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CURVATURES OF SPHERES IN HILBERT GEOMETRY

ALEXANDER BORISENKO AND EUGENE OLIN

We prove that the normal curvatures of hyperspheres, the Rund curvature,
and the Finsler curvature of circles in Hilbert geometry tend to 1 as the radii
tend to infinity.

1. Introduction

A smooth connected manifold M" is called a Finsler manifold [Bao et al. 2000]
if there is a smooth positively homogeneous function F : TM" — [0, co) on the
coordinates in tangent spaces such that the symmetric bilinear form

gy(u,v) =gij(x, ulv' T M" x TeM" — R

is positively definite for each pair (x, y) € TM", where g;;(x, y) = %[Fz(x, W]yiyi

Consider a bounded open convex domain U in R" with the Euclidean norm || - ||,
and let U be a C3 hypersurface with positive normal curvatures. For a point x € U
and a tangent vector y € T, U = R", let x_ and x4 be the intersection points of the
rays x +R_y and x 4+ Ry with absolute dU. Then the Hilbert metric is defined
as follows:

(1) F(x,y) =10, ) +O(x, —y)),
where

1

Ax,y) =yl lx—x_|

. . ®x7_ =
e @ =1l

are called the Funk metrics on U.

Hilbert geometries are the generalizations of Klein’s model of the hyperbolic
geometry. Hilbert geometries are also Finsler spaces of constant negative flag
curvature —1 [Bao et al. 2000]. The Hilbert metric is invariant under projective
transformations of R” leaving U bounded.

B. Colbois and P. Verovic [2002] proved that the Hilbert metric is asymptotically
Riemannian at infinity. That means that in a given Hilbert geometry the unit sphere
MSC2010: 53B40, 53C60.
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of the norm F (x, -) approaches the ellipsoid in C° topology as the point x tends
to dU.

Unlike the Riemannian geometry, in the Finsler geometry there are several def-
initions of the curvature of a curve.

The normal curvature of a hypersurface in a Finsler space is defined as follows
[Shen 2001]. Let ¢ : N — M" be a hypersurface in a Finsler manifold M". A vector
n € Ty,yM" is called a normal vector to N at the point x € N if g,(y, n) =0 for
all y € T, N. The normal curvature k, at the point x € N in a direction y € T, N
is defined as

(2) kn = gl’l(VC(S)é(s)|S=Ov n)’

where ¢(0) = y, c¢(s) is a geodesic in the induced connection on N, and n is the
chosen unit normal vector.

For a curve c(s) parametrized by its arc length in M", it is possible to define
two more curvatures.

The Finsler curvature of c¢(s) [Finsler 1951; Rund 1959] is defined as

(3) kr(c(s)) = v/8is) (Vi) €(8), Vers)¢(s)).
The Rund curvature of ¢(s) [Rund 1959] is defined as

) KR (C(5)) = |/ 86061 (Ve 6(5), Vi) (s)).

It is well-known that the normal curvatures of hyperspheres in the hyperbolic
space H" are equal to coth(r) and tend to 1 as the radius r tends to infinity. We
prove the same property for the Hilbert geometry.

Theorem 1.1. The normal curvature, the Rund curvature, and the Finsler curva-
ture of the circles centered at the same point in the 2-dimensional Hilbert geometry
tend to 1 as their radii tend to infinity, uniformly at the point of the circle.

Theorem 1.2. The normal curvatures of the hyperspheres centered at the same
point tend to 1 as their radii tend to infinity, uniformly at the point of the hyper-
sphere and in the tangent vector at this point of the hypersphere.

This can be interpreted as meaning that the Hilbert metric tends to the Riemann-
ian metric of the hyperbolic space in C>-topology.

2. The choice of the coordinate system

Consider the Hilbert geometry based on a two-dimensional domain U in the Eu-
clidean plane. Fix a point o in the domain U and a point p € dU. Since dU is a
convex curve, it admits the polar representation w(¢) from the point o such that
the point p corresponds to ¢ = 0.
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Choose the coordinate system on the plane with the origin O at the point p; let
the axis x; be orthogonal to dU at p, x; be tangent to dU at p, and U — {p} lie in
the half-plane x, > 0.

In this section we will construct a projective transformation P of the plane that
sends U to U and has the following properties:

(1) P(p)=rp.
(2) The vector u = (0, 1) is orthogonal to aU at the point p.

(3) The tangent line to aU at the point p is parallel to the tangent line to AU at
the point corresponding to ¢ = 7.

(4) 9U is the graph of the function x, = f(x1) such that £(0) =0, f"(0) =0, and
f"(0) = 1 in the neighborhood of p.

We are going to give the explicit expression for this transformation and show
that after this transformation the curvature of dU and the derivatives of f remain
uniformly bounded.

The next lemma gives the upper bound on the angle between the radial and
normal direction to the convex curve.

Lemma 2.1 [Borisenko 2002]. Let y be a closed embedded curve in the Euclidean
plane whose curvature is greater than or equal to k. Let o be a point in the interior
of the set bounded by y, wq the distance from o to y, and ¢ the angle between the
outer normal vector at the point p € y and the vector op. Then

5) cos L(uy,, N(m)) = wok.

Denote by k and K the minimum and maximum of the curvatures of U . Also,
wo = miny (@), w; = maxy, ().

Let the length of the chord of U in the direction u equal H, the distance from o
to the origin equal w,, wy < w, < w1, and the angle between u and x, equal «.

Step 1. Construct an affine transformation that makes the vector 00 parallel to
x3. This transformation sends the points (0, 0) and (1, 0) to themselves, the point
(H sina, H cosa) € dU to the point (0, H), and has the expression:

- ~ X2
(6) X] =Xx; —tanax;, Xp= .
cos o

Denote the image of U as U. The point o now has the coordinates (0, w,).
Denote by k the minimum of the curvature of U in the (X1, X2) coordinate sys-
tem, and by @ denote the distance from the point (0, w,) to dU. Note that the
eigenvalues of the transformation (6) are equal to 1 and 1/cos «. Hence

(N wo < @ < wo-

coso



260 ALEXANDER BORISENKO AND EUGENE OLIN

Lemma 2.1 then implies that the curvature of U remains bounded and separated
from zero.

Step 2. Construct the transformation such that the tangent line
X)=—tanBx;1+ H

to dU at the point (0, H) will be parallel to the axis X, where g is the angle
between X, and the normal vector to dU at (0, H). This transformation has the
expression
_ Hx; _ HXx,
8) XNj=———, =—""—.
H —tan fx; H —tan fx;
Denote the image of UasU.
We can estimate the angle | tan 8|. Using Lemma 2.1, we have

1
) 0< [tan B| < /m—l-

Estimate the curvature dU. Let the curve U be given in the parametric form
r(t) = (x1(t), x2(¢)). Then dU has the parametrization

; Hr(1r)
rt) = —————.
H —tan Bx(t)
Differentiating leads to
Hr'(t) Hr(t) tan B/ (1)

O = H anpan T H —an B (0))”

2H tan Br/(H)%[ (1)  2Hr(t) tan® BX](1)?
(H —tan B%(1)*  (H —tan B3 (1))’
Hr" (1) Hr(t) tan B (1)
H —tan Bx1(t) (H —tanBxi(1))?

(1) =

The strict convexity of aU implies that H — tan Bx(t) > const > 0 for each ¢.
This and the compactness argument leads to the maximum of the curvature of dU
being bounded from above for some constant.

If the curve 9U is the graph X, = f (%) and f(0) = f’(0) =0, then its curvature
at the point (0, 0) after the transformation (8) will not change. Indeed,

0+ 550)?

_( Httanp H 2 H tan Bf (1) Hf' @) \*
_<(H—ttan,3)2+H—ttan,8> +<(H—ttan,3)2 H—ttanﬁ)’
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(O3 (=5 ()T (1)
B ( 2Httan? B 2H tan B )( H tan Bf (1) N Hf'(t) )
(H—ttan )3 (H—ttanpB)? )\ (H—ttanB)? H—ttanp
Httan B H 2H tan’ Bf(t) 2HtanBf'(t) Hf"(r)
((H—ttanﬁ)2 H—ttanﬂ)( (H—ttanB)3  (H—ttan B)?2 H—ttan,B)'

We obtain the claim after substituting the equalities f(0) = f/(0) = 0. So the
curvature of dU at the origin is still separated from zero.

Step 3. Construct a transformation such that the distance from (0, ,) to the origin
is equal to 1 and the curvature of dU at the origin is equal to % This transformation
has the expression:

S A X2

10 X|=—, X2= -—,
10 "ol 7T 202k00)

Denote the image of U as U. It is obvious that the curvature of 3U remains
bounded.

The announced transformation P is the composition of the transformations (6),
(8), and (10), and the following proposition holds:

Proposition 2.2. There exists a constant Cy depending on U such that the curva-
ture of P(0U) is bounded from above by Cy.

Let 0U be the graph of the function x, = f(x;) in the initial coordinate system.
After the transformation P, P(0U) can be considered the graph of the function
Xy = f (x1) such that f (0) =0, f '(0) = 0, and f 7(0) = % in the neighborhood
of p.

Finally, estimate the third derivative f(0). Evidently, under the affine transfor-
mations (6) and (10) the third derivative remains bounded. We only need to control
f"(0) at Step 2.

So let the curve dU be the graph X, = f (x1) and after the transformation (8) we
obtain the graph f. The rules for differentiation lead to

tan Bk (0)

(11 frO =170 -—F

As dU is the compact curve, we obtain:
Proposition 2.3. There exist constants C, C, depending on U, such that
C1 < f"0) < Co

Analogously we can estimate all higher derivatives.
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The Hilbert metrics for the domains U and U are isometric. Therefore, without
loss of generality, we will consider the Hilbert metric for the domain U and will
denote U by U.

3. Series expansions for the metric tensor of the Hilbert metric

From the decomposition of the Hilbert metric through the Funk metrics (1), we
conclude

8ij(x, y) =F(x, y)Fyiy (x, y) +Fyi (x, y)Fy (x, y)
= 3F(x, ) (O, (x, y) + O iy (x, —Y))
+ 304 (x, ¥) = O (x, =y, (x, y) — O (x, —y)).

Okada’s lemma [Shen 2001] for Funk metrics gives the expression of the deriva-
tives of ®(x, y) with respect to the coordinates on tangent spaces through the
derivatives with respect to the coordinates on U:

O, y)k = O(x, y)O(x, y) .
Using this lemma, we can write:

i (X, Y)O(x, y) =20y, (x, ¥)Oy; (x, y)

1 e
(12) gij(x,y) =5F(x,y)

O(x,y)?
O,y (X, =Y)O(x, —y) =20 (x, —y)Oy, (x, —)
lF XX i J
+2 (-xvy) @(x,_y):;

l<®xi(x’ y) _ ®xi(x7 _y))<®xj(x’ y) _ ®xf(x’ _y)>
4 ®(x»)’) ®(xs_y) ®(x»)’) ®(x’_y) ‘

For convenience we will use lower indices x; for coordinates. Let F(x1,x2, y1,y2)
be a two-dimensional Hilbert metric and ® (x1, x3, ¥1, y2) the corresponding Funk
metric. Assume that the point (x1, x) is sufficiently close to dU. Then we can
express dU as the graph x, = f(x) such that f(0) =0, f'(0) =0, and f"(0) = %
Consider a point (x1, x») above the graph x, = f(x;). Denote by r(xy, x2, y1, ¥2)
the distance between the point (x1, x2) and the intersection point of the line passing
trough (x1, x2) in the direction (y;, y») with the curve x, = f(x1). Then

(13) O(x1, X2, Y1, Y2) =/ Y2 + y2 r(x1, x2, y1, y2) .

Now we obtain the derivatives of r(xy, x2, ¥1, ¥2) on xi, x. The parameter
t(x1, x2, ¥1, y2) corresponding to the intersection points of the curve x, = f(x1)
with the line

x1(@®) =x1+1ty1, xo(t)=x2+1ty
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satisfies the functional equation

(14) X2 +tyr = f(x1+1(x1, x2, Y1, y2)31)-
Differentiate (14) on x, x»:

(15)  tyy2 = +ty)A+1y),  T+tny = f/(x1+ 1y,
We obtain the explicit expressions for f,,, t,:

ety B 1
yo—yif'(xi+ey)’ 7 oy f ey =y

Differentiating (15) leads to

(16) Iy,

y2tx1x1 = f//(xl +fY1)(1 +y1tx1)2 + f/<x1 +ty1)y1tx1x1a
(17) Yoty = (1 +1y) (L4 yite ) yate, + f/ (X1 + 190 Yitx x,,
y2tx2x2 = f//(xl + f)’1)(y1tx2)2 + f/(xl + tyl)yltxzxz-

We obtain the expressions for the second derivatives of :

G4ty (4 yity)?

[ —
e 2 —y1f/(x1 +1ty1)
(18) N f 1y (1 + yite)yity,
e 2=y f(x1+1ty1)
) (ity)?
XoXp —

v2—yif'xi+iy)

We need the derivatives of r(x1, x2, y1, y2). By definition,

r(xy, x2, y1, y2) = \/(yﬂ)2 + (1) = \/yf + y3 (X1, X2, Y1, ¥2).

Hence ry, =, and ry,x, =ty 5.
Now it is possible to calculate the derivatives of the Funk metric. Formula (13)
implies

.
(19) On = —\¥1+33

After differentiating (19), we obtain

2
TV —2rryr /
(20) @)Ckx[ - _ y12 + y% XXl r4 X1 X — y12 + y% (2®3rxer[ _ ®2erx[).

Finally, from (12) it is possible to obtain the coefficients of the metric tensor. We
will need the values of g;;(x1, x2, y1, y2) at the points (x1, x2) = (0, x2).
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3.1. Expansions for g;;j(0, x2, 1, 0). Note that the strict convexity of dU implies
that f/(¢(x, x2)) # 0 for ¢ (x1, x2) # 0. Then from (16) we deduce

(21) txl(ov X2, 1, 0):_1a
1
(22) txz(ov x27 17 0) - f/(t(o, xz’ 1, 0)) ’
and from (18)
(23) t)C])C] (07 x2’ 1’ O) = txlxz (Oa -xza 17 O) = Oa
"0, x2, 1,0
4) s 0.3, 1,0) = — (1022 1O

f1(t(0,x2, 1,003

Expanding the functional equation (14) in a power series with respect to ¢ as x, — 0,
we find the expansions of 7 (0, x3, 1, 0).

(25) =32+ L0 + 0@h.
We will find ¢ in expanded form
(26) t=A+Bx;+Cxy+Dxi* + 0(x3)

After substituting (26) into (25) and transposing all members in the left side, we
obtain the following system of equations:

(27) 3A%42A%f"(0)+ (6AB +6A% f"(0)B)/x2

+ (=124 3B>4+6Af"(0)B> +6AC +6A% " (0)C)xs + (21" (0) B

+6BC + 124" (0)BC +6AD +6A%f"(0)D)x;> + O (x3) = 0.

Choose the coefficients A, B, C, and D so that the left side of (27) is 0(x%).
Equating the coefficients under the powers of x, to zero we obtain two expansions
for ¢ which correspond to the directions (1, 0) and (—1, 0).

(28) 1(0, x2, £1,0) = 200 — 5 f"(0)x2 + O (x3).
In our case r =t¢, so we get
(29) 7(0,x2,1,0) = 2/x2 — 3 "' (0)x2 + O(x3).

Later on, all power series will be considered in the neighborhood of 0. The series
expansion for the metric F is
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_1 1 !
F(0, x2,1,0) = 2<r(0, x2,1,0) + r(0, x2, —1, 0))

1 1 1
=3 +
2 (wx—— 700+ 0x3)  2yx+3 "0+ 0(x§>>
. 9
 /(18=8f"(0)2x2)+0(x3?)
1 2f///(0)2
(30) FO.x2,1,0) = 5=+ = Vi + 0"

We will also need the difference:

).

1 1
r(0,x2,1,0)  r(0,x2,—1,0)
—61"(0) + O (x2)

CAf7(0)2x -9+ 005

=21"(0)+ O(x2).

(€29 00, x2,1,0) — 00, x2, —1,0) =

From (21), using ry, =1, we get
(32) rx1(0»x2» 17O)=_1-

Expand the denominator of (22) with respect to ¢:

1
A A FS )
1

~ 00, x2, 1, 0)+ L F7(0)1(0, x2, 1, 00>+ O£ (0, x2, 1, 0)3)

Using the fact that f'(0) =0 and f”(0) = % and substituting the value of ¢ from
(28), we obtain

1
T2y =3 " (0)x2)+15 7 (0)2 /x5 f(0)x2)2+0(x3)
7y, (0, x2, —1, 0) is analogous. Finally,
L 410 401" (0)2
JxX2 3 9

The second derivative has the form ry, , = tx, »,. From (23) we obtain

rX2(07 x27 15 0) =

(33) 7y, (0, x2,1,0) = X2+ O0(x).

(34) FX1X1 (07 x27 170) :rxlxz(oa xZa 1’0) :O
And (24) implies

0,52, 1,0))
F10, x5, 1,0)%

rxzxz(()’ -x2’ 17 0) -
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We now expand the numerator and denominator in a series with respect to ¢ and
use f'(0) =0, f”(0) = 5, and (28):
rxzxz (07 x27 17 0)
3 O00, 2, 1,0 4+ 5 fD 01 (0, %2, 1,0) + O (1)
(f7(0)1(0, x2,1,0) + 1 £ (0)2 (0, x2, 1,0)2 + O (£ (0, x2, 1, 0)3))3
L—2f70)m + G702 - 4fDO0)xy + 1 £7(0) f D057 + 0(x3)
X402+ 0(5)

Thus
1 290
(35) Feoxr (0, X2, 1,0) = — — + O(1).
2X2 2 2x;/z \/X_z
From (19), (29), (32) we find that
1

®X1 (0’ xQ,v 17 0) =

5
(2vx2 =37 (O)x2+ 0(x3))
Analogously, acting for the vector (—1, 0), we get

f///( )
3 /%

(36) Oy, (0, x2, £1,0) = j:— + +0(1).

From (29) and (33) we deduce

1/ —=4f"(0)/3+ (40" (0)/9) /%2 + O(x)
2yvE =20+ 0(:d)’

®xz (O’ -x25 15 0)

and finally,
1 f/// (0) 2
4x§ 2 NE

Using the formulae (20), (29), (33), and (35), we obtain the expression for the
second derivatives of the Funk metric:

3 +13f’”(0)2+3f(4)(0)+ (_)
oy o7 w)

(37) 0,,(0, xp, £1,0) = —

+0().

(B8)  Oxy,(0,x2,£1,0) =

Finally we can estimate the metric coefficients. From (13), (29), and (36) we
get
®X| (09 X2, 1’ O) ®x1 (Oa X2, _1’ O) _ 1 f/”(o)z
00,5, 1,00 00, 1,0 i

(39) 2+ 0.
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It follows from (13), (29), and (37) that

@)Q(O, xz, 1; O) ®X2(07 x2’ —1’ O) _ 2f///(0)
©(0, x2, 1,0) 0(0,x,—1,0) ~ 3/x;

(40) +0(1).

Note that

(41) Oy, (0,x2, 1,000, x2, £1, 0) — 204, (0, x2, £1, 0)O, (0, x2, £1, 0)
= 20’1y 1y, — O%ryx)© —20%r, O%r, =0,

since ry,x, = 0, and analogously

(42) Oy x,(0,x2, 1,000, x2, £1, 0) — 204, (0, x2, £1, 0)O4, (0, x2, £1, 0)

=0.
Then from (13), (29), (37), and (38) we get
Or,x, (0, x2, £1,0)0 (0, x2, £1, 0) — 20, (0, x2, £1, 0)O4, (0, x2, £1, 0)

43
) (0, x2, 1, 0)3
1 2190
= + + 0(1).
2 TR

Finally, using (30), (12), (39), (40), (41), (42), and (43), we obtain the series ex-
pansions of the metric tensor of the Hilbert metric.

1
gll(OaXZa 1’0)_4_)('2_{—0(1)’
030,10 =9 L oq)
7x’ 9 = 9
(44) 812(0, x2 =
21702 +979(0
4x3 18x,

3.2. Expansions for g;;(0, x2, 0, 1). The formulae in (16) imply that, at (0, x2),
1y, (0, x2,0, £1) =0,
1y, (0, x2,0, £1) = —1,
texy (0, x2, 0, £1) = 14,4, (0, x2, 0, £1) = 0.
Note that the functions (0, x, 0, £1) have the representations
1(0,x2,0, =1) = —x2, (0,x2,0,1)=H —x».

Here H denotes the length of the chord of dU in the direction (0, 1). Then

©(0,x2,0, —1) = xlz ©(0, 12,0, 1) = Hixz.
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Consequently,
(45) F(0, x5, 0 1)—1(L+i)—i+0(1)
A 2 e ’

We can estimate the derivatives of the Funk metrics ®(0, x5, 0, £1). It follows
from (19) and (20) that

| 1
(46) ®x2(07 X7, 0’ —l) = x—g, ®X2(0’ X2, O, 1) == _m,
47 O (0,52, 0, 1) = =, ©,,(0,x2,0, 1) = ——=
47) pe@2 07l =0g Oen O O =0

Using (12), (46), and (47), we get the expansions:
212(0,x2,0, 1) =0,

822(0,362,0,1):1( ! +i)2:L+0(i)_
\H-—x2 x 4x3 X2

(48)

We will also need the values F(0, x5, [, %).

We have
1(0, x2, =1, —%) = —2x2 +2I°x3 + O(x3),
Then

F(O, x2,l, i): 1 1 1
2\/zt(0, x2,1, 5)2 4+ 10, x2, 1, 5))?
+
2\/41‘t(07 X2, _lv _%)2 + (lt(O, X2, —l’ —%))2
1
_ \/ﬁ ( 1 1 )

o/l \On LY 103, ~l —)

Finally,

SRR S
(49) F(O, x2, 1, 2)— I, +2L + O (x2).

4. Proof of the theorems

The Chern—Rund covariant derivative along the curve c(¢) in the Finsler space
equipped with the Hilbert metric F' is given by the formula [Shen 2001]

(50)  Veuc ) ={c"®) + @), ¢ (1) — O ), —c’(t))cl(f)i}%-
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For calculating the normal curvature (2), the Finsler curvature (3), and the
Rund curvature (4), we need the covariant derivative Vi) (s) of the curve c(s)
parametrized by its arc length.

For a given curve c(¢), we will denote by the dot the derivative with respect to
the arc length s, and by the prime the derivative with respect to ¢. Then let r =1 (s)
be the reparametrization. We get

¢(s) = (0.
Using that s in the length parameter, we get

1 =F(c@), ' (0)t,.

Hence
o d)
~ Fle(®), c'(t)

The next step is to calculate Ve)c(s).

c(s)

) c'(t)
Viyc(s) = Vc’(t)/F(c(t),c’(t))m

c'(n)+ Vc/(t)cl(t))-

1 1 1
:I%caxc%w>(v””<F@axc«o)) F(c(1), ¢/(1))

According to [Bao et al. 2000],

v, ( 1 ) & (Vewnd (1), (1))
“O\E(c@t), @)/ ~ F(c(1), ¢ (1))

Then the derivative V() ¢(s) has the form

1
F(c(1), ¢'(1))?

Finally, using (50), we get the formula:

Ve)c(s) =

8c'(1) (Vc’(t)c/(t)v C/(t)) C/(l)) ‘

(Vc/(t)c () — F(c(t), ¢/ (1))?

(51) Veels) =

")+ (@) <®<c(t), () = O(c(t), —=c' (1) —
F(c(1), ¢/(1))?

As in Section 2 fix a point o in the domain U and a point p € dU. The curve
oU admits the polar representation w(¢) from the point o such that the point p
corresponds to ¢ = 0. According to Section 2, we assume that U satisfies the
conditions (1)—(4).

8 ty(Vemnc (1), C/(f))>
F(c(1), ¢'(1))?
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Then one can get that »’(0) =0, w(0) = 1, @"(0) = %, @' () =0. Set
C— 1 —i—w(n).
w (1)

In [Borisenko and Olin 2008] the polar function p,(u) of the hypersphere of
radius r was obtained:

o(—w)o W) e —1)

(52) pr(u) = w(u)+a)(_u)62r
Asr — oo,
(53) o) = pr(w) = w(u)(w“zf‘;) F1)e ¥ o).

From (52) we get that the circle of radius » admits the parametrization

_ <a>(7r —po@E” -1 . o@—powl@)E” —1) )
clp) = , cosg ),
w (@) + (T —p)e (@) + (T —@)e

where w(¢) is the polar function of dU.
Then

o) (e —1)

54 CO=" e

1,00=(1=Ce 2 4+0(@),0), r— oo.

The second derivative:

(e o) (@"(0)—1) — o)+ " (1) (e —1)
(14+eZw(m))?

(55) "(0)= (0, =3+ 0(™)), r— oo.

c’ 0) =

0, D),

From (53) we get that at the point of the circle the second coordinate is

o(@wO)(e —1) s
0O +omer ¢ ToET)

(56) x2=w(0)—

Estimate the derivative V;)¢(0) using the formulae (51), (31), and (56):

O(c(0), ' (0)) — O(c(0), =’ (0) = O(0, Ce ™ + 0 (), 1+ 0(e™ ), 0)
—00,Ce ™+ 0(™), =14+ 0( ), 00=2f"(0)+ 0 ™).

Therefore, formula (50) leads to

(57) Vec' (0) = ¢"(0) +¢'(0)((c(0), ¢'(0)) = B(c(0), —¢'(0)))
— (%fw(()), _%) + 0(672").
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Using (56) and (57) we get
200 (Ve 0)c'(0), c'(0)) 31" 0811 = 5812
F(c(0), ¢/(0))2 " F(0,Ce 2+ 0(e %), 14+ 0(e~27), 0)2°

Here g;; are calculated at the point (0, C e +0(@), 14+ 0(e™?),0). After
substituting the values from (30) and (44), we obtain

8¢ (Vec'(0),c'(0) _ f7(0)
F(c(0), ¢/(0))2 o 3

+ 0.

Therefore,

(f"(0), =3) + (1, DO(e™™)
F(c(0), ¢'(0))*

(58) Veo)c(0) =

Taking into account (30),
Ve0y¢(0) = (4£7(0), =2)e 2 4+ (1, 1) O (e~3").
Calculate the Rund curvature (4) using the formulae (56) and (58).
kg (r)* =F(c(0), Vi()¢(0))
_F(O,Ce™ +0(@™), —f"(0)+ 0(e™™), S+ 0@E™)
~ F(0,Ce 2 +0(e73r), 1 —Ce~2 4 0(e3r), 0)2
From (30) and (49) we get

2 810

(59) kR<r)2=1+c(z— . )e—2r+0(e—3r>.

Here L > 0 is the length of the chord ¢ of dU in the direction (f"(0), —1/2).
Proposition 2.2 gives the uniform bounds on the curvature of dU. Proposition 2.3
claims that the angle between the chord ¢ and x; is uniformly separated from 7 /2.
Thus we conclude that 2/L is bounded from above.

Calculate the Finsler curvature (3) using the formulae (56) and (58).

kr(r)? = g:0)(Ve)¢(0), Ve é(0))

B F"(0)%g11 = f"(0)g12 + ;82
" F(0,Ce 2 4+ 0(e=3), 1 —Ce=2 + O(e3), 0)*

Here g;; are considered at the point (0, Ce 740 %), 1+0( %), 0). Finally,
from (30) and (44) we obtain that

(60) kp(r)? =1+ C(=3 "0 +4fPD0)e ™ +0(e™).

Proposition 2.3 gives the uniform bounds on the derivatives of f. Theorem 1.1
is proved.
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Note that the normal curvature g, (Ve ()¢ (s), n) of a hypersurface at the point x
depends only on the tangent vector to the curve c(s) at x [Shen 2001]. So in order
to obtain the normal curvature of the Hilbert hypersphere S, centered at o at the
point p in the tangent direction w, we consider the normal curvature of the circle
S, N TT which lies in the plane IT = span(w, 0p).

From (57) we get the normal curvature of the circle of radius r:

n /! 0 ,
1) ke (r) = £n (Ve ¢(0), m) = %'

Since g12(0, x2, 0, 1) = 0 by (48), it follows that the unit normal vector n to the
circle at (0, x;) is exactly

1
F(0, x2,0, 1)

Finally, taking into account (30), (56), (55), (45), and (48):

0, -1).

(62)  kn(r)
182(0,Ce™ + 0(e™¥),0, 1)
T F0.Ce 7 +0(e ™), 1-Ce 7 +0(e),0)2F(0,Ce 7 +0(e~),0,1)
1 8f///(0)2
If it is the case that the Euclidean normal curvatures of the hypersurface dU are
bounded (k, < k, < k) then the curvature of the curve dU’ = dU NI is bounded

as well. Consider the point x € 9U’ C dU. Then the curvature k(x) of dU’ and the
normal curvature k,, (x) of dU are related as

ky (x)
cos B’

)efzr + 0.

k(x) =

Here B is the angle between the radial and normal direction to dU at x. Using
Lemma 2.1 we find that wgk, < cos 8 < 1. Hence the curvature of dU’ is uniformly
bounded for all y. Applying Proposition 2.2 for the Hilbert geometry based on
U’, we get the uniformity of the series expansion (62) which ends the proof of
Theorem 1.2.
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