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We first prove that the first eigenvalue of the p-Laplace operator and the
Yamabe invariant are both locally Lipschitz along geometric flows under
weak assumptions without assumptions on curvature. Secondly, the Yam-
abe invariant is found to be directionally differentiable along geometric
flows. As an application, an open question about the Yamabe metric and
Einstein metric is partially answered.

1. Introduction

Motivated by the Hamilton’s Ricci flow, the method of geometric flow has been
widely used to deal with geometric and topological properties of manifolds. We
often encounter the derivative of geometric quantities when applying the method
of geometric flow. Cao [2007; 2008] and Li [2007] consider the monotonicity of
the first eigenvalue of —A 4 cR (¢ > 4—1‘) based on their derivatives along Ricci
flow. Ling [2007] proved a comparison theorem for the eigenvalue of the Laplace
operator based on its derivative along Ricci flow. Unfortunately, there are many
geometric quantities about which we don’t know whether they are differentiable
along the flow. Chang and Lu [2007] derive a formula for the derivative of the
Yamabe constant along Ricci flow under a crucial technical assumption. Recently
Wu, Wang and Zheng [Wu et al. 2010] considered the first eigenvalue of the p-
Laplace operator, whose differentiability along Ricci flow is unknown.

For the first eigenvalue of a linear operator, we may assume that there is a C!-
family of smooth eigenvalues and eigenfunctions along geometric flow by eigen-
value perturbation theory. We have no uniform method to deal with the smoothness
of the first eigenvalue of a nonlinear operator — even the continuity is unknown.

As the first eigenvalue can be seen as a minimum of a functional, we consider
the regularity of geometric quantities of this type along geometric flow. Inspired
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by the method used in [Hamilton 1986; Chow and Lu 2002] to prove the maximum
principle for systems, we first study the relationship between the local Lipschitz
property of continuous functions and their Dini derivatives.

Theorem 1.1. Let m(t) be a continuous function on an interval $ C R. Suppose
that for any t € 9 there exists a C' function M(t, s) of s defined on a neighborhood
of t such that M(t,t) =m(t) and M(t,s) = m(s).

(1) If (M /9s)(t, t) is locally bounded, then m(t) is locally Lipschitz.

(2) For any t in the interior of $, if m(t) is differentiable at t, then m'(t) =
(0M/0s)(t, t).

Remark. By (2), if m(¢) is differentiable at an interior point ¢, then the derivative
of m(t) at this point is exactly (dM/ds)(¢, t), regardless of the choice of function
M(t,s).

Corollary 1.1.1. In the same setting of Theorem 1.1, if (0M/ds)(t,t) is locally
bounded, then m(t) is differentiable almost everywhere and m'(t) = (0M /ds)(t, t)
almost everywhere.

Applying Theorem 1.1, we get the following results on the regularities of the
first eigenvalues A1 , of the p-Laplace operator and the Yamabe invariant along
the general C' family of smooth geometric flows in this paper. We find that the
first eigenvalue A, of the p-Laplace operator is in general locally Lipschitz con-
tinuous. We also get local Lipschitz continuity of the Yamabe invariant and find
its derivative with respect to ¢ almost everywhere.

Theorem 1.2. Let g(x,t) be a C! family of smooth metrics on a n-dimensional
compact Riemannian manifold M. Then the first eigenvalue 1y ,(g(t)) of the p-
Laplace operator is locally Lipschitz if p > 2 and M is closed or if p > 1 and M
has nonempty boundary.

Remark. In [Wu et al. 2010], a similar result on local Lipschitz continuity was
obtained, but under some assumptions on curvature. Theorem 1.2 implies that local
Lipschitz continuity should be available for more general smooth geometric flows
without any curvature conditions.

Theorem 1.3. Suppose M is an n-dimensional (n > 3) closed connected Riemann-
ian manifold, and g(t),t € [0, T), is a C' family of smooth metrics on M. If g(t) is
the Yamabe metric in the conformal class [g(t)] for any t € [0, T'), then the Yamabe
invariant Y(g(t)) is locally Lipschitz with respect to t, and

dY(g(1) ac

(-1 dt

[0 s, o -
/g(t) <8t (£), Re (g(t))>§(,) dug vol(g(t)) ™7,

where a.e. stands for “almost everywhere”, p = and Rc®(g(1)) is the trace-

free part of Ricci curvature of g(t).

2n
n—2’
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Let go be a smooth metric on manifold M, [go] be the conformal class of g,
A[go] be the collection of Yamabe metrics in [gg] and 2 be a smooth (0, 2)-type
symmetric tensor on M. Denote by G, (go, t) the collection of C'! family of smooth
metrics g(¢), t € [0, &) with g(0) =gg and (dg/9t)(0) = h for some ¢ > 0, we define
Aplgo] by

Aplgol:= U {g0o<€ Algol: go is an accumulation point of A[g(#)] ast— 0},
g(1)eGn(go,1)

where g generally exists by the compactness of A[go] when [go] # [gcanl, Where
gcan denotes the canonical metric on S [Anderson 2005]. (They prove that if
[gi] = [go] # [gcan] smoothly, then every sequence of Yamabe metrics (gj )i €lgil
has a subsequence converging smoothly to a Yamabe metric [g/] € [go].) It is easy
to see that if gg € Ap[go] then cgo € Aplgo] and go € A[go] for any ¢ > 0.

Recently, Brendle [2008] with Marques [2009] gave counterexamples to the
compactness for a full set of solutions to the Yamabe equation if the dimension
of the manifold greater than 24. Later, Khuri, Marques and Schoen [Khuri et al.
2009] proved compactness if the dimension equal or less than 24.

In addition to Theorem 1.3, we have the following derivative calculation at  =0.

Theorem 1.4. Let g(t),t € [0, T), be a C' family of smooth metrics on a mani-
fold M and gcan be the canonical metric on S". If g(0) = go and [go] # [gcanl,
then

dY(g(t o0 [0
(1) LEO {— / @<—g<0>,Rc°(§o>> dMg0V01(§o)_2/p}
dt =0 &o€Algol go \ 0t o
oo [0 _ _
= / 89028 0), R(50) ) dpig, vol(50) 7,
80 ot 20

where p =2n/(n —2), g0 € Apg/ano[gol Rco(gro) is the trace-free part of Ricci
curvature with respect to go and vol(go) is the volume of M respect to go. In
particular, Y is directionally differentiable at g.

Remark. This formula generalizes similar calculations in [Anderson 2005] where
tr(dg/dt)(0) =0, vol(g(t)) = 1, and gy has constant scalar curvature. Meanwhile,
when go € A(sg/910)[&0], Equation (1-2) becomes more convenient to calculate,
compared to the derivative calculation in [Anderson 2005] (in another form):

(1-3) min{_ / @<Rc°<go>,a—g<0>> dugo},
20 g

80

where go € A1[go] is taken over all accumulation points of A[g(z)] as t — O for
A1[go] the set of unit volume Yamabe metrics in [gg]. The derivative is difficult to
calculate using this formula, but by Theorem 1.4 we can calculate this derivative
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if we know a Yamabe metric go in A (34/51)(0)[g0]. Moreover, the set to minimize
in (1-3) has only one element by the last equality in (1-2).

In addition to the local Lipschitz property of the Yamabe invariant, we have:

Corollary 1.4.1. With the same assumptions as in Theorem 1.3, the Yamabe in-
variant Y(g(t)) is directionally differentiable at all t where [g(t)] # [gcan]-

In particular, in formula (1-2), if (dg/9t)(0) = —2Rc(go) and gp is a Yamabe
metric in A _ Rre(go)[&0], then go € A _2re(gy)[g0] and R(go) is constant, hence

dY(g(1)
dt

= / (Re(g0), Re(80)) g ditg, VOl(g0) /P
t=0

2 _
= / IRc(g0)|” dtg, vOl(g0)~>/” = 0.

Ricci flow evolves sphere to sphere, so we have the following conclusion along the
Ricci flow.

Corollary 1.4.2. Let M" be a closed and connected manifold with n > 3 and
g(),t €10, T), be a solution of Ricci flow dg/dt = —2Rc on M with g(0) = go.

If g0 € A_rclgol, then d¥(g(t))/dt|;—o > 0 and d¥(g(t))/dt|;=o = 0 if only if go
is a Einstein metric.

Remark. There is a similar result in [Chang and Lu 2007] under the assumption
that there exists a C'! family of ¢(¢) > O such that ¢ ()Y "2 g(t) is a Yamabe
metric and ¢ (0) is constant. From the definition of A_gc[go] we can see that our
assumption is weaker.

Let € denote the set of unit volume constant scalar curvature metrics on a con-
nect closed manifold M; it is well-known (see [Besse 1987]) that generically €
is an infinite-dimensional manifold. Let s : 6 — R be the scalar curvature func-
tion. It has long been an open problem whether a Yamabe metric which is a local
maximizer of s is necessarily an Einstein metric [Besse 1987]. Some progress on
this question was made in [Bessieres et al. 2003] in dimension 3 and in [Anderson
2005] in any dimension. Let Al be the collection of all smooth metrics on M
and % : M — R be the Yamabe invariant function. By the definition of the Yamabe
invariant, s(g) > %¥(g) for any g € ¢, hence if a Yamabe metric is a local maximizer
of s, it must be a local maximizer of Y. Now, we consider whether a Yamabe metric
that is a local maximizer of the Yamabe invariant is necessarily an Einstein metric.
Following from Corollary 1.4.2, the next result gives a partial answer.

Corollary 1.4.3. Let M" be a closed and connected manifold with n > 3 and
suppose a Yamabe metric g is a local maximum of the Yamabe invariant func-
tional Y(-). If g € A_Rrclg], then g is Einstein.
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In Section 2, we give a basic introduction to Dini derivatives and the proof of
Theorem 1.1. In Section 3, we prove the Lipschitz property of the first eigenvalue
of the p-Laplace operator along geometric flows. In Section 4, we show that the
Yamabe invariant is locally Lipschitz and directionally differentiable along geo-
metric flows.

2. Dini derivatives and the proof of Theorem 1.1

In this section, we first recall the definitions of Dini derivatives and semiconti-
nuity. Then we give some propositions about Dini derivatives. Lastly, we prove
Theorem 1.1.

Hamilton [1986] studied properties of Lipschitz functions by means of their Dini
derivatives, and from this derived the maximum principle for systems on closed
manifolds. Chow [2002] proved similar results in weaker settings. Dini derivatives
provide a powerful way to deal with nonregular functions.

These definitions of Dini derivatives and semicontinuity also appear in [Chow
et al. 2008].

Definition 2.1 (Dini derivatives). Let f () be a function on (a, b). The upper Dini
derivative is the lim sup of forward difference quotients:

d*f fa+h) —f@)

— (@) =1
g = hmse h
The lower Dini derivative is the lim inf of forward difference quotients:

L (1) = timine LD SO
dt h—0t h

The upper converse Dini derivative is the lim sup of backward difference quotients:

dif fO—fa—h)

——(t) :=limsu
dt ® h—>0+p h
The lower converse Dini derivative is the lim inf of backward difference quotients:

1 () im timint LD =S R
dt h—0F h
If the function f is also defined at a, we can define its upper Dini derivative and
lower Dini derivative at a; and if the function f is also defined at b, we can define
its upper converse Dini derivative and lower converse Dini derivative at b.
Since we don’t make any assumption on the function f(¢), it is possible that

any one of the Dini derivatives of f(¢) above may take the value +o00 or —oo.

Definition 2.2 (semicontinuity). Let f(z) be a function on an interval. We say f
is right upper semicontinuous if limsup,_.o+ f(t + h) < f(t); we say f is right
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lower semicontinuous if liminf,_, o+ f(r +h) > f(¢); we say f is left upper semi-
continuous if lim supy,_o+ f(t —h) < f(¢); we say f is left lower semicontinuous
if iminf, o+ f(t —h) > f ().

Lemma 2.3. If f(t): (a, b) — R is left lower semicontinuous with (d ™ f/dt)(t) <0,
then f(t) is decreasing.

Proof. Given ¢ > 0, define f.(¢) := f(t) — et. We shall show that f.(¥) < f:(s)
for any a < s <t < b. The lemma then follows from taking ¢ — 0.

Since (d*f/dt)(s) <0, we have (df:/dt)(s) < —e, then there exists a number
8(s,€) > 0 such that (fe(s +h) — fe(s))/h < —&/2 < 0 for all h € (0,65(s, €)),
hence f.(t) < fe(s) on h € [s,s + (s, €)). Define t(e, s) € [s, b] by

T = sup {‘c/ € [s,b]: fe(t) < fe(s) forall t € [s, 1")} .

then T > s +4(s, &) > s. One can check that, in fact, f;(r) < f.(s) forall ¢ € [s, 7).
We now prove T = b to complete the proof. If for some s and ¢ > 0, we have T < b,
then there exists a sequence of times {t;} ', such that f.(s) > f.(r; —1/ 27) when
i is large enough. Hence

fels) = liminf fo(v; — 1/2) = liminf f(x —h) = fo(7)

follows from the left lower semicontinuity of f,(¢). Applying the above procedure
again by replacing s with 7 gives f:(t) < f:(r) < fo(s) when t € [1, T + (7, ¢€)),
hence f.(t) < fe(s) when t € [s, T + 8(t, ¢)). This is a contradiction since the
definition of t implies 4(t, &) <O. U

Note. A similar conclusion can be found in [Chow et al. 2008]. There, the domain
of f is [0, T'), hence f must be both left lower semicontinuous and right upper
semicontinuous. Here we choose the domain of f to be (a, b), so we can weaken
the assumptions on f.

Proposition 2.4. (a) If f(¢t) : (a,b) — R is left lower semicontinuous, then
dTf/dt <0 if and only if f(t) is decreasing.

M) If f(t) : (a,b) — R is right upper semicontinuous, then d4 f/dt < 0 if and
only if f(t) is decreasing.

() If f(t): (a, b) — Ris left upper semicontinuous, then d~ f/dt > 0 if and only
if f(t) is increasing.

(d) If f(t) : (a, b) — R is right lower semicontinuous, then d_ f/dt > 0 if and
only if f(t) is increasing.

Proof. (a) If f(t) is decreasing then d* f/dt < 0. The other direction follows from
Lemma 2.3.
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(b)—(d) follows from applying part (a) to the functions —f (—¢), —f(¢), and f(—1t),
respectively. U

From this propositions, we see that a semicontinuous function is monotonic if
certain types of its Dini derivatives have a definite sign. A further analysis shows
that monotonicity can be a nice bridge between Dini derivatives of different type.

Claim 2.5. Let $ C R be an interval and 9 be its interior:

(a) If f(t) : 9 — Ris right upper semicontinuous and left lower semicontinuous,

d*f e : . dy f e
75011@9 < f(t) isdecreasing on 9 <= 7501119.

®) If f(t) : +— Ris right lower semicontinuous and left upper semicontinuous,

d o d_ o
d—IfEOinﬁ < f(t) is increasing on $ < d—tf20in§.

Proof. We prove the first part; the second is similar. If f(¢) : $ — R is right upper
semicontinuous and left lower semicontinuous, then f(¢) is decreasing on $ if and
only if f(¢) is decreasing on $. The conclusion then follows from parts (a) and (b)
of Proposition 2.4. (]

Theorem 2.6. If f : (a, b) — R is a continuous function with d*f/dt or d f/dt
locally bounded from above and d~f/dt or d_ f/dt locally bounded from below,
then f is locally Lipschitz.

Proof. Given any s € (a, b), let U (s) be a compact and connected neighborhood of s
in (a, b). Then on U (s), without loss of generality, we can assume d* f/dt < A or
di f/dt<Aandd f/dt>—Aord_ f/dt >—A, where A >0 1is a constant. Hence
dT(f—At)/dt <0 (ordy(f— At)/dt < 0) by parts (a) and (b) of Proposition 2.4,
andd_(f+At)/dt >0 (ord™ (f+At)/dt > 0) by parts (c) and (d). Then f — At is
decreasing and f + At is increasing on U (s) by Claim 2.5. Thus | f () — f(t1)] <
A |ty — 11| for any 1, t» € U(s), so f is locally Lipschitz. O

Proof of Theorem 1.1. Since M (t,t) =m(t) and M (¢, s) > m(s) in a neighborhood
of ¢, we have

dtm, . .. m(+h)—m(t) _ .. M(t,t+h)—M(t,t)
@D TGO = tmap TS s i TR
oM
- 8S (tvt)y
) dm . .. . .m()—m(t—h) .. M@, )M, t—h)
(2-2) g (= liminf I z lim inf h

oM
= K(r, 1).
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Since (AM/ds)(t, t) is locally bounded, (dtm/dt)(t) is bounded from above and
(d_m/dt)(t) is bounded from below. Then by Theorem 2.6, the function m(t) is
locally Lipschitz in the interior of $.

Let a be the left endpoint of .$, b be the right endpoint of $. If a € ¥, let c =
min{a+1, (a+b)/2}. Since (0 M /ds)(t, t) is locally bounded on ¥, we can assume
that [(dM/ds)(t,t)] < A (A is a constant) on [a, c]. Then d*(m(t) — At)/dt <0
on [a, c) and d_(m(t) + At)/dt > 0 on (a, c] by (2-1) and (2-2). Hence by part
(a) of Claim 2.5, the function m(t) — At, is decreasing on [a, c], and by part (b),
the function m(t) 4+ At is increasing on [a, c]. Then |m(t;) —m(ty)| < A |t} — 12|
for any #1, 1 € [a, c], so m(¢) is locally Lipschitz at t = a. Similarly, if b € $, then
m(t) is locally Lipschitz at t = b. In conclusion, m () is locally Lipschitz on $.

For any ¢ in the interior of ¥, if m () is differentiable at this point, then by (2-1)
we have m'(t) = (d*m/dt)(t) < (3M/ds)(t,t), and by (2-2) we have m'(¢) =
(d_m/drt)(t) = (0M/9s)(t, t). Hence m'(t) = (0M/3s)(¢, t). O

3. First eigenvalue of the p-Laplacian

In this section we consider the local Lipschitz property of the p-Laplace operator
along general geometric flows. Let (M, g) be a compact connected Riemannian
manifold. Define

S \VFIE dug

Ju \FIP dpg

where Vf =df is a covariant vector. Recalling the definition of the first eigenvalue
A1,p(g) of the p-Laplace operator, it is known that if M # & then

G(f, 8=

M op(9) ==inf{G(f, g): f € Wy P (M), f#0)
and if M is closed then
Mp(g) :=inf{G(f, g): f e WP (M), [, |fIP72 fdu, =0, f#0}.

The minimum (a positive number) is achieved by a C1* (0 < « < 1) eigenfunc-
tion f (see [Serrin 1964; Tolksdorf 1984]). This eigenfunction f satisfies the
Euler—Lagrange equation

Apf==hp@IfIPf,
where A, (p > 1) is the p-Laplace operator with respect to g given by
Apf =divg(IVFIE72 V).

The following theorem implies that A(g(¢)) is continuous with respect to ¢ along
general geometric flows.



REGULARITY OF THE FIRST EIGENVALUE ALONG GEOMETRIC FLOWS 247

Theorem 3.1 [Wu et al. 2010]. If g1 and g, are two metrics on M which satisfy
(14+¢)"lg) < g < (14+¢)gi, then for any p > 1, we have

(14 ey~ 0p < 228D gy yoip)
)Ll,p(gZ)

Let f € C1*(M) be nonconstant and gx,t),t €0, T), bea c! family of
smooth metrics on M. Define a function of ¢ € (—o0, o0) and t € [0, T'):

P(e,1) :=/ f+elP2(f+ ) dug, p=2.
M

The function P(c, 1) is C! with respect to ¢ and ¢, since

L) [ 1 el dug >0,

¢ M

Then by the implicit function theorem, given any cq and 1, there exists a C' func-
tion c(¢) defined on a neighborhood of ¢y such that P(c(t), t) = P(co, to)-

In this and the next sections, if f is a real function on M, we simply write sup f
instead of sup,.,, f(x). Let g(¢) be a family of Riemannian metrics on manifold.
If a(t) is a family of (0, 2)-type tensors, we denote by tro(t) = g/ (t)oj (1) its
trace with respect to g(¢) and by

lot(t)] g5) = /8 ()8R () etixc () etji ()

its norm with respect to g(s); if B(¢) is also a family of (0, 2)-type tensors, we
denote by

(), B()gs) = v/ 8" (5)8M ()etir (1) Bju (1)

the inner product derived from the metric g(s). Moreover, we use |« (¢)| instead of
loe ()] 4(r) and (a(2), B(2)) instead of {(a (), B())g() for simplicity.

Proof of Theorem 1.2. For any fty, let f(#)) be a minimizer of G (-, g(ty)). If M is
closed and p > 2, then f () is a nonconstant C' function on M with

fM | )7 £ (o) diagay) = O.

Hence there is a continuous differentiable function c(#y, s) of s defined in a neigh-
borhood of #y such that c(#y, 7o) = 0 and

/M £ (10) + cto, 1P~ (F(to) + ety )) dtggsy = 0.

Otherwise if dM # @ and p > 1, we can just take c(#, s) = 0.
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Let N(t,5) = G(f(t) +c(t,s), g(s)). Then N(t,1) =1y, ,(g(¢)) and N (¢, s) >
A1,p(g(s)). A simple calculation gives

ON
o JulVU@+ e )y dige
T Osl=e [ 170 +ct, )17 diges)

ag/d
( [ (19701, "800 2w Eo@ro.950)) i

2
tr(ag/3S)(t)

—kl,p(g(t))/ (If(t)lp 5
M

plf®IP~ 2f(z) L@ r)) dug@))
-1
x(f F)1P dugm) .

M

/ plr®OIP2 f(t)?(t, Hdpgq =0.
M )

To simplify this formula, we use that

When M is closed, this follows from fM p |f(t)|"—2 f@)dugqy = 0, and when
oM # &, from c(¢, s) = 0. Hence we get

ON tr(3g/9s) (1)
(3-1) a(t, 1) = (/ (IVf( )Ig(,)f
- 5 IVFOle ag ONVf@®),Vf <t))) it

(g ®) / )P
M
—1
x(f F@)1 dugm) .
M

IV£@)?

g()

tr(dg/as)(t) d
— Hg @

Now apply the Cauchy—Schwarz formula

g
a(t)(vf 1), Vi) <

and the fact that

<lg®l

3
tr 28 (1
ds 20

g
g(t)

- ‘(g(r), 2—‘2’0)}

8
n
Is g
to obtain

%2, n| < (v + ) rp(e®) sup Z—f(f)

g()



REGULARITY OF THE FIRST EIGENVALUE ALONG GEOMETRIC FLOWS 249

By the compactness of M, A1, ,(g(¢)) and sup [(dg/ds)(¢) Ig(,) are both continuous.
Then |(0N/9s)(¢, t)] is locally bounded, so Theorem 1.1 implies Theorem 1.2. [J

4. The Yamabe invariant
In this section, we consider the local Lipschitz property of the Yamabe invariant
along general geometric flows and use the constants

2n 4(n—1) 4
P=y"2 ‘T2 bzn—2'
With no specification, M is a n-dimensional (n > 3) connected closed smooth
Riemannian manifold, g is a smooth metric on it. Denote by R its scalar curvature,
by Rc its Ricci curvature, and by Rc® = Re —%Rg its trace-free Ricci curvature.
The conformal class [g] of metric g is defined by

[g]:={#’g: ¢ € C®(M), ¢ >0},

and the homogeneous total scalar curvature S(g) is defined by

S(g) = / Rdu, | [ dpsg,
M M

where d 1, is the volume form with respect to metric g. Then the Yamabe invariant
is defined by

4-1) Y(g) := inf S(g).
gelg]

The minimizer metric is called a Yamabe metric. For the conformal transformation
of the scalar curvature R(g) and the trace-free Ricci curvature Rc? (g), we have (see
[Besse 1987])

(4-2) " 'R(#’g) = R(g)p —a A9,
(4-3) Rc’(¢?g) =Rc’(g) + (n —2)p(VVe Y,
0

where A is the Laplace—Beltrami operator with respect to the metric g, o° =
o— ,1—1 tr (o) o is the trace-free part of (0, 2)-type tensor «. If we define

E.9):= [ @IV + R@0) di,
E(¢, g)
(f¢p d:“g)Z/p

where V¢ = d¢ is a covariant vector and [|§]|, , = (f or d,ug)l/p is the L? norm
with respect to metric g. Then the Yamabe invariant Y(g) can also be defined by

(4-4) Y(g) :=inf{Q (¢, 8) : p € CT(M), ¢ > O}.

0(¢,8) = =E@,9) 91,5,
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The existence of a minimizer u follows from the solution of the Yamabe prob-
lem (see [Lee and Parker 1987] for the history). Hence u”g is a Yamabe metric,
moreover the minimizer u satisfies the Euler—Lagrange function

(4-5) R(Qu—adu=au’",

where
o =Eu, ) lull, =) lull} ).

Denote by gcan the canonical metric on S”, and consider the set A[g] of all smooth
Yamabe metrics in a given conformal class [g]. By the solution to the Yamabe
problem, the sets A[g] as g varies are also compact in the following sense (see
[Anderson 2005]): if g; — g smoothly and [g] # [gcan], then any sequence of
Yamabe metrics g; € A[g;] has a subsequence converging smoothly to a Yamabe
metric g € A[g].

The Yamabe constant Y(g) is continuous with respect to g under the C>-topo-
logy of the space of metrics on M (see [Besse 1987, Proposition 4.31]).

Proof of Theorem 1.3. Since each g(t) € [g(¢)] is a Yamabe metric, we can assume
g = ¢h(t)g(t). Then 0 < ¢(¢) € C' (M) and ¢ (¢) minimizes Q( -, g(1)). Defin-
ing N(¢,s) :== Q(¢ (1), g(s)), then Y(g(z)) = N(¢,1) and Y(g(s)) < N(¢,s). We
compute

@6 N
Fl (f(a |V¢(t)|§(s) + R(s)p(1)?) dug(s))
as ls=r (f $ D)7 dpg))””

9 —2/p
~ [ (e 000, 700155 00 07) ango [ 00 )

9 —2/p
+ f L@lVe R, + R0 0?) =2 (0d g ( / 104 dugm)

| 3 !
- Lagan / 60 w2 iy ( f </><r)f’dug<t>) ,
so that
@1 ||

Vo ()2, ditgq
S(Hﬁ)sup’a_gt)',f“' PO dis STV, ‘a
2 O 1 ([ o)P dige)

—(f)

£

2d .
(SUP‘aR(l‘)‘+—Sup|R(g(t))| sup )( fqb(t) e

[P dpgn)™’”
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Next, we process the two integral terms in the above formula. Since p > 2, applying
Holder’s inequality gives

2
(4-8) ﬂ(ﬁ—d,ugz/ < VOl(g)l_z/p.
(f ordpsy) g
By the definition of Q(¢, g), we have
Vo2 d R¢*d
(4-9) %=Q(¢’g)_f¢—ﬂzg/p
(f ordpy) (f ¢ dg)
2d
< 0, o) +supR(g) L2 Ms__
(f¢p d/‘g)

< Q(6, g) +sup|R(g)| vol(g)' 7.

Substituting (4-8) and (4-9) into (4-7), we come to

oN d
S| = ((Hﬁ) sup (1)

sup [R(g(1)| + sup \%m() vol(g(£)' /7
+ < + £ + £>

Since sup [3g/ds ()], sup [dR/ds (1), sup |R(g(1))], vol(g(1))' /7, and [Y(g(1))]
are all continuous on the closed manifold M, we conclude that (0N /ds)(¢, t) is
locally bounded, hence (g (t)) is locally Lipschitz by Theorem 1.1.

Next, we simplify the formula (4-6). By (4-5) we have

RO (1) —a Ap (1) = V()OI L p ().

d
—ag 0] W) .
S

Multiplying both sides by (1) tr(dg/ds)(¢) and integrating by parts gives
@10) VIO L, [ 007 w380 dug

= [ (Row? +a19o0P - § 8 (402)) 2O i
Substituting (4-10) into (4-6), we get

4-11) %(t, 1)
as

([ a 2y, 08 2 (OR 1, 08
= (/ EA(W) )0 +¢0) (g(t)Jr;Rtrg(t)) dign

9 0 —_
_/a<(£(t)) ,qu(t)®V¢(t)>dﬂg<r>)||¢(f)“p,2g<z>~
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The evolution function of scalar curvature R is

IR _ giv(aiv 28— ae 28 (e, %8),
as as as as

Substituting this into (4-11) gives
oN
g(t, t)
0
= / <a—f<r>, (VV (@) —¢(1)*Re—aVe(1) ® V¢<r>)°> duglle I,

]
=— / <a—f<r>, ¢(1)*(Re+(n — 2>¢(r>b/2vw(t)”/2)°> dpgllg N, 7% -

By the conformal transformation of trace-free Ricci curvature (4-3),
IN _ g _
S == / 67" (0) <g(r), Rc°(¢”(r)g(z))> d 1L 1y VOU(P” (1)g (1) 77
Since ¢ (1) = §(1)/(1), we get

aN g(t) o
@4-12) =@, =— / g < (), Rc °(g(r>>> d gz vol(g (1)) /7.
as g() 2()
Then the theorem follows from Corollary 1.1.1. U

Proof of Theorem 1.4. Let ¢(t) be any minimizer of Q(-, g(¢)). Then

g =¢"(g()

is the Yamabe metric in the conformal class [g(¢)]. Define

N(g(s), (1)) := Q(¢(s), g(1)).
Then
Y(g(1) =N(g®),g), Y(g) <N(g(s),g)).

Hence, when ¢ > 0,
N(g@), gt)) —N(g(), g(0)) <Oy(g(t))—°y(g(0))
t - t
- N(g(0), g(r)) — N(g(0), g(0))
=< ; .

(4-13)

By (4-12) and the definitions of N' and N, we get

§()

N -
@i S0, =- [ £0

< ), Ro(g<t>>> d gy vol(g(1) /7.
g()
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It is easy to see that N'(g(s), g(¢)) and (IN/91)(g(s), g(¢)) as functionals of g(s)
and g(¢) are continuous with the C?-topology on the space of metrics. Applying
the mean value theorem to the variable ¢ in the function N'(g(s), g(¢)), there exists
a number 0 < B(s, t) <t such that

N(g(s), g(1)) —N(g(s), 8(0) =1 {%(S’(S), 8(B(s,1))).
Substituting into (4-13), we come to

Y Y(g0
@15 2w, gpe, ) = “EDTTED G0 g0, 00,

Letting t — 0, then 8(0,¢) — 0 and B(¢,t) — 0 follows from 0 < B(s,t) < t.
Hence
O?‘J(g(t)) — Oy(g(O))

(4-16) lim sup ; ( (0),(0)) forall g(0) € A[g(0)].

Pick #; > 0, t; — 0 such that

@17 liminf 28D ZYEO) _ L V@)~ V(g©)

t—0 t i—00 t;

Using the compactness of A[go], there exists a subsequence of #; (denoted again
by #; for simplicity) and a Yamabe metric gg € A[go] such that

lim g(z;) = &o.
11— 00
Then by the first inequality in (4-15),

(4-18) lim @) =¥ O) > lim %X @ (1), (A1, 1))

i—00 t;

oN _
o7 (80:8(0)).
Hence by (4-16) and (4-17), Y(g(¢)) is differentiable at + = 0 and

Y —Y(g(0
(4-19) lim (g(1) —¥(g©) _ %( 0. 2(0)).

t—0 t

This implies the first equality in (1-2) by (4-16) and (4-14). We now know that
the # chosen after (4-17) can be any sequence of #; > 0,# — 0. Then the g¢
in (4-19) can be any accumulation point of g(¢#) as + — 0 in A[go], hence any
accumulation point of A[g(#)] as t — 0 in A[go]. The second equality in (1-2)
follows from applying this to other metrics g(¢) € G (ag/91)(0) (g0 1)- U



254 ER-MIN WANG AND YU ZHENG

Acknowledgement

We thank everyone who helped us with useful discussions and ideas. We also thank
the referee for comments and suggestions that helped improve this paper.

References

[Anderson 2005] M. T. Anderson, “On uniqueness and differentiability in the space of Yamabe
metrics”, Commun. Contemp. Math. 7:3 (2005), 299-310. MR 2006d:53031 Zbl 1082.58013

[Besse 1987] A. L. Besse, Einstein manifolds, Ergebnisse der Mathematik (3) 10, Springer, Berlin,
1987. MR 88f:53087 Zbl 0613.53001

[Bessieres et al. 2003] L. Bessieres, J. Lafontaine, and L. Rozoy, “Scalar curvature and black holes”,
preprint, 2003, Available at www-fourier.ujf-grenoble.fr/~rozoy/sca.pdf.

[Brendle 2008] S. Brendle, “Blow-up phenomena for the Yamabe equation”, J. Amer. Math. Soc.
21:4 (2008), 951-979. MR 2009m:53084 Zbl 1206.53041

[Brendle and Marques 2009] S. Brendle and F. C. Marques, “Blow-up phenomena for the Yamabe
equation II”, J. Differential Geom. 81:2 (2009), 225-250. MR 2010k:53050 Zbl 0589.90031

[Cao 2007] X. Cao, “Eigenvalues of (—A + g) on manifolds with nonnegative curvature operator”,
Math. Ann. 337:2 (2007), 435-441. MR 2007g:53071 Zbl 1105.53051

[Cao 2008] X. Cao, “First eigenvalues of geometric operators under the Ricci flow”, Proc. Amer.
Math. Soc. 136:11 (2008), 4075-4078. MR 2009£:53098 Zbl 1166.58007

[Chang and Lu 2007] S.-C. Chang and P. Lu, “Evolution of Yamabe constant under Ricci flow”,
Ann. Global Anal. Geom. 31:2 (2007), 147-153. MR 2008e:53121 Zbl 1112.53048

[Chow and Lu 2002] B. Chow and P. Lu, “The time-dependent maximum principle for systems of
parabolic equations subject to an avoidance set”, preprint, 2002. arXiv math/0211209

[Chow et al. 2008] B. Chow, S.-C. Chu, D. Glickenstein, C. Guenther, J. Isenberg, T. Ivey, D.
Knopf, P. Lu, F. Luo, and L. Ni, The Ricci flow: techniques and applications, Part II: Analytic
aspects, Mathematical Surveys and Monographs 144, American Mathematical Society, Providence,
RI, 2008. MR 2008j:53114 Zbl 1157.53035

[Hamilton 1986] R. S. Hamilton, “Four-manifolds with positive curvature operator”, J. Differential
Geom. 24:2 (1986), 153-179. MR 87m:53055 Zbl 0628.53042

[Khuri et al. 2009] M. A. Khuri, F. C. Marques, and R. M. Schoen, “A compactness theorem for the
Yamabe problem”, J. Differential Geom. 81:1 (2009), 143—-196. MR 2010e:53065 Zbl 1162.53029

[Lee and Parker 1987] J. M. Lee and T. H. Parker, “The Yamabe problem”, Bull. Amer. Math. Soc.
(N.S.) 17:1 (1987), 37-91. MR 88£:53001 Zbl 0633.53062

[Li 2007] J.-F. Li, “Eigenvalues and energy functionals with monotonicity formulae under Ricci
flow”, Math. Ann. 338:4 (2007), 927-946. MR 2008c:53068 Zbl 1127.53059

[Ling 2007] J. Ling, “A comparison theorem and a sharp bound via the Ricci flow”, preprint, 2007.
arXiv math.DG/0710.2574

[Serrin 1964] J. Serrin, “Local behavior of solutions of quasi-linear equations”, Acta Math. 111
(1964), 247-302. MR 30 #337 Zbl 0128.09101

[Tolksdorf 1984] P. Tolksdorf, “Regularity for a more general class of quasilinear elliptic equations”,
J. Differential Equations 51:1 (1984), 126-150. MR 85g:35047

[Wu et al. 2010] J.-Y. Wu, E.-M. Wang, and Y. Zheng, “First eigenvalue of the p-Laplace op-
erator along the Ricci flow”, Ann. Global Anal. Geom. 38:1 (2010), 27-55. MR 2011i:53103
Zbl 1201.53077



REGULARITY OF THE FIRST EIGENVALUE ALONG GEOMETRIC FLOWS 255

Received September 20, 2010. Revised May 16, 2011.

ER-MIN WANG

FOUNDATION TEACHING DEPARTMENT
ZHENGZHOU HUAXIN COLLEGE

XINZHENG HIGH-TECH DEVELOPMENT ZONE
ZHENGZHOU, HENAN, 451100

CHINA

wagermn@ 126.com

YU ZHENG

DEPARTMENT OF MATHEMATICS
EAST CHINA NORMAL UNIVERSITY
DONG CHUAN ROAD 500
SHANGHALI, 200241

CHINA

zhyu@math.ecnu.edu.cn



PACIFIC JOURNAL OF MATHEMATICS

http://pacificmath.org

Founded in 1951 by

E. F. Beckenbach (1906-1982) and F. Wolf (1904-1989)

Vyjayanthi Chari
Department of Mathematics
University of California
Riverside, CA 92521-0135
chari@math.ucr.edu

Robert Finn
Department of Mathematics
Stanford University
Stanford, CA 94305-2125
finn@math.stanford.edu

Kefeng Liu
Department of Mathematics
University of California
Los Angeles, CA 90095-1555

EDITORS

V. S. Varadarajan (Managing Editor)

Department of Mathematics
University of California
Los Angeles, CA 90095-1555
pacific@math.ucla.edu

Darren Long
Department of Mathematics
University of California
Santa Barbara, CA 93106-3080
long @math.ucsb.edu

Jiang-Hua Lu
Department of Mathematics
The University of Hong Kong
Pokfulam Rd., Hong Kong
jhlu@maths.hku.hk

Alexander Merkurjev
Department of Mathematics
University of California
Los Angeles, CA 90095-1555

Sorin Popa
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
popa@math.ucla.edu

Jie Qing
Department of Mathematics
University of California
Santa Cruz, CA 95064
qing @cats.ucsc.edu

Jonathan Rogawski
Department of Mathematics
University of California
Los Angeles, CA 90095-1555

liu@math.ucla.edu merkurev @math.ucla.edu jonr@math.ucla.edu

PRODUCTION
pacific@math.berkeley.edu

Silvio Levy, Scientific Editor Matthew Cargo, Senior Production Editor

SUPPORTING INSTITUTIONS

ACADEMIA SINICA, TAIPEI STANFORD UNIVERSITY UNIV. OF CALIF., SANTA CRUZ
CALIFORNIA INST. OF TECHNOLOGY UNIV. OF BRITISH COLUMBIA UNIV. OF MONTANA

INST. DE MATEMATICA PURA E APLICADA UNIV. OF CALIFORNIA, BERKELEY UNIV. OF OREGON

KEIO UNIVERSITY UNIV. OF CALIFORNIA, DAVIS UNIV. OF SOUTHERN CALIFORNIA
MATH. SCIENCES RESEARCH INSTITUTE UNIV. OF CALIFORNIA, LOS ANGELES UNIV. OF UTAH

NEW MEXICO STATE UNIV. UNIV. OF CALIFORNIA, RIVERSIDE UNIV. OF WASHINGTON

OREGON STATE UNIV. UNIV. OF CALIFORNIA, SAN DIEGO WASHINGTON STATE UNIVERSITY

UNIV. OF CALIF., SANTA BARBARA

These supporting institutions contribute to the cost of publication of this Journal, but they are not owners or publishers and have no
responsibility for its contents or policies.

See inside back cover or pacificmath.org for submission instructions.

The subscription price for 2011 is US $420/year for the electronic version, and $485/year for print and electronic.

Subscriptions, requests for back issues from the last three years and changes of subscribers address should be sent to Pacific Journal of
Mathematics, P.O. Box 4163, Berkeley, CA 94704-0163, U.S.A. Prior back issues are obtainable from Periodicals Service Company,
11 Main Street, Germantown, NY 12526-5635. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt
MATH, PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and the Science Citation Index.

The Pacific Journal of Mathematics (ISSN 0030-8730) at the University of California, c/o Department of Mathematics, 969 Evans
Hall, Berkeley, CA 94720-3840, is published monthly except July and August. Periodical rate postage paid at Berkeley, CA 94704,
and additional mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O. Box 4163, Berkeley, CA
94704-0163.

PIM peer review and production are managed by EditFLOW™ from Mathematical Sciences Publishers.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS
at the University of California, Berkeley 94720-3840
A NON-PROFIT CORPORATION
Typeset in IATEX
Copyright ©2011 by Pacific Journal of Mathematics


http://pacificmath.org/
mailto:chari@math.ucr.edu
mailto:finn@math.stanford.edu
mailto:liu@math.ucla.edu
mailto:pacific@math.ucla.edu
mailto:long@math.ucsb.edu
mailto:jhlu@maths.hku.hk
mailto:merkurev@math.ucla.edu
mailto:popa@math.ucla.edu
mailto:qing@cats.ucsc.edu
mailto:jonr@math.ucla.edu
mailto:pacific@math.berkeley.edu
http://pacificmath.org/
http://www.periodicals.com/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.emis.de/ZMATH/
http://www.inist.fr/PRODUITS/pascal.php
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://www.isinet.com/products/citation/wos/

Interlacing log-concavity of the Boros—Moll polynomials 89
WILLIAM Y. C. CHEN, LARRY X. W. WANG and ERNEST X. W. XTA

Schwarzian norms and two-point distortion 101
MARTIN CHUAQUI, PETER DUREN, WILLIAM MA, DIEGO MEJ{A, DAVID
MINDA and BRAD OSGOOD

The principle of stationary phase for the Fourier transform of D-modules 117
JIANGXUE FANG

Monotonicity and uniqueness of a 3D transonic shock solution in a conic nozzle with 129

variable end pressure
JUN LI, ZHOUPING XIN and HUICHENG YIN

Refined open noncommutative Donaldson—Thomas invariants for small crepant 173

resolutions
KENTARO NAGAO

The Dirichlet problem for harmonic functions on compact sets 211
ToNY L. PERKINS
Extension of an analytic disc and domains in C> with noncompact automorphism 227
group
MINJU SONG
Regularity of the first eigenvalue of the p-Laplacian and Yamabe invariant along 239

geometric flows
ER-MIN WANG and YU ZHENG

0030-8730(201111)254:1;1-C



	
	
	

