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STRONG SOLUTIONS TO THE COMPRESSIBLE
LIQUID CRYSTAL SYSTEM

YU-MING CHU, XIAN-GAO LI1U AND XIAO LIU

We prove the existence of local strong solutions of the compressible liquid
crystal system.

1. Introduction

We consider the following simplified system of Ericksen—Leslie equations:

(1.1) pr +div(pu) =0,
. |Vn|?

(1.2) put+pu.vu+vp—MAu+,\<dw(Vn®Vn)_VT)=o,

(1.3) g—’;‘+u-Vn—u(An+|Vn|2n):0,

with the following initial and boundary conditions:

(14) ()O» u, n)|l=0 = (/007 uop, ”0), X € Qa
(1.5) ulx,t) =ug(x) =0, n(x,t)=np(x), xe€0d,

where u is the velocity field, n the macroscopic average of the nematic liquid crystal
orientation field, pg > 0, |ng| = 1, and pressure p =ap? with y > 1, where y is the
adiabatic constant (in the physically relevant case of a monoatomic gas, y = %).
This system is modeled after the theory of Oseen [1933] and Frank [1958]; see
the articles [Ericksen 1962; Forster et al. 1971; Leslie 1966; 1968] or the books
[Ericksen and Kinderlehrer 1987; Gennes and Prost 1993; Pasechnik et al. 2009;
Stephen 1970; Xie 1988].

The system (1.1)—(1.3) is much more complicated than the compressible Navier—
Stokes equations, because equation (1.3), like the situation with heat flow into a
sphere, makes the strongly coupling term div(Vn ® Vn) — V% have a weak
convergence. So far, the existence of weak solutions to the system remains open,
though there are celebrated contributions by Lions [1998]; see also [Feireisl 2004;
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Feireisl et al. 2001]. Liu and Qing [2011] proved the global existence of finite en-
ergy weak solutions to the case where the free energy is replaced by the Ginzburg—
Landau approximation energy,

nEHnl1(19n;R3) /Q %|Vn|2 + ﬁ(wz —1)%dx.

In the incompressible case, F. H. Lin and C. Liu, among others [Lin 1989; Lin
and Liu 1995; Lin and Liu 2001; Lin and Liu 2000; Lin and Liu 1996; Calderer
and Liu 2000], systematically studied the incompressible liquid crystal dynamics
system based on the Ericksen—Leslie model (that is, the Ginzburg—Landau approx-
imation case with p being a constant in system (1.1) makes the velocity field diver-
gence free) and proved the global existence of weak solutions, classical solutions,
and partial regularity. Liu and Zhang [2009] also studied the existence of weak
solutions to the incompressible liquid crystal system with the Ginzburg—Landau
approximation and p nonconstant.

It is well known that there exist no global solutions to the system (1.1)—(1.3)
even in the incompressible case. Surprisingly, we can prove the local existence
of a strong solution to the compressible liquid crystal system with initial density
po > 0. We gained enlightenment from the corresponding results of the com-
pressible Navier—Stokes equations. There is a huge literature on the compressible
Navier—Stokes equations, under the crucial assumption that the initial density pg
is bounded below away from zero. The existence results were obtained by Nash,
Itaya, Tani, Matsumura, and Nishida, among others. For general nonnegative initial
density, Cho, Kim, and Choe [Choe and Kim 2003; Cho et al. 2004; Cho and Kim
2006] obtained the existence of a local strong solution to a compressible Navier—
Stokes equation.

We first have the energy law

dE

—+f w|Vul?> +rv|An+|Val*n)> =0
dr ' Jg

with
£ = [ (St +510nP + 25 07).
Q y—1

From the definition of velocity,

(1.6) w =ux(X,1),1),
1.7) x(X,0)=X.

The continuity equation can be rewritten as

do(x(X, 1), 1)

divu =0,
r +pdivu
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that is,

(1.8) p(x, 1) = poexp (—/ divu).
0

We need the following regularity for pg, ng, and ug:
(1.9) po € WHO(Q), wupe H}(Q) NH*(Q), noe H (Q).

We also need some compatibility condition on the initial data: for some g € L2,

1
(1.10) 1Aug — A div(Vng ® Vng — | Vno|*I) —aVpl = pig.
The following is our main result.

Theorem 1.1. Assume Q is a smooth bounded domain in R3 and (po, no, ug) satis-
fies regularity condition (1.9) and compatibility condition (1.10). Then there exist
a small time T* > 0 and a unique strong solution (p, n, u) of the compressible
liquid crystal system (1.1)—(1.3) in (0, T*) x Q, satisfying initial and boundary
conditions (1.4) and (1.5), such that

p € C([0, T*); W), pr € C([0, T*); L),

ue C(0, T*); Hf NH*)NL*0, T*; W%, u, € L*(0,T*; Hy),

n e C([0, T*); H*) N L*(0, T*; W*©), n; € C([0, T*); HY),
[

Vou; € C([0, T*); L?).

2. Approximation solutions

We now consider the linearized equations as follows: for fixed smooth functions
v,d: Q2 x[0, T] — R? with

dx(X,t)

7 =v(x(X,1),1)
and x(X, 0) = X, and v(x, 0) = uo(x), d(x, 0) = np(x),
2.1 pr +div(pv) =0,
22)  (pu) +div(py ®v) +aVp? = pAu —rdiv(Va® Vn — | Vn[*]),
(2.3) n;—yAn=»xA|Vd|*’d —v-Vd,

with initial and boundary conditions

(24) (p’uan)|l=0:(/00+87u07n0)7 X € Qa
(2.5 u(x,t) =ug(x) =0, n(x,t)=np(x), xedf.

Here § > 0 is a constant, and pg > 0, |ng| = 1.
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We use the following notations: Suppose Banach spaces
sl = L0, T; HX(Q)) N L0, T; W))W, ' ((0, T) x ),
B = L0, T; W20 (Q) N WL, T) x 2 nW;'((0, T) x Q)
with norm respectively
vl = vl zoeco,7: m2()) F IV 220, 7 w26 (02)) + Vel 20,7 1 ()
ldlla = ldill20,7: m2(22)) + 1d L 0.7: 51 (@) + Nl L0, 7; w26 (2))-

Lemma 2.1. For given v with ||v|l g4 < A, the unique solution p of (2.1) satisfies

(2.6) lollLooo, 7w () =< cco(l + T%A) exp(cT%A),
2.7) 1ol 0. 7:15(2)) < oA exp(cT 2 A).

In particular,

(2.8) Pl oo, ;w6 < cco(l + T2 A) exp(cT%A),
(2.9) el L 0.7;L5(02)) = ccoA exp(cT 2 A),

where c is an absolute constant, perhaps dependent on 2, A, i, y, etc., and cy is a
constant dependent on initial and boundary data.

Proof. Since

t t t
Vp:V,ooexp(—/ divv)—po/ Vdivvexp(—/ divv>,
0 0 0
t
p,:—podivvexp(—/ divv),
0

we have, from the Minkowski inequality,

‘ T
/ V2 ) exp(/ ”diVU”LOO(Q))
0 L5(Q) 0
T T
<cllpollwisq) (1 +/ v U||L6(Q)) CXP(/ [[div U||L°°(sz)>
0 0

1 1
=cllpollwre (1 +T2|v]x) exp(cT 2 ||v]x)
< cco(1+T2A) exp(cT?A),

IVollzs) = cllpollwis) (1 + ‘

T
loell o) < cllpollLe@) IVl Lo exp(/ [ldiv U||L°°(S2))
0
1 1
< ccoexp(cT2A)||vll g2 q) < ccoAexp(cT?2A),

where X = L%(0, T; W>%(Q)). O
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Lemma 2.2. Suppose |v||g4 < A, ||d|lgg < B. Then (2.3) with initial condition
n(x,0) = no(x) has a unique solution n and a constant K, depending only on
ng and ug, such that, for T = T (A, B) small enough,

(2.10) lInlla = nell 20, 7:H2(2)) + Ine I L0, 7: 11 (@) + 17l Lo 0.7 w26 (2)) < K-

Proof. The existence of a solution to (2.3) is standard. We just give the estimates
as follows. Differentiating (2.3) with respect to time ¢,

nig —vAn, =v(|Vd|?d + |Vd|*d,) + (v, - V)d — (v - V)d,.

Multiplying by Any, integrating over €2, and using the Cauchy inequality, we get
2.11) %i/ |Vnt|2+vf |An,|?
= —/ v(IVd|2d +|Vd|*d;) - An; + (v, - V)d - An; — (v-V)d, - An,
Q

S/ 20|Vd||Vd;||d||An| +v|Vd|*|d] | An,]

Q

+/ Vo, | |Vd| Vi | + 0| |V2d| [V, | + [v] | Vd; | | Any |
Q

5
>
i=1
We have the following estimates for /;:
2 2 2 1% 2
Ilzf 2v|Vd||th||d||An,|5c/ VAPV, Pld P + £l A7 -
Q Q
122/ v|Vd|2|d,||Ant|§c/ |Vd|4|d,|2+§||Anf||iz,
Q Q
13=/ |VUI||Vd||Vnt|sA—2B—2/ |Vvt|2|Vd|2+Aszf |V, |2,
Q Q Q
14=/ |vf||v2d||Vn,|sA—zB—2/ |vt|2|v2d|2+A232/ |V, |*
Q Q Q
< A2 B2V |12, [ V2d]| 2 V2d o + A2B? / VP,
Q
3
15=/ |v||Vd,||An,|§—/ ERAZARE VA
Q V/a 6

Substituting all the estimates into (2.11), we get

d
& [ roniey [1ani <c [ (vapiva i+ [ vartiar
Q Q Q Q

+cA—2B—2/ |Vv,|2|Vd|2+cA2B2/ |Vn,|?
Q Q

+ec / W2 Vd, >+ cA2B7 2| V|3, V2 1211 V2d I s,
Q
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that is,

T
/|Vn,|2+v/ f|AnI|2
Q 0 Q

T
5cB6T+cAzBZT+c+cAzBZf /IVnt|2+c(no,u0),
0o Ja
where

c(no, uo)

=cf IAVn0|2+IVno|2|V2n0|2+|Vn0|6+C/ V0PIV 0f2 + utg P19 2
Q Q
Using Gronwall’s inequality, we obtain
/ |Vn,|? < (¢B®T + cA%B>T + o) exp(cA*B>T)
Q
and
T
/ Vi * +v f / |An;|? < c¢(BST 4+ A B?T + cp)(1 4+ exp(cA2B*T)).
Q 0 Q

Taking T = T (A, B) small, we get

T
[|Vn,|2+v/ /|An,|2§c.
Q 0 Q

The elliptic estimates can be deduced from (2.3):

Inllw2o) < Inellzs + v - Vdll e + 1VA2dll s + lInoll w2
<|lv-Vd| s+ 1Vd|*d| 16 + co.

We estimate each item:
lv-Vd| s

1 1 1
6 6 6
=(f |v|6|Vd|6> 5(/ IU—M0|6|Vd|6) +||uo||Loo([ |Vd|6>
Q Q Q

2 6
scB(/ |Vv—wo|2) +c||uo||Loo(/ IVd—Vno|6) + clluollz~ Vol
Q Q

t 2\ % 5 t 2 %
SCB(/ [ Vo, ) +C()B3</ / Vd; ) + cp
QIJ0 Q1J0

< ¢BT? |Vl 120, + 0TS B +co < cABT? + BT + ¢
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and

1 1
6 6
|||Vd|2d||m=</ ||Vd|2d|6) s(f |Vd|”|d—no|6) +cO(/ |wz|12>;
Q Q Q
; ;
SCBZ(/ |d—n0|6> +CO</ IVd—Vno|]2> +co
Y Q

1 1
< c132</Q |Vd — Vn0|2)2 —|—coB(/Q |Vd — Vno|6)6 + ¢
<CABT? 4 ¢oBT5 + .
Taking T = T (A, B) small enough, we obtain the desired ||n| 26 < co. [l
For (2.2) we have following Lemma.

Lemma 2.3. Under the conditions of Lemma 2.2, suppose n satisfies (2.3) and p
(2.1). Then there exists a unique solution u satisfying (2.2), and there is a constant
K>, depending only on ng and u, such that, for T =T (A, B) small enough,

(2.12) Nullg = llullpeo,7: 52 T 1l 2200, 7: w2o00)) + Ul 20,7, 51 (@) < K2-

T
p = dexp (—f IVvlLoo<<o,T>x9)) >0,
0

the standard theory of parabolic equations implies the existence of the solution
to (2.2). Differentiating (2.2) with respect to time ¢, we get

Proof. Since

(2.13)  puy — nAuy
=—Adiv((Vd®Vd), — 1 |Vd [} 1) =V p,— (pv-V)v,— (p,v-V)v—(pv;- V)V — oyt
Multiplying by u,, integrating by parts, and using the continuity of (2.1), we get

1 d 2 2
27 Q;0|Mt| +M/Q|VM;|

=A/Q((Vd®Vd),—%|Vd|t21)-Vut
—/Qth-u,—(,ov-V)vt-u,—(ptv-V)v-u,—/;z(pv,-V)v~u,—|—pt|u,|2
53)»/9|Vd||Vd,||Vut|—f—/S?p,diV(ut)—i-vaIleA|u,|
+/Qp|v||w|2|ut|+p|v|2|v2v||uf|+p|v||w||wz|

+/ plu IVl lu[ +2p[v] [Vue| |u;]
Q

8
=>"1I.
i=1
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For each I; we have

1]=3x/ |Vd||w,||w,|5c/|Vd|2|wt|2+i/|wt|25c34+ﬂ/|w,|2,
o Q 12 Jqo 12 Jqo

. 0
12=/ ptd1v<u,)5c/ |pf|2+ﬁf|wt|2
Q Q Q
g I
SCOGXP</ 2||Vv||Loo<Q>>/|w|2+—/|w,|2
0 Q 12 /g

gcoAzexp(cAT%)Jri/ |Vu, |,
12 )g
Ja— 4 2 -2 1 2
s= | 1ol Vol lu <A* | plus? + coA2exp(cAT?) | [V,
Q Q Q
1
14=f |p||v||Vv|2|u,|5A6/p|u,|2+coexp(cATz>,
Q Q
Jo— 212 6 2 1
s= | 1ol1021V20]lur < A® | plus |+ coexp(cAT?),
Q Q
In
16=/ p|v||Vv||wt|5c/ p2|v|2|w|2+—f Vi
Q Q 12 Jo
5c0A4exp(cATi)+ﬂ/ IV, |2,
12 )g
17=/ p|vt||Vv||ut|sA4/ p|ut|2+A4/ pluPIVoP
Q Q Q
5A2/p|uz|2+coA—2exp<cAT5>f w2,
Q
18:2/ vaIIVutIquIEC/ lu 1> (plv]*) + — /IVutI
Q
<coA2exp<cATz>/p|u,| L /|Vu,|

From the above estimates, we get

T
/p|ut|2+f /|wt|2
Q 0 Q

T
5cB4T+c0A4Texp(cATi)+c0+c0A4exp(cAT%)/ /,0|u,|2,
0 Q

which implies that

T
/plu,|2+/ /|Vu,|25(cB4T+c0A4Texp(cAT%))coA“Texp(cATi).
Q 0 Q
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Taking T =T (A, B) small enough, we deduce

T
2.14) /p|ut|2+f /|wt|25c<co).
Q 0 Q

Finally, we estimate

lullpooo,7: 522  and  ull 20, 7. w26(0))-

From (2.2), we get

lull 2
< c(IVpllza) + lloudll 2 + 1V 0 Va2 + c(l(ov - V)Vl 12(q) + c0)-

Now we have

IV pll 2 < coexp(cAT?) +coAT 2 exp(cAT?),

1
lpusll 2 < coexp(cAT 2) |/ pusllL2(q),
1 1
2 2 2 2 2
IV°nVnll2@) < IV llLs@) VRl 12 VA s o) < KT

and

lpv - Voll72 g

< ||p||im(g)/ w*|Vol?
Q

scoexp<cAT%>(/ |v—uo|2|w|2+||uo||%oo/ IVU—Vu0|2+Co>
Q Q

t 2 t 2
gcoexp(cATi)(/ / v, |Vv|2+co/ / v, +c0>
QlJ0 QlJ0

< coexp(cAT ) (AT + coA>T + cp).

Similarly, we have

IV pll s < coexp(cAT?) +coAT? exp(cAT?),

1
lousll 20, 7:L5(2)) =< co€xXp(cAT2)|Vuyllr20.7:12(2))
1
< coexp(cAT2)C(cp),

2 2 2
IVnVnllp20.7:05) < IV rll20, 7.6 I1VRllLe@ < KT,
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and
lov - Vol 720 7. 1o
T 3
supniw(g)/ (/ |v|6|Vv|6>
0 Q
I 3 2 3
§c0exp(cAT2)/ ||v||LOO(Q)||Vv||zDC(Q)x(/ Vv — Vug| —i—l)
0 Q
! T 4 t 2 %
§coexp(cAT2)A2/ ||Vv||zoo(9)x</ f Vo, +1>
0 QJO
N b %1
§c0exp(cAT2)(T/ /Isz|2+1) X(/ ”U”%VZ»G(Q)) rs
0 Q 0
< coexp(cAT2)(TA*+ 1)TA3TS.
Thus

T
/ p|u,|2dx+,u/ f Va1 dx di+llull Logo.7: 2y el L2007 w260 < C (o).
Q 0 Ja
This concludes the proof. ([
If (n%, u®) denotes a unique solution of (2.2) and (2.3) with
p(x,0)=pp+36

and initial and boundary conditions, then taking § — 0, we obtain a unique solu-
tion (n, u) of the linearized system (2.1)—(2.3) with p(x, 0) = pp and initial and
boundary conditions such that ||n|lg < K1, |u|l4 < K». So we can define a map

T:W—=W, v (,u),

where Banach space
W=EARIB)NEC=ARSR

with
€ ={(n,u):l(n,w)lle=lnlr20.7 520 + el L200.7: 11 (2)) < OO}

The following lemma tells us that the map J is contracted in the sense of weaker
norm for (d, v) € W.

Lemma 2.4. There is a constant 0 < 0 < 1 such that for any (d EohyeW,i=1,2,
1T7@", v =T (@ v)lle <0lld' —d* v' — v

for some small T > 0.
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Proof. Suppose p;, n', and u' are the solutions to (2.1)—(2.3) corresponding to

given (d', v') € W. Define p=p, —p1,d =d*—d', v=v>—v', n =n>—n!,

2
t .
0i = po €Xp (—/ divv’),
0

u=u?—u',and

i =1,2. Then

(2.15) o1 + div(pv?) = —div(piv),

(2.16) n, —vAn = v|Vd?*[*d> —v|Vd'|?d" —v*Vd? +v'Vd',
(2.17) pauy — Au = (p1 — p2)u; + p1v' Vo' — vV + Vp,

— Vp2— AV - (V> ® Vn? — §|Vn?|*])
+AV - (Va' @ Va' — Liva'!P1).

Multiplying (2.16) by n and integrating over 2, we get

(2.18) %%/ |n|2dx—|—v/ |Vn|? dx
Q
/|Vd2 1?d*>-n—|Vd'|’d" -n—vVd® -n—v'Vd-n

sn/<|Vd|2+|Vv|2>+c(n,A,B)f In|?,
Q Q

where c(n, A, B)(s) satisfies

T
(2.19) / c(n, A, B)(s)ds < K3
0

forsmall T =T (A, B, n), where K3 is a constant dependent on initial and boundary
data cg.

Differentiating (2.16) with respect to x;, multiplying by Vn, and integrating over
2, we deduce

d
(2.20) %E/QWnlzdx—i-%/QIVznlzdx

5n/(le|2+|Vd|2+|V2d|2)+6(n,A,B)/ Val?,
Q Q
where c(n, A, B) satisfies (2.19), and we have used the following identities and
estimates:
Vd*V2d*d* —vd'V2d'd" = vdv2did' +vd'Vvidd' + vd'v?d'a,
IVd?|*Vd? — |Vd' ’Vd' = |Vd**Vd + (|Vd?|> — |Vd' ) Vd',
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and

1 2
3 3
/|Vn|2|vzd2|2§(/ |v2d2|6) (/ |Vn|3)
Q Q Q
V
SCBZHVn”LZ(Q)||V2n||L2(S2)fE/ |V2n|2+634/ |Vnl*.
Q Q

Multiplying (2.15) by p and using the Minkowski inequality, we have

d . .
| 3l = | =3lplPdive’ = | p(Vprv+ pidivo)
dt Jo Q Q
EC/ 0PIV +cllpll 2@ I Vorll s Ivle)
Q
+ellollzlletllieo@ Vol 2
< clv?lwae@llol 72y + 11Vl 72,
2
-1 AT( 1 tvzl 2
+con CXP(C ) + v “10 ”LZ(Q)
0 L3(Q)
2 2 2
= 77||VU||L2(Q) +C||U ”WZ(’(Q)”/O”LZ(Q)
_ 1
+con” " exp(cAT )1+ T IV 35 7o) 101720
— 1
< con”'exp(cAT2)(1+ T A + [V [lw2s@) 01172 () + 1V V72 )
that is,
d
221 o | 3l =nlVulliag, e A Dol g)-
Q

where c(n, A, T) satisfies (2.19).
Multiplying (2.17) by u and integrating over €2, we deduce

(2.22) %i/pzwlzdx—l—,u/ |Vu|?dx
dt Jo Q
=/Q—,Ozv2uVu+(p1—pz)u}-u+plv1Vv1-u—szZsz-qu(pz—pl)divu
+1(Vn? @ Vn? — HIVn*?[)Vu — A(Vn' ® Vn' — 1 |Vn' P 1) Vu

=/ —p20*uVu+ (p1 — p2)(u; +v' Vo) -u
Q
— pz(vsz + UIVv) ‘u+ (p1— prdivu
+1(Vn? @ Vn? — JIVn*?)Vu — A(Vn' ® Vn' — | Vn' P 1) Vu

2
Sn/ |Vv|2+?f |W|2+c<n,A,B>/pz|u|2+|p|2+|w|2,
Q Q Q
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where c(n, A, B) satisfying (2.19). Here we have used the key estimates
2, .1 2
/ P2lvVuT +v Vol lu| < Vv s ll o2ull 2@ 1] 260
Q
1
+ IVl 2@ llo2ull 2@ llv L= (@)
i 2
< coexp(cAT2) ||/ paull 2 IV Il a2 IVl 20

1
+coexp(cAT ) | /paull 2 10 | 2 I VU L2 ()
_ 1
< lIVli72q) +cn” A% exp(cAT )| V/p2ul ]2 ).

/QIVHIIWIIWZI577/9IVuI2+cn‘1|Vn2|%oo(m/Q|an2

sﬁf |Vu|2+c32f VP,
3 Ja Q

and

/(m —p2)(u} +v'Voly-u < |p| llu; +v' Vol ll o llull s
Q

3
L2 (Q)
T
<clpllz@llu; +v Vo'l gl Vul 2

n
= S IVulliag + (A, DYOlPI2 g

where c(n, A, T)(t) satisfies (2.19).
Summing inequalities (2.18) and (2.20)—(2.22), we obtain

d
d—f |,0|2+|n|2+|Vn|2+,02|u|2+/ Vi + V2P + [ Vul?
tJo Q
Scn/ Vo[> +|Vd|* + |V2d|* +c(n, A, B, T)/ lpI> + 0> +1Vn|* + palul?,
Q Q
which implies, by (2.19) and taking T = T'(n, A, B)) small enough,
f|p|2+|n|2+|Vn|2+pz|u|2
Q
T T
SnﬁXP(/ c<n,A,B>(s>ds>/ /I,O|2+|n|2+|Vn|2+P2|M|2
0 0 Q
T
Scnf /I,O|2+In|2+|Vn|2+,02|M|2-
0 Q

Thus, taking n small, we obtain

(2.23) ol oo, ;2 + 10Nl L0, 7. 51 () + IV P2ul Lo 0, 7: 12(02)) = €
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and

T T
/f|Vn|2+|v2n|2+|W|250/ /|Vd|2+|V2d|2+|Vv|2
0 Q 0 Q

with 0 < 6 < 1. Since n and u are zero on boundary, we finish the proof. (]

3. Proof of Theorem 1.1

Proof. By the contractibility of J, we can easily obtain a unique solution (n, u)
of (1.3) and (1.2), and p is from u by formula (1.8), that is, p is a unique solution
of (1.1). Lemmas 2.1-2.3 and the lower semicontinuity of norms imply that the
solutions (p, n, u) satisfy the same estimates. Multiplying (1.3) by n, we get

n]? + - V)|n)* = vAln]* + (n|* = 1| Va],
that is,
(In* = 1) + @ - V)(In]> = 1) = vA(n* = 1) + (In]> = )| Va[*,
Define D = (In|* — 1) exp(||[Val|7 gy, ), where Q7 =2 x [0, T]. Then
D, +(u-V)D =vAD+(|Vn|* — |Vali«g,,) D
with D|3q = 0. So from the maximum principle of parabolic equations,we deduce
D=0 in ((0,T) x Q).

Thus we complete the proof of the theorem. ([
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