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For a given abelian group G, we classify the isomorphism classes of G-
gradings on the simple restricted Lie algebras of types W (m; 1) and S(m;1)
for m > 2, in terms of numerical and group-theoretical invariants. Our main
tool is automorphism group schemes, which we determine for the simple
restricted Lie algebras of types S(m;1) and H (m;1). The ground field is
assumed to be algebraically closed of characteristic p > 3.

1. Introduction

Let U be an algebra (not necessarily associative) over a field F and let G be a
group, written multiplicatively.

Definition 1.1. A G-grading on U is a vector space decomposition

U=u,

geG
such that
U,U, CUg, forallg,heG.

The subspace U, is called the homogeneous component of degree g. The support
of the G-grading is the set
{g€G U, #0}.
If U is finite-dimensional, then, replacing G with the subgroup generated by the
support of the grading, we may assume without loss of generality that G is finitely
generated.

Definition 1.2. Two G-gradings U =D, Ug and U =D,
if there exists an algebra automorphism ¢ : U — U such that

U, are isomorphic

Y(Ug) = U, forall g €G,

thatis, if U = P, Uy and U = P, U, are isomorphic as G-graded algebras.

geG geG
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Since the same vector space decomposition can be regarded as a G-grading for
different groups G, one can also define equivalence of gradings, which is a weaker
relation than isomorphism — see, for example, [Kochetov 2009] for a discussion.
Fine gradings (that is, those that cannot be refined) as well as their universal groups
are of particular interest.

We are interested in the problem of finding all possible group gradings on finite-
dimensional simple Lie algebras. If L is a simple Lie algebra, then it is known that
the support of any G-grading on L generates an abelian group. Hence, in this
paper we will always assume that G is abelian. We will also assume that the
ground field F is algebraically closed.

For an arbitrary abelian group G, the classification of G-gradings (up to isomor-
phism) is known for almost all classical simple Lie algebras over an algebraically
closed field of characteristic O or p > 2. The classification of fine gradings (up to
equivalence) is also known. Refer to [Bahturin and Kochetov 2010; Elduque 2010]
and references therein.

Our goal is to carry out the same classification for simple restricted Lie algebras
of Cartan type. In the present paper, we achieve this goal in characteristic p > 3
for Witt algebras in Theorem 4.13 and Corollary 4.14 and for special algebras (see
the definitions in Section 2) in Theorem 4.17 and Corollary 4.18.

In a number of cases, a fruitful approach to the classification of gradings by
abelian groups on an algebra U is to use another algebra, R, that shares with U
the automorphism group scheme (see Section 3) and whose gradings are easier to
study. This approach often requires equipping R with some additional structure.
For classical simple Lie algebras of series A, B, C and D, one takes for R the
matrix algebra M, (F), possibly equipped with an antiautomorphism.

For Lie algebras of Cartan type, R is the “coordinate algebra” O(m; n) (see
Definition 2.1). In the restricted case, this is just the truncated polynomial algebra
O(m;1)=F[xq,..., xm]/(xf’, ..., xh). It is not difficult to classify G-gradings on
the algebra O(m; 1) — see Theorem 4.8 and Corollary 4.11. Since O(m; 1) has the
same automorphism group scheme as the Witt algebra W (m; 1), this immediately
gives the classification of gradings for the latter. In Section 3, we show that the
automorphism group scheme of the special algebra S(m; 1)V for m > 3, respec-
tively Hamiltonian algebra H (m; 1)® for m = 2r, is isomorphic to the stabilizer
of the differential form wyg, respectively wp, in the automorphism group scheme of
O(m; 1) —see Theorems 3.2 and 3.5, respectively. As a consequence, all gradings
on S(m; 1)V and H(m; 1)® come from gradings on O(m; 1). However, this does
not yet give a classification of gradings on S(m; 1)V and H (m; 1)® up to isomor-
phism, because one must make sure that the isomorphism preserves the appropriate
differential form — see Corollary 4.2. We then obtain a classification of gradings
on S(m; DD for m > 3 and S2;: 1)® = H(2;1)® —see Theorem 4.17. The
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classification for H(2r; 1)® with r > 1 remains open.

The paper is structured as follows. In Section 2, we recall the definitions and
basic facts regarding Lie algebras of Cartan type. In Section 3, we briefly recall
background information on automorphism group schemes and determine them for
S(m; 1) and H(m;1)®. In Section 4, we obtain the classification of gradings
for Witt and special algebras (using the results on automorphism group schemes).

2. Cartan-type Lie algebras

We start by briefly recalling the definitions and relevant properties of Cartan-type
Lie algebras. We will use [Strade 2004] as a standard reference. Fix m > 1 and
n=(ny,...,ny,) where n; > 1. Set

7 =g eZ"|0<a; < plifori=1,...,m}.

The elements of Z"® will be called multi-indices and denoted by Greek letters
o, B, y. Fora = (ay, ..., o), set

|(x|:a1+...+am.

Denote by 1 the multi-index that has 1 in all positions and by ¢; the multi-index
that has 1 in position i and zeros elsewhere.
Let [ be a field of characteristic p > O.

Definition 2.1. The algebra O = O(m; n) over [ is a commutative associative al-
gebra with a basis {x@ | @ € Z("®} where multiplication given by

m
x@x B — (oz + ’B)x(“+l3) where (a + 'B) = 1_[ (ai + 'Bi>.
« « i=1 i

Ifn=1,then O = [F[xy,... ,xm]/(xf’, ..., xk) by identifying x; with x):
@__ L o
AR P e

The algebra O has a canonical Z-grading 0 = P, O¢ defined by declaring the
degree of x® to be |a|. The associated filtration will be denoted by

@(g) = @@j.

j=t

Note that 9t := O is the unique maximal ideal of O.

We now define Witt, special and Hamiltonian graded Cartan-type Lie algebras.
Contact algebras and generalized (that is, nongraded) Cartan-type Lie algebras will
not be considered in this paper.
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Definition 2.2. Define a linear map 9; : 0 — O by 9;x® = x@~) where the right-
hand side is understood to be zero if «; = 0. Then 0; is a derivation of 0. The Witt
algebra W = W (m; n) is the subalgebra of Der(0) that consists of all operators of
the form

f101+---+ fnd, where f; €0.

The canonical Z-grading of O induces a Z-grading on End(0). Since W is a
graded subspace of End(0), it inherits the Z-grading: W =D, _, W,. Denote the
associated filtration by W(). -

The de Rham complex

Q' Lot Lgr i .
is defined as follows: Q° =0, Q' =Homg(W, 0), and Q* = (") for k > 2. The
map d : Q¥ — Q! is defined by (df)(D) = D(f) forall f €0 and D € W. The
remaining maps d : Q% — Q+1 are defined in the usual way: d(fdx;, A---Adx;,) =
df ndxi A--- ANdx;,.
Any element D € W acts on ! = Homg (W, 0) by setting

D(w)(E) = D(w(E)) —w([D, E]) forallwe Q' and E € W.

This action turns all the Q% = (") into W-modules. Of course, they also have
canonical Z-gradings and associated filtrations.

We will need the following differential forms to define the special and Hamil-
tonian algebras:

ws :=dxi ANdxag A Ndxy, € Q" ifm>2,

o =dx; Adx,41 +dxy Adx,po+ - +dx, Adxy, € QP if m=2r.
Definition 2.3. The special algebra S = S(m; n) is the stabilizer of wg in W (m; n):
S={DeW|D(ws)=0}.

The Hamiltonian algebra H = H (m; n) is the stabilizer of wy in W (m; n):
H={DeW|D(wy)=0}

In the case m = 2, we have ws = wy and hence S = H. It is well-known that
W (m; n) is simple unless p = 2 and m = 1. The algebras S(m; n) and H (m; n)
are not simple, but the first derived algebra S(m; n)" for m > 3 and the second
derived algebra H (m; n)® are simple.

The Lie algebras W (m; n), S(m; n) and H (m; n) are restrictable —that is, ad-
mit p-maps making them restricted Lie algebras —if and only if n = 1. From now
on, we will assume that this is the case. Since W, S and H have trivial center, their
p-maps are unique. Also, in this case W = Der(0) and hence the p-map is just the
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p-th power in the associative algebra End(0). The algebras S and H are restricted
subalgebras of W.

3. Automorphism group schemes

Let 0 = O(m; 1). Any automorphism u of the algebra O gives rise to an automor-
phism Ad(u) of W given by Ad(nw)(D) =pnoDo w~!'. Then we can define the
action of ; on Q' = Homg(W, 0) by setting

(@) (D) = p(w(Ad(n~")(D)))

for all w € Q' and D € W. This turns all the Q¥ = (2')"¥ into Aut(0)-modules.
Clearly, these actions can still be defined in the same way if we extend the scalars
from the base field F to any commutative associative F-algebra K, that is, replace O
with O(K) ;= 0® K, W with W(K) := W ® K and QF with Q(K) := Q' ® K.

Recall the automorphism group scheme of a finite-dimensional F-algebra U (see,
for example, [Waterhouse 1979] for background on affine group schemes). As a
functor, the (affine) group scheme Aut(U) is defined by setting Aut(U)(K) =
Autg (U ® K) for any commutative associative [F-algebra K. From the discussion
above it follows that we have morphisms of group schemes Ad : Aut(0) — Aut(W)
and also Aut(0) — GL(Q¥). (We identify a smooth algebraic group scheme such
as GL(V) with the corresponding algebraic group.) Note that, since the p-map of
W ® K is uniquely determined, the automorphism group scheme of W as a Lie
algebra is the same as its automorphism group scheme as a restricted Lie algebra.
Note also that the maps d : QF — QK1 are Aut(0)-equivariant.

The algebraic group scheme Aut(U) contains the algebraic group Aut(U) as the
largest smooth subgroupscheme. The tangent Lie algebra of Aut(U) is Der(U),
so Aut(U) is smooth if and only if Der(U) equals the tangent Lie algebra of the
group Aut(U). The automorphism group schemes of simple Cartan-type Lie alge-
bras, unlike those of the classical simple Lie algebras, are not smooth. Indeed, the
tangent Lie algebra of Aut(0) is W1, which is a proper subalgebra of W =Der(0),
so Aut(0) is not smooth. In view of the following theorem, we see that Aut(W) is
not smooth.

Theorem 3.1 [Waterhouse 1971]. Let 0 = O(m; 1) and W = W(m;1). Assume
p > 3. Then the morphism Ad : Aut(0) — Aut(W) is an isomorphism of group
schemes. O

The automorphism group scheme of the general W (m; n) has also been deter-
mined by [Waterhouse 1991] for p > 2 and with small exceptions for p = 3, and
by [Skryabin 1995; 2001] for any p, with small exceptions in the cases p = 2
and p = 3. In particular, Theorem 3.1 holds for p =3 if m > 2 and for p =2
if m > 3.
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In this section we establish analogues of Theorem 3.1 for the simple algebras
S(m; 1)V and H (m; 1)®. We follow the approach of [Waterhouse 1971]. Suppose
@ : G — H is a morphism of algebraic group schemes. Let Gq and H.q be the
largest smooth subgroupschemes, which will be regarded as algebraic groups. In
order for ® to be an isomorphism, the following two conditions are necessary:

A) The restriction @ : Greg — Hieq is a bijection.

B) The tangent map Lie(®) : Lie(G) — Lie(H) is a bijection.

However, unless G is known to be smooth (that is, G = Gq), these two conditions
are not sufficient for ® to be an isomorphism. In general, one has to show that
the associated map of distribution algebras P:6 > 9His surjective. (The two
conditions above imply that d:6— 9His injective.)

Recall that the distribution algebra & of an algebraic group scheme G is a con-
nected cocommutative Hopf algebra (see, for example, [Montgomery 1993] for
background on Hopf algebras), with the space of primitive elements Prim(&®) =
Lie(G) of finite dimension. Hence Lie(G) has a descending chain of restricted Lie
subalgebras — see, for example, [Sweedler 1967; Dieudonné 1973, II, Section 3,
Number 2]:

Lie(G) = Lie?(G) D Lie! (G) D Lie*(G) D - - - ,

defined by Lie (G) := Lie* (&) = 0¥ () NPrim(®), where U : & — @ is the Ver-
schiebung operator — see, for example, [Sweedler 1967, Theorem 1; Dieudonné
1973, 11, Section 2, Number 7]. The intersection of this chain is Lie(Gq), which
can be identified with the tangent algebra of the algebraic group Greq.

Recall that a sequence of elements 1 = %4, 'k, ..., "k in a connected cocom-
mutative Hopf algebra & is called a sequence of divided powers (lying over 'n) if
ACh)=Y1_Jh® /" hforall j=1,...,n. Thus 'h € Prim(®) and e(“h) =0
forall j =1,...,n. Itis easy to see that %k(l’kh) = !4 for any p* < n. Hence,
if there exists a sequence of divided powers of length p* lying over & € Prim(®),
then & € Lief (®). The converse is also true [Sweedler 1967, Theorem 2].

Now we come back to the problem of proving that a morphism ¢ : G - H
of algebraic group schemes is an isomorphism. Assuming that & satisfies con-
ditions A) and B), we need to show that the Hopf subalgebra 5(@5) C $ in fact
equals $. Regarding $ as a Hopf subalgebra in the distribution algebra of GL(V)
for a suitable space V, we can apply [Dieudonné 1973, II, Section 3, Number 2,
Corollary 1] to conclude that 5((’5) = § if and only if

C) Lie(®) maps Lie*(G) onto Liek (H) for all k.

Here we are interested in the case G = Aut(0), where O = O(m; 1), and its
subgroupschemes Autgs(0) := Stabg({ws)) and Auty (0) := Stabg({(wg)). We
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have
Aut(0)eq = Aut(0), Lie(Aut(0)) = Der(0) = W,
Autg(0)req = Stabauyo) ((ws)),  Lie(Autg(0)) = Staby ({(ws)) =: CS,
Aut (0)eq = Stabauo) ({wr)),  Lie(Auty (0)) = Staby ((wp)) =: CH.

Denote Stabayo) ({(ws)) by Autg(0) and Stabayie)((wn)) by Auty (0) for brevity.

Assume p > 3. It is known that the morphism Ad : Aut(0) — Aut(W) as well
as its restrictions Autg(0) — Aut(S") for m > 3 and Auty (0) — Aut(H @) for
m =2r induce bijections Aut(0) — Aut(W), Autg(0) — Aut(S!) and Auty (0) —
Aut(H®) —see, for example, [Strade 2004, Theorem 7.3.2]. Also, the tangent
map ad : W — Der(W) and its restrictions CS — Der(S") and CH — Der(H?)
are bijective — see, for example, [Strade 2004, Theorem 7.1.2]. So conditions A)
and B) are satisfied for the morphisms Aut(0) — Aut(W), Autg(0) — Aut(S1)
and Auty (0) — Aut(H®).

By [Allen and Sweedler 1969, Lemma 3.5, 2], we know that Lie* (Aut(0)) =
Staby (9) = W(q) for all k > 0. Hence, for k > 0, we have

Lie* (Auts(0)) C Lie* (Aut(0)) N CS = CS(g),
Lie* (Auty (0)) C Lie* (Aut(0)) NCH = CHg).

On the other hand, Lie(Auts(0)) = CS() and Lie(Auty (0)) = C H ). It follows
that, in fact,

(1) Lie*(Autg(0)) =CSq) and Lie*(Auty(0))=CHq, forallk > 0.

By [Allen and Sweedler 1969, Lemma 3.5, 4], we have Lie* (Aut(W)) = ad(W(g))
for all k > 0, so condition C) is satisfied for the morphism Aut(0) — Aut(W).
This is how Theorem 3.1 is proved in [Waterhouse 1971]. We are now ready to
prove our analogues for S and H.

Theorem 3.2. Let O = O(m; 1) form >3 and SV = S(m; 1)V, Let
Autg(0) = Stabayto) ((@s)).

Assume p > 3. Then the morphism Ad : Autg(0) — Aut(S"V) is an isomorphism
of group schemes.

Proof. By the above discussion, we have to prove that condition C) is satisfied for
Ad: Autg(0) — Aut(SV). Let & be the distribution algebra of Aut(SV). In view
of (1), it suffices to show that Liel(Qi) C ad(CS()). In other words, we have to
verify, for any D € CS, that if D ¢ CS), then ad D ¢ Liel(Qﬁ). We can write
D =x101+4 -4 Xyu0n + Do where Dy € CS() and the scalars A, ..., A, are not
all zero. Now, Dy € Lie! (Autg(0)) implies ad Dy € Lie' (&), so it suffices to prove
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that ad(A19; + - - - + A dy) ¢ Lie!(®). Applying an automorphism of O induced
by a suitable linear transformation on the space Span{dy, ..., d,}, we may assume
without loss of generality that D = 0.

By way of contradiction, assume that ad 3, € Lie'(®). Then there exists a
sequence of divided powers 1 = O, 'h,...,Phin & such that 'h = ad 9;.

As pointed out in the proof of [Allen and Sweedler 1969, Lemma 3.5, 4],
by [Sweedler 1967, Lemma 7], we may assume without loss of generality that
kh=1/k)('h)k fork =0, ..., p—1. The distribution algebra & acts canonically
on S, so we have a homomorphism 7 : & — End(S"). The restriction of 7 to
Prim(®) = Der(S(") is the identity map. Let ¥8 = n(*h) fork =0, ..., p. Then

1'(ad81)k fork=0,...,p—1,

k e
@ S_k.

and, since SV is a ®-module algebra,

k
3) ks(qx,v) = Z[fa(X), k=is(y)] forallk=0,...,pand X,Y € 1.
j=0

The action of & on SV extends canonically to the universal enveloping alge-
bra U(SW) and, since the p-map of S is uniquely determined, the -action
passes on to the restricted enveloping algebra u(S"). By abuse of notation, we
will use X8 to denote the action of ¥4 on u(S™") as well as on V. Note for future
reference that

k
4) *s(xy)= Z(jS)(X) (k=J8)(Y) forallk=0,..., pand X,Y € u(SV).
j=0

If we replace P8 by P8 + &, where & is any derivation of SV, then Equations (3)

and (4) will still hold (with the same 98, ..., ?~!8). We will use this observation
to simplify the operator 7§.
Letz; =14x;,i =1,...,m. For each multi-index o € Z™D _ get

=z
Since z" =1 for all i, we may regard the components of « as elements of the cyclic
group Z, when dealing with z*. It is this property that will make the basis {z*} of
0 = O(m; 1) more convenient for us than the standard basis {x*}.

Recall [Strade 2004, Section 4.2] that SV = S(m; 1)1V is spanned by the ele-
ments of the form

D; i (f):=09;(f)0; —0;(f)9;,
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where f e 0and 1 <i < j <m. Hence, S is spanned by the elements
D; j(z%) = ;2% %0 — iz %19,
For the calculations we are about to carry out, we will need the following:
Lemma 3.3. Foranyl <i < j<manda,p € 7™V the commutator
[D1,2(z%), Dy, (z")]

is given by the following expressions:

5 —(a1 82 — 1) D j (2 TP —F1752) if2<i<j,
(6) —(1(B2 — 1) — a2 1) Dy j (2P E1742) if2=i<j,
(M —a1fiDia@ T i Dy T

—a1fiDy P ifi=1, ) >2,
(8)  —(a1fa— 0B Dy (2P fi=1,j=2

Proof. The verification of expressions (5)—(8) is straightforward. Here we will
verify (7), which is somewhat special, and leave the rest to the reader. We have,
for j > 2,
[D12(z%). D1,j (@) =[0nz* 0 — a12* 105, B2 01 — p12P 1]
= ffr1* P TRTEY — B TP,
+arBro 2P TETETEY — ap By (B — 1) TR T2,
Fa1Bag — D P2817¢0 8, —q B, Baz TP eIl
+ a1 Bifaz PTEITRY —y Bra TP,
= (2B B1 — B + aafraj — a1 B Bo) 2 P TEI TR TE
+ai (Bl — 1) — Pra;)z* P24,
+ Bi(—aa (B — 1) + o )2 P 217520
Comparing the above with
Do P70 = (g + B2 TP TERTN0) — (4 B — DIy,
Dy (22 PF781782) = (aj + )2 TP 1T gy — (g + By — 1)@ PRy,
Dy j (2P = (o + BP0y — (i + B TP 20,
one readily sees that (7) holds. O

Another useful fact is the following:
C)) [0¢, Di j(f)]=D; j(0,(f)) foralli,j,£=1,...,mand f €O0.

The remaining part of the proof of Theorem 3.2 will be divided into four steps.
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Step 1: Without loss of generality, we may assume
(10) P8 (D12(z122)) =0

Substituting @ = ¢| + &, into expressions (5)—(8), we see that each nonzero el-
ement D; j(zﬂ ) is an eigenvector for the operator ad D 2(z1z2), with eigenvalue

A, j,B)=p1—Br—1, B1 — B2 or B — B>+ 1, depending on i, j. (For the case
i =1and j > 2, one has to combine the first and the third terms in expression (7),
which gives — (82 + l)Dl,j(zﬁ).) Since A(i, j, B) is in the field GF,, we have
Di2(z122) = D1 2(z122)”. Applying the operator 7§ to both sides and using (4),
we obtain

P8 (Diaziz)) = > ("8)(Di2(z122) -+ (78) (D12(2122)) -
i1+tip=p
Taking into account (2) and (9), we see that ¥§ (D} 2(z122)) = 0 for 1 < k < p.

Hence,

(11) P8 (D] Z(ZIZZ)) ( (D] Z(ZIZZ)))
p—1
+> " Dia(122)" (78) (D12(122)) D1a(zaza)” "
k=0

Since '8 (D1 2(Z1Z2)) [01, D12(z122)] = D1,2(z2) = 91 and 8{’ =0, the first term
on the right-hand side of (11) vanishes. The second term can be rewritten using
the identity

p
> xFyxrTl = @d x)? (),
where X = Dj 2(z122) and ¥ = ?§(X). Thus, (11) yields

= (ad 1)1,2(2122))!771 ¥).

It follows that ¥ can be written as a linear combination of those D; ; (z#) for which
the eigenvalue A(i, j, B) is nonzero:

P8 (D12(z122)) = Z G,g D; ;(2P).
i,j,B:A0,j,B)#0

Replacing 7§ with
i.J

P %p . (B
HZA(: 5 ad D; j(zP)

completes Step 1.
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Step 2: Without loss of generality, we may assume, in addition to (10), that

(12) Psn = Y. 15D
isjsﬁ:ﬂ]:p_l

for some scalars ‘E’é’j .

By (9), we have [d1, D1 2(z122)] = 9;. Applying the operator 7§ to both sides

and using (3), (2) and (10), we obtain
p
P§(01) = Z [¥8 (1), P*8(D1 2(2122)] = [P8(31). D1 2(z122)] -
k=0

Hence [Dj 2(z122), Y]=—Y where Y =7§(9;). It follows that ¥ can be written as
a linear combination of those D; ; (z?) for which the eigenvalue A(i, j, B) is —1:

(13) P§(0r) = o D).
LB A, ). B)==1
Now replace 7§ with
w
p5+ Z 131":_1 adDi,j(ZﬂJrsl).
Lj.B:pi#p—1

Using (9) gives (12) for the new ?§, because all terms with 8; 7= p — 1 in the right-
hand side of (13) will cancel out. It remains to check that we still have (10) for the
new 7§. In other words, we have to check that [ Dy 2(z1z2), Dl-,j(zﬁ“‘)] = 0 for
all i, j, B with 747 # 0. But this is clear, because A(i, j, B +&1) = A(i, j. B) + |
and thus A(i, j, B+ ¢&1) =0 for all 7, j, B that occur in the right-hand side of (13).
Step 2 is complete.

Step 3: For any element X = f10) +-- -+ [0, € W, define
pri(X):= f1 €0.

Assume (10) and (12). Then, pr,(?8(D12(z5z2))) forany k =1,...,p—1isa
linear combination of z¥ with 0 < y; < k.

We proceed by induction on k. The basis for k = 1 follows from (10). Now
suppose the claim holds for some k > 1. By (9), we have

[01, D12(z4 ' 22)1 = (k + 1) Dy 2(2h 22).
Applying the operator 7§ to both sides, we obtain

(14) P8([81, D122 22)1) = (k4 1)(P8)(D1 2(zX22)).
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Using (3),(2) and (12), the left-hand side of (14) becomes

[ Y/ DiEP). D1,2(Z]f+122)j| +[01, P8(D1 (2 20))]
i,j,B:p1=p—1

Setting ¥ = p(S(Dlyz(zlfr]zg)), we can rewrite (14) as
(15) [01. Y1=(k+ DO (Do) + Y. 157 [D12G M 22). Dy P
i’jvﬁ:ﬁlzp_l

Our goal is to show that monomials z” with y; > k+1 do not occurin f; :=pr;(Y).
Since pr;[d1, Y] = 01 f1, it suffices to show that elements z” d; with y; > k do not
occur in the right-hand side of (15), when it is regarded as an element of W. The
induction hypothesis tells us that such elements do not occur in the first term of
the right-hand side of (15). We will prove the same for the second term.

In the case 2 < i < j, we have by (5) that

(D125 20), Di j(2P)] = (B1 — Ba(k + 1) Dy j(PHFen).

Hence, no elements z” d; occur here.
In the case 2 =i < j, we have by (6) that

(D122 22), Dy j(2P)] = (B1 — (B2 — Dk + 1) Dy ; (2P He),

Again, no elements z” d; occur.
In the case i = 1 and 2 < j, we can write [Dl,z(zlfHZz), Di’j(Zﬂ)], using (7)
and By =p—1,as

—(k+ 1)B; D1 2P He+2780) — Dy (P 4 (k4 1) Dy j (P HE DT,

Elements z” d; occur only in the first two summands, and we have y = 8 +ke| —¢;
in either case. Therefore, y; = 1 +k =k — 1 mod p (recall that we may take the
exponents of z modulo p).

In the case i =1, j =2, we have by 81 = p — 1 and (8) that

[D12(25" " 22), D12(2P)1 = —((k + 1) B2 + 1) Dy 2 (P,

Hence, elements z¥ 9; occur with y = 8+ ke; —&,. Once again, y; =k —1 mod p.
The inductive proof of Step 3 is complete.

Step 4: We can finally obtain a contradiction. By (8), we have

[D12(zF " 22), D1 2(z322)] = 3D1.2(22) = 381.
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Applying ?§ and taking into account (3), (2) and (12), we obtain

16 3 > /D e
i,j,ﬂ:ﬁ]:p—]
= [P8(D12(z" ' 22)), D12(2322)] + [D12(2) ' 22), P8(D1 2(2322))]

+ [Pl @) Dia(fn e )
1

2 e 1
(Gt @ ) (i) |
One readily verifies that the sum of the third and fourth terms in the right-hand
side of (16) is 39;. Consider the first and the second terms. Denote

X :=P8(D1o(z) '2)) and Y :="8(Di1(:322)).

By Step 3, we know pr;(X) is a linear combination of z¥ with0 <y} < p—2and
pr;(Y) is a linear combination of z¥ with 0 <y < 1.

Since Dl’z(Z%Zz) = 1%81 — 2712202, we see that the coefficient of d; depends
only on z; and hence all terms with 9; in the commutator [X, D1,2(zfzz)] come
from terms with 91 in X. In other words,

pri[X, D1 2(ziz2)] = pry[pr; (X)d1, D1 2(zi22)].
Since
[2701, D12(z22)] = 2 — y1 +2y2)2" 77101 — 2277720,
we conclude that pr;[X, DLZ(Z%ZQ)] is a linear combination of monomials z”
with 0 < y; < p —2. Therefore, elements z*9; with &y =0 do not occur in the first

term in the right-hand side of (16).
Since Dl’z(zf_la) = zf_lal +zf_22282, we also see that

+é1

pri[D12G" " 22), Y1 = pry[D12(z0 " 22), pry (Y)d1].
Then

[D12(z0 ' 22), 27011 = (1 + y1 + y2) 2 TP7D01 9 g 27 HP—Derteg)

implies that pry [Dl,z(zlp _lzg), Y] is a linear combination of monomials z¥ (=2
with 0 < y; < 1. Therefore, elements z*d; with @; = 0 do not occur in the second
term in the right-hand side of (16).

Finally, all elements z*9; that occur in the left-hand side of (16) have oy = p—1.
Summarizing our analysis, we obtain

301 =0,

which is a contradiction, since p > 3. The proof of Theorem 3.2 is complete. [



302 YURI BAHTURIN AND MIKHAIL KOCHETOV

Corollary 3.4. Under the assumptions of Theorem 3.2,
Lie*(Aut(S™")) = ad(CS()) forall k > 0.
Theorem 3.5. Let O = O(m; 1) for m =2r and H® = H(m; 1)®. Let
Auty (0) = Stabauto) ((wg)).

Assume p > 3. Then the morphism Ad : Auty (0) — Aut(H @) is an isomorphism
of group schemes.

Proof. Denote by & the distribution algebra of Aut(H®). As in the proof of
Theorem 3.2, we must show that Lie! (&) c ad(C H ) —thatis, forany De CH, if
D ¢ CHy), thenad D ¢ Lie! (®). Again, we can write D = X198+ - -+, 0m+ Do,
where Dy € CH(g) and the scalars Aq, ..., A, are not all zero. Since Dy is in
Lie! (Auty (0)), we have that ad Dy is in Lie' (&), so it suffices to prove that
ad(A19; + - - - + Andy) ¢ Lie' (&). Applying an automorphism of O induced by a
suitable symplectic transformation on the space Span{di, ..., 9,,}, we may assume
without loss of generality that D = 0.

By way of contradiction, assume that add; € Lie'(®). Then there exists a
sequence of divided powers 1 = %4, 'h, ..., Ph in & such that 'h = ad 3;. We
may assume without loss of generality that ¥4 = (1/k!)(*h)* fork =0, ..., p—1.

The distribution algebra & acts canonically on H®, so there is a homomorphism
n:® — End(H?®). The restriction of 7 to Prim(®) = Der(H ®) is the identity
map. Let X8 = n(*h) for k =0, ..., p. Then

1'(ad81)k fork=0,...,p—1,

k e
an = a

and, since H® is a ®-module algebra,

k
(18) *s([X,Y]) = Z[jS(X), k=is(y)] forallk=0,...,pand X,Y € H®,
j=0

For the extended action of & on the restricted enveloping algebra u(H ), we have

k
(19) *8(XY) = Z(f'a)(X) *=78)(Y) forallk=0,...,pand X,Y cu(H?).
j=0

We may replace 78 by P8 +&, where £ is any derivation of H®, without affecting
Equations (18) and (19). We will use this observation to simplify the operator 7§.
As in [Strade 2004, Section 4.2], define
1 ifi=1,...,r, ,

N & i
o {—1 ifizrt1,.. . 2, M4 0=ite@r
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Also define a map Dy : 0 — H by

2r

Dyu(f) = o@)d(f)d.

i=1

Note that the kernel of Dy is F1.
Letz; =14x;,i=1,...,2r. For each multi-index o € Z#D | set

Z“:z?lzgir

We may regard the components of « as elements of the cyclic group Z, when
dealing with z*. For the calculations we are about to carry out, we need the formula

20)  [Du(z*), Du(zP)l= Dy (Dp(z*)(zP)) foralla, p € 2%,
In particular,
@21)  [3, Du(P)l =Dy (3:(z#)) forall¢=1,...,2r and B € 2.
Lett=(p—1,...,p—1)€ 7D, By [Strade 2004, Section 4.2],
{Du(*) |0 <a <7}

is a basis of H®.
The remaining part of the proof of Theorem 3.5 will be divided into four steps,
which are similar to the steps in the proof of Theorem 3.2.

Step 1: Without loss of generality, we may assume
(22) P8 (D (z12r11)) = 0.

Substituting o = €1 + &3 into (20), we see that Dy (z#) is an eigenvector for the
operator ad Dy (z12,+1), with eigenvalue 8,1 — f;1. Since B, — B1 is in the field
GF,,wehave Dy (z12,41) = Dp(z12-41)”. Applying the operator 7§ to both sides
and using (19), we obtain

P8 (Du(zizey)) = Y ("8 (Du(izr1)) -+ (78) (Du(z12r41)) -
ij4-+ip=p

Taking into account (17) and (21), we see that ks (Dy(z12r41)) =0for 1 <k < p.
Hence,

(23) P8 (Du(z12r41) = (15 (DH(ler_H)))p
p—1
* Z Dy (212,40 (P8) (D (z12/41)) D (zizr41)P* 71
k=0
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Since '8 (Dy(212741)) = [01, D (212r41)] = D (zr41) = —3) and 9 = 0, the
first term on the right-hand side of (23) vanishes. The second term can be rewritten
using the identity

p—1
Z Xkyxr=%1 = (ad X)?~\(v),
k=0

where X = Dy (z12,+1) and Y = P§(X). Thus, (23) yields
Y = (ad Dy (z12,41))" 7 (Y).

It follows that Y is a linear combination of those Dy (z?) for which the eigenvalue
Br+1 — P1 is nonzero:

P (Du(nizrr)) = Y opDu).
B:Br1#B1
Replacing #§ with
p o8 B
§+) ————— adDy (")
8 ,Br—H - ,81
completes Step 1.

Step 2: Without loss of generality, we may assume that, in addition to (22),

(24) Ps@)= Y  Du()
B:pr=p—1
for some scalars 7g.
By (21), we have [0{, Dy (z12r4+1)] = —91. Applying the operator 7§ to both
sides and using (18), (17) and (22), we obtain
p

=P8 =Y _[*6@). P *8(Du (z1zr41))] = [78(01). D (z12041)] -
k=0

Hence [Dy(z12,41), Y] = Y, where Y = P§(d;). It follows that Y is a linear
combination of those Dy (z#) for which the eigenvalue 8,41 — B is I:

(25) Ps@) = Y  tDu@).
B:Brr1—B1=1
Now replace 7§ with

T8
rs § : d Dy (ZPTen.
+ Bl ad Dy (z"™°)

Using (21) gives (24) for the new 7§, because all terms with §; # p —1 in the right-
hand side of (25) will cancel out. It remains to check that we still have (22) for
the new 7§. In other words, we have to check that [Dy (z1z,41), Dy (zF11)]1 =0
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for all B with tg # 0. But this is clear, because .11 — (81 + 1) = 0 for all B that
occur in the right-hand side of (25). Step 2 is complete.

Step 3: Assume (22) and (24). Then, pS(DH(zll‘er)) foranyk=1,...,p—1is
a linear combination of Dy (z¥) with 0 < y; < k.

We proceed by induction on k. The basis for k = 1 follows from (22). Now
suppose the claim holds for some k > 1. By (21), we have

[01. D (2} 20411 = (k+ 1) Dy (2hzr40).
Applying the operator 7§ to both sides and taking into account (18) and (17) gives
(26) [78@30), Du (24D +101, P8P 2 01))]
= (k+ D) (Dp (zr11)).
Writing

27) P8(Du (i )= Y 0, Du(2)

O<y<rt

and considering (24), (20) and (21), we can rewrite the left-hand side of (26) as

Y. wDuE), DuE 24014 )0y [01, Du()]

B:pi=p—1 4

=— > Du((k+DZizr10 11— 20D + )0y Du(@1(2))
B:pi=p—1 Y

=— Y %Du(k+ D — P 13 o,y Dy ()
B:pr1=p—1 4

=— > tp(k+ DB + DD+ 0y Dy (7).
B:pi=p—1 4

Setting tj := 75((k + 1)B,+1 + 1), we can now rewrite (26) as

(28) Zo'yleH(ZV*&)
y = k+DCHDuz)+ Y hDuEH,
B:Bi=p—1

Since the induction hypothesis applies to the first term in the right-hand side of (28),
all elements Dy (z%) that occur in the right-hand side have 0 < o <k — 1. Com-
paring this with the left-hand side, we conclude that for any y with o, # 0, either
y1 =00r 0 <y —1 <k—1. Hence the elements Dy (z") that occur in the
right-hand side of (27) have 0 < y; < k. The inductive proof of Step 3 is complete.

Step 4: We can finally obtain a contradiction. By (20), we have

[Dy(232r41), D' 2oy 1)1 =3Dp (zr41) = =30
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Applying ?§ and taking into account (18) and (17), we obtain
—3(P8)(91)

= [P8(Du(Z3zr1)), D@} 2o 0)] + [P (23211, P8(Du (2! 21))]

1 1 _ _
+|:DH(F81(Z%ZH-1))»DH( a7 l(Z{7 1)Zr+l>]

(p—D!

+[Da (5220 Da (gt D)

= ["8(DuGizr40), D 2e)] + [P (Ezre0), P8P 2]
+3[Du(z12r41), D (zr41)]
=["8(Du(Z32,11)), D@ 2 ) |+ [P (B 2r41), P8(Dr Y 201))] 301

So we have

(29) 30y =["8(Dy(3zr41)). Dl 2rgn)]

+[Du(Z3zr11), P8(Du (Y 21| +3(P8)(B)).
Step 3 gives that

P8(Du iz = Y, 0P Dy,
o:0<a;<1
—1 _
PS(DuGY )= Y o7 VDu ).
o:0<a1<p-2

Hence, (20) implies
[78(Da (232 0). D) 2rgn)]

= Y o@[Du, D )]

a:0<a;<l1

=— Y o®PDu((~2 et — 20 B0 EY)

a:0<a;<1
2 -2
= Y oP@pi+a)Du ),
a:0<a;<1

and, similarly,

[Du @20, P8(Du " 2] = Y. 0P [Du(@ize1). D ()]
o:0<a;<p-2

= Y o UDy@azr1d 1 —Z)E))

o:0<a;<p-2

= > 0 Qe —a) Dy ),

o:0<a;<p-2
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Using these calculations and (24), we can rewrite (29) as

301 = Z 0P (g1 + ) Dy (%71
o:0<a;<lI
+ Y o V@ —a)DuE*Y+3 Y 5Du ).
a:0<a;<p—-2 B:pr=p—1

This equation is impossible, because p > 3 and none of the sums in the right-hand
side involves Dy (z,4+1). The proof of Theorem 3.5 is complete. O

Corollary 3.6. Under the assumptions of Theorem 3.5,

Lie* (Aut(H?)) = ad(CH)) forall k > 0.

4. Group gradings

Let G be an abelian group. In this section we will give a classification of G-
gradings on the algebra © = O(m; 1) and on the simple Lie algebras W (m; 1),
S(m; DD form >3 and S2; NP = H2; 1)P.

Given a G-grading I's: 0 =& ¢ Og» We obtain an induced grading on End(0).
It is easy to see that W = Der(0) is a graded subspace, so it inherits a G-grading,
which will be denoted by I'y : W = @geGWg- The spaces QF also receive
G-gradings in a natural way, and one can verify that the maps d : QF — Q!
respect the G-gradings. (The canonical Z-gradings of W and Q* are induced by
the canonical Z-grading of O in this manner.) However, S = S(m; 1), respectively
H = H(m;1), is not in general a graded subspace of W. It is certainly a graded
subspace if we assume that wg, respectively wg, is a homogeneous element with
respect to the G-grading on Q™ respectively Q.

Definition 4.1. We will say that a G-grading I'¢ : 0 =P geG Og 1s S—admissible of
degree go € G if the form wg is a homogeneous element of degree g¢, and similarly
define H-admissible.

If T'g is S-admissible, then we denote the induced G-gradings on S and its
derived algebra(s) by I's, and similarly use I'y when I'g is H-admissible.

We now recall the connection between group gradings on an algebra and certain
subgroupschemes of its automorphism group scheme. Let U be an algebra. For any
group G, a G-grading on U is equivalent to a structure of an FG-comodule algebra
(see, for example, [Montgomery 1993]). Assuming U finite-dimensional and G
finitely generated abelian, we can regard this comodule structure as a morphism of
algebraic group schemes G? — Aut(U) where G? is the Cartier dual of G, that is,
the group scheme represented by the commutative Hopf algebra FG. Two G-
gradings are isomorphic if and only if the corresponding morphisms G” — Aut(U)
are conjugate by an automorphism of U'.
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If charF = 0, then G? = G, the algebraic group of multiplicative characters
of G, and Aut(U) = Aut(U), the algebraic group of automorphisms. The image
of G in Aut(U) is a quasitorus, that is, a diagonalizable algebraic group. The
G-grading on U is, of course, the eigenspace decomposition of U with respect to
this quasitorus. Hence, group gradings on U correspond to quasitori in Aut(U).

We are interested in the case char F = p > 0. Then we can write G =G G s
where G, has no p-torsion and G , is a p-group. So G” =G, p X GD Where G, p 18
smooth and GD is finite and connected The algebraic group G (Wthh equals G)
isa quas1torus and it acts by automorphisms of U as follows:

x*X=x(g)X forall X €U, and g € G.

If G, is an elementary p-group, then the distribution algebra of G [l,) is the restricted
enveloping algebra u(7T) where T is the group of additive characters of G, re-
garded as an abelian restricted Lie algebra. If {ay, ..., a,} is a basis of G, (as
a vector space over the field GF),), then the dual basis {¢1, ..., #} of T has the
property (t;)? = t; for all i. Therefore, T is a forus in the sense of restricted Lie
algebras. It acts by derivations of U as follows:

tx*X =1(g)X forall X € Ugand g €G.

If G, is not elementary, then the distribution algebra of G[l)) is not generated by
primitive elements and hence its action on U does not reduce to derivations. Re-
gardless of what the case may be, the image of G? in Aut(U) is a diagonalizable
subgroupscheme. In some sense, the G-grading on U is its eigenspace decompo-
sition (see, for example, [Waterhouse 1979]).

Now, Theorems 3.1 (where, as was pointed out, one can include the cases p =2
and p = 3), 3.2 and 3.5 give us the following corollary.

Corollary 4.2. Let G be an abelian group. Let L be one of the following simple Lie
algebras: W =W (m; 1) form>3ifp=2andm>2if p=3, SV =Sm; DD for
m=>3and p>3or HY = H(m;1)® form =2r and p > 3. Then any G-grading
on L is induced by a G-grading on 0 = O(m; 1). More precisely:

1) The correspondence I'g — T'w is a bijection between the G-gradings on O
and the G-gradings on W. It induces a bijection between the isomorphism
classes of these gradings.

2) The correspondence I'g +— Dy is a bijection between the S-admissible G-
gradings on O and the G-gradings on SV. It induces a bijection between
the isomorphism classes of G-gradings on SV and the Autg(0)-orbits of the
S-admissible G-gradings on O.

3) The correspondence I'g — Ty is a bijection between the H-admissible G-
gradings on O and the G-gradings on H®. It induces a bijection between
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the isomorphism classes of G-gradings on H® and the Auty (0)-orbits of the
H-admissible G-gradings on O.

Proof. LetD' : L = @ge(} L, be a G-grading. Replacing G with the subgroup
generated by the support, we may assume that G is finitely generated. In addition,
the corresponding morphism G” — Aut(L) is a closed imbedding.

Consider the case L = W. From the isomorphism Ad : Aut(0) — Aut(L),
we obtain a closed imbedding G? — Aut(0), which corresponds to a G-grading
Ieg:0=6p ¢ Og (Whose support also generates G, since otherwise we would
not have a closed imbedding). The induced G-grading I'yy on W is obtained by
inducing the FG-comodule structure from O to End(0) and then restricting to L,
which agrees with how Ad : Aut(0) — Aut(L) is defined. Therefore, I' = I'yy.

In the case L = SV, we obtain a closed imbedding GP — Autg(0), so the
subspace (wg) of Q" is GP-invariant, that is, (wg) is an FG-subcomodule. Hence
wg is a homogeneous element in the corresponding G-grading I'g : 0 = P 2 0s-

The proof in the case L = H? is similar. U

Remark 4.3. It follows from the proof that the supports of the gradings I'g, 'w,
['s and 'y generate the same subgroup in G.

We will now describe all possible G-gradings on O = O(m; 1).

Proposition 4.4. Let O = O(m; 1) and let M be its unique maximal ideal. Let G

be an abelian group and let O = @geG O¢ be a G-grading.

1) There exist elements yi, ..., ym of M and 0 < s < m such that the elements

L+ y1, ..., 1+ Y5, Ys+1s - - - » Y are G-homogeneous and {yy, ..., ym} is a
basis of 9 modulo N>,

2) Let P ={g € G| Oy & IMN}. Then P is an elementary p-subgroup of G.

3) Let {by, ..., bs} be a basis of P. Then the elements y1, ..., y, can be chosen
in such a way that the degree of 1 + y; is b; foralli =1, ...,s.

Proof. 1) Pick a basis for O consisting of G-homogeneous elements and select
a subset {f1, ..., f,} of this basis that is linearly independent modulo F1 & 9>,
Order the elements f; so f1, ..., fy have anonzero constant term and f41, ..., fi
belong to 9. Rescale fi, ..., fs so that the constant term is 1. Let y; = f; — 1 for
i=1,...,sand y; = ffori =s+1,...,m. Then yj, ..., y, is a basis of 9
modulo 9%

2) Clearly, e € P. If a, b € P, then there exist elements u € O, and v € 0}, that are
not in M. Then the element uv € Oy, is not in I, so ab € P. Also, since u” is a
nonzero scalar, we have a” = e. Thus P is an elementary p-subgroup.
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3) Any element of O can be uniquely written as a (truncated) polynomial in the
variables 1+ yy, ..., 1+, Y541, ..., ymu. Hence, for any g € G,

(30) O =Span{(1+y))/ - (L+y) 2yl - yir 10 ji < p.al' - -alr = g).

where ay, ..., a, € G are the degrees of 1 + vy, ..., 1+ Y5, Ys+1, - -+, Y, r€SPEC-
tively. So ay, ..., as generate P. Suppose they do not form a basis of P — say,
ag = afl affl'. Set y; = y; for i # s and

For= 14y — A +y)" - (1 +y) b

Then 1+ y1,..., 1 4+ Y51, s, ..., ¥ are homogeneous of degrees ai, ..., ay,
respectively. Also, y5; € 9T and

Vs =ys— Ciy1+--+L€s—1y5—1) (mod sz)’

SO J1, ..., ym still form a basis of 9t modulo M?. We have decreased s by 1.
Repeating this process as necessary, we may assume that {aj, ..., a} is a basis
of P. Finally, if {by, ..., by} is another basis of P, we can write b; = ]_[l‘ 1a f’/,
where (¢;;) is a nondegenerate matrix with entries in the field GF),. Set

N
Ji=]]a+wm% -1 forj=1,...5s
i=1

and y; =y; for j=s+1,...,m. Then yi, ..., y, form a basis of 9t modulo m2,
and 1+ y; is homogeneous of degree b;, j =1, ..., 5. |

Remark 4.5. Without loss of generality, assume that G is generated by the support
of the grading 0 = g Og- Let Q be the image of GP under the corresponding
closed imbedding GP — Aut(0). Let H= Stabaut(c) (). (In fact, H = Aut(0),
regarded as the largest smooth subgroupscheme of Aut(0).) Let Qy = Q N H.
Then P is the subgroup of G corresponding to the Hopf ideal of FG defining the
subgroupscheme Qg of Q.

Proof. Let Iy be the Hopf ideal defining the subgroupscheme Qg and let G be the
corresponding subgroup of G. Consider the coarsening 0 = @gec /G, Oz of the G-
grading induced by the natural homomorphism G — G/ Gy, that is, 03 =D ez Oe-
This coarsening corresponds to the subgroupscheme Qp C Q. Since Qq stabilizes
the subspace 9t C 0, we have 9 = @geG/Go(@g’ NIN). Hence Oz C M for g #e
and Oz = F1 @ (0z N 9N). Hence O, C M for all g ¢ Gy, which proves P C Gy.
To prove that P = Gy, consider the Hopf ideal I of FG corresponding to P. Then
I C Iy. The subgroupscheme Q of Q defined by I acts trivially on each O, with
g € P. It follows that Q stabilizes 9Jt. Hence Q C Qg and I D Iy. O
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The description of the G-gradings on O(m; 1) resembles the description of the
G-gradings on the matrix algebra M, (F) — see, for example, [Bahturin and Ko-
chetov 2010; Elduque 2010]. Namely, Proposition 4.4 shows that the G-graded
algebra O(m; 1) is isomorphic to the tensor product O(s; 1) ® O(m — s; 1) where
the first factor has a division grading (in the sense that each homogeneous compo-
nent is spanned by an invertible element) and the second factor has an elementary
grading (in the sense that it is induced by a grading of the underlying vector
space 9/M?). The isomorphism in question is, of course, the one defined by
i x®1, ...,y xs®land yg0 1 = 1 Q®x1, ..., ym > 1 ® x;—s. The
first factor, O(s; 1), is isomorphic to the group algebra FP as a G-graded algebra
(where F P has the standard P-grading, which is regarded as a G-grading).

To state the classification of G-gradings on O up to isomorphism, we introduce
some notation.

Definition 4.6. Let P C G be an elementary p-subgroup of rank s for 0 < s < m.
Lett =m — s and let y = (g1,..., &) € G'. Endow the algebra O = O(m; 1)
with a G-grading as follows. Select a basis {by, ..., by} for P and declare the
degrees of 1 +xp, ..., 1 +x5tobe by, ..., by, respectively. Declare the degrees of
Xs41,...,Xm to be g1, ..., g, respectively. Denote the resulting G-grading on O
by I'e(G, by, ..., bs, g1, ..., 8). Since the gradings corresponding to different
choices of basis for P are isomorphic to each other, we also denote this grading
(abusing notation) by I'g (G, P, y).

Definition 4.7. Let y, y € G'. Write y ~ y if there exists a permutation 7 of the
set {1, ..., 1} such that g = g (mod P) foralli =1,...,¢

Theorem 4.8. Let [ be an algebraically closed field of characteristic p > 0. Let G

be an abelian group. Let 0 = @, ; O, be a grading on the algebra O = 0(m; 1)

geG
over F. Then the grading is tsomorphlc to some I'¢(G, P, y) as in Definition 4.6.
Two G-gradings U'e(G, P, y) and I'g(G, P, y) are isomorphic if and only if P = P

and y ~ y (see Definition 4.7).

Proof. Let yi, ..., y, be as in Proposition 4.4. Let g1, ..., g € G be the degrees
of ys11, ..., ym, respectively. Then the automorphism of O defined by
yvir>x; fori=1,...,m

sends the grading 0 = @, .; 0, to T'o(G, by, ..., by, g1, ..., &).

geG

If §i =gri). i =1, ..., 1, for some permutation 7, then the automorphism of O
defined by
3D xi>xpfori=1,...,5 and x.t> Xeq4q) fori=1,...,1,

sends I'g(G, P, y) to 'e(G, P, y).
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Ifg = gibf“ . -bf”, then the automorphism of O defined by

S
(32) xi>xjfori=1,...,5s and Xxgy;> Xg4 l_[(l-i—xj)z"f fori=1,...,¢t,
j=1
sends I'g(G, P, y) to 'e(G, P, y).

Therefore, if y ~ y as in Definition 4.7, then ['¢(G, P, y) is isomorphic to
I'o(G, P,y).

It remains to show that the subgroup P and the equivalence class of y are
invariants of the G-graded algebra 0 = P ¢eG0g- This is obvious for P, since
P={geG|0, M} Let G =G/P and consider the coarsening of the G-
grading, 0 = @50z, induced by the natural homomorphism G — G. It follows
from the definition of P that 901 is a G-graded subspace of 0. Consequently, Jt?
is also a G-graded subspace, and the quotient V := 9t/9? inherits a G-grading:

V=V ® @ Vs,

Define
I — dim V7 ifa; #£e,
" |dim Vg, —s ifa =e.
Clearly, ay,...,ae and ki, ..., k, are invariants of the G-graded algebra 0 =
@geG O,. If the G-grading on O is I'¢(G, P, y), then, up to a permutation, g; P =
e = g/qP = 6_11, gk1+1P == gk1+k2P = 6_12, and so on. |
Remark 4.9. Instead of using y = (g1, . . ., &) where some of the cosets g; P may

be equal to each other, one can take multiplicities,
k = (k1,...,k¢), where k; are positive integers,
with |x| :=k;1+---+ ke =1,
y =(g1,...,8¢), Wwhere g; € G are such that gi_lgj ¢ P foralli # j,
and write

F@(G7P»K7V)=F@(G,P,gl,---,817---»86»---ag€)-

ki times kg times

Then I'g(G, P, k, y) is isomorphic to I'g(G, 13, K, y) if and only if « and k¥ have
the same number of components £ and there exists a permutation 7 of the set
{1, ..., ¢} such that k; = k() and g; = g() (mod P) foralli =1,...,¢.

Definition 4.10. Fix 0 < s < m. For a multi-index o € Z™, let

&:z(Otl—i-pZ,...,ocs—i-pZ,aHl,...,am)EZ‘;XZ’"_S.
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Define a Z), x Z"*-grading on O = O(m; 1) by declaring the degree of 1 + x;,

i=1,...,s, and the degree of x;, i =s+1,...,m, to be &. This is the grad-
ing ['o(G, P, y) where G = Zj, x Z"~* (written additively), P = Z},, and y =
(&s+1, - - - » Em). Denote this grading by I'g(s).

Corollary 4.11. Let O = O(m; 1). Then, up to equivalence, there are exactly m + 1
fine gradings of O. They are I'g(s) for s =0, ..., m. The universal group of I'g(s)
is Zp, x I,
Proof. All homogeneous components of I'g(s) are 1-dimensional, so it is a fine
grading. All relations in the grading group Z), x Z"™* come from the fact that
0 # (Og)” C O, for certain elements g. Hence Z), x Z™~* is the universal group
of Tg(s).

For any abelian group G and a p-subgroup P C G with a basis {by, ..., b},
any G-grading I'¢(G, by, ..., bs, g1, ..., §m—s) 1s induced from the (Z; X 7"M5)-
grading T'¢(s) by the homomorphism Z}, x 2"~ — G defined by

gr—>bifori=1,...,s and &r> g _sfori=s+1,...,m.

Hence, up to equivalence, there are no other fine gradings. The gradings ' (s) are
pairwise nonequivalent, because their universal groups are nonisomorphic. ([l

Definition 4.12. The G-grading induced by I'¢(G, b1, ..., bs, g1, ..., &) (refer to
Definition 4.6) on the Lie algebra W will be denoted by

FW(Gvblv"'vb;ﬁ‘vgla"'7gl) Or 1_‘V[I(G7 P’ y)'
Explicitly, we declare the degree of each element

(T4x)% - (1 x)%x& x, wherea € 2™V 1 <i<m,

s+1
to be
a1 —68;1 as—8is  Os1—0is+1 U —Sim
b % ; gl ’

where §; ; is the Kronecker delta. In particular, the gradings induced by I'g(s) (see
Definition 4.10) will be denoted by 'y (s).

The following is a generalization of a result in [Demuskin 1970] (see also [Strade
2004, Corollary 7.5.2]) on maximal tori of the restricted Lie algebra W, which
corresponds to the case when G is an elementary p-group.

Theorem 4.13. Let F be an algebraically closed field of characteristic p > 0. Let G
be an abelian group. Let W = W (m; 1) over F. Assumem >3 if p=2andm > 2 if
p =3. Then any grading W = @geGWg is isomorphic to some I'w(G, P,y)asin
Definition 4.12. Two G-gradings, T'w (G, P, y) and 'y (G, P, y), are isomorphic
ifand only if P = P and y ~ 7 (see Definition 4.7).

Proof. Combine Theorem 4.8 and Corollary 4.2. U
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Corollary 4.14. Let W = W(m;1). Assume m >3 if p=2and m > 2 if p = 3.
Then, up to equivalence, there are exactly m + 1 fine gradings of W. They are
Cw(s) fors =0, ..., m. The universal group of 'y (s) is Z; X 7™M5, ]

We now turn to special algebras.

Proposition 4.15. In the notation of Proposition 4.4, assume that 0 = P g Og is

an S-admissible G-grading of degree go. Then the elements yy, ..., Y, can be cho-
sen in such away that the degrees ay,...,a, € Gof 14y1, ..., 14 Vs, Vsilse ooy Yms
respectively, satisfy the equation go = ay - - - ay,.

Proof. Choose elements yy, ..., ¥, as in Proposition 4.4. Let ay, ..., a, € G be
the degrees of the elements 1 +yy, ..., 1+ ys, Y541, - .., Ym, respectively. We will
adjust yy, ..., ym to make ay, ..., a,, satisfy the above equation.

The form dy; A - - - Ady,, is G-homogeneous of degree ag :=aj - - - a,,. On the
other hand,
dyi A---Ndyn = fos, where f =det(d;y;).

Since wg is G-homogeneous of degree gy, we conclude that f is G-homogeneous
of degree aogo_l. Since f ¢ 901, we have aogo_l eP.

First consider the case s = m. Then ay € P and thus gy € P. Also, the G-
grading in this case is the eigenspace decomposition of O with respect to a torus
T C Der(0) = W, where T is isomorphic to the group of additive characters of P,
so T has rank s = m. If gg = e, then wy is T-invariant, so 7' C Staby (wg) = S,
which is a contradiction, because the toral rank of S = S(m; 1) is less than m (in
fact, it is m — 1). Therefore, in this case we necessarily have gg # e. It follows that
there exists a basis {by, ..., b, } of P such that go =b; ---b,,. By Proposition 4.4,
we can replace yi, ..., y, with y;,..., y,, so that 1 4+ y; is G-homogeneous of
degree b; fori =1, ..., m. The proof in this case is complete.

4

Now assume that s < m. Write aogo_1 =a ---aff. Set y; = y; for i <m and

I = ym(L+yD) "0 (L) 75

Then y,, is G-homogeneous of degree a,, = a,a; -ag % and hence J, ..., Jm
are as desired. O

b,

In Definition 4.6 of I'g(G, P, y), we had to choose a basis {by, ..., by} for P.
The isomorphism class, that is, the Aut(0)-orbit, of the grading does not depend on
this choice. Clearly, the grading is S-admissible of degree gg = by ---bsg1 - - - &
and hence it induces a G-grading on the Lie algebra S and its derived subalge-
bras. Let L = S(m; 1)V if m > 3 and L = S(m; 1)® if m = 2. Since g is
Autg(0)-invariant, the induced gradings on L corresponding to different values
of go are not isomorphic. Conversely, suppose {by, ..., by} is another basis of P
such that l;l . e l;s = by - - - by (that is, this basis leads to the same value of gg).
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Write b =1l b;.x” where (o;;) is a nondegenerate matrix with entries in the

field GF,. Set

S
(33) =] +x)% =1 forj=1,...s,
i=1
andx; =x; for j=s+1,...,m. Thenxy, ..., X, form a basis of 9]l modulo m2,
and 1+ X; is homogeneous of degree b j»J=1,...,5. One readily computes that
N
(34) det(d; %) = det(a) [ [(1+2x;) T 2i=1w,

i=1

Now l;l . --l;s = b; - - - by means that Zj’:l a;; =1 for all i, so det(d;x;) is in [F.
Therefore, the automorphism of O defined by x; — x;, i = 1, ..., m, belongs to
the subgroup Autg(0). We have proved that two G-gradings on L arising from the
same data P and y, but different choices of basis for P, are isomorphic if and only
if they have the same value of gg. This justifies the following:

Definition 4.16. Let P and y be as in Definition 4.6. Let gy € G be such that

g8, -8 € P\ e}

Select a basis {by, ..., by} for P such that go = by ---bsg; - - - g. The G-grading
induced by I'(G, by, ..., by, g1, ..., &) on the Lie algebra S and its derived sub-
algebras will be denoted by I's(G, by, ..., b, g1,...,8s) or I's(G, P, y, g). In
particular, the (£}, x Z"™*)-grading induced by I'g(s) (see Definition 4.10, with
{€1,..., &} as a basis for Z},)), will be denoted by I's(s).

The following is a generalization of a result in [Demuskin 1970] (see also [Strade
2004, Theorem 7.5.5]) on maximal tori of the restricted Lie algebra CS, which
corresponds to the case when G is an elementary p-group.

Theorem 4.17. Let | be an algebraically closed field of characteristic p > 3. Let G
be an abelian group. Let L =S(m; 1)V ifm >3 and L = S(m; 1)® = H(m; 1)@ if
m =2 (a simple Lie algebra over ). Then any grading L = @geG
to some I's(G, P, y, go) as in Definition 4.16. Two G-gradings, I's(G, P, y, go)
and T's(G, P, v, &o), are isomorphic if and only if P = P, y ~ v (Definition 4.7)
and o = go.

L is isomorphic

Proof. First we show that the grading L = @gec L, is isomorphic to some grad-
ing I's(G, P, y, go). We can apply Corollary 4.2 to translate this problem to the
algebra 0. Let I : 0 =P, O, be the S-admissible grading on 0, of some degree
go € G, that induces the grading L = @geG Lg. Asusual, let P ={ge G |0, M)}
and let s be the rank of P. By Proposition 4.15, there exist elements yy, ..., y,, €N
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that form a basis of 9t mod 9% and such that 1 + y;, i <s, and y;, i > s, are G-

homogeneous of some degrees a;,i =1, ..., m, where {ay, ..., a,} is a basis of P
and go =a; - - - a,,. We want to show that there exists an automorphism in Autg(0)
that sends I'’ to the grading I'¢c = I'e¢(G, ay, ..., ds, asi1, - .., dp). Denote the

latter grading by O = @gec O,. Let u be the automorphism of O defined by
yi+> xi, i =1,...,m. Then u sends I'” to I'g, but « may not belong to Autg(0).
Write u(ws) = fws for some f € 0. Now w(ws) has degree gg relative to the
grading induced on Q™ by I'g, wg has degree a; - - - a,, relative to the said grading,
and go = a; - - - a,, so we conclude that f has degree e relative to I'g. If s = m,
this implies that f is in F and hence u € Autg(0), completing the proof. So we
assume s < m.

Now we follow the idea of the proof of [Strade 2004, Proposition 7.5.4], which
is due to [Kuznetsov and Yakovlev 1997]. Observe that

p(ws) = p (d(x1dxaA- - - Adxp))

=d (,u(xl)d,u(xz)/\- : /\d,u(xm))

= d(Z(—l)i_lhidxl/\~ CAdXi_ i ANdXjp A -/\dxm> = (Z 3ih,‘>a)5,
i=1

i=1

where hy, ..., hy €0. Set E ;=Y " h;d; € W. Since u(ws) = fws, we have
div(E) = Y _i", 8;h; = f. One can immediately verify that div(W,) C 0, for all
geG,whereT'y: W= @gEG W, is the grading induced on W by I'g. (Also, this
is a consequence of the fact that div: W — O is Aut(0)-equivariant.) Since f € 0,,
replacing E with its G-homogeneous component of degree e will not affect the
equation div(E) = f, so we will assume that E € W,.

Define a Z-grading on O by declaring the degree of x1, ..., x; (or, equivalently,
1+x1, ..., 14x;) to be 0 and the degree of x;41, ..., x,; tobe 1. This Z-grading is
compatible with the G-grading I'g in the sense that the homogeneous components
of one grading are graded subspaces of O relative to the other grading. Denote the
filtration associated to this Z-grading by Oy, £ =0, 1,2, ..., to distinguish it from
the filtration O() associated to the canonical Z-grading.

Write f =) ",. fk, where f; has degree k in the Z-grading and degree e in the
G-grading. Observe that the constant term of f is equal to the constant term of fp,
so fo is an invertible element of 0. Let t; be the automorphism of O defined by

T1(x;))=x; fori <m and 7t1(x,) = fo_lxm.

Since fo has degree e in the G-grading, | preserves I'g, that is, 71(0,) = O, for
all g € G. We also have 11(0y) = Oy for all £. Since x,, has degree 1 in the
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Z-grading, it does not occur in fy. Hence 7, ( fy) = fo and

(t1o ) (ws) = t1(fws) = 11(f)Tt1(ws)
= (fo+ T () fy 'ws =1+ h)ws,

where h =", fc and h = fy 71 (h). Note that h € Opy).

Claim. Forany £ = 1,2, ... there exists an automorphism t; of O that preserves
the G-grading "¢ and satisfies

35) (trom)(ws) =1 +h)ws, whereh € Q.

We proceed by induction on £. The basis for £ = 1 was proved above. As-
sume (35) holds for some £ > 1 and 7,. Since 7, preserves I'g, we have 1 +h € O,
and hence € O,. Write h = ) ,_, hi, where h; has degree k in the Z-grading
and degree e in the G-grading. As was shown above, there exists E € W, such that
div(E) =1+ h. Write E = ), _, E; where E; has degree k in the Z-grading
induced from our Z-grading of O and degree e in the G-grading. Since div preserves
the Z-grading, we have div E; = hy for k > 1. Let T be the automorphism of O
defined by

‘E(X,‘) = X;j — Eg(xl‘) fori = 1, e, m.

Since E; € W,, the automorphism 7 preserves the G-grading I'g. We also have
f(f) = f (mod @{k-i-l}) for all f € @{k} and

T(ws) = (1 —div(Ep) + HHws = (1 —he + fos
for some f € Oy2¢). Hence
(Tomopu)ws) =1((1+hws) =1t(1+h)T(ws)
= +he+ HA—hi+ Hos = (1 +h)ws,

where f € Oyp1y and b = —h2 4+ f(1 — hy) + f(1 4+ he + f) € Oyqy. Setting
T¢+1 = T o Ty, we complete the induction step.

Set it =tpopu for € = (p —1)(m —s) + 1. Then ji sends I'" to I'g and belongs
to Autg(0), since fi(ws) = ws. This proves the first assertion of the theorem.

The subgroup P and the equivalence class of y = (g1, ..., g/) are invariants
of the G-graded algebra O, and g¢ is Autg(O)-invariant. It remains to show that,
if~y ~ )7~and by---bsg1---g = go= 151 ---Bsgl --- g, where {by, ..., b} and
{b1, ..., bs} are bases of P as in Definition 4.16, then (G, b1, ..., bs, g1, ..., &)
and (G, Z;l, e l;s, g1, ..., &) are in the same Autg(0)-orbit. Clearly, the auto-
morphism (31) of O, determined by a permutation 7 of {1,...,¢}, belongs to
Autg(0). So it suffices to consider the case g; = g; (mod P). Write b = ]_[f:1 b?” ,

where (o;;) is a nondegenerate matrix with entries in the field GF,. Also write
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g = gi ]_[S_1 beff for i = 1,...,¢. Then the composition u of the automor-
phism defined by Xj > Xj, j <s,and x; — x;, j > s, where X; are as in
(33), and the automorphism defined by (32) sends '¢(G, by, ... bs, 8ly.vs &1)
to ['e(G, by, ..., bs, g1, ...,8). Now, (34) implies that

w(ws) = det(ozij)(l_[(l +xi)—1+2;:1 Oli_j) (1_[ 1_[(1 +xj)Z[j>a)S

i=1 i=1 j=1

N
= det(a;) ( [T +x) "+ Esm et Eim ‘ff)ws.

i=1

On the other hand,

)
~ ~ _ 5 Zs_: ai"‘l‘zl-: é_'i
blbsglgt:glgtl_[bljl J ]l/’

i=1

so the equality by - - - byg1 -+ 8 = go = by - - - bsg) - - - g implies that

N t
ZO‘U"'ZE/Z' =1 foralli,
=1 =1

and hence u € Autg(0). [l

Corollary 4.18. Under the assumptions of Theorem 4.17, there are, up to equiv-
alence, exactly m + 1 fine gradings of L. They are I's(s) fors =0, ..., m. The
universal group of T's(s) is ), x ™. O
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