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THE L4 NORM OF LITTLEWOOD POLYNOMIALS DERIVED
FROM THE JACOBI SYMBOL

JONATHAN JEDWAB AND KAI-UWE SCHMIDT

Littlewood raised the question of how slowly the L4 norm || f||4 of a Little-
wood polynomial f (having all coefficients in {—1, +1}) of degree n — 1 can
grow with n. We consider such polynomials for odd square-free n, where
¢ (n) coefficients are determined by the Jacobi symbol, but the remain-
ing coefficients can be freely chosen. When n is prime, these polynomials
have the smallest published asymptotic value of the normalized L4 norm
I fll4/1l fl2 among all Littlewood polynomials, namely (7/6)'/4. When n
is not prime, our results show that the normalized L4 norm varies consid-
erably according to the free choices of the coefficients and can even grow
without bound. However, by suitably choosing these coefficients, the limit
of the normalized L4 norm can be made as small as the best published value
(7/6)1/4,

1. Introduction

For real o > 1, the L, norm of a polynomial A € C[z] on the unit circle is given

by 2 1/a
1Al = (= [ 1A a0
7\ 2w '

n—1
A(z) = Zajz-i
j=0

is called a Littlewood polynomial if a; € {—1, +1} for each j. Littlewood [1966,
Section 6] raised the question of how slowly the L4 norm of a Littlewood polyno-
mial of degree n — 1 can grow with n. An equivalent question was posed by Turyn
[1968, page 199] in a different context. Littlewood’s question is closely related
to other classical problems involving norms of Littlewood polynomials [Newman
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1960; Erd6s 1962; Littlewood 1968; Newman and Byrnes 1990; Beck 1991; Bor-
wein 2002].

For a polynomial A € C[z], a small L4 norm corresponds to a large merit factor,
defined as

PR 1
(A)i= —— 2,
AT~ I1AT

provided that the denominator is nonzero. This normalized measure appears natural
since it often attains an integer value when the polynomial degree tends to infinity.
Littlewood’s question concerns the growth rate of F'(A), since

4_ 2
[All; =n

for every Littlewood polynomial of degree n — 1. The determination of the largest
possible merit factor of Littlewood polynomials of large degree is also of impor-
tance in the theory of communications, where Littlewood polynomials with large
merit factor correspond to signals whose energy is very evenly distributed over fre-
quency [Beenker et al. 1985], and in theoretical physics, where Littlewood polyno-
mials with the largest merit factors correspond to the ground states of Bernasconi’s
Ising spin model [Bernasconi 1987].

If A is drawn uniformly from the set of Littlewood polynomials of degree n —1,
then F'(A) — 1 in probability as n — oo [Borwein and Lockhart 2001]. Littlewood
[1968] constructed a sequence of Littlewood polynomials with asymptotic merit
factor 3. Since then, Littlewood’s question has been attacked by mathematicians,
engineers, and physicists (see [Jedwab 2005] for a survey of results and historical
developments).

Given a polynomial A € C[z] of degree n — 1 and real r, define the rotation A,
of A by

(1-1) Ar(2) =7 " A(z) mod (z" - 1).

For odd n, let (- | n) be the Jacobi symbol (see [Apostol 1976], for example), and

call
n—1

J@) =Y (jImd

j=1

the character polynomial of degree n — 1. For prime n, this polynomial is known as
the Fekete polynomial, which has been studied extensively and whose asymptotic
merit factor has been determined for all rotations [Montgomery 1980; Hgholdt and
Jensen 1988; Conrey et al. 2000; Borwein et al. 2001; Borwein and Choi 2002].
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Indeed, defining

(1-2) £y = {5 ¥80r=D)?
fr+1) otherwise,

the following result is known.

Theorem 1.1 [Hgholdt and Jensen 1988]. Let p take values in an infinite set of
odd primes, and let r be real. Let X = J + 1, where J is the character polynomial
of degree p — 1. Then

lim F(X,) = f(r).
p—>00

Borwein and Choi [2002] also calculated the exact, rather than the asymptotic,
values of F(X) and F(Xj/4) by refining the proof of Theorem 1.1. The largest
asymptotic merit factor occurring in Theorem 1.1 is 6. The polynomial X of degree
p—1in Theorem 1.1 has been used to construct Littlewood polynomials of degree
2p — 1 [Xiong and Hall 2008] and 4p — 1 [Schmidt et al. 2009] that also have
asymptotic merit factor 6, and the value 6 remains the largest published asymp-
totic merit factor for all sequences of Littlewood polynomials. Hgholdt and Jensen
[1988] conjectured that no larger value is possible, although there are various con-
tradicting opinions [Littlewood 1968, page 29; Golay 1982; Borwein et al. 2004].
In contrast, there are sequences of polynomials, not all of whose coefficients lie in
{—1, 41}, for which the merit factor grows without bound as the degree increases
[Littlewood 1966, Section 6].

In this paper we study the case when n is square-free but not prime. The char-
acter polynomial J of degree n — 1 has ¢ (n) nonzero coefficients since (j |n) =0
exactly when gcd(j, n) > 1. Define

n—1

V= {ZUij :v;€{0,—1,+1} and v; =0 & ged(j, n) = 1}.
j=0

The polynomial J + V is then a Littlewood polynomial for each V € 7, and we
call J + V a Littlewood completion of J. We wish to determine the choice of
V €V, for each n and the choice of r that maximizes the asymptotic merit factor
of J. + V,. In the case when n is prime, there are only two possible Littlewood
completions of J, namely J 4+ 1 and J — 1. Theorem 1.1 deals with J 41, and it
is readily seen that the same result holds for J — 1. However, for general n there
are 2"~?( possible Littlewood completions of J. The choice of the Littlewood
completion and rotation that maximizes the asymptotic merit factor is then by no
means obvious, and the analysis is considerably more difficult.
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2. Results

Throughout this paper, we will use the following notation. For integer n > 1, we
define p, to be the smallest prime factor of n and, as usual, w(n) denotes the
number of distinct prime factors of .

As a starting point we establish the asymptotic merit factor of the character
polynomial J itself at all rotations.

Theorem 2.1. Let n take values only in an infinite set of odd square-free integers
greater than 1, where

3
(2-1) (ogn)” g
Pn
as n — 0o, and let r be real. Let J be the character polynomial of degree n — 1.

Then
11)11;0 F(J,) = f(r).

We next examine the special Littlewood completion J + V of J in which each
nonzero coefficient of V is chosen to be +1.

Theorem 2.2. Let n take values only in an infinite set of odd square-free integers
greater than 1, and let r be real. Let J be the character polynomial of degree n — 1
and define

n—1
V(z) = Z Z.
j=0
ged(j,n)>1
Then
(2-2) liminf — - > liminf —— + lim inf

n—oo F(J,4+V,) = nooo F(J;) n—00 2]72'

Hence, if p,/ n'/3 is bounded (which occurs, for example, if w(n) > 3 for all

sufficiently large n), then

limsup F(J, + V,) < limsup F(J,),

n—oo n—oo

and if p,/n'/3

large n), then

— 0 (which occurs, for example if, w(n) > 4 for all sufficiently

n—oo

Subject to the condition (2-1), we may replace lim inf,,_, o, 1/F (J;) in Theorem 2.2
by 1/f(r). Theorem 2.2 therefore shows that the asymptotic merit factor of J, 4V,
can be strictly less than f (r) for all ». This prompts us to question whether there is
a choice of V for which the asymptotic merit factor of J. 4+ V, is greater than f (r)
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for some r. However, we show that, subject to a mild condition on the growth rate
of p, relative to n, there is no such V.

Theorem 2.3. Let n take values only in an infinite set of odd square-free integers
greater than 1, where
7
(2-3) (logn)” 0
Pn
as n — 00, and let r be real. Let J be the character polynomial of degree n — 1.

Then
limsup max F(J, +V,) < f(r).
n—oo VeV,

We then ask whether the deterioration in asymptotic merit factor obtained in
Theorem 2.2 for a specific choice of V is typical of Littlewood completions of J.
We show it is not: subject to the same condition (2-3) as in Theorem 2.3, we have
F(J, 4+ V,) ~ f(r) for almost all choices of V.

Theorem 2.4. Let n take values only in an infinite set of odd square-free integers
greater than 1, where
7
(2-4) (dognm)’
Pn

as n — oo, and let r be real. Let J be the character polynomial of degree n — 1
and let V be drawn uniformly from V',,. Then, as n — o0,

FU, +V,) = f(r)
in probability.

In view of Theorem 2.4, we wish to exhibit polynomials V e V', satisfying
lim,~ F(J, + V,) = f(r) under suitable conditions on the growth rate of p,

relative to n. We present two such choices of polynomials V. The first choice is
given in the following theorem.

Theorem 2.5. Let n take values only in an infinite set of odd square-free integers
greater than 1, where
7
(2-5) oem)
DPn

as n — 00, and let r be real. Let J be the character polynomial of degree n — 1,
and define

n—1

2-6 V() = ( L.)zf.

(2-6) (2) ;0 )
ged(j,n)>1

Then

lim F(J, +V,) = f(r).
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The special case of Theorem 2.5 when w(n) = 1 for all n gives Theorem 1.1.

The second choice of polynomials V € V', satisfying lim, oo F(J, + V,) =
f(r) uses a more restrictive condition than (2-5) in Theorem 2.5, but applies to all
Littlewood completions.

Theorem 2.6. Let n take values only in an infinite set of odd square-free integers
greater than 1, where

(2-7) n”

-0

Pn

as n — 0o, and let r be real. Let J be the character polynomial of degree n — 1.

Then
lim max F(J,+V,) = hm min F(J, +V,) = f({r).
n—o00 Ve, Ve,

The condition (2-7) is essentially the least restrictive condition under which
Theorem 2.6 holds: if lim inf,_, o, n'/3/ p, > 0, then by Theorem 2.2 the conclusion
of Theorem 2.6 fails for at least one Littlewood completion J + V, but otherwise
liminf,_ o n'/3 /p» =0, and then the infinite set in which n takes values contains
a subset satisfying the condition (2-7).

We shall prove Theorems 2.1-2.6 in Sections 4-9, respectively. Our results
provide a comprehensive analysis of the 2"~¢™ Littlewood completions of the
character polynomial J of degree n — 1, and significantly enlarge the set of explic-
itly defined sequences of Littlewood polynomials whose asymptotic merit factor
equals the current best known value 6.

We close this section with a brief review of related work. Jensen, Jensen, and
Hgholdt [Jensen et al. 1991] gave the asymptotic merit factor of two Littlewood
completions J 4+ V of J in the case that w(n) = 2 for all n. For one of these
completions, the polynomial V coincides with (2-6); for the other, writing n = pq
for primes p, g satisfying p > ¢, the polynomial V is given by

p—1 q—1
V(z) = ZZ” — Zz”’.
j=0 j=1

The results of [Jensen et al. 1991] for both of these Littlewood completions are
special cases of Theorem 2.6. Jensen et al. [1991] also stated that the conclusion
of Theorem 2.5 holds when w(n) is fixed, but did not give a proof or specify
conditions on the growth rate of p,,.

Motivated by the results of [Jensen et al. 1991], Borwein and Choi [2001] proved
a result that gives the same conclusion as Theorem 2.1 under the more restrictive
condition n€/p, — 0 for some fixed € > 0. Borwein and Choi remarked that the
merit factors of the polynomials Jy 4 as n — oo “approach 6 which is conjectured
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by some” (referring to [Golay 1983]) “to be best possible”. They also say that their
result

“should be compared with the results of T. Hgholdt, H. Jensen and J. Jensen
[who, in [Jensen et al. 1991]] showed that the same asymptotic formula but
a weaker error term O (((p+¢)° log* N)/N?) for the special case N = pq.
So we generalize their result to N = pp; ... p, and also improve the error
term.”

However, Borwein and Choi did not take into account the crucial distinction be-
tween the polynomial J of degree n — 1 and its 2"~¢™ Littlewood completions.
Indeed, Theorem 2.2 shows that there is a sequence of Littlewood completions
of J whose asymptotic merit factor at every rotation r drops to zero. Therefore
the result of [Borwein and Choi 2001] cannot be considered a generalization of
those of [Jensen et al. 1991], and the comparison given by Borwein and Choi with
the conjecture of [Golay 1983] (which applies only to Littlewood polynomials) is
misplaced.

T. Xiong and J. I. Hall have kindly supplied us with two preprints of their recent
independent work. In the first preprint, now published as [Xiong and Hall 2011],
they obtained the same asymptotic form as in Theorem 2.6, subject to the more
restrictive condition that (nlogn)?/3/p, — 0. In the second preprint [Xiong and
Hall 2010], they show that a previously unspecified Littlewood completion satisfies
lim,  F(J, 4+ V,) = f(r) when w(n) is fixed.

3. Preliminary results

We now introduce some notation and give some auxiliary results. Throughout the
paper, &, denotes the primitive m-th root of unity

é- [ eZni/m
m — .

We next derive some elementary bounds on the functions w(n) and ¢ (n). The
number of distinct prime factors w(n) of n can be trivially bounded by

(3-1) w(n) <logn

forn > 2 and n # 6. Since ¢p(n)/n = npm(l — 1/p), where the product is over
the prime factors of n, the totient function ¢ (n) then satisfies

¢ (n) > (1 B i)w(n) S1- w(n) >1— logn
n Pn Pn Pn

for n > 2 and n # 6, so we can estimate its growth rate as

(3-2) ¢(n) =n(1+ O(p, " logn))
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as n — oo. For convenience, we define the cototient function to be

Y(n):=n—¢n).
It follows that
33 v _ o
n Pn
(3-4) < logn
Pn

for n > 2 and n # 6, and therefore

(3-5) ¥ () = O(p; 'nlogn)

as n — oo. We shall need the following evaluation of Ramanujan’s sum [Hardy
and Wright 1954, Theorem 272].

Lemma 3.1. For integer u and positive square-free integer n, we have

n—1

> = (g )¢ et ),

j=0
ged(j.m)=1

where W is the Mobius function.

We also require the following evaluation of a Gauss sum involving the Jacobi
symbol.

Lemma 3.2. Let m be a positive odd square-free integer. Then, for integer j,
m—1
. 2
Do @Imyg =iV G  mym' 2
£=0

The case gcd(j, m) = 1 of Lemma 3.2 is given, for example, by [Berndt et al.
1998, Theorem 1.5.2 and Chapter 1, Problem 24]. The case gcd(j, m) > 1 then
follows by application of Parseval’s identity.

Now let n be an odd square-free integer and let J be the character polynomial
of degree n — 1. Lemma 3.2 with m = n implies that, for integer j,

(3-6) Ty =iV mn' /2,

Given a polynomial A of degree n — 1, by the definition (1-1) of the rotation A,,
we have, for integer j,

(3-7) A =¢, " AE),
and therefore

(3-8) Ty =itV =il G e/,
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We shall need the following bound for the magnitude of a polynomial of degree
n — 1 over C on the unit circle in terms of its values at the n-th roots of unity.

Lemma 3.3. Let A € C[z] have degree at most n — 1 for n > 2. Then

max|A(z)| < (2logn) max |A(§,]f)|.
|z|=1 0<k<n

Proof. By bounding the coefficients that occur in the Lagrange interpolation of A
from its evaluations at the n-th roots of unity, it can be shown that

max|A(z)| < c¢(n) max |A(ZN)],
|z]=1 0<k<n

where c(n) =1+ (1/n) Z;’;} 1/sin(j/(2n)); see [Paterson and Tarokh 2000,
Appendix]. Since c(n) <1+ Zj;{ 1/j and Z;’;é 1/j < logn, the lemma holds
for n > 7. By direct verification we also have c¢(n) <2logn for3 <n <7. O

Using (3-8), Lemma 3.3 gives

(3-9) |m‘a)f|J’ (2)| <2n'/? logn.
Zl=

We next prove our main tool for comparing the asymptotic merit factor of J
with that of a Littlewood completion J + V.

Proposition 3.4. Let n > 1 be an odd square-free integer, and let r be real. Then
all Littlewood completions J + V of the character polynomial J of degree n — 1

satisfy
1 (e 1 Vi
F(Jr+vr) n F(]r) n2
<8p 20" logn)*? ||V, |12 +58p; /> (logn) /2.

n

In the application of Proposition 3.4 it is sometimes useful to further bound
IV, 113 as

(3-10) IVAI§ < [y )PP,

which follows from ||V, ||§ =y (n) and the simple inequality
(3-11) IAI3 < A1l max| A )

for all A € C[z].

Proof of Proposition 3.4. Let V € V', and let

1 _<mm>21 Ak
F(J,+V) n F(J;) n? |

B(n) = ‘
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Since || J; ||§ =¢((n)and |J, + V, ||% = n, by the definition of the merit factor,
2
¢><n)) - 1"
n

2y (n)
n

(3-12) pn) =

1
3+ Vellg = I3 = 1Vl + (

Since

2
‘(¢(ﬂ)) _ 1‘ - %|(¢(n}+n)(¢(n)—”)| <

n
by the trivial inequality ¢ (n) +n < 2n, it follows from (3-12) that
2y (n)

n

1
(3-13) B < | (1, + Vil = 113 = 1V, 1D +

Now for a, b € C, by expanding |a + b|*, we get the inequality
lla+b[* —lal* = 1bI*| < 4lal®- b +6lal* - [bI* +4lal - |bI.
Using (3-9) and the definition of the L, norm, we conclude from (3-13) that

8logn 2vr(n)
S v+ .

n3/2 n

32(logn)? 24(log n)?

(-14) Bn) < = Vel + == Ve +

We have ||V, ||% = v (n). By the Cauchy—Schwarz inequality,

o 172
1 i
IV, |2t < ||Vr||2< / |V, (e 9)|2””d9> )

27 Jo

Hence ||V, |1 <[¥(m)]'/? and ||V, |13 <[ ()]"/2|| V,|I3, by takingm =0 and m =2,

respectively. Therefore, using (3-4) to bound v/ (n), we find from (3-14) that

B(n) <32p;"/*(logn)"*4+-24p,  (logn)*+8p, 1 /*n~ (logn)*?|| V, |5+2p, logn
<8p 20 logn)¥/? ||V, |13+ (32424+2) p, /> (logn)"/?

since n > 2. O

4. Proof of Theorem 2.1

In this section we determine the asymptotic merit factor of the character polynomial
J of degree n — 1 at all rotations, proving Theorem 2.1.
We need the following evaluation of a character sum.

Lemma 4.1. Let n be a positive odd square-free integer. Then, for integer u,

n

¢ (ged(u, n)).

—1
. ) n
:O(J |m)(j+uln)= M(m)

J
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n—1 )
Proof. Given a polynomial A(z) = ) ajz’/ with real-valued coefficients, it is
readily verified that j=0

Z%%w) modn = Z|A<¢f>| g,

j=0

Applying this relation to the character polynomial J of degree n— 1 and using (3-6)
then gives

n—1 n—1
doGImG+ulm= > ¢l
j=0 j=0
gcd(; n)=1
which is Ramanujan’s sum. The result now follows from Lemma 3.1. ([

Hgholdt and Jensen [1988] introduced a method for calculating the merit factor
of a polynomial of even degree. The following result summarizes their method
(and occurs as a special case of the slightly more general result of [Schmidt et al.
2009, Lemma 10]).

Lemma 4.2. Let A € R[z] be a polynomial of even degree n — 1. Define

n—1
(4-1) AaG k0= 3 ACHAGTTHAGEH A
a=0
for integers j, k, €. Then
Ald 2
4-2) | ”4=2n +1AA(0,0,0)+B+C+D,
n? 3nd
where

2 00k—|— A4(0,0,k
=—5Z A4(0,0, k) ;,l)zA( ) (14ih,
k n

c__ 2 ¥ ALKA A0, k, ) + Ap(k,0,0) +LFcEAL (K, 0, 0)
B (I—¢hHa—¢h ’

1<k, l<n
kL
B 4 L 2A 40, k, k) + ¢k A Ak, 0, k)
n’ — 11—k '

We are now ready to calculate the asymptotic merit factor of the character poly-
nomial at all rotations.
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Proof of Theorem 2.1. Without loss of generality, we may assume that —% <r<
Since || J, ||% = ¢ (n), we have, by the definition of the merit factor,

R
o0 = (i) ( o )‘1‘

4

Ml ﬁ +0(p;  (logn)),

which then implies the desired result using the condition (2-1) and the growth
rate (3-2) of ¢ (n).

It remains to prove the claim (4-3). Write R := |nr]. We apply Lemma 4.2
to the polynomial J, to give an expression for | J, ||i /n?. We find the asymptotic
form of this expression, evaluating the term involving A ;, (0, 0, 0) and the sum D,
and bounding the sums B and C.

Using (3-8) and (4-1), we have

D=

We claim that

(4-3)

n

n—1

@4 ALk O =¢RU 002 @ n)a+j In)a+k|n)a+E|n).
a=0

The term involving A (0,0, 0). By (4-4) we have

2n% 41 2n% 41
0,000 = T A% ()

=2+ 0(p, " logn)

(4-5)

from the growth rate (3-2) of ¢ (n).

The sum D. By (4-4), for each k we have

1
d(n)—yn) < ;AJ,.(O, k,k) < ¢p(n).
From the growth rate (3-2) of ¢(n) and the growth rate (3-5) of ¥ (n) we then get
Ay 0,k k) =n*[14+0(p,;  logn)]

and, similarly,
Ay, (k,0,k) = 285 (14 0 (p; ' Togn)).

n

The sum D then becomes

n—1 (2R-Dk

] _4 1 2+4
(4-6) D_nz(l—l—O(pn 1ogn))§ TP
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We will evaluate the summation in (4-6) by using the identity
n—1 jk 2 . 2 2
(4-7) Z n n- m 1Y 42
I1—¢k |2 2\n 2 24

for integer j satisfying |j| < n; see [Jensen et al. 1991, page 621], for example.
The assumption —% <r< % implies that —n < 2R — 1 < n for all sufficiently large
n. We can therefore use (4-7) to evaluate the summation in (4-6) for all sufficiently

large n, so that we have

p=2 1+0(pnllogn)][ (lan 1'—%)2+”28_2].

By the definition of R, we have R = nr 4+ O(1). We then find that

(4-8) D=1+8(rl—H%+ 0(p; " logn).

The sum B. We bound the sum B via

n—1

2 4|AJ (0,0,4)
(4-9) |B| < ;Z B
=1 {"
8 —1 2 n—1
n
=5 =P > (@|n)a+k|n)
k=1 o ta=0

by (4-4). But from Lemma 4.1 we know that

Z(a |n)(a+k|n)
a=0
for k #£ 0 (mod n). Substitution in (4-9) gives

(4-10) <¢(p,'n) < —

n—1

8 1 2% —1)
1B] < — Z 2 = 2
n=pn =1 |1_§n| 3n Pn

from (4-7). Hence,
(4-11) B=0(p, ).

The sum C. Since |A;, (0,k, £)|=|Aj (k, 0, £)| by (4-4), we can bound the sum C
via

2 61A5,0. k. 0)
12 €= 2 g
1<k, l<n n n

Tk#C
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Now, from (4-4), we have

n—1 n—1
,%m,r(o,k,m: Sa+kim@+eim— Y (@+kim@+e]n
a=0 gcdflaj?) >1
+ ¥ (n)
<%+w<n>

for k = £ (mod n), by (4-10). Substitution in (4-12) then gives

12/ n I
Cl=s(orvm) 3 gmen

1<k,f<n
ke

2

<35 (5 +ve ))(Zu g)
12(logn)2< . ))

since Zk L 1/11 = g“ | < nlogn (see [Hgholdt and Jensen 1988, page 163], for
example). Then from the growth rate (3-5) of ¥ (n) we obtain

(4-13) C = 0(p, ' (logn)?).

The claim (4-3) now follows by substituting the asymptotic forms (4-5), (4-8),
(4-11), and (4-13) in (4-2), and then using the definition (1-2) of f. O

5. Proof of Theorem 2.2

Proof. By Proposition 3.4, we have

1 e\’ 1
F(I,+V,) >< n ) Fly O

where

5-) )= 2||V||4 p, P n " 1ogn) 2|V, 15 — 58p, 1/ (logn)"/?
= LIV} + 0(p; 202 logn)®) + 0.(p; P (logn) ),

using the upper bound (3-10) for ||V, ||i and the upper bound (3-4) for v (n). Thus

(5-2) lim inf 1 > liminf P\ _1 +liminf §(n).
n—oo F(J,4+V,) = n—>oo n F(J,) n— 00
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We next derive a lower bound for the term || V, ||j / n?in (5-1), giving an asymptotic
lower bound for é(n). For a polynomial A € C[z] of degree at most n — 1, we have

the identity
Al =5 <Z|A<;,{)| +Z|A< c,{>|)

(see [Hgholdt and Jensen 1988], for example), which gives the inequality

n—1
1 1 j
Pl e D SIS
j=0

Restrict the summation to the set U = {n/p,,2n/pn, ..., (pn — )n/p,} and
use (3-7) to obtain
1 4 1 uy (4
(5-3) IVl = ﬁZUW(;n)«
ue

Now let u € U. From the definition of V we have

n—1 n—1 n—1

V= D glv=>"g - > g
j=0 j=0 j=0
ged(j,n)>1 ged(j,n)=1

The first sum evaluates to 0 because ¢, # 1. The second sum is Ramanujan’s sum,
and using ged(u, n) = p, 'n in Lemma 3.1, we get

¢(n)

vV =¢(p,'n) = :
pn _1

Substitution in (5-3) then gives the desired lower bound

1 4 1 ¢(n) ¢(n)
ﬁ”VFHALZﬁ(pn_l)(pn_l) zpn( " >

By substituting this lower bound in (5-1), we find that

(5-4)  8(m)> " ("bfq")) + 0(p;2n"(logn)) + O (p; P (log)P),

2p;

or, equivalently,

(5-5) 8(n) > 223[(#)}(;1)) + 0(pan=(logn)?) + 0(pn —1(1ogn)7/2)].
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To complete the proof, partition the infinite set N, in which n takes values, into
subsets N, N; defined by

2/7

{Nl if p, < 712/7,
ne ,
N, if p, >n’,

at least one of which is infinite. First suppose that N; is infinite and let n take
values only in Ny. Then

—3/14

p,,n_l/z(logn)3 <n (log n)? =0

and
pfl/zn_1 (log n)7/2 < n_2/7(10g n)7/2 — 0,

so that by (5-5) we obtain
4
liminf§(n) > liminf|: n (M> }

n—o00 n— 00 2p;’l n

Choose some e satisfying 0 < € < 1/28. Since ¢(n)/n'~¢ — oo [Hardy and Wright
1954, Theorem 327], we have

n
2p;

1/7—4¢

€
> Lliminfn

liminf§(n) > lim inf 3
n—oo

n—-oo n—oo

= 0Q,

so that by (5-2),

liminf

1
e F(,4V) o

This verifies the claim (2-2) of the theorem when n € N; since p, < n* for all
neN 1-
Now suppose that N, is infinite and let n take values only in N,. Then

pn_znl/z(log n)® < n_1/14(log n)? —0
and
pn_l/z(log n)'? < n_1/7(10g n)"’? >0,

so that by (5-4) we obtain
4
liminf8(n) > liminf | =~ AOANT
2p3

n—oo n—oo n n

From the growth rate (3-2) of ¢ (n) and (5-2) we then conclude that the claim (2-2)
of the theorem holds when n € N,. Therefore it holds when n € Ny UN, = N,
which completes the proof. U
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6. Proof of Theorem 2.3

Proof. The structure of the proof is broadly similar to that of Theorem 2.2, ex-
cept that we now use the condition (2-3) to control the term || Vr||j for V € V.
Application of Proposition 3.4 gives, for each V € 7,

1 om\° 1
FU V) >< n ) F(a) T

where

1 12— _
61 801 =—5IV,lls=8p, " *n~ (logm)* ||V, |15 = 58p, /* (logm)"2.
We then find from the growth rate (3-2) of ¢ (n), using the condition (2-3), that

1
6-2) liminf min =5y, = iminf 775 F(J y T liminfd(n).

We claim that

(6-3) liminfé(n) = hm 1nf 51Vi ||4,

n—oo

and then, since ||V, ||211 > 0, we have from (6-2)

lim sup max F(J, + V;) <limsup F(J,).

n—oo VeV, n—00

Now using Theorem 2.1 and the condition (2-3), we replace limsup,,_, ., F'(J;)
by f(r), proving the theorem.
It remains to prove the claim (6-3). By the condition (2-3), from (6-1) we obtain

(6-4)  liminf8(n) =1lim inf[i2 IV l4 = 8p 20~ (log n)*/2 |V, ||ﬂ
n—oo n—>oo n

8p;1/2n(log n)3/2)i|
WA '

(6-5) = lim inf[i2 v, ||i<1 _
n—oo n

Partition the infinite set N, in which n takes values, into subsets Ny, N, defined by
{N1 if |V, ll3 > py 'n*(logn)’,
ne
Ny if |V,lly < p, 'n*(ogn)’,
at least one of which is infinite. If N; is infinite, then for n € N; we have
8p *n(logn)®? 3
5 <
IV ll3 logn

so that by (6-5), the claim (6-3) holds when n takes values only in Ni. On the other
hand, if N, is infinite, then for n € N, we have

8p, ' 2n (logn)¥?||V, 113 < 8p;, ' (logn)*,
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so that by using the condition (2-3) and substituting in (6-4), we conclude that (6-3)

holds when n takes values only in N,. Since n € NJUN; = N, we have established

the claim (6-3). ]
7. Proof of Theorem 2.4

The method of the proof is to apply Proposition 3.4 and bound ||V, ||4 for almost
all choices V €V, for which we require the following large deviation result [Alon
and Spencer 2008, Theorem A.1.16].

Lemma 7.1. Let X, X», ..., X, be mutually independent random variables sat-
isfying E(X;) =0and |X;| < 1for1 < j <m. Then, for real a > 0,

m
Pr( > X,
j=1

We next use Lemma 7.1 to give an upper bound for ||V, |4 for almost all V € V.

2
> a) < 2e™a/Cm)

Lemma 7.2. Let V be drawn uniformly from V', and let r be real. Then, as n — oo,
Pr(||V, I3 < 288[y (n)]* logn) — 1.

Proof. Given a polynomial A € C[z] of degree at most n — 1, it is a simple conse-
quence of Bernstein’s inequality that

max|A(z)| <6 max |A(],)]
|z]=1 0<j<4n
(see [Spencer 1985, page 691]). Therefore, by (3-11),

IV, 113 <369 (n) max |V,(¢])I>.
0<j<4n
Hence, it is sufficient to show that

(7-1) Pr(Oma)i |V,({A{n)|2 <8y (n)logn) — 1.
<j<4n

Write a(n) = 8y (n) logn. A crude estimate gives

4dn—1

_ J N2 J N2
(7-2) Pr(é“ﬂ’i,,"/’(g“")' >a(n)) < ]X:(:) Pr(|V,(g;,)1" = a(n))
4n—1 ) )
= 3 [PrRe(V, @)1 = Satm) + Pr(Im(V, (&) = Ja(m) |
j=0
n—1
Write V € ¥, as V(z) = Y wz¥, and note that vy = 0 if and only if ged(k, n) = 1.
k=0
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Then, by the definition of the rotation V.,

n—1
V@)= Y v,
0

L=
ged(€,n)>1
where k(£) = (£ — |nr]) mod n. Let A € C be such that || < 1. Then

n—1

Z nge()LW))

£=0
ged(€,n)>1

< 2~ 1/ QY m))-(a(n)/2)

2
Pr([Re(V,(W)|* = 3a(n) = Pr( > %a(n))

by application of Lemma 7.1. By the definition of a(n) we then obtain
Pr(IRe(V,(W)[* = ta(n)) <2n72,
and, by similar reasoning,
Pr([Im(V,(W))* = ja(n)) <2072,
Substitution in (7-2) then gives

Pr( max [V,(&))P = atm) < 1607,
0<j<4n

which implies (7-1), as required. U
We now use Lemma 7.2 to prove Theorem 2.4.

Proof of Theorem 2.4. Define a subset U, of V', by

(7-3) W, == {V eV, : |V,|l§ <288p, *n(logn)’}.
Using the upper bound (3-4) for ¥ (n), Lemma 7.2 implies that
Uy |
(7-4) — 1.
1Vl

By the triangle inequality,

(7-5)

‘F(J,1+vr> B fér))

B ‘ 1 (¢<n)>2 L, '<¢<n>>2 11

T |F(Jr+Vr) n F(Jy) n F(J)  f()
Using the condition (2-4) and the growth rate (3-2) of ¢ (n), from Theorem 2.1, we
find that

2
(7-6) ‘(d)(n)) 1 1

— 0.

n ) F(J,) f()
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From Proposition 3.4 we have

| oM\ 1
(7_7) ‘F(Jr'i‘vr)_( n > r

for V € 9l,, where

<y(n)

yn) = max (51, 15+ 8p; 2~ logm) 2|V, 15 458, 2ogn)?)
Ve

<8p, 2(log n)3 ++/512p 3/2(10g n)3 +358p, 1/2(10g n)7/2

by the definition (7-3) of AU,,. Using the condition (2-4), we have y (n) — 0. Since
AU, forms a set of measure 1 within V', by (7-4), we find, by substitution of (7-6)
and (7-7) into (7-5), that

11
F(J+V,)  f(r)

in probability. Since f(r) takes values only in a finite interval bounded away
from 0, we then have

—0

|F(Jr+ V)= f(r)| =0

in probability, which completes the proof. U

8. Proof of Theorem 2.5

Proof. From Proposition 3.4 we have

1 M\ 1
@-1) ‘F(Jr+vr)_< n ) F(J,)

where

<y(n),

82 ym= 2 IV, 115 +8p, '/ *n~ " log )** |V, 115 + 58 p, /* (log n) /2.
From (3-11), Lemma 3.3, (3-7), and the upper bound (3-4) for ¥ (n), we also have
(8-3) IVells < logm)*( max |V (&) ) py 'nlogn.

<k<n

We now bound the term |V(§,f)|. By the definition of V we have, for integer &,

n—1

veh= 2 (/=2 )eki= Y f (2 ot

= ng(] n) O<m<n
ged(j,n)>1 mln gcd(ém) 1

by putting m = n/ gecd(j, n), so that we must have j = £n/m, where, since n is
square-free, 0 < ¢ <m and gcd(¢, m) = 1. Since the Jacobi symbol is multiplicative
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and (£ | m) = 0 for ged(¢, m) > 1, we then have

m—1
veh= 3 (& 1m) Y €imes,
O<m<n =0

mn

and therefore

veHis Y < > m'?

m—1
ke
E | m)g,
O<m<n ' £=0 O<m<n

mn mn

by Lemma 3.2. Hence

o) 1/2
viehi= Y (“07) (%) <nas e < dogny e
J Di

j=1 "

for all sufficiently large n, by (2-5) and (3-1). Hence |V (¢¥)| = O (n'/?). Substitute
in (8-3) to give
IV 113 = O(p, 'n*(ogn)®),

and then substitute in (8-2) to show that
y(n) = O(p, ' (logn)®) + O(p, ' (logn)®) + O (p, *(logn)’’*) — 0,

by the condition (2-5). The desired result then follows from (8-1) and Theorem 2.1,
using the growth rate (3-2) of ¢ (n) and the condition (2-5). [l

9. Proof of Theorem 2.6

Proof. Let V € V,,. From Proposition 3.4 we have

1 M\ 1
©-1) ‘F(Jr+vr)_< n ) F(J,)

<y(n),

where

1 —1/2, — -
y (1) =S IVellg+8p; 20~ (logm) 2| V.13 + 58p, '/ (log m)""2.

From the upper bound (3-10) for || V; ||j and the upper bound (3-3) for ¥ (n), we
have ||V, ||jll < (2n/ py)? for all sufficiently large n, since the condition (2-7) forces
w(n) < 2 for all sufficiently large n. Hence

y(n) = O(py*n) + O(p,*n'*(logn)*>?) 4+ 0 (p, > (logn)"/?).

By the condition (2-7) we have y (n) — 0, and the desired result follows from (9-1)
and Theorem 2.1, using the growth rate (3-2) of ¢ (n) and the condition (2-7). U
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