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In this paper, we obtain universal inequalities for eigenvalues of the Dirich-
let eigenvalue problem of the Laplacian and the clamped plate problem on
a bounded domain in an n-dimensional (n > 3) noncompact simply con-
nected complete Riemannian manifold with sectional curvature Sec satisfy-
ing —K? < Sec < —k?, where K > k > 0 are constants. When M is H"(—1)
(n = 3), these inequalities become ones previously found by Cheng and Yang.

1. Introduction

Let M be an n-dimensional complete Riemannian manifold and 2 C M a bounded
domain in M. The Dirichlet eigenvalue problem of the Laplacian is
{Au =—\u in L,

1-1
(-1 u=0 on 9%2.

It is well known that the spectrum of this problem is real and discrete:
O<Ai <t <Ai3<--- /00,

where each A; has finite multiplicity which is repeated according to its multiplicity.
A Dirichlet eigenvalue problem of the biharmonic operator or a clamped plate
problem that describes the characteristic vibrations of a clamped plate is given by

{Azuzf‘u in ,

(1-2)
u="_0 onsq.
v

where AZ is the biharmonic operator on M and v denotes the outward normal deriv-
ative on 9€2. We will denote eigenvalues and the corresponding real eigenfunctions
by {I';}72, and {u;}2,, respectively. The eigenvalues I'; satisfy

O<IsIh<I'3<--- S o0.
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When M is a Euclidean space R", these are estimates for the eigenvalues (1-1)
that do not involve domain dependencies [Protter 1988]; see also [Ashbaugh 1999;
2002]. The main developments were obtained by Payne, Pdélya, and Weinberger
[Payne et al. 1956], Hile and Protter [1980], and Yang [1991]. More recently, for
the Dirichlet eigenvalue problems of the Laplacian on a bounded domain in the
n-dimensional unit sphere, complex projective space, and compact homogeneous
Riemannian manifolds, Cheng and Yang [2005; 2006b; 2007] obtained the Yang-
type inequalities for eigenvalues. For a bounded domain €2 in a complete Rie-
mannian manifold M, the first author and Cheng [Chen and Cheng 2008] proved
a Yang-type inequality by using the Nash embedding theorem (compare [El Soufi
et al. 2009; Harrell 2007]).

By making use of estimates for eigenvalues of the eigenvalue problem of the
Schroinger like operator with a weight, Harrell and Michel [1994], Ashbaugh
[2002], and Ashbaugh and Hermi [2007] have obtained several results. In fact,
for n = 2, the Laplacian on H?(—1) is like to the Laplacian on R? with a weight.
However, for n > 2, this property does not hold. Cheng and Yang [2009] found
appropriate trial functions and obtained

k

k
(1-3) D Ot =) <4 O —x,-)(x,- - (”;1)2).
i=1 i=1

In this paper, we first treat the Dirichlet eigenvalue problem (1-1) of the Lapla-
cian on a bounded domain of a complete noncompact Riemannian manifold M.

Theorem 1.1. Assume that M" (n > 3) is a noncompact simply connected complete
Riemannian manifold with sectional curvature Sec satisfying —K? < Sec < —k2,
where K > k > 0 are constants.For a bounded domain 2 in M, let \; be the i-th
eigenvalue of the eigenvalue problem (1-1). Then we obtain

k k
A-4) Y Cut =2 <Y Ot = A) (@2 — (n = 1P, +2(n — 1)(K* = k).
i=1 i=1
Remark. If k = K =1, that is, M is a hyperbolic space H"(—1), the eigenvalue
inequality (1-4) agrees with (1-3) obtained by Cheng and Yang [2009].

The other purpose of this paper is to investigate estimates for eigenvalues of the
clamped plate problem (1-2) on bounded domains 2 in a complete Riemannian
manifold M".

For the universal inequalities for eigenvalues of the clamped plate problem in a
bounded domain in R", Payne et al. [1955; 1956] proved that

k
8(n-+2
(1-5) Fk+1—FkS%ZFi, k=1,2,....
i=1
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Hile and Yeh [1984] obtained

k k _1
rz n2k3/2 2
(1-6) Z 8(n+2)(2ri) . k=1,2,....

Hook [1990] and Chen and Qian [1990] independently proved

1

n’k? . r? .
(1-7) 31D = (Z T )(Zr ) =1,2,....

Cheng and Yang [2006a] gave an affirmative answer for a problem on universal
inequalities for eigenvalues proposed by Ashbaugh [1999]: they proved that

k k %
(1-8) Fkﬂ—%; (8(”+2)) (gri(rm—m), k=1,2,....

For domains in a unit sphere, Wang and Xia [2007] gave a universal inequality for
the clamped plate problem (1-2). They proved

(1-9) ;mcﬂ I < 8(”+2)Z<rk+1 ro(r} + 2”14)(1“}#1—2).

For an n-dimensional complete manifold M, Cheng, Ichikawa, and Mametsuka
[Cheng et al. 2010] obtained

k
(1-10) > (Tiq1 —T0)?
i=1

k
8(n+2) B < 1 n? 2)( )
<= 2(rk+1 Co(I7 + g g suplH ) (17 +4sup|H|
1=

For the real hyperbolic space H" (—1), Cheng and Yang [2011] proved that

(1-11) Z(rk+1 F)2<24Z(Fk+1 r)( %—@)(Fé_@).
i=1

That paper motivated the present one, where we treat the clamped plate problem
on a bounded domain of a noncompact simply connected complete Riemannian
manifold M".

Theorem 1.2. Assume that M" (n > 3) is a noncompact simply connected complete
Riemannian manifold with sectional curvature Sec satisfying —K? < Sec < —k?,
where K > k > 0 are constants. For a bounded domain Q2 in M, let I'; be the i-th
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eigenvalue of the eigenvalue problem (1-2). Then we have

k k '
(1-12) 3T —Ti? =243 =T (17 =2 (=D =-2(K>—12))
i=1 i=l1

1 —

x (F; - L= k2 — 22 —k2))).
Remark. If k = K =1, that is, M" is a hyperbolic space H"” (—1), then the eigen-
value inequality (1-12) agrees with (1-11) obtained by Cheng and Yang. Wang and
Xia [2011] generalized (1-11) under the assumption that there exists some function
whose norm of gradient is 1 and whose Laplacian is a constant.

From Theorem 1.2, we can immediately obtain the following.

Corollary 1.3. Let I'; be the i-th eigenvalue of the eigenvalue problem (1-2). Then
we have

k k )
S e =T? =243 e =T (T = L= DIE = 2(K2 = )?).
i=1 i=1

2. Preliminaries

Let B and C be (n — 1) x (n — 1) real symmetrical matrixes. If all the eigenvalues
of B are equal or greater than all the ones of C, then we write B > C.

Let (M, g) be an n-dimensional Riemannian manifold and D the Riemannian
connection. The curvature tensor is a (1,3)-tensor defined by

(2-1) R(X,Y)Z=DxDyZ —DyDxZ — Dixy1Z

forall X,Y,Z e I'(TM). Let y : [0, b)) —> M be the minimal normal geodesic
and {e; (1)}7_, parallel orthonormal frame fields along y (¢) such that e, (¢) = y (¢).
Let

n—1
T =) fijejn).i=1,....n—1,
j=1

be the normal Jacobi fields along the geodesic y (¢); that is

(2-2) fij = fuRnjm =0,  fi;(0)=0, f;;(0) =35y,
where
. d " d2
fij = afij(t)» fij = mfij(t)» annl = g(R(ey, ep)ey, ej) = Rnlnj-

Set
@O =UiiO)u-—1xn-1, K@) = Runj ¥ () n—1)x(n—1)>
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where f;;(7) is on column j and row i. Then (2-2) can be written as

f(t)— fF(OK @) =0, 0<t<b,
(2-3) f_(0)=0,
fQ0) =1,4,

where I,,_; is the (n — 1) x (n — 1) unit matrix.
Define the distance function r(x) = distance(x, y(0)). Then

(2-4) Hessr(y(0) = f(O ' f(1), Ar(y®) =u(f®)~"f@).

Assume that €2 is a bounded domain in an n-dimensional noncompact simply con-
nected complete Riemannian manifold (M, g) with section curvature Sec satisfy-
ing —K? < Sec < —k?, where 0 < k < K are constants. For p ¢ Q fixed, define
the distance function r(x) = distance(x, p). Then from the Hessian comparison
theorem (cf. [Wu et al. 1989]), we have

cosh Kr coshkr
(2-5) K Snh K7 I,_1 > Hessr =k sinh kr I,_1.
From (2-4) and (2-5), we have
coshkr cosh Kr

Since 3, Ar = —|Hess r|> — Ric(d,, 9,) (cf. [Petersen 1998]), we have

K2 cosh® Kr

2-7 -0, Ar <(n—1
@7) rar = —1) sinh® Kr

—(n— 1Dk

3. Proof of Theorem 1.1

Theorem 3.1 [Cheng and Yang 2006b]. Let A; be the i-th eigenvalue of the above
eigenvalue problem (1-1) and u; the orthonormal eigenfunction corresponding to
Ais that is, u; satisfies

U =—Aau; inS2,
u=20 on 02,
/uiuj:&-j foralli,j=1,2,....
Q

Then for any f € C3() N C?(IR), we have

k k
) Yl =0 [ VP <Y G =h) [ @9FVutwaf,
i=1 i=1
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Proof of Theorem 1.1. Taking f =r in the formula (3-1), we have

k k
G =300 [ 19 = 3k =20 [ @7Vt
i=1 @ i=1 &
Since |Vr| =1, we have
k k
D Ot =27 <) Gt = 1) / (2Vr - Vu; +u; Ar)*.
i=1 i=1 «
From (2-6) and (2-7), we obtain
2
(3-2) / (ZVr -Vu; + u,-Ar)
Q

=4f(w-wi)2+4f uiArVr-Vui+/(uiAr)2
Q Q Q

s4f |Vui|2—fu,-2(m>2—2/u?vr.vm
Q Q Q

:4f |Vu,~|2—/ uf(Ar)Z—zf u?d, Ar

Q Q Q

:4/ |Vu,~|2—/ ul.z(Ar)2+2/ u?(Ric(d,, 8,) + [Hess r[%)
Q Q Q

2
<4n —(n— 1% f 2 SO kr

o | sinh®kr

h2 Kr

—2n— Dk +2(n—1 KZ/ 2SO &1

( ) ( ) Q " sinh? Kr

=40 —(n—D*>+2(n—1)(K*>—k?)
k2

o sinh? kr

K*?
2 o i
o sinh“ Kr

—(n—1)> u? +2(n—1)

Since K > k >0 and r > 0, we have
K < k

(3-3) sinh Kr — sinhkr’

Since n > 3, we have

E o-1-K s w-pw-3»-E >0

3-4 n—1)7? —
-4 ( ) sinh? kr sinh” Kr sinh? kr —

Finally, we have

k k
D a1 =2 <D O — ) (44 — (n = PP 4200 — 1) (K* = &)). D
i=1 i=1
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4. Proof of Theorem 1.2

Let u; be the i-th orthonormal eigenfunction corresponding to the eigenvalue I';,
i=1,...,k;thatis,

Azui = Filxt,' in Q,

a .
4-1) ui=%=0 on 0€2,

/uiuj=8l-j for any i, j.
Q

Defining the functions

k
éi =ru; — E aijuj,
j=1

where
aiJ-:/ ruju;,
Q
we have
0o .
4-2)  dilsgo=—| =0 and piu; =0 foralli, j=1,...,k.
8\} 0 Q

Therefore, we know that ¢; s are trial functions. From the Rayleigh—Ritz inequality
[Chavel 1984], we have

1
4-3 r Api)?,
4-3) k+1§”¢i”2/§2( oi)

e =/ e
Q

where

From (4-1) and (4-2), we have

k
Tit1 / ¢F < / (Ap)? = / ¢i A2 = / @Az(rui—Zaijuj)
Q Q Q 2 j=l1
= / ¢i A2 (ru;) = / ¢i (A2 (rup) — Tiru;) + T / o7,
Q Q Q

that is,

(Trr1 —Tllgi 1> < fﬂqx(&(m» —Tiru;).
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From the definition of ¢; and (4-2), we have

44 (T —Tolgill?
k
S/(rui_Zaijuj)(Az(rui)_Firui)
Q iz
k
=/ ru,-(Az(rui)—F[rui)+Zai2j(F,-—Fj)
Q

=1
:/ rui (A Ar) +2A(Vr - Vu;) +2Vr - VAu; + ArAu;)
Q

k
+> a1 —T)).
j=1
From (2-6), (2-7), and Stokes’ theorem, by a direct calculation, we have

4-5) frui(A(u,-Ar)+2A(Vr-Vui)+2Vr-VAu,-+ArAui)
Q
=/(A(ru,-)(uiAr—i—ZVr-Vu,-)+u,-Vr2-VAu,-—I—u,-rArAu,-)
Q

:/((u,-Ar—I—ZVr-Vui—l—rAul-)(u,-Ar—{—ZVr-Vui)
Q
—|—u,-Vr2-VAu,-+u,-rArAu,-)

= / ((Ar)zui2 +2Vr- Vu?Ar +4(Vr- Vu[)2 +2ru; Ar Au; + vr2. Vu,-Au,-)
Q

+/ u;Vr* -V Au;
Q
= / ((AP)?uj +2Vr - Vul Ar +4(Vr - Vuy)? + 2ru; Ar Au; + Vr* - V(u; Auy))
Q
= / ((Ar)zui2 +2Vr- VuizAr +4(Vr - Vu;)> + QrAr — Arz)u,-Au,-)
Q
=/(—(Ar)2 2 2u?Vr-VAr +4(Vr-Vu;)* — 2u; Au;)
Q

5/(4|Vui|2—2uiAui)—f uZ(2Vr -VAr+ (Ar)?)
Q Q

K2 cosh? Kr )

2
<f uf(—(n—l)zkzc‘”h KT o — DR+ 2 — 1) K2
Q sinh” Kr

- sinh? kr

+ / @Vt + 201 (= Aup))
Q



EIGENVALUE ESTIMATES IN NONCOMPACT RIEMANNIAN MANIFOLDS 49

Since n > 3, from (3-4), we have
(4-6) / rui(A(ui Ar) +2A(Vr - Vu;) +2Vr - VAu; + ArAu;)
Q
<6 / ui(—Au;) — / u; (n—1)%k> = 2(n — 1)(K* — k%))
Q Q

< 6(/ (Aui)2> = D)= DR = 2(K* = 12)
Q

2 n=1l o 0 2
_6(I‘i — (= DK~ 2(K k))).

From (4-4) and (4-6), we deduce

4-7)  (Teg1 =T lgi 12

n—

6

k
L= 2 =2k — k2))) +Y @@ —T).
=

1
< 6<Ff —
Defining
b,‘j = f (VI” -Vu; + %uiAr)uj,
Q
we have
b,’j = —bj,'.

From the definitions of b;; and ¢;, we obtain
(4-8) —2/ ¢i(Vr-Vu; + S Aru;)
Q

k
= —2/ (ru,- — Zam@-) (Vr -Vu; + %Arui)
Q

j=1

k
=—2/ ru,-(Vr-Vu,-+%Arul~)+22aijb,-j
Q :

j=1

k
=—/(%Vrz-Vuiz—l—rAru%)—i—ZZaijb,-j
Q :
j=1

k
=1 —{-ZZCZijbij.
=1
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From (4-2), (4-8), and the Cauchy—Schwartz inequality, we have

k
(4-9) l—l-ZZa,-jbij:—Z/¢i(Vr-Vu,-+%uiAr)
; Q
J=1
k

= —2[ ¢i<Vr-Vui +%uiAr—Zb,~juj)
Q

j=1
| ‘ ?
<ailil+ | Vr - Vi + Juidr =3 b,
j=1
| k
= oyl |I” + a—i(uw Vi + qui Ar|? — Zb?j)
j=1
where «; > 0 is a positive constant.
If I'y41 —TI'; > 0, defining
ai =T — B for B >0,
we infer that
k
4-10)  (Tgy1 — Fi)z(l +2) aijb,-j)
j=1
3 2
< Tk =T Billil
k
1
Fm o (Tegr — m(nw Vi + dui Ar|? - Zb?j).
4
j=1

From (2-6), (2-7), and (3-4), we obtain
(4-11) / QVr - Vu; +u; Ar)?
Q
= 4/ (Vr- Vu,-)2 +4/ u; ArVr -Vu; +/ (u,-Ar)2
Q Q Q

54/ |Vui|2_/ u,-z(Ar)z—Z/ ulVr - VAr
Q Q Q

< 4F§ —(n—1D((n— Dk* = 2(K* — k%))

n—

< 4(r% ol - 2 — 2k - kz)))-

! 4
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Therefore, from (4-7), (4-9), (4-10), and (4-11), we obtain

k
(4-12) (Fk+1—ri)2<1+zzaijbij>

j=1

. k
< (i1 —Ti)°f; (6(Ff — 22— DR 2K =2 + ) (T - T p)

j=1

+ é@ﬂ - F»(F? - ”;1 ((n— Dk* = 2(K* - k2>))
k
- 5 (oo =T )b
4 ]:1

From the antisymmetry of b;; and the Cauchy—Schwartz inequality, we have

k
2 Z (Tt1 — Ti)2aijbi

i,j=1
k k 1
= > Tt =TT =T )*Biafy — Y 2 (Te1 = T <0,
ij=1 ij=1"

From the above inequality and (4-12), we obtain

k
4-13) > (T —T0)?

i=1

k 1
<6Y (Tip1 —T)*B; (F? -5 Lin— v —2(x2 - k2)))
i=1

k 1
+Y l,(FkH - F,~)<Ff — ”Zl ((n—Dk* = 2(K* - k2)))
i=1 "'

k

+ Y (Dot =T (Tesr =TT = T)Bal.
i,j=1

From the variational principle, we can prove that
T > A7,

where A; denotes the i-th eigenvalue of the Dirichlet eigenvalue problem of the
Laplacian on the same domain €2. Since 4| > (n — 1)%k* —2(K?* —k?) from (3-2),
setting

1

B :ﬁ(rf - ”gl((n— Dk — 2(K> —kz)))_l for f > 0
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gives us

k
Y (Cept =T (Cogpr =TT = T))Bia;
i,j=1

k
_ % > (@es1 =) (Coy — T = T))(Bi = Bjaj;
i j=1
__1 (Cist =T o = CH@ —THA7 =TF)
=55 T dij
=1 (07 =25 (= D = 2(K2 = k%))

X (r? — =l (n— D> —2(K* — k%))

<0.

Therefore, we obtain

k k
Y (Tip —T)> <68 (Tiyr —Ti)’

i=1 i=1

n—1

k
! . % 2 2 2
+E ;(FkH—E)(Fi — = (= DK —2(K* —k ))).

;_n—1 2 242
x (07 = 2 (= DR = 2(K2 = k).

Finally, taking g = 1]—2, we deduce (1-12). This completes the proof of Theorem 1.2.
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