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We consider the equation —e?>Au = u? — u? in a bounded, smooth domain
@ c R" with homogeneous Dirichlet boundary conditions when either

N+2 N N+2
=1 dN >3.
q <p<1\]_2 or N—2<q<p<N—Zan =
We prove the existence of multiple positive solutions in the case of small

diffusion provided the domain 2 is not contractible.

1. Introduction

We consider the equation

(1) —ezAu=f(u) in 2, where u>0in Q and u =0 on 9€2,
where  is a smooth bounded domain in RY, the nonlinearity f is either
. N +2
) f)=y"—y with I < p < , or
N-=-2
N 2
3) fO)=yP =yl WithN 2<q<p< +2andN23.

Problem (1) with (2) arises in various mathematical models in biological popu-
lation theory, chemical reactor theory, and so on. Many results show that solutions
of (1) may exhibit sharp peaks near a certain number of points. In particular, many
papers have sought to prove the existence of single and multiple peak solutions
and to find the peaks as well as the profile of the spikes as € — 01. Ni and Wei
[1995] showed that for € > 0 sufficiently small, problem (1) has a positive least
energy solution that concentrates at the most centered part of the domain, that is,
the maximum point of the distance function from the boundary d€2. Since then,
many authors have looked for higher energy solutions. For papers that study the
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effect of the geometry of the domain on the existence of positive solutions with
single and multiple peaks, see [Benci and Cerami 1987; Cao et al. 1996; Dancer
1988; 1990; Dancer and Yan 1999a; 1999b; Dancer and Wei 1998; del Pino et al.
2000a; 2000b; Grossi and Pistoia 2000; Li and Nirenberg 1998; Wei 1998] and
references therein.

Problem (1) with (3) was first studied in [Dancer and Santra 2010] where the
authors showed that for € > 0 small the problem has a positive least energy solution
that concentrates at an harmonic center of 2, that is, a critical point of the Robin’s
function H (x, x), where H(x, y) is the regular part of the Green function G (x, y)
of —A on Q with Dirichlet boundary conditions. Namely

V—N_H(x ) and _;
x— y[N 2 Y W= N8I

4 G(x,y):=
where |3 B| denotes the surface area of the unit sphere in RV

The following result concerns the existence of single and multiple peak solutions
and is quite standard; see Section 5.

Theorem 1.1. Assume (2) and k is a positive integer. Let

k k
S Zx):=) Hx.x)— Y Gxi,xj) where x:=(x1,...,x)€ Q"
Assume &g is a C'-stable critical point of the function Z.
Then, for € small enough, there is a solution of (1) with exactly k sharp peaks
Xiey ooy Xpe Suchthatx, .= (X1¢,...,Xre) = Xoas € — 0.

The function Z plays the same role in constructing single and multiple peak solu-
tions for problems defined on two-dimensional domains; see [Esposito et al. 2005;
del Pino et al. 2005; Esposito et al. 2006].

In this paper, we prove the existence of multiple positive solutions in the case of
small diffusion provided the domain €2 is not contractible for problem (1) with (2)
or (3). Our main contribution is a new topological result on fat diagonals, which
seems to be of independent interest. We then use it to obtain results under weaker
topological assumptions than before. In fact, our topological assumption on the
domain is the natural one.

Theorem 1.2. Assume (2), k is a positive integer and <2 is not contractible. Then,
for € small enough, there is a solution of (1) with exactly k sharp peaks.

Theorem 1.3. Assume (3), k is a positive integer and <2 is not contractible. Then,
for € small enough, there is a solution of (1) with exactly k sharp peaks.
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The proof of the two theorems are similar but there are noticeable differences
because the corresponding reduced energies are quite different. Even the location
of the peak solutions is different.

If Q is a ball, or more generally a GNN domain in the sense of Gidas, Ni and
Nirenberg [Gidas et al. 1979], then their theorem implies that a positive solution has
only one sharp peak and is unique. Thus the behavior quite different. In addition
ifp>(N+2)/(N—-2)and 1 < g < (N +2)/(N —2) and 2 is star shaped, the
Pohozaev identity implies that there is no positive solution at all, while if p =1
and 1 < g < (N +2)/(N —2) the positive solution is unique but does not have a
sharp peak.

Theorem 1.2 was proved in [Dancer and Yan 1999a] under the stronger assump-
tion that 2 has nontrivial reduced homology. We feel our techniques have other
uses. In particular, we suspect Theorem 1.3 holdsfor 1 <g < p <(N+2)/(N —2).
The main difficulty is probably to prove an analogue of Lemma 4.1. We would
expect the multipeak locations to be different.

The homology version of Theorem 1.3 could also be proved by using the tech-
niques in [Clapp et al. 2008], but they did not seem sufficient to prove the full
Theorem 1.3.

Finally, if one is willing to assume the topological result in Section 1, one can
read the rest of the paper without needing much topology.

2. A topological result

The result proved here may be known, but we could not find a reference. It does
seem likely to have other uses.

If © is a bounded open domain in RY with smooth boundary and & is an integer
with k > 2, define the fat diagonal Ty to be

S ={(x1,...,xx) € Qk : x; = x; for some i # j}.

Theorem 2.1. If Q is not contractible, then §y. is not a strong deformation retract
of QK.
Lemma 2.2 (Van Kampen’s theorem [Whitehead 1978, p. 94]). Assume that X
and X, are topological spaces and let X := X1 N X,. Suppose that

(1) (X;, Xo) for i = 1,2 are neighborhood deformation retract (NDR) pairs in

the sense of [Spanier 1966] and
(1) X1, X, and X are connected and the natural induced inclusions of T11(Xg)

into T11(X;) fori =1, 2 are one-to-one and not onto.

Then
IT (X1 U X5) = T11(X1) *m, x,) TT1(X2),
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where the group on the right hand side is the amalgamated free product defined in
[Cohen 1989, Section 1.4].

Remark 2.3. In particular, it follows that IT;(X; U X>5) is infinite if I1;(X;) and
[1;(X>,) are both nontrivial. For example, see [Cohen 1989, p. 28].

Remark 2.4. Elements in IT1;(X; U X») almost never commute except for trivial
reasons. Thus follows from the unique representation in [Cohen 1989, p. 28].
For example, if a; is in I1{(X) but not in I1;(Xy) and a, is I1;(X>) but not in
IT{(Xp), then the induced elements of IT;(X; U X5) do not commute. Moreover,
for similar reasons if aj, b; € I1;(X) do not commute, they will not commute
in IT; (X U X»), since the natural inclusion of I1;(X) into the amalgamated free
product is one-to-one; see [Cohen 1989, p. 27].

Proof of Theorem 2.1. If H (2, Z) is nontrivial for some i, this is proved in the
appendix of [Dancer and Yan 1999a]. Here I:IV; is the reduced cohomology. Note
that this covers the case N < 3, because it is well known that in these dimensions
Q2 is contractible if it is acyclic.

Thus we may assume €2 is acyclic. Hence if €2 is not contractible, its funda-
mental group IT;(€2) is nontrivial. This follows from [Spanier 1966, Corollary
7.6.24], since it is well known that such an 2 has the homotopy type of a CW
complex. Now if Fy is a strong deformation retract of Q*, the natural inclusion i
of T (Fx) into IT; (%) = IT; ()X must be an isomorphism of groups. We prove
this is impossible essentially by showing that I (§%) is much less commutative
than IT; ().

First assume k = 2. Then §y is simply {(x, x) : x € Q} ~ Q and the inclusion
map induces the natural diagonal map if IT; () onto the diagonal of IT{(£2)?. This
is clearly not onto if IT;(€2) is nontrivial. This proves the case k = 2.

Now assume k > 3. First note that IT;($;) must be infinite (and thus that
there is an isomorphism between I1;($%) and I, (Q)* implies that IT;(€2) is also
infinite). This is an exercise in successively applying Van Kampen’s theorem
to Fx = U15i<j5k Skij where Fi;j = {(x1,...,x) € QF . x; = x;}, which is
homeomorphic to 2¥~! and hence has nontrivial fundamental group isomorphic
to TT; ()F 1.

Choose distinct elements gy, ..., gx—1 of I1;(2), where g; is the identity e.
(This is where we use that IT1;(€2) is infinite.) We consider the element a; :=
(82 82, 81, -+ - &k—1) Of T11(Fx12). (Remember IT; (Fr o) = M1 (2)*~'.) This is
not in T1;(§y;;) for i > 1 or j > 2. Similarly, a; := (g2, 1, &2, -- -, g~—1) 18 In
[T} (Sk13), but not in the other IT; (§%;;). Hence, by our comments above, a; and
ap will not commute in IT;(Fx12 USk13), which is the amalgamated group §x 12 *7
Sk13 (Van Kampen’s theorem) where T is I (§x12 N Sk13), which is isomorphic
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to IT;(2)*2 since

Sz NSrz ={(x1, ..., ) € QF 1 xy = xo = x3).

Continuing with many amalgamations, we eventually find that a; and a; do not
commute in I1;(Fx). On the other hand they obviously commute in I1,(QY =
I1;(Q)* since each component commutes in I1; (€2). Hence the natural inclusion of
& into QF cannot induce an isomorphism of fundamental groups (since otherwise
commutativity would be preserved by the isomorphism). (]

Remark 2.5. The proof could be simplified a little by using the idea of a graph of
groups as in [Dicks and Dunwoody 1989]. We choose the vertices to correspond
to group G*~! and the edges to groups G¥=2, where G = I1;(R).

3. Proof of the main results

Proof of Theorem 1.2. This follows immediately by combining Theorem 2.1 with
the proof of [Dancer and Yan 1999a, Theorem 1.1], a reference we’ll abbreviate as
[DY] here. We explain this in a little more detail especially since the ideas occur
in the proof of Theorem 1.3.

First by the mountain pass theorem, there is always a solution with one sharp
peak. If £ > 1 and there is no positive solution with k sharp peaks for some small €,
the proof of [DY, Theorem 1.1] produces a strong deformation retract of QF minus
aneighborhood of (d2UF}) into a small neighborhood of the fat diagonal § in Qk.
We explain this key part a little further below. Since, as in [DY], we can easily
deform ©F into a suitable compact subset and since we deform a neighborhood of
the fat diagonal § into §%, we obtain the required deformation. This contradicts
Theorem 2.1. We explain one step above more carefully. First note, as in [DY],
that we can strongly deformation retract Q¥ into C*, where C is a compact subset
of 2, so that the fat diagonal is mapped into itself. Moreover, as in [DY], we also
find that we can strongly deformation retract a neighborhood of the fat diagonal in
Q* into the fat diagonal. Thus it suffices to strongly deformation retract C* into a
neighborhood of the fat diagonal §y in QF and in fact we do not need to define the
map very near the fat diagonal (since we can make it the identity there).

We choose R large but fixed and n > 0 small and fixed. Then as in [DY], let

W={x:= (xl,...,xk)er 2d(x;,0Q) > u, |x; —xj| > Re wheni # j}.

We can easily use the implicit function theorem on this set to reduce (1) to a
problem VK.(x) = 0, where K. is a smooth function on W x [0, €] and the
gradient is with respect to x. We do this by looking for solutions of (1) of the
form Zf;l ¢ (e (x —x;))+ ¢ (x, €), where ¢ is small, x € W and ¢ is the unique
positive decaying solution of —Au = f(u) on RY. Here we have very slightly
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simplified the argument in [DY]. K. is called the reduced energy. We then use
the differential equation ¥x = —VK.(x) on QF to deform {x € W : K. (x) < ¢;}
into {x € Q% : K.(x) < ¢5}. Note that there are no k peak solutions implies that
K¢ has no critical points in QF. Here we choose ¢; = €N (kA — t¢ (e~ 'd)) and
c1 = €N (kA + o) for suitable chosen small positive d, o, T, where d depends on €.
We proved two technical results in [DY] that use the asymptotics of K. Finally, if
x € Wand |x; —x | =rc for some i, j, then K¢(x) > c>. Here r. is a fixed constant.
Secondly the flow moves point away from dQ* if K. (x) and x € W. This ensures
that the flow does not leave 2 and the points do not get close together. This ensures
we can deform K., into K.,. As there, we can also arrange so that K.(x) < ¢
on W and thus K* K,={xe QF: K (x) < c1} and K, is contained in a small
neighborhood of the fat diagonal. This completes the proof of Theorem 1.2. [J

Proof of Theorem 1.3. We use exactly the same strategy except the energy levels
have to be chosen a little differently and the asymptotics are a little different. If
81 > 0is large, let ¢; = ke (a +€V728)) and ¢ = ke" (a — €V 728)), where a is
defined in (13). We prove that there is a k peak solution whose energy is between
c1 and ¢, by showing that the reduced energy K. defined in (12) has a critical point
in K¢ ¢, \ Ke c,- By [Dancer 1995], it suffices to assume that k > 1. Let

6 W={x:=1....,x) e dx, Q) >pu, |x —x;| >t wheni # j}.

Here u and 7 are small and positive.

Once again, we use the semiflow of x = —VK.(x) on K¢, \ K¢.,. We prove
that if start the flow on W with K (x) < ¢ then the flow does not leave 2 until
Kc(x) < cp. We in fact prove that if two of the x; get close together and are not
close to the boundary, then €2~V (K, (x) — kce") is large negative. This means
that we only have to worry about some of the x; getting close to the boundary.
With a time rescale, our flow is

x=-VZ(x)+o(l),

unless x gets close to 3(Q) or the fat diagonal. Hence if we prove in Lemma 4.1
below that a solution of X = —V Z(x) starting from a point xg € Qk away from
the boundary does not leave Q* through the “outer” boundary unless Z (&) is large
negative, it follows by continuous dependance that the perturbed flow cannot leave
Q* through the outer boundary and thus can only leave by getting close to the inner
boundary where Z(x) is large negative and hence K¢(x) < c;. It is easy to make
this uniform on compact subsets of QF.

Hence, provided we prove Lemmas 2.2 and 5.1 we complete the proof in exactly
the same way as in the proof of Theorem 1.2. Note that Z is uniformly bounded
above on W and it follows that e =V K¢ is uniformly bounded above on w. |
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4. A technical lemma

Lemma 4.1. If xg € QF and x(t) is a solution of x = —VZ(x) (see (5)) for
0 <t < TH(x) such that x(t) € Q¥ \ G for 0 <t < TH(x), x(0) = x¢ and
SUP)</ <7+ (x) Z(x(1)) <c, then x(t) stays bounded away from the “outer” bound-
ary of Q¥ \ §y until Z is large negative. Moreover, if x (t) gets close to the “inner”
boundary, Z(x(t)) is large negative.

The second part of Lemma 4.1 follows immediately from the first part and
Remark 5.2. We in fact prove that if x(¢) gets close to the boundary and Z(x(¢))
is not large negative, then x (#) moves inside in the normal direction.

We now sketch the proof of Lemma 4.1. This is a higher-dimensional analogue
of results in [Bartsch et al. 2010] for special values of parameters. We follow the
proof there, mainly pointing out the differences, though we do modify it a little to
simplify it in our particular case.

First of all, we need an accurate estimate of H (x, y) when the points x and y are
close to the boundary. Let us introduce some notation. If 7 > 0 is small enough,
we define Q; := {x € Q: dist(x, 9Q) < t}. Let p: Q; — 9 be the projection
onto the boundary, that is, dist(x, 9Q2) = |p(x) — x| and let v, denote the inward
normal at the point p(x) € dQ2. We define x := p(x) — d(x)v,. With (4) in mind,
set

o _ YN
V(x,y):=H(x,y) T

Lemma 4.2. For any T > 0 there exists ¢; > 0 such that
W, P+ VY (x, )] < erdist(x, 82> for x,y € Q..

Proof. This is an easy modification of the proof of [Bartsch et al. 2010, Lemma 2.2],
which is the corresponding result for N = 2. ([

Remark 4.3. This gives a good first term asymptotic expansion for d H (x, x) /v,
near 0€2. This seems likely to have other uses. The motivation for this result is
¥ =0 in the half space case and we expect that locally this is the main approxima-
tion term. Note that we can integrate the gradient estimate to obtain an improved
estimate for v (x, x). This is implicit in the work [Bandle and Flucher 1996].

Proof of Lemma 4.1. As we commented earlier, it suffices to prove the first part. It
obvious suffices to prove that if x = (xy, ..., x¢) is near the outer boundary of QF
and j gives the minimal value in i of dist(x;, d€2), then dZ(x)/dv/, where v/ is
the inward normal derivative in the j-th variable or Z(x) is large negative.

We first note if x; is near 92, Lemma 4.2 implies that

0H (x, x)

_ . . 1-N
wi dist(x;, 0€2) < 07

< —padist(x;, 892)' Y
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near €2, where ©1, up > 0. This is large negative, so we only have to prove
that this dominates terms G (x;, x)/ dv/. This can only be nonzero if i or k is
J and then is bounded unless x; and xj; are close. Thus we only need consider
the case when xj, is close to x;. Since x; is the point closest to 92, we have
(xp — x;, v) < —8 and hence we see that —(V(|x; — x;|>~N), v) is negative or of
smaller order than d H (x, x)/dv at least if |x;, — x;| > w dist(x;, d2). We still have
to estimate d H (x;, x;,)/dv, which to highest order is the inward normal derivative
of |x, — x;|>~V, which is easily seen to be negative. Thus we have the required
result unless |x;, — x;| = o(dist(x;, d€2)). We prove in this case that Z(x) is large
negative. This follows because since G(x, y) > 0, we have

Z(x) < kH(x;, x;) — |xp — x: 2N 4+ H(x;, xp),

which is large negative since it will be dominated by the middle term. U

5. The reduced energy

We can use a well-known procedure to reduce problem (1) to a finite-dimensional
one. It is very similar to arguments in [Bahri et al. 1995; Bartsch et al. 2006; del
Pino et al. 2003] for the critical exponent. The solution to the limit problem (7) has
the same decay rate as in the critical exponent and hence the arguments are almost
identical. In particular, we can follow the argument in [Bartsch et al. 2006]. We
sketch the ideas of the proof to obtain the reduced energy estimate.

Assume

N
N-2

N+2
f(s) =P —(sH? where N P>a>

We consider the unique radial solution to the limit problem

—AU = f(U) inRV,

U=>0 in RV,

)
U—0 as |x| = oo,
U € C3(RM).

For any x € RN and for any € > 0, set
Uer(y) i= U(u) for y € RV,
€

It is clear that U,  solves —GZAUG,X = f(Uc ) in RY. We introduce the projection
PU; ; of U, in H(l)(Q) as the solution to the problem

APU. . =AU., inQ,

APU: =0 on 0%2.
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It is easy to prove that (see (4))
®) PUcx () = Uex(y) = (@ /yn)e" " H(y, x) + O(e")
C'-uniformly with respect to x in compact sets of Q. Here

©) wg = lim U)yN 2
ly|—o00

We look for a solution to (1) as

k
(10) ue(y) := Y PUc, () +e(¥),

i=1

where x := (xq, ..., x;) € QF \ §x and the remainder term ¢, belongs to a suitable
space. We perform a well-known Liapunov—Schmidt reduction and we reduce the
problem to a finite-dimensional one. In particular, we find that u, as in (10) is a
solution to (1), namely a critical point of the functional J : H(l)(Q) — R defined
by

(11) Je(u) ::/(%62|Vu|2+F(u))dx
Q

with F(s) := fos f(o)do, if and only if x is a critical point of the reduced energy

k
(12) Ke(x) = J. (Z PU.,, +¢>€) for x € 2\ §r.
i=1
A standard argument allows to compute the expansion of the reduced energy. For
one peak this is proved in [Dancer and Santra 2010, Lemmas 5.1 and 5.3].
Lemma 5.1. We have
Ke(x) =kce" +be*N 2 Z(x) +0(e*N 72,

C'-uniformly with respect to x in compact subsets of Q¥ \ Fr. Here Z is defined
in (5),

(13) ¢ :_/ (WU —=FU))dy >0
RN

and (see (4) and (9))

(14) = / fW)dy > 0.

are positive constants.
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Remark 5.2. By Lemma 5.1 it follows immediately from the formula for Z(x)
that e VK. (x) is large negative if no x; is close to 92, [x; —x;| > T whenever
i #j,and |x; —x;| =t for some i # j (provided 7 is fixed and small).

Similarly Z(x) can only be large negative on W (see (6)) close to the fat diagonal
and hence K.(x) < c¢; implies x € W is close to the fat diagonal.

References

[Bahri et al. 1995] A. Bahri, Y. Li, and O. Rey, “On a variational problem with lack of compactness:
The topological effect of the critical points at infinity”, Calc. Var. Partial Differential Equations 3:1
(1995), 67-93. MR 98¢:35049 Zbl 0814.35032

[Bandle and Flucher 1996] C. Bandle and M. Flucher, “Harmonic radius and concentration of en-
ergy; hyperbolic radius and Liouville’s equations AU = eV and AU = U (+2)/(n=2)»_ SIAM Rev.
38:2 (1996), 191-238. MR 97b:35046 Zbl 0857.35034

[Bartsch et al. 2006] T. Bartsch, A. M. Micheletti, and A. Pistoia, “On the existence and the profile
of nodal solutions of elliptic equations involving critical growth”, Calc. Var. Partial Differential
Equations 26:3 (2006), 265-282. MR 2007b:35102 Zbl 1104.35009

[Bartsch et al. 2010] T. Bartsch, A. Pistoia, and T. Weth, “N-vortex equilibria for ideal fluids in
bounded planar domains and new nodal solutions of the sinh-Poisson and the Lane—-Emden—Fowler
equations”, Comm. Math. Phys. 297:3 (2010), 653—-686. MR 2011g:35304 Zbl 1195.35250

[Benci and Cerami 1987] V. Benci and G. Cerami, “Positive solutions of some nonlinear elliptic
problems in exterior domains”, Arch. Rational Mech. Anal. 99:4 (1987), 283-300. MR 88f:35014
7Zbl 0635.35036

[Cao et al. 1996] D. Cao, N. E. Dancer, E. S. Noussair, and S. Yan, “On the existence and profile
of multi-peaked solutions to singularly perturbed semilinear Dirichlet problems”, Discrete Contin.
Dynam. Systems 2:2 (1996), 221-236. MR 96m:35095 Zbl 0947.35073

[Clapp et al. 2008] M. Clapp, C. Muiioz, and M. Musso, “Singular limits for the bi-Laplacian oper-
ator with exponential nonlinearity in IR4”, Ann. Inst. H. Poincaré Anal. Non Linéaire 25:5 (2008),
1015-1041. MR 2009h:35093 Zbl 1155.35041

[Cohen 1989] D. E. Cohen, Combinatorial group theory: A topological approach, London Mathe-
matical Society Student Texts 14, Cambridge University Press, Cambridge, 1989. MR 91d:20001
Zbl 0697.20001

[Dancer 1988] E. N. Dancer, “The effect of domain shape on the number of positive solutions
of certain nonlinear equations”, J. Differential Equations 74:1 (1988), 120-156. MR 89h:35256
7Zbl 0662.34025

[Dancer 1990] E. N. Dancer, “The effect of domain shape on the number of positive solutions of
certain nonlinear equations, II”, J. Differential Equations 87:2 (1990), 316-339. MR 91j:35034
Zbl1 0729.35050

[Dancer 1995] E. N. Dancer, “On positive solutions of some singularly perturbed problems where
the nonlinearity changes sign”, Topol. Methods Nonlinear Anal. 5 (1995), 141-175. MR 96i:35037
Zb1 0835.35013

[Dancer and Santra 2010] E. N. Dancer and S. Santra, “Singular perturbed problems in the zero
mass case: Asymptotic behavior of spikes”, Ann. Mat. Pura Appl. (4) 189:2 (2010), 185-225.
MR 2011¢:35187 Zbl 1189.35061



DEFORMATION RETRACTS TO THE FAT DIAGONAL AND APPLICATIONS 77

[Dancer and Wei 1998] E. N. Dancer and J. Wei, “On the effect of domain topology in a singular
perturbation problem”, Topol. Methods Nonlinear Anal. 11:2 (1998), 227-248. MR 2000a:35012
Zbl 0926.35015

[Dancer and Yan 1999a] E. N. Dancer and S. Yan, “A singularly perturbed elliptic problem in
bounded domains with nontrivial topology”, Adv. Differential Equations 4:3 (1999), 347-368.
MR 2000d:35009 Zbl 0947.35075

[Dancer and Yan 1999b] E. N. Dancer and S. Yan, “Effect of the domain geometry on the existence
of multipeak solutions for an elliptic problem”, Topol. Methods Nonlinear Anal. 14:1 (1999), 1-38.
MR 2001b:35106 Zbl 0958.35054

[Dicks and Dunwoody 1989] W. Dicks and M. J. Dunwoody, Groups acting on graphs, Cam-
bridge Studies in Advanced Mathematics 17, Cambridge University Press, 1989. MR 91b:20001
Zbl 0665.20001

[Esposito et al. 2005] P. Esposito, M. Grossi, and A. Pistoia, “On the existence of blowing-up solu-
tions for a mean field equation”, Ann. Inst. H. Poincaré Anal. Non Linéaire 22:2 (2005), 227-257.
MR 2005k:35112 Zbl 1129.35376

[Esposito et al. 2006] P. Esposito, M. Musso, and A. Pistoia, “Concentrating solutions for a pla-
nar elliptic problem involving nonlinearities with large exponent”, J. Differential Equations 227:1
(2006), 29-68. MR 2007£:35085 Zbl 05044045

[Gidas et al. 1979] B. Gidas, W. M. Ni, and L. Nirenberg, “Symmetry and related properties via the
maximum principle”, Comm. Math. Phys. 68:3 (1979), 209-243. MR 80h:35043 Zbl 0425.35020

[Grossi and Pistoia 2000] M. Grossi and A. Pistoia, “On the effect of critical points of distance
function in superlinear elliptic problems”, Adv. Differential Equations 5:10-12 (2000), 1397-1420.
MR 2001j:35111 Zbl 0989.35054

[Li and Nirenberg 1998] Y. Li and L. Nirenberg, “The Dirichlet problem for singularly perturbed
elliptic equations”, Comm. Pure Appl. Math. 51:11-12 (1998), 1445-1490. MR 99g:35014 Zbl
0933.35083

[Ni and Wei 1995] W.-M. Ni and J. Wei, “On the location and profile of spike-layer solutions to
singularly perturbed semilinear Dirichlet problems”, Comm. Pure Appl. Math. 48:7 (1995), 731-
768. MR 96g:35077 Zbl 0838.35009

[del Pino et al. 2000a] M. del Pino, P. L. Felmer, and J. Wei, “Multi-peak solutions for some
singular perturbation problems”, Calc. Var. Partial Differential Equations 10:2 (2000), 119-134.
MR 2001a:35019 Zbl 0974.35041

[del Pino et al. 2000b] M. del Pino, P. L. Felmer, and J. Wei, “On the role of distance function in
some singular perturbation problems”, Comm. Partial Differential Equations 25:1-2 (2000), 155—
177. MR 2000m:35017 Zbl 0949.35054

[del Pino et al. 2003] M. del Pino, P. Felmer, and M. Musso, “Two-bubble solutions in the super-
critical Bahri—Coron’s problem”, Calc. Var. Partial Differential Equations 16:2 (2003), 113-145.
MR 2004a:35079 Zbl 1142.35421

[del Pino et al. 2005] M. del Pino, M. Kowalczyk, and M. Musso, “Singular limits in Liouville-
type equations”, Calc. Var. Partial Differential Equations 24:1 (2005), 47-81. MR 2006h:35089
7Zbl 1088.35067

[Spanier 1966] E. H. Spanier, Algebraic topology, McGraw-Hill, New York, 1966. MR 35 #1007
7Zbl 0145.43303

[Wei 1998] J. Wei, “On the interior spike solutions for some singular perturbation problems”, Proc.
Roy. Soc. Edinburgh Sect. A 128:4 (1998), 849-874. MR 99h:35012 Zbl 0944.35021



78 E. NORMAN DANCER, JONATHAN HILLMAN AND ANGELA PISTOIA

[Whitehead 1978] G. W. Whitehead, Elements of homotopy theory, Graduate Texts in Mathematics
61, Springer, New York, 1978. MR 80b:55001 Zbl 0406.55001

Received April 15, 2011. Revised June 22, 2011.

E. NORMAN DANCER

SCHOOL OF MATHEMATICS AND STATISTICS FO7
UNIVERSITY OF SYDNEY

NSW 2006

AUSTRALIA

normd @maths.usyd.edu.au

JONATHAN HILLMAN

SCHOOL OF MATHEMATICS AND STATISTICS FO7
UNIVERSITY OF SYDNEY

NSW 2006

AUSTRALIA

jonathan.hillman @sydney.edu.au

ANGELA PISTOIA

DIPARTIMENTO DI METODI E MODELLI MATEMATICI
UNIVERSITA DI ROMA “LA SAPIENZA”

VIA ANTONIO SCARPA 16

1-00161 ROME

ITALY

pistoia@dmmm.uniromal.it



PACIFIC JOURNAL OF MATHEMATICS

http://pacificmath.org

Founded in 1951 by

E. F. Beckenbach (1906-1982) and F. Wolf (1904-1989)

Vyjayanthi Chari
Department of Mathematics
University of California
Riverside, CA 92521-0135
chari@math.ucr.edu

Robert Finn
Department of Mathematics
Stanford University
Stanford, CA 94305-2125
finn@math.stanford.edu

Kefeng Liu
Department of Mathematics
University of California
Los Angeles, CA 90095-1555

EDITORS

V. S. Varadarajan (Managing Editor)

Department of Mathematics
University of California
Los Angeles, CA 90095-1555
pacific@math.ucla.edu

Darren Long
Department of Mathematics
University of California
Santa Barbara, CA 93106-3080
long @math.ucsb.edu

Jiang-Hua Lu
Department of Mathematics
The University of Hong Kong
Pokfulam Rd., Hong Kong
jhlu@maths.hku.hk

Alexander Merkurjev
Department of Mathematics
University of California
Los Angeles, CA 90095-1555

Sorin Popa
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
popa@math.ucla.edu

Jie Qing
Department of Mathematics
University of California
Santa Cruz, CA 95064
qing @cats.ucsc.edu

Jonathan Rogawski
Department of Mathematics
University of California
Los Angeles, CA 90095-1555

liu@math.ucla.edu merkurev @math.ucla.edu jonr@math.ucla.edu

PRODUCTION
pacific@math.berkeley.edu

Silvio Levy, Scientific Editor Matthew Cargo, Senior Production Editor

SUPPORTING INSTITUTIONS

ACADEMIA SINICA, TAIPEI STANFORD UNIVERSITY UNIV. OF CALIF., SANTA CRUZ
CALIFORNIA INST. OF TECHNOLOGY UNIV. OF BRITISH COLUMBIA UNIV. OF MONTANA

INST. DE MATEMATICA PURA E APLICADA UNIV. OF CALIFORNIA, BERKELEY UNIV. OF OREGON

KEIO UNIVERSITY UNIV. OF CALIFORNIA, DAVIS UNIV. OF SOUTHERN CALIFORNIA
MATH. SCIENCES RESEARCH INSTITUTE UNIV. OF CALIFORNIA, LOS ANGELES UNIV. OF UTAH

NEW MEXICO STATE UNIV. UNIV. OF CALIFORNIA, RIVERSIDE UNIV. OF WASHINGTON

OREGON STATE UNIV. UNIV. OF CALIFORNIA, SAN DIEGO WASHINGTON STATE UNIVERSITY

UNIV. OF CALIF., SANTA BARBARA

These supporting institutions contribute to the cost of publication of this Journal, but they are not owners or publishers and have no
responsibility for its contents or policies.

See inside back cover or pacificmath.org for submission instructions.

The subscription price for 2012 is US $420/year for the electronic version, and $485/year for print and electronic.

Subscriptions, requests for back issues from the last three years and changes of subscribers address should be sent to Pacific Journal of
Mathematics, P.O. Box 4163, Berkeley, CA 94704-0163, U.S.A. Prior back issues are obtainable from Periodicals Service Company,
11 Main Street, Germantown, NY 12526-5635. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt
MATH, PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and the Science Citation Index.

The Pacific Journal of Mathematics (ISSN 0030-8730) at the University of California, c/o Department of Mathematics, 969 Evans
Hall, Berkeley, CA 94720-3840, is published monthly except July and August. Periodical rate postage paid at Berkeley, CA 94704,
and additional mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O. Box 4163, Berkeley, CA
94704-0163.

PIM peer review and production are managed by EditFLOW™ from Mathematical Sciences Publishers.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS
at the University of California, Berkeley 94720-3840
A NON-PROFIT CORPORATION
Typeset in IATEX
Copyright ©2012 by Pacific Journal of Mathematics


http://pacificmath.org/
mailto:chari@math.ucr.edu
mailto:finn@math.stanford.edu
mailto:liu@math.ucla.edu
mailto:pacific@math.ucla.edu
mailto:long@math.ucsb.edu
mailto:jhlu@maths.hku.hk
mailto:merkurev@math.ucla.edu
mailto:popa@math.ucla.edu
mailto:qing@cats.ucsc.edu
mailto:jonr@math.ucla.edu
mailto:pacific@math.berkeley.edu
http://pacificmath.org/
http://www.periodicals.com/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.emis.de/ZMATH/
http://www.inist.fr/PRODUITS/pascal.php
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://www.isinet.com/products/citation/wos/

Descent for differential Galois theory of difference equations: confluence and
g-dependence
LucIA D1 Vizio and CHARLOTTE HARDOUIN

Modulation and natural valued quiver of an algebra
FANG LI

Willmore hypersurfaces with two distinct principal curvatures in R"+!
ToONGZHU LI

Variational inequality for conditional pressure on a Borel subset
YUAN L1, ERCATI CHEN and WEN-CHIAO CHENG

New homotopy 4-spheres
DANIEL NASH

Combinatorial constructions of three-dimensional small covers
YASUZO NISHIMURA

On a theorem of Paul Yang on negatively pinched bisectional curvature
AERYEONG SEO

Orders of elements in finite quotients of Kleinian groups
PETER B. SHALEN

A new algorithm for finding an l.c.r. set in certain two-sided cells
JIAN-YI SHI

Addendum to the article Superconnections and parallel transport
FLORIN DUMITRESCU

79

105

129

151

165

177

201

211

235

253

0030-8730(201203)256:1;1-A



	
	
	

