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CONSTRUCTION OF LAGRANGIAN SUBMANIFOLDS IN CP"

QING CHEN, SEN HU AND XIAOWEI XU

We present a method of construction of minimal and H-minimal Lagrangian
submanifolds in complex projective space CP?*" from a Legendrian sub-
manifold in S?**1(1) ¢ C?*! and a Lagrangian submanifold in C” that is
contained in S*”~1(r). We also provide some explicit examples.

1. Introduction

Let (N, J, w) be a Kdhler manifold with dim¢ N = n, where J is the complex
structure and w is the Kéhler form. An immersion f : ¥ — N from a g-dimensional
manifold ¥ into N is called totally real if f*w = 0. In particular, a totally real
immersion f is called Lagrangian if g = n.

We recall some definitions from Y. G. Oh’s paper [1993]. A vector field V
along a Lagrangian immersion f : ¥ — N is called a Hamiltonian variation if the
I-form ay := (V]w)|x is exact on X. A smooth family { f;} of immersions from
Y into N is called a Hamiltonian deformation if its derivative is Hamiltonian, and
a Lagrangian immersion f : ¥ — N is called Hamiltonian-minimal or H-minimal
if it satisfies

d
o t:Ovolf,(E) =0

for all Hamiltonian deformations. The Euler-Lagrange equation of H-minimal
Lagrangian submanifolds is
da H= 0,

where H is the mean curvature vector field of f and ¢ is the codifferential oper-
ator on X with respect to the induced metric. In particular, minimal Lagrangian
submanifolds are trivially H-minimal.

In the past few decades, many geometers have given many methods of construc-
tion of minimal and H-minimal Lagrangian submanifolds in the complex space
form. I. Castro and F. Urbano [1998] classified S!-invariant H-minimal Lagrangian
submanifolds in C2, and in [Castro and Urbano 2004] they also constructed special

Xu is the corresponding author.
MSC2010: 53C42, 53C55.

Keywords: Lagrangian submanifold, Legendrian submanifold, minimal, H-minimal.

31



32 QING CHEN, SEN HU AND XTAOWEI XU

Lagrangian submanifolds in C". R. Schoen and J. Wolfson [1999] studied the
minimal Lagrangian cones in C>. A. E. Mironov [2004] gave many examples of
minimal and H-minimal Lagrangian submanifolds in C" and CP", and he, jointly
with D. F. Zuo [Mironov and Zuo 2008], constructed a family of flat H-minimal La-
grangian tori in CP?. H. Ma and M. Schmies [2006] gave a family of Hamiltonian
stationary Lagrangian tori in CP? with S!-symmetry. Castro and Urbano, together
with H. Zh. Li [Castro et al. 2006] used Legendrian immersions in odd-dimensional
spheres and anti—de Sitter spaces to construct minimal and H-minimal Lagrangian
submanifolds in the complex space form. D. Joyce [2002] gave many examples of
minimal Lagrangian submanifolds with symmetries in C". L. Bedulli and A. Gori
[2008] studied homogeneous Lagrangian submanifolds in CP". R. Chiang [2004]
gave many Lagrangian submanifolds in CP" with interesting topological feature.

Let C™ be the complex Euclidean space endowed with the standard Hermitian
inner product (z, w) =} z;w; forz = (z1, ..., Zm), w = (Wi, ..., wy) € C"
and the canonical complex structure Jz = iz. The real part of ( , ) determines a
metric ( , ) on C", i.e., { , ) =Re(, ). The Liouville 1-form on C™ is given
by Q = é Zj (z/d7z/ —7/dz7), and the Kihler form of C" is wen = d2/2. Let
S24+1(1) be the (2g + 1)-dimensional unit sphere in C¢*!, and let % : S+ (1) —
CP?, Z +— [Z], be the Hopf fibration of S?¢*!(1) over the complex prOJectlve
space CP?. We say an immersion f : £; — S%+1(1) c C4t!, P f(p=z
of a g-dimensional manifold X into S**1(1) is Legendrian if f *Q@=0.In thlS
case, f is isotropic in C?*!, i.e., f wee+1 = 0, and the normal bundle 7+ % in

TS?1+1(1) splits as J(T =) @ Spang{J Z}. This means that f is horizontal with
respect to the Hopf fibration %, and hence f = ¥ o f : ¥ — CPY is a Lagrangian
immersion and the metric induced on X; by f and f are the same.

In this paper we construct minimal and H-minimal Lagrangian submanifolds in
CP" from Legendrian submanifolds in odd-dimensional spheres and Lagrangian
submanifolds in C" which are contained in spheres. The basic theorem in our
construction is as follows.

Theorem 1.1. Let f Eq S?4*1(1) be a Legendrian immersion and f N —
C" a Lagranglan immersion with f(Eg) c S ) c C". Write Z = f(pl)
z= f(pz) n = q + m. Define a new map f T X Xy — S by

1
(p1, p2) = ﬁ(l 2).

Then f =¥ o f is a Lagrangian immersion from X1 x X into CP". Moreover:

(1) The immersion f is minimal if and only lff =%o f: ¥ — CP? is minimal
and
A N o ] 1
(1-1) AC— (AC. epen =0, (AC e ="0T1"

1+r2

’
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where HC is the complex mean curvature vector of f and e, =iz/r defines a
global vector field on X,.

(ii) The immersion f is H-minimal if and only if
(1-2)  Say+day =r*(grad by, en) — (Phy+ 1+ Dr) Y (Ve en. e3),
A

where ﬁn =— Im((FAIC, en)), and V and {ex, en} are respectively the connec-
tion and an orthonormal frame field on X, relative to the metric induced by f .

As applications of Theorem 1.1, we have:

Theorem 1.2. Let f : Elq — S2tl(]), f(pl) = Z, be a Legendrian immersion.
If #o f : %) — CPY is H-minimal, then f = %o f is an H-minimal Lagrangian
immersion, where f : X1 x T""1 — S+ 1) (with T = S'(1)) is defined by

(Z, e”‘”‘, R e””).

1

(p1, p2) > —(——=

pi-p vn—q+1
Theorem 1.3. Let f : Elq — S2a+1(1), f(pl) = Z, be a Legendrian immersion.
Define the new map f (X x S TV — §2~1(1) by

1
V2
G) Ifg=m—1 and %of: 2, — CP" ! is minimal, then f = %of is a minimal
Lagrangian immersion.

(i) If o f : X1 — CP? is H-minimal, then f = %o f is an H-minimal Lagrangian
immersion.

(p1,x,e¢") > —(Z,e"x).

We prove these theorems in Section 3, and based on them, we give some explicit
examples of minimal and H-minimal Lagrangian submanifolds in Section 4.
Throughout this paper, we use the following conventions for index ranges:
0<A, B, C,...<n; 1<a,B,v,...<n;
1<j,kIl,...<q; q+1<X, u, v, ...<n.

. . . - o _ _Ol _ 6[
For conjugation, we use the conventions w, 3 = w;p, fi* = f;*, and so on.

2. Preliminaries

Basic formulae of submanifolds in a Kihler manifold. To study real submani-
folds in a Kéhler manifold, it is convenient to use formulae from the complex case.
So, we first deduce some basic formulae that are not used frequently in the classical
theory of submanifolds.
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Let X be a smooth Riemannian manifold with dimr ¥ = ¢. Locally, we choose
an orthonormal frame field {e;} of ¥, and its dual {67}. Then the first Cartan
structure equation of X is given by

2-1) do’ = -0/ nO*, 6]+ =0,

where 9,{ are the connection forms with respect to the coframe field 6/. Let N
be a Kéhler manifold with dim¢ N = n. Locally, we choose a unitary frame field
{eq} of (1,0)-type on N, and denote its dual by {¢,}. Then the structure equation
is given by

(2—2) dwa = _wﬁ& A @ﬂa goaB + (pf}a = 0’

where @gg are the connection forms with respect to ¢,.
Let f : ¥ — N be an isometric immersion. Set

(2-3) froa= 107,

Taking the exterior derivative on both sides of (2-3), we obtain
(2-4) (dff = fE05 +gpaf]) 67 =0

by (2-1), (2-2) and (2-3). If we set

2-5) DfY =dff — f26% +ppa f! = 36",

the covariant derivative of f ¢, then we have ; 2= I ; by (2-4). The tensor field
rnc = > ko 91 ® 0F ® ¢, is called the complex second fundamental form of
f,andis a smooth section of the bundle 7*X @ T*X ® T N. The vector field
HC =Y. it ]"; &q 1s called the complex mean curvature vector field of f.

If we split ¢, as g, = 2(ea i€y+), then {€,, €4+ = J€,} 1s an orthonormal
frame field on N, and its dual is denoted by {¢®, ¢ }. The first Cartan structure
equation is given by

2-6)  do*=—¢5 AP —gl AP, do” =—¢f AP — ¢l Ao

where ¢>g, q&g*, ¢g* and ¢>g: are the connection forms with respect to the frame
field g%, . Set

2-7) fret=agel, o =alel.
Taking the exterior derivative of (2-7), by (2-1), (2-6) and (2-7), we obtain
(2-8) (da?‘ — a,‘f@}‘ + ¢gaj + q)g*af*) AOT =0,

(2-9) (da?" —af" 0% + ¢ al +¢4.al ) N6 =0,
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Set
(2-10) Da% = da¥ — af 0" + ¢’ + ¢.a’ = h%6",
(2-11) Day" =da¥ —af 0¥ + ¢ afl +¢fal = n6k,

the covariant derivatives of a‘]’-‘ and a‘j).‘* respectively. Then, we know that h‘}‘k = hgj,
h% = hg; by (2-8) and (2-9). Clearly, the tensor field
M=h% 0/ ®0"®eq+hf; 07 @0 eos

is the real second fundamental form in the usual sense; it is a smooth section of
the bundle 7*X ® T*X ® T N. The vector field H = Zj (h?jea + h‘;‘; €qa+) 1S the
real mean curvature vector field of f.

The relationship between the real second fundamental form and the complex
second fundamental form of f is given by:

Proposition 2.1. With the notation above, we have
1 5 0
(2-12) =SS S50, h = 5= SR,
Moreover, f is minimal if and only if H® = 0.
Proof. One readily checks that
(2-13) o =" +ip".
Then, from (2-3), we get
(2-14) f}":a?—i—ia‘}‘ .

Since N is kiihlerian, it’s easy to check that ¢% = ¢§. and ¢, = —¢%", which
gives

(2-15) Vpa = 0% — i 9

by (2-2), (2-6) and (2-13). By the definition of f J‘?;( and (2-15), we have

2-16) f40% = Df¢ =dff — f6% + ppa f!
= d(af +iaf") — (@i +ial) 0f + (¢ —igf) (@] +ia})
= (da% —af 0 +p%al + 4.l ) +i(da? —af 05+ al +pslal)
= (W%, +ih%)6",

which gives (2-12). U
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Note that the Kihler form of N is oy = % Y o Ya A@a. So, for a vector field
V = v%€, + v* €4+ we have

(2-17) Vie=w(V,-)= é((v“ v )y — (0% — v )gy).

In particular, for the mean curvature vector field H of a given isometric immersion
f:¥ — N, we have

(2-18) ap = (Hlw)s =h;67, hj=5(fa 5 = Far).
by (2-12) and (2-17). Therefore, the codifferential of oy is given by
(2-19) Say=—Y hyjj,

J

where hjkek =dh;— th;‘ is the covariant derivative of /.

Lagrangian submanifolds in C™ contained in a sphere. Let C1*! be complex
Euclidean space as described in the introduction. Let f : 3, — C™", f(p) = z,
be a Lagrangian immersion with f(X,) C S*"~!(r). Locally, one can select an

orthonormal frame field e, 41, ..., e,-1, e, = iz/r such that
n n
dz= Y 0er, ds3, = > M
r=q+1 A=q+1

Since f is Lagrangian, one readily checks that e, is also a unitary frame field, i.e.,
(€5, eu) = 8. So, if we set

de, = ey, = (des,ey),
then
(2-20) Wy + 0 =0,

because (e;, e,) = 8;,.. Obviously, we have
(2-21) @z, e) =6, Gy =—im, = —(Ldz e1) = 10"

Denote by éﬁ the connection 1-forms with respect to the frame field *. Set
él’} = f‘ﬁué", f*@uq = Arz.v0". We then obtain the complex second fundamental

form of f . That is:
(2-22) fiov==Th+ B yin

by (2-5) and the fact that f/j = 8- S0, by (2-18), we obtain
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A A A i A A7
(2-23) ap=mo*, h= E(f'\ - fﬁﬂ)-

Note that e, is a globally defined vector field on %, so (H®, e,) = >, f:{“k
which plays an important role in our main construction, is a globally defined

smooth complex-valued function on .

Lagrangian submanifolds in CP". Complex projective space CP" is the set of
all one-dimensional complex lines through the origin in C"*!. It can be written as
CP"ZU(n+1)/(U(1)xU(n)), where U (n+1) is the unitary group; thus, U (n+1)
is a principal U (1) x U (n)-bundle over CP".

Let Zy, Zy, ..., Z, be a moving frame of C". We have

(2-24) dZs=w,3Zp, wu3=(dZa,Zp),

where w, 3 = (dZ 4, Zp) are the Maurer—Cartan forms of U (n+1). They are skew-
Hermitian, i.e.,

(2-25) wa5+wi,=0.

Taking the exterior derivative of (2-24), we get the Maurer—Cartan equation of
U(n+1):

(2-26) dosg =Y wye Ao,
C
(2-27) dsts =) 00awj,:
o

determines a Kidhler metric on CP", called the Fubini—Study metric. The Kéhler
form of ds%  1s given by

i
WEs = E Za)()& N Wpg -
a

If we set @, := wpg, then {@,} is a unitary frame field on CP" of (1,0)-type (see
[Griffiths 1974] for details). Therefore, by the Maurer—Cartan equation (2-26), we
obtain the first structure equation:

(2-28) Aoy = —Ppa N,  Ppa = Wpa — Widap,  Ppa + Pap =0,

where @gg are the connection forms with respect to the frame field ¢, .

Let ¥ be a smooth manifold with dim ¥ = ¢, and let f be an immersion from
Y into CP". Let U C X be an open set. We say Z : U — U(n+1) is a moving
frame along f if Z satisfies f = m o Z, where 7 is the canonical projection. For a
moving frame along a totally real immersion f, we have:
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Proposition 2.2. Let f be a totally real immersion from ¥ into CP". If U is
any small enough open subset of %, and the induced metric on U is given by
f *ds,%s => j (67)?, then there exists a moving frame Z along f such that

(2-29) w5y =0, wy; =67, wy; =0,
where the w 4 are the pull-backs of the Maurer—Cartan forms of U (n+1) by Z*.

Proof. Throughout this proof, we will assume that the neighborhoods chosen are
small enough to satisfy the topological assumptions.

Without loss of generality, we may assume f(U) is contained in a small open
set V of CP". Let e¢; be the dual frame field of 07 . We extend g = %(ej —ilJej)
smoothly to V and choose ¢, on V such that {¢,} is smooth unitary frame on V.
Let {¢,} be the dual of {e,}. Then {¢,} is a unitary coframe field of (1, 0)-type on
V and satisfies f*¢; = 07, f*@; = 0. Notice that we have used the fact that f is
totally real in choosing ¢;.

Let ¥, = (Zo, Z1, ..., Z,)T : V. — U+ 1) be a local section of the principal
bundle 77 : U(n+1) — CP". Then {¥]wog} is a unitary coframe field of (1, 0)-type
(see [Griffiths 1974]) on V. Therefore, there exists a unitary matrix A = (a, B)"X”
defined on V such that ¢, = > P Bg’fwog,. If we choose another local section

$r=(Z0.Z1..... Zo)" : V> U(n+1) such that Z, = Y_, agpZg. then
Yo = 2004
by (2-24).
Set Z =%0f. One can check that Z*w,; = 0! and Z*wg;, =0, so dZ* w5 =0Dby
the Maurer—Cartan equation (2-26), i.e., Z *wy 1s a closed 1-form on U, so one can
find a smooth function u defined on U such that idu = Z*w5. Taking Z = e~ Z,

it is easily checked that the pull-back of the Maurer—Cartan form of U (n+1) by
Z* is (2-29). This completes the proof. (|

Let f : ¥ — CP" be a Lagrangian isometric immersion, and let 6% be an
orthonormal frame field on ¥. By Proposition 2.2, there exists a moving frame
Zo, 21, ..., Z, along f such that

(2-30) Yo = wog = 0%.

For later use, we set

(2-31) waB:AOIB,y 0)” “’06:/\0(),}/ 9)’7
and let
(2-32) 05 =T7567

be the connection 1-forms with respect to 6%.
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Note that /g = &3 by (2-30), and so the complex second fundamental form of
f is given by

(2-33) fg‘y = —Fgﬂ + Apa,y —8apNop s
by (2-5), (2-28), (2-31) and (2-32). So, we obtain

; _
(2-34) an=hg6” hg=2(1), = 1)),
by (2-18).

3. Proof of Theorem 1.1

Let f (32— SHtl(D), f (p) = ZO, be a Legendrian isometric immersion. Then
f=%of:3 - CP p+— f(p)=1[Zy]is a Lagrangian isometric immersion.
Since f is a Legendrian immersion, one readily checks that

(3-1) &y = (dZo, Zo) =0.

By Proposition 2.2, one can choose a pairwise Hermitian orthogonal local frame
field, Zy, ..., Z,, such that Zy, Zy, ..., Z, is a moving frame along f, and

(3-2) @y = (dZo, Zj) = 6.
are real 1-forms. As before, we set
(3-3) dip=dZj, Zi)y=A ;0"

If we denote the connection 1-forms with respect to 7 by 6 = f‘fk 6!, by similar
calculations to those in Section 2, we obtain the complex fundamental form of f.
That is,
(3-4) flr=—Th+ &,
by (3-1).
Define the map f : ¥; x X» — St (1) by
( ) 1 1
p1, p2) =
V1+4r? V1472

with f and f as before. We will study the map f = #o f 12 X Xy — CP", given
by

(Zo, 2),

(f(p), f(p2)) =

[Zo, z].

1
(p1, p2) =
V1472
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We chose the moving frame Zy, Zy, ..., Z, as follows:
z L (Z0.2)
O - 07 Z 9
V1472
Z;=(Z;,0),

Z)\Z(O’e)»)’ q+1§)‘«<n’

Zn = (_erO7 en)7

1472

where Zo, Z j and ey, e, are as they were in the context of f and f , respectively.
According to (2-24), we obtain

1 ~ o~ 1 1 ~ .
(3-5) Wy = (A7, 7 ) = ————— - = Iy
0j V1472 02 V1472 0j 1472
o 1 _ L s
(3-6) Wy = ﬁ(dz, e) = me =:0", qg+1<Ai<n
1 1 .
3-7 woi = (dZy, Z,) = m(dz, en) = mm =:0",

by (2-21) and (3-1). Similarly,

1 ir .
(3-8) 0oy = 753029 = 77 Az en) = irg",
(3-9) wi=a; ©5;=0,  wp=-—ire’
(3-10) Wi =D, O = Lo, Onit = Lon,
r r

where g +1 <X and u < n.
Since 6/, 6*, 6" are real and linearly independent on £; x %,, so f is an
immersion and the induced metric is given by

G-11)  ds®= frdsis=) (0%)

q 1 . 2 n—1 1 .~ 2 1 . 2
;(m 2 1+72 1472

X:q—i—]

which is a product metric. If we choose the orthonormal frame field 6% on X1 x X,
then

(3—12) f*a)o& = 9“, f,g = 80{;‘5-
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The pull back of the Kihler form is
* i N | o, po_
fa)FS—§ wOa/\wOa—§ 0 N0 =0
o o

and thus f is a Lagrangian immersion.

Lemma 3.1. Let
Z 0*)? and ds* = Z 6*)? = Z (a,0%)*
be two metrics, where the ay are positive constants. Let
0 =T%,67 and 60f =T3,6"

be the connection 1-forms with respect to 6% and 6%. Then

(3-13)
1 a a a ~ a a ~
Uy =3 G ) T+ o~ e )T+ (G2~ )T )
By 2( aﬂay+aaaﬁ pr T aqy,  Aga, v T aedp  Aqdy o
In particular, ifa; = - - - = a,, = a, then
1~

3-14 rg, =-rg. .
( ) By = 4" By
andifalz---zan,l=a,an=a2,then

3-15 r —lrk r —11“A RS VR R
(3-15) o IoTe nn = % nn> pie T g2 nn 2

where l < Aandu <n—1.

Proof. Denote the dual of (6%} by {éy}. Then {e, = Léo(} is the dual of {6*}.
Since both {#*} and {#*} are orthonormal, we obtain

(3-16) Ty, =—Thy T4, =-Th.

By the structure equation (2-1), one can check that

(3-17) [65.6,]1=Cf, ea. Cg, =15, —T%.

which gives

(3-18) leg. e, ] = C ce =2 ¢
€p, eyl = Cpy Cas Br = aga, P

Note that e, are orthonormal with respect to the metric ds”, so by Koszul’s
formula [Petersen 1998], we have

g, =3(Ch, —Ch,+Cly),
which, using (3-16)—(3-18), gives (3-13) . This completes the proof. U
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Next, we calculate the mean curvature of f. Noting that ds? is a product metric,
we obtain

(3-19) F,{, =V1+21), Ti=rl =0,
(3-20) = V1421, =121k, g+1<ip<n,
(3-21) =+l T =1+rHI7 g+1<p<n,
by (3-14) and (3-15) from Lemma 3.1.

From (3-8)—(3-10), one readily checks that
(3-22) Ago.q = 170nas A= 1+r2A
(3-23) Aja=Rjia=0 Ajij=—ir, Auiy= @xm,v,
(3-24) Asis = Nyis = l; A, =0, Aniin = Apiin = ;

where g +1 < A < n.

Proof of Theorem 1.1. According to the identities (2-33) and (3-4), we obtain
(3-25) flo=—Tl + Ao = V12T + A ) = V12 f,

by (3-19) and (3-22). Similarly, we obtain

(3-26) i, =0, L =0, g+1<i<n,
(3-27) fh= S =1 R gl <<,
(3-28) [ =0+ fl—ir,  g+1<i<n,
(3-29) fh=—ir, =42 fr = 2ir.

So, f is minimal if and only if

1<j=<gq,

=

=
Il

N

k=1

n
Z ;iu:O’ g+1l<wu<n, and ZfM

n=q+1 rA=qg+1

iln+ Dyr
142
by Proposition 2.1. This completes the first part of Theorem 1.1.
To prove the second part, we must calculate the 1-form ag = (H |w)s, x5, =
Zgzl hg 8. According to (2-34), (3-25)-(3-28), we obtain
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(3-30) hj=v1+r2h;, hy=+v14+r2h;, g+1<xr<n,
(3-31) hy =+ hy+ (n+ Dr,

where we have set
g = Zﬁjéj and oy =qu9m.
j A
Next, we calculate the day;. The covariant derivative of /g is given by
Dhy = hg, 67 =dhg — hy, 6,
and because ds? is a product metric, we have
hjy07 =dhj—hy 67 =dhj—h 6]

=V1+r2(dh; — e 65)

= V1472 6° — iy T 05)

=V 1+ 12—y Iy, 6"

= (1+rHhj 0%,
by (3-5), (3-30) and Lemma 3.1, which gives
(3-32) hjj = +rhj;.
Here, we write dﬁj = ﬁj;k 6% and Dﬁj = fzjk ok = dﬁj — ﬁk 5;‘. Similarly, we have
(3-33)  hu =0+ — A+ (Phy + (n+ D), g+1<r<n,
(3-34)  hun = (14D hpy + A+ 1.
So, by (2-19) and (3-32)—(3-33), we obtain
(3-35) Sayy = (1 +rH) oz +8ag) + (L + 1) ((rPhy + (n+ D)LY, —r2hu),

where da 7, S are the codifferentials of a5, a5 with respect to f, f respectively.
This completes the proof. (]

4. Some explicit examples
As a first example, we study the standard Lagrangian torus
fiS' M x-- xS —>C", z=f(p)=(",....e"™),

where we parametrize S'(1) by S'(1) = {e!’ : 0 <t < 27}.
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Choosing the moving frame of C™ along f to be
i
A+

(4-2) em = ——(e", ..., e,

N

it is easy to check that the coefficients 6* = (dz, e;) satisfy

4-1) e, = (@, ..., e —re 1 0,...,0), 1<i<m,

~ 1
(4-3) 0 = ——(dt; + -+ dt, —rdty1), 1<r<m,

VJAGHT)

R 1
(4-4) 6" = ——(dt; + - -+ dty),

N

(4-5) dty =—(—1

=N

——+ +—.
)«/(k—l)k ,;«/u(/H-l) m

From (4-1)—(4-5), we have

46) Gy = e eny = OO 5 i i
6) 5 =(de, ) =— o A<M,
. VAOAD) | S VuET)  Jm
4-7) & o d ) —iék A
- W = —Wpp = — €., €)) = ) </’L<m’
g g 8 (e +1)
. . ST
(4-8) Wi = —wmx = —(dem, €,) = N A <m,
R igm

(4-9) Wmm = ﬁ
The metric induced by f is flat, so we obtain, by (2-22),
(4-10) Z‘MZIA\M;’MZO, A<pu<m,

N iO.—1)
(4-11) A=A, =———, A<m,

A AA NOESY

N N i
4-12 A =A; = Ey—— <A< m,
( ) Mk HA, A0+ 1) H

A A A i
(4-13) Foim =0, 5= I =g R<m

Proposition 4.1. Let f : S'(1) x --- x SI(1) = C™, z = f(p) = (e, ..., el™m),
be the standard Lagrangian torus in C™. Its complex mean curvature H® satisfies

AC — (AC, ep)em =0, (HE, ep) = ivm.
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Moreover, if we set fzm =— Im((I:IC, em)), we have

m(grad b, em) — (mhp + 1+ DM Y (Ve em, €3) =0.
A

Proof. The first part holds because of (4-10)—(4-13). The second part is true be-
cause the induced metric is flat and #%,,, is a constant. O

Proof of Theorem 1.2. The theorem follows from Theorem 1.1, Proposition 4.1,
and the fact that the standard torus studied above is H-minimal in C™. [l

For the next example, consider

(4-14) S ={xeR":|x|=1)
with its standard embedding in C™. Take an orthonormal tangent frame field
é1,...,eén_1, with respect to which the metric is expressed by

m—1

dx = Z 0*é,, do* = —éﬁ LT
a=1

the coefficients 6* and é;} are real. Further, set
(4-15) déy =) e, 1=<hpu<m,
m

where the @,,, are real and satisfy @, + @, = 0.
Take the immersion f : 8™ 1(1) x T! — C™ given by (x, €'') > 7z = e''x.
Choosing the moving frame of C” along f to be

e, =é''é;, 1<Xi<m,

(4-16)
we conclude that
o = (dz, e;) =9A)‘, 1<A<m,

4-17)
0™ :=(dz, en) =dt,

are real 1-forms, which implies that f is a Lagrangian immersion. Through direct
calculation, we have

(4-18) W5 = O = 10™,  wyn =i0", 1<i<m
and
4-19) i =0, 1<A<p<m,

which are real 1-forms. As before, we use the notation w;,, = (de;, e;,).
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If we denote the connection 1-forms with respect to 8 by 6*, we clearly have

(4-20) or =0, 0r=0r=0u, 1<ip<m.

From (4-20) and (2-33), we obtain

(4-21) fro=0, fli=i, 1<i<m 1<p<m.

Proposition 4.2. The map f : S"'(1) x T' — C™ given by (x, ¢'') — ei'x is
an H-minimal Lagrangian immersion in C", and its complex mean curvature H®
satisfies

I:IC_([:ICaem)em =0, (I:I(Ev em) =1im.

Moreover, if we set B = — Im((I:IC, em)), we have

(grad iy, ) = (i + (0 4+ 1)) D (Ve,em, €) =0.
A

Proof. By the definition of ﬁ,\, we have fz;h =0,1<A<mand fzm = —m, which
imply daz; = 0. So, f is H-minimal. The second identity holds because &, is a
constant and 6;" = 0. O

Proof of the Theorem 1.3. This follows from Proposition 4.2 and Theorem 1.1. [

Example 4.3 (Clifford torus in CP"). Taking ¢ = 0 in Theorem 1.1, we have
proved that the Clifford torus is a minimal Lagrangian submanifold in CP". This
is a known result; here we just provided an alternative proof.

Example 4.4 (H-minimal S?(1) x 7"~ in CP"). Let f: §9(1) c R+ — a1,
f(p) = Z, be the standard embedding. Then € o f is totally geodesic in C[P9.
Define f : §9(1) x T"~9 — S?"*1(1) by

(Z, et ety > ———(Z, et ... '),

vJn—q+1

This gives an H-minimal immersion # o f , by Theorem 1.2.

Example 4.5 (exotic H-minimal S3(1) x T"3 in CP"). Recall from [Bedulli and
Gori 2008], [Chen et al. 1996], [Chiang 2004], or [Li and Tao 2006] the exotic
minimal Lagrangian immersion f :S3(1) - CP? mapping the point (a, b), where
lal>+ |b|> =1, to

[@* +3ab*, V3(@*b+blb|* —2bla®|), v/3(a@b* +alal* —2alb|*), b* +3a*b].
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By Theorem 1.2, we know that the Lagrangian immersion f : S3(1) x T3 — CP"
mapping ((a, b), (¢, ..., e'"™)) to

[@® +3ab*, V/3(@°b +blb|* - 2bla®)), V3(@b* + alal* — 2alb|*), b* +3a’b,
e ei’”]
is H-minimal.
Example 4.6. Let S”~!(1) be as in (4-14). The immersion
f8" M) x s" (1) x Tl Ccp?m !

given by
(x, y,€") > [x, € y]
is a minimal Lagrangian immersion.
The map f : S9(1) x S"1(1) x T! > CP9t™ given by the same formula is an
H-minimal Lagrangian immersion.
Example 4.7. The immersion f: T" ! x S" (1) x T' — cp2m-l given by
eil1

1 itp—1 .
¢ e''x
ﬁ, ﬂv ) \/m )

is a minimal Lagrangian immersion, and the map f : T¢ x S"~ (1) x T' — CP?™™"
given by

((l,e”‘,e”’”*l),x,e”) — [

1 ein 6”‘1 ; :|
; s, ———,€ X
Vg+1 Jg+1 Vg+1
is an H-minimal Lagrangian immersion. Here, we have used the fact the Clifford
torus 7" — CP", given by

((1, e”‘, R e”‘i),x, eit) — |:

(e, ... ey (1, e, L e,
is minimal.
Example 4.8. The map S3(1) x $3(1) x T'' — CP’ taking ((a, b), x, e”) to
[a* +3ab*, v/3(@b+b|b|* —2b|a*)), v/3(@b* +alal* — 2a|b[?), b* +3a’b, "' x|

(where (a, b) € C? satisfies |a|*>+|b|> =1 and x € R* satisfies |x|*> = 1) is a minimal
Lagrangian immersion.

The map S3(1) x " 1(1) x T' — cpmt3 given by the same formula (with
x € R™ satisfying |x|> = 1) is an H-minimal Lagrangian immersion.
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