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RESONANT SOLUTIONS AND TURNING POINTS
IN AN ELLIPTIC PROBLEM
WITH OSCILLATORY BOUNDARY CONDITIONS

ALFONSO CASTRO AND ROSA PARDO

We consider the elliptic equation — Au+u =0 with nonlinear boundary con-
ditions du/dn = Au + g(A, x, u), where the nonlinear term g is oscillatory
and satisfies g(A, x, s)/s — 0 as |s| — 0. We provide sufficient conditions
on g for the existence of sequences of resonant solutions and turning points
accumulating to zero.

1. Introduction

This work complements the study initiated in [Arrieta et al. 2010] and [Castro and
Pardo 2011] on the positive solutions to the following boundary-value problem

—Au+u=0 in Q,
(1-1) u
%=)\u+g(k,x,u) on 0%2,

where @ C RY is a bounded and sufficiently smooth domain, N > 2, A is a real
parameter, g(A, x,s) = o(s) as s — 0 and g is oscillatory. A typical example of
such a g is

B
(1-2) g(x,s) :=s" <sin +C) witha+8>1, B<0,

@ (x)
where @ stands for the first eigenfunction of the Steklov eigenvalue problem

—ADP+P=0 inQ,

(1-3)
aﬁ:acb on 092.
on
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Figure 1. Bifurcation diagram of subcritical and supercritical so-
lutions, containing infinitely many turning points and infinitely
many resonant solutions. In all cases, § = —0.35.

The first eigenvalue o) is simple and, due to Hopf’s lemma, we may assume its
eigenfunction @ to be strictly positive in Q and we take ||| L) = 1.

The case o + B < 1, B > 0 was treated in [Arrieta et al. 2010; Castro and Pardo
2011]. Here we focus on the case o« + > 1, B < 0, inside of the complementary
range. The case with o < 1 corresponds to a bifurcation from infinity phenomenon;
see [Arrieta et al. 2007; 2009; 2010; Castro and Pardo 2011; Rabinowitz 1973]. In
contrast, the case with & > 1 corresponds to a bifurcation from zero phenomenon;
see [Arrieta et al. 2007; Crandall and Rabinowitz 1971; Rabinowitz 1971].

The oscillatory situation is in principle more complex than the monotone one,
since order techniques such as sub- and supersolutions are not applicable.

One novelty in problem (1-1) is that the parameter appears explicitly in the
boundary condition. With respect to this parameter, we perform an analysis of the
local bifurcation diagram of nonnegative solutions to (1-1), which turns out to be
different from the case o < 1 (see Figure 1 for « > 1 and Figure 2 for o < 1).

Throughout this paper we make the following assumptions:

(H1) g:Rx 02 xR — Risa Carathéodory function (i.e. g =g (A, x, §) is measur-
able in x € 2, and continuous with respect to (A, s) € RxR). Moreover, there
exist G| € L"(92) with r > N — 1 and continuous functions A : R — R,
and U : R — R, satisfying

lg(X, x, ) < AA)G(x)U(s) forall (A,x,s) e Rx 02 xR,

lim sup < 400 for some a > 1.

|s|—0 |S|
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Figure 2. Bifurcation diagram in the case « = 0.5, 8 = —0.35.

(H2) The partial derivative g5 (A, -, -) (where g; :=dg/ds) belongs to C (32 x R);
moreover, g;(-, -, 0) = 0 and there exist F| € L"(0€2), withr > N — 1 and
o > 1 such that
|g()‘" X, S) - Sgs()\., X, S)|
N

< Fi(x) asA— oy,

for x € 92 and s < € small enough.

Throughout this paper, by solutions to (1-1) we mean elements u € H'($2) such
that

(1-4) /(Vu‘Vv—i-uv) dx
Q
=,\/ uvda—i—/ g, x,u)vdo forall ve HY(Q).
Q2 Q2

As proven in [Arrieta et al. 2007, Proposition 2.3], all such solutions are in the
Holder space C#(Q) for some g > 0. Moreover, there exists a connected set of
positive solutions of (1-1) known as a branch bifurcating from zero; see [Arrieta
et al. 2007, Theorem 8.1]. We denote it by €+ C R x C(Q), and recall that for
()\., Mk) € <€+

u=sd; 4w, with w=o0(|s|) and |oj—A|=0(1) as]|s|— 0.
Definition 1.1. A solution (A*, u*) of (1-1) in the branch of solutions €™ C R x

C(Q) is called a turning point if there is a neighborhood W of (A*, u*) in R x C ()
such that, either W N€+ C [A*, 00) x C(R) or W NET C (—o0, A*] x C(Q).

Our goal is to give conditions on the nonlinear oscillatory term g that guarantee
the existence of sequences accumulating to zero of subcritical solutions (i.e., for
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values of the parameter A < o), supercritical solutions (i.e., for A > o1), resonant
solutions (i.e., for A = o1), and turning points.

Our main result, Theorem 1.3 below, is exemplified by the case in which g is
given by (1-2). In fact we have:

Theorem 1.2. Assume that g is given by (1-2) with 8 < 0. If
ICl<1 and a+p>1,

then in any neighborhood of the bifurcation point (o1, 0) in R x C(2), the branch
@* of positive solutions of (1-1) contains a sequence of subcritical solutions, a
sequence of supercritical solutions, a sequence of turning points, and a sequence
of resonant solutions.

The proof of this follows directly from the next theorem.

Theorem 1.3. Assume the nonlinearity g satisfies hypotheses (H1) and (H2). As-
sume also that
g()"v X, S) - g(017 X, S)
|s]“

(1-5) —0 as A—>o;,s—>0

pointwise in x.
Let G : R x C(Q) — R be defined by

AL
(1-6) G(h,u):= / Mq;}-i—a
s lu|te

If there exist sequences {s,}, {s,} converging to 0, such that

(1-7) lim G(oy,s,®1) <0< lim G(oy,s,P1),
n——+o00 n—-400

then:

(1) For sufficiently large n >> 1, if (A, u) is a solution of (1-1) with

fasz”cpl
2

P(u) =
a0 D1

=S}’l7

then (A, u) is subcritical. Similarly, if P(u) = s, it is supercritical. Con-
sequently, there exist two sequences of solutions of (1-1), {(A,, u,)} and
{(A),, u),)} converging to (o1, 0) as n — 00, one of them subcritical, A, < o1,
and the other supercritical, 1), > o7.

(i1) There is a sequence converging to zero of turning points {(Ay, uy)} such that
Ai—o1 and |ulllL~pe — 0  asn— oo.

In fact, we can always choose two subsequences of turning points, one of
them subcritical, A;nﬂ < 01, and the other supercritical, A, > o7.
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(iii) There is a sequence converging to zero of resonant solutions; i.e., there are
infinitely many solutions {(o1, tt,)} of (1-1) with ||ity || L~@g) — O.

The behavior of positive solutions to (1-1) bifurcating from (o, 0) described in
Theorems 1.2 and 1.3 is similar to that of the solutions bifurcating from (o}, 00)
for the sublinear problem; see [Arrieta et al. 2010] for details.

The complex nature of the nonlinearity in (1-2), makes an exhaustive analysis
of the global bifurcation diagram outside the scope of this work.

In [Korman 2008] the author considers in the case « = 1 8 = 1. He assumes
either N = 1 or 2 to be a ball and the nonlinearity to be bounded by a constant
small enough. He obtains what he calls an oscillatory bifurcation. We refer the
reader to [Garcia-Melidn et al. 2009] for related problems with nonlinear boundary
conditions.

Organization of the paper. Section 2 contains the proof of our main result, giving
sufficient conditions for having subcritical, supercritical, and resonant solutions.
Section 3 presents two examples; explicit resonant solutions for the oscillatory
nonlinearity (1-2) and the one-dimensional case.

2. Subcritical, supercritical and resonant solutions

In this section we give sufficient conditions for the existence of a branch of so-
lutions to (1-1) bifurcating from zero which is neither subcritical (A < o1), nor
supercritical, (A < o1). From this, we conclude the existence of infinitely many
turning points, see Definition 1.1, and an infinite number of solutions for the res-
onant problem, i.e. for A = o;. This is achieved in Theorem 1.3

At this step, we analyze when the parameter may cross the first Steklov eigen-
value. To do that, we look at the asymptotic growth rate of the nonlinear term

sg(A,-,s
2-1) Go- :=/ liming 8% %) Lo
90 (L)—>(@,0)  |s|1te

for o > 1. Changing lim inf to lim sup we define the number Gg+. If Go+ > 0 then
%% is subcritical, and if Go+ < 0 then €7 is supercritical in a neighborhood of
(01, 0) See [Arrieta et al. 2009, Theorems 3.4 and 3.5] for the bifurcation from
infinity case. In this paper we consider nonlinearities for which

Gop+ <0< Go:.

We shall argue as in [Arrieta et al. 2010] for the bifurcation from infinity case. To
determine whether a sequence of solutions (A,, u,) is subcritical or supercritical,
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one must check the sign of

(2-2) liminf G(A,,u,) and limsup G(A,, u,),

n—oo n— 00

where G is defined by (1-6). This is done in Lemma 2.3.
In Proposition 2.2, it is proved that when g is such that

Ig(A, x,5)| =0 (|s|*) as |s| — O for some o > 1,
then the solutions in € can be described as

Uy, =5,914+w,, where /wnCI>1=0 and wy, = 0(|s,|%) as n — 0.
IQ

We unveil the signs of the expressions in (2-2) by just looking at the signs of the

expressions in (2-2) at A, = o1 and u,, = 5, P This is achieved in Lemma 2.4.
For this we first consider a family of linear Steklov problems with a variable

nonhomogeneous term at the boundary /2 depending on the parameter A

[—Au+u:0 in 2,

(2-3) du

— =Au—+h(\,x) ondS,
on

where h(A,-) € L"(02),r > N —1 and A € (—00, 07).
We use the decomposition

L"(392) = span[®;] @ span[®, ]+,
where

span[®; ]+ ::{ueL’(aQ):/ ud>1:0}.
02

For h(A,-) € L"(02), with r > N — 1, we write

(2-4) h(x, ) =a1(MN) Py +hi(A, ),
with f
Ao h(A, ) Dy
oy = L2202 / B, )1 =0,
fasz @7 992
For A # o1 the solution u = u(A) of (2-3) has a unique decomposition

ay(A)
(2-5) u= & +w, where wd; =0,

o1 —A 90

and w = w(A) € span[P ]+ solves the problem

—Aw+w=0 in 2,
(2-6) qw
W:)\.w—Fhl(A,X) on 0€2.
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Note that in (2-6) w(}) € span[<I>1]L is also well defined for A = o1. Moreover:

Lemma 2.1. For each compact set K C (—00,07) C R there exists a constant
C = C(K), independent of A, such that

lw)lLe@pe) < Cllhi(A, e forany e K,

where w € span[cbl]J- is the solution of (2-6) and h; € span[CDl]J- is defined in
(2-4).

Proof. See Lemma 3.1 of [Arrieta et al. 2010]. U

Now we turn our attention to the nonlinear problem (1-1). Recall that for solu-
tions (A, u) close to the bifurcation point (o, 0) we have

(2-7) u=s®;4+w, where we span[CI>1]L
satisfies
(2-8) w=o(s) ass— 0.
We define
2-9) Py = Loa )
g o7

Next, we give sufficient conditions on the nonlinear term g in (1-1), for w =
O(|s]*) as s — 0; compare (2-8). We restrict ourselves below to the branch of
positive solutions; a completely analogous result holds for the branch of negative
solutions. The next result is essentially Proposition 3.2 in [Arrieta et al. 2010]
rewritten for s — 0; we include the proof for completeness.

Proposition 2.2. Assume g satisfies hypotheses (H1) and (H2). There exists an
open set 0 C R x C(RQ) of the form 0 = {(A, u) : |» — o1 < 8o, lullL=) < so},
for some &y and sy, satisfying these conditions:

(i) There exists a constant Cy independent of A such that, if (., u) € €T NO and
(A, u) # (01,0) thenu =s®; +w, where s >0, w € span[CI>1]L and

lwlizepe < CillGillLroo) Is|*  as |s| = 0.

(ii) There exists a constant So > 0 such that for all |s| < Sy there exists (A, u) in
€+ NO satisfying u = s®1 + w, with w € span[d1]*.

(iii) Moreover, for any (A, u) € 6T NO, u =s®| +w, withw € span[CI)l]J‘,

log — Al < Cals|*™ as |s| — 0,
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with C, independent of X; in fact,

2GiliLion
f&Qq)l

Proof. From (2-7) and (2-8), we have ®| + w/s — ®; as s — 0 in L ().
Together with (H1) and Lemma 2.1, this implies that ||w||z=@pq) < Cls|* as s — 0.
This proves part (i).

To prove part (ii) note that 6™ N0 is connected. Hence, using the decomposition
in (2-7), we have u = s®| + w with w € span[@l]l. Since the projection P is
continuous, by (2-9), the set

{s € R: (1-1) has a solution of the form u = s®; +w and w € [span[dbl]L]}

contains an interval in R containing zero.

To prove part (iii) we observe that if (A, ) is a solution of (1-1), u = s®; + w,
with w € span[®;]+, multiplying the equation by the first Steklov eigenfunction
@, > 0 and integrating by parts we obtain,

(Ul—k)s/ <I>%=/ g, x, 5P +w)P;.
Ele} Q

Taking into account that

|gA, x, s@1+w)| _ [g(h, x, 5P +w)
|s| ls @1 + w

<I>1+E‘—>0 as s > 0
s

we get L — oy ass — 0.
Moreover, from (H1), we obtain that

Ig(A, x, s®1 +w)| w [
A, x, 5@ +w)| = |s|* &+ —
|8 ( 1+ w)|=s| 5P 1wl 1+
o
= Cll* Gio) |01+ 2|,

and therefore

|1~ we a1
o= =C— [ G [0+ 2 @1 < CIGHIramls*,
Sy @1 Joo §
which ends the proof. U

Our next result is essentially Lemma 3.1 in [Arrieta et al. 2009] rewritten for
s — 0. It allows us to estimate o] — A, as A, converges oj.

Lemma 2.3. Assume the nonlinearity g satisfies hypotheses (H1) and (H2). Let
(An, uy) be a sequence of solutions of (1-1) with A, — o1 and ||u,||L=@pe) — 0.
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Ifu, > 0 then

(2-10) Gor _ 1 e G, tn)
- imin u
7 = 2 n» n
Joa @17 [ @ o
o] — A o] —A
<lim inf% < limsup 1 a_ln
=00 ”ul’l”LOO(aQ) n—>00 ||”"”L°°(3Q)
Go+

< limsup G(A,, u,) <

2 = 2
faQ D oo fasz o7
A similar statement is obtained for the case u, < 0, just replacing Go+ by G-
and Gy+ by Gy-.

Proof. We show that u, > 0; the other case has a similar proof. Consider a family
of solutions u, of (1-1) for A = A, with A, — o7 and 0 < u,, — 0. Multiplying
(1-1) by @, and integrating by parts, we get

(2-11) (01—)»n)/ u, P =/ g, x,u,)®.
0 0
But

f g()\, x, u ) I ||“”||LC: 02 / ( x(x ) ( u L (02 >
9’ 1 I
n n ( ) . Mn || n” ( )

Taking into account the definition of G (A, ) in (1-6), we can write

/ g()\m X, Up) < Up )aq)
IQ uy ltnll L= a)

Ap, X, U u “
:/ 8(hn, X, ty) [( n ) _cb‘fi| D1+ Gy, ).
sa Ul lltnllL=@e)
Moreover,

Ay X, U u «
/ 8 n)[< t ) —CD‘]”:|d>]—>O as n — oo,
a0 uy lnll Lo a2)

because u, /||luy,| L~ @Hg) — P1 uniformly in 9€2.
But, firstly from the above, secondly from Fatou’s lemma, and thirdly from
definition of G+,

)\' 9y 9y a
(2-12) liminff 8, X, Un) < tn ) ®,
194

n—>00 ud ltenll L= a2)

Ap, X, U
> liminf G (A, ) 2/ 1iminqu>}+“
n— 00 90 N uf‘l

> Q()+.
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Dividing both sides of (2-11) by ||u, ||‘ioc(m) and passing to the limit we obtain
the first two inequalities in the chain (2-10). The third inequality in the chain is
trivial and the last two are obtained in a similar manner. ([l

Let {s,,} and {s, } satisfy
(2-13) —00 < lim G(oy,s,®1) < 0 < lim G(oy,s,P1) < o0.
n—+00 n——+00
In order to prove Theorem 1.3, we show that the signs in (2-2) can be deduced

from those of (2-13). This is stated in the following result, which is a slight varia-
tion of [Arrieta et al. 2010, Lemma 3.3].

Lemma 2.4. Assume that g satisfies hypotheses (H1), (H2), and (1-5).
If (Ay, 84) = (01, 0) and there exists a constant C such that ||w,| L~ ok0) < Cls,
foralln — 0, then

|0{

liminf G(A,, s,®1 +w,) > liminf G(oy, 5,P1),
n——+00

n—-+o00

where G is given by (1-6). Similarly,

limsup G(A,, s, P+ wy,) < limsup G(o1, s, Py).

n——+0o n—+00

Proof. Throughout this proof, C denotes several constants depending only on
(2, g). Given ¢ > 0, assume that |(),, s,) — (01, 0)| < &.
By the mean value theorem we have

2-14) gy, x,5,P1 +wy) — g(Ay, x, 5,P1)
1
=wn/ gs()“n»'aan)l_f'twn)df
0

< wnllLe@pe) sup 8sn, - 2 P14+ Twn) Lo g -
€[0,1]

Therefore
(2-15) / |G %, 50 ®1 +103) = g Gun, 2,5, B1)| @ dx
90
Sllwnlle(asz)f sup [1gs(Ans -5 s ®P1 +TWH)ll Lo
9Q €[0,1]

<10QlwallL=@) sup llgs(n, - s 50 P1+TwWa) L2 (5g) -

t€l0,1]
By hypotheses (H1) and (H2), for all x € 9€2,

Igs()‘n’ x,8)|
|57~

S IsIP77Fi(x) + Cls|*77 Gi(x) max{A(A,), n =1} =: Di(x),

(2-16)
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for n large, and y = min{p, o} > 1 Hence, D; € L"(d2) withr > N — 1 and
1\ ! :
(2-17) sup Igo(h 3, ) < Di) (5) . with y > 1.
Is|<1/n n

Since ||lwy|lz=~@pq) = O(]s,|%), we obtain from (2-15) and (2-17)

18 (An,s s 8, 1+ wpn) — g(Ap, -, 5, P1)| @

(2-18)
IQ |15

S C Sup ”gs()\na Ty Sncbl + Twn)”Loo(aQ)
tel0,1]

<C sup [lgs(rn, -, 9)llrope) -

Is|<1/n

which tends to 0 as n — oo.
Therefore

S8y, -, 5, P wy,
liminf/ 8l o Sn B W) g
n—>+o0 Jy0 |51

. 08 (A, 8, @1+ wp) — 5,8y, -, 5, P1)
> lim

o}
n—00 Jao |sn|l+oc 1

/ $n8(An, -, 8, P1)
Q2

|sn|1+a

+ lim inf

n—+00

D

= liminf
n— 400

P ®
=1iminf/ sng (01 Sn l)q)l,
RiYA

n—+00 |sn|1+0‘

/ sng()\na'asncbl)q)
Q2

|Sn|l+a

where we have used (2-18) and (1-5) respectively.
Now note that, multiplying and dividing by |®| 4+ w,/s,|* the integrand of the
left hand side above can be written as

o

58 (Any -y Sn®1+ wy) b — S P1twn) gy, -, 5, P +wy) @,

w
1 D+ —
|Sn|1+a |sn®1+wn|1+a

Sn

Then, (H2) and the fact that ®; +w,, /s, — ®; in L>°(02) concludes the proof.
O

Now we prove the first main result in this paper. Roughly speaking, it states
that if there are a sequence of subcritical solutions and another of supercritical
solutions, since the solution set is connected, there are infinitely many turning
points and infinitely many resonant solutions. We prove the result for the positive
branch. The same conclusions can be attained for the connected branch of negative
solutions bifurcating from zero.
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Proof of Theorem 1.3. From Proposition 2.2(ii), consider any two sequences of
solutions of (1-1), such that (A, u,) — (o1, 0) and (A}, u),) — (o1, 0) in 6T with

u,d u, o
P(u,,):—fm - 1=sn and P(u;l)z—faQ nl_ g

fmq)% fBQq)% o

Writing u,, = 5, P + w,,, with w,, € span[® 11+, from Proposition 2.2(i), we have
lwyllLe@po) = Osy|%). From Lemmata 2.3, and 2.4, hypotheses (1-5) and (1-7)
we get that

01— An 1 S P1+wp)gAn, -, 5, P1 +wy)

lim inf > 5 liminf o <I>{+°‘
n—oo ””n”Loo(ag) fagq) =00 Jaq Isn @1+ wy|' T
1 spg€ Ay, -y 5, D
> 11m1nf/ ng( n = n ])q)l
faQ Cbl n—>+0 J50 |Sn| o
1 spg(oy, -, s, P
= 11m1nf/ n8(01 1+n 1)(I>1 >0,
fagcb =+ Joq s |+

and therefore A, < o.

Analogously, for (i), u)) we get A, > o;. Hence (i) is proved.

To prove (ii), assume, by choosing subsequences if necessary, that s, > s, > 5,41
for all n > 0 and that 0 < s,,, 5, < Sp Where S is the one from Proposition 2.2(ii). In
particular, by parts (i) and (ii) of Proposition 2.2, if (A, u) € 6" and P(u) =s < Sp
then |lu||z=pe) < (1 + C1||Gy ||Lr(39)|S0|o‘_l)s. Taking Sp small enough we may
assume that |||~ @pq) < 2s.

Let

(2-19) K,={A\u)e€" :P(u)y=sands, >s>s,41}.

Let us see that, for each n € N, K,, is a compact subset of R x C (). Let
{(uk, vi)} be a sequence in K,,. Without loss of generality we may assume that
{ur} converges to w*. Since vy = 1, P + wi with wy = O(|#]%) and s, > # =:
P (vk) > $y41, forall k, we have ||v||c o) <tk +lwillcae) < C with C independent
of k. This together with Proposition 2.3 of [Arrieta et al. 2007] yields

(2-20) vkl ey < Cr(l + llvkllcoe) < C,

where, again, C is independent of k. Since the embedding C? Q) — C V/(S_2) is
compact for 0 < ¥’ <y we may further assume that the sequence {v;} converges to
some u* € C?’ (). This, hypothesis (H1) and the dominated convergence theorem
imply that {g(u, -, vg)} converges to g(u*, -, u*) in L"(d2). Therefore, since

—Avg+uv, =0 in Q
(2-21)

0
% = vk + g ((k, x, vg) on 92,
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passing to the limit in the weak sense we have

—Au*+u*=0 in ,
(2-22) Ju*

e wu*+g(A*, x,u*) ondQ.
By the continuity of the projection operator we also have s, > s* = P(ux) =
limg_, s P(vr) > sp4+1- Hence (u*, u*) € K,,, which proves that K,, is compact.

Since s, > s, > s,41 there exists (A, u) € K, with A > o;. Hence, if we define
(2-23) Ay =sup{r: (h,u) € K},

then A} > A/ > o) see part (i). From the compactness of K, there exists u such
that (A}, u)) € K,. From the definition of A} if (A, u) is a solution of (1-1) with
Sp > P(un) > sp41, then A < A% which proves that (A}, u)) is a (supercritical)
turning point.

With a completely symmetric argument, using the sets

K, ={(A,u)e€":Puy=sands,>s>s,,}

and defining A, = inf{A : (A, u) € K}, we show the existence of u, such that
(A, u)¥) € K, is a (subcritical) turning point.

In order to prove the existence of resonant solutions, we now show that there
exists ng € N such that for each n > ng both sets K,, and K, contain resonant
solutions, that is, solutions of the form (o7, u).

We use a reductio ad absurdum argument for the sets K. If this is not the
case, then there will exist a sequence of integers numbers n; — +00 such that
K,; does not contain any resonant solution. This implies that the compact sets
K,fj ={(A, u) € K,; : & = o1} can be written as

K;:%+ﬂﬂhu)eRxC@ka>oh%j>Pm)>hﬁﬁ;

therefore K,fj contains at least a connected component of €*. Moreover it is
nonempty since we know that there exists at least one solution (A, u) with P(u) =
s,/lj € (s,,j, s,,j+1) and therefore A > o;. The fact that we can construct a sequence
of connected components of €™ contradicts the fact that 6™ is a connected near
(01,0) e R x C(Q).

A completely symmetric argument can be applied to the sets K. U

3. Two examples

3.1. Resonant solutions for the oscillatory nonlinearity (1-2). In [Arrieta et al.
2007, Theorem 8.1] it is proved that if « > 1, for any B € R, and C € R there is
an unbounded branch of positive solutions. Assume from now that 8 < 0.
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Taking |C| <1 it is not difficult to see that
ug (x) := [asin(—C) + kx 1"/P @y (x), k>0,
defines a sequence of resonant solutions to (1-1) such that u;(x) — 0 as k — oo.

3.2. A one-dimensional example. Now we consider the one-dimensional version
of (1-1), where most computations can be made explicit.

Let {o;} denote the sequence of Steklov eigenvalues of the problem (1-3). For
N > 1 the Steklov eigenvalues form an increasing sequence of real numbers, {0;}7°,
while for N =1 there are only two Steklov eigenvalues as we made explicit below.

Observe that Equation (1-1) in the one-dimensional domain 2 = (0, 1) reads

—u,+u=0 1in (0, 1),
uy(l) =ru+ g, 1, u(l)).
The general solution of the differential equation is u(x) = ae* +be™ and there-

fore the nonlinear boundary conditions provide two nonlinear equations in terms
of two constants a and b. The function u = ae* 4+ be™ is a solution if (A, a, b)

satisfy
(—(H—k) (1-2) )(a)_< g, 0, a+b) )
(1-ne —(1+0)e ' J\b)  \g(, 1, ae+be™))"

In this case we only have two Steklov eigenvalues,

e—1 1 e+ 1
2=—:

<
e+1 o e—1

g1 = .

Restricting the analysis to symmetric solutions u,(x) =s(e* +e!' %), with s € R,
and choosing g(A, x,s) = g(s), it is easy to prove that u;(x) is a solution if and
only if A satisfies

_ g(ste+1)
s(e+1)
Therefore, whenever g(u) =o(u) at zero, there is a branch of solutions (A(s), uy)
converging to (o1, 0) as s — 0.
Now fix g(s) = s* sin(s?) for an arbitrary « > 1, 8 < 0. From the definition in
(2-1) we can write

Go+ 3=f liminf s8(s) plte =f liminf sin(s?) &' = —/ ol <0,
B 8 09

(3-1) A(s) = o > 0.

q s—0+ |s|ite Q s—0F

el . s5g(s) . )

G0+ ::/ llmsup gT—‘,—a CDI—HX :/ hmsup Sln(S'B) (Dl“‘a :/ CI)H_O‘ = 0’
aQ s—ot IS] IQ s—0t 99
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and then Gy+ <0 < Go-.

Moreover, by looking in (3-1) at the values of s € R such that A(s) = o7 it is
easy to check that (oq, uy) is a solution for any k € Z, where

k)P
Mk(X) = e—l——l(e +€1 );

that is, there is a sequence of solutions of the resonant problem converging to zero,
as shown in Figure 3.

Moreover, computing in (3-1) the local maxima and minima of A(s) it is not

difficult to check that (A}, uj) is a sequence of turning points converging to zero,
where

A =01 — tk(afl)/ﬂ sin(#), up(x) = tkl/ﬁ (" +e'™)

and where 1;, is such that

tan (ty) = —

ltk, t €l—m/2+km, /2 + k]
a_

with #; — o0 and tk]/ﬂ — 0 as k — oo thanks to 8 < 0.

Let us observe that the bifurcation from zero phenomena occurs whenever o > 1
for any B and that whenever @ + 8 < 1 the number of oscillations grows up faster
than the number of oscillations of multiples of the eigenfunction and cannot be
controlled; compare the two parts of Figure 3.

>
-
—
S

B=-03 B=-05

Figure 3. Bifurcation diagram in the case o« = 1.4, for two values

of B.
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