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REPRESENTATIONS OF THE CATEGORY OF MODULES
OVER POINTED HOPF ALGEBRAS OVER S3 AND Sy

AGUSTIN GARCIA IGLESIAS AND MARTIN MOMBELLI

We classify exact indecomposable module categories over the representation
category of all nontrivial Hopf algebras with coradical S; and S4. As a
byproduct, we compute all its Hopf-Galois extensions and we show that
these Hopf algebras are cocycle deformations of their graded versions.

1. Introduction

Given a tensor category 6, an exact module category [Etingof and Ostrik 20044a]
over €6 is an abelian category .l equipped with a biexact functor ® : € x JM — il
subject to natural associativity and unit axioms, such that, for any projective object
P €% and any M € J, the object P ® M is again projective.

Exact module categories, or representations of ‘€, are interesting objects to con-
sider. They are implicitly present in many areas of mathematics and mathematical
physics, such as subfactor theory [Bockenhauer et al. 2000], affine Hecke algebras
[Bezrukavnikov and Ostrik 2004], extensions of vertex algebras [Kirillov and Os-
trik 2002; Huang and Kong 2004], Calabi—Yau algebras [Ginzburg 2007], and con-
formal field theory, see for example [Barmeier et al. 2010; Fuchs and Schweigert
2003; Coquereaux and Schieber 2007; Coquereaux and Schieber 2008]. Module
categories have been used in the study of fusion categories [Etingof et al. 2005], and
in the theory of (weak) Hopf algebras [Ostrik 2003b; Mombelli 2010; Nikshych
2008].

The classification of exact module categories over a fixed finite tensor category
% has been undertaken by several authors:

— when € is the semisimple quotient of U, (sl>), by [Kirillov and Ostrik 2002;
Etingof and Ostrik 2004b];

— over the tensor categories of representations of finite supergroups, by [Etingof
and Ostrik 2004a];
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— over Rep(D(G)), where D(G) is the Drinfeld double of a finite group G, by
[Ostrik 2003a];

— over the tensor category of representations of Lusztig’s small quantum group
ugy(sly), by [Mombelli 2010];

— and more generally over Rep(H), where H is a lifting of a quantum linear
space, by [Mombelli 2011].

The main goal of this paper is the classification of exact module categories
over the representation category of any nontrivial (that is, different from the group
algebra) finite-dimensional Hopf algebra with coradical kS3 or kSy.

Finite-dimensional Hopf algebras with coradical kS3 or kS, were classified in
[Andruskiewitsch et al. 2010] and [Garcia and Garcia Iglesias > 2011], respec-
tively. For all these Hopf algebras, the associated graded Hopf algebras gr H is of
the form B (X, q) #kS,, for n = 3 or 4, where X is a finite set equipped with a
map > : X x X — X satisfying certain axioms that make it into a rack, and where
q: X x X — k* is a 2-cocycle. We obtain the result:

Let n = 3 or 4, and let Jl be an exact indecomposable module category over
Rep(®B(X, q) #kS,,). There exist

- asubgroup F < S, and a 2-cocycle ¥ € Z*(F, k*),
— asubset Y C X invariant under the action of F,

— a family of scalars {£¢} compatible (see Definition 7.1) with (F, ¢, Y),

such that M 2 gy, F,y, )M, where B(Y, F, ¥, &) is a left ‘B(X, q) #kS,-comodule
algebra constructed from the data (Y, F, ¢, §).

We also show that, if H is a finite-dimensional Hopf algebra with coradical kSs
or kSy, then H and gr H are cocycle deformations of each other. This implies that
there is a bijective correspondence between module categories over Rep(H) and
Rep(gr H).

The content of the paper is as follows. In Section 3 we recall the basic results on
module categories over finite-dimensional Hopf algebras. We recall the main result
of [Mombelli 2011] that gives an isomorphism between Loewy-graded comodule
algebras, and a semidirect product of a twisted group algebra and a homogeneous
coideal subalgebra inside the Nichols algebra.

In Section 4 we show how to distinguish Morita equivariant classes of comodule
algebras over pointed Hopf algebras.

In Section 5 we recall the definition of a rack X and a gl-datum 9, and how
to construct (quadratic approximations to) Nichols algebras %Z(X , q) and pointed
Hopf algebras #(2) from them. In particular, we recall a presentation of all finite-
dimensional Hopf algebras with coradical kS3 or kS4.
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In Section 6, we give a classification of connected homogeneous left coideal
subalgebras of %Z(X ,q) and also a presentation by generators and relations.

In Section 7 we introduce a family of comodule algebras large enough to classify
module categories. We give an explicit Hopf—biGalois extension over %2(X ,q)#
kS,, n € N, and a lifting #(9), proving that there is a bijective correspondence
between module categories over Rep(%z(X ,q) #KkS,) and Rep(#(2)), n =3, 4.
In particular, we obtain that any pointed Hopf algebra over S3 or Sy is a cocycle
deformation of its associated graded algebra, a result analogous to a theorem of
Masuoka for abelian groups [Masuoka 2008]. Finally, the classification of module
categories over Rep(%z(X ,q) #KkS,,) is presented in this section and, as a conse-
quence, all Hopf—Galois objects over S/B\z(X , q) #KkS,, are described.

2. Preliminaries and notation

We will denote by k an algebraically closed field of characteristic zero. The tensor
product over the field k will be denoted by ®. All vector spaces, algebras and cat-
egories will be considered over k. For any algebra A, 4.l will denote the category
of finite-dimensional left A-modules.

The symmetric group on 7 letters is denoted S, and the conjugacy class of all
j-cycles in S, is denoted @’}. For any group G, any 2-cocycle ¥ € Z%(G, k*), and
any h € G, we will denote " (x, y) = (h~'xh, h~'yh) forall x, y € G.

If H is a Hopf algebra, a 2-cocycle o in H is a convolution-invertible linear
map o : H x H — k such that

(2-1) o (x1y, Y1) 0 (x2) Y2y, 2) =0 (Y1), 2(1)) 0 (X, Y2)22))

ando(x,1) =0(1,x) =¢e(x), for every x, y, z € H. The set of 2-cocycles in H is
denoted by Z%(H).

If A is an H-comodule algebra via A : A > H ® A, we will say that a (right)
ideal J is H-costable if A(J) € H ® J. We will say that A is (right) H-simple if
there is no nontrivial (right) ideal H-costable in A.

If H =& H(i) is a coradically graded Hopf algebra, we will say that a left
coideal subalgebra K € H is homogeneous if K = &P K (i) is graded as an algebra
and, for any n, K(n) € H(n) and A(K(n)) € @l’.’:o H()® K(n—i). K is said
to be connected if XN H(0) = k.

If H=8(V)#KkG, where V is a Yetter—Drinfeld module over G and K C H
is a coideal subalgebra, we will denote by Stab K the biggest subgroup of G such
that the adjoint action of Stab K leaves K invariant.

If H is a finite-dimensional Hopf algebra, then Hy € H; C --- C H,, = H will
denote the coradical filtration. When Hy € H is a Hopf subalgebra, the associ-
ated graded algebra gr H is a coradically graded Hopf algebra. If (A, }) is a left
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H-comodule algebra, the coradical filtration on H induces a filtration on A, given
by A, = A~ (H, ® A). This filtration is called the Loewy series on A.

The associated graded algebra gr A is a left gr H-comodule algebra. The algebra
A is right H-simple if and only if gr A is right gr H-simple; see [Mombelli 2010,
Section 4].

3. Representations of tensor categories

Given a tensor category € = (6, ®, a, 1), a module category over 6 (or a repre-
sentation of ) is an abelian category JI equipped with an exact bifunctor

®:6x M—> M
and natural associativity and unit isomorphisms
mxyu: (XQY)M - XQ (Y QM)

and £ : 1® M — M, satisfying natural associativity and unit axioms; see [Etingof
and Ostrik 2004a; Ostrik 2003b]. We assume, as in the first of these papers, that all
module categories have only finitely many isomorphism classes of simple objects.

A module category is indecomposable if it is not equivalent to a direct sum
of two nontrivial module categories. A module category Jl over a finite tensor
category 6 is exact [Etingof and Ostrik 2004a] if, for any projective P € € and
any M € J, the object P ® M is again projective in JL.

If M is an exact module category over 6, then the dual category €% (see [Etingof
and Ostrik 2004a)) is a finite tensor category. There is a bijective correspondence
between the set of equivalence classes of exact module categories over 6 and over
(6]1; see [Etingof and Ostrik 2004a, Theorem 3.33]. This implies that, for any
finite-dimensional Hopf algebra, there is a bijective correspondence between the
set of equivalence classes of exact module categories over Rep(H) and Rep(H ™).

3A. Module categories over pointed Hopf algebras. We are interested in exact in-
decomposable module categories over the representation category of finite-dimen-
sional Hopf algebras. If H is a Hopf algebra and A : & — H ® o is a left H-
comodule algebra, the category M, is the category of finite-dimensional right
sl-modules left H-comodules, where the comodule structure is a s{-module mor-
phism. If &’ is another left H-comodule algebra the category gﬂ/tﬂ, is defined
analogously.

The category of finite-dimensional left s{-modules 4.l is a representation of
Rep(H). The action @ : Rep(H) x 4l — 4.l is given by VR M =V ® M for
all V e Rep(H) and M € y.M. The left sd-module structure on V & M is given by
the coaction A.
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If M is an exact indecomposable module over Rep(H ), then there exists a left H-
comodule algebra s right H-simple with trivial coinvariants such that M >~ 4 as
modules over Rep(H); see [Andruskiewitsch and Mombelli 2007, Theorem 3.3].

If s and ' are two right H-simple left H-comodule algebras such that the
categories 4Jl and Il are equivalent as representations over Rep(H ), then there
exists an equivariant Morita context (P, Q, f, g); thatis, P € .t ,, 0 € T,
f:P®,0— A and g: Q®, P — s, such that the latter are bimodule
isomorphisms. Moreover, it holds that s¢’ >~ Endy(P) as comodule algebras. The
comodule structure on Endy (P) is given by A(T) =T (—1) @ T (0), where

(3-1) (. T)) Toy(P) = o, T(po) =¥ " (P=1)) T (P©) 0y

for any « € H*, T € Endy(P) and p € P. See [Andruskiewitsch and Mombelli
2007] for more details.

From the previous paragraph, we can see that the categories il play a central
role in the theory. The following theorem will be of great use in the next section.

Theorem 3.1 [Skryabin 2007]. Let H be a Hopf algebra and s a left H -comodule
algebra, both finite-dimensional.

(1) If A is H-simple and M € Hy, then there exists t € N such that M, the
direct sum of t copies of M, is a free d-module.

(i) M e filly is free as an A-module if and only if there exists a maximal ideal
J C A such that M/M - J is free as a 4/ J-module. ([l

Part (i) of this theorem is present in the proof of Theorem 3.5 of [Skryabin 2007].
Part (ii), which is Theorem 4.2 of the same paper, will be particularly useful when
the ideal J is such that sd/J =k, since in this case M /M - J is automatically free.

Theorem 3.2 [Mombelli 2011, Theorem 3.3]. Let G be a finite group and let H be
a finite-dimensional pointed Hopf algebra with coradical kG. Assume there exists
Ve (G;Gygb such that gr H = U =B(V) #KkG. Let A be a left H-comodule algebra
right H-simple with trivial coinvariants. There exist

(1) a subgroup F C G,
(2) a2-cocycle r € Z*(F, k*),

(3) a homogeneous left coideal subalgebra ¥ = @;":O HG@) SB(V) where H(1) C
V is a kG-subcomodule invariant under the action of F,

such that gr A >~ K #ky F as left U-comodule algebras. O

The algebra structure and the left U-comodule structure of J # ky, F is given as
follows. If x, y € I, f, g € F then

(x#QOH# ) =x(g-NH#Y (g, f)gf,
AMx#G =(m#e ®(xpo)#g),
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where the action of F' on ¥ is the restriction of the action of G on 6(V) as an
object in goyD. Observe that F' is necessarily a subgroup of Stab J{.

4. Equivariant equivalence classes of comodule algebras

In this section we will show how to distinguish equivalence classes of some co-
module algebras over pointed Hopf algebras, and then we will apply this result
to our cases. Many of the ideas here are already contained in [Mombelli 2010;
Mombelli 2011], although with less generality.

Let I" be a finite group and H be a finite-dimensional pointed Hopf algebra with
coradical kI and with coradical filtration Hy C H{ € --- C H,, = H. Assume there
isVe Foy@ such that gr H = U =*B(V) #kI".

Lemma 4.1. Take T, U as above, and let o € Z*(T',k*) be a 2-cocycle. There
exists a 2-cocycle ¢ € Z*(U) such that ¢|rxr = 0.

Proof. Consider the linear map ¢ : U x U — k defined on homogeneous elements
x,yeU by
o(x,y) ifx,yeU(0);

0 otherwise.

slx,y)= {

Notice that ¢(x, 1) = ¢(1, x) = e(x) by definition. We have to check that (2-1)
holds for x e U(m), y € U(n), z € U(k), and m, n, k € N. If k > 0, the left-hand
side of (2-1) is zero. Set A(z) = Y r_, 7 ® 271, with z* € U(s), s =0, ..., k.
Analogously, set A(y) = Z;ZO y/®y"/, with y' e U(t), t =0, ..., n. Then the
right-hand side is

k n
DY sy g, ) = c(x, ¥ =0,

i=0 j=0

and thus (2-1) holds. Both sides of this equation are similarly seen to be zero if
m > 0 or n > 0, while the case m =n = k = 0 holds by definition of ¢. This map
i1s convolution invertible, and its inverse g_l is defined in an analogous manner,
using o~ ! U

Let oA, o’ be two right H-simple left H-comodule algebras. Let F, F’ C T’
be subgroups and let ¢ € Z%(F, k*), ¥’ € Z*>(F’, k*) be two cocycles such that
Ao = ky F and sy = ky F'. Let K, K" € B(V) be two homogeneous coideal
subalgebras such that grd = K #ky F and grsd’ = K" #ky F'.

The main result of this section is this:

Theorem 4.2. The categories M and 4 M are equivalent as modules over Rep(H)

1

if and only if there exists an element g € T such that A’ ~ gAg™" as comodule

algebras.
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Proof. Let us assume that M = Al as Rep(H )-modules. By [Andruskiewitsch
and Mombelli 2007, Proposition 1.24] there exists an equivariant Morita context
(P, Q, f,h);thatis, Pe Tt ;, 0, f:PR®,0— A" andh: QR , P — d,
where the latter are bimodule isomorphisms, and #’ >~ Endy(P) as comodule
algebras. The comodule structure on Endy(P) is given by A : Endy(P) - H ®
Endy(P) with A(T) = T 1) ® T, where

(4-1) (. T)) Ty () = o, T(po) =¥ ' (P=1)) T (P©)) o)

forany o« € H*, T € Endyg(P), and p € P.

For any i =0, ...,m, define P(i) = P;/P;_1, where P_; = 0. The graded
vector space gr P = @)L, P(i) has an obvious structure that makes it into an
object in the category Ul g s , F- Denote the coaction by 5 grP—>U®grP. In
particular, gr P € Ytk ; thus, by Theorem 3.1(2), we have gr P ~ M ® K, where
M=grP/(grP-K%)since K/KT =k.

We have §(grP - KT) Cc (U®grP) (KT @1 +U®KT), since K =k® K™+
and thus the map & induces a new mapZS\: M— U ®M,where U=U/UK"U.
Notice that U’ is a pointed Hopf algebra with coradical kI", since U is coradically
graded and the ideal U KU is homogeneous and does not intersect Uy. M is also
a ky F-module withm - f = m- f,for f € F,m e M. This action is easily seen to
be well defined and, moreover, M € U:/I/L[k VF-

Let ¥ € Z2(I', k*) be a 2-cocycle such that W|p.r = ¥; see [Brown 1982,
Proposition II1 (9.5)]. Let ¢ € Z2(U’) be such that Clexr =W~ !, asin Lemma 4.1.
By [Mombelli 2010, Lemma 2.1], there exists and equivalence of categories

s ’
v Jl/t[kp ~ UM(u(F)W.

By Theorem 3.1(2), any object in U/(JI/LW is a free kF-module. Thus, there is
an object N in U/UGE) i such that grP ~ N®K ®ky F. Therefore, dim P =
(dim N)(dim s4). Similarly, we can assume that there is an s € N such that dim Q =
s dim o’

Using Theorem 3.1(1), there exists ¢ € N such that P’ is a free right sd-module;
that is, there is a vector space T such that P! >~ T ® #, and hence

4-2) tdimN =dimT.

Since P®y4 QO ~ ', wehave PP @y O >T ® Q ~ A" and so sdim T dim ' =
tdim o', Using (4-2), we see that sdim N =1, so dim N = 1, so dim P = dim «.
Claim 4.1. Ifn € Py, then P =n - A.

Notice that Py # 0. In fact, if Py =0 and k£ € N is minimal with P # 0, then
MPr) C Z];:o H;_; ® P; = Hy® Py, which is a contradiction. Let g € I" be such
that A(n) = g®n. Now, if J ={a e d : n-a =0}, then J is aright ideal of «{. We
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n

will prove that J =0. Leta € J and write A(a) = Y __, @’ ®a; in such way that the
set{a’ :i=1,...,nyC His linearly independent. Now, {gai :i=1,...,n}CH
is also linearly independent, and we have 0 =A(n-a) =Y ", ga' ® n - a;. Thus,
n-a;=0foralli =1,...,n;thatis, AM(a) € H® J and J is H-costable. As « is
right H-simple, we have J = 0. Therefore, the action - : N ® s{ — P is injective
and, since dim P = dim N dim «, the claim follows.

It is not difficult to prove that the linear map ¢ : gsdg~" — Endy(P) given by
¢(gag_1)(n -b) =n-ab is an isomorphism of H-comodule algebras.

Conversely, if 4’ ~ gslg™! as comodule algebras and M € oL, then the set
gMg~! has a natural structure of s{’-module in such way that the functor F :
g — M with M +— gM g~ ! is an equivalence of Rep(H )-modules. ]

-1

5. Pointed Hopf algebras over S3; and Sy4

In this section we describe all pointed Hopf algebras whose coradical is the group
algebra of the groups Sz and S4. These were classified in [Andruskiewitsch et al.
2010] and [Garcia and Garcia Iglesias > 2011], respectively.

Recall that a rack is a pair (X, I>), where X is anonempty setand >: X x X — X
is a function, such that, for all i € X, ¢; =i > (-) : X — X is a bijection, and
satisfiesi > (j> k) =G> j) > (i>k) for all i, j, k € X. See [Andruskiewitsch
and Grana 2003a] for detailed information on racks.

Let (X, >>) be arack. A 2-cocycle g : X x X — k*, denoted by (i, j) > g;j, is
a function such that, for all i, j, k € X,

qi,j>k 4.k = qir>j,i>k 9i k-

In this case, it is possible to generate a braiding c¢? in the vector space kX with
basis {x;};cx by setting ¢?(x; ® x;) = g;jxi>;® x; for all i, j € X. We denote by
B (X, q) the Nichols algebra of this braided vector space.

5A. Quadratic approximations to Nichols algebras. Let

=Py

r>2

be the defining ideal of the Nichols algebra ‘B(X, g). We give a description of the
space $2 of quadratic relations.

Let R be the set of equivalence classes in X x X for the relation generated by
i, j)~(@{r>j,i). Let C e R and (i, j) € C. Take i, = j, i» =i and, recursively,
int2 =ipy1 D> ip. Set n(C) =#C and

n(C)
R = {C €R: 1_[ ipyr,in = (_l)n(c)}-
h=1
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Let I be the free associative algebra in the variables {7;};cx. If C € %R/, consider
the quadratic polynomial

n(C)

(5-1) pc = m(C) T, Ty, €,
h=1

where 71(C) = 1 and n,(C) = (—=1)""'q1,1,Gisiy - - - Giiy_, With b > 2. Then, a basis
of the space $? is given by

(5-2) ¢ (lxidiex) for C e 9.

We denote by %Z(X , q) the quadratic approximation of B(X, ¢), that is, the al-
gebra defined by relations ($?). For more details, see [Garcia and Garcia Iglesias
> 2011, Lemma 2.2].

Let G be a finite group. A principal YD-realization of (X, q) over G [An-
druskiewitsch and Grafia 2003a, def 3.2] is a way to realize this braided vector
space (kX, c?) as a Yetter—Drinfeld module over G. Explicitly, it is a collection
(-, 8, (Xi)iex), where

— - is an action of G on X,

- g:X — G is a function such that g,; =hg;h ™' and g; - j =i > J,

— the family (x;);ex, where x; : G — k* is a 1-cocycle (that is,
Xi(ht) = xi(t) xr.i (h),
forall i € X and h,t € G) satisfies x;(g;) =q;i.

If (-, g, (xi)iex) is a principal YD-realization of (X, g) over G, then kX € goyéb,
as follows. The action and coaction of G are determined by

S(x))=gi®xi, h-xi=xi(h)x,; forieX hegG.
LemmaS.1. If (i > j)>i=jforanyi, j € X, then
(5-3) Xi(H)arissjri=xj(f)qisji forany fe€Gandi,jeX.

5B. Nichols algebras over S,. Let X be 05 or @j, considered as racks with the
map > given by conjugation. Consider the maps

sgn: S, x X — k¥, (o,i) — sgn(o),
1 ifi=(a,b)ando(a) <o(b),

Sn @Vl [k*’ , 1 i = .
X X 2_) (G l)'_)X(G) {_1 lfi=(a,b) and(f(a)>0(b)
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We will deal with the cocycles
—1:X x X — k¥, (j, i) — sgn(j) = —1, i,jeX;
x 105 x 05 — k', (J, D)= xi(j) i, j€0;.
The quadratic approximations of the corresponding Nichols algebras are

B, (04, —1) = kxgmy, 1 <l<m<n \x(zab), X(ab)X(ef) + X(ef)X(ab)s
X(@b)X(be) + X(be)X(ac) + X(ae)X(ab)»
l<a<b<c<n,1<e< f<n, {a,b}ﬂ{e,f}z@),
B2(03, %) =K{xam, 1 <L <m <n |2, XabyXer = Xen b,
X(ab)X(bc) — X(be)X(ac) — X(ac)X(ab)»
X(be)X(ab) = X(ac)X(be) — X(ab)X(ac)>
l<a<b<c=n,1<e<f=<n, {ablNfe f}=02),
By (0, —1) = k{x;, i € 0% [x2, xix1 +x1x;,
XiXj +xex; +xjx if ij = ki and j #i £k € 0F).
Example 5.2. A principal YD-realization of (0}, —1) or (0}, x), respectively of
X,q9)= (0%, —1), over S, respectively over Sy, is given by the inclusion X — S,
and the action - is the conjugation. The family {x;} is determined by the cocycle. In

either case, g is injective. Forn =3, 4, 5, this is in fact the only possible realization
over S,,.

Remark 5.3. Notice that all (05, —1) and (0}, x) for any n, and 0%, —1) satisfy
that R =%R’. When n =3, 4, 5, we have from [Andruskiewitsch and Grafia 2003b;
Garcia and Garcia Iglesias > 2011]

B, (07, —1) = B(O", —1),
B, (04, x) = BOL, x),
dim B (05, —1), dim*B (05, x) < oo.

5C. Pointed Hopf algebras constructed from racks. A quadratic lifting datum
(or gl-datum) [Garcia and Garcia Iglesias > 2011, definition 3.5] is a collection
9 = (X, q, G, ( , 8, (Xl)lex), (yc)CEgy) consisting of a rack X, a 2-cocycle ¢, a
finite group G, a principal YD-realization ( , & (XDie x) of (X, g) over G such
that g; # g;gi forall i, j, k € X, and a collection (yc)cea € k satisfying that, for
each C ={(iz, i1), ..., (in, in—1)} € R and k € X, we have

(5-4) yc=0 if 8i8i, = L
(5-5) YC = Qi Qi Yisc kD> C =1{k> (i2,i1), ..., k> (in, ip-1)}.
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To each gl-datum 2 is attached a pointed Hopf algebra #(2), generated as an
algebra by {a;, H, : | € X, t € G} subject to the relations

(5-6) H,=1, HH;=H;, fort,s € G;
(5-7) H;a; = xi(t) a;; Hy fort e G, l e X;
(5_8) ¢C({al}l€X) = VC(l - Hg,-gj) for C € gt,? (la ]) € C

Here, ¢¢ is as in (5-1) above. The algebra #(2) has a structure of pointed Hopf
algebra by setting

AH)=HQH;,, Alag)=¢g ®Ra;i+a 1 fort e G,i e X.
See [Garcia and Garcia Iglesias > 2011] for further details.

5D. Pointed Hopf algebras over S,. The following ql-data provide examples of
(possibly infinite-dimensional) pointed Hopf algebras over S,: for «, 8, A € k and

t=(a, p),

(1) 2,1 = (Su, 05, —1, -, 1, {0, a, B},
(2) 2%[A]1=(Sn, 04, x, -, 1,{0,0,}), and
(3) D[t] = (S4, 05, =1, -, ¢, {, 0, B}).

We will present explicitly the algebras #(9) associated to these data. It will follow
that relations (5-8) for each C € R’ with the same cardinality are S,-conjugated.
Thus, for each C with a given number of elements, it is enough to consider a single
relation.

Example 5.4. %(92;1 [¢]) is the algebra generated by {a;, H, :i € 05, r € S, } with

relations
H,=1, H.H,=H,;, forr,seS,;

Hja; = —ajjjH; fori, j e 05;

a(212) =0

a2)aa4) +acaaaz) = a(l — HazyHagy);

aaz)aes) +aesyaas) +aazaaz = B(1 — HazyHes)).
Example 5.5. %(2)[)]) is the algebra generated by {a;, H, : i € 03,r €S,} with
reltons . HH,=H, forrseS:

Hja; = x;i(j)ajijH; fori,je0y;

a(zlz) =0;

ai2)aa4) — aaayaazy = 0;

a(12)a3) — ae3)aas) —aaz)aaz) = a(l — Haz) Hiz)).
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Example 5.6. #(9[t]) is the algebra generated by {a;, H, : i € @i, r € S4} with
relations
H,=1, H.H=H,, forr,seS,;

Hja; = —ajijH; fori €0y, j €03;
afip34) = (1 — Huz How):
a(1234)a(1432) +aq432)a234) = 0;

a(1234)0(1243) T A(1243)A(1423) + A(1423)A(1234) = ,3(1 - H(IZ)H(B))-

These Hopf algebras have been defined in [Andruskiewitsch and Grafia 2003b,
def 3.7], [Garcia and Garcia Iglesias > 2011, def 3.9] and [Garcia and Garcia Igle-
sias > 2011, def 3.10], respectively. Each of these #(2) satisfies gr #(2) =
%Z(X ,q) #kG for G = S, with n as appropriate [Garcia and Garcia Iglesias
> 2011, propositions 5.4, 5.5, 5.6].

Remark 5.7. We have the following classification results:

() #@Q5 ! [t]D, with t = (0, 0) or t = (0, 1), are all the nontrivial finite-dimensional
pointed Hopf algebras over S3 [Andruskiewitsch et al. 2010].

2) %(92;1 [t]), 9625 [¢]) and €(D[¢]), with 1 € [P’ul< U{(0,0)} and ¢ € {0, 1},is a
complete list of the nontrivial finite-dimensional pointed Hopf algebras over
Sy [Garcia and Garcia Iglesias > 2011].

We will classify module categories over the category of representations of any
pointed Hopf algebra over S3 or Sy, that is, of the algebras listed in Remark 5.7.

6. Coideal subalgebras of quadratic Nichols algebras

A fundamental piece of information to determine simple comodule algebras is
the computation of homogeneous coideal subalgebras inside the Nichols algebra.
This is part of Theorem 3.2. The study of coideal subalgebras is an active field
of research in the theory of Hopf algebras and quantum groups, see for example
[Heckenberger and Kolb 2011; Heckenberger and Schneider > 2011; Kharchenko
> 2011; Kharchenko and Sagahon 2008].

In this section we present a description of all homogeneous left coideal subal-
gebras in the quadratic approximations of the Nichols algebras constructed from
racks.

FixneN,let X ={ij,...,i,} be arack of n elements and g : X x X — k* a
2-cocycle. Let R be as in Section SA. Assume that, for any equivalence class C in
% and i, j, k € X, we have

6-1) G, j),G.keC = j=k and @, ), (k,i)eC = k=i>].
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Let G be a finite group and let (-, g, (xi)icx) be a principal YD-realization of
(X, g) over G. We further assume that

(6-2) g isinjective and R=R".

Foreachsubset Y C X, withY ={i;,...,i; } € X, denote by J{y the subalgebra
of Br(X, q) #Kk1 generated by xj,, ..., xj,. Set % =B (X, q) #kG.
Proposition 6.1. For each set Y ={i;,...,i;} € X the algebra Iy is an homo-
geneous coideal subalgebra of . For each such selection, if S = {g,-j1 s 8ig ks
then

Stab¥y =S¢ ={h e G: hSyh™' = Sy}.

Moreover, if X is a homogeneous coideal subalgebra of ¥ generated in degree one,
then there exists a unique Y C X such that

H=Hy.

In particular, the set of homogeneous coideal subalgebras of ¥ generated in degree
one inside B>(X, q) # k1 is in bijective correspondence with the set 2% of parts
of X.

Proof. Tt is clear that ¥ = Iy is a homogeneous coideal subalgebra. To describe
Stab J{ it is enough to compute the stabilizer of the vector space k{x;, ..., x; }.
But h-xj, = xj(h) xp.j, k=1,...,r, and xp.j, € {xj,...,x;} if and only if
h-ji€{j1,...,jr}, if and only if g;.;, = g forsome [ =1, ..., r. And the first
part of the proposition follows since gj.;, = hg jkhfl.

Let ¥ be a homogeneous coideal subalgebra of # generated in degree one. If
H =k the result is trivial, so assume that K £ k. Since I is homogeneous, J (1) #£0.
Let0#y=> " Ax; € JH(1); then

A()=y®1+ ) XHy®x; whichimplies Y AH,®x; € ¥o®¥H(1).
4 1
Let ), AiHo®xi =) o H ® ke, where ke = 3y myjxj € J(1) with n; € K,
for all ¢, j.
From the assumption (6-2) we know that H; = H,; if and only if 7 = g;, and
gi=gjifandonly if i = j, where i, j € X and 7 € G. Hence n,, =0 if 1 # g for
some k € X. Set n;; = n,, ;. Thus,

Y hiHy ®xi= ) mjHy ®x;.
i i
Therefore, A; # 0 implies n;; = 6; jA;, and so k; = x;. Thus, {x; |A; #0} C K
and H(1) = EBXI,G%(U k{x;}. Therefore, if Y ={i € X : x; € H(1)}, then H = Hy.
Finally, if Y # Y”, then it follows from the injectivity of g that Xy 2 Iy as coideal
subalgebras. (]
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The next general lemma will be useful in Section 6A to prove that certain sub-
algebras are generated in degree one. Given a rack X, let us recall the notion of
derivations §; associated to every element of the canonical basis {e;};ex. If {¢'}icx
denotes the dual basis of {e;};cx, then §; = (id ® ¢')A. For i € X, we denote by
X; the set X\ {i}, and thus kX; =k{x; | j € X;}. Let us assume, furthermore, that

(6-3) gii=—1 forall i € X.

By (6-2), this condition is satisfied if, for example, dim %Z(X, q) <ooor X is
such that i >i =i for all i.

Lemma 6.2. Let X C %Z(X ,q) #Kk1 be a homogeneous coideal subalgebra of ¥,
and leti € X. If there is an w € K such that §; (w) # 0, then x; € H(1).

Proof. Let X = @, H(s), w € T(kX),and i € X. In ¥,
o=0u;j(®)+Bi(w)x; with;(w), Bi(w) € Kx,.

It suffices to see this for a homogeneous monomial w. We see it by induction on
¢ ={(w) e Nsuch that w € T*(kX). If £ =0 or £ = 1, this is clear. Let us assume it
holds for £ =n—1, forsome n € N. If {(w) =n and w=xj, ... x;,, two possibilities
hold: j; #i or j; =i. In the first case, let o' = xj,...xj,. Then, £(') <n —1
and therefore there exist o; ('), Bi (@) € X x, such that ' = o; (') + Bi (') x;. As
xjai(w), xj,Bi(w') € Kyx,, in this case the claim follows.

In the second case, let j = j, and let us note that j # i, by (6-3). By (6-2), we
can consider the relation

XiXj =dqijXi>jXi — qijqiv>jiXjXi>j-
: /! /! /!
Thus, if 0" = XjgeoeXjys then w = qijXisjXi®W" —(qijqi>jiXjXi>j® and both mem-
bers of this sum belong to iy, 4+ Hx,x; because of the previous case; the claim
follows.

Let 7 : @Tzo H(s) @ H(m — s) — H(m — 1) ® H(1) be the canonical linear
projection. Let w € T (kX), i € X and ¢; (w), Bi (w) as above. Then,

TA®) € fi(@) ®xi + P x;.
J#L
Notice that §; (w) = Bi (w), and therefore, if §; (w) # 0, it follows that x; € ¥ (1), by
using (6-2) as in the proof of Proposition 6.1. O

In this part we will assume that X is one of the racks 05, n € N, or @3, with
g one of the cocycles in Section 5B. Notice that (6-1) is satisfied in these cases.
Using the previous results, we will describe explicitly all connected homogeneous
coideal subalgebras of the bosonization of the quadratic approximations to Nichols
algebras described in Section 5B.
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We first introduce some notation. Let ¥ C X be a subset, and define
RN ={CeR:CCYxVY)},
RY={CeRr:|ICNYxY|=1},
RY={CeRr:CnY xY=0).
Remark 6.3. For the gl-data in Section 5D, we have % = R URY URY for any
subset Y. If f € Stab¥y then f-RY C RY for any s = 1, 2, 3. Also, (6-3) holds.

Definition 6.4. Take the free associative algebra J in the variables {7}};cy. Ac-
cording to this, we set ¥¢c.y ({T1}iey) in J as

dc({Ti}iex) if C e R,
(6-4) Ocy({Tihiey) =\ T;T;T; — qij: T;TiT;  ifCeRY, (G, j)eCNYxY;
0 if C e Y.

We define the algebra £y as
(6-5) Ly =k{{yitier)/ (Ocy{yihiey) : C € R).

If Y =X, then £x =*B(X, ¢g). For simplicity, we sometimes write ¥¢ for ¥ y.

Take B to be one of the quadratic (Nichols) algebras %2(@”, —-1), %2(@”, X),
or B(04, —1). Accordingly, set X =073, g =—1, x or (X, q) = (0%, —1). Con-
sider a YD-realization for (X, g) such that (6-2) is satisfied (for instance, one from
Example 5.2). Set # = ‘B #kG.

Theorem 6.5. Let Y C X. £y is an H-comodule algebra with coaction
Si)=g®yi+xi®1l, ieY.

The map y; — x;,i €Y, defines an epimorphism of #-comodule algebras Ly —

Hy. Moreover, if n = 3, it is an isomorphism and Ly = Hy.

Proof. The relations that define £y are satisfied in B. In fact, it suffices to check
this in the case C € 97%5 , since in the other ones we have 9¢ = 0 or ¥¢ = ¢¢, and
¢c = 0 in B; see (5-2). Now, if C e R} and (i, j) e CNY x Y, letk =i > j.
By the definition of %Y, we necessarily have k # i, j. Then, if we multiply the
relation x;x; — g;;XijX; +qijqi>jiXjXi>; = 0 by x; on the right, and apply these
relations to the outcome, we get
0 = xixjXi +qijqir>ji XjXijXi = XiXjXi +qi>jiXj(XiXj +Gijqir>ji XjXir>j)
= XiXjXi +qisji XjXiXj.

Thus, we have an algebra projection 7 : £y — Hy. It is straightforward to see that

SWey({yilier)) = Ve y({xiliey) ® 1+ gy ® ¥e,y({yi}iey) forevery C € R,
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where
gig; ifCeRV, G, j)eC,
gy =18gj& HCeR) (i, j)eCnyxy,
0, if C e RY.
Therefore, § provides £y with a structure of #-comodule in such a way that &
becomes a homomorphism.

We analyze now the particular case n = 3. If |Y| = 1, the result is clear. Let
us suppose then that Y = {i, j} C @g. Notice that the map 7 is homogeneous. If
y eker(w), then 7(y)=01n B3, —1). By (5-2), we necessarily have deg y > 3.
Now, if deg y = 3, then

Yy =ayyjyi+Byjyiyi =@+ B)y;jyiy;.

for «, B € k. Then, w(y) = 0 implies that « = —f and y = 0. Finally, we can
see that there are no elements y € £y with degy > 4. In fact, an element y with
deg y =4 would be of the form

Yy =ayiyiyiyj+Byjyiyiyi = ayiyiyjyi+Byjyjyiyj = 0.
This also shows there are no elements of greater degree. Therefore, £y = Hy. U

Remark 6.6. If n # 3, then in general £y # Hy. In fact, whenn =4, g = —1 and
we take ¥ = {(13), (23), (34)} C 0%, we have

Ly Zkix,y,z 0 x%, y%, 2%, XyX — yXy, yZy — 2y, XZX — ZXZ).

Now, in the subalgebra of B(03, —1) generated by x = x(23), y =x(34) and z = x(13),
we have the relation

(X}’Z)2 = X(23)X(34)X(13)X(23)X(34)X(13)
= —X(23)X34) (X(23)X(12) + X(12)X(13)) X(34) X (13)
= X(23)X(34)X(23)X(34)X(12) X (13) T X(23)X(12)X(34) X (13)X (34) X (13)
= X(23)X(23)X(34)X(23)X(12)X(13) T X(23)X(12)X(34) X (34) X (13) X (34)
=0.

But (xyz)? # 0 in £y. We will prove this using GAP [2008] with the package
GBNP [Cohen and Gijsbers > 2011]. See Proposition 6.9(6) for a description of
Hy in this case.

6A. Coideal subalgebras of Hopf algebras over S,. Set n = 3 or 4, let B be a
finite-dimensional Nichols algebra over S,,, and # = B #kS,,. Recall that these
Nichols algebras coincide with their quadratic approximations. We will describe
all the coideal subalgebras of #. We will also calculate their stabilizer subgroups.
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We start out by proving that in this case these coideal subalgebras are generated
in degree one.

Theorem 6.7. If X is a homogeneous left coideal subalgebra of ¥, then X is gen-
erated in degree one. In particular, X = Ky for a unique Y C X.

Proof. We will see that, given w € I, we have w € (x; : §;w # 0). Then, by
Lemma 6.2, it will follow that w € (J(1)). Let I = {i € X : §;&w = 0} and let us
assume / has m elements. We will proceed case by case, form =0, ..., 6.

The cases when m = 0 (that is, x; € ¥ (1) for all i € X), m = 6, and in general
m = n (since then w = 0, see [Andruskiewitsch and Grafia 2003b, Section 6]) are
clear. The case m =1 is Lemma 6.2, which also holds for any n € N.

Consider the case m = 2, for any n € N. Let I = {i, p}. We know that there is
an expression of w without, say, x;. Let us see that we can write w without x; nor
xp. Let j € X such that pr> j =i. Using relations as in Lemma 6.2, and using that
X1 Xy X1 = —qsr1 XXX and x,.x7x,x; =0 for all [, r € X, we can assume that @ can
be written as 0 X 5

W=y +V xXp+VXpX;
with 0, 1, 2 not containing x;- or xp-factors in their expressions.

In more detail, we can assume that w € T*(kX) is a homogeneous monomial.
For each appearance of a factor x,x; with [ # j, we replace it by g, x;xp; +
qpiqp>ip X pr>1 X p. That is, we replace by an expression in which x ), is located more
to the right, and an expression that does not contain x; or x,, (in the position where
we had an x,). If we have a factor of the form x,x;, we move it to the right until
we get to x,x;x,, but we can replace this expression by —¢q . jp XjXpX;.

Now, 0 =6,0 = ylgp + yzgpxj =(y! —I—quyzxi)gp, and therefore we have

1 2 2 2
o=y +y'xp+qp v xixp +apiqipyxjxi = v+ apiqipyx;xi.
But then, 0 =6§;0 =¢q,;q; pyzx ;& and therefore w = y? can be written without x;
or X,.
This finishes the case n = 3, since in this case |X| = 3. We now set n = 4, and

deal with the cases m = 3, 4, 5.
Consider the case m = 3. Fix I = {iy, i, p}. There are three possibilities:

(6-7) I={i,j,k} suchthatik=kor j>k=k;
(6-8) I =1{i, j,I} (the remaining case).

Let ji, j» € X be such that p>> j; =i, for s = 1, 2. We can assume that w is written
without x; for s = 1,2. Notice that ji, j» do not always exist. For instance, in
(6-6) there are no jj or jo, and in (6-7) j; or j, do not exist. We analyze the three
cases separately.
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In (6-6), as there are no ji, j», we can write w in the form w = %+ y lxp, with
v, ¥! without factors xj, j € 1. But from §,0 = 0 it follows that w = y? and,
therefore, we can write @ without factors x;, j € I.

Case (6-7) is similar. Assume, for example, that i; > p = p. Then, we have no
J2. Accordingly, we can assume that w is of the form

o=y +y'x, +v2xpx = v+ v %, + qp v X xp + apidjin v XX,

with y!, 92, y3 without factors xj, j€Il. Now, 0 =6,0 = y'p +quly2x,~1)gp
and thus @ = y°+q,j,¢j,i, ¥ X, xi, but, as §;, 0 =0, it follows w = y° and therefore
w is written without factors x;, j € 1.

It remains to see (6-8). The existence of jj, j» makes this case more subtle than
the previous ones. Let us analyze the set [ = {ij, i2, p}. We have k =i > i, =
i > i1 ¢ I but, moreover, we have X = {iy, i2, p, k, j2, j1}. In fact, we can have
neither i| > i, = j| (since this implies iy = p) nor i| I> i, = j, (since this implies
i1 = p). More, we have i> > j; = ji, and therefore x;,x;, = g;,;, X, Xi,. Set

a=xp, b:le, C=Xj,,

d=x;, e=uxi, [=2xk.

We analyze which are the longest words that we can write with the “conflicting”
factors a, b and c, starting with a. Recall that aba = +bab and abb = 0. Starting
with ab, we can preliminary form the words abca and abcb. Now, abcac =
+babca, and thus we discard it. Consider abcb. Since abcabc =0, we are left with
abcaba. As abcabab = 0, we reach abcabac. As abcabaca = abcabacb = 0,
we keep this word. In the case of abcb, arguing similarly, we reach abcbach. If
we start with acb, as acbc = tabcb, we consider those words starting with acba.
The longest one is acbacab, but this is abcbacb. So the longest word we can
form that was not considered before is acbac.

In consequence, we can assume there exist y* €3, i =0, ..., 15, without factors
xj, j €I, such that w is of the form

o=y +yla+y?ab+ y abc + y*abca + y abcab + y®abcaba
+y’abcabac + yBabeb + y abeba + yabebac + y M abebach
+y2ac+yBach + y*acba + yPacbac.
Using the relations and the fact that 6, = 0 for s = p, i1, i, we will show that we
can write w without factors x;, s = p, i1, i». When using the relations, by abuse of
notation, we will omit the scalars ¢.. that may appear, including those in the (new)

factors . When needed, we will denote by yi/, yi//, y"/” € X some of these scalar
multiples of the y*.
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As §,w =0, we can rewrite @ as

w=y"+y%bd + y3bdc + )/ydce + y3bdcbd + )/S/dcebd + 1y abcabce
+y8bdceb + J/S/dceb + )/8Udebd + y%abcbee + y''abebebd
+ y”/abcbceb +y2ce+yBebd + ylyceb +yBacbea + yls/acbce.
Using that §;, w = 0 together with the relations dc = +cd, be = Leb, bcbh = tcbc
and abcabc = bcbe = 0, we see that
w=7y"+y%bd +y3bcd + y* cde + y bdcbd + v dcebd
+yabedeae + y3bdcb + y¥ dcbe + y¥ dbed + y ' abebeda
+y2ce+ yBbed + y13/cbe +yBacbce + yls/edaea.

Using that §;,« = 0 together with the relations, we get to

w=7y"+y2bd +y3bed + y bebad + v chafe + v chaed
+ y8bcad + ys/bcba + yg//baed + yswbafe + y'Yabcbebd
+ y”/abcbeab + y”//abcbfea + )/“Wabcbfac + yBbed + )/]3/bfe.

Using now that §;, =0,

w=y"+y>chafe+yibcba+y®bafe+y' abcbach
+ J/“/abcbfce + y“ﬁabcbfac—i- y13bfe.

Using again that §;,«w =0,

w= yo + ysbcba + y“abcbacb + y“/abcbafc
= B° + Bla + p*abcbach + Babebabf

for ,Bi €XH,i=0,...,3, without factors x;, j € I. Using that § ,& =0,
w = B°+ p*dedaeda + Bdedadaf = B°,

since edaeda = dada = 0. That is, we can write w without any factors x;, j € I.

In the case m = 4, we look at the different subsets of three elements of /. If we
have a subset of three elements that corresponds to the case (6-8), it follows that
w can be written without the factors x; with j in that subset, and then w is in an
algebra isomorphic to B(03, —1), for which we have already proved the result. If
we have a subset as in the case (6-6), when we add to this subset a fourth element
we obtain another subset as in the case (6-8). If our subset corresponds to the case
(6-7), in order to get to a case different from (6-8), we necessarily have to add a
fourth element such that 7 is

I={i,j, k1) withidk=rkand j>I=1.



362 AGUSTIN GARCIA IGLESIAS AND MARTIN MOMBELLI

We analyze this case. If p € I is fixed and w is written without factors x; with
j € I\ {p} ={i1, iz, i3}, notice that if p > i3 = i3 there is no other j; such that
p > j3 = i3 and, moreover, if j;, jo are such that p > j; = i; for s = 1, 2, then
Xxj,Xj, =%x,x;,. Therefore, we can assume that there are y’ fori =0, ..., 4, such
that they do not contain factors x; for j € I, and such that w can be written as

0 1 2 3 4
W=y +Vy Xp+ VY XpXj TV XpXjiXj, TV XpXjXj,Xp

0, .2 3 3 4 :
=y VY XjXi, TV XjXi X j, VX XjpXi, TV X XiyXp  (since S, = 0)

= yo + )/ijlx,-l + y3lexi1xj2 + y3/xi1xj2x,~2 (since 8, = 0)
=y + szjlxil + V3xj1xi1xj2 (since 8;,w = 0)
=y + v x,x )%, (since 8;, 0 = 0)
=90 (since 8, = 0).

Then, we can write w without x; for j € I. In the case when m =5, w necessarily
belongs to an algebra isomorphic to B(03, —1). U

Now, we apply Theorems 6.5 and 6.7 to calculate the coideal subalgebras and
stabilizer subgroups of ¥ = ‘B(@%) #KkSs.

Corollary 6.8. The following are all the proper homogeneous left coideal subal-
gebras of B(03, —1) #KkS;:

(1) %Ki = (x;) = k[x]/(x?) fori € O3,

(2) Wi j = (xi, xj) Zh(x, y)/(¥% y% xyx — yxy) for i, j € 0.

The nontrivial stabilizer subgroups of S3 are, respectively, case

(1) Stab¥; =7, = (i) C S3,

(2) StabJ{; ; = Z, = (k) C S3 fork #1, j. O

Next, we use the computer program [GAP 2008], together with the package

[Cohen and Gijsbers > 2011], to compute the coideal subalgebras of the finite-
dimensional Nichols algebras over Sy associated to the rack of transpositions @3.
In the same way can be computed the coideal subalgebras of the Nichols algebra
2B(0%, —1) associated to the rack of 4-cycles. The presentation of these algebras
may not be minimal, in the sense that there may be redundant relations. Moreover,
in the general case, non-redundant relations in a coideal subalgebra 3 may become
redundant when computing the bosonization with a subgroup F < Stab .

First, we need to establish some notation and conventions. Let k(x, y, z) be the
free algebra in the variables x, y, z. We set the ideals

RE(x, y,2) = (x%, y%, 22, xy + yz £ zx) C k{x, v, 2).
Set B =B(0%, —1) and B, = B(0?, x). Recall that Y stands for a subset of 02,
4 4 2
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Proposition 6.9. Ler ¢ = +. Any homogeneous proper coideal subalgebra K¢ of
B #Kk1 is isomorphic to one of the algebras in the following list:

- dim¥**(1) =1:
(1) Y ={i}, #* =K[x]/(x?), and dim¥K* =2.
- dim¥** (1) =2:

Q) Y={i,j}, i>j=j, #=kix,z)/(x2, 22, xz+€ezx), and dim I = 4.
B) Y={i, j}, ij#Jj, KE=k(x, y)/(x2, ¥2, xyx—eyxy), and dim H* =6.

- dim¥*(1) =3:

@) Y={i, j k}, i j=k, H°=k(x,y,2)/(R*(x,y,2)), and dimH* =12.
S)Y={i,j.kl, i>j#jk i>k=k,

HE s =kix, y, 20/ (6%, ¥2, 2, xyx — eyxy, 2yz — eyzy, Xz + £2x),

and dim K¢ = 24.

©) Y={i,jk},i>j, j>k i>ké¢l{ij k},
2

Ky =kix,y,z: x2,y%, 22,
VXY — EXYX, ZXZ — EXZX, ZVZ — EYZY,
ZXyZ + yzxy +XxXyzx, zyxz+ yxzy +xzyx
IXYXZX + EYZXYXZ, ZXYXZY + EXZXYXZ),

and dim J}{* = 48.
- dim¥*(1) =4:

N Y={,jkl}l,ibj=ki>l=I,
Hy =k{x,y,z, w : x2, yz, 22, w2,
Zx +eyz+exy, zy+yx +exz, wz+ezw,
VXY — EXYX, WXW — EXWX, WYW — EYWY,
WYX + EWXZ — EZWY, WYZ + WXY — ZWX
WXYZ — ZWXZ, WXIZW +XWXZ,
WXYW + YWXY + XYWX, WXYXZ — EIWXYX,
WXYXWX + EYWXYXW, WXYXWY + EXWXYXW),
and dim J? = 96.
@ Y={,jkl},i>j£jk ivbk=k j>l=I,
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Hy =k{x,y,z,w : x2, y2, 2, w, zy +eyz, wx +exw,
YXY — EXYX, IXZ — EXZX, WYW — EYWY,
WIZW — EZWZ, ZXYX + YZXy, ZXYZ + EXZXY,
wyx — ezwy — yxz + exzw,
WzZX — E£ZXY — YWZ + EXyw,
WyzxXy — EYWYZX — XYZWy + Xyxzw,
WYZXW + ZXyw7Z — yXZWy — XWyzX,
WYZW —EZXWZ—YZXW+YXWYFEXWYZ—EXYIX),
and dim ¥? = 144.
— dimX®(1) =5:
O Y ={i,j. k,1,m},
i>j=k il=m, jrl#£l, kbm#%m, jobm=m, k>l=I,
He=Kkix,y,z, w,u : x2, y2, 22, w?, u?, wz+ezw, uy +eyu,
zx +eyz+exy, zy+yx +exzg,
ux +ewu +exw, uw + wx +exu,
VXY — EXYX, WXW — EXWX,
wyw — Eywy, UIU — EIUZ,
Wyx + EwWxz — EZWY, WyZ+ wxy — Zwx,
UZW — EWXZ — XUZ, WXYZ — IZWXZ,
WXYW + YWXY +XYyWX,
WXYXZ — EZWXYX, WXIW +XWXZ,
WXYXWX + EYWXYXW, WXYXWY + EXWXYXW),
and dim J{* = 288.

The stabilizers subgroups of Sq are, respectively,

(1) Zy x 7> = (gi, gj) C Sa with i > j = j;

(2) Dy = (gi,0) C Sy (if, for example, gi = (12) and o = (1324));
(3) Z,= (g
(4 S3=(8i,8j 8k) CS4, i>j=k;

) Z2=(gjen, J#1, j>l=1

(6) S3=(ginj» 8jks ki) C Sa;

(7) If ;¥ belongs to items (7) or (8), then Stab¥{* = 1.

)C§4,k:il>j.
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Examples 6.10. We give, as an illustration, an example of a subset ¥ C @‘2‘ for
each case in the previous proposition. Note that, for any comodule algebra Ky,
if Y’ is not on the following list, then Ky is S4-conjugated to another algebra Ky
with Y on the list.

(1) Y ={(12)},

(2) Y ={(12), 34},

(3) Y ={(12), (13)},

@ Y ={12), (13), (23)},

(5) Y ={(12), (13), (34},

0) Y ={(12), (13), (14},

(7 Y ={(12), (13), (23), (14)},

®) Y ={(12), (13), (24), 34)},

9) Y ={(12), (13), (23), (14), (24)}. U
Remark 6.11. Let Y C @‘2‘ and let Z C @‘2‘ be such that @‘2‘ =Y U Z, as sets. Denote

by Y; one of the subsets of item (j) of Proposition 6.9, and by Z; the corresponding
complement. Notice that we have the following bijections

Z1=Yy, =Yy, Z3=Y, Zs=Ys, Zs=Ys.

Therefore, dim Xy dim ¥z = dim B° for every Y. An analogous statement holds
when X = 03.

7. Representations of Rep(%z(X , q) #KkG)

In this section, we take 92 = (X, q, G, ( , 8, (Xl)leX)v ()LC)Cegy) as one of the
ql-data from Section 5D. Note that in this case the set C; = {(i, i)} belongs to
R=%R and (i > j)>i=jforany i, j € X. Let #(2) be the corresponding
Hopf algebra defined in Section 5C, and set # = %Q(X ,q) #KkG. We will assume
that dim s%Z(X ,q) < oo (and thus dim #(2) < oo; see [Garcia and Garcia Iglesias
> 2011, Proposition 4.2]). In particular, this holds for n = 3, 4, 5.

TA. %Z(X , q) #kG-comodule algebras. We will construct families of comodule
algebras over quadratic approximations of Nichols algebras. These families are
large enough to classify module categories in all of our examples.

Definition 7.1. Let F < G be a subgroup and ¥ € Z*(F,k*). If Y € X is a
subset such that F-Y C Y, that is, F < Stab Xy, then we will say that a family of
scalars & = {&c}ceq With &c € k is compatible with the triple (Y, F, i) if, for any
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f € Stab¥y, we have

Er.c XX () =8 ¥(f.gig) V(fgigj, f71) if CeR, G, j)eC:
Er.c i (N () =Ec ¥ (f. 8880 ¥ (fgigigi [T i CeRy. (. j) € C
Ec,=&c,=0 ifCeR}, (i, j)eC.
We will assume that the family £ is normalized by &c = 0 if either C € R},
(i,j)eC,and g;g; ¢ F,orif C e%g, (i,j)eC,and gjgjgi ¢ F.
We now introduce the comodule algebras we will work with.

Definition 7.2. Let F < G be a subgroup, ¢ € Z2(F,k*), and Y C X a subset
such that F- Y C Y. Let £ = {{éc}ceqw be compatible with (Y, F, ). Define
AY, F, ¥, &) to be the algebra generated by {y;, e :/ € Y, f € F} and relations

(7-1) e1=1 and ee;=vY(r,s)e,s forr,seF,
(7-2) eryi=xi(f)yriep forfeF,le¥,
fc ec if eceF
7-3 0 = for C € R.
(7-3) c.y({yiiex) 0 oo F

Here, ¥c,y was defined in (6-4) while the element ec is defined by

egg; fCeR] and (i, j) eC,
(7-4) ec =1{egqq HCERY and (i, j)eCNY xY,
0, if CeRY.

If Z C X is a subset invariant under the action of F, we define B(Z, F, ¥, §) as
the subalgebra of A (X, F, ¥, §) generated by the elements {y;, ey :l € Z, f € F}.

Remark 7.3. (a) Applying ad(f), with f € Stab Xy, to Equation (7-3) and using
(5-3) one can deduce the equations in Definition 7.1.

(b) It may happen that B(Z, F, v, &) #A(Z, F, ¥, &).

LetA:AY, F, ¥, &) > HQAY, F, ¥, £) be the map defined by
(7-5) Mer) = [ ®ey, Ay =x®1+g®y,
forall fe F,leY.

Lemma 74. A(Y, F, v, &) is a left #-comodule algebra with coaction A as in
(7-5) and B(Z, F, ¥, &) is a subcomodule algebra of A(X, F, ¥, ).

Proof. We first prove that the map A is well defined. It is easy to see that A(eyy;) =
xXi(f)A(yrieg) forany f e F,leX.
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Let C € %f and (i, j) € C. In this case, ¢ = ¢c. We will prove that
Mo ({yitiex)) =A(Ec egq;)- Using the definition of the polynomial ¢¢, we obtain
that n(C)

MecUyhex) =Y na(C) xiy 1%, ® 1+ xi,,, 81, ® i,
h=1 + 8in1Xip b Yin + 8int18in ® Yipg1 Vin
=¢c({xi1}iex) @ 1+ 8igj @ dc({yitiex)
=&c 8igj ®egg = AEc egy,).

The second equality follows since i,(c)+1 = i1,

Gini1 Xin = Qiprin Xips2&iny  aANd M (C)qGiy iy = —Mn11(C).
Now, let C € gtg, (i,j)eCandir j¢Y. In this case relation (7-3) is
YiyiYi+qisjiyjyiyj =6C €giggi-
Note that assumption ¢, = §¢; = 0 implies that yi2 =0= ng_ The proof that
AYiyjyi+qisjiyjyiyj) = Ecr(egyg;g;) 1s a straightforward computation. [l
Theorem 7.5. Let Y C X be an F-invariant subset. If A(X, F, ¥, &) # 0, then the
following statements hold:
(1) The algebras A(X, G, ¥, &) are left #-Galois extensions.
(2) If & satisfies
—Ac ifrc #0,
(7-6) §c = 0 ifrc=0and g;gi # 1,
arbitrary if \c =0and g;g; =1,
then A(X, G, 1,&) is a (¥, #(2))-biGalois object.

3) BY, F,¥,8)o = ky F, and thus BY, F, ¥, &) is a right ¥-simple left ¥-
comodule algebra.

(4) There is an isomorphism of comodule algebras gr B(Y, F, , &) =Ky #ky F.

(5) There is an isomorphism B(Y, F, ¥, &) >~ BY', F', ¥', &") of comodule al-
gebrasifandonly if Y =Y, F=F, ¢y =y  and £ =§'.

Proof. Step 1: To prove that (X, G, ¥, &) is a Galois extension, observe that the
canonical map

can: A(X, G, ¥, &) Q@ AX, G, ¥, &) > #H ® A(X, G, ¥, §),
can(x ® y) = x(—1) @x)y,

is surjective. Indeed, for any f € G, [ € X, we have can(ey ® ef_l) = f®1 and

can(y; ® 1 — ey, ®eg;1y1) =x®1.
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Step 2: Define the map p : A(X, G, 1,§) = A(X, G, 1,§) ® #(2) by
plef)=e;@Hy and p(y)=y®l+e,®a forleX, feq.
The map p is well defined. Indeed, if C € R and (i, j) € C, then

p(@c({yitiex)) = pc({yihiex) ® 1 + €45, @ pc({ariex)
= SC egigj ® 1 +)‘C egigj ® (1 - Hgigf>'

Clearly, if & satisfies (7-6), then p(¢c({yi}iex)) = &c p(egq;). The proof that
AX, G, 1,&) is a (3, #(2))-bicomodule and a right #(2)-Galois object is done
by a straightforward computation.

Step 3: If sd(X, F, v, £) #0, then there is a group F with a projection F — F such
that (Y, F, ¥, £)o = kg F. The map (Y, F, ¥, §)o @ A(Y, F, ¥, §)g > kF ®
A, F, ¥, §)o, defined by ey Qeg = f QY (f, &) eg, is surjective. Hence, F = F.
This implies that B(Z, F, ¥, )9 = ky F and, by [Mombelli 2010, Prop. 4.4], it
follows that B(Z, F, i, £) is a right #-simple left #-comodule algebra.

Step 4: It follows from Theorem 3.2(3) that gr B(Y, F, ¥, §) >~ K #Lky F for some
homogeneous left coideal subalgebra X C B,(X, ¢). Recall that I is identified
with the subalgebra of gr B(Y, F, ¥, &) given by

lacgrd(Y, F, ¢, &) :(id @ m)A(a) € X 1};

see [Mombelli 2010, Proposition 7.3 (3)]. There, it is also proved that the compo-

sition
g B, F, &) L8 90, F L gr B(Y, F, ¥, 6),

is the identity map, where 9 : % — %Z(X, g)andm :grBY, F, ¢, &) — ky F are
the canonical projections, and u is the multiplication map. Both maps are bijections
and, since for any / € Y we have(d ® m)A(y;) = x4, it follows that X = Ky.

Step 5: Let B: BY, F, ¥, &) —> BY', F', ¥, &) be a comodule algebra isomor-
phism. The restriction of 8 to B(Y, F, ¥, £)¢ induces an isomorphism between
ky F and ky F’, and thus F = F’ and ¥ = ¢'. Since B is a comodule morphism,
it is clear that Y =Y’ and &c = &(. for any C € Q. O

Corollary 7.6. If A(X, G, 1, &) # 0 for some & satisfying (7-6), then

1. the Hopf algebras ¥ = %Z(X, q) #kG and #(2) are cocycle deformations of
each other;
2. there is a bijective correspondence between equivalence classes of exact mod-

ule categories over Rep(#) and Rep(#(2)).

Remark 7.7. Under the assumptions in Corollary 7.8, we obtain in particular that
gr#(2) = Br(X, q) #ka, since the latter is a quotient of the first.
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The following corollary uses Propositions A.14 and A.18, where certain algebras
are shown to be not null. These propositions will be proven in the Appendix, and
their proofs are independent of the other results in the article.

Corollary 7.8. If H is a nontrivial pointed Hopf algebra over Sz or Sq4, then H is
a cocycle deformation of gr H.

Proof. Finite-dimensional Nichols algebras over S; and Sy coincide with their
quadratic approximations. That is, if H is a finite-dimensional pointed Hopf al-
gebra over S, with n = 3,4, then gr H = %Z(X, q) #kS,,. By Main Theorem
of [Garcia and Garcia Iglesias > 2011] we know that H = #(2). Therefore, the
theorem follows from Corollary 7.6, since in Propositions A.14 and A.18 we show
the existence of nonzero (gr #(2), #(2))-biGalois objects in these cases.

When dealing with either 924_1[t] or 9[t], notice that the condition & = 2& in
Proposition A.18 does not interfere with the proof, since, by (7-6), & and respec-
tively & can be chosen arbitrarily. (]

Remark 7.9. In [2008, Theorem A1], Masuoka proved that the Hopf algebras
u(%, x, p) associated to a datum of finite Cartan type 9 appearing in the classifi-
cation of [Andruskiewitsch and Schneider 2010] are cocycle deformations of the
associated graded Hopf algebras u (%, 0, 0).

Corollaries 7.6(1) and 7.8 provide a similar result for some families of Hopf
algebras constructed from Nichols algebras not of diagonal type. It would be
interesting to generalize this kind of result for larger classes of Nichols algebras.

7B. Module categories over Rep(#(2)). Let A be a #-comodule algebra with
gr A =Ny #ky F for F < Stab¥y and ¢ € Z*(F,Kk*). Let Z be such that, as sets,
X =Y U Z. Notice that FF < StabJ{ .

Lemma 7.10. Under these assumptions, there exists a family of scalars & compat-
ible with (X, F, ¥) such that A~ R, F, ¥, £) as comodule algebras.

Proof. The canonical projection w : A} — A1/Ap =~ Xy (1) = kY is a morphism
of sdp-bimodules. Let ¢ : kY — A; be a section of sdy-bimodules of 7. Since the
elements {x; : [ € Y} are in the image of &, we can choose elements {y; :/ € Y} in
Aj such that ((x;) = y; for any [ € Y. It is straightforward to verify that A(y;) =
x®1l+g @y andery = x(f)yrierfor f € F, €Y. Since gr A is generated
by the elements {x;, es : [ €Y, f € F}, it follows that A is generated as an algebra
by the elements {y;,er:l €Y, f € F}.

Now, let B=A®I ;. Then, B has an comodule algebra structure for which the
canonical inclusion A < A® 1 C B is a homomorphism. The algebra structure is
given as follows:
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ForieY,jeZ, f€F,set

(er @D ®yj) =er®yj,
A®y)er®D) =x;"(Nef @y,
Gi®eDU®y;)=(i®y,),
(1®y)yi®l)=
qjiyi®yj+écec®1 ifi>j=j,
qjiyisi ®Yj —qjiqjsijYiVii @ 1 +écec®1 ifi>j#j,i>jey,
qjil ®YjniVi —qjiqjmi jYi ®YVjsi técec®1 ifi>j#j,i>j¢Y.
Here, C stands for the class C € %’ such that (j, i) € C. Recall that, by definition,
&c =01if gc ¢ F. Then, the map
(7-7) m:B—AX, F, ¥, &), a®x+ ax,
is an algebra epimorphism. Now, if

Ad>a+— a1y ®ao € HRXA and Hz>3x+H— X(—1) ® X0 € HRIKH,

denote the corresponding coactions, define A : B— #®B by A(a®x) =a1)x—1)®
a) @ x(). It is straightforward to check that A is well defined. We check this case
by case in the above definition of the multiplication of B. For instance, if i > j # j
andi > j € Y, then we have

AI®y)Alyi®1)
=gi®U®y)+x;(U@N)E®(yi®)+x®(1®1))
=(gU®yNE®i®N)+(x;®(1®1)(&®(yi®l))

+(gR®y))x®(1’)+(x;®(®))x®(®1))
=886 ®URy)yi®D +x;g®@yi®1)
+qjixjpigi®URy)+x;x,@(1R1)
=gi8i®(qiyiri®Y; —qjiqj>i jYiYjsi ® 1 +&cgc ® 1)
+ X8 ®@(i®1) +qixjnigi ® (1 y))
+(qjixj>iXj — qjiqjsi jXiXjxi 1) @ (1 1),
which coincides with A(q;iyjsi ® yj — qjiqjmi jyiyjsi ® 1 +5cgc ® 1).
Thus, B is an #-comodule algebra, with

dim B =dim Adim¥z = dim ¥y dim ¥ z|F| =dimA(X, F, ¥, §)

by Remark 6.11. Then, the map m from (7-7) is an isomorphism. (]
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We can now formulate the main result of the paper. For any /2 € G, we write
Sg = &,-1.c. Recall that we denote by B(Y, F, v, &) the sub-comodule algebra of
A(X, F, ¥, §) generated by {yi}iey.

Theorem 7.11. (1) Let M be an exact indecomposable module category over
Rep(#(2)). There exist
(i) a subgroup F < G and a 2-cocycle W € Z*(F, k),
(1) a subsetY C X with F-Y C Y, and
(iii) a family of scalars {Ec}ceq compatible with (X, F, ),
such that there is a module equivalence M > gy, F y &) M.

(2) Let (Y, F, ¢, &) and (Y', F', v, §') be two families as before. There is an
equivalence of module categories gy, F y &) M > gy F .y &M if and only if
there exists an element h € G such that F' = hFh™', ¢/ =y" Y =h.Y
and &' = g".

Proof. Step 1: By Corollary 7.8, we can assume that [l is an exact indecom-
posable module category over gr #(2) = #. It follows from [Andruskiewitsch
and Mombelli 2007, Theorem 3.3] that there is a right #-simple left #-comodule
algebra s such that M ~ 4Jl. Theorem 3.2 implies that there is a subgroup
F < G, a2-cocycle ¢ € Z*(F,k*) and a subset Y ¢ X with F-Y C Y, such that
grd =Jy #ky F. Here, g = ky F. The result then follows from Lemma 7.10.

Step 2: If the module categories gy, F,y.£)Al and g3y, F/ 4 £/l are equivalent, then
Theorem 4.2 implies that there exists an element & € G such that B(Y’, F/, ', &) ~
hRBY, F, ¥, S)h_1 as H-comodule algebras.

The algebramap o : AB(Y, F, ¥, EYh™' — B(h-Y, hFh~', ¢, &), defined by
athesh™) = ejpp-1 and a(hyh™") = x;(h) yp. for all f € Fandl €Y, is a
well-defined comodule algebra isomorphism. It follows that B(Y', F', ¢, &) ~
RB(h-Y,hFh=', " £") and, by using Theorem 7.5(3), we get the result. U

As a consequence of Theorem 7.11 we have:
Corollary 7.12. Any #-Galois object is of the form A(X, G, ¥, ).

Proof. Let A be a #-Galois object. Then, 4.l is an exact module category over
Rep #. Moreover, 4. is indecomposable; otherwise, by [Andruskiewitsch and
Mombelli 2007, Proposition 1.18], there would exist a proper bilateral ideal J C A
d¢-stable. Thus, can(A ® J) = can(J ® A), which contradicts the bijectivity of can.
By Theorem 7.11, there exists (X, G, ¥, &) such that A = A(X, G, ¥, &). |

7C. Modules categories over %(@;, —1) #kS3. We apply Theorem 7.11 to ex-
hibit explicitly all module categories in this particular case. In this case the rack is

05 =1{(12), (13), 23)}.
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For each i € @g, we denote by g; the element i when thought of as an element of
the group S3. We will show in the Appendix that the algebras in the following
result are not null; then, the next corollary will follow from Theorem 7.11.

Corollary 7.13. Let M be an indecomposable exact module category over
Rep(B(03, —1) #KS3).

There is a module equivalence M >~ 4M where A is one (and only one) of the

comodule algebras in following list, where i, j, k € @% and &, n,n ek

(1) For any subgroup F C S3, ¥ € Z>(F, k), the twisted group algebra ky F.
(2) The algebra A{i}, &,1)=(y;: yi2 =£&1) with coaction A(y;) =x; Q@142 R y;.
(3) The algebra sA({i}, &, Z2) = (yi,h : y; = €1, h* = 1, hy; = —yih) with

coaction M(y;) =x; @1+ g @ y; and .(h) = g; Q h.

(4) The algebra A({i, j}, 1) = (yi,yj : ¥; = y; = 0, yiyjyi = yjyiy;) with
coaction AM(y;)) =x; Q@1+ g Q@yiand M(y;)) =x;®1+g;®y;.

(5) The algebra
A{i, j}. Z)=(yi, yj. h:yi=yi=0, > =1, hy;=—y;h, yiy;yi=Y;yi¥;)
with coaction determined by A(y;) =x; @1+ g Qyi, M(y;j)) =x;Q1+g,;®y;
and A(h) = g ® h, where k #1i, j.

(6) The algebra (03, £, 1) generated by {ya2), Ya3), Y@3)} with relations

2 2 2

Ya2) = Ya3 = Yoz = £1,
Ya2)Ya3) + ya»yes) + ye3yaz =0,
Y(13)Y(12) + Y23)Y13) + ya2)y@23) =0.

The coaction is determined by AM(y;) = xs @ 1 + gs ® ys for any s € @S.
(7) The algebra &ﬁ(@3, &, 75) generated by {y(12), y13), Y23), h} with relations

Yo = Y03 =Yay =£L. h*=1, hyay=—yaph, hyas =—ye3h,
Ya2)ya3) +yazyes + yes3yaz = 0.
The coaction is determined by A(h) = g2 ® h and L(ys) = x, @ 1 + g5 ® ys
foranys € @%.
(8) The algebra ﬂ(@3, &, u, n, Z3) generated by {y12), Y13), Y23), h} with rela-
tions
y(212) = y(213) = y<223) =£l, W =1,
hyaz) = yazh,  hyasy =yenh, hyes) = yah,
Ya2)yas) + ya»yes) + ye3)yaz = ph,
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Yaz3yaz +ye3)yas +yaye) =n h?
The coaction is determined by A(h) = g132) @ h and M(y;) = x;, ® 1 + g5 ® ys
foranys € @%.

(9) For each ll/ € Zz(§3v |]<><)’ the algebra '94'(©37 Sv M, §37 l//) generated by {y(lz),
Y(13), Y23), e : h € S3} with relations

ener =VW(h,t) ey and epys =—ypsen, forh,t €Ss,s e 03,
2 2 2
Yy =Ya3) =Yo3 =§1. yanyasz) +ya3yes +ye3)ya = neas)-

The coaction is determined by A(ep) = h @ e, and M(y;) = x, @ 1 + g Q@ ¥
foranys € @g.

Appendix: A(Y, F, ¥, &) #0

We will complete the proofs of Corollaries 7.8 and 7.13, by showing that the alge-
bras in their statements are not null.

Proposition A.14. If A(Y, F, ¥, &) is one of the algebras in Corollary 7.13, then
AY, F, ¥, &) #0.

Proof. The case Y # @g is clear. Set Y = @3. Note that each one of these algebras
is naturally a right kF-module viaa <t =ae; fora e A(Y, F, ¥, &), t € F. Thus,
we can consider the induced representation W = A (Y, F, ¥, £) Qxr W., where
W, = k{z} is the trivial kF-module. Let

B ={I, Y12y, Y(13)> Y(23)s Y(13)Y(12)s Y(12)Y(13)s Y(12)Y(23)s Y(13)Y(23)s
Y(12)Y(13)Y23)> Y(13)Y(12)Y(23), Y12)Y(13)Y(12) Y(12)Y(13)Y(12)Y(23)}

and consider the linear subspace V of W generated by B ® z. We show that this is
a nontrivial submodule in the four cases left, namely F' =1, Z;, Z3 or S3. In all
these cases, the action of y(12) is determined by the matrix

0 ¢

)
=)
=)
(=)
=)
=)
()

—_
o

Yaz) =

cCoocoocoocococo oo
= I W
Coo0 00O —~0O0 0O
cCoOoc 0O —~0O0O0O0O
O~ 0000000 OO
SO 000000 oMo
SO0 ocoo0coOWMOoOOoO
CoOO0O—~R 000000 OO
CoOoOoOM OO OO OO
— 00000000 Oo
CoOo0 00 oOoOWmMOoOOoOo
CoOMoOoOOoOOoOOoCOoCOo OO
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Now, take F' =S3, ¥ = 1. The action of e(12) and e(;3) is determined, respectively,
by the matrices

1 00 0 gw 0 O w 0O 0 0 O
0-1 0 0 0 0 0 0—p O0-p O
0 0 0—-1 0 0 0 0 0 u & O
0 0-1 0 0 0 0 0 &—-u 0 O
00 0000 0O-1 0 0 0 0
00 0 0-1 0 1 0 0 0 0-—u
00 0001 0-1 0 0 0 u
00 00-1 0 0 0 0 0 0 O
00 000O0OO 0O 0 0 1 0
00 000 0O 0 0-1 0 0
00 000 0OO 0 1 0 0 O
00 0000OO 0 0 0 0 1

and - -
1 0 0 0 0 o w O O 0 0 O]
00 0-1 0 0 0 0 u 0 & 0
0 0-1 0 0 0 0 0 0-u—-u O
0-1 0 0 0 0 0 0—p & O O
00 00 0-1 0 1 0 0 0-—u
00 000 01 0 0 0 0 0
00 00 0O—-1 0 0 0 0 0 O
00 001 0-1 0 0 0 0 u
00 000 0O 0-1 0 0 0
00 00000 0 0 0 1 0
00 000O0OO 0 0 1 0 0
00000 OO O 0 0 0 1]

The action of e(23) is given by e(12)e(13)e(12). Finally, we use Mathematica to check
that these matrices satisfy the relations defining the algebra in each case.

We deal now with a generic 2-cocycle ¢ € Z%(S3,k*). Fix A = sA(Y, F, 1, €)
and o’ = A(Y, F, ¢, €). Also, set U = Hy #kF and U’ = Hy #ky F. If Ve
Z>(U) is the 2-cocycle such that WFX r = ¥ (see Lemma 4.1), it follows that
U’ =UY. Now, as o is an U-comodule algebra which is isomorphic to U as U-
comodules, it follows that there exists a 2-cocycle y € Z 2(U) such that o = yU
(see [Montgomery 1993, Sec. 7 & 8]). It is easy to check then that s’ = , U’ by
computing the multiplication on the generators. Thus, s’ # 0. U

To finish the proof of Corollary 7.8, we present three families of nontrivial alge-
bras A(X, G, 1, &) for X =02, G = Sy, and certain collections of scalars {&c}cea
satisfying (7-6). In Proposition A.18, we will show that A4 (X, G, 1, &) # 0.

Definition A.15. Let ¥ € Z%(Sy, k¥) and «, B € k.
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ey &%1(01, B) is the algebra generated by {y;, e, :i € @‘2‘, g € S4} with relations

e1=1, ee; =Y, s)e, forr,seSy,
e,y =9gn(g) yg1eg forge Sy, e @‘2‘,
Y(212) =al, ya2yes +yceyaz =2aeq 3,
Y12)Y@3) + Y@23)y13) + ya3)yaz) = Beusz).
) &ﬁ?p (a, B) is the algebra generated by {y;, e, :i € @2, g € S4} with relations

e1=1, ees=vY(,s)e forr,s eSy,
e,y =sgn(g) yq1e, for ge Sy, l e 03,
Y(21234) =aeqs) 4, Y(1234)Y(1432) T Y(1432)Y(1234) = 21,
Y(1234)Y(1243) + Y(1243) Y(1423) + Y(1423)Y(1234) = Be(132).

3) &i; (a0, B) is the algebra generated by {y;, e, :i € @‘2‘, g € S4} with relations

e1=1, ee; =Y, s)e, forr,seSy,
eq v = x1(8) yg1eqy for g €Sy, l € 03,
y(zlz) =al, yayss —yesyaz =0,
Y(12)Y23) = Y23)Y(13) — Y(13)Y(12) = Be32).
Remark A.16. Let 9 = 97 ![r]. It is clear &g‘ (o, B) = (0%, Sy, ¥, £) for the
family & = {&c}ceq Where, fori =1, 2, 3, £c =&; is constant in the classes C with
the same cardinality |C| =i and where, in this case, §; = o, & =2, &3 = S.
Analogously, if 9 = 92X[¢], then sﬂi (o, B) is the algebra A%, Sy, ¥, &) for a

certain family & subject to similar conditions as in the previous paragraph. The
same holds for 9 = %[r], st (@, B) and s4(03, Sy, ¥, £).

Recall that there is a group epimorphism 77 : S4 — Sj3 with kernel H = ((12)(34),
(13)(24), (23)(14)). Moreover, n(@‘zt) = @%. Let 2 be one of the gl-data from
Section 5D for n = 4.

Lemma A.17. Let Q be as above, and take y = 0 if 2 = 92;1. There is an epimor-
phism of algebras #(2) — # (25 1[)\]).

Proof. Consider the ideal I in #(2) generated by the element H(12)H34) — 1, and
let £ = #(2)/1. We have

HasyHp3y = ad (Hp4)) (Hi2)Hzsy), so HaayHpsy=1 in ¥,

aiaey = ad (Hag Hps))(an), S0 agsy =aq) in &.
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Analogously, H(13) = H(24), ac4) = aes) and ap4) = agas) in &£. Since, for this
ql-data, the action - : S4 x X — X is given by conjugation, and g : X — Sy is the
inclusion, the relations (5-6) and (5-7) in the definition of 7 (9) are satisfied in the
quotient. It is now easy to check that the quadratic relations (5-8) defining #(9)
become in the quotient the corresponding ones defining the algebra (2 ap. O

Proposition A.18. Assume that (Y, F, ¥, &) satisfies c, = &c; for all i, j € Y.
If2 # Qf (A), assume in addition that

i, JeY, ixj=jG j)eC = & =2§.
Then, the algebra A(Y, F, ¥, &) is not null.

Proof. Assume first that ¥ = 1. Now, given a datum (Y, F, ¥, §), we have
w(F) < S3 and it is easy to see that 7 (Y) is a subrack of @3. Moreover, it follows
that & is compatible with the triple (7 (Y), m(F), ¥). Then, we have the algebra
A@(Y), m(F), ¥, E). Asin Lemma A.17, it is easy to see that, if we quotient out
by the ideal generated by (ere, : f, g~! € N), then we have an algebra epimor-
phism AY, F, ¥, &) - A(@(Y), n(F), ¥, ). As these algebras are nonzero by
Proposition A.14, so is A(Y, F, ¥, &).

Notice that, in the case in which (Y, F, v, §) is associated with the gl-datum
Slff (A), assumption (ii) is not needed, since the first equation in Definition 7.1
implies that, if i, j € Y are such thati > j =i and C € %' is the corresponding
class, then £&c = 0 and this relation is contained in the ideal by which we quotient.

The case ¥ # 1 follows now as in the proof of Proposition A.14. ([l

Acknowledgments. We thank N. Andruskiewitsch for suggesting this project to us
and for his comments, which improved the presentation of the paper.
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