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We prove that the Halperin—Carlsson conjecture holds for any free (Z,)"-
action on a compact manifold whose orbit space is a small cover.

1. Introduction

For any prime p, let Z, denote the quotient group Z/pZ, and § ! the circle group.

The Halperin—Carlsson Conjecture. If G = (Z,)" or (S Y can act freely on a
finite CW-complex X, then, respectively,

oo oo
Y dimg, H'(X,Z,) 22" or ) dimg H'(X, Q@) >2".
i=0 i=0

This was proposed by Halperin [1985] for the torus case and by Carlsson [1986]
for the Z,-torus case. It is also called the foral rank conjecture in some papers.

At first this conjecture mainly took the form of whether a free (Z,)" -action on
a product of spheres "' x - -- x §™ implies m < k. Many authors have studied this
intriguing conjecture in its various aspects [Conner 1957; Carlsson 1982; Adem
1987; Adem and Browder 1988; Adem and Benson 1998; Hanke 2009]. For a
survey of results on the topic, see [Adem 2004; Allday and Puppe 1993]. The
general case is still open for any prime p.

For general finite CW-complexes, the conjecture was proved in [Puppe 2009]
for m < 3 in the torus and Z,-torus cases and m < 2 in the odd Z,-torus case.
Also we have the following result, achieved independently, which confirmed the
Halperin—Carlsson conjecture for some special Z,-torus actions on real moment-
angle complexes:
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Theorem 1.1 [Cao and Lii 2009; Ustinovskii 2011]. Let K"~! be an (n — 1)-
dimensional simplicial complex on the vertex set [d]. Then the real moment-angle
complex R¥ gn1 over K"~! must satisfy Y., dimz, H' (R¥ gn-1, Z2) > 297", In
particular, if P" is an n-dimensional simple convex polytope with d facets, then the
real moment-angle manifold R% p» must satisfy ), dimz, H {(R%pn, Z,) > 247",

Remark 1.2. Stronger results were obtained in [Cao and Lii 2009] and [Usti-
novskii 2011]; for example, Theorem 1.1 holds even if the Z,-coefficients are
replaced by rational coefficients.

Remark 1.3. There is a purely algebraic analogue of the Halperin—Carlsson con-
jecture, which was proposed in [Carlsson 1986] in the context of commutative
algebras. Some related results were obtained in [Carlsson 1987].

Here we only study the conjecture for G = (Z)™ and X a closed manifold. We
use the following conventions:

o we treat (Z,)™ as an additive group;
¢ all manifolds and submanifolds are smooth;

» we do not distinguish between an embedded submanifold and its image.

Suppose that (Z;)™ acts freely and smoothly on a closed n-manifold M". Let
Q" = M"/(Z,)™ be the orbit space. Then Q" is a closed n-manifold too. Let r :
M"™ — Q" be the orbit map. We can think of M" either as a principal (Z,)™-bundle
over Q" or as a regular covering over Q" whose deck transformation group is (Z,)™.
In algebraic topology, we have a standard way to recover M" from Q", using the
universal covering space of Q" and the monodromy of the covering [Hatcher 2002].
However, it is not so easy for us to visualize the total space of the covering with this
approach. In [Yu 2012], a new way of constructing principal (Z,)™-bundles over
closed manifolds is introduced, which allows us to visualize this kind of object
more easily.

Indeed, it is shown in [Yu 2012] that & : M" — Q" determines a (Z,)"™-coloring
A on a nice manifold with corners V" (called a Z,-core of Q™"), and up to equi-
variant homeomorphism, we can recover M" by a standard glue-back construction
from V" and A,. Using this new language, we prove the following theorem, which
supports the Halperin—Carlsson conjecture.

Theorem 1.4. Suppose that (Z,)™ acts freely on a closed n-manifold M" whose
orbit space is homeomorphic to a small cover; then

(1) > dimg, H' (M", Z,) > 2™,

1

Recall that an n-dimensional small cover is a closed n-manifold with a locally
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standard (Z,)"-action whose orbit space can be identified with an n-dimensional
simple convex polytope [Davis and Januszkiewicz 1991].

Given an arbitrary n-dimensional simple convex polytope P", there may not
exist any small cover over P". But we can always define a closed manifold R%¥ p»
associated to P" called a real moment-angle manifold [Davis and Januszkiewicz
1991, Construction 4.1]. Let &(P") = {Fy, ..., F,} be the set of facets of P”,
and let {eq, ..., e,} be a basis of (Z,)". For 1 <i < r, we define a function
A L F(P") — (Z3)" by

2 A(Fy) = e;.

For any proper face f of P", let Gy denote the subgroup of (Z>)" generated by
the set {A\*(F;) | f C F;}. The real moment-angle manifold R¥ p» of P" is defined
to be the quotient space

3) R pr := P" x (Z2)' ] ~,

where (p, g§) ~ (p/, g') if and only if p = p’ and g~ '¢’ € G f(;,), with f(p) being
the unique face of P" that contains p in its relative interior. Let [(p, g)] denote
the equivalence class of (p, g) in R¥ p». There is a canonical action of (Z,)" on
R% pr by

g [(p. 1=1(p, g + 91

for all p € P" and g, g’ € (Z»)". This (Z;)"-action on R% p» is not free. But a
subgroup N C (Z;)" might act freely on R% p» through the canonical action. In that
case, the quotient space R¥ p» /N is called a partial quotient of R¥ p» [Buchstaber
and Panov 2002, Section 7.5]. Also, if there is another subgroup N of (Z,)" with
N O N, and N also acts freely on R% p» through the canonical action, we get an
induced free action of N /N on R%p-/N whose orbit space is R%¥ pr/ N. By abuse
of terminology, we also call this (ﬁ /N)-action on R¥ p» /N canonical.

It is known that any small cover over P" (if it exists) is a partial quotient of R% p»
by a rank (r — n) subgroup of (Z,)" [Buchstaber and Panov 2002, Section 7.5].
Proposition 1.5. Suppose that Q" is a small cover over a simple convex polytope
P" of dimension n, and that M" is a principal (Z)"-bundle over Q". If M" is
connected, then there exists a subgroup N of (Z;)", where r is the number of facets
of P", such that M" is equivalent to the partial quotient R¥pr/N as principal
(Z»)™-bundles over Q".

Recall that two principal (Z2)"-bundles M} and M7 over a space Q" are called
equivalent if there are a homeomorphism f : M{ — M and a group automorphism
o : (Zy)™ — (Z»)™ such that

e f(g-x)=0(g) f(x)forall g € (Z)" and x € M}, and

« f induces the identity map on the orbit space.
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Under these conditions, we also say that the free (Z;)™-actions on M} and M} are
equivalent.

This paper is organized as follows. In Section 2, we review how to construct
principal (Z;)™-bundles over a manifold from the classical theory of fiber bundles
and from the glue-back construction introduced in [Yu 2012]. We compare these
two constructions, using them to prove several lemmas on principal (Z;)"-bundles,
and then give a proof of Proposition 1.5. In Section 3, we prove Theorem 1.4.

2. Glue-back construction

Suppose (Z,)™ acts freely and smoothly on an n-dimensional closed manifold M".
Then the orbit space Q" = M" /(Z,)™ is naturally a closed manifold. In this section,
we assume that Q" is connected and that H'(Q", Z,) # 0. Indeed, if Q" is not
connected, we can just apply our discussion to each connected component of Q”.
And if H'(Q", Z,) =0, then M" must be homeomorphic to Q" x (Z,)™.

Let w : M" — Q" be the orbit map of the free (Z;)"-action. If we think of M"
as a principal (Z,)"-bundle over Q", then it determines an element

4 Ay € Hom(H((Q", Z5), (Z2)") = H'(Q", (Z)™).

If we think of M" as a regular covering space over Q", its monodromy is a group
homomorphism #,; : w;(Q", go) — (Z»)™, where qq is a base point of Q". Then
3¢, factors through A, via the canonical group homomorphism

&) mi1(Q", q0) > H\(Q", 2) > H\(Q", Z2).

Conversely, given any element A € Hom(H(Q", Z;), (Z,)™), we can obtain a
principal (Z,)™-bundle X (Q", A) over Q" as follows. We compose A with the
group homeomorphism in (5) and obtain a group homomorphism

(6) O, (0", qo) = (Z2)™.

Then we define a left action of 71 (Q", go) on (Z,)" by

@) y-g8=®A(y) +g,

for all y € m1(Q", qo) and g € (Z,)™. Also, suppose p : é" — Q" is a universal
covering of Q", and let w1 (Q", qo) act freely on é” from the right. Then we can
define a free action of 71 (Q", go) on @" X (Z5)™ thus: for any y € m1(Q", go) and
(x,8) € 0" x (Zo)",

(8) yog) =y Ly =0y, or()+9).

Let X(Q", A) be the quotient space of this 71(Q", go) action on é” X (Z»)™, and
let @4 : Q" x (Z2)™ — X (Q", A) be the corresponding quotient map. So for all
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y € 11(Q", qo) and (x, g) € 0" x (Z>)™, we have
Oa(x-y,8) =0On(x,y-g).
Now, for any (x, g) € é" X (Z3)™, we define a map
) A X(Q" A) =~ Q") Oalx,g) > plx).

Clearly 5 : X(Q", A) — Q" is a principal (Z,)™-bundle with a canonical free
(Z»)™-action defined by

(10) g - On(x,8):=0n(x,g+g),

for all x € é" and g, g’ € (Z,)™. Therefore the monodromy of X (Q", A) is given
by ®,. We call X (Q", A) the bundle associated to p : é" — Q" (thought of as
a principal 1 (Q")-bundle) and the m(Q)-action (7) on (Z,)™. In the theory of
fiber bundles, we may also write

X(Q", A) = 0" xa (Z)".

Also, any subgroup H of (Z,)™ acts freely on X (Q", A) via (10). Then the quotient
space X (Q", A)/H is naturally equipped with a free (Z;)"/H-action. We call
X (Q", A)/H with this free (Z,)™/H-action a partial quotient of X (Q", A).

For a principal (Z;)™-bundle 7w : M" — Q", it is easy to verify that X (Q", A)
is equivalent to M" as principal (Z;)"-bundles over Q".

But this way of constructing M" from Q" and A, is not so convenient for the
proof of Theorem 1.4, so we use another way of constructing principal (Z;)"-
bundles over Q", introduced in [Yu 2012]. First, we construct a manifold with
corners from Q" that can carry the information of any element of H Lor, @)™).
This is done as follows [Yu 2012].

By a standard argument of intersection theory in differential topology, we can
show that there exists a collection of (n — 1)-dimensional compact embedded sub-
manifolds ¥, ..., ¥; in Q" such that their homology classes {[X1], ..., [Z]}
form a basis of H,_1(Q", Z,) = Hl(Q", Z3) #0. Also, we can put Xy, ..., X
in general position in Q", which means that

e Xy, ..., X intersect transversely with each other, and

o if ¥;, N---N %, is not empty, then it is an embedded submanifold of Q" of
codimension s.

Then we cut Q" open along X1, ..., X; that is, we choose a small tubular
neighborhood N (%;) of each ¥; and remove the interior of each N(X;) from Q".
Then we get a nice manifold with corners V" = Q" — |, int(N(%;)), which is
called a Z,-core of Q" from cutting Q" open along X1, ..., ¥ (see Figure 1 for
an example). A manifold with corners is called nice if each codimension-/ face
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Figure 1. A Z,-core of a torus.

of the manifold belongs to exactly / facets [Jdanich 1968; Davis 1983]. Here, the
niceness of V" follows from X, ..., ¥ being in general position in Q". The
boundary of N(X;) is called the cut section of X; in Q", and {X1, ..., X} is
called a Z;-cut system of Q™. We can choose each X; to be connected.

The projection n; : IN(X;) — %; is a double cover, either trivial or nontrivial.
Let 7; be the generator of the deck transformation of n;. Then 7; is a free involution
on dN(X;); that is, T; is a homeomorphism with no fixed point, and fl.z =id.
By applying some local deformations to these T; if necessary [Yu 2012], we can
construct an involutive panel structure on 0 V", which means that the boundary of
V™ is the union of some compact subsets Pj, ..., P; (called panels) that satisfy
the following conditions:

(a) each panel P; is a disjoint union of facets of V", and each facet is contained
in exactly one panel;

(b) there exists a free involution 7; on each P; that sends a face f C P; to a face
f' C P; (it is possible that ' = f);

(c) foralli # j, wehave 7;(P;NP;) C P;,NP;and ;0T =701, : NP; — P;NP;.

The P; above consists of those facets of V" that lie in the cut section of X;, and
7; : P; — P; is the restriction of the modified T; to P; (see [Yu 2012] for the details
of these constructions).

Remark 2.1. A more general notion of involutive panel structure is introduced
in [Yu 2012], where the involution t; in (b) is not required to be free. This general
notion is used in [Yu 2012] to unify the construction of all locally standard (Z,)"-
actions on closed manifolds from the orbit spaces.

Let (V") = {Py, ..., Pt} denote the set of all panels in V". Any map A :
PV — (Zp)™ is called a (Z)™-coloring on V", and any element in (Z,)™ is
called a color.

Now, let us see how to recover a principal (Z,)"-bundle 7 : M" — Q" from a Z,-
core V" of Q" and the element A, € Hom(H,(Q", Z;), (Z2)™). By the Poincaré
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duality for closed manifolds, there is a group isomorphism

K Hy1(Q", Z2) — H(Q", Z5).
So we can assign an element of (Z,)™ to each panel P; of V" by
(1D Az (P) = Az (k([Zi]) € (Z2)™.

We call A, the associated (Z,)™-coloring of w : M" — Q" on V",
Generally, for any (Z,)™-coloring A on V", we can glue 2™ copies of V" by

(12) MV" AP, ik A) =V x (2)" ] ~,

where (x, g) ~ (x', g’) whenever x’ = 7;(x) for some P; and g’ = g+ A (P;) € (Z)".
If x is in the relative interior of P;, N---N P; , then (x, g) ~ (x’, g’) if and only
if (x/,¢) = (riff‘ o---o1; ! (x), g+ E1A(P) + - + &5A(Py)), where ¢; =0 or 1 for
any 1 < j <s and rl.(; =1id.
M V", {P;, 1;}, A) is called the glue-back construction from (V", A). Also, we
use M(V", A) to denote M (V", {P;, t;}, A) in contexts where there is no ambiguity
about the involutive panel structure on V".

Example 2.2. Figure 2 shows two principal (Z,)?-bundles over a torus T2 via
glue-back constructions from two different (Zz)z—colorings on a Z,-core of T2.
The {e], e;} in the picture is a linear basis of (Z»)?. The first (Zz)z—coloring gives
a torus, and the second one gives a disjoint union of two tori. Also, we can define
a double covering map (as defined later in (16)) from the torus on the top to either
one of the tori below it.

Example 2.3. Figure 3 shows a Z;-core of the Klein bottle with three different
Z3-colorings, where Z, = (a). So from the glue-back construction, we get three
inequivalent double coverings of the Klein bottle. From left to right in Figure 3,
the first Z,-coloring gives a torus, while the second and the third both give a Klein
bottle.
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Let 8, : V" x (Zy)™ — M(V", L) be the quotient map defined in (12). It is shown
in [Yu 2012] that M (V", }) is a closed manifold with a smooth free (Z,)"-action
defined by

(13) g 0(x,8)=06,(x,g+g),

for all x € V" and g, g’ € (Z»)". The orbit space of M(V", 1) under this free
(Z5)™-action is homeomorphic to Q". We say that (13) defines the natural (Z;,)"-
action on M(V", X). Here, we always associate this natural free (Z;)"-action
to M(V", X). Any subgroup H C (Z,)™ also acts freely on M (V", 1) through the
natural action. The induced action of (Z,)™/H on M(V", 1)/ H is also free, and its
orbit space is homeomorphic to M (V", 1)/(Z,)™ = Q". By abuse of terminology,
we also call this (Z,)™/H-action on M (V", \)/H natural and call M(V", \)/H
with the natural (Z;,)™/H-action a partial quotient of M(V", }).

We have defined “partial quotient” in three different contexts : R%p», X (Q", A)
and M (V", A). The common property of these notions is that each of them denotes
the quotient space of some free Z,-torus action on a space.

Theorem 2.4 [Yu 2012, Theorem 3.5]. Let w : M" — Q" be a principal (Z,)"™ -
bundle, and let ), be the associated (Z;)™-coloring on V". Then M(V", ;) and
M" are equivalent principal (7)™ -bundles over Q".

For any integer m > 1, define

Col,,, (V") := the set of all (Z,)"-colorings on V"
= {12V —> (2"},
L;, := the subgroup of (Z,)" generated by {L(Py), ..., L(Pr)},
rank(A) :=dimg, L,, for all A € Col,, (V").
For any g € (Z,)™, it is clear from (13) that L, acts freely on 6, (V" x (g + L;)),

whose orbit space is Q".

Theorem 2.5 [Yu 2012, Theorem 3.7]. For any (Z;)"-coloring . on V"', M(V", 1)
has 2" ~"K3) connected components that are pairwise homeomorphic, and L) =
(Z2)"™K®) gets freely on each connected component of M(V", 1) whose orbit space
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is Q" Each connected component of M(V", \) is equivalent to 6, (V" x L;) as
principal (Z2)™*® byndles over Q".

An element A € Col,, (V") is called maximally independent if rank(A) = k =
dimz, H,_1(Q", Z). If A € Col,,,(V") is maximally independent, then m > k.

Obviously, the relation in (11) defines a one-to-one correspondence between the
elements of Col,,(V") and Hom(H;(Q", Z,), (Z»)™) = H'(Q", (Z»)™). Suppose
A e Hom(H(Q", Z3), (Z)™) is the element corresponding to A € Col,,(V"); then
L, is nothing but the image Im(A) C (Z,)™ of A, and X is maximally independent
if and only if A is injective. We define

rank(A) := dimz, (Im(A)) = dimg, (L;) = rank(}).

It is clear that X (Q", A) and M (V", A) are equivalent principal (Z,)"-bundles
over Q", and so are @A(é” x Im(A)) and 6, (V" x L;). The canonical free (Z;)"-
action on X (Q", A) defined by (10) corresponds exactly to the natural (Z,)"-
action on M (V", A) defined by (13). So for any subgroup H of (Z,)™, the par-
tial quotients X (Q", A)/H and M(V", ))/H are equivalent. Then we can write
Theorem 2.5 in terms of X (Q", A) as follows.

Theorem 2.5*. For any A € Hom(H;(Q", Z>), (Z>)™), X (Q", A) has 2"~ak(A)
connected components that are pairwise homeomorphic, and Im(A) = (Z,)"ank(A)
acts freely on each connected component of X (Q", A) whose orbit space is Q".
Each connected component of X (Q", A) is equivalent to @A(én x Im(A)) as
principal (7)™ M) byundles over Q".

We prove several lemmas on principal (Z;)™-bundles over a closed manifold.
The statements of these lemmas are written in the language of glue-back construc-
tion. But we use X(Q", A) and M (V", ) alternatively in the proofs of these
lemmas, depending on what is convenient.

Lemma 2.6. For any m >dimz, H,_1(Q", Z3), if A1, A2 € Col,, (V") are both max-
imally independent, then M (V", A1) must be equivalent to M(V", A,) as principal
(Z5)™-bundles over Q".

Proof. Let A1 and A be the elements of Hom(H(Q", Z,), (Z3)™) corresponding
to A1 and Ap. Then by our assumption, A and A, are both injective. So there exists
a group automorphism o of (Z;)" such that 0 o A; = A,. Then we can define a
homeomorphism ¢ : é" X (Z)" — @" x (Zp)™, for x € é” and g € (Z»)™, by

P(x,8) = (x,0(8)).

Obviously, ©4, (x, g) =04, (x/, g") if and only if O, (P (x, g)) = O, (P (x', g")).
So ¢ induces an equivalence between the two principal (Z;)"-bundles X (Q", A1)
and X (Q", Ay). So M(V", A1) is equivalent to M (V", Ay). [l
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Lemma 2.7. Suppose M and M, are two principal (Z»)*-bundles over Q", where
k = dimgz, H,—1(Q", Zy). If M| and M, are both connected, then M| must be
equivalent to M as principal (Z,)*-bundles over Q™.

Proof. Using this notation, for some A; € Colg(V"),i =1, 2, Theorem 2.4 gives
M; = MV", X).

Also, because M| and M, are both connected, Theorem 2.5 implies that rank(A;) =
rank(X,) = k; that is, A; and A, are both maximally independent. So by Lemma 2.6,
M(V", x1) and M(V", X,) are equivalent principal (Z»)*-bundles over Q". O

We study some relations between M (V", 1) for different A € Col,,(V"). For
conciseness, for any topological space B and field [, we define

hrk(B, F) := idim[p H'(B,F).
i=0
Lemma 2.8. For any double covering & : B — Band anyi >0,
dimz, H' (B, Z,) <2 -dimz, H' (B, Z).
So hrk(B, Z,) <2 -hrk(B, Z»).

Proof. The Gysin sequence of & : B — B, in Z,-coefficient, reads:

o> HTY(B, 7)) Y2 HI(B. 7,) > H'(B.Z,) — H (B.Z,) 2> ...,

where ¢;(y) =y Ue forall y € H (B, Z,) and e € H' (B, Z>) is the first Stiefel—
Whitney class (mod 2 Euler class) of B. Then by the exactness of the Gysin
sequence, we have

dimz, H' (B, Z,) = dimgz, H' (B, Z5) — dimz, Im(¢;_1) -+ dimg, ker(¢;)
=2.dimz, H' (B, Z») — dimz, Im(¢; _1) — dimz, Im(¢;)
<2.dimgz, H (B, Z,). O

Remark 2.9. In Lemma 2.8, if we replace the Z,-coefficients by Z, (p is an odd
prime) or Q (rational) coefficients, the conclusion in the lemma might fail. For
example, let B = RP2 Vv RP? be a one-point union of two RP%’s, and let B be the
union of two spheres that intersect at two points (see Figure 4). It is clear that B
is a double covering of B. But for any field F = Z, or Q, we have hrk(B, ) =1,
while hrk(B, F) = 4.
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B =RP2VRP?2

Figure 4

Lemma 2.10. Suppose that hyax € Colp (V") is a maximally independent (Z>)k-

coloring on V", where k = dimz, H,_1(Q", Z3). Then, for any A € Colx(V"),
hrk(M(V", 1), Z2) > hrk(M (V" Amax), Z2).

Proof. Suppose A is the element of Hom(H(Q", Z»), (Z»)%) corresponding to A.

Let {1, ..., o} be a Z-linear basis of H(Q", Z,). Without loss of generality, we

assume that {A (1), ..., A(ay)} is a Z»-linear basis of Im(A) C (Z,)*. Then we

can choose w1, . .., wi_s € (Z>)* such that (Z2)* = Im(A) ® (01) ® - - - B (w—s).

We define a sequence of elements Ay, ..., Ax—y € Hom(H,(Q", Z,), (Z2)"
thus: forany 0 < j <k —s,

Aly;) ifl<i<sors+j<i<k;

14 Ai(;) =
(14 (@) {w,-_s ifs+1<i<st).

Clearly Ag = A and Im(A) =Im(Ag) CIm(A1) C--- CIm(Ar—y) = (Z»)*, and
forl <j<k-—s,
rank(A ;) =rank(A;_1) + 1.

Let A; be the elements of Coli (V") corresponding to Aj, with 0 < j <k —s.
Then A;_, is maximally independent. So by Lemma 2.6, we have

(15) hrk(M(V", Amax), Z2) =hrk(M (V" , Ak—s), Z2) =hrk(X (Q", Ak—s), Z2).
To prove the lemma, it suffices to show that forall 1 < j <k —s,
hrk(X (Q", Aj—1), Z2) = hrk(X(Q", A ), Z5).

Notice that Im(A ;) =Im(Aj_1) @ (w;) C (Z,)¥, and the only difference between
Aj—l and Aj is that Aj_1(0l5+j) = A(O[H_j) while A{,’(Ols_;,_j) =wj. Let

Kj=0,,(0" xIm(A))

forall 1 < j<k—s, where p: é” — Q" is a universal covering of Q".
We define a free involution #; on K ;: for any (x, g) € Q" x Im(A ),

(16) 1j(On;(x, 8)) = On;(x, g+ Adsy)) +)).
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Let K ;/t; be the quotient space of K; under 7;, and let ©,;(x, g) € K/1; denote
the equivalence class of ©4;(x, g). So K is a double covering of K /1;.

By (9), the bundle map 74, : X (Q", Aj) — Q" restricted to K; gives a bundle
map 75 ; : Kj — Q" that sends any ©4; (x, g) to p(x), and the monodromy of 74
is Pp; 11 (0", o) = Im(A ) C (Z»)*; see (6). So 7, induces a map

ﬁAJKJ/tJ_)Qns ®A/(xsg)'_)p(x)
By the definition (16) of 7;, we can easily see that 77 5 ; is a fiber bundle whose fiber
is Im(A ;) modulo the relation ~, where for all g € Im(A ),
g~ &+ Alagyj) +wj,

or equivalently, w; ~ A(asy;). Now by (14), Im(A )/ ~ can be identified with
Im(A-1), so the fiber of w4, : K;/t; — Q" is isomorphic to Im(A ;). Let

0:Im(Aj) - Im(A;—1) =Im(A;)/~.
So the monodromy of T A, isgo QDAJ, :m(Q", qo) — Im(A j_1). Also, it is easy
to check that o o @ A; coincides with the monodromy & Aj of the bundle Ajy

K;_ 1 — Q". Therefore, the two bundles K;/f; and K;_; over Q" are actually
equivalent. So by Lemma 2.8,

hrk(Kj, 75) < 2-hI’k(Kj/Zj, 7y) =2 -hI'k(Kj_l, 7,).

Also, because by Theorem 2.5%, X (Q", A ;) consists of 2k—rank(A ) copies of K ;
for each 0 < j <k —s and rank(A ;) =rank(A ;1) + 1, we get

hrk(X (Q", Aj_1), Zp) = 2K Wi=0 hek(K 4, Z5)
> pk=rankA) Wik (K j, Z5) = hrk(X (Q", A j11), Z2).
Therefore,
hrk(M(V", 1), Z») = hrk(X (Q", Ao), Z2) = hik(X(Q", Ak—s), Z2)
= hrk(M (V", Amax), Z2),
where we use (15) for the final equality. U

Lemma 2.11. Let M" be a connected principal (Z,)°-bundle over Q". Then there
exist a maximally independent coloring ). € Colg(V"), where

k =dimg, H,_1(Q", Z»),

and a free (Z>)**-action on M(V", 3:) whose orbit space is homeomorphic to M".
Also, M" is equivalent to a partial quotient M(V", )/ H for some subgroup H of
(Z»)* with rank k — s.
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Proof. We use a similar argument to the proof of Lemma 2.10. Because M" is
connected, Theorem 2.5 implies that s < k and that there is an element A € Colx (V")
such that rank(A) = s and M" is homeomorphic to 6, (V" x L) C M(V", 1).

As in the proof of Lemma 2.10, let A be the element of Hom(H,(Q", Z5), (Z2)%)
corresponding to A, and let {oy, ..., ax} be a Z,-linear basis of H;(Q", Z,) such
that {A (1), ..., A(a,)} is a Z,-linear basis of Im(A) C (Z,)F. Suppose also that
(Z))* =Im(A) ® (w1) ® - - - B (wir_s), and define the same sequence of elements
A=Ay, Ay,..., Ay € Hom(H(Q", Z»), (Z»)¥) as in (14) and corresponding
elements Ag, Ay, ..., Ag—s € Colg (V™). So Ax_s is maximally independent.

Let H = (1) BB (wp_s) C (Z)*. Then H= (Z»)*—*, and there exists a free
action % of H on X(O", Ag—g) =M V", Ay—s) defined by

wj*xOp; (x,8):=04, (x,8+ Alas+)) + o)),

for 1 < j <k —s. Asin the proof of Lemma 2.10, we can show that the orbit space
of the action of H is homeomorphic to @A(é” x Im(A)) =26, (V" x L;) =

The action of H on X (Q", Ar_,) can be identified with the canonical action (10)
of H = (A(as+1) + 1) ® -+ & (Alak) + wp—s) on X(Q", Ax—s) via a group
isomorphism o : H— H,whereforl <j <k-—s,

a(a)j) = A(asﬂ-)—f—a)j.

Here o is an isomorphism because (Z)* =Im(A) B (0] D - - ® (wr_s). So M" is
equivalent to the partial quotient X (Q", Ax—s)/H = M(V", A_s)/H as principal
(Z»)*-bundles over Q". This completes the lemma. U

Proof of Proposition 1.5. Suppose the polytope P" has k 4+ n facets. Then
H,-1(Q", 7o) = (Zo)".

So by Lemma 2.11, there exist a maximally independent coloring % € Colg (V™)
and a subgroup H C (Z»)* such that M" is equivalent to the partial quotient
MV", 3:) /H as principal (Z,)"-bundles over Q. Both M(V", 3:) and the real
moment-angle manifold R% p» are principal (Z»)*-bundles over Q”, and they are
both connected. So by Lemma 2.7, R% p» is equivalent to M (V", X)

Let N C (Z)*™ be a subgroup of rank k such that Q" is homeomorphic to
the partial quotlent R% pn/ N (such a subgroup N is not unique). The equlvalence
between M (V", A) and R¥ p» determines a group isomorphism o : S (Zy)k —> N.
Then M(V", %) /H is equivalent to the partial quotient R%¥ p» /N of R¥ p», where
N=o(H)C NcC (Z,)**". This proves our proposition. O

3. Proof of Theorem 1.4

We adapt the following lemma for our proof of Theorem 1.4.
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Lemma 3.1 [Ustinovskii 2011]. Let (X, A) be a pair of CW-complexes such that
A has a collar neighborhood U (A) in X, that is,

(U(A), A)=(Ax[0,1), Ax0).

Take a homeomorphism ¢ : A — A that can be extended to a homeomorphism
¢:X — X. Let Y = X Uy X be the space obtained by gluing two copies of X
along A via the map ¢. Then for any field F, we have hrk(Y, F) > hrk(A, F).

Proof. The argument is almost the same as in [Ustinovskii 2011]. Let U;(A) and
U,(A) be the collar neighborhoods of A in X; and X,. Consider an open cover
Y =W, UW,, where W) = X, UU,(A) and W, = X, UU;(A). Then the Mayer—
Vietoris sequence of cohomology groups for this open cover reads (we omit the
coefficients [):

*
)

o> HITY(WiNWa) = HY(Y)

* *
8(j) )

. . p .
— H (W)@ H (W) — H' (WiNW,) —> ....

Here the map pfj) equals i @ —i5, where i and i are inclusions of W; N W,
into W; and W,. Because W; and W, are both homotopy equivalent to X and
WiNnW,=U;(A)UU,(A) = A x (—1, 1), we get another, equivalent, long exact
sequence

. B . o
s HITNA) 2L B () 2L HY (X)) @ HY (X)) =2 HI(A) — .. ..

Now ﬁz“j) =] @ — (12 09)*, where (1 and (, are inclusions of A into X and X>.
For any y € H/(X)), it is easy to see that (y, (@ H*y) is in ker(f?("j)). Thus
dim ker(ﬁ(“j)) > dim H/(X), and so dim Im(ff(kj)) < dim H/(X). Then

dim H/(Y) = dimker(g;,) + dim Im(g};)) = dimIm(8;,) + dim ker(p};,)
> dim H/~'(A) — dim Im(p;_,,) + dim H/ (X)
> dim H/~'(A) — dim H/~'(X) + dim H/ (X).
Summing up these inequalities over all indices j, we get
hrk(Y, F) =) " dim H/(Y) = Y " dim H/~'(A) — dim H/~' (X) + dim H/ (X)
j j
:ZdimHj_l(A) = hrk(A, F). O
J

Remark 3.2. In Lemma 3.1, the assumption that ¢ : A — A can be extended to a
homeomorphism ¢ : X — X is essential; otherwise the claim may not hold. For
example, let X be a solid torus and A = 72 the boundary of X. Let ¢ : A — A be the
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homeomorphism interchanging the meridian and longitude of 7?2. If we glue two
copies of X along their boundaries via ¢, we get a 3-sphere S°. But hrk(S?, Z,) =2,
while hrk(A, Z,) = 4. The reason why the conclusion of Lemma 3.1 does not hold
in this example is that ¢ cannot be extended to a homeomorphism on the whole X.

We introduce an auxiliary notion that plays an important role in our proof of
Theorem 1.4. Suppose V" is a Z;-core of a closed manifold Q" and the involutive
panel structure on V" is { P;, 7;}. For any panel P; of V", we define the space

(17) M\p;(V", 1) := V" x(Z2)" | ~p;,
where (x, g) ~p, (x', g") whenever x" = 7;(x) for some P; # P; and
g =g+rP)e@)".

In other words, M\ pj(V", M) is the quotient space of V" x (Z,)™ under the rule
in (12), except that we leave the interior of those facets in P; x (Z2)™ open. We
call M\p,(V", X) a partial glue-back from (V", ). Let the corresponding quotient
map be

(18) 0,7 VX (Z)" — Myp, (V" 1),

Then the boundary of M\ p,(V", 1) can be written as GA\Pj (Pj x (Z)™).

Proof of Theorem 1.4. The proof is by induction on the dimension of M". When
n = 1, the only small cover is a circle. Because a principal (Z;)"-bundle over a
circle must be a disjoint union of 2" or 2"~ ! circles, the theorem holds. Now we
assume the theorem holds for manifolds with dimension less than 7.

Suppose that P" is an n-dimensional simple convex polytope with k 4 n facets
Fi, ..., Fiyn, with k > 1, and that 7, : Q" — P" is a small cover over P" with
the characteristic function w. For any face f = F;, N---N F;, of P", let G’; be the
rank-/ subgroup of (Z,)" generated by w(Fy), ..., u(F;). Then by definition,

(19) Q" =P"x (Zy)"/~, with
(pw)~ (P, w) = p=padw—-weC),,

where f(p) is the unique face of P” that contains p in its relative interior. It was
shown in [Davis and Januszkiewicz 1991] that the Z,-Betti numbers of Q" can be
computed from the A-vector of P”. In particular, H,_(Q", Z;) = (Zy)*.

We choose an arbitrary vertex vg of P". By reindexing the facets of P", we can
assume that Fp, ..., Fy are all the facets of P”" that are not incident to vy. Then ac-
cording to [Davis and Januszkiewicz 1991], the homology classes of the embedded
submanifolds 7, ' (F1), ..., 7, ' (Fy) (called facial submanifolds of Q") form a Z-
linear basis of H,,_1(Q", Z,). Cutting Q" open along nljl(Fl), e, n;l(Fk) gives
us a Z-core of Q", denoted by V". We can think of V" as a partial gluing of the 2"
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Figure 5. A Z,-core of a small cover in dimension 2.

copies of P" according to the rule in (19), except that we leave the facets Fi, ..., Fj
in each copy of P" open (see Figure 5 for an example). Let ¢ : P" x (Z)" — V"
denote the quotient map and let Py, ..., Py be the panels of V" corresponding to
n;l (F»), ..., n;l (Fy). Then each P; consists of 2" copies of F;, and for all p € F;
and w € (Z;)", the involutive panel structure {t; : P; — P;}1<i<x on V" can be
written

(20) 5 (C(p, w)) =¢(p, w+ n(F)).

Obviously, each 7; extends to an automorphism 7; of V" given by the same form:
for all p € P" and w € (Z,)",

1) T (5 (p, w) =¢(p, w+ 1(F)).

These 7; commute with each other; that is, 7; 0 T; =T; 0 7;, for 1 <i, j <k. So
each T7; preserves any panel P; of V".

To prove Theorem 1.4, it suffices to show that hrk(M (V", 1), Z,) > 2™ for any
A € Col,, (V"™), because of Theorem 2.4.

We assume m = k. Let Ao be a maximally independent (Z,)*-coloring of V";
that is, rank(X¢) = k. By Lemma 2.10, hrk(M (V", X), Z») = hrtk(M (V", o), Z2)
for all A € Colg(V"). So it suffices to prove that

(22) hrk(M (V" ho), Z2) > 2F.

Inequality (22) follows from Theorem 1.1 and Lemma 2.7 (see Remark 3.3 below).
But here we give another proof of (22), which only uses Lemma 3.1. This proof
takes advantage of the interior symmetries of small covers (see (20) and (21)), and
is more natural from the viewpoint of the glue-back construction.

Because Ag is maximally independent, by Lemma 2.6, we can assume Ao(P;) =
e; for 1 <i <k, where {eq, ..., e;} is a linear basis of (Z)F. Let Oro s V" X (Z))* —
M (V" &) be the quotient map defined by (12).

Now take an arbitrary panel of V", say P, and let M\p, (V", Ao) be a partial
glue-back from (V" Ao) defined by (17). Let 6,7 : V" x (Z)F — Myp, (V" 10)
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be the corresponding quotient map. Suppose H is the subgroup of (Z)* generated
by {e>, ..., er}. Then we define

(23) Y =6, (V' x H), Y2=6""(V"x (e1 + H)),
(24) A1=0,"(Prx H),  Ay=06)" (P x (e + H)).

Obviously, A} = dY; and Ay = dY>, and there is a homeomorphism IT: Y| — 1>
with TT(A;) = Aj;. Indeed, for all x € V" and h € H, Il is given by

O, (x, ) = 0,0 (x, h +e1).

It is easy to see that M (V", Ag) is the gluing of Y| and Y, along their boundary by
a homeomorphism ¢ : A; — A, defined by

90, (x1, h) = 0,7 (11 (1), h + ),

forallx; € Pyand h € H.
Also, because 71 : P; — P; extends to a homeomorphism 7; : V" — V" (see (20)
and (21)), we can extend ¢ to a homeomorphism ¢ : Y — Y, by

§O, (. ) =6, @ (x), h+er),

for all x € V" and h € H. We know ¢ is well-defined because 7| commutes with
each 7; on P; (see (12) and (21)).

Identifying (Y, A1) with (Y2, Ay) via I1, we get a decomposition of M (V", Ag)
that satisfies all the conditions in Lemma 3.1. So Lemma 3.1 implies that

(25) hrk(M(V", Xo), Z2) > hrk(Ay, Z5).
Also, letg : Y1 UY, - M(V", Ag) be the quotient map and let
Sko : M(Vn9 )"0) g Qn

be the orbit map of the natural (Z»)*-action on M(V™", Ao) (see (13)). It is easy to
see that

AL Zq(A) =& (] (F).

Because 'fx (7‘[ Y(F))isa principal (Z»)*-bundle over T, ~1(F)) and T, ~“1(F)
is a small cover over F| of dimension n — 1, we have hrk(.i-‘A (n_l (Fp)), Zz) > 2k,
by the induction hypothesis. Then hrk(A;, Z,) > 2* also. So the case m = k is
confirmed, because by (25), hrk(M (V", L), Z») > 2.

Now we assume m < k. Let ¢ : (Z2)™ <> (Z»)* be the standard inclusion, and
define % := 1 o A. We consider A as a (Z»)*-coloring on V. So by the above
argument, hrk(M(V”,/):), 7,) > 2k, By Theorem 2.5, M(V",/):) consists of 2=
copies of M(V", 1), so hrtk(M (V", X), Z,) = 2™.
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Finally, we assume m > k. Because rank(}) < k, with a proper change of basis,
we can assume L; C (Z»)* C (Zy)". Let o : (Z>)™ — (Z»)* be the standard
projection. Define A := g o A. Similarly, we consider A as a (Z)*-coloring on V",
and so we have hrk(M (V", 1), Z») > 2. By Theorem 2.5, M(V", 1) consists of
2m=k copies of M(V", 1), so hrk(M(V", 1), Zy) > 2™.

So for any m > 1 and A € Col,,,(V"), we always have hrk(M (V", 1), Z,) > 2™.
The induction is complete. ([

Remark 3.3. Both M (V", Xy) and R¥ p» are connected principal (Z»)*-bundles
over Q". Then by Lemma 2.7, M(V", Ag) is homeomorphic to RZp.. So the
conclusion of Theorem 1.1 also tells us that hrk(M (V", ro), Z,) > 2*.

A crucial step in this proof is that when Ao € Col, (V") is maximally independent,
we can always get the type of decomposition of M (V", A¢) as in Lemma 3.1, which
allows us to use the induction hypothesis. However, for an arbitrary A € Colg(V"),
this type of decomposition of M (V", 1) may not exist (at least not obviously).

For example, in the lower picture in Figure 2, we have a principal (Z,)2-bundle
7 : M? — T?, where M? is a disjoint union of two tori. The union of the two
meridians in M? is the inverse image of a meridian in 72 under 7. If we cut M?
open along these two meridians, we get two circular cylinders. But M? is not
obtained by gluing these two cylinders together, because the colors of the (Z;)>-
coloring on the two panels are not linearly independent. So the construction in (23)
for this case fails to give us the type of decomposition of M? as in Lemma 3.1.

So when A € Colg (V") is not maximally independent, we may not be able to
directly apply the induction hypothesis to M (V", 1) as we do to M (V", Ly) above.
But these cases are settled by Lemma 2.10.
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