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In this paper we deal with sequences of polynomials orthogonal with respect
to the discrete Sobolev inner product

(f, 8)s= £ w(x) f(x)gx)dx+Mf(E)gE) +Nf (€)' ©),

where w is a weight function, § < 0, and M, N > 0. The location of the
zeros of discrete Sobolev orthogonal polynomials is given in terms of the ze-
ros of standard polynomials orthogonal with respect to the weight function
. In particular, for @ (x) = x“e™* we obtain the asymptotics for discrete
Laguerre-Sobolev orthogonal polynomials.

1. Introduction

Polynomials orthogonal with respect to an inner product

) (f.8)= /Ew(X)f(X)g(X) dx+Mf(E)g@E) +Nf'(€)g'©),

where & is a real number and d . is a positive Borel measure supported on an infinite
subset E of the real line have been considered by several authors (see, for instance,
[Alfaro et al. 1992; Lépez et al. 1995; Marcelldn and Ronveaux 1990; Marcellan
and Van Assche 1993] and the references therein). They are known in the literature
as Sobolev-type or discrete Sobolev orthogonal polynomials. Special attention
has been paid to their algebraic and analytic properties of these polynomials, in
particular, the distribution of their zeros taking into account the location of the
point & with respect to the set E.

When E is the interval [0, +00) and & = 0, Meijer [1993a] analyzed some
analytic properties of the zeros of the so called discrete Sobolev orthogonal poly-
nomials (1). Some results of [Meijer 1993a] are direct generalizations of the re-
sults of [Koekoek and Meijer 1993], where the weight function is the Laguerre
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weight w(x) = x*e™*. Koekoek and Meijer established properties of the discrete
Laguerre—Sobolev polynomials such as their representation as a hypergeometric
series, an holonomic second order linear differential equation associated with them,
properties of the zeros, and a higher-order recurrence relation that such polynomials
satisfy. The asymptotic properties of these discrete Laguerre—Sobolev polynomials
have been studied in [Alvarez-Nodarse and Moreno-Balcédzar 2004; Marcelldn and
Moreno-Balcazar 2006], while the analysis of convergence of the Fourier expan-
sions in terms of such polynomials was done in [Fejzullahu and Marcellan 2009].

In this paper we consider the discrete Sobolev polynomials {Sn}nzo orthogonal
with respect to (1) where E = [0, +00) and £ < 0. We show that these polynomials
can be expressed as

Sp(x) = Py(x) + A1 (x —E) P (0) + 4,000 — )2 P (),

where { 13,1},120 and { 13,["]},120, k € N, are the sequences of monic polynomials or-
thogonal with respect to the weight functions w(-) and (- — EYw(-), respectively.
Moreover, the behavior of the coefficients A, | and A, > is studied in more detail.
In particular, when w is the Laguerre weight, we obtain some asymptotic properties
for the sequence of discrete Laguerre—Sobolev orthogonal polynomials.

The structure of the manuscript is as follows. In Section 2 we give some basic
background concerning polynomial perturbations of a measure as well as inter-
lacing properties for the zeros of the corresponding orthogonal polynomials. We
point our that the results presented therein are of independent interest in terms of
the core of our contribution. Indeed, they constitute an alternative approach in
the subject. In Section 3, a representation of monic polynomials orthogonal with
respect to the inner product (1) is given in terms of polynomial orthogonal with
respect to polynomial perturbations of the weight function. Some results about
their zeros are deduced. In Section 4 we focus our attention on the asymptotics
of discrete Laguerre—Sobolev orthogonal polynomials. More precisely, we obtain
outer relative asymptotics, a Mehler—Heine formula and the Plancherel-Rotach
outer asymptotics for such orthogonal polynomials.

Throughout this paper positive constants are denoted by c, cy, . . ., and they may
vary at every occurrence. The notation u,, = v, means that the sequence {u,/v,},
converges to 1. We will denote by k(7r,,) the leading coefficient of any polynomial
7y and 7, (x) = (k(712)) ™ 70 ().

2. Auxiliary results

Let w denote a weight function on (0, 00), i.e., @(x) > 0 and all moments

o0
cn:/ wox)x"dx, n=0,1,...
0
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exist. Let {13,,},,20 denote the sequence of monic polynomials orthogonal (SMOP,
in short) with respect to the standard inner product

(frg)= /0 o) f(1)g(x) dx.

In particular, from the moments we get an explicit expression of the SMOP.
Indeed, we get

Py(x) =1
and
cp €1 € ... Cp
C1 c) C3 ce. Cpii
A~ 1 C) €3 C4 ... Cpy2
(2) Py(x) = "L o>,
Ay . . L .
Cn—1 Cn Cp+1 --- C2n—1
1 x x? x"
where
co €1 €2 ... Cph_i
cL ¢ €3 ... Cy
Ap_1=|c ¢3 ¢4 ... Cyy1|, n=1,
Ch—1 Cn Cpy1 .. Cop—2

are the Gram determinants.
The n-th reproducing kernel for w is

n

Po(x)P
Kn(x,y)=Z e (x) k(y)‘

k=0 ”Pk”g)

Here, || 13,, ||L20 = (ﬁn, }3,,). Because of the Christoffel-Darboux formula, it may also
be expressed as

1 P (1) Po(y) — Bo(x) Pug1 ()

Kn(x,y)=—%
I Pall2, X—=y

The confluent formula reads as

(Pr(x))?
1Pll2 I Pal?

n

B3 Kulr,x)=)

k=0

(P, () Py(x) — PL(x) Byy1 (1)).

In the same way we can describe the SMOP {13”["]},130, orthogonal with respect
to the inner product

g = fo (x — £ () f ()g(x) dx.



170 F. MARCELLAN, R. ZEJINULLAHU, B. FEJZULLAHU aND E. HUERTAS

where £ < 0. For n > 1, they are given by the determinant (2) where c; is replaced
by dik, k € N, where

[e.0]
4) dﬁzx;(x—s%wuaﬂdx=dg}—gﬁk n=0,1,...,
and ¢, = d°. In the sequel, we will set

A o0 A 2
1B = [ @ =ofow(Plm) dr.

Proposition 1. Let D) _, = det[a}lo<i j<n—1, where af; = df, ;, k € N. Then
(5) Dy = (=1)"Dy_ P,
with DY | = A,_y.

Proof. Forn>1and k e N,

dy"dyt L dE!
k=1 k-1 k—1
) i~ dy ... 4
(6) P, (x):D[k—l] RPN
=l \d, Ty dyTh L dy
1 x ... x"

with P, = PI%. The determinant in (6) becomes [Szeg6 1975, Formula (2.2.9)]

a7t —dy o dy —df T L dE —di T x
k—1 k—1 k—1 k—1 k—1 k—1
Pkl(x) = _(—_kl)_l" dy " —dp x dy—dy x ..o dyy—dTx
n—1 ) ‘ ‘ .
A e i e a
Now, by using (4), (5) follows. -

Next we will compute some integrals involving the polynomials P[],

o
Proposition 2. (i) The integral / (x—¢& )k_la)(x)P,Ek] (x) dx is given by
0

12,112 .
. - ifk=1,
IS ) Pu)
T A=, _ Ali—1
A1) (et P

1P.)2  ifk > 2.

[Ti=i

Al e
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o.¢]
(1) The integral / (x — ‘é})k_zw(x)Pn[k](x) dx is given by
0

Alk—2 Ar_
(P00 P22 s
Al B )

(P (0) I Bl

— k=2,
_| EeRe !
P O img g BIA©) 50
AIk—11 en plk—2] i=1 Br-17,. fnlly ifk > 3.
BN O BT @) P

Proof. (1) Using (4) recursively as well as properties of determinants, we have

7 L S

o0 df o ds o dkodk
Dlri—l/ (X—S)k_lw(x)ﬁ,[k](x)dx= . . .

’ d,dod, L d

di-taft L dk!

k=1 k=1 gk—1 k—1
o Ll O

k—1 k-1 k-1 k—1
A L O

k—1 k=1 k-1 k—1
a-tdkslakl L aks

dimt ait asmt L ak!
=(-1)"Dy"!
On the other hand,
A~ o0 R Dk-1
IAY=2 = fo (x =& lo@x" P (x) dx = D’;,%,
.

and by using (5) we get

k=1 plk—
(=D" D, 1P ey

(7) / Oo(x — &) ) PM (x) dx =
0

k

Dn—l
. IR0

B e

On the other hand, we have from [Szeg6 1975, Theorem 2.5]
plk—1]
A N P (E) an_
®) (x—&)PM () = Pl () — == Pl ().

PEN@)
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Therefore,

plk—1]

1BWE , = — el O pune
n llwk — ﬁn[k_l](f) n w,k—1*

Using this relation recursively we obtain

kK pli-1]

. P (&)

©) A e Ul [ o L P =

iz Pn ()

Combining (7) and (9), our statement follows.

(i1) We have

k=2 k=2 k—2 k—2
do i D
A2k gk a2

10 (A7) =

— | - . R .
n k—2 k=2 k-2 k—2
dy = d, 7 d5 ... d
0 1 2x ... nx"!

Now, adding to the last column the n-th and (n — 1)-th columns multiplied by
—2x and x2, respectively, and repeating this operation for each of the preceding
columns, we obtain

(1 (PP w)

n+1
dy™% di7? dyP—2xd{ P4xtdy P L. di i —2xdf P 4x2d Y
| di™* d5? di P —2xdy xR L d —2xd Hx2dl?
=Dk—2 . . . LRI .
"l i a2 o e
0 1 0 0
d5 7 =2xd{ P 4x2dy T dy TP —2xds xR T L diy—2xdi x2dl R
X dy P =2xdy P x2d{ T dy TP =2xdy xR L dy 3 —2xd) S 4xdy ]
=D]};{—2 . . . .
dfr=2xdM a2 Y dE S —oxdr THx2dRE L dy T —2xds, Txtds 2
d(/;—z d{c—Z dk—2
On the other hand,
k k k
s di d
k k k
' o) o Alk dl d2 e dn—H
Dn—l/ (x—8&)"" a)(x)P,[](x)dx: . e . ,
0 k k k
dnfl dn . d2n71
d(l)c—Z d{c—2 drlf_z
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and by using (5), (9), and (11) we get

f (x — &) 2w () PN (x) dx
0
D;’i_z(P[k_Z] (x));:g (P[k_z] (x));:s I Pr[k—Z] ”2

_ n+1 _ n+1 w,k—2
D, B ORI AR @)
k(plk=2] / -2 pli—
(_1) (Pn+1 (x))x:{-' p— P,EQLIIJ(S) A o2
= TAk=11,.1 plk=2] NTESTPNLLLL O
P @GP T(E) jo Pr T (6)
Denote by x/X, r = 1,2, ..., n, the zeros of P¥!(x) in increasing order.

Proposition 3. (i) The zeros of ﬁ,[k] (x) interlace with both the zeros of ﬁry:ll] (x)
and ﬁ,gk_l](x), ie.,

k=11 _ [kl _  [k—1] r=1.2.

[
Xpw <Xy <X a1 .., n.
ii) Between two consecutive zeros of P2 k > 2, there is exactly one zero o
(i) B PN k=2, th ly
Pplkl
s
N k _ 5Lk+2] [k
(iii) sgn P,Ek 2](xr[,1271) =(—1)""=—sgn P;Lz ](xr[’,Ll) forr=1,2,...,n—1.

Proof. (i) Here we will use the same argument as in [Chihara 1978, page 65] (see
also [Bracciali et al. 2002, Lemma 1]). It is well known that the zeros of Pn[i_ll]
interlace with the zeros of P,[k_”, ie.,

=11 _ k=11 _ _[k—1] k—11 _  [k—1]
Lkl <Xin <X 0 < <Xy,

0<x n+1,n+

<X 1 <o

From (5) f’n[k ~M€)/P*11(£) < 0 and taking (8) into account we have

+1
sgn PG = sgn BRIy = (=" H for r=1,2, . 0+ 1,
sgn PRkt = sgn PR N ey = (" for r=1,2,..
Thus, there exist zeros x,[’k,}, r=2,3,...,n,of IA’,E"] (x) satisfying
[k—1] [k] [k—1] —
Xpp  <Xpy <X e F=L2,0.0n

(ii) By using (8) and the recurrence relation we obtain

(x — &2 P (x) = (dy px +do) PP () + s B2 ().

Since }3,5];_12] (§) # 0 we have d3 , # 0. Now, the rest of the proof can be done in a
similar way as in [Meijer 1993a, Lemma 6.1]; see also [Meijer 1993b, Lemma 4.1].
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(ii1) From (ii) we have xy‘n_z] < xr[kn] 1 < xr[]_ilzi forr=1,2,...,n— 1. Therefore,
Hlk—2], . [k -
sgn Pr[ ](xr[’j_l) =(-D"".
Again, according to (ii), xr[kar]l ) < x[k] < xr[kn_’” 22] forr=1,2,...,n—2,and
Pl LY Therefore ’
n—2,n—2 n—1,n—1" ’

sgn AVEIGE ) = (=" and sen ARG, D=1

ron—1
As a conclusion,

sgn Is,gk_z](x[k] ) = —sgn P[k+2](x[k] ), r=12,...,n—1. U

ron—1 r,n—1

3. Discrete Sobolev orthogonal polynomials

Connection formula. We consider the inner product
12y (fig)ls= /0 () f(x)g(x)dx +Mf(E)gE)+Nf'(€)g'(§),

where £ <0, and M, N > 0. Let {Sn}nzo denote the SMOP with respect to the
discrete Sobolev inner product (12)).

Theorem 1. Let M > 0 and N > 0. There are real constants A, 1 and A, > such
that
S0 (x) = Py(x) + Ap 1 (x — &) P (1) + Apa(x — £)P P, (1),

where

_ Nbha@ P =ML, 6) @)
L) (E) — NIy (6) PP (&)

MNP, (&) P (&) — N1 5 (£) By(£)

L ® ) - NLu© PP )
Il,n@):—#&,
@ =g zA(ns)ifl)iglffi)];:)]ﬁ)z(5)” frle
By = P ORLOLLE

P& P (&) P (6) PP (¢)
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Proof. We will prove that
(Sp, (- —&)"s=0 for k=0,1,....,n—1.
For k > 2 and n > k,
(Snr (- —6))s
= fom @ (x) S, (x)(x —&)* dx
= /0 o) — ) dx + A /0 e £)2w(@) P (x)(x — &) dx
+ Ano /O e £ ) P, (x) (x — &) 2 dx
=0,
Now consider k =0 and n > 1. We have

S, 1)s=/ ()8 (x) dx + M, (®)
0

— An fo (x — £)wo ()PP (x) dx + Ay fo (x — £)%0 () PP (x) dx

+M P, (£).
On the other hand, by using Proposition 2(i),
) ﬁn
(13) L@ = / (x =& ) P () dx ('if?]] 1 Patll5,
0 GG

and taking derivatives in (8) and then substituting x = £ we get

A 1k] Alk— : pl-llg) Alk—11, )
(14) P €)= (PF ), m(f’n_l () g
Combining (3), (13), and (14), we get
A6
hn®) == o

Using Proposition 2(ii),

(B2 @) B2
B E B ©)

(15)  Don(®) = /0 (x — £ ) P (x) dx =

P ® P (PP (), 1Bl
= ~ n—2llg-

P& P (6) P (6) PP (¢)
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Therefore,

A

(Sur 1)s = An 11 n (&) + A2l (§) + M Py (5).
In the same way, for k =1 and n > 2, we have

(Sn, (- —E))s = [0 @ (x) 8, (x)(x — &) dx + NS, (€)

= Apals . E)+ NAL PP () + NB (&),

where
00 - 12212
L(§) = f (x =6 w0 P (x) dx = —5—==
0 PP &)
Py &) P )PP &) Pl

= T = ~ n—2 .

By P, &) P2 6) PP (6) ?
Finally, using the expressions of A, ; and A, 7, our statement follows. ]

Next, we will study the behavior of the coefficients A, 1 and A, ».

Proposition 4.

() Lia(E) (&) = NIy (€) PP (6) = — 1, (&) PP (E)(N + . B,), where

3 plar
O<a,= %@) <dy and d—g < - [2]1(5) Ln®) = L <"
Pn—l(‘i:) dO Pn—l(s) I3n(é:) ,Bn é

(i) NIon(8) Py (E) = MIs (&) Py (§) = Ip,n(8) Py (€)(N + MByy), where

d __bK© _1 _ »n

co P& v &

i) MN @@ ~ N1 P© = NP@ B2 ©(M+").

n

Proof. (i) From the Christoffel-Darboux formula for polynomials {ﬁ,[z]}nzo we

have

B2 (x) 12! n pll )
(16) -3 T OITO) §n B s

5121 (212
k=0 “Pk ”w,Z k=0 ”Pk ||w2

R 1 o [2] pl2] p(2]
= PP (B0 PP () = PP o) P ().
,2
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If we multiply (16) by (y —&)w(y) and integrate over (0, co), evaluation at x = &
yields

n P[2]
- ”me ; / 0 =&’ 0MP () dy
k=0
x W( PR L1 ®) = B I112(6)).
Since

0
| 0= 820m Bl 0dy =0 for k=1.2....cn
0

and 13(52] = 1, the left-hand side is negative. Therefore,

PP )1 p1(8) — PPNE 1 42(8) < 0.

From (5) we have
sgn P2 (&) = (=" and  sgn PP(&) = (—D)".
Thus, f’n[i]l (S)ﬁn[Zl (&) is negative and, as a consequence,

Il n+2(g) Il,n-H(g)
Pml@) P )

Using this relation recursively, we get

I, (8)
ﬁ[T(g) <I116) :d(%-

n—1

On the other hand, (5) and (13) imply that sgn /; ,(§) = (—1)"*!; therefore,

NG
0 dy.
PP
From (16)
" (BP®)’ o
<Z(||I§[2]||2) T2 (P &) PP @) — P2V &) PI (&)).
k=0 k w2 n g2

Since Pm1 (& )Pm (&) is negative this yields

PEN® PP
Pml(s) P&
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Using this relation recursively, we obtain

PEn® _PP®) _ dy
I A ORI

Let 0 < xm < xgzr]l - < x,[lz,]l denote the zeros of 13”[2]. Then
Pn[zl/(g) 1 1 1

! R
T T ) 3 xh—& &
Statements (ii) and (iii) can be proved in a similar way as (i). U
Proposition 5. Let M, N > 0 and not both zero. Then
sgnA,1=—1 and sgnA,,=—sgnN.
Proof. From (5) and Proposition 4
P& P (&) P
sgn A, 1 = —sgn =53] =sgn| —— sgn =
1) Py (§) P71 (8)

=-1.

In a similar way,

sgn A, =—sgnN sgn P;(S)
2.n
P () P& Pia®) PN, ) B (6) PP, (6)
=sgnV sgn| — A[z]/ 5 50 e\ L2
1 (&) P (§)P,_(E)P,Z,(6)
=—sgnN. O

The zeros. We now analyze the zeros of the polynomials S,. The techniques are
the same as those used by Meijer [1993a; 1993b].

Theorem 2. The discrete Sobolev orthogonal polynomial S, has n real simple
zeros and at most one of them is outside of [, 00).

Proof. Since for N =0, S, is a standard orthogonal polynomial, in the sequel we
will consider the cases when N > 0 and M > 0. Let vj < vy < --- < v be the
zeros of S, (x) on (¢, oo) with odd multiplicity. Let us introduce the polynomial

d(x)=x—v)x —v2) - (x — ).

Notice that ¢ (&) and ¢’(&) have opposite signs and d)(x)S’n (x) does not change
sign on [§, 00). If deg¢p < n — 2, then

= (¢, Sp)s = fo @ (X)$ (x)S,(x) dx + Mp(€)S, (&) + N/ (§)S), (&)
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and
0=((- —&)p, Su)s =/0 () (x —E)p(x)S,(x) dx + N (£)S) ().

This means that ¢’ (& )3,’1 (§) and ¢ (5)5,/, (&) have the same sign, and therefore ¢’ (&)
and ¢ (£) have the same sign. This yields a contradiction.
As a conclusion, deg ¢ = n — 1 or deg ¢ = n, which proves our statement. [

Next, we prove that the zeros of Sn (x) interlace with the zeros of P[ ]l(x) if
Sn (x) has a zero outside [, 00). Notice that, by Theorem 1, S,, (&) #0.

Theorem 3. Denote by v, ,,r =1, 2 ., 1, the zeros of S, (x) in increasing order.
Suppose that vy , < &. Then 2§ —x1 o1 <Vin < & and

E<v <xPB oy, <x
2.n l,n—1 n.n n—ln—1°

Proof. From Theorem 1 we have

Saall ) = Bl )+ Al — 2B G ), =12 -

ron—1 ron—1

Then from Proposition 3(iii) and Proposition 5 we get
sgnS (xrn D=E=D"" r=12,...,n—1,
On the other hand, from (5) and Theorem 1,
sgn 5, (6) = sgn Py (§) = (= 1)".

Therefore, every interval (&, x]u,]l ,) and (xr[zrj 1 r[ill gy forr=1,...,n-2,
contains an odd number of zeros of S (x). Since S has n real zeros and at most

one of them is outside of (£, 00), then

E<v <xPB oy, <X
2.n l,n—1 n.n n—ln—1°

Now, we will prove that 2§ —xF] | <V <§&. Let

Sp(x) = (x — 1) (X —V2p) -+ (X — V).

By Theorem 1 and Proposition 4,

&7 A12] ﬂnﬁn(s)(M’Fan/yn)
SIE)=PLE) + A1 PPL(6) = E .
Therefore,
sgn S) (§) = sgn P, (€§) = sgn S, (£)
and

e 1 1

S (f) é,-: —Vln Vo n — 5 Vnn — 5 ‘
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1 1 . . )
Hence > , which implies successivel
s —Vi.n V2 n —f P y

2
le E>wm,—&>&—v, and 2§—x1n1<v1n

Our statement follows. O

4. Discrete Laguerre—Sobolev orthogonal polynomials: asymptotics
Laguerre polynomials. For a € R, the Laguerre polynomials are defined by

n Nk
L;a)(x)=2(zt(]:>( ]j) ‘

k=0

For o > —1, the {Lﬁ,m (x)}n>0 are orthogonal on [0, +00) with respect to the weight
function w (x) =x%e™" [Szegd 1975, Chapter V]. Let {Lf,a’k)},‘f;o, k € N, denote the
sequence of polynomials orthogonal with respect to the modified Laguerre weight
(x —&)*w(x), & <0, normalized by the condition that L,(f"k) has the same leading
coefficient as the classical Laguerre orthogonal polynomial LY =L Thatis,
k(L) = (=1)"/nl.
We summarize some properties of the L,(la’k) (x), k e NU {0}, to be used later.

Proposition 6 [Fejzullahu 2011]. (i) For o > —1,

o 'n4+a+1)
L(a) 2 :/ L(a) 2 o —x4 —
1L, 15 ; (L, (x))"x%e"d(x) ot D
(i1) For everyn € N,
(L) ==L ().

(iii) (Perron’s formula) Let o € R. Then
Lﬁla)(x) — 2717_[71/26)6/2(_x)fa/271/4na/271/4e2«/7nx(l + 0(”171/2)).

This relation holds for x in the complex plane cut along the positive real semi-
axis; both (—x)~*?=V* and /—x must be taken real and positive if x < 0.
The bound of the remainder holds uniformly in every closed domain which
does not overlap the positive real semiaxis.

Moreover, we get the outer ratio asymptotics

(OH‘])(X) )
lim pl-p2lnee & =(—x)=D2 jleR, hkeZ,
n—o00 L((X+l)( )
n+h
L0 (x) 1

li = ,
nirgo nk/2L’(105)(x) (W—x+ /_g )k

uniformly on compact subsets of C\ [0, 00).
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(iv) (Mehler—Heine formula) Uniformly on compact subsets of C, we have

(@) .
L
lim M — xia/zla(Z«/)_c)
n— 00 n¢
and
; LyPa/m+) 1 LQVE
nE{}O notk/2 - (\/__s)kx «(24/X)

where j € NUOQ and J, is the Bessel function of the first kind.

(v) (Plancherel-Rotach type outer asymptotics for L ,(la’N) ) Uniformly on compact
subsets of C\ [0, 4] and uniformly on j € NU {0}, we have

L@t
n=00 1@ 4 jyx) ¢((x —2)/2)

and

N S (R (¢<<x ~2)/2)+1 )N
= L ((n+ j)x) x ’

where ¢ is the conformal mapping of C\ [—1, 1] onto the exterior of the unit
circle given by

dp(x)=x++vVx2—-1, xeC\[-1,1],
with /x2 —1 > 0 when x > 1.

Proposition 7. L& (g) = sL(aH)(S)

Proof. Using integration by parts we have

o0
/ (L,(f"z) (x))/L,((a+]’3) () (x — &) x e dx
0

_{0 ifk<n-—3,
T lnm=-DILEPN2, ifk=n-2.
Therefore,

(L&Y @) = LY @) + H L9 ),
where

2 (a2
n(n—DILE? 2,
(I

a+1,3
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Using (8) and Proposition 6(iii),

(n+ 12 +0) L, €) 1—[ Lyt V@ Ly e

(n _ 1)3 L(a+1 2)(5) J

H, = — .
el AR (2 W Al ()

(a+1 2)(5)

l_[ (oH—l i— 1)(&_) L’(;iil—l)(g) . O(l)
L““+1 2®) i L,i”‘ff TE L @) n
On the other hand, [Fejzullahu 2011, Proposition 2.2] gives

(17) (LEZ(X,Z)(X))/ L(Ol 3)(X)+G L(Dl+1 3)(X)

where

Gn = Hy n_1)31_[

_13[ L0 (L OLE @) L@ L @)L @) +o(;)
(““’ PO\LYOLEYE LY GLE)ELE)E) '

Again, from [Fejzullahu 2011, Proposition 2.2],

L(a"rll l)(g_—) L(a,ifl)(s)
L(a-‘rll l)(é) L(at l)(g)

,E‘QI@L;E’@) L ®LY e L e 1
(a) (a,1) (Ot) (a,1) (x—1) O<_)’
LY©LEYE LYOLe e LYV e n

LP©OLGOLY @ LY OLOLT @)

L OLEY LY@ L EOLE)OLEY @)
Len"®LE " ©) o(})
L oL e

and
Lin'® Ly"OLse  Li’e
L Ve LE Vel e LNe
(a 1) (x—2,1) (x=2)
SRI(2 VAl (2 W APl () 1
(;11) (:11,1) - (;22) +0(_>
LY VELY e LY e n
Ly’ ©) Liﬁf’@)Liﬁf’“(@_L,Si?)@ (L.
L tEVeL e LY e n

Therefore, by using Proposition 6(iii),

VnG, = —/-¢.

+1
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and taking into account (17) the result follows. (|

Discrete Laguerre—Soboley orthogonal polynomials. Let {S,},>0 be the sequence
of polynomials orthogonal with respect to the discrete Sobolev inner product (12),
where w(x) = x%¥e¢™* and £ < 0, normalized by the condition that S, has the
same leading coefficient as the classical Laguerre orthogonal polynomial L ,(1“), ie.,
k(Sp) = (=D)"/n!.

Theorem 4. Let M > 0 and N > 0. There are real constants B, o, B,.1, and B, »
such that

(18)  S,(x) = BuoL® (x) + By 1 (x — )L (x) 4+ Byalx — &)L (x),

. 1 _ Apl
where Bn,O - 1+An,l+An,2’ = n(1+An,1+An,2) ’ and
B 5 = An,2
T =D (14+Ap 1+ An2)
Moreover:
() IfM >0and N > 0, then
. 8&n“ 328 /—Env1/2 1
(19)  Byo=——1——. B - =
M(L;"®)) M(Ly" () n
() If M =0and N > 0, then
B, o = ! B,1 = ! B,, = !
n,0—4\/_—§n’ n,1 = I’l, n,2—4n2\/_—§n-
(i) If M > 0 and N =0, then
~ V=& 1
Bn,O = (@) 2 Bn,l =" Bn,2 - O
M1 (L7 ©) "

Proof. From Theorem 1,

PP Gl Vi 116
T a0+ A+ An2)

and, as a consequence,

Sp(x) = By oL@ (x) + B, 1 (x — )LV (x) 4+ Bua(x — )L (v),

n—1

where B, o, B, 1, and B, are as in the statement of the theorem.
Now, from Proposition 4 we can obtain the behavior of the coefficients By, o,
B,.1 and B, for n large enough. In order to estimate A, ; and A, », first we
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compute o, By, &y/Vn, Bnvn and I ,(§). From (13) and Proposition 6, we can
write

wrfy = ® LY ) L@ 2
LY ) T L@ )L @D ) L@V g
_F(n+a) nL(“)(g) 8(—5)3/2;1“—1/2
e L9 @L"Y LY €  LO@LEE)
o _ ha@LY @ Ly @) 1@ 2
v LOEOLEDE) L@ OLYD LD E !
_T+a) nLy D) _ B(=£)Y2ne= 2L g
T L2enOnTe  (e)
Yo ~ [ L' ®) ¢
,Bnyn —Oln,Bn_n = < (a+l)(§)> ;,

L@ LS D@L &)
L“"Q(&)L("‘ JEOLII LY )
_ 8E(=1)"" 1 (n —2)! net?
- L &) '
Next, we will analyze the following three situations.

(i) Let M > 0 and N > 0. Then,

L) = (=) (n—2)tn*"

2 (@) (@) (Ol+1)
L,” () nL, (§) nL, (":')= 4/ ZEn

e e T L
and
ML €) _ M(LY©))°
T L6 sene
Therefore,

8&En® _32&/—Ene"1/?
o B =———o . Bu2
M(LY (&) M(Ly" () "

(i) Let M =0 and N > 0. Then,

12
12

Ay]g—4 —Sn and A’2= — =—1.
" " n2(§) Vn
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Therefore,
- 1 o 1 1

B, &————, B, 1=E——, B 2=———.
0 4./—&n ! n n2 4n?/—&n
(ii1) Let M > 0 and N = 0. Then,

ML &) ML(“)I@)LW”@)  Mn'/e

()
1= = L,”,(&) A,2=0.
YT La®) 1L |12 V= (LAH@). A
Therefore,
= 1
Bl’l,O =-— S 2 B}’l,] = ) Bl’l,z - 0 D
Mn'/2=e (L, () n

Next we deduce several asymptotic properties for discrete Laguerre—Sobolev
polynomials when M, N > 0. (For M > 0 and N = 0, the same asymptotic results
for corresponding Laguerre-type polynomials has been deduced in [Dueias et al.
2011] and [Fejzullahu and Zejnullahu 2010].)

Theorem 5. (i) (Outer relative asymptotics) Uniformly on compact subsets of
C\ [0, c0) we have:
e IfM >0and N > 0, then

2
Sn(x) _ (\/ Y _S>
NETWE:
Notice that, according to the Hurwitz’s Theorem, the point & attracts two

negative zeros of S, (x) for n large enough.
e IfM=0and N >00r M > 0and N =0, then

noo L) —x+/E
Notice that, according to the Hurwitz’s Theorem, the point & attracts one
negative zero of S, (x) for n large enough.
(i) (Mehler-Heine formula)
e IfM >0and N >0

lim @ =
n— 00 Lna (x)

S
lim n(x/n) =x"?J,2V%),
n—00 n
e IfM=0and N >00rM >0and N =0
S
lim M = _xia/zja(z\/;)a
n—o0 ne

uniformly on compact subsets of C.
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(iii) (Plancherel-Rotach type outer asymptotics for ;)
o IfM >0and N > 0, then
S
lim g”x) =1,
n—00 Ln“ (nx)
uniformly on compact subsets of C\ [0, 4].

Proof. We will prove the theorem when M > 0 and N > 0. The proofs of the other
cases can be done in a similar way.

(1) From (18)
(oz 2) (a 4)
Sn
Ly (x) ( ) n2Ly (x)

Now, Proposition 6(iii) and (19) yield
S (x) 67 fim Loz ) (\/_—x - Fs)z

lim =(x—
n— 00 L,(f[) (x) n— 00 nZL(a) (x) \/—_X"i‘ \/__;;:
(i1) Scaling the variable as x — x/n in (18) then dividing by n* we get
Sp(x/n)
noz
() (ot 2) (a 4)
L x/n
L R L A e S
’ no ’ no+2
Now, Proposition 6(iv) and (19) yield
(Ot 4)
Sn
im 225 2 fim ( e N 5]
n—oo n< n—o0o n%

(iii) Dividing (18) by L{ (x) then scaling the variable as x — nx we get

S, (nx) nx —§& L(a ) | (nx) L(a)l(nx)
@ = BroFnBa <a) @
L, (nx) L,” (nx) L, (nx)

(nx — £)2 L3 (nx) L', (nx)
n? L(a) ,(nx) L( )(nx)

—i—nan

From Proposition 6(v) and (19)

S, (x) <¢<<x—2>/2>+1)4 1
hm —_— =X .
n=>00 [ () X (P ((x —2)/2))°

Now, using the fact that (¢ (z) +1)? =2(z+ 1)¢ (2) if |z| > 1, we get our result. O
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