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We study the formal geometric quantization of noncompact Hamiltonian
manifolds. Our main result is that two quantization processes coincide.
Ma and Zhang obtained the same result in a recent preprint by completely
different means.
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In [Paradan 2009], we studied some functorial properties of the “formal geomet-
ric quantization” process 2~°°, which is defined on proper Hamiltonian manifolds,
that is, noncompact Hamiltonian manifolds with proper moment map.

There is another way, denoted 2%, of quantizing proper Hamiltonian manifolds
by localizing the index of the Dolbeault Dirac operator on the critical points of the
square of the moment map [Paradan 2001; 2003; Ma and Zhang 2008].

The main purpose of this paper is to provide a geometric proof that the quan-
tization processes 2> and 9% coincide. Ma and Zhang [2008] proved this by
completely different means (see also their note [Ma and Zhang 2009]).

1. Introduction and statement of results

First, we recall the definition of the geometric quantization of a smooth and com-
pact Hamiltonian manifold. Then we show two ways of extending the notion of
geometric quantization to the case of a noncompact Hamiltonian manifold.

Let K be a compact connected Lie group, with Lie algebra £. In the Kostant—
Souriau framework, a Hamiltonian K-manifold (M, 2, ®) is prequantized if there
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is an equivariant Hermitian line bundle L with an invariant Hermitian connection V
such that

(1) P(X)—Vx, =i(®,X) and V?=—iQ

for every X € €. Here X, is the vector field on M defined by Xy, (m) = %e"xmlo.

The data (L, V) is also called a Kostant—Souriau line bundle, and ® : M — £* is
the moment map. Via the equivariant Bianchi formula, the conditions of (1) imply
the relations

) (X)Q = —d(d, X), Xet

Recall the notion of geometric quantization when M is compact. Choose a K-
invariant almost complex structure J on M that is compatible with €2 in the sense
that the symmetric bilinear form (-, J-) is a Riemannian metric. Let 3. be the
Dolbeault operator with coefficients in L, and let 5}: be its (formal) adjoint. The
Dolbeault—Dirac operator on M with coefficients in L is Dy = ﬁ(éL + 52),
considered as an elliptic operator from s4%¢*"(M, L) to s4*°%(M, L). Let R(K)
be the representation ring of K.

Definition 1.1. The geometric quantization of a compact Hamiltonian K -manifold
(M, 2, ) is the element 2k (M) € R(K) defined as the equivariant index of the
Dolbeault—Dirac operator Dy .

Consider the case of a proper Hamiltonian K-manifold M: the manifold is
(perhaps) noncompact but the moment map & : M — €* is supposed to be proper.
Under this properness assumption, one defines the formal geometric quantization
of M as an element 9 ,°°(M) that belongs to R~°°(K) [Weitsman 2001; Paradan
2009]. Recall the definition:

Let T be a maximal torus of K. Let t* be the dual of the Lie algebra t of T
containing the weight lattice A*, that is, « € A™ if i« : t — iR is the differential of
a character of T. Let t} C t* be a Weyl chamber, and let K :=Ar*N t be the set
of dominant weights. The ring of characters R(K) has a Z-basis VX, u € K VK
is the irreducible representation of K with highest weight .

A representation E of K is admissible if it has finite K-multiplicities, that is,
dim(homg (VK| E)) < oo for every U € K. Let

3) R™(K)

be the Grothendieck group associated to the K-admissible representations. We
have an inclusion map R(K) < R™°°(K) and R~*°(K) is canonically identified
with homz(R(K), Z). The tensor product induces an R(K)-module structure on
R™®°(K) since E ® V is an admissible representation when V and E are, respec-
tively, a finite-dimensional and an admissible representation of K.
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For any u € K thatis a regular value of the moment map ®, the reduced space
(or symplectic quotient) M, := ®~'(K - u)/K is a compact orbifold equipped
with a symplectic structure €2,,. Moreover L, := (L|p-1(,) ® C_,)/K, is a
Kostant—Souriau line orbibundle over (M, ©2,,). The definition of the index of
the Dolbeault—Dirac operator carries over to the orbifold case, hence 2(M,,) € Z is
defined. In Section 2C, we explain how this notion of geometric quantization ex-
tends further to the case of singular symplectic quotients. So the integer 2.(M,) € Z
is well defined for every u € K:in particular 9(M,) =0if u ¢ ®(M).

Definition 1.2. Let (M, 2, ®) be a proper Hamiltonian K -manifold prequantized
by a Kostant—Souriau line bundle L. The formal quantization of (M, 2, ®) is the
element of R~°°(K) defined by

2> (M) =) oM, V.
nek

When M is compact, the fact that
“) A (M) = 2> (M)

is known as the “quantization commutes with reduction” theorem. This was con-
jectured in [Guillemin and Sternberg 1982] and was first proved in [Meinrenken
1998; Meinrenken and Sjamaar 1999]. Other proofs of (4) were given in [Tian
and Zhang 1998; Paradan 2001]. For complete references on the subject, consult
[Sjamaar 1996; Vergne 2002].

We summarize the main features of the formal geometric quantization 9~°°:

Theorem 1.3 [Paradan 2009]. (1) (restriction to subgroup) Let M be a prequan-
tized Hamiltonian K-manifold that is proper. Let H C K be a closed con-
nected Lie subgroup such that M is still proper as a Hamiltonian H-manifold.
Then 2% (M) is H-admissible and 2°°(M)|g = 2,°°(M) in R™*°(H).

(2) (product) Let M and N be prequantized Hamiltonian K -manifolds, where M
is proper and N is compact. Then M x N is a proper prequantized Hamilton-
ian K -manifold and 23,°°(M x N) = 2.°(M) - Qg (N) in R=*°(K).

When M is a proper Hamiltonian K-manifold, we can also define another “for-
mal geometric quantization”, denoted

(5) 9% (M) € R™°(K),

by localizing the index of the Dolbeault-Dirac operator Dy, on the set Cr(||® )%
of critical points of the square of the moment map (see Section 2B for the precise
definition). This idea of nonabelian localization goes back to Witten [1992]. We
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proved in [Paradan 2003; 2009] that
(6) 9> (M) = 2% (M)
in some situations:

e M is a coadjoint orbit of a semisimple Lie group S that parametrizes a repre-
sentation of the discrete series of S.

e M is a Hermitian vector space.

In her ICM 2006 plenary lecture, Vergne [2007] conjectured that (6) holds when
Cr(||®||%) is compact. Recently, Ma and Zhang [2008] proved the following gen-
eralization of this conjecture.

Theorem 1.4. The equality (6) holds for any proper Hamiltonian K -manifold.

Corollary 1.5. The formal quantization map 9% satisfies the functorial properties
listed in Theorem 1.3.

This article is dedicated to the study of the quantization map 2%. In Section 2B,
we give the precise definition of the quantization process 9. In particular, we
refine the constant a, that appears in [Ma and Zhang 2008, Theorem 0.1]. In
Section 2D, we explain how to compute the quantization of a point. In Section 3,
we give another proof of Theorem 1.4 by using the technique of symplectic cutting
developed in [Paradan 2009]. In Section 4, we consider the case where K = K| X K»
acts on M in such a way that the symplectic reduction M /K is a smooth proper
K>-Hamiltonian manifold. We show then that the Ky-invariant part of 91%1 i, (M)
is equal to SZ%(M /oK1). In Section 5, we study the example of the cotangent
bundle of a homogeneous space: M = T*(K/H) where H is a closed subgroup
of K.

We finish this introduction by discussing the two proofs of Theorem 1.4 in [Ma
and Zhang 2008] and in this paper. Both proofs use the Witten [1992] deformation
argument. The work of Ma and Zhang [2008] is analytic and makes a great use of
techniques initiated in [Bismut and Lebeau 1991]. One of Ma and Zhang’s main
tools is an interpretation of the transversal index as an Atiyah—Patodi—Singer type
index. In the present work, we stay on the topological/geometrical side. Our main
tools are based on localization formulas (see [Paradan 2001]) and on a symplectic
cutting technique (see [Paradan 2009]).

The approach of Ma and Zhang [2008] is different from ours, but the results are
equivalent. In [Ma and Zhang 2008, Theorem 0.5], they show that the geometric
quantization process 2% is functorial with respect to the product (see the second
point of Theorem 1.3), and then deduce the equality 2* = 27,

I wish to thank the referees for their useful comments.
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2. Quantizations of noncompact manifolds

In this section we define the quantization process 2, and we give another defi-
nition of the quantization process 2~°° that uses the notion of symplectic cutting
[Paradan 2009].

2A. Transversally elliptic symbols. Here we give the basic definitions from the
theory of transversally elliptic symbols (or operators) defined in [Atiyah 1974].
For an axiomatic treatment of the index morphism, see [Berline and Vergne 1996a;
1996b; Paradan and Vergne 2009]. For a short introduction, see [Paradan 2001].

Let & be a compact K-manifold. Let p : T¥ — & be the projection, and let
(—, —)g be a K -invariant Riemannian metric. If E°, E! are K -equivariant complex
vector bundles over ¥, a K -equivariant morphism o € I'(T%, hom(p*E°, p*E'))
is called a symbol on ¥. The subset of all (x, v) € TX where! o (x, v) : ES — E;
is not invertible is called the characteristic set of o, and is denoted by Char(o).

In the following, the product of a symbol o by a complex vector bundle F — M,
is the symbol

oQF

defined by o0 ® F(x,v) = o(x,v) ® Idr, from ES ® F, to E; ® F,. Note that
Char(oc ® F) = Char(o).
Let Tx& be the following subset of TX:

Tx% ={(x,v) e T | (v, Xy (x)), =0 forall X € ¢}.

A symbol o is elliptic if o is invertible outside a compact subset of TX (that
is, Char(o) is compact), and is K -transversally elliptic if the restriction of o to
Tx& is invertible outside a compact subset of TgX (that is, Char(o) N Tx&¥ is
compact). An elliptic symbol o defines an element in the equivariant K°-theory of
T& with compact support, which is denoted by K(}( (T%), and the index of o is a
virtual finite-dimensional representation of K, which we denote Index§ (0)e R(K)
[Atiyah and Segal 1968; Atiyah and Singer 1968a; 1968b; 1971].
Consider the R(K)-submodule

R . (K) C R™*°(K)

formed by all the infinite sums ) ek M MVMK where the map u € K—>m w€Z
has at most a polynomial growth. The R(K )-module R.*°(K) is the Grothendieck
group associated to the frace class virtual K-representations. We can associate to
any V € R *(K) its trace, k — Tr(k, V), which is a generalized function on K
invariant by conjugation. Then the trace defines a morphism of R(K)-modules

(7) RZ™°(K) = €~ (K)™,

IThe map o (x, v) will be also denote o |x (v)
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where €~°°(K)A9 is the vector space of generalized function on K invariant by
conjugation.

A K-transversally elliptic symbol o defines an element of K(}( (Tx%X), and the
index of o is defined as a trace class virtual representation of K, which we still
denote Index§ (0) € R (K) [Atiyah 1974].

Any elliptic symbol of T¥ is K -transversally elliptic, hence we have a restriction
map K(}( (TX) —> K(1)< (Tx%¥) and a commutative diagram

K% (T%) — K% (Tx %)
(8) Indexg l llndexg
R(K)

R (K).
Using the excision property, one can easily show that the index map
IndexX : K% (TxU) — R (K)

is still defined when AU is a K-invariant relatively compact open subset of a K-
manifold (see [Paradan 2001, Section 3.1]).

Suppose now that the group K is equal to the product K x K>. When a symbol o
is (K1 x K»y)-transversally elliptic we will be interested in the K-invariant part of
its index, which we denote by

[Index5" " *2(0)151 € R (K»).

An intermediate notion between the “ellipticity” and “(K; x K;)-transversal ellip-
ticity” is “K-transversal ellipticity”. When a (K| x K»)-equivariant symbol o
is Ky-transversally elliptic, its index Indexy'**>(0) € Rg™ (K| x K»), viewed
as a generalized function on K| x K», is smooth relative to the variable in K>
[Atiyah 1974; Berline and Vergne 1996b; Paradan and Vergne 2009]. It implies
that Indexy' %> (o) = 3, (1) ® V,*! with

O(L) € R(K,) forall » € K.

In particular, [Index}'***(0')]X1 = 6(0) belongs to R(K>).

Recall the multiplicative property of the index map for the product of manifolds
that was proved in [Atiyah 1974]. Consider a compact Lie group K, acting on two
manifolds ¥ and %,, and assume that another compact Lie group K; acts on &
commuting with the action of K.

The external product of complexes on T&; and T&, induces a multiplication
(see [Atiyah 1974]):

O : K§  x, (Tk, %1) x K§, (T, %) — K§ ok, (T sk, (X1 X %2)).
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Recall the definition of the external product: For k =1, 2, consider equivariant mor-
phisms? oy : €;” — €, on T%,. Consider the equivariant morphism on T(%; x %)

0100::¢ RE DE ®E, > ¢ @ DE @,
defined by

_ k
©) 01602:(01®Id Id®02>.

[d®o, of®Id

We see that the set Char(o1 ©®o,) C T¥ | x T, is equal to Char(o) x Char(o). Sup-
pose now that the morphisms o} are respectively Ki-transversally elliptic. Since
Tk, xx, (&1 x X2) # Tg, &1 x Tg,¥2, the morphism o1 © o, is not necessarily
(K1 x K»y)-transversally elliptic. Nevertheless, if o, is almost homogeneous, then
the morphism o7 © 0> is (K| x K»)-transversally elliptic (see [Paradan and Vergne
2009]). So the exterior product a; ® a; is the KO—theory class defined by o1 © o7,
where a; = [o0x] and o, is almost homogeneous.

The following property will be used frequently; see [Atiyah 1974, Lecture 3;
Paradan and Vergne 2009].

Theorem 2.1 (multiplicative property). For any [o1] € K(}(lx K> (Tk,%1) and any
[on] € K(I)<2 (Tk,%2) we have

Index, Y52 ([01] © [02]) = Indexy, ™ ([o1]) ® Index; ([o2]).

The product of Indexy***([o1]) € €™°(K| x K»)*! with Index}’([02]) €
@~ (K,)? is well defined since the generalized function

(ki kp) > Indexgy' ™ ([o1]) (k1 k2)
is smooth relative to the variable k, € K5.
We finish this section by recalling the notion of limit in R~*°(K).

Definition 2.2. The support of x 1= a, Vf € R7%°(K) is the set of u € K

such that a,, # 0.

nek

We will say that x € R™°°(K) is supported outside B C t* if the support of x
does not intersect B. Denote by O (r) any character of R~°(K) that is supported
outside the ball B, = {£ e t* | ||€] < r}.

Definition 2.3. A sequence x, € R™°°(K) converges to x When n goes to infinity
if for any r > 0O there exists N € N such that

Xoo — Xn = O(r)
for any n > N.

2To simplify notation, we do not distinguish between vector bundles on T and on ¥.
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We will be interested in an infinite sum ) _,_; v; of generalized characters. Here
Y ics Vi converges in R™°°(K) if for any r > O the set

{i € I | support(y;) N B, # &}
is finite.

2B. Definition and first properties of 2. Let (M, 2, ®) be a proper Hamiltonian
K -manifold prequantized by an equivariant line bundle L. Let J be an invariant
almost complex structure compatible with Q. Let p : TM — M be the projection.

To begin, we describe the principal symbol of the Dolbeault—Dirac operator
\/5(5 L+ E_)}i). The complex vector bundle (T*M Yo-lis K -equivariantly identified
with the tangent bundle TM equipped with the complex structure J. Let /# be the
Hermitian structure on (TM, J) defined by h(v, w) = Q(v, Jw) — i (v, w) for
v, w € TM. The symbol

Thom(M, J) € T (TM, hom(p* (ALY TM), p*(AX TM)))
at (m, v) € TM is equal to the Clifford map
(10) en(v) : AT, M — AT, M,

where ¢, (v).w =vAw—t(v)w for w € AL T,, M. Here t(v) : AR Ty M — /\q':_leM
denotes the contraction map relative to 4. Since ¢,, (v)> = —||v||*1d, the map c¢,, (v)
is invertible for all v # 0. Hence the characteristic set of Thom(M, J) corresponds
to the O-section of TM.

It is a classical fact that the principal symbol of the Dolbeault-Dirac operator
V20, + 52) is equal to’

1n Thom(M, J)® L

(see [Berline et al. 2004, Proposition 3.67]). Here also, Char(Thom(M, J) ® L)
coincides with the 0-section of TM.

Remark 2.4. If the manifold M is a product M| x M», the symbol Thom(M, J)Q L
is equal to the product oy ® o, where oy = Thom(My, Ji) & L.

When M is compact, the symbol Thom(M, J) ® L is elliptic and then de-
fines an element of the equivariant K-group of TM. The topological index of
Thom(M, J)® L € K(I)( (TM) is equal to the analytical index of the Dolbeault—
Dirac operator V20, + 5?):

(12) Ik (M) = Indexﬁ(Thom(M, J)®L) in R(K).

3Here we use an identification T*M ~ TM given by an invariant Riemannian metric.
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When M is not compact the topological index of Thom(M, J) ® L is not defined.
To extend the notion of geometric quantization to this setting we deform the sym-
bol Thom(M, J) ® L in the “Witten” way [Paradan 2001; 2003]. Consider the
identification & E, t* — ¢ defined by a K -invariant scalar product on £*. Define
the Kirwan vector field on M as

(13) km = (®(m))y(m), me M.

Definition 2.5. The symbol Thom(M, J) ® L pushed by the vector field « is the
symbol ¢* defined by the relation

c* Im(v) =Thom(M, J) ® L|n(v — k)

for any (m, v) € TM. More generally, if E — M is an equivariant complex vector
bundle, one defines the symbol ¢, with the same relation (with E at the place of L).

Note that ¢“|,, (v) is invertible except if v = k,,,. If furthermore v belongs to the
subset Tx M of tangent vectors orthogonal to the K-orbits, then v =0 and «,,, = 0.
Indeed «,, is tangent to K - m while v is orthogonal.

Since k is the Hamiltonian vector field of the function _71 | D2, the set of zeros
of « coincides with the set Cr(||®||?) of critical points of ||® 2. Finally we have

Char(¢) NTx M ~ Cr(|| @ ).

In general Cr(]|®||?) is not compact, so ¢ does not define a transversally elliptic
symbol on M. To define a kind of index of ¢“, we proceed as follows. For any
invariant open relatively compact subset U C M the set

Char(c“|y) NTxU ~ Cr(||®||>) N U
is compact when
(14) AU NCr(]|@|°) = 2.
When (14) holds, denote by
(15) 9% (U) :=Indexp (¢“|y) € R (K)

the equivariant index of the transversally elliptic symbol ¢*| .

It will be useful to understand the dependence of the generalized character
Q?(U ) relative to the data (U, 2, L). So consider two proper Hamiltonian K-
manifolds (M, @, ®) and (M, Q', ®’) respectively prequantized by the line bun-
dles Land L. Let V. C M and V' C M’ two invariant open subsets.

Proposition 2.6. < The generalized character SZ%(U ) does not depend of the
choice of an invariant almost complex structure on U compatible with Q|y.
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o Suppose that there exists an equivariant diffeomorphism V : V — V' such that
(1) v*(d) =2,
(2) v* (L) =L,
(3) there exists a homotopy of symplectic forms taking W*(Q'|y/) to Q|y.

Let U' C U’ C V' be an invariant open relatively compact subset such that
oU’ satisfies (14). Take U = W~ (U"). Then dU satisfies (14) and

902 W) =28 (U) € R™2(K).

Proof. To prove the first point, let ¢} |, i =0, 1 be the transversally elliptic symbols
defined with the compatible almost complex structure J;, i =0, 1. Since the space
of compatible almost complex structure is contractible, there exists a homotopy J;,
t € [0, 1] of almost complex structures linking Jy and J;. By [Paradan 2001,
Lemma 2.2], there exists an invertible bundle map A € I'(U, End(TU)), homotopic
to the identity, such that A o Jy = J; o A. With the help of A we prove then that
the symbols ¢; |y and €|y define the same class in K(,)( (Tx U) (see [Paradan 2001,
Lemma 2.2]). Hence their equivariant indices coincide.

To prove the second point, observe that the characters 92% (U) and Q%,(U ") are
computed as the equivariant index of the symbols ¢*|; and ¢'|. Let |y the
pull back of |y by W. Thanks to conditions (1) and (2), the only thing which
differs in the definitions of the symbols ¢“|y and ¢“|y are the almost complex
structures J and J = W*(J'): the first one is compatible with |y and the second
one with W*(Q'|y/). Since these two symplectic structures are homotopic, the
almost complex structures J and 7T are also homotopic. So we can conclude as in
the first point. ([

We describe the critical points of ||®||?, when the moment map ® is proper. We
know that m € Cr(]|®||?) if and only if By (m) = 0 for B = ®(m). Hence the set
Cr(||®||?) has the decomposition

16 agey=J Mnet@=J K- nolp).

Bet* BERB Zg

where % is a subset of the Weyl chamber t’ . The set of singular values of P2
is then {||8]|%, B € B}. Each part Zg is compact, hence Cr(||®|?) is compact if %B
is finite. Denote by B, C t* the open ball {£ € t* | ||&|| < r}.

Proposition 2.7. < For any r > 0, the set B N B, is finite.
o Cr(||®||?) is compact if and only if B is finite.

o The set of singular values of |®||?> : M — R forms a sequence 0 <r| < ry <
ce- < rg < --- that is finite if and only if Cr(|®||?) is compact. In the other
case, limy_, o 1, = 00.
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Proof. To prove the first point, let » > 0 and consider the relatively compact in-
variant open subset V', := ®~!({€ € €* | |&|| < r}) and the infinitesimal action
of the Lie algebra t on V.. For any vector subspace a C t, define the T-invariant
submanifold

V,(a) :={x €V, | Stabilizer((x) = a}.

Since V', is relatively compact, it has finitely many types of stabilizers ai, ..., a,.
Hence we have a decomposition V', = V', (a;) U--- UV (a,) where each V', (ay)
has a finite number, say n(r, k), of connected components. We will show that

p
(17) > n(r k) = #BN B,
k=1

Let €, be the finite collection formed by the connected components of the man-
ifold V', (ax), 1 < k < p. Let @, C ¢, be the subset formed by the connected
components F for which FAN®~1(B) # @ for some B € BNB,.. The inequality (17)
follows from the existence of a surjective map 6 : 6. — BN B, B

Let F € 6,. Suppose that there exist B, 8/ in B N B, such that F# N ®~1(B)
and F#' N ®~1(B’) are nonempty. It implies first that E , E/ € ax. The relation (2)
shows that the function x € F +— (®(x), Y) is constant for any Y € a;. If we take
Y = B, the fact that F intersects both ®~'(8) and ®~'(8') gives ||B]I> = (B, B).
By taking Y = f’, we have also [|8'[|2 = (B, ). Finally

I8 =8I =11BI*+I1B'I* =28, B) =0,

hence g = B’. Define 0 : 6, — % N B, as follows: 0(F) is the unique element
B € BN B, such that FF N d~1(B) # @. It is easy to check that 6 is onto.
The two other points are a direct consequence of the first one. (|

To each regular value R of Cr(||®||?) associate the invariant open subset M_ g :=
{II® 1> < R} that satisfies (14). The restriction ¢¢| M.y defines then a transversally
elliptic symbol on M_g. Let 92% (M_g) be its equivariant index. We show that
Q%(M<R) has a limit when R — oo.

For any B € %, consider a relatively compact open invariant neighborhood Ug
of Zg such that Cr(]|®|1?) N OlTﬂ = Zg. By the excision property, the generalized
character Q? Ug) = Indequiﬂ (€“|a,) does not depend of the choice of Ug. To
simplify notation, use the following:

Definition 2.8. Denote by SZ’Z (M) € R."°(K) the equivariant 4 of the transversally
elliptic symbol ¢*[a,.

When E — M is an equivariant complex vector bundle, denote by R Rg (M, E)
the equivariant index of the transversally elliptic symbol ¢ [ay,,.

4The index of ¢ |0uﬁ was denoted R Rg (M, L) in [Paradan 2001].
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A simple application of the excision property [Paradan 2001, Section 4] gives

(18) 2pMop)= Y k),
ﬂE%ﬁB\/ﬁ

where the sum is finite, thanks to Proposition 2.7.
For a dominant weight y € K, the positive number

ay =y +pl*=lpl* = Iyl

corresponds to the eigenvalue of the Casimir operator acting on the irreducible
representation VK Ma and Zhang [2008, Theorem 2. 1] prove that the support of
the generalized character .92’3 (M) is contained in {y € K la, > 18113}

We propose another proof which refines Ma and Zhang’s result and uses a dif-
ferent method. They used Atiyah—Patodi-Singer index theory on manifolds with
boundary whereas we use localization and induction formulae for our transversally
elliptic index.

Theorem 2.9. The generalized character 92’?( (M) is supported outside the open
ball B Bl-

Proof. The proof uses computations done in [Paradan 2001].

First consider the case where 8 #0is a K-invariantelementof %B. Leti: Tg— T
be the compact torus generated by B. If F is Z-module denote by F® R~> (Tg)
the Z-module formed by the infinite formal sums ), E, h“ taken over the set of
weights of Tg, where E, € F for every a.

Since Ty lies in the center of K, the morphism 7 : (k, 1) € K x Tg > kt € K
induces a map 7% : R™*°(K) — R™*°(K) ® R™(Tp).

The normal bundle N of M? in M inherits a canonical complex structure Jy
on the fibers. Denote by N — MP# the complex vector bundle with the opposite
complex structure. The torus Tﬁ is included in the center of K, so the bundle N
and the virtual bundle O : /\(‘DN Age“N — /\OddN carry a K x Tg-action. Thus
they can be considered as elements of K KxTs (Mﬂ) = K(}( (Mﬂ) ® R(Tp).

In [Paradan 2001], we defined an inverse of ACN

[AeNT' € K (MP)® R™>(Tp),

which is polarized by . This means that [/\q’:N ]El =), Ny h* with N, # 0 only
if (a, ) = 0. [Paradan 2001, Theorem 5.8] proved the localization formula

KX—W[\;(

(19) T[98 (M) = RR MP, Ly ® [Ae N 15Y),
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as an equality in R™°°(K) ®R ~2°(Tg). Let A be the set of connected components
of MP# that intersect ®~!(B). For any equivariant vector bundle E on M#, we have

KxT g KxT
RR; " (MP,Ey=Y RRy; " "(Z, El|z).
Zed

For any weight u, denote by C,, the 1-dimensional representation of the maximal
torus 7 (which contains Tg). We use now the crucial lemma which is a direct
consequence of [Paradan 2001, Lemma 9.4].

Lemma 2.10. The irreducible representation VMK occurs in R Rng’g (Z, E|z) only
if the vector bundle Homr, (Cu, E|z) is nonzero.

Thus VMK occurs in the character RR;XW (ME, E) only if Homr, (Cu, Elz) #0
for some Z € A.

For E = L|y? ® [/\('DJ\_f ];1 and any Z € d, we check that the vector bundle
Homr,(C,, E|z) is nonzero only if (u, B) > I811>. Hence VMK occurs in the
character 9% (M) only if (11, B) > || B]I2.

Now consider the case were S € % is not a K-invariant element. Let o be
the unique open face of the Weyl chamber t} which contains 8. Let K, be the
corresponding stabilizer subgroup. Following [Guillemin and Sternberg 1984], we
introduce a K, -invariant open subset U, of € as U, := K, - {y € t} | Ky C K, }.
By construction, U, is a slice for the coadjoint action at any & € o; see [Lerman
et al. 1998, Definition 3.1]. This means that the map K x U, — ¥*, (k, &) — k- &
factors through an inclusion K x g, U, < £*. The symplectic cross-section theorem
[Guillemin and Sternberg 1984] asserts that the preimage

Y, =& (U,

is a Ks-invariant symplectic submanifold prequantized by the line bundle L|qy, .
The restriction of ® to ¥, is a moment map ¥, : Y, — €. that is proper as a map
from %, into U,. The set

Ko - @ na; B =M no'(p)

is a component of Cr(||®,|%). Let .92’13{” (M,) € R, (K,) be the corresponding
character (see Definition 2.8).
In [Paradan 2001, Theorem 7.5], we proved the induction formula

(20) 9% (M) = Holk (2% ¥,)),

where Holfv : R7*°(Ks) — R™°°(K) is the holomorphic induction map. See
[Paradan 2001, Appendix] for the definition and properties of these induction maps.



182 PAUL-EMILE PARADAN

We know from the previous case that
o We)= > m Vi,
neky
where m,, # 0 implies (u, B) > I B11%. Then, with (20), we get
ok (My=Y " my, Holf (VK
(1. B)=11BI12

= Y myHolf (),
(. B)=181?
where Holf : R7%°(T) — R™°°(K) is the holomorphic induction map. Here we
use that Holf = Hol?a oHolIT{" and that Vlf = Holf" (t*) for n € I’(\a C A* (see
[Paradan 2001, Appendix]).
Let p be half the sum of the positive roots. The term Hol’T( (") is equal to 0

when @ + p is not a regular element of t*. When p + p is a regular element of t*,
we have Holf ") = (—1)""|Vlﬁ, where

ho =@+ p)—p

is dominant for a unique element w of the Weyl group.
Finally, a representation VAK appears in the character Sli (M) only if A = pu,, for
a weight u satisfying (u, ) > | 811%>. Hence, for such A, we have

Il =llw+p—o ol
> <M+p—w_1p, i)

1Al
= IBII-

In the last inequality we use that (0 — w~!p, B) > 0 since p — w~'p is a sum of
positive roots, and g € t.. O

With the help of Theorem 2.9 and decomposition (18), we see that the multi-
plicity of VyK in Q% (M _g) does not depend on the regular value R > ||y >

Definition 2.11. The generalized character QL? (M) is defined as the limit of char-
acters 922 (M.g) in R™°°(K) when R goes to infinity. In other words

1) 2 (M) =" ok ).
BeRB

For any regular value R of ||®||> we have the useful relation

(22) 22 (M) =92 (M_g)+ OR).
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2C. Quantization of a symplectic quotient. We will now explain how to define
the geometric quantization of singular compact Hamiltonian manifolds, where
“singular” means that the manifold is obtained by symplectic reduction.

Let (N, 2) be a smooth symplectic manifold equipped with a Hamiltonian ac-
tion of K; x K>. Denote by (&1, ;) : N — €] x €] the corresponding moment
map. Assume that N is prequantized by a (K| x K»)-equivariant line bundle L and
suppose that the map @, is proper. One wants to define the geometric quantization
of the compact symplectic quotient

N /oK := 7' (0)/K;

which is in general singular.

Let «; be the Kirwan vector field attached to the moment map ®;. Denote
by ¢“! the symbol Thom(», J) ® L pushed by the vector field «;. For any regular
value R; of ||®;]|?, consider the restriction ¢! |N_g, to the invariant, open subset
N_g, = {I®1 11> < R}). The symbol CK1|N<R1 is (K| x K»)-equivariant and K-
transversally elliptic, hence we can consider its index

Indexy' (€' |v_,) € R™°(K1 x K2),

<R1

which is smooth relative to the parameter in K,. Consider the following extension
of Definition 2.11.

Deﬁnltlon 2.12. The generahzed character 92! Kix K> (N) is defined as the limit in
R (K x K3) of IndexN] *K2 (er IN_x,) When R} goes to infinity.

Here Cr(||®||?) is equal to the disjoint union of the compact (K x K»)-invariant
subsets Zg, := K- (MP ﬂdD_l (B1)), B1 € B;. For B € B, consider an invariant rel-
atively compact open subset g, suchthat: Zg COUg, and Zg, = Cr(|| D 1% )mouﬂl
Let El’lg(‘ wKs (N) € R-*°(K| x K») be the equivariant index of the K- transversally
elliptic symbol ¢! |, . The Kj-transversality condition imposes that 9h Kyxk, V)=
3, 08100 @ V! with

0P1(L) € R(K,) forall A € K.
We have the following extension of Theorem 2.9:
Theorem 2.13. We have

o N =Y 0y vS,

)»el(Al
where 0P (1) # 0 only if [|A] = || B1].
Proof. The proof works exactly like that of Theorem 2.9. U
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We now explain the “quantization commutes with reduction theorem”, or why
we can consider the geometric quantization of

N /oK1 = @7 (0)/K,

as the K-invariant part of 922: XKZ(N).

First suppose that 0 is a regular value of ®;. Then N /K is a compact symplec-
tic orbifold equipped with a Hamiltonian action of K»: the corresponding moment
map is induced by the restriction of &, to <I>1_1 (0). The symplectic quotient N /(K
is prequantized by the line orbibundle

Lo = (Llg-10)/ K-

Definition 1.1 extends to the orbifold case. We can still define the geometric quanti-
zation of N /K as the index of an elliptic operator and denote it by Qx, (N /K1) €
R(K>»).

Theorem 2.14. If 0 is a regular value of ®1, the K-invariant part ofSZ% Kk, (V)
is equal to Ak, (N (K1) € R(K>).

Suppose now that 0 is not a regular value of ®@;. Let 77 be a maximal torus
of Ky, and let t] , C t] be a Weyl chamber. Since ®; is proper, the convexity
theorem says that the image of @, intersects t] , in a closed locally polyhedral
convex set, which we denote by Ag, (N) [Lerman et al. 1998].

Consider an element a € Ak, (N) which is generic and sufficiently close to
0 € Ak,(N). Denote by (K1), the subgroup of K; which stabilizes a. When
a € Ak, (N) is generic, one can show (see [Meinrenken and Sjamaar 1999]) that

N/ Ky =0 (@)/ (K1)
is a compact Hamiltonian K;-orbifold, and that
L,:= (L|q>}} (a))/(Kl)a-

is a Kp-equivariant line orbibundle over N /,K;. We can then define, like in
Definition 1.1, the element 9, (N /,K1) € R(K2) as the equivariant index of the
Dolbeault-Dirac operator on N /, K (with coefficients in L,).

Theorem 2.15. The K-invariant part of Q}‘;:X,{Z(M) is equal to g, (N J,K1) €
R(K>3). In particular, the elements Ok, (N J,K1) do not depend on the choice of
the generic element a € Ak, (N), when a is sufficiently close to 0.

Proofs of Theorems 2.14 and 2.15. When N is compact and K, = {e}, the proofs
can be found in [Meinrenken and Sjamaar 1999; Paradan 2001]. We explain briefly
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how the K°-theoretic proof of [Paradan 2001] extends naturally to our case. Like
in Definition 2.11, we have the decomposition

K]XKz(N) Z Qllg(llsz(N)a
BeB

and Theorem 2.13 implies [ Q’f('l Ky (MK =0if B1 # 0. This proves the first step:

(28!, k, (NI =19% &, (N)T¥.

The analysis of the term [99 Kix K> (N)]1X1 is undertaken in [Paradan 2001] when
K> = {e}: this term is equal either to 2(N /oK) when O is a regular value (see
[Paradan 2001, Section 6.2]), or to 2(N /,K1) with a generic (see [Paradan 2001,
Section 7.4]). It works similarly with an action of a compact Lie group K. U

Definition 2.16. The geometric quantization of N /oK := d>1_1 (0)/ K is taken as
the K-invariant part of QK e (N). Denote it by O, (N /(K1) € R(K>).

2D. Quantization of points. Let (M, 2, ®) be a proper Hamiltonian K -manifold
prequantized by a Kostant—Souriau line bundle L. Let 1 € K be a dominant weight
such that ®~1(K - ) is a K-orbit in M. Let m° € &~ (u) so that

oMK -pu)=K -m°.

Then the reduced space M, := O K- -p/Kisa point. The aim of this section
is to compute the quantization of M,: 2(M,,) € Z.

The stabilizer subgroup H of m? is contained in the subgroup K, C K that fixes
wu € t*. We have a linear action of H on the 1-dimensional vector space L,;,c C L.

Let £, be the Lie algebra of K,. We recall why the Lie algebra morphism
in : €, — iR integrates in a character x, of K,. The group K, which is con-
nected, decomposes as K, = [K,, K,|Z,, where Z, is the connected compo-
nent of the center of K,. For the maximal torus 7', we have T = T,Z, with
T,=TN[K,, K,] =exp(tN[E,, t,]). The morphism iu : t — iR integrates in
a character XZ of T which is trivial on T}, since (u, [£,, £,]) = 0. Hence we can
define the character y,, as being trivial on [K,, K], and equal to x ;{ onZ,.

Let C_, be the 1-dimensional representation of K, associated to the charac-
ter x,, ! Denote by x the character of H defined by the 1-dimensional representa-
tion C, := L,;0 ® C_,,. We know from the Kostant formula (1) that x = 1 on the
identity component H° C H.

Theorem 2.17. We have

1 if x=1o0nH,

23 A2M,) =
23) (M) {0 otherwise.
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This theorem tells us in particular that 2(M,,) = 1 when the stabilizer subgroup
H C K of a point m® € ®~ () is connected.

Proof. Let N = M x K - ;1 be the proper Hamiltonian K -manifold which is pre-
quantized by the line bundle Ly := L ® [C_,]. Denote by ®y the moment map
on N. Since ®~!(K - ) is a K-orbit in M, we see that CDX,I(O) is the K-orbit
through n° := (m?, u) where m° € ®~!(w). Note that H is the stabilizer subgroup
of n°.

Let Slz"’ (N) € R~*°(K) be the formal quantization of N through the proper
map ® . We know by Theorem 2.15 and Definition 2.16 that

QM) = [2%" (N)I¥
= [2% (M1,
where SZ(I)( (N) depends only of a neighborhood of dDX,l (0).
The orbit K - n° < N is an isotropic embedding since it is the O-level of the
moment map P . To describe a K -invariant neighborhood of K - n° in N we can

use the normal-form recipe of Marle, Guillemin and Sternberg.
First consider, following [Weinstein 1979], the symplectic normal bundle

(24) V:=T(K -n°)*"/T(K -n°),
where the orthogonal * is taken relative to the symplectic 2-form. We have
V=K XH V,

where the vector space V := T,o(K -n%)t /Tuo(K - n®) inherits a canonical sym-
plectic structure 2y and a Hamiltonian action of the group H. Let ®y : V — h*
be the corresponding moment map.

Consider now the symplectic manifold

(25) N:=V®T(K/H)=K xyu (€/n) ®V).
The action of K on N is Hamiltonian with moment map Py : N — ¢ given by
(26) Pk &, v)=k-(E+Py(v) forkeK, e/, veV.

The Hamiltonian K -manifold N is prequantized by the line bundle L5 :=K x5 C,,.
The local normal form theorem (see [Guillemin and Sternberg 1984; Sjamaar
and Lerman 1991, Proposition 2.5]) tells us that there exists a K-Hamiltonian iso-
morphism T : U; — U, between a K -invariant neighborhood U; of K - n° in N,
and a K-invariant neighborhood U, of K/H in N. This isomorphism Y, when
restricted to K - n?, corresponds to the natural isomorphism K -n’ — K/H.
We check that

[0 =0} =K xu {®y =0} and Cr(|®5|*) =K xu Cr(|Dy|?).
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See (30). Let «y be the Kirwan vector field associated to the Hamiltonian action
of H on (V, Qy). A simple computation gives

Qky (v), v) = =2[| Py (V) ||,

which implies that Cr(||®y [|?) = {®y =0} and then Cr(||®|>) = {® 5 = 0}. Note
that {®y = 0} is a cone in V since the map ®y is quadratic. The map T sends
{®y = 0} NUy onto {P5 = 0} NAU,. Our hypothesis imposes that {®y = 0}
is reduced to a K-orbit, therefore the cone {®y = 0} is reduced to {0}; this
last point is equivalent to the fact that ®y (and then ®p) is proper map (see

[Paradan 2009, Lemma 5.2]).
We get the equalities
(27) 2% (N) = 9% (N) = 227 (N).

The first equality follows from Proposition 2.6 (applied to the isomorphism Y1),
and the second one is due to the fact that Cr(||® 5 %) = d>;~,l (0).

Let Indf, : R™°(H) — R™®°(K) be the induction map that is defined by the
relation (Indg(go), E)= (g, E|g) forany ¢ € R"°°(H) and E € R(K). Note that

[Indf; (9)1¥ = (Ind}; (¢), C) = (¢, C) = [p]".

Since ®y : V — b* is proper, one can consider the quantization of the vector
space V through the moment map ®y: QZEV (V)€ R™°°(H). In the next proposition
we consider an H-invariant complex structure Jy on V which is compatible with
the symplectic structure Qy, and V* denotes the complex H-module home(V, C).

Proposition 2.18.  « We have
(28) ORF(N) = Indf (Q5¥ (V) ® Cy).
o The formal quantization SZZV(V) coincides, as a generalized H-module, to

the H-module S(V*) of complex polynomial function on V.

o The set [S(V)H’ of polynomials invariant by the connected component H°
is reduced to the scalars.

With Proposition 2.18, we can finish proving Theorem 2.17 with a calculation:
9(M,) =25 (W)]*
= [2%7 (W)1¥
(27 (V) ®C, 1"
=[S(V)®C, 1" =[C,1".

Proof of Proposition 2.18. The first point is implied by the induction property
defined by Atiyah (see [Paradan 2001, Section 3.4]) by the following argument: We
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work with the H-manifold® ¥ =£/h@® V and the H-equivariant map j : Y —> N:=
Kxpg%, y—le, yl

Notice® that TN ~ K x y (¢/H ®TY) and that TN ~ K x g (Ty%). Hence the
map j induces an isomorphism j, : K% (TygY) — K(,)( (Tx N). By [Atiyah 1974,
Theorem 4.1], the diagram

.j* ~
K% (TyY) — K% (Tk N)

29) Index!! l LIndex%
—00 —00
R%(H) e R

is commutative. The tangent bundle TN is equivariantly diffeomorphic to
Kxplt/h@TE/hH STV =K xpu[¥Ux ((t/hHcd V)],

where (£/)c is the complexification of the real vector space £/f. Consider on N
the almost complex structure J5 = (i, Jy) for i the complex structure on (¢/h)c.
Note that J5 is compatible with the symplectic structure on a neighborhood U of
the O-section of the bundle N — K /H.

We compute the Kirwan vector field k5 on N. If we take ¥ = k- X and 7 =
[k; EDv] e N we have the following relations in Tﬁﬁ ~E/hHchV:

e Yj(n) =—X when X € ¢/h,
e Y5(i) =i[£, X]®—X -v when X € b.
By taking ¥ = @5 ([k; &, v]) =k - (5§ + Pv(v)) we get
(30) ky(lk; &, v) == +i[§, Pyv(v)]Dky(v) € /h)cd V.

Since «y vanishes only on {0} C V, the vector field x5 vanishes exactly on the
0-section of the bundle N — K /H.

Let ¢“¥ be the symbol Thom(N, J %) ® L5 pushed by the vector field «5. The
generalized character Q%ﬁ (ﬁ ) is either computed as the equivariant index of the
symbols ¢V or ¢V |y .

Remark 2.19. The fact that J§ is not compatible on the entire manifold N is
not problematic, since Jg is compatible in a neighborhood U of the set where x5
vanishes. See the first point of Proposition 2.6.

5We have an H -equivariant identification (¢/h)* ~ €/h.

6 These identities come from the following (K x H)-equivariant isomorphism of vector bundles
over K x¥: Ty (K x%) — K x (¢/h x TY), (k, m; %l,zo(ketx)eavm) > (k, m; pre/p(X) 4+ vm),
where prg/p, : € — £/b is the orthogonal projection.
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For (X +in, w) € Tpe.o)N =~ (¢/h)c x V, the map
Bl VX +inw)=c(X+E+in—ilE, Py()]) Oc(w —ky(v))
acts on the vector space Ac(t/h)c ® AcV ® C,. We see that
¢V = (e,

where ¢” is the symbol on % defined as follows. For (£,v) € ¥ = £/h x V, the
map coy|(§,v)(r], w) acts on Ac(E/h)c @ AcV ® C, as the product

e +in—il§, Py ()] Oc(w —ky(v)).

Let Bott(£/h) be the Bott symbol on the vector space £/h. It is an elliptic morphism
defined by

Bott(¢/h)|¢(n) =c(§ +in) actingon Ac (¢/h)c,
for n € T¢(€/h). Let ¢V be the symbol Thom(V, Jy) pushed by the vector field «y .
Lemma 2.20. We have

¢V = j,(Bott(t/h) © V" @ Cy).

Proof. We work with the family of symbols o7, T € [0, 1], on ¥ =/ x V defined
for (n, w) € T¢,»)¥ as the map

o e w)=cE+in—iT [E, Dy ()]) O ec(w —ky (V)

acting on the vector space Ac(£/h)c®AcV ®C,. Note % =Bott(t/h) Oc<v ®C,,
and 0! = c¥. It is now easy to check that

Char(a7) = {(0, 0) € T(¢/h)} x {(v, kv (v)), v € V} C TV

and that Char(c7) NTyY = {(0, 0) € T(¢/h)} x {(0,0) € TV} for any T € [0, 1].
Hence o7, T €0, 1], is a homotopy of H-transversally elliptic symbols on £/hx V.
It gives finally that ¢“¥ = j,(c¥) = j, (o). O

The commutative diagram (29) and the last lemma give
97 (N) = Index£ (¢“7)
= Indj; (Indexgy, v (Bott(E/h) © V) @ C,)
= Indj; (Index{), (Bott(t/h)) ® Index{/ (¢) ® C,)
=Ind8 QY (V)®C)).

We have used here that the H-equivariant index of Bott(£/h) is equal to 1, that is,
the trivial representation of H; see [Paradan and Vergne 2009, Section 2.4.1].
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We now prove the second point of Proposition 2.18. Since the Kirwan vector

field «y satisfies the relations (ky (v), Jyv) = —Q(ky (v), v) = 2| Py (v)]?, we
have
(32) (ky(v), Jyv) >0

for v # 0. Consider on V the family of symbols o*:
o*lo(w) = e(w — sky (v) — (1 —5)Jyv)

viewed as a map from AZ"V to /\?CddV. By (32), one sees that o* is a family of
H-transversally elliptic symbols on V. Hence o! = ¢V and ¢° = ¢(w — Jyv)
defines the same class in the group K?L, (Ty V). The symbol o was first studied
by Atiyah [1974] when dim¢ V = 1. [Paradan 2001, Proposition 5.4] considered
the general case. We have

Indexf (6%) = S(V*) in R™°(H).

The last point of Proposition 2.18 is a consequence of the properness of the moment
map Py ; see [Paradan 2009, Section 5]. O

This completes the proof of Theorem 2.17. ]

Example 2.21 [Paradan 2009]. Consider the action of the unitary group U, on C".
The symplectic form on C” is defined by Q (v, w) = % D 4 VkWr— Vg wy. Identify the
Lie algebra u,, with its dual through the trace map. The moment map & : C" — u,
is defined by ®(v) = (1/2i)v ® v* where v ® v* : C" — C" is the linear map
w > (3, vrwi)v. One checks easily that the pullback by ® of a U,-orbit in u,
is either empty or a U,-orbit in C". We know also that the stabilizer subgroup of
a nonzero vector of C" is connected since it is diffeomorphic to U, _;. Finally,

1 ifpe U, belongs to the image of D,
33  aChHy={ T =
0 if u € U, does not belong to the image of .
Then one can check that 9{}:’0 (C™") coincides in R~*°(U,,) with the algebra S((C")*)

of polynomial function on C".

Example 2.22 [Paradan 2003]. Consider the Lie group SL;(R) and its compact
torus of dimension 1 denoted by 7. The Lie algebra sl, (R) is identified with its dual
through the trace map, and the Lie algebra t is naturally identified with sl (R)7.
For [ € Z \ {0}, consider the character y; of T defined by

cosf —sinf _ o
X \sing coso )¢ -
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Its differential %d x1 € t* corresponds (through the trace map) to the matrix

0 /2
%= (—z /2 0 ) '

Let O; be the coadjoint orbit of the group SL,(R) through the matrix X;. It is a
Hamiltonian SL; (R)-manifold prequantized by the SL, (R)-equivariant line bundle
L; >~ SL,>(R) x7 C;, where C; is the T-module associated to the character ;. We
look at the Hamiltonian action of 7 on 0;. Let &7 : 0; — t* be the corresponding
moment map. This moment map ® 7 is proper and its image is equal to the half-line
{aX;,a>1} Ct~

We check that for each & € {aX;, a > 1} the fiber CD}I(E) is equal to a T -orbit
in 0;. For k € Z, denote by (0;); the symplectic reduction of 0; at the level X;. We
know that (0;);, = @ if k ¢ {al, a > 1}, and that (O;); is a point if k € {al, a > 1}.

To compute 2((0;)x), we look at the stabilizer subgroup T, :={t € T | t-m =m}
for each point m € 0;. One sees that 7, = T if m = X; and T, is equal to the
center {£Id} of SL,(R), when m # X;.

Theorem 2.17 gives in this setting that, for k € {al, a > 1},

1 1ifl —kis even,

4 O = {0 if I — k is odd.

Hence the formal geometric quantization of the proper T-manifold O; is

C - C if [ >0,
(35) 27(0) = { t g0 >

(I:l . szO (C_zp ifl <O.
Here the quantization El;oo((@l) coincides with the restriction of the holomorphic
(respectively antiholomorphic) discrete series representation ®; to the group T
when [ > 0 (respectively [ < 0).

2E. Wonderful compactifications and symplectic cuts. Another equivalent defi-
nition of the quantization 2 ~°° uses a generalization of the technique of symplectic
cutting (originally due to [Lerman 1995]) that was introduced in [Paradan 2009]
and was motivated by the wonderful compactifications of [De Concini and Procesi
1983; 1985]; see also [Brion 1998].

Recall that T is a maximal torus of the compact connected Lie group K, and
W is the corresponding Weyl group. Define a K -adapted polytope in t* to be a
W-invariant Delzant polytope P in t* whose vertices are regular elements of the
weight lattice A*. If {A{,..., Ay} are the dominant weights lying in the union
of all the closed one-dimensional faces of P, then there is a (G x G)-equivariant
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embedding of G = K¢ into
N
P(@(VA{-{)* ® V)f)
i=1

associating to g € G its representation on @lN: | V;\]f . The closure & p of the image
of G in this projective space is smooth and is equipped with a (K x K)-action

k1, ko) -x =kp-x ki .

The restriction of the canonical Kéhler structure on & p defines a symplectic 2-
form Qg,. Recall briefly the different properties of (¥p, Q2¢,) —all the details
can be found in [Paradan 2009].

(1) &p is equipped with an Hamiltonian action of K x K. Let @ := (®;, ®,) :
Xp — ¥ x £* be the corresponding moment map.
(2) The image of ® is equal to {(k-&, —k'-&) | & € P and k, k' € K}.

(3) The Hamiltonian (K x K)-manifold (¥ p, Q2¢,) has no multiplicities: the pull-
back by ® of a (K x K)-orbit in the image is a (K x K)-orbit in X p.

LetUp := K - P°, where P° is the interior of P. Define
Ly = (Up),

which is an invariant, open and dense subset of & p. We have the following impor-
tant properties concerning & .

(4) There exists an equivariant diffeomorphism Y : K x Up — &% such that
YT (@) (k, &) =k-& and T*(P,)(k, §) = —§.

(5) This diffeomorphism Y is a quasisymplectomorphism in the sense that there
is a homotopy of symplectic forms taking the symplectic form on the open
subset K x A p of the cotangent bundle T*K to the pullback of the symplectic
form Qgy, on ¥%.

(6) The symplectic manifold (¥p, Q2%,) is prequantized by the restriction of the
hyperplane line bundle O(1) — P(@f\lzl(Vf)* ® Vf) to € p: denote by Lp
the corresponding (K x K)-equivariant line bundle.

(7) The pullback of the line bundle L p by the map Y : K x Up < & p is trivial.
Let (M, 237, ®jr) be a proper Hamiltonian K-manifold and & p be the Hamil-

tonian (K x K)-manifold associated to a K -adapted polytope P. Consider now the
product M x ¥ p with the following K x K action:
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e the action k -} (m,x) = (k- m, x - k=), with corresponding moment map
D(m, x) = Py (m)+ P, (x),

o the action k-, (m, x) = (m, k-x), with corresponding moment map &, (m, x) =
CD[ (x)

Definition 2.23. Denote by Mp the symplectic reduction at 0 of M x ¥ p for the
action -1: Mp := (®;)"1(0)/(K, -1).

Then Mp inherits a Hamiltonian K -action with moment map @y, : Mp — &
whose image is Py (M)NK - P.

In [Paradan 2009], we proved that Mp contains an open and dense subset of
smooth points which is quasisymplectomorphic to the open subset (®4) ' (Up).
If the polytope P is fixed, we can work with the dilated polytopes n P for n > 1.
We have then the family of compact, perhaps singular, K-Hamiltonian manifolds
M,p, n > 1. In Section 2C, we explained how their geometric quantization was
defined:

9k (Myp) :=[2" (M x % p)] K0 € R(K).

We have the following convenient property of 27,

Proposition 2.24 [Paradan 2009]. The following equality in R=°°(K) holds:
(36) 2,7 (M) = lim Qg (M,p).
n—-oo

Here the limit is taken using the convention of Definition 2.3.

3. Proof of Theorem 1.4
The main result of this section is:
Theorem 3.1. Let rp :=infzcyp ||E|| > O. The generalized character
9% (M) — 9 (Mp) € R™(K)
is supported outside the ball B,,,.

Then, for the dilated polytope n P, n > 1, the character 92% (M) —9x (M, p) is
supported outside the ball B,,,,. Taking the limit as n goes to infinity gives

(37) 9% (M) = lim Qg (M, p).
n—oo
Finally, identity (6) of Theorem 1.4,
9 (M) =92,>(M),

is a direct consequence of (36) and (37).
Recall that O(r) € R~°°(K) denotes any generalized character supported outside
the ball B,.
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Theorem 3.1 follows from the comparison of three different geometrical situa-
tions. All of them concern Hamiltonian actions of K; x K5, where K| and K, are
two copies of K.

First setting. We work with the Hamiltonian (K| x K»)-manifold M x ¥ p, where
K acts both on M and on X p. Since the moment map ®; (relative to the K-action)
is proper, we may “quantize” M x ¥ p via the map ||®;||>. Denote the correspond-
ing generalized character by

K1><K2(M X %p) €R™ OO(Kl X Kz)
Recall that 9, (Mp) is equal to [SZK K (M x %p)]K

Second setting. Consider as before the Hamiltonian action of K| x K, on M x & p,
but “quantize” M x ¥ p through the global moment map ® = (&, $,). Here we
have some liberty in the choice of the scalar product on ¢} x €. If ||& | is an
invariant Euclidean norm on £*, we take on £} x £} the Euclidean norm

(38) & EDIS = €1 + pll& ]

depending on a parameter p > 0. Consider the quantization of M x & p via the
map || ®|2:
leKz(M x%p) € RTF(K; x K3).

Third setting. Consider the cotangent bundle T* K with the Hamiltonian action of
K1 x K;, where K acts by right translations and K, by left translations. Consider
the Hamiltonian action of K; x K> on M x T*K, where K acts both on M and
on T*K. Let ® = (¥, ;) be the global moment map on M x T*K. Since the
moment map & is proper we can “quantize” M x T*K via the map || <I>||f). Let

KXK (MXT*K)GR (K1XK2)

be the corresponding generalized character.
Theorem 3.1 is a consequence of the following propositions
First we compare Sld’ (M ) with the K{-invariant part of 9% e X K> (M x T*K).

Proposition 3.2. For any p €10, 1], we have
(39) [ leKz(M x T*K)*' =9% (M) in R™(K>).
Next we compare the K;-invariant parts of the generalized characters
0%k, (M xT*K) and 2", (M x %p).
Proposition 3.3. For any p €0, 1], we have the following relation in R~*°(K3)
(40) (277 k, (M x Xp)IK = [27  (M x T K)I¥' = O(rp),

where rp :=infecyp €] > 0.
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Finally we compare the K-invariant parts of the generalized characters
0% k(M x%p) and AP (M x Xp).
Proposition 3.4. There exists € > 0 such that
@) 9k, (Mp) —[2% (M x %p)]K1 = 0((e/p)''?)  in R™(K2),
if p > 0 is small enough.
If we sum the relations (39), (40) and (41) we get
9%, (M) =2, (Mp) + O(rp) + O((¢/p)'/?)

172

if p is small enough. So Theorem 3.1 follows by taking (¢/p)"/< > rp.

3A. Proof of Proposition 3.2. The cotangent bundle T*K is identified with K x £*.
The data is then (see Section 5A):

o the Liouville 1-form A = ) j0i® E;, where (E;) is a basis of £ with dual
basis (Ej.‘) and w; is the left invariant 1-form on K defined by w; (%a et |0) =
(E;‘, X).

the symplectic form Q2 := —dA,
the action of K| x K, on K x €* given by (k1, k) - (a, £) = (kaak; ', ky - &),

the moment map relative to the K-action ®,(a, §) = —§,

» the moment map relative to the K»-action ®;(a, &) =a-§.

We work now with the Hamiltonian action of K1 x K on M x T*K given by
(ki,k2) - (m. a,§) = (ki -m, kaaki ' ki -§).

The corresponding moment map is ® = (®, &;): ®1(m, a, &) = Py (m) —& and
Py(m,a, &) =a-§.

Let ¢; be a symbol Thom(M, J;) ® L attached to the prequantized Hamiltonian
K-manifold (M, 2). The cotangent bundle T*K is prequantized by the trivial
line bundle. Let ¢, be the symbol Thom(T*K, J,) attached to the prequantized
Hamiltonian (K x K»)-manifold T* K. The product ¢ = ¢; ® ¢, corresponds to the
symbol Thom(N, J)® Lon N =M x T*K.

For the rest of this section we fix p > 0. Let k, be the Kirwan vector field
associated to the map [|®[|7 : M x T*K — R. We check that || ®|2(m, k, §) =
|®(m) —&1I° + plI€ 1%, and

Kpm k. €)= (@) =) -m: Dy m)— (1 +p)E; —[Dy(m). 1),

Ky Kl,p K
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Here T x,6y(M x T*K) =T, M x £ x £. We have

Cr(|®]I2) = {x, =0}

=/3L€J%K1 x Kz.[MEmcb;;(ﬁ) x (1} x {pi;lﬂ

Zp

where % C t! parametrizes Cr([|®y [>). One can check that
2 _(_p 2
1015Zp) = () 181

and [| D [|*(Zg) = || B]|* for B € B.
Let ¢*» be the symbol ¢ pushed by the vector field «,. We have

W XsY)=ci(v—kp) 02X —«kpp; Y —km)

for (v; X;Y) € Tonk,e)(M x T*K) = T,,M x € x L.
For areal R > 0, define the open invariant subsets of M x T*K
Ug :={||®| < R},
Ve:={|®u* < R} x T°K.

We see that Zg C U if and only if (o/(p + MBI < R and Zg C Vg if and

only if || B > < R. By Definition 2.11, the generalized index Q%prZ(M x T*K) is

defined as the limit of the equivariant index
9%k, (Ug) := Indexg! *** (¢ |y,) = Z Slﬁ,i’fx,(z(M x T*K)
(p/(p+IBI><R

when R goes to infinity (and stays outside the critical values of || <I>||f,).
On the other hand, when R’ is a regular value of || Dy, %, the symbol ¢<» lve 18
(K1 x K»)-transversally elliptic since

(42) cr(lel?)nve = ) 2
IBII2<R

is compact. The index map is well-defined on Vg = {||® 4 ||> < R’} x T*K since
T*K can be seen as an invariant open subset of a compact (K x K»)-manifold.

Lemma 3.5. The character SZ%’;KZ(M x T*K) is equal to the limit of
Indexy!**2 (¢ |v,,)

when R’ goes to infinity (and stays outside the critical values of || ® p||?).
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Proof. Thanks to (42) and to the excision property we have

Indexff X2y, ) = Y OR% 4 (M x T*K),
I812<R’
and then

9 XKz(M x T*K) —IndexKlXKz(c"ﬂVR/) = Z ng,‘(’{’xKQ(M x T*K).
1B12=R"

By Definition 2.11, the support of 9];;1’) «k, (M x T*K) is contained in

{m, y) €K x 1?‘ lyil?+ pllyal* = Lnﬂnz}

Flnally we have prOVed that

leKQ(MxT*K)—Index{f'XKz(c"”IVR/)— Z m(y1 Vi vk

1,72)
with m(y sy = 0if lly1 12+ 172117 < (p/(p + 1)*)R’. Hence the right hand side of
the last equation tends to 0 in R~°°(K;| x K;) when R’ — oo. [l

Look now to the deformation «,(s) = (k7; Ky o5 skm), s € [0, 1], where

—_—~—

kj(m, &) = (Pp(m) —s&)-m and Ky ,(m, &) =sPy(m)— (1+s5p)E.

Let ¢“»©) be the symbol ¢ pushed by the vector field «,(s).
Lemma 3.6. Let R’ be a regular value of | ® |2

o The family ¢“»®)| Ve» 8 €10, 11, defines a homotopy of (K1 x K»)-transversally
elliptic symbols on V.

o The K-invariant part ofIndeXI‘fli,X K (k0O V) IS equal to El% (M _g).

Proof. The first point follows from the fact that Char(c"P(‘V)|vR/) NTk,xk,(Vr),
which is equal to

{(m,k —— Dy (m)) |k € K and m € Cr(|| @y [|*) N (|| Pps I’ <R/}},

l+sp

stays in a compact set when s € [0, 1].
The symbol ¢~ (O)lvR, is equal to the product of the symbol ¢} | < g/, which is
K -transversally elliptic, with the symbol

S(X;Y)=c(X +E&;Y),
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which is a K,-transversally elliptic on T*K. A basic computation in Section 5A1
gives that
Indexs! X% (e5) = L2(K)
=2 S eV,S

nek

in R™*°(K| x K3). Finally the multiplicative property (Theorem 2.1) gives

IndexK 1 K2 (O] Vo) = IndexﬂKl‘< r €M) ® IndexT 1K2 (c5)
=Y 0 Mp) @ (VY @V
nek
Taking the K-invariant part completes the proof of the second point. U

Finally we have proved that the generalized character [IndexK 1 K2 (ke |VR,)]K !
is equal to 25 ,(M_p). Taking the limit R" — oo gives

[QKD(KZ(M XT*K)]Kl _ hm [Indexl‘glsz(cK/7| )]Kl

= lim 9 (M_p)=9%,(M).

3B. Proof of Proposition 3.3. We work here with the Hamiltonian action of the
product K| x Kp on M x & p. The action is (ky, kz)-(m, x) = (k; -m, kz-x-kl_]) and
the corresponding moment map is ® = (P, &;) with @ (m, x) = Oy (m)+ P, (x)
and ®;(m, x) = ®;(x). Let [[(€1, &)|% = [I&11I* + pll&]|* be the Euclidean norm
€] x £ attached to p > 0.

Consider the quantization of M x X p via the map || P ||2:

leKz(M x Xp) € RTF(K| x K>3).
The critical set Cr(||D|| p) admits the decomposition

(43) cr(l®)?) = | ki x K2+ 6,
veERB,

where (m, x) € €, if and only if y = (y1, y») with
&y (m) + D, (x) = y1,

D;(x) = 2,

(44) ~
yi-m=0,
VirXx+pyrax=0.

Here %, C t} x t7 is defined as the set of elements y = (y1, y2) € t] x t where
the equations (44) have solutions in M x ¥ p.
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We have

(45) leKz(Mx%p)_ Z oKL ¢ (M x Lp),
vEB,

where the generalized character 92% e (M x ¥p) is computed as an index of a
transversally elliptic symbol in a neighborhood of

Kix Ky %, CMx®  (Ky-y).

By Theorem 2.9, the support. of the generalized character 82};(’) wk, (M x Xp) is
contained in {(a, b) € K; x K2 | ||a|® + plb]> > ly[I7}. Hence

support([ 2%7 . (M x Xp)15) C (b e K2 | plll* = Iy I12).
Let rp =infecyp [|€1]. We know then that

[ K‘XKZ(M x %p)I" Z [Qkprz(M x Zp) K1+ 0@rp).

vEB,
lyl12<pry

Let Rp < ,orf, be a regular value of ||<I>||f, : M x%p — R such that for all y € B,
we have ||7/||2 < ,orl% if and only if ||y||2 < Rp. Then

@6)  [250 . (M x%p)IKT = [257 o (M x%p) <)X+ O(rp).

For the generalized index 9% K " k,(M x T*K) we have also a decomposition

2%k, (M x T K) =Y " 9%° (M x T*K),
yER),

where 973/ parametrizes the critical set of ||CI>||f) M x T*K — R. As before,

@) (2R (M X TR = (207 (M x TK) _p )X 4+ O (rp).

Here R, < ,orP is a regular value of ||d>||% :M xT*K — R such that for all y € 973;)
we have ||y || < prp if and only if [y ||} < R},.

Lemma 3.7. We have

(48) OPL o (M X %p)py) = 08" (M xT*K) _g,).

Proof. The lemma follows from Proposition 2.6. We take here V' = M x %9,
V=MxKxUp CM xT*K and the equivariant diffeomorphism ¥ : V — V’
equal to Id x T where Y was introduced in Section 2E. The map W satisfies points
(1)—(3) of Proposition 2.6.

The inequality || D (m, x)||% < ,orl% implies that ||®;(x)|| < rp and then x € ¥%.
Hence the open subset U’ := (M x X p) g, is contained in V' = M X Z%. In
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the same way the open subset U := (M x T*K) _ R, is contained in V. We have
W(U)=U"if Rp=R).
We have proved that (48) is a consequence of Proposition 2.6. ([

Finally, taking the difference between (46) and (47) gives
[0k, (M x 2p)IF = [20 , (M x TK)I¥ = O(rp).
which is the relation of Proposition 3.3.

3C. Proof of Proposition 3.4. Here we want to compare the K-invariant part of
the characters Q%’; Kz(M x X p) and SL%X,Q(M X Xp).
By Theorem 2.15,

9, (Mp) = [2%' &, (M x Xp)1K =27 (U)IE

when € > 0 is any regular value of ||®;||%, and U, := {||®||> <€} C M x Xp.
In this section we fix once and for all € > 0 small enough so that

(49) Cr(| @1 1) N{[|P1]1* < €} = {®) =0}

Let ¢; be the symbol Thom(M, J;) ® L attached to the prequantized Hamilton-
ian Kj-manifold (M, 2). Let ¢3 be the symbol Thom(¥p, J3) ® Lp attached to
the prequantized Hamiltonian (K x K7)-manifold &€ p. The product ¢ = ¢; © ¢3
corresponds to the symbol Thom(N, /)@ Lon N =M x X p.

Let o and «, be the Kirwan vector fields associated to the functions || ®; |I> and
I P17 on M x %p:

Ko(m, x) = (@1 (m, x)-m; ®(m,x)x),

Kl Kr
iep(m, x) = Ko(m, x) + p (0, B (x) - x).
_f——/
Km

Let ¢“» be the symbol ¢ pushed by the vector field «,. Then
¢ (vin) =c1(v—k) Oes(n—kpg — pkm)

for (v; n) € Ton (M x Xp).

The character SL% wk,(Ue) 1s givgn by the index of the K-transversally ellip-
tic symbol ¢°|y;.. The character 2 K;/; k, (M x Xp) is given by the index of the
(K1 x K»>)-transversally elliptic symbol ¢“».

Lemma 3.8. There exists p(€) > 0 such that
Cr(@)2) N{l1®11* < e}  {I®1]* < §}

forany 0 < p < p(e).
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Proof. With the help of Riemannian metrics on M and % p, define

a(e) = inf llko(m, X)),
e/2<|®1(m.x)| <€

b:= sup ||D;(x) - x].

XE%[J

We have a(e) > 0 thanks to (49), and b < oo since ¥ p is compact. It is now easy
to check that {k, =0} N{e/2 < || P I?<el=@if 0 < p <a(e)/b. [l

The symbols ¢ |y, p € [0, p(e)], are (K| x K»)-transversally elliptic, and they
define the same class in K(}(IX K> (Tk,xx,Ue). Hence Qk,(Mp) can be computed
as the K-invariant part of

9% &, (Ue) = Indexpy **(c|1,) € R™°(K} x K2)

for any p € [0, p(€)].

Let p €10, p(e)]. A component K| x K> -6, of Cr(||<I>|| ) is contained in U, if
and only if ||y || < €, so the decomposition (45) for the character Qi i, (M X% p)
gives

KIXKZ(MX%P)_ KIXKZ(U€)+ Z gz/I{IXI(Z(M)(%P),

VERB,
ly1lI*>e
where

leKz(U ) = Z 9K g (M x %Lp).

VEQZB/J
lyill=<e

Taking the Ki-invariant gives

(50) [k, (M x AP =0, (Mp)+ Y [9RF o (M x%p)]S.

yERB,
Inl>=e

By Theorem 2.9 the support of the generahzed character [812 P e (M x%p)]Ki €
R™(K>) is included in {b € K> | plbl> = (11, y)l2}. When [ly1])* > €
we have then that the support of [9221’) K (M x %p))]Ki is contained outside the
ball B(e/p)l/z.
Finally (50) imposes that

(287 k, (M x %p)IK! = 9, (Mp) + O((¢/0)'/?)

when 0 < p < p(€), which is the precise content of Proposition 3.4.
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4. Other properties of 2®

Let (M, w, ®) be a proper Hamiltonian K-manifold that is prequantized by a line
bundle L. The character Q? (M) is computed by means of a scalar product on £*.
The fact that 82% (M) = 9,1}00 (M) gives the following:

Proposition 4.1. The character Q% (M) does not depend of the choice of an in-
variant scalar product on €*.

In this section we work in the setting where’ K = K; x K,. Let ®; be the
moment map relative to the K;-action.

4A. @ is proper. In this subsection, suppose that the moment map &, relative to
the K-action is proper. Fix an invariant Euclidean norm || - ||> on ¢ in such a way
that £ = €.

To “quantize” (M, €2) via the invariant proper function || 1%, let

K1><K (M) ER" OO(KI X KZ)
be the corresponding generalized character.

Theorem 4.2. We have

(51) 9%k, (M) =97 k(M) in R™°(K} x K).

Proof. On t = €| ® £, we may consider the family of invariant Euclidean norms:
IX1 @ XallZ = [ X11I* + pl X2l|* for X; € &;. Let

K1><K2(M) € R™°(K| x K3)

be the quantlzatlon of M computed via the map [|®[2 = [[®1]*+ p|| P2 By
definition, 2! Ky x K, (M) is equal to Q%OX x,(M), and Pl‘OpOSlthI’l 4.1 implies that
QL% « Kz(M ) coincides with the generalized character 9% (M) € R~*°(K) for
any p > 0.

Denote by O(r) € R~ (K x K3) any generalized character supported outside
the ball {§ € t& x t} | |&[|>+ ||&211> < ?}. Also, denote by O1(r) € R™°(K; x K3)
any generalized character supported outside the {§ € t] x 5 | [|&1]| <r}.

Let R; > 0 be a regular value of P11, and let M_p, be the open subset

{|®1]I> < Ry}, which is relatively compact. Theorem 2.13 tells us that

KIXKZ(M) leKz(M<R|)+01(\/R>1).

As in Lemma 3.8, there exists p(R;) € ]0, 1[ small enough such that

K ><K2

(52) Cr(|@[2) N{l®1]I*=Ri} =2 for p € [0, p(Rp)].

In this section the Lie groups K| and K> are not identical.
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Let p €]0, p(R1)]. The identity (52) first implies that

2l g, (M= " 9k" M+ Y 9% (M)

yER, vEB,
lyi <R lyilI>>Ry

=9¢" k. (M<p) + OG/RY),

where the second equality uses that 822’1’0“(2 (M) = O(/Ry) when ||y;||> > Ry,
since the ball {(&1, &) € ; x &5 | €] + [|&21> < Ry} is contained in

{18 et x G 11EL IS < 1, I3}

The identity (52) shows also that the symbols ¢|y_, are homotopic for p €
[0, p(R1)]. Hence
leKz(M<R1)— K1><K2(M<Rl)

if p > 0 is small enough. Finally,

0%k, (M) = 2% (M) = OR/R)+ O1(R))

for any regular value Ry of ||® I, when p €10, p(R;)]. Since the generalized
character Ql?lpx K> (M) does not depend of p > 0 (see Proposition 4.1),

&glsz(M): KIXK (M) K]XKZ(M) O

We explain how Theorem 4.2 contains the identity that we called “quantization
commutes with reduction in the singular setting” in [Paradan 2009]. By defini-
tion the K;-invariant part of the right hand side of (51) is equal to the geometric
quantization of the (possibly singular) compact Hamiltonian K;-manifold

MoKy =@, (0)/K;.

Using now the fact that the left hand side of (51) is equal to Sl K> (M), we see
that the multiplicity of sz in 9k, (M J,K) is equal to the geometrlc quantization
of the (possibly singular) compact manifold

M x K-/ 0,0)K1 % Ka.

4B. The symplectic reduction M [/ K is smooth. Let (M, Q2) be an Hamiltonian
(K1 x K»)-manifold with proper moment map & = (&, ®»). In this section, sup-
pose that O is a regular value of ®; and that K acts freely on ch_l (0). We work
then with the smooth Hamiltonian K,-manifold

N =&, (0)/K;.



204 PAUL-EMILE PARADAN

Continue to denote by ®; : N — £} the moment map relative to the K»-action;
note that this map is proper. Hence we can quantize the K,-action on N via the
map P,. Let Q%(N ) € R™°°(K>) be the corresponding character.

Proposition 4.3. We have
(53) [2%, .k, MK =2R2(N) in R™®°(Ky).

Proof. When @, is proper, the manifold N is compact. Then the right hand side
of (53) is equal to 2, (N), and we know from Theorem 4.2 that the left hand side
of (53) is equal to [SZ%X[Q(M)]K]. In this case (53) becomes [SZ%MQ (MK =
9k,(M J oK) which is the content of Theorem 2.14.

Consider the general case where @ is not proper. By Theorem 1.4, the mul-
tiplicities of V> in [2% . (M)]X! and in 22(N) are respectively equal to the
quantization of the (possibly singular) symplectic reductions

Mﬂ = M X Kz ,LL//(0,0)K] X Kz,
My, =N x Ky-pfgKy with N =M /(K.

Note that i, and JI/L;L coincide as symplectic reduced space. Their geometric
quantizations are identical also. The proof will be done for u = 0: the other cases
follow from the shifting trick.

Let ¢ be the (K| x Kj)-equivariant symbol Thom(M, J) ® Ly,. Let « be the
Kirwan vector field attached to the moment map & = (P, ®,). Let ¢ be the
symbol ¢ pushed by k. Denote by M_. the open subset {I®]> < €}. Fore >0
small enough, the symbol ¢*|y/_, is (Kjx K»)-transversally elliptic, and 2 (M) is
the (K x Ky)-invariant part of Indexf,lz K2 (e m).

Let ¢, be the K»-equivariant symbol Thom(N, J) ® Ly. Let k, be the Kirwan
vector field attached to the moment map ®,. Let ¢5* be the symbol ¢, pushed
by k». Denote by N_. the open subset {||®||> < €}. For € > 0 small enough, the
symbol ¢5’|y_, is K,-transversally elliptic, and (Jly) is the K»-invariant part of
Index)’ (¢5*|n_.).

Our proof follows from the comparison of the classes

[ In.] € K%,k Tk xk, M <o),

[¢5*|n..] € K, (Tk, Neo).

A neighborhood of the smooth submanifold Z := d>1_1 (0) in M is diffeomorphic to
a neighborhood of the 0-section of the bundle Z x ¢} — Z. Let Z_.. =ZNM_. so
that N.. = Z_../K. Hence [¢"|y__] can be seen naturally a class in the K-group

K(;(IXKZ(TleKz(Z<g X ET))
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Following [Atiyah 1974, Theorem 4.3], the inclusion map j : Z_ <> Z_. x €]
induces the Thom isomorphism

3Kk (Tryxka Z<e) = K ok, (Ti xky (Zee X E)),
with the commutative diagram

Jt
K(;(lsz(TleKZZ<e) K(}(IXKZ(TKIXKZ(Z<€ XET))

(54) x} l IndexIZ(L:f?*
Index., ! "2 !

R™°(K; x K>7).

Let my : Z_. — N be the quotient relative to the free action of K;. The
corresponding isomorphism

mi K, (Try,Neo) > Ky k, (T xky Z<e)
satisfies the rule
(55) [IndexZ‘XKz (n*é)]K‘ = IndexN2 )

for any 6 € K?Q (Tg,N<e).
Lemma 4.4 [Paradan 2001]. We have

Jromi (5 In. D) = [e“Im.]

in Ky, (Tk x k2 (Z<e X ).

Proof. This lemma is proven in [Paradan 2001, Section 6.2] when the group K is
trivial. It is easy to check that the proof extends naturally to our setting. ]

Using Lemma 4.4 together with (54) and (55), we get that

]K1><K2

9.(Mo) = [Index’ 52 (¢“1nr_)

Z_ Xt —[IndexN2 (c22|N<g)] =9(dlp). O

5. Example: The cotangent bundle of an orbit

5A. The formal quantization of T*K. Let K be a compact connected Lie group
equipped with the action of two copies of K given by (k;, kp) -a = kzakfl. Then
we have a Hamiltonian action of K| x K, on the cotangent bundle T*K. In this
section, we check that each formal geometric quantization of T*K, Q;l “K» (T*K)
and El% e (T*K) are both equal to the (K| x K;)-module L*(K).

The tangent bundle TK is identified with K x £ through the right translations:
to (a, X) € K x ¢, associate %ae’xlo. The action of K| x K, on the cotangent
bundle T*K ~ K x £* is then

(k1, ko) - (@, &) = (kpak; ', ky - €).
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The symplectic form on T*K is Q := —dA, where A is the Liouville 1-form. We
compute these two forms in coordinates. The tangent bundle of T*K ~ K x ¥* is
identified with T*K x & x £*: for each (a, §) € T*K, we have a two-form Q(, ¢) on
t x £*. A direct computation gives

QuoX, X)=(¢E X, XD, Quo®mn)=0, QugsX,n)=(nX)

for X, X’ € tand n,n' € €. So Q¢ = Qo + 7 where Q is the canonical
(constant) symplectic form on £ x £* and 7¢ is the closed two-form on & defined
by 7 (X, Y) = (§, [X, Y1).

If we identify € ~ £* through an invariant Euclidean norm, the symplectic struc-
ture on T, &) (T*K) =~ € x £* is given by a skew-symmetric matrix

_(adE) —1,
Ag ._( « O),
so that

Q(a,é)((X7 77)’ (X/a 77/)) = (AE(Xv 77), (X/’ 77/)) = (S’ [Xa X/]) + (Xv 77/) - (X/’ 77)

We will work with the following compatible almost complex structure on the tan-
gent bundle of T*K: J; = Ag(—Ag_.)*l/ 2. When & = 0, the complex structure Jo
on t x ¥ is defined by the matrix

0 -1,
we (0.

Hence the complex K-module (€ x £*, Jy) is naturally identified with the complex-
ification £¢ of €.

It is easy to check that the moment map relative to the (K| x K;)-action is the
proper map ® : T*K — £ x €5 defined by ®(a, &) = (—£,a-§).

Here the symplectic manifold T*K is prequantized by the trivial line bundle.

5A1. Computation onlK Ko (T*K). Let O; x O3 be a coadjoint orbit of K| x K,
in £ x £5. One checks that

if 01 # —03,

(%)
56 10 x 0y) =
(56) ©1x02) {amaxKg@mniﬂm=—@.

We know that the stabilizer subgroup K¢ of an element & € £* is connected. Then
the stabilizer subgroup (K| X K2) 4,e) = {(k1, akia™ Y, ki € K¢} is also connected.

Let (T K) .2 be the symplectlc reduction of T*K at the level (u, A) € K~. K2. For
any u € K, define u* € K by the relation —K - o = K - u*; note that VE=(vH*
Using Theorem 2.17 gives

0 if A #£ pu*,
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Finally
Q;?il@(T*K) = Z 2 ((T*K)(u,k)) V/fl ® VAKZ
(u.,)»)e[?x[?
=Y vEewl)r =LK).
nek

5A1. Computation of SZ% «k,(T"K). The Kirwan vector field on T*K is

k(a, &) =—2¢& € tc.

Let ¢ be the symbol Thom(T*K, J) pushed by the vector field %K. Ateach (a, &)
in T*K, the map c’(‘a’g)(X ® n) from /\‘2"“‘“(% x £*) to /\‘}Sd(ﬁ x £*) is equal to the
Clifford map ¢(X + £ @ n). Note that ¢“ is a K,-transversally elliptic symbol
on T*K: we have Char(c“) N Tk,(T*K) = {(1,0)}. We will now compute the
equivariant index of c*.

First consider the homotopy ¢ € [0, 1] — J;¢ of symplectic structure on T*K.
Let ¢“ be the symbol acting on N, (& x t) = AL tc. Proposition 2.6 shows that the
symbols ¢ and ¢ define the same class in K(I)(1 e (Tk,(T*K)).

The projection 7 : T*K — £* corresponds to the quotient map relative to the
free action of K. At the level of K°-groups we get an isomorphism

s : Ky ok, (T, (T*K)) — K§ (TE).
The free action property (see [Atiyah 1974, Theorem 3.1]) gives that

Indexf*';;Kz (0) = Z Indexg1 (71*(0 ® sz)) ® (VMKz)*
uek

for any class o € K(I)ﬁ e (Tk,(T*K)). In our case the symbol m,.(¢“) is equal to
the Bott symbol Bott(£*), and for any K,-module E, we have

74(€° ® E2) = Bott(¢") ® E,
where E; is the module E, with the action of K. Then
9% k, (TK) = Indexp. x> @)

=) Indexg' (Bott(£) ® V) @ (V,£2)”

nek

=D Vi ewWm) =LXK),
uek

since Indexp (Bott(¢*)) = 1.
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5B. The formal quantization of T*(K/H). Let H be a closed connected sub-
group of K. We look at T*K as a Hamiltonian manifold relative to the action of
H x K C K| x K. The moment map ® = (&g, Pg) is defined by: Oy (a, &) =
—pr(&¢) and Ok (a, &) =a- &, where pr: £ — b* is the projection. Note that ® is
a proper map.

The cotangent bundle T*(K/H), viewed as K-manifold, is equal to the sym-
plectic reduction of T*K relative to the H-action: if the kernel of the projection pr
is denoted h*, we have

®,'(0)/H = K xu bt =T*(K/H).

This is the setting of Section 4B. The reduction of the H x K proper Hamiltonian
manifold T*K relative to the H-action is smooth. Then its formal quantization is
computed as
(58)  AR(T*(K/H)) =[25,x (T K =[9%,, x, T K) | xx1”

= [L*(K)1"

=L%(K/H).
Here the fact that Qflx x (T*K) is equal to the restriction of Sl% K (T*K) =L*(K)
to H x K is a consequence of Theorem 1.3.

Denote by [T*(K /H)],, the symplectic reduction at y € K of the K -Hamiltonian
manifold T*(K/H). Theorem 1.4 together with (58) gives:

Corollary 5.1. Forany pu € K, we have
Q([T*(K/H)],) = dim[ V17,
where [Vf 14 is the subspace of H-invariant vector:

5C. The formal quantization of T*(K [ H) relative to the action of G. Let G be
a closed connected subgroup of K. We look at the Hamiltonian action of G on
T*(K/H). Let &g : T*(K/H) — g* be the moment map. Consider also the
restriction of the K-module L?(K /H) to the subgroup G.

Proposition 5.2. The following statements are equivalent:
(1) The moment map ®¢ : T*(K/H) — g* is proper.
2) CDEI (0) is equal to the zero section.
B3) k-g+bh=¢t foranyk e K.
4) g+h=¢
(5) G acts transitively on K/H.
(6) [L*(K/H)]® =C.
(7) L2(K /H)|g is an admissible G-representation.
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Proof. The implication (1) = (7) is a consequence of Theorem 1.3. To prove
(7) = (6), suppose now that

LXK /H)lg =Y _ VK" & (Vo
nek

is an admissible G-representation. This means that for any A € G, the set
Ay ={pe K| VK" # {0} and [(VO)* ® (VE)*|61° # (0}

is finite. Then the vector space [L2(K /H)1 is equal to the finite-dimensional
vector space Y e AO[VJ( 1" ® [(VHK y*1¢. For any irreducible representation Vf
we have, for any k£ > 1, a canonical K -equivariant inclusion
K K K
Vi ®---QV, = V.

—_—
k times

Hence [Vf]H # 0 gives [Vkﬁ]H # 0 for any &k > 1. Then if u € Ag, we have
ku € Ag for k > 1. Finally the fact that Ag is finite implies that Ag is reduced to
n = 0. Hence the only G-invariant functions on K /H are the scalars.

The equivalences (6) < (5) < (4) < (3) are a general fact concerning smooth
actions of a compact connected Lie group G on a compact connected manifold M.
The manifold M does not have G-invariant functions which are not scalar if and
only if the action of G on M is transitive. Also, given a point m € M, the orbit G -m
is all of M if and only if tangent spaces T,,(G - m) and T,, M are equal. If we take
m=k-lin M= K /H, the condition T,,(G-m) =T,, M is equivalent to k-g+bH =¢.

To check the implication (3) = (2), let [k, &] € K xy b+ = T*(K/H). We
have ®g([k, £]) = 0 if and only if k - £ € g*. Therefore the vector & belongs to
k~'.gtnbt = (k' -g+h)*t. Hence condition (3) imposes that & = 0.

The implication (2) < (1) comes from the fact that @5 is a homogeneous map
of degree one between the vector bundle T*(K /H) and the vector space g*.  [J

Suppose now that the cotangent bundle T*(K/H) is a proper Hamiltonian G-
manifold. Denote by [T*(K/H)], ¢ the (compact) symplectic reduction at u € G
of the G-Hamiltonian manifold T*(K /H).

Corollary 5.3. The multiplicity of V¢ in L*(K /H) is equal to the quantization of
the reduced space [T*(K /H)],. G-

Proof. Using Theorem 1.3, Equation (58) gives
95%(T*(K /H)) = 2 °(T*(K /H))|¢ = L*(K /H)|c.

In other words, the multiplicity of Vf in L>(K /H) is equal to the quantization of
the reduced space [T*(K/H)],. c. [l
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