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WILLMORE HYPERSURFACES WITH TWO DISTINCT
PRINCIPAL CURVATURES IN R"+!

TONGZHU L1

We classify Willmore hypersurfaces of dimension n > 3 in R"*1 with two dis-
tinct principal curvatures under Méobius transformation group of R"+!. We
also characterize conformally flat Willmore hypersurfaces in R"*! for n > 4
in terms of the hyperelastic curves in two-dimensional real space forms.

1. Introduction

Let f : M" — R"*! be an immersed hypersurface without umbilical point. The
Willmore functional W ( f) is defined by

n

W =( )"/2 | QP —nH? s,

n—1
where Il and H denote, respectively, the second fundamental form and the mean
curvature of f, and dA is the volume element of the induced metric (via f)
on M". It was shown in [Chen 1974; Wang 1998] that the Willmore functional
is invariant under the Mdbius transformation group of R"*!. The critical points
of the functional W (f) are called Willmore hypersurfaces. Recently, the study of
Willmore hypersurfaces has been a topic of increasing interest [Bryant 1984; Guo
et al. 2001; Hertrich-Jeromin 2003; Li 2001; Li 2002; Palmer 1991]. The Euler—
Lagrange equation for Willmore hypersurfaces has been computed in [Wang 1998]
(or it can be found also in [Li 2001]). If n =2, then we have the classical Willmore
surfaces, and the functional W ( f) is equivalent to the classical Willmore functional
W.(f) = f wH 2d A. Willmore himself [1982] conjectured that the minimum of
the functional W, (f) for a topological torus is reached in the conformal class of
the Clifford torus and is 272

Let M?(c) denote a two-dimensional real space form of curvature ¢, and let
y : I — M?(c) be an immersed curve. The one-dimensional version of W, (f) is

Supported by NSFC, grant number 10801006.
MSC2010: primary 51B10, 53A30; secondary 53A55, 53B25, 53B50.
Keywords: Willmore hypersurfaces, conformally flat hypersurfaces, elastic curve.

129



130 TONGZHU LI

defined by
F(y) = /(K2+A)ds,
1

where s and « denote, respectively, the arclength parameter and the oriented cur-
vature of y (s). The critical point of F (y) is called elastic curve. If the constant A
vanishes, the critical point of F(y) is called a free elastic curve.

Bernoulli introduced critical curves as a mathematical model for plane elastic
curves, which were later classified by Euler. There have been extensive studies
of elastic curves [Arroyo et al. 1999; 2003; Barros and Garay 1998; Bryant and
Griffiths 1986; Langer and Singer 1984b; Langer and Singer 1984a]. Hertich-
Jeromin [2003] has given the relationship between elastic curves and Willmore
surfaces (or see [Bryant and Griffiths 1986; Langer and Singer 1984a]).

Theorem 1.1 [Hertrich-Jeromin 2003]. A Willmore channel surface is Mobius
equivalent to either

(1) a cylinder over a free elastic curve in a Euclidean 2-plane,
(2) a cone over a free elastic curve in a 2-sphere, or
(3) a surface of revolution over a free elastic curve in a hyperbolic 2-plane.

A channel hypersurface is the envelope f : I x §"~! — R"*! of a 1-parameter
family of hypersphere in R"*+!. If it envelopes a sphere congruence § : M" — S
with rank(dS) < 1, then f is called a branched channel hypersurface [Hertrich-
Jeromin 2003].

In [Arroyo et al. 2003], the authors have defined free hyperelastic curves (also

called free r-elastic curves), which are a generalization of the classical elastic
curves. The hyperelastic curves are defined as the critical points of the functional

Fr(y)://crds.
¥

They also computed the Euler-Lagrange equation for hyperelastic curves, and have
studied the problem of the existence of closed hyperelastic curves.

In this paper, our purpose is to classify the Willmore hypersurfaces with two
distinct principal curvatures. The main theorem of this paper is as follows.

Theorem 1.2. Let f : M" — R"*! for n > 3 be a Willmore hypersurface with two
distinct principal curvatures. Then f is locally Mobius equivalent to one of the
following hypersurfaces in R

(1) a cylinder over a free n-elastic curve in a Euclidean 2-plane,
(2) a cone over a free n-elastic curve in a 2-sphere,

(3) a rotational hypersurface over a free n-elastic curve in a hyperbolic 2-plane,
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(4) the image of o of the standard torus Sk(J/(n — k)/n) x S"_k(«/k/n) in §"t1

for1 <k <n—1. Here o is the stereographic projection o : S"7'\{(—1, 0)} -
R,

It is a classical result that a hypersurface of dimension n > 3 in space forms has
a principle curvature of multiplicity at least n — 1 everywhere if and only if it is
conformally flat. Cartan [1917] has given a local classification for conformally flat
hypersurfaces in R**!, and proved for n > 4 that f : M" — R"*! is a conformally
flat immersion if and only if f is a branched channel hypersurface. Thus the
following corollary is a higher-dimensional version of Theorem 1.2.

Corollary 1.3. For n > 4, let f : M" — R""! be a conformally flat Willmore
hypersurface without umbilical point. Then f is locally Mobius equivalent to one
of the following hypersurfaces in R+

(1) a cylinder over a free n-elastic curve in a Euclidean 2-plane,

(2) a cone over a free n-elastic curve in a 2-sphere,

(3) a rotational hypersurface over a free n-elastic curve in a hyperbolic 2-plane.
Remark 1.3.1. In fact, Theorem 1.2 gives a classification of Willmore hypersur-
faces with two distinct principal curvatures in space forms. Since the Willmore
functional is conformal invariant, the Willmore hypersurfaces in space forms are

equivalent to each other by conformal diffeomorphisms o ~! and 7; see [Liu et al.
2001]. Let H"*! be the (n+ 1)-dimensional hyperbolic space defined by

H™ = {0, Y15 ooy yur) | =y5 + Y7 44 ypp = =1, 0> 0.

The conformal diffeomorphisms o ~! and 7 are defined by

1—|ul> 2u )

o TR 5 STI((-L0) o7 W) = (1 +ul?” 1+ Jul?

15y .
R AR o e r(y)=(%,%),y=(yo,y)eH"“,

where Sj‘_“ is the hemisphere in $”*! whose the first coordinate is positive.

The paper is organized as follows. In Section 2, we review the elementary facts
about Mdbius geometry for hypersurfaces in R"*!. In Section 3, we present some
examples of Willmore hypersurfaces in terms of the hyperelastic curves in two-
dimensional space forms. In Section 4, we give the proof of Theorem 1.2 and
Corollary 1.3.
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2. Mébius invariants of hypersurfaces in R"+!

Wang [1998] defined Mobius invariants of submanifolds in $”*! and gave a con-
gruence theorem of hypersurfaces in $"*!. Through the inverse stereographic
projection o', we can regard hypersurfaces in R"*! as hypersurfaces in S"*!,
In this section we define Mobius invariants and give a congruence theorem of
hypersurfaces in R"*! in a way similar to [Wang 1998]. See also [Liu et al. 2001].

Let [R{’1’+3 be the Lorentz space, that is, R 13 with the inner product (-, - ) defined
by

(x,y) =—=x0yo+x1y1+ -+ Xpt2Vn+42

for x = (x0, X1, ..., Xpg2) and y = (3o, V1, . . ., Yn42) € RT3,

Let f : M" — R"*! be a hypersurface without umbilical point, and let /7 and
H denote the second fundamental form and the mean curvature of f, respectively.
The Mobius position vector ¥ : M" — |R'f+3 of fis

v p(EUE 12U
=p s

2 2
Theorem 2.1 [Wang 1998]. Two hypersurfaces f, f: M" - R"! are Mébius
equivalent if and only if there exists T € O(n+2,1) suchthatY =YT.

,f), where p? = %(unz—nHz).

It follows immediately from Theorem 2.1 that
g=(dY.dY)=p*df -df
is a Mobius invariant, called the Mobius metric of f; see [Wang 1998].
Let A be the Laplacian with respect to g, we define

N = —lAY — %(AY, AY)Y.
n 2n

Then we have
(Y,Y)=0, (N,Y)=1, (N,N)=0.

Let{E|, ..., E,} bealocal orthonormal basis for g with dual basis {w, ..., ®,},
If we write ¥; = E;(Y), then we have

(Y;,Y)=(Y;, N)=0 and (Y;,Y;)=4;; for 1<i,j=<n.
Let & be the mean curvature sphere of f given by

1+ f)? 1—|f?
= (s gy 1

where e, is the unit normal vector field of f in R"*!. By direct computations,
we have

H—f-en1, Hf+€n+1>,

(6,V)=(§,N)=(,7))=0 and (&) =1



WILLMORE HYPERSURFACES WITH TWO DISTINCT PRINCIPAL CURVATURES 133

Then {Y, N, Y, ..., Y,, &} forms a moving frame in R’fH along M". In this
section we will use the range of indices 1 < i, j, k < n. The structure equations
are given by

dY = Y,-a),-,

dN = A,'ja)l- Yj + C,-a),-é,

in = —A,-ja)jY —a),-N—f—a),-ij +Bija)j§,
dri: = —Cia)iY —wiBinj,

where w;; is the connection form of the Mobius metric g and is defined by the
structure equations dw; = w;; Aw; and w;; +w;; = 0. Here and henceforth we use
Einstein summation on repeated indices.

The tensors

A:A,-.,-a),~®wj, ® =Ciw;, B=B,-.,-a)l~®a)j

are called the Blaschke tensor, the Mobius form and the Mobius second fundamen-
tal form of f, respectively. The covariant derivatives of C;, A;; and B;; are defined
by

(1 Cijwj=dCi+Cjwj,
) Ajj o =dAjj + Ay + Aoy,
€)) Bjj rwx = dBjj + Bjrwyj + Byjwy;.

The integrability conditions for the structure equations are given by

4 Aijr—Ai,j =BixCj — B;;Cy,
) Cij—=Cji=BixAxj — BjxAwi)s  Bijk — Bixj = 8ijCx — du Cj,

(6) Rijki = BixBji — BiiBjx + ik Aji + 81 Aix — 8i1 A jk — 8k Air,s
@) Rij := Rixjx = —BixBij + (tr A)8;; + (n — 2)A;;,
n—1

1
(®) Bi=0, (B;j)’= . WA=A;= ﬂ(1+n2/<),

where R;ji; denote the components of the curvature tensor of g and

1
STeE R

is its normalized Mobius scalar curvature. When n > 3, we know that all coeffi-

cients in the structure equations are determined by {g, B} and we have this:

Theorem 2.2 [Wang 1998]. For n > 3, two hypersurfaces f : M" — R and
f:M" > R"! are Mobius equivalent if and only if there exists a diffeomorphism
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@:M"* — M" that preserves the Mobius metric and the Mobius second fundamental
form.
The Mobius invariants and Euclidean invariants are related [Liu et al. 2001]:
Bij=p~ ' (hij — H8ij),
Ci = —p*(ei(H) + (hij — H5;j)e;(10g p)),
Aij =—p~*(hess;;(log p) — e; (log p)e;(log p) — Hh;;)
—3p 2 (IVlogp|* + H)3,

€)

where hess;; and V denote, respectively, the Hessian matrix and the gradient with
respectto I =df -df. Then

®=pCib;, A=p’A;j0;®0;, B=p’Bij6;Q0;.

The eigenvalues of (B;;) are called the M&bius principal curvatures of f. Clearly
the number of distinct Mobius principal curvatures is the same as that of its dis-
tinct Euclidean principal curvatures. Let {ki, ..., k,} be the principal curvatures
of f,and {Aq,...,A,} the corresponding Mdobius principal curvatures. Then the
curvature sphere of principal curvature k; is

L+ /P L-1fP

E=MY+E= ( Zf ki+ f-eny1, 2f ki — f‘en+l7kif+en+l>-

If (§,,(1,—-1,0,...,0)) =0, then k; = 0. This means that the curvature sphere of

principal curvature k; is a hyperplane in R+
The second covariant derivative of B;; is defined by

Bjj xiw; = dBjj x + Bjjxwii + Bipkwij + Bijiwik.
We have the Ricci identities
Bijxi — Bijik = BmjRmiki + Bim Rmjki-

The generalized Willmore functional W(f) is the volume functional of the
Mobius metric g given by

W(f) =/ p"dA = VNolg(M).
See [Guo et al. 2001; Wang 1998]. A critical point of the Willmore functional is
called a Willmore hypersurface.

Theorem 2.3. [Wang 1998] A hypersurface f : M" — R"*! is a Willmore hyper-
surface if and only if

Bjjij+ BijBjxBii + BijA;; = 0.
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Using (5) we have
Bij,j = —(n - 1)C,
Thus the Euler—Lagrange equation is

(10) —(n—=1)C;; + B;jBjBii + BijA;j =0.

3. Some examples of Willmore hypersurfaces in R"+1

Let M?(c) denote a two-dimensional real space form of curvature ¢, and suppose
y I — M?*(c)is a regular curve. For a fixed natural number r, the authors of
[Arroyo et al. 2003] have defined the functional

F'(y) :/Krds,
y

where s, k are the arclength parameter, the oriented curvature of y, respectively.
Critical points of F"(y) are called free r-hyperelastic curves. They also com-
puted the Euler—Lagrange equation for free r-hyperelastic curves. Under suitable
boundary conditions, y is a free r-hyperelastic curve if and only if the following
Euler-Lagrange equation holds:

4 2
(11) r(r—l)Kr_3<KKss+(l’—2)K52+KT-i-CrK_l) —0.

If r =2, this equation reduces to the classical Euler-Lagrange equation for elastica
in two-dimensional space forms. In this section we will construct some Willmore
hypersurfaces in R"*! by free n-elastic curves in space forms.

Example 3.0.1. Let y : / — R? be a regular curve, and s denote the arclength
of y(s). we define hypersurface in R*+!

Fs, ) =),y I xR = R

where y : R"~! — R"~! is the identity map. Clearly the hypersurface f is a cylinder
over the curve y (s) in Euclidean plane R2.

Theorem 3.1. The cylinder f = (y(s), ) : I x R"~! — R"*! as in Example 3.0.1
is a Willmore hypersurface if and only if y (s) is a free n-elastic curve in R?.

Proof. The first fundamental form / and the second fundamental form /I of the
hypersurface f are

I =ds®>+ I and I = kds?,

where « is the oriented curvature of y, and Ip.-1 is the standard Euclidean metric
of R*~1,
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Let {e; = d/0s, ez, ..., e,} be an orthonormal basis of T (I x R"~2) with dual
basis {wy, ..., w,}, which consists of principal vectors, and {w;;} connection forms
with respect to the basis {wy, ..., ®,}. Since I x R"2isa product manifold, we
have

w;; =0 for 2<i<n.

Under the orthonormal basis {ej, es, ..., e,}, the coefficients of the second fun-
damental form of the hypersurface f have the diagonal form

(hi;) = diag(x, 0, ..., 0).

We assume that the hypersurface f is umbilic-free; locally let ¥ > 0, so that p =«.
Then the Mobius metric g of the hypersurface f is

g = p2I = Kz(dS2 + IRn—l).

We write k; = dk/ds. Since {p~'ey,..., p"'e,} is an orthonormal basis with

respective to g, the coefficients of Mdbius invariants of f with respect to the or-
thonormal basis can be obtained from (9) as follows:

1

1

Cl=—e1() =5k, Cr=r+=C,=0;
o/m—1 —1 -1
(12) (Bij)zdlag<—,—,...,—>,
n n n
(Ajj) =diag(ay, a2, ..., az),
where
Kss 3 (k)2 2n—1 q lsz W
ag=——+-———4+—+— and ar)=—5 —
! k3 2 k4 2n? 2 2\ k4 n?
Using (1) and (12), we get that
_ 2 2
(13)  Ci1= '(3” 2@ and C;; =—C}= —@ for 2 <i <n.
K K K
From (12) and (13), we have
(n—1)? 2 k*
(14) == DCiy + By BBy + By Aij = (1o + (0 =22 + )
From (10), (11) and (14), we finish the proof of Theorem 3.1. O

Example 3.1.1. Let y : I — S?(1) C R? be a regular curve, and s denote the
arclength of y (s). We define a hypersurface in R"*! by

flsot,y)=(@y(s), y): I xRT x R*™2 — R,

where y : R"2 — R"2 is the identity map and R = {r | r > 0}. We call the
hypersurface f a cone over the curve y (s) in a 2-sphere.
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Theorem 3.2. The cone f=(ty(s), y):I xRt xR""2 — R"*! a5 in Example 3.1.1
is a Willmore hypersurface if and only if y (s) is a free n-elastic curve in a 2-sphere.

Proof. The first fundamental form / and the second fundamental form /I of the
hypersurface f are, respectively,

I =1%ds®> + Igi—1 and I = tkds?,

where « is the oriented curvature of y, and Ip.-1 is the standard Euclidean met-

ric of R"~1. Let {e; = t_la/as, ey = 0/0t, ..., ey} be an orthonormal basis of
T (I xRt xR"~?) with dual basis {wy, . .., ®,}, which consists of principal vectors.
Let {w;;} be connection forms with respect to the basis {w1, @y, ..., w,}. Then

w;=0 for3<i<n and wp=ey(logt k).

Under the orthonormal basis {ej, e, ..., e,}, the coefficients of the second fun-
damental form of the hypersurface f have the diagonal form

(hij) = diag(t ™'k, 0, ..., 0).
We assume that the hypersurface f is umbilic-free; locally let x > 0, so that p =« /1.
Thus the Mobius metric g of the hypersurface f is
2
g=pl = %(rzdsz + Ipnot) = k2(ds? + Ln-r),
where Ig.—1 is the standard hyperbolic metric of

R ={(t, y2, ..., yue1) [ > 0} = RT x R"™2.

Since {p~ ey, ..., p~le,} is an orthonormal basis with respect to g, the coef-

ficients of Mobius invariants of f with respect to the orthonormal basis can be
obtained as follows using (9):

! 1
Cl:——zel(K):——2Ks, C2::Cn:0,
K K
(l])—dlag n ) n,-.., n ,
(A;j) = diag(ay, az, ..., a2),
where
T Y S V(LS
1= K3 2 k4 2k2 2 2= 2\ a2t 3)

Using (1) and (15), we get that

2 2
16 Cri=- 12" wg =i =-Y L for2<i<n
K K K
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From (15) and (16), we have

(17) —(m—1DC;;+ B;ijBji By + BjjA;j

(n—1)>? ’ K K2
= 2 (KKSS +(n =2k +—+ )
nK n n—1
From (10), (11) and (17), we finish the proof of Theorem 3.2. O

Example 3.2.1. Let R3 = {(x;, x2) € R? | x2 > 0}. Let y = (x1,x2) : [ — R% be
a regular curve, and denote by s the arclength of y(s). We define a hypersurface
in R"*! by

FilxS" PSR (x1,x2,0) > (x1, x20),

where 6 : §"~! — R" is a standard immersion of a round sphere. Clearly the
hypersurface f is a rotational hypersurface over the curve y (s).

Theorem 3.3 [Arroyo et al. 2003]. The rotational hypersurface f = (x1, x20) :
I x S"~1' — R"! as in Example 3.2.1 is a Willmore hypersurface if and only
if y(s) is a free n-elastic curve in the Poincare half plane [R?|r endowed with the
hyperbolic metric ds? = x2_2(dx1 ~dx1+dxy-dxy).

For n = 2, the theorem was proved in [Langer and Singer 1984a], and it was
proved for all other n in [Arroyo et al. 2003]. We will prove it using Mobius
invariants.

Proof of Theorem 3.3. Let IR? be the Lorentzian space with the inner product
(u,u) = —u% —i—u% —i—u%, where u = (uy, u, usz).

Let H> = {u € R? (u,u) = —1,u; > 0} be hyperbolic space. We define the
isometric diffeomorphism

T4+x24x2 1—x2—42
¢:R — H?, (Xl,xz)l—>< —— ! 2,ﬂ)-
2x2 2x; X2

Let o = (x{(s), x5(s)) and B = (y1, y2) be the unit tangent vector field and the
normal vector field of the curve y in R2, respectively. For the curve ¢ (y(s)) in
hyperbolic space H?, ¢.(«) and ¢, (B) are, respectively, the unit tangent vector
field and the normal vector field of the curve ¢ (y). Then

@ () = du(@),
(13) (@) =@ (¥ (5) +Kkd:(B),
(9(B)) = —Kk (),

where (¢ (y (s))) denotes d/ds(¢(y (s))), and k denotes the oriented curvature of
the curve ¢ (y (s)).
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The unit normal vector field of the hypersurface f in R"*!is & = X5 I Vi, Y20).
Thus the first fundamental form of the hypersurface f in R**! is

[ =df -df =x3(ds* + Ign1),

where .1 is the standard metric of $"~! and the second fundamental form of the
hypersurface f in R"*! is

II = (xok — yz)ds2 —yoln-1.

The principal curvatures of the hypersurface f in R"*! are

kK = —»n -2
(19) [£4+22 =2 =22
X2 x2 )C2 x2

Assume that the hypersurface f is umbilic-free; locally let k > 0, so that p =« /x5.
Thus the Mobius metric of f is

g= pzl =K2(dS2+Isn—l),

and Mobius position vector of f is

2 14 x24x2 1—x2—x2
Y=K—2( L2 L 2,x1,x29)
x5 2 2
2

K ui 17%) us 1

=5 ) ) )
x%<u1+uz uyp+uy up+uy uitu )

= k% (uy 4 u2) (ur, up, u3, 0).

From (18) and (19), we can obtain the coefficients of Mobius invariants of f under
a local orthonormal basis for g as follows:

CIZ_KS/KZ’ C2:"': I’l:O;
. n—1 —1 —1
(20) (Bl]) = dlag(—, Ty e, —),
n n n
(A;;) =diag(ay, ay, ..., az),
where
_ ke S 1 21 a__l<<'<s)2_i 1)
1= 03 T2 2ic2 2n? 2= U k2 n2/)

Using (1) and (20), we get that

2 2
ey ci=- 2% g ==Y fr2<i<n
K K K
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From (20) and (21), we have
(22) —(m—1C,; + BijBji By + BijA;j

_1)2 4 2
:(n 4) (KKSS+(H—2)KSZ+K—— £ )
nK n

n—1
From (10), (11) and (22), we finish the proof of Theorem 3.3. U

4. The proof of Theorem 1.2

Lemma 4.1 [Kobayashi and Nomizu 1963]. Let (M", g) be a Riemannian mani-
fold, g another Riemannian metric on M" such that g = p>g, where p is a positive
smooth function on M". Let {ey, ..., e,} be a local orthonormal basis for g with
dual basis {w1, ..., w,}, and {w;;} be the connection forms with respect to the
basis {1, ..., w,). Then {é1 = p~lei, ..., e, = p~le,} is a local orthonormal
basis for g, and {®) = pw, . .., 0, = pwy} is the dual basis.

If {w;;} are the connection forms with respect to the basis {®y, ..., ®,}, then

w;j =wjj +e(logp)wj—ej(logp)w; for 1=<i,j<n.

For n > 3, let f : M" — R"*! be a Willmore hypersurface with two distinct
principal curvatures. We denote by b; and b, the Mobius principal curvatures, with
multiplicity k and n — k, respectively. Using (8), we get

p= L= DO=b = L [ DR
n k n n—=k

First we assume that the multiplicities of two principal curvatures are greater
than one. We can choose a local orthonormal basis {Eq, ..., E,} with respect to
the Mobius metric g of f such that

(B;j) =diag(by, ..., b1, b2, ..., b).
Using d B;; + Bijwyi + Bjrwyj = Bij rwk, we obtain that
23) Bij;=0 for 1<i,j<kand1<I[<n;
By =0 fork+1<a,B<nandl<[=<n.

Since the multiplicities of two principal curvatures are each greater than 1, from
(23) we have

Cj:Bii,j_Bij,izo for 1 <i,j<kandi #j,
Co=Bggoa—Baupp=0 for k+1=<a,f <nanda#p.

Thus the Mobius form @ vanishes, so f is a Mobius isoparametric hypersurface. In
[Li et al. 2002], the authors classified such hypersurfaces with two distinct principal
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curvatures in S"*!. Using the inverse of the stereographic projection o : R"*+! —
§"+1, we have this:

Proposition 4.2 [Li et al. 2002]. Forn >4, let f : M" — Rt be an immersed
hypersurface with two distinct principal curvatures. If the multiplicities of two
principal curvatures are greater than 1, then f is Mobius equivalent to an open
part of one of the following Mébius isoparametric hypersurfaces in R"1:

(1) the image under o of the standard torus S*(r) x S**(~/1—r2) in S**! for
l<k<n-—1,

(2) the standard cylinder S*(1) x R"* c R"*! for 1 <k <n—1, or

(3) the image of o ot of S(r) x H" X (/1 4+7r2) in H** for 1 <k <n—1. Here
o and T are defined in Remark 1.3.1.

Therefore we have the following results (or see [Guo et al. 2001]).

Proposition 4.3. Forn > 4, let f : M" — R"*! be a Willmore hypersurface with
two distinct principal curvatures. If the multiplicity of two principal curvatures are

greater than 1, then f is Mobius equivalent to an open part of the image of o of
the standard torus S*((n —k)/n) x S"*(k/n) in "' for 1 <k <n—1.

Next we assume that one of principal curvatures is simple, and {ky, kp, ..., k>}
are the principal curvatures. We can choose a local orthonormal basis {E, ..., E,}
with respect to the Mobius metric g such that (B;;) =diag(A, u, ..., u). From (8),
we can assume that

. (n—1 —1 —1
(Bij):dlag( n ,7,...,7).

In this section we make fix the range of indices according to the convention

1<i,j,k<n and 2<a,B,y <n.

Since Byg =n"18,p, we can choose another local orthonormal basis {E, ..., E,}
with respect to the Mobius metric g such that

Al A Az -0 Ay,

Ay a 0 --- O
(B,-j)=diag<n—_1,_—1,...,_—1) and (A;j) = As; 0 a3 --- O
n n n . . . . .
Ayg 0 0 -+ gy
Let {wy, ..., w,} be the dual basis, and {w;;} the connection forms.

Lemma 4.4. Forn >3, let f : M" — R"*! be a Willmore hypersurface. If f has
two distinct principal curvatures, and one of the principal curvatures is simple,
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then we can choose a local orthonormal basis {Ey, ..., E,} with respect to the
Mobius metric g such that
. n—1 —1 —1 .
(By) =diag("——, —..... =), (Ay) =diagar, . ..., a),
n n n
Cr==Cy=0, Rigia—C1,1+Ci=0,

Biaou=—C1.Coua=—Ci. Cop=0. a#p.
Moreover, the distribution span{E,, ..., E,} is integrable.
Proof of Lemma 4.4. Using dBij + Bkjwk,- + Bika)kj = B,'j,ka)k and (5), we get
Bla,oz = —Cl, otherwise Bij,k =0;
(24)
a)la = _Cla)()l’ Ca == 0.

Thus dw; = 0 and the distribution span{E», ..., E,} is integrable.
Using dC; 4+ Crwy; = C; rwy and (24), we can obtain

(25) Coo=—C} Cour=0 for a#k.
From (24),
dwiy = —dCi Awy — Crdwy = —dCi Awy — Cio) Awy — Cl1o, A wyg,
and from dwiy — w1 ANwjq = —%Rlaklwk A wy, we get that
(26) Rigia =C11—C7, Rigpa —Ci1.p=0.

Since Riyie = —(n — 1)/n2 +ar+aq,=Ci 1 — C12 and Riqpy = A1p for o # B;
thus we have

27 am=a3=---=a, and A;g=Cipg.

Now we assume that f is a Willmore hypersurface, using (10), that is,
—(n—1DC;; +bl~3 +bja; =0,

and (25) and (26), we get that

ai—ay=nCy;—nn— 1)C12— n;2’
ai+a=Cy —Clz—l-nn;zl.
Thus we have
n+1 n>—n+1 n?>—3n+1
ay = Ci1— C12 >
n—1 n2—n—1 2 n2—n—1
a) = — Ci (Oh
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Using d Agpg + Arpia + Aakwrg = Agp ki and Cy, = 0 we get that
E,B(GZ) = Aaa,ﬁ = Aaﬁ,a = —Alﬂcl for o 75 ,3,

(29) Aaﬂ,l =0 and Aaﬂ,y =0 fora#B, B#v, a#v,

Ci Ci
Ei(a2) = Aqe,1 = Apg1s Alag = Aga,1 — = App1— = Alp.p-

Similarly we have

Algk = Ex(A1e) + A1pwpe (Ey)  for k #a,

(30)

Atga = Eq(A1e) — (a1 —a2)C1 + A1pwpa(Eq),
and
a1 Clak = Ex(C1o) + C1 gwge(Ey)  for k # a,

Claa = E¢(C1,0) = (C1,1 = Co,0)C1 + C1 gwpa (Ey),
Since A1y = C1 o, from (30) and (31) we get
(32) Algk =Crak for k#a and Cjgs=A1ap=0 for a#p.
From (28), (29), (32) and dCj 1 + Cr.1wk1 + Ci1 xwi1 = Ci.1xwr We get that
Cile = Ale,1 = 2n—1)C1 o C.

From (29) and d A 14,8 4 Aka, p®k1 + Ak, p0ka + Ala, k@i = Ala,gkwk We get that
(33) Alg,p1 =0 for o # B.
Similarly we have
(34) Ajg1p=—2n—1)C14Cyp for a #pB.
Using (33), (34) and the Ricci identity we get that

—(2n —1)C1,4C1. = A1a,18 — Ata.pt = A1pRpa1g = —A18A16 = —C1,4C1 8.

Thus there exist at least n — 2 coefficients in {C; 4} such that C;, = 0. If there
exists a Cp 4 # 0, we can assume that

Cip#0,Ci3=---=C1, =0.

Thus
Ap#0,A13=---=A1,=0.

From d Ay + Arawk1 + A1k Wke = Alg k@i, We have

Atk = Ex(A1e) + (a1 — a2)wio (Ex) + Apwae (Er),

(35)
Alge =—(a1 —a2)C1 + Appwag (Ey)  for a #2.
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From (24), (29) and (35) we get that

o (E1) =0, wx(E) =0 and wy(Eg) =0 for a#p.
Thus we assume that
(36) wry = Yw, for a #2,

where 1 is local function on M".
From (24) and (36) we obtain

[E1, E2] = CEs.
Using (24), (36) and dwsy — wom A @ke = —3 Ragkiwx A @ we derive that
(37) E\)=¢Ci—An and Ex(¥) = —y° — C} — Ragae.
From (29) and (35), we derive that
(38) Ex(Ann)=Any, Ei(An)=Ani1=An2=QC2n—-1)CiCy.
From (30), (38) and [E|, E>](A12) = C1 A1z, we get that

—2nC12’2 =0.
This is a contradiction, so
Cio=Ci3=---=C;,=0
and
Ap=A3=-=An=0.

From (29) and (30) we get that

1
(39 Ei@) = A= (@—ar+ )01 and Eg(@) = Eq(a) =0.

From (24), (25), (26) and (27), we finish the proof of Lemma 4.4. U

Now we choose the local orthonormal basis {Ey, ..., E,} as in Lemma 4.4,
which consists of principal vectors. Then {Y, N, Y1, ..., Y,, &} forms a moving
frame in R’f+3 along M". We define

F:—%Y+$, X =-CY -7, P:—a2Y+N+C1X1+%F.

Clearly F is the curvature sphere of principal curvature k, of multiplicity n — 1.
Let K =2a + Cl2 +1/n?. By direct computations, we have

(F, X1) =0, (F, P)=0, (X;,P)=0,

(40)
(F,F)= (X1, X1)=1, (P,P)=-K.
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From Lemma 4.4, (39) and the structure equations of f we derive that
E\(F) = X1, Ey(F) =0,

(41) Ei(X1)=P—F, Eq(X1) =0,
E\(P)=CiP+KX, E4P)=0.

Thus subspace V = span{F, X, P} is fixed along M". From (39) we get that

(42) E\(K)=2C|K and E4(K)=0.

Using theory of linear first order differential equations for K, formula (42) implies

that K =0 or K # 0 on an open subset U C M". Therefore we have to consider

three cases that K = 0 on M", that K < 0 on M", and that K > 0 on M".
Theorem 1.2 is proved in the next three propositions, one for each case.

Proposition 4.5. Forn >3, let f : M" — R"*! be a Willmore hypersurface with
two distinct principal curvatures, of which one is simple. Under the local orthonor-
mal basis {E, ..., E,}, if K =2a, + C12 + 1/n2 =0, then f is Mobius equivalent
to a cylinder over a free n-elastic curve in a Euclidean 2-plane.

Proof. Since K = 0, we have (P, P) = 0. From (41), we know that P is of fixed
direction. From (40), up to a Mdbius transformation we can write

P=v(,-1,0,...,0) for veC®WU),
V =span{F, X, P}
=span{(1, -1,0,...,0),(0,0,1,0,...,0),(0,0,0,1,0,...,0)}
=R3.
Since f: M" — R*t! has principal curvatures (kq, k3, ..., k2) and
(P, F)y={(1,-1,0,...,0), F)=0 and (X;, P)=0,
we have
(43) ky=0 and Cip+E(p)=0, thatis, E{(logp)=—Cj.
From definition of F, X| and P, we get that Y, L V; thus (P, Yy) =0, and
(44) Ey(p) =0, thatis, E,(logp)=0.

Let{e; =pE;, 1 <i <n};then{ey, ..., e,}isalocal orthonormal basis with respect
to the first fundamental form df -df. Let {@1, ..., @,} be the dual basis and {@;;}
connection forms with respect to the basis {®1, ..., @,}. Then from Lemma 4.1,
(24), (43) and (44) we get

@14 =0.
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Therefore hypersurface f : M" — R"*! is Mobius equivalent to the hypersurface
given by Example 3.0.1. Since f is a Willmore hypersurface, from Theorem 3.1
we finish the proof. (]

Proposition 4.6. Forn > 3, let f : M" — R"*! be a Willmore hypersurface with
two distinct principal curvatures, one of which is simple. Under the local orthonor-
mal basis {E, ..., E,}, if K =2a, + C12 + 1/n2 < 0, then f is Mobius equivalent
to a cone over a free n-elastic curve in a 2-sphere.

Proof. Since K < 0, we know (P, P) is positive. From (40), up to a Mobius
transformation we can write

V =span{F, X, P}
= span{(0,0, 1,0, ...,0),(0,0,0,1,0,...,0),(0,0,0,0,1,0,...,0)}

=R>.
Thus
e=(1,-1,0,...,0) L V.
Since f: M" — R+ has principal curvatures (ky, k2, ..., kp) and
(e, F) = (e, X1) =0,
we have

(45) k=0 and Cip+ Ei(p)=0, thatis, Ei(logp)=—C;.

Setting
1 = P T
T=—aY—-N+CY;—-& P=—, 0=—vwr0F0
a 11 nS = =
we have
(P,P)=1, (0,0)=—1,
(46)

6 LV=R} (0,Y,)=0 for6eR".

From Lemma 4.4, (39), (41) and the structure equations of f, we derive that
47 E\(0)=0 and E,(0)=+—KY,.

Since P+ T = —KY, we have

Y = \/+_K(F, 0) e R =R’ x RY.
Since the distribution span{E», ..., E,} is integrable from (41), (46) and (47), the
map Y factors through a conformal diffeomorphism 6 from the space of leaves V
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of this foliation to H"~'. Thus
P:1—S*CR’ and 6:H"'— R}

From (9), we get ,02 = k%. Since k, =0, we may assume that k; > 0, and p = k;.
Using Lemma 4.1, (9) and (45), the M&bius metric of f is

g=1(dY,dY) =k} (ds> 4 Iyn-).

and under the local orthonormal basis {Eq, ..., E,}, the Mobius second funda-
mental form of f is

. (n—1 —1 —1
(B,J)_dlag< n ,7,...,7).

From Theorem 2.2, we know that the hypersurface f : M" — R"*! is Mobius
equivalent to the hypersurface given by Example 3.1.1. Since f is a Willmore
hypersurface, the claim follows from Theorem 3.2. ]

Proposition 4.7. Forn >3, let f : M" — R"*! be a Willmore hypersurface with
two distinct principal curvatures, on which is simple. Under the local orthonormal
basis {E1, ..., E,}, if K =2a,+ C12 + l/n2 > 0, then f is Mobius equivalent to a
rotational hypersurface over a free n-elastic curve in a hyperbolic 2-plane.

Proof. Since K > 0, we know (P, P) is negative. From (40), up to a Mobius
transformation we can write

V =span{F, X, P}
=span{(1,0,...,0),(0,1,0,...,0),(0,0,1,0,...,0)}
=R

Thus e = (1, —-1,0,...,0) € V, and from (e, Y,) = 0 we get that

Eq(p) =0.
setting
T=—a2Y—N—|—C1Y1—%§, P=\/%, 9:%.
Then
(P,Py=—1, (0,6)=1,
(48)

0 LV=R, (0Y)=0 6cR"
From Lemma 4.4, (39), (41) and the structure equations of f we derive that

(49) E1(0)=0 and E,@0)=—vVKY,.
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Since P+ T = —KY, we have
Y = ﬁ(ﬁ, 0) e R =R} x R".

Since the distribution span{E», ..., E,} is integrable from (41), (48) and (49), the
map Y factors through a conformal diffeomorphism 6 from the space of leaves V
of this foliation to S"~!. Thus

P:1— H*CR] and 6:5"'—R"
Write P = (uy, us, u3) € H%; then

uyp+us uy up us3 1
Y= < 9 9 9 9)'
—vK Nui+ux uy+uy uyptuy urtuz

Then the hypersurface f: I x §"~! — R"*! is

us3 1
f= ( , 9).
up+uy urtun
Using ¢! : H> — R?, we know that the hypersurface f : M" — R""! is Mobius

equivalent to the hypersurface given by Example 3.2.1. Since f is a Willmore
hypersurface, the claim follows from Theorem 3.3. ([

Theorem 1.2 follows from Propositions 4.5, 4.6 and 4.7. U

If the hypersurface f : M" — R"*! with n > 4 and without umbilical point
is conformally flat, then f has two distinct principal curvatures, one of which is
simple. Therefore Corollary 1.3 is proved by Theorem 1.2.

Remark. The circle S!(\/(n — 1)/n) with radius /(n — 1)/n is a closed free n-

elastic curve with constant oriented curvature in the Poincare half plane Ri. The
rotational hypersurface over the circle S'(/(n — 1)/n) is the image of o of the

standard torus S'(y/(n — 1)/n) x S"~1(/T/n).
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