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OR COMPLETELY 3-LINKED GRAPHS
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We say that a graph is intrinsically knotted or completely 3-linked if every
embedding of the graph into the 3-sphere contains a nontrivial knot or a
3-component link each of whose 2-component sublinks is nonsplittable. We
show that a graph obtained from the complete graph on seven vertices by
a finite sequence of AY-exchanges and YA-exchanges is a minor-minimal
intrinsically knotted or completely 3-linked graph.

1. Introduction

Throughout this paper we work in the piecewise linear category. Let f be an
embedding of a finite graph G into the 3-sphere. Then f is called a spatial em-
bedding of G and f(G) is called a spatial graph. We denote the set of all spatial
embeddings of G by SE(G). We call a subgraph y of G that is homeomorphic to
the circle a cycle of G. For a positive integer n, let '™ (G) denote the set of all
cycles of G if n = 1 and the set of all unions of » mutually disjoint cycles of G if
n > 2. For simplicity, we also write I'(G) for ') (G). For an element A in '™ (G)
and a spatial embedding f of G, f(}) is a knot if » = 1 and an n-component link
if n>2.

A graph G is said to be intrinsically linked (IL) if for every spatial embedding f
of G, f(G) contains a nonsplittable 2-component link. Conway and Gordon [1983]
and Sachs [1984] showed that K¢ is IL, where K, denotes the complete graph on
m vertices. Also, IL graphs have been completely characterized as follows. For
a graph G and an edge e of G, we denote the subgraph G \ inte by G — e. Let
e =uv be an edge of G that is not a loop. We call the graph obtained from G —e by
identifying the end vertices u and v the edge contraction of G along e, and denote
it by G/e. A graph H is called a minor of a graph G if there exists a subgraph
G’ of G and edges ey, e, ..., e, of G’ such that H is obtained from G’ by a
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sequence of edge contractions along ey, €3, ..., e,. A minor H of G is called a
proper minor if H does not equal G. Let & be a property for graphs that is closed
under minor reductions; that is, for any graph G that does not have %, all minors
of G also do not have . A graph G is said to be minor-minimal with respect to
% if G has % but all proper minors of G do not have ?. Note that G has % if and
only if G has a minor-minimal graph with respect to % as a minor. By the famous
theorem of Robertson and Seymour [2004], there are finitely many minor-minimal
graphs with respect to . NeSetfil and Thomas [1985] showed that IL is closed
under minor reductions, and Robertson, Seymour and Thomas [Robertson et al.
1995] showed that the set of all minor-minimal graphs with respect to IL equals
the Petersen family, which is the set of all graphs obtained from K¢ by a finite
sequence of AY-exchanges and YA-exchanges. A AY-exchange is the left-to-right
operation shown here:

That is, a graph G A containing a three-edge cycle A is changed into a new graph
Gy by removing the edges of the cycle and adding a new vertex x connected to
each of the vertices of the deleted cycle, thus forming a Y. A YA-exchange is the
reverse of this operation. AY- and YA-exchanges preserve IL: if G, is IL, so is
Gv [Motwani et al. 1988], and if Gy is IL, so is G [Robertson et al. 1995].

The Petersen family contains seven graphs, including the Petersen graph Pjo:

28R
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(An arrow between two graphs indicates the application of a single AY-exchange.)

A graph G is said to be intrinsically knotted (IK) if for every spatial embedding
f of G, f(G) contains a nontrivial knot. Conway and Gordon [1983] showed
that K7 is IK. Fellows and Langston [1988] showed that IK is closed under minor
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reductions. Motwani, Raghunathan, and Saran [Motwani et al. 1988] showed that
K7 is a minor-minimal IK graph, and additional minor-minimal IK graphs were
given in [Kohara and Suzuki 1992] and [Foisy 2002; 2003].

IK graphs have not been completely characterized yet. If G is IK then Gy is
also IK [Motwani et al. 1988], but if Gy is IK then G o may not always be IK. That
is, the YA-exchange does not preserve IK in general. Flapan and Naimi [2008]
showed that there exists a graph Gy obtained from K7 by five AY-exchanges
and two YA-exchanges that is not IK. We call the set of all graphs obtained from
K7 by a finite sequence of AY and YA-exchanges the Heawood family.! This
family contains exactly twenty graphs, as illustrated in Figure 1; of these, C4 is
the Heawood graph (Remark 4.7).

Kohara and Suzuki [1992] showed that a graph G in the Heawood family is a
minor-minimal IK graph if G is obtained from K7 by a finite sequence of AY-
exchanges, that is, if G is one of fourteen graphs K7, Hs, Ho, ..., Hi2, Fo, Fio,
Eio, E1; and Cyy, Cia, ..., C14.2 On the other hand, N{O is isomorphic to G gy,
that is, Nj, is not IK. Our first purpose in this paper is to determine completely
when a graph in the Heawood family is IK.

Theorem 1.1. For a graph G in the Heawood family, the following are equivalent:
(1) GislK.
(2) G is obtained from K7 by a finite sequence of AY-exchanges.
(3) T®(G) is the empty set.

Hence the members No, N1g, N11, Ny, N{, and Ny, of the Heawood family are not
IK, and only they contain a union of three mutually disjoint cycles.

Our second purpose is to show that any of the graphs in the Heawood family
is a minor-minimal graph with respect to a certain kind of intrinsic nontriviality
even if it is not IK. We say that a graph G is intrinsically knotted or completely
3-linked—1(K or C3L) for short—if for every spatial embedding f of G, f(G)
contains a nontrivial knot or a 3-component link all of whose 2-component sublinks
are nonsplittable. An IK graph is I(K or C3L). As we show in Proposition 2.2, I(K
or C3L) is closed under minor reductions.

Theorem 1.2. All graphs in the Heawood family are minor-minimal I1(K or C3L)
graphs.

As we have seen, No, Nig, N1, Ni,, N{, and Nj, are not IK, but they are but
I(K or C3L) and are minor-minimal with respect to I(K or C3L).

1Van der Holst [2006] calls the set of all graphs obtained from K7 or K3 3 1,1 by a finite sequence
of AY-exchanges and YA-exchanges the Heawood family, where K3 3 1.1 is the complete 4-partite
graph on 3 + 3 4 1 4 1 vertices.

20ne edge of Fg in [Kohara and Suzuki 1992, Figure 5] is wanting.
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Figure 1. The Heawood family. An arrow between two graphs
indicates the application of a single AY-exchange.

Remark 1.3. A graph G is said to be intrinsically n-linked (InL) if for every spatial
embedding f of G, f(G) contains a nonsplittable n-component link [Flapan et al.
2001a; 2001b]. I2L coincides with IL. Let G be a graph in the Heawood family
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that is not IK. Then we show in Example 4.6 that there exists a spatial embedding
f of G such that f(G) does not contain a nonsplittable 3-component link. That is,
G is neither IK nor I3L.

Remark 1.4. A graph G is called intrinsically knotted or 3-linked—I(K or 3L)
for short —if for every spatial embedding f of G, f(G) contains a nontrivial knot
or a nonsplittable 3-component link. Clearly I(K or C3L) implies I(K or 3L), but
the converse is not true: [Foisy 2006] exhibits an I(K or 3L) graph G and a spatial
embedding f of G such that f(G) contains no nontrivial knot and all nonsplittable
3-component links contained in f(G) have split 2-component sublinks.

The rest of this paper is organized as follows. Section 2 contains general results
about graph minors, AY-exchanges and spatial graphs. We prove Theorem 1.1 in
Section 3 and Theorem 1.2 in Section 4.

2. Graph minors, AY-exchanges and spatial graphs
Let H be a minor of a graph G. Then there exists a natural injection
v =g T (H) — T7(G)

for any positive integer n. We write W for W, Let f be a spatial embedding of G
and e an edge of G that is not a loop. Then by contracting f(e) into one point, we
obtain a spatial embedding 1/ (f) of G/e. Similarly, we can also obtain a spatial
embedding ¥ (f) of H from f. Thus we obtain a map

¥ =vY6.n : SE(G) — SE(H).
Then we immediately have:

Proposition 2.1. For a spatial embedding f of G and an element A in T (H),
V() (L) is ambient isotopic to f(¥™(1)). O

Proposition 2.2. /(K or C3L) is closed under minor reductions.

Proof. Let G be a graph that is not I(K or C3L), and H be a minor of G. Let f be
a spatial embedding of G that contains neither a nontrivial knot nor a 3-component
link all of whose 2-component sublinks are nonsplittable. Then by Proposition 2.1,
¥ (f) has the same property. This implies that H is not I(K or C3L). U

Remark 2.3. Proposition 2.1 also implies that IK, InL and I(K or 3L) are closed
under minor reductions.

Let Ga and Gy be two graphs such that Gy is obtained from G by a single
AY-exchange, as in the previous section. Let A be an element in 'V (G ) that
does not contain A. Then there exists an element ®" (1) in ' (Gy) such that
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A\ A=®™ )\ Y. Thus we obtain a map
O =) ; (L eT"(Ga) 1A} — T (Gy),

for any positive integer n. We denote ®!) by ®. Note that ® is surjective and
the inverse image of A by ® contains at most two elements in '™ (G ») for any
element A in ' (Gy). The surjectivity of & implies Proposition 2.4.

Proposition 2.4. Forn >2,if T (Gp) = @, then T (Gy) = @. U

Let f be a spatial embedding of Gy, and let D be a 2-disk in the 3-sphere such
that DN f(Gy)= f(Y)and DN f(Gy) ={f(u), f(v), f(w)}. (Throughout the
paper we use u, v, w, x for the vertices of the Y of interest, as in the first figure on
page 408), Let ¢(f) be a spatial embedding of G A such that ¢(f)(x) = f(x) for
xeGy\Yand p(f)(Gpr) = (f(Gy)\ f(Y))UdD. Then we obtain a map

® =¥Gy,G, : SE(GY) —> SE(G ),
and we immediately have Proposition 2.5.

Proposition 2.5. For a spatial embedding f of Gy and an element A in T (Gy),
f(X) is ambient isotopic to ¢(f)(X') for each element )" in the inverse image of A
by ™. O

Lemma 2.6. If G is I(K or C3L), then Gy is also I(K or C3L).

Proof. Assume that Gy is not I(K or C3L), that is, that there exists a spatial
embedding f of Gy that contains neither a nontrivial knot nor a 3-component link
all of whose 2-component sublinks are nonsplittable. We show that ¢ (f)(G ) also
has the same property.

Let y be an element in I'(G »). If y is not A, then ¢(f)(y) is ambient isotopic
to f(®(y)) by Proposition 2.5, and f(P(y)) is a trivial knot by the assumption.
Since ¢ (f)(A) is also a trivial knot, it follows that ¢( f)(G ) does not contain a
nontrivial knot. Let A be an element in T® (G ). If A does not contain A, then
@(f)()) is ambient isotopic to f () (1)) by Proposition 2.5, and f(®P) (1)) is a
3-component link that contains a split 2-component sublink by the assumption. If A
contains A, then ¢(f)(}) is a split 3-component link. Thus we see that ¢ (f)(Ga)
does not contain a 3-component link with a nonsplittable 2-component sublink. [

Lemma 2.7. If Gy is minor-minimal for I(K or C3L), then G is also minor-
minimal for I(K or C3L).

Proof. (This lemma has already been proven in more general form [Ozawa and
Tsutsumi 2007, Lemma 3.1, Exercise 3.2], but we prove it here for convenience.)
We show that for any edge e of G A that is not a loop, there exist a spatial embedding
f of Ga —e and a spatial embedding g of G 5 /e such that each of f(Ga —e) and
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g(G a/e) contains neither a nontrivial knot nor a 3-component link all of whose
2-component sublink are nonsplittable. If e is not one of the edges uv, vw or wu
of the A then there exist a spatial embedding f’ of Gy —e and a spatial embedding
g’ of Gy/e such that both f'(Gy — ¢) and g’'(Gy/e) contain neither a nontrivial
knot nor a 3-component link all of whose 2-component sublinks are nonsplittable.
The graph Gy — e is obtained from G — e, and likewise Gy/e from G /e, by
a single AY-exchange at the same A. Then we see that each of ¢(f)(Ga — e)
and ¢(g')(G/e) contains neither a nontrivial knot nor a 3-component link hav-
ing only nonsplittable 2-component sublinks, in a way similar to the proof of
Lemma 2.6. If e is one of uv, vw and wu, we may assume that e = uv without
loss of generality. Now there exists a spatial embedding f’ of Gy/Xw such that
f'(Gy/xw) contains neither a nontrivial knot nor a 3-component link having only
nonsplittable 2-component sublinks. Then we can see that Go — uv = Gy/xw.
On the other hand, there exists a spatial embedding g’ of Gy/Xxv/Xu such that
g'(Gy/xv/xu) contains neither a nontrivial knot nor a 3-component link having
only nonsplittable 2-component sublink. Take a 2-disk D’ in the 3-sphere such that
D'Ng'(Gy/xv/xu) = g'(uw) and dD" N g'(Gy/xv/xu) = {g'(u), g'(w)}. Then
(¢'(Gy/xv/xu) \ int g'(ww)) Ud D’ may be regarded as the image of a spatial em-
bedding of G A /uv, denoted by g. Clearly g(G A /uv) contains neither a nontrivial
knot nor a 3-component link having only nonsplittable 2-component sublink. [

3. Proof of Theorem 1.1
Lemma 3.1. Each of the graphs N9, N1o, N11, Ny, N{, and Ny, in the Heawood
family is not IK.

Proof. For N, see [Flapan and Naimi 2008]. We show that No, N1o, N1, N{, and
N, are not IK. Let fo be the spatial embedding of Ny illustrated in Figure 2. It
can be checked directly that fo(Ng) does not contain a nontrivial knot. Thus Ny is

®@
.

SiWViy) S12(N12)

*

Jo(No) J1o Nio) JuNiy)

Figure 2
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not IK. Let fio be the spatial embedding of Njg illustrated in Figure 2. Let ¢y, N
be the map from SE(Njg) to SE(Ny) induced by the YA-exchange from Njg to Ng
at the Y-fork marked * in Figure 2. Then clearly ¢( f19) = fo. Since fo(Ng) does
not contain a nontrivial knot, by Proposition 2.5 it follows that f19(Ng) also does
not contain a nontrivial knot. Thus, Njg is not IK. By repeating this argument, we
can see that each of the graphs Ny, N{, and Nj, is also not IK; see Figure 2. [J

Proof of Theorem 1.1. First we show that (1) and (2) are equivalent. Since we
already know that (2) implies (1), we show that (1) implies (2). If G is IK, then
by Lemma 3.1 we see that G is not one of No, Nig, N11, N{,, Nj, or N{,. Thus G
is obtained from K7 by a finite sequence of AY-exchanges. Next we show that (2)
and (3) are equivalent. Assume that G is obtained from K7 by a finite sequence of
AY-exchanges. I'®(K7) is the empty set. Thus, by Proposition 2.4, we see that
I'®(G) is the empty set. Conversely, if G is one of Ng, Nio, Ni1, Niys Ni;, and
Nji,, then I'®(G) is not the empty set. This completes the proof. O

Remark 3.2. Let f{, be the spatial embedding of N7, illustrated in Figure 2, and
let f], be the spatial embedding of Ny illustrated in the figure below. Let ¢ N{, N
be the map from SE(Nj,) to SE(N{,) induced by the YA-exchange from Ny, to
Nj, at the Y-fork marked . Then clearly ¢(f{,) = f{,- Also, we can see that
f1o coincides with Flapan and Naimi’s example [2008] of a spatial embedding of
Nj, whose image does not contain a nontrivial knot, as illustrated in the leftmost
diagram:

Slo(Nip) 3 S11(V11)
= 9\ — ‘@\

4. Proof of Theorem 1.2

Lemma 4.1 [Conway and Gordon 1983; Taniyama and Yasuhara 2001]. Let G be
a graph in the Petersen family and f a spatial embedding of G. Then there exists
an element A in TP (G) such that Ik(f (1)) is odd, where 1k denotes the linking
number in the 3-sphere.

Let D4 be the graph illustrated on the right. We denote the set of
all cycles of D4 with exactly four edges by I'4(Dy4). For a spatial
embedding f of Dy, we define

a(f)= Y axf(y) (mod2), D,

y€l4(Dy)
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where a, denotes the second coefficient of the Conway polynomial. Note that
a»(K) of a knot K is congruent to the Arf invariant modulo 2 [Kauffman 1983].

Lemma 4.2 [Taniyama and Yasuhara 2001]. Let f be a spatial embedding of D4
and A, ) all elements in T®(Dy). If both Ik(f (L)) and Ik(f(\)) are odd, then
a(f)=1.

Let G be a graph that contains D4 as a minor and f a spatial embedding of G.
Then we define

a(f)= Y. a(f(Wp,c(y)) (mod2).
y€l4(Dy)

Lemma 4.3. Let G be a graph that contains D4 as a minor and let f be a spatial
embedding of G. For two elements i and |1 in \D(D2:’G(F(2)(D4)), if both Ik(f (1))
and Ik(f (u')) are odd, then a(f) = 1.
Proof. For two elements A and A’ in '@ (Dy), we see that both lk( f (\Dg:’ G(k)))
and lk( f (ng’c()\/ ))) are odd by the assumption. Then by Proposition 2.1, it
follows that k(Y. p,(f)(A)) and Ik(¥G.p,(f)(A")) are also odd. Therefore, by
Lemma 4.2, we have that

a(N= Y ax(fUp.cN)= Y. axWep(H¥)=1mod2). O

y€l4(Dyg) y€l4(Dy)
The next theorem is the most important part of the proof of Theorem 1.2.

Theorem 4.4. Let G be Ny or Ny,. For every spatial embedding f of G, there
exists an element y in I' (G) such that ap (f (y)) is odd, or there exists an element A
in T®(G) such that each 2-component sublink of f(X) has an odd linking number.
Proof. We will denote by [i is ... ii] the cycle i1ia Uigiz U~ - Uig_1ix Uigi; of
G. We label each vertex of G as follows:

First we show the case of G = Ny. Let f be a spatial embedding of Ng. Note
that Ng contains K¢ as the proper minor

(((N9—78)—89)—97)/47/58/69.

By Lemma 4.1, there is thus an element v in '@ (Kg) such that NN ARIN))
is odd. Hence, by Proposition 2.1, there exists an element w in \I’g;’ NQ(F(Z)(KG))
such that Ik(f(u)) is odd. 111}(26) Ng(FQ)(K(g)) consists of ten elements, and by the
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symmetry of Ng, we may assume that u = [1743]U[2658] or [123]U[456]
without loss of generality.

Case 1. Let u=[1743]U[2658]. Note that Ny contains P; as the proper minor
(((Ng—61)—62)—64) —65) —69)/39.

Thus, by Lemma 4.1, there is an element v in I'® ( Py) such that Ik(Yny. p, (f)(V))
is odd. Hence, by Proposition 2.1, there exists an element u’ in \Dg)’ NQ(F(Z)(P7))
such that 1k( f(n')) is odd. \IJ;,? No (I'®(Py)) consists of the nine elements

Wy =1[3451U01287], wh=[1547]U[2398], u}=[2854]U[3179],
iy =1[12471U[3589], us=[123]U[4785], us=[1285]U[3479],
wh=1234]U[1587], ug=I[7891U[1245], uH=[1531U[2874].

Fori =1,2,...,9, let J' be the subgraph of Ny that is MUM U69ifi =3,6
and U} if i # 3, 6. Assume that Ik(f(u;)) is odd for some i # 8. Then it can
be easily seen that J/ contains a graph D' as a minor, such that D is isomorphic
to Dy and {u, 1)} = \pg,.{ ,i(T@(DY). Since both 1k(f (1)) and Ik(f(u})) are
odd, by Lemma 4.3 there exists an element y in I'(J*) such that a,(f (y)) is odd.
Next assume that 1k( f (Mé)) is odd. We denote two elements [789]U[126 5] and
[789]U[4265]in '@ (J®) by ug | and pj ,, respectively. We denote the subgraph
|74 //,g’j of J8 by J8/ (j =1,2). Then it can be easily seen that J%/ contains
a graph D%/ as a minor, such that D%/ is isomorphic to Dy and {u, /’L/&j} =

W (D@D (j =1,2). Note that

[1245]=[1265]+[4265]

in H,(J8; Z,), where H.(-; Z,) denotes the homology group with Z,-coefficients.
Then, by the homological property of the linking number, we have that

1= 1K(f (1) = K(f (1)) + K(f (15 ) (mod 2).

Thus we see that lk(f(ué’l)) is odd or lk(f(ug’z)) is odd. In either case, by
Lemma 4.3 there exists an element y in I'(J%/) such that a>(f(y)) is odd.

Case 2. Let u =[123]U[456]. Note that Ny contains Py as the proper minor
((Ng—12)=23)=31)—45)-56) - 64.

Thus, by Lemma 4.1, there is an element v’ in T'® (Py) such that Ik(/x. p, (f) (V')
is odd. Hence by Proposition 2.1, there exists an element ' in \115,29), Ng(F(z)(Pg))
such that Ik( £ (') is odd. \11;,29)’ No (I'@(Py)) consists of seven elements, and by the
symmetry of No, we may assume, without loss of generality, that ' =[1587]U
[26934]or [789]U[153426]. Denote by J the subgraph pUu’ of Nyg. Assume
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that ' =[1587]U[26934]. We denote the two elements [158 7] U [432] and
[1587]U[6932]in r@(J) by p) and W, respectively. We denote the subgraph
nUw; of J by J* (i =1,2). Then J' contains a graph D' as a minor such that D’
is isomorphic to D4 and

() =wg) (@D (i=1,2).

Since [26934]=[432]4[6932] in H|(J; Z3), it follows that

I=1k(f (1) = k(f (1)) +1k(f (13) (mod 2).

This implies that Ik(f («})) is odd or Ik(f (u5)) is odd. In both cases, by Lemma 4.3
there exists an element y in I'(J?) such that a,(f(y)) is odd. Next assume that

=[789]U[153426]. We denote four elements [7 89]U[34 5], [789]U[4 5 6],
[789]U[156] and [789]U[246] in TP (J) by u|, b, u} and ), respectively.
Since [153426]=[345]+[456]+[156]+[246]in H|(J; Z,), we get

1 =1k(n) =1k(u)) + k() + k(b)) +1k(py) (mod 2).

This implies that Ik(u}) is odd for some i =1, 2, 3 or 4. Moreover, by the symmetry
of J, we may assume that Ik(u}) is odd or 1k(y5) is odd without loss of generality.
Assume that Ik(u)) is odd. We denote the subgraph p U uy U 17U69 of Ny by
J'. Then J! contains a graph D' as a minor such that D' is isomorphic to Dy
and {pt, u}} =) 1 (C@(DY)). Since both lk( f(u)) and Ik(f (1)) are odd, by
Lemma 4.3 there exists an element y in ['(J') such that a( f(y)) is odd. Next
assume that lk(uz) is odd. We denote four elements [7 89]U[12 6], [789]U[1 2 3],
[789]U[234] and [789]U[135]in I'®(J) by us, ,u/6, M/7 and pg, respectively.
Since [153426]=[126]+[123]4+[234]+[135]in H(J; Z3), we have

1= Tk(u) =Tk(u5) +k(ug) +1k(u7) +k(ug) (mod 2).

Thus we see that 1k(u;) is odd for some i =5, 6, 7 or 8. Moreover, by the symmetry
of J, we may assume that lk(,ug-) is odd or lk(,ug) is odd without loss of generality.
Assume that 1k(%) is odd. We denote the subgraph U u U47 U39 of Ny by
J3. Then J° contains a graph D> as a minor such that D3 is isomorphic to Dy
and {i, ) = W) s(T@(D%)). Since both IK(f (1)) and Ik(f(5)) are odd,
by Lemma 4.3 there exists an element y in I'(J°) such that a,(f(y)) is odd.
Finally, assume that lk(u) is odd. Let us consider the 3-component link L =
F([123]U[456]U[789]). Since all 2-component sublinks of L are f(u), f(u/z)
and f (i), each of the 2-component sublinks of L has an odd linking number.

Now we show the case of G = Nj,. Let f be a spatial embedding of N{,. Note
that Ny, contains P; as the proper minor

(((Njp—78)—89)—97)/47/58/69.
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Thus by Lemma 4.1, there is an element v in '@ (P;) such that lk(z//N/ P (HW)
is odd. Hence by Proposition 2.1, there exists an element p in U s N, (F(Z)(P7))
such that Ik(f(u)) is odd. \11(2) (F(z)(P7)) consists of nine elements and by
the symmetry of Nj,, we may assume that u = [1745]U[210396], [2458]U
[110396],[31085]U[16247],[345]U[11026]or[2810]U[169 34 7] without
loss of generality.

Case 1. Let u = [1745]U[210396]. Note that N{, contains Py as the proper

minor [
(((((N{y—51)=53)—54)—56)—58)—T709.

Thus by Lemma 4.1, there is an element v’ in '@ (Py) such that lk(lﬁN/ (M)

is odd. Hence by Proposition 2.1, there exists an element u’ in VIS PoN, (TP (Py))
such that 1k( (")) is odd. \11(2) (F(z)(Pg)) consists of seven elements

wy=[31089]U[16247], w,=[17810]U[24396],

Wy =1[11026]U[34789], wu,=[24310]U[17896],

ws=1[2478]U[110396], us=1[2896]U[110347],
w5 =1[28101U[169347].

Fori=1,2,...,7, let J' be the subgraph of Ny, that is ,uU,uQU%ifi:l,6,7

and p U if i =2,3,4,5. Assume that lk(f(ul)) is odd for some i. Then J*

contains a graph D' as a minor such that D' is isomorphic to Dy and {u, )} =

\IJI()Z,) 5 ('@ (D")). Because both Ik(f(n)) and Ik(f(u})) are odd, by Lemma 4.3

there exists an element y in I'(J* ") such that a»( f(y)) is odd.

Case 2. Let u =[2458]U[110396]. Note that N, contains another Py as the
proper minor

Thus by Lemma 4.1, there is an element v’ in '@ (Py) such that lk(l//N/ ()

is odd. Hence by Proposition 2.1, there exists an element ' in ¥ by N, (T'D(Py))

such that 1k( f(u')) is odd. 4,1(02) N, (I'®(Py)) consists of the seven elements
wy=[1697]1U[245310], w,=[1745]1U[210396],
ws=1[35691U[110247], w,=[15310]U[24796],
ws=[11026]U[39745], ug=I[1561U[2479310],
us=[2456]U[110397].

Fori =1,2,...,7, let J' be the subgraph of Nj, that is o U u; U78ifi=1,7
and pUp! if i #1,7. Assume that 1k(f (u})) is odd for some i. Then J! contains
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a graph D' as a minor such that D’ is isomorphic to D4 and

(, wy =g (0P (D).
Since both 1k( f (w)) and 1k( f (,ug)) are odd, by Lemma 4.3 there exists an element
y in I'(J?) such that a>(f(y)) is odd.

Case 3. Let © =[31085]U[16247]. Let Py be the proper minor of Ny, and ]

the element in

v? Oy (i=1,2,...,7)

Py, N,
asin Case 2. Fori =1,2,...,7,let J' be the subgraph of Nj, thatis pUp; U 89
ifi =1,4and U M; if i ;é 1,4. Assume that lk(f(ul)) is odd for some i.
Then J' contains a graph D' as a minor such that D’ is isomorphic to D4 and
(i, W)} = 1()2,) ,;(T®(D1). Because both Ik(f (1)) and 1k(f(1})) are odd, by
Lemma 4.3 there exists an element y in I'(J') such that a»( f(y)) is odd.

Cased. Let u=[345]U[11026]. Note that N| 1o contains another P; as the proper

minor e
((Njy—34)—45)—-53)/39/47/58.

Thus by Lemma 4.1, there is an element v’ in '@ (P;) such that lk(wN/ P (HOVY))

is odd. Hence by Proposition 2.1, there exists an element ' in W' s N, (C'®(Py))

such that 1k( (")) is odd. \11(2) (F(z)(P7)) consists of the nine elements

wh = [5698]U[110247], 1y =[31089]1U[16247],
1y =[15810]U[24796], u,=[789]U[11026],
@i =[2810]U[1697],  ut=[2856]U[110397],
iy =[1785]U[210396], ugz=[156]U[2479310],
o =[2478]U[110396].

Fori = 1,2,...,9, let J' be the subgraph of Nj, thatis U u5U47US58
if i =5 and u U ,u; if i # 5. Assume that Ik(f(u;)) is odd for some i #
4,8. Then J*' contains a graph D' as a minor such that D' is isomorphic to Dy
and {u, u}} = \pgﬁ ;(TP(DY). Since both Ik(f (1)) and 1k(f () are odd, by
Lemma 4.3 there exists an element y in I'(J') such that a>(f(y)) is odd. Next
assume that 1k(f (,ug)) is odd. We denote two elements [156] U [243 10] and
[156]U[3479]in TP (J3) by Mé,] and Mé,y respectively. We denote the sub-
graph n U pg | of J® by J%! and the subgraph pu U g o U 89U 810 of Ni, by
J%2. Then J¥/ contains a graph D¥/ as a minor such that D%/ is isomorphic
to Dy and {u, g ;} = \pgg‘j’ﬂ./(r@)(DSJ)) (j = 1,2). Since [2479310] =
[24310]+[3479]in H,(J%; Z,), it follows that

1 =1k(f (g)) = IK(f (1g 1)) +1k(f (15 5)) (mod2).
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This implies that lk(f(/té’])) is odd or lk(f(ug’z)) is odd. In either case, by
Lemma 4.3 there exists an element y in I'(J%7) such that a>(f(y)) is odd. Finally
assume that 1k( f (,uvﬁl)) is odd. Note that N{O contains another Py as the proper
minor

((((Njg—24) —26)—28)—-210) —51) - 53.
Thus by Lemma 4.1, there is an element v” in I'® (Py) such that INQV (Hw")
is odd. Hence by Proposition 2.1, there exists an element " in \IJ(Z) (TP (Py))

Po,N},
such that 1Ik(f(n)) is odd. \IJ;,ZQ) (I'®(Py)) consists of the seven elements

5698]U[110347], w)=[4587]1U[110396],

]
M3= 17810]1U[34569], w,=[31089]U[17456],
]
]

1697]U[345810], pg=1[3974]1U[110856],

=1
[
[
=[789]U[1103456].
For j = 1,2,...,7, let J*/ be the subgraph of N;, which is u/, U Wy U24 if
j=2,6and pu, U [,LN if j #2,6. Assume that lk(f(u”)) is odd for some j # 7.
Then J*/ contains a graph D*J as a minor such that D*/ is isomorphic to D, and
), nl} = \pgj] 4, (T@(D*1)). Since both 1k( f (1)) and Ik(f(w})) are odd,
by Lemma 4.3 there exists an element y in ['(J*J) such that as( f (y)) is odd.
Next assume that 1k( f (M ")) is odd. We denote three elements [789]U[15310],
[789]U[156] and [789]U[345]in I'®(N{)) by il |, u5 , and ufy 5. We denote
the subgraph /tU,u U47U28 of N{O by J4TK (k =1,2). Then J*7k contains
a graph D*7K as a minor such that D7 is isomorphic to D4 and {u, uf ,} =
v 147k(F(2)(D47k)) (k = 1,2). Since [1103456] = [15310] +[1 56] +
[345]in H, (Nlo, Z,), it follows that

1 =1k(f(n5) = 1k(f (171)) +1k(f (17 2)) +1k(f (17 3)) (mod 2).

This implies that lk(f([,tg’k)) is odd for some k. If Ik( f (5 ,)) is odd or Ik( f (15 ,))
is odd, then by Lemma 4.3 there exists an element y in I"(J* 4 7Ky such that as (f (y))
is odd. If Ik(f (M/7/,3)) is odd, let us consider the 3-component link

L= f([345]U[789]U[11026]).

Since all 2-component sublinks of L are f(u), f(uy) and f (,u 3), each of the
2-component sublinks of L has an odd linking number.

Case 5. Let £ =[2810]U[169347]. We denote two elements [28 10]U[169 7]
and [28 10]JU[3974]in T@ (N 10) by w1 and po, respectively. Since [169347] =
[1697]1+[3974]in Hl(Nlo, 7Z,), it follows that

I =1k(f () = k(f (1) +1k(f (n2)) (mod?2).
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This implies that 1k( f (1)) is odd or 1k( f(u7)) is odd. By the symmetry of N]/O,
we may assume that Ik( f (1)) is odd. Note that N {0 contains another P as the
proper minor

(((Njp—28)—810)—102)/26/310/58.

Thus by Lemma 4.1, there is an element v’ in '@ (P;) such that 1]((1//1\/10 Py (HW)
is odd. Hence by Proposition 2.1, there exists an element p’ in VIS P, N, (T (Py))
such that 1k( f(u')) is odd. lllg) (I'®(P7)) consists of the nine elements

Wy =1[35891U[16247], p,=[1785]U[24396],

w5 =[156]U[3974], u, =[3451U[1697],

ws=[5698]U[110347], pne=[45871U[110396],

uh=[15310]U[24796], png=1[2456]U[110397],
no=[7891U[1103426].

Fori=1,2,...,9, let J' be the subgraph of N, that is 1; Upy U310U58 if
i =3and pu; U, if i # 3. Assume that Ik(f(u})) is odd for some i # 4,9.
Then J' contains a graph D' as a minor such that D is isomorphic to D4 and
{1, wl} = \11;)2} ;(TP(DY). Since both Ik( f(un)) and Ik(f(w)) are odd, by
Lemma 4.3 there exists an element y in I'(J?) such that a>(f(y)) is odd. Next
assume that 1k(f (,u9)) is odd. We denote two elements [789] U [16210] and
[789]U[24310]in TP (J°) by 144, and p ,, respectively. We denote the sub-
graph 1 U g | of J? by J%! and the subgraph p; U Ko 2 U53U51 of Nj, by
J%2. Then J%/ contains a graph D%/ as a minor such that D%/ is isomorphic to
Dy and

(n, ) =05, 0, (MO (j=1,2).

Since [1103426]=[16210]+[24310]in H;(J%; Z,), it follows that

1= 1K(f (1)) = K(f (1)) + k([ (1th »)) (mod 2).

This implies that lk(f(ug’l)) is odd or lk(f(ll/g,z)) is odd. In either case, by
Lemma 4.3 there exists an element y in I'(J%7) such that a,( f (y)) is odd. Finally
assume that 1k(f(u)) is odd. Ny, contains another Py as the proper minor

(Nfp—61)—62)—65)—69) —87) —810.

Thus, by Lemma 4.1, there is v” € I'® (Py) such that k¥, (V")) is odd.

Hence by Proposition 2.1, there exists u” € \IJEDZ) N, (F(Z)(Pg)) such that Ik(f(u))
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is odd. The set U?

PoN), (I'® (Py)) consists of the seven elements

=[3589]U[110247], w)=[3974]1U[158210],

M3:[1745]U[289310], uy =1[2458]U[110397],

=[24310]U[15897], u¢=I[153101U[24798],
=[345]U[1102897].

For j=1,2,...,7, let J*/ be the subgraph of Nj, that is uﬁtu,u/j’uﬁifj =4,5
and py U M’J’ if j #4,5. Assume that lk(f(u’j’)) is odd for some j # 7. Then
J%J contains a graph D*/ as a minor such that D*/ is isomorphic to D4 and
{w, wlt = xpgj, 4, (D@ (D*7)). Since both Ik( f (1)) and Ik(f (i) are odd,
by Lemma 4.3 there exists an element y in I'(J 4.7y such that as( f (y)) is odd.
Next assume that 1k(f(u5)) is odd. We denote two elements [345]U[110897]
and [345]U[2810] in F(Z)(Nlo) by ;Lm and u7’2, respectively. We denote the
subgraph 141 U p7 U24U56 of Nj{, by J*7. Then J*7 contains a graph D*7 as
a minor such that D*7 is isomorphic to D4 and

(o, 1y =Wl L (M@ (DHT)).

Since [1102897]=[110897]+[2810] in H; (Nlo, 7,), it follows that

1 =1k(f (7)) = k(f (17,1)) +K(f (17,5)) (mod 2).

This implies that lk(f(um)) is odd or lk(f(um)) is odd. If lk(f(py/{’])) is odd,
then by Lemma 4.3 there exists an element y in I"(J 4.7y such that as( f(y))isodd.
If Ik(f (;L »)) is odd, let us consider the 3-component link

L= f([345]U[2810]U[1697]).

Since all 2-component sublinks of L are f(u1), f (1) and f(u5 ,), each of the 2-
component sublinks of L has an odd linking number. This completes the proof. [

Proof of Theorem 1.2. A graph in the Heawood family is obtained from one of
K7, Ng and Nj, by a finite sequence of AY-exchanges. Thus by Lemma 2.6,
Theorem 4.4, and the fact that K7 is IK — and thus I(K or C3L) — it follows that
every graph in the Heawood family is I(K or C3L). On the other hand, a graph
in the Heawood family is obtained from one of Hy; and Cy4 by a finite sequence
of YA-exchanges. Since each of Hj; and Ci4 is a minor-minimal IK graph and
I'®(H,) and I (C4) are the empty sets, it follows that H;, and C14 are minor-
minimal I(K or C3L) graphs. By Lemma 2.7, we have the desired conclusion. [J

Remark 4.5. A graph is said to be 2-apex if it can be embedded in the 2-sphere
after the deletion of at most two vertices and all of their incidental edges. It is
not hard to see that any 2-apex graph may have a spatial embedding whose image
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contains neither a nontrivial knot nor a 3-component link all of whose 2-component
sublinks are nonsplittable. Thus any 2-apex graph is not I(K or C3L). It is known
that every graph of at most twenty edges is 2-apex [Mattman 2011] (see also [John-
son et al. 2010]). Since the number of all edges of every graph in the Heawood
family is twenty-one, we see that any proper minor of a graph in the Heawood
family is 2-apex, and thus not I(K or C3L). This also implies that any graph in the
Heawood family is minor-minimal for I(K or C3L).

Example 4.6. Let g9 be the spatial embedding of Ny and g}, the spatial embedding
of N, illustrated here:

g9(Ny) g10(N1o) gni)

S -¢

£10(Mp) g1i1(V(1) _x g12(M>)

D-@-&

Then it can be checked directly that both g9(Ng) and gﬁO(N {O) do not contain a
nonsplittable 3-component link. Thus neither Ng nor Ny, is I3L. Also, we can see
that Nyg, N11, N{, and N{, are not I3L in a similar way as the proof of Lemma 3.1
(see figure above).

*

Remark 4.7. The Heawood graph is IK. The Heawood graph H is the dual graph
of K7, which is embedded in a torus. It is known that there exists a unique graph
C4 obtained from K7 by seven applications of AY-exchanges [Kohara and Suzuki
1992]. The seven triangles correspond to the black triangles of a black-and-white
coloring of the torus by K7. Then Ci4 and H are mapped to each other by a
translation of the torus:

Thus they are isomorphic. Since Cy4 is IK, we have the result.
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Remark 4.8. It is known that all twenty-six graphs obtained from the complete
four-partite graph K3 3 1,1 by a finite sequence of AY-exchanges are minor-minimal
IK graphs [Kohara and Suzuki 1992; Foisy 2002]. There exist thirty-two graphs
that are obtained from K33 by a finite sequence of AY-exchanges and YA-
exchanges but that cannot be obtained from K33 ;1 by a finite sequence of AY-
exchanges. Recently, Goldberg, Mattman, and Naimi [2011] announced that these
thirty-two graphs are also minor-minimal IK graphs.
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