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PRESENTATIONS FOR THE HIGHER-DIMENSIONAL
THOMPSON GROUPS nV

JOHANNA HENNIG AND FRANCESCO MATUCCI

M. G. Brin has introduced the higher-dimensional Thompson groups nV
that are generalizations to the Thompson group V of self-homeomorphisms
of the Cantor set and found a finite set of generators and relations in the
case n = 2. We show how to generalize his construction to obtain a finite
presentation for every positive integer n. As a corollary, we obtain another
proof that the groups nV are simple (first proved by Brin).

1. Introduction

The higher-dimensional groups nV were introduced by Brin in [2004; 2005] and
generalize Thompson’s group V. The group V is a group of self-homeomorphisms
of the Cantor set € that is simple and finitely presented — the standard introduction
to V is the paper by Cannon, Floyd and Parry [1996]. The groups nV generalize
the group V and act on powers of the Cantor set €”. Brin shows in [2004] that
the groups V and 2V are not isomorphic and shows in [2005] that the group 2V is
finitely presented. Bleak and Lanoue [2010] have recently shown that two groups
mV and nV are isomorphic if and only if m =n.

In this paper we give a finite presentation for each of the higher-dimensional
Thompson groups nV. The argument extends to the ascending union wV of the
groups nV and returns an infinite presentation of the same flavor. As a corollary,
we obtain another proof that the groups nV and wV are simple. Our arguments
follow closely and generalize those of Brin in [2004; 2005] for the group 2V.

This work arose during a Research Experience for Undergraduates program at
Cornell University. The motivation for the project sprang from a commonly held
opinion that the bookkeeping required to generalize Brin’s presentations to the
groups nV would be overwhelming. One would expect from the similarity of the
groups’ constructions that all arguments for 2V would carry over to nV for all n.
Standing in the way of this are the cross relations. Thus our paper has two kinds

Partially supported by the NSF grant for Research Experiences for Undergraduates (REU).

MSC2010: 20F05, 20F65.

Keywords: Thompson groups, groups of piecewise-linear homeomorphisms, finiteness properties,
finite presentations.

53


http://msp.berkeley.edu/pjm
http://dx.doi.org/10.2140/pjm.2012.257-1

54 JOHANNA HENNIG AND FRANCESCO MATUCCI

of arguments: those that verify the parts of [Brin 2005] that carry over with no
change to nV and those involving the cross relations that have to be modified to
hold in nV (see Lemmas 6 and 20 and Remark 13 below).

Following a suggestion of Collin Bleak the authors have also explored an al-
ternative generating set (see Section 8). An interesting project would be to find a
set of relators for this alternative generating set in order to use a known procedure
that significantly reduces the number of relations, and which has been successfully
implemented in a number of papers by Guralnick, Kantor, Kassabov and Lubotzky;
see for example [Guralnick et al. 2011].

After a careful reading of Brin’s original paper [2005], it became clear what was
needed to generalize his proof, and the current paper borrows heavily from Brin’s.
Brin was already aware that many of his arguments would probably extend (and he
points out in several places in [2004; 2005] where it is evident that they do). We
show how to deal with generators in higher dimensions and what steps are needed
to obtain the same type of normalized words that are built for 2V in [Brin 2005].

We also mention that Brin asks in [2005] whether or not the group 2V has
type Fo (that is, it has a classifying space that is finite in each dimension). This
has recently been answered by Kochloukova, Martinez-Perez and Nucinkis [2010],
who have shown that the groups 2V and 3V have type F,, therefore obtaining a
new proof that these groups are finitely presented.

2. The main ingredient and structure of this paper

Many arguments of Brin [2004; 2005] generalize verbatim from 2V to nV. The
key observation that allows us to restate many results without proof (or with little
additional effort) is the following: Many statements of Brin do not depend on
dimension 2, except those that need to make use of the “cross relation” (relation
(18) in Section 4 below) to rewrite a cut in dimension d followed by a cut in
dimension d’ as one in dimension d’ followed by one in dimension d.

As a result, proofs that need to make use of this new relation require a slight
generalization (for example, the normalization of words in the monoid across fully
divided dimensions) while those that do not can be obtained directly using Brin’s
original proof. In any case, since statements need to be adapted to our context we
sketch certain proofs to make it clear that they generalize directly. For example,
we will show why Brin’s proof that 2V is simple does not use the new relation (18)
and therefore it lifts immediately to higher dimensions.

3. The monoid II,,

In [2004, Section 4.5], Brin defines the monoid IT and 2V and observes that one
can extend the definition for all n. Elements of I1,, are given by numbered patterns
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0 1 i i+1

0 1 i i+l i+2

Figure 1. The generator s; 4.

0 1 i i+1

0 1 1 +1 i

Figure 2. The generator o;.

in X, where X is the union of the set {Sp, Si, ...} of unit n-cubes. Fix n € N and
fix an ordering on the dimensions d for 1 < d < n. The monoid I, is generated
by the elements s; 4 and o;, where s; 4 denotes the element that cuts the rectangle
S; in half across the d-th dimension (see Figure 1) and o; is the transposition that
switches the rectangle labeled i with that labeled i 4- 1, as defined for 2V (see
Figure 2).

After each cut, the numbering shifts as before. The following relations hold
in IT,,.

(MD) Sj.d'Si,d = Si,dSj+1,d’ fori<j,1<d,d <n,
(M2) of =1 for i >0,

(M3) 0;0; =0;0; for |i — j| > 2,

(M4) 0i0i+10; = 04100 ] for i >0,

(M5a) OjSid=S8id0j+1 for i < j,

(M5b) 0Sid =Sj+1,d0;0j+1 for i = j,

(M5c¢) 0jSid =5jd0j+10] fori=j+1,

(M5d) 0Sid = Si,d0; for i > j+1,

(M6) Si.dSi+1.d'Si.d’ = Si.d'Si+1.dSi.d0i+1 for i >0,d #d'.

Relations (M5b) and (M5c) are actually equivalent, because o; is its own inverse.

Remark 1. The proofs of [Brin 2005, Section 2] that use relations (M1)—(M5d) do
not depend on the dimension being 2. For this reason, they generalize immediately
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to the case of the monoid IT, and we do not prove them again. This includes every
result up to and including [Brin 2005, Lemma 2.9].

On the other hand, Proposition 2.11 in [Brin 2005] uses the cross relation (M6)
and it requires us to choose how we write elements to get some underlying pattern.
Brin achieves this type of normalization by writing elements so that vertical cuts
appear first, whenever possible. We generalize his argument by describing how to
order nodes in forests (which represent cuts in some dimension).

The following definition is given inductively on the subtrees.

Definition 2. Given a forest F', we say that a subtree T of some tree of F is fully
divided across some dimension d if the root of T is labeled d or if both its left and
right subtrees are fully divided across dimension d. We say a forest F is normalized
if every subtree T is such that if 7 is fully divided across different the dimensions
dy <dy < --- < d,, then the root of T is labeled with d;, the lowest among all
possible dimensions over which T is fully divided.

Given that a word w is a word in the generators {s; 4, 0;}, we define the length
£(w) of w to be the number of times an element of {s; 4} appears in w. It can easily
be seen that the length of a word is preserved by relations (M1)—(M6).

We restate some results adapted to our case.

Lemma 3 [Brin 2005, Lemma 2.7]. If the numbered, labeled forest F comes from
awordin{s;q|d,i € N}, then the leaves of F are numbered so that the leaves in
F; have numbers lower than those in F; whenever i < j and the leaves in each tree
of F are numbered in increasing order under the natural left-right ordering of the
leaves.

Lemma 4 [Brin 2005, Lemma 2.8]. If two words in the generators
{sia,0ili €N, 1 <d<n}

lead to the same numbered, labeled forest, then they are related by (M1)—(M5d).

Lemma 5 [Brin 2005, Lemma 2.9]. If F is a numbered, labeled forest with the
numbering as in Lemma 3, and if a linear order is given on the interior vertices
(and thus of the carets) of F that respects the ancestor relation, then there is a
unique word w in {s; 4 | d,i € N} leading to F such that the order on the interior
vertices of F derived from the order on the entries in w is identical to the given
linear order on the interior vertices.

The next lemma and corollary are used to prove results analogous to [Brin 2005,
Lemma 2.10 and Proposition 2.11].

Lemma 6. Let w be a word in the set {s; 4, 0;} and suppose that the underlying
pattern P has a fully divided hypercube S; across dimensiond. Then w ~w' =s; 4a
for some word a € (s; 4, 0).
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Proof. We use induction on g :=£(w). By using relations (M5a)—(M5d) as in [Brin
2005, Lemma 2.3] we can assume that w = pg, where p € (s; 4) and g € (o0;). This
does not alter the length of w. If g =3, then p = p; p2 p3. If p1 =s; 4, We are done;
otherwise we have two cases: either pp = s;1+1 4 and p3 = s;4 or ps = s; 4 and
p3 =S5i4+2,4. Up to using relation (M1), we can assume that p =s;11 4 and p3 =s; 4
which is what we want to apply relation (M6) to p to get w ~ w' =§; 4Si+1.kSi.kq-

Now assume the thesis true for all words of length less than g. We consider the
word p and look at the labeled unnumbered tree F; corresponding to S; with root
vertex u and children ug and u;. Let 7, be the subtree of F; with root vertex u,
for r =0, 1. We choose an ordering of the vertices of F; that respects the ancestor
relation and such that u corresponds to 1, ug corresponds to 2, the other interior
nodes of Ty correspond to the numbers from 3 to j = #(interior nodes of 7p) and
uy corresponds to j + 1.

By Lemma 5, the word p is equivalent to

P~ Sik(SimPpo)(S£1P1)s

where s; ,, po 1s the subword corresponding to the subtree Ty and s7;p; is the
subword corresponding to the subtree 77 and with pg, p1 € (si4). We observe
that

L(simpo) <€(p)=g and L(syp;p1) <l(p)=g

and that the underlying squares S; for s; ,, po and S; | for s, py are fully divided
across dimension d. We can thus apply the induction hypothesis and rewrite

SimPo ™~ Siapogo and  Sp;p2~Srapigi.

We restrict our attention to the subword s; 4 pogos r,4. Using the relations (M5a)—
(M5d), we can move g to the right of 574 and obtain

8i,dP0qoS f.d ~ Si.d D0Sg.dq

for some permutation word g. Since the word py acts on the rectangle S; and sg 4
acts on the rectangle S; 1, we can apply Lemma 4 and 5 and put a new order on
the nodes so that the node corresponding to s; 4 is 1 and s, 4 is 2. Thus we have

8i,d P0Sg.dd ™~ Si,dSi+2,d P4

for some p word in the set {s; 4}. Thus we have w ~ w” = s; 5; 4Si+2.4P ¢ and so,
by applying the cross relation (M6) to the first three letters of w”, we get

1 / ~ o~
w~w A~ W =S 4Si kSi+2,k P = Si,dd. O
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We have now proved [Brin 2005, Lemma 2.10], since in order for a tree in a
forest to be nonnormalized, one of the rectangles in the pattern corresponding to
that tree must be fully divided across two different dimensions.

Lemma 7 [Brin 2005]. If two different forests correspond to the same pattern in
X, then at least one of the two forests is not normalized.

Remark 8. Lemma 6 is used in our extension of [Brin 2005, Proposition 2.11]
so that we can push dimension d under the root. This is explained better in the
following corollary.

Corollary 9. Let w be a word in the generators {s; 4, 0;} such that its underlying
square S; is fully divided across dimensions d and {. Then

/ V4
W~ W =848 08i42,04 ~ W = 58;0S; qSi+2,qb
for some suitable words a and b in the generators {s; 4, 0;}.

Proof. This is achieved by a repeated application of Lemma 6. We apply it to w and
obtain w ~ s; g4a;. By construction, the underlying squares S; and S;y; of a; are
fully divided across dimension ¢, so we can apply the previous lemma to a; to get
ay ~ s; ¢ay and finally we apply it again to a, ~ s; 2 ¢a. Hence w ~w' =s; ¢5; 42 ¢a.
To get w” we apply the cross relation (M6) to the subword s; ¢5; 45i+2.4- O

Proposition 10. A word w is related by (M1)—(M6) to a word corresponding to a
normalized, labeled forest.

Proof. We proceed by induction on the length of w. Let g be the length of w
and assume the result holds for all words of length less than g. As before, write
w = pq, where p = s;5;, ---s;,_, (here, the i; refers to the cube that is being
cut; we omit the second index indicating dimension as it is unimportant for now).
Write w = s;,w’; since the order of the interior vertices of the forest for p given
by the order of the letters in p must respect the ancestor relation, we know that
the interior vertex corresponding to s;, must be a root of some tree 7. As w’ is a
word of length less than g, we may apply our inductive hypothesis and assume that
w’ can be rewritten via relations (M 1)—(M6) to obtain a corresponding normalized
forest. The pattern P for w is obtained from the pattern P’ for w’ by applying the
pattern of P’ in unit square S; to the rectangle numbered i in the pattern for s;,.
The forest F for w is obtained from the forest F’ for w’ by attaching the i-th tree
of F’ to the i-th leaf of the forest for s;,. Since F’ is normalized, it is seen that
F has all interior vertices normalized except possibly for the root vertex of one
tree, T'.

Let u be the root vertex of 7' with label k and with children «; and u,. Let T7 and
T, be the subtrees of T whose roots are u; and u;, respectively. By hypothesis,
Ty and T3 are already normalized. If T is not normalized already, then 7 must
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be fully divided across the dimension k that u is labeled with, and some other
dimension less than k. Let d be the minimal dimension across which 7 is fully
divided. Since 77 and 7, are also fully divided across d, by Lemma 6, we may
apply relations (M1)—(M6) to the subwords of w corresponding to 77 and 73 until
u1 and u, are each labeled d. Now by [Brin 2005, Lemma 2.9], we may assume
W = Siy kSip.dSip+2,4W", where w” is the remainder of w. We apply relation (M6)
to obtain

1
W = Sig,dSio.kSig+2.kOig W -

Now, we have normalized the vertex u, and we may now use the inductive hypoth-
esis to renormalize the trees 77 and 7>. The result is a normalized forest. O

The proof of the next result follows the argument of [Brin 2005, Theorem 1],
using [Lemma 2.10] and Proposition 10 (to extend [Proposition 2.11]).

Theorem 11. The monoid I1, is presented by using the generators {s; 4, 0;} and
relations (M1)—(M6).

4. Relationsin nV

4.1. Generators for nV. The following generators are defined as in [Brin 2004]
and analogous arguments show why they are a generating set for nV.

Xia= (st 14,5572 fori>0,1<d <n,
Cia = (50 150.d> S(')Jrll) fori >0,2<d <n, (baker’s maps),
T = (S6+12<7 15 S(’)Jﬁz) for i >0 (o; defined as above),

TP = (séﬁloo, s(‘)fll) for i >0

4.2. Relations involving cuts and permutations. In the following relations (1)-
(7), the reader can assume that 1 < d, d’ < n unless otherwise stated.

(D) XgaXma = XmaXqi1,a for m < g,
) g Xmd = Xm,aTtg+1 for m < g,
3) Mg Xgd=Xg41,dTqTg+1 for g > 0,
“4) g Xmd = Xm,aTq for m > g +1,
®)) TgXmda = XmaTgv1 for m < g,
(6) TmXm1 = TmTmt1 for m >0,

@) Xm,de+l,d/Xm,d’ = Xm,d’Xm+l,de,d7Tm+l for m>0,d 7é d'.
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4.3. Relations involving permutations only. We have

(8) TqTm = Ty for |m —q| > 2,
9) T a1 TCm = Ton+17Cm Tn+1 for m >0,

(10) Tqm =TTy for g >m+2,
(1D T T m+17Tm = T 1Tm T m+1 for m >0,

(12) =1 for m >0,

(13) 7l =1 for m > 0.

4.4. Relations involving baker’s maps. In the relations (14)—(18) the reader can
assume that 2 <d <n and 1 < d’ < n unless otherwise stated.

(14) TmXm.d = Cn+1,dTmTT m+1 for m > 0,
(15) CyaXma = XmaCqi1,d form < ¢,
(16) Cn.dXm1 = XmdCmni2.4Tm+1 form > 0,
(17) 74Cmd = Cin,amy form > g+1,

(I8)  Cun.aXm,aCmr2,00 = Cnar Xm,aCm2,aTmy1 form > 0,1 < d <d<n.

Relations (1)—(17) are generalizations of those given in [Brin 2004] and their
proofs are completely analogous. The only new family of relations is (18), which
we prove using relation (M6) from the monoid:

Proof. We have

m m+1 m—+1 m—+2y o .m+2 m+3
Cm,de,d’Cm—i-Z,d’:(So,lso,dvso’l )(SO,I S1,d'5 50,1 )(S(),l 80,d’> 80,1 )

m+3
= (50.150,d51.d'S0.d'> S0, )
m m+3
= (850150,d51,d50,d01, Sg. 1 )
m m+1 m+1 m+2y o .m+2 m—+3 m+3 m+3
Z(So,lso,d’,s()’] )(s()’l S1.d> Sp.1 )(s(),l 80,d> 50,1 )(s(),l 01, 80,1 )

- m,d’Xm,de+2,d7Tm+l- |
Lemma 12 (subscript raising formulas). We have
1 _ _ -1 _
Cr,dNCr—i-l,er,d]Tr—HXr’l and Ty Nﬂrﬂr—i-lxr,l NXr,lnr—Hnr-

The first formula of Lemma 12 follows from relations (15) and (16), while the
second is a generalization of the one found in [Brin 2005].
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4.5. Secondary relations for nV. These are as follows.

_ XqX;' ifr#gq,
X Xoa ~ a #q
1 ifr=gq for 1 <d <n,
- XXy ifr#4q,
Xq,iin’d/ ~ ¢ 1y - 7
wX)rw(X,; ) ifr=gq for 1<d,d <n,d #d,
_ Xy C! ifr <gq,
Cq,;er,d’ ~ ‘ -1 1 i
w(Xy,m, X, )XeCy ifr>gq for 2<d<n,1<d <n,
- CaXy' ifr <gq,
Xr;,Cq,d’V ‘il . 1
’ CaXywXy,m, X') ifr>gq for 2<d<n,1<d <n,
g Xra~ Xqw () for 1 <d <n,
X7 if r <gq,
TgXr1 ~ 77T ifr=gq,

wXprw(m) ifr>gq,

Xamw ifr <gq,
TyXra~\Can ifr=gq,

wXDXgmw((r) ifr>gq for 2<d <n,

Cyr ifr>qg+1,

nqcrde _1 .
Cow(X| ,m, Xyg) ifr<q+1 for 2 <d <n,
Xymm ifr=¢g+1,

TgCra~ yw(X)Xsmw(mw) ifr>qg+1,

w(X)Canmw(m, X;') ifr<qg+1  for2<d<n,
wX;' 7, Xy ifg<r,

CraCra~ 11 ifg=r,

w(Xl,n,XL;l) ifg>r for 2<d <n,
XoConC X w(Xg, m, XY ifg >,

CruCrar ~ {1 XgCamC; X! ifg=r,

w(Xy, T, X;,l)XdCdnC(;lX;,l ifg<r forl<d <d=<n.

Proof. We only prove the last set of secondary relations as it is the only one that
does not immediately descend from the computations in [Brin 2005]. If ¢ > r we
can apply the subscript raising formulas repeatedly for j times until » 4 j = ¢ and
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rewrite the product as
~1 —1 ~1 ~1 ~1
Cq,dC,,d/ ~ Cq,dcr—H,d’Xr,d/nr-i-er’] N Y qud,C,Jrj,d/w(Xd/, T, Xl )

We argue similarly if g < r. We now have to study the product C,. Llqu,d/. Without
loss of generality we assume d’ < d and apply relation (18):

-1 _ —1
CpaCadr = Xg.aCor2.a7q11Co Ly 4 Xy
which is what was claimed. Similar relations can be derived if d’ > d. O

Remark 13. The last two secondary relations allow us to rewrite a word of type
w(X,C,m, C~', X~ in LM R form without increasing the number of times C
appears, and thereby to generalize the proof of [Brin 2005, Lemma 4.6]; see
Lemma 15 below. This observation also lets us generalize [Brin 2005, Lemma 4.7];
see Lemma 16 below. In fact, all our secondary relations are immediate general-
izations of those in [Brin 2005]; the last one does not introduce appearances of 7
and therefore all the letters in the last secondary relations can be migrated to their
needed position by means of the previous secondary relations, without altering the
original argument of [Brin 2005, Lemma 4.7]. Therefore even in the case of nV
one is able to do the bookkeeping without risk of creating extra letters that cannot
be passed safely without recreating them, and hence we obtain an argument that
terminates.

5. Presentations for nV

We now show how the relations above enable us to put our group elements into a
normal form, starting with words in the generators of nV corresponding to elements
from nV.

Lemma 14. Let w be a word in {X; 4, i, X;L} |[1<d<n,ieN}. Thenw~LMR,
where L and R™" are words in {Xi.a} and M is a word in {m;}.
Proof. There is a homomorphism from nVtonV given by s; 4+ X; 4 and o; > ;.

This follows from the correspondence between the relations for nV andnV as given
below:

M1) - (1), (M5a) — (2),
M2) — (12), (M5b), M5c) — (3),
M3) — (8), M5d) — 4),
M4) — (9), M6) — (7).

Hence, any word w as glven above is the image under this homomorphism of a
word w’ in nV. Since nV is the group of right fractions of the monoid I1,, we can

represent w’ as pg~', where p and ¢ are words in {s;4,0; | 1 <d <n,i € N}.
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Now, as noted before in the proof of Lemma 6, we can assume p and g are of
the form ab, where a € (s; 4) and b € (0;). Hence, we have written w’ as Imr for
I,r~' € (si4) and m € (o;) since elements of (o;) are their own inverse. Applying
the homomorphism to w’ puts w in the desired form. U

The next two results follow the original proofs of [Brin 2005, Lemmas 4.6
and 4.7] via Remark 13.

Lemma 15. Let w be of the form w(X, C, m, X1, C™". Then w ~ LMR, where
L and R~ are words of the form w(X, C) and M is of the form w(r). Further the
number of appearances of C in L will be no larger than the number of appearances
of C in w and the number of appearances of C~" in R will be no larger than the
number of appearances of C™" in w.

Lemma 16. Let w be a word in the generating set
(Xia. Cias i Wi X . Crp | 1 sd <n,2<d' <n.i eN}.

Then w ~ LM R, where L and R~ are words of the form w(X, C) and M is of the
form w(m, ).

Lemma 17. Let w be a word in the generating set
Xia, Ciars 71,7, X; 3. Cry | 1 <d <n,2<d' <n,i eN}
Then w ~ LMR, where

o L=Ci4,Ci\ ...C,-g,dgq withig <iy <--- <ig for g > —1 and q is a word
intheset{X;4|1<d<n,ieNj}

« Rl = CiodyCird; - - Cldy, @' With jo < j1 < -+ < jm form > —1and q" is
awordinthe set {X;q|1<d<n,i eN}

e M is a word in the set {m;, 7; | i € N}

Proof. By using the secondary relations, we can assume that w ~ LM R, where
L and R~! are words in {Xia,Ciq} and M is a word in {m;, 7;} by analogous
arguments used in [Brin 2005, Lemmas 4.6 and 4.7]. We then improve L us-
ing the subscript raising formula for the C; 4 and relation (15) as in the proof of
[ibid., Lemma 4.8]. To adapt the quoted lemmas from [Brin 2005] we need to use
Remark 13 to make sure that appearances of C and 7 do not increase. U

We define the notions of primary and secondary tree and of trunk exactly the
same way that Brin does [2005]. The primary tree is the tree corresponding to
the word ¢ in Lemma 18 and any extension to the left is a secondary tree for L.
The following extends [Brin 2005, Lemma 4.15] adapted to our case. The proof is
completely analogous.
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Lemma 18. Let

L= CiO»doci1,d1 T Cig,ng e Xil—l,dl—l’

int1,dnt1

where ig < iy < --- <ig, where2 <dy <nforkef{0,...,g}and 1 <d; <n for
ke{g+1,...,1—1}. Let m equal the maximum of

{ij+g+2—jlg+1=<,j=<I-1}Uli;+1}.

Then L can be represented as L = (¢, sl(il), where t is a word in {s; 4} and k is the
length of t, so that k = m+1 — g, and so that the tree T for t is the primary tree for
L and is described as follows. The tree T consists of a trunk A with a finite forest
F attached. The trunk A has m carets and m + 1 leaves numbered O through m in
the right-left order. If the carets in A are numbered from O starting at the top, then
the label of the i-th caret is dy if i =iy for kin {0, 1, ... g} and 1 otherwise.

The following two lemmas are used in proving Remark 13, which allows us to
assume the trees corresponding to our group elements are in normal form.

Lemma 19. Let
/ /
L =CiyaCia - Cipau and L =Cpa1Cpia - Cratt

where ig < iy < --- <ig, where ko < ki < --- < kg, where u is a word in the set
{Xiall<d<n,ieN},and where u’is aword in the set {X; 4, w; |1 <d <n,ieN}.
Assume that L is expressible as (t, s& |) as an element of nV with t a word in {si.a}
and p the length of t. Let m be the number of carets of the trunk of the tree T
corresponding to t and assume that m > kg + 1.

If L~ L', thenthere is awordu” in {X; 4}, and there is aword z in {m; |i < p—2}
such that setting Ly = Cy, g1 Cryar -+ Ckg,déu” and Ly, = L,z gives that L ~ L,
and Ly is expressible as (t', s&l) with t' a word in {s; 4} of length p, so that the
tree T’ for t’ is normalized except possibly at interior vertices in the trunk of the
tree, and so that the trunk of T’ has m carets.

Proof. The homomorphism nv — nV given by s; s = X; 4 and o; — m; allows
us to write ' ~ u”7z with u” a word in {X;,} and 7' a word in {7; | i € N}
such that the forest F for u” is normalized. The rest of the proof goes through
as before, but we describe the slight modifications needed for our case. We write
L= (tsg’l, s{ﬁrk) = (fs{yox, sf};r) = L, as elements in n/f/, where x is a word in
{oi} and p +k =g +r. As before, we can conclude that the unnumbered patterns
for tsé"l and fsfﬁo are identical.

In the tree for ts’o‘,l, let the left edge vertices be ag, ay, . . ., a, reading from the
top, so that ag is the root of the tree. Since we assume the trunk of the tree has m
carets, we know b =m +k and for m <i < b, the label for a; is 1. Similarly, in the
tree for fs{ - let the left edge vertices be ay, ay, ..., a, reading from the top. Note
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that remark () in the proof of [Brin 2005, Theorem 4.21] (which we are about to
restate) remains true in our general case, by giving a new definition: For each left
edge vertex a;, define the n-tuple (x{, R xfl), where x,’; equals the number of left
edge vertices above a; with label k. (Note we are using i to denote an index, not
an exponent). It follows that x{ 4+ x + - +x! is the total number of left edge
vertices above ;. Then we can say,

The rectangle corresponding to a left edge vertex a;
depends only on the n-tuple (xi, ..., x%).

()

In other words, for the rectangle labeled O in any pattern, the order of the differ-
ent cuts does not matter. This is because the rectangle labeled 0 must contain the
origin and its size in each dimension k will be 2~%. Hence, the analogous statement
for our case follows, and we conclude that the n-rectangle R corresponding to a,,
is identical to the n-rectangle R’ corresponding to a;, Since R is divided k times
across dimension 1, so is R’, and hence the tree below a,, must consist of an
extension to the left by k carets all labeled 1, and we can conclude that » > k. The
rest of the proof follows exactly as before. ]

Here, we define a notion of complexity to measure progress in the following
lemma and proposition towards normalizing trees. If T is a labeled tree, we let
ap, ai, . . ., ay, be the interior, left edge vertices of T reading from top to bottom
so that ag is the root. Let bob; ... b,, beawordin {1, 2, ..., n} where b, =k if q; is
labeled k for 0 <i <m. We say bob; ... b, is the complexity of 7. We impose the
length-lex ordering on such words, that is, if w; and w; are two such words, then
we say w; < wy if wy is shorter than w, or if w; = b(l) ... b,ln and wy = bg ... b,%l are
two such words of the same length, then w; < w; if when we take j € {0, ..., m}
minimal where bjl. * b2, we have b} < b?.

Lemma 20. Let L = Ci; 4,Ci, q, - - Cia,u, Wwhere ip < iy <--- <iganduisa
word in the set {X; q}. Assume that the primary tree T for L is normalized except
at one or more vertices in the trunk of T. Let m be the number of carets in the trunk
of T. Then L ~ L" = CyycyCy ¢, - -+ Ck,.cott's where ko < ky < -+ < kg and u’ is
a word in the set {X; 4, 75}, so that m > kg + 1, and so that the complexity of the
primary tree T' of L' is strictly less than the complexity of T.

Proof. We want to use the relations to push a suitable instance of an X, ,, in the word
L as far as possible to the left to be able to apply a cross relation. This operation
normalizes a suitable vertex and decreases the complexity of the primary tree 7.
Let A be the trunk of 7. The interior vertices of A are the interior, left edge
vertices of T and let these be ag, ay, ..., a,—1. Let r be the highest value with
0 < r < m for which a, is not normalized. This is the lowest nonnormalized
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interior vertex of A, and since a, is not normalized it is labeled ¢ # 1 and must
correspond to some C i;,¢- From Lemma 18, we have i; =r.

Since it is not normalized, a, must correspond to some hypercube S;; that is
fully divided across dimension £ and some other dimension d, with 1 <d < .

By rewriting L as (¢, 55,1) (which we can do by Lemma 18) and applying
Corollary 9 to t, we can assume that the children of a,, v; and v, are both labeled d.
We divide our work in two cases, d =1 and d > 1. We observe that the case d =1 is
entirely analogous to the proof of [Brin 2005, Theorem 4.22] while the case d > 1
is slightly different.

Case 1: d = 1. In this case, the left child v;, which is in the trunk A, is labeled 1.
In the case that j < n we observe that ij | > r + 1 =1i; + 1, since the interior
vertex of the trunk corresponding to Cijrdig is not labeled 1 (otherwise, a, = ai;
would not be the lowest nonnormalized interior vertex). Since the right child v,
is an interior vertex not on the trunk, there must be a letter X, | corresponding to
it. By Lemma 5 we can assume that X, | occurs as the first letter of u, that is,
u =X, 1u". Hence

L=Cy---Ci_,Ci gC

Lji—1

-C; quu,

Lj+1 "

where we have omitted all the dimension subscripts of the baker’s maps C; 4 (ex-
cept for one map) since they are not important for the argument. The subword
Ciy--+Ci; ¢+ Ci, X411 a trunk with a single caret labeled 1 attached at the caret
i; of the trunk on its right child. By a careful observation of the right-left ordering
it is evident that ¢ = i;. By using relation (15) repeatedly on L we can move

Xg1=Xi;1t0 the left and rewrite the word L as
Ciy--Ci;_,Ci, 0 Xi;1Cij 1+ Cippru”,

since ig <ij <--- <igandijy; > i;+ 1. Combining relations (15) and (16) on
the product C,-J.,gX ij.1, We rewrite L as

/!
C Clj 1Clj+1,eXij,E7Tl‘j+1Cij+1+l e Cig-‘rlu .

Now we apply (17) to commute 7;, 11 back to the right without affecting the indices
of the baker’s maps. This is possible since i1 > i; + 1 and therefore i +1 >
i; +2. Now we apply (15) repeatedly to the word

Ciy--Ci;_,Civ1.eXi,0Ci 1 -+ Cipamiu”
to bring X;; ¢ back to the right, decreasing the indices of the baker’s maps by 1

Lji—1

1
Cig -+ Ciy  Cijy1,6Clyyy - Cir Xij oMy 117
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By setting u’ = X, ¢7;,+1u” in the previous equation and relabeling the indices
with the k;, we obtain the word L' = Ciy ¢, Ck,.c, - - - Ck,.c,4’ Whose primary tree
T’ is the same as T up until the vertex a,, which is now labeled d = 1 instead of ¢.
Thus, L ~ L' = Ciy.¢,Chy.c; - - Ck,.c,4’ and the complexity of the primary tree 7’
of L' is strictly less than the complexity of T'.

The only thing we still need to prove in this case is that m > k, + 1. However,
it has been observed above thati; =r <m —1s0i;+2 < m. This gives the result
in the case that j =n. If j <n, then kg =i, and m > i, + 1 by Lemma 18.

Case 2: 1 <d < £. We observe that a, corresponds to Ci; ¢ and that v; corresponds
to C;,.¢. By Lemma 18, we have r + 1 = iy, which implies iy =i; +1=i;41. In
fact, if i; + 1 < ij4, there would be a vertex labeled 1 on the trunk between the
vertices i; and ij4 (and this is impossible since d > 1). Let X ij.d correspond to
the right child v,. Arguing as in the case d = 1 we have

L=Ci, - Ci; ,Ci; 1Ci;41,aCi,yy - Ci, X g au”.

i1 P42 "

We apply relation (15) as before to move X, 4 = X, 4 to the left while increasing

the subscript of each baker’s map by 1:
Ci,---C

1
ij1Ci; 0 Xi;aCij42.4Cijpt1 - - Cippau’”.

By using the cross relation (18) on the underlined portion, we read it as

i
Ciy- - Ci;_Ci;.aXi; 0Cis2.47i;41Cipy 1 - Gt

.Slnc.e ij42>1ij41,thenijo+1>1i;41+1; hence Tij+1 and the baker’s maps to
its right commute, so the word becomes

1
Ciy - Ci;.aXi; 0Ci;42.4Cijppr1 - Cipp1 iy 1U

We apply (15) repeatedly and move X;; ¢ back to the right to obtain

L~Ciy-Ci;aCis14Ciyy -+ Ci, Xi oty 1ut”,

where the product Ci;.aCi;+2. has been underlined to stress that the new trunk
has the vertices labeled d and ¢, which are now switched. Thus the complexity of
the tree has been lowered. In this second case, the new sequence kg < --- < kg
is exactly equal to the initial one iy < --- < iy. By the definition of m (given in
Lemma 18) applied on the initial word L, we have m > i, +1 and so, since kg =i,

we are done. O

Remark 21. As observed in the proof above, the case d = 1 is equivalent to [Brin
2005, Theorem 4.22], though the proof therein leads to a condition that is equiva-
lent to lowering the complexity. When the index in some C;; 4 goes up by 1, this
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corresponds to switching the vertices with labels d and 1 in the primary tree and
thus lowering the complexity by making more vertices normalized.

Proposition 22. Let w be a word in the generating set
{(Xig. Ciarn 7 7. X; 3. Crp | 1=d <n,2<d <n,i eN}.
Then w ~ LMR as in Lemma 17 and when expressed as elements of nV we have
L=ts(;f, R~! =ys(;f, M=s51us(;f,

wheret,y are words in {s;q |1 <d <n,i eN},uisawordin{o; |0<j<p—1},
and the lengths of t and y are both p. Further, we may assume the trees fort and y
are normalized, and if u can be reduced to the trivial word using relations (2)—(4),
then M can be reduced to the trivial word using relations (13)—(17).

Proof. The proof of the first conclusion is exactly the same as that of [Brin 2010,
Lemma 4.19]. In order to assume the trees for # and y are normalized, we alternate
applying Lemmas 19 and 20. We have L expressed as (t, s& 1)» Where p is the
length of ¢ and the number of carets in the trunk of the tree 7" for ¢ is m. Setting
L = L’ certainly gives that L ~ L" and m > k, + 1 by Lemma 18, so we have
satisfied the hypotheses of Lemma 19. Therefore, L ~ Lz where L expressed as
', séi 1)» where the trunk of the tree 7’ for ' has m carets. Since we set L = L/,
we see that the trunks of 7" and T’ are identical and the only way in which the two
trees differ is that 7’ is normalized off the trunk. Since z is a word in {7;}, z can
be absorbed into M without disrupting the assumptions on M, namely, M can still
be written in the form M = 55 LU, lp as above. We now replace L with L and
proceed to use Lemma 20.

Since the tree for L is now normalized off the trunk, we satisfy the hypotheses
of Lemma 20 and write L ~ L', where the tree for L’ has complexity lower than
the tree for L and m > kg + 1. Hence, we can now apply Lemma 19 again and
obtain L ~ L,z and let z be absorbed into M. We apply this process over and
over, decreasing the complexity of the tree associated to L each time. Since there
are only finitely many linearly ordered complexities, eventually this process will
terminate, at which point the tree for L will be normalized. We can apply the same
procedure to the inverse of LM R to normalize the tree for R. The last statement
regarding M follows immediately from [Brin 2005, Lemma 4.18]. U

Theorem 23. Let w be a word in the generating set
{Xia, Crao 7, T, X; 3, Cp 1 1<d <n,2<d <n,i eN}

that represents the trivial element of nV. Then w ~ 1 using the relations in
(1)—(18). Hence, we have a presentation for nV.
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Proof. Using Proposition 22, we can assume

w~LMR= (tso_,f)(s(l;’luso_’f)(sglyfl), = l‘btyil

where ¢ and y are words in {s; ¢ | 1 <d <n,i eN},uisawordin{o;|0<j < p—1},
and the trees associated to ¢ and y are normalized. By assumption, ruy~! = (tu, y)
is the trivial element of #nV and so fu and y represent the same numbered patterns
in IT,,. Furthermore, ¢ and y must give the same unnumbered pattern, while u enacts
a permutation on the numbering. Since the forests for  and y are normalized and
give the same pattern, the forests are identical with the same labeling by Lemma 7.
The numbering on the leaves for both forests follows the left-right ordering; hence
t and y give the same numbered patterns, which implies that u enacts the trivial
permutation and M ~ 1 by Proposition 22.

We now wish to show that L ~ R~!. By Lemma 17, we have

L= Cio,docil,dl s C,»g,dgq and R_l = Cjo,d(’,cjl,di s Cj’"’drlnq/'

Since we know that the trunks of the trees corresponding to L and R~! are
identical with the same labeling, the sequences (io, i1, ..., ig) and (jo, ji, -, jm)
are identical and d;, = d,’c for each k € {0, 1,...,n = m}. Hence, the subwords
Ciy.dyCiy.ay * - Ci,.a, and C.,-O,d(/)le’d; -+ Cj,.a, are the same and it remain’s_\to show
that ¢ ~ ¢’. This follows from Lemma 4 and the homomorphism from nV to nV
as before. O

6. Finite presentations

6.1. Finite presentation for nV. We now give a finite presentation for nv, using
arguments analogous to those found in [Brin 2005] to show that the full set of
relations is the result of only finitely many of them.

Theorem 24. The group nv is presented by the 2n 42 generators {s; 4,0; | i €
{0, 1}, 1 <d < n} and the 5n% + 7n + 6 relations given below:

ML) 7 S1pkarS11 = S24k.d fork=1,2,
Si}}SiJrk,d/Si,d = Sitk+1.d' fori=0,1, k=1,2,2<d <n,
(M2) ol =1 fori=0,1,
(M3) 0i0itk = Oj+k0i fori=0,1, k=2,3,
(M4) 0i0;10; = 0;110i0j+1 Jori=0,1,
(M5a) Ok+151,1 = S1,10k+2 Jork=1,2,
Oit+kSid = Si.dOi+k+1 fori=0,1, k=1,2, 2<d <n,

(M5b)/(M5¢)  0iSi.d = Si+1,d0i0i+1 fori=0,1,
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(M5d) 0iSitk,d = Si+k,d0i fori=0,1, k=23,

. !
(M6)  siaSi+1.a8i.a = Si,a'Si+1,a85i,a0i+1 Jori =0,1, d #d'.

Proof. First, recall our generating set is {s; 4,0; | i €N, 1 <d <n}. Wheni < j,
relations (M1) and (M5a) give sifllxjs,-,l = Xj4+1, where x; = s5; 4 (for some d)

oroj. HGI’ICC, W€ can use

1—i i—1 1—i _ i—1
Sid =501 51,d50 1 and o; = 0.1 0150 1

as definitions for i > 2. Therefore, nV is generated by
{sig,0i 11 €{0,1}, 1 =d <n},

which gives a generating set of size 2n + 2 for each n.

We treat relations (M1)—(M6) as they are treated in [Brin 2005]. Relations in-
volving only one parameter, such as (M2), (M4), and (M6), are obtained for i > 2
by setting i = 1 and conjugating by powers of sp 1; therefore the only necessary
relations to include are those having i = 0 and i = 1. As before, (M2) and (M4)
follow from o*g =1, 012 =1, ogoi1009 = 010001, and 010,01 = 020107, or 4 rela-
tions for each n. Relation (M6) follows from 2 relations for each pair of distinct
dimensions, giving 2(;) = n(n — 1) relations for each n.

Relation (M3) is treated the same way as in [Brin 2005] for each n. Hence,
for all i and j, (M3) follows from the 4 relations ogor, = 0200, 0903 = 0300,
0103 = 0301, 0104 = 04071.

For relation (M1), which can be rewritten as s;d] Sik.d'Si.d = Si+k+1,4° for k >0,
we have two cases: the case where d = 1 and the case where d # 1. If d =1, then
the case i = 0 follows by definition, and by the same induction argument used in
[Brin 2005] implies that the relation for all i and k follows from the cases where
i =1and k =1, 2; hence we need only 2 relations per dimension. If d # 1, we do
not get the case i = 0 by definition and we must include i =0, 1 and k =1, 2, that
is, 4 relations per each pair of dimensions. There are n — 1 choices for d, as d # 1,
and n choices for d’, so this case yields 4n(n — 1) relations. Hence, in total (M1)
can be obtained for all i and k by 2n +4n(n — 1) = 4n? — 2n relations.

For relation (M5b), o;s; 4 = Si+1.40i0i+1, there is only a single parameter to deal
with; hence the relation for i > 2 can be obtained from the cases where i = 0, 1
by conjugating by sg 1 as before. Relation (M5c) is actually equivalent to (MS5b);
hence for each n we only need 2n relations for (M5b) and (M5c). We treat (M5a)
Oi+kSid = Si.d0i+k+1 for k > 0 the same way as for (M1), hence 2 relations are
required for d = 1 and 4 for d # 1 for a total of 4n — 2 relations. And lastly,
(M5d) 0;Si+k.a = Si+k.q0; can be obtained in the same way as the second case of
(M1) where the relation for all i, k is obtained by i = 0, 1, k = 2, 3, that is, 4n
relations. O
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6.2. Finite presentation for nV.

Theorem 25. The group nV is presented by the 2n + 4 generators
Xig,mi, i |1 €{0,1}, 1 =d <n},

the 5Sn® 4 Tn + 6 relations obtained from the homomorphism nV — nV, and the
additional 5n* 4 3n + 4 relations given below, for a total of 10n*> + 10n + 10
relations.

5 Trr1X1,1 = X117 k42 fork =1,2,
Tm+kXm.d = Xm.,dT m+k+1 form=0,1,k=1,2,
2<d=<n,
(10) Ttk T = T 7Ttk form=0,1,k=2,3,
(11) T T m+17Tm = T+ 1Tm T m+1 form=0,1
(13) 7l =1 form=0,1,
(6) TmXm,1 = TmTm+1 form=0,1,
(14) TmXm.d = Cont1.dTmTm+1 form=0,1,d #1,
(15) Cit1,aX1,1 = X1,1Cr42,4 Jork =1,2,
CotiaXma = Xma' Cnth+1,d Jorm=0,1, k=1,2,
2<d,d <n,
(16) CnaXmi=XmaCm+2.47Tm+1 form=0,1,2<d<n,
(17) T Cmtk.d = Contk . dTm form=0,1, k=2,3,

(18) Cm,de,d/Cm+2,d/ = Cm,d’Xm,de+2,d7rm+l form =0, 1,

1<d <d<n,
Proof. We can use the relations in nV to write, fori >2and 1 <d <n,
1—i i—1 1—i i—1 — l—i= vi—l
Xi,d=X0’11X1,dX(l)’1 s JT,'=XO’11T[1X6’1 y 7'[,'=X0’117'[1X6,1 .
We can also use the relations for nV as in [Brin 2004, Proposition 6.2] to write

— — -1
Cm,d = (ﬂme,dnm+l7Tm)(Xm,d7Tm+lXm’1)

form > 0 and 2 < d < n, which we use as a definition. Hence, the C,, 4 are not
needed to generate nV.

The homomorphism nV — nV given by s; 4 — X; 4 and o; +— m; implies that
the work done for the relations for 7V carries over to relations (D=4, (7)—9),
and (12) (see Lemma 14). Relations (10), (11), (13) and (6) are exactly the same
as those from 2V and can be treated as in [Brin 2005], contributing a total of 10
relations to our finite set.
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Relation (5) can be treated in a manner similar to (M1) from nv , where 2
relations are needed for dimension 1 and 4 for all others, contributing a total of
4(n — 1) + 2 relations. Relations (14) and (16) include only one parameter and
hence can be obtained from the cases where i =0, 1 as before, contributing 2(n—1)
relations apiece. And (17) requires 4 relations for each d # 1, hence adding an
additional 4(n — 1) relations.

For relation (15), we have two cases: For d’ = 1, all cases follow from when
i =0, 1, giving us 2(n — 1) relations since 2 < d < n. For d’ # 1, four relations
are required for each pair d, d’ € {2, ..., n}, contributing 4(n — 1) (n — 1) relations.
Lastly, since (18) involves only one parameter in the first component, we only need
2 relations for each 1 < d’ < d < n, the number of pairs being (n — 1)(n —2)/2. O

Remark 26. Since wV is an ascending union of the nV, a word
w €{Xia, mi, wi |i €{0,1},d e N}

such that w =,y 1 must be contained in some nV (for some n € N) and so we can
use the same ideas and the relations inside nV to transform w into the empty word.
Therefore, the following result is an immediate consequence of Theorem 25.

Corollary 27. The group oV is generated by the set {X; 4, m;, w; |i €{0, 1}, d e N}
and satisfies the family of relations in Theorem 25 with the only exception that the
parameters d,d € N.

7. Simplicity of nV and oV

Brin [2010] proved that the groups nV and wV are simple by showing that the
baker’s map is a product of transpositions and following the outline of an existing
proof that V is simple.

We prove again Brin’s simplicity result verify that Brin’s original proof that 2V
is simple [2004, Theorem 7.2] generalizes using the generators and the relations
that have been found.

Theorem 28. The groups nV equal their commutator subgroups for n < w.

Proof. The goal is to show that the generators X,, ;, 7, and 7, are products
of commutators. We write f ~ g to mean that f = g modulo the commutator
subgroup. The arguments below are independent of the dimension i.

From relation (1) we see that X(;ll.XO_’in,,-XOJ = X;}X(H],,- for ¢ > 1 and so
Xg+1,i = Xg,i. Therefore X, ; ~ Xy ;, for ¢ > 1. Using relation (2) and arguing
similarly, we see that 7, >~ m| for g > 1.

From relation (3) we see that ﬂoXo,iﬂ(;lX(I; =X,m X()_,il so that X ; >~ X ;7.
Also, by relation (3), X»; >~ X1, and the fact that 7, >~ 7;, we see m1X1,; =
Xy iy > Xy jmymy = X1,;. Therefore 71 >~ 1 and so Xo; =~ X1,;.
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Relation (9) and r; >~ 1 give 713 O Ty = T O] = o, Which implies g >~ 1.

By relation (6) and the factthat 7y >~ 1 and 7| ~ 7o, we get 71 X1 1 =m T2 =7 1.
Hence X1 >~ X1 >~ 1.

Now, relation (6) and X 1 =~ 1 give that To >~ 7( X1 = 7. Relation (11) and
o~ 1lead to w1 ~ o 17Ty = T 1T = ﬁ%. Therefore mg ~m; >~ 1.

Finally, by relation (7) and Xo 1 >~ X1 ~ 1 >~ m we get

X1,iXo0,;i >~ Xo0,1X1,iX0,i = Xo0,iX1,1X0,1711 >~ Xo,i,

which implies X ; >~ X ; >~ 1. We have thus proved that all the generators of nV
are in the commutator subgroup. The case of wV is identical: Each generator lies in
some nV and can be written as a product of commutators within that subgroup. [

From [Brin 2004, Section 3.1] (which generalizes to nV and wV as observed by
Brin [2005; 2010]) the commutator subgroup of nV and wV are simple; therefore
Theorem 28 implies the following result.

Theorem 29. The groups nV are simple for n < w.

8. An alternative generating set

Forany n e N, we have (n—1)V x V <nV. It can be shown that another generating
set for nV is given by taking a generating set for (n — 1)V x V and adding an
involution that swaps two disjoint subcubes of [0, 1]"*, one of which has the origin
as one of its vertices and the other of which contains the vertex (1, ..., 1). This
second generating set has the advantage of taking the generators of (n — 1)V and
adding only the generators of V plus another one. This leads to a smaller generating
set, which was suggested to us by Collin Bleak. It seems feasible that a good set
of relations exist for this alternative generating set.
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