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We give some nontrivial relations in the tautological ring of /(,. These are
derived from some new geometric relations obtained by localization on the
moduli of stable quotients, which was recently introduced by A. Marian,
D. Oprea and R. Pandharipande.

1. Introduction

We denote by .l, the moduli space of smooth curves of genus g > 2 over an
algebraically closed field. Let 7 : 6, — ., be its tautological family and w,
be the dualizing sheaf. We denote by E = m,w, the Hodge bundle. Define «x; =
7. (c1 (@) 1) € A'(My), A; = ¢;(E), and in particular, ko = 2g — 2, k_; = 0. The
tautological ring R*(l,) is defined to be the subring generated by A-classes and
k-classes. By Mumford’s formula [1983], the tautological ring is in fact generated
by the «-classes ki, ..., kg_2.

Faber [1999] proposed a series of remarkable conjectures about the structure of
R*(Mg):
(a) The tautological ring R*(Jlg) is Gorenstein with socle in degree g — 2, and
when an isomorphism R$ _Z(Jl/tg) = Q@ is fixed, the natural pairing

RI(Mg) x RE271(Mg) — RE2(My) = Q

is perfect.

(b) The [g/3] classes k1, .. ., K[4/3] generate the ring R*(l,), with no relations in
degrees < [g/3].

(c)Let_;dj =g—2andd; > 0. Then

B 2g —3+n)!
M 2 ko= Qg — NI, d; + D ¢

o€eS,
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where k. is defined as follows: write the permutation o = B ... B,(), Where we
think of the symmetric group S, as acting on the n-tuple (di, ..., d,). Denote by
|8 the sum of the elements of a cycle B. Then ks = kg, K|, - - - K|y

By now there are many works related to Faber’s conjecture. Looijenga [1995]
illustrated that

dim R¥(My) =0, k>g—2, and dim R 2(dly) < 1.

Faber [1999] proved that actually dim Rg*Z(Mg) = 1 and thus R*(Al,) has the
Gorenstein property. But the perfect pairing conjecture is still open.

Part (b) of the conjecture was proved independently by Morita [2003] and Ionel
[2005] with different methods.

Part (c) of the conjecture (that is, Faber’s intersection number conjecture) is
equivalent to a closed formula of the A,A,_; Hodge integral, itself a consequence
of the degree-zero Virasoro conjecture for surfaces [Getzler and Pandharipande
1998]. A short and direct proof of that integral formula can be found in [Liu
and Xu 2009]. Recently, Buryak and Shadrin [2009] gave another combinatoric
approach to this problem.

Thus, only the perfect pairing conjecture is open in Faber’s original conjecture.
Liu and Xu [2010] proved some effective recursive relations in the top-degree tauto-
logical ring R$ _Z(A/Lg) based on Faber’s intersection number conjecture. We know
that it is important to find explicit relations in the tautological ring independent of
genus. Faber [1999] also proposed a conjecture that all the tautological relations
can be generated by the Brill-Noether method. Recently, Faber and Pandharipande
have found some counterexamples when g > 24, and thus Faber’s approach may not
produce all tautological relations starting from g = 24. The Brill-Noether method
is an effective way to calculate the tautological relations. Ionel [2005] found some
explicit relations in dimension a = g+b+1—2d foreachd > 2, g>2and b > 0.
As an application, Ionel gave a proof for Part (b) of Faber’s conjecture.

Marian, Oprea and Pandharipande [2009] obtained a vanishing theorem via a
localization technique on the moduli space of stable quotients. Their result leads
to some new geometric relations in the tautological ring. They computed these
three special cases of their new geometric relation:

Case 1. If a =0, b =1, and ¢ = 2k (for k > 1), then in R824 12k (),
2 pi(cg—a—142c([Fa)) = 0.
Case2. Ifa=1,b =1, and ¢ = 2k (for k > 1), then in RS2 (L),

3 2K+ + Kg) - co—d—112k(Fa) + (2g —2) - Cg—d+2k(”~:d)) =0.
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Case 3. If a =2, b =0, and ¢ = 2k (for k > 1), then in RE™24T2k (L),

@ pu(-2Ki+ -+ Ky =20 coa-1a(Fa) +2d - cg gy (Fa)) = 0.
Combining (3) and (4), we have

(5) P28 coa11(F) + (@ +d = Degaran(Fa)) =0 in REZHHy).

The notation in these formulas is explained in Section 2.

In this note, applying the method of [lonel 2005], we derive new relations for
the tautological ring in Jil, from (2) and (3), which can be considered a partial gen-
eralization of the main results in [Ionel 2005]. We also show that (5) is equivalent
to (3).

Our main results are given by the following proposition.

Proposition 1.1. For each g, d > 2 and k > 1, formula (2) is equivalent to

1
(6) [exp(;n*G(tK, w>)];g—2d—l+2kwd =0,
and (3) is equivalent to
1
7 [exp(;n*G(tK, w))n*((2wGw(tK, w) + 1)K)]tg72d+2kwd —0.

Here G (x, w) (as in [lonel 2005, Definition 2.1]) is the unique formal power series
in x and w that satisfies the recursive formula

(8) XWG = W(G )2+ (1 = X)G oy — 1
with

[e'e) Ba ,
©) G(x,0) = —; Pt

where B, denotes the Bernoulli numbers.

Theorem 1.2. Foreach g,d > 2 and k > 1, formulas (6) and (7) give the following
relations in R82=172K({,) and R824k (Ul,), respectively:

o0 a
k—1 j =
10) [ +40 exp(= D xk, e jufﬂngzdwkud —0,

a=1 j=0

a

(11) [(1 4! exp(— 3 xi, an,,uf)
a=1

j=0

o0 a
X (g ol Zx“+lka+1 an,juj+1):| =0.
a=0

=0 x8—2d+2k yyd
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Here the positive integers g, ; (as in [Ionel 2005, Definition 1.3]) are defined re-
cursively for k > j > 0 by the relation
k—1 j—1

(12) quj=Qk+4j = g1 j1+ G+ Dgr—1j+ D D GmiGh—1-mj-1-1,
m=0 [=0

with initial condition qo,0 = 1; and the coefficients ci ;, fork > 1 and k > j > 0,
by the relation

(13) qr,j = Ck+4j)cr i+ (G + Dk jvr,
forallk>1andk > j>0.

When k = 1, formulas (10) and (11) are just [Ionel 2005, (1.10) and (1.9)] with
b =0 and b = 1 respectively.

Theorem 1.3. Formula (5) is equivalent to formula (3).

2. Preliminaries

In this section, we introduce the notations and results that we use in this paper. We
denote by %g the d-fold of not necessarily distinct fiber products of €, over .il,,
parametrizing smooth curves of genus g with n-tuples of necessary distinct points,
that is, 6% = {(C, x1, ..., xa)|x; € C}. Let p : 6% — .M, be the map forgetting all
the points. Then p is the composition of morphisms 7;: %Z, — %;_1 forgetting the
i-th point, p = mmy ... 7my; here my = .

There are some natural classes in A’ (‘62,’): K; = pi(ci(wr)) where p; is the i-th
projection from (6‘; to 6,. K is written as K in the following. D;; is the diagonal

class of %g where the points x; = x;.
Faber [1999] collected the following p-rules, due to Harris and Mumford [1982]:

Formularium. (a) Every monomial in the classes
on %g can be rewritten as monomial M pulled back from %g_l times either a single
diagonal D;; or a power Kfi of K4 by a repeated application of the following
substitution rules:
Di4Djq — DijDyq (i <j<d),
D}, — —K;Dig (i <d),

KdDid — K,'Did (i < d).

(b) For M a monomial pulled back from (621*1,

(g)«(M - Dig) =M,
(77a)«(M - K'Y = M - p* (ki _1).
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For convenience, Ionel [2005] introduced the more general classes in A*(%g).
If1 <ij <---<iy <d is a sequence of integers, let D;,, _; be the class of the
stratum of ‘6;’, where all the points x;, are equal for / =1, ..., k. Given an un-
ordered partition {J1, ..., Ji} of {x1,..., x4}, we denote by Ay, 5 = ]_[f:1 Dy,
the codimension d — k multidiagonal in €%, where all points in each J; are equal.
Given such a stratum Ay, ., we denote by x;, any one of the points of J;, and
by K, its corresponding K -class; also |J;| > 0 denotes the number of points in J;.
If 1, J are two subsets of {1, ...,d} with I NJ # &, then

(14) D;-Dy=(=Kn"™1"' Dy

Let f(x1,...,xq) € Q[xy1, ..., x4] be an arbitrary polynomial. Then by (14) and
the p-rules, we have

(15) p*(A.Il,...,Jk : f(Kla ceey Kd)) = JT*f(K, ceey K)

Denote by F; = (nd+1)*(©<€g+1 Dy g41+---+ Dd,d+1)/@<€g+1) the jet bundle at d
points, and let E¥ be the dual of the Hodge bundle. By direct calculation,

c(Fg) =c(Fy—1)A =Kg+Di1g+---+Dy_1,4).
Let [IEd = p*EY — 4. The geometric relation formulated in [Ionel 2005] is
(16)  (2d+2g —2)- pulcgri-a(F)KY) = (d — Dicp1 - pu(D12 - cgr1-a(Fa)),

ford>2,g>2and b > 0.
Via the main formula [Ionel 2005, Proposition 2.3], we have

= p*(ci(EY))
a7n e =————
' cr(Fa)
o B o0 r
% o a+1 a\ . d—r
=p CXP( Z @+ D I)Kal ) Z Z 1Ay, l—[ Hj, (1K),
a=1 r=0 {Jy,....J;} i=1
where the last sum is over all (unordered) partitions {Ji, ..., J.} of {x1,..., x4},
and the formal power series
o0 w 0o 00
P
(18) G(x,w):L;)Hd(x)E=§Zoaij w’
= =l j:

satisfies (8) and (9). The main result of [lonel 2005] is that relation (16) gives the
following relation in R8T1+0=24 (t,):
(19)

a

o0 o0 a
_ a Y _ Z a+12 eS| _
[exp( Zx Kaan,ju ) </<b_1 2 Kg4+bX qa,jU 22 0,
a=1

j=0 a=0 Jj=0
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where g,d > 2 and b > 0. For b = 0, this relation simplifies to
a

o0
(20) [exp(— 3 x4, e juf)]xgwmud —0
a=1

Jj=0

As an application of the relation (19), Part (b) of Faber’s conjecture is proved.

Marian, Oprea and Pandharipande [Marian et al. 2009] obtained a vanishing
theorem via a localization technique on the moduli space of stable quotients. We
describe their main statement for the reader’s convenience.

Given an element [C, p1, ..., p4] € C@g , there is a canonically associated stable
quotient
d
(21) 0—0c(=Y_pj)—0c— Q0.
j=1

Consider the universal curve 7w : U — ‘62,’ with universal quotient sequence
0—-Sy—0y—>Qy—0

obtained from (21). Let F; = —Rm.(S};) € K(CGZ) be the class in K-theory. With
some computations, we have

p*(c(EY))

(22) c(Fa) =c(Fa) = )

Consider the proper morphism
v: QP d) — .

The universal curve
M:U — Q.(P',d)

carries the basic divisor classes s = ¢1(S};) and @ = ¢ (wx).
Let ¢ > 0 and a, b > 0. Then by (22), the geometric relation in the tautological
ring shows that [Marian et al. 2009, Proposition 5]

@3) po(Mas°0") - cmimrre(Fa)
+ (_l)g—d—l [H*((S _ l)aa)b) . C_([[Ed)]g—d—2+a+b+c) -0

in R*(AMg), where c_ ([T:) denotes the total Chern class of [T:d evaluated at —1. Then
they obtained the following three special cases of (23).

Case 1. If a =0, b =1, and ¢ = 2k (for k > 1), then in R824 12k (),

(24) ps(Cg—a—1+2k(F)) = 0.
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Case2. Ifa =1, b =1, and ¢ = 2k (for k > 1), then in RE™24T2k (L),
25) (K1t + Ka) - cgma—14ak(Fa) + 28 = 2) - co—asn(Fa)) =
Case 3. Ifa =2, b =0, and ¢ = 2k (for k > 1), then in RS2 (L),
(26)  pu(—2(Ki+---+ Kg—2A- co—d—142k(Fa) +2d - cg_d+2k([~Fd)) =
where A =3}, ;4 Dij.

Combining (25) and (26), we have
Q7) P28 cga11k(Fa) + (8 +d — Degaran(Fa)) =0 in REZHH(Ly).

In the next section, we show how to get similar results with (19) and (20) by the
same combinatorial method as in [Ionel 2005].

3. Proof of the main results

With a minor modification of [Ionel 2005, Lemma 2.5], we have:

Lemma 3.1. In terms of the generating function G(x, w) defined by (8) and (9),
we have

(28) g} W eiF) = exp( LGk w)

and

(29) Z v eFk ) =exp(Lp Gk w) - Lo (Gutk, wiK).
forj=1,....d.

Proof. The ¢, (F,), after being pushed forward by p, depends only on the lengths /;
of sets J;. By (17), and some combinatoric enumeration, it is easy to get (28) and
(29); see [Ionel 2005] for details. O

Therefore, by Lemma 3.1, identities (2) and (3) give rise to (6) and (7) in
Proposition 1.1, respectively.

In order to get Theorem 1.2, we need to better understand the structure of the
function G(x, w) defined by (8) and (9). Ionel [2005, Lemmas 3.1 and 3.2] ob-
tained the following expansions for G, (x, w) and G(x, w):

(30) Gu(x,w)
oo k
_ —1+J/1+4w | x k4l —j—k/2=1
= Y +1+4w E E X gk, i (—w)! (1 +4w) ,

=1 j=0
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where the coefficients gy ; are defined by (12) and
o0 o0
X k+1 j —j—k/2
(31) G(x, w)=G(0, w)+Zln(1+4w)—; Zox ey, j(—w)? (14+-4w) =/ 7+/2,
=1 j=

where the coefficients ¢y ; are related to the coefficients g ; by (13). Also, we
need the variable transformation formula used in [Ionel 2005].

Lemma 3.2 [Ionel 2005, Lemma 3.3]. Let P(x, w) be a formal power series in
x and w. Denote by P(y, u) the formal power series in y and u obtained from

P(x, w) after the change of variables u = —w/(1 +4w) and y = x/+/1 4+ 4w.
(32) [Py w) oy = (=D +4) 222 P (3, )]y

By the expansion (31),

o o
(33) %N*G(IK, w) = ’;_0 In(1+4w) — > 1%, Y _ cq j(—w)! (1 +4w) = ~/2.

a=1 Jj=0
Using the change of variables,
1 —u 1
(34) t —> (14+4w)zy, w—)m, (1+4w)—>m,
we have
1 o o0
(35) exp(;rr*(G(tK, w))) = (1 4 4u) ™ 0/4 exp(— Z vy Z ca,ju]>.
a=1 Jj=
Similarly, by the expansion (30),
7 (QwGy (K, w) + D K)
_ 1,2 2w 2
= (144w 2K + Ttk

o0 a
+ YN K g, (—w) 2w (1 + 4w)_j_“/2_1>

a=1 j=0
) [o.¢] a
= (I1+4w)? (Ko - 22 1“icgp ZCJa,j(—zu)fJrl (1 +4w)_f_(“+])/2_1>.
a=0 j=0
By the change of variables
1 —u 1
(36) t— (1+4w)zy, w— Tran (1—|—4w)—>m,



NOTE ON THE RELATIONS IN THE TAUTOLOGICAL RING OF .t 507

we get

(37 7 (QwG,(K, w)+ 1K)
o0 a
=(1 +4u)_1/2</<o — 2Zy“+1/<a+1 an,juﬁl).
a=0 j=0

By Lemma 3.2, (35) and (37), we have

[exp(%n*G(tK, w))l

g=2d— 142k yd
o0 o
—_(_1\d k—1 _ a ul
=(=1) [(1+4M) CXP( Z)’ Ka ZC“»JM >:|yg_2d—1+2kud’
a=1 Jj=0

[exp(%n*G(tK, w))n*((2wGw(lK, w) + 1)K)]t

oo a

= |:(1 + 4u)k! exp(— Zx“/ca an’juf)
a=1

=0
o0 a

(s-1- 3w )|
a=0 j=0

By formulas (6) and (7), Theorem 1.2 is proved.

8=2d+2k y,d

x&—2d+2ky,d

Theorem 3.3. Formula (3) is equivalent to formula (5).

Proof. By the definition of Fa,
7} (ei(Fa1)) = ;)1 —tKy+ 1Dy g+ +1tDg—1,4).
After being pushed forward by p,

0 = put;(c/(Fa—1)) = pulcs(Fa)) — tpu(Ka - ¢,(Fa)) + (d — Ditpo(Dy.a - ¢, (Fa)).

In particular,

(d— 1)[10*(D1,d'Cl(ﬂ?d))][gfd—IJer = [p*(Kd 'Cl‘([l?d))]tg+d—l+2k - [P*(Ct([T:d))],g—dJrzk-

In fact . .
P« (D; j - c:(Fg)) = psx(D1,q - c:(Fa)),

and the equivalence of formulas (3) and (5) is deduced from the identity
2[p(A - s (Fa)) ] oamrsme = d(d — D[ (D1.a - ¢ (Fa)) ] garime
=d[p:(Ka-c;([Fa)] o-a-rim — d[palc:Fa)] oara
=—(g— 1)[p*(ct(u~:d))][g—d+2k - d[l)*(ct(ﬂ?d))],g—dﬂk
=—(g+d—D[pulc:(Fa))] ovin- O
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Example 3.4. We give some low genus examples for Theorem 1.2. By the recur-
sion relations (12) and (13) of constants gy, ;, ¢k, j, we get

q0,0 =1,

q10=1 g1 =5,

g20=1, q@1=18, ¢22=060,

go=1, q1=47, q3,=442, ¢q33=1105,

and | 5
€1,0 = 13- L1 =%,
c2,0=0, c1=1, «2=5,
1 61 221 1105
C30="3500 C31= ¢y ©C32= 75 €33= g >

Taking g =5,d =3, k =2, formula (10) gives a relation in R%(Ms):

(38) Bt — 20k = 0.
Taking g =6,d =3, k = 2, formula (10) gives a relation in R3(Mg):
(39) — 2k} + By, — i3 = 0.

It is easy to check that the relations (38) and (39) match the results in [Faber 1999].

We have written a Maple program to calculate more relations through Theorem 1.2.
Unfortunately, it is difficult to determine if they contain the new tautological rela-
tions in high genus beyond those obtained by Faber.

4. Conclusion

The new relations in the tautological ring obtained in this note, that is, formulas
(10) and (11), can be regarded as a partial generalization of formula (19) (which is
[Lonel 2005, (1.9)]) in the special cases b =0, 1.

When b = 0, formula (19) is just (20):

[exp( Zx Ka Z Ca’juj)]xg+]—2dud = O’

j=0

which is the special case of formula (10) with k = 1.
For b =1, (19) becomes

[exp( Zx /{aan]u) ( —I—ZK Lxdt! Zq u’“)]xﬁz sty =0,

j=0
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which is the special case of (11) with k = 1.

However, our results can not cover formula (19) when b > 2. In this note, we
only consider three special cases of (23) to deduce our main results. We hope that
one can obtain a more general formula, like (11), from formula (23), with the same
method.!

As mentioned in the introduction, it is important to find explicit relations in the
tautological ring in studying Faber’s conjecture. From this note, we see that the
stable quotient method introduced by Marian, Oprea and Pandharipande [2009]
provides a new and effective way to obtain the relations in the tautological ring.
With this method, recently, Pandharipande [2009a; 2009b] introduced the « ring
of the moduli of curves of compact type and studied its algebraic structure. In our
further study, we hope to find more applications of the stable quotient method.

Acknowledgements

The author would like to thank Professor Kefeng Liu for invaluable discussions
and Dr. Hao Xu for telling him some recent results on the tautological ring of the
moduli space of curves.

References

[Buryak and Shadrin 2009] A. Buryak and S. Shadrin, “A new proof of Faber’s intesection number
conjecture”, preprint, 2009. arXiv 0912.5115

[Faber 1999] C. Faber, “A conjectural description of the tautological ring of the moduli space of
curves”, pp. 109-129 in Moduli of curves and abelian varieties, edited by C. Faber and E. Looi-
jenga, Aspects Math. E33, Vieweg, Braunschweig, 1999. MR 2000j:14044 Zbl 0978.14029

[Getzler and Pandharipande 1998] E. Getzler and R. Pandharipande, “Virasoro constraints and the
Chern classes of the Hodge bundle”, Nuclear Phys. B 530:3 (1998), 701-714. MR 2000b:14073
Zbl 0957.14038

[Harris and Mumford 1982] J. Harris and D. Mumford, “On the Kodaira dimension of the moduli
space of curves”, Invent. Math. 67:1 (1982), 23-88. MR 83i:14018 Zbl 0506.14016

[Tonel 2005] E.-N. Ionel, “Relations in the tautological ring of Jlg”, Duke Math. J. 129:1 (2005),
157-186. MR 2006¢:14040 Zbl 1086.14023

[Liu and Xu 2009] K. Liu and H. Xu, “A proof of the Faber intersection number conjecture”, J.
Differential Geom. 83:2 (2009), 313-335. MR 2011d:14051 Zbl 1206.14079

[Liu and Xu 2010] K. Liu and H. Xu, “Computing top intersections in the tautological ring of .llg”,
preprint, 2010. To appear in Math. Z. arXiv 1001.4498

[Looijenga 1995] E. Looijenga, “On the tautological ring of lg”, Invent. Math. 121:2 (1995), 411-
419. MR 96g:14021 Zbl 0851.14017

[Marian et al. 2009] A. Marian, D. Oprea, and R. Pandharipande, “The moduli space of Stable
quotients”, preprint, 2009. arXiv 0904.2992

! After the submission of this paper, Professor R. Pandharipande wrote to the author that he and
A. Pixton had got the general results [Pandharipande and Pixton 2011].


http://arxiv.org/abs/0912.5115
http://www.ams.org/mathscinet-getitem?mr=2000j:14044
http://www.emis.de/cgi-bin/MATH-item?0978.14029
http://dx.doi.org/10.1016/S0550-3213(98)00517-3
http://dx.doi.org/10.1016/S0550-3213(98)00517-3
http://www.ams.org/mathscinet-getitem?mr=2000b:14073
http://www.emis.de/cgi-bin/MATH-item?0957.14038
http://dx.doi.org/10.1007/BF01393371
http://dx.doi.org/10.1007/BF01393371
http://www.ams.org/mathscinet-getitem?mr=83i:14018
http://www.emis.de/cgi-bin/MATH-item?0506.14016
http://dx.doi.org/10.1215/S0012-7094-04-12916-1
http://www.ams.org/mathscinet-getitem?mr=2006c:14040
http://www.emis.de/cgi-bin/MATH-item?1086.14023
http://projecteuclid.org/euclid.jdg/1261495334
http://www.ams.org/mathscinet-getitem?mr=2011d:14051
http://www.emis.de/cgi-bin/MATH-item?1206.14079
http://arxiv.org/abs/1001.4498
http://dx.doi.org/10.1007/BF01884306
http://www.ams.org/mathscinet-getitem?mr=96g:14021
http://www.emis.de/cgi-bin/MATH-item?0851.14017
http://arxiv.org/abs/0904.2992

510 SHENGMAO ZHU

[Morita 2003] S. Morita, “Generators for the tautological algebra of the moduli space of curves”,
Topology 42:4 (2003), 787-819. MR 2004g:14029 Zbl 1054.32008

[Mumford 1983] D. Mumford, “Towards an enumerative geometry of the moduli space of curves”,
pp. 271-328 in Arithmetic and geometry, II, edited by M. Artin and J. Tate, Progr. Math. 36,
Birkhiduser, Boston, MA, 1983. MR 85j:14046 Zbl 0554.14008

[Pandharipande 2009a] R. Pandharipande, “The « ring of the moduli of curves of compact type: 1,
preprint, 2009. arXiv 0906.2657

[Pandharipande 2009b] R. Pandharipande, “The « ring of the moduli of curves of compact type: 117,
preprint, 2009. arXiv 0906.2658

[Pandharipande and Pixton 2011] R. Pandharipande and A. Pixton, ‘“Relations in the tautological
ring”, preprint, 2011. arXiv 1101.2236

Received December 3, 2010. Revised March 2, 2011.

SHENGMAO ZHU

DEPARTMENT OF MATHEMATICS AND CENTER OF MATHEMATICAL SCIENCES
ZHEJIANG UNIVERSITY

HANGZHOU, ZHEJIANG 310027

CHINA

zhushengmao @ gmail.com


http://dx.doi.org/10.1016/S0040-9383(02)00082-4
http://www.ams.org/mathscinet-getitem?mr=2004g:14029
http://www.emis.de/cgi-bin/MATH-item?1054.32008
http://www.ams.org/mathscinet-getitem?mr=85j:14046
http://www.emis.de/cgi-bin/MATH-item?0554.14008
http://arxiv.org/abs/0906.2657
http://arxiv.org/abs/0906.2658
http://arxiv.org/abs/1101.2236
mailto:zhushengmao@gmail.com

PACIFIC JOURNAL OF MATHEMATICS

http://www.pjmath.org

Founded in 1951 by

E. F. Beckenbach (1906-1982) and F. Wolf (1904-1989)

Vyjayanthi Chari
Department of Mathematics
University of California
Riverside, CA 92521-0135
chari @math.ucr.edu

Robert Finn
Department of Mathematics
Stanford University
Stanford, CA 94305-2125
finn@math.stanford.edu

Kefeng Liu
Department of Mathematics
University of California
Los Angeles, CA 90095-1555

EDITORS

V. S. Varadarajan (Managing Editor)

Department of Mathematics
University of California
Los Angeles, CA 90095-1555
pacific@math.ucla.edu

Darren Long
Department of Mathematics
University of California
Santa Barbara, CA 93106-3080
long @math.ucsb.edu

Jiang-Hua Lu
Department of Mathematics
The University of Hong Kong
Pokfulam Rd., Hong Kong
jhlu@maths.hku.hk

Alexander Merkurjev
Department of Mathematics
University of California
Los Angeles, CA 90095-1555

Sorin Popa
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
popa@math.ucla.edu

Jie Qing
Department of Mathematics
University of California
Santa Cruz, CA 95064
ging@cats.ucsc.edu

Jonathan Rogawski
Department of Mathematics
University of California
Los Angeles, CA 90095-1555

liu@math.ucla.edu merkurev@math.ucla.edu jonr@math.ucla.edu
PRODUCTION
pacific@math.berkeley.edu
Silvio Levy, Scientific Editor Matthew Cargo, Senior Production Editor

SUPPORTING INSTITUTIONS

ACADEMIA SINICA, TAIPEI STANFORD UNIVERSITY UNIV. OF CALIF., SANTA CRUZ
CALIFORNIA INST. OF TECHNOLOGY UNIV. OF BRITISH COLUMBIA UNIV. OF MONTANA

INST. DE MATEMATICA PURA E APLICADA UNIV. OF CALIFORNIA, BERKELEY UNIV. OF OREGON

KEIO UNIVERSITY UNIV. OF CALIFORNIA, DAVIS UNIV. OF SOUTHERN CALIFORNIA
MATH. SCIENCES RESEARCH INSTITUTE UNIV. OF CALIFORNIA, LOS ANGELES UNIV. OF UTAH

NEW MEXICO STATE UNIV. UNIV. OF CALIFORNIA, RIVERSIDE UNIV. OF WASHINGTON

OREGON STATE UNIV. UNIV. OF CALIFORNIA, SAN DIEGO WASHINGTON STATE UNIVERSITY

UNIV. OF CALIF., SANTA BARBARA

These supporting institutions contribute to the cost of publication of this Journal, but they are not owners or publishers and have no
responsibility for its contents or policies.

See inside back cover or www.pjmath.org for submission instructions.

The subscription price for 2011 is US $420/year for the electronic version, and $485/year for print and electronic.

Subscriptions, requests for back issues from the last three years and changes of subscribers address should be sent to Pacific Journal of
Mathematics, P.O. Box 4163, Berkeley, CA 94704-0163, U.S.A. Prior back issues are obtainable from Periodicals Service Company,
11 Main Street, Germantown, NY 12526-5635. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt
MATH, PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and the Science Citation Index.

The Pacific Journal of Mathematics (ISSN 0030-8730) at the University of California, c/o Department of Mathematics, 969 Evans
Hall, Berkeley, CA 94720-3840, is published monthly except July and August. Periodical rate postage paid at Berkeley, CA 94704,
and additional mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O. Box 4163, Berkeley, CA
94704-0163.

PIM peer review and production are managed by EditFLOoW™ from Mathematical Sciences Publishers.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS
at the University of California, Berkeley 94720-3840
A NON-PROFIT CORPORATION
Typeset in IATEX
Copyright ©2011 by Pacific Journal of Mathematics


http://www.pjmath.org
mailto:chari@math.ucr.edu
mailto:finn@math.stanford.edu
mailto:liu@math.ucla.edu
mailto:pacific@math.ucla.edu
mailto:long@math.ucsb.edu
mailto:jhlu@maths.hku.hk
mailto:merkurev@math.ucla.edu
mailto:popa@math.ucla.edu
mailto:qing@cats.ucsc.edu
mailto:jonr@math.ucla.edu
mailto:pacific@math.berkeley.edu
http://www.pjmath.org
http://www.periodicals.com/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.emis.de/ZMATH/
http://www.inist.fr/PRODUITS/pascal.php
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://www.isinet.com/products/citation/wos/

AGUSTIN GARCIA IGLESIAS and MARTIN MOMBELLI

(p, p)-Galois representations attached to automorphic forms on ,
EKNATH GHATE and NARASIMHA KUMAR
On intrinsically knotted or completely 3-linked graphs
RYO HANAKI, RYO NIKKUNI, KOUKI TANIYAMA and AKIKO YAMAZAKI
Connection relations and expansions
MOURAD E. H. ISMAIL and MIZAN RAHMAN
Characterizing almost Priifer v-multiplication domains in pullbacks
QING L1
Whitney umbrellas and swallowtails
TAKASHI NISHIMURA
The Koszul property as a topological invariant and measure of singularities
HAL SADOFSKY and BRAD SHELTON
A completely positive map associated with a positive map
ERLING ST@GRMER

Classification of embedded projective manifolds swept out by rational homogeneous
varieties of codimension one
KiwAMU WATANABE

Note on the relations in the tautological ring of .l,
SHENGMAO ZHU

379

407

427

447

459

473

487

493

499



	1. Introduction
	2. Preliminaries
	3. Proof of the main results
	4. Conclusion
	Acknowledgements
	References
	
	

