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STRONG SOLUTIONS TO THE COMPRESSIBLE
LIQUID CRYSTAL SYSTEM

YU-MING CHU, XIAN-GAO LIU AND XIAO LIU

We prove the existence of local strong solutions of the compressible liquid
crystal system.

1. Introduction

We consider the following simplified system of Ericksen—Leslie equations:

(1.1) ot +div(pu) =0,
(12)  pus+pu-Vi+Vp—phu +/\<div(Vn ® Vn) — v'V;”z) —0,
(1.3) 6g—’:+u~Vn—v(An+|Vn|2n):o,
with the following initial and boundary conditions:

(1.4) (o, u, n)i=0 = (po, uo, no), x € 2,

(1.5) ulx,t) =up(x) =0, n(x,t)=nox), xe€dR,

where u is the velocity field, n the macroscopic average of the nematic liquid crystal
orientation field, pg > 0, |ng| =1, and pressure p =ap? with y > 1, where y is the
adiabatic constant (in the physically relevant case of a monoatomic gas, y = %).
This system is modeled after the theory of Oseen [1933] and Frank [1958]; see
the articles [Ericksen 1962; Forster et al. 1971; Leslie 1966; 1968] or the books
[Ericksen and Kinderlehrer 1987; Gennes and Prost 1993; Pasechnik et al. 2009;
Stephen 1970; Xie 1988].

The system (1.1)—(1.3) is much more complicated than the compressible Navier—
Stokes equations, because equation (1.3), like the situation with heat flow into a
sphere, makes the strongly coupling term div(Vn ® Vn) — V@ have a weak
convergence. So far, the existence of weak solutions to the system remains open,
though there are celebrated contributions by Lions [1998]; see also [Feireisl 2004;
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Feireisl et al. 2001]. Liu and Qing [2011] proved the global existence of finite en-
ergy weak solutions to the case where the free energy is replaced by the Ginzburg—
Landau approximation energy,

nEHIP(IQH;R3) /; %lv’”z + ﬁ(m'z B 1)2 dx.

In the incompressible case, F. H. Lin and C. Liu, among others [Lin 1989; Lin
and Liu 1995; Lin and Liu 2001; Lin and Liu 2000; Lin and Liu 1996; Calderer
and Liu 2000], systematically studied the incompressible liquid crystal dynamics
system based on the Ericksen—Leslie model (that is, the Ginzburg—Landau approx-
imation case with p being a constant in system (1.1) makes the velocity field diver-
gence free) and proved the global existence of weak solutions, classical solutions,
and partial regularity. Liu and Zhang [2009] also studied the existence of weak
solutions to the incompressible liquid crystal system with the Ginzburg—Landau
approximation and p nonconstant.

It is well known that there exist no global solutions to the system (1.1)—(1.3)
even in the incompressible case. Surprisingly, we can prove the local existence
of a strong solution to the compressible liquid crystal system with initial density
po > 0. We gained enlightenment from the corresponding results of the com-
pressible Navier—Stokes equations. There is a huge literature on the compressible
Navier—Stokes equations, under the crucial assumption that the initial density p
is bounded below away from zero. The existence results were obtained by Nash,
Itaya, Tani, Matsumura, and Nishida, among others. For general nonnegative initial
density, Cho, Kim, and Choe [Choe and Kim 2003; Cho et al. 2004; Cho and Kim
2006] obtained the existence of a local strong solution to a compressible Navier—
Stokes equation.

We first have the energy law

dE

—+/ w|Vul> + rv|An+|Vn)Pn> =0
e Jg

with

A a
E (l 2 \V4 2 y>.
(t) L 2 2| | b 1

From the definition of velocity,

(1.6) w =u(x(X,1),1),
(1.7) x(X,0)=X.

The continuity equation can be rewritten as

do(x(X,1),1)

divu =0,
r +pdivu
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that is,

(1.8) p(x,t) = poexp (— ftdivu>.
0

We need the following regularity for pg, ng, and ug:
(1.9) 0o € WHO(Q), wupe HI(Q) NH*(Q), noe H (Q).

We also need some compatibility condition on the initial data: for some g € L2,

1
(1.10) 1LAug — A div(Vng ® Vg — £|Vno|*1) —aVp) = pi g.
The following is our main result.

Theorem 1.1. Assume Q2 is a smooth bounded domain in R and (pg, no, ug) satis-
fies regularity condition (1.9) and compatibility condition (1.10). Then there exist
a small time T* > 0 and a unique strong solution (p, n, u) of the compressible
liquid crystal system (1.1)—(1.3) in (0, T*) x 2, satisfying initial and boundary
conditions (1.4) and (1.5), such that

p € C([0, T*); Who), pr € C([0, T*); L),
ue C(0,T*); Hl NHHNL*0, T* W%, u, € L*(0,T*; Hy),
ne C([0, T*); H*) N L*0, T*; W*°), n, € C([0, T*); Hy),

Jpu; € C([0, T*); L?).

2. Approximation solutions

We now consider the linearized equations as follows: for fixed smooth functions
v,d:Qx[0, T] — R3 with

dx(X,t) _
g = v(x(X,1),1)
and x(X, 0) = X, and v(x, 0) = ug(x), d(x, 0) = no(x),
2.1 or +div(pv) =0,
2.2) (pu); +div(pr @ v) +aVp?’ = unAu—rdiv(Va® Vi — %|Vn|21),
(2.3) n,—yAn=xVd*d —v-Vd,
with initial and boundary conditions
(24) (P»ua”)|t:0:(,00+5»u0,n0), X € Qa
(2.5 ulx,t) =up(x) =0, n(x,t)=no(x), xe€0df2.

Here § > 0 is a constant, and pg > 0, |ng| = 1.
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We use the following notations: Suppose Banach spaces
sl =L>(0, T; HX(Q)) N L20, T; W) n W, ((0, T) x ),
B = L=, T; WS () NWL((0, T) x Q) nW;"' (0, T) x Q)
with norm respectively
lvllse = vl oo, 7; H2(02)) + VL2 0,7 w20002)) + Vel 200,72 1 ()0
ldlls = lldillL20,7; 22 T Ndil L0, 7: 11 () + Nl L0, 7, w25 (02)) -

Lemma 2.1. For given v with ||v| g4 < A, the unique solution p of (2.1) satisfies

(2.6) o1l oo, 7: w16y < cco(l + T2A) exp(cT%A),
2.7 ol L0, 7;L6(02)) < €COA exp(cT 2 A).

In particular,

(2.8) Pl Lo, 7 w160y < cco(l + T2A)exp(cT2A),
(2.9) el oo, 7:26(02)) < ccoA exp(cT%A)’

where c is an absolute constant, perhaps dependent on 2, A, |, v, etc., and co is a
constant dependent on initial and boundary data.

Proof. Since

t t t
V,o:V,ooexp(—/ divv)—po/ Vdivvexp(—/ divv),
0 0 0
t
,0,=—p0divvexp(—/ divv),
0

we have, from the Minkowski inequality,

t T
/ V2 )exp(/ | div u||Loo(Q))
0 L5() 0
T 5 T
fcllpollwl,e(g)<1+/ v vllmg)) em(f [|div vllmm)
0 0

1 1
<cllpollwre (1 +T2|lv]x)exp(cT 2 ||v]x)
< ceo(1+T2A) exp(cT?A),

IVollLs) < cllpollwisg) (1 + ‘

T
el = cllpollLe@ VUl o) eXp(f [[div U||L°°(Q))
0
1
< ccoexp(cT2A)||v]l g2 (q) < ccoA exp(cT%A),

where X = L%(0, T; W2%(Q)). O
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Lemma 2.2. Suppose ||v|ly < A, ||d|lgg < B. Then (2.3) with initial condition
n(x,0) = no(x) has a unique solution n and a constant K, depending only on
no and ug, such that, for T = T (A, B) small enough,

(2.10) lInlla = nll 20, 7:H2()) T+ Il o0, 7: 11 () + 1Rl Lo 0.7 w26 (02)) < K-

Proof. The existence of a solution to (2.3) is standard. We just give the estimates
as follows. Differentiating (2.3) with respect to time ¢,

ny —vAn, =v(|\Vd|?d + |Vd|*d,) + (v, - V)d — (v- V)d,.

Multiplying by An;, integrating over €2, and using the Cauchy inequality, we get
(2.11) %i/ |Vn,|2+v/ |An,|?
=—/ v(IVd|?d + |Vd|*d;) - An, + (v, - V)d - An, — (v-V)d, - An,
Q
5/ 20|Vd||Vd,||d||Ang| +v|Vd[|d;||An,|
Q
. +f IV, | [Vd| V| + o[ V2|V | + [v] |V, || An|
Q
=y
i=1
We have the following estimates for /;:
_ 2 2 2 v 2
h= [ 19dI1Vd11dl18m) < ¢ [ IVAPIVAPIR + L1An g
Q Q
b= [ vivdPlalian <c [ 1941 P + Lian i
Q Q
13=/ |Vvt||Vd||Vnt|sAszf |Vvt|2|Vd|2+A2Bzf Vi,
Q Q Q
14=/ |vt||v2d||Vn,|sA232/ |vt|2|v2d|2+AzB2/ V2
Q Q Q
< cAT BVl IV 2 [VPd ) s + A* B f Va2,
Q

3 v
15=/ |v||Vd,||An,|§—f WV >+ 2l Ang 7.
Q VJa 6

Substituting all the estimates into (2.11), we get

d
o [roni v [ 1ani <e [ (vapivapiat+e [ 1vartia?
Q Q Q Q

+cA_2B_2/ |Vv,|2|Vd|2+cA232/ |Vn,|?
Q Q

+c/ WAV, > + A2 B2 V|2, V2| 1211 V2d | s,
Q
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that is,

T
f|Vn,|2+v/ /|Am|2
Q 0 Q

T
< BT 4+ cA’B*T + ¢+ cA’B? / / |Vnt|2 + c(no, ug),
0 Q
where

c(no, uo)

=c/ IAVn0|2+IVno|2|V2n0|2+|Vn0|6+C/ |Vuo*|Vnol* + |uol*|Vno| .
Q Q
Using Gronwall’s inequality, we obtain
/ |V |? < (¢BOT + cA’B*T + ¢o) exp(cA’B*T)
Q
and
T
/ Vi, >+ v f / |An;)? < c¢(BST 4+ A2B?T + co)(1 + exp(cA2B*T)).
Q 0 Q

Taking T =T (A, B) small, we get

T
/|Vn,|2+v/ /|An,|2§c.
Q 0 Q

The elliptic estimates can be deduced from (2.3):

Inllw2e) < Inellzs + v - Vdll o + 11VAI2dll s + llnoll w2
< |lv-Vd| e + [ IVd|*d|l s + co.

We estimate each item:
lv-Vd|lLs

1 1 1
6 6 6
=(/ |v|6|Vd|6) 5(/ IU—M0|6|Vd|6) +||uo||Loo(/ |Vd|6)
Q Q Q

1
2 6
scB(f |Vv—wo|2) +c||uo||Loo(/ IVd—Vno|6> +cllug |l o | Vo 1o
Q Q

t 2 % 5 t 2 %
ch(/ / Vo, ) +c0B3(/ / vd, ) + co
alJo alJo

< ¢BT? |Vl 120, + 0T B +co < cABT? + BT + ¢
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and

1 1
6 3
|||Vd|2d||L6=(f ||Vd|2d|6) 5(/ |Vd|12|d_no|6) +Co(/ |w|12)g
Q Q Q
é g
56’32(/ |d—nol6) +Co(/ IVd—Vno|12> +co
g Q
3 1
2 6
SCBZ(/ IVd—Vn0|2) +C()B(f |Vd—Vn0|6) +co
Q@ Q

<CcABT? 4 ¢oB*T5 +¢q.
Taking T =T (A, B) small enough, we obtain the desired ||n|| 26 < co. O
For (2.2) we have following Lemma.

Lemma 2.3. Under the conditions of Lemma 2.2, suppose n satisfies (2.3) and p
(2.1). Then there exists a unique solution u satisfying (2.2), and there is a constant
K>, depending only on ny and uy, such that, for T =T (A, B) small enough,

(2.12) Nullg = llullpeo,7: 52 T 1l 20,7 w2oc)) + Ul 20,7, 51 (@) = Ka-

T
0 > 8exp <—/ |VU|L°°((0,T)xS2)> >0,
0

the standard theory of parabolic equations implies the existence of the solution
to (2.2). Differentiating (2.2) with respect to time ¢, we get

Proof. Since

(2.13)  puy — puAu,
== div(Vd®Vd),— }|Vd1) =V pi= (pv-V)vi = (pv-V)v—(pv;-V)v—pyiy.
Multiplying by u,, integrating by parts, and using the continuity of (2.1), we get

1d
2dt Jq

p|ut|2+u/ Vi
Q
=k/((Vd®Vd),—%|Vd|t21)-Vu,
Q
—/ sz-uz—(pv-V)vt-u,—(pw-Wv-m—f(pv,-V)v-u,+pt|u,|2
Q Q
§3Af |Vd||th||Vut|+/ pediv(u,) + plv] Vo] |u,|
Q Q
+/ Pl IV [us| + plvo V20! [us| + plv| V]| Vay|
Q

+/ plud IVl |u[ +2p[v] [V |u;]
Q

8
:Zli.
i=1
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For each I; we have

11=3Af |Vd||de||Vut|5c/|Vd|2|th|2+ﬁf|wt|25cB4+ﬁ/|w,|2,

- I
122/ Ptle(uz)SC/ |Pt|2+E/ |Vut|2
Q Q Q

T
"
SCoeXP</ 2||Vv||Loo(m>/|Vv|2+§/|wt|2
0 Q Q

<coA?exp(cAT ) + 2 f Vs,
12/,
_ 4 2 -2 1 2
13—/ ol 1011V ur s <A fp|ut| oA exp(cATz)fwm ,
Q Q Q
14=/ |p||v||Vv|2|u,|sA6/ plus|? + coexp(cATY),
Q Q
Je— 212 6 2 L
s= [ 111019200 1us 2 A [ plusl? + coexp(cAT),
Q Q
n
16=/ p|v||Vv||Vut|5cf p2|v|2|Vv|2+—/ |V, |?
Q Q 12 Jo
§c0A4exp(cAT;)+i/ |Vut|2,
12/,
17=/ p|v,||Vv||uf|sA4/ p|ut|2+A—4/ plu PVl
Q Q Q
5A2/p|u,|2+c0A—2exp(cATi)/ v, 2,
Q Q
m
18=2f p|v||Vut||u,|sc/p|u,|2<p|v|2>+—/ Vi
scoAzexp@AT%)f p|ut|2+ﬁ/ V.
Q 12 Jo

From the above estimates, we get

T
/p|ut|2+/ /Ww2
Q 0 Q

T
5cB4T+c0A4Texp(cATi)+co+c0A4exp(cATi)/ /p|u,|2,
0 Q

which implies that

T
/,0|u,|2+/ /|Vu,|25(cB“T+coA4Texp(cAT%))c0A4Texp(cAT%).
Q 0 Q
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Taking T = T (A, B) small enough, we deduce

T
(2.14) fp|ut|2+/ f|wt|zsc<co>.
Q 0 Q

Finally, we estimate

lull o, 7: 520 and  |lullz20,7:w2s(q))-

From (2.2), we get

lull g2
<c(IVplr2@ + loud 2@ + 1IV*nVnl 29y + c(l(pv - V)Vl 1209y + c0)-

Now we have

IVpllL2@) < co exp(cAT2) + coAT 2 exp(cAT?),

1
lourll 2@ < coexp(cAT 2) ||/ ousll 12(q),
1

1
2 2 2 2
IVenVnlla@) < IV rlliLe@ IVl g VA

2 2
L6(Q) S K 9

and

2
||I0U Vv ||L2(Q)

2 2 2
<lolie [ P19
Q

Scoexp@AT%)(/ |v—uo|2|w|2+||uo||iw/ IVU—VM0|2+CO>
Q Q

t 2 t 2
§coexp(cAT;)(/ / vy |Vv|2—|—co/ / Vo, +co>
QlJo alJo

< coexp(cAT2)(A*T + coAT + o).

Similarly, we have

IV Pl < coexp(cAT?) +coAT? exp(cAT?),

1
lourll20,7;08(0) < coexp(cAT 2)||Vuyll 120, 7:12(2)
< coexp(cAT 2)C (co),

2 2 2
IVnVnal20,7.05) < IV RllL20,7:050) I VRllL=@) < KT,
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and
”/OU'VUH%}(O’T;LG(Q))
T i
< ||p||%oo@)f (f |v|6|Vv|6)
0 Q
I 3 2 :
scoeXp(cATz)/ IIvIILeom)IIVvIIzm(Q)x(/ Vv — V| +1)
0 Q
| T 4 t 2 %
fcoexp(cATZ)AZ/ ||Vv||zoo(g)x</‘/ V, +1>
0 QlJ0
s b %1
ScOeXp(cATZ)(T/ /|w,|2+1) x(/ ||v||%vz,s<g>) T
0 Q 0
< coexp(cAT2)(TA>+ 1)T A3 TS,
Thus

T
/ plus Pdx+11 / / (Vaty P e i+l 1o, 2o+ 1120, w2t < C(€o)-
Q 0 Q

This concludes the proof. (]
If (7%, u®) denotes a unique solution of (2.2) and (2.3) with
p(x,0)=po+36

and initial and boundary conditions, then taking § — 0, we obtain a unique solu-
tion (n, u) of the linearized system (2.1)—(2.3) with p(x, 0) = pg and initial and
boundary conditions such that ||n|lg < K1, ||#||4 < K>. So we can define a map

T W —W, d,v)— (n,u),

where Banach space
W=AIB)NEC=ARQR

with
€ ={(n,u):(n,wlle=Nnlr207:H120) + 1l 20 1:H (@) < OO}

The following lemma tells us that the map J is contracted in the sense of weaker
norm for (d, v) € W.

Lemma 2.4. There is a constant 0 < 6 < 1 such that for any (d', v') e W,i =1, 2,
17", v =T @ v)lle <0ll(d" —d* v — vl

for some small T > 0.
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Proof. Suppose p;, n', and u' are the solutions to (2.1)—(2.3) corresponding to

given (d', v') € W. Define p = po — p1,d =d*> —d', v =v>—v!, n =n*> —n!,

2
t .
0i = P EXP (—/ divv’),
0

u=u?—u',and

i =1,2. Then

(2.15) pi +div(pv?) = —div(piv),

(2.16) n, —vAn = v|Vd? 2 d> —v|vd'?d"' —v*Vd* +v'Vvd',
(2.17) patty — pAu = (py — p2)u; + p1v' Vo' — pv° Vol + Vp,

— Vpr— AV - (Vn* ® Vn? — §|Vr?|*])
+ AV (Va' @ Va' = Liva'?1).

Multiplying (2.16) by n and integrating over €2, we get

2.18) 1£ |n|2dx+v/|Vn|2dx

5n/(IVd|2+|Vv|2)+C(n,A,B)/ e
Q Q

where ¢(n, A, B)(s) satisfies

T
(2.19) / c(n, A, B)(s)ds < K3
0

forsmall T =T (A, B, n), where K3 is a constant dependent on initial and boundary
data cg.

Differentiating (2.16) with respect to x;, multiplying by Vn, and integrating over
2, we deduce

d
(2.20) %E/QWnlzdx—i—%/lezmzdx

sn/<|Vv|2+|Vd|2+|v2d|2>+c<n,A,B>[ VP,
Q Q

where c(n, A, B) satisfies (2.19), and we have used the following identities and
estimates:

Vd*V2d*d* —vd'V*d'd' = vav?rd*d' + vd'vidd' +vd'vid'd,
IVd?|>Vd? — |Vd'|>’Vd' = |Vd*|*Vd + (|Vd?|* — |Vd'|*)Vd',
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and

1 2
3 3
/|Vn|2|v2d2|25(/ |v2d2|6> (f |Vn|3)
Q Q Q
vV
fCBZHV’/‘”LZ(Q)||V2n||L2(Q)5Ef |V2n|2+cB4/ |Vn /2.
Q Q

Multiplying (2.15) by p and using the Minkowski inequality, we have

d . .
= | PP = | —3lpl*divv*— | p(Vpoiv+p;divo)
dt Jq Q Q

21,2
SC/ o7V |+C||,0||L2(sz)||VPI||L3(Q)||U||L6(Q)
Q
+cllplizlletliLe@ IVl L2

2 2 2
= CHU ”Wz(’(Q) ”p”LZ(Q) + 77||VU||L2(Q)
t
/ V2!
0

+con” ' exp(cAT2) (1 + T | V20!

2
+con‘leXP(cAT5)<1 +

L3()

< nlIVUliZ ) +elv’lwase 10172,

13207220 121720
< con~'exp(cAT ) (1 + T A% + [V |20 12132y + N VI ),

that is,

d
221) i | 3101 < nlIVolZag, + e, A, Dol g,

where c(n, A, T) satisfies (2.19).
Multiplying (2.17) by u and integrating over 2, we deduce
(2.22) %i/ o2 lu|*dx —I-/L/ |Vul|?dx

= / —p2v*uVu + (o1 — p2)uy - u+ p1v' Vo' -u — ppv*Vo? - u+ (py — pr)divu
i +2(Vn? @ Vn? — YVr* 2 )Vu — A(Vn' ® Vi' — |Vn' P 1) Vu
=/ —p20*uVu+ (p1 — p2)(u; +v' Vo) -u
"’ —pz(vVv2+v1Vv)-u+(p1—pz)divu
+1(Vn? @ Vn? — HVr*2)Vu — A(Vn' ® Vi' — 1 |Vn' P 1) Vu

2
517/ |VU|2+?/ |Vu|2+c<n,A,B>fpz|u|2+|p|2+|w|2,
Q Q Q
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where c(n, A, B) satisfying (2.19). Here we have used the key estimates
2., .1 2
/ p2lvVuT + v Vol lu| < Vv~ s ll o2ull 2@y V] 26 ()
Q
1
+ IVl 2 llo2ull L2 IV 2= (@)
1
1 2
< coexp(cAT?2) ||/ p2ull L2 @) IVl g2 @) IVV Il 120

1
+ coexp(cAT ) |l /paull 210 Il 2 VU I 12 ()
_ 1
< 0Voll32q) +en A2 exp(cAT ) lI/P2ul 72 )

/Q|Vn||wnwz|san|W|2+cn—1|w2|%oo(9)/Q|Vn|2

gﬁ/ |Vu|2+c32/ IVn|?,
3 Ja Q

and

1, 1ol
lu; +v Vol s llull s

1 1 1
fg(m =) +v V) u<llell 3 o

1, 1ol
<clpllz@llu; +v Vo' gl Vel 2

u
< —IVull?s g + (A, TYDOllplI2 o -
3 () ()

where c(n, A, T)(t) satisfies (2.19).
Summing inequalities (2.18) and (2.20)—(2.22), we obtain

d
o [ 108 190 ol 4 [ [ (90 (Vuf
t Jao Q
Scn/ |Vu]? +|Vd[* + |V2d|* +c(n, A, B, T)/ lp1* + n1> + |Vnl* + palul?,
Q Q
which implies, by (2.19) and taking T = T'(n, A, B)) small enough,
/|p|2+|n|2+|w|2+pz|u|2
Q
T T
SneXP(/ c(n,A,Bxs)ds)f /I,O|2+|n|2+|Vn|2+,02|u|2
0 0 Q
T
Scn/ f|p|2+|n|2+|w|2+pz|u|2.
0 Q

Thus, taking n small, we obtain

(2.23) ol e, 7229 + 10l 0,7 11 (@) + IV P20l L0, 7:22(02)) = €
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and

T T
/ /|Vn|2+|V2n|2+|Vu|2§0/ /|Vd|2+|V2d|2+|Vv|2
0 Q 0 Q

with 0 < 6 < 1. Since n and u are zero on boundary, we finish the proof. U

3. Proof of Theorem 1.1

Proof. By the contractibility of J, we can easily obtain a unique solution (n, u)
of (1.3) and (1.2), and p is from u by formula (1.8), that is, p is a unique solution
of (1.1). Lemmas 2.1-2.3 and the lower semicontinuity of norms imply that the
solutions (p, n, u) satisfy the same estimates. Multiplying (1.3) by n, we get

Inl7 + @ V)ln® = vAln|* + (In|* = D|Vn ],
that is,
(In? = De+ @ - V) (In* = 1) = vA(n* = D+ (In* = DI V[,
Define D = (|n]*> — 1) exp(||Vn||%oc(QT)t), where Q7 = 2 x [0, T']. Then
D;+u-V)D =vAD + (IVn]* = |Va| i~ g,) D
with D]y = 0. So from the maximum principle of parabolic equations,we deduce
D=0 in ((0,7)x ).

Thus we complete the proof of the theorem. (|
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