is an APVMD. Similarly, we
consider the power series ring case and get the following result.

Corollary 2.6. Let D be an integral domain with quotient field k. Then D is an
APVMD if and only if R = D + Xk[X]| is an APVMD.

Proof. Consider the pullback
R =D+ Xk[[X] D

| l

T =k[X] k=k[X]N/XkI[X]

T =k[X] is a UFD, so T is an APVMD. The rest follows from Corollary 2.3. [

3. Pullbacks of type (A')

Mimouni [2004] considered the pullbacks of type (Aj) in AP-domains and AV-
domains. He proved that for the diagram (Aj), R is an AV-domain (respectively
AP-domain) if and only if 7 and D are AV-domains (respectively AP-domains)
and the extension kK € 7'/ M is a root extension. We generalize these results for the
special pullback of type (Ays) to those for the pullback of type (A).

Lemma 3.1. For the diagram (A'), if R is an AP-domain (resp. AGCD-domain),
then the extension k = qf (D) C T/I is a root extension.

Proof. Assume that R is an AP-domain (resp. AGCD-domain). By way of contra-
diction, suppose that the extension k € 7'/ is not a root extension. So there is
A € T/I such that A" is not in k for each positive integer n. Set A = ¢(a) for some
a €T\ I. Let b be a nonzero fixed element of /. Since R is an AP-domain (resp.
AGCD-domain), ((ab)", b") is invertible (resp. ((ab)", b"), is principal) for some
positive integer n. Let J denote ((ab)", b"). Then JJ ' = R (resp. J, = cR for
some ¢ € R). By [Wang 2006, Example 8.1.10(1)], J~'=(ab)™RNb"R. Let
feJ  then f = (ab)™ fi =b~" f> for some fi, f> € R. Thus a™" f; = f> and
so fi=a" f. If fpisnotin I, then ¢(f2) € D\ {0}. Hence ¢(f1) = ¢(a" f2) =
w@)"o(f2) =A"@(f2). So A" € gf (D) =k, a contradiction. Therefore f> € I. So
J7'Cb™I. Weclaimb "1 CJ~!. LetzeI and x € J and write x = (ab)"+ Bb"
for some «, B € R. Then (b™"z)x = (b7 "z)(a(ab)* + Bb") = zaa” +z8 C I C R,
sob™"ze J . Then b1 € J~!. Therefore b1 = J~'. So J, =b"I~!. Since
JI7'=R (resp. Jy =cR), we have l = gihy+---+ guhy, for g1, ..., gm € J,
hi,....,hy € J7} (resp. p"I~' = ¢cR). Foreachi € {1,2,...,m}, write g =
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ai(ab)t + B;b" and h; = b™" f;, where «;, B; € R, f; € I. Then we have 1 =
gihi+---+gmhm=(c1(ab)" +p10") (7" f1)+- - -+ (m(ab)"+Bnb") (07" fn) =
(xpa" + B fi+ -+ (@ma™ + Bn) fin € I, which is absurd. (Respectively, for
each y € -1, Tyl € yI C R,so Ty € I7!', hence T < (I' : I™"). Then
RcTcU i1 h)y=@"171:p" 17 =7 :J7 )= (cR:cR) = R, which is
absurd.) Therefore the extension k € 7/1 is a root extension. Il

Lemma 3.2. For the diagram ('), assume that D = k is a field. Then R is an
AV-domain if and only if T is an AV-domain and the extension k € T /I is a root
extension.

Proof. (=) It follows from Lemma 3.1 and the fact that 7' is an overring of R.

(<) Letx egf(R); then x € gf (T). Since T is an AV-domain, there is a positive
integer n = n(x) such that x” € T or x™" € T. Assume that, for example, x" € T.
If x* €I, then x" € R. If x" € T\ I, then o(x)" = o(x") € T/I \ {0}. Since
the extension k € T/ is a root extension, there is a positive integer m such that
e(x") = @(x)" € k. Hence x"" € ¢~ (k) = R. It follows that R is an AV-
domain. ([l

Theorem 3.3. For the diagram (A"), R is an AV-domain if and only if T and D are
AV-domains and the extension k = qf (D) C T /I is a root extension.

Proof. (=) By [AZ 1991, Lemma 4.5], T is an AV-domain as an overring of R;
and by [AZ 1991, Theorem 4.10], D = R/I is an AV-domain. Also by Lemma 3.1,
the extension k = g f (D) € T /I is a root extension.

(<) We use the fact that the diagram (A’) splits into two parts as follows:

R D

l |

Ry=¢ (k) —=k=Ro/I

| |

T — T/I
Consider the second part of this diagram:

Ry ——k

|

T——T/I
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Since T is an AV-domain and the extension k C T /I is a root extension, by
Lemma 3.2 Ry is an AV-domain. The first part of the diagram —

R—=D

Ry—k
—is a pullback diagram of type (A},). Since D and Ry are AV-domains, R is an
AV-domain by [Mimouni 2004, Lemma 2.3]. O

Lemma 3.4. For the diagram (A), let Q(A) ={x € T | xI C A} for an ideal A of
R. Then if P is a prime ideal of R and I ¢ P, then Q(P) is a prime ideal of T,
P=Q(P)NRand Rp =Ty(p).

Proof. Let I ¢ P,letx,y € T, and let xy € Q(P). Then xyI* C xyl C P.
Since xI, yI €1 C R and P is a prime ideal of R, we have x/ € P or yI C P. So
xeQ(P)orye Q(P). Thus Q(P) isaprime ideal of T. We claim P = Q(P)NR.
Because PI C P, wehave P C Q(P)NR. Letx € Q(P)NR; then xI C P. Since
1 g P,wehave x € P. Hence Q(P)NR C P. Thus P = Q(P)NR. Next we show
that Rp = Ty (p). It easily follows that Rp C Tp(p). For the reverse inclusion, let
x€Tgocpy. Thenx =z1/z; forsome z; €T, z2 € T\ Q(P). Since [ SZ P, there exists
uel\P.OfcourseuclI\Q(P). Thenuz; €l CR,uzz e I\Q(P)Z R\ Q(P).
Thus uz, € R\ P. So x =uz;/uzp € Rp. Thus TQ(p) C Rp,so Rp = TQ(P). O

Theorem 3.5. For the diagram (A'), assume that T is an AV-domain. Then R is
an APVMD if and only if D is an APVMD and the extension k = qf (D) C T/I is
a root extension.

Proof. As in Theorem 3.3, we consider the diagram
R———D

Ry=¢ ' (k) —= k= Ro/I

| |

T T/I

(«<) Since T is an AV-domain, Ry is an AV-domain by Lemma 3.2. Because D is
an APVMD, by Corollary 2.3 R is an APVMD.

(=) Assume that R is an APVMD; by Corollary 2.3 D and Ry are APVMDs and
(Rp)s is an AV-domain. Set S = R\ I. Then Rs = R; and (Rg); = (Ro)s. By
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[Houston and Taylor 2007, Lemma 1.2], consider the pullback

(Ro)s — k = ky(s)

l l

Ts —— (T /1)y s)

As (Ro)s = (Ro) is an AV-domain, the extension k € (T'/1)(s) is a root extension
by Lemma 3.2. So the extension k € T/1 is a root extension. (Il

Theorem 3.6. For the diagram ("), assume that T is an AV-domain. Then R is an
AP-domain if and only if D is an AP-domain and the extension k = qf (D) C T/I
is a root extension.

Proof. (<) As in Theorem 3.3, we consider the diagram

R——D

l l

Ry=¢ ' (k) —= k= Ro/I

| |

T T/I

Since T is an AV-domain, Ry is an AV-domain by Lemma 3.2. Then R is an
AP-domain by Corollary 2.4.

(=) Assume that R is an AP-domain; then D = R/ is an AP-domain by [AZ 1991,
Theorem 4.10]. Also by Lemma 3.1, the extension kK € T'/[ is a root extension. []

4. Pullbacks of type (A*)

Lemma 4.1. For a diagram (A*), R is an AV-domain if and only if T and D are
AV-domains.

Proof. The proof is similar to that of Lemma 3.2.
(=) If R is an AV-domain, so are its homomorphic image of D and its overring 7.

(<) Letx e gf(R); then x € gf (T). Since T is an AV-domain, there is a positive
integer n = n(x) such that x” € T or x™" € T. Assume that, for example, x" € T.
Ifx"el,thenx” e R.Ifx" e T\ I, then p(x)" =p(x") e T/I\{0} S qf(T/I) =
qf (D). Since D is an AV-domain, there is a positive integer m such that ¢ (x)"" €
D. Hence x"™ € ¢~ ' (D) = R. It follows that R is an AV-domain. O

Proposition 4.2. Let R be an integral domain and 1 a nonzero ideal of R. If R is
an APVMD, then (I, : 1)) is an APVMD.



456 QING LI

Proof. Set T = (I, : I,). Assume that x,y € T = (I, : I,). Choose a fixed
element a € I,,. Then ax, ay € I, C R. Since R is an APVMD, there is a positive
integer n = n(ax, ay) such that ((ax)", (ay)") is t-invertible in R. Let J denote
((ax)", (ay)"). So (JJ 1), = R. There is a finitely generated ideal H C JJ~! C R
such that H, = R. By [Houston and Taylor 2007, Lemma 2.3], (I, : ) is -
linked over R. Then (HT), =T. So (JJ~'T), =T. Thus (a"(x", y")J~'T), =
(((ax)", (ay)")J~'T),=T. So (x", y") is t-invertible in T. Therefore T = (I, : 1)
is an APVMD. U

Proposition 4.3. For a diagram (A*), if R is an APVMD, then I is a prime t-ideal
of both R and T.

Proof. We claim R is an AV-domain, and thus / is a #-ideal of R. Let x, y € R\ {0}.
If (x", y")(x", y")~! C I for each positive integer n, then ((x", y")(x", y")~"H~!1 D>
I~ 2T D R, which contradicts that R is an APVMD. Hence there exists a positive
integer n such that (x", y")(x", y")~' ¢ I. Thus ((x", y")(x", y")")R; = R;. So
(x", y")R; is invertible in R;. Since R; is quasilocal, (x", y")R; is principal.
Then R; is an AV-domain. So I R; is a maximal ¢-ideal of R;. By [Kang 1989,
Lemma 3.17], I = IR; N R is a t-ideal of R. Since qf (D) = qf(T/I), we have
R; = T; by [Houston and Taylor 2007, Lemma 1.2]. So 77 is an AV-domain. Then
IT; is a maximal ¢-ideal of T. Therefore I is a prime ¢-ideal of T'. ([

Houston and Taylor [2007, Theorem 2.8] characterized the PVMD-property in
a pullback of type (A*). Similarly, we are ready to study the APVMD-property in
a pullback of type (A*). For convenience, let E denote T'/1.

Theorem 4.4. For a diagram (A*), assume that T = (I, : I,)). Then R is an APVMD
if and only if T is an APVMD and Ty is an AV-domain, and for each nonzero prime
ideal P of D, either
(1) Dp and T -1 py are AV-domains, or
(2) there is a finitely generated ideal A of D such that AC P, A"'NE =D, and
(¢~ (P)T), =T.
Proof. (=) Assume that R is an APVMD. By Proposition 4.2, T = (1, : 1,)) is an

APVMD. Also, T is an AV-domain by Proposition 4.3. Let P be a prime ideal of
D, and let P = 90*1(}_’).

Case 1. If P is a t-ideal of R, then Rp is an AV-domain. By [Houston and Taylor
2007, Lemma 1.2], we have the pullback

Rp ————— Dyr\P) = Dp

! l

Tr\p = Ty-1(p\p) — Eps) = Ep\p



ALMOST PRUFER v-MULTIPLICATION DOMAINS IN PULLBACKS 457

By Lemma 4.1, D and Tg\p = T,,-1(p\ ) are AV-domains.

Case 2. Suppose that P is not a t-ideal of R. Since R is an APVMD, it is a
UMT-domain by [Li 2012, Theorem 3.8]. By [Fontana et al. 1998, Corollary 1.6],
P, = R. Hence there is a finitely generated ideal J C P such that J~! = R.
Since T is t-linked over R by [Houston and Taylor 2007, Lemma 2.3], we have
(JT)'=T.So (¢~ (P)T), =(PT);=T.Nowlet A=¢(J)andec A" NE.
Then ¢(t) = e for some t € T and eA € D. Hence ¢~ !(eA) C ¢~ (D) = R.
Also, 9 '(eA) = ¢ ()91 (A) = ¢~ (@()¢~ ' (¢(J)) 2 1J. So tJ € R. Then
t € J7' = R. Thus e = ¢(t) € D. Therefore A~'NE = D.

(<) Let P be a maximal ¢-ideal of R. It suffices to show that R p is an AV-domain.

Case 1. Assume that / ¢ P. By Lemma 3.4, there is a prime ideal Q of T such
that P = QN R and Rp = Tp. By Proposition 4.3, we know that / is a prime
t-ideal of R. Then (PT), # T by [Houston and Taylor 2007, Lemma 2.6]. Hence
PT C Q) for some prime ¢-ideal Q of T'. Since T = (I, : 1) is t-linked over R by
[Houston and Taylor 2007, Lemma 2.3], it follows that (Q{ N R); # R. However,
P C Q1 NR and P is a maximal z-ideal of R. It follows that Q = Q. Then Q is
t-ideal of T'. Therefore Rp = T is an AV-domain.

Case 2. Assume that / C P. Let P denote ¢(P). By way of contradiction, suppose
that condition (2) of the hypothesis holds: there is a finitely generated ideal A of
Dsuchthat ACP, A"'NE=D,and (¢ " (P)T), =(PT);=T. Then A =¢(J))
and (LT)~! =T for some finitely generated ideals Ji, J> of R. Also J1+J, C P.
Set J = J; + J,. Then J~!' C Jz_l. Let x € Jz_l; then xJ, € R, and hence
xHhT CT.Soxe(LT)'=T.SoJ ' CJ;' CT. Since J C Pand P isa
prime z-ideal of R, then J~! # R. Otherwise, if /™' =R, then R=J,C P,=P,a
contradiction. So R G J ~1. Therefore, there is an element r € J !\ R with tJ C R.
So p(1)A C o(e(J1) S e(t)¢(J) = ¢(tJ) C D. Then ¢(r) € A~'NE = D. So
t € R, a contradiction. Hence condition (1) must hold. Localize the diagram at P
and consider the pullback

Rp Dyr\py = Djp

| l

Tr\p = Ty-1(p\p) — Eg(s) = Ep\p

By Lemma 4.1, Rp is an AV-domain. Therefore, R is an APVMD. O
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WHITNEY UMBRELLAS AND SWALLOWTAILS
TAKASHI NISHIMURA

Dedicated to Professor Shyuichi Izumiya on the occasion of his sixtieth birthday

We introduce map germs of pedal unfolding type and the notion of nor-
malized Legendrian map germs. We show that the fundamental theorem
of calculus provides a natural one-to-one correspondence between Whitney
umbrellas of pedal unfolding type and normalized swallowtails.

1. Introduction
The map germ

(1) f,y) = (xy, x%y)

is known as the normal form of Whitney umbrella, after Whitney’s pioneering
works [1943; 1944]. Compose the germ (1) with the coordinate transformations

he(x,y)=(x,x*+y) and h(X,Y,2)=(X,~Z,~Y +2),

where (X, Y, Z) are the standard coordinates of the target space R3. This leads to
the map germ

2) g(x, ) =hyo fohy(x,y) = (x> +xy, —x* =y, ).

Set

3 Geroy) = ([ e, [y
= (‘l‘x4 + %xzy, —%x3 — XYy, y).
Compose the map germ (3) with the scaling transformations
H(x,y) = (x, %y) and H(X,Y,Z)=(12X,12Y,627)
to obtain the map germ
4) H;0G o Hy(x,y) = Gx*+x%y, —4x3 —2xy, y),

MSC2010: 53A05, 57R45, 58K25.
Keywords: Whitney umbrella, pedal unfolding type, normalized swallowtail, swallowtail.
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known as the normal form of the swallowtail [Bruce and Giblin 1992, page 129].
Two C* map germs ¢, V¥ : (R%, 0) — (R3, 0) are said to be A-equivalent if there
exist germs of C*° diffeomorphisms

hy: (R%,0) > (R%,0) and &, : (R, 0) = (R, 0),

such that ¥ = h,o@ohs. A C*® map germ ¢ : (R, 0) — (R?, 0) is called a Whitney
umbrella if it is s-equivalent to (1); it is called a swallowtail if it is sd-equivalent
to (4). As seen above, the Whitney umbrella (1) produces the swallowtail (4) via
(2) and (3). By the converse procedure, the swallowtail (4) produces the Whitney
umbrella (1).

It is impossible to produce a swallowtail by integrating (1) directly. This is
because the discriminant set of (4) is not diffeomorphic to the discriminant set of

5 (x,y)—~ (/‘x xydx, /x x2dx, y).
0 0

Note that the form (2) may be written as follows:

g, ) = (x4 ), =2 + ), ¥) = (b(=x, =(> + ), ¥),
where b(X, Y) = (XY, Y) (b stands for “blowdown”).
Definition 1.1. (i) A C® map germ ¢ : (R?, 0) — (R3, 0) having the following
form is said to be of pedal unfolding type.
©) o, y)=(nx,»)px,y), px.y),y) = (b(n(x, y), p(x, y)).y),

where 1 : (R%,0) — (R, 0) is a C* function germ, such that
on 2 . 00 .
a—(O, 0)#0 and p: (R 0)— (R,0)isa C* function germ.
X
(i1) For a C* map germ of pedal unfolding type

o, y) = (n(x, y)p(x, ), p(x, ). y),

set

X

9(@)(x,y)=</0 n(x,y)p(x,y)dx,/o p(x,y)dx,y)-

The map germ $(¢) : (R%,0) — (R>, 0) is called the integration of ¢.

(iii) A C*° map germ & : (R™, 0) — (R™*1,0) is called a Legendrian map germ if
there exists a germ of C* vector field v : (R™,0) — T R+l along ® such
that

P ad

_(xl’~--7xm)‘v<l>(xl,---axm):"':_(xlv---,xm)'VQD(xlw--’xm):O
8x1 axm
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and the map germ Lo : (R™, 0) — TR”*! defined by

L(D(x]7""xm)= (CD(X],...,xm), V@(xl’---vxm))

is nonsingular. L is called a Legendrian lift of . (Here the dot stands for the
scalar product of two vectors of Ty, y)[Ri’"Jrl , and Ty R™ ! is the unit tangent
bundle of R”*1.) The C* vector field vg is called a unit normal vector field
of .

(iv) A Legendrian map germ @ : (R%, 0) — (R?, 0) is said to be normalized if it
has the form

(7) (D(x’y):(cbl(xvy)vd)Z(x’y)’y)
with
09,
3) —(0,0)=0
0x
and if, furthermore,
d d
9 ve (0, 0)_8_X or ve(0, 0)——8—X-
(v) For a normalized Legendrian map germ ®(x, y) = (®(x, y), ®2(x, y), ¥),
set

ad 0d
B(D)(x, y) = (8—;@, ), a—j(x, ), y).

The map germ @(®) : (R?, 0) — (R3, 0) is called the differential of ®.

We showed in [Nishimura 2010] that any germ ¢ : (R%,0) — (R3, 0) of a one-
parameter pedal unfolding of a spherical pedal curve has the form (6). Hence, a
map germ ¢ having the form (6) is said to be of pedal unfolding type. As shown in
[Nishimura 2010], not only nonsingular map germs, but also Whitney umbrellas
may be realized as germs of one-parameter pedal unfoldings of spherical pedal
curves. For more information on Legendrian map germs, see [Arnold et al. 1985;
Izumiya 1987; Zakalyukin 1976; 1983]. Note that both (3) and (10) are normalized
Legendrian map germs.

Proposition 1.2. (i) If¢: (R?, 0) — (R3, 0) is a C™ map germ of pedal unfolding
type, $ (@) is a normalized Legendrian map germ.

(i) If®: (R?,0) — (R3, 0) is a normalized Legendrian map germ, B(®) is a map
germ of pedal unfolding type.

Set
W ={p: (R% 0) > (R, 0) Whitney umbrella of pedal unfolding type},
¢ ={®: (R* 0) — (R, 0) normalized swallowtail}.
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The main purpose of this paper is to show the following:

Theorem 1.3. (i) The map $ : W — & defined by W > ¢ — $(p) € & is well-

defined and bijective.
(i) The map 9 : ¥ — W defined by & > & > D(P) € W is well-defined and
bijective.

Incidentally, we show Theorem 1.4. A C* map germ @ : (R, 0) — (R3, 0) is
called a cuspidal edge if ® is s-equivalent to the following:

(10) (x,y) > (327, 32 y).

Set
N={¢:(R* 0)— (R 0) nonsingular map germ of pedal unfolding type},
€={d: (IRZ, 0) > ([R{3, 0) normalized cuspidal edge}.

Theorem 1.4. (i) The map $ : N — € defined by N 3 ¢ — $(¢) € € is well-

defined and bijective.
(i) The map @ : ‘€ — N defined by € > ® — D(P) € N is well-defined and
bijective.

Any stable map germ (R?, 0) — (R3, 0) is either a Whitney umbrella or nonsin-
gular, and any Legendrian stable singularity (R%, 0) — (R3, 0) is either a cuspidal
edge or a swallowtail (see [Arnold et al. 1985], for example). Theorems 1.3 and
1.4 can thus be regarded as a “fundamental theorem of calculus” for stable map
germs (R%,0) - (R3, 0) and Legendrian stable singularities (R%,0) — (R3,0).

Based on Theorems 1.3 and 1.4, it is natural to ask:

Question 1.5. (i) Let ¢, ¢ : (R%, 0) — (R?, 0) be two C* map germs of pedal
unfolding type. Suppose that ¢ is s{-equivalent to ¢,. Is $(¢;) necessarily
A-equivalent to $(¢;)?

(i) Let &1, ®, : (R%,0) — (R>, 0) be two normalized Legendrian map germs.
Suppose that @ is d-equivalent to ®,. Is D(P) necessarily dd-equivalent to
D(Dy)?

In Section 2, several preparations for the proofs of Theorems 1.3 and 1.4 and the
proof of Proposition 1.2 are given. Theorems 1.3 and 1.4 are proved in Section 3
and Section 4 respectively.

2. Preliminaries

Function germs with two variables and map germs with two variables. Let €,
be the set of C* function germs (R%,0) — R, and let m, be the subset of €,
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consisting of C* function germs (R%,0) — (R, 0). The set €, has a natural R-
algebra structure. For a C*® map germ ¢ : (R2, 0) — (R?, 0), let ¢* : €, — €, be
the R-algebra homomorphism defined by ¢*(u) = u o ¢. Set Q(¢) =€2/¢p*m>%é,.
Then, Q(¢) is an R-algebra. A special case of [Mather 1969, Theorem 2.1] follows.

Proposition 2.1. Let p : (R, 0) — (R, 0) be a C* function germ.

(i) The R-algebra Q(p(x,y), y) is isomorphic to Q(x2, y) if and only if

0 92
L0,00=0 and - L(0,0) 0.
0x 9x2

(i) The R-algebra Q(p(x, ), y) is isomorphic to Q(x, y) if and only if
(x, y) = (p(x,¥),)

is a germ of C* diffeomorphism.

Definition 2.2 [Mond 1985]. Let T : R> — R? be the linear transformation of the
form T'(s, A) = (—s, A). Two C® function germs p;, p; : (R%,0) — (R, 0) are
said to be JT -equivalent if there exists a germ of C™ diffeomorphism

h:(R?,0) = (R?, 0)

of the form hoT =T o h, and a C* function germ M : (R2, (0,0)) - R—{0} of
the form M o T = M, such that pyoh(x, y) = M(x, y) pa(x, ¥).

Theorem 2.3 [Mond 1985]. Twwo C*® map germs ¢; : (R*,0) — (R3,0) (i =1,2)
of the form

@i(x,y) = (xpi(x*, ), x%,y), where p;(x*,y) ¢my (=1, 2)

are sd-equivalent if and only if the function germs p;(x?,y) are ' -equivalent.
Here,
aH-jq

ey 00 =0 foralli j e {O}UN}.

ms = a1 ®,0) > ®,0)
From this and the Malgrange preparation theorem [Arnold et al. 1985], we have:
Corollary 2.4. Two C* map germs ¢; : (R?,0) — (R>,0) (i =1, 2) of the form
@i (x, y) = (mi(x, )i, y), 2%, y),

where p;(x%, y) gm3° and (0n;/0x)(0, 0) #0 fori =1, 2, are A-equivalent if and
only if the function germs p;(x, y) are KT -equivalent.
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Map germs of pedal unfolding type. Let ¢ : I x J — R’ be a representative of a
given C* map germ of pedal unfolding type, where I, J are sufficiently small in-
tervals containing the origin of R. We may put ¢(x, y) = (n(x, y) p(x, ), p(x, y)).
Set

CD(X’Y)=(CDI(X»)’),q’z(x»Y)»y):(/0 ”(x,y)P(x,J’)dx»/o P(X,J’)dx»y)

and

- 0 0
mao(x,y) = B_X —n(x, y)B_Y'

Since fip(x, y) #0 forany x € I and y € J, for any fixed y € J we may define
the map germ Lo,y : (R, 0) — T1R? as

Loy(x)= (<<I>1<x, ), Pa(x, 1)), M)

2o Cx, I

where T[R? is the unit tangent bundle of R?. Then, since ¢ is a representative of a
map germ of pedal unfolding type, we have:

Lemma 2.5. Foranyye€ J, Lo, : (R,0) = T; R? is a Legendrian lift of the map
germ x —> (P (x, y), P2(x, y)).

This implies:

Lemma 2.6. For any y € J, the map germ 5y . (R,0) — (R?,0) defined by
Dy (x) = (P1(x, y), Pa(x, y)) is a Legendrian map germ.

Next, set
T (2 3) = o (s 3) — | 2L (e, y) — . )2 (x, y) ) 2
Vo (x,y) = x,y)—| —&,y)—nlx, y)—(x, —.
@ y Mo y 3y y y dy y 97
Lemma 2.7. Foranyx el andy € J,
- 0d N 0P
V@(X,Y)‘_(x’y)=0, VCD(xsy)'_(xay):O‘
0x dy
Since Vg (x, y) # 0 for any x € [ and y € J, we may define the map germ
Lo : (R, 0) > TR
as
Lo(x,y) = (‘D(x, y),

Then Lemma 2.7 implies successively:

Lemma 2.8. Lo : (R, 0) - TiR3 is a Legendrian lift of ®.

‘N)Cb(x’ y) >
1P (x, I

Lemma 2.9. & : (R, 0) — (R, 0) is a Legendrian map germ.
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Normalized Legendrian map germs. Let @ : U — R> be a representative of a given
normalized Legendrian map germ (R2,0) — (R3,0), where U is a sufficiently
small neighborhood of the origin of R?. We assume that the origin of R? is a
singular point of ®. By condition (7) of the definition of normalized Legendrian
map germs, we may assume that ® has the form

D (x,y) = (P1(x, y), P2(x, ¥), y).
Since @ is a representative of a Legendrian map germ, we have the following:

Lemma 2.10. There exists a C*™ vector field ve along P,

vo(x,y) =ni(x, y) +nz(x y) +n3(x y)

such that
) 0P, 0D,
() ny(x, y)——,y) +na(x, y)—(x,y) =0;
0x 0x
.. 0 0d,
(i1) n1(x,y)g(x,y)-i-nz(x,y)g(x,y)-i-nz(x,y)=0,

(iii) the map Lo : U — 7R3 defined by Lo (x,y) = (P(x, y), ve(x,y)) is an
immersion.

Condition (9) in the definition of normalized Legendrian map germs gives:
Lemma 2.11. For the vector field vg, n1(0, 0) # 0 and n(0, 0) = n3(0, 0) =0

By Lemma 2.10(i) and Lemma 2.11, we have the following equality of function
germs:

0o od
(11) _l(x )__M 2( ¥).
ni(x,y) 0x

This, together with condition (8) in the definition of normalized Legendrian maps,
implies that

(12) 2($)(0,0)=(0,0,0).
The next lemma is clear:
Lemma 2.12. The function germs n and p given by

nz(%)’)
nl(x,)’)

are of class C*°, and satisfy D(®)(x, y) = (n(x, Ypx,y), p(x,y),y).

D,
nx,y)=— and p(x,y)=¥(x,y)

Lemma 2.13. The function germ n satisfies n(0, 0) = 0 and S—Z(O, 0) #£0.
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Proof. By Lemma 2.11, we have n(0,0) = 0. Assume, for a contradiction, that

on/dx vanishes at the origin; then so does dn,/dx. At the same time, by differen-

tiating both sides of the equality in Lemma 2.10(ii) with respect to x, we have
8]’13

92d,
0,0)+—=(0,0)=0.
ox

(13) n1(0, 0)8xay

Because ® is a normalized Legendrian map germ such that the origin of R? is a
singular point of ®, we obtain (dn3/dx)(0, 0) # 0, which together with (13) gives

From (8), (11), and Lemma 2.11 we have a contradiction. U

Definition 2.14. Let @ : (R, 0) — (R>, 0) be a Legendrian map germ, and let vg
be a unit normal vector field of ® given in the definition of Legendrian map germs.
The C* function germ LJg : (R, 0) — R defined by

o 0o
LJ(I)(X, y) :det _(xv y)v _(-x9 y)s Vc[)(x, y)
ax ay

is called the Legendrian Jacobian of ®.

Note that if ve satisfies the conditions of unit normal vector field of ®, then
—ve also satisfies them. Thus, the sign of LJg(x, y) depends on the particular
choice of unit normal vector field vg. The Legendrian Jacobian of & is also called
the signed area density function [Saji et al. 2009b]. Although it is reasonable to
call LJg the area density function from the viewpoint of investigating the singular
surface @ (U) (U is a sufficiently small neighborhood of the origin of R?), it is also
reasonable to call it the Legendrian Jacobian from the viewpoint of investigating
the singular map germ &.

Let @ : (R%, 0) — (R3, 0) be a normalized Legendrian map germ and vg a unit
normal vector field of ®. Write

D(x,y)= (CD]()C, y), Palx, y), y)’
a 0 0
Vo (x, ) = ni(x, y) o +ma(x, y) o +n3(x, y) o=
By Lemma 2.11, we may set

0 mEY) 0 many) )
X " ni(x, ) dY " ni(x.y)0Z

Vo (x,y) =

We now give a formula for the Legendrian Jacobian. We start with the cross
product (vector product)

0P 0P 09, -
— O, )X —x,y)=—x, y)ve(x, y).
ox ay ax
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This gives

(14) Lio(x, y) = 282/00. y).
nl(x9 y)

Proof of Proposition 1.2. (i) Set

.Eﬁ(go) = q)(xay) = (CDI(X,Y), CDZ(X’ Y), )7)

By Lemma 2.9, ® is a Legendrian map germ. Thus, it is sufficient to show that (8)
and (9) in the definition of normalized Legendrian map germs are satisfied.

Set p(x, y) = (n(x, Vpx,y), plx,y), y). By the definition of map germs of
pedal unfolding type, we have n(0, 0) = 0 and p(0, 0) = 0. It follows that

9D
“=2(0,0) = p(0,0) = 0.
0x

Thus, condition (8) is satisfied. By Lemma 2.8, the germ L¢ given by

Lo(x,y) = (d>(x,y), M)
150 (e, 1)1

is a germ of Legendrian lift of ®, where
0

- 0d 0od
o (r, ) = 2 = n(x, V)2 - (a—yl<x, ) —n(x, y>8—y2<x, y)) -~

0X
Since n(0, 0) = 0 and

09 O anp
—0,0)= [ —(x,0dx=0,
dy o dy
we have ~
9(0,0) _ 9
96(0,0)] X

Thus, condition (9) is satisfied, proving part (i) of the proposition.
Proposition 1.2(ii) follows from (12), Lemma 2.12, and Lemma 2.13. O

3. Proof of Theorem 1.3

Suppose that both $ : W — & and & : ¥ — W are well-defined. By the fundamental
theorem of calculus, we have 9 o $(¢) = ¢ for all ¢ € W, and $ 0 G(P) = ® for
all ® € &. That is, both $ and & are bijective. Therefore, in order to complete the
proof, it is sufficient to show that both $ and % are well-defined.

Proofthat $ : W — & is well-defined. Let ¢(x, y) = (n(x, y) py(x, y), pp(x,¥),y)
be an element of W'. Set & = $(¢). Then P is a normalized Legendrian map germ
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by Proposition 1.2. Let g be the Whitney umbrella of pedal unfolding type — see
(2) in Section 1:

g(x, ¥) = (xpe(x, ), pe(x, ¥), ¥) = (x(x* + ), —x* —y, y).

Lemma 3.1. There exists a germ of C™® diffeomorphism h : (R*,0) — (R?,0)
such that h has the form h(x, y) = (h1(x, y), ha(y)) and py, o h(x, y) is x2+ y or
—(x%+y).

Proof. Since ¢ is a Whitney umbrella of pedal unfolding type, we have

Q(py(x,¥),y) = Q(p) = 0(8) = Q(x*, ).

Thus, we may set p,(x,0) = ax? + o(x?) (az # 0) by Proposition 2.1. By the
Morse lemma with parameters [Bruce and Giblin 1992], there exists a germ of C*°
diffeomorphism 4 : (R%,0) — (R?, 0) such that 4 has the form

h(x,y) = (hi(x, ), ha(y)) and pyoh(x,y) ==£x*+q())

by a certain C* function germ ¢ : (R, 0) — (R, 0). Since ¢ is #f-equivalent to g,
by Corollary 2.4, +(x%+¢(y)) is ¥ -equivalent to pg and thus g : (R, 0) — (R, 0)
is a germ of C* diffeomorphism. Lemma 3.1 follows. O

Set G = %(g). Then, G has the form of (3) from Section 1, which is a normalized

swallowtail. Since G is normalized, d/dx is the null vector field for G defined in
[Kokubu et al. 2005; Saji et al. 2009a], that is,

G
B (x,y)=0
X

holds for any (x, y) which is a singular point of G. Since G is a swallowtail, we
have, by [Saji et al. 2009a, Corollary 2.5],

AL Jg 2L Jg

ALJGN
—L0.0=0, —=£0.0#0, Q(Lig. )= 0. y).

On the other hand, by (14) and Lemma 3.1, there exists a germ of C* diffeo-
morphism % : (R?,0) — (R?,0) and a C* function germ & : (R?, 0) — R, such
that & has the form A(x, y) = (h1 (x,y), hz(y)), £(0, 0) # 0 and we have

LJpoh(x,y)=5§(x,y)LJG(x,y).

Because 9/0x is the null vector field for @ (this is because ® is normalized), L J¢
satisfies

LJs(0,0)=

dLJyp 3’LJs )
0,0=0, —=320.0%0, 0(LJo,

X 0x

LJs

)= 0. y).

Hence, @ is a swallowtail by [Saji et al. 2009a, Corollary 2.5], and we have proved
that $ : W — & is well-defined. (]

LJ$(0,0)=
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Proof that @ : ¥ — W is well-defined.. Let ® be an element of ¥. Then, by
Proposition 2.1, %(®) is of pedal unfolding type; we must show that it is a Whitney
umbrella.

Lemma 3.2. For the Legendrian Jacobian LJg, we have

ILJo 3?LJg ILJo
0,0)=0, )= 00y,

oz (0,0) 512 » Qx,y)

Proof. Since @ is normalized, d/0x is the null vector field. Since ® is a swallowtail,

Lemma 3.2 follows from [Saji et al. 2009a, Corollary 2.5]. O

LJo (0, 0) = (0, 0) £0, Q(qu,,

Since % (P) is of pedal unfolding type, there exists a C* function germ n :
(R?,0) — (R, 0) such that

0 od od
220,00 £0 and  “(x.y) =n(x, y)—2(x. y).
0x 0x 0x

where ®(x, y) = (P (x, y), Pa(x, y), ). Set p, =0P>/0x. By (14), Lemma 3.2,
and the Morse lemma with parameters, there is a germ of C*° diffeomorphism
h : (R?,0) — (R?,0) such that 4 has the form h(x, y) = (hi(x, y), h2(y)) and
ppoh(x,y)= +(x% 4 y). Then, by Corollary 2.4, %(®) is si-equivalent to g. [J

4. Proof of Theorem 1.4

As with Theorem 1.3, it is sufficient to show that both $ : N'—> 6 and 9 : € — N
are well-defined.

Proof that § : N — 6 is well-defined. Let p(x, y) = (n(x, y)po(x,y), po(x,¥),y)
be an element of N'. Set & = $(¢). Then, since ¢ is of pedal unfolding type, ® is
a normalized Legendrian map germ by Proposition 1.2. Let g be the nonsingular
map germ of pedal unfolding type defined by g(x, y) = (x2, x, y).

Lemma 4.1. There exists a germ of C™® diffeomorphism h : (R*,0) — (R?,0)
having the form h(x, y) = (hi(x, y), h2(y)) and such that py o h(x, y) = x.

Proof. Since ¢ is nonsingular and of pedal unfolding type, we have

OQ(py(x,y), y) = Q(p) = 0(8) = Q(x, y).

Thus, (py(x,y),y) is a germ of C* diffeomorphism by Proposition 2.1. From
the form of (py,(x, y), y), its inverse map germ / : (R?,0) — (R2, 0) has the form
h(x,y) = (hi(x,y), ha(y)). Since h is the inverse map germ of (p,(x,y), y), it
follows that p, o h(x, y) = x. [l

Since & is normalized, d/9dx is the null vector field for ®. By Lemma 4.1 and

(14), we have
dLJy

0x

(0, 0) 0.



470 TAKASHI NISHIMURA

Thus, the null vector field 9/0x is transverse to {(x, y) | LJo(x, y) =0} at (0,0) €
R2. Hence, ® is a cuspidal edge by [Kokubu et al. 2005, Proposition 1.3], showing
that $ : N — € is well-defined. O

Proof that % : € — N is well-defined. Let ® be an element of 6. By Proposition 1.2,
9(®) is of pedal unfolding type.

Lemma 4.2. The Legendrian Jacobian L Jy satisfies

0LJo
LJ$(0,0)=0 and 3 0,0) #0.
X
Proof. Since 9/9x is the null vector field for ® and & is a cuspidal edge, Lemma 4.2
follows from [Saji et al. 2009a, Corollary 2.5]. U

Since @(®P) is of pedal unfolding type, there exists a C* function germ #n :
(R%,0) — (R, 0) such that

d ad 0d
FO,0£0 and L (x,y) =n(x, y)—2(x, ),
0x 0x 0x

where @ (x, y) = (®(x, y), P2(x, y), y). Set p, = dP,/9x. By Lemma 4.2 and
(14), the map germ (x, y) > (py(x,y),y) is a germ of a C* diffeomorphism.
Thus, @(®) is nonsingular. Since %(P)(0, 0) = (0, 0, 0), we have proved that
9 : 6 — N is well-defined. O
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THE KOSZUL PROPERTY AS A TOPOLOGICAL INVARIANT
AND MEASURE OF SINGULARITIES

HAL SADOFSKY AND BRAD SHELTON

Cassidy, Phan and Shelton have associated to any regular cell complex X a
quadratic K -algebra R(X). They gave a combinatorial solution to the ques-
tion of when this algebra is Koszul. The algebra R(X) is a combinatorial
invariant but not a topological invariant. We show that, nevertheless, the
property that R(X) be Koszul is a topological invariant.

In the process, we establish some conditions on the types of local singular-
ities that can occur in cell complexes X such that R(X) is Koszul, and more
generally in cell complexes that are pure and connected by codimension-one
faces.

1. Introduction

Let X be a finite regular cell complex of dimension d, and let K be a field. Follow-
ing Cassidy, Phan and Shelton (see [Cassidy et al. 2010], henceforth abbreviated
[CPS]) we will associate to X, under certain global assumptions, a quadratic K-
algebra R(X) (defined below). The focus of [CPS] is to determine the combina-
torial properties required for this algebra to be Koszul. The primary focus of this
paper is to show that the Koszul property is actually a topological invariant, even
though the algebra is not. In the process we see that our global assumptions also
imply some restrictions on singularities of appropriate spaces X.

After a definition of our two technical assumptions we can state our main the-
orem. Our complexes will be finite throughout. We will generally not restate this
hypothesis.

Definition 1. Let X be a regular cell complex of dimension d.
(1) X is pure if X is the closure of its open d-cells.

(2) A pure, finite regular cell complex X, is connected through codimension-one
faces if the space X — X @d=2) ig path connected (where X @=2) {5 the (d —2)-skeleton
of X).

MSC2000: 16S37, 58K65.
Keywords: Koszul algebras, singularities.
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Theorem 2. Let X be a pure regular cell complex of dimension d, connected
through codimension-one faces. Then R(X) is Koszul (for the field K) if and only
if both of the following conditions hold.

(1) Hi(X; K)=0fori <d.
2) Hi(X,X —{p}; K)=0foreach p € X and eachi < d.

Because our hypotheses on the cell complex structure and on homology are
obviously homeomorphism invariant, Theorem 2 shows that the Koszul property
for R(X) is ahomeomorphism invariant. Also, H; (X, X —{p}; K) depends only on
the open cell containing p, so (2) involves checking only finitely many conditions.
We point out, however, that one does not have any nice homotopy invariance:

Example 3. There are homotopy equivalent, pure regular cell complexes X and Y
of dimension three such that R(X) is not Koszul but R(Y') is Koszul. For instance,
let Y the union of two 3-cells attached by some 2-dimensional face (so R(Y) is
Koszul by Theorem 2) and let X be the complex in Example 22, taken from [CPS,
Example 5.9]. X is homotopy equivalent to Y since one gets a space homeomorphic
to Y by collapsing the contractible subcomplex a of X to a point. But [CPS] shows
that R(X) is not Koszul (as one can also see by Theorem 2).

Although our argument does not make direct use of the definition of R(X), we
review that definition here in the interest of self-containedness.

Let P be any finite ranked poset with minimal element 0. For each x € P let
s1(x)={y € P|y < x, rank(x) —rank(y) = 1} (the elements immediately below x
in the ranked poset). We define R(P) to be the quadratic K-algebra on generators
ry, x € P — {0} with relations

rery =0forall y & s1(x)

and
Ty Z r, =0 for all x.

z€sy(x)

The set of all closed cells of a regular cell complex, together with the empty set,
form a finite ranked poset under set inclusion. Following [CPS], this is denoted
P(X). (In this poset the rank of a cell is one more than its dimension, so that the
rank of the empty set is 0).

If we assume that X is pure, we may adjoin one additional (maximal) element
to the poset P(X). The resulting poset, which is denoted ﬁ(X ) is still a ranked
poset. If we also assume that X is connected through codimension-one faces, then
I3(X ) has the combinatorial property known as uniform (cf. [Gelfand et al. 2005]).
Then we define R(X) to be R(f’(X)). While R(P (X)) is always Koszul under
the hypotheses that X is pure and connected through codimension-one faces (see
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[CPS] and [Retakh et al. 2010]), the Koszul property for R(X) is substantially
more subtle. In [CPS, Theorem 5.3] a precise statement was given in terms of
the combinatorial cell structure of X describing when R(X) is Koszul (refer to
Theorem 5 below).

We note that there are results of a similar nature about different sorts of com-
binatorially derived algebras in the literature. One example of results in a similar
spirit but of a different nature can be found in [Reiner and Stamate 2010].

2. CPS cohomology and local homology

We fix X, a finite regular CW complex of dimension d. We begin by recalling the
definitions of the groups Hyx (n, k) from [CPS, Section 4], which we will write as
H!'(X).

Assign orientations to each cell of X. If g is an n cell and « is an n + 1 cell,
let [ : B] be the incidence number of 8 in «. Because X is regular, this is either
0, 1 or —1. These incidence numbers are usually defined in the context of cellular
homology so that, if C,(X) is the cellular chain complex of X and o is an n 41
cell,

d@= ) la:plp.
n—1cells 8
Because X is finite and we have a chosen basis for the cellular chains, (given by the
cells of X)) we have an isomorphism between the cellular chains and the cellular
cochains of X. We consider the cochains in dimension n to be generated by the
basis dual to the cellular basis for C, (X), but we will use the same notation. That is,
an n-cell « when considered as a generator of C”*(X) has value 1 on « considered
as a generator of C,(X), and value O on other cells generating C,(X). With this
identification, the coboundary map 8 : C"(X) — C"*!(X) is given by

S)= Y [B:alp.
n+1cells B

We define C}/ (X) to be the submodule of C" (X) ® Ci(X) generated by « ® B, such
that 8 C da (that is, the cell associated to 8 is a subset of the boundary of the cell
associated to o). Then, d induces a differential C}'(X) — C}/_;(X) and § induces
a differential C}/(X) — CZH (X).

Definition 4 [CPS, Definition 4.1]. For each k and n, let

LI (X) = coker(C, | (X) 5 CI(X)).

Then, L;(X) is a cochain complex with differential induced by §. The CPS coho-
mology groups of X are defined by

H!(X)=H"(L{(X)).
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These cohomology groups are defined with coefficients in Z. We write H;' (X; R)
to denote the same groups when calculated with coefficients in a commutative
coefficient ring R.

Theorem 5 [CPS, Theorem 5.3]. Let X be a pure regular cell complex of dimen-
sion d, connected by codimension-one faces. Then, the K-algebra R(X) is Koszul
ifand only if H (X, K) =0for0 <k <n <d.

For our purposes, it is convenient to present a reformulation of Theorem 5 in
terms of relative cohomology groups involving the stars of the cells of X.

Definition 6. The star of a cell o in a regular cell complex X is
st(c) ={y € X : y is in some open cell whose closure contains o }.

We note that st(o') is an open subset of X. We also use st'(0) to denote the union
of the open cell o with all open cells in st(o) of dimension < /.

Theorem 7. Let X be a pure regular cell complex of dimension d, connected by
codimension-one faces. Then, the K-algebra R(X) is Koszul if and only if

(1) H"(X, K) =0 forn <d,
(2) For every k-cellc andk+1 <n <d, H'(X, X —st(o); K) =0.

Remark 1. Theorem 7 is a reformulation of [CPS, Corollary 5.8], where the con-
dition k 4+ 1 < n was inadvertently omitted.

As we will see in the next section, the cohomology groups H" (X, X — st(0))
can be replaced by the local homology groups H,(X, X — {x}) for any x € o (see
Lemma 10). This suggests the following definition.

Definition 8. We define the set S, (relative to the ring of coefficients R) by x € §,
if H;(X,X —{x}; R)=0fori <mand H,+ (X, X —{x}; R) #0.

Now we can state and prove a proposition equivalent to Theorem 2. We will
leave certain technical aspects of the proof to the subsequent two sections, as well
as a more extensive discussion of the structure and significance of the sets S,,.

Proposition 9. Let X be a pure regular cell complex of dimension d which is con-
nected through codimension-one faces. Then, R(X) is Koszul if and only if

(1) H* (X, K) =0 forn <d
(2) The sets Sy, (relative to K) are empty for 0 <k <d — 2.

Proof. In this proof all homology and cohomology groups should be computed
relative to the field K. We suppress this from the notation.

We must see that condition (2) of Theorem 7 and condition (2) of Proposition 9
are equivalent under the hypotheses on X and condition (1). Suppose the sets Si
are empty for 0 <i <d — 2. Then by Lemma 10, H; (X, X — st(0)) = 0 for every
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cell o and every i < d. The same follows by the universal coefficient theorem for
Hi(X, X —st(0)).

Conversely, assume that for some i < d — 2, the set S; is not empty. Let m be
minimal such that S,, = @. By Lemma 14 and Proposition 17, S,, is a union of cells
and must contain a cell & of dimension k <m. By Lemma 10, H"H (X, X —st(a))
does not vanish, contradicting (2) of Theorem 7. |

3. Preliminary homotopy results

Let X be a regular cell complex of dimension d. If x € X, we write o(x) for
the unique open cell of X containing x. The following is a standard lemma of
piecewise linear topology.

Lemma 10. Given a cell o, st(o) is contractible (and in fact has a strong defor-
mation retract to o). Also, given any point x € o, there is a strong deformation
retract

X —{x} > X —st(o(x)).

Proof. To see that st(o) has a strong deformation retract to o, we want a homotopy
H :st(o) x I — st(o).

Of course H |, Will just be the projection to o.

Now suppose H has been defined on the subset of st(o") consisting of o together
with other open cells up through cells of dimension /. Since X was a regular cell
complex, for each open [+ 1 cell E of st(o), H is defined on a contractible subset
of the boundary, E' C 9E. So H is defined on W = E x {0} U E’ x I. The pair
(E x I, W) has the homotopy extension property (see [Hatcher 2002, page 23]),
so we use that to define H on E x I.

To define our retract

X —{x} > X —st(o(x)),

we begin by noting there is a strong deformation retract o (x)—{x} to 9o (x). Now
assume the homotopy is defined on st (o (x)) — {x} (and of course is the identity
on X —st(o (x))). Note that st(o (x)) = o (x).

Let E be the closure of an / + 1 cell of st(o (x)). Since the pair

((E—={x) x1,(E—{x}) x{0}UQ@E —{x}) xI)

has the homotopy extension property, extend H across E — {x}. Continue until the
homotopy is defined on all of X — {x}. (I

Corollary 11. Given a cell o there is a strong deformation retract

X—0— X—st(o),
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such that if x € E for some cell E, then the image of x x I is in E, and meets no
cells of st(o) other than E.

Proof. Apply the strong deformation retract of Lemma 10 to the space X —o. U
As an application of Corollary 11 we have:

Corollary 12. Let D be an open n-cell of X and o a O-cell in 0 D. Then,
X—(oUD)~X —o.

Proof. Apply the homotopy from Corollary 11 to the space X — (o U D). This
gives a retract of X — (o U D) to X — (st(0)), and since that space is also a retract
of X—o,wegetX—(cUD)~X—o. U

Proposition 13. Let X be the realization of a simplicial complex A, and let A be a
closed i-simplex in A’ (the first barycentric subdivision of A). Let v be the vertex
that A shares with an i-simplex of A. Then,

X—{vJ~X—A.

Proof. In the complex given by A we can construct the deformation retract of
X — {v} to X —st(v) (where st(v) is defined using the simplicial complex A)

H:(X—{v)xI—->X-—{v}

explicitly by using barycentric coordinates in each simplex of A.
Specifically, if o is a simplex of A not containing v, then H(p,t) =p for peo.
If o does contain v, let the vertices of o be v = vy, vy, ..., ;. Then a typical
point of o — {v} is given by svg + (1 —s) Zle a;v;, where Zf:] a; = 1. Then,

k k
H(svo+(1 —5) Za,-v,-, t) ={—-0svo+ ({1 —s4+15) Za,-v,-.
i=1 i=1
Applying this homotopy to X — A gives a deformation retract to X — st(v). So
X —{v}~X—A. O

4. Singularities detected by local homology

The singular sets S, are composed of cells of dimension less than or equal to
n. We continue to assume that X is a finite regular cell complex of dimension d.
Throughout this section we assume further that X is pure. Recall that we refer to
H,(X, X —x) as the local homology at x. Since X is locally contractible, we can
choose a contractible neighborhood of x, say U. Then, by excision, we have

H (X, X —{x}) = H,(U,U — {x}) = H,_1 (U — {x}).
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From this we see that any x in the interior of a d-cell of X has local homology
H(X,X—x)= I:I(Sd) and x € S;_,. Similarly, if x is on the boundary of exactly
one d-cell then H, (X, X —x) =0 and x is none of the sets S;. So if we think of X as
a singular manifold with boundary, the point with neighborhoods homeomorphic
to R? or the corresponding half-space is not in Sy when k < d — 1. The sets S;,
0 <i <d —2, form a stratification of those singularities of X that are detected by
local homology.

Of course it is also possible for X to be topologically singular and still have local
homology zero in dimensions below d at every point. A simple but illustrative
example (for d = 1) is the space consisting of three copies of the unit interval
identified at one end point:

(10, 11 x {a, b, c}) / {(0,a) ~ (0, b) ~ (0, o)}

The identification point is a singular point and has no local homology below di-
mension one. This singularity is still detected by local homology of course, but
not until dimension one.

As is well known, there are also spaces with singularities so that all the local
homology groups are those of a manifold. A standard source of examples is the
suspension of any homology sphere which isn’t actually a sphere.

We begin by showing that the sets S,, put restrictions on the cell structure of X.
Recall first that S,, does not depend on the cellular structure of X (Definition 8).
Nevertheless, we have the following.

Lemma 14. The set S, is a union of open cells (in any cell structure on X).

Proof. If x is in some open cell D, then X —D >~ X —{x} by Lemma 10 together with
Corollary 11. So applying the same argument to x” € D and using the appropriate
long exact sequences, we get

Ho(X, X — {x}) = H.(X, X — D) = Ho(X, X — {x'}). O

Lemma 15. If x € S, for n < d — 1, then x must be in the interior of a cell of
dimension n or lower.

Note that this fact depends on X being pure. For example, If we take X to be
the union of a two cell and a one cell at a vertex, then points in the interior of the
one cell will be in Sy. Geometrically, x € S, says that if we take a contractible
neighborhood of x and remove x from that neighborhood then the resulting set is
no longer n-connected.

Proof. Recall st (o) is the union of o and the open cells of dimension k and lower
that are contained in st(o'). This is the same as st(o') within the space X ® if o is
a cell of dimension less than or equal to k.
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Suppose x is in the interior of a cell of dimension k < d. We have a commutative
square of spaces

X(k-H) _ {X} N X(k-H) _ st(k'H)(a(x))

! !

X—{x} —— X —st(o(x)).
The horizontal maps are homotopy equivalences by Lemma 10. The spaces on the
right are subcomplexes of X, and the right hand vertical map is inclusion of the
k + 1-skeleton. So, by cellular approximation, all maps induce isomorphisms in
H; fori <k+1.
From the long exact sequence of a pair, it follows that

H (X*D ) x*D _(xh) — Hi(X, X — {x})

is an isomorphism for i < k. Now let U = stV (o (x)), which is an open neigh-
borhood of x in X**D_ U consists of the open k-cell containing x and any open
k+1 cells that have that k-cell as a face. So, U looks like a finite collection of k+1-
cells identified along part of their boundary, and x is in that part of the common
boundary. It follows that U — {x} is homotopy equivalent to a wedge of k-spheres
(one fewer than the number of k + 1-cells attached to o (x)).
So,
Hi(XD, XD —{x)) = H;(U, U — {x})

is 0 for i < k+ 1 (and is free abelian on one fewer generator than the number of
k + 1-cells attached to o (x) fori =k +1).
It follows that x is not in S, for n < k. O

See the appendix for examples where S, contains the interiors of cells of dimen-
sion strictly smaller than n.

The implications of connectivity by codimension-one faces. We have already as-
sumed the global topological condition: X is pure. Our final goal is to understand
the effect of the extra global topological condition: connected by codimension-one
faces. Under that condition we can prove a remarkable strengthening of Lemma 15
(see Proposition 17 and its Corollary). We require one technical lemma.

Lemma 16. Let X be a pure regular cell complex of dimension d. Let n < d.
Suppose So = --- = S—1 = O, H(X) = 0 for k < d, and D is an open n-cell of
S, with S, N0D =0. LetY = X — D.

Let A C 3D be a subspace homeomorphic to D' (the closed i disk) and also
a subcomplex of D under some cell structure on 9 D which subdivides the given
cell structure.

Then, I:Ij(Y—A) =0forj<n+1-—i.



TOPOLOGICAL KOSZULITY AND MEASURE OF SINGULARITIES 481

Proof. The proof is by a double induction with the outer induction on i and the
inner induction on the number of i-cells in A, which we’ll denote by r.

Let i be 0. Note that » = 1 by our hypotheses that A= D°. Then by Corollary 12,
Y—A=X—-(AUD)>~ X — A. Since A is a single point in d D, and by hypothesis
that point isn’t in So U - - - U S,,, we have I:Ij(X —A)=0for j <n+1.

Now suppose the lemma is established for i —1 > 0. Consider first the following
special case. Subdivide the cell complex structure on 9D so that it is a simplicial
complex. Then take the first barycentric subdivision of that simplicial complex.
Let A be the closure of an i-cell in that complex, so A = D',

Let v be the vertex that A shares with the i-simplex (before subdivision) that
A is part of. By Proposition 13, ¥ — A >~ Y — {v}, which is in turn homotopy
equivalent to X — {v} by the previous case. So ﬁj(Y —A)=0for j <n+1.

Now let A be as in the hypotheses, with the additional assumption that it is a
subcomplex of a barycentric subdivision of a simplicial subdivision of d D, as in
the special case above. Suppose A has r 41 cells, and that the lemma is true in the
case of r cells. Write A = A"U A” where A’ is a single cell, A” has r-cells, and
A’N A” is homeomorphic to D'~

We look at the Mayer—Vietoris sequence for

Y—(ANA)Y=¥-A)Uuy —A"),
which gives

Hia(Y = A) @ Hipi (Y = A”) — Hip (Y = (A'N A7) > Hy(Y — A)
— Hj(Y —A)@ H,;(Y — A").

By our two inductive hypotheses (on i —1 and ), we have H; (Y —(A'NA"))=0
forj+1<n+1—-(@G—1)(orj<n+1—i)and Hj(Y —A")=H;(Y —A")=0
for j<n+4+1-—i.

It follows that H; (Y — A) =0 for j <n+1—i. By induction on r, this holds for
any A which is an appropriate subcomplex of our subdivision (of the cell structure
on D).

Finally, if A € 9D is any appropriate subcomplex of a subdivision of 3 D so that
A = D', then A is also an appropriate subcomplex of a finer subdivision of 3D
which is itself a barycentric subdivision of a simplicial complex. So our special
case covers this subcomplex A of dD. O

Proposition 17. Let X be a complex as above. In addition, assume that H;(X) =0
fori < d, and that X is connected through codimension-one faces. If there is an
n <d —1sothat S, # @, then there is some point in some such S, which is in an
open cell of dimension smaller than n.
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Proof. Let n be minimal so that S, # @. If there is no such n, orif n > d — 1,
we’re done. So assume n <d — 1. By Lemmas 14 and 15 S,, must contain an open
cell D of dimension n at most. If D has dimension less than n, then we are done.
So assume D has dimension n. Let Y = X — D. From the hypothesis I:Ik (X)=0
fork <d, we get H,(Y) = H,11(X,Y) #0.

We wish to prove that S, N 9D # @. Choose a sequence of subsets A’, B,
i=0,...,n—1 subcomplexes of 3D (or of some subdivision) so that

e Aluprl=9p=s""!
e« AAUB X ¢,
e« AAINB = AI-1UBI1,

Notice that A? and B are distinct singleton sets.
Assume S, N9 D = &. Consider

(18) Y = - A%uU( - BY.

The space ¥ — A? ~ X — A® by Corollary 12, so since the point of A” is not in
SoU---US,, we get I:Ij(Y — A% =0 for Jj <n, and of course the same result for
H;(Y — BY).

Then, in the Mayer—Vietoris sequence for (18), we get

H,(Y) = H,_1(Y — (A°U BY)).
We do a similar analysis for
(19) Y —(A°UBY = —AYHYu(y — BY.

We have I:Ij(Y—A1)=Of0rj <n+1—1=n by Lemma 16.
Then, in the Mayer—Vietoris sequence for (19), we get

Hy,—1(Y —(A°UB%) = H, »(Y — (A'UB")).
Similarly, we have
(20) Y — (AU B = (v — AHu (Y — BY.

Lemma 16 tells us that Flj(Y — A%y =0 for j <n+1—k (and a similar result for
BX).
So, by the Mayer—Vietoris sequence for (20), we get

Hy (Y — (AU B ) = Hy i (Y — (A U BY).
Assembling this information, we get

0+# H,(Y)=Hy(Y — (A" "UB" 1)) = Hy(X — D).
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The hypothesis that X is connected through codimension-one faces tells us that
Hy(X — D) = 0 unless (possibly) D has codimension 1. But D was assumed
to have dimension n < d — 1, so we have a contradiction to our assumption that
S, NoD =a. O

Corollary 21. Suppose X is a pure regular cell complex of dimension d, connected
through codimension-one faces, and with H;(X) =0 fori < d.

If for each 0 <i <d — 1, S; contains no cells of dimension less than i, then for
0<i<d-—1,eachS; is empty.

Appendix: Examples of singularities

As is clear from the above, x € §, does not determine the dimension of the open
cell containing x. For example, S;_; contains all open d cells and all interior open
d — 1 cells. Similarly, the 3-dimensional complex X of Example 22 below has
points x € S; so that x is in an open 1-cell, and also at least one x € S; which is in
an open 0-cell.

Below we give examples of contractible cell complexes connected through co-
dimension-one faces, where (regardless of the chosen cell structure) the singular
set Sy, for some r, is composed of cells of varying dimensions.

Example 22. Let 77 be a 3-simplex with vertices {vg, ..., v3} and T, be a 3-
simplex with vertices {wo, ..., w3}. Define X by
(MuTt)/~,

where the relation ~ is given by identifying the 2-simplex spanned by {vg, v, v2}
linearly (preserving the order of the vertices) with that spanned by {wq, wy, wo},
and by identifying the 1-simplex spanned by {vg, v3} with that spanned by {wg, w3}
(again preserving the order of simplices).

If we just made the first identification we would have something homeomorphic
to a 3-disk. With both identifications, we have something homotopy equivalent to
a 3-disk since it is a homotopy equivalence to identify the contractible subcomplex
consisting of the closed 1-cell that is the image of the 1-simplex spanned by {vg, v3}
to a point.

In this space, S; is the open 1-cell that is the image of the open 1-simplex
spanned by {vg, v3} (or equivalently by {wg, w3}) together with the image of vy.
The point that is the image of vy will be a O-cell in any cell structure on X, so that
S1 (in this example) will always have points belonging to 0-cells.

Example 23. We can mimic Example 22 in higher dimensions. For example to
create a space of dimension 4 such that S| must necessarily contain both points of
1-cells and O-cells, we can define X as follows. Let 7] be a 4-simplex with vertices
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{vo, ..., v4}, and let T, be a 4-simplex with vertices {wy, ..., wa}.
X=(MuT)/~,

where the relation ~ is given by linearly identifying the 3-simplex spanned by
{vo, v1, v2, v3} (while preserving the order of the vertices) with that spanned by
{wo, w1, wy, ws}, and by identifying the 1-simplex spanned by {vg, v4} with that
spanned by {wg, w4} (again preserving the order of simplices).

Then S; is analogous to the previous example; it contains the image of the 1-
simplex spanned by {vg, v4} together with the image of vg. S» = &. As in the
previous example, the point that is the image of vy will be a O-cell in any cell
structure on X, and the rest of the points of S will be in 1-cells or 0-cells.

Example 24. We can also create a complicated S,.
Let T be a 4-simplex with vertices {vg, ..., v4}, and let 7, be a 4-simplex with
vertices {wy, ..., wa}.

X=(MuTy)/~,

where the relation ~ is given by linearly identifying the 3-simplex spanned by
{vo, v1, v2, v3} (while preserving the order of the vertices) with that spanned by
{wo, w1, wo, ws}, and by identifying the 2-simplex spanned by {vg, vi, v4} with
that spanned by {wg, wi, wa} (preserving the order of simplices).

Then S; = &, but §; consisted of the open 2-cell that is the image of the simplex
{vo, v1, v4} together with the open 1-cell that is the image of the simplex {vg, v;}.
This subset of X will be a union of a nonzero number of open 2-cells and a nonzero
number of open 1-cells in any cell complex on X.

Example 25. It is also possible to create a complex X of dimension 4, where S»
will be a union of a nonzero number of 2-cells, a nonzero number of 1-cells and a
nonzero number of 0-cells for any cell structure on X.

We begin by creating the subcomplex most of which will become S,. We will
glue three 2-simplices together along a common edge. So let A be the simpli-
cial complexes with vertices a, b, c, d, e, 2-simplices {a, d, e}, {b, d, e}, {c, d, e}.
This determines the 1-simplices, and, thus, the 1-simplex common to the three 2-
simplices is {d, e}. This is illustrated by the three shaded 2-simplices in Figure 1.

Next we attach three 4-simplices to A by attaching adjacent 2-faces (sharing
a 1-face) of each 4-simplex to pairs of 2-simplices in A. Let T} be the 4-simplex
with vertices {ug, ..., us}, let T have vertices {vo, ..., v3} and let T3 have vertices
{w(), ey w3}.

We identify the 2-face spanned by ug, u1, uo with the simplex e, d, a, and the
2-face spanned by ug, u1, u3 with the simplex e, d, ¢ (preserving the given order
in both cases).
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Figure 1. A with {ug, ..., u3} and {vg, ..., v3} attached.

Similarly for vy, v, vy we use e, d, ¢ and for vy, vi, v3 we use e, d, b. Finally,
for wo, wy, wy we use e, d, b and for wy, wy, w3 we use e, d, a. We sketch part
of this complex in Figure 1, but note that we have no realistic way to sketch the
4-simplices involved, so we are only showing a two dimensional sketch of a three
dimensional picture of the space.

Of course this is contractible, and S, consists of the three open 2-simplices
from A together with the open 1-simplex e, d. But this space is not connected
through codimension-one faces. To fix this, we add a last 4-simplex with vertices
{x0, ..., x4}. We identify the face with vertices xy, ..., x3 with uy, us, us, uq, the
face xg, x7, x3, x4 with vy, v, v3, v4 and the face xg, x1, x3, x4 with wy, w3, wy, w4.

We’ll call the resulting space X. X is now dimension 4, contractible and con-
nected through codimension-one faces. Sp = S| = @ and S, is the union of the
open 2-cells of A together with the open 1-cells {a, d}, {b, d}, {c, d} and the O-cell
{d}. In any cell structure on X, {d} will be a zero cell, and all but finitely many
points of the open 1-cells we just listed will be in open 1-cells. Of course almost
all points in the interiors of the 2-cells listed will be in open 2-cells.
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A COMPLETELY POSITIVE MAP
ASSOCIATED WITH A POSITIVE MAP

ERLING STORMER

We show that each positive map from B(K) to B(H) is a scalar multiple of
a map of the form Tr — ¢ with ¥ completely positive. This is used to give
necessary and sufficient conditions for maps to be ¢-positive for a large class
of mapping cones; in particular, we apply the results to k-positive maps.

Introduction

In [Skowronek and Stgrmer 2010], we studied several norms on positive maps from
B(K) into B(H), where K and H are finite-dimensional Hilbert spaces. These
norms were very useful in the study of maps of the form Tr —Ayr, where Tr is
the usual trace on B(K), A > 0, and ¢ is a completely positive map of B(K) into
B(H). Herein we shall see that every positive map is a positive scalar multiple of a
map of the above form with A = 1; hence the results in that reference are applicable
to all positive maps. In particular, they yield a simple criterion for some maps to
be k-positive but not (k 4 1)-positive. As an illustration, we give a new proof that
the Choi map of B(C?) into itself is atomic, that is, not the sum of a 2-positive and
a 2-copositive map.

%-positive maps

Let K and H be finite-dimensional Hilbert spaces. We denote by B(B(K), B(H))
(resp. B(B(K), B(H))") the linear (resp. positive linear) maps of B(K) into
B(H). In the case K = H, we write P(H) = B(B(H), B(H))". Following
[Stgrmer 1986], we say that a closed cone € C P(H) is a mapping cone if axogof €
€ for all ¢ € ‘€ and «, B € CP — the completely positive maps in P(H). A map ¢
in B(B(K), B(H)) defines a linear functional ¢ on B(K) ® B(H), identified with
B(K ® H) in the sequel, by $(a®b) =Tr(¢(a)b"), where Tr is the usual trace on
B(H) and t denotes the transpose. Let P(B(K), 6) denote the closed cone

P(B(K),¢)={ae B(K®Q®H):1Qua(a) >0 forall a €%},

MSC2010: 46L60, 46L.99.
Keywords: mapping cones, completely positive maps, k-positive maps.
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where ¢ denotes the identity map on B(K). Then a map ¢ € B((B(K), B(H)) is
said to be €-positive if (f& is positive on P(B(K), €). We denote by P¢ the cone
of “6-positive maps.
If (e;;) is a complete set of matrix units for B(K), then the Choi matrix for a
map ¢ is
Co=) eij@¢(ei)) € B(K® H).

By [Stgrmer 2008; 2009], the transpose Cé) of Cy is the density operator for ¢~>~, and
by [Choi 1975], ¢ is completely positive if and only if Cy4 > 0 if and only if ¢ >0
as a linear functional on B(K ® H). When € = CP, we have P(B(K), CP) =
B(K ® H)™, so ¢ is CP-positive if and only if ¢ is completely positive.

If €, C 6, are two mapping cones on B(H), then P(B(K),61) D P(B(K), 6,),
because if t®@a(a) > 0 for all @ € 65, then the same inequality holds for all o € 6;.
Thus ¢ > 0 on P(B(K), ¢;) implies ¢ > 0 on P(B(K), €y), so P, C Peg,.

Let 6 be a mapping cone on B(H). Let P¢, be the dual cone of P« defined as

P = {¢ € B(B(K), B(H)) : Tr(C,Cy) > 0 forall ¢ € P}

Thus, if €| C 6, then 9’%1 D 9’%2. In the particular case when € O CP, we thus
get PG C P¢p = CP(K, H) —the completely positive maps of B(K) into B(H).
As in [Skowronek and Stgrmer 2010], € defines a norm on B(B(K), B(H)) by

¢lle = sup{| Tr(Cy Cy)| : ¥ € PG, Tr(Cy) = 1}

In the special case when € D CP, it follows that

l@lle = sup[p(Cy)l,

where the sup is taken over all states p on B(K ® H) with density operator Cy, with
Y e Pl. Let ¢ € B(B(K), B(H)) be a self-adjoint map, that is, ¢ (@) is self-adjoint
for a self-adjoint. Then Cy is a self-adjoint operator, and so is a difference C g -C,
of two positive operators with orthogonal supports. Let ¢ > 0 be the smallest
positive number such that c1 > Cy. Then ¢ = ||C; I. Hence, if ¢ # 0, there exists
amap ¢, € B(B(K), B(H)) such that the Choi matrix for ¢, equals 1 — c*1C¢,,
which is a positive operator. Thus, if we let Tr denote the map x +— Tr(x)1, then
¢cp is completely positive, and clo=Tr —@¢p, since Ct; = 1, as is easily shown.
Combining this discussion with [Skowronek and Stgrmer 2010, Proposition 2], we
get the following theorem.

Theorem 1. Let ¢ be a self-adjoint map of B(K) into B(H). Then if —¢ is not
completely positive, we have:

(i) There exists a completely positive map ¢., € B(B(K), B(H)) such that

ICHI™"'¢ = Tr—¢e,.
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(i) If 6 is a mapping cone on B(H) containing CP, then ¢ is €-positive if and
only if
L > ll¢eplle = sup p(Cy,,),
where the sup is taken over all states p on B(K ® H) with density operator
Cy with € P,

We did not need to take the absolute value of p(Cy,,) because Cy, > 0 and
V€ PG CCP.

We next spell out the theorem for some well-known mapping cones. Recall
that a map ¢ is decomposable if ¢ = ¢ + ¢ with ¢; completely positive and ¢o
copositive, that is, ¢ = ¢ o ¥ with ¥ completely positive. Also recall that a state
pon B(K® H) is a PPT -state if p o (1 ®1) is also a state.

Corollary 2. Let ¢ € B(B(K), B(H)) be a self-adjoint map. Then we have:
(i) ¢ is positive if and only if p(Cy,,) <1 for all separable states p on B(K ® H).
(ii) ¢ is decomposable if and only if p(Cy,,) <1 for all PPT-states p on B(K @ H).
(iii) ¢ is completely positive if and only if p(Cy,,) <1 for all states p on B(K @ H).
Proof. (i) That ¢ is positive is the same as saying that ¢ is P (H)-positive. Since
the dual cone of P(H) is the cone of separable states, (i) follows.

(i1) A state p is PPT if and only if its density operator is of the form Cy with v
a map that is both positive and copositive [Stgrmer 2008, Proposition 4]. But the
dual of those maps is the cone of decomposable maps [Skowronek et al. 2009].
Thus (ii) follows from the theorem.

(iii) This follows because the dual cone of the completely positive maps is the cone
of completely positive maps, and the density operator for a state is positive; hence
the corresponding map ¥ is completely positive. (Il
k-positive maps
A map ¢ € B(B(K), B(H)) is said to be k-positive if
¢®1e BB(K®L), BH®L)"

whenever L is a k-dimensional Hilbert space. The k-positive maps in P(H) form
a mapping cone P; containing CP. Denote by Py (K, H) the cone of k-positive
maps in B(B(K), B(H)). Then we have (see also [Itoh 1987]):

Lemma 3. #p = P (K, H).

Proof. We have P = S Py, the k-superpositive maps in P (H ), which is the mapping
cone generated by maps of the form AdV defined by AdV (a) = VaV*, where
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V € B(H), rank V < k [Skowronek et al. 2009]. By [Stgrmer 2009], the dual cone
of & po is given by

@;,ko ={¢€B(B(K), B(H)):AdVopeCP(K, H) forall V€ B(H),rank V <k}.

By [Skowronek 2010, Theorem 3] or [Skowronek and Stgrmer 2010, Theorem 2], it
follows that 9]’?,]3 = Py (K, H). By [Stgrmer 1986, Theorem 3.6], % p, is generated
by maps of the form o o 8 with @ € P, 8 € CP(K, H). Let AdV oy, AdV €
SPi,y € CP(K, H) be a generator for @pko. Then

Tr(Cozoﬁ CAdVoy) = Tr(CAdV*oozoﬁ Cy) >0,

since AdV* o« is completely positive because o € Py and rank V < k. Since the
above inequality holds for the generators of the two cones, it follows that P p, =
9])(;313 = P (K, H), completing the proof of the lemma. (]

It follows from the above description of %9, that the states with density operators
Cy, V€ @"k, are the same as the vector states generated by vectors in the Schmidt
class S(k), that is, the vectors y = Zle X; ®y;i, x; € K, y; € H, where the x; and
y; are not necessarily all # 0.

Theorem 4. Let ¢ € B(B(K), B(H))". Then we have:
(1) ¢ is k-positive if and only if SUp,cg, x)=1(Cp,xs X) < 1.

(1) Suppose k < min(dim K, dim H), and that there exists a unit vector y =
Zf:] xi®y; € S(k) suchthaty 1 Cyy ¢ XQY, where X =span(x;), Y = span(y;).
Then ¢ is not (k + 1)-positive.

In order to prove the theorem we first prove a lemma.

Lemma 5. Let A be a self-adjoint operator in B(K®H ). Suppose y = ZLl X Qi
satisfies (Ay,y) =1,and Ay ¢ X QY with X, Y as in Theorem 4. Then there exist
a unit product vector x L. X ® Y and s € (0, 1) such that

(A(sx +(1 —sz)l/zy), sx+(1 —sz)l/zy) > 1.

Proof. Because Ay ¢ X ® Y, there exists a product vector x 1 X ® ¥ such that
Re(x, Ay) > 0. Lets € (—1,1) and t = #(s) = (1 — s?)!/?, and let f denote the
function

f(s) = (A(sx +1y), s +1y) =s>(Ax, x) +t>(Ay, y) + 2st Re(Ax, y).
Because (Ay, y) =1, we get
£(0) =2Re(Ax, y) > 0.

Therefore, for s > 0 and near 0 we have (A(sx +ty), s +ty) > f(0) =1, proving
the lemma. O
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Proof of Theorem 4. (i) is a direct consequence of Theorem 1, since, as noted in
the proof of Lemma 3, the vector states w, with x € S(k) generate the set of states
with density operators Cy, with ¢ € P9, .

(ii) By Theorem 1, we have Cy,, = 1 —[|C; | ' Cy, so that (Cy,,y, y) = 1, using
the assumption that Cypy L y. Furthermore, Cy,,y = y — ||C;“||*1C¢y. Since
Cypy ¢ X®Y, wehave Cy,,y ¢ X®Y. Thus by Lemma 5, there exist a unit product
vector x L X®Y and s, r = (1—5%)"/2 > 0 such that (Cg,, (sx +1y), sx+1y) > 1.
Since sx + ty is a unit vector in S(k + 1), ¢ is not (k 4+ 1)-positive by part (i),
completing the proof of the theorem. U

Example. We illustrate the above results by an application to the Choi map ¢ €
B(B(C?), B(C?)) defined by

X1 +x33  —X12 —X13
d((xij)) =| —x21  X11+x2 —x23
—X31 —X32 X202+ X33

We have Crop = (1 ®1)Cy. Soif y = x ® x with x =371/2(1,1,1) € C?, then
(Cpy,y) = (Cropy, y) =0, and Cyy # 0 # C1o4y. Hence, by Theorem 4, neither
¢ nor f o ¢ is 2-positive, that is, ¢ is neither 2-positive nor 2-copositive. Since ¢
is an extremal positive map of B(C 3) into itself [Choi and Lam 1977], ¢ cannot
be the sum of a 2-positive and a 2-copositive map, and hence ¢ is atomic, a result
first proved in [Tanahashi and Tomiyama 1988], and then extended to more general
maps by others (see [Ha 1998] for references).

The Choi map ¢ also yields an example of a PPT-state on B(C 3® B(C?), which
is not separable. Indeed, in [Stgrmer 1982] we gave an example of a positive matrix
in A in B(C?) ® B(C?) such that its partial transpose 7 @ t(A) is also positive, and
that ¢ ® ((A) is not positive. Then A cannot be of the form > A; ® B; with
A; and B; positive, and hence the state p(x) = Tr(A)~! Tr(Ax) is PPT but not
separable. An example of a PPT state on B(C?) ® B(C?) that is not separable was
later exhibited in [Horodecki 1997].
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CLASSIFICATION OF EMBEDDED PROJECTIVE MANIFOLDS
SWEPT OUT BY RATIONAL HOMOGENEOUS VARIETIES
OF CODIMENSION ONE

KiwAMU WATANABE

We give a classification of embedded smooth projective varieties swept out
by rational homogeneous varieties whose Picard number and codimension
are one.

1. Introduction

A central problem in the theory of polarized varieties is to classify smooth projec-
tive varieties admitting special varieties A as ample divisors. In [Watanabe 2008],
we investigated this problem in the case where A is a homogeneous variety. On
the other hand, related to the classification problem of polarized varieties, several
authors have studied the structure of embedded projective varieties swept out by
special varieties [Beltrametti and Ionescu 2008; Mufioz and Sold Conde 2009;
Sato 1997; Watanabe 2010]. Inspired by these results, we give a classification of
embedded smooth projective varieties swept out by rational homogeneous varieties
whose Picard number and codimension are one. Our main result is:

Theorem 1.1. Let X C PV be a complex smooth projective variety of dimension
n >3 and A an (n — 1)-dimensional rational homogeneous variety with Pic(A) =
Z[04(1)]. Assume that X satisfies either of the following properties.

(a) Through a general point x € X, there is a subvariety Z, C X such that
(Zx,0z2,(1)) is isomorphic to (A, O4(1)).

(b) There is a subvariety Z C X such that (Z,0z(1)) is isomorphic to (A, O4(1))
and the normal bundle Nz, is nef.

Then we have one of the following:

(1) X is a projective space P";
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(i1) X is a quadric hypersurface Q";
(iii) X is the Grassmannian of lines G(1, P™);

(iv) X is an Eg variety E¢(w1), where Eg(w) C P?® is the projectivization of the
highest weight vector orbit in the 27-dimensional irreducible representation
of a simple algebraic group of Dynkin type Eg; or

(v) X admits an extremal contraction of a ray ¢ : X — C to a smooth curve whose
general fibers are projectively equivalent to (A, 04 (1)).

In cases (1)—(iv), the corresponding rational homogeneous variety A is one of those
in Theorem 2.2.

We outline the proof of Theorem 1.1. A significant step is to show the existence
of a covering family X of lines on X induced from lines on rational homogeneous
varieties of codimension one (Claim 3.2). Then we see that the rationally connected
fibration associated to J{ is an extremal contraction of the ray R>o[J]. By applying
results from [Watanabe 2008], we obtain our theorem. In this paper, we work over
the field of complex numbers.

2. Preliminaries

We denote a simple linear algebraic group of Dynkin type G simply by G, and
for a dominant integral weight w of G, the minimal closed orbit of G in P(V,,) by
G (w), where V,, is the irreducible representation space of G with highest weight
w. For example, E¢(w) is the minimal closed orbit of an algebraic group of type
Eg in P(V,,), where w; is the first fundamental dominant weight in the standard
notation of Bourbaki [1968]. For any rational homogeneous variety X of Picard
number one, there exists a simple linear algebraic group G and a dominant integral
weight o of G such that X is isomorphic to G (w). A rational homogeneous variety
A is a Fano variety, that is, the anticanonical divisor of A is ample. If the Picard
number of A is one, we have Pic(A) = Z[04(1)], where 04 (1) is a very ample line
bundle on A. We recall two results on rational homogeneous varieties.

Theorem 2.1 [Hwang and Mok 2005, Main Theorem; 1998, 5.2]. Let A be a
rational homogeneous variety of Picard number one. Let p : X — Z be a smooth
proper morphism between two varieties. Suppose for some point 'y on Z, the fiber
X is isomorphic to A. Then, for any point z on Z, the fiber X is isomorphic to A.

Theorem 2.2 [Watanabe 2008]. Let X be a smooth projective variety and A a
rational homogeneous variety of Picard number one. If A is an ample divisor on X,
(X, A) is isomorphic to (P", P"~1), (P", 0"71), (0", 0", (G (2, C*), Ci(2))
or (Es(w1), F4(ws)).
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For a numerical polynomial P(¢t) € Qt], write Hilbp()(X) for the Hilbert
scheme of X relative to P(#). More generally, for an m-tuple of numerical poly-
nomials P(¢) := (Pi(t), ..., Pn(t)), denote by FHp(;)(X) the flag Hilbert scheme
of X relative to P(¢) [Sernesi 2006, Section 4.5]. For the Hilbert polynomial of
a line Pi(¢), an irreducible component of Hilbp, ;)(X) is called a family of lines
on X. Let Univ(X) be the universal family of Hilb(X) with the associated mor-
phisms 7 : Univ(X) — Hilb(X) and ¢ : Univ(X) — X. For a subset V of Hilb(X),
t(x~1(V)) is denoted by Locus(V) C X. A covering family of lines ¥ means an
irreducible component of F;(X) satisfying Locus(¥) = X. For a covering family
of lines, we have the following fibration.

Theorem 2.3 [Campana 1992; Koll4r et al. 1992]. Let X C PN be a smooth pro-
Jective variety and ¥ a covering family of lines. Then there exists an open subset
X% © X and a proper morphism ¢ : X° — Y° with connected fibers onto a normal
variety, such that any two points on the fiber of ¢ can be joined by a connected
chain of finite H-lines.

We shall call the morphism ¢ a rationally connected fibration with respect to .

Theorem 2.4 [Bonavero et al. 2007, Theorem 2]. Under the conditions and no-
tation of Theorem 2.3, assume that 3 > dimY 0. Then RxolH] is extremal in the
sense of Mori theory and the associated contraction yields a rationally connected
fibration with respect to XK.

3. Proof of Theorem 1.1

For a subset V C X, denote the closure by V. Let Pi(¢), P>(¢) be the Hilbert
polynomials of a line (A, 04(1)) and set P(¢) := (P1(¢), P>(t)). We denote the
natural projections by

(1) Di :FH[p(,)(X) — Hﬂbpi(t)(X), where i = 1, 2.

Let 3¢ be the open subscheme of Hilbp,)(X) parametrizing smooth subvarieties
of X with Hilbert polynomial P(#). Now we work under the assumption that X
satisfies (a) or (b) in Theorem 1.1.

Claim 3.1. In both cases (a) and (b), there exists a curve C C ¥ that contains a
point o corresponding to a subvariety isomorphic to (A, 04(1)).

Proof. If the assumption (a) holds, there exists an irreducible component 7y of ¥
that contains o := [Z,] for some x € X and satisfies Locus(#y) = X. Then we
can take a curve C C ¥ that contains o. If the assumption (b) holds, we see that
h! (Nz;x)=0and hO(NZ/X) > 1. Since there is no obstruction in the deformation
of Z in X, it turns out that ¥ is smooth at o := [Z] and dim;z; ¥ > 1. Then we
can also take a curve C C ¥ that contains o. O



496 KIWAMU WATANABE

From now on, we shall not use the assumptions (a) and (b) except through
the property proved in Claim 3.1. Locus(C) = X. Denote by % an irreducible
component of 7 that contains C. For the universal family 7 : Uy — #y and
the normalization v : C — C C o, we denote C Xg¢, Uo by U and a natural
projection by 77 : Uz — C. Let (U¢)rea be the reduced scheme associated to U
and IT: (Ug)red = C the composition of 7 and (Uz)rea — MUz Then we have the
following diagram:

(Oué)red — Oué — Uy

BN

C - #o
Now we have an isomorphism between scheme theoretic fibers
a7 (p) Z=x (v(p))

for any closed point p € C. In particular, 7 ~!(p) is a smooth projective variety
and 7~'(5) = A for a point 6 € C corresponding to 0 € C. Moreover, a natural
morphism NI '(p)—=ap)isa homeomorphic closed immersion for any closed
point p € C. Since 7~ !(p) is reduced, we see that I[I"!(p) = #~!(p). Thus
we conclude that IT is a proper flat morphism whose fibers on closed points are
smooth projective varieties, that is, a proper smooth morphism. Because IT admits
a central fiber [1~'(3) = A, it follows that every fiber [1~'(p) is isomorphic to A
from Theorem 2.1. Hence it turns out that every fiber of 7 over a closed point in C
is isomorphic to A. Let consider a constructible subset p;(p, ! (C)) CHilbp, (1 (X).
Since C parametrizes subvarieties isomorphic to (A, 04(1)) which is covered by
lines, we see that

Locus(pi(p; ' (C))) = X.

Claim 3.2. There exists a covering family of lines I on X satisfying the following
property: Through a general point x € X, there is a subvariety Sy C X such that
(Sx, 05, (1)) = (A, 04(1)) and any line lying in Sy is a member of XK.

Proof. Take an irreducible component #0 of 12102% ! (C)) such that Locus(#%) = X.
Through a general point x on X, there is a line [/, ] in 9° that is not contained in
any irreducible component of p;(p, 1(C)) except H°. There is also a subvariety
[Sx] in C containing /.. Because p(p, 1([Sx])) is the Hilbert scheme of lines on
Sy, it is irreducible [Landsberg and Manivel 2003, Theorem 4.3; Strickland 2002,
Theorem 1]). Therefore p1(p, l([Sx])) is contained in an irreducible component
of p1(p; ' (C)). Since p1(p; ' ([Sy])) contains [/, ], this implies that pi(p; ' ([Sy]))
is contained in 9. Thus we put ¥ as an irreducible component of Hilbp, ) (X)
containing H°. U
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Two points on Sy = A can be joined by a connected chain of lines in K. This im-
plies that the relative dimension of the rationally connected fibrationgp : X --- — Y
with respect to J{ is at least n — 1. According to Theorem 2.4, Rxo[J{] spans an
extremal ray of NE(X) and ¢ is its extremal contraction. In particular, ¢ is a
morphism that contracts S, to a point. If dim ¥ =0, we see that the Picard number
of X is one. This implies that S, is a very ample divisor on X. From Theorem 2.2,
X is P, ", G(1,P™) or E¢(w1). If dimY = 1, then Y is a smooth curve C and
a general fiber of ¢ coincides with S,. Therefore ¢ is an A-fibration on a smooth
curve C. Hence Theorem 1.1 holds.
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NOTE ON THE RELATIONS
IN THE TAUTOLOGICAL RING OF .t

SHENGMAO ZHU

We give some nontrivial relations in the tautological ring of /l;. These are
derived from some new geometric relations obtained by localization on the
moduli of stable quotients, which was recently introduced by A. Marian,
D. Oprea and R. Pandharipande.

1. Introduction

We denote by .l the moduli space of smooth curves of genus g > 2 over an
algebraically closed field. Let 7 : 6, — .ll, be its tautological family and w,
be the dualizing sheaf. We denote by E = m,.w, the Hodge bundle. Define «; =
Ty (c1(wg) T € Ai(J(/Lg), Ai = ¢;(E), and in particular, kg =2g — 2, k_; = 0. The
tautological ring R*(Jll,) is defined to be the subring generated by A-classes and
k-classes. By Mumford’s formula [1983], the tautological ring is in fact generated
by the «-classes ki, ..., kg_2.

Faber [1999] proposed a series of remarkable conjectures about the structure of
R*(Myg):
(a) The tautological ring R*(l,) is Gorenstein with socle in degree g — 2, and
when an isomorphism R# _Z(A/Lg) = Q is fixed, the natural pairing

R (Mg) x R (AMg) — RE2(My) = Q

is perfect.

(b) The [g/3] classes k1, .. ., K[g/3] generate the ring R*(Jll,), with no relations in
degrees < [g/3].

(c)Let>>}_;dj =g —2andd; > 0. Then

B 2g—3+n)!
M D ko= 2g — NP, 2d; + D1t 7

oEeS,

MSC2010: primary 14H10; secondary 05A15.
Keywords: tautological relations, moduli space, stable quotients.
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where k, is defined as follows: write the permutation o = B ... (), Where we
think of the symmetric group S, as acting on the n-tuple (dy, ..., d,). Denote by
|8 the sum of the elements of a cycle B. Then ks = kg, K|, - - - K|y

By now there are many works related to Faber’s conjecture. Looijenga [1995]
illustrated that

dim R¥(Mlg) =0, k>g—2, and dim R®?(M,) < 1.

Faber [1999] proved that actually dim Rg_z(Jl/Lg) = 1 and thus R*(JMlg) has the
Gorenstein property. But the perfect pairing conjecture is still open.

Part (b) of the conjecture was proved independently by Morita [2003] and Ionel
[2005] with different methods.

Part (c) of the conjecture (that is, Faber’s intersection number conjecture) is
equivalent to a closed formula of the A,A,_; Hodge integral, itself a consequence
of the degree-zero Virasoro conjecture for surfaces [Getzler and Pandharipande
1998]. A short and direct proof of that integral formula can be found in [Liu
and Xu 2009]. Recently, Buryak and Shadrin [2009] gave another combinatoric
approach to this problem.

Thus, only the perfect pairing conjecture is open in Faber’s original conjecture.
Liu and Xu [2010] proved some effective recursive relations in the top-degree tauto-
logical ring R# _Z(A/tg) based on Faber’s intersection number conjecture. We know
that it is important to find explicit relations in the tautological ring independent of
genus. Faber [1999] also proposed a conjecture that all the tautological relations
can be generated by the Brill-Noether method. Recently, Faber and Pandharipande
have found some counterexamples when g > 24, and thus Faber’s approach may not
produce all tautological relations starting from g = 24. The Brill-Noether method
is an effective way to calculate the tautological relations. Ionel [2005] found some
explicit relations in dimension a = g+b+1—2d foreachd > 2, g>2and b > 0.
As an application, Ionel gave a proof for Part (b) of Faber’s conjecture.

Marian, Oprea and Pandharipande [2009] obtained a vanishing theorem via a
localization technique on the moduli space of stable quotients. Their result leads
to some new geometric relations in the tautological ring. They computed these
three special cases of their new geometric relation:

Case 1. Ifa =0, b = 1, and ¢ = 2k (for k > 1), then in RE~24= 12k (t,),
2 px(Cg—d—1426(F4)) = 0.
Case2. Ifa=1,b =1, and ¢ = 2k (for k > 1), then in R824 (L,),

B3)  p(2(K1+ -+ Ka) - cgma—142k[Fa) + 28 —2) - co—ar2k(Fa)) = 0.
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Case3. If a =2, b =0, and ¢ = 2k (for k > 1), then in R824 (L),

4 pe(—2(Ki+-+Kqg—2A- Co—a—1+2k(Fa) +2d - Cg—d+2k(|]~:d)) =0
Combining (3) and (4), we have

(5) pe(2A - cga-14(Fa) + (g +d — Degaran(Fa)) =0 in REZ(Ly).

The notation in these formulas is explained in Section 2.

In this note, applying the method of [Ionel 2005], we derive new relations for
the tautological ring in Jilg from (2) and (3), which can be considered a partial gen-
eralization of the main results in [Ionel 2005]. We also show that (5) is equivalent
to (3).

Our main results are given by the following proposition.

Proposition 1.1. Foreach g, d > 2 and k > 1, formula (2) is equivalent to

©6) [exp(3r.Gak, )] s =0
and (3) is equivalent to
) [exp( .G (K, w))n*((ZwG (K, w)+ I)K)] i =0

Here G(x, w) (as in [Ionel 2005, Definition 2.1]) is the unique formal power series
in x and w that satisfies the recursive formula

(8) XWG = W(G )+ (1 —x)G oy — 1
with

[ee) Ba .
©) G(’“’O):‘;a(a_nx’

where B, denotes the Bernoulli numbers.

Theorem 1.2. Foreach g,d > 2 and k > 1, formulas (6) and (7) give the following
relations in R8~2=172k (fl,) and R8~2+2K(UL,), respectively:

(10) [ (1+ 4w exp(— Zx Kazca,u )|

[e.¢] a
(11) [(1 ) exp(— Y0 xka Y caju’ )
a=1 j=0

oo a

X (g—I—Zx“HKaHZC]a,jqu)} =0.

a=0 ]_0 x8—2d+2kyd
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Here the positive integers gy j (as in [Ionel 2005, Definition 1.3]) are defined re-
cursively for k > j > 0 by the relation
k=1 j—1
(12) qr,j = QRk+4j —2)qi—1,j—1+ (J+ Dgr—1,; + Z qu,z%—l—m,j—l—z,
m=0 1=0
with initial condition qo,0 = 1; and the coefficients c_ j, fork > 1 and k > j > 0,
by the relation

(13) qr,j = Ck+4j)ck,j + (G + Der,jvs
forallk>1andk > j = 0.

When k£ = 1, formulas (10) and (11) are just [Ionel 2005, (1.10) and (1.9)] with
b =0 and b =1 respectively.

Theorem 1.3. Formula (5) is equivalent to formula (3).

2. Preliminaries

In this section, we introduce the notations and results that we use in this paper. We
denote by Cég the d-fold of not necessarily distinct fiber products of 6, over .,
parametrizing smooth curves of genus g with n-tuples of necessary distinct points,
that is, %%g ={(C,x1,...,x4)|x; € C}. Let p :<6‘g’l — ., be the map forgetting all
the points. Then p is the composition of morphisms 7;: %2 — C@fg_l forgetting the
i-th point, p = mmy...my; here my = 7.

There are some natural classes in Al(‘ég): K; = p}(c1(wy)) where p; is the i-th
projection from %Zf to €¢. K is written as K in the following. D;; is the diagonal
class of (62,1 where the points x; = x;.

Faber [1999] collected the following p-rules, due to Harris and Mumford [1982]:

Formularium. (a) Every monomial in the classes
Ki(1<i<d) and D;;(1 <i < j<=<d)
on (62,1 can be rewritten as monomial M pulled back from Cég_l times either a single
diagonal D;g or a power K [ll of Kq by a repeated application of the following
substitution rules:
DiyDjq— DijDiq (i <j<d),
D}, — —K;Djq (i <d),

KdDid —> K,'Dl'd (i < d).

(b) For M a monomial pulled back from CGZ_I,

()«(M - Dig) =M,
()« (M - Kby = M - p*(ki—y).
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For convenience, lonel [2005] introduced the more general classes in A*(Cﬁ‘g’).
If1 <ij <---<ix <d is a sequence of integers, let D;, _; be the class of the
stratum of C@g, where all the points x;, are equal for / = 1,..., k. Given an un-
ordered partition {Ji, ..., Ji} of {x1,..., x4}, we denote by A, ; = ]_[f:1 Dy
the codimension d — k multidiagonal in €%, where all points in each J; are equal.
Given such a stratum Ay, ., we denote by x;, any one of the points of J;, and
by K, its corresponding K -class; also |J;| > 0 denotes the number of points in J;.
If 1, J are two subsets of {1,...,d} with I NJ # @, then

(14) D;-Dy=(—K)!""Dyy;.

Let f(xq,...,xq) € Q[xy, ..., x4] be an arbitrary polynomial. Then by (14) and
the p-rules, we have

(15) px(Ayyg - f(K1y oo, Kg)) = f(K, ..., K).

Denote by F; = (7Td+1)*(@<@g+1 Drgs1+---+ Dd,d+1)/@<€g+1) the jet bundle at d
points, and let E¥ be the dual of the Hodge bundle. By direct calculation,

c(Fg) =c(Fu—1)1 —Kyg+Dig+---+Dg_1,4).
Let I]Ed = p*EY — F,4. The geometric relation formulated in [Ionel 2005] is
(16)  (2d+2g —2) pulcgr1i-a(F)KY) = (d — Dicp1 - p(D12 - cgr1-a(Fa)),

ford>2,g>2and b > 0.
Via the main formula [Ionel 2005, Proposition 2.3], we have

= p*(c (EY))
a7n «ta) =———
’ ci(Fa)
o
1
=p*exp< Z Bar > Z Z 1A HH\J\(tKJ)
a(a + 1) Ui
where the last sum is over all (unordered) partitions {Jy, ..., J.} of {x1,..., x4},

and the formal power series

(18) G(x, w)—ZHd(x)—‘ =Zzak,x w’

k=0 j=0
satisfies (8) and (9). The main result of [lonel 2005] is that relation (16) gives the
following relation in RST1T0=24 (t,):
(19)
o0

a 00 a
_ a AR _ a-HZ e —
DI ST N (D SRRRCLL) SPtis)) B
j=0 a=0 j=0
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where g, d > 2 and b > 0. For b = 0, this relation simplifies to

00 a
(20) [exp(— Z x“Kq Z Ca,j“J.)]xngzdud =0
a=1 j=0

As an application of the relation (19), Part (b) of Faber’s conjecture is proved.

Marian, Oprea and Pandharipande [Marian et al. 2009] obtained a vanishing
theorem via a localization technique on the moduli space of stable quotients. We
describe their main statement for the reader’s convenience.

Given an element [C, p1, ..., p4] € %g, there is a canonically associated stable
quotient
d
1) 0—0c(=Y_ pj)— 0c—> Q—0.
j=1

Consider the universal curve 7 : U — %‘g’ with universal quotient sequence
0—-Sy—>0y—Qy—0

obtained from (21). Let F; = —Rm,(S};) € K ((62,1) be the class in K-theory. With
some computations, we have

p*(C([EV))'

(22) c(Fa) =c(Fy) = D

Consider the proper morphism
v QP d) — .

The universal curve
M:U — Q,(P',d)

carries the basic divisor classes s = ¢1(S;;) and @ = ¢ (wx).
Let ¢ > 0 and a, b > 0. Then by (22), the geometric relation in the tautological
ring shows that [Marian et al. 2009, Proposition 5]

@3) pu(Mas"0”) - ga1se(F)
+ (=DM = D) e ) =0

in R*(M,), where c¢_(F) denotes the total Chern class of F; evaluated at —1. Then
they obtained the following three special cases of (23).

Case 1. If a =0, b =1, and ¢ = 2k (for k > 1), then in R824~ 1T2k (),

(24) ps(co—a—1126(Fa)) =0.
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Case2. Ifa=1,b =1, and ¢ = 2k (for k > 1), then in R824 (L,),
25)  pu(2(K1+ -+ Ka)  cpa—142k([Fa) + 28 —2) - comayk (Fa)) =
Case 3. If a =2, b =0, and ¢ = 2k (for k > 1), then in R824 (L),
(26)  pu(—2(K1+---+Kg—2A- comd—142k(Fa) +2d - cq_qion(Fa)) =
where A = lekjsd D;;.

Combining (25) and (26), we have
Q7) P28 a1 Fa) + (€ +d — Degaru(Fa)) =0 in REHH(Ly).

In the next section, we show how to get similar results with (19) and (20) by the
same combinatorial method as in [Ionel 2005].

3. Proof of the main results

With a minor modification of [Ionel 2005, Lemma 2.5], we have:

Lemma 3.1. In terms of the generating function G(x, w) defined by (8) and (9),

we have

28) i W o = exp( L pGek )

and K

29) Z W ek =ew(Lo.Guk.w) Lo (Guak ).
forj=1,....d.

Proof. The ¢,(F,), after being pushed forward by p, depends only on the lengths /;
of sets J;. By (17), and some combinatoric enumeration, it is easy to get (28) and
(29); see [lonel 2005] for details. U

Therefore, by Lemma 3.1, identities (2) and (3) give rise to (6) and (7) in
Proposition 1.1, respectively.

In order to get Theorem 1.2, we need to better understand the structure of the
function G (x, w) defined by (8) and (9). Ionel [2005, Lemmas 3.1 and 3.2] ob-
tained the following expansions for G, (x, w) and G (x, w):

(30) Gy(x, w)
ok

_ —l+vitdw L +szk+1qk’j(_w)j(l )ik

2w 1+4w prrie
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where the coefficients gy ; are defined by (12) and
o0 o0
X k+1 ' —j—k/2
(31) G(x, w)=G(0, w)+Zln(1+4w)—; ng ey j(—w)? (14+-4w) =/ 7+/2
= J:

where the coefficients ¢y ; are related to the coefficients g ; by (13). Also, we
need the variable transformation formula used in [Ionel 2005].

Lemma 3.2 [Ionel 2005, Lemma 3.3]. Let P(x, w) be a formal power series in
x and w. Denote by P(y,u) the formal power series in y and u obtained from

P(x, w) after the change of variables u = —w/(1+4w) and y = x//1 + 4w.
(32) [P(x, w)lyape = (=DIA +4u) 222 P (y u)]jaya.

By the expansion (31),

o0 (o.¢]
(33) %n*G(tK, w) = % In(1+4w) =Y 1%y Y _ ca j(—w)! (1 44w) =174/,
a=1 j=0
Using the change of variables,
1 —u 1
(34) t—> (1+4w)2y, w— TFau (1—|—4w)—>1+—4u,
we have

(35) exp(%n*(G(tK, w))) = (1 + 4u) <0/ exp(— Z YK, an,juj)
a=1 =0

Similarly, by the expansion (30),

7 (QwGy (K, w) + DK)

- yr*<(l +4w) 2K + li—j’wﬂ{z

x a
4 Z Z l’a+1Ka+2qa’j(_U))j2U)(] + 4w)—j—a/2—1)
a=1 j=0

o a
= (1+4w)? (KO =23 g Y ga(—w) +4w)*ff<“+1>/2*1).
a=0 j=0

By the change of variables

U (I 4dw) > —

1
(36) t—> (14+4w)2y, w— Trau T4
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we get

(37 m(QwG, (K, w)+ 1K)
o0 a
=(1 +4u)_1/2</<0 -2 Z y“+1/<a+1 un,ju”l).
a=0 j=0
By Lemma 3.2, (35) and (37), we have

[exp( .G (K, w))]

18—2d—142ky,d

_ d k—1
=(-1 [(1 + 4u) exp( Zy Ka an ju )]ygimimkud,

Jj=0

3

[exp(F7.G K, w))m(@uG (K, w)—l—l)K)]

g=2d+2kd
o0 a

= [(1 +4u)k! exp(— Zx”lca Z ca,juj>
a=1 j=0

o0

a
(8 —1- Zx”+lKa+1 an,juj+l)]
a=0 j=0

By formulas (6) and (7), Theorem 1.2 is proved.

x8—2d+2ky,d

Theorem 3.3. Formula (3) is equivalent to formula (5).

Proof- By the definition of F,
(e (Fa1) = c/(F) (1 = 1K+ 1Dy g+ +1Dy1.a).
After being pushed forward by p,

0 = purti(ci(Fa1)) = pulci(Fa)) — tpu(Ka - ¢ (Fa)) + (d — Ditpy(Dy.g - ¢, (Fa)).

In particular,

(d—=D[pe(Dr.a-cr(Fa)] e-amrix = [0+ (K- ct:(F )] jgrariax — [0x(ct (Fa))] e
In fact _ _
p«(Dij - ¢;(Fa)) = p(D1.q - ci(Fa)),
and the equivalence of formulas (3) and (5) is deduced from the identity
2[pu(A - ci(Fa)) ) goaorse = d(d = D[ px(D1.a - 1 (Fa)) ] marsan

=d[p«(Ka-ci(Fa))]omacrone — d[ (e (Fa))] oo
= —(g — D[pulc:Fa)) ] o-asze — d[ pu(c; Fa)) ] oaran
=—(g+d — D[ pulc/(F))] eim- O



508 SHENGMAO ZHU

Example 3.4. We give some low genus examples for Theorem 1.2. By the recur-
sion relations (12) and (13) of constants g, ¢k, j, we get

qo.0 =1,

gi0=1, q1=5,

g20=1, q1=18, ¢22=060,

g30=1, q1=47, q32=442, ¢q33=1105,

and 1 5
€10 = 13- €11 =%,
c2,0=0, c1=1, c2=5,
=__L — 221 — 105
30— 360° C3,l—60’ c = 12> 33 = 18 °

Taking g =5,d =3, k = 2, formula (10) gives a relation in R*(Ms):

(38) By — 20k, =0.

Taking g =6,d = 3, k = 2, formula (10) gives a relation in R3(Mg):

275 .3 55 2431 _
(39) _WKI +FK1K2_TK3_O'

It is easy to check that the relations (38) and (39) match the results in [Faber 1999].

We have written a Maple program to calculate more relations through Theorem 1.2.
Unfortunately, it is difficult to determine if they contain the new tautological rela-
tions in high genus beyond those obtained by Faber.

4. Conclusion

The new relations in the tautological ring obtained in this note, that is, formulas
(10) and (11), can be regarded as a partial generalization of formula (19) (which is
[Ionel 2005, (1.9)]) in the special cases b =0, 1.

When b = 0, formula (19) is just (20):

(o.¢] a
a J —
Xpl — i =
[e p( E x%Kq E Cq,jU )]xé’“*z‘iud 0,
a=1 j=0

which is the special case of formula (10) with k = 1.
For b =1, (19) becomes

a

o0 o a
_ a AW _Z u+12 s _
[exp( Zx Kaan,Ju> (g 1 Kgr1X Ga,ju e 0,
a=1 a=0 j=0

Jj=0
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which is the special case of (11) with k = 1.

However, our results can not cover formula (19) when b > 2. In this note, we
only consider three special cases of (23) to deduce our main results. We hope that
one can obtain a more general formula, like (11), from formula (23), with the same
method.!

As mentioned in the introduction, it is important to find explicit relations in the
tautological ring in studying Faber’s conjecture. From this note, we see that the
stable quotient method introduced by Marian, Oprea and Pandharipande [2009]
provides a new and effective way to obtain the relations in the tautological ring.
With this method, recently, Pandharipande [2009a; 2009b] introduced the « ring
of the moduli of curves of compact type and studied its algebraic structure. In our
further study, we hope to find more applications of the stable quotient method.

Acknowledgements

The author would like to thank Professor Kefeng Liu for invaluable discussions
and Dr. Hao Xu for telling him some recent results on the tautological ring of the
moduli space of curves.

References

[Buryak and Shadrin 2009] A. Buryak and S. Shadrin, “A new proof of Faber’s intesection number
conjecture”, preprint, 2009. arXiv 0912.5115

[Faber 1999] C. Faber, “A conjectural description of the tautological ring of the moduli space of
curves”, pp. 109-129 in Moduli of curves and abelian varieties, edited by C. Faber and E. Looi-
jenga, Aspects Math. E33, Vieweg, Braunschweig, 1999. MR 2000j:14044 Zbl 0978.14029

[Getzler and Pandharipande 1998] E. Getzler and R. Pandharipande, “Virasoro constraints and the
Chern classes of the Hodge bundle”, Nuclear Phys. B 530:3 (1998), 701-714. MR 2000b:14073
Zbl 0957.14038

[Harris and Mumford 1982] J. Harris and D. Mumford, “On the Kodaira dimension of the moduli
space of curves”, Invent. Math. 67:1 (1982), 23-88. MR 83i:14018 Zbl 0506.14016

[Tonel 2005] E.-N. Ionel, “Relations in the tautological ring of Jlg”, Duke Math. J. 129:1 (2005),
157-186. MR 2006¢:14040 Zbl 1086.14023

[Liu and Xu 2009] K. Liu and H. Xu, “A proof of the Faber intersection number conjecture”, J.
Differential Geom. 83:2 (2009), 313-335. MR 2011d:14051 Zbl 1206.14079

[Liu and Xu 2010] K. Liu and H. Xu, “Computing top intersections in the tautological ring of Jitg”,
preprint, 2010. To appear in Math. Z. arXiv 1001.4498

[Looijenga 1995] E. Looijenga, “On the tautological ring of Jlg”, Invent. Math. 121:2 (1995), 411-
419. MR 96g:14021 Zbl 0851.14017

[Marian et al. 2009] A. Marian, D. Oprea, and R. Pandharipande, “The moduli space of Stable
quotients”, preprint, 2009. arXiv 0904.2992

! After the submission of this paper, Professor R. Pandharipande wrote to the author that he and
A. Pixton had got the general results [Pandharipande and Pixton 2011].



510 SHENGMAO ZHU

[Morita 2003] S. Morita, “Generators for the tautological algebra of the moduli space of curves”,
Topology 42:4 (2003), 787-819. MR 2004g:14029 Zbl 1054.32008

[Mumford 1983] D. Mumford, “Towards an enumerative geometry of the moduli space of curves”,
pp- 271-328 in Arithmetic and geometry, II, edited by M. Artin and J. Tate, Progr. Math. 36,
Birkhiduser, Boston, MA, 1983. MR 85j:14046 Zbl 0554.14008

[Pandharipande 2009a] R. Pandharipande, “The « ring of the moduli of curves of compact type: 17,
preprint, 2009. arXiv 0906.2657

[Pandharipande 2009b] R. Pandharipande, “The « ring of the moduli of curves of compact type: 1I”,
preprint, 2009. arXiv 0906.2658

[Pandharipande and Pixton 2011] R. Pandharipande and A. Pixton, ‘“Relations in the tautological
ring”, preprint, 2011. arXiv 1101.2236

Received December 3, 2010. Revised March 2, 2011.

SHENGMAO ZHU

DEPARTMENT OF MATHEMATICS AND CENTER OF MATHEMATICAL SCIENCES
ZHEJIANG UNIVERSITY

HANGZHOU, ZHEJIANG 310027

CHINA

zhushengmao @ gmail.com



CONTENTS

Volume 252, no. 1 and no. 2

Ravi P. Agarwal, Martin Bohner, Donal O’Regan and Samir H. Saker: Some
dynamic Wirtinger-type inequalities and their applications

Parsa Bakhtary: Splitting criteria for vector bundles on higher-dimensional
varieties

Mélanie Bertelson: Remarks on a Kiinneth formula for foliated de Rham
cohomology

Martin Bohner with Ravi P. Agarwal, Donal O’Regan and Samir H. Saker

Partha Sarathi Chakraborty and S. Sundar: K-groups of the quantum homogeneous
space SU,(n)/SU,(n —2)

Xuewu Chang and Shaobin Tan: A class of irreducible integrable modules for the
extended baby TKK algebra

Sophie Chemla: Duality properties for quantum groups

Kwok-Kwong Stephen Choi and Michael J. Mossinghoff: Average Mahler’s
measure and L , norms of unimodular polynomials

David A. Cox and Evgeny Materov: Tate resolutions and Weyman complexes

Fernando Fantino and Gaston Andrés Garcia: On pointed Hopf algebras over
dihedral groups

Gaston Andrés Garcia with Fernando Fantino

Agustin Garcia Iglesias and Martin Mombelli: Representations of the category of
modules over pointed Hopf algebras over S3 and Sy

Eknath Ghate and Narasimha Kumar: (p, p)-Galois representations attached to
automorphic forms on GL,,

Patrick M. Gilmer and Gregor Masbaum: Integral topological quantum field theory
for a one-holed torus

Ryo Hanaki, Ryo Nikkuni, Kouki Taniyama and Akiko Yamazaki: On intrinsically
knotted or completely 3-linked graphs

Mourad E. H. Ismail and Mizan Rahman: Connection relations and expansions
Narasimha Kumar with Eknath Ghate

Qing Li: Characterizing almost Priifer v-multiplication domains in pullbacks

19

257

275

293
313

31
51

69
69

343

379

93

407
427
379
447



512

Charles Livingston: Knot 4-genus and the rank of classes in W (Q(t))
Issam Louhichi and N. V. Rao: Roots of Toeplitz operators on the Bergman space

Shiguang Ma: Uniqueness of the foliation of constant mean curvature spheres in
asymptotically flat 3-manifolds

Gregor Masbaum with Patrick M. Gilmer
Evgeny Materov with David A. Cox

Marco Mazzucchelli: On the multiplicity of non-iterated periodic billiard
trajectories

Martin Mombelli with Agustin Garcia Iglesias

Michael J. Mossinghoff with Kwok-Kwong Stephen Choi

Ryo Nikkuni with Ryo Hanaki, Kouki Taniyama and Akiko Yamazaki
Takashi Nishimura: Whitney umbrellas and swallowtails

Donal O’Regan with Ravi P. Agarwal, Martin Bohner and Samir H. Saker
Mizan Rahman with Mourad E. H. Ismail

N. V. Rao with Issam Louhichi

Michele Rimoldi: A remark on Einstein warped products

Hal Sadofsky and Brad Shelton: The Koszul property as a topological invariant and

measure of singularities
Samir H. Saker with Ravi P. Agarwal, Martin Bohner and Donal O’Regan
Brad Shelton with Hal Sadofsky
Erling Stgrmer: A completely positive map associated with a positive map
S. Sundar with Partha Sarathi Chakraborty
Shaobin Tan with Xuewu Chang
Kouki Taniyama with Ryo Hanaki, Ryo Nikkuni and Akiko Yamazaki

Kiwamu Watanabe: Classification of embedded projective manifolds swept out by
rational homogeneous varieties of codimension one

Ying-Qing Wu: Exceptional Dehn surgery on large arborescent knots
Akiko Yamazaki with Ryo Hanaki, Ryo Nikkuni and Kouki Taniyama
Shengmao Zhu: Note on the relations in the tautological ring of M,

Xiaorui Zhu: Harnack estimates for the linear heat equation under the Ricci flow

113
127

145
93
51

181
343

31
407
459

427
127
207

473

473
487
275
293
407

493
219
407
499
245



Guidelines for Authors

Authors may submit manuscripts at pjm.math.berkeley.edu/about/journal/submissions.html
and choose an editor at that time. Exceptionally, a paper may be submitted in hard copy to
one of the editors; authors should keep a copy.

By submitting a manuscript you assert that it is original and is not under consideration
for publication elsewhere. Instructions on manuscript preparation are provided below. For
further information, visit the web address above or write to pacific@math.berkeley.edu or
to Pacific Journal of Mathematics, University of California, Los Angeles, CA 90095-1555.
Correspondence by email is requested for convenience and speed.

Manuscripts must be in English, French or German. A brief abstract of about 150 words or
less in English must be included. The abstract should be self-contained and not make any
reference to the bibliography. Also required are keywords and subject classification for the
article, and, for each author, postal address, affiliation (if appropriate) and email address if
available. A home-page URL is optional.

Authors are encouraged to use IATEX, but papers in other varieties of TgX, and exceptionally
in other formats, are acceptable. At submission time only a PDF file is required; follow
the instructions at the web address above. Carefully preserve all relevant files, such as
IATEX sources and individual files for each figure; you will be asked to submit them upon
acceptance of the paper.

Bibliographical references should be listed alphabetically at the end of the paper. All ref-
erences in the bibliography should be cited in the text. Use of BibTgX is preferred but not
required. Any bibliographical citation style may be used but tags will be converted to the
house format (see a current issue for examples).

Figures, whether prepared electronically or hand-drawn, must be of publication quality.
Figures prepared electronically should be submitted in Encapsulated PostScript (EPS) or
in a form that can be converted to EPS, such as GnuPlot, Maple or Mathematica. Many
drawing tools such as Adobe Illustrator and Aldus FreeHand can produce EPS output.
Figures containing bitmaps should be generated at the highest possible resolution. If there
is doubt whether a particular figure is in an acceptable format, the authors should check
with production by sending an email to pacific @math.berkeley.edu.

Each figure should be captioned and numbered, so that it can float. Small figures occupying
no more than three lines of vertical space can be kept in the text (“the curve looks like
this:”). It is acceptable to submit a manuscript will all figures at the end, if their placement
is specified in the text by means of comments such as “Place Figure 1 here”. The same
considerations apply to tables, which should be used sparingly.

Forced line breaks or page breaks should not be inserted in the document. There is no point
in your trying to optimize line and page breaks in the original manuscript. The manuscript
will be reformatted to use the journal’s preferred fonts and layout.

Page proofs will be made available to authors (or to the designated corresponding author)
at a website in PDF format. Failure to acknowledge the receipt of proofs or to return
corrections within the requested deadline may cause publication to be postponed.


http://pjm.math.berkeley.edu/about/journal/submissions.html
mailto:pacific@math.berkeley.edu
mailto:pacific@math.berkeley.edu

4

AGUSTIN GARCIA IGLESIAS and MARTIN MOMBELLI

(p, p)-Galois representations attached to automorphic forms on GL,,
EKNATH GHATE and NARASIMHA KUMAR
On intrinsically knotted or completely 3-linked graphs
RYO HANAKI, RYO NIKKUNI, KOUKI TANIYAMA and AKIKO YAMAZAKI
Connection relations and expansions
MOURAD E. H. ISMAIL and MIZAN RAHMAN
Characterizing almost Priifer v-multiplication domains in pullbacks
QING LI
Whitney umbrellas and swallowtails
TAKASHI NISHIMURA
The Koszul property as a topological invariant and measure of singularities
HAL SADOFSKY and BRAD SHELTON
A completely positive map associated with a positive map
ERLING ST@GRMER

Classification of embedded projective manifolds swept out by rational homogeneous

varieties of codimension one
KIWAMU WATANABE

Note on the relations in the tautological ring of L,
SHENGMAO ZHU

379

407

427

447

459

473

487

493

499

0030-8730(201108)252:2;1-9



	 vol. 252, no. 2, 2011
	Masthead and Copyright
	Mélanie Bertelson
	Partha Sarathi Chakraborty and S. Sundar
	Xuewu Chang and Shaobin Tan
	Sophie Chemla
	Agustín García Iglesias and Martín Mombelli
	Eknath Ghate and Narasimha Kumar
	Ryo Hanaki and Ryo Nikkuni and Kouki Taniyama and Akiko Yamazaki
	Mourad E. H. Ismail and Mizan Rahman
	Qing Li
	Takashi Nishimura
	Hal Sadofsky and Brad Shelton
	Erling Størmer
	Kiwamu Watanabe
	Shengmao Zhu
	Index
	Guidelines for Authors
	Table of Contents

