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UNIQUENESS THEOREMS FOR CR AND CONFORMAL
MAPPINGS

YOUNG-JUN CHOI AND JAE-CHEON JOO

We provide a uniqueness theorem for CR and conformal mappings that
generate compact sequences of iteration.

1. Introduction

The primary aim of this paper is to prove a version of uniqueness theorem for CR
and conformal mappings.

Let M be a C*°-smooth manifold and let € be a class of smooth mappings from
M into itself containing the identity map. We say that the pair (M, €) satisfies the
Cartan uniqueness property (or simply Cartan uniqueness) at p € M if an element
J € € coincides with the identity map whenever f(p) = p, df, =Idr,» and

(ffrkezy)

is compact, where Idz,y is the identity transform of tangent space T, M of M
at p, Z, is the set of nonnegative integers, and f* is the k-time composition of f,
namely,
k= f_o cof.
k

In this definition, the compactness of a subclass €’ of € means that every sequence
in ¢’ contains a subsequence that is uniformly Cauchy on every compact subset
of M. (In other words, €’ is relatively compact with respect to the compact-open
topology.) One of the most important examples of this property in complex analysis
is the uniqueness theorem of H. Cartan.

Theorem 1.1 (The Cartan uniqueness theorem). Let Q2 be a domain in C* and let
3 be the class of holomorphic mappings from Q2 into itself. Then (2, ¥) satisfies
the Cartan uniqueness property at every point of 2. In particular, if Q2 is bounded,
then f € 3 coincides with the identity map if f(p) = p and df, = Idr,q for some
p € Q, since the sequence { f* : k € 7.} is automatically compact by the Montel
theorem.

MSC2010: 32V10, 32V40, 53A30.
Keywords: Cartan uniqueness, CR mappings, conformal mappings.
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It is not trivial to determine under what conditions a similar uniqueness theorem
holds if the reference point p lies on the domain boundary. For biholomorphic
mappings we have the following theorems:

Theorem 1.2 [Krantz 1987]. Suppose that 2 is a strongly pseudoconvex domain
that is not biholomorphic to the ball. Let f : Q2 — Q be a biholomorphic mapping
andlet p € 0. If f(z) =z+0(lz— pl), then f =1d.

Theorem 1.3 [Huang 1993]. Suppose that Q2 is a bounded pseudoconvex domain
satisfying Condition R. Let f : Q — 2 be a biholomorphic map and let p € Q2. If
f(@) =z+0(z—p|) and {f* 1 k € Z} is compact, then f =1d.

A crucial part in the proof of the Cartan uniqueness theorem are the Cauchy
estimates for holomorphic mappings, which are consequences of the ellipticity of
d. In contrast, the operator 9 does not enjoy ellipticity or even subellipticity on
the boundary of a domain. Huang [1993] exploited Bell’s theorem [1987] on the
boundary behavior of biholomorphic mappings in the C* smooth sense, which is
obtained from an analysis of the transformation formula of the Bergman kernel
function.

In this paper, we prove a CR version of the uniqueness theorem:

Theorem 1.4 (CR case). Let M be either a real hypersurface in C"*! that does not
contain any analytic hypersurface or a compact real hypersurface that bounds a
domain. Let ¥y, be the class of all CR mappings from M into itself. Then (M, ¥)
satisfies the Cartan uniqueness property at every strongly pseudoconvex point.

The main interest of this theorem is that we assume neither a global type condition
on M nor global injectivity of the mappings in the class %,. Therefore, we may
regard this theorem as a generalization of Theorem 1.2 in the CR case. The proof of
Theorem 1.4 is based on the method of derivative estimates of CR diffeomorphisms
by the local solvability of the CR Yamabe equation, which was mainly developed
in [Schoen 1995; Fischer-Colbrie and Schoen 1980].

By considering the conformal Yamabe equation instead of the CR Yamabe equa-
tion, we can have a conformal version of Theorem 1.4. For given two Riemannian
manifolds (M, g) and (N, h), a diffeomorphism f from M to N is said to be
conformal if f*h = u g for some positive function u on M. We define a little bit
wider class of mappings as follows.

Definition 1.5. Let (M, g) and (N, h) be Riemannian manifolds. A smooth map
f M — N is said to be semiconformal if f*h = Lg for some smooth function A.
In this definition, we assume neither that f is 1-1 nor A > 0.

Theorem 1.6 (Conformal case). Let (M, g) be a Riemannian manifold of dimension
n > 2, and let & be the class of all semiconformal mappings from M into itself.
Then (M, &) satisfies the Cartan uniqueness property at every point of M.
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We present the proof of Theorem 1.6 in Section 2 and then prove Theorem 1.4
in Section 3. Each section contains fundamental definitions of corresponding
geometric objects — Yamabe equation, CR and pseudohermitian structures, CR
mappings and so on.

2. Proof of Theorem 1.6

We start this section by recalling the Yamabe equation and problem. Let (M, g)
be a Riemannian manifold of real dimension n > 3. Let § = ¢>/ g be a conformal
change of a Riemannian metric g, where f is smooth real-valued function on M.
If we denote by S and S the scalar curvatures of g and g, respectively, it turns out
that they satisfy the transformation law

S=e2/(S—2(n—DAgf — (n—1)(n—2)|Ve fI?),

where A, f denotes the Laplacian — the trace of the second covariant derivative —
of f and V, f its covariant derivative for the metric g. Let ¢ be the positive function
satisfying e2/ = ¢P»=2, where p, =2n/(n —2). Then the equation above turns into
the following nonlinear equation for ¢:

(2-1) —ap Ay + S¢p = SpP 1,

where a, = 4(n — 1)/(n — 2). This is called the Yamabe equation and the linear
operator Ly, = —a,Ag + § is called the conformal Laplacian for g. When we
mention the Yamabe problem, we mean the problem of finding a positive solution ¢
of (2-1) that makes S constant. This problem was first introduced in [ Yamabe 1960],
and its solvability has been intensively investigated there and elsewhere [Trudinger
1968; Aubin 1976a; 1976b; Schoen 1984; 1995].

For our purposes, a local scalar flattening argument is needed rather than the
global solvability of the Yamabe problem:

Theorem 2.1 [Fischer-Colbrie and Schoen 1980]. Let (M, g) be a Riemannian
manifold and let Q be a smooth function on M. For x € M and R > 0, we denote
by Bg(x) the geodesic ball centered at x of radius R. If the minimum eigenvalue

x(BR<x>>=inf{ / (IV£I*+ Qf*) dV : Support(f) C Br(x), f2=1}
Bg(x) Br(x)

of Ag — Q on Bg(x) is positive, then there exists a positive function ¢ on M such
that

(Ag— Q)9 =0

on Bgr(x).
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Let us return back to the situation of Theorem 1.6. Let p be a fixed point of M
and let f': M — M be a semiconformal map satisfying that f(p) = p, df, =1dr,m
and that { ¥ : k e Z .} is compact. Then we can choose a neighborhood U = Bg(p)
of p such that

(i) f is one-to-one on U.

Choosing R small enough, we may also assume that the minimum eigenvalue of
—L, is positive on U by the Poincaré inequality (see [Gilbarg and Trudinger 1983],
for example), and that

lully, = CRVuly,

for every u € C§°(U) and 1 < g < oo, where C is a constant depending only on the
dimension n. Therefore, there exists a positive function ¢ on M such that L, ¢ =0
on U by Theorem 2.1. Replacing the metric g by ¢* =2 g, then we may assume
that

(ii) the metric g is scalar flat on U

by the Yamabe equation (2-1).

Thanks to the assumption that { f¥ : k € Z} is compact, there exists a neigh-
borhood V of p that is relatively compact in U, such that f*(V) C U for every
k=1,2,.... By (i), fk is a conformal transformation from V to fk(V) cU.
Therefore, there exists a positive function u; on V such that

(fY* g = up)¥ g

for every k =1,2,.... We denote u; by u.
Since g and (f¥)*g are scalar flat on V, u; satisfies the homogeneous Yamabe
equation

Agup =0

on V by (2-1).
Since f* is a one-to-one map from V into U, it follows that

/V 2DV, = Vol iy, V = Vol f5(V) < Vol U < oo,

By the elliptic mean value inequality, there exists C > 0 such that u; < C for every
k on a neighborhood V' of p that is relatively compact in V.

Let V” be a neighborhood of p that is relatively compact in V’. By the elliptic
estimate for A, [Gilbarg and Trudinger 1983], there is a C; independent of k such
that

(2-2) lullcivry < Cj-
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Note that
(2-3) ue() = u(ff 1) u(f(0) )
for every positive integer k. Let x = (x', ..., x") be local coordinates on V centered
at p and let

u(x) =1+h;x)+0(x}’,

where £ is a j-th degree homogeneous polynomial. Since f(x) = x +o(|x|) by
the hypothesis, we see that

up(x) = 14+kh;(x)+O0(x)’th

from (2-3). Therefore, if & ; does not vanish, then the j-th order differential of u; at
p = 0 diverges as k — oo, which contradicts the inequality (2-2). This means that
hj vanishes identically on V", hence v = u — 1 vanishes at p up to infinite order.
By the unique continuation principle [Garofalo and Lin 1987; Kazdan 1988], we
have v =0 on V", namely, u = 1 on V”. This implies that f is an isometry on V”.
Therefore, f coincides with the identity map on V”, since every local geodesic
passing through p should be preserved by f.

Let F ={x € M: f(x) =x} and let F° the interior of F. Since V' C F°, we
see that F° is nonempty. If x is a limit point of F°, then obviously f satisfies that
S (x0) = xp and dfy, = Ide0 m- Repeating all the arguments above, we conclude
that xg € F°. Thus F° is closed. This completes the proof of Theorem 1.6. U

Corollary 2.2. Let f be a conformal transformation of M such that f(p) = p and
dfp =1dr,m. Then either f =1d or M is conformally equivalent to the unit sphere
S"™ and f can be transformed into the conformal transformation ¢, of S" that fixes
po=(1,0,...,0) € [Ri”“for some a = (ai,...,a,) € R", where ¢, = ®,/|P,|
and ®, is the affine transformation of R defined by

|a|? _aP?

n
_ la” o, 1 o
Yo="4 +<1 ) )x +ﬁzlajx,
j:

vl =/ + 21— 9

/2

forj=1,...,n

Proof. By Theorem 1.6, we may assume that { f* : k € Z} is noncompact if f is not
the identity transform. Then Schoen’s theorem [1995] implies that M is conformally
equivalent to either R" or S”. Since R" is conformally equivalent to $” \ {poo =
(—1,0,...,0)}, we may also assume that f is a conformal transformation of S”"
fixing po = (1,0, ..., 0). By Obata’s theorem [1970], either f has two fixed points
or it has only one fixed point. Moreover, if f has two fixed points, then each fixed
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point is a contracting fixed point of f or f~!'. This contradicts the hypothesis
that df,, = IdTp0 um. In particular, M is conformally equivalent to S”, since if M
were conformally equivalent to R”, then f should fix two points pg and p as a
conformal transform of S". If f has only one fixed point py and df),, = Id, then
f=d,/|P,| for some a € R" by the algebraic characterization of the conformal
transformation group of S” via projectivization. See [Obata 1970] for more details.

O

3. Proof of Theorem 1.4

We first review some definitions related to CR manifolds and CR mappings.

Let M be a smooth manifold of real dimension 2n + 1 and let H be a subbundle
of T M with fiber dimension 2n. Let J be a smooth section of the endomorphism
bundle of H satisfying J 2 — —1dy. Then the triple (M, H, J) is called a CR
manifold if it satisfies the integrability condition

[(I"(H1,0), I'(H1,0)] C I'(Hi0),

where H| j is the subbundle of C® H on which J =i, and I'(H] ) is the space of
smooth sections of Hp . A typical example of a CR manifold is a real hypersurface
of a complex manifold. Let (M, H, J) and (M', H’, J') be two CR manifolds. A
smooth map f : M — M’ is called a CR mapping if df (H, o) C H'1 . For a CR
manifold (M, H, J), let 6 be a nonvanishing real 1-form on M that vanishes on H.
The Levi form Ly is the symmetric bilinear form on H defined by

(Lo)x(X,Y) =dOx(X, JY)

forevery x e M and X, Y € H,.

A CR manifold (M, H, J) is said to be strongly pseudoconvex if the Levi form Lg
for some 6 is positive definite on H. In this case, the 1-form becomes a contact form.
The quadruple (M, H, J, 0) is called a pseudohermitian manifold; see [Webster
1978]. We abbreviate this by (M, 9).

For a pseudohermitian manifold (M, 0), let & be the vector field on M defined
by 8(§) =1 and § 1d6 = 0. Then for every x e M, T, M = [§,] ® H,, where [§,]
denotes the space generated by &,. This decomposition defines a natural projection
w:TiM — H,. We define a Riemannian metric g on M by

(3-D 8x(X,Y) =0, (X) 0x(Y) + (Lo)x (m(X), (Y))

for every X, Y € Ty M. The Tanaka—Webster connection V on (M, 6) is an affine
connection for which g, V and J are parallel. This connection is determined
uniquely under suitable conditions on the torsion tensor. See [Tanaka 1975; Webster
1978]. By differentiating the Tanaka—Webster connection form, the pseudohermitian
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curvature tensor can be defined. The trace of this tensor is the Ricci tensor, and the
trace of the Ricci tensor is the Webster scalar curvature Ry. Obviously, the Webster
scalar curvature depends the choice of the contact form 6.

Let & = u?/"@ be another choice of contact form, where u is a positive smooth
function, and let R and R be the Webster scalar curvatures for 6 and 6, respectively.
Then it is known that

(3-2) —by Agu+ Ru = RuP™",
where 22n+1) 5
_ 2@n+ —ny z
bn = n+1 ’ p=2+ n’

and Ay is the sublaplacian for 6. Equation (3-2) is called the CR Yamabe equation.
The CR Yamabe problem is to find a positive solution of (3-2) that makes R constant.
One may refer to [Jerison and Lee 1987; 1989; Lee 1986] for the properties of the
CR Yamabe equation and the solvability of the CR Yamabe problem.

Now let us consider the situation of Theorem 1.4. Let M be a smooth real
hypersurface in C**!, p € M be a strongly pseudoconvex point and let f : M — M
be a CR mapping satisfying that f(p) = p, df, = Idr,u and that the iteration
sequence {f* : k € Z,} is compact. Let I' be the connected component of the
set of strongly pseudoconvex points in M that contains p. One should notice that
Theorem 2.1 is still valid for subelliptic cases, since the proof depends only on the
Fredholm alternative theorem. Therefore, by a similar argument as in the conformal
case, we can choose a neighborhood U of p in I" and a contact 1-form 8 on I' such
that

» f is one-to-one, and
o the Webster scalar curvature for 6 vanishes on U.

Take a relatively compact neighborhood V of p in U such that f¥(V) c U for
every k = 1,2, .... Then an iteration argument as in the conformal case and the
subellipticity of the sublaplacian yield that # — 1 vanishes at p up to infinite order,
where u is the positive function on V defined by

(3-3) 0 =u?"0.

Remark 3.1. Although Agu = 0 on V, we cannot conclude that # = 1 at this
stage, since the unique continuation principle for subelliptic operator has not been
completely solved. In fact, an example in [Bahouri 1986] shows that a continuation
theorem of Garofalo-Lin—Kazdan type cannot hold in the 3-dimensional Heisenberg
group. Some partial results on the unique continuation principle for the sublaplacian
were obtained in [Garofalo and Lanconelli 1990] for the Heisenberg group and in
[Niu and Wang 2010] for more general nilpotent groups.
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Let g be the Riemannian metric on I" defined by (3-1). Then (3-3) yields that
g:=f"g=22000+L,

where A = u?/". Since u — 1 vanishes at p up to infinite order, so does A — 1.

Let (x°, ..., x?") be local coordinates centered at p such that g; ;(0) =4;;. Since
A — 1 vanishes at p = 0 up to infinite order, the Taylor coefficients of g;; and g;; at
p = 0 coincide. Since derivatives of f at 0 of order > 2 are completely determined
by differences between the Taylor coefficients of g;; and g;;, we see that f coincides
with the identity at O up to infinite order. Note that f is a CR diffeomorphism from
V onto f(V). Since every local CR diffeomorphism on a strongly pseudoconvex
CR manifold is uniquely determined by its finite order jet at the fixed point [Chern
and Moser 1974; Kim and Zaitsev 2005], we conclude that f =Id on V.

If M is a compact real hypersurface that bounds a domain D, then the CR mapping
f extends continuously to a holomorphic map F on D by the Bochner—Hartogs
extension theorem. Since F — Idp vanishes on an open piece V of the boundary
oD = M, we see that F and hence f coincide with the identity map. Now suppose
that M is a real hypersurface in C"*! containing no analytic hypersurface. Let

F={xeM: f(x)=x}

and let F° be the interior of F, which is nonempty by the argument above. Let xg
be a limit point of F°. By Trépreau’s theorem [1986], there exists a neighborhood
Q of xg in C"*! such that Q\ M = Q, UQ_ and such that f extends continuously
to a holomorphic map F defined on 2. Since F' = Id on a nonempty open piece
F°NQin 024, we see that F = Id on Q4. Therefore, xo € F°. This yields the
conclusion. (]

Corollary 3.2. Let M be a real hypersurface in C"*! containing no analytic hy-
persurface. Let p be a strongly pseudoconvex point of M. If f : M — M is a CR
automorphismthat f(p) = p and d f, =1d, then either f =1d or M is CR equivalent
to the sphere S"*', and f can be transformed into the CR transformation ¢,., of
§2+ fixing po= (1,0, ...,0) € C*! for some a = (ay, ..., a,) € C* and r € R,
where ¢y, = Oy /Wy, and @, is the affine transformation of crtl defined by

n
w’ = (1= 4(al+in)® —i Y a'z/ + 1(laf +ir),
j=1
w/ =72/ +ial(1-2°)
forj=1,...,n,and ¥V, , is the C-valued function defined by

n
W, r(2) = %(|a|2+2+ir) —iza‘/zj — %(|a|2 —|—ir)z0,
=1
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Proof. By Theorem 1.4, we may assume that { f* : k € Z} is noncompact if f is
not the identity map. Let I' be the connected component of the set of strongly
pseudoconvex points that contains p. Since f is a CR diffeomorphism of M onto
M, it preserves I'. Moreover, the group { fllli} is also noncompact, since otherwise,
fir =1d by Theorem 1.4 and this implies that f = Id on M. Therefore, Schoen’s
theorem [1995] implies that I" is CR equivalent to either the Heisenberg group H" or
the standard unit sphere in C"*!. Since §2**! is the one point compactification of H",
we also may assume that f is a CR transformation of §2n+l fixing po=(1,0,...,0).
By aresult in [Webster 1977], either f has two fixed points or it has only one fixed
point. If f has two fixed points, then each fixed point is a contracting fixed point
of f or f~!. This contradicts the hypothesis that d fpo =1d. Hence f has only one
fixed point pg. In particular, I cannot be equivalent to the Heisenberg group. Since
§2"+1 is a boundary-free compact manifold, we can conclude that M = T" and that
M is CR equivalent to the unit sphere $2*+!.

To obtain explicit formulas for CR transformations of $?**! it is useful to imbed
§2"*1 into the complex projective (14 1)-space CP"*! in the following manner: Let
C"*t! be a complex Euclidean (n + 1)-space with a coordinate system Z°, ..., 2",
and let $2"*! be given by the equation

122+ 12 P+ 1P =1,

We also let C"*2 be a complex Euclidean (n + 2)-space with a coordinate system
(z°, Z', ..., Z"*"), and let CP"*! be the projective (n + 1)-space with a homoge-
neous coordinate system (20, Z! ..., Z"1]. We define a holomorphic embedding
of C"*! into CP"*! by the equations

(3-4) =147 Zi=Z(G=1,....n), z''=i1-7%,

and the image of $?**! in CP"*! under this embedding is the real hypersurface Q
that is defined by

|Zl|2+.”+|Zn|2+l§(zn+IZO_ZOZn+1)=O.

The special unitary group SU(n 41, 1) is the group of the linear transformations of
C"*2 leaving the quadratic form

|ZI|2+,. .+|Zn|2+%(zn+IZO_ZOZn+1)

invariant, and whose determinant has absolute value 1. We can regard the CR
transformation group of §?**! as SU(n + 1, 1). The Lie algebra of SU(n + 1, 1)
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consists of (n +2) x (n + 2) matrices of the form

A =2i'a r
—%I; B a |,
q =

where B is a skew-hermitian n x n matrix, a and b are column n-vectors with
complex entries, and r, g are real numbers.

In particular, the Lie algebra of the isotropy group SU,,(n + 1, 1) at the point
po consists of the matrices of the form

A =2ila r
0 B a
0 0 —x

If & is not purely imaginary, then f has two fixed points, by [Webster 1977]. This
contradicts our hypothesis. Write A = i for some 6 € R. The isotropy group
SU,,(n+1, 1) itself, as a subgroup of SU(n + 1, 1), consists of the matrices of the
form

e'? —2iet?(Ca)y —ie'|a|* +re'?
(3-5) 0 T Ta ,
0 0 e'?

where T € SU(n) and r is a real number. Hence we can consider f as a linear
transformation of the form (3-5). Since d fpo|Tp0 s+ = 1d, T is the identity map.
So f is represented by the matrix

el —2iet?(a) —ief|al* +re'?
(3-6) 0 Id a
0 0 e'?

By Webster [1977], the CR transformation represented by (3-6) has only one fixed
point.

Since [ZY, ..., Z"T1] is the homogeneous coordinate of CP"t!, the inverse map
of (3-4) is given by

o_ iZ0—znt! S VA
G- C =iy M= g e
for j =1,...,n. If €/ is not 1, then the map represented by the matrix (3-6) does

not satisfy that dfp|7, s+ = Id. This implies that ¢'? = 1. Using (3-6) and (3-7)
we can conclude that f = &, /W, , for some a € C" and r € R. O
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SOME FINITE PROPERTIES FOR VERTEX OPERATOR
SUPERALGEBRAS

CHONGYING DONG AND JIANZHI HAN

Vertex operator superalgebras are studied and various results on rational
vertex operator superalgebras are obtained. In particular, the vertex oper-
ator super subalgebras generated by the weight % and weight 1 subspaces
are determined. It is also established that if the even part V; of a vertex
operator superalgebra V is rational, so is V.

1. Introduction

Vertex operator superalgebras, which are natural generalizations of vertex operator
algebras, have been studied extensively in [Dong and Zhao 2005; 2006; Kac and
Wang 1994; Li 1996b; 1996a; Xu 1998]. In this paper, we study certain finite
properties of vertex operator superalgebras following [Dong et al. 1998b; Dong
and Mason 2004; 2006; Mason 2011].

A vertex operator superalgebra V = V5 @ Vj has even part Vj and odd part V3,
where Vj consists of vectors of integral weights and V; consists of vectors whose
weights are half integers but not integers. So there is a canonical automorphism
o of V acting on V5 as (—1) and Vj is a vertex operator algebra which is also a
fixed point subalgebra of V. So a better understanding of the relationship between
representation theories of V' and Vj is definitely useful for the study of orbifold
theory; see [Dijkgraaf et al. 1989; Dong et al. 2000]. Even the orbifold theory for
vertex operator algebras with order 2 automorphism has not been understood fully.

Rationality, which is an analogue of semisimplicity of associative and Lie alge-
bras, is probably the most important concept in the representation theory of vertex
operator superalgebra. We first establish that if Vj is rational, V' is rational, al-
though we believe that the rationalities of V and Vj; are equivalent from the orbifold
theory. The main tool consists of the associative algebras A, ,(V) for n € %ZJF,
which are generalizations of A, ,(V) as introduced and studied in [Dong et al.
1998b] (also see [Zhu 1996; Kac and Wang 1994; Dong et al. 1998a; Dong et al.

Chongying Dong was supported by NSF grants and a faculty research fund from the University of
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MSC2010: 17B65, 17B69.
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1998c¢]), where g is an automorphism of V of finite order. It is established that V is
g-rational if and only if Ag , is a finite dimensional semisimple associative algebra
for large n. This is the key result to prove the rationality of V from the rationality
of V;. Another characterization of rationality is given through the Ext functor.

Our investigation next centers around the vertex operator super subalgebras of
V generated by homogeneous subspaces of small weights. The vertex operator
subalgebra generated by V% is a holomorphic vertex operator superalgebra U as-
sociated to an infinite dimensional Clifford algebra built from a finite dimensional
vector space with a nondegenerate symmetric bilinear form. This enables us to
decompose V as a tensor product U ® U¢ where U€, whose weight % subspace is
zero, is the commutant of U in V [Frenkel and Zhu 1992; Lepowsky and Li 2004].
Moreover, the module categories of V and U€ are equivalent. To study V;, we first
need to understand the algebraic structure of V). Under the assumption that V is
rational or o-rational together with C,-cofiniteness, we are able to show that V| is
a reductive Lie algebra, using the modular invariance results from [Dong and Zhao
2005; Zhu 1996], and the fact that E>(t) is not modular. Also, the rank of V; and
the dimension of V% are controlled by the effective central charge. Furthermore, for
any simple Lie subalgebra g of Vi, the vertex operator subalgebra generated by g is
isomorphic to the vertex operator algebra L(k, 0), which is the integrable highest
weight module for the affine Kac—Moody algebra §. We also give a rational vertex
operator subalgebra, which is a tensor product of affine vertex operator algebras
and a lattice vertex operator algebra, and whose weight one subspace is exactly V.

We should point out that most of the results in this paper have been obtained
in the case where V is a vertex operator algebra in [Dong et al. 1998b; Dong and
Mason 2004; 2006; Mason 2011]. So the results of this paper can be regarded as
a “super” analogues of results presented in [Dong et al. 1998b; Dong and Mason
2004; 2006; Mason 2011]. The main ideas and the broad outlines also follow from
these papers. A lot of arguments are omitted if they are the same as in the case
of vertex operator algebras. On the other hand, there is a new phenomenon in the
super case. Namely, either rationality together with C»-cofiniteness or o -rationality
together with C,-cofiniteness implies that V) is reductive. This gives strong evi-
dence that rationality, o -rationality of V, and rationality of Vj are equivalent. But
we have no idea how to establish this.

This paper is organized as follows. In Section 2, we recall various notions
of twisted modules for a vertex operator superalgebra and g-rationality for any
automorphism of finite order from [Frenkel et al. 1988; Zhu 1996; Dong et al.
1998a; Dong and Zhao 2006]. In Section 3, we define a series of associative
algebras Ag ,, (V) for a vertex operator superalgebra V and n € Z,.. We exhibit how
to use A, (V) to prove rationality of V from the rationality of V;. It is also shown
that if V is C,-cofinite or rational, V is finitely generated and the automorphism
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group Aut(V) is an algebraic group. Section 4 is devoted to the study of vertex
operator super subalgebras generated by Vi. In Section 5 we show that if V is
rational or o-rational together with C,-cofiniteness then the weight one subspace
V1 is a reductive Lie algebra whose rank is bounded above by the effective central
charge ¢. Consequently, dim V% is bounded above by 2¢ + 1. Section 6 deals with
the vertex operator subalgebra of V generated by V.

We make the assumption that the reader is familiar with the theory of vertex
operator algebras as presented in [Borcherds 1986; Dong and Lepowsky 1993;
Frenkel et al. 1988; Lepowsky and Li 2004].

2. Basics

In this section we give the definition of a vertex operator superalgebra and several
notions of modules; cf. [Dong et al. 1997; Dong and Zhao 2006; Feingold et al.
1991; Frenkel et al. 1988; Li 1996b; Zhu 1996].

We first recall that a super vector space is a Z»-graded vector space V = V5@ Vj.
The elements in Vj (respectively V;) are called even (respectively odd). Let v be
OifveVyand 1ifve V.

Definition 2.1. A vertex operator superalgebra (VOSA) is a %Z—graded vector
space
v=@Pv.=v;eV

1
ne;Z

with Vg=3" ., V,and V=3 ,V, 1 satistying all the axioms in the definition
of vertex operator algebra except that the Jacobi identity is replaced by

_ 71— 2 P —22+z
ZOIS( ‘Z 2)Y(u,m)Y(v,m)—(—1)“”z016(%)m,zzw(u,zl)
0 0

71—z
22215< IZ O>Y(Y(u,zo)v,z2)-
2

Throughout the paper we always assume that V is a vertex operator superalgebra
unless otherwise stated.
Definition 2.2. An automorphism g of a VOSA V is a linear automorphism of V
preserving the vacuum vector 1 and the conformal vector w such that the actions
of g and Y (v, z) on V are compatible in the sense that

g¥(,2)g ' =Y (gv,2)
forveV.

Denote by Aut(V) the set consisting of all automorphisms of V. Observe that
any automorphism of V commutes with L(0) and hence preserves each homoge-
neous subspace V,. As a consequence, any automorphism preserves both V5 and
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Vi. There is a canonical automorphism o of V with o | V; = (—1)! associated to
the Z,-grading of V.

Let g € Aut(V) with finite order 7. Then we can decompose V into eigenspaces
of g:

where V' ={v e V | gv =e 27"/ Ty},

Definition 2.3. A weak g-twisted V-module M is a Z,-graded vector space equip-
ped with a linear map

-1 Yy :V — (End M)[[z, 2T,
(2-2) v Y= D v
ne(l/T)Z

such that, forallu e V?(0<r <T—1),ve V,and w € W, the following conditions
hold:
Yu(u,z) = Z upz "', upyw=0 forn>>0,
ner/T+Z
Y1, z) =1dy,
and

_ 21—22 Se —22+21
Z013( - )YM(M,Zl)YM(v,Zz)—(—l)uvZol(S(—Z )YM(U,Zz)YM(M,Zl)
0 0

—r/T
_ 71 — X 71 — X
=z; l5( - °> 6( ‘ O)YM(Y(u,zO)v, 22).

22 22

Definition 2.4. An admissible g-twisted V-module is a weak g-twisted V-module
M which carries a (1/T)Z-grading

M= P Mw
ne(1/T)Z4
satisfying

vuMn) S Mmn+wtv—m—1)
for homogeneous v € V and m € %Z.

Definition 2.5. An ordinary g-twisted V-module is a weak g-twisted V-module
M= M,
reC
such that dim M;, is finite and for fixed A, M, /7, = 0 for all small enough integers
n, where M; = {w e M | L(O)w = Aw} and Yy (w,2) =Y, L(n)z7" 2.

nez
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We say V is g-rational if every admissible g-twisted V-module is completely
reducible, that is, a direct sum of simple admissible g-twisted V-modules. V is
g-regular if the category of weak g-twisted V-modules is semisimple, namely,
every weak g-twisted V-module is a direct sum of irreducible weak g-twisted V-
modules. If g = 1, we have the definitions of rationality and regularity for vertex
operator superalgebras.

The following definitions are given for vertex operator algebras in [Dong and
Mason 2006; Zhu 1996] and we extend these to vertex operator superalgebras here.

A vertex operator superalgebra V is said to be of CFT type if the L(0)-grading
on V has no negative weights and the degree-zero homogeneous subspace Vj is
one-dimensional: in symbols, V =€p, 17, V, and Vy =C1. We say V is of strong
CFT type if V satisfies the further condition L(1)V; =0. V is said to be C,-cofinite
in the case where C» (V) has finite codimension in V, where C»(V) is the subspace
of V linearly spanned by all elements of the form u_,v for u, v e V.

For convenience, let us introduce the term strongly g-rational for a simple vertex
operator superalgebra V which satisfies the following conditions:

(1) V is of strong CFT type.
(2) V is Cy-cofinite.
(3) V is g-rational.

Definition 2.6. A bilinear form (-,-) on a V-module M is said to be invariant
[Frenkel et al. 1993] if it satisfies the condition

Y(a,2u,v) = (u, Y (W (7 70, zil)v) foraeVandu,ve M.

It is proved in [Li 1994; Xu 1998] that there exists a linear isomorphism from
the space of invariant bilinear forms on V to Homg (Vy/L(1)Vy, C). This implies
that there is a unique, up to multiplication by a nonzero scalar, nondegenerate
symmetric invariant bilinear form on V if V is simple and of strong CFT type.

3. Rationality

In this section we give a characterization of the rationality of a vertex operator
superalgebra V in terms of the rationality of a vertex operator subalgebra V. We
will show that if Vj is rational, V is rational. We certainly believe that the converse
is also true, that is, if V' is rational, Vj is also rational. This is similar to a well-
known conjecture in orbifold theory: Let V be a rational vertex operator algebra,
and g is an order 2 automorphism of V. Then the fixed point vertex operator
subalgebra is also rational. We will establish some other results on rationality. We
also discuss the generators of V.
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The tool we use to prove the main result is the associative algebras A, (V'), which
is defined in [Dong et al. 1998c] for vertex operator algebra. Let V be a vertex
operator superalgebra. Let O, (V) be the subspace of V linearly spanned by all
L(—1)u+ L(O)u and u o, v where, for homogeneous u € V andv e V,

(1 + Z)wtu-‘rn

Res; Y@ 9v,  ifuels
uoyv= (] _i_Z)WtLH-n—%
Res; —— o Y. 9w, if u € Vj.

Define another operation %, on V by

n
1 wtu-+n
Y -n" (m +n>ReszLY(u, v, ifu,ve Vs,
n
m=0

Uk, V= Zrtmtl

0, ifueViorve V.
Set A, (V)=V/0O,(V). Then Ag(V) is the A(V) studied in [Kac and Wang 1994].

Let M be a weak V-module. Define the “n-th lowest weight vector” subspace of

M as
QH(M) = {w € M | thu-i-n-i-iw =Oa ue Va l ZO}

As in [Dong et al. 1998c] we have the following results.

Theorem 3.1. (1) Suppose that M is a weak V-module. Then Q2,(M) is an
A, (V)-module such that a acts as o(a) for a € V, where o(a) is defined
to be awq—1 for homogeneous a € V and extends it linearly.

(2) Suppose M = EBie%L M (i) is an admissible V -module. Then
(@) Qu,(M) DD, M(i);
(b) assuming M is simple, Q2,(M) = @iin M (i), and each M (i) is a simple

A, (V)-module fori =0, % R

(3) M — M(0) gives a bijection between irreducible admissible V -modules and
simple A(V)-modules.

(4) The identity map induces an epimorphism from A,(V) to A, (V) for any
n>m.

(5) If'V is g-rational, there are only finitely many irreducible admissible g-twisted
V-modules up to isomorphism, and each irreducible admissible g-twisted V -
module is ordinary.

Note that part (3) of the theorem was obtained in [Kac and Wang 1994].
The next lemma will be used as a characterization of the rationality of V in
terms of semisimplicity of A, (V) for large enough n.

Lemma 3.2. Suppose that A(V) is finite dimensional. Then any admissible V -
module is a direct sum of generalized eigenspaces for L(0).
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Proof. Let M = ), 17, M) be an admissible V-module with M (0) # 0. Let W
be a maximal subspace of M which is a direct sum of generalized eigenspaces with
respect to L(0). Then it is not hard to see that W is a submodule of M. Consider
the A(V)-module M (0). By our assumption on finite dimension of A(V), we see
that there exists a nonzero simple A(V)-submodule of M (0), on which L(0) acts
as a scalar by Schur’s lemma. This shows that W # 0. We shall show W = M.
Suppose M/ W #£0. Choose the minimal n € %ZJF such that M (n)/ W (n) #0, where
W(n) = W N M(n). Then, by similar argument as above, we see that M (n)/ W (n)
contains a nonzero simple A(V)-submodule, say W'(n)/ W (n) # 0, where W'(n)
is a subspace of M(n). Since both W(n)/W(n) and W(n) are a direct sum of
generalized eigenspaces for L(0), so is W (n). Thus W(n) C W and W'(n) = W (n),
a contradiction. O

Assume that A(V) is finite dimensional. Let
&)= —r)x—A2) - (x —4,) € Clx]

be the monic polynomial of least degree such that f([w]) = 0 in A(V). Then,
on any given simple A(V)-module, L(0) must act as a constant A; for some i.
Note from Theorem 3.1 that V has exactly r inequivalent irreducible admissible
modules M! = > MiiJrn fori =1,---,r. Then there exists m; > 0 such
that M,{l_ 4n #0forall n>m;. Let N be a positive integer greater than [A; —A; |,
M|+ 1,and m; fori, j=1,...,r.

Note that the rationality is defined from the representation theory. It is always
believed that such a property, which is analogous to the semisimplicity of Lie and

1
nE§Z+

associative algebras, should have its own internal characterization. The following
result can be regraded as an internal characterization of rationality.

Theorem 3.3. V is rational if and only if A, (V) is finite dimensional and semisim-
ple for somen > N.

Proof. The proof of [Dong et al. 1998c, Theorem 4.10] shows that if V is rational,
A, (V) is semisimple and finite dimensional for all n. Now we assume that A, (V)
is semisimple for some n > N. By Theorem 3.1, A,,(V) is semisimple for all
m<n. Let M = @ie%L M (i) be an admissible V-module with M (0) # 0. By

Lemma 3.2, we can write
M= Y @

relhiids) nelz,

where M,_, is the generalized eigenspace for L(0) with eigenvalue A + n. Note
that, for each A € {11, ..., A}, the subspace @ne iz, M, ., is an admissible sub-
module of M. Without loss of generality, we may assume that M = P M (n)
for some A € {A1,..., A}, where M (n) = M, 4.

1
ne §Z+
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We assert that the submodule W generated by B,y ,c 17, M(n) is equal to
the entire M. Otherwise, 0 = M/ W = @DN’HE%L M(n)/ W(n), where W (n) =
WNM(n). Let ng € %ZJF be minimal such that M (ng)/ W (ng) # 0. Then ng > N
and M (ng)/ W (ng) is an A(V)-module by Theorem 3.1. Since A(V) is semisimple,
there exists a nonzero simple A(V)-submodule of M (ng)/ W (ng) on which L(0)
acts as the constant A +ng € {A1, ..., A}, which implies |A — A ;| = ng for some
Jj- But this is impossible by our choice on N. Thus we must have W = M.

We next show that if X is a simple A(V)-submodule, X generates an irreducible
V-module U. Denote by J =P, clz, J (n) the maximal submodule of U such that
J(0) =0, where J(n) = J NU(n). Then the quotient W = U/ J is irreducible and
W(0) = X. Since @,y U(n) is a semisimple Ay (V)-module we can regard
each W(n) as an A N(V)—_submodule of U(n) for n < N. From the choice of N,
we know that W(N) # 0. Then the admissible V-submodule of U generated by
W (N) contains W(0) = X. Thus W(N) = U(N), so J(N) = 0. By our choice of
N, again we see that J must be trivial. This implies that U = W is irreducible.

It follows that the admissible V -submodule W of M generated by M (0) is com-
pletely reducible. Note that M (1) = W(1) @ P, where P is a semisimple A(V)-
module. Again the admissible submodule of M generated by P is completely
reducible. Continuing in this way completes the proof. U

Remark 3.4. Even in the case where V is a vertex operator algebra, Theorem 3.3
strengthens [Dong et al. 1998c, Theorem 4.11], where we require that A, (V) is
semisimple for all n.

Remark 3.5. There is a twisted analogue A, ,(V) (cf. [Dong et al. 1998b]) of
A, (V). One can similarly define the positive integer N,. Then Theorem 3.3 still
holds, that is, V is g-rational if and only if A, ,(V) is finite dimensional and
semisimple for some n > N,.

We now use Theorem 3.3 to prove the following result.
Proposition 3.6. Let V = V5 @ Vi be a VOSA. If Vi is rational, V is rational.

Proof. Suppose Vj is rational. Then, by Theorem 3.3, A, (Vj) is a finite dimen-
sional semisimple associative algebra if n is sufficiently large. This implies that
A, (V) is semisimple as A,(V) is a quotient of A, (V). Applying Theorem 3.3
again yields that V is rational. U

We remark that we do not know how to prove the rationality of V from the
rationality of V without using A, (V). It is certainly a very interesting problem to
find a different approach that does not use A, (V). Although we can not show the
converse of Proposition 3.6, we strongly believe that rationalities of V and Vj; are
equivalent.
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In the rest of this section we use the extension functor to consider the rationality
of a vertex operator superalgebra V. This approach has been studied in [Abe 2005]
for vertex operator algebra, but our rationality result is different from that given in
[ibid.].

First let us describe the set Ext{, (M?, M) for any weak V-module M Uand M2
We call a weak V-module M an extension of M?> by M if there is a short exact
sequence 0 - M' — M — M? — 0. Two extensions M and N of M? by M are
said to be equivalent if there exists a V-homomorphism f : M — N such that the
following diagram commutes:

0 — M 25 m 2 W2 0 (exact)
| s H
00— M — 2 N 2, w2 0 (exact).

Define Ext{, (M?, M") to be the set of all equivalent classes of M> by M'. It is
well known that Ext%, (M?, M) carries the structure of an abelian group such that
the equivalent class of M! @ M? is the zero element.

Here is another equivalent condition of rationality.

Proposition 3.7. Let V be a vertex operator superalgebra. Then V is rational if
and only if the following two conditions hold.

(a) Every admissible V-module contains a nontrivial irreducible admissible sub-
module.

(b) For any irreducible V -modules M and N, Ext{, (M,N)=0.

Proof. 1t is clear that rationality implies both (a) and (b). Now we assume that (a)
and (b) hold. Let M =D, . 17, M (n) be anonzero admissible V-module. Let W be
the sum of irreducible admission V-submodules of M. Then W =&p,_; W', where
each W' is an irreducible admissible V-module. By condition (a), W # 0. We
assert that W = M. Otherwise consider the quotient module M/ W. It follows from
condition (a) again that there exists a weak V-submodule M’ such that M’ 2 W
and M’/ W is an irreducible admissible V-module. Then by condition (b) and the
properties of Ext, we have

Exty, (M'/ W, W) = @D Exty (M'/ W, W) =0,
iel
that is, M’ = M’/ W & W as V-modules, contradicting the maximality of W. So
the assertion is true and M is a direct sum of irreducible admissible V-modules. [J

We now turn our attention to the generators of vertex operator superalgebras.
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Proposition 3.8. Let V be a vertex operator superalgebra.

(a) If V is rational or Cy-cofinite, V is finitely generated.
(b) If V is finitely generated, Aut(V) is an algebraic group.

These results were obtained in the case of vertex operator algebras in [Dong and
Zhang 2008; Karel and Li 1999]; see also [Gaberdiel and Neitzke 2003; Dong and
Griess 2002]. The same proof works here.

4. Vertex operator subalgebra generated by V%

In this section we study the vertex operator super subalgebra U of V generated by
V1, and decompose V as a tensor product U ® U¢, where U is holomorphic in
the sense that U is the only irreducible module for itself and U¢, whose Welght
subspace is 0, is the commutant of U in V. This decomposition reduces the study of
vertex operator superalgebras to the study of vertex operator superalgebras whose
weight % subspaces are 0.

Let V be a simple vertex operator superalgebra of strong CFT type. Then there
is a unique invariant, symmetric, and nondegenerate bilinear form (-, - ) such that

4-1) 1,1 =v-1
see [Li 1994; Xu 1998]. Then, for u, v € V%, one has

4-2) uogv = (u, v)1
and
4-3) [u(m), v(n)]y = (u, vV)Smin+1.0-

2 l
,a'}

be an orthonormal basis of Vu with respect to the form (-, -), where [ = d1m V1
Let U be the vertex super subalgebra of V generated by V] Then, using (4- 3)

Note that the restriction of (-, ) to V; is still nondegenerate. Let {a', a

we see that
U = Span {u _nluz_nz---u’_nr1|ui eVimznp=-=n, >0andreZ}.
In fact, U carries the structure of a vertex operator superalgebra with conformal

)
;1 i
w =3 E a_,a__ 1.

i=1

vector

Define operators L'(n) for n € Z by

Y@, z) = Z w’/zz—n—l _ Z L'(n)z"2

nez neZ
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Then the weight n subspace U, for L'(0) is given by

Un:(u] W w1 uweVi,np>n>--->n,>0,re”z,,
2

—m%—ny —n,
and n1+n2---+nr=n+%>.

It is well known (cf. [Kac and Wang 1994]) that the vertex operator algebra
U generated by V, is holomorphic. So for any admissible V-module M, we can
decompose M into irreducible U-modules as follows

M=UQM,

where M = {w € M | u,w =0 for all u € U and n € Z, } is the multiplicity space
of U in M. If M =V, the multiplicity space M is denoted by U¢ and is called the
commutant of U in V. In particular, V = U ® U°. The U€ is a vertex operator
superalgebra (see [Frenkel and Zhu 1992; Lepowsky and Li 2004]) with w — @' as
its conformal vector and U7 = 0.

Let Irr(V) and Irr(U€) cienote the sets of the isomorphism classes of admissi-
ble irreducible V-modules and U°-modules, respectively. The following result is
straightforward.

Proposition 4.1. Let V be a vertex operator superalgebra.

(a) For any admissible V -module M. M is an admissible U¢-module. Moreover,
M is irreducible if and only if M is irreducible.

(b) The map U @ * : Irr(U€) — Irr (V) is a bijection.

(¢) V is rational if and only if U€ is rational.

5. The structure of weight 1 subspace

In this section we will investigate the Lie algebra structure of weight 1 subspace
V1 and show that V; is a reductive Lie algebra if V is o -rational, using the modular
invariance results obtained in [Dong and Zhao 2006]. We also find an upper bound
for the rank of V) in terms of effective central charge. Similar results for vertex
operator algebras were given previously in [Dong and Mason 2004], and the proof
presented here is a modification of that used in [ibid.]. We also apply these results
to estimate the dimension of weight % subspace V% of V.

First, we need to discuss vertex operator superalgebras on the torus [Zhu 1996;
Dong and Zhao 2005], vector-valued modular forms [Knopp and Mason 2003],
and the modular invariance of trace functions [Zhu 1996; Dong and Zhao 2005].

Let V be a vertex operator superalgebra. The vertex operator superalgebra

(V,Y[v,z],1, ®)
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on a torus (see [Zhu 1996; Dong and Zhao 2005]) is defined as follows:

Y[v,zl=Y (v, & — l)ewtv _ Z U[n]z_n_l,

neZ

Y[, z]=) Llnlz ">

nez

for homogeneous v and @ = w — ¢/24.

We denote the eigenspace of L[0] with eigenvalue n € %Z by Vi If v € Vi,
we write wt[v] = n.

A holomorphic vector-valued modular form of weight k (where k is any real
number) on the modular group I' = SL(2, Z) may be described as follows: for
any integer p > 1itis a tuple (71(7), ..., T,(7)) of functions holomorphic in the
complex upper half-plane together with a p-dimensional complex representation
p: I' = GL(p, C) satisfying the following conditions.

(a) For all y € " we have

(T1, .., Tp) k(@) = p(¥)(T1(2), ..., Tp(2))'
(where ¢ refers to the transpose of vectors and matrices).
(b) Each function T;(7) has a convergent g-expansion holomorphic at infinity:
Ti(t) =Y _an(j)g""™
n>0
for positive integer N;. (Here and below, g = exp2mit).
The following result plays an important role in this section.

Proposition 5.1 [Knopp and Mason 2003]. Let (Ti,...,T,) be a holomorphic
vector-valued modular form of weight k associated to a representation p of I.
Then there is a nonnegative constant o depending only on p such that the Fourier
coefficients a,(j) satisfy the polynomial growth condition a,(j) = O n*T>%) for
everyl < j<p.

Fix automorphisms g, & of V of finite orders. Let M be a simple go-twisted
V-module. Then

o0
M = @ M 1
n=0

for some A called the conformal weight of M (M, # 0), where T’ is the order of
go. Suppose M is oh-stable, which is equivalent to the existence of a linearly
isomorphic map ¢ (o h) : M — M such that

$(oh)Yu(, 2)poh)~ =Yy (ah)v,2)
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for all v € V. From now on we assume that V is C,-cofinite. Then a function F),
which is linear in v € V is defined for homogeneous v € V as follows:

(e0]
(5-1) Fy(.1)=¢"""*3 "try,,, 00 (0h)g" T =tryyo()p(ah)gh O/,
n=0

which is a holomorphic function in the upper half-plane [Dong and Zhao 2005].
Here and below we write F;(t) rather than Fy;(1, 7) for simplicity. Then for any
u, v in V such that gv = hv = v, we have

(5-2) tryo(u)o(v)d(oh)gt@—c/?

= Fu(ul—11v,7) = Y Ex(q) Fy(u[2k — 1]v, 7);
k>1

see [Dong and Zhao 2005; Zhu 1996]. The functions Ey;(t) are the Eisenstein
series of weight 2k:

— By 2 N n
Ex(q)=— 1+ -1 X;UZk—l(”l)q :
n—=

where oy (n) is the sum of the k-powers of the divisors of n, and By is a Bernoulli
number. The E>(t) enjoys an exceptional transformation law. Namely, its trans-
formation with respect to the matrix

s=(1 o)
has the form

(5-3) Ez(_Tl) = 12Ey (1) — 2’?

We also need results on 1-point functions on the torus [Dong and Zhao 2005].
Let g, h be automorphisms of V of finite order. The space of (g, #) 1-point func-
tions 6(g, h) is the C-linear space consisting of functions

S: VxH—C

(where H is the upper half-plane) satisfying certain conditions; see [Dong and Zhao
2005] for details. The following results can be found in [ibid.].

Theorem 5.2. Let V be Cy-cofinite and g, h € Aut(V) of finite orders.

(1) For S € €(g, h) and
_(a b)eF
Y=\¢ua ’

S|, (v, 7) = Slk(v, T) = (ct +d)*S(v, 1)

we define
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for v € Vi, and extend linearly. Then S|, € 6((g, h)y)), where (g, h)y =
(gahc’ gbhd).

(2) Let M be a simple go -twisted V -module such that M is h and o -stable. Then
Fy(v, ) €6(g, h).

(3) Suppose that V is go-rational and M', ..., M™ are the inequivalent, simple
go -twisted V -module such that M i is h and o-stable. Let Fy, ..., F,, be the
corresponding trace functions defined by (5-1). Then F, ..., F,, form a basis
of €(g, h).

We now assume that V is of strong CFT type. Recall from [Frenkel et al. 1993]
that the weight 1 subspace V| of V carries a natural Lie algebra structure, the Lie
bracket being given by [u, v] = ugv for u, v € Vi. Then any weak V-module is
automatically a Vi-module such that v € V; acts as vy. Note that there is a unique
nondegenerate symmetric invariant bilinear form (-, - ) such that (1,1) = —1 and
the restriction of ( -, - ) to V| endows V| with a nondegenerate, symmetric, invariant
bilinear form such that ujv = (u, v)1 for u, v € Vj.

The following two theorems are extensions of similar results from vertex oper-
ator algebras [Dong and Mason 2004] to vertex operator superalgebras.

Theorem 5.3. Let V be strongly rational or strongly o-rational. Then the Lie
algebra V| is reductive.

Proof. We first deal with the case where V is o-rational. We have to show that
the nilpotent radical N of the Lie algebra V| is zero. Suppose not, and take any
nonzero element u € N. Each V; fori € %Z is a finite dimensional V;-module and
has a composition series 0 = W° ¢ W' ¢ W? ¢ W3 C --- C such that ug acts
trivially on each composite factor W/ /Wi=!(i = 1,2, ---). Note that we can take
¢(0) =0 on V. Thus V is o-stable. In fact, any irreducible V-module is o -stable;
see [Dong and Zhao 2005, Lemma 6.1]. As a result, try,o(u)o(v)o = 0 for all
veViandi € %Z. It follows from (5-2) that

(5-4) Fy(ul=11v,7) =) Ex (1) Fy (u[2k — 1]v, 7),
k>1
where (g, h) = (o0, 1) and Fy € €(o, 1), by Theorem 5.2.
Note that if k > 1 is an integer, the element u[2k —1]v has L[0]-weight 2—2k <0
and hence is 0. The nondegeneracy of the bilinear form (-, - ) guarantees that there
exists v € Vj such that (u, v) = 1. With this choice of v, (5-4) simplifies to read

(5-5) Fy(u[—1]v, 1) = E2 (1) Fy (7).

By Theorem 3.1, V has finitely many irreducible o-twisted V-modules up to
isomorphism. We denote these modules by M!, ..., M™. Note from Theorem 5.2
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that the

S=<—01 é)er

maps 6(o, 1) to €(1, o). By Theorem 5.2 again we see that

m
Fv<u[—1]v, —%) — tzlgl:siFMf(u[—l]v, 7)
and
A1) = aRu
T P
for some s; € C. Similar to equality (5-5), we also have
Fyi(u[—1]v, 1) = Ex(v) Fyyi(r) fori=1,...,m.

Thus

2 ;siFMi ul—1]v, T) = Fy (u[—l]v, %)

-()r()

m

= <r2E2(r) — #) Zsi Fyi(T)

i=1

m m

T

=2 Zl:s,.FM,- (ul=1]v,7) = 53— ;‘s,-FM,- (7).
1= 1=

Of course, the equality (5-3) is involved in the calculations above. Canceling

the term 72 Y7 | 5; Fyi (u[—1]v, 7) gives rise to the identity >/, s; Fysi(t) = 0,

which in turn implies Fy(—1/7) = 0. But this is clearly not true, since

Fy (—71) = qc/24(§(dim V)g"— ) (dim Vn>q") #0.

ne%-i—l

So N =0 and V] is reductive.

Now we assume that V is rational. As before we need to show that the nilpotent
radical N of the Lie algebra V| is zero. This time we use (o, o) instead of €(o, 1)
and €(1, o). In this case, the S € I' maps €(o, o) to itself. A similar argument
applies. (Il

Remark 5.4. It is proved in [Dong and Mason 2004] that if a vertex operator
algebra is strongly rational, weight one subspace is reductive. If one can prove the
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rationality of V; from the rationality and o -rationality of V, Theorem 5.3 follows
immediately. Unfortunately, none of these results have been established.

The following result will be used in the next section.

Lemma 5.5. Let V be a vertex operator superalgebra.

(a) If V is strongly rational, any admissible V -module is a completely reducible
Vi-module. This is also equivalent to saying the action of any Cartan sub-
algebra of the Lie algebra V| is semisimple on any admissible V -module.

(b) If V is strongly o-rational, any admissible o -twisted V-module is a com-
pletely reducible Vi-module.

(c) If V is either strongly rational or strongly o -rational, any irreducible o'-
twisted V -module is a completely reducible V\-module fori =0, 1.

Proof. Since the proof of (b) is similar to that of (a), we only show (a) and (c) for
strongly rational vertex operator superalgebra V. Let H be a Cartan subalgebra of
V;. It is enough to show that H acts semisimply on any irreducible o/ -twisted V-
module for i =0, 1. Since the homogeneous subspaces of an irreducible o -twisted
V-module are always finite dimensional, there is a common eigenvector of H on
the irreducible module. So it is enough to show that H acts on V semisimply.

First we show that for any nonzero u € H, hg is not nilpotent. Note that the
restriction of the bilinear form (-, -) to H is nondegenerate. If ug is nilpotent
for some nonzero u € H, we can take v € H such that (u, v) = 1. The proof of
Theorem 5.3 then gives a contradiction.

We now prove that ug is semisimple on V. Since Aut(V) is an algebraic group
by Proposition 3.8, and {¢’“° | t € C} is a one-dimensional algebraic subgroup of
Aut(V), we immediately see that {0 | r € C} is isomorphic to the one-dimensional
multiplicative algebraic group C,, as ug is not nilpotent; cf. [Mason 2011]. ([

Now that Vj is reductive, there are two extreme cases: V; is a semisimple Lie
algebra, and V] is abelian. The vertex operator subalgebra generated by V; will be
extensively investigated in Section 6. We study the rank of V| in the rest of this
section. Let / be the rank of Vi, that is, / is the dimension of a Cartan subalgebra H
of V1. Similar to the case of vertex operator algebras in [Dong and Mason 2004], /
is closely related to the effective central charge ¢, which is defined as follows: Let
{M', ..., M™)} be the irreducible o-twisted V-modules up to isomorphism. Then
there exist A; € C such that M! = ZnE%L ML_Jrn with Mii % 0. The A; is called
the conformal weight of M’. By [Dong and Zhao 2005, Theorem 8.9], A; and the
central charge ¢ of V are rational numbers for all i. Define A, to be the minimum
of the conformal weights A;, and set

E=c—24Amin, * =Ai — Amin-

Theorem 5.6. Let V be strongly o -rational. Then | < C.
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Proof. Let H be a Cartan subalgebra of V. Note that the component operators of
the vertex operators Y (u, z) on V for u € H form a Heisenberg Lie algebra. This
amounts to saying that for u, v € H the following relations hold:

(5'6) [Um, va] = mBm,—n <Lt, U).

In fact, these relations also hold true on any o-twisted V-module M.
Consider (g, h) = (1, 1). Let F; = F;;: be as defined in (5-1). Then F; € €(1, 1).
Recall that

n@ =q"*[Ja-q"

n=1

is a modular form of weight % Then

N F @) =g" [0 =g tu, . (0)q"?

is holomorphic in HU {ico}. Now it follows from the transformation law for 7 (7)
and Theorem 5.2 that the m-tuple

(@) Fi(T), ..., (1) Fu (1))

is a holomorphic vector-valued modular form of weight ¢/2. So the Fourier coef-
ficients of ()¢ F; () have polynomial growth by Proposition 5.1.

The Stone—von Neumann theorem provides us a somewhat different way to look
more closely at F;(t). Namely, M’ has the following tensor decomposition:

(5-7) M =M(1) ®c Qi

where M (1) = Clu,, | u € H, m > 0] is the Heisenberg vertex operator algebra of
rank / generated by H and ;i = {w € M’ | u,w =0 for u € H and n > 0}. Then
the trace function F;(7) corresponding to the decomposition (5-7) is equal to

g (0) g, ¢ (0)g+ O,
as trM(l)qb(o)qL(O) = ql/24n(r)_l. Thus
(5-8) N0 Fi(v) = ¢ n(0)  trg, ¢ (0)g - ©.

We know the Fourier coefficients of the left side of (5-8) have polynomial growth.
This forces the same to be true on 7(t)“~!. Then one has ¢ — > 0, as n(t)* has
exponential growth of Fourier coefficients whenever s < 0; cf. [Knopp 1970]. [

We now use Theorem 5.6 to do an estimation on the dimension of V% .

Corollary 5.7. Let V be strongly o -rational. Then dim V% <2c+1.
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Proof. Let d be a nonnegative integer such that 2d < dim V% < 2d + 1. Then there
exists a unique (up to a constant) nondegenerate bilinear form satisfying (4-1). We
point out that the restriction of (-, -) to Vi is still nondegenerate. So we can choose
elements b', bi* € Vi such that (b, b/*) = 8 and (b, b)) =0=(b'", b/™) for all
1<i,j<d. Seth' =b (b')* 1fori=1,....d. Then h' € V| and hihJ =35 .
hf)hj =0fori, je{l, ---,d}. Asaresult, Zle Ch! C V; is contained in a Cartan
subalgebra of V. By Corollary 5.7, d <[ < ¢, and the proof is complete. (]

6. C»-cofiniteness and integrability

We continue our discussion on the weight 1 subspace V;. We will determine the
vertex operator subalgebra (V) of V generated by V; following the approach in
[Dong and Mason 2006]. It turns out that (Vi) is isomorphic to

Lg (ki,0)® - ® Ly, (ks, 0) ® M(1),

where Vi =g, @ --- @ g; ® Z(V1), g; are simple, k; > 1 are integers, and M (1)
is the Heisenberg vertex operator algebra built up from Z(V;) (see below for the
definition of Lg4(k, 0)). Moreover, (V}) is contained in the rational vertex operator
subalgebra Lg (k1,0) ® --- ® Lg (kg, 0) ® V, for some positive definite lattice
L C Z(V)) satistying rank(L) = dim Z(V}).

Here we need to review the construction of untwisted affine Kac—-Moody Lie
algebras g associated with simple Lie algebras g and relevant results from [Kac
1990]. Let b be a Cartan subalgebra of g and @ the corresponding root system.
Fix a nondegenerate symmetric invariant bilinear form (-, -) on g such that the
square length of a long root is 2, where we have identified h with its dual via the
bilinear form. Then the affine Kac—-Moody algebra associated to g is given by

§=9g®C[t,t'1®CK
with the bracket relations
(6-1) [u(m), v(n)] = [u, vI(m +n) +mu, v)8ui1noK and [K,gl=0

for u,v € g and m,n € Z, where u(m) = u ® t. Let L(A) be the irreducible
g-module with highest weight A € ). Consider L()A) as a g ® C[¢]-module with
g®Ct[t] acting trivially and with K acting as the scalar k € C. Then the generalized
Verma module

V(k, 1) =Ind3L(1) = U (@) ®ugscineck) L)

has the unique irreducible quotient L(k, A). It is well known that L(k, 1) is inte-
grable if and only if k is a nonnegative integer and X is a dominant integral weight
such that (A, 8) <k, where 0 € ® is the maximal root.
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Let V be a VOSA of strong CFT type and let ( -, - ) be the unique nondegenerate
bilinear form satisfying (1, 1) = —1. Suppose that g C V] is a simple subalgebra.
Then both bilinear forms (-,-) and (-, -) on g are symmetric and invariant, so
they must be proportional, that is,

(6-2) (-,-)=k(-,-) forsomekeC.
Then, for any u, v € V| and integers m, n, one has
(Ums vn] = [u, V]ntn +mu1v8yn0.
Comparing this with (6-1) shows that the map
u(m) - u, foruegandmeZ

together with K — k gives rise to a representation of g of level k.

Now we are going to state our main result related to C,-integrability, which
has already been proved to be true in [Dong and Mason 2006] for vertex operator
algebras satisfying C>-cofiniteness. But given a vertex operator superalgebra V =
V; @ Vi which satisfies the C>-cofinite condition, generally, we can not prove that
the even part Vj also has such a property. So in this sense, the following result
sharpens [Dong and Mason 2006, Theorem 3.1], although the idea is similar.

Theorem 6.1. Let V be a simple vertex operator superalgebra which is Cy-cofinite
of strong CFT type, with g C V| a simple Lie subalgebra, k the level of V as g-
module, and the vertex operator subalgebra U of V generated by g. Then:

(a) The restriction of (-, -) to g is nondegenerate.
(b) U= L(k,0).

(¢c) k is a positive integer.

(d) V is an integrable g-module.

Proof. Let h be a Cartan subalgebra of g, and g=h @ ) ¢ 9o the corresponding
Cartan decomposition of g. Since g is generated by subalgebras isomorphic to
sl(2, C), it is good enough to show the theorem for g =s1(2, C). Let {A, x, y} be the
standard basis of g. Then (o, @) =2 and k = (&, ) /2 from this and Equation (6-2).

Clearly, U = (g) is a quotient of V (k, 0). So U is a g-integrable module if and
only if U = L(k, 0) for some k € Z. This is also equivalent to the existence of a
positive integer r such that

(6-3) (x-1)"1=0.

The proof of (6-3) is similar to the same result in [Dong and Mason 2006] and
we omit the proof. (b) then immediately follows. Also note that g C U, so U
can not be a one-dimensional trivial module. Thus k # 0 and k£ must be a positive
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integer, proving (c) and (a). Since L(k, 0) is rational (cf. [Dong et al. 1997]), V
is a direct sum of irreducible L(k, 0)-modules, each of which is integrable as g-
module. Hence V is an integrable g-module. This proves (d). ([

Next we consider a toral subalgebra of V|. Let V be strongly rational or strongly
o-rational, and let h C V| be a toral subalgebra such that the restriction of (-, -)
to fh remains nondegenerate. Notably, any Cartan subalgebra of V| automatically
satisfies such a condition.

Theorem 6.2. Suppose V is strongly rational or strongly o-rational. Let ) C V),
be a toral subalgebra such that the restriction of (-, -) to b is nondegenerate.
Then there exists a positive-definite even lattice L C by with rank dim b and a vertex
operator super subalgebra U of V such thath C U = Vp.

This theorem has been proved in [Dong and Mason 2006] for vertex operator
algebras; see also [Mason 2011]. The same argument using Lemma 5.5 is also
valid for vertex operator superalgebras.

We now assume that

Vi=g1®--- 99 Db,

where g; are simple Lie algebras and Z(V;) = ). By Theorems 5.3, 6.1, and 6.2
we have the following; see [Dong and Mason 2006; Mason 2011].

Corollary 6.3. The V contains a strongly rational vertex operator subalgebra
U= Lgl(klv 0) Q- ®Lgs(kb 0) 029 VL’

where the commutant U€ of U in V is a vertex operator superalgebra such that

U¢ =0.
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ON THE GEOMETRIC FLOWS
SOLVING KAHLERIAN INVERSE o;, EQUATIONS

HAO FANG AND MIJIA LAI

Here we extend our previous work on the inverse o;, problem. The inverse oy
problem is a fully nonlinear geometric PDE on compact Kihler manifolds.
Given a proper geometric condition, we prove that a large family of non-
linear geometric flows converges to the desired solution of the given PDE.

1. Introduction

We study general flows for the inverse oy-curvature problem in Kihler geometry.
This is a continuation of our previous work [Fang et al. 2011].

Geometric curvature flow has been a central topic in the recent development of
geometric analysis. The oy -curvature problems and inverse oy -curvature problems,
fully nonlinear in nature, have appeared in several geometric settings. Andrews
[1994; 2007] studies the curvature flow of embedded convex hypersurfaces in the
Euclidean space. Several authors study the oj-equation in conformal geometry;
see, for example, [Viaclovsky 2000; Chang et al. 2002; Guan and Wang 2003;
Brendle 2005] and references therein. It is thus interesting to explore the corre-
sponding problem in Kihler geometry.

In Kédhler geometry, special cases of the ox-problem have appeared in earlier
literature. Among them, one important example is Yau’s seminal work on the
complex Monge—Ampere equations in the Calabi conjecture. The general case has
been studied recently in [Hou 2009; Hou et al. 2010]. There exist, however, some
analytical difficulties in completely solving this problem for k < n.

Another important example is Donaldson’s J-flow [1999], which gives rise to an
inverse o1-type equation. J-flow is fully studied in [Chen 2000; 2004; Weinkove
2004; 2006; Song and Weinkove 2008]. The general case is described and treated
in [Fang et al. 2011], via a specific geometric flow. In contrast to the oy-problem,
we can pose nice geometric conditions to overcome the analytical difficulties in
the inverse oy-problem. Here we construct more general geometric flows to solve
this problem.

Hao Fang is supported in part by National Science Foundation grant DMS-1008249.
MSC2010: 35K55, 53C44, 53C55.
Keywords: fully nonlinear geometric flows, inverse oy equation.
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We now describe the problem in more detail.
Let (M, w) be a compact Kéhler manifold without boundary. Let x be a Kidhler
metric in the class [ ] other than [w]. For a fixed integer 1 < k < n, we define

n Xk/\a)nik
kOO =\, )

It is easy to see that oy () is a global defined function on M, and pointwise it is
the k-th elementary symmetric polynomial on the eigenvalues of x with respect to

w. Define
YL 00, (n) X" - [w]f
Cp = = _—
fM on(X) k [xI"

a topological constant depending only on cohomology classes [x] and [w].

El

Problem [Fang et al. 2011]. Let (M, w), x and c; be given as above. Is there a
metric ¥ € [x] satisfying

(1-1) i = (Z);z"—kAwk?
To tackle this problem, we consider the geometric flow
0 1k (On—k(Xp)\ /K
o=l ()
(1-2) a1 on(Xg)
¢0)=0

in the space of Kihler potentials of x:

/—1 _
Py = {go e C®(M) | Xo =X+ Tazw > 0}.

It is easy to see that the stationary point of the flow corresponds to the solution
of (1-1).

When k = 1, Equation (1-2) is Donaldson’s J-flow [1999], defined in the setting
of the moment map; see [Chen 2000]. In this case, Song and Weinkove [2008]
provide a necessary and sufficient condition for the flow to converge to the critical
metric. For general k, this problem is solved in [Fang et al. 2011] with an analogous
condition, which we now describe.

We define 6, (w) to be

(1-3) %r(w) = {[X] >0 | there exists x’ € [x] such that

nex " — (Z)(n — k" Ak >0 ).

Here the inequality indicates that the left-hand side is a positive (n —1, n—1) form.
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For k = n, condition (1-3) holds for any Kéhler class. Hence €, (w) is the entire
Kéhler cone of M.
The need for the cone condition (1-3) is easy to see once we write (1-1) locally

as

Tn—k(X) =or(x ™" = cx.
on(X)

Here x ! denotes the inverse matrix of x under local coordinates. Since x ~! > 0,
we necessarily have, for all Z,

o(x i) <.

This condition is equivalent to the cone condition (1-3). See [Fang et al. 2011,
Proposition 2.4].
In this note, we generalize the following result:

Theorem 1.1 [Fang et al. 2011]. Let (M, w) be a compact Kdihler manifold. Let
k be a fixed integer 1 < k < n. Assume x € [x] is another Kdihler form and
[x] € €k (w); then the flow

1/k
(1-4) i(p _ C]i/k ~((on—k(Xe) ’
ot Gn(Xw)

with any initial value x, € [x], has long-time existence and converges to a unique
smooth metric ¥ € [x] satisfying

(1-5) i = (Z);z"’mwk.

Specifically, we study an abstract flow on M of the form

0
[5¢—Fuw—a

(1-6)
¢(0) =0,
where, for f € C*(R-g, R),
F(xy) = f[—ogj(()(()g)], C = f(cp)-

Note that (1-2) is a special case of (1-6) for f(x) = —xl/k,
Abusing notation, we also regard F as a symmetric function on

Co={xeR"|x1>0,x>0,..., x. >0}

by writing F(xy) = F(X1, ..., xa), Wwhere (x;) are eigenvalues of x, with respect
to w. Then by carefully examining the proof of Theorem 1.1 in [Fang et al. 2011],
we observed that the following structure conditions on F are necessary:
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« Ellipticity: F; > 0.

 Concavity: F;; <0.

« Strong concavity: F;; + (F;/x;)6;; < 0.
Here F; = 0F/dy; and F;; = 82F/8x,-8xj. Concavity of F follows from strong
concavity and ellipticity of F.

It is easy to check that F(x1, ..., xn) := —(0u—k(X)/0n(x)

conditions.
We prove the following:

i )
) /¥ satisfies these

Theorem 1.2 (Main theorem). Let (M, w) be a compact Kdihler manifold and let
k be a fixed integer, 1 <k <n. Let x be another Kdhler metric such that [ x] € 6.
Assume that f € C*(R., R) satisfies the conditions
/
(1-7) <0, f’'>=0, f”+L§O.
X
Then the flow (1-6) with any initial value x, € [ x] has long-time existence and the

metric X, converges in C°°-norm to the critical metric x € [x] that is the unique
solution of (1-1).

Remark 1.3. The novelty of our theorem is that there exists a large family of
nonlinear geometric flows that yields the convergence towards the solution of the
inverse oy problem (1-1). For example, the function f can be chosen as f(x) =
—Inx or f(x)=—x?,for 0 < p <1. For the special case f(x)=—Inx and k =n,
we get an analogue of the Kéhler—Ricci flow. For f(x) = —x and k = n, a similar
flow was studied in [Cao and Keller 2011].

Remark 1.4. Theorem 1.2 is inspired by, and can be viewed as a Kihler analogue
of, Andrews’ result [2007] on pinching estimates of evolutions of convex hyper-
surfaces. In fact, our structure conditions are very similar to his.

This paper is organized as follows: in Section 2, we discuss the conditions on
f and strong concavity of F'; in Section 3, we give the proof of the main result.

2. Strong concavity

Here we explore concavity properties for functions involving the quotient of ele-
mentary symmetric polynomials.

Proposition 2.1. Let x € [, and f : R — R, define
,O(Xl, LI Xl’l) - f(o—n—k(X)/O_n(X))

and suppose [ satisfies the conditions

(2-1) f/ <0, f// >0, f// + f <0

x_.
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Then p satisfies:
o Ellipticity: p; > 0 for all i.
e Concavity: p;j <0.
o Strong concavity: p;j + (p;i/x;)dij < 0.

We refer to the conditions in (2-1) as the structure conditions on f.
The proof is based on the following two propositions:

Proposition 2.2. Let g(x1, ..., xn) =logox(x) and x € I',,. Then
e gi >0,
e gij <0,and
* gij+(8i/x;)8i; = 0.

Proposition 2.3. Let h(x1, ..., xn) :=—8(1/x1, ..., 1/x,) = —logor(x ") and
x € 'y, Then

L hl' > O,
. hij <0, and
o hij+(hi/x;j)di; <0.

We refer the reader to the appendix of [Fang et al. 2011] for a detailed proof of
Propositions 2.2 and 2.3.

Proof of Proposition 2.1. Direct computation shows

“1, 4 1
pi =—f'o1(x~" )= > 0.
Xi
Concavity of p follows from strong concavity and p; > 0, and hence it suffices to
show that

0i
,0ij+X—;3ij§0-
Direct computation yields
Pi 1 1, 5 11
22 pij+ 8= o (T Do (T T D=5
Xj i Xj
, 1. o 11 1, 1
+ floka(x™ i, J)——5 0 =38;) +ox—1(x " | i)—56i;-
Xi Xj Xi

Since f”+ f'/x <0and f” >0, we have

{Uk—l(X_l | DYor—1(x 1| )

Py
(2-3) pij+ jaij <f"

J X7 X;
oG L) or—1(x ")
— o ‘)[Tju—am+—38u <0,
Xi X Xi



296 HAO FANG AND MIJIA LAI

The last inequality follows from Proposition 2.3 and the equality

h; 1 o1 (X" Do 1 (7 )
Q2-4) D+ Disy = ——— 2{ k1 )it j
Xj or(x™) XiX;
i Jok—a(x 7ML ) o1 (x ")
—or(x 1)[7(1—51‘j)+—355j .
Xi X Xi
For a hermitian matrix A = (a,-jf), let its eigenvalues be x = (x1, ..., Xn). For
f € C®(R-p, R), we define
of —k(X)
F(A) = p0tr, o) = £( 242,
on(X)

Define
pii . OF  pifad._ 9°F
da;; da;;a;7

It is a classical result that the properties of F'(A) follow from those of p(x);
see, for example, [Spruck 2005, Theorem 1.4]. In particular, Proposition 2.1 leads
to the following:

Proposition 2.4. Let F(A) be defined as above, and let f € C*®(R~g, R) satisfy
(2-1). Then F satisfies:

« Ellipticity: Fii > 0.
o Concavity: FiiHk <0.

o Strong concavity: at A = diag(xy, ..., Xn), we have Fiiii 4 (F"’T/Xj)(S,-j <0.

3. Proof of the main theorem

Long-time existence. Differentiating the flow (1-6), we get
d (0Q\ _ ij (09
a7 (57) = F7000:0;(57)-

By Proposition 2.4, d¢ /0t satisfies a parabolic equation. By the maximum princi-
ple, we have

(o8

dp _ ¢ _ g
ar = ar — &

min -=
=0 0 0t

and thus
min F(x,) < F(x,) = f(ox(x, ")) < max F(x,).

By the monotonicity of f, there exist two universal positive constants A; and A,
such that

(3-1) a<or(x, ") < o
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This implies that y, remains Kéhler; that is, x, > 0. Also, with the bound (3-1),
regarding the estimate aspect, f, f’, and f” are all bounded.

Concerning the behavior of the flow (1-6) for arbitrary triple data (M, w, x), we
have:

Theorem 3.1. Let (M, w, x) be given as above; the general inverse oy flow (1-6)
has long-time existence.

Proof. Following [Chen 2004], we derive time-dependent C2-estimates for the
potential ¢. Since x, > 0, it suffices to derive an upper bound for G := tr,x, =
gPiy pg- By a straightforward computation, we get

0G _ g pif ki 7 i
(3-2) - =8"FT X pXidg + 8" FY X g
s - - .T’kl_ ~ ~ - s ~
— Fl] (gqupé)ij + qu Fl] Xij,pXkl,é + gP(] Flj (qu Rzll]_ _ ij R’;;lié .

The second term is nonpositive by the concavity of F. For the last term, by
choosing normal coordinates, it is easy to see that
(3-3) gPiFY (qu R::lif — meRZlié) < C3+4+ (4G,
for two universal positive constants.

Now the upper bound of G follows from the standard maximum principle. Con-
sequently, we have long-time existence for the flow (1-6). ]

In what follows, we give the proof of the main theorem. Following [Fang et al.
2011], we first derive a partial C2-estimate for the potential ¢ depending on the
C%-norm of ¢ when the condition [x] € 6 (w) holds. Then we follow the method
developed in [Song and Weinkove 2008] to get a uniform C°-estimate and the
convergence of the flow.

Partial C?-estimate. Without loss of generality, we can assume the initial metric
X, is the metric x' in [x] satisfying cone condition (1-3). Since different initial
data differ by a fixed potential function, the same estimates carry over. Again, since
X > 0, it suffices to bound x,, from above. Take G (x, 7, §) := log(x;7'§7) — A,
for x € M and &€ € T M with 76’6/ =1. A'is a constant to be determined.
Assume G attains its maximum at (x,,?,) € M x [0, ¢], along the direction &,.
Choose normal coordinates of w at x,, such that §, = 9/9z; and (x;;) is diagonal at
x,. By the definition of G, it is easy to see that x,7; = x, is the largest eigenvalue of
{xi7} at x,. We can assume 7, > 0; otherwise we would be done. Thus, locally, we
consider H :=1log x,7 — A instead, which also achieves its maximum at (x,, 7,).

For simplicity, we write x = x,. At x,, assume that x = diag(x, ..., x,) with
X1 = X2+ = Xn > 0. We use x to denote the hermitian matrix (x;;) or the set of
the eigenvalues of y, interchangeably when no confusion arises.
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We compute the evolution of H:

0H _ iiu _ 00 _ FUxgai+ F70andi e

2
Xt 1xil
Hj=—————5——Ag;.
X11 X\

By the maximum principle, at (x,, t,) we have

n
oH il
B-4) 0<%~ FlH;=

i=1

1

I

i 0 i
F' (a1 — X1 — Aa_f +AF"¢; + B,

where | - n p |X1i,i |2
B=-- Yo FIyganai+ ) PS5
Wi ki<n i=1 X1

is the collection of all terms involving third-order derivatives.
We claim that B < 0; the proof is presented at the end of this section. Assuming

that, (3-4) leads to
1 i7 8 s
(3-5) X—HF”(XI'Z',H — Xi1,i7) = Aa—(f —AF"¢;.

We simplify the left-hand side of (3-5) by the Ricci identity:

1 < -
(3-6) LHS = — Z F" (iRt — xaiRitiy)

73 N

C, S Fiiy, L - C "o
< 1 szl_ Xi Z F”Rliiz_' < _0_ +C Z Fit
i i=1 i i=1

For the bound on Z?:l Fii Xi, we used (3-1) and the following computation:

ol s BTN |
G D Fixi=—f") orilx ‘|1>Px,~

i=1 i=1
. 1
=—f Zak_l(x”u); = —kf'ox(x ) =C.
i=l !
To deal with the right-hand side of (3-5), we divide into two cases:

Case 1: k <n. In this case, we have the following technical lemma due to the cone
condition.

Lemma 3.2. For k < n, assume that x, = x' € [x] is a Kéhler form satisfying
the cone condition (1-3), and that C| < oy ( X_l) < C; for two universal constants.



ON THE GEOMETRIC FLOWS SOLVING KAHLERIAN INVERSE o; EQUATIONS 299

Then there exists a universal constant N such that if x1/x, > N, then there exists

a universal constant 0 > 0 such that

(3-8) o/ (%) = (1 +0)e o .
X

We refer the reader to [Fang et al. 2011, Theorem 2.8] for a proof.

Case la: x1/xn = N, where N is given in Lemma 3.2. Applying Lemma 3.2, we
claim that there exists a universal constant € > 0 such that

dg

S Fily:4+(1—e)Fiiyy: > 0.

(3-9)

Indeed, by direct computation, we have

n

s X
E F'xii=—f E or—1(x " | l—XO”
i=1

1

3-10 _ Xoii
( ) > _kf'o, 1- l/k( e l/k( ;2>

= —kf'o D +0e ol .

The first inequality follows from Garding’s inequality.
Therefore, by taking € such that (1 —€)(1 +6) = 1, Equation (3-9) is reduced
to

0 _
(3-11) af F”x”—kf’ 1+1/k( 71)Ck1/k

By scaling, we can assume ¢, = 1, and modifying f by adding a constant, we
can further assume that f (1) =0. Plugging in F'i and letting x = ok(x_l), (3-11)
is equivalent to

(3-12) FO) +kf'@)x = kf'(o)x 1 > 0.

The inequality above holds provided f” + f'/x <0and f(1) =0
Combining (3-5), (3-6) and (3-9), we have

n n
s C iy
(3-13) A€ Filyyq < X—ll+CZZF”.
Since y, is a fixed form, there exists a universal constant A > 0 such that

n n
ALY FT <A€Y T Flxgr
i=1 i=1
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Hence, in (3-13), taking A such that AX — C; = 1, an upper bound for x; will
follow once we have shown Y '_; F' is bounded from below. For that we have

n
T _ . 1

G-14) Y Fi=—f"Y o' 02

i=1 i

> —kf/ak]_”"(x‘)a,f/"(%) >Co, "= C
i

Case 1b: x1/x» < N. In this case, the upper bound for x; follows directly from
the lower bound (3-1) on oy (x ~'). Since

(3-15) M<o(x™h< <”>ik
k) xx

we get an upper bound for y,, and thus an upper bound for y;, because x; < N x,.

Case 2: k = n. In this case, we continue on (3-5) directly. Since we are only
concerned with f on the closed interval [A, A;], we can assume that f is positive
by adding a constant. By (3-6), we have that

Co o 1
(3-16) LHS of 3-5) < —+ (2 F'" <C3 —.

For the right-hand side, we have
n
(3-17) RHS of (3-5) > A(— f(ck) —i—nf/an()(_l)) + AeCy Z XL
i=1

Combining (3-16) and (3-17) and taking A such that AeC4 — C3 = 1, we find
there exists a universal constant C such that

(3-18) Z% <cC.
i=1

Consequently, we have a lower bound on x; for all 7, and thus an upper bound for
x1 by (3-1).

Thus we have proved that there exists a universal constant C such that
x1=<C.

This leads to:

Theorem 3.3. Let the notation be as above; we have
190¢|co < CeAv—intmxion e

for two universal constants A and C and any time interval [0, t].
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Finally, we prove the claim that

X1l
B=-L F”"lxljlxk”+ZF” LU <o,

Xi1 1<i,j,k,l<n i=1 Xli

We divide B into three groups:

X:L F”j]thIXJ +F1

X1i 1<i,j<n Xli

_ 2
1|X11,1|

That X is nonpositive follows from the strong concavity of F in Proposition 2.4.

|X11 |
Y = p ZFllllel 1X111+ZF” i '
1 i=2 Xli

One sees by direct computation that F’ Ll g pii /x1 <0 for all i, and thus ¥ <0.
1 .—.’kl—
== > PN K
W skt k> 1

Again by direct computation, each term is nonpositive. We have thus finished the
proof of the claim.

C'-estimate and convergence of the flow. Following the method in [Song and
Weinkove 2008], we introduce two functionals. The monotonic behavior of these
functionals along the flow (1-6) yields the C°-estimate and convergence of the flow.
Define functionals in %,, by

1
(3-19) Fi () = Fu() = /O /M ixk Ao Ear,

where ¢, is an arbitrary smooth path in % %, connecting 0 and ¢, and é, denotes
a time derivative. One can readily check that this definition is independent of the
choice of the path ¢,. Moreover, define

(3-20) Frn(P) = <Z> Fi (@) — cnkFn ().

The first variation of &, _j , is

%gn—k,n(qs):f ¢l(( )X¢r k_CkX:bl’)'

It follows that the Euler—Lagrange equation of %, , is precisely the critical equa-

tion (1-1):
n _
ckx(’; = (k)x(’; NS
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We have the following properties, the first of which is shown in [Fang et al.
2011, Theorem 4.1].

Proposition 3.4 (uniqueness). The solution to the critical equation (1-1) is unique
up to a constant.

Proposition 3.5 (monotonicity of &F,_¢ ,). The functional F,_y , is decreasing
along the flow (1-6).

Proof. By direct computation, we have

(3’21) %%nfk,n((pt) = /M ¢t ((Z) X(Z_k A a)k - CkX;)
= /M (for(xy ) = Flen)(ox(x, ) — e xg <O.

The integrand is of the form (f(a) — f(b))(a — b), which is negative because
f<o. 0

Proposition 3.6 (monotonicity of %,_x). The functional ¥, _ is nonincreasing
along the flow (1-6).

Proof. First define g(x) = f(1/x). It follows that g is concave if and only if
f”+ f'/x <0. Then by Jensen’s inequality, we have

(3-22) W /M flo(x™Nx" " not
M

_ 1 Un(X) n—k k
[y xR Ak /1ug(0n—k(x)>x ne

1 / on(X) _ak k)
< X" Ao
g(fM Xn_k/\wk M On—k(X)

= g(é) = f(ck).

Hence

(3-23) %%_k = fM (f(ox(xy, N = flen)xp  nat <0. O

Finally, we single out the essential steps for the rest of the proof. By [Fang et al.
2011, Theorem 4.5], we have uniform bounds for the oscillation of ¢, that is,

l[sup¢r —infe, || < C.

Then using the functional %,_j;, we obtain a suitable normalization ¢; of ¢,
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for which we can get uniform C°-estimates, and thus uniform CZ2-estimates by
Theorem 3.3. Higher-order estimates follow from the Evans—Krylov and Schauder
estimates. The corresponding metric thus converges to the critical metric solving
the inverse o problem (1-1).
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AN OPTIMAL ANISOTROPIC POINCARE INEQUALITY FOR
CONVEX DOMAINS

GUOFANG WANG AND CHAO XIA

In this paper, we prove a sharp lower bound of the first (nonzero) eigen-
value of the anisotropic Laplacian with the Neumann boundary condition.
Equivalently, we prove an optimal anisotropic Poincaré inequality for con-
vex domains, which generalizes the classical result of Payne and Weinberger.
A lower bound of the first (nonzero) eigenvalue of the anisotropic Laplacian
with the Dirichlet boundary condition is also proved.

1. Introduction

In this paper we are interested in studying the eigenvalues of the anisotropic Lapla-
cian Q, which is a natural generalization of the ordinary Laplacian A. We say that
F is a norm on R" if F : R" — [0, +00) is a convex function of class C!'(R"\{0}),
which is even and positively 1-homogeneous, that is,

F(t&)=t|F(&) foranyreR, & eR",
and
F(&)>0 foranyé§ #0.

A typical norm on R" is F(§) = (2?21 |£:19)1/4 for q € (1, 00). The anisotropic
Laplacian (or Finsler—Laplacian) of u : R" — R is defined by

n

1) Qu() =Y %(F(VM(X))F&. (Vu(x))). xeR",
i=1 "

where

aF

0&;

When F(§) = |&| = (Z?Zl |€:1%)!/2, the anisotropic Laplacian Q = A, the usual
Laplacian. Note that, in this paper, we use & € R" for F and x € R" for functions u.

Fo(®) =27 (¢) and W(x)=<§—)’:l(x),...,§7”(x)>.

Wang is partly supported by SFB/TR71 “Geometric partial differential equations” of DFG. Xia is
supported by the China Scholarship Council.

MSC2010: primary 35P15; secondary 35J62, 35P30.

Keywords: anisotropic Laplacian, first eigenvalue, gradient estimate, optimal Poincaré inequality.
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The anisotropic Laplacian has been studied by many mathematicians, in the
context of both Finsler geometry (see, for example, [Amar and Bellettini 1994; Ge
and Shen 2001; Ohta 2009; Ohta and Sturm 2011; Shen 2001]) and quasilinear
PDE (see, for example, [Alvino et al. 1997; Belloni et al. 2003; Ferone and Kawohl
2009; Wang and Xia 2011b; 2011a; 2012]). Particularly, many problems related
to the first eigenvalue of the anisotropic Laplacian have already been considered
in [Belloni et al. 2003; Ge and Shen 2001; Kawohl 2011; Ohta 2009; Wang and
Xia 2011a]. In this paper we investigate the estimates of the first eigenvalue of the
anisotropic Laplacian.

Let €2 be a smooth bounded domain in R” and v the outward normal unit vector
of its boundary d<2. The first (nonzero) eigenvalue A; of the anisotropic Laplacian
Q is defined by the smallest positive constant such that there exists a nonconstant
function u satisfying

2) —Qu=MAMu inQ
with the Dirichlet boundary condition

(3) u=0 onadQ

or the Neumann boundary condition

4 (Fe(Vu),v) =0 onoS.

We call A the first Dirichlet eigenvalue (respectively the first Neumann eigenvalue)
and denote it by A{) (respectively )»f/). Here (F¢(Vu),v) = Z?:l F, (Vu)v' and
v=l ..., . Equation (4) is a natural Neumann boundary condition for the
anisotropic Laplacian. When F(§) = |§], (F:(Vu),v) = 0u/ov.

The first (nonzero) Dirichlet (respectively Neumann) eigenvalue can be formu-
lated as a variational problem by

Jo F2(Vu) dx
Jo u?dx
fq F*(Vu)dx
Jqu?dx

(5) AP = inf{

0#uc WOI’Z(Q)}.

(6) W@ = inf{

0#uec WI’Z(Q),/ u dx =0}.
Q

Therefore obtaining a sharp estimate of first eigenvalue is equivalent to obtaining
the best constant in Poincaré type inequalities.
We remark that Equation (2) should be understood in a weak sense, that is,

/Zi_(%Fz)(Vu)wi dx:f Lugdx for any ¢ € C°(RQ).
2o 05 &



AN OPTIMAL ANISOTROPIC POINCARE INEQUALITY 307

Finding a lower bound for the first eigenvalue is always an interesting problem.
In [Belloni et al. 2003; Ge and Shen 2001], the authors proved the Faber—Krahn
type inequality for the first Dirichlet eigenvalue of the anisotropic Laplacian. A
Cheeger type estimate for the first eigenvalue of the anisotropic Laplacian involving
the isoperimetric constant was also obtained there. In this paper, we are interested
in the Payne—Weinberger type sharp estimate [Payne and Weinberger 1960] of the
first eigenvalue in terms of some geometric quantity, such as the diameter with
respect to F.

Before stating our main result, we need to introduce some concepts and definitions.
We say that 0€2 is weakly convex if the second fundamental form of 92 with respect
to the inward normal is nonnegative definite. We say that 0S2 is F-mean convex if
the F-mean curvature Hp is nonnegative. For the definition of F-mean curvature,
see Section 2.

There is another convex function FY related to F, which is defined to be the
support function of K := {x € R" : F(x) < 1}, namely,

FO(x) = sup(x, &).
EekK
It is easy to verify that FO : R" i [0, 4+00) is also a convex, even, 1-positively,
homogeneous function. Actually F is dual to F (see, for instance, [Alvino et al.
1997]) in the sense that

FO(x) = sup tx. &) and F(x)=sup <x0’ 5) )
g20 F(§) gx0 FU(§)
Hence the Cauchy—Schwarz inequality holds in the sense that
(7) & nr < FEF ().

We call W, (xo) := {x € R" | FO(x —x0) < r} a Wulff ball of radius r with center at
xo. We say y : [0, 1] — Q a minimal geodesic from x| to x; if

1 1
dr(x1, x2) :=/ FO(J?(I))dt=inf/ FO(7 (1)) dt,
0 0

where the infimum takes on all C! curves y(t) in Q from x; to x;. In fact y is
a straight line and dp(x;, xp) = FO(x; — x1). We call dr(x;, x2) the F-distance
between x; and x;.

Now we can define the diameter dr of 2 with respect to the norm F on R" as

dr == sup dp(xy, x2).
X1,026Q

In the same spirit we define the inscribed radius i of 2 with respect to the norm
F on R" as the radius of the biggest Wulff ball that can be enclosed in Q.
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Our main result is the following.

Theorem 1.1. Let Q be a smooth bounded domain in R" and F € C'(R"\ {0}) a
norm on R". Let )»f’ be the first Neumann eigenvalue of the anisotropic Laplacian
(1). Assume that 0S2 is weakly convex. Then )»IIV satisfies

2

dz’

(8) A =

Moreover, equality holds in (8) if and only if n = 1, and hence <2 is a segment.

Estimate (8) for the Neumann boundary problem is optimal. This is in fact
a generalization of the classical result of Payne and Weinberger [1960] on an
optimal estimate of the first Neumann eigenvalue of the ordinary Laplacian. See
also [Bebendorf 2003]. There are many interesting generalizations. Here we just
mention its generalization to Riemannian manifolds, since we will use the methods
developed there. It should also be interesting to ask if the methods of [Payne and
Weinberger 1960] and [Bebendorf 2003] work to reprove our result, since there are
lots of motivations in computational mathematics.

For a smooth compact n-dimensional Riemannian manifold (M, g) with nonneg-
ative Ricci curvature and diameter d, possibly with boundary, the first Neumann
eigenvalue A; of the Laplace operator A is defined to be the smallest positive
constant such that there is a nonconstant function u satisfying

—Au=Xxu inM

with
ou

8_1):0 on oM,

if aM is not empty, where v denotes the outward normal of M. The fundamental
work in [Li 1979; Li and Yau 1980; Zhong and Yang 1984] gives us the following
optimal estimate

2
) A > %,

where d is the diameter of M with respect to g. Li and Yau [1980] derived a gradient
estimate for the eigenfunction u# and proved that A; > 2 / (4d?), and Li [1979] used
another auxiliary function to obtain a better estimate A; > 2 /(2d?). Finally, Zhong
and Yang [1984] were able to use a more precise auxiliary function to get the sharp
estimate A; > 72 /d 2 which is optimal in the sense that the lower bound is achieved
by a circle or a segment. Recently Hang and Wang [2007] proved that equality (9)
holds if and only if M is a circle or a segment. For related work see [Kroger 1992;
Chen and Wang 1997; Bakry and Qian 2000]. These results were generalized to
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the p-Laplacian in [Valtorta 2012] and to the Laplacian on Alexandrov spaces in
[Qian et al. 2012].
For the Dirichlet problem we have the following.

Theorem 1.2. Let Q be a smooth bounded domain in R" and F € C'(R" \ {0})
a norm on R"*. Assume that AID is the first Dirichlet eigenvalue of the anisotropic
Laplacian (1). Assume further that 02 is F-mean convex. Then )»f’ satisfies

2
b4

.2 M
diy,

(10) AP >

Estimate (10) is by no means optimal.

Our idea to prove the result on the Dirichlet eigenvalue is based on the gradient
estimate technique for eigenfunctions from [Li 1979; Li and Yau 1980]. This
idea also works for the first Neumann eigenvalue to get a rough estimate, say
MV > 72/ (Zd%). However, for getting the sharp estimate of the first Neumann
eigenvalue (8), the method of Zhong and Yang seems hard to apply. Instead, we
adopt the technique based on gradient comparison with a one dimensional model
function, which was developed in [Kroger 1992] and improved in [Chen and Wang
1997; Bakry and Qian 2000]. Surprisingly, we find that the one dimensional model
coincides with that for the Laplacian case. In fact, this must be the case because
when we consider F in R, it can only be F(x) = c|x| with ¢ > 0, a multiple of the
standard Euclidean norm. In order to get the gradient comparison theorem, we need
a Bochner type formula (13), a Kato type inequality (14), and a refined inequality
(15), which was referred to as the “extended curvature-dimension inequality” in
the context of [Bakry and Qian 2000]. Interestingly, the proof of these inequalities
sounds more “natural” than the proof of their counterpart for the usual Laplace
operator. These inequalities may have their own interest. Another difficulty we
encounter is handling the boundary maximum due to the different representation
of the Neumann boundary condition (4). We find a suitable vector field V (see
its explicit construction in Section 3) to avoid this difficulty. With the gradient
comparison theorem, we are able to follow step by step the argument in [Bakry and
Qian 2000] to get the sharp estimate. The proof for the rigidity part of Theorem 1.1
closely follows [Hang and Wang 2007]. Here we need to pay more attention to the
points with vanishing |Vu|.

A natural question arises of whether one can generalize Theorem 1.1 to manifolds.
The anisotropic Laplacian with the norm F does not have a direct generalization
to Riemannian manifolds. However, it has a (natural) generalization to Finsler
manifolds. In fact, R* with F' can be viewed as a special Finsler manifold. On
a general Finsler manifold, there is a generalized anisotropic Laplacian; see for
instance [Ge and Shen 2001; Ohta 2009; Shen 2001]. A Lichnerowicz type result for
the first eigenvalue of this Laplacian was obtained in [Ohta 2009] under a condition



310 GUOFANG WANG AND CHAO XIA

on some kind of new Ricci curvature Ricy, N € [n, oo0]. A Li—Yau—Zhong—Yang
type sharp estimate, that is, a generalization of Theorem 1.1 for this generalized
Laplacian on Finsler manifolds would be a challenging problem. We will study this
problem in a forthcoming paper.

The paper is organized as follows. In Section 2, we give some preliminary
results on 1-homogeneous convex functions and the F-mean curvature, and prove
useful inequalities. In Section 3 we prove the sharp estimate for the first Neumann
eigenvalue and classify the equality case. We handle the first Dirichlet eigenvalue
in Section 4.

2. Preliminary

Without loss of generality, we may assume that F € C3(R"\ {0}) and F is a strongly
convex norm on R”", that is, F satisfies

Hess(F 2y is positive definite in R" \ {0}.

In fact, for any norm F € C'(R"\ {0}), there exists a sequence F; € C3(R"\ {0}
such that the strongly convex norm F.:=/F 2+ ¢|x|? converges to F uniformly
in CIIOC(R” \ {0}). Then the corresponding first eigenvalue A{ of the anisotropic
Laplacian with respect to Fg converges to A as well. Here |- | denotes the Euclidean
norm. Therefore, in the following sections, we assume that F' € C 3R\ {0})
and F is a strongly convex norm on R”. Thus (2) is degenerate elliptic among
Q2 and uniformly elliptic in Q \ 6, where € := {x € Q | Vu(x) = 0} denotes the
set of degenerate points. The standard regularity theory for degenerate elliptic
equations (see, for example, [Belloni et al. 2003; Tolksdorf 1984]) implies that
ueCh¥(Q)NC>*(Q\ ).

The following property is an obvious consequence of the 1-homogeneity of F'.

Proposition 2.1. Let F : R" — [0, +00) be a 1-homogeneous function. Then the
following holds:

() X0y Fe (§)& = F (&)
(i) D) Fre; (6)€; =0 forany i =1,2,...,n. O

For simplicity, from now on we will follow the summation convention and
frequently use the notations F' = F(Vu), F; = F;,(Vu), u; = ou/dx;, u;j =
82u/(8x,~3xj), and so on. Denote

2
@y (Vi) = g () (Vul) = (FF; + FFy)(Va(),
(1) o
aije(Vu)(x) = 0 (3F*)(Vu(x)).

0&;0&; 08k
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In the following we simply write a;; and a;j if no confusion appears. With these
notations, we can rewrite the anisotropic Laplacian (1) as

(12) Quzaiju,-j.
For the function %F 2(Vu) we have a Bochner type formula.

Lemma 2.1 (Bochner formula). At a point where Vu # 0, we have
(13) a; (%Fz(Vu))ij
9
98k

Proof. The formula is derived from a direct computation.

(%Fz) (VM) - a,-jli(%Fz(Vu))u,-j.

= a;jjaguiguj; + (Qu)i o

aij(Vu) (3 F*(Vu)),;
_ ai,-%j((,)%(%lrz)(vmuik)
=ajj #ﬁ)gl(%fﬂ) (Vwujruj + aij a%k(%fﬂ) (Vu)uiji
= a;jaKuuj + 8% (%Fz)(vu) (aixk(aijuij) - (aixkaij>uij)~

Taking into account (12) and

0 /1 -2y O 9 (1 2
3—&(§F )3_xkai.i = aiﬂa—xl(zF (Vu)),
we get (13). U
When F (&) = |&|, (13) is just the usual Bochner formula
SAUVUP) = |D?ul’ + (Vu, V(Aw)).

We have a Kato type inequality for the square of the “anisotropic” norm of the
Hessian.

Lemma 2.2 (Kato inequality). At a point where Vu # 0, we have

(14) ajjapuicj; > aij Fr Fiugu .

Proof. It is clear that

aijaguit j—a;; Fy Fugu i = a;; F Fyuigu ji = F F; Fj Fqugau ji+ F2 Fij Fauigu ji.
Since (Fj;) is positive definite, we know the first term

FF FjFuujuj = FFy(Fiui)(Fjuj) > 0.
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The second term Fj; Fyju;ru j; is nonnegative as well. Indeed, we can write the

matrix (Fy)x; = OT A O for some orthogonal matrix O and diagonal matrix A =

d1ag(,u1 H2, ..., my) With p; > 0 forany i =1,2,...,n. Set U = (u;j); ; and
=0oU0T = (;});,j. Then we have

Fij Fyujjug; =t(0TAOUOT AOU) =u(AOUO"AOUOT)
=tr(AﬁAﬁ) ;L,,uju >0, O
When F(§) = |£], (14) is the usual Kato inequality
IV2ul> = |V [Vu] .

The following inequality is crucial to apply the gradient comparison argument in
Section 3.

Lemma 2.3. At a point where Vu # 0, we have

2
(aijuij) L <aijuij_

(15) a;jjauii j; >
Y e n n—1

Proof. Let
A:FiFjuij and B:FF,‘juij.

The right hand side of (15) equals

1 0
n—lB .

(A+B)? n (B n—1
_|_ -
n n—1 n

A)2 =A%+
The left hand side of (15) is

A% 1 2FFFj Fyugu i + F*F;j Fyuigu ;.
Since (Fj;) is semipositively definite, we know

FFE FjFquiguj = FF(Fiui) (Fiug) > 0.

Using the same notations as in the proof of Lemma 2.2, we have

F*F;j Fuixu j; = FzMiMjft,-zj = F*uiii + F? Z i kiiy, > F2 i,
i#k
B =FF;ju =tr(0TAOU) =tr(AOU O") = p;it;;.
We claim that (F;;) is a matrix of rank n — 1, that is, one of u; is zero. Firstly,

F;ju; = 0. Secondly, for any nonzero V L Fz(Vu), F;;V'V/ =q;;V'V/ > 0. The
claim follows easily. Thus the Holder inequality gives

I o, 2 1 o
I’l—lF (ittii) _I’l—lB . U

2
F l‘Ll ull z
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When F(&) = |£], (15) is

2 2
s GO (B )t
~ n n—1\ n |Vu|?

We now recall the definition of F-mean curvature. Let 2 C R"” be a smooth
bounded domain whose boundary d€2 is an (n — 1)-dimensional, oriented, compact
submanifold without boundary in R". We denote by v and do the outward normal
of €2 and the area element, respectively. Let {eo,}g’[;l1 be a basis of the tangent
space T),(0€2), and let go = g(eq, €g) and hyp be the first and second fundamental
forms, respectively. 0€2 is called weakly convex if (hqg) is nonnegative definite.
Moreover, let (g*#) be the inverse matrix of (8ap) and V the covariant derivative
in R". The F-second fundamental form /& 5ﬂ and the F-mean curvature Hy are
defined by

n—1
h(fﬁ 1= (FggoVe,v,e5) and Hp = Z gaﬁhgﬁ,
o,f=1

respectively. We call E)«“ = — Hpv the F-mean curvature vector (it is easy to check
that all definitions are independent of the choice of coordinates). €2 is called
weakly F-convex (respectively F-mean convex) if (hgﬂ) is nonnegative definite
(respectively Hr > 0). It is well known that when we consider a variation of
02 with variation vector field ¢ € C;°(92, R"), the first variation of the F-area
functional F(X) := fasz F(v)do reads as

8, F(X) = — f (Hr. g)do.
092

It is easy to see from the convexity of F that h(fﬁ being nonnegative definite is
equivalent to the ordinary second fundamental form /g being nonnegative definite.
In other words, there is no difference between weakly F'-convex and weakly convex.
However, F-mean convex is different from mean convex. For more properties of
Hp, we refer to [Wang and Xia 2011b] and the references therein. Here we will
use the following lemma, which interprets the relation between the anisotropic
Laplacian and the F-mean curvature of level sets of functions.

Lemma 2.4 [Wang and Xia 2011b, Theorem 3]. Let u be a C 2 function with a

regular level set S; = {x € Q| u =t}. Let Hr(S,) be the F-mean curvature of the

level set S;. We then have

0%u

QM(X) = —FHF(S;) + FiFju,-j = —FHF(S[) + 87
F

for x with u(x) =t, where vp := Fg(v) = —F:(Vu).
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We point out that we have used the inward normal in [Wang and Xia 2011b] and
there is an sign error in formula (5) there. Hence the term F Hr(S;) in formula (9)
there should be read as — F Hr (S;).

3. Sharp estimate of the first Neumann eigenvalue

It is well-known that the existence of the first Neumann eigenfunction can be
obtained from the direct method in the calculus of variations. We note that the first
Neumann eigenfunction must change sign, for its average vanishes.

In this Section we first prove the following gradient comparison theorem, which
is the most crucial part for the proof of the sharp estimate. For simplicity, we write
A instead of )»f’ throughout this section.

Theorem 3.1. Let 2, u, L1 be as in Theorem 1.1. Let v be a solution of the 1-
dimensional model problem on some interval (a, b):

(16) V=TV =—xv, V(@) =v®B)=0, v >0
with T(t) = —(n— 1)/t or 0. Assume that [min u, max u] C [min v, max v]. Then
(17) F(Vu)(x) <v' (v (u(x))).

Proof. First, since [ u =0, we know that min u <0 while max u > 0. We may assume
that [min u, max ] C (min v, max v) by multiplying «# by a constant 0 < ¢ < 1. If
we prove the result for this u, then, letting ¢ — 1, we have (17).

Under the condition [min «, max ] C (min v, max v), v_! is smooth on a neigh-
borhood U of [min u, max u].

Consider P := w(u)(%F(Vu)2 — ¢ (u)), where ¥, ¢ € C*°(U) are two positive
smooth functions to be determined later. We first assume that P attains its maximum
at xo € Q. Then we consider the case where xg € 0Q2. If Vu(xg) =0, P <0 is
obvious. Hence we assume Vu(xg) 7 0. From now on we compute at xg. As in
Section 2, we use the notation (11). Since xq is the maximum of P, we have

(18) P;i(x0) =0,
(19) a;j(xo) Pij(xo) < 0.
Equality (18) gives
G ¥ ()i ;v
(20) B—Xi(%FZ(Vu) — o) =— 2 P, FiFjuj=¢ — WP.

Then we compute a;; P;;.

)+ a5 SV~ (6 )
it
+2aij<w<u))i—ai. (5F*(Vu) — ¢ w)).
J

a;j Pij =
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It is easy to see from Proposition 2.1 that

@) L (AF)(Vwu = FA(Vu),  ajuiuj = FX(Vu), ajjeug =0,

9&;
By using (20), (21), the Bochner formula (13), and eigenvalue equation (2), we get

(22) aij P

—A w Zw” Zw/z B o 2 l 2 1
1u¢+F " —2F el P+ (aijaguiguji—r F)+y (Aug’— F°¢").

Applying Lemma 2.3 to (22), replacing F? by 2P /v + ¢, and using (20), (2), and
(19), we deduce

(23) 0>ay; Py

( e uﬁ +F2w 2F2$ )P+w(/\ ug' — F2¢")

4
Ry . 2
+w<(“”””) +— (aljulj—FiFjuij) —)»1F2)
n n—1 n
" 2
:l[zw__@_ " 1/I—i|P2
vy n—1"y?
1p// W/Z n+1y 2n w "
+[2¢<?—2W)—n_lwk1 _1?05 —20—2¢ ]P
ru[ Lt g g 2010 - 200"

:=a1P2—|—a2P+a3.

We are lucky to observe that the coefficients a;, i =1, 2, 3, coincide with those
appearing in the ordinary Laplacian case; see, for example, [Bakry and Qian 2000,
Lemma 1]. The next step is to choose suitable positive functions ¥ and ¢ such that
ai, a > 0 everywhere and az = 0, which has already be done in [Bakry and Qian
2000]. For completeness we sketch the main idea here.

Choose ¢ (1) = —v "(v=Y(u))2, where v is a solution of the 1-dimensional problem
(16). One can compute that

"

¢y =v"(w ), ¢"w)="2 (—1<u)).

Setting t = v~ (1) and u = v(¢), we have

t
az(t) _ 1 k%v2+ n+1
W n—1 n

=0 =TV +1v) + L
n—1

n
1K1UUN + . U//Z _ )»11)/2 _ v/v///
— n_

W =TV + 1)V + TV + 1 v) =
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Here we have used the fact that T satisfies 7' = T2 /(n—1). For ay, ap, we introduce

v'(1)

With these notations, we have

X(0) = 20 w(u)zexp(/ h(v(r))), F6) = —hO)' ().

f'==hv2+ f(T - X).

VP =2/ (T —X) =122 20 = 2(01() - 1),

a2=f<3nn llT 2X) 2T( — ) fP=f=0aN—f

We may now use [Bakry and Qian 2000, Corollary 3], which says that there
exists a bounded function f on [minu, max«] C (min v, max v) such that f/ <

min{Q(f), Q2(f)}.
In view of (23), we know that, by our choice of ¥ and ¢, P(xg) < 0, and hence

P(x) <0 for every x € €2, which leads to (17).
Now we consider the case xp € 9€2. Suppose that P attains its maximum at
xo € 92. We introduce a new vector field V (x) = (V' (x))7_, defined on 9<2 by

Vi) = a (V) (x).

j=1

Because (a;;) is positive, V (x) must point outward. Hence

oP
W(x()) >0

On the other hand, we see, from the Neumann boundary condition and homo-
geneity of F, that

a . .
ﬁ(xo) = wia;j(Vu(x)/ = FFju/ =0.
Thus we have

(24) 0< g—v(xo) W F Fugja ot

We now choose a local coordinate {e;};=1,..., around xo such that e, = v and
{ea}a=1,...n—1 1s the orthonormal basis of the tangent space of 9€2. Denote by /g
the second fundamental form of d€2. By the assumption that 92 is weakly convex,
we know the matrix (hqg) > 0.

The Neumann boundary condition implies that

(25) Fiv' (x0) = Fu(x0) =0
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By taking the tangential derivative of (25), we get

D, (Z le‘)(xo) =
i=l]

forany g =1,...,n— 1. Computing D,, -, Fiv')(xo) explicitly, we have

(26) 0= D, (Z Evi>(xo) Z [jUjBY +ZFV/3
i=1

i,j=1
n n—1
= Z F,]uj,gv +ZZFhﬂy€
i,j=1 i=1y=1
n n—1
:ZFnj”jﬂ"‘ZFyhﬂy-
j=1 y=1
In the last equality, we used v, =1, and vg =0 for 8 =1, ...,n — 1 in the chosen
coordinate.
Combining (24), (25), and (26), we obtain
n—1 n
O_W(XO)_ Z wFFu,Jajkv —WFZZF UgjQjn
i,j,k=1 a=1 j=1
n—1 n
=YFY Y FalgjFjn=—YF Z FyFyhgy, <
a=l1 j=1 a,y=1

Therefore we obtain that (0 P/90V)(xg) = 0. Since the tangent derivatives of P also
vanish, we have V P (xg) = 0. It is also the case that (19) holds. Thus the previous
proof for an interior maximum also works in this case. This finishes the proof of
Theorem 3.1. O

Following the idea from [Bakry and Qian 2000], besides the gradient comparison
with the 1-dimensional models, in order to prove the sharp estimate on the first
eigenvalue of the anisotropic Laplacian, we need to study many properties of the
1-dimensional models, such as the difference (a) = b(a) — a as a function of
a € [0, +o0], where b(a) is the first number for which v/(b(a)) = 0 (Note that
v/ > 0in (a, b(a))). As we already saw in Theorem 3.1, the 1-dimensional model
(16) appears the same as that in the Laplacian case. Therefore, we can directly use
the results of [Bakry and Qian 2000] on the properties of 1-dimensional models.
Here we use some simpler statement from [Valtorta 2012].

We define é(a) as a function of a € [0, +00] as follows. On the one hand, we
denote §(c0) = 7/+/A1. This number comes from the 1-dimensional model (16)
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with 7 = 0. In fact, it is easy to see that solutions of (16) with T = 0 can be

explicitly written as
v(t) =siny/ At

up to dilations. Hence in this case, b(a) —a = 7 /+/A; for any a € R. On the
other hand, we denote §(a) = b(a) — a as a function of a € [0, +00) relative to the
1-dimensional model (16) with T = —(n — 1) /x.

We have the following property of é(a).

Lemma 3.1 [Bakry and Qian 2000; Valtorta 2012, Theorem 5.3, Corollary 5.4].
The function 8(a) : [0, oo] — R¥is a continuous function such that

T 4

VAt Vi

m(a) :=v(b(a)) < 1,lim,_,cm(a) =1, and m(a) =1 if and only if a = oc.

8(a) > and 6(00) =

In order to prove the main result, we also need the following comparison the-
orem on the maximum values of eigenfunctions. This theorem is obtained as a
consequence of a standard property of the volume of small balls with respect to
some invariant measure; see [Bakry and Qian 2000, Section 6].

Lemma 3.2. Let @2, u, Ay be as in Theorem 1.1. Let v be a solution of the 1-
dimensional model problem on some interval (0, 00):
" n—1

== v —Av, v0)=-1, v (0)=0.

Let b be the first number after 0 with v'(b) = 0 and denote m = v(b). Then
max u > m.

The proof of Lemma 3.2 is similar to that of [Bakry and Qian 2000, Theorem 11].
The essential part is the gradient comparison theorem 3.1. We omit it here.
Now we are in a position to prove Theorem 1.1.

Proof of Theorem 1.1. Let u be an eigenfunction with eigenvalue 4. Since [ u =0,

we may assume minu = —1 and 0 < k = maxu < 1. Given a solution v to (16),

denote m(a) = v(b(a)) with b(a) the first number with v'(b(a)) = 0 after a.
Lemmas 3.1 and 3.2 imply that for any eigenfunction u, there exists a solution v

to (16) such that minv = minu = —1 and maxv =maxu =k < 1.
We now get the expected estimate by using Theorem 3.1. Choosing x1, x» € Q
with u(x;) = minu = —1, u(x,) = maxu = k and y(¢) : [0, 1] - € the minimal

geodesic from x; to x. Consider the subset / of [0,1] such that (d/dt)u(y(t)) > 0.
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By the gradient comparison estimate (17) and Lemma 3.1, we have

1
dr > / FOG () di > / FO () di
0 1

b . ko
Z./o F(Vu)<vu’y(t)>dt:/;1 FOVi) du

¢ 1 b(a) -

2
A > ﬂ—
F

which leads to

It remains to prove the equality case. The idea of the proof follows from [Hang
and Wang 2007]. Here we must pay more attention to the points with vanishing Vu.

Assume that A = 72/ d%. It can be easily seen from the proof of Theorem 1.1
that a = oo, which leads to max ¥ = max v = 1 by Lemma 3.1. We will prove that
Q is in fact a segment in R. We divide the proof into several steps.

Stepl. S :={xeQ|ulx)==%1}C .
Let ® = F(Vu)? + Aju”. After a simple calculation using the Bochner formula
(13) and the Kato inequality (14), we obtain
5aij®ij = aijaguiuj — 3aijui P — Aju®
> aij Fy Fujguji — Sagjiu @) — 2ju®
1
= —%a,-jlu,-j@l + m(a,-j@i@j - 4)\.1””,’951')
on 2\ 6. Namely,
(27) %Clij@ij +b;P >0

on Q\ 6 for some b; € CO(Q). If P attains its maximum on x( € d2, then arguing
as in Theorem 3.1, we have V®(xg) = 0. However, from the Hopf Theorem,
VP (x9) # 0, a contradiction. Hence % attains its maximum at ‘6, and therefore,

(28) P <Ap.
Take any two points x1, xo € S with u(x;) = —1, u(xp) = 1. Let
t t =
1) = 1——) —x5:[0,1 Q
v ( FOa—xp /™! * FO(y—xp) 2 0=

be the straight line from x; to x,, where [ := F O(x, — x1) is the distance from x|
to x, with respect to F. Denote f () := u(y(t)). It is easy to see FO(y (1)) = 1. It



320 GUOFANG WANG AND CHAO XIA

follows from (28) and the Cauchy—Schwarz inequality (7) that

(29) IOl =1Vuly(®) -y < F(Vu)(y (1) </ 211 = f()?).

Here we have used the Cauchy—Schwarz inequality (7) again. Hence

)
1o
(30) d zlz/ dth——dt
' {0<r<l, f'(t)>0} 0 VA1 1—f(t)?

1 /1 1 de— T
VAL Jo1 v/ 1—x2 VAl
Since dp = 7 /+/*1, we must have dr = [, which means S C 9€2.

Step 2. P = F>(Vu) + A u*> = A1 in Q. Hence S = 6.

From Step 1, we know that Q* := Q\ S is connected. Let E :={x € Q*: P = 1,}.
It is clear that E is closed. In view of (27), thanks to the strong maximum principle,
we know that E is also open. We now show that E is nonempty. Indeed, from the
fact that all inequalities in (29) and (30) are equalities, we obtain f(t) = u(y (t)) =
—cos /At fort € (0,1). Hence

Py) = f > +rf1) =1

Thus E is nonempty, open, and closed in ©*. Therefore, we obtain ? = A; in Q
(for x € S, P = X is obvious).

Step 3: Define X = Vu/F(Vu) in Q* and X™* the cotangent vector given by
X*(Y) = (X, Y) for any tangent vector Y. Then, in Q*, we claim that

31 D*u=—2uX*® X",

and, moreover, X = ¢ for some constant vector ¢.
First, taking the derivative of F 2(Vu) 4+ Mu? =1 gives

(32) FiFuij = —hu.
On the other hand, since & = A, the proof of (27) leads to
(33) aijaguicu i = Aju® = (F;Fju;)*.
Equation (33) in fact gives that

(34) Fij Frauiguji = 0.

Set X+ :={VeR'|V LX)} X'isan (n— 1)-dimensional vector subspace.
Note that (F;;) is exactly a matrix of rank n — 1 (see the proof of Lemma 2.3) and
F;; X/ =0. It follows from this fact and (34) that

35) ui;V'v/i =0 forany Ve X+ .
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Equations (32) and (35) imply (31), which in turn implies
—Auuiu;

F2(Vu) ~
By differentiating X, we obtain from (36) that

(36) ujj =

i M U
! F(Vu) F2(Vu)

Fkuki =0.

Thus X = ¢ in Q*.

Step 4: The maximum point and the minimum point are unique.

We already knew that f(f) = u(y(¢t)) = —cos+/Ait and Vu(y(t)) # 0 for
t € (0,1). Hence u is C? along y (¢) for ¢ € (0, ), and it follows that

37 Dzu())(t), y(®) ly@) =Ar1cost foranyt € (0,/).
On the other hand, we deduce from (31) that

(38) D2 u(y (1), y(0)) lyay = —auly ())(X, (1)

Combining (37) and (38), and taking t — 0, we get

X,y @) =1=F(X)F'(y()),

which means equality in the Cauchy—Schwarz inequality (7) holds. Hence X =
+£F)(y(t)). Noting that y (1) = x — x1/F(xa — x1), we have

X = Féo(xz—xl).

Suppose there is some point x3 with #(x3) = 1. Using the same argument, we obtain
X = F%_O(xg —x1). In view of FO(x3 —x;) = F(x, — x1), we conclude that x3 = x».
Therefore, there is only one maximum point and only one minimum point.

Step 5: n =1 and 2 is a segment.

From Step 4, we have Vu # 0 for most points of 92, and at these points
X = Vu/F(Vu) lies in the tangent spaces due to the Neumann boundary condition.
This is impossible unless n = 1, because X is a constant vector. This completes the
proof. ([l

4. Estimate of the first Dirichlet eigenvalue

As in Section 3, for simplicity, we write A; instead of AlD throughout this section.

It is well-known that the existence of first Dirichlet eigenfunction can be easily
proved by using the direct method in the calculus of variations. Moreover, by the
assumption that F' is even, the first Dirichlet eigenfunction # does not change sign;
see [Belloni et al. 2003, Theorem 3.1]. We may assume u is nonnegative. By
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multiplying u by a constant, we can also assume that supg # = 1 and infqu =0
without loss of generality.
For any «, 8 € R with « > 0, ,32 > sup(« + u)?, consider the function

F2(Vu)

PO = 3@y

Suppose that P (x) attains its maximum at xq € Q.

With the assumption that €2 is F-mean convex, we first exclude the possibility
xo € 02 with Vu(xg) # 0. Indeed, suppose we have xg € a2 with Vu(xg) # 0.
Define

v = Fg(v)

on dQ = {x € Q | u(x) =0}. In view of (vg, v) = F(v) > 0, vy must point outward.
From the Dirichlet boundary condition, we know that

v=—Vu/|Vu|
for Vu # 0. Hence vy = —F¢(Vu). Since P attains its maximum at xo, we have
0< E(xo) _ ZFF,-u,-jv}; P2 a(du/dvr)
dvp B2 — (a +u)? (B? — (o +u)?)?

Hence
2
_u  Fa@u/dvp)

0.
81)12; Br—a?2

Note that du/dvrp = —F(Vu). Since 92 itself is a level set of u, we can apply
Lemma 2.4 to obtain

2
a—l; = Qu + FHf.
g
In view of Qu(xg) = —Aju(xg) = 0, we obtain that
2 o
—FHp—F o’ > 0.

This contradicts the fact that Hg(92) > 0.

On the other hand, if Vu(xg) =0, F(Vu)(xp) =0 and P(x¢) = 0, which implies
F(Vu) =0, that is, u is constant, a contradiction.

Therefore we may assume xo € 2 and Vu(xo) # 0. Since a;; is positively definite
on ©\ €, where € := {x | Vu(x) = 0}, it follows from the maximum principle that

39) P;(x0) =0,
(40) aij(xo) Pij(xo) <0.
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From now on we will compute at the point xy. Equality (39) gives

3 F2(Vu) (o +u)u;
@b 3 V) =~y
Then we compute a;;(xo) P;j (xo).
1 02
@ij (x0) Fij (o) = ﬁz—(a—i-u)zaij 0x;0x; (%FZ(VM))

0 A2y (L
245 dx; (GF (V) ax; <,82—(a+u)2)

92 1 1 2
’ LF2(v
+aij 8xi8xj(ﬂ2—(a+u)2>2 (Vu)

=1+1+1l.
By using (41), (21), the Bochner formula (13), and Equation (2), we obtain
1

“42) I= m[azjakiuikuﬂ — M F?,
___AFYatw)?
(43) 1= Bl
4 4 2 2
(44) 11l = F 4F* (o +u) A F2u(e +u)

B2 —(@tuw?? " (B—@+u)?)} (B2 —(@+u?)?’
We now apply Lemma 2.2 to (42) and obtain
ajjaguiguj; > aij Fr Fiuggu
1 0 /12 d (12
= ﬁ“”fa_yci(iF (Vu))Wj(EF (Vu))
__ Fa+tw)?
(B*—(a+u)?)?

Here we have used (41) and (21) again in the last equality. Therefore, we have

- F*(a+u)? M F?
T (B —(@+uw?d p—(a+u)?
Combining (40), (43), (44), and (45), we obtain

(45)

F*p? A F? MFu(o+u)

PR a0 T B e w? (Bt wR

It follows that

F2(Vu) A

m(ﬁco) < p(ﬁ2 —a(a+u).

(46)
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Noting that supg u = 1, we choose o > 0 and 8 = o + 1. Then estimate (46)

becomes )
F2(Vu) a(o+u)
(a+nL4a+m2@wfkdﬁ_(a+m2)fkb

Hence we conclude that

F2(Vu)
@ D —(@tw? ="

(47)

for any x € Q.
Choose x| € Q with u(x;) =supu =1 and x, € IQ with

dr(x1,x2) =dp(x1,0Q) <ir

and y (¢) : [0, 1] = Q the minimal geodesic connecting x; with x,. Using the
gradient estimates (47), we have

1 1
T . < o )_f 1 / 1
arcsin( —— ) = du < /A du
2 at+l 0 Ve+1)2—(a+u)? Yy Fvw

1
1 .
N R AL

1
s\/f]f FO(y (1)) dt < /Aiip.
0

Here we have used the Cauchy—Schwarz inequality (7). Letting « — 0, we obtain

S|
(3]

Al >

N

0

1

Thus we finish the proof of Theorem 1.2.
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EINSTEIN METRICS AND EXOTIC SMOOTH STRUCTURES

MASASHI [SHIDA

We prove new existence theorems of 4-manifolds admitting infinitely many
distinct smooth structures for which no Einstein metric exists.

1. Introduction

A Riemannian metric g is called Einstein if its Ricci curvature, considered as a
function on the unit tangent bundle, is constant. It is known that any closed oriented
Einstein 4-manifold X satisfies

(1 2x(X) = 3|t (X1,

where x (X) and 7(X) denote respectively the Euler characteristic and signature
of X. This is called the Hitchin—Thorpe inequality [Hitchin 1974; Thorpe 1969;
Besse 1987]. Hitchin [1974] proved that any closed oriented Einstein 4-manifold
satisfying 2 x (X) = 3|t (X)] is finitely covered by either a K3 surface or the 4-torus.

On the other hand, by using Seiberg—Witten invariants [Witten 1994], LeBrun
[1996] constructed the first example of a simply connected closed 4-manifold X
without Einstein metrics that nonetheless satisfies the strict Hitchin—-Thorpe in-
equality 2x (X) > 3|t(X)|. It is now well-known [LeBrun 1995a; 1995b; 2001;
2009] that the existence of monopole classes (see Definition 2 below) gives rise
to obstructions to the existence of Einstein metrics on 4-manifolds. In particular,
any Einstein 4-manifold X with a nonzero special monopole class (see Section 2
below) must satisfy the inequality

2 x (X) = 37(X).

This equality occurs only if X is a compact quotient of the complex hyperbolic
plane equipped with a constant multiple of its standard K&hler—Einstein metric.
For Kihler surfaces, this inequality reduces to the celebrated Miyaoka—Yau in-
equality. We shall call (2) the Miyaoka—Yau-LeBrun inequality. Moreover, an
obstruction found in [LeBrun 1996; 2001] provided the first means of exhibiting

This work is supported in part by the Grant-in-Aid for Scientific Research (C), Japan Society for the
Promotion of Science, number 20540090.

MSC2010: primary 53C25; secondary 57R57, 57R5S.
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the dependence of Einstein metrics on smooth structures of underlying topological
4-manifolds [Kotschick 1998]. In particular, we know that there exist infinitely
many topological 4-manifolds which often admit infinitely many smooth structures
for which Einstein metrics do not exist, but nevertheless satisfy the Hitchin—Thorpe
inequality. For instance, see [LeBrun 2001; 2003; Ishida and LeBrun 2002; 2003;
Brunnbauer et al. 2009].

In this article, we shall prove the following general existence theorem of 4-
manifolds without Einstein metrics, which nicely highlights how much there is
to be said about the subject beyond the Hitchin—Thorpe inequality (1) and the
Miyaoka—Yau-LeBrun inequality (2).

Theorem A. For any pair of integers (m, n) satisfying m +n = 0 (mod 2), there
exist infinitely many nonhomeomorphic topological nonspin 4-manifolds with

(x,©) = (m, n),

and all such topological nonspin 4-manifolds admit infinitely many distinct smooth
structures for which nonzero special monopole classes exist and Einstein metrics
do not exist. In particular:

(1) If 2m > 3|n|, there are nonspin 4-manifolds admitting infinitely many distinct
smooth structures for which no Einstein metric exists, but that nevertheless
satisfy the strict Hitchin—Thorpe inequality.

(2) If m > 3n, there are nonspin 4-manifolds admitting infinitely many distinct
smooth structures for which nonzero special monopole classes exist and Ein-
stein metrics do not exist, but nevertheless satisfy the strict Miyaoka—Yau—
LeBrun inequality.

Notice that any closed 4-manifold X always satisfies x (X)+7(X)=0 (mod 2).
Therefore, m+n =0 (mod 2) in the above theorem is the best possible. Theorem A
follows from Theorem 11 proved in Section 4. Theorem 11 provides us a way
to construct new examples of 4-manifolds without Einstein metrics. See also
Remark 12 at the end of Section 4.

One of motivations for Theorem A comes from an interesting result due to
Sambusetti [1998]. Using a remarkable inequality of Besson, Courtois, and Gallot
[Besson et al. 1995] concerning the volume entropy, Sambusetti [1998] proved a
topological obstruction to the existence of Einstein metrics on a 4-manifold admit-
ting a nonzero degree map onto compact real or complex hyperbolic 4-manifolds.
By applying the obstruction, Sambusetti proved an interesting existence result for
4-manifolds without Einstein metrics.

Theorem 1 [Sambusetti 1998, Theorem 4.4]. Any pair of integers (m, n) satisfying
m+n =0 (mod 2) can be realized as the Euler characteristic x and signature T
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of infinitely many nonhomeomorphic closed smooth 4-manifolds without Einstein
metrics.

We notice that Sambusetti’s obstruction actually depends only on the homotopy
type of the manifold, and therefore in principle applies to all smooth structures.
However, it appears to be unknown if most of the examples considered by Sam-
busetti actually admit exotic smooth structures. For instance, Theorem 1 is proved
by considering the following connected sum Y,ﬁ,n [Sambusetti 1998, Remarks 4.5]:

m—+n

(Il + [l + p)M # (iml +[n] = n -+ pYCP# (] + ] — +1+p)Y,
where p is any nonnegative integer, M is a Mumford fake projective plane [1979]
and Y := §% x T2. We also remark that there is a vanishing theorem of Witten [1994]
which asserts that all the Seiberg—Witten invariants of a connected sum X #X», of 4-
manifolds with b; (X1)>1and 192+ (X2) > 1 vanish, where b™ (X) is the dimension
of a maximal linear subspace of H2(X, R) on which the cup product pairing is
positive definite. Hence, all the Seiberg—Witten invariants of the connected sum
Y}, vanish in general. At least, the present author does not know how to detect
the existence or nonexistence of monopole classes of Y,ﬁ,,,, and, to the best of our
knowledge, it is also unknown whether the underlying topological manifold of
Y, , admits infinitely many smooth structures for which no Einstein metric exists.
Hence, Theorem A can be seen as a natural generalization of Sambusetti’s result
and actually contains several new aspects which were not covered by Sambusetti’s
result. Moreover, our method of proof is totally different from that of Theorem 1.
In particular, we use the Seiberg—Witten monopole equations [Witten 1994] to
prove Theorem A.

We mention that a Seiberg—Witten refinement of Theorem 1 was first proved
by Del Rio Guerra [2002, Theorem D], who showed the existence of non-Einstein
4-manifolds with free fundamental group. Our Theorem A can be seen as a natural
generalization of that result, because our method of proof implies the existence
of topological 4-manifolds with free fundamental group and admitting infinitely
many distinct smooth structures for which Einstein metrics do not exist. (See also
Remark 12 below.)

Theorem A is a result on the nonspin case. The second main result of the present
article tells us that a similar result still holds in the spin case:

Theorem B. For any pair of integers (m, n) satisfying m +n = 0 (mod 2) and
n = 0 (mod 16), there exist infinitely many nonhomeomorphic topological spin
4-manifolds with (x, t) = (m,n) and all such topological spin 4-manifolds ad-
mit infinitely many distinct smooth structures for which nonzero special monopole
classes exist and Einstein metrics do not exist. In particular:
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(1) If 2m > 3|n|, there are spin 4-manifolds admitting infinitely many distinct
smooth structures for which no Einstein metric exists, but nevertheless satisfy
the strict Hitchin—-Thorpe inequality.

(2) If m > 3n, there are spin 4-manifolds admitting infinitely many distinct smooth
structures for which nonzero special monopole classes exist and Einstein met-
rics do not exist, but nevertheless satisfy the strict Miyaoka—Yau—LeBrun in-
equality.

By Rohlin’s theorem, any spin 4-manifold X must satisfy 7(X) =0 (mod 16).
Therefore, we cannot remove the condition n = 0 (mod 16) from Theorem B.

2. Obstruction to the existence of Einstein metrics

By using several nice results proved in [LeBrun 2009], we shall prove an obstruc-
tion to the existence of Einstein metrics on 4-manifold; see Theorem 7 below. We
shall use the obstruction to prove the main results.

Let X be a closed oriented Riemannian 4-manifold with 5™ (X) > 2. Recall that a
spin‘-structure I'y on a smooth Riemannian 4-manifold X induces a pair of spinor
bundles S;—LX which are Hermitian vector bundles of rank 2 over X. A Riemannian
metric on X and a unitary connection A on the determinant line bundle £r, :=
det(SliLX) induce the twisted Dirac operator %4 : F(S;rx) — F(Slfx). Seiberg—
Witten monopole equations over X are the following nonlinear partial differential
equations for a unitary connection A of the complex line bundle £, and a spinor

¢ € D(SE):
3) Dap =0, Fi=iq(9),

where F: is the self-dual part of the curvature of A and ¢ : SITX — AT is a certain
natural real-quadratic map satisfying

@)= =

232

where AT is the bundle of self-dual 2-forms. We recall some background.

617,

Definition 2 [Kronheimer 1999; Ishida and LeBrun 2003; LeBrun 2009]. Let X
be a closed oriented smooth 4-manifold with 57 (X) > 2. An element

ae€ H*(X,7)/torsion C H*(X, R)
is called the monopole class of X if there exists a spin®-structure "'y with

F(Fry) =a,
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which has the property that the corresponding Seiberg—Witten monopole equations
(3) have a solution for every Riemannian metric on X. Here c[{Q(EBrX) is the image
of the first Chern class ¢;(&£r, ) of the complex line bundle &r, in H 2(X, R).

In what follows, we shall usually denote c"ﬁ(irx) by ¢1(&£r,) for short. A
monopole class ¢;(£r,) of X is called special [Kotschick 2004] if c%(&ﬁrx) >
2x(X) +37(X) holds. We shall also denote the set of all monopole classes on X
by €(X). Then we have the following fundamental result on €(X).

Proposition 3 [Ishida and LeBrun 2003, Proposition 3]. Let X be a closed oriented
smooth 4-manifold with b™ (X) > 2. Then the set €(X) is a finite set.

Now recall that, for any subset W of a real vector space V, one can consider the
convex hull Hull(W) C V, meaning the smallest convex subset of V containing
W. Finiteness of €(X) implies that the convex hull

Hull(@(X)) C H*(X, R)

is compact. Moreover, it is known that the convex hull Hull(€(X)) is symmetric,
that is, Hull(¢(X)) = — Hull(€(X)). See [LeBrun 2009] for more details.

Since €(X) is a finite set, we are able to write &(X) = {a;, az,...,a,}. The
convex hull Hull(€(X)) is then expressed as

) Hull(€(X)) = {Ztiai 14 €l0.11. ) t= 1},
i=1 i=1

Notice that the symmetric property tells us that Hull(€(X)) contains the zero ele-
ment. Let us consider the self-intersection function

2: H*(X,R) > R,

which is defined by x +— x%:= (xUx, [X]), where [X] is the fundamental class
of X. Since the function 2 is a polynomial function, it is a continuous function on
H?(X, R). Therefore, the restriction 2|y to the compact subset H := Hull(€(X))
of H?(X, R) achieves its maximum.

Definition 4 [LeBrun 2009]. Suppose X is a closed oriented smooth 4-manifold
with b1 (X) > 2. Let Hull(¢(X)) C H*(X, R) be the convex hull of the set €(X)
of all monopole classes on X. If €(X) # &, define

B%(X) := max{2(x) := x? | x € Hull(€(X))}.
If instead €(X) = @, simply define f2(X) :=0.

We are now in a position to recall the following theorem.
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Theorem 5 [LeBrun 2009]. Suppose that X is a closed oriented smooth 4-manifold
with b™(X) > 2. If X admits an Einstein metric g,

2% (X) +37(X) = 28%(X)

with equality only if both sides vanish, in which case g must be a hyper-Kdihler
metric, and X must be diffeomorphic to K3 or T*.

There are several ways to detect the existence of monopole classes. For any
closed oriented smooth 4-manifold X with b (X) > 2, one can define the integer
valued Seiberg—Witten invariant SWx (I'y) € Z for any spin®-structure "y by inte-
grating a cohomology class on the moduli space of solutions of the Seiberg—Witten
monopole equations associated with I'y:

SWy : Spin(X) — Z,

where Spin(X) is the set of all spin®-structures on X. For more details, see [Witten
1994; Morgan 1996]. We call the first Chern class ¢ (£r, ) a Seiberg—Witten basic
class of X if SWx(I'x) # O for a spin®-structure I'y. Notice that Seiberg—Witten
basic classes are monopole classes.

On the other hand, there is a sophisticated refinement of the idea of the con-
struction of the Seiberg—Witten invariant due to Bauer and Furuta [2004] (see also
[Bauer 2004a; 2004b]). We call it the stable cohomotopy Seiberg—Witten invariant
and denote it by BFx. This invariant detects the presence of a monopole class via
an element of a certain complicated stable cohomotopy group nglm(gl):

BFx(Tx) € 761 4,(2).

(See [Bauer 2004a] for the construction of the stable cohomotopy group.) Under
the assumption that b+ (X) > 2, it is also known that there is the homeomorphism

) Pl () = Z,

which maps BFy(I'x) to SWx(I'x) [Bauer 2004a, Theorem 4.1 and Proposi-
tion 4.4]. In particular, this map tells us that, if BFx(I'y) = 0 for some spin°-
structure "'y, we have SWx(I'x) = 0. At the same time, it is known that the
nontriviality of BFy (I"x) implies that there are solutions of the following perturbed
equations associated with 'y for all metrics and all self-dual 2-forms 7:

Bap=0, Fy=iq(¢)+in.

Namely, ¢1(£r,) is a generic monopole class in the sense of [Kotschick 2004,
Definition 7]. Then, by the standard argument of gauge theory, we know that
c1(£ry) becomes a special monopole class [Kotschick 2004, Lemma 8]. Hence
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the nontriviality of BFy(I'x) implies the existence of a special monopole class
c1(&r, ). We shall use this fact to prove the main results.
By using BF, we are able to prove the following result:

Proposition 6. Let X be a closed oriented smooth 4-manifold with b™(X) > 2.
Suppose that SWx(I'x) # 0 holds for a spin®-structure U'x. Let N be a closed
oriented smooth 4-manifold with b+ (N) = 0. Then a connected sum M := X # N
has monopole classes and satisfies the bound

(6) BH(M) > 2x(X) + 3t (X).

Proof. As was already mentioned, there is a comparison map (5) between BFx and
SWyx, where we used the assumption that b* (X) > 2. In particular, if SWx (I'y) %0
for some spin‘-structure ['x, then BFx (I"x) # 0. Then the proofs of [Ishida and Le-
Brun 2003, Proposition 6 and Corollary 8] (see also [Bauer 2004a, Theorem 8.8])
tell us that

k
(7 toy(Ery) + ) £ E;
i=1

are monopole classes of the connected sum M := X # N, where ¢1(&£r,) is the
first Chern class of the complex line bundle £, associated with I'y. Additionally
E\, E,, ..., Eg is a set of generators for H (N, 2) /torsion relative to which the
intersection form is diagonal and the =+ signs are arbitrary and independent of one
another. In particular, by (7), we have the following two monopole classes of M:

k k
bi:=c1($ry) + Z E;, by:=c1(Fry) — Z E;.

i=1 i=1
By (4), we obtain
c1(X) = 3b1 + 3by € Hull(€(M)).

We therefore get the following bound (see also Definition 4):
) B*(M) = c}(%r).

On the other hand, the assumption that SWx (I'x) # 0 forces the dimension d of
Seiberg—Witten monopole moduli space to be nonnegative; that is,

d = }(c}($ry) — 2% (X) = 31(X)) > 0.
Equivalently, we have
©) cf (Fry) = 2x(X) +3T(X).
It is clear that (8) and (9) imply the desired bound (6). [l



334 MASASHI ISHIDA

Theorem 5 and Proposition 6 imply the next result, a particular case of which,
for N = kCP2#£(S' x S%), was proved in [LeBrun 2001, Theorem 3.3].

Theorem 7. Let X be a closed oriented 4-manifold with b+ (X) > 2. Suppose that
SWx (T'x) # 0 holds for a spin®-structure 'y on X. Let N be a closed oriented
smooth 4-manifold with b+ (N) = 0. Then a connected sum M := X # N cannot
admit any Einstein metric if

10) 4b1(N) +br(N) > %(2x(X)+3r(X)).

In particular, suppose that N is not an integral homology 4-sphere whose funda-
mental group has no nontrivial finite quotient. Then a connected sum M := X # N
cannot admit any Einstein metric if

1D 4b1(N) +by(N) = 32X (X) +37(X)).

Proof. Suppose that the connected sum M := X # N admits an Einstein metric.
Then Theorem 5 tells us that

2% (M) +3t(M) > $8°(M).

This bound with (6) implies
12) 2x (M) +3t(M) = 5(2x(X) +31(X)).
On the other hand, a direct computation tells us that
(13) 2x(M) +3t(M) =2x(X) +37(X) — (4b1(N) + b2(N)).
By the bounds (12) and (13), we have

2% (X) +31(X) — (4b1(N) + by(N)) = 2(2x (X) 4 31(X)).
Equivalently,
(14) 4b1(N) +ba(N) < 32x(X) +37(X)).

By contraposition, we are able to conclude that M cannot admit any Einstein metric
if (10) holds.

Now suppose that N is not an integral homology 4-sphere whose fundamental
group has no nontrivial finite quotient. Then the equality cannot occur in (14).
We shall prove this as follows. First of all, notice that Theorem 5 tells us that
the equality can occur only in the case where the connected sum M := X # N is
diffeomorphic to K3 or 7%. Both K3 and T* are minimal Kihler surfaces. At
the same time, [Kotschick 1997, Theorem 5.4] tells us that if a minimal Kihler
surface with 5 > 1 admits the connected sum decomposition X # N, then N must
be an integral homology 4-sphere whose fundamental group has no nontrivial finite
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quotient. Hence equality never occurs in (14) as desired. Therefore we conclude
that, in this case, M cannot admit any Einstein metric if (11) holds. ]

3. Smooth structures and the geography of spin 4-manifolds

The main result of this section is Proposition 10 below. We start by recalling a nice
result of Park [2002] on the geography of spin symplectic 4-manifolds.
Let X be a simply connected closed 4-manifold. We define the quantities

X X) brX)+1
(15) xh(X):=X( ):r( ) _ (2)+ ’

(16) e(X) 1 =cA(X) =2x(X) +37(X) =4+ 5b(X) — b~ (X).

Now suppose that X is a spin symplectic 4-manifold with 5* > 1. Then [Taubes
1994] tells us that X must satisfy

(17) c(X) > 0.

Moreover, Rohlin’s theorem forces 7(X) = 0 (mod 16). As mentioned in [Park
2002, Lemma 2.1], this is equivalent to

(18) ¢(X) = 8x,(X) (mod 16).

The above facts tell us that the only lattice points (x, ¢) satisfying both (17)
and (18) can possibly be realized as (x,(X), c(X)) of a simply connected spin
symplectic 4-manifold X. Such pairs (x, ¢) of integers are called allowed lattice
points.

We are now in a position to recall the following result on the geography of the
spin symplectic 4-manifolds:

Theorem 8 [Park 2002, Theorem 1.1]. There is a line ¢ = f(x;) with a slope
> 8.76 in the (xy, c)-plane such that any allowed lattice point satisfying ¢ < f(xn)
in the first quadrant can be realized as (¥, c%) of a simply connected spin non-
complex symplectic 4-manifold which admits infinitely many distinct smooth struc-
tures, all of which admit a symplectic form. In particular, all allowed lattice points
(xn, c) except finitely many lying in the region 0 < ¢ < 8.76x;, satisfy ¢ < f(xn).

On the other hand, let K, be a fibered knot in $3 with a punctured genus g
surface as fiber. Let Mg, be the 3-manifold obtained by performing 0-framed
surgery on K. Let m be a meridional circle to K,. Then the meridional circle
m can be seen as a circle in M Kq- The 3-manifold M K, can be consider as a
fiber bundle over the circle m with a closed Riemann surface ¥, as a fiber. In
Mg, x S!, there is a smoothly embedded torus 7,, =m x S I of self-intersection 0.
A famous result of Thurston [1976] tells us that the 4-manifold M K XS I admits
a symplectic structure with symplectic section 7j,. For any symplectic 4-manifold
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X with a symplectically embedded torus T of self-intersection 0, we can consider
the symplectic fiber sum X Mg, of X with M K, X S! as follows:

Xk, = X#r_1, (Mg, x S") =[X — (T x D)]U[(Mg, x S') — (T, x D?)],

where T x D? is a tubular neighborhood of the torus 7' in the manifold X. Under
a certain condition on X, Fintushel and Stern proved that X, is homeomorphic to
X and provided a way to compute the Seiberg—Witten invariants of Xk :

Theorem 9 [Fintushel and Stern 1998, Theorem 1.5]. Let X be a simply connected
symplectic 4-manifold that contains a symplectically embedded torus T of self-
intersection 0 in a cusp neighborhood with w1 (X — T) = 1 and representing a
nontrivial homology class [T). If K, is a fibered knot, X g, := X #r=1, (Mg, X sh
is a symplectic 4-manifold which is homeomorphic to X and whose Seiberg—Witten
polynomial is given by

g)OWKg = ffon . Axkg (l),
where Ax K (t) is the Alexander polynomial of K, and t = exp(2[T]).

The polynomial Wy is defined as follows. Let {+8;, =82, ..., £B,} be the
set of nonzero Seiberg—Witten basic classes of X. Then we set by = SWx(0),
bj=SWx(B;), and 15, = exp(B;). Then we define the Seiberg—Witten polynomial
S Wy as follows:

n
Wy =bo+ Y bj(tg; + (=T,
j=1

Since any two smooth 4-manifolds which have different Seiberg—Witten polyno-
mials are nondiffeomorphic, one can apply Theorem 9 to construct 4-manifolds
admitting infinitely many distinct smooth structures. Indeed, Park [2002] proved
that every symplectic 4-manifold W in Theorem 8 admits infinitely many distinct
smooth structures by showing that the 4-manifold W contains a symplectically
embedded torus T of self-intersection O in a cusp neighborhood with 7 (X —-T7T) =1
and representing a nontrivial homology class [T'], that is, the 4-manifold W satisfies
the assumption in Theorem 9. See [Park 2002, Claim 1] for more details.

To prove the main results of the present article, we need to refine Park’s result
on the existence of exotic smooth structures:

Proposition 10. Let W be any symplectic 4-manifold in Theorem 8 and let N be
any closed smooth 4-manifold with b™(N) = 0. Then the underlying topological
4-manifold of W # N admits infinitely many distinct smooth structures.
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Proof. As was already proved in [Park 2002, Claim 1], every symplectic 4-manifold
W in Theorem 8 contains a symplectically embedded torus 7 of self-intersection O
in a cusp neighborhood with 771 (X —T') = 1 and representing a nontrivial homology
class [T']. On the other hand, for any fibered knot K in § 3 with a punctured genus
g surface as fiber, consider the 3-manifold Mg, obtained by performing O-framed
surgery on K,. As was already mentioned above, we are able to consider the

symplectic fiber sum
WKg = W#T:Tm (MKg X Sl)

Then, Theorem 9 tells us that Wk, is homeomorphic to W. Now, let N be any
closed smooth 4-manifold with 57 (N) = 0. Then we consider a connected sum
Wk #N. Of course, Wk #N is homeomorphic to W#N. Notice that the connected
sum Wk # N is not necessarily symplectic in general.

Next, we show that there are monopole classes of W . # N. In fact, [Bauer
2004a, Proposition 5.4] tells us that the comparison map (5), that is,

P w0 () > Z,

becomes an isomorphism for any symplectic 4-manifold M with 5™ (M) > 1. This
fact and a result of Taubes [1994] on the nontriviality of Seiberg—Witten invariants
of any symplectic 4-manifold M with b* (M) > 1 imply the nontriviality of the
stable cohomotopy Seiberg—Witten invariants of M. In particular, we can conclude
that the symplectic 4-manifold Wk, has

+c1(Hwy,)

as its monopole classes, where 37{W,<g is the canonical line bundle of Wk, . Since the
nontriviality of the stable cohomotopy Seiberg—Witten invariants does not change
under the connected sum with N [Ishida and LeBrun 2003, Proposition 6], we can
conclude that the connected sum Wg . # N also has monopole classes [Ishida and
LeBrun 2003, Proposition 6 and Corollary 8], that is, the cohomology classes

k
(19) o1 (Hwy, )+ ) £Ei
i=1
become monopole classes of the connected sum Wk, # N, where Ey, E, ..., Ex

is a set of generators for H>(N, Z)/torsion relative to which the intersection form
is diagonal and the = signs are arbitrary and independent of one another.

On the other hand, following the argument at the beginning of the proof of
[Fintushel and Stern 1998, Corollary 1.7], we are able to express cl(ﬂfng) more
explicitly. For the reader, let us explain it here. First of all, notice that the homology
Hy(Mg, xS 1) is generated by the classes of the symplectic curves 7}, and X ¢~ This
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tells us that the first Chern class ¢ (3, kg XS ) of the canonical line bundle ¥, ke XS]
of the symplectic 4-manifold Mg, x S ! has the form

C1 (g{Kng') =a[T,] +ﬂ[2g]
Since we have [7,,]> = [Z,]° =0 and [T,,] - [Z,] = 1,
A goxs) [l =a, c1(Kwy,) [Tnl=p.

These facts and the adjunction formula tell us that « = 2g — 2 and 8 = 0 hold.
Therefore, we conclude that

c1(Hg,xs1) = 28 = DTl = 28 = D[T].

On the other hand, cl(f7{WKg) =c1(Hw) + cl(ﬂngxsl) + 2[T'] holds by the con-
struction of Wk,. Therefore,

(20) c1(Fwy,) = c1(w) +c1(Kg,xs1) +2[T] = 1 (Hw) +28[T].

By (19) and (20), we conclude that
k

+(e1(iw) +28[TD + Y £ Ei
i=1
are monopole classes of Wg #N. l

By considering an infinite sequence {K, }¢en of fibered knots with g, > 1, where
the genus gy is strictly increasing with respect to £, that is, g, — 0o when £ — 00,
we have an infinite sequence {Wng # N}oen of smooth 4-manifolds which are

homeomorphic to W # N and, for each ¢,
k

1) (1 (w) +28TH+ Y +E;

i=1

are monopole classes of Wk, # N. Suppose now that the sequence
{Wk,, #N}een

contains only finitely many diffeomorphism types. Specifically, suppose that there
exists a positive integer £o such that Wx, #N is diffeomorphic to Wk, #N for any
¢; > £y. Then, by the expression (21) of the monopole classes and takmg £; — 00,
we conclude that the set of monopole classes of 4-manifold Wk, #N is unbounded.
However, this is a contradiction because the set of monopole classes of any given
smooth 4-manifold with 5T > 1 must be finite by Proposition 3. Therefore, the
sequence {Wk, # N}een actually contains infinitely many diffeomorphism types.
As was already mentioned above, since each 4-manifold Wk, #N is homeomorphic
to W # N, the underlying topological 4-manifold of W # N admits infinitely many
distinct smooth structures as desired. g
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4. Proof of Theorem A

Theorem 11. Let Z be a closed oriented smooth 4-manifold satisfying b (Z) =0,
bi(Z) #0, and

by(Z) 19

(22) < —bl(Z) < 30’

where bi(Z) and by(Z) denote the first and second Betti numbers of Z, respec-
tively. Let M be any closed oriented smooth 4-manifold with by(M) =0, bt (M) =
0, and br(M) = 1.

For such 4-manifolds as Z and M, and for any pair of integers (m, n) satisfying
m+n =0 (mod 2), there exist infinitely many nonhomeomorphic topological non-
spin 4-manifolds X "21;1 with (x, t) = (m,n), and all such topological nonspin
4-manifolds admit infinitely many distinct smooth structures for which nonzero
special monopole classes exist and Einstein metrics do not exist.

Proof. For any pair of integers (m, n) satisfying m +n = 0 (mod 2), it is easy to
see that there exist infinitely many pairs (k, £) of sufficiently large positive integers
satisfying the following three conditions:

m+n+2b(Z)¢
(x,y):= <

4
(23) n+k+by(Z),=0 (mod 16),

(24) k+(4b1(Z) + by (Z) > 1y,

, 2m+3n+k+ (4b1(Z2) +b2(Z))£> €YD,

where 9 is the set of all pairs of integers satisfying the conditions of Theorem 8.
Notice that the condition (23) is equivalent to

y = 8x (mod 16).

Moreover, the condition (22) was already used, that is,

(4b1(Z2) + b2 (Z))t 8 ,02(2)

8.76 > = ,
(2b1(2)0)/4 bi(2)
or, equivalently,
by (Z) 19
0.38= .
bi(Z) 50

By Theorem 8, for each (x, y) above, there is a simply connected spin noncomplex
symplectic 4-manifold W with

_ XN +TW) _ mn+ 26 (20
T4 T 4 ’
(25) c%(W) =2x(W)+3t(W)=y=2m+3n+k+ (4b1(Z) + br(Z))L.

xn(W)
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Hence we obtain

(26) m+n=yx(W)+t(W)—-2b1(Z)¢,
27) 2m+3n=2x (W) +3t(W) —k — (4D1(Z2) + b2 (Z))X.

Consider the connected sum

(28) Xy =WH#M#(k—1)CPI#(Z.

Notice that X7’} is nonspin. On the other hand, by a direct computation, we obtain
X(M#(k—1)CP2#0Z) =k + x(LZ) =k +2 4 by (Z)€ — 2b1 (Z)L.

Notice that y (M) = 3 because we assume that b (M) = 0, b (M) = 0, and
by(M) = 1. Therefore we get

(29) X(X'g”;’,l) =xW)+x(M#(k — 1)@)—2:X(W)+k+b2(Z)£—2b1(Z)£.
Similarly, we have
t(M# Gk —1DCP2#0Z) =1(M)+t((k— )CP?) +1(£Z)

=—14+1—-k)—=b(2)¢
=—k—Dby(Z)L.

Notice that b7 (Z) = 0, so we have 1(Z) = —b,(Z). Therefore

(30) r(XZ’:X,I) =t(W)+t(M#(k—1)CP2#LZ) =T(W) —k — by(Z)L.

By (29) and (30), we get

(D X (X7 +T(XZ0) = x (W) + (W) = 2b1(Z2)¢,

(32) 2y (X?:X,,) + 3‘17(an1:;[) =2x(W)+3t(W) —k — (4b1(Z) + b2(2))X.

Then (26), (27), (31), and (32) immediately tell us that

(33) X(X’;’[’f,l) =m, t(X’;’[’f,I) =n.

On the other hand, by b{ (W) = b (M) = b, (W) = 0, we have

(34 bi1(X7 ) =bi(Z)L.

Since there are infinitely many choices of ¢, (33) and (34) tell us that, for (m, n)
satisfying m +n = 0 (mod 2), there exist infinitely many nonhomeomorphic non-
spin 4-manifolds X7}, with (x, 7) = (m, n). Now set N := M # (k — 1)CP2#¢Z.
We write X"y, = W # N. Notice that N satisfies b*(N) = 0.

By considering an infinite sequence {Kg, };en of fibered knots with g; > 1 as
the proof of Proposition 10 above, we obtain the sequence {Wk, # N}ien which
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contains infinitely many diffeomorphism types by Proposition 10, and every 4-
manifold X, := Wk, # N is homeomorphic to X7}, = W # N. To prove that
the 4-manifold X ';X,I admits infinitely many distinct smooth structures for which
nonzero monopole classes exist and Einstein metrics do not exist, it is enough to
prove that the smooth 4-manifold X, has nonzero special monopole classes and
cannot admit any Einstein metric. Itis clear that X, has nonzero special monopole
classes by the proof of Proposition 10, where the nontriviality of BF implies the
existence of a special monopole class. On the other hand, since any symplectic
4-manifold with ™ > 1 has nontrivial Seiberg—Witten invariants by a result of
Taubes [1994] and N satisfies b (N) = 0, Theorem 7 tells us that if

(35) k+ (4b1(Z) + by (Z))E > 52x (Wk,) +3T(Wk, ),

the manifold X, := Wk, # N cannot admit any Einstein metric. By Park’s con-
struction of W and Theorem 9, WKg,- is homeomorphic to W and we therefore
have

2% (Wi, ) +31(Wk, ) = 2x (W) +32(W).
So the bound (35) is equivalent to
(36) k+ 4b1(Z2)+by(2))t > %(2X(W)+3T(W)).

However, the bound (36) automatically holds because we have (24) and (25).
Therefore, X, := Wk, #N cannot admit any Einstein metric as desired. g

Theorem A immediately follows from Theorem 11. Indeed, it is enough to find a
smooth closed 4-manifold satisfying (22) and a closed oriented smooth 4-manifold
M with by (M) =0, b (M) =0, and b»(M) = 1. For example, set M := CcP2
and Z := 11K #4@, where K is a secondary Kodaira surface; cf. [Barth et al.
1984]. We have b1 (K) =1, b7 (K) =0, and b»(K) =0. It is clear that M satisfies
bi(M) =0, b* (M) =0, and bo(M) = 1. We also have b;(Z) =11, b;(Z) =0,
and by (Z) = 4. Therefore, we get

b(Z) 4 19

= — < —

bi(z) 11 50

Hence Z := 11K #4CP? is a 4-manifold satisfying (22). Hence we have proved
Theorem A by considering the connected sum

XU e opr = WHKCP2#L(11K #4CP?);

see (28).

Remark 12. We are able to use another negative definite 4-manifold satisfying
(22) to prove Theorem A. For example, we are able to use another connected sum



342 MASASHI ISHIDA

aT#bY, oraT#bC P2 as Z above by taking a suitable pair of positive integers (a, b)
for which the condition (22) is satisfied. Here Y is a Mumford fake projective plane
[Mumford 1979] with the reversed orientation, and 7 is S! x §3, or a secondary
Kodaira surface. If we take Z as a(S' x $%) #bm, then the resulting 4-manifold

X ’; ’épz has a free fundamental group. See also [Del Rio Guerra 2002].

5. Proof of Theorem B

A method similar to that used in the proof of Theorem 11 enables us to prove
Theorem B:

Theorem 13. For any pair of integers (m, n) satisfying m +n = 0 (mod 2) and
n = 0 (mod 16), there exist infinitely many nonhomeomorphic topological spin
4-manifolds with (x, t) = (m,n) and all such topological spin 4-manifolds ad-
mit infinitely many distinct smooth structures for which nonzero special monopole
classes exist and Einstein metrics do not exist.
Proof.

For any pair of integers (m, n) satisfying m+n=0 (mod 2) and n =0 (mod 16),
we are able to see that there exist infinitely many, sufficiently large positive integers
£ satisfying

(x,y): = <—’”+’Z+2‘Z, 2m +3n +4e) cw,

(37) 4¢ > 1y,
where 9% is the set of all pairs of integers satisfying the conditions of Theorem 8.
In particular, notice that y = 8x (mod 16) must be satisfied, that is,

m—+n+24

2m+3n+4558( "

) (mod 16).
Specifically, we have
2m+3n+4¢ =2m +2n +4¢ (mod 16).

This is nothing but n =0 (mod 16). By Theorem 8, for each (x, y) above, there is
a simply connected spin noncomplex symplectic 4-manifold W with

W)+ (W m-—+n+24
xn(wy: = XTI w2
4 4
(38) (W) :=2x(W)+3t(W) =y =2m+3n+4L.
‘We obtain
39) m+n=xW)+t(W)—-2¢,

(40) 2m+3n =2 (W) 43t (W) —4L.
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Let us consider the connected sum
X" = WH#He(S x §%).
Notice that X" is spin. We also get
(41) x (X" (X = x (W) + (W) —2¢,
(42) 2x (XM 4+ 37(X™™") =2x (W) 4+ 3t(W) —4¢.
By (39), (40), (41), and (42), we obtain
(43) xX™""=m, tX™")=n.
On the other hand, we have b (W) = 0 and b;(S' x S3) = 1. Therefore, we get
(44) bi(X™") =¢.

Since there are infinitely many choices of ¢, (43) and (44) implies that, for (m, n)
satisfying m +n = 0 (mod 2) and n = 0 (mod 16), there exist infinitely many
nonhomeomorphic spin 4-manifolds X" with (x, t) = (m, n).

We set N := £(S' x S3) and write X"™" = W # N. Notice that N satisfies
bT(N) = 0. By considering an infinite sequence {K ¢ Jien of fibered knots with
gi > 1 as proof of Theorem 11, we obtain the sequence {WKé’i # N}ien which
contains infinitely many diffeomorphism types. Every 4-manifold X, := Wk, #N
is homeomorphic to X" = W # N and has nonzero special monopole classes.
Moreover, X, cannot admit any Einstein metric as follows. By Theorem 7, if

(45) 40> 52x (W, ) +3t(Wk, ),

the manifold X, := Wk, # N cannot admit any Einstein metric. Since
23 (Wk,) +31(Wk, ) = 2x (W) +3t(W),

the bound (45) is equal to

(46) 40 > %(2)((W) +37(W)).

However, the bound (46) automatically holds because of (37) and (38). Therefore,
we conclude that X, := Wk, #N cannot admit any Einstein metric as desired. []

6. Remarks on the simply connected case

NonEinstein 4-manifolds constructed in Theorem A, Theorem B, and Theorem 1
are not simply connected. It is natural to ask whether one can prove simply con-
nected versions of these theorems. This is an open problem, and is closely related
to the following.



344 MASASHI ISHIDA

Question 14 [LeBrun 2001, Question 3.5]. For every g € (—1, 1) N Q, are there
smooth, compact simply connected 4-manifolds with t/x = g which do not admit
Einstein metrics?

LeBrun [2001] gives a partial affirmative answer to this question under 0.351 <
|g| <1 [LeBrun 2001, Corollary 3.6]. However, a complete solution to this question
is still unknown.

On the other hand, in the present article, we have seen that 4-manifolds often
admit infinitely many distinct smooth structures for which no Einstein metric ex-
ists. In light of this phenomenon, we would like to consider a generalization of
Question 14:

Question 15. For every g € (—1,1) N Q, are there compact simply connected
topological 4-manifolds with t/x = ¢ which admit infinitely many distinct smooth
structures for which no Einstein metrics exist?

To prove a result in this direction, we need to recall the following:

Theorem 16 [Park 2003, Theorem 1.1]. There is an increasing sequence {m;} with
m; — 9 such that every simply connected closed, nonspin, irreducible smooth 4-
manifold X satisfying 0 < c¢(X) < m; x,(X) and b*(X) > C;, where C; is an odd
constant depending on m;, admits infinitely many, both symplectic and nonsym-
plectic, exotic smooth structures.

Applying the idea of the proof of [LeBrun 2001, Corollary 3.6] and the preceding
result, we obtain:

Corollary 17. For any rational number q € Q satisfying

3<lgl <1,
there exist compact simply connected topological 4-manifolds with t/ x = q admit-
ting infinitely many distinct smooth structures for which no Einstein metric exists.
Proof. We will actually prove that there is an increasing sequence {n;} such that
n; — —1/3 satisfying the following property: For any rational number ¢ with

—l<qg=<n,

there exist compact simply connected topological 4-manifolds with 7/x = ¢ ad-
mitting infinitely many distinct smooth structures for which no Einstein metrics
exists.

Let @ and B be any positive integers satisfying

}1 € (0, m;],

where m; is an increasing sequence with m; — 9 in Theorem 16. Then, Theorem 16
specifically tells us that, for any sufficiently large integers ¢, there is a simply
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connected nonspin 4-manifold X admitting infinitely many distinct symplectic
structures and with

@7) Kn(X) = M =1,
(48) cH(X) =2x(X) +37(X) =sL.

We denote the infinite family of symplectic 4-manifolds which are homeomorphic
to X by {Y,}. For each symplectic 4-manifold Y,, which is homeomorphic to X,
consider the k-times blow-up M,’; =Y, #kCP? of Y,, where k satisfies

k> 12x (Y, +3t(¥,) = 12x (X) +31(X)).

By (48), this is equivalent to
LI
st —

W=

Theorem 7 tells us that M* cannot admit any Einstein metric. Moreover, for each
k, the infinite family {M,’f} of symplectic 4-manifolds also contains infinitely many
diffeomorphism types because the difference of smooth structures survives under
blow-ups. This means that, for each k, the underlying topological 4-manifold of
X=X #kC P2 admits infinitely many smooth structures {M,’f} without Einstein
metrics.

On the other hand, we have x; (M,’f) = x»(X) and c%(M,’f) = c% (X) — k because
Y, is homeomorphic to X. Using this fact, (47), and (48), we have

Cﬁkﬁ)_CﬂX)—k_sz—k_s(l k)

Xn(ME T x(X)  tl T\ st
Since k/st € [1/3, co) N Q, we get
k 2
I = € (=00,31N0A.

Since we also have s/t € (0, m;], the following holds.
(M)
Xn(MFK)

On the other hand, as was already mentioned in the proof of [LeBrun 2001, Corol-
lary 3.6], we get

(49)

€ (—o0, 2m;1N Q.

x (MF)

217k N —1
_lcl (Mn) 6
(3 4x;,(M,i<)> c (o, —18—m,~]m®'

(MK (3 1 cf(M,’;))—l X
Y xn(MF)
By (49), we have
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This tells us that
T(M¥)

x (M)
Since the sequence m; — 9 is increasing, we have an increasing sequence {n;} such
that

6

18—ml~

e(—l,—1+ ]ﬂ@.

1
nl‘—)—§

by setting
6

n; 3=—1+r’ni.

Since we have r(M,’j) = 7(X}) and X(M,lf) = 7(X}), the above tells us that, for
any rational number g with
-l <qg=n,

there exist compact simply connected topological 4-manifolds X; with t/x = ¢
admitting infinitely many distinct smooth structures {M,’j} for which no Einstein
metrics exists. The case where ¢ is positive then follows by reversing the orienta-
tion of the above examples. U
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NOETHER’S PROBLEM FOR S; AND S

MING-CHANG KANG AND JIAN ZHOU

Let k be a field, let G be a finite group and let k(x, : g € G') be the rational
function field over k, on which G acts by the k-automorphisms defined by
h-xg = x,g for any g, h € G. Noether’s problem asks whether the fixed
subfield k(G ) :=k(x,:g€G )€ is k-rational, that is, purely transcendental
over k. If S n is the double cover of the symmetric group S, in which the
liftings of transpositions and products of disjoint transpositions are of order
4, Serre shows that @(§ 4) and @(§ 5) are not Q-rational. We will prove
that if & is a field such that char k # 2, 3, and k({3) is a cyclic extension of
k, then k(§ 4) is k-rational. If it is assumed furthermore that char k = 0,
then k(§ 5) is also k-rational.

1. Introduction

Let k be a field, and L be a finitely generated field extension of k. L is called
k-rational (or rational over k) if L is purely transcendental over k; that is, L is
isomorphic to some rational function field over k. L is called stably k-rational if
L(y1,...,ym) is k-rational for some y1, ..., yp, that are algebraically independent
over L. L is called k-unirational if L is k-isomorphic to a subfield of some k-
rational field extension of k. It is easy to see that

k-rational = stably k-rational = k-unirational.

A notion of retract rationality was introduced in [Saltman 1984] (see also [Kang
2012]). It is known that if k is an infinite field, then

stably k-rational = retract k-rational = k-unirational.

Let & be a field and G a finite group. Let G act on the rational function field
k(xg : g € G) by k-automorphisms defined by /- xg = xp, for any g,h € G.

Both authors were partially supported by the National Center for Theoretic Sciences (Taipei Office).
The work of this paper was finished when the second-named author visited National Taiwan Univer-
sity under the support of the National Center for Theoretic Sciences (Taipei Office).

MSC2010: primary 14E08, 14M20; secondary 12F12, 13AS50.

Keywords: Noether’s problem, rationality problem, binary octahedral groups.
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Denote by k(G) the fixed subfield, that is, k(G) = k(xg : g € G)Y. Noether’s
problem asks under what conditions is the field k(G) k-rational.

Noether’s problem is related to the inverse Galois problem and the existence
of generic G-Galois extensions over k. For the details, see Swan’s survey paper
[Swan 1983]. The purpose of this paper is to study Noether’s problem for some
double covers of the symmetric group Sj,.

It is known that there are four different double covers of S, when n > 4, that
is, groups G that fit into a short exact sequence 1 - C, — G — S, — 1; see, for
example, [Serre 1984, p. 653].

Definition 1.1 [Garibaldi et al. 2003, pp. 58, 90; Hoffman and Humphreys 1992,
p. 18; Karpilovsky 1985, pp. 177-181]. Let C, = {£1} be the cyclic group of
order 2. When n > 4, the group §n is the unique central extension of S, by Cs,
that is,

1—>C2—>§,,—>Sn—>1,

satisfying the condition that the transposnlons and the product of two disjoint trans-
positions in S, lift to elements of order 4 in Sn On the other hand, the group Sy
is the central extension

1—>C2—>§,,—>Sn—>1,

such that a transposition in S, lifts to an element of order 2 of §n, but a product
of two disjoint transpositions in Sy lifts to an element of order 4.

Note that we follow the notation of §,, and S, adopted by Serre.

Theorem 1.2 (Serre [Garibaldi et al. 2003, p. 90]). Both Q(S4) and Q(Ss) are not
retract Q-rational. In particular, they are not Q-rational.

Serre proves this using cohomological invariants and trace forms over Q) — the e-
invariant method, in short. In pp. 89-90 of the same book, he proves that Rat(G/Q)
is false for G = §4 and S 5. Actually he proves a bit more. From Serre’s proof it is
easy to find that @(§4) and @(§ 5) are not retract Q-rational (see [Kang 2012, Sec-
tion 1] for the relationship of the property Rat(G/ k) and the retract k-rationality of
k(G)). This is the reason why we formulate Serre’s theorem in the version above.
In fact, Theorem 1.2 can be perceived also from Serre’s own remark in [Garibaldi
et al. 2003, p. 13, Remark 5.8].

We don’t know whether Theorem 1.2 is valid for fields k other than the field
Q; for example, the field k satisfying the condition that k({g) is not cyclic over
k. In fact, in a private communication, Serre told us that the e-invariant method
remains valid (under the assumption that k({g) is not cyclic over k) if k is an
algebraic number field of odd degree over Q, or if k = Q(+/n), where n = 1
(mod 8). However, if k = Q(x, y) with x? 4+ y2 = —1, the assumption that k({g)
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is not cyclic over k is valid while the e-invariant method doesn’t work any more
[Serre 2011].
On the other hand, we have:

Theorem 1.3 [Plans 2007; 2009]. (1) For any field k, k(§4) is k-rational. Thus,
if k is a field with char k = 0, k(S’s) is also k-rational.

(2) For any infinite field k with char k # 2 such that ~/—1 € k, both k(§4) and
k(Ss) are k-rational.

The main result of this article is the following rationality criterion for k(§4) and
k(Ss).

Theorem 1.4. Let k be a field with char k # 2 or 3, and (g be a primitive eighth
root of unity in some extension field of k. If k(Cg) is a cyclic extension of k, then
k(§4) is k-rational; if it is assumed furthermore that char k = 0, then k(§5) is also
k-rational.

When k is a field with chark = p > 0 and p # 2, the assumption that k({g) is a
cyclic extension of k is satisfied automatically. Thus k(§4) is k-rational provided
that k is any field with char k ;é 2 or 3.

Besides the groups S4 and S s, Serre shows that Q(G) is not retract QQ-rational if
G is any one of the groups SL,(F7), SLa2(F9) and the generalized quaternion group
of order 16; see [Garibaldi et al. 2003, p. 90, Example 33.27]. In case G is the
generalized quaternion group of order 16 and k({g) is cyclic over k, it is known
that k(G) is k-rational [Kang 2005]. We don’t know whether analogous results as
Theorem 1.4 are valid when the groups are SL,(F7) and SL;([Fo).

The main idea of the proof of Theorem 1.4 is to use the method of Galois descent,
namely we first enlarge the field k to k(Cg), solve the rationality of k(¢ 8)(34), and
then descend the ground field to k.

The proof that k(¢ 8)(§4) is k(¢g)-rational requires at least two techniques. In
order to decrease the number of variables (by applying Theorem 2.2), we will
construct a 4-dimensional faithful representation V' of §4 defined over the field k.
It seems the representation and the idea to find it are not well-known. Once we
have this representation, we adjoin {3 to the field k and write m = Gal(k({s)/ k).
We will prove that k(g)(V)S+7) is k—raEional.

The rationality problem of k(&g)(V)(S#:™) is not straightforward. In several
steps of computations we use computers to facilitate the process of symbolic com-
putation. However, we emphasize that computers play only a minor role; we don’t
use particular codes of data bases such as GAP.

On the other hand, we point out that the first several steps in proving that
k(Cg)( V)(S“’” ) is k-rational are rather similar to those in [Kang and Zhou 2012,
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Section 5]. This seems unsurprising because the group S4 considered in [Kang
and Zhou 2012, Section 5] and the group §4 here have a common subgroup /'1“4.

For the rationality problem of k(§ 5), we apply Theorem 2.5 of Plans, which
asserts that k(§5) is a rational extension of k(§4), whence the result.

We organize this paper as follows. We recall some preliminaries in Section 2
that will be used in the proof of Theorem 1.4. In Section 3, several low-dimensional
faithful representations of S4 over a field k with char k = 2 will be constructed
(the reader may find another explicit construction in [Karpilovsky 1985, p. 177—
179]). Theorem 1.4 will be proved in Section 4. In Section 5 we will consider the
rationality problem of k(G) (see Definition 5.1 for the group Gy,).

Throughout this article, whenever we write k(xy, X3, X3, X4) or k(x, y) without
explanation, it is understood that it is a rational function field over k. We will
denote by (g (or simply by ¢) a primitive eighth root of unity.

2. Preliminaries

We recall several results that will be used in tackling the rationality problem.

Theorem 2.1 [Ahmad et al. 2000, Theorem 3.1]. Let L be any field, L(x) the
rational function field of one variable over L and G a finite group acting on L(x).
Suppose that for any 0 € G,0(L) C L and 0(x) = ag - X + by, where ag, by € L
and ag # 0. Then L(x)® = LY(f) for some polynomial f € L[x]. In fact, if
m = min{deg g(x) : g(x) € L[x]%, deg g(x) > 1}, any polynomial f € L[x]® with
deg [ = m satisfies the property that L(x)® = LY(f).

Theorem 2.2 [Hajja and Kang 1995, Theorem 1]. Let G be a finite group acting
on the rational function field L(x1, ..., X,) of n variables over a field L. Suppose
that:

(i) Foranyo € G,o(L) C L.
(ii) The restriction of the action of G to L is faithful.
(iii) Forany o € G,

o(xy) X1

"N o) |7 [+ B,

o (xn) Xn
where A(c) € GL,(L) and B(0) is a n x 1 matrix over L.

Then there exist elements z1,...,zy € L(x1,...,Xy) that are algebraically inde-
pendent over L and satisfy L(x1,...,xpn) = L(z1,...,zy) and 0(z;) = z; for any
ceGandl <i=<n.
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Theorem 2.3 [Yamasaki 2009]. Let k be a field with char k # 2, let a € k\{0}, and
define a k-automorphism o of the rational function field k(x, y) by o(x) = a/x
and o(y) = a/y. Then k(x, )9 = k(u,v), where u = (x — y)/(a — xy) and
v=_(x+y)/(a+xy).

Theorem 2.4 [Masuda 1955, Theorem 3; Hoshi and Kang 2010, Theorem 2.2]. Let
k be a field and let o be the k-automorphism of the rational function field k(x, y, z)
defined by 0 = x — y > z > x. Then k(x,y,2)'%) = k(sy,u,v) = k(s3,u,v),
where 51, Sy, S3 are the elementary symmetric functions of degree one, two and
three in x, y, z and u and v are defined by

x2y+ 3%z +22x —3xyz xy?+yz2 +zx?=3xyz

and v = .
x24+ 2422 —xy—yz—:zx

u=
X242 422 —xy—yz—:zx

Theorem 2.5 [Plans 2009, Theorem 11]. Let n > 5 be an odd integer and let k be
a field with char k = 0. Then k(Sy) is rational over k(S ,—1).

Theorem 2.6 [Kang and Plans 2009, Theorem 1.9]. Let k be a field and let G| and
G, be two finite groups. If both k(G1) and k(G,) are k-rational, so is k(G x G»).

3. Faithful representations of §4

In this and the next section, the field k£ we consider is of char k # 2 or 3. We will
denote by &g = (1 + +/—1)/+/2 a primitive eighth root of unity.

In [Springer 1977, p. 92] a generating set of Sy is given (where the group is
called the binary octahedral group): S = (d', b, ¢) with relations a’® = b4 =6 =1,
ba'b=! = a7, ¢cbe™! = @' and (d'c)? = —a'?b (here —1 is the element that is
equal to @’ f=p2= ). Note that we have a short exact sequence of groups

{1 =8, 5 8,1,

and that p(a’) = (1,2,3,4), p(b) = (1,4)(2,3) and p(c) = (1,2, 3). Note that
pba’) = (1,4)(2,3)(1,2,3,4) = (1,3).

If {g € k, a faithful 2-dimensional representation P : §4 — GLa(k) is given in
[Springer 1977, p. 92] as follows (we write { = (3),

— 7 &7
o wr=(§2). w=( 5. w0 5(6)

Suppose that +/2 € k (but not necessarily that ~/—1 € k). We may obtain a
4-dimensional representation Sy — GL4(k) by making in (3-1) the substitutions

0 -1 a 0
«/—1|—>(1 O) and ou—>(0a),
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where kq is the prime field of k and « € ko (~/2). This process is an easy application
of Weil’s restriction [Weil 1956; Voskresenskii 1998, p. 38]. Thus we get

-1 -1 1
N 1 -1 1-1 1

G2 a=—p T Rl I IR I T T
~11 1 ~1-1 1 1

Similarly, when +/—2 is in k (but possibly +/—1 is not in k), write +/—2 =
V/—1-+/2. Thus represent /2 as —v/—1-+/—2 and ¢ = (1 + v/—1)/+/2 becomes
v =2(1 — +/—1)/2. Make in (3-1) the substitutions

0 —1 a 0
\/—1»(1 O) and oe»—)(oa),

where kg is the prime field of £ and « € ko(+/—2). We get

1 111 1

1 1l=1 1=-1 1
~1 TS 1 141
| =1 1 1

The same way, if ~/—1 € k (but possibly /2 ¢ k), make in (3-1) the substitutions

02 a 0
2+—>(1 0) and ou—>(0 oz)’

where kg is the prime filed of £ and « € ko(+/—1). We get

0 1++-1
1+E/j1 0
a — ,
0 1—-+/-1
1—v/—1 0
2
(3-4)
}\/__1 0 (1—«2/: 0 1—«2/: 0
A 1-v/—1 1-v/—1
b— 0 : c— 0 2 0 2
V=1 0 ’ —1-2ﬁ 0 1+3/j1 0
O ‘/_1 \ O —1—2\/j1 O 1+«2/j1

Finally, from (3-2) we may get a faithful 8-dimensional representation of §4 into
GLg(ko), where ky is the prime field of k. Explicitly, make in (3-2) the substitutions

02 a 0
ﬁ|—>(1 O) and ar—)(o a)’
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where o € ky. We get

0 2 0 -2 \
1 0-1 0
0 2 0 2
i1 0o 1 o0
a — — s
2 0 2 0 2
1 0 1 0
0-2 0 2
1 0 1 0)
10
r Ly
10
0 1
(3-5) b — ,
0 —1
1 0
\0 1 )
Lo 1 o 1 0 1 0)
01 0 1,0 1 0 1
1 0 1 0-1 0 1 0
il o-1 0o 1] 0o-1 0 1
crH -
2l =1 0 1 o 1 0-1 o0
0-1 0 1] 0 1 0—I
1 0-1 0/ 1 0 1 0
0-1 0-1 0 1 0 1)

4. Proof of Theorem 1.4

By Theorem 2.5, in case chark = 0 and it is known that k(§4) is k-rational, it
follows immediately that k(§5) is also k-rational. Hence, in proving Theorem 1.4,
it suffices to prove the rationality of k(§4).

By assumption, k(Zg) is a cyclic extension of k. Hence at least one of v/—1,

V2 or /=2 belongs to k.

Case 1: {3 € k. Since chark # 2 or 3, the group algebra k[§4] is semisimple.
Hence the 2-dimensional faithful representation provided by Equation (3-1) can be
embedded into the regular representation whose dual space is Vieg = Dye §4k -x(g),

where §4 acts on Vieg by 1-x(g) = x(hg) for any g,/ € §4. By Theorem 2.2, we
find that k(S4) = k(x(g) : g € S4)54 is rational over k(x, y)5*, where the actions
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given by Equation (3-1) are

a : xmx, y=y,

C x> A1y, y > /—lx,
¢ x> Cx+0y)/V2 v Tx+0)/V2

Set z = x/y. Then k(x, y) = k(z,x). By applymg Theorem 2.1 we get that
k(z, x)S4 = k(z)S4 () for some element ¢ fixed by S4 The field k(z)54 is k-
rational by Liiroth’s theorem. Hence & (z, x)S4 and k(S4) are k-rational.

Case 2: /2 € k but ~/—1 ¢ k. We will use the 4-dimensional faithful representation
of S4 over k provided by Equation (3-2). This representation provides an action
of S4 on k(x1, X3, X3, xX4) given by

d o oxp e (X +x2)/V2, X3 > (—x1 4 X2) /72,
x3 > (X3 —x4)/V/2, x4 > (X3 +X4)/V/2,
@1 b x1 > x4 —xq, Xy > —X3,
X3 = Xp,

¢ X1 (Xx1—x2—x3—x4)/2, Xab>(X14+Xx2+Xx3—Xx4)/2,
X3 (X1 =X+ x3+x4)/2, xa+> (x1+x2—x3+x4)/2.

e Step 1. Apply Theorem 2.2 and use the arguments of Case 1. We find that k£§4)
is rational over k(x1, X2, X3, x4)54. It remains to show that k(x1, x5, X3, x4)54 is
k-rational.

e Step 2. Write 7 = Gal(k(v/—1)/k) = (p), where p(~/—1) = —+/—1. Extend the
actions of 7 and S on k(+/—1) and k(xl,xz,x3 xq) to k(/—1)(xq, x2,X3,X4)
by requiring that p(x;) = x; for 1 <i <4 and g(~/—1)=+—1forall g S4 It
follows that
k(x1, %2, x3, x4) 5% = (e (V=1)(x1, X3, x3,x4) P} 0:0)
= k(v/=1)(x1. X2, X3, x4) (@ 0:60).

Define y1, y2, y3, ya € k(v =1)(x1, X2, X3, X4) by

V1 = «/—lxl +\/—1x2—)€3 +X4, Yo = —v—lxl +V—1X2 +X3 +X4,
y3=x1—xXa—V-lxz—=~—=lxg, ya=x1+x2—~V—-lx3+vV—Ix4.

Then
k(v —=1)(x1,x2,x3,X4) = k(V=1)(y1, 2. V3, 4)
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and the actions in (4-1) become

a oy +)/NV20 yae (= 0)/V2,
3> (3 +ya)/V2, yars (=y3+ra)/V2,

b : J’1'—>\/—_1y1, yz'—>—~/—_1y2,
V3= \/—_1y3, Ya = —«/—_1)/4,
(4-2) c - yl,_>y1_—\/__lyz, yzHL\/—_lyz’
14+ /=1 1++/-1
y3Hy3—\/—_1y4 y4'_)y3+«/—_1y4
14+ v=1 I4++/=1 7
p i oy —v—=ly,, y2 > ~/—=1ys,
J’3'—>\/—_1y2, y4|—>—«/—_1y1.

Note that the action of a’? is given by

2
A7y ya =1, Y3 pa> —ps.

The reader might find interesting to compare the actions in (4-2) with those in
[Kang and Zhou 2012, Section 4]. It turns out that the formulae for b, a’ 2, c? are
completely the same as those for A, A,, ¢ in [Kang and Zhou 2012, Formula (4.3)].
As mentioned before, both the subgroups (b, a'?, c?) and (Aq, A,, o) are isomor-

phic to 24 (where 24 = p~1(A4) in the notation of Section 3) as abstract groups.

e Step 3. Define zy = y1/y2, 22 = ¥3/V4, 23 = ¥1/y3. By Theorem 2.1, we find
that

(V=D (1. 72, y3, y) 547 = k(V=1)(21, 72, 23) () 547
= k( v _1)(219 Z7, 23)(S4’ﬂ)(Z0),

where zg is fixed by the acti(zns of §4 and 7. There remains to show the k-ration-
ality of k(v/=1)(z1, 22, 23)5+ ) is

Before we find k(v/—1)(z1. 22, z3) 547 we will find k(v —1)(z1, 22, Z3)<b’“/2>.
The method is the same as in Steps 3 and 4 in [Kang and Zhou 2012, Section 4].
We will write down the details for the convenience of the reader.

Define uy = Z]/Zz, Uy = Z1Zp, U3 = Z3. Then

k(V=1)(z1,22,23) ) = k(V=1)(u1, uz, u3).

The action of o’ is given by

d%up e uy, upes uy,  us > us/ug.
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Define

Uy —uj up+uz ( 1)
Vp=——"—, Vp=———, vz=uz(l+—).
1—u1u2 1—|—u1u2

Then
ke (V=T)(uy 1z, 1)) = (V=) (uy. 2. v3) ) = k(V=1)(v1. v3. v3)

by Theorem 2.3 (note that a’ 2(v3) = v3). In summary,
K(Y=T)(z1,22,2) P4 = k(V=T) (w1, 03, v3).
e Step 4. The action of ¢ on vy, v3, v3 is given by
civp>1/va, vav1/va, vz v3(vg )/ [va(1 + ).
Define X3 = v3(1 + vy +v3)/[(1 +v1)(1 + v3)]. Then ¢(X3) = X3 and
(V=D (1. v2,v3) = k(V=D (01, 02, X3).

Thus we may apply Theorem 2.4 (regarding vy, 1/vy, va/vy as x, y, z in its
statement). More precisely, define

— (033 L3 3 2,2y /(42 44 2 2.3 2_ .3
X1 = (vivy + vy +v; —3v7v;y)/(V]Vv; + V5 + V] — ViV — VY — VI V2),

_ 4 4 2.2 42, 4, .2 2 3 2.3
X5 = (v1v; +v1v2 + vV = 30705)/ (Vi vy + V5 + V] —VV; — VI Vy — Uy V7).

By Theorem 2.4 we get k(~/—1)(v1, v2, X3)'¢ = k(vV/=1) (X1, X2, X3).
e Step 5. With the aid of computers, we find that the actions of @’ and p on X7,
X, X3 are given by
2 A 7 X243 A2 2
X —X1 X2+ X5 Xi—X1Xo+X;
> X2 . Xo> X ,
X2=X1 X+ X3 X2—X1 X+ X3

Cl,IXll—)

X3 I—>X3,

1Y §X1 X3I—>—2A/X3,

where A = g1g2g3_1 and

g1=(1+X)>-X,(1+X1) + X7,

g2=(1+X2)> = X; (14 Xa) + X7,

G=1+Xi+ X0+ X + X5 + X1 X203X Xo —2X7 —2X5 +2) + X + X7

Note that p(g1) = g2/ (X7 — X1 Xo+ X7) and d(g1) = g1/ (X[ — X1 X2 + X3).
Define Y; :Xl/Xz, Y,=X,Y3= X1X3/g1. We find that

d:Yi=Y), LY/ (Y(1-Y,+YP), Y Yi.
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Thus
k(V=1)(X1, X2, X3)') = k(V=1)(Y1, Y2, Y3)') = k(V=1)(Z,, Z3., Z3),

where Z, =Yy, Z, =Y, +d' (Ya), Z3 = V3.

e Step 6. Using computers, we find that the action of p is given by

p:Zi > 1)Zy, ZyvwsZa)Zy, Zyw =273 /(A Z3),
where A’ is defined to be
—2Z}4+Z\Zy+Z5+4Z; 272, Z5-2Z1+3Z3Z5+ Z1 2,221 25+ Z1 Z5.

Define Uy = Z,+p(Z3), Uy = v —=1(Z2—p(Z3)), Us = Z3+p(Z3) and Uy =
V=1(Z3 — p(Z3)). We see that k(vV—1)(Zy, Z5, Z3)\?) = k(Uy,U,, Us, Uy)
with a relation

Ui + U} +32(U +U;)/B =0,

where B = (U —3U7)* +4U; (U} —3U3) + 32U;.
Dividing this relation by 16(U12 + U22)2/B2, we get

(BU3/(4U? +4U2))* + (BU,/(4UE + 4UD))* + 2B/ (U2 + U2) = 0.
Multiply this relation by U 12 + U22 and use the identity
(@ + B (y* +6%) = (a8 + By)* + (ay — BS)*

to obtain the simplification

(4-3) Vi+Vi+2B=0,
where
U,Uz + U,U, U,Us — U, U
V, = B 1Us + Uy Uy and V, =B 1Ug 293
4UE +4U7 4UZ +4U;

Note that k(U], U,,Us, U4) = K(U], U,, V3, V4)

Define wy = 8U; /(U2 —3U3), wy =8U, /(U —3U3), ws = V3/ (U =3U3),
Wy = V4/(U12 - 3U22) Then k(Uy, Uy, V3, V4) = k(wq, wy, w3, wy) and the
relation (4-3) becomes

w3 +w; +2+w; + w3 =0.

Hence wy € k(wy, w3, ws). Thus k(vV=1)(Z1, Z2, Z3)'P) = k(wy, w3, ws) is
k-rational.
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Case 3: ~/—2 € k but ~/—1 ¢ k. We use the 4-dimensional faithful representation
of S4 over k provided by (3-3). This representation provides an action of S4 on
k(x1,x7,x3,Xx4) given by

a . ox1 > =2(x1—x3)/2, X2 > A =2(x1 +x2)/2,
X3 > V/=2(=x3—x4)/2, X4 > V/=2(x3 = x4)/2,
b x1 x4 —Xxq, Xy > —X3,
X3 > X3,

¢ X1 (X —x2—x3—x4)/2,
X3 > (X1 — X2 + X3+ x4)/2,

Xy > (X1 + X2 +x3 —x4)/2,
Xab> (X1 +x2—x3+x4)/2.

The proof of this case is very similar to that of Case 2.

e Step 1. Apply Theorem 2.2. We see that k(§4) is rational over k(x1, X2, X3, X4)‘§4.
Hence the proof is reduced to proving that k(x1 X2, X3, X4)S4 is k-rational.

e Step 2. Write n = Gal(k(~/—1)/k) = (p), where p(+~/—1) = —+/—1. Extend
the actions of 7 and Sy to k(+/—1)(xq, x2, x3, X4) as in Step 2 of Case 2. We find
that

k(x1,x2,X3, x4)S4 = k( vV _1)(X1,X2,_X3,x4)(a/’b’cvp)'

Define y1, y2, y3, ya € k(v =1)(x1, X2, X3, X4) by
n=—-x1—v-lxa+x3+v—Ixg, =V=lx; —x2 + v—1x3—xy,
y3 =Xx1 —~v—1x3 +x3 — vV —1xy4, =+ —=1x1 +x3 —V—1x3 — x4.

We get k(v —1)(x1, X2, x3,x4) = k(~—=1)(¥1, ¥2, V3, V4) and the actions are

d oy (=y1—02)/V2, i (11— 32)/V2
y3> 13+ ya)/NV2. yar> (—y3+ ya) /N2,
b iy =1y, y2 > —~/—1ys,
3 r—>\/—_1y3, J/4'—>—\/—_y4,
) . yli_)yl—\/—_lyz’ . n+V=1y
1++/-1 IV
y3»—>ﬂ, Y4 > J’3+\/_J/4
1+ /=1 TV
p oy V—lys, y2 > —/—1y3,
y3'—>—\/—_1J/2, y4|—>x/—_1y1.

Note that the action of a'? is

/2,
a Y1)y —=y1,

V3> Y4 = —y3.
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(Compare with (4-2) and (4-4).) The actions of a’ 2, b, ¢ in both cases are the same.
o Step 3. Define z; = y1/y2, z2 = ¥3/ V4,23 = y1/y3. Asin Step 3 of Case 2, it
suffices to prove that k(v/—1)(z1, 22, z3) 57 is k-rational.
Define uy, us, us, v, v3, v3, X1, X2, X3 by the same formulae as in Step 3 and
(b,a'%,c) _
Step 4 of Case 2. We find that k(~/—1)(z1, z2, 23)'??% ¢/ = k(v/—1)(X1, X3, X3).

* Step 4. The actions of @/, p on X7, X>, X3 are slightly different from Step 5 of
Case 2. In the present case, we have

a:X;— 3 X 3 Xo > 3 X 3 X3 — —Xj3,
Xl —X1X2+X2 Xl —X1X2+X2
p X X X5 X X3~ —24/X;,

) 20 ) 2
X2 X, Xy + X X2 X, Xy + X

where 4 = g1g2g3_1 and

g1=0+X)*-X2(1 + X1) + X5,

g2 =(1+X)"-X;(1+Xp) + X7,

G=1+X1+ X0+ X + X5 + X1 X,06X, Xo —2X7 —2X7 +2) + X + X7

Note that the action of p is the same as in Step 5 of Case 2.
Define Y; = Xl/Xz, Y,=X,Y3= X1X3/g1. We get

d:Yi=Y, YLeY/(Hh(O-Y+Y}D), Y- -Yi.

Thus k(v=1)(X1, X2, X3)') =k (V=D (1. 12, Y3)) =k(V=1)(Z1. Z5. Z3),
where Z1 =Y1,Z, =Y, —{—CZ/(Yz), Z3=Y3(Y, —a/(Yz)).
e Step 5. Using computers, we find that the action of p is given by
p:Z1=>1/Zy, Zy— Zy/Zy, Z3—C/Zs,
where C is defined to be
2ZUAZI+Z5 -2\ Z5+ 2373/ (1 - Z1 + Z3)
S VAR WAVAS YV ALY VALY AVALIVAESRVAVAEVAVASIVAVAE VAV A,

Define Uy = Z,+0(Z3), Uy =~V —1(Z,—p(Z>)), Us = Z3+p(Z3) and Uy =
V=1(Z3 — p(Z3)). We find that k(~V=1)(Z1, Zy. Z3)') = k(U Uy, U3, Uy)
with a relation

(4-5) U2+ U} =8(UE + U (—16+ U} —3U3)/B(UE —3U3),

where B = (U —3U3)* +4U (U} —3U3) + 32U;.



362 MING-CHANG KANG AND JIAN ZHOU

Note that the above formula of B is identically the same as that in Step 6 of
Case 2. It remains to simplify the relation (4-5). Dividing both sides by (U 12 +
U22)2, we get

(Us/ (U2 + UD))? + (Ug /(U + UD)) =8(—16+ U2 —3U2)/ B(UZ — 3U2).

Divide both sides of the above identity by (2(U 12 — 3U22) /B)?. We get a relation

(4-6) VE+VE=201-VE+3VH(A+ Vi +2Vy),
where " BU
Vi=_— 1 > = 2 : 2 2\’
U2 -3U; (U2 -3U2)(2U2 +2U2)
44U BU.
Vo= - 7 Va=m 2 : 2 N
U2 -3U; (U2 —3U2)(2U2 +2U2)

Note that k(Uq, Uy, Uz, Uy) = k(Vy, V,, V3, Vy).

Define wy = 1/(1 4+ V1), wy = Vo/(1 4+ V1), w3 = V3/(1 4+ V1)?, wy =
Va/(1 4+ V)2 We get k(Vy, Vs, V3, Vy) = k(w;, w,, ws, ws) and the relation
(4-6) becomes

w% + wﬁ =2(—1+42w; + 3w%)(w1 + 2w§).

Divide the above identity by (w; + 2w§ 2. We get

(w3/(wy —i—2w§))2 + (wa/(wy +2w3 )2 =2(—1 42w +3w3)/(w; +2w3).

2

Since 2(—1 42w + 3w§)/(w1 + 2w§) is a “fractional linear transformation’
of wy and it belongs to k(w,, w3 /(wy + 2w§), wy/(wy + 2w§)), we find that wq
is in k(w,, w3 /(wy + 2w§), wye/(wy + 2w§)). Thus

k(wy, wa, w3, wg) = k(wa, w3/ (wy +2w3), wa/ (wy + 2w3)).

We find that k(v—1)(Z;, Z, Z3)'?) is k-rational.

Case 4: ~/—1 € k but +/2 ¢ k. This is similar to Cases 2 or 3, so the detailed
proof is omitted. In the case char k = 0, we may apply Plans’ result, Theorem 1.3.
|

5. Other double covers of S,

In this section we consider the rationality problem of G, which is a double cover
of the symmetric group and different from both §n and S,.

There are four double covers of the symmetric group S, when n > 4. The trivial
case is the split group S, x C,. The rationality problem of the group S; x C; is
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easy because we may apply Theorem 2.6. It remains to consider the non split cases:
they are S, Sy, and the group G, defined below.

Definition 5.1. For n > 3, consider the group G, such that the short exact sequence
1 —>{*+l}—> G,,iS,, — 1 is induced by the cup product &, Ue, € H*(Sy, {£1}),
(see, for example, [Serre 1984, page 654]) where &, : S, — {£1} is the signed
map, that is, g,(0) = —1 if and only if o € S is an odd permutation. Note that
the group G, is denoted by S, in [Plans 2009].

The group G, can be constructed explicitly as follows. Let
I 41— Cy = v/, 1 2 (1) > 1

be the short exact sequence defined by pg(+/—1) = —1. The group G, can be
realized as the pullback of the diagram

Sn
»Len
Co 2% 1£10.

Explicitly, as a subgroup of S, x Cy4,
Gn = {(0, (V1)) € Sy x Cy : £2(0) = po(V=1)))}
= (A x{£1D)U{(0, £V =1) € Sy x Cy: 0 & Ay}

If k is a field with char k # 2, a faithful 2n-dimensional representation can be
defined as follows. Let X = (@lsiSn k -x,-) 23} (@lsiSn k- yi) and let G, act on
X by, forl <i <n,

t . Xib>—Xi, Yi > —Ji,
(5-1) T 1 X Xg(@), Vi Vo—1z6(i)>
0 Xjb>Yib =X,

where t = (1,—1) € G, C S, X Cy4, T € Ay and 7 is identified with (z, 1) € Gy,
o=(1,2)eS,and o = (0, v/—1) € Gy..

The next result was proved in [Plans 2009, Theorem 14(b)] under the assump-
tions that char k = 0 and ~/—1 € k. Our proof is different from Plans’ even in the
situation when chark = 0.

Theorem 5.2. Assume that k is a field that satisfies:
(i) Either chark = 0 or chark = p > 0 with p } 2n.
(i) vV—1€ek.

Then k(Gy) is k-rational for n > 3.
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Proof. The reader will find that (i) the assumption char k # 2 is used throughout
the proof; (ii) the assumption chark } n is used in Step 2; (iii) the assumption
~/—1 € k is used in Step 3.

e Step 1. Apply Theorem 2.2. We find that k(G,) is rational over
k(xj,yi:1<i < n)G”,
where G, acts on the rational function field k(x;, y; : 1 <i <n) by (5-1).

e Step 2. Define ug = Y <;<, Xi» Vo = D <i<p Vi and u; = x;/ug, vi = yi/vo
for 1 <i <n. Note that k(x;, y; : 1 <i <n) =k(uj,vj : 0 < j < n) with the
relations D ; —;<, Ui = ) _j<;j<, Vi = 1. The action of Gy is given by

. uUgr> —uo, Vo > —Vo, Ui = uj, vj = Vg,
T : Uy > U, Vo = Vo, Ui = Ug(), Vit Vg—l16()>
O . UyghH> Vo> —Vg, Uj+—>ViH>Uj,

where 1 <i <n and ¢, 7, o are defined in (5-1).
Define wq = ugvg, wy = ug/vo. Then

k(uj,vj:0<j <m) =k(ui,vi:1<i <n)(wy,w).

Note that t(w;) = w; for 1 <i <2, 6(w;) = —wy, o(wy) = —1/w,. By
Theorem 2.1,
e(ui,vi 1 <i < n)(wy, wp) Y = ke(ui, v 1< <) (wa) O/ (W)

for some w’ fixed by the action of G, /{t). Moreover, we may identify G, /(t) with
Sy and identify & (modulo (¢)) with o.
Define U; = u; — (1/n), V; =v; — (1/n) for 1 <i <n. We find that

Y o= 3 s
1<i<n 1<i<n

and the action of S, on k(U;, V; : 1 <i < n) becomes linear. We will consider
k(U;, Vi : 1 <i <n)(w,)5". The action of S, is given by

(5_2) T : Ul g U‘[(i)a I/l g Vo'_lrg(i)7 Wy = Wy,
U ViU, wyr>—1/w,,
where 1 <i <n,tr€dy,0=(1,2)and ) ,.;,Ui=> <<, Vi=0.

e Step 3. Since v —1 € k, define w = (vV—1 —wy)/(v/—1 + wy). We find that
7(w) = w for T € A, and o (w) = —w. Apply Theorem 2.1. We find that

k(ui,vi:1<i<n)(wy)>" =k(U;,Vi:1<i<n)S(w")

for some w” fixed by the action of Sj,.
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It remains to show that k(U;, V; : 1 <i < n)S" is k-rational. The following
proof of this fact is due to the referee.
Define Wl.ﬂE = U; £ V4(;). Itis easy to verify that for r(Wii) = er(:i) for t € Ay;
and that for o = (1, 2), O‘(I/Vl-+) = W;Ei) and o (W;7) = —WU_(I.).
Define subspaces W and W/ by W =3, ;_, k- W,  and W' =3, ;. k- W,
Note that
Y kU ) kVi=WeWw.

1<i=<n 1<i<n

Moreover, W is the standard representation of Sy, that is, W ~ lei <n k - s; with
Y i<i<nSi =0and A(s;) = s forall A € Sy, forall 1 <i <n. On the other hand,
W’ is the representation space of the tensor product of the standard representation
and the linear character ¢, : S, — {£1}.

o Step 4. Apply Theorem 2.2 to k(U;, V; : 1 <i < n)Sn. We find that

kUi, Vit 1<i <n)Sn=k(WeW')St = k(W1 1<i <n—1)5(t1, ..., ty_1),
where each ¢#; is fixed by S;,. Obviously the field k(WiJr 1<i<n—1)5%is
k-rational, whence the result. O

In the following theorem the assumption ~/—1 € k from Theorem 5.2 will be
dropped. The first part of the following theorem was proved by Plans [2009, The-
orem 14 (b)]; there he assumed that char k = 0.

Theorem 5.3. (1) If k is a field with char k # 2 or 3, then k(G3) is k-rational.

(2) If k is a field with char k # 2, then k(Gy) is k-rational. Moreover, if chark =
0, then k(Gs) is also k-rational.

Proof. Case 1: n = 3. By Step 2 in the proof of Theorem 5.2, it suffices to
consider k(U;, Vi 1 1 <i <3)(w;)53, where Y i<i<3Ui=21<i<3 Vi=0. Define
7 =(1,2,3) € S3. The actions are given by

t: U Uy—-U—-U;, Vo=Vie-=V—-V,
O'ZU1<—>V1, U2<—>V2.

Define w3 = U/ V,, wgy = Uy / V1, ws = V1 / V,. It follows that
kUi, Vi1 =i <3)(wn)™ =k(w;j :2= j <5 (V)5 =k(w; :2= j =5)% (wo)

for some wg by Theorem 2.1.
It remains to show that k(w; : 2 < j < 5)S3 is k-rational. Note that

Tiwy > wy, w3 wg > (w3 +waws)/(1+ ws),

o:wyt>—1/wy, w3t 1/wg, wat>1/wz, wst> ws/(waws).
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Define wg = (w3 + waws)/(1 + ws). Note that k (w3, wg, ws) = k(ws3, wg, We)
and
T:W3k Wy W w3 and o :wg 1/wg.
Define w7 = (1—w3)/(1+w3), wg = (1—wq) /(1+wy), we = (1—ws) /(1 +ws).

Then k(IU3, Wy, U)6) = k(U)7, wg, UJ9) and

T:Wqy > Wy > Wo > w7,

0:w7H —wg, Wghk>—W7, Wy —Wy.

By Theorem 2.4 we find that k(w;, w3, wq, ws){™ = k(wy, X1, X5, X3), where
X1 = w7 + wg + wg and

v wiws + wiwe + wiws — 3wswswe
2: 9
w% + w§ + wg —W7Wg — W7 W9 — Wg Wy

v wrwg + wgwy + wows — 3wswswe
3 =

w%+w§+w§—w7w8—w7w9—wgw9
Moreover, the action of ¢ is given by
o:wy>—1/wy, Xi—-X1, Xob—X;3, X3 -—-X,.

Apply Theorem 2.2. We find that k (w2, X7, X2, X3)'%) = k(w,)9) (Y}, Y5, Y3)
for some Yi, Y,, Y3 fixed by 0. Since k(wz)(“) is k-rational, it follows that
k(wy, X1, X, X3)<") is k-rational.

Case 2: n = 4. Once again we use Step 2 in the proof of Theorem 5.2. It suffices
to consider k(U;, V; 1 1 <i < 4)(w,)54, where Doi<i<aUi=D1<i<a Vi=0. Set
At =(1,2)(3,4), 2 = (1,3)(2,4), p=(1,2,3) and 0 = (1,2) as before. Then
S4 is generated by A1, A, p and 0.

Defineti =U; 4+ Uy, tp, =Vi+ Vo, t3 =U 1+ Uz, t4 = Vo + V3,15 =U, + Us
and t¢ = V1 + V3. The action of Sy is given by

Al 1, thy > 1o, 13> —t3, t4r>—tg, L1t5+>—1s5, 1gt>—I,
A iti > —t], bLt>—l, I3H>13, ty > g, ts > —ts, tg > —lg,
pili=>Ils—>13=>1, htlg>li—1),

Ol <1, I3<1lg, [4<15.

It follows that k(; : 1 <i < 6)(wy)<**2> = k(T; : 1 <i < 6)(w;), where
Ty = ti/ta, Tr = t3/14, T3 = t5/t6, Ty = tat/ta, T5s = tatg/ts, Te = tats /1.
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Moreover, the actions of p and ¢ are given by

p:Tll—>T3l—>T2|—>T1, T4l—>T5l—>T6l—>T4,
O'IT1|—>1/T1, Tzl—)l/Tg,, T3I—>1/T2,
Ty (T 12/T3)Ts, Ts—> (IxT3/T1)Ts, Ter> (T113/T2)Ts.

By Theorem 2.2, it suffices to show that & (7; : 1 <i <3)(w,)~P°~ is k-rational.
Define ws = (1-T7T1)/(1+T1), wa=(1-T2)/(1 +T2), ws =(1—T3)/(1 + T3).
Then we find

0 Wy > Wy, W3 k> Ws > Wy > W3,

0wy —1/wy, w3t —ws3, Wat>—ws, Wst>—Wy.

Use Theorem 2.4 to find that k(7; : 1 <i < 3)(w,)~P~. The remaining part of the
proof is very similar to the last part of Case 1. The details are omitted.

Case 3: n = 5. By [Plans 2009, Theorem 11], k(G') is rational over k(Gy4). Since
k(Gy) is k-rational by Case 2, we are done. O
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REMARKS ON THE BEHAVIOR OF NONPARAMETRIC
CAPILLARY SURFACES AT CORNERS

KIRK E. LANCASTER

Consider a nonparametric capillary or prescribed mean curvature surface
z= f(x) defined in a cylinder 2 x R over a two-dimensional region £ whose
boundary has a corner at O with an opening angle of 2a. Suppose the con-
tact angle approaches limiting values y; and p; in (0, ) as O is approached
along each side of the opening angle. We will prove the nonconvex Concus—
Finn conjecture, determine the exact sizes of the radial limit fans of f at O
when (1, y1) € Df U DF and discuss the continuity of the Gauss map.

1. Introduction

Let  C R? be a connected, open set. Consider the classical capillary problem in a
cylinder

(1) Nf=«kf+A inQ,
2) Tf-v=cosy (ae.) onodf2,

and, more generally, the prescribed mean curvature problem in a cylinder

3) Nf=H(-, f(-)) ing,
“4) Tf-v=cosy (ae) ond<,

where Tf = Vf//1+|Vf|?, Nf =V -Tf, v is the exterior unit normal on
092, H(x,t) is a weakly increasing function of ¢ for each x € Q and y = y(x)
isin [0, w]. We will let ¥ denote the closure in R3 of the graph of f over Q.
When H(x,t) =«t + A (i.e., f satisfies (1)-(2)) with k and A constants such that
k > 0, then the surface ¥ N (2 x R) represents the stationary liquid-gas interface
formed by an incompressible fluid in a vertical cylindrical tube with cross-section
2 in a microgravity environment or in a downward-oriented gravitational field, the
subgraph U = {(x,1) € Q x R:t < f(x)} represents the fluid filled portion of the
cylinder and y (x) is the angle (within the fluid) at which the liquid-gas interface
meets the vertical cylinder at (x, f(x)); Paul Concus and Robert Finn have made

MSC2010: primary 76B45, 35J93; secondary 53A10, 35J62.
Keywords: capillary graph, Concus—Finn conjecture, Gauss map, sizes of fans.
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fundamental contributions to the mathematical theory of capillary surfaces and have
discovered that capillary surfaces can behave in unexpected ways (cf. [Concus and
Finn 1996; Finn 1986; 1999; 2002b; 2002a]). For a function f € C2(Q), we let

A0 =i (0 = -0 oy eq,
VIHIVE(x))?
denote the downward unit normal to the graph of f; when f is a solution of (1)—(2)
and « > 0, 7 represents the inward unit normal with respect to the fluid region. Of
interest here is the behavior of capillary surfaces and prescribed mean curvature
surfaces over domains 2 C R? whose boundaries contain corners (e.g., [Concus
and Finn 1996; Finn 1996]).

Let us suppose 0 = (0, 0) € 92 and 2 is a connected, simply connected open
set in R? such that 92\ {0} is a piecewise C I curve, Q has a corner of size
2a at O and the tangent cone to 92 at O is Lt U L™, where polar coordinates
relative to O are denoted by r and 0, L™ = {# =a} and L™ = {§ = —a}. We will
assume there exist §* > 0, p* € (0, 1] such that 97 Q =9Q N B(0, §*) N TT and
9~ Q=09QNB(0, §*)NT~ are connected, C-*" arcs, where T+ = {x € RZ: x, >0},
T-={xeR?:x,<0}and B(O, ¢) = {x € R : |x| < €}; hence the tangent rays to
0TQand 3~ Q at O are L™ and L~ respectively. Set Qp = Q0(8*) = QN B(O, §%).
Let y*(s) and ¥~ (s) denote y along the arcs 3+ and 3~ 2, respectively, where
s = 0 corresponds to the point O; here we have parametrized 97 and 9~ by,
for example, arclength s from O and write these parametrizations as x* and x~
respectively. We will assume there exist yy, y» € (0, ) such that
&) 3%13111%@ y(x)=y and HIZIBI};@ y(x) =72.

Suppose first that 2a < 7 (i.e., the corner is convex or 92 is C Lat 0); such an
Q is illustrated in Figure 1. Figure 2 can then be used to illustrate our knowledge

0=«

Ng=-q

Figure 1. 2 with 2o < .
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2

2a

2a

(3]

0 Y1
0 T —2a T

Figure 2. The Concus—Finn rectangle for convex corners.

of the behavior of a solution f of (3)—(4) at the corner O; here let R, DT, D;E be
the indicated open regions in the (open) square (0, w) x (0, 7). If (y1, y») is in
RN (0, ) x (0, ), then f is continuous at O [Concus and Finn 1996, Theorem 1;
Lancaster and Siegel 1996b; 1996a, Corollary 4; Tam 1986]. If (y1, y») € D]i, then
f is unbounded in any neighborhood of O and the capillary problem has no solution
if kK = 0 [Concus and Finn 1996; Finn 1996]. If (y1, y») € D;E, then f is bounded
[Lancaster and Siegel 1996a, Proposition 1] but its continuity at O was unknown
until recently. Concus and Finn discovered bounded solutions of (1)—(2) in domains
with corners whose unit normals (i.e., Gauss maps) cannot extend continuously as
functions of x to a corner on the boundary of the domain [Finn 1988a, page 15;
1988b; 1996; Concus and Finn 1996, Example 2]. They formulated the conjecture
that the solution f of (1)—(2) must be discontinuous at O when (yy, y») € Dzi.
Writing the conditions required for a pair of angles to be in D;E yields the following
formulation of their conjecture:

Concus—Finn conjecture. Suppose 0 < o < /2, that the limits (5) exist and 0 <
V1, Vo <m. If 20+ |y1 — y2| > 7, then any solution of (3)—(4), with H(x, 7) =k z+A,
k >0, has a jump discontinuity at O.

This conjecture was proven for solutions of (3)—(4) (i.e., without the restriction
that H (x, z) = kz + A) in [Lancaster 2010].!

Thus, when 2« < 7, (1, ¥2) € Dzi, and f satisfies (3)—(4), f is discontinuous at
O and there is a countable set $ C (—«, ) such that the radial limit function of f at

IFor convenience, we will abbreviate this reference as [L]. Similarly, [Lancaster and Siegel 1996a]
and [Lancaster and Siegel 1996b] will be abbreviated [LS a] and [LS b], respectively.
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—atq

0=—u

Figure 3. Q with 2o > 7.

O, Rf, defined by Rf (o) = limy+qs, 0 f(x), Rf (—a) =limy-o5, ¢ f(x) and

(6) Rf(9)=lig)1f(rcost9,rsin0), —a <0 <a,

is well-defined and continuous on [—c, «] \ $ and behaves as in Proposition 1(i) of
[LSb]; if H(x, z) is strictly increasing in z [LS a, §5] or real-analytic [LS b] for x
in a neighborhood of O, then $ = &. (See [LS a], Step 3 of the proof of Theorem 1
and §5, and [LS b] regarding the sets $ and cusp solutions.) We may assume for the
moment that (y, y2) € D; since the other case follows by interchanging x; and
x7; then Theorems 1 and 2 of [LS a] and Proposition 1 and Theorem 1 of [LS b]
imply there is a countable set $ C [«], «z] such that

constant on [a2, a],
Rf is q strictly increasing on [o, o] \ &,
constant on [—a, a1],

with o) < ap, @ —ap > yp and o] — (—a) > 7 — y». In fact, determining the exact
sizes of these radial limit fans when f is discontinuous at O follows easily from
[L]. (Notice that DT = & if 2 = 7r.)

Proposition 1.1. Let Q be as above with 2o < w and f be a bounded solution
to (3)—(4). Suppose that (y1, v2) € D;E and that there exist constants Y * 7*,
0< Zi <y * < 7, satisfying

Z++Zf >t —20 and Y14y < 2a+m,
so that Zi <yE(s) <y T foralls, 0 < s < so, for some so. Then Rf (0) exists for

0 €|—a,a]\$ and Rf (0) is a continuous function of 6 € [—a, a]\ $, where 9 is
a countable subset of (—a, o).
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Case (D). If (y1, ) € D;r (e, yi—ya<2a—m)thena) =—a+m—y, 00 =0—y|
and
constant on o —y1, al,
Rf is { strictly increasing on[—a+ (71 —y2), @ — 1]\ 9,
constant on[—a, —a+ (T — )],

where 9 is a countable subset of [—a + (7 — 12), o — y1].

Case (D). If (y1, v2) € D, (ie., y1—y2>7m—2a) thenoy = —a+yy, aa=a—7T+y
and
constant on o — (T —y1), al,
Rf is § strictly decreasing on[—a+yo, 0 — (r —y1)]\ 9,
constant on[—a, —a+ ],

where $ is a countable subset of [—a + y2, ¢ — T + 1]

Proof. Using the information from [LS b] and [LS a] given above and assuming
(y1, y2) € D; , we will argue by contradiction. Suppose that oy < @ — ;. Let

Qy C {(rcos@,rsin@)eﬂ:r>0, oy <6 <a—y1/2}.

be an open set whose boundary 9€2g contains {8 = « — y;/2} and is tangent to
{6 = ar} at O so that the appropriate analogue of [L, (43)] tends to zero. Then f is
continuous on 2 and, from Theorem 2.1 of [L], we obtain

(7 timii;(r cos(a = 5y1). rsin(@ = 3y1)) = (=sin(e = y1). cos(e = y1). 0).

¥ lim ny(x) = (—sinay, cosaz, 0).
x—0
x€dQ\{o=a—31)

Notice that the limiting contact angles at O are %yl (onf =a— %yl) and 7 (on
6 = ay). Now, using Theorem 2.1 of [L], we see that the arguments in §3 of [L]
yield a contradiction to the assumption that «y < o — yy. (If y» = m were allowed
in Theorem 1.1 of [L], then a contradiction would follow immediately since 2«
=a—w— 3y In—nl=r—3yand2a+|y —pl=r+a—y —a>7.)
In the case that @y > —a + 7 — 2 or (y1, y2) € D, , the proof follows in a similar
manner. O

The focus of this note is to give a direct proof of the nonconvex Concus—Finn
conjecture and, when (y1, y;) € ch U Déc, establish the exact sizes of radial limit
fans at reentrant corners and discuss the continuity of the Gauss map. We note that
Danzhu Shi assumes the (convex) Concus—Finn conjecture holds when y; € {0, 7}
or y» € {0, '} and then, in her extremely interesting paper [Shi 2006], gives an
argument for the proof of the nonconvex Concus—Finn conjecture. Unfortunately,
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these cases (e.g., y;j € {0, w}, j =1, 2) are not covered in [L]. Our interest in proving
the nonconvex Concus—Finn conjecture arises from our need, when determining
the exact sizes of fans at reentrant corners, for the information developed during
its proof (e.g., analogs of Theorem 2.1 of [L]) and from a belief in the value of
presenting a proof which directly uses the ideas and techniques in [L].

2. The nonconvex Concus-Finn conjecture

The following theorem implies that the nonconvex Concus—Finn conjecture (cf.
[Shi 2006]) is true; the proof will be given in Section 2B.

Theorem 2.1. Let Q and y be as above with a € [5, m]. Let
feCHNCH(BO,85)NQ\ {0}
be a bounded solution of (3)—(4) with

|Hloo = sup [H (x, f(x))] <00

xeQ

for some § > 0 and p € (0, 1). Suppose (5) holds and vy, y» € (0, ). Then f is
discontinuous at O whenever |y; — 2| > 20 —mw or |y1 +v2 — 7| > 2w — 2« (i.e.,
(71, v2) € DY UD}).

Throughout this section, we will consider f to be a fixed solution of (3)—(4) that
satisfies the hypotheses of this theorem. We may parametrize the graph of f as
in [LS a], using the unit disk E = {(u, v) : u> 4+ v?> < 1} as our parameter domain.
From Step 1 of the proof of Theorem 1 of [LS a] and §3 of [L], we see that there is
a parametric description X : E — R3 of the closure S of Sy = {(x, f(x)):x € 2},

X(u,v) = (x(u,v), yu,v), z(u,v)), (u,v)€E,
such that:
() X e CHE:RHNWL2(E : RY).
(i1) X is a homeomorphism of E onto Sy.
(iii) X maps dF onto {(x, f(x)) : x € 0Q}U ({0} x [z1, z2]), where

z; =liminf f(x) and zp =limsup f(x).
23x—~0 Q2x—0

(iv) X is conformalon E: X, - X, =0, |X,| =|X,| on E.

(v) Let H (u,v) = H(X(u,v)) denote the prescribed mean curvature of ¥, at
X (u,v). Then AX := Xy + Xpo = H Xy X Xo.

(vi) X € C%UE).
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2

21 — 2«

200 —

2m — 2

(3]

0 Y1
0 20— T

Figure 4. The Concus—Finn rectangle for nonconvex corners.

(vii) Writing G (u, v) = (x(u, v), y(u, v)), G(cost, sint) moves clockwise about
d%2 as t increases, 0 <t < 2w, and G is an orientation reversing homeomorphism
from E onto 2; G maps E onto Q and, if f is continuous at O, then G is a
homeomorphism from E onto 2.

(viii) Let 775 : §2 — C denote the stereographic projection from the North Pole and
define g(u +iv) = ns(ﬁf(G(u, v))), (u, v) € E. Then

9) 1871 = SIHI(1+ 18] Xl

where ¢ = u +iv, /3¢ = 5(3/0u —id/dv) and 8/3¢ = 5(d/du +id/dv). For
convenience when working with complex variables, set £y ={¢ € C: |{| < 1}.

(ix) The parametric Gauss map N : £ — S%2is N = (X, x X))/ Xy x Xy| and
satisfies N (i, v) = r'if(G(u, v)), (u, v) € E; the domain of N is taken as the largest
subset of E on which N extends continuously.

It is convenient to introduce some notation. Suppose V C R* with 0 € 3V. For
t>0,setV,={(x,y) eV s x? —I—y2 < 1?}. Let s(V) denote the set of sequences in
V that converge to 0. If h € C'(V), we define IT,(V) = M=o iy (V,); then

I, (V) = {Y € 8% : there exists (xj) € s(V) such that Y = lim ﬁh(xj)}.
J—> 00

Without assuming that f is or is not continuous at O, we have:

Lemma 2.2. Let A be an open, connected, simply connected subset of 2 with O in
dA and suppose that there is a rotation M of R* about O such that

{(M(y1,y2), y3) : Y € I s (A)}
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is contained in a compact subset of {Y € §? : y, > 0, y3 < 0}. Let ¢ be a conformal
map from E to G~ (A) and define

(10) gu+iv)y=ns(iif(God(u,v))), (u,v)€E.

Then there exists p > 2 such that

(1) 8&)=v(@)+h(), (ekE,

where Vr is a holomorphic function on E| and h € L*°(E)) is a Holder continuous
function on E with Holder exponent u = (p —2)/p.

Proof. In §3 of [L], the fact that the limits at O of the Gauss map are contained in a
compact subset of {Y € S2:y,>0, y3 <0} implies that (u, v) — (z(u, v), x(u, v))
is quasiconformal and has a quasiconformal extension to R?; Gehring’s lemma and
the isothermal parametrization imply X € W'? for some p > 2 and the classical
literature implies g = ¥ + h with ¥ and & as above. We can argue as in §3 of [L];
we find that X € WP (E : R3) for some p > 2 and

(12) g(&) =¥ (&) +h(),
where 1 is a holomorphic function and & € L°°(E}) is an uniformly Holder contin-
uous function on E; with Holder exponent . ([

Remark 2.3. Notice that g = g o ¢;, where ¢, is a conformal map from E; onto
{u+iv:(u,v) e GTL(A)).

2A. Image of the Gauss map. The (nonparametric) Gauss map on ¥y is the (down-
ward) unit normal map to &y when this is defined and equals 7 on ¥, N (2 x R);
here we consider ﬁf QxR— S by letting (x, 1) — 71 £(x). In this section, we char-
acterize in Theorems 2.4 and 2.5 the behavior of the limits at points of {0} x R of the
Gauss map for the graph of f when (y1, y») ¢ R.LetS? ={weR3:|w|=1, w3 <0}
be the (closed) lower half of the unit sphere.

Theorem 2.4. Let 20 > m and 2 and y be as in Section 1 and suppose (5) holds
with y1, y» € (0, ). Let B € (—a, a) and (x;) € s(2) such that

(13) lim - = (cos B, sin B).

j—oo |xj]
Let us write w(0) = (cos 8, sin8, 0) for 0 € R.
(D) If (1, v2) € D (e, yi — y2 < 7T —20) then
wl@—y1+7%) fBela—y,a),

jli)n;oﬁf(xj): w(B+7%) fpel—a+m—y),a—yl
o(—ax—y+3) iffe(—a —a+ (T —y)l
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(D) If (y1, v2) € D, (ie., y1 — y2 > 2 — 1) then

3

CU(Ol‘f‘)/l—T lf,Be[Ol-i—]/l—]T,d),
jli)ngoﬁf(xj): w(B—7%) fBel-a+y,a+y —mnl,
o(—a+y—%) ifpe(—a —a+nl

Proof. Let us assume (y1, y») € D;E. Let B € (—a, o) and (x;) be an arbitrary
sequence in 2 converging to O and satisfying (13). Since (7(x;): j € N)isa
sequence in the compact set S2, there is a subsequence of (x i+ j €N), still denoted
(xj:jeN),and 6 € (—%, 37”], T € [0, 1] such that (ﬁf(xjk) :k € N) is convergent
and

klim ng(xj) = (rcosh, tsinf, — 1 —12).
—00

Using [Jeffres and Lancaster 2008] and the techniques and arguments in §2 of
[L], we see that T = 1, limy_, o ﬁf(xjk) = w(#), and w () is normal to 9% and
points into %, where w(B) € d% and P is given in Theorem 2.2 of [Jeffres and
Lancaster 2008]. (In §2 of [L], the function u(x) = f(x) — Rf (B) is blown up about
(0, 0, 0); that is, the graphs of a subsequence of the sequence (u;) in C 2(Q), where
uj is defined by u;(x) = (f(e;x) — Rf(B))/€; and €; = |x,| for j € N, are shown
to converge to the intersection of €2 x R with a vertical plane ;. The (downward)
unit normal to 7r; is shown to be normal to the vertical plane 0% which contains
(cos B, sin B, 0) and point into P, where % satisfies Theorem 2.1 of [Jeffres and
Lancaster 2007].)

If (y1,y2) € D;“ , then the conclusions of Theorem 2.4 follow from Corollary 2.4
of [Jeffres and Lancaster 2008]; Figure 5 illustrates the graph of the argument
of n(B) = lim, o ﬁf(r cos B, rsinB). If (y1,y2) € D, , then the conclusions of
Theorem 2.4 follow from Corollary 2.5 of [ibid.]. O

Suppose that @ € (£, 7], y1, 2 € (0, w) and y; + y» < 2 — 7. Let us define
F = F(a, y1, y2) as follows: Set

1=[—a, —a—pym+r]lx{—a—y—m/2},

y=[—a,—a+y+r]lx{—a+y—n/2}
Fy=la—y1—m, o] x{e—y —37/2},
Fa=la+y—m o] x{a+y —37/2},
Fs={B.B—n/2):Bel-a+y,at+y —nl}
Fe={(B,B—3n/2): Bel-a+y+m a—yl}
ﬂe[—a+y2,—a—|—yz+n]}

%={<ﬂ+t,—a+yz—”/2+’): 1 €[0,2a =7 —y1 — 2]

and define ¥ = Uzzl Fj=F U---UFy (see Figures 6, 7 and 8 for illustrations).
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Theorem 2.5. Let 2a > 7 and 2 and y be as in Section I and suppose (5) holds
with y1, y» € (0, ). Let B € (—a, a) and (x;) € s(V) such that

(14) lim —L = (cos B, sin B).

j—>00| ]|

Continuing to write w(0) = (cos 8, sin 6, 0) for 6 € R, we see:

(i) Suppose (y1, y2) € Dfr (e, yi+y2 <20 —m), lim;_, ﬁf(xj) exists and

lim nf(x;) =w(@) forsome6 €R.
j—00

Then (B,0) € F
(i) Suppose (y1,y2) € D| (i.e., y1 +y2 > 20 +m), lim; r_if (x;) exists and

lim nif(x;) =w(@) forsome6 €R.
j—oo

Then (—8,0) € F
(iii) Connectedness at : Suppose (y1, y2) € DT and (x;), (y;) € s(£2) such that

X
lim —L = lim = (cos B, sin B),
J— 00 |x}| j—0o0 |y]|

lim nf(xj)—a)(Ql) and  lim ﬁf(xj)za)(Qz),
J—)OO J—)OO

for some 01 <6, such that (B, 01), (B, 62) € F. Then the set {0 €61, 03] : (B, 0) € F}
must be connected.

(iv) Connectedness: Suppose (y1, y2) € Dfr. Let By, By € (—a, o) with B < .
Suppose (x;), (y;) € s(§2) such that

lim —L = (cos By, sin B1), hm =L = (cos B, sin Bo),
J—>00 |)C]| oo | j|

lim nf(xj)za)(Hl) and lim nf(xj)za)(Gz),
j—o00 j—o0

for some 01, 0, such that (B1, 01), (B2, 62) € F. Set L = [min{6;, 6,}, max{0;, 6,}].
Then the set & N ([B1, B2] X L) must be connected.

Proof. The proof of Theorem 2.5 (i) and (ii) is essentially the same as that of
Theorem 2.4 with Corollaries 2.6 and 2.7 of [Jeffres and Lancaster 2008] replacing
Corollaries 2.4 and 2.5 respectively. Conclusion (iii) follows from (i) by standard
arguments (e.g., proof of Lemma 4.2). Conclusion (iv) follows from (i) by standard
arguments which take into account the specific geometry of F. U
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2B. Proof of Theorem 2.1. Assume (y1, y») € DllL U D;E, f satisfies (3) in Q
and (4) on B(0,§*)N a2\ {0} and f is continuous at 0; then f is bounded in a
neighborhood of 0. Since f is continuous at O, we have the following modifications
of (i)—(viii) in Section 2A:

(iii)’ X maps 0 E strictly monotonically onto {(x, f(x)) : x € 9K2}.
(viy X € C°(E) and X (1, 0) = (0, 0, zo), where zo = f(0, 0).

(vii)’ Continuing to write G (u, v) = (x(u, v), y(u, v)), G(cost, sint) moves clock-
wise about 02 as ¢ increases, 0 < ¢t < 2w, and G is an orientation reversing
homeomorphism from E onto €2.

We will prove Theorem 2.1 in the cases (yy, y2) € D; and (y1, y2) € Di; this will
suffice to prove the lemma since the mapping

3 3
R - R 9 (-xlaXZa x3) = (-xla —X2, _-x3)7

converts a D, corner into a D; corner and converts a D, corner into a D;’ corner.
Suppose (y1, y2) € Dy. Set ) = (r — (y1 +¥2))/2 and let 6, € (&« — 1, «). By
choosing &g > 0 small, we may assume

Q*={(rcosf,rsinf):0<r <8, 61 <0 <6} CQ.
Notice that Theorem 2.4 (D5) implies
I/ (92%) = {(cos §,8in0,0) : 6y + i <6 <o —y1 + 1m}.

Since ¢ — y| — 61 = % Qa—m —y1+y) € Qa—m,a) C (0, ), the hypotheses
of Lemma 2.2 are satisfied (with M a rotation through an angle of 7 /2 — «). If
¢ is a conformal map from E onto G~ 1(Q*) which maps (1, 0) to (1,0) and g is
defined by (10), then Lemma 2.2 implies there exists p > 2 such that

(15) 8§ =¥ () +h(),

where v is a holomorphic function and 2 € L°°(Ey) is a Holder continuous function
on E| with Hélder exponent & = (p — 2)/p. The assumption that f is continuous
at O yields a contradiction as in §3 of [L] (i.e., the Phragmén—Lindel6f theorem is
violated).

Now suppose (y1, ¥2) € Dfr. Let6; € (—a, —a+ y2) and 6, € (¢ — y1, @) and
choose dp > 0 small enough that

Q" ={(rcos@,rsinf):0 <r <8y, 0] <6 <6} C Q.
Using Theorem 2.5, we see that

IT4(Q%) C {(cosh,sinh,0): B € (—a, ), (B,0) € Fr},
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where F; is one of the sets 4, Fp or Fc illustrated in Figures 9, 10 and 11
respectively. When Fp, is F 4 or Fc, the proof is essentially that same as that above

for the case in which (y1, y») € D;r . When % is Fp, the proof is essentially that
same as that in §3 of [L]. O



BEHAVIOR OF NONPARAMETRIC CAPILLARY SURFACES AT CORNERS 383

S
T
g S
R | R +
o ! s g
+¥ < < ¥ <
5] 3 | + 3 |
| ] 3 3 I 3 3
a—yl—:%[
—01+y2—%
—a—yp-%
s o + . __ 5w _z _T
Figure 11. Fc ata Dy corner; a =3¢, y1 =3, 12 = ¢.

3. The exact sizes of fans

We recall that a solution f € C2(Q)NC?(B(0, §)N\{0}) of (3)-(4) is unbounded
ifa <mw/2and (y1, y») € ch, for some § > 0 and p € (0, 1). The following lemma
justifies the definition of m ; : (—a, ) — §2, given by

myg(B) = lim ns(x;) whenever (x;) € s(2) with lim iy B (cos B, sin B),
j—=oo j—o00 |Xj

when (y1, y2) € D;—L U D;E.

Lemma 3.1. Let Q and y be as in Section 1, with « € [0, ). For some p € (0, 1)
and 8 > 0, suppose f € C*()NCP(B(0, 8) NQ\ {0)}) is a bounded solution of
(3)—(4) with |H| oo = SUp,.cq | H(x, f(x))| < 0o. Suppose (5) holds, y1, y» € (0, )
and (y1, y2) € DljE U D;E; that is, either o € [0, %) and |y; — y2| > m — 2« holds or
o e [%, 7] and one of |y1 — v2| > 2 — 1w or |y + Yo — | > 2w — 2« holds. Then
the Gauss map from ¥ ¢ to S? is continuous on & N (Q(€) x R) for each € > 0,
where Q(€) = {(rcosf,rsinf) € Q:r >0, 0| < a —€}. In particular, m ¢(B)
exists for all B € (—a, o) and rﬁf e Co(—a, @) : §2).

Proof. Using Theorem 2.1 of [LS a] when ¢ < 7/2 and (yy, y»2) € D;E and The-
orems 2.4 and 2.5 and the proof of Theorem 2.1 when « > 7 /2 and (yy, y») is
in Df U Dzi, we see that the hypotheses of Lemma 2.2 are satisfied when € > 0
and A = Q(e). Therefore the restriction of the Gauss map to ¥y N (Q(e) x R) is
continuous. U
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z=Rf(0)

x 7= f(x,y)

Figure 12. Radial limits: Side fans at a convex corner.

Now we wish to determine the exact sizes of the side fans (illustrated in Figure 12)
when (y1, y») € ch U D;E. From [LS a], Theorems 1 and 2, we know that if f is
discontinuous at O, then Rf and the limits at O of the Gauss map behave in the
following ways; here $ denotes a countable subset of the appropriate interval(s)
and w(8) = (cosd, sinf, 0) for 0 € R.

constant on [a2, ],
Case (I) Rf is { strictly increasing on [«g, az]\ &,
constant on [—a, aq].

This case can only occur when (y;, y2) € RU D; U Dli. Theorem 2 of [LS a]
implies oy <o —yj and oy > —a+7 — . If B € (a1, o) then m p(B) = w (B+5).

constant on [, o],
Case (D) Rf is { strictly decreasing on [af, a2]\ ¥,
constant on [—a, aq].
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This case can only occur when (y1, y2) € RUD, UDli. Theorem 2 of [LS a] implies
w<a—-m+y anda; > —a+y. If B € (a1, @), thenm ¢ (B) = w (B — 7).

Case (DI) There exists 0y € (—a + 2, « — 1 — ) such that

constant on [az, ],

strictly increasing on [0y + 7, ] \ &,
Rf is { constant on [0y, 6y + ],

strictly decreasing on [af, 6] \ &,

constant on [—a, as].

This case can only occur when (y1, y2) € DT. Theorem 2 of [LS a] implies oy <
oa—yand o) > —a + . If B € (—a, @), then

o(B+T) if BB+, ),
()= wl %) if B elbo, b+l
w(B—1) if B e (a6

Case (ID) There exists 6y € (—a + 7w — ¥, @ + 1 — 27) such that

constant on [ap, o],

strictly decreasing on [0y + 7, 2] \ %,
Rf is { constant on [0y, Oy+ ],

strictly increasing on [o, 6p] \ 9,

constant on [—a, aq].

This case can only occur when (y1, y2) € D[ . Theorem 2 of [LS a] implies oy <
a—nm+yrand o) > —a+7 — . If B € (—a, @), then

wB—-7%) if Be @+, o),
meB)=1w@+%) if gelbo, b+l
wB+73) if Be(ar, ).

Theorem 3.2. Let 2 and y be as in Section I, witha € [5, m]. For some p € (0, 1)
and 8 > 0, suppose f € C*()NCP(B(0, 8) NQ\ {0)}) is a bounded solution of
(3)~(4) with | H| < 00. Suppose (5) holds, y1, y» € (0, ) and (y1, y2) € D¥UD5.
Then:

(i) mCase (), 1 =—a+m —yrand oy = — y.

(i) InCase (D), o) = —a+y and oy = a — 1w + 1.
(iii) In Case (DI), ¢ = —a+yp and ay = o — yy.
(iv) InCase (ID), ¢y = —a+m —yp and ar = a — 7w + .
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Proof. Suppose (y1, y2) € D;E; the argument is the same when o < /2 and when
o > /2. Let us assume (yi, y») € D7 hence Case (I) holds. Then Figure 5
illustrates the conclusions of Theorem 2.1 of [L] and Theorem 2.4. Suppose there
exists ap < o — y (and o] > —a 4+ 7w — ¥») such that

constant on [og, o],
Rf is { strictly increasing on [og, o]\ ¥,
constant on [—a, ap].

If we define
Q ={(rcosB,rsinB)eQ:0<r <8,a, <f <}

for 8 > 0 sufficiently small, then f € C%(’) and we may apply the arguments in
the proof of Theorem 2.1, using Q' as our domain, to obtain a contradiction. If
o] > —o + 7 — o, a similar argument yields a contradiction.

Now suppose (y1, y2) € D7, Case (I) holds and there exist «y < « — y; and
o] > —a + 7 — y; such that

constant on [a, a],
Rf is { strictly increasing on [og, az]\ &,
constant on [—a, aq].

Let 6 € (—a, —a; + 7 — y») and 6, € (@ — y1, ). By choosing 8y > 0 small, we
may assume Q* = {(rcos6,rsinf) : 0 <r < §y, 0; <6 < 6} is a subset of Q.
Set Q' ={(rcosB,rsinB):0<r <8y, a, <6 < 6} and notice that f € o).
Now Theorem 2.5, Lemma 3.1 and the fact that

lim nf(xj)) =w(B+7%)
j—00

when B € (a1, a2) and (x;) € s(2) such that lim;_, x;/|x;| = (cos B, sin B)
implies that

M (Q%) C{w(®): B €lbr, 6], (B,0) € Fc}

and my(-) € CO(—a, @)). If my(az) # w(e —y1 + %), then we may apply
the arguments in the proof of Theorem 2.1, using &’ as our domain, to get a
contradiction. If m fla) =w(@—y + %), then m £ s discontinuous at ap, which
is a contradiction. Therefore oy = o — y;. The argument that oy = —a 4+ 71 — 5 is
similar.

The proof of the theorem when (y1, y») € DT and one of Cases (D), (DI) or (ID)
occurs follows in a similar manner. The situation where (y1, y2) € D; follows from
this. O
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4. Continuity of the Gauss map

Notice that Lemma 3.1 and the proof of Theorem 3.2 imply that the (nonparametric)
Gauss map is continuous on ¥ 5 N (. x R) for each € > 0 and, in each case, we
have:

(D: limg_.q m £ (B) = w(oz +7/2) and limg_, _o m ¢ (B) = w (a1 +7/2).

(D): limg_, o m ¢ (B) = w(ap —7/2) and limg_, _o m ¢ (B) = w (a1 — 7/2).

(DD: limg_, o m £(B) = w(az +m/2) and limg_, _o m £(B) = w (o) — 7/2).

(ID): limg_,q m ¢ (B) = w(az — 7/2) and limg_, _o 1 ¢ (B) = w (a1 + 7/2).

In order to conclude that the Gauss map is in cY& rN(B(0, 8) xR): $2), it would be
sufficient to blow up the graph of u(x) = f(x) — Rf () (or u(x) = f(x) — Rf (—a))
about (0, 0, 0) tangent to 97 (or 3~ respectively) and know that a subsequence
converges to an appropriate cone. If one is willing to accept this hypothesis, then
the claim that the Gauss map is in CO(H’f N(B(0, 8) x R) : §2) can be proven.
Hypothesis (BX). For all (x;) € s(2) with lim;_, o x;/|x;| = (cos(fa), sin(+a)),
there is a subsequence (x,) and a function ue, : 200 — [—00, 00] such that the
subgraph Uy, = {(x,1) € Qoo X R : 1 < uso(x)} of use is a cone with respect to
(0, 0, 0), there exists & € S such that limy_, o ﬁ(xjk) =¢£=(&,86,8),

klim dist ({(x, uj, (x)) € 2,(8, b)}, Vs N2, (8, b)) =0

for each § > 0 and b > 0, where €; = |x;|, u;(x) = (f(€jx) — Rf (+a))/€; and
Q;(8,b) ={(x,1) € R3: x € B(0,9), €jx € Q,t€(=b,b)} for j €N, and

(a) if & < 0, then AU = 711 N (oo X R), 7y is a nonvertical plane with downward
unit normal & € S2, £ makes an angle of y; with the exterior unit normal to
07Qo x R and an angle of y, with the exterior unit normal to 3~ Q4 x R and

n,, — & uniformly on compacta in Q x R as k — oo,
Jk

(b)if &3 =0, then AUy, = 3PN (oo X R), P ={(r cos, rsin@) :r >0, § € O} and,
for each x € 9% N Qoq, My, (x) — E(x) x {0}, where P = {x € Qu : Uoo(x) = 00},
g(x) is the interior (with respect to %) unit normal vector to 0% at x and O is
one of the following sets: (& — y1, @), (—o, —a + 1), (—a¢+7T — 2,0 — T + y1)
(provided (¢ — w4+ 1) —(—a+7 — ) >m)or (—o, —x + ) U (@ — y1, &)
(provided (a — y1) — (—a +y2) > 7).

Theorem 4.1. Let Q2 and v be as in Section 1. For some p € (0, 1) and § > 0,
suppose f € C2(Q)NCLP(B(0, 8) NQ\ {0}) is a bounded solution of (3)—(4) with
|H|oo < 00. Suppose (5) holds, vy, v» € (0, ) and either « < 7w /2 and (y1, y2) is
in D;E ora >m/2and (y1, y2) is in Df U Dzi. Suppose that Hypotheses (Bt) are
true. Then ﬁf 1P x (2 x R) extends to be continuous on ¥ y N (B(0, §) x R)) and
N e COEU{(u,v) € dE : G(u,v) € QN B(0, 8)}).
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The proof of this theorem will follow from the information at the beginning of this
section about the behavior of 7 ¢ and from Lemmas 4.2-4.5. Set

C(x)={XeS8%:X v(x)=cosyx)},
I ={XeS?:X(cos(a+%),sin(a+%),0) =cosy},

Iy={X €S : X (cos(—a — ), sin(—a — ), 0) = cos y},
Ex=w(a—y +7) el Ep =w(a+y -3y ery,
fe=o(—a—p+F)el, E=o(-a+p—3) el
Qoo = {(rcos(@), rsin(@)):r >0, —a <6 < «a},

Z = {(r cos(ax), rsin()) : r > 0}, Ego = {(r cos(ax), —r sin(a)) : r > 0},

v = (cos(a + Z),sin(@+7%),0) and vy = (cos(—a — 7), sin(—a — 7), 0).

Lemma 4.2. Let Q2 and y be as in Section 1. For some p € (0,1) and § > 0,
suppose f € C2(Q)NCYP(B(0, 8) NQ\ {0)}) is a bounded solution of (3)~(4) with
|H|oo < 00. Suppose (5) holds, v, y» € (0, ) and either o < /2 and (y1, y2) is
in D;, so that Rf behaves as in Case (I), or o > /2 and (y1, y2) is in DljE U D;r
and Rf behaves as in Case (I) or Case (DI). Assume Hypothesis (B+) is true. Then

(16) lim 7(x;) = (cos(a — y; +7/2), sin(e — y1 +7/2),0) = §A
j—00

forevery (x;) € s(2) withlim;_,~ x;/|x;| = (cosa, sina).

Proof. Since y(x) — y1 and v(x) — v;ro as x € 97 Q converges to 0, we see that
dist(C(x), 1) = 0 as x € 97 converges to 0. Similarly, y (x) — 2, v(x) — Voo
and dist(C(x), I';) — 0 as x € 0~ €2 converges to O. Thus

(17) dist(i(x*(s)), T1) = 0 and dist(i(x~(s)), [2) — 0

as s — 0+.
Suppose that (x;) € s(£2) with hmjﬁooxj/|le = (cosa, sin); then there is
subsequence still denoted (x;), and ";‘ € §2 such that lim ]_won(x Y — 5 .
Notice that 5 el smce fe C"?(B(0,8)NQ \ {0}) and (17) holds.
Assume first thats (61, 62, &3) with &3 < 0. For each j € N, define €; = |x/],
={x e[REZ:ejx eQlandu; € C(Q; ync! (Q \ {0}) by

(8) w5 () = - (f(ex) = Rf @),
J
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Let y; be defined on 9€2;\{0} by y;(x) = y(€;x) and let v; denote the outward
unit normal to 9€2;. Then u; satisfies the prescribed mean curvature problem

(19) Nuj(x)ZGjH(ij, f(ij)), XEQJ’,
(20) Tfj-vi=cosy; ondQ2;\{0}.

Hypothesis (B+) implies that there is a nonvertical plane 7r; with downward unit
normal 5: which meets 97 Q4 in an angle of y; and 3~ Q4 in an angle of y, in the
sense described in (a) however this is impossible since (yi, y2) € D U DjE Thus
&3 =0 and so either 5 5 A Or S 5 g. The intermediate value theorem implies that

21) if ";‘ = é“A, then n(x) — éA as x € 3T Q converges to 0,
(22) if E = EB, then n(x) — 53 asx €9t Q converges to 0.

Suppose (22) holds. Notice then that

£t - —0
(23) 11151+ s f (s)
since (cos«, sin«, 0) -5}3 = —sin(y;) <0, and so fT(s) = f(x"(s)) is a strictly

decreasing function of s for 0 <s < 59, where so > 0 is sufficiently small. Since
my(B) =w(a—y;+5) when B € [a — y1, @), we have

24) FEI& Vf(rcosp,rsinp)-(cosB,sinB) =+4oco for B € (o —y, ).
Since Rf behaves as in Case (I) or (DI), we have
(25) Rf(B) <Rf(@)=fT(0) ifBela—ma—y).
Let Qpy be the connected component of
{(rcosB,rsinB)eQR:r >0, —7m < f < 5m/4}

that contains {(r cos 8, rsinf8) : 0 <r < §,a —y; < B < a — €} for sufficiently
small €, 8 > 0. Consider the k = f1(0) (= Rf («)) level set of f in Q. From
(23), we see that there is a component C of {x € Qg : f(x) < k} whose boundary
contains 3t Q N B(0, t) for T > 0 sufficiently small; let ¢, be the component of
Qg NAC whose closure contains 0. Then (23) and (24) imply that for every B; < «
and B, > «, there exists € > 0 such that

caNB(O,e) C{(rcosh,rsinf):0<r <e, B <0 < Bo};

in this sense, ¢, is tangent to = « at 0. Similarly, using (24) and (25), we see that
there is a k-level curve of f, denoted c¢_,,, which is tangent to 6 = o — y; at 0 in
the sense that for every 8 < o — y; and 8, > o — ¥, there exists € > 0 such that

Ca—yy NB(0,€) C{(rcosf,rsinf):0<r <e, B1 <0 < Ba}.
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Now pick 7 > 0 small enough that the region bounded by ¢y, cy—y, and {r =t}
is well-defined, connected and simply connected; let us rotate this region about O
through an angle (7 + y1)/2 — « and denote this open set as QF, so that Q7 is
tangent to & = (;r £y;)/2 at 0. Notice that f = fo R~' € CO(Q7) if R denotes the
rotation above. We will let a particular portion of a suitable nodoid be the graph of
a comparison function & over a domain U* C QF with B(0,e)NU* = B(0, e)NQ°
for some € > 0. Now dU® will be consist of two disjoint, connected curves,
(U™ CaQ\{r=r1}and 3,UT, with 0 € 3;UT and O ¢ 3,U*. The comparison
function & € CO(UT)NC'(UT U, UT) will have the properties 4 (0) =k, 21 Ixs L (0) < o0,
h>k= f on 01U%, Nh <inf,cq Nf(x) on U" and gz =Vf.-n=+ocoondU",
where 7 is the exterior unit normal to d,U". The comparison principle then implies
f < h on UT. This yields a contradiction of (22) since (24) implies

lim —f(O X2) = +00,
x240 8

and the facts that f (©) = h(@) (@) < o0 and f < h imply

lim inf —~ f (0, xp) < o0.
100 00X
This implies (21) holds and completes the proof of Lemma 4.2 except for the
construction of the comparison function 4.

Let € be a nodary in {x € R? : x» > 0} which, when rotated about the x;-axis,
generates a nodoid in R* with constant mean curvature Hp = |H |, Which we
assume is positive; if not, set Hp = 1. (See, for example, [Eells 1987; Mladenov
2002; Rossman 2005] for discussions of Delaunay surfaces and nodoids.) Let
the minimal and maximal radii of the nodary be ro and Ry respectively, so that
ro < x2 < Ry whenever (x1, x2) € 6; we will assume (0, ry) € 6. Now let 9 C € be
the particular open inner loop of the nodary which contains (0, ro) (i.e., (0, rg) € D
and 9 does not contain endpoints); notice that the unit normal to the nodary at the
endpoints of % are parallel to the axis of rotation of the nodoid and the surface

Sg = {(x1, xpc080, x28in0) : (x1,x2) €D, —r <0 <0}

obtained by partially rotating % about the x;-axis has constant mean curvature —Hp
with respect to its upward unit normal.

Now fix ¢, 0 < t < rg, large enough that ®| = {(x1, xp +1) : x € 0QT N R(cy)}
and @y = {(x1, xo+1) : x € 9Q° N R(cy—y,)} both intersect %. Let X denote the
component of ®;U®,\ % that contains (0, #) and let W be the region bounded by %
and 9. Set W* = {(x1, x2) : (x1, xo+1) € W}, 01 WT = {(x1, x2) : (x1, x2+1) € X}
and o, W™ = dW? \ 9y WT. Notice that . W* C {(x1, x2) : (x1, x2 +1) € D}. Now
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define h € COWH))NCY(WT U3 WT) by
h(xi,x2) =wx, x2+1) —w(0,1)+k

for x € W7, where w : @ — R such that Sg is the graph of w. It follows that / has
the properties mentioned previously. ([l

In a similar manner, we can prove each of the following lemmas.

Lemma 4.3. Let Q and y be as in Section 1. For some p € (0,1) and § > 0,
suppose f € CX(Q)NClP(B(O, ) ﬂﬁ\ {O}) is a bounded solution of (3)—(4) with
|H oo < 00. Suppose (5) holds, yi, y» € (0, ) and either o < /2 and (y1, y2) is
in D, , so that Rf behaves as in Case (D), or a > 7 /2 and (y1, y2) is in DI—L UD,
and Rf behaves as in Case (D) or Case (ID). Assume Hypothesis (B+) is true. Then

(26) lim ﬁ(xj) = (cos(a + y; — 37w /2), sin(a + y; — 37 /2), 0)
j—oo

forevery (x;) € s(2) withlim;_, o x;/|xj| = (cos a, sin o).

Lemma 4.4. Let Q and y be as in Section 1. For some p € (0,1) and § > 0,
suppose f € CX*(Q)NC"*(B(0,$) NQ\ {0)) is a bounded solution of (3)—(4) with
|H|oo < 00. Suppose (5) holds, y1, v» € (0, ) and either « < 7w /2 and (y1, y2) is
in D;, so that Rf behaves as in Case (I), or o > /2 and (y1, y2) is in DT U D;
and Rf behaves as in Case (1) or Case (ID). Assume Hypothesis (B-) is true. Then

27) lim 7i(x;) = (cos(—a — y +37/2), sin(—a — y; +37/2), 0)
J—> 00

forevery (x;) € s(Q2) withlim;_, x;/|x ;| = (cos(—a), sin(—a)).

Lemma 4.5. Let Q2 and y be as in Section 1. For some p € (0,1) and § > 0,
suppose f € C2(Q)NCLP(B(0, 8) NQ\ {0}) is a bounded solution of (3)—(4) with
|H|oo < 00. Suppose (5) holds, v1, v» € (0, ) and either « < 7w /2 and (y1, y2) is
in D, , so that Rf behaves as in Case (D), or a > 7 /2 and (y1, y2) is in Dli UD,
and Rf behaves as in Case (D) or Case (DI). Assume Hypothesis (B-) is true. Then

(28) lim ﬁ(xj) = (cos(—a+y; —n/2),sin(—a + y; —7/2),0)
Jj—o0o
forevery (x;) € s(Q2) withlim;_, x;/|x;| = (cos(—a), sin(—a)).
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GENERALIZED NORMAL RULINGS AND INVARIANTS OF
LEGENDRIAN SOLID TORUS LINKS

MIKHAIL LAVROV AND DAN RUTHERFORD

For Legendrian links in the 1-jet space of S! we show that the 1-graded
ruling polynomial may be recovered from the Kauffman skein module. For
such links a generalization of the notion of normal ruling is introduced.
We show that the existence of such a generalized normal ruling is equiva-
lent to sharpness of the Kauffman polynomial estimate for the Thurston—
Bennequin number as well as to the existence of an ungraded augmentation
of the Chekanov-Eliashberg DGA. Parallel results involving the HOMFLY-
PT polynomial and 2-graded generalized normal rulings are established.

1. Introduction

In R? interesting connections exist between the 2-variable knot polynomials and
invariants of Legendrian knots. With respect to the standard contact structure on
R3, Fuchs and Tabachnikov [1997] showed that an upper bound for the Thurston—
Bennequin number arises from the Kauffman and HOMFLY-PT knot polynomials.
Furthermore, when this estimate is sharp some nonclassical invariants exhibit nice
properties. Specifically, combining results from [Fuchs 2003; Fuchs and Ishkhanov
2004; Sabloff 2005; Rutherford 2006] we have:

Theorem 1.1. For a Legendrian link L C R the following three statements are all
equivalent:

(1) The estimate tb(L) < —deg, I (respectively tb(L) < —deg, Pr) is sharp,
where Fr, P; € Z[a™", z+'] denote the Kauffiman and HOMFLY-PT polynomials.
(2) A front diagram for L has a 1-graded (respectively 2-graded) normal ruling.
(3) The Chekanov—Eliashberg DGA of L has a 1-graded (respectively 2-graded)

augmentation.

In this article, we establish analogous results for Legendrian knots in the 1-jet
space of the circle, J'S!. The manifold J'S! is topologically an open solid torus
and carries a standard contact structure. Legendrian knots in J'S! have attracted

Lavrov received support from NSF CAREER grant number DMS-0846346.
MSC2010: 57M27, 57R17.
Keywords: Legendrian knot, Kauffman polynomial, skein module, normal ruling.
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a fair amount of attention in the literature; see [Ding and Geiges 2010; Ng and
Traynor 2004; Traynor 1997]. The 1-jet space setting comes with convenient pro-
jections from which Legendrian knots may be presented via front or Lagrangian
diagrams and Legendrian isotopy may be described in a combinatorial manner.
1-jet spaces also provide a natural setting for the use of generating families.

A convenient formal way to define a normal ruling, p, of L is as a family of
fixed-point-free involutions of the strands of the front diagram of L subject to
many restrictions. At least locally, this may be viewed as a decomposition of the
front diagram into pairs of paths. Chekanov and Pushkar [2005] introduced normal
rulings — albeit with different terminology — as well as related Legendrian isotopy
invariants which have become known as ruling polynomials. In connection with
augmentations, Fuchs independently defined normal rulings of knots in R? and, in
the case of the Kauffman polynomial, already conjectured the equivalence of (1)
and (2) in [Fuchs 2003]. This conjecture was verified in [Rutherford 2006], where
it was shown that in fact the 1-graded and 2-graded ruling polynomials appear as
coefficients of the Kauffman and HOMFLY-PT polynomials respectively.

Relationships between the Kauffman/HOMFLY-PT invariants and Legendrians
knots in J!S! have already begun to be studied, and several factors make the situ-
ation more interesting. For instance, the HOMFLY-PT polynomial, P;, of a solid
torus link, L, belongs to a polynomial algebra over R = Z[a*', z*!] with a count-
ably infinite number of generators Ay, k € Z\ {0}; the Kauffman polynomial has a
similar form. Chmutov and Goryunov [1997] proved Thurston—-Bennequin number
estimates analogous to those appearing in (1) of Theorem 1.1 using these many
variable Kauffman and HOMFLY-PT polynomials. In the case of the HOMFLY-PT
polynomial, it was shown in [Rutherford 2011] that the 2-graded ruling polynomial
can be recovered from the HOMFLY-PT polynomial, but this requires first special-
izing via an R-module homomorphism R[A1;, Ats,...] = R. In the present
work we develop analogous results involving the 1-graded ruling polynomial and
the Kauffman skein module. (See Theorems 3.4 and 3.6.)

The need to specialize the Kauffman and HOMFLY-PT invariants in order to re-
cover the ruling polynomials has an interesting consequence. There are many solid
torus links where the Kauffman or HOMFLY-PT polynomial estimate is sharp, yet
the corresponding ruling polynomial vanishes. As a result, for Legendrians in J!S!
some adjustment is required to statement (2) of Theorem 1.1. For this purpose, we
introduce a quite natural notion of generalized normal ruling where the fixed-point-
free condition is relaxed. Our main result is the following analog of Theorem 1.1:

Theorem 1.2. Let L C J'S! be a Legendrian link.

(1) The estimate tb(L) < —deg, Iy (respectively tb(L) < —deg, Pr) is sharp if and
only if L has a 1-graded (respectively 2-graded) generalized normal ruling.
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(2) Suppose L has been assigned a 7/ p-valued Maslov potential. The Chekanov—
Eliashberg DGA of L has a p-graded augmentation if and only if a front diagram
for L admits a p-graded generalized normal ruling.

Remark 1.3. (i) Aside from allowing the more general p-graded condition in (2),
it is natural to organize the three statements into these two equivalences. Even in
R3, the authors do not know of any proof of an implication between the statements
about the knot polynomial estimates and existence of augmentations which is able
to avoid using normal rulings. There are settings, for instance certain contact
lens spaces, where Legendrian contact homology [Licata 2011] and HOMFLY-
PT polynomial estimates [Cornwell 2012a; 2012b] for b have been established
while an appropriate notion of normal ruling has yet to be formulated. For this
reason, establishing a more direct link between Bennequin type inequalities and
augmentations could prove interesting.

(ii) For Legendrians in R3, there is another interesting condition connected with
the equivalent statements in Theorem 1.1. Specifically, the existence of a 0-graded
normal ruling is equivalent to the existence of a linear at infinity generating family
for L; see [Chekanov and Pushkar 2005; Fuchs and Rutherford 2011]. This state-
ment remains true in J!S'. However, it is interesting to ask if links with 0-graded
generalized normal rulings always admit reasonable (say, linear or quadratic at
infinity) generating families. To allow for fixed point strands, it seems necessary
to consider generating families F : E — R defined on bundles E — S' whose fiber
has nontrivial homology. As an example, the basic front A,, defined in Section 2A
may be generated by a function on an m-fold cover of S!.

Organization. The article is arranged as follows: In Section 2, we provide the
necessary background about normal rulings and the Kauffman and HOMFLY-PT
invariants and also introduce generalized normal rulings.

Section 3 runs parallel to the results on the HOMFLY-PT skein module and
2-graded rulings from [Rutherford 2011]. We show how to recover the 1-graded
ruling polynomial from an appropriate specialization of the Kauffman skein mod-
ule. A natural basis for the Kauffman skein module is indexed by partitions, and
for this basis we provide an explicit formula for the specialization.

In Section 4 we prove part (1) of Theorem 1.2 by combining the results of
Section 3 (and of [Rutherford 2011] for the HOMFLY-PT case) with a linear inde-
pendence argument.

Section 5 deals with part (2) of Theorem 1.2. For the forward implication we
base all of our arguments on linear algebraic results from [Barannikov 1994], from
which the reason behind the normality conditions, with or without fixed points,
becomes clear.
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2. Background on Legendrian solid torus links

We assume familiarity with basic concepts about Legendrian knots such as front
projections, Legendrian Reidemeister moves, Thurston—-Bennequin number, and
rotation number, at least for knots in R3. See, for instance, [Geiges 2008], and
also note that [Rutherford 2011] contains an alternate discussion of the case of
Legendrian knots in J'S!.

We view the 1-jet space of the circle, J'S!, as §' x R? equipped with the contact
structure £ = ker(dz — ydx), where x is a circle-valued coordinate. We occa-
sionally refer to a (Legendrian) link L C J sl as a (Legendrian) solid torus link.
The front projection of a Legendrian solid torus link consists of some number of
closed curves in the xz-annulus which we view as [0, 1] x R with the identification
(0, z) ~ (1, z). Generically, front projections are immersed and embedded except at
semicubical cusps and transverse double points, and two such projections represent
Legendrian isotopic links if and only if they are related by a sequence of Legendrian
Reidemeister moves.

We make the convention of extending the Thurston—-Bennequin number to ho-
mologically nontrivial links by using the front projection formula

th(L) = w(L) —c(L),

where w(L) denotes the writhe of L (a signed sum of crossings) and c¢(L) is half
the number of cusps of L.
Similarly, for a Legendrian knot L C J'S' we define the rotation number as

r(L) = 3(d(L) —u(L)),

where d (L) denotes the number of downward oriented cusps and u(L) the number
of upward oriented cusps.

2A. Products of basic fronts. Given two annular front diagrams, K and L, we
define the product, K - L, by stacking K above L. In contrast to the case of smooth
knot diagrams, this product is noncommutative as the Legendrian isotopy types of
K - L and L - K will not agree in general; see [Traynor 1997; Rutherford 2011].

In this article the basic fronts, A,,, will play an important role. Given m € Z~,
A, is the front diagram that winds m times around the annulus with m — 1 crossings
and no cusps; see Figure 1. When it is necessary to pay attention to orientations,
for m > 0, we will use A,, (respectively A_,,) for the basic front oriented in the
direction of the positive (respectively negative) x-axis.

IfA= (A1, ..., Ap)is an £-tuple of positive integers we write Ay = Ay, Ay, - - Ay,
for the product of basic fronts and A_, for the product with all orientations re-
versed.
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Figure 1. The basic front As.

2B. Kauffiman polynomial in J'S'. We now describe a generalization from [Tu-
raev 1988] of the Kauffman polynomial to smooth links (not necessarily Legen-
drian) in the solid torus. In practice, this invariant is computed by reducing a link
diagram to products of basic fronts via skein relations. Whenever appropriate, we
will view a front diagram of a Legendrian link as a smooth link diagram by placing
the strand with lesser slope on top at crossings and smoothing cusps.

Let 9 denote the set of regular isotopy classes of unoriented link diagrams
in the annulus. That is, we consider link diagrams up to the equivalence gen-
erated by Type II and Type III Reidemeister moves. Using the coefficient ring
R = Z[a®*", z*!] we define the Kauffman skein module % as the quotient of the
free R-module RY by the submodule generated by the Kauffman skein relations

o XA

(2-2) Q=a (L~ Q=a1 (_~0) and
a—ail
(2-3) OI_le( : +1)-L.

The product of diagrams gives a well defined product on & which is commu-
tative as we now consider diagrams of smooth links rather than front diagrams
of Legendrian links. Turaev [1988] showed that & is a polynomial R-algebra
in the basic fronts. Thus, to a link diagram L we may associate a polynomial
Dy (a, z; Ay, Az, ...) according to

F=R[A1,Ar,...], [Ll< Dy.

The Kauffman polynomial of an oriented link L C J'S! is then defined by the
normalization F;, = a~*® D, , where w(L) denotes the writhe of L.
Chmutov and Goryunov [1997] proved that for any Legendrian link L C J'S!,

(2-4) th(L) < —deg, Fy.
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While Chmutov and Goryunov [1997] use a different projection annulus for com-
puting Fy, a proof of (2-4) matching our conventions for F;, may be given precisely
as in the case of the HOMFLY-PT polynomial addressed in Section 6.2 of [Ruther-
ford 2011].

Remark 2.1. (i) Recall that a possibly empty sequence A = (A1, ..., A¢) of positive
integers is called a partition if A} > ... > A,. The integers A; are called the parts
of A and we sometimes use the notation A = 17122 . . nJ» to indicate that X is the
partition with j,. parts equal to r, r = 1,...,n. We note that the collection of
products A, with A a partition forms an R-module basis for F.

(ii)) The HOMFLY-PT skein module is defined in a similar manner using oriented
link diagrams and an appropriate modification of the skein relations (2-1)—(2-3)
(see, for instance [Rutherford 2011]). The result is a polynomial algebra generated
by the oriented basic fronts [Turaev 1988]. For a given oriented link L C J'S! we
denote the corresponding HOMFLY-PT polynomial as

Pp e R[A41, Asr, .. .].

2C. Normal rulings in J'S'. Let L C S' x R be the front projection of a Legen-
drian link in the solid torus satisfying the additional assumption that all crossings
and cusps have distinct x-coordinates none of which equals 0. A normal ruling
can be viewed locally as a decomposition of L into pairs of paths. We make some
notational preparation before giving the formal definition.

Denote by ¥ C S' those x-coordinates which coincide with a crossing or cusp
of L. We can write

M
shz=|]1
- m

m=1

with each I, an open interval (or all of S Lif ¥ = 2). Making the convention
that Iy = I, we assume that the [, are ordered so that /,,,_; appears immediately
to the left of I, and I, contains x = 0. On subsets of the form 7,, x R the
front projection L consists of some number of nonintersecting components which
project homeomorphically onto 1,,,. We refer to these components as the strands
of L above I,,, and we number them from fop fo bottom as 1, ..., N (m). Finally,
foreachm =1, ..., M we choose a point x,, € I,,.

Definition 2.2. A normal ruling of the front diagram L is a sequence of involutions
p=(P1s--., PM),

pm AL, N} = {1, N}, (pw)? =id,
satisfying the following restrictions:

(1) Each p,, is fixed-point-free.
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(2) If the strands above [, labeled k and k 4+ 1 meet at a left cusp in the interval
(Xm—1, Xm), then p,, (k) =k + 1 and when n ¢ {k, k + 1},

pmfl(n) ifn < k’

Pm() = {pml(n—Z) ifn>k+1.

(3) A condition symmetric to (2) at right cusps.

(4) If strands above [, labeled k and k& + 1 meet at a crossing on the interval
(Xm—1, Xm), then p,,_1(k) # k + 1 and either

(@) pm = (k k+1)opy—10(k k+1), where (k k+1) denotes the transposition, or
(b) Pm = Pm—1-

In the second case we refer to the crossing as a switch of p. Finally, we have a
requirement at switches that is known as the normality condition.

(5) If there is a switch on the interval (x,,—1, X;;) then one of the following three
orderings holds:

omk+1) < pnk) <k <k+1,
pm(k) <k <k+1<pulk+1),
k<k+1<putk+1) < ppnk).

Remark 2.3. This definition is a slight variation on those found elsewhere in the
literature. Letting 77 : S' x R — S' denote the projection, Chekanov and Pushkar
defined a normal ruling as a continuous, fixed-point-free involution of L\ 7 ~!(X)
that preserves the x-coordinate and is subject to some requirements for continuous
extension near crossings or cusps as well as a normality condition at switches. Such
an involution is recovered from our definition by viewing the set {1, 2, ..., N(m)}
that p,, permutes as the set of strands above I,,.

From this perspective, the fixed-point-free condition causes the p,, to divide the
strands above [, into pairs, and in our figures we will present normal rulings by
indicating this pairing. Beginning at x =0 and working to the right, one may cover
the front diagram with pairs of continuous paths with monotonically increasing
x-coordinates, so that a given pair of paths corresponds to strands paired by the
involutions. If a path proceeds all the way around the annulus, then it will not
necessarily end up where it started. However, the division of the front diagram
into pairs of points at x = 0 and x = 1 should match up.

Paired paths are only allowed to meet at common cusp endpoints. In particular,
at any crossing the two paths of the ruling that meet should belong to different pairs
and, for values of x near the crossing, each will have a “companion path” located
somewhere above or below the crossing. The two paths can either follow the link
diagram and cross each other (this corresponds to (4) (a) above) or they may switch
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Figure 2. The normality condition.

strands by each turning a corner at the crossing. The normality condition provides a
restriction on the location of the companion paths near a switch; out of six possible
configurations for the switching strands and their companion strands only three are
allowed. See Figure 2 for the normality condition and the right half of Figure 4 for
an example of a normal ruling.

2D. Maslov potentials and graded normal rulings. Further grading restrictions
may be placed on a normal ruling after the introduction of a Maslov potential for
L. Let p be a divisor of 2r(L;) for each component L; of a Legendrian link L. A
Z/ p-valued Maslov potential j for L is a function from L to Z/p that is constant
except at cusp points, where it increases by 1 when moving from the lower strand
to the upper strand. Note that a chosen orientation provides L with a Z/2-valued
Maslov potential by following the convention that strands oriented to the right
(respectively left) are assigned the value O (respectively 1) mod 2.

We say that a normal ruling p is p-graded with respect to a Z/ p-valued Maslov
potential p if whenever two strands S and Sy of L are paired by one of the p,,
with S| above S> we have u(S;) = u(Sz) + 1.

2E. Ruling polynomials. Suppose u is a Z/ p-valued Maslov potential for a Leg-
endrian link L. The p-graded ruling polynomial of L with respect to u is

, .
Rl @ =327,
0

where the sum is over all normal rulings of L that are p-graded with respect to
and
Jj (p) = #switches — #right cusps.

The ruling polynomial does not depend on the choice of Maslov potential when
p=1; p=2and L is oriented; or L is connected. In any of these cases we
denote the ruling polynomial simply as Rf . The ruling polynomials are Legendrian
isotopy invariants [Chekanov and Pushkar 2005].

2F. Generalized normal rulings. In the following definition we relax the require-
ments from Definition 2.2 in a manner appropriate for Theorem 1.2 to hold.

Definition 2.4. A generalized normal ruling consists of a sequence of involutions
o = (p1, ..., pp) as in Definition 2.2 subject to the following modifications:
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(1) We remove the requirement that the p,, be fixed-point-free.

(2) If a crossing occurs in the interval (x,,_1, x,,,) between the k and k + 1 strands
above I, with exactly one of these two strands a fixed point of p,,, then we decide
if the crossing is a switch precisely as in (4) of Definition 2.2. If the crossing is
indeed a switch then we require the additional normality condition that either

omk)=k<k+1<putk+1) or putk)<k<k+1=p,k+1).
(See Figure 3.)

Figure 3. The normality condition for generalized rulings: The
strand pictured in bold is a fixed point of p,,.

Remark 2.5. (i) If a crossing involving the k and k+1 strands occurs on (x;;,—1, X,)
with both of the crossing strands fixed by the ruling, that is, p,_1(k) = k and
Pm—1(k+1)=k+1, then p,,_; = (kk+1) 0 py—1 0 (kk+ 1). Consequently, we
will not consider such crossings to be switches.

(i1) In the presence of an appropriate Maslov potential, we can consider p-graded
generalized normal rulings precisely as in Section 2D.

(iii) The number of generalized normal rulings of a Legendrian link is not invariant
under Legendrian isotopy. However, in view of Lemma 2.6 below, the polynomials
RZ 4, serve as some form of substitute for a “generalized ruling polynomial”.

For establishing (1) of Theorem 1.2 we will use the following equivalent char-
acterization of front diagrams that admit generalized rulings.

Lemma 2.6. A front diagram L has a 1-graded (respectively 2-graded) general-
ized normal ruling if and only if there exists partitions A and p so that R i 4, (@ #0

(respectively R%-AAAW (z) #0).

Proof. For simplicity, we treat the 1-graded case first. If R‘L, 4, (@) # 0, then the
diagram L - A, has a normal ruling, p. This produces a generalized normal ruling
of L by restricting p to L and treating any strands of L which are paired with A
as fixed point strands. The normality condition from Definition 2.4 follows from
that of Definition 2.2.

Now suppose that L has a generalized normal ruling. If one of the p,, has a
fixed point strand, then we can continuously follow the fixed point strand around
the diagram turning corners only at switches. The result is a portion of the front
diagram, C;, without cusps that we suppose winds A; times around the annulus.
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There may be several fixed point components of this type. We may assume the A;
are ordered so that they form a partition, A. The product L - A, has a normal ruling
where each C; is paired with the component A;, of A. Such a ruling is completely
determined once we specify the pairing between C; and A,, at a single point of C;.
Now, the normality condition of Definition 2.2 follows from that of Definition 2.4,
and the ordering of the factors of A, is not important here since we do not have
switches between any of the C;; see Remark 2.5 and Figure 4.

Figure 4. A generalized ruling with three fixed point strands pro-
ducing a normal ruling of L - A, with A = (2, 1).

For the 2-graded case, observe that in a 2-graded ruling the orientation of strands
meeting at a switch must agree. Therefore, the C; each have a consistent orienta-
tion, and we choose an orientation on the component A, accordingly. (]

3. Kauffman polynomial and computation of 1-graded ruling polynomials

An analysis of how to compute 2-graded ruling polynomials of Legendrian solid
torus links from the HOMFLY-PT polynomial is done in [Rutherford 2011]. In this
section, we will perform a similar analysis of the 1-graded case. We will derive
formulas for the 1-graded ruling polynomial of A;, and then relate the general case
to a coefficient of an appropriate specialization of the Kauffman polynomial.

3A. Normal rulings of the product A,. Given a front diagram L with normal
ruling p we define the decomposition of L with respect to p as the Legendrian link
L, obtained by resolving the switches of L into parallel horizontal strands as

The involutions of the strands of L piece together to provide an involution, which
we also denote as p, now defined on all of L,. The involution p is continuous
where we now view L, as a subset of J I'S! rather than just a front diagram, and its
only fixed points correspond to the cusps of the front projection of L,. (Compare
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with Remark 2.3.) The normal ruling of L induces a normal ruling of L, where
none of the crossings are switches.
We record some observations about normal rulings of the products A;.

Lemma 3.1. Suppose p is a normal ruling of L = A;.
(1) The decomposition, L,, is also a product of basic fronts.

e involution p must take a component o isotopic to A, to another com-
(2) Th lution p t tak D t of L, isotopic to A, t th
ponent isotopic to Ay,.

(3) If components Cy and C of L, share a common switch of L, with Cy above C;
on the z-axis, then the vertical ordering of the four components Cy, C, p(C), and
0 (C3) must be one of

[p(C2), ..., p(C1), ..., C1, (o],
[p(C1), ..., C1, Cos ..oy p(C2)],
[C1, Ca, .y p(C2), ooy p(CD]

(4) The restriction of p to a pair of components of L,, Ci and Cy = p(Cy), is
completely determined by its value at a single point, w € C. Moreover, if C1 = A,
then there are precisely m choices for p(w) € C,, and any one of them extends
continuously to all of C;.

(5) Two components of L, of the form C and p(C1) cannot correspond to subsets
of the same component of L.

Proof. Item (1) is clear; (2) follows from continuity of p; and (3) is a consequence
of the normality condition. The first assertion of (4) follows from continuity of p.
The second follows since p(w) and w must have the same x-coordinate and C,
also consists of m strands. That any such choice of p(w) extends to all of Cj is
easily seen.

We prove (5) by contradiction. Suppose C; and p(C) did come from the same
component of L, and without loss of generality assume p(Cy) is below C;. They
cannot meet at a switch as this would violate the normality condition. Thus, there
is some other component C, on the other end of the switch below C;. The only
possible position of p(C>,) is then between C, and p(C7). Then C, and p(C3) also
came from the same component of L. They cannot meet at a switch, so there is
some further component C3z immediately below C,, which is paired with a com-
ponent p(C3) between C3 and p(C;). We can continue this argument to produce
arbitrarily many components of L, between C; and p(Cy). (I

3B. Computing thm A, The results in the previous section are sufficient to com-
pute the ruling polynomial for the simplest possible product, A, A, (the ruling
polynomial of a single basic front A,, is O by (5) of Lemma 3.1). Although this
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agrees with Rf‘m A_,, Which is computed in Lemma 4.1 of [Rutherford 2011], the
form of the answer given here is simplified and the proof is quite different.

Lemma 3.2. The ruling polynomial of L = A, Ay, is

5 <m + k) %
P 2k+1
Proof. Normal rulings of A,, A,, with 2k switches are in bijection with subdivisions
of m ordered objects into k + 1 consecutive parts, with a marked object chosen in
each part.

The subdivision corresponds to choosing the location of k switches within the
first A, factor. Specifically, dividing m into parts (Aq, ..., Ak41) corresponds to
choosing k switches so that in the decomposition, L, the first A,, factor becomes
Ay, ... Aj,,- InL,, the A;, must be paired with k+1 components of the same size
from the second A,, factor, by parts (2) and (5) of Lemma 3.1. Then, Lemma 3.1(3)
determines the order of the components: they must be in the reverse order of the
components from the first factor. The total number of switches is 2k.

The choice of marked object within a part A; corresponds to choosing which
strand within the A,, component is paired with the top strand of p(A;,) at x = 0.
These choices may be arbitrary, and they uniquely determine a ruling by part (4)
of Lemma 3.1. See Figure 5.

I I
—

Ne——"

N

T S
\\_——

Figure 5. The bijection between rulings of AsAs with 2 switches,
divisions of 5 objects into 2 parts with a marked object in each part,
and compositions of 7 into 4 positive parts.

To complete the proof, observe that subdivisions of this type are in bijection with
compositions of m + (k + 1) into 2(k + 1) positive parts (ay, by, ..., Ag+1, br+1):
two consecutive parts of size a; and b; correspond to a part A; = a; + b; — 1 with
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the a;-th object marked in a subdivision of m. The number of ways to decompose
m + k + 1 objects into 2(k + 1) parts of positive size is well-known to be

(m+k+1)—1\ (m+k
2+ —1 ) \2k+1)°
This gives us the sum for the ruling polynomial. U

This formula will be used in the next section, so we will write (m) for the ruling
polynomial Ry, 4, (z), following the convention in [Rutherford 2011].

3C. A formula for arbitrary products of basic fronts. We will use the formula
for (m) to calculate the ruling polynomial of A, for an arbitrary A.

Given a normal ruling p of L = A, define the block B;; to consist of those
components of the decomposition L, which originated in the i-th component of
L, and are paired by p with components that originated in the j-th component
of L. The size of the block, b;;, is the number of points in B;; with some fixed
x-coordinate, away from crossings.

Lemma 3.3. Given a normal ruling of

L=A)L=AMA)L2...A)\

n?

the blocks in the i-th component of L consist of vertically consecutive components
of L,, and are themselves vertically ordered as

Bii—1Bii—2...Bi1BinBin-1...Biit1,
where some blocks may be empty.

Proof. Suppose that when we resolve A,, at switches, we get the components
C1, Cy, ..., Cy, in that vertical order. If, for some j, p(C;) is above C;, then the
normality condition demands that p(C;_1) is between p(C;) and C;_;. Similarly,
if p(C}) is below C;, then p(C ;1) must be between C;;1 and p(C}).

As a result, if p(Cj) and p(Cj,) come from the same component of L, then
p(Cj) for ji < j < jo are between p(C;,) and p(C},). This implies each block is
made up of some number of consecutive components. And due to the normality
condition, the ordering of any two consecutive blocks must be either B; j11B; ;,
with j > i, or B; j_B; j, with j <i (with the caveat that some of the blocks may
be empty, if p does not pair two components of L at all). Putting this together
yields the block ordering above. ]

This means that once we pick the sizes of the blocks b; 1, .. ., b; ,, the locations
of the blocks are determined. To complete the calculation of the ruling polynomial,
observe that the choice of a normal ruling of the blocks B;; and Bj;, with sizes
bij = bj; = m, is equivalent to the choice of a normal ruling of A, A,,.
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Theorem 3.4. Let (m) denote the ruling polynomial of Ay, A, with (0) taken to
be 2. Then the ruling polynomial of A;, = A;,A;, ... Ay, is given by

20D 3 [T

bij)eM, i<j

where M), is the set of all symmetric matrices (b;;) with nonnegative integer entries
such that the row sums Z'}:] bij = A; and the trace tr (b;;) = 0.

Proof. The choice of a matrix in M;, is equivalent to the choice of block sizes b;;.
By Lemma 3.3, this also fixes the locations of the blocks. A normal ruling of A
is then completely determined by its restriction to pairs of blocks B;; and Bj;.

If the block size b;; is nonzero, then (b;;) describes the possible restrictions of
the normal rulings to the union B;; U Bj;. We take the product to combine these
normal rulings, but we have to account for the switches between the blocks. If
all block sizes are nonzero, then there will be n — 2 switches in each of the n
components of L, giving us a factor of z*"=2). Any block B; ; of size 0 will reduce
this number by 1 in component j, but the corresponding block B;; will reduce
the number of switches by 1 in component i; this gives a factor of z~2 which is
accounted for by the convention of (0) = z72. O

Corollary 3.5. The 1-graded ruling polynomial is commutative in front diagram
products: that is, the ruling polynomials of

AMA}Q”-A)L,-A)L -AAH and A)LIA)LZ...A)”.HA)”....A)LH

i+l
are equal.

Proof. There is an easy bijection between the possibilities for the matrix M, and
the new matrix M, : we simply exchange the i-th and (i + 1)-th columns and rows;

the summands [ [, _;(b;;) do not change. U

i<j <
3D. Calculating the ruling polynomial from the Kauffman polynomial. In R3,
the 1-graded and 2-graded ruling polynomial of arbitrary Legendrian links may be
easily recovered from the Kauffman and HOMFLY-PT polynomials. The second
author shows in [Rutherford 2011] that the 1-graded (respectively 2-graded) ruling
polynomial of a link L is the coefficient of a~"*") in the Kauffman polynomial
(respectively HOMFLY-PT polynomial) of L. In the case of Legendrian solid torus
links we first need to specialize the extra variables in a nonmultiplicative manner.

Using the notation of Section 2B, we consider the R-module homomorphism
W : %= R[Aq, Az, ...] &> R determined by A; +— Riu (z) when X is a partition.
(Compare with Remark 2.1.) Given a link diagram L, we let 5L (a,z) =¥ (Dyp),
and FL(a,2) =a DD, (a, 7).
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Theorem 3.6. Let L C J'S! be any Legendrian solid torus link. Then the 1-graded
ruling polynomial R i (z) is equal to the coefficient of a=""V) in F (a, ).

This result is analogous to Theorem 6.3 of [Rutherford 2011], where it is shown
that we can recover the 2-graded ruling polynomial from such a specialization
of the HOMFLY-PT polynomial. The proof, via induction on a certain measure
of complexity of a front diagram, carries through in the 1-graded case as well.
The base case consists of all products of basic fronts where the result follows
from the crucial Corollary 3.5. Next, it is observed that the ruling polynomial and
the coefficient of a~*%) in F; share common skein relations that are Legendrian
analogs of equations (2-1)—(2-3) (see [Rutherford 2006; Rutherford 2011]). Then,
just as in [Rutherford 2011], the inductive step is completed by an algorithm which
uses these skein relations to evaluate the invariants in terms of front diagrams of
lesser complexity.

Example. Consider the Legendrian knots L and L, = L - A»A pictured in
Figure 4, and suppose orientations are chosen so that all strands are oriented to the
right when they pass through the vertical line x = 0. The Kauffman polynomials
are given by

Fr,=A 1 x[a(—z—2)+a 2 +a @ +22°) +a 7]

+A3 x [a_l(z +2)+a (=P —H+a 3 (—z— 23)]
+ArAq X [a_l(l +Z2) — a_ZZ —a 312]

and F;, =a~'AyA Fy,. We have th(L) = 1 and th(L,) = 2, so in both cases the

estimate (2-4) is sharp.

Theorem 3.4 gives R}A(Ml) () =z, (z) = 2z + 2°, and Ri(zm N () =

A(3 2,1)
2+ 3z2. This allows us to compute

FrL,=a 246245 +2%)+a 3 (=422 =527 =) +a =4 (=32 =4 =% +a 2,

and Theorem 3.6 gives R iz (z) =246z +5z* +z°, which can be verified directly.

4. Generalized normal rulings and the Thurston-Bennequin estimates

In this section we establish the equivalence (1) of Theorem 1.2 which follows from
Lemma 2.6 together with the following:

Theorem 4.1. Let L be a Legendrian link in the solid torus. Then the equality
tb(L) = —deg, F|,

holds if and only if there exists a partition A so that L - A, has a normal ruling.
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Proof of Theorem 4.1. One direction is straightforward. Suppose that, for some A,
L' =L - A, has a normal ruling. Then the ruling polynomial of L’ is nontrivial,
so the coefficient of a~"*&) is nonzero. Therefore th(L') > —deg, Fr which,
combined with the inequality (2-4), gives us an equality tb(L") = —deg, Fr. How-
ever, thb(L") = tb(L - A;) = tb(L) + w(A,), since A; has no cusps. In addition,
Dy =A, Dy, s0 Fy=a YA A, . F, and we compute

—deg, F1 = —w(A;) —deg,(Fr) = —w(A;) +tb(L") = tb(L).

Now suppose tb(L) = —deg, F;. We will find a A such that L - A, has a normal
ruling.

Let Zﬂ Pu(z)A, be the coefficient of a"*L) in F, where the p,(z) are poly-
nomials in z and z~!. This coefficient is nonzero, or else the degree equality would
not hold, so p,(z) # 0 for at least one . Let k be the smallest integer such that at
least one p, has a nonzero coefficient of 7~

By Theorem 3.6, the ruling polynomial of L - A, is

> pu(@Ra,a, ().
w

We will prove that for some A, this polynomial is nonzero (and therefore a normal
ruling exists) by looking at the z* coefficient of this polynomial. Since R At (2)
! or lower degree, the only way to get
a z¥ coefficient is from the product of p, (2)[z*] and Ra, 4 (2)[z°] for some u
(here, f(z)[z'] denotes the coefficient of 7' in f(z)). Denote p, (z)[z*] by a,, and
Ry, (2)[z°] (which is the number of switchless rulings of A,) by C(u).

The quantity C(u) is easy to calculate. Without switches, each component of
size k must simply be paired with another component of size k in one of k ways.

is a polynomial in z with no terms of z~

In particular, this is only possible if there is an even number of each component
size. Define the double factorial by

2k — ! = (2k — 1)(2k — 3)(- - - )(3)(1) = (2k)!/ (2Fk?).
It counts the number of ways to divide 2k objects into pairs. It is clear that

[T, k% Qay — D! if = 120222 p2an,
0 else.

C(w) = {
We wish to prove that for some A, Zu a,C(u-2) #0. Here, if

w=142%__ p% and r=121202  pbn

we will denote by u - A the partition

1a1+b1 2u2+b2 na;1+btl
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Let M be the collection of all partitions such that:
(1) The parts of the partition are all no larger than n, for some 7.
(2) Parts of each size occur between 0 and 2m — 1 times, for some m.

We choose the parameters m and n such that we include all partitions p with a, #0.
Let V be a n*"-dimensional real vector space with basis vectors e, for A € M.
For each u € M, consider the vectors

=) Clu-e,
rEM
in V. We will show that these vectors also form a basis of V, and are therefore
linearly independent. From there, observe that

Z (Z anC(u- )‘))eA = Z au(%/[ C(M')»)e,\) = Z a,vy,.

reM peM neM neM

If the coefficients a, on the right are not all 0, then because the v, are linearly
independent the resulting sum is a nonzero vector of V. Therefore the coefficients
in terms of ¢, are not all 0 as well — that is, for some A, Zu a,C(u-2) #0. So
once we have the result of linear independence, we are done.

From the formula for C(w), it’s easy to calculate that C (- A) can be written as
a product of C (k% -kbx), over all k, where a;, and by, are the number of parts of size
k in A and p respectively. Suppose we write V as the tensor product X)}_, R2™,
identifying the basis vector e¢;, ® e;, ® - - - ® e, on the left with the basis vector e;,
on the right, where A = 1/12/2 .. nJ». Here we use a slightly nonstandard basis of
R>": it is O-indexed and consists of {eg, ey, ..., eau_1}, for ease of notation.

Then, if p = 194129 .. p%,

=Y Clu-Be= Y (]_[ C(i® -ibi))(éebi)
i=l1

reM lbl...nbneM i=1
n n  2m—1
=y ((X)C(i”f -ibf)eb,.) =®( > Cu -i’)ej)-
1P1epbnepm i=1 i=1 j=0

Therefore, rather than prove that the vectors v, are a basis of V, it suffices to
prove that the vectors uy = Z?Zo_l C(i* -ij)ej, as k goes from O to 2m — 1, are a

basis of R>". There are three simplifying observations to be made:

(1) C@* - i’y = 0 if k # j (mod?2). Therefore u; is a linear combination only
of the odd-indexed e; if k is odd, and only of the even-indexed e; if k is even.
Furthermore, C (i*-i/) = C(i*'-i7*1), so us and uo,_; have the same coefficients,
just shifted over by one index. As a result, we will only show the independence of
the vectors ug, us, ..., uz,—» —the result for uy, us, ..., uy,—1 is similar.
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(2) By the first observation, we have

m—1 m—1
g =y CG*-i%)ey; =i* Y C(1* - 1%)(i er)).
j=0 j=0

This corresponds to starting in the case i = 1, then scaling both the uy; and the e;;
by powers of i —a scaling which doesn’t change the question of linear independence
one way or the other. Therefore it suffices to consider the case i = 1.

(3) Finally, we can scale each uy; by C (1%%) (which, too, doesn’t affect linear
independence). Now we want to look at

m—1 m—1

%kzE:Caa.ﬁhﬂxﬂﬁqj=§:Gjak+u—4ﬁq,

Jj=0 j=0 =1

If we put the coefficients of u’2k as columns of a matrix, (that is, j indexes the
rows and k indexes the columns), we get

1 . 1
3 . 2m— 1
1.3 3.5 . Qm —1)2m + 1)

13- @m—1) 3-5--@m+1) .. Qm—1)+ () @m—1)— 1)

Here, the entries in the j-th row are given by f;(k) = ]_[é:1 (2k +2¢ — 1), which
is a degree j polynomial function. In particular, f;(k) can be written as (2k)/ plus
lower-order terms; these lower-order terms are necessarily a linear combination of
fik), ..., fj—1(k). Therefore, we can use row operations to eliminate the lower-
order terms, so that the resulting matrix is

1 1 ... 1
1 2 ... m
1 4 ... m?
ol

This is a Vandermonde matrix whose determinant is [ | otk (j — k) # 0. Therefore
the vectors M/Zk (and uyy) form a basis of R¥”, which completes the proof. O

4A. The 2-graded case and the HOMFLY-PT estimate. A similar approach ap-
plies in the case of the HOMFLY-PT polynomial, P;. The proof of the reverse
implication is identical. For the forward implication, we suppose tb(L) =—deg, Pr
and consider the coefficient of the lowest power z* that appears in the a (") term
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of PL,

Z b(aﬁﬂ)AaA_lg.
a.p

Fix parameters m and n so that the set
M:{(/-’va) |,LL= lal"'nana v=1bl "'nbnv liai’bi fm}

contains all («, B) such that b g) # 0.
Using Theorem 6.3 in [Rutherford 2011], for any (u, v) € M the coefficient of
zF in the 2-graded ruling polynomial of L - A wA_, is given by

2
E :b(a,ﬂ)RAWA_,j.U ©0).
B

It suffices to show that the coefficient matrix

_ 2
A=(Ria 5. p) gumen

is nonsingular. Writing ¢ = 19 .. .n%, g = 16 nbn, n=1%...n and v =
14 ... n% one has

n
2 +e
RAa'lLA—ﬁ~U(O) = 1_[ 8“k+Ck:bk+dkkak “(ar +ci)!-
k=1

Thus, A is a tensor product (Kronecker product) of matrices

Ak = (80+C,b+dka+c(a + C)!)(a,b),(c,d) .

Due to the Kronecker delta, each Ay is a direct sum (block matrix) of matrices B;,
l e ZN[—n, n] obtained from keeping rows and columns satisfyinga—b=d—c=I.

The proof is completed by showing that each B; is nonsingular. We treat the
case [ > 0 as [ <0 is similar. Then, ! <a,d <n and B; = (k" (a+d —1)!).
Dividing rows by k! and columns by k¢ - d! leaves

(a+d-1)!

—a - (fa(d)) ,
where f,(x) = ]_[j;ll (j + x) is a polynomial of degree a — [. Elementary row
operations reduce this to a nonsingular Vandermonde matrix. (I

5. Augmentations and generalized normal rulings

In this final section we complete the proof of Theorem 1.2 by establishing that:

For any Legendrian link L C J'S! with Z/p-graded Maslov potential, u, the
following are equivalent:

(A) The Chekanov—FEliashberg algebra («d(L), d) admits a p-graded augmentation.

(B) The front projection of L has a p-graded generalized normal ruling.
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We begin by briefly recalling the aspects of the Chekanov—Eliashberg DGA that
are important for the proof. The reader is referred to [Ng and Traynor 2004] for
the original, more detailed treatment of this DGA in the J'S! setting.

Given a Legendrian knot or link L C J'S!, the Lagrangian projection Txy(L)
of L to the xy-annulus is an immersed curve. The Chekanov—Eliashberg DGA
(d(L), d) is a graded algebra (L) with a degree —1 differential d, defined via a
generic Lagrangian projection of L.

After a small Legendrian isotopy, we may assume 7, (L) to have only finitely
many transverse double points which we label as gy, ..., g,. Then the algebra
A(L) is the free associative Z/2-algebra with unit generated by the double points
qi, - - -, qn- The set of monic noncommutative monomials in the g; forms a linear
basis for d(L). If L is connected, then s4(L) has a Z/2r(L) grading. In general,
the grading depends on a choice of Maslov potential for L. The differential d
is defined by counting certain immersed discs in the xy-annulus with boundary
mapped to the Lagrangian projection of L.

Definition 5.1. An augmentation of (s4(L), d) is an algebra homomorphism

e:AL)—> Z/2
satisfying
(1) e(1)=1, and
(il) eod =0.

In addition, ¢ is p-graded if £(q;) # 0 implies |g;| = 0 mod p.

The existence of an augmentation of (sd(L), d) is a property that is invariant
under Legendrian isotopy. This follows from the fact that the “stable tame iso-
morphism type” (see [Chekanov 2002; Ng and Traynor 2004]) of (dA(L), d) is
unchanged by a Legendrian isotopy. Therefore, in establishing the equivalence of
(A) and (B) we may work with the Chekanov-Eliashberg algebra of a Legendrian
isotopic link L’. The links L" which we will consider have a standard form so that
(A(L"), d) may be described in a formulaic manner from the front projection of L’
(and this front projection is combinatorially the same as that of L). For this reason
we do not present the differential or the grading of the Chekanov-Eliashberg DGA
in full generality here.

5A. The DGA of a resolved front diagram with splashes. Given a Legendrian
L c J'S! we begin by modifying the front diagram of L via (a slight variation
of) the resolution procedure of Ng and Traynor [2004]. Beginning near x = 0
and working from left to right, we alter the front projection of L by an isotopy in
the xz-annulus as follows. We arrange so that, except for intervals near x = 1 or
immediately prior to a crossing or right cusp, the slopes of the strands are constant
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and strictly decreasing as we move from the top to bottom. Further, we will assume
that all strands usually have nonpositive slope. It is no problem to produce these
conditions after a left cusp, but with crossings and right cusps the slopes of the two
relevant strands will need to be interchanged prior to the crossing or cusp. As the
y-coordinate is given by the slope dz/dx, this has the effect of producing double
points on the Lagrangian projection corresponding to (but located to the left of)
the crossings and right cusps of the front projection of L. Finally, when we near
x =1 the strands have become very spread out and moved below their original z
values at x = 0. Beginning with the top strand and then proceeding successively
to the lowest strands, we return each strand back to its initial position via a steep
upward step. This creates several new crossings on the Lagrangian projection; see
Figure 6.

/ (11177
(111
—

Figure 6. The front projection (left) and Lagrangian projection
(right) of L’ in an interval immediately to the left of x = 1.

Next, we add “splashes”. This is a variant of a technique introduced in [Fuchs
2003]; see Remark 5.2. We view the S' factor of J'S! as [0, 1] with 0 and 1
identified. In notation similar to that of Section 2, let0=xp <x; <---<xp) =1Dbe
a partitioning of the interval [0, 1] such that no x,, coincides with the x-coordinate
of a crossing or cusp and each interval (x,,_1, x,,) contains exactly one crossing or
cusp. Foreachm =1, ..., M —1, we add a miniature version of the steps appearing
in the part of the resolution procedure near x = 1 into a small interval centered at
xm. That is, beginning at the top strand and then working downward add a brief
but steep (smooth) upward step into the diagram. This has a minimal effect on
the front projection but alters the Lagrangian projection at each x,, by replacing
what had been several parallel lines with a collection of crossings similar to those
pictured in the right half of Figure 6. Denote the Legendrian link resulting from
the combination of these two procedures as L'.

We now give a complete description of the Chekanov-Eliashberg DGA of L'.
Foreach 1 <m < M, let N (m) denote the number of intersection points of L with
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the plane x = x,,. The generators of #(L’) come from two sources. First, we have
generators corresponding to the crossings and right cusps of the front projection
of L via the resolution procedure. In addition, for each 1 < m < M we have two
upper triangular matrices worth of generators, xi’;? and y{;? with 1 <i < j < N(m).
These correspond to the double points created by the splashes and the final step of
the resolution procedure.

The grading. If L is equipped with a Z/ p-graded Maslov potential, 1, then s{(L")
is Z/ p-graded. We will describe the degree |g;| € Z/p assigned to the generators
of sd(L"); degrees then extend additively as |x - y| = |x| + |y].

In the following, w(m, i) denotes the value of the Maslov potential on the i-th
strand at x,,. (As in Section 2, we label strands from top to bottom.) The generators
of (L") coming from splashes have degrees

(5-D Ixi7l = p(m, i) —pu(m, j) and |yji|=p(m,i)—p(m, j)—1.

In addition, a crossing b,, between the k and k 4 1 strands occurring in the interval
(Xm—1, Xp) has |b,,| = u(m, k+1) — u(m, k), and all right cusps have degree 1.

The differential. Formulas for the differential d are most efficiently provided by
placing the generators xi’;’ and yi"; into strictly upper triangular matrices

Xm=(xjj) and Y, =(y})

for each m. (Here, x;’J’. = yi’;.’ =0ifi > j.) As the x-coordinate is S L_valued, it is
important to make the convention that Xo = X, and Yy = Y. Then, applying the

differential to each entry, we have the formulas
dY, = (Y,)? and

(5-2) ~
de = Ym(l +Xm) + (I +Xm—l)Ym—1

with / an identity matrix of the appropriate size. The precise form of Y1 depends
on the tangle appearing on the interval (x,,—1, x,,) and is described presently.

Suppose that (x,,—1, x,;) contains a crossing, b,,, between the strands labeled k
and k + 1. Then

_ ~ ~ _1
dby, = nyk_;_] and Y, = Bk,k+lYm—lBk’k+17

where By 41 and By ,1 41 agree with the identity matrix except for a 2 x 2 block
along the diagonal in rows k and k+ 1, having the form [(1) b}n ] for By x+1 and [b{" (1)]
for By ,i 41> and Y,_1 is the matrix ¥,,_; with 0 replacing the entry y,’:kjrl.

Next, we suppose (x,,—1, X;;) contains a single left cusp between the strands

labeled k and k£ + 1 at x,,,. Then,

Y1 = "¥m 1 I+ Ecis,
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where Ji is the N (m) x N (m) identity matrix with columns k and k + 1 removed
and Ej 41 is a matrix with a single nonzero entry in the k, k + 1 position.

Finally, we suppose (x,—1, X,) contains a single right cusp, c,,, between the
strands labeled k and k + 1 at x,,_;. Then

dcp, —1+yk k+1°

and the matrix Y,,_; is most easily described entry by entry. Let
i ifi <k

:{l,..., Nm)}—={l,....,.Nmm =1}, ()= ) ’

{ (m)} —{ ( b T@) {i—i—z itk

1

The i,j entry of ¥,,_; is given by V= y;"(B}r(j) + a;j, where

_ . m—=1 _m—1 m—1 m—1 m—1
Aij = Vi1 Ve (j) T Vik €m Yy T Viks1 Cm yk—H () TV k+1(Cm) yk+1 7(j)
when i <k < j and a;; = 0 otherwise.

Remark 5.2. The technique of adding some variation of splashes to simplify the
differential first appeared in [Fuchs 2003] and has been used in several places in the
literature. The version employed here is the same as that of [Fuchs and Rutherford
2011], to which we refer the reader for more details. For an alternate approach,
we expect that a DGA of the same form would arise from iterating the “bordered
Chekanov—Eliashberg algebra” construction introduced in [Sivek 2011].

5B. Proof of Theorem 1.2(2). We begin by introducing notation. Given an invo-
lution 7 of {1, ..., N}, 12 =id, we let B; = (b;j) denote the N x N matrix with
entries
1 ifi<t@)=],
bij =
0 else.

(B) = (A). Suppose that L the diagram admits a generalized normal ruling p =
(p1s ..., pm). An augmentation ¢ of the algebra s{(L’) is defined as follows: on
all right cusps ¢, €(c,y) = 0; at crossings b, €(b,,) is 1 if by, is a switch and 0
otherwise; for all m, e(Y,,) = B,,,; and s(x;?j) =0 for all i, j except when a switch
occurs between x,,_1 and x,,,. Assume the switch involves the k and k + 1 strands.
If one of the switching strands is also a fixed point strand, then of the generators
x"j’ augment only x;", .. Else, note that due to the normality condition, near the
switch the intervals connecting the switching strands and their companion strands
(Remark 2.3) are either disjoint or nested. Assume that the switch occurs between
the strands labeled k and k + 1. If the switch is disjoint, augment only x;"; , ;. If
the switch is nested, augment x;"; | and also x7) 1) OF X741 1y - r)» depending
on whether 7(k) < t(k+1)ort(k+1) < t(k).
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It is straightforward to verify from the formulas of the previous section that ¢ is
an augmentation. If p is p-graded with respect to a Maslov potential u, then ¢ is
as well.

(A) = (B). The proof of the reverse implication is based on some canonical form
results from linear algebra due to Barannikov [1994].

Definition 5.3. An M-complex, (V, R, d) is a vector space V over a field F with
a chosen ordered basis B = {vy, ..., vy} together with a differential d : V — V,
d?* =0, of the form dv; = ij Cijv;.

Proposition 54. If (V,RB,d) is an M-complex, then there exists a triangular
change of basis {vy, ..., Oy}, with v; = Zifj a;jvj, and an involution

t:{1,...,N}>{1,...,N}

such that

0 else

i = :6,,- ifi <7(0) = j,

Moreover, the involution T is unique.

Remark 5.5. (i) Suppose in addition that the basis elements v; are assigned degrees
|vi| € Z/p sothat V is Z/ p-graded and d has degree —1. Then, the change of basis
may be assumed to preserve degree. Hence, if i < 7(i) = j, then |v;| = |v;| + 1.
(ii) The classes [v;] such that (i) =i form a basis for the homology H (V, d).

(iii) Proposition 5.4 has the following matrix interpretation: There is a unique
function, D + 7(D) which assigns to every strictly upper triangular N x N matrix
D with D? = 0 an involution 7 = 7(D) such that there exists an invertible upper
triangular matrix P so that PDP~! = B,. Notice that the uniqueness assertion
implies that 7(QD Q") = t(D) if Q is nonsingular and upper triangular.
Proposition 5.6 [Barannikov 1994]. Suppose that (V, B, d) is an M -complex, and
kell,..., N}is such that dv; = Zk+1<j ckjvj so that the triple (V, B, d) with
B ={v1,..., Vsl Vi, ..., vy} is also an M-complex. Then, the associated invo-
lutions t and t’ are related as follows.

(1) It is always possible to have " = (k k+ 1) ot o (k k + 1), where (k k + 1)
denotes the transposition.
(2) In the following cases, it is also possible to have T/ = 1:
@ Iftk+1) <tk)<k<k+1, or
tk)<k<k+1<tk+1), or
k<k+1<tk+1) <tk).
O Iftk)y<k<k+1l=tk+Dortk)=k<k+1<tk+1).
© Iftky=k<k+1=1t(k+1).
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Remark 5.7. (i) From the matrix perspective, Proposition 5.6 puts restrictions
on T(Px g+1D Py k+1) when Py 1 is the permutation matrix of the transposition
(k k+ 1) and the k, k + 1-entry of D is 0.

(i1) Propositions 5.4 and 5.6 are essentially the same as Lemma 2 and Lemma 4 of
[Barannikov 1994]. Proposition 5.6 is proven quite directly by considering cases.

Proof of (A) = (B). Suppose now that ¢ is an augmentation of <{(L").
For each m, the matrix e(Y,,) is strictly upper triangular and satisfies

[e(Ym)]> =€ 0d(Y,) =0.

Letting 7,, = 7(¢(Y},,)) as in Remark 5.5 produces a sequence, 71, ..., Ty, With
T, an involution of {1, ..., N(m)}. We show that t = (7y, ..., Ty ) satisfies the
requirements of a generalized normal ruling. This requires establishing that the
restrictions provided by Definitions 2.2 and 2.4 on consecutive involutions 7,,_;
and T, are satisfied.

Recall that each interval (x,,_1, x,,) contains a single crossing or cusp.

If (xpy—1, xm) contains a left cusp, then (5-2) and the definition of augmentation
allow us to compute

(5-3) e(¥) = (I +e(Xp))e (V1) + (X)) ™.
Using Remark 5.5 we conclude that

T = T(e(Y)) = 1(e(Yn_1)).

The M-complex associated with 8()7,”_1) is related to that of &(Y,,—1) by adding
two new generators v, and v to B. The complex is the split extension of that of
&(Yu—1) by span{vg, vi4+1} with the differential dvy = vi4;. It can then be checked
from the definition that the involutions t,,—; and t,, satisfy Definition 2.2(2).

If (x;—1, X)) contains a right cusp, let
C=Vp_1,B={v;i|li=1,...,Nimm—1)},d)

denote the M-complex associated with the matrix €(Y,,—) by the formula
(5-4) dvi =) ey ;.
i<j

Note that 7,1 is precisely the involution associated to ‘€ by Proposition 5.4. From
0=¢od(c,) we deduce that 1 = s(y,ffk_i]), and it follows that 7, (k) =k + 1.
Next, one observes that 8(17,,,_]) is the matrix of the M-complex

C= V1, B={lvi]|i #k k+1},d),
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where Vm_l is the quotient of V,,_; by the subcomplex

{vk + e(cm)Vir1, d(vg +e(Cp)vr41)}

and d is the differential induced by d. If {#;} is a triangular change of basis for
% satisfying the conditions of Proposition 5.4, then {[v;] | i # k, k 4+ 1} will be
such a basis for %, so that the involution associated with 8(?,”_1) is related to 7,
as required in Definition 2.2(3). Finally, we get t,, = t(e(Y}y)) = t(s(?m_l)) by
using (5-3).

If (xpy—1, Xy) contains a crossing b,,, we have 0 = € o d(b,,) = e(y,':fk_ll). Thus,
8(?,"_1) = &(Y;,—1) with both matrices having O as their (k, kK + 1) entry. Then,
compute that

E(Bk,k+1)8(?m—1)5(3k_,11+1)
= P k1l + &) Ex k+11€ Y- 1)U + (D) Ex k+11Pr k+1-

Regardless of the value of ¢(b,,), the (k, k + 1)-entry of

(I +&ebm)Exk+11eYm—1)I +&(bm) Ex k411

is 0, so the matrix A = 8(Bk,k+1)8(?m_1)8(B,:’,iH) is strictly upper triangular and
T(A) is related to

T (I +ebm) Ex ks 1)EYm-1)I +&bm) Exp11)) = T(Vm—1) = Tm-1
as in Proposition 5.6. It follows that
T =T(e(Vn) = (I + X)) AU +6(X)) ") = 7(A)

and 1,,_ satisfy the requirements near crossings (including the normality condi-
tions) of Definition 2.4.

The statement that 7 is p-graded if ¢ is p-graded follows from (i) of Remark 5.5.
As in (5-4), e(Y},) is the matrix of an M-complex with basis vy, ..., vy corre-
sponding to the strands of L at x,,. If ¢ is p-graded with respect to u, then we can
assign a grading by |v;| = u(m, i) and the differential will have degree —1. U
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CLASSIFICATION OF SINGULAR Q-HOMOLOGY PLANES
II: C!- AND C*-RULINGS

KAROL PALKA

A Q-homology plane is a normal complex algebraic surface having trivial
rational homology. We classify singular Q-homology planes that are C!-
or C*-ruled. We analyze their completions, the number of different rulings
they have, and the number of affine lines on them; and we give constructions.
Together with previously known results, this completes the classification of
(2-homology planes with smooth locus of nongeneral type. We show also
that the dimension of a family of homeomorphic but nonisomorphic singu-
lar Q-homology planes having the same weighted boundary, singularities
and Kodaira dimension can be arbitrarily big.

We work with complex algebraic varieties.

1. Main results

A Q-homology plane is a normal surface whose rational cohomology is the same as
that of C2. This paper is the last piece of the classification of @-homology planes
having smooth locus of nongeneral type. The classification is built on the work
of many authors; for a summary of what is known about smooth and singular Q-
homology planes, see [Miyanishi 2001, §3.4] and [Palka 2011b]. In [Palka 2008],
we classified singular (2-homology planes with nonquotient singularities, showing
in particular that they are quotients of affine cones over projective curves by actions
of finite groups that respect the set of lines through the vertex. In [Palka 2011a], we
classified singular (Q-homology planes whose smooth locus is of nongeneral type
and admits no C!- or C*-ruling (exceptional planes). Here we classify singular
Q-homology planes that admit a C'- or a C*-ruling. We analyze completions and
boundaries rather than the open surfaces themselves. To deal with nonuniqueness
of these, we use the notions of a balanced and a strongly balanced weighted bound-
ary and completion of an open surface (see Definitions 2.7 and 2.10).

We classify C!- and C*-ruled @-homology planes by giving necessary and suf-
ficient conditions for a C'- or C*-ruled open surface to be a @-homology plane

The author was supported by Polish Grant NCN N N201 608640.
MSC2010: primary 14R05; secondary 14J17, 14J26.
Keywords: acyclic surface, homology plane, @-homology plane.
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(see Lemmas 2.12, 3.2 and 4.4 and the remarks before the latter) and then giv-
ing general constructions (see Construction 3.3 and Section 4D). We compute the
Kodaira dimension of a C*-ruled singular (Q-homology plane and of its smooth
locus (Theorem 4.9) in terms of properties of singular fibers, and we list the planes
with smooth locus of Kodaira dimension zero (Section 4C). As a corollary of the
classification, we obtain the following result.

Theorem 1.1. Let S’ be a singular Q-homology plane, and let Sy be its smooth
locus. Assume that S’ is not affine-ruled and that k (Sp) # 2.

(1) Either S’ has a unique balanced completion up to isomorphism, or it admits
an untwisted C*-ruling with base C' and more than one singular fiber. In the
latter case, S" has exactly two strongly balanced completions.

(2) If S’ has more than one singular point, then it has exactly two singular points,
both of Dynkin type Ay, and there is a twisted C*-ruling of S’ such that both
singular points are contained in a unique fiber isomorphic to C'.

(3) If S’ contains a quotient noncyclic singularity, then either S’ = C*/G for a
small finite noncyclic subgroup of GL(2, C), or S has a twisted C*-ruling.
In the latter case, the unique fiber isomorphic to C! is of type (A)(iv) (see
Theorem 4.9) and contains a singular point of Dynkin type Dy, for some k > 4.

We now comment on other corollaries of the classification. First, the case can
occur when S’ has exactly one singular point and it is a cyclic singularity. Second,
we show that if S’ is affine-ruled, then its strongly balanced weighted boundary is
unique unless it is a chain, but that even if it is unique, there still may be infinitely
many strongly balanced completions (see Example 3.6). Third, the singularities of
affine-ruled S’ are necessarily cyclic, but there may be arbitrarily many of them (see
[Miyanishi and Sugie 1991] or Section 3). Regarding the remaining case k (Sp) = 2,
which we do not analyze here, let us mention that it follows from the logarithmic
Bogomolov—Miyaoka—Yau inequality (see [Palka 2008], for example) that S” has
only one singular point and it is of quotient type.

It is known that smooth Q-homology planes can have moduli [Flenner and Zai-
denberg 1994]. The same is true for singular ones. We prove the following result.

Theorem 1.2. There exist arbitrarily high-dimensional families of nonisomorphic
singular Q-homology planes having smooth locus of negative Kodaira dimension
and having the same singularities, same homeomorphism type, and same weighted
strongly balanced boundary.

An important property of any (2-homology plane with smooth locus of general
type is that it does not contain topologically contractible curves. In fact, the number
of contractible curves on a -homology plane is known except in the case when the
surface is singular and the smooth locus has Kodaira dimension zero (see Section 6).
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In Theorem 6.1, we compute the number of different C*-rulings a @-homology
plane can have. The computation of the number of contractible curves follows
from it.

Theorem 1.3. If a singular Q-homology plane has smooth locus of Kodaira dimen-
sion zero, then it contains one or two irreducible topologically contractible curves
if the smooth locus admits a C*-ruling, and no such curves otherwise.

The notion of a balanced weighted boundary of an open surface (see Definition
2.10) is a more flexible version of the notion of a standard graph from [Flenner
et al. 2007], which has its origin in [Daigle 2008]. It follows from above that
every ()-homology plane admits up to isomorphism one or two strongly balanced
boundaries, but this is not so for the standard ones. The set of such boundaries is
a useful invariant of the surface.

Integral homology groups and necessary conditions for singular fibers of C'- and
C*-ruled @-homology planes have already been analyzed in [Miyanishi and Sugie
1991]. For C*-rulings, however, these conditions are not sufficient (see Examples
4.2 and 4.3), and a more detailed analysis is necessary. Also, some formulas for
the Kodaira dimension in terms of singular fibers from [Miyanishi and Sugie 1991]
require nontrivial corrections (see Section 4B).

2. Preliminaries

We follow the notational conventions and terminology of [Miyanishi 2001], [Fujita
1982] and [Palka 2008]. We recall some of them for the convenience of the reader.

2A. Divisors and normal pairs. Let T = ) _1;T; be an snc-divisor on a smooth
complete surface with distinct irreducible components 7;. Then T = ) T;, where
the sum runs over i with #; # 0, is the reduced divisor with the same support as 7T,
and Br(T;) =T - (T — T;) is the branching number of T;. A tip has Br(T;) < 1.
By Q(T) we denote the intersection matrix of 7; we put d(0) = 1 and d(T') =
det(—Q(T)) for T #0. The symbol “=" denotes numerical equivalence of divisors.

If T is reduced and its dual graph is linear, it is called a chain, and in writing it
as a sum of irreducible components 7 =Ty +-- -+ T,, we assume that 7; - T; 4| = 1
forl<i<n—1.WeputT'=T,+---+Ty. If T is a rational chain, then we write
T = [—le, e, —Tnz]. A rational chain with all Ti2 < —2is called admissible. A
fork is a rational tree for which the branching component is unique and has 8 = 3.

Let D be some reduced snc-divisor that is not an admissible chain. A rational
chain with support contained in D, not containing branching components of D and
containing one of its tips, is called a twig of D. For an admissible (ordered) chain,

we put
_d(T-Ty)

e(T)= a7 and ¢&(T)=e(T").
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In general, ¢(T') and e¢(T) are defined as the sums of respective numbers computed
for all maximal admissible twigs of 7. Here we use the convention that the tip of
the twig is the first component.

If X is a complete surface and D is a reduced snc-divisor contained in the smooth
part of X, then we call (X, D) an snc-pair and we write X — D for X \ D. The pair
is normal (resp. smooth) if X is normal (resp. smooth). If X is a normal surface,
then an embedding ¢: X — X, where ()? X \ X) is a normal pair, is called a normal
completion of X. If X is smooth, then X is smooth and ()? , D, 1) is called a smooth
completion of X. A morphism of two completions ¢; : X — X j» with j =1,2, of
a given surface X is a morphism f: X, — X, such that 1, = fort.

Let 7 : (X, D) — (X', D’) be a birational morphism of normal pairs. We put
77'D’ = 7*D’; that is, 7' D’ is the reduced total transform of D’. Assume
n~'D’ = D. If 7 is a blow-up, then we call it subdivisional (resp. sprouting) for
D' if its center belongs to two (resp. one) components of D’. In general, we say
that v is subdivisional for D’ (and for D) if for any component 7' of D" we have
Bp(T) = Bp(r~'T). The exceptional locus of a birational morphism between two
surfaces 1 : X — X', denoted by Exc(n), is defined as the locus of points in X for
which 7 is not a local isomorphism.

A b-curve is a smooth rational curve with self-intersection b. A divisor is snc-
minimal if all of its (—1)-curves are branching. We write Kx for the canonical
divisor on a complete surface X.

Definition 2.1. A birational morphism of surfaces 7 : X — X' is a connected
modification if it is proper, 7w (Exc(7r)) is a smooth point on X', and Exc(sr) contains
a unique (—1)-curve. If v is a morphism of pairs 7 : (X, D) — (X', D’) such that
7~ Y(D') = D and 7 (Exc(r)) € D', we call it a connected modification over D’.

A sequence of blow-downs (and its reversing sequence of blow-ups) whose com-
position is a connected modification is called a connected sequence of blow-downs
(blow-ups).

2B. Rational rulings. A surjective morphism pg : Xo — By of a normal surface
onto a smooth curve is a rational ruling if general fibers are rational curves. By a
completion of po, we mean a triple (X, D, p), where (X, D) is a normal completion
of Xo and p: X — B is an extension of pg to a P!-ruling, with B being a smooth
completion of By. We say that p is a minimal completion of pg if p does not
dominate any other completion of pg. In this case we also say that D is p-minimal.
It is easy to check that D is p-minimal if and only if all of its nonbranching (—1)-
curves are horizontal. Let F be a fiber of p. An irreducible curve G C X is an
n-section of p if G- F =n. A section is a 1-section. We call pg a C"*-ruling if
F-D =n+1forn > 1. In the case n = 0, we call py a C!-ruling or an affine
ruling; the arithmetic genus of F (p,(F) = %F -(Kx + F) + 1) vanishes and
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F? = 0. Conversely, it is well-known that an effective divisor with these properties
on a complete surface is a fiber of such a ruling [Barth et al. 2004, V.4.3]. If
J is a component of F, then we denote by ug(J) the multiplicity of J; that is,
F=up(J)J + F', where F’ is effective and J € F’. The structure of fibers of a
P!-ruling is well known [Fujita 1982, §4].

Lemma 2.2. Let F be a singular fiber of a P'-ruling of a smooth complete surface.
Then F is a tree of rational curves and it contains a (—1)-curve. Each (—1)-curve
of F meets at most two other components. If F contains a unique (—1)-curve C,
then:

(1) u(C) > 1. There are exactly two components of F with multiplicity one, and
they are tips of the fiber.

@1i) If u(C) = 2, then either F = [2,1,2] or C is a tip of F'; in the latter case
either F — C =12,2,2) or F — C is a (—2)-fork of type (2, 2, n).

(iii) If F is not a chain, then the connected component of F — C not containing
curves of multiplicity one is a chain (possibly empty).

We define
Sx-p= ) (6(F)=1),
FZD
where o (F) is the number of (X — D)-components of a fiber F [Fujita 1982, 4.16].
If p is a P'-ruling as above, then we call an irreducible curve G vertical (for p)
if p,G = 0; otherwise it is horizontal. A divisor is vertical (resp. horizontal) if
all of its components are vertical (resp. horizontal). We decompose D as D =
Dy, + (D — Dy), where Dy, is horizontal and D — Dy, is vertical. The numbers 4
and v are defined respectively as the number of irreducible components of Dj and
as the number of fibers contained in D. We have [Fujita 1982, §4]

Yx_p=h+v+by(X)—by(D)—-2.

We call a connected component of F N D a D-rivet (or rivet if this causes no
confusion) if it meets Dy, at more than one point or if it is a node of Dy,.

Definition 2.3. Suppose (X, D, p) is a completion of a C*-ruling of a normal
surface X. We say that the original ruling po = pjx—p is twisted if Dy, is a 2-
section. If Dy, consists of two sections, we say that pq is untwisted. Let F be a
singular fiber of p that does not contain singular points of X. We say that F is
columnar if F is a chain that can be written as

F=Ay+ +A+C+Bi+ - +By,

where C is a unique (—1)-curve and Dj, meets F exactly in A, and B,,. The chains
A=A(+---+ A, and B= B; +---+ B, are called adjoint chains.
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Remark. By expansion properties of determinants (see [Koras and Russell 2007,
2.1.1], for example) and the fact that d(A) and d(A — A}) are coprime, we have
e(A)+e(B)=1and d(A) =d(B) = up(C). In fact, we have also e¢(B) +¢e(A) =1
[Fujita 1982, 3.7].

2C. Balanced completions.

Definition 2.4. A pair (D, w) consisting of a complete curve D and a rationally
valued function w defined on the set of irreducible components of D is called
a weighted curve. If (X, D) is a normal pair, then (D, w) with w defined by
w(D;) = Dl.2 is a weighted boundary of X — D.

Definition 2.5. Let (X, D) be a normal pair.

(i) Let L be a O-curve that is a nonbranching component of D, and let ¢ € L be
chosen so that if L intersects two other components of D, then c is one of the
points of intersection. Make a blow-up of ¢ and contract the proper transform
of L. The resulting pair (X', D), where D’ is the reduced direct image of the total
transform of D, is called an elementary transform of (X, D). The pair & = ($°, ©°)
consisting of an assignment ®°: (X, D) — (X', D’) together with the resulting
rational mapping ®°: X --» X' is called an elementary transformation over D.
® is inner (for D) if Bp(L) =2, and outer (for D) if Bp(L) = 1. The point c € L
is the center of .

(ii) For a sequence of (inner) elementary transformations
®7: (X, D) — (Xiy1, Dit1),

withi=1,...,n—1, weput ®°=(P7,..., D, ), P*'=(P,..., P, ;) and we
call ® = (®°, ®°) an (inner) flow in D;. We denote it by ©: (X, Dy) ~ (X, Dy).

®° = (P, ..., ®;_,) induces a rational mapping X --» X,,, which we also de-
note by ®°. There exists the largest open subset of X on which ®7 is a morphism;
the complement of this subset is called the support of ®. Clearly, Supp ®; C D;.
If Supp ® = &, then D is a trivial flow.

A weighted curve (D, w) determines the weighted dual graph of D. If (D, w) is
a weighted boundary coming from a fixed normal pair (X, D), we omit the weight
function w from the notation. For @ as above, D and D,, are isomorphic as curves.
They have the same dual graphs, but usually different weights of components.

Example 2.6. Let T = [0,0, ay, ..., a,]. Each chain of type [0, b, a1, ..., a,],
lai,...,ak—1,ar — b,0,b,ax+1,...,a,] ot [ay,...,a,,b,0], where 1 <k <n
and b € Z, can be obtained from 7 by a flow. This follows from the observation
that an elementary transformation interchanges the chains [w, x, 0, y — 1, z] and
[w,x —1,0, y, z]. Looking at the dual graph, we see the weights can “flow” from
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one side of a O-curve to another, and possibly vanish (b =0 or b = a;). If they do,
then again the weights can flow through the new zero.

Definition 2.7. A rational chain D = [ay, ..., a,] is balanced if ay, ..., a, €
{0,2,3,...} orif D =[1]. A reduced snc-divisor whose dual graph contains
no loops (snc-forest) is balanced if all rational chains contained in D that do not
contain branching components of the divisor are balanced. A normal pair (X, D)
is balanced if D is balanced.

Recall that if (X;, D;) fori =1, 2 are normal pairs such that X| — D = X, — D;,
then D is a forest if and only if D, is a forest.

Proposition 2.8. A normal surface that admits a normal completion with a forest
as a boundary has a balanced completion. Two such completions differ by a flow.

As we discovered after completing the proof, a more general version of this
proposition was proved in a graph-theoretic context in [Flenner et al. 2007, Theo-
rem 3.1 and Corollary 3.36]. We therefore leave our more direct arguments to be
published elsewhere. In fact, some key observations were made earlier in [Daigle
2008, 4.23.1, 3.2, 5.2]. Let us restate some definitions from [Flenner et al. 2007]
on the level of pairs.

Definition 2.9. Let (X, D) be a normal pair and assume D is an snc-forest.

(i) Connected components of the divisor that remains after subtracting all nonra-
tional and all branching components of D are called the segments of D.

(i1) D is standard if for each of its connected components, either the component is

equal to [1] or all of its segments are of types [0], [0, 0, 0] or [0%* ai, ..., a,],
with k € {0, 1} and ay, ..., a, > 2.
(iii) Let Do =10,0,ay,...,a,], witha; >2fori =1, ..., n, be asegment of D. A

reversion of Dy is a nontrivial flow ® : (X, D) ~ (X', D') that is supported in
Dy, is inner for Dy, and satisfies D' — (®°).(D — Dy) = [ay, a2, . .., a,, 0, 0].

The condition that ® be nontrivial is introduced for the following reason: we
want the reversion to transform the two zeros to the other end of the chain, and
the condition in necessary to force this in case D is symmetric, that is, when
lai,...,a,]" =[ai,...,a,]. Standard chains are called canonical in [Daigle 2008].
The Hodge index theorem implies that if (X, D) is a smooth pair and D is a forest,
then it cannot have segments of type [02%+1] or [0%%, a4, ..., a,] for k > 1, and can
have at most one such segment for k = 1.

Clearly, not every balanced forest is standard, but by a flow one can easily make
it so. It follows from Proposition 2.8 that if D and D’ are two standard boundaries
of the same surface and D is a chain, then either D and D’ are isomorphic as
weighted curves or D’ is the reversion of D. Unfortunately, the notion of a standard
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boundary is not as restrictive as one may imagine, and the difference between two
standard boundaries can be more than just a reversion of some segments. An addi-
tional ambiguity is related to the existence of segments of type [0%*1]. Specifically,
if [0%%*1] is a segment of D, then one can change by a flow the self-intersections
of the components of D intersecting the segment. For example, consider a surface
whose standard boundary is a rational fork with a dual graph

22— 2

0

for some b € Z. Then for any b € Z, there is a completion of this surface for which
the boundary is standard and has the dual graph as above.! We therefore introduce
the following more restrictive conditions.

Definition 2.10. A balanced snc-forest D is strongly balanced if it is standard and
either D contains no segments of type [0] or [0, O, 0], or for at least one such
segment there is a component B C D intersecting it such that B2 = 0. A normal
pair (X, D) for which D is a forest is strongly balanced if D is strongly balanced.

2D. Basic properties of Q-homology planes. We assume that S’ is a singular
Q-homology plane, that is, a normal nonsmooth complex algebraic surface with
H*(S',Q) = Q. Lete: § — S be a resolution such that the inverse image of
the singular locus is an snc-divisor, and let (S, D) be a smooth completion of S.
Denote the singular points of S’ by Pi--s Pg and the smooth locus by Sp. We
put E = ¢~ !(p;) and assume that E= E] + Ez +---+ E is snc-minimal. Recall
that S’ is called logarithmic if and only if every s1ngular point of S’ is locally ana-
lytically isomorphic to C?/G for some finite subgroup G < GL(2, C) (a quotient
singularity). In [Palka 2008], we classified nonlogarithmic Q-homology planes.
In particular, it is known that they do not admit C'- or C*-rulings. Therefore,
from now on we assume that S’ is logarithmic. It follows that each E is either an
admissible chain or an admissible fork (that is, an snc-minimal fork with negative
definite intersection matrix). By [Gurjar et al. 1997], S’ is rational. By the argument
in [Fujita 1982, 2.4], it is affine.

Proposition 2.11. Let the notation be as above.
(1) D is a rational tree with d(D) = —d(f) H(S', Z))2.
(ii) The embedding D U E — S induces an isomorphism on Hy(—, Q).

IThis observation was missed in [Flenner et al. 2007], whose Corollary 3.33 is false. See [Flenner
et al. 2011] for corrections. In [Daigle 2008, Solution to problem 5] this ambiguity is implicitly taken
into account without restricting to balanced divisors.
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(iii) 71(S") = m1(S) and Hy(S',Z) =0 for k > 1.

(iv) b;(So) =0fori =1, 2,4 and b3(Sy) =gq.

v) ¥, =h+v—2andv < 1.

Proof. See [Palka 2008, 3.1, 3.2] and [Miyanishi and Sugie 1991, 2.2]. U

Lemma 2.12. Let (S, T) be a smooth pair and let p: S — B be a P'-ruling.
Assume that

(1) there exists a unique connected component D of T that is not vertical,
(i1) D is a rational tree,
(ii) X5_r=h+v—2,and
(iv) d(D) #0.

Then the surface S' defined as the image of S — D after contraction of connected
components of T — D to points is a rational Q)-homology plane, and p induces a
rational ruling of S'. Conversely, if p': S’ — B is a rational ruling of a rational
Q-homology plane S', then any completion (S, T, p) of the restriction of p’ to the
smooth locus of S" has the above properties.

Proof. Since the base of p has some component of D as a branched cover, it
is rational, and hence S is rational. We may assume that 7 is p-minimal. Put
E =T — D. Since E is vertical and since EN D = a, Q(E) is negative definite
and b (E) = 0. Fujita’s equation

Ss p=h4+v—24by(S)—by(D+E)

gives by(S) = by(T), so by (iv), the inclusion T — S induces an isomorphism
on Hy(—, Q). By [Palka 2008, 2.6], S’ is normal and affine, and in particular
b4(S") = b3(S") = 0. Since b (D) = 0, the exact sequence of the pair (S, D)
together with the Lefschetz duality give

by(S) = by(S, D) = by(S) — ba(D) = by(E).

Since b (E ) =0, we get from the exact sequence of the pair (S, E ) that b (S") =
by(S, E) =by(S) —by(E) = 0. Now

x(8") = x(8) = x(DUE) +by(E) = by(D) =1,

so we obtain b (S") = b>(S") =0, and hence §’ is Q-acyclic.

Conversely, if p’ is as above, then let E be an exceptional divisor of a resolution
of singularities of §’, and let D =T — E. Since E is vertical for the P!-ruling p,
we have b (E\ ) = 0. Then the necessity of the above conditions follows from [ibid.,
3.1 and 3.2]. O
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3. Smooth locus of negative Kodaira dimension

Here we assume that the smooth locus Sy of the logarithmic Q-homology plane S’
has negative Kodaira dimension, implying that the Kodaira dimension of S’ is also
negative. This case was analyzed and a structure theorem given in [Miyanishi and
Sugie 1991, 2.5-2.8]. We recover these results in Lemma 3.2 and Proposition 3.1,
but we concentrate on analyzing possible completions and boundaries instead of
S’ itself. This gives more information, allowing us to give a construction and
to answer the question of uniqueness of an affine ruling of Sy (if it exists). The
information about completions is also used in the analysis of an example where
moduli occur.

Proposition 3.1. If a singular Q-homology plane has smooth locus of negative
Kodaira dimension, then it is affine-ruled or isomorphic to C*/ G for some small
finite, noncyclic subgroup G < GL(2, C). The surfaces C*/G and C*/G’ are
isomorphic if and only if G and G’ are conjugate in GL(2, C). The minimal normal
completion of C?/ G is unique and the boundary is a nonadmissible rational fork
with admissible twigs.

Proof. For the first part of the statement, we follow the arguments of [Koras and
Russell 2007, §3]. Assume that S’ is not affine-ruled. Then Sy is not affine-ruled.
Since ' is affine, D + E is not negative definite, so by [Miyanishi 2001, 2.5.1],
So contains a platonically C*-fibered open subset U, which is its almost minimal
model. Also, x (U) < x(So) (see [Palka 2011a, 2.8]). The algorithm of construction
of an almost minimal model [Miyanishi 2001, 2.3.8, 2.3.11] implies that So — U
is a disjoint sum of s curves isomorphic to C and s’ curves isomorphic to C*, for
some s, s’ € N. It follows that

0=xU)=x(So)—s=x8)—qg—s=1—qg—s,

sos =0, g=1,and s’ < 1. If s’ # 0, then the boundary divisor of U is connected,
and hence U and Sy are affine-ruled. Thus s" = 0 and Sy = U, and by [Miyanishi
and Tsunoda 1984], S’ = C?/G, where G is a small finite noncyclic subgroup of
GL(2, C).

Suppose G and G’ are two subgroups of GL(2, C) such that C>/G = C?/G’.
Then @@z 1G.(0) = @@2 /G7.(0)» 50 if G and G' are small then they are conjugate, by
[Prill 1967, Theorem 2]. The C*-ruling of Sy does not extend to a ruling of §’,
so by [Palka 2008, 4.5], its boundary is a rational fork with admissible maximal
twigs and its minimal normal completion is unique up to isomorphism. (For the
description of the boundary, one could also use a more general result [Miyanishi
2001, 2.5.2.14].) O
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Figure 1. Affine-ruled S’.

3A. Affine-ruled planes. By Proposition 3.1, we may assume that S’ is affine-
ruled. This gives an affine ruling of Sy. We assume that (S, D+ E , p) 1s a minimal
completion of the latter. This weakens our initial snc-minimality assumption on D;
that is, D is now p-minimal, but the unique section contained in D may be a
nonbranching (—1)-curve. The base of p is rational because it is isomorphic to a
section contained in D + E.

Lemma 3.2. If S’ is affine-ruled, then there exists exactly one fiber of p contained
in D (see Figure 1). Each other singular fiber has a unique (—1)-curve, which is
an So-component. The singularities of S" are cyclic.

Proof. We have X5, =v —1 and v < 1 by Proposition 2.11, so X5, = 0 and there
is exactly one fiber F, contained in D. The fiber is smooth by the p-minimality
of D. Each singular fiber F of p contains exactly one (—1)-curve. Indeed, if
Dy C D is a vertical (—1)-curve, then by the p-minimality of D, it meets D, and
two D-components, so (Do) > 1. This is impossible because Dy, - F = 1. The
(—1)-curve, say C, has u(C) > 1 and is the unique Sp-component of F. There
are exactly two components of multiplicity one in F'; they are tips of F' and Dy,
intersects one of them. Thus the connected component of F — C not contained in
D is a chain, so S’ has only cyclic singularities. (I

Remark. In Lemma 3.2, it was assumed (as in the whole paper — see Section 2D)
that S’ is logarithmic, but there is in fact no need for this. In any case E is vertical,
so it is a rational forest. Then D is a rational tree, and S and the base of p are
rational by [Palka 2008, 3.4(i)]. The rest of the argument goes through.

Construction 3.3. Let F; = P(Op1 & Opi(—1)) be the first Hirzebruch surface
with a (unique) projection jp: F; — P!. Denote the section coming from the in-
clusion of the first summand by D ; then Df = —1. Choose n + 1 distinct points
Xoo» X1, -+, Xy € D), and let F, be the fiber containing x,. Foreachi=1,...,n
starting from a blow-up of x;, create a fiber F; over p(x;) containing a unique
(—1)-curve C;. Let D; be the connected component of F; — C; intersecting D,
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the proper transform of Dj. By renumbering, we may assume there is m < n such
that C; is a tip of F; if and only if i > m. Assume also that m > 1 (for m = O we
would get a smooth surface). For i < m, put E = F; — D; — C;. Clearly, each E is

a chain. Let S be the resulting surface and let p: S — P! be the induced P'-ruling.
Put D= Fo+Dy+Y i D;j, S=S—D and E:Z;":l E:. We define e: S — '
as the morphism contracting E ’s.

Remark 3.4. Let p: S — P! be as in 3.3, and for a fiber F denote the great-
est common divisor of multiplicities of all S-components of F by us(F). By
Proposition 2.11, we have H(S’, Z) = H,(S, Z). By [Fujita 1982, 4.19, 5.9],

n
Hi(S.2) = P Zusr)
i=1
so H(S',Z) can be any finite abelian group. It is easy to see that ug(F;) =
w(C)/d(E;), where d(E;) =d(0) =1 if i > m. In particular, S’ is a Z-homology
plane if and only if m = n and each F; is a chain. In fact in the latter case 1 (S)
vanishes and so S’ is contractible.

Theorem 3.5. The surface S’ in Construction 3.3 is an affine-ruled singular Q-
homology plane. Conversely, each singular Q)-homology plane admitting an affine
ruling can be obtained by Construction 3.3. lIts strongly balanced boundary is
unique if it is branched and is unique up to reversion if it is a chain. The affine
ruling of S’ is unique if and only if its strongly balanced boundary is not a chain.

Proof. By definition, E;’s are admissible chains, so §' is normal and has only
cyclic singularities. We have d(D) = —[[; d(D;) [Koras and Russell 1999, 2.1.1],
so d(D) # 0, and hence S’ is a singular @-homology plane by Lemma 2.12. The
last part of the statement almost follows from Lemma 3.2. It remains to note that
by a flow (see Example 2.6), we can freely change the self-intersection of the
horizontal boundary component without changing the rest of D, so we can assume
that the construction starts with a negative section on [F;. (We could, for instance,
start with D; equal to the negative section on [F,, so that the resulting boundary
would be strongly balanced; see Definition 2.10). The uniqueness of a strongly
balanced boundary follows from Proposition 2.8.

We now consider the uniqueness of an affine ruling. Let (V;, D;, p;) be two
minimal completions of two affine rulings of S’ (see Section 2B). By Lemma 3.2,
both D; contain a O-curve F; as a tip. By flows with supports in F ;, we may
assume both D; are standard (see Definition 2.9).

Assume that D is not a chain. Then D; and D, are isomorphic as weighted
curves (see Proposition 2.8). Let 7; be the unique maximal twig of D; containing
a O-curve. Then either 7; = F; = [0], or we can write 7; = [0, 0, ay, ..., a,]
with [ay, ..., a,] admissible. Then there is a flow @ : (Vy, Dy) ~» (V,, D) by
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Proposition 2.8. Because D, is branched, Supp ®* C T;. Also, it follows from
Proposition 2.8 and Example 2.6 that Supp ®° C F ;. Fori = 1,2, let f; be
some fiber of p; other than F., ;. Since ®°(f}) is disjoint from F 2, we get
®*(f1) - f =0, so py and p, agree on S’.

Let (V1, D;) be a standard completion of S’ with D; =[0,0, ay, ..., a,]. We
may assume that [ay, ..., a,] is admissible and nonempty; if it is empty, then
S’ = C? is smooth, and if it is nonadmissible, then by the Hodge index theorem
we necessarily have D = [0, 0, 0], which disagrees with Proposition 2.11(i). Let
(Va, Dy) be another completion of S’, with D, being a reversion of D;. The 0-tip
T; of each D; induces an affine ruling on S’. Let (V, D) be a minimal normal pair
dominating both (V;, D;), such that both affine rulings extend to Pl-rulings of V.
We argue that these affine rulings are different by proving that 0T - 0, T, # 0,
where o; : (V, D) — (V;, D;) are the dominations. Suppose o/ T -oj T, =0. Let
H be an ample divisor on V and let (A, A2) # (0, 0) be such that 7 - H = 0 for
T = 3107 Ty + 2203 To. We have (0, T;)* = T? =0, so

TQ=2)»1)»20’1*T1 -O’Z*Tz =O,

and hence T =0 by the Hodge index theorem. But D has a nondegenerate intersec-
tion matrix, because d(D) =d(D1) #0, so T is a zero divisor. Then o, Ty =[0], for
otherwise o T1 and o T, would contain a common (—1)-curve, which contradicts
the minimality of (V, D). It follows that o1 (and o) are identities. This contradicts
the fact that the reversion for nonempty [ay, ..., a,] is a nontrivial transformation
of the completion (even if [ay, ..., a,] = [ai, ..., a,]). O

The following example shows that even if the strongly balanced boundary is
unique, there might be infinitely many strongly balanced completions.

Example 3.6. Let (V, D, t) be an snc-minimal completion (¢ is the embedding; see
Section 2A) of an affine-ruled singular @-homology plane S’ as above. Assume
that Dy, is branched and that D? = —1. The only change of D that can be made by a
flow is a change of the weight of Dj,. If we now make an elementary transformation
(V, D) — (Vy, D,) with a center x € F \ Dy, then D becomes strongly balanced
(see Definition 2.10). Denote the resulting completion by (Vy, Dy, t,) and let F
be the new fiber at infinity. The isomorphism type of the weighted boundary D,
does not depend on x, but for different x the completions (triples) are clearly differ-
ent. In general, even the isomorphism type of the pair (V,, D,) depends on x. To
see this, let (Vy, D) = (Vy, Dy). Because the isomorphism maps F , t0 Foo y,
we get an automorphism of (V, D) mapping x to y. Taking a minimal resolution
S — V, contracting all singular fibers to smooth fibers without touching Dj,, and
contracting Dy, we see that for x # y, this automorphism descends to a nontrivial
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automorphism of P? fixing points that are images of contracted Sy-components
and of Dy, In general such an automorphism does not exist.

3B. Moduli. Repeating Construction 3.3 in a special case, we obtain arbitrarily
high-dimensional families of nonisomorphic singular @-homology planes with
negative Kodaira dimension of the smooth locus and the same homeomorphism
type. Example 3.7 gives a proof of Theorem 1.2. For smooth ()-homology planes,
a similar example was considered in [Flenner and Zaidenberg 1994, 4.16].

Example 3.7. Putm =2 and n = N + 2 for some N > 0, and let S, D, E, etc. be
created as in the construction above, so that D; = [3], D, =[2] and D; = [2, 2, 2]
for 3 <i <n. Then E| = [2, 2] and E, = [2] (see Figure 2).

Figure 2. Singular fibers in Example 3.7.

Denoting the contraction of Y »_ C; by o : S — V, we can factor the contraction
S — [, (which reverses the construction) as the composition SSvS ;. Put
yi =0(C;)and y = (y3, ..., y,). While ’~! is determined uniquely by the choice
of (x1,...,x,), 0! and the resulting surface S (and hence S’) can depend on the
choice of y. Let us write S_’y and S; to indicate this dependence. For 3 <i <n, let
D? be the open subset of the middle component of D; remaining after subtracting
two points belonging to other components of D;. Put

U=Dj)x---xDV=cN "

The family
(S} yenoxy = D3 x U

is N-dimensional. Since there is a compactly supported autodiffeomorphism of
the pair (C%, C* x {0}) mapping (p, 0) to (¢, 0) for any p, g # 0, the choice of
y € Dg X U is unique up to a diffeomorphism fixing irreducible components of
0+(D + E + Cy+ Cy). Thus all S; are homeomorphic.

Let 7 : X — U be the subfamily over { yg) } x U. We show that the fibers of 7 are
nonisomorphic. Suppose that S}, = S, for y, z € {yg} x U. The isomorphism ex-
tends to snc-minimal resolutions. There is a flow ®*: §, --» S, by Proposition 2.8,
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which is an isomorphism outside F,,. Clearly, ®* fixes Dy \ {xs}, F1 and F>,
and hence restricts to an identity on Dy, \ {x..} and respects fibers. Since the C;
are unique (—1)-curves of the fibers, they are fixed by ®*. Therefore ®j5_p _p,
descends to an automorphism ®y of V — F, — D, fixing the fibers, such that

Dy (yi) =z.

Also, &y descends to an automorphism ®f, of F; — Fo — D;l fixing fibers. If
(x, y) are coordinates on Fy — Foo — D) = C? such that x is a fiber coordinate, then

D, (x, y) = (x, Ay + P(x))

for some P € C[x] and A € C. Introducing successive affine maps for the blow-ups,
one can check that in some coordinates @y acts on D} as t — A*(C)¢. Now the
requirement y3 = yg fixes A2 = 1, so because w(C;) =2 foreach 3 <i <n, we get
that y = z.

Remark. By [Fujita 1982, 4.19 and 5.9], for S’ as above, 71(S’) is the N-fold
free product of Z;. It follows from Remark 3.4 that given a weighted boundary,
there exist only finitely many affine-ruled singular Z-homology planes with this
boundary. That is why in Example 3.7 we use branched fibers F; for 3 <i <n; so
that the resulting surfaces are Q-, but not Z-homology planes.

4. C*-ruled Q-homology planes

By [Palka 2008, 1.1(2) and 1.2] and Section 3A, to finish the classification of singu-
lar @-homology planes with smooth locus of nongeneral type, one needs to classify
Q@-homology planes that are C*-ruled. Therefore, we assume here that S’ is C*-
ruled (and logarithmic; see Section 2D). The first homology group of S” and some
necessary conditions for singular fibers of such rulings are analyzed in [Miyanishi
and Sugie 1991, 2.9 and 2.10]. As before, we concentrate on completions rather
than the affine part itself, because this gives more information and allows us to
give a general method of construction. It also allows us to compute the number of
different C*-rulings, and as a consequence the number of affine lines on S’.

4A. Properties of C*-rulings. We can lift the C*-ruling of S’ to a C*-ruling of
the resolution and extend it to a P'-ruling p: § — P! of a smooth completion.
Assume that D + E is p-minimal. By Proposition 2.11(v), £s, =h+v —2 and
v<1,so0 (h,v, Zs)=(1,1,0), (2,1,1) or (2,0, 0). The original C*-ruling of S’
is twisted with base C! in the first case, untwisted with base C! in the second case,
and untwisted with base P! in the third case.

Lemma 4.1. Denote by Fy, ..., F, all the columnar fibers of p : S — P! (see
Definition 2.3). Let Fy, be the fiber contained in D if v = 1. There is exactly one
more singular fiber Fy; it contains E. Moreover:
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G) If (h,v) = (1,1), then Fx, = [2,1,2], 0(Fy) = 1, and Fy and F contain
branching points of p|p,.

@) If (h,v) = (2, 1), then F is smooth and o (Fy) = 2.
(i) If (h,v) = (2,0), then o (Fy) = 1 and Fy contains a D-rivet.
(iv) If h = 2, then the components of Dy, are disjoint.

Proof. Let (h,v) = (1, 1). Then X5, =0, so by [Fujita 1982, 7.6], every singular
fiber other than F, is either columnar or contains a branching point of p|p,. Now
Dy, is rational and p|p, has two branching points, one of them contained in Fo,
because D is a tree. Thus Fp is unique. The p-minimality of D implies that
Foo =12, 1,2]. Now let h =2. We have X5, = v € {0, 1}, and the p-minimality of
D gives (ii), (iii) and the uniqueness of Fy. Suppose the components of D, have a
common point. D is a tree, so in this case v =0, which gives o (Fp) = 1. Because
D is a simple normal crossing divisor, the common point belongs to the unique Sy-
component of Fy, which therefore has multiplicity one. The connectedness of D
implies that Fy contains no D-components. But then Fj has a unique (—1)-curve,
which is impossible by Lemma 2.2. ([

Lemma 4.1 is essentially [Miyanishi and Sugie 1991, 2.10]. While the condi-
tions stated above are necessary, they are not sufficient. In the following exam-
ples the C*-ruling satisfies them, but the C*-ruled surface one obtains is not a
Q-homology plane.

Example 4.2. For n > 0, let F,, be the n-th Hirzebruch surface, and let Dy, Do, be
sections with Dg =n and Dc2>o = —n. Let F be afiber and put D = Dy~ Do+ Fxo.
Pick a point not belonging to D and make a connected sequence of blow-ups over
it. Let Cq be the unique (—1)-curve in the inverse image of the point, and let Fj and
C be the reduced total and the proper transform of the fiber. Denote the resulting
surface by S, , put S=S5—Dand E=Fy—Cy—Cy, and let S — §' be the morphism
contracting E.In particular, E might be any admissible chain, in which case S’ has
a unique cyclic singular point. S’ is not a @-homology plane because d(D) =
see Lemma 2.12(iv).

Example 4.3. Take the pair (F;, Do+ Do), where [y is the first Hirzebruch surface
and Dy and D, are sections with D(z) =1 and Dgo = —1. Pick two points on Dy and
blow up over it to create two singular fibers F; = [2, 1, 2], F, =[2, 1, 2]. Denote
their (—1)-curves by Cy, C,. These (—1)-curves separate two chalns To=1(2,1,2]
and To, = [2, 1, 2], where the middle (—1)-curves are Dy and D, respectively.
We have d(Ty) = d(T~) = 0. Pick a point on some Cj;, say Cy, that does not belong
to Ty + T, and make a connected sequence of blow-ups over it. Let Cy be the
unique (—1)-curve in the inverse image of the point, and let Fy be the total reduced
transform of the fiber. Denote the resulting complete surface by S. If Cy is not a
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tip of Fy, then denote the connected component of Fy — Cy not meeting Do + Do
by E. Let D be the reduced divisor with support Ty U Too U (Fp — Co — E) Put
S=S—Dand E = Fo—Co— Cy, and let S — S’ be the morphism contracting E
(which is necessarily an admissible chain). Again, S’ is not a @-homology plane
because d(D) =

Theoretically, if X is a normal surface and p’ : X — B is a C*-ruling, then by
taking a completion of X and an extension of p’ to a P!-ruling, with Lemma 2.12
we can recognize when X is a -homology plane (B has to be rational). However,
to give constructions we need to reformulate the condition d(D) # 0 in a way that
is easier to verify by looking at the geometry of singular fibers. Recall that for
a family of subsets (A;);c; of a topological space Y, a subset X C Y separates
the subsets (A;);e; (inside Y) if and only if each A; is contained in a closure of
some connected component of Y \ X and none of these closures contains more than
one A;. Recall also that by convention, a twig of a fixed divisor is ordered so that
its tip is the first component.

Lemma 4.4. Let (S, T, p) be a triple satisfying conditions (i)—(iii) of Lemma 2.12.
Assume also that T is p-minimal and that f-T =2 for a general fiber f of p. When
(h,v) =(2,0), let Dg be some horizontal component of D, let Fy be a unique fiber
containing a D-rivet, let B be a unique component of D separating Do, D, — Dy
and E inside DU Fy, and let Do be a connected component of D — B containing D).
Then d(D) # 0 if and only if the following conditions hold:

(i) The base of the fibration is P! or C' (that is, v < 1).
@{i) If (h,v) = (2, 1), both S — T -components of the fiber with o = 2 intersect D.
(iii) If (h, v) = (2,0), then d(5o) # 0.

The advantage of condition (iii) over d(D) # 0 is that ﬁo is simpler than D,
containing at most one branching component.

Proof. Clearly, if d(D) # 0, then S’ is a Q-homology plane by Lemma 2.12, which
implies (i) and (ii) (D meets each curve not contained in D + E because S is affine).
Suppose now that (i) and (ii) are satisfied. We show that d(D) # 0 is equivalent
to (iii) (which is an empty condition if (&, v) # (2,0)). Note that d(D) # 0 is
equivalent to d(T) # 0, because T — D is negative definite.

Consider the case h =1. We have X5_, =v—1, and hence v=1and ¥ =0. The
horizontal component D;, meets the unique fiber F, contained in 7 in one point,
because T is a forest. Let T, be the component meeting Dj,. We have d(F,) =0,
so by [Koras and Russell 1999, 2.1.1(1)],

d(D) = d(Foo)d(D — Foo) —d(Foo — Too)d(D — Foo — Dyy),
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and we obtain
d(D) = —d(Feo — Tso)d(D — Fso — Dp).

Since Foo — T and D — F5, — Dy, are vertical and do not contain whole fibers,
they are negative definite, and hence d(D) < 0.

We may now assume 2 = 2. Then ¥ = v € {0, 1}. Put E=T— D. When
v =1, let F, be the unique fiber contained in D, and let Fy be the unique singular
fiber with o (Fp) = 2. When v = 0, let Fy be the unique fiber containing a D-
rivet. All other singular fibers are columnar by [Fujita 1982, 7.6], so they contain
no components of E. We need to prepare some tools to proceed. Recall that the
Neron—Severi group of § — T is defined as the quotient of NS(S) by the subgroup
generated by components of 7. We put p(§ —T) =dimNS(§ — T) ® Q.

Let (X, R) be a smooth pair with X rational. Suppose R = R; + R,, where R,
and R, meet in unique components C; C R;, Co C R, respectively. If at least one
of R; is negative definite for i =1, 2, then we call R — Cy a swap of R — C;, and
vice versa. Similarly, (X, R — C;) are by definition swaps of each other, and so are
X —(R—C;), fori =1, 2. The basic property of this operation that we need is that

p(X—(R—-Cp)=pX—(R-Cy)).

To see this, it is enough to show that C;, C, do not belong to the subspace V of
NS(X) ® @ generated by components of Ry — C; + R, — C,. By symmetry, we
can assume that R; is negative definite. Suppose that C; € V and write

Ci=U+ Uy,

where U; is in the subspace generated by components of R; — C;. Then 0 =
C,-Upy=U -Uy+U?= U22, and hence U, = 0 by the negative definiteness
of Ry. Then 0 < Cy-Cy = U, - C, =0, a contradiction. Suppose C, € V and write
C,=U; + U, as above. Then (Cy — U,)> = (C, —U,)-U; =0, so C, = Us by
the negative definiteness of Ry. Then 0 < Cy - C, = C; - U, = 0, a contradiction.
Thus, swapping preserves p. Though the definition is of general use, we use only
a special kind of swapping, when C, is a (—1)-curve and it is absorbed into the
boundary (keeping the assumption that R, is negative definite); that is, we do the
swap one way, changing (X, R — C») to (X, R — C)).

Take (S, T') and interchangeably perform contractions of (—1)-curves in F (and
its images) that are nonbranching components of the boundary and swaps absorbing
vertical (—1)-curves in Fyp (and its images) into the boundary. Denote the resulting
smooth pair by (X, T’). By the properties of swaps and blow-ups, the rank of the
Neron—Severi group of the open part and the difference between b, of the complete
surface and the number of components in the boundary remain constant. Also, T’
is a rational forest. Crucially, d(T) = 0 if and only if d(T’) = 0. To see this, we



CLASSIFICATION OF SINGULAR @Q-HOMOLOGY PLANES, I1 439

may assume that (X, 7”) is simply a swap of (S, T') as above. Since the number
of components of 7 equals b>(S), we know d(T) # 0 if and only if p(S —T) =0,
which is equivalent to p(X — T”) = 0 and then to d(T") # 0.

Consider the case ¥ = v = 0. At some point, the process of swapping and
contractlng makes B into a O-curve or a (—1)-curve. It is easy to see that the
divisor Do + DOO is not affected by the process, so we have d(D) # 0O if and only
ifd (DO) d (DOO) # 0. All singular fibers of the induced [P’l—ruhng at this stage
are columnar, so they can be written as R; o + C; + Rj 0, Where i = 1,...,n’
enumerates these fibers, Cl.2 equals —1, and R; ¢ and R; « are chains whose last
components meet Dy and D, respectively. For j =0, oo, put ¢; = 5(5 ;) (see
Section 2A). Then e; = ), é(R; ;). We have d(ﬁj) = (—D? —ej)- [, d(Ri ).
By the properties of columnar fibers,

d(Do) +d(Doo) = —(D} + D% +n') - [ [ d(R;0).
l
When contracting singular fibers to smooth ones, Dy + D is touched n’ times and
its image consists of two disjoint sections on a Hirzebruch surface. It follows that
D} + D2, +n’ =0, and hence d(Doo) +d (Do) = 0. Thus d(D) # 0 if and only if
d(Dy) #0.

Consider the case ¥ = v = 1. We show that 7’ has at most one horizontal
component. Suppose that it has two. Then a(f 0) =0 (Fy) =2, s0 F, o contains
a (—1)-curve, say Ci. Because T’ is p-minimal, C; € T. Because we assumed
that every § — T-component meets D, by the properties of swaps, every X — T'-
component meets 7’. By the definition of X, absorbing the (—1)-curve by a swap
into the boundary is 1mposs1ble In particular, if F o has no more (—1)-curves,
then C; is not a tip of Fo, SO Fo is a chain. However, since a(FO) =2,a | swap
absorbing C; into the boundary is possible, which is a contradiction. Thus, Fo has
two (—1)-curves, C; and C;. One of them meets some horizontal component of
T’; otherwise, either Cy or C is a tip or F, 0N T’ has three connected components,
and in either case a swap absorbing one of the C;’s into the boundary would be
possible. A similar argument shows that the second (—1)-curve also meets a hor-
izontal component of 7’. Thus, F :) is a chain with C; and C; as tips, and again
a swap is possible, a contradiction. So 7’ has at most one horizontal component.
But after the first swap where o of the image of F{ drops, the fiber has only one
(—1)-curve, which therefore has multiplicity greater than one, so no more swaps
of this kind are possible. Thus, 7’ has a unique horizontal component 7. Then

d(T") = d(Foo)d(T' — Foo) —d(T' — Foo — Do) = —d(T' — Feo — D).

Now T’ — Fy, — Do is vertical and does not contain whole fibers, so it is negative
definite and we obtain d(T") =d (T’ — — Do) #0. O
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Remark. By Proposition 2.11, for any @-homology plane, we have H;(S’, Z) =0

fori > 1 and
d(D)

/ 2
|H(S", D)|” = 4D’
and hence S’ is a Z-homology plane if and only if d(D) =d (E ). For a C*-ruled S,
more explicit computations are done in [Miyanishi and Sugie 1991], which we
do not repeat here. For example, by [ibid., 2.17], if a Z-homology plane with
iK(So) # —oo is C*-ruled, then k (Sp) = 1 and the ruling is untwisted with base P!.
The conditions for S" having such a ruling to be contractible are given in [ibid.,
2.11] (in particular n = 2).

4B. The Kodaira dimension. In [Miyanishi and Sugie 1991, 2.9-2.17] one can
find formulas for the Kodaira dimension of the smooth locus k' (Sy) in terms of
properties of singular fibers of the C*-ruling (there, K (S’) is by definition equal to
k(Sp)). Unfortunately, their formulas 2.14(4), 2.15(2), and 2.16(2) are incorrect.
The corrections require splitting into cases depending on additional properties of
singular fibers. We also compute the Kodaira dimension of S’. We keep the notation
for singular fibers as in Lemma 4.1. When v =0, put Fo, =0. Let J be the reduced
divisor with support equal to DU Fy. Fori =1, ..., n, denote the (—1)-curve of the
columnar fiber F; by C; and the multiplicity of C; by ;. Put J* =J+C+- - -+C,,.

Lemma 4.5. The divisor J* has simple normal crossings. Contract vertical (—1)-
curves in J* and its images as long as the image is an snc-divisor. Let

¢ (S, I = (W, ¢.Jh)

be the composition of these contractions. Then the &, F; are smooth fori =1, ..., n;
moreover:

) Ifh=1,then ¢ Fo =12, 1, 2], (&4 Dy)? =0, and one can further contract ¢ Fy
and Fs to smooth fibers so that W maps to Fy and ¢, Dy, maps to a smooth
2-section of the P'-ruling of F, disjoint from the negative section.

(i) If h =2, then ¢, Fy is smooth, W is a Hirzebruch surface, and the components
of ¢« Dy, are disjoint. Also, at least one of the components of Dy, has negative
self-intersection, and by changing ¢ if necessary, one can assume that it is not
affected by ¢.

Proof. Suppose the crossings of J* at x are not simple normal. By Lemma 4.1,
this only happens if 4 = 2. Also, x belongs to D, N Fy and is a branching point
of p|p,, and two components of Fy of multiplicity one meet at x. Because D
has normal crossings, one of them is the unique Sp-component of Fy. By the p-
minimality of D, it has to be a unique (—1)-curve of Fj too, which is impossible
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by Lemma 2.2(i). Thus, J* is an snc-divisor. Because F; fori = 1,...,n are
columnar, ¢, F; are smooth.

Suppose h = 2. Write D, = H + H’'. By Lemma 4.1, H and H’ are disjoint.
Since H and H' meet Fy only in the components of multiplicity one, it follows
from the definition of ¢ that the images of H’ and H intersect the same component
of ¢, Fy. But this is possible only if ¢, Fy is smooth. Since ¢,J T is snc, these images
are disjoint. Say H'> < H?. Choosing the contracted (—1)-curves correctly, we
may assume that H' is not affected by ¢. Since ¢, D), consists of two disjoint
sections on a Hirzebruch surface, we have (gﬂth)2 =0, so Dﬁ < 0. Suppose
H? = H? = 0. Then ¢ does not affect D;,, so n = 0 and H and H' intersect
the same component B of F. If v = 1, then B is an Sy-component and the
second Sp-component of Fjy does not intersect D, a contradiction with the affineness
of §’. Thus v = 0 and Lemma 4.4 is not satisfied (in other words, d(D) = 0), a
contradiction.

Suppose & = 1. By the definition of ¢, the image of Dj, intersects the unique
(=1)-curve of ¢, Fy. It follows that ¢, Fy = [2, 1, 2]. Now after the contraction of
Fy and F to smooth fibers, the image of W is a Hirzebruch surface Fy, where
N > 0, and the image D) of D), is a smooth 2-section. Write D) = af +2H,
where H is a section with H> = —N and f is a fiber of the induced P'-ruling of
Fn. We compute

palaf +2H)=a—N—1,

so because D,’1 is smooth, its arithmetic genus vanishes and « = N + 1. Also,
D, -H=a—2N,and hence D; - H+ N = 1. Now if N =0, then Fy =Pl x pl,
and an elementary transformation with center equal to the point of tangency of Dj
and the image of F, (which corresponds to a different choice of components to
be contracted in F) leads to N =1 and D), - H =0. [l

Remark 4.6. Let (X, D) be a smooth pair, and let L be the exceptional divisor of
a blow-up o : X’ — X of a point in D. Then

Ky +0'D=0c*(Kx+ D)
if o is subdivisional for D, and
Ky+o 'D=0*(Kx+D)+L
if o is sprouting for D.

Decompose ¢ into a sequence of blow-downs { =0} 0---00y, and let m <k
be the minimal number such that for j > m, the blow-up o; is subdivisional for
(ojo---ocr])*J+. Define n: S— Sand6: S — W as

n=ouo0---00; and 6 =00 -00y4].
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Clearly, 1 is the identity outside Fy. We denote a general fiber of a P!-ruling by f.
Lemma4.7. Letn: S — Sand6: S — W be as above. Then

o
Ks+n.J = (n+v—1— > —)f—l—G—i—@*%(U—i—U/),
i=1 Hi
where G is a negative definite effective divisor with support contained in the support
of Fso+ Y+ Fi and U, U’ are the (=2)-tips of £ Fy if p is twisted and are zero
otherwise.

Proof. Let V.C W be defined as the sum of (four) (—2)-tips of Foo + ¢ Fp if p is
twisted and as zero otherwise. We check easily that

Kw+Dp+Fo+8Fo=(w—1Df+1V.

Indeed, if p is untwisted, this is just Kw + Dy, +2 f =0 on a Hirzebruch surface, and
if p is twisted, then it follows from the numerical equivalences Ky + D, + f =0
and Fo + ¢ Fy — 3V = f. By Remark 4.6,

Kg+nJ T =m+v-1Df+0*1V.

Foreveryi =1, ..., n, the divisor G; = (1/u;) F; — C; is effective and negative
definite because C; is not contained in its support. We get

n
Ks+nJ=m+v— 1)f+Z<Gi - %Fi) +9*%V,
i=1 '

SO

n
Kg—i—n*Jz(n—i—v—l—i)f—i—ZG,-—i—@*%V. U
! i=1

Remark 4.8. Because Kg+ D + E and K 5+ D intersect trivially with a general
fiber, we can write K§+D+szof+Go and K§+D+szf+G, where
Gy and G are some vertical effective and negative definite divisors and «g, x € Q.
It follows that i (Sp) and k(S) are determined by the signs of kg and x. More
explicitly, k¥ (Sp) equals —oo, 0, or 1 depending on whether «p < 0, k9 = 0, or
ko > 0, respectively. An analogous statement holds for ¥ (S) and «.

It turns out that k¥ and «o depend in a quite involved way on the structure of Fp.
This dependence can be stated in terms of the properties of 7 : S — S defined above.
Denote the Sp-components of Fy by C, C (or just C if there is only one) and their
multiplicities by w, fi respectively. Note that u > 2 if o (Fp) = 1, but if o (Fp) = 2,
then it can happen that u =1 or t = 1.
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Theorem 4.9. Let A =n+v—1—3""_,(1/;). The numbers k and ko determining
the Kodaira dimension of a C*-ruled singular Q-homology plane S’ and of its
smooth locus Sy defined in Remark 4.8 are as follows:

(A) Case (h,v) = (1, 1). Denote the component of Fy intersecting the 2-section
contained in D by B.
() Ifn=idand Fy =12, 1, 2], thenK—Ko_k——
(i) Ifn=id, Bisnotatip of Fy,and C-B > 0, then (k, ko) = (A—%, A—=1/2u).
(i) Ifn=1id, C - B =0, and Fy is a chain, then (x, ko) = (A — %, A).
@iv) If n =1id and B is a tip of Fy, then (k, ko) = (A — %, A—1/p).
V) If n #1id, then k = kg = A
(B) Case (h,v) =(2,1).
() Ifn=id and C*> = 52 = —1, then (k, kg) = (A — 1, A — 1 /min(u, @1)).
(i) Ifn =id and C* # —1 or 52 # —1, then k = xop =X — 1/min(u, it).
(iii) If n #id, then assuming that C is the So-component disjoint from E, we
have k = kg =A—1/1.

(C) Case (h,v)=(2,0). Then k = kg = A

Proof. (A) The unique Sp-component C of Fy is a (—1)-curve. Otherwise, the p-
minimality of D implies that B is the only (—1)-curve in Fj and that it intersects
two other D-components of Fy, giving Fy = [2, 1, 2] € D, with no place for C. It
is now easy to check that the list of cases in (A) is complete. Because C? = —1,
Fy — C has at most two connected components. The only case when E is not
connected is when Fj contains no D-components, which is only possible if C = B
and Fp=1[2, 1, 2]. Because C is the unique (—1)-curve in Fy, we know that { =6on
has at most one center on ¢, Fp, so by symmetry we can and do assume that it does
not belong to U’ (see Lemma 4.7). Suppose n # id. The center of 1 belongs to a
unique component of 7,J. Because D, does not intersect components contracted
by n, this component is a proper transform of a D-component, so 7, (C + E )=0
by the connectedness of E. If we now factor nasn=o on’, where o is a sprouting
blow-up for 7n,J, then by Lemma 4.7 and Remark 4.6,

K+o 'nJ=xrf+G+0*0*3(U +U') +Exc(o),

where Exc(o) is the exceptional (—1)-curve contracted by o and K is a canonlcal
divisor on a respective surface. Because 1,(C + E ) 0, each component of C + E
appears with positive integer coefficient in " Exc(o'), which gives K5+n~ e d =
Af+ G + Gy, where Gy is a vertical effective and negatlve definite divisor for which
Go— E — C is still effective. Because n- IneJ=J=D+ E +C, we get k = kg =A.
We can now assume that n = id, so

Ks+D+E+C=Af+G+ LU +6%U).
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This can be written as
Ks+D=(G—-Df+G+iU + F+6*U -2C -2E).

All components of Fyy appear in U’ + Fy+ 0*U with coefficients bigger than 1, so
U' + Fy+6*U —2C —2E is effective and negative definite, because its support
does not contain the E -component that is a proper transform of U. This gives
K=A— % We now compute kg. If Fp =[2, 1, 2], then 6*U = U and E=U + U,
SO K§+DE(A—%)f+Gandwegetx0=k—%. Suppose B is a tip of Fp.
Because u(B) = 2, we know that Fj is a fork with two (—2)-tips as maximal twigs
(see Lemma 2.2(ii)) and that 6*U = U (U and U’ are components of I/E\). The
divisor Gy = %(U +U")+ (1/u) Fy — C is vertical effective and its support does
not contain C. Writing

@+D+EEQ—iW+G+Gm

we infer that ko = A — 1/, and we obtain (iv). Consider the case (ii). Because B
is not a tip of Fy, we know Fj is a chain. The assumption B - C > 0 implies that
B? #+ —1 and 6*U = C + E. We obtain
_ T — _ l( rop s )

Ks+D+E= i 2M)f+G+2U+E+MFO c),
and U’ + E + (1/w) Fy — C is effective with support not containing C. This gives
ko =X — (1/21). We are left with the case (iii). As in (ii), Fp is a chain, and we
have now

Ks+D+E=1f+G+ LU +6'U-20).

U’ +6*U — 2C is effective and does not contain B, because B - C =0, so kg = A.

(B) Suppose n # id. Note that 5, Fy contains a proper transform of one of C,
c , for otherwise, Fy would contain a D-rivet. It follows that n is a connected
modification and that its center lies on a birational transform of a D-component
(the Sp-component contracted by n has to intersect D). Thus, 1, Fy is a chain
intersected by D;, in two different tips and containing C. Since D N E =02, we
get n*(5 +E)=0. Writing n = o o7/, where o is a sprouting blow-down, we see
that n* Exc(o) is an effective negative definite divisor that does not contain C in
its support and for which n"™ Exc(o) — C — E is effective. By Lemma 4.7, we have

K+a*1n*D+C =Af + G+ Exc(o),

where K is a canonical divisor on a respective surface. It follows from Remark 4.6
and from arguments analogous to those in part (A) that k = ko= A — (1/u). We
can now assume that n = id. By Lemma 4.7,

Ks+D+CH+E+C=irf+G,
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which implies ko = A — (1/min(u, ft)). Writing
1

K§+Dz(x-é)f+G+a(Fo—a(c+E+5)),

we see that k = A — (1/«), where « is the lowest multiplicity of a component
of C+E +C in Fy. Note that C + E + C is a chain. Now if C2 # —1, for
instance, then Fj is columnar, and factoring 6 into blow-downs, we see that E is
contracted before C, and hence o = 1 < [i. Suppose C 2_C - —1, and let 6’ be
the composition of successive contractions of (—1)-curves in Fy different than C.
Now either 6, Fy = 6,C = [0] or 0, F is columnar. Both possibilities imply that
C + E contains a component of multiplicity one, and hence o = 1.

(C) C is a (—1)-curve. Indeed, D N F; contains at most one (—1)-curve, and if
it does, then by the p-minimality of D, it meets both components of Dj, and has
multiplicity one, so there is another (—1)-curve in Fy. We infer that Fo — C has
two connected components, one being E and the second containing a rivet. The
existence of a rivet in Fy implies that n # id, so n.(C + E ) = 0. Factoring out a
sprouting blow-down from 7 as above, we get

K +0~'n.D=x1f + G +Exc(o).

The divisor n™* Exc(o) — C — E is effective and does not contain all components
of Fy, so by Remark 4.6, x = ko = A. O

Remark. In case (B)(iii), it is not true in general that © = min(u, ).

4C. Smooth locus of Kodaira dimension zero. As a corollary, we obtain the fol-
lowing information in case k¥ (Sp) = 0.

Corollary 4.10. Let S’ be a C*-ruled singular Q-homology plane, and let D be a
p-minimal boundary for an extension p of this ruling to a normal completion, as
above. Let D be the p-minimal boundary, and let n be the number of columnar
fibers. Then k (So) = 0 exactly in the following cases:

(1) p is twisted, n =0, and Fy is of type (A)(iii) or (A)(V).

(ii) p is twisted, n = 1, u = uy = 2, and Fy is of type (A)(1) or (A)(iv) with no
D-components.

(iii) p is untwisted with base C',n =1, 1 =2, min(u, i) = 2, and some connected
component of FoN D is a (—2)-curve.

(iv) p is untwisted with base C', n =2, 1 = uor = 2, and some So-component of
Fo meets Dy,.

(V) p is untwisted with base P!, n =2, and i1 = pr = 2.
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Proof. Note that n — )i (1/p;) > n/2 because u; > 2 for each i. Suppose p is
twisted. Then u > 2, and so by Theorem 4.9,

1 n—1

3 2

If n =0, then A = 0, which gives ky = 0 exactly in cases (A)(iii) and (A)(v). If
n=1,then ko= A — % = 0, which is possible in case (A)(i) if 41 = 2 and in case
(A)(iv) if © = pu1 = 2. In both cases, Dj, meets the Sp-component, so F contains
no D-components. If p is untwisted with base P!, then

A>kKkg>A—

n
—1>A=ky>=—1
n = K()_2 y

son =2 (because . = —1/pu; <0 forn=1)and ko =1—1/u; — 1/12, which
vanishes only if 4| = > = 2. Assume now that p is untwisted with base C'. Then

n>K02A—1ZE—1,
2
so n € {1, 2}. There are no (—1)-curves in D N Fy by the p-minimality of D, so
at least one Sp-component, say C, is a (—1)-curve. We can also assume that C is
contracted by 7 in case 1 7 id and that u > [ in case n =id. Then kg =X — 1/L.
The composition £ of successive contractions of all (—1)-curves in Fg — C and its
images is a connected modification. Suppose n = 2. The inequalities above give
A=1,s0 u; =, =2 and & = 1. Then &, Fy = [0], and because £ is a connected
modification, Cisa tip of Fy. So one of C, C intersects D;,, because otherwise
Fo— C — C — E would be connected and would intersect both sections from Dy,
and hence F would contain a rivet. This gives (iv). Suppose that n = 1. Then
u1 = ft = 2. By the choice of C, further contractions of Fy to a smooth fiber
are subdivisional for &, D U &, F)y, so we have &, Fy = [2, 1, 2] with the birational
transform of C in the middle, and the image of D intersects both (—2)-tips of
&, Fy. Since £ is a connected modification, it does not touch one of these tips, so
one of the connected components of DN Fy is a (—2)-curve. If u =1, then pu < fi,
so by our assumption 1 # id. But then i > 1, because C?> = —1 and C intersects
E and D. This contradiction ends the proof of (iii). O

4D. Constructions. Lemmas 4.5 and 2.12 give a practical method of reconstruct-
ing all C*-ruled @-homology planes. We summarize it in here. We denote irre-
ducible curves and their proper transforms by the same letters.

Construction 4.11. Case 1 (twisted ruling). Let D, be a smooth conic on P2, let
Lo, L be tangents to D, at distinct points xg, Xs0, and let L;, fori =1,...,n
and n > 0, be distinct lines through Lo N L, other than Lo, L. Blow up once at
LoNLy;letp: Fi— P! be the [P’l—ruling of the resulting Hirzebruch surface. Over
each of p(Lg), p(L), blow up on Dy twice, creating singular fibers F 0=12,1,2]
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and Foo =[2,1,2]. Foreachi =1, ..., n, by a connected sequence of blow-ups
subdivisional for L; + Dy, create a column fiber F; over p(L;) and denote its
unique (—1)-curve by C;. By some connected sequence of blow-ups with a center
on F 0, create a singular fiber Fj, and denote the newly created (—1)-curve by C
(if the sequence is empty, define C as the (—1)-curve of F, 0)- Denote the resulting
surface by S, put

T=Dp+Fx+(F1—C)+--+F,—Cp)+ Fp—C,

and construct S as in Lemma 2.12. S’ is a @-homology plane (singular as long as
T is not connected) because conditions 2.12(i)—(iii) are satisfied by construction
and (iv) by Lemma 4.4. To see that each S” admitting a twisted C*-ruling can be
obtained in this way, note that by the p-minimality of D, even if Fy contains two
(—1)-curves C and B C D, then B is not a tip of Fy and ¢ does not touch it, so in
each case the modification Fy — ¢, Fp induced by ¢ is connected, and we are done
by Lemma 4.5.

Case 2 (untwisted ruling with base ChH). Let xg, X1 - . . Xn, Xoos y e P2, for n > 0,
be distinct points, such that all but y lie on a common line D;. Let L; be a line
through x; and y. Blow up y once and let D, be the negative section of the P!-
ruling of the resulting Hirzebruch surface p: F; — P!. Foreachi =0, 1,...,n,
by a connected sequence of blow-ups (which can be empty if i = 0), with first
center x; and subdivisional for D; + L;, create a column fiber F; (F 0if i =0)
over p(x;) and denote its unique (—1)-curve by C; if i # 0 and by Cifi=0 (put
C = Ly if the sequence over p(xg) is empty). Choose a point z € Fy that lies on
D+ i) —C, and by a nonempty connected sequence of blow-ups with first center
z, create some singular fiber Fy over p(xg). Let C be the new (—1)-curve. Denote
the resulting surface by S, put

T =D+ Dy+Loo+(FI=C)+ -+ (F, —Cp) + Fp—C—C,

and construct §” as in Lemma 2.12. The surface S’ is a Q-homology plane by
Lemma 4.4, because Lemma 4.4(ii) is satisfied by the choice of z. To see that all
S” admitting an untwisted C*-ruling with base C! can be obtained in this way, note
that by changing the completion of S’ by a flow if necessary, we can assume that
one of the components of Dy, is a (—1)-curve. D N Fy contains no (—1)-curves,
and as was shown in the proof of Theorem 4.9, n contracts at most one of C, C.
Then by Lemma 4.5, we are done.

Case 3 (untwisted ruling with base P'). Let D, be the negative section of the P!-
ruling of a Hirzebruch surface p: Fy — P!, with N > 0. Let xo, x1, ..., X,,, with
n > 0 be points on a section D; of p disjoint from D;. Foreachi =0, 1, ..., n, by
a connected sequence of blow-ups (which can be empty if i = 0), with first center
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x; and subdivisional for D; + p~!'(p(x;)), create a column fiber F; (fo ifi =0)
over p(x;) and denote its unique (—1)-curve by C; if i 0 and by B if i =0 (put
B = pil( p(xo0)) if the sequence over p(xg) is empty). Assume that the intersection
matrix of at least one of two connected components of

Di+Dy+ (Fi = C) 4+ (Fy — Co) + (Fo — B)

is nondegenerate. By a connected sequence of blow-ups starting from a sprouting
blow-up for D 4+ Fo with center on B, create some singular fiber Fp over p(xg)
and let C be the new (—1)-curve. Denote the resulting surface by S, put

T =D+ Dy+(Fi—C)+- -+ (Fy — C) + (Fy— C),

and construct S’ as in Lemma 2.12. D is connected because the modification
Fo+Di — Fo+ D is not subdivisional, so S’ is a Q-homology plane by Lemma 4.4.
By Lemmas 4.5 and 4.4, each S’ with an untwisted C*-ruling having a base P! can
be obtained in this way.

5. Corollaries

5A. Completions and singularities. Recall that ()-homology planes with nonquo-
tient singularities have unique snc-minimal completions (and hence also balanced
ones) and unique singular points [Palka 2008, 1.2]. The completions and singulari-
ties in case k (Sp) = —oo are described in Section 3. In case ¥ (Sp) = 2, the singular
point is unique and of quotient type [ibid.]. Also, the snc-minimal boundary cannot
contain nonbranching h-curves with b > 0, because these induce C'- or C*-rulings
of Sp, and hence the snc-minimal completion is unique. Theorem 1.1 summarizes
the remaining cases.

Proof of Theorem 1.1. (1) Suppose S’ has at least two different balanced com-
pletions. These differ by a flow, which implies that the boundary contains a non-
branching rational component F,, with zero self-intersection. Then F is a fiber
of a P!-ruling p of a balanced completion (V, D). We may assume that F,, is not
contained in any maximal twig of D. Indeed, after moving the O-curve by a flow
to a tip of a new boundary, it gives an affine ruling of §’, which is possible only
if k¥ (Sp) = —oo. Because F is nonbranching, the induced ruling restricts to an
untwisted C*-ruling of §’. It follows from the connectedness of the modification
n (see the proof of Theorem 4.9) that n > 0, so this restriction has more than
one singular fiber. Both components of Dy, are branching in D. Since F is the
only nonbranching O-curve in D, centers of elementary transformations lie on the
intersection of the fiber at infinity with Dy. If D is strongly balanced, then one
of the components of Dj, is a O-curve, and hence there are at most two strongly
balanced completions. Conversely, suppose that S” has an untwisted C*-ruling with
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base C! and that n > 0, and let (V, D, p) be a completion of this ruling. Because S’
is not affine-ruled, the horizontal components H, H' of D are branching, so (V, D)
is balanced and we can assume H'> = 0. Because H, H' are proper transforms
of two disjoint sections on a Hirzebruch surface, we have H 2+ H?+n<0,s0
H? 0 and we can obtain a different strongly balanced completion of S’ by a flow
that makes H into a O-curve.

(2), (3) By [Palka 2008, 4.5] and [Palka 2011a], we may assume that S’ is C*-ruled.
If this ruling is untwisted, it follows from the proof of Theorem 4.9 that S’ has a
unlque smgular point, and it is a cyclic singularity. In the twisted case, because
E C Fy, if E is not connected then Fp is of type (A)(i), and if E is not a chain then
Fy is of type (A)(@iv). O

Remark. The set of isomorphism classes of strongly balanced boundaries that
a given surface admits is an invariant of the surface, which allows us to easily
distinguish between many Q-acyclic surfaces.

5B. Singular planes of negative Kodaira dimension. As another corollary of
Theorem 4.9 we give a detailed description of singular (2-homology planes of
negative Kodaira dimension. We assume that k (Sp) # 2, but as we show in [Palka
and Koras 2010], this assumption is redundant.

Theorem 5.1. Suppose that S’ is a singular Q-homology plane of negative Kodaira
dimension and that Sy is its smooth locus. If k(So) # 2, then exactly one of the
following holds:

(i) K(So) = —oo; 8’ is affine-ruled or isomorphic to C*/G for a small finite
noncyclic subgroup G < GL(2, C).

(ii) k(Sop) € {0, 1}; S’ is nonlogarithmic and is isomorphic to a quotient of an affine
cone over a smooth projective curve by an action of a finite group acting freely
off the vertex of the cone and preserving the set of lines through the vertex.

(iii) ¥ (So) € {0, 1}; S’ has an untwisted C*-ruling with base C! and two singular
fibers. One of them consists of two C'’s meeting in a cyclic singular point;
after taking a resolution and completion, the respective completed singular
fiber is of type (B)(i) with u, 1t > 2 (see Figure 3 and Theorem 4.9).

Proof. By [Palka 2011a; Palka 2008, 4.5] and Section 3, we may assume that S’ is
logarithmic and C*-ruled and that k (Sp) > 0. We need to show (iii). Let (V, D, p)
be a minimal completion of the C*-ruling. By Theorem 4.9, if p is twisted, then

- n—1

O>K()Z)»—%_ 7

so n = A = 0. The inequalities k < 0 and k¢ > O can be satisfied only in case
(A)(iii), and then D,% =0 by Lemma 4.5, so Dy, induces an untwisted C*-ruling of



450 KAROL PALKA

F, F, D

(
)
{
)

Figure 3. Untwisted C*-ruling, ¥ (S") = —o0.

S’. Suppose p is untwisted. Because k # ko, p has base C! and is of type (B)(i).
Because
0>K=A—1z%—L

we getn < 1,but forn =0 we get kg <X <0, soin factn = 1. Then 0 < ko =
1 —1/u; —1/min(u, &), and hence min(u, &) > 2. O

By Proposition 2.11, H;(S’, Z) vanishes for i > 1. If §’ is of type C*/G or
of type (ii), then it is contractible. H;(S’, Z) for affine-ruled S’ was computed in
Remark 3.4. For completeness, we now compute the fundamental group of S of
type (iii), which by Proposition 2.11 is the same as 7{(S). Let Eg be a component
of E intersecting C. Contract C and successive vertical (—=1)-curves until C is
the only (—1)-curve in the fiber (C cannot became a O-curve, because it does not
intersect Dj,), and denote this contraction by 6. Let #’ be the contraction of 6, Fj
and F; to smooth fibers. Put U = Sp\ (C{UC U 5) and let y;, y,t € m(U) be
the vanishing loops of the images of Fy, Fj under 6’ 0§ and of some component of
Dy, (see [Fujita 1982, 4.17]). We need to compute the kernel of the epimorphism
m1(U) — m1(S). Because 6 does not touch C, 6, Fy is columnar and 0, Ey # O.
Using [ibid., 7.17], one can show by induction on the number of components of a
columnar fiber that because Ey - C # 0, the vanishing loops of Ey and C, which
are of type y“t” and y°t?, satisfy ad — bc = %1. Thus y and ¢ are in the kernel,

and hence
T (S) =y y")=2Z,,.

In particular, S’ is not a Z-homology plane.

6. Uniqueness of C*-rulings

6A. The number of C*-rulings. We consider the question of uniqueness of C*-
rulings of Sy and S’. Recall that a C*-ruling of Sy is extendable if it extends to
a ruling (morphism) of §’. Two rational rulings of a given surface are considered
the same if they differ by an automorphism of the base. When a C*-ruling of S
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exists, using the information on snc-minimal boundaries, we are able to compute
the number of different C*-rulings.

Theorem 6.1. Let S’ be a singular Q-homology plane that is not affine-ruled. Let
D1, ..., pr forr € NU {00} be all different C*-rulings of the smooth locus Sy of S’

Let D be an snc-minimal boundary of S'.
(1) Ifk(So) =2 orif S’ is exceptional (so that k (Sy) = 0), then r = 0.
(2) Ifk(So) = 1 or if S’ is nonlogarithmic, then r = 1.
3) If k(Sp) = —o0, then r > 1 and p; is nonextendable. Also, r % 1 only if the

fork that is an exceptional divisor of the snc-minimal resolution of S’ is of type
(2,2, k). In this case we have:

() If k £ 2, then r =2, p, is twisted, and it has a unique singular fiber,
which is of type (A)(iv).
(i) Ifk =2,thenr =4, pa, p3, p4 are twisted, and they have unique singular
fibers, which are of type (A)(iv).
(4) Assume that k(So) = 0 and that S’ is logarithmic and not exceptional. Then
all p; extend to C*-rulings of S" and the following hold.:
(1) If the dual graph of D is

-2 -1 k -2

withk < =2, thenr =1 and p is twisted.
(i) If the dual graph of D is

-2 —1 —1 -2

thenr =2 and py, ps are twisted.
(ii1) If the dual graph of D is

then r =3, p1, p» are twisted and p3 is untwisted with base C'.
@iv) In all other cases, r =2, py is twisted and p; is untwisted.
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Proof. (1) By definition, exceptional Q-homology planes are not C*-ruled. If S
is of general type, then by litaka’s easy addition formula [litaka 1982, 10.4], Sy is
not C*-ruled.

(2) If S’ is nonlogarithmic, then by [Palka 2008, 4.1], the C*-ruling of S’ is unique.
Assume that k(Sp) = 1. Let (S, D) be some normal completion of the snc-minimal
resolution S — §’. Denote the exceptional divisor of the resolution by E. By
[Fujita 1982, 6.11], for some n > 0, the base locus of [n(Kg+ D + E)+| is empty
and the linear system gives a P!-ruling of § that restricts to a C*-ruling of Sp; see
also [Miyanishi 2001, 2.6.1]. Consider another C*-ruling of Sy. Modifying § if
necessary, we can assume that it extends to a P!-ruling of S. Let f’ be a general
fiber of this extension. Then

f-(Ks+D+E)=f'-Ks+2=0,

and hence
f(Ks+D+E)'+f - (Ks+D+E)” =0.

However, (K5+ D + E )~ is effective and (K5+ D + E )t is numerically effective,
o)

f - (Ks+D+E)y"=f - (Kg+D+E)" =0,

and we see that the rulings are the same.

(3), (4) We need to understand how to find all twisted C*-rulings of a given §'.
Consider a twisted C*-ruling of S’ and let (V, D, p) be a minimal completion of
this ruling. By the p-minimality of D, the only component of D that can be a non-
branching (—1)-curve is 5;,, so there is a connected modification (‘7, 5) — (V, D)
with snc-minimal D. Let 50 C D be the (—1)-curve of the fiber at infinity (see
Lemma 4.1). D is not a chain; otherwise S’ would be affine-ruled. Let Dy C D
be the image of Dy, and let T be the connected component of D — Dy contain-
ing the image of the horizontal component (which is a point if the modification
is nontrivial). In this way, a twisted C*-ruling of S’ determines a pair (Dy, T)
(with Dy + T contained in a boundary of some snc-minimal completion), such
that Bp (D) =3, DS > —1, T is a connected component of D — Dy containing the
image of the horizontal section, and both connected components of D — Dy — T are
(—2)-curves. Conversely, if we have an snc-minimal normal completion (V, D)
and a pair as above, we make a connected modification (\7, 5) — (V, D) over D
by blowing successively on the intersection of the total transform of 7" with the
proper transform of Dy until Dy becomes a (—1)-curve. The (—1)-curve together
with the transform of D — T — Dy induce a P!-ruling of V' and constitute the fiber
at infinity for this ruling. The restriction to §’ is a twisted C*-ruling.
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Suppose k(Sp) = —oo. Since Sy is not affine-ruled, S’ = CZ/ G for a finite
noncyclic small subgroup G < GL(2, C) (see Section 3). Let (V, D) be an snc-
minimal normal completion of §” and let S — V be a minimal resolution with
exceptional divisor E. We saw in the proof of Proposition 3.1 that Sy admits a
platonic C*-ruling, which extends to a P'-ruling of S. Also, D and E are forks
for which Dj, and E), are the unique branching components of D and E respec-
tively. In particular, the C*-ruling does not extend to a ruling of §’, and because
nonbranching components of D have negative self-intersections, (S, D + E )isa
unique snc-minimal smooth completion of Sy (and hence (V, D) is a unique snc-
minimal normal completion of S”). It follows from the proof of [Palka 2008, 4.1]
that the nonextendable C*-ruling of Sy is unique. Suppose there is a C*-ruling
of Sy that does extend to S’. Since Eisnota chain, it follows from the proof of
Theorem 4.9 that this ruling is twisted. Since maximal twigs of E and D are adjoint
chains of columnar fibers, we see that a maximal twig of D — Dy, is a (—2)-curve if
and only if the respective maximal twig of E—Ejisa (—2)-curve. Also, 0 <d (E ),
SO Z‘?\,% < —2, and because Z‘?\,% + D? = —3, we have D% > —1. Therefore, S’ admits
a twisted C*-ruling if and only if E is a fork of type (2, 2, k) for some k > 2. If
k # 2, then the choice of (Dg, T) as above is unique, and if kK = 2, then there are
three such choices. If (V’, D', p) is a minimal completion of such a ruling, then
D’ is a fork, so because ko < 0, we have n = 0 and Fj is of type (A)(iv) (see the
proof of Theorem 4.9). This gives (3).

We can now assume that ¥ (Sp) = 0 and that S’ is logarithmic and not exceptional.
Then Sy is C*-ruled and by [Palka 2008, 4.7(iii)], each C*-ruling of Sy extends to
a C*-ruling of §’. Letr € {1,2,...} U {oo} be the number of different (up to
automorphism of the base) C*-rulings of S” and let (V;, D;, p;), for i < r, be
their minimal completions. Minimality implies that nonbranching (—1)-curves in
D; are p;-horizontal. We add consequently an upper index (i) to objects defined
previously for any C*-ruling when we refer to the ruling p;. If p; is untwisted, we
denote the horizontal components of D}(li) by HO, H'®,

Suppose p; is untwisted with base P'. Then Fél) contains a rivet and by
Corollary 4.10, nM =2 so D; does not contain nonbranching b-curves with b > —1.
Then (Vy, Dy) is balanced and S’ does not admit an untwisted C*-ruling with
base C', because it does not contain nonbranching O-curves (see Lemma 4.1). By
Corollary 4.10, each component of D,(ll) has Bp, =3 and intersects two (—2)-tips
of D;. Note that {1 (see Lemma 4.5) touches D}(ll) two times if both components
of D}(ll) intersect the same horizontal component of Fo(l) and three times if not. By
Lemma 4.5 and the properties of Hirzebruch surfaces, we get —3 < (D,(ll))2 <-2.
In particular, one of the components of D,il), say H M has (H M2 > _1, s0 by
the discussion about twisted C*-rulings above, H" together with two (—2)-tips
of Dy gives rise to a twisted C*-ruling p, of §’. Because H'(") together with two
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(—2)-tips of D, intersecting it are contained in a fiber of p,, (H'V)? < —2. Thus
pa is the only twisted ruling of S, because H is the only possible choice for
a middle component of the fiber at infinity of a twisted ruling. Suppose r > 3.
Then p; is untwisted with base P!. Because D; does not contain nonbranching 0-
curves, any flow in D is trivial, so V3 = V|. Because p3 and p; are different after
restriction to S, the So-components C", C® contained respectively in Fo(l), F0(3)
are different. Because they both intersect E, they are contained in the same fiber
of p,, which contradicts Eg) = (. Because D contains no nonbranching 0-curves,
D is not of type (4)(iii). Since n'") =2, D contains at least seven components, so
D is not of type (4)(i) or (4)(ii).

We can now assume that each untwisted C*-ruling of S’ has base C!. Suppose
p1 is such a ruling. By Corollary 4.10, both horizontal components of D; have
Bp, = 3, and one of them, say H'), intersects two (—2)-tips T and T’ of D;.
In particular, D; is snc-minimal. Because Fécl)) = [0], changing V| by a flow if
necessary, we may assume that H'(" is a (—1)-curve. Then

F@ =T ++2HD 41’

induces a P!'-ruling p, : Vi — P!, which is a twisted C*-ruling after restricting it
to §’. Suppose r > 3. If p3 is untwisted, then its base is C!, and changing V3 by a
flow if necessary, we can assume that V3 = V. But then Fo(g) = Fég), because D
contains only one nonbranching O-curve, so p; and p3 have a common fiber and
hence cannot be different after restriction to S’, which is a contradiction. Thus p3 is
twisted. By the discussion above, p3 can be recovered from a pair (Dg, T) on some
snc-minimal completion of S’. All such completions of S’ differ from (Vy, D) by
a flow, which is an identity on V| — Fo(ol), and hence the birational transform of
Dy on V; is either HDY or H'"). Because the restrictions of p1 and p, to S’ are
different, it is H". It follows that » = 3 and that D; — H'() has two (—2)-tips as
connected components, and hence the dual graph of Dy is as in (iii). Conversely, if
S’ has a boundary as in (iii), then besides the untwisted C*-ruling induced by the
O-curve, it has also two twisted rulings, each with one of the branching components
as the middle component of the fiber at infinity.

We can finally assume that all C*-rulings of S’ are twisted. Let (V, D) be a bal-
anced completion of S’. Because S’ does not admit untwisted C*-rulings, D does
not contain nonbranching 0-curves, so (V, D) is a unique snc-minimal completion
of §’. Thus, to find all twisted C*-rulings of S’, we need to determine all pairs
(Do, T) such that Do+ T < D, D% > —1, Bp(Dg) =3, and D — T — Dy consists
of two (—=2)-tips. Let (Do, T) and (Dy), T’) be two such pairs. Suppose Do # D,
and, say, D(’)2 > DS. We have Dy - D) # 0, for otherwise the chain D — T, which
is not negative definite, would be contained in (and not equal to, because v < 1) a
fiber of the twisted ruling associated with (Dg, T'), which is impossible. Then D
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has six components and we check that
d(D) =16((D3 4+ 1)(DF + 1) — 1),

SO (D% + 1)(D(’)2 +1) < 0, because d(D) < 0. Then D?> = —1 and Dj is a 2-
section of the twisted ruling associated with (Dg, T). Because ,BD(D(’)) =3, by
Corollary 4.10 and Lemma 4.5 for this ruling n = 1, Dj is a (—1)-curve and D has
dual graph as in (ii). Conversely, it is easy to see that S" with such a boundary has
two twisted C*-rulings. Therefore, we can assume that the choice of Dy for a pair
(Dg, T) as above is unique. Let p; be a twisted C*-ruling associated with some
pair (Do, T). Suppose n'") = 0. By Lemma 4.5, C*D}(ll) is a O-curve, so

F=cen])

induces a P'-ruling p of V. If ¢ touches D'V, then F contains the Sp-component
of Fo(l), so F ¢ D and p restricts to an untwisted C*-ruling of S’ with base P
If ¢ does not touch D;(ll), then p restricts to a C*-ruling of S’ with base C'. This
contradicts the assumption. By Corollary 4.10 we get that n") =1, Fo(]) contains no
Di-components, and @1 = 2. In particular, D; = D. By Lemma 4.5, (D,(ll))2 <-1
because n') = 1, so D has a dual graph as in (i) or (ii). Conversely, if D is of type
(i) or (ii),thenr =2 ifk=—1land r =1if k < -2. Il

6B. The number of affine lines. Theorem 6.1 has interesting consequences. It is
known [Zaidenberg 1987; Gurjar and Miyanishi 1992] that @-homology planes
with smooth locus of general type (in particular the smooth ones) do not contain
topologically contractible curves. In fact, the number £ € N U {co} of contractible
curves on a @-homology plane S’ is known except two cases: when S’ is non-
logarithmic and when §’ is singular and ¥ (Sy) = O (see [Palka 2011b, 10.1] and
references there). Clearly, in the first case £ = oo by the main result of [Palka
2008]. The case when S’ is smooth and of Kodaira dimension zero has been con-
sidered in [Gurjar and Parameswaran 1995]. Theorem 1.3 is the missing piece of
information, and the method can be easily applied to recover the result of Gurjar
and Parameswaran.

Proof of Theorem 1.3. We can assume that S’ is logarithmic. Suppose S’ contains
a topologically contractible curve L. We show that L is vertical for some C*-
ruling of §’. The proper transform of L on S meets each connected component
of E in at most one point. We use the logarithmic Bogomolov—Miyaoka—Yau
inequality as in [Koras and Russell 2007, 2.12] to show that ¥ (S — L) < 1. In
case K (Sop — L) = 1, the surface Sy — L is C*-ruled [Fujita 1982, 6.11], so we may
assume that ¥ (So — L) =0. Let Z[D + E] be a free abelian group generated by the
components of D + E. Because

Pic Sy = Coker(Z[D + E] — Pic 5)
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is torsion, the class of L in Pic Sy is torsion. So there is a surjection f: Sy— L — C*,
and taking its Stein factorization, we get a C*-ruling of Syp — L, which (because
K (Sp) # —o0) extends to a C*-ruling of Sy. Since Sy is logarithmic, each C*-ruling
of Sy extends in turn to a C*-ruling of S’. Therefore L is vertical for some C*-
ruling of S and we are done. In particular, exceptional @-homology planes do
not contain contractible curves. It follows from Corollary 4.10 that if the ruling
is twisted or untwisted with base P!, then the vertical contractible curve is unique
and is contained in the unique singular noncolumnar fiber. For an untwisted ruling
with base C', there are at most two such curves. In particular, in cases (4)(i)
and (4)(ii) of Theorem 6.1, L needs to intersect the horizontal component of the
boundary, so we get respectively £ = 1 and £ = 2. In case (4)(iii), the unique
vertical contractible curves for the twisted rulings p; and pj3 are distinct and do
not intersect the horizontal components of respective rulings, and hence are both
vertical for the untwisted ruling p3, so £ = 2. In the remaining case (4)(iv), r = 2,
p1 is twisted and p, is untwisted. We can assume that the base of p; is C' and the
unique noncolumnar singular fiber contains two contractible curves, L and L,, for
otherwise ¢ < 2 by the above remarks and we are done. Since the twisted ruling
is unique, there is exactly one horizontal component H of D}(lz) that meets two
(—2)-tips of D}(ll) (together with these tips it induces the twisted ruling). Clearly,
only one L; can intersect H, so the second one is vertical for p; and we get £ <2
is this case too. (]
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A DYNAMICAL INTERPRETATION OF THE PROFILE CURVE
OF CMC TWIZZLER SURFACES

OSCAR M. PERDOMO

Delaunay showed in 1841 that any surface of revolution of constant mean
curvature in R3 has as its profile curve a roulette — specifically, the curve
described by the focus of a quadric rolling on a line. Here we introduce a
notion similar to the roulette that we call the treadmill sled, and we use it
to provide a dynamical interpretation for the profile curves of twizzlers —
helicoidal surfaces of nonzero constant mean curvature.

The treadmill sled is connected with a change of variables that allows
us to solve the ordinary differential equation that produces twizzlers in a
fairly easy way. This allows us to prove that all twizzlers are isometric to
Delaunay surfaces; this is similar to work done by do Carmo and Dajczer.

We also provide a moduli space for twizzlers and Delaunay surfaces that
shows the connection of each surface with its dynamical interpretation, and
we explicitly show the foliation of our moduli space by curves of locally
isometric CMC ““associated surfaces’ analogous to the well-known helicoid-
to-catenoid deformation. Our dynamical interpretation for twizzlers also
allows us to naturally define the notion of a fundamental piece of the profile
curve of a twizzler, which yields the fact that, whenever a twizzler is not
properly immersed, it is dense in the region bounded by two concentric
cylinders if the twizzler does not contain the axis of symmetry, or dense
in the region bounded by a cylinder otherwise.

Using the change of coordinates induced by the notion of the treadmill
sled, we also provide a dynamical interpretation for helicoidal surfaces with
constant Gauss curvature, and we find an easy way to describe Delaunay
surfaces by a relatively simple first integral.

1. Introduction

Delaunay [1841] showed that if one rolls a conic section on a line in a plane and
then rotates about that line the trace of a focus, one obtains a surface of revolution
of constant mean curvature (CMC). When the conic is a parabola we obtain a
catenoid; when the conic is an ellipse, the surface is embedded and it is called an

MSC2010: 53A10, 53C42.
Keywords: twizzler, constant mean curvature, helicoidal surfaces, Delaunay surfaces.
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Figure 1. Dynamic interpretation of the profile curve of an unduloid.

Figure 2. A nodoid and the construction of its profile curve.

unduloid; and when the conic is a hyperbola the surface is not embedded and it is
called a nodoid. Unduloids and nodoids are called Delaunay surfaces. Figure 1
illustrates the relation between the ellipse and the trace of its focus. Notice that
only one focus is used to get the curve that needs to get rotated in order to generate
an unduloid. Figure 2 illustrates the relation between the hyperbola and the trace
of its foci. Notice that both foci are used to get the curve that needs to get rotated
in order to generate a nodoid.

Using the integrability of the Gauss equation and the Mainardi—-Codazzi equa-
tion, Lawson [1970] showed that for any immersion fy: U — R3 with constant
mean curvature H defined in a simple connected surface U, there exists a 2m-
periodic 1-parametric family of immersions {fy : U — R® : 8 € [0, 2]} with
constant mean curvature H and with the same induced metric. This family is
called the 2w -periodic isometric family associated to fy.

Remark 1.1. The map 6 — f} is continuous with respect to the parameter 6.
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We can see this family of associated surfaces in the well-known deformation
from a helicoid to a catenoid. See Figure 3.

Figure 3. All these surfaces are isometric.

In this particular helicoid-to-catenoid deformation, the helicoid corresponds to
6 = 0 and the catenoid corresponds to & = /2. The images in Figure 3 were taken
by substituting 6 =0, 7 /10, /5, 37 /10, 27 /5, /2 in the parametrization

¢o(u, v) = (0059 sinh v sinu + cosu sin 6 cosh v,

coshv sinu sinf — cosu cosf sinhv, ucosf + v sin@).

A direct verification shows that the first and second fundamental form of ¢y are
given by

E=G=cosh2v, F=0, e=-—sinf, f=cosf, g=sind,

from which we can infer that indeed all the elements in this family of surfaces are
isometric. It is not difficult to show that the surfaces from 6 = 7 /2 to 7 are, up to
a rigid motion, in the Euclidean space, the same as the surfaces from 6 =0 to 7 /2.
In this way, up to a rigid motion, all the surfaces in the 277 -periodic Lawson family
of isometric surfaces to a helicoid are contained in those surfaces from 6 = 0 to
6 = m/2. We see in this paper that something similar happens for the isometric
associated family to a Delaunay surface.

A surface is called helicoidal with pitch & € (—oo, 0o) if it is invariant under
the group g; : R? — R3 of rigid motions

g(x,y,2) = (xcost+ysint, —xsins + ycost, z + ht).

When i = 0, the group g, becomes a group of rotations and the helicoidal
surfaces become surfaces of revolution. A twizzler is an immersion of the form

(1-1) ¢ (s, 1) = (x(s) cos(wt) + z(s) sin(wr), 1, —x(s) sin(wt) + z(s) cos(wr)),

with constant mean curvature. Assume that the curve (x(s), z(s)) is parametrized
by arc length and call it the profile curve of the twizzler. Notice that twizzlers
correspond to those helicoidal CMC surfaces with nonzero pitch. Geometrically,
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up to a rotation about the origin, the profile curve of a twizzler is the intersection
of the surface with a plane perpendicular to the axis of symmetry. Here we give an
interpretation of the profile curve of twizzlers similar to the interpretation for the
profile curves of Delaunay surfaces.

To do this, we introduce an operator taking curves into curves (like the roulette
operator), which we call the treadmill sled. Given a curve «, we imagine a movable
plane supporting « rigidly. The trace of the origin of this plane on a stationary plane
will be the new curve 8, the treadmill sled of «. We now describe the motion of «
(and its supporting plane).

First, we choose a point of « and place it at the origin of the fixed plane, so that
o has a horizontal tangent there — the x-axis of the fixed plane. Then we move the
supporting plane of « in such a way that o always remains tangent to the x-axis
of the fixed plane at the origin. (Another way of thinking of this motion is to
imagine a treadmill placed under, and aligned with, the x-axis of the fixed plane.
The curve « rolls on the treadmill, always keeping one of its points at the origin.)

As already explained, 8 is described by the positions of the origin of o’s support-
ing plane in this process. Obviously, the choice of the moving plane’s origin plays
an important role in this definition. For example, if « is a circle of radius R, its
treadmill sled is just a point if the center of « is the origin and it is a circle of radius
r with center at (0, R) if the center of the circle is at a distance r from the origin.

Figure 4 shows the treadmill sled of an ellipse with center at the origin. The
dot represents the center of the ellipse. (The Electronic Supplement to this article
shows this example in motion.)

Figure 4. Treadmill sled of an ellipse centered at the origin.

We prove that a parametrization of the treadmill sled of an arc-length parame-
trized curve (x(s), z(s)) is given by (£(s), & (s)), where (£(s), & (s)) are the coor-
dinates of the vector (x(s), z(s)) with respect to the orthonormal basis

{&(), 25D, (=2 (9), X' ()}

It turns out that this treadmill sled notion is linked with the change of variables
x(s), z(s) to the variables & (s), &»(s), which ends up being very convenient for
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Q) WL

Figure 5. Contours, for different values of w, of the integral func-

tion A, (x, ¥) = x>+ y2 + y/+/1 4+ w2x2.

the study of helicoidal surfaces. This paper shows some of the applications of
this change of variables. We can relatively easily solve the ODE that generates
twizzlers, and as a bonus, we find a dynamical interpretation for their profile curve
similar to the dynamical interpretation of the profile curve of Delaunay surfaces
using conics. For twizzlers we do not use conics, but rather the level sets of the

function
y

T+ w2x?

where w is a constant. It is not difficult to check that the range of the function A,
1

is the interval [—}1, 00), that h;l(—i) = {(0, —%)}, that every M > — is a regular
value of h,,, and that h;l (M) is a closed simple curve. We refer to these level sets
as heart-shaped curves. Figure 5 shows some of them.

Let us denote the origin of the profile curve of a twizzler by O; that is, O is
the intersection of the plane that contains the profile curve with the axis symmetry
of the twizzler. We prove that the level sets of the function 4., are first integrals
of the ODE for twizzlers with CMC 1 written in the coordinates &; and &;, and
therefore geometrically we can say that if we place the profile curve of a twizzler
on a treadmill located at the origin and oriented in the positive direction of the
x-axis, then the trace of the point O is a heart-shaped curve. In other words, the
treadmill sled of the profile curve is a heart-shaped curve. It can be shown that the
inverse of the treadmill sled of a curve is unique up to a rotation about the origin.
Therefore we have a one-to-one correspondence between twizzlers with CMC 1
and the level sets of the function 4,,. In this way, we can use the two parameters
w and M that define the heart-shaped curves to describe twizzlers with CMC 1.
Once we have all the twizzlers with CMC 1 described in terms of the treadmill
sled of their profile curves, we explicitly describe which twizzlers are in the same
associated family of isometric surfaces. Surprisingly for the author, the proof only
uses the basic fact that, since Gauss curvatures are invariant under isometries, the
quotient between the maximum and minimum of the Gauss curvature is the same
for two isometric surfaces. An interesting fact that showed up is that in each one

By (x, y) =x*+y* +
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of these families of isometric associated surfaces, there is a twizzler that contains
the axis of symmetry. Since such twizzlers are unique in each family and there is
an easy formula that relates them with the isometric nodoid and unduloid, we call
these twizzlers special twizzlers.

Lawson [1970] showed examples of helicoidal surfaces with nonzero pitch and
constant mean curvature by proving that the family of CMC surfaces associated
to a Delaunay surface is made out of helicoidal surfaces. It was known for a long
time [Graustein 1935] that all the isometric surfaces in the associated family of
a catenoid are helicoidal surfaces, and also that every helicoidal minimal surface
belongs to the associated family of isometric surfaces of a catenoid. This result was
generalized by do Carmo and Dajczer [1982] (see also [Haak 1998]), who showed
that every helicoidal surface with CMC is in the associated family of a Delaunay
surface. Do Carmo and Dajczer provided explicit parametrizations for almost all
helicoidal surfaces with CMC. As we pointed out before, we show here that there
are as many of these surfaces as unduloids, or as many as nodoids, by proving
that there is one in each associated family of a Delaunay surface. The unduloids
admit in their isometry group, besides the rotational symmetries, a discrete group
of translations. This translational group shows up because the profile curve is
periodic, and this periodicity happens because the profile curve is generated by an
ellipse, which is a closed curve. The new dynamical interpretation for twizzlers
allows us to easily visualize that, besides the helicoidal symmetry, twizzlers are in-
variant under a group of rotations about the axis of symmetry because the treadmill
sled of their profile curve is a closed curve —a heart-shaped curve. If we define
the fundamental piece of a twizzler as a connected part of the profile curve with the
property that, when placed on a treadmill, the point O traces a heart-shaped curve
exactly once, then we have that the whole profile curve is a union of fundamental
pieces. Two fundamental pieces differ by a rotation about the origin, and when
the angle made by the rays that connect the initial and final point of a fundamental
piece is a rational multiple of 277, then the whole profile curve is the union of only
finitely many fundamental pieces, and therefore the twizzler is properly immersed.
Otherwise, the twizzler is dense in either the region bounded by two cylinders or
the region inside a cylinder. For twizzlers that do not contain the axes of symmetry,
this property was shown in [Hitt and Roussos 1991].

2. The treadmill sled of a curve

According to the description given in the introduction, we define the treadmill sled
of an arc-length parametrized curve « : [a, b] — R” as

TS(x) = {TS (0, 0) : T is an oriented isometry of R2,
T, (a(s)) = (0,0), and dTso/'(s)) = (1, 0)}.
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As the following theorem shows, finding a parametrization for the treadmill sled
of a curve is not difficult.

Theorem 2.1. If a(s) = (x(s), z(s)) is a curve parametrized by arc length and

E1(5) =x() X' () + y(s) y'(s) and &(s) = —x(s) Y (s) + y(s) x'(s),
then the treadmill sled of the curve « is —(&1(s), &2(s)).

Proof. Let 6(s) be such that a/(s) = (cos@(s), sinG(s)). A direct computation
shows that the transformation

Ts(X,Y) = (cos6(s) X +sin6(s) ¥, —sin6(s) X +cos6(s) Y)
— (cos O(s) x(s)+sinb(s) y(s), —sinO(s)x(s) + cos@(s)y(s))

is the only oriented isometry of R that takes the point «(s) to the origin and for
which dT,s)(e'(s)) = (1, 0). From the definition of 7 S(«), it follows that

T;(0,0) = —(cos 6(s) x(s) +sin6(s) y(s), — sin6(s) x(s) +cos O(s) y(s))

must be a point in the treadmill sled of «. When we allow s to move through the
domain of @ we obtain the desired parametrization of 7' S(c). O

Remark 2.2. It easily follows, either from the geometric definition of treadmill
sleds or from Theorem 2.1, that the maximum distance from the origin to a curve
o equals the maximum distance from the origin to its treadmill sled. Likewise, the
minimum distance from the origin to a curve o equals the minimum distance from
the origin to its treadmill sled.

3. Treadmill sled coordinates on twizzlers: solution of the ODE

The following two results provide a solution for the ODE coming from the problem
of finding all twizzlers with CMC 1. As mentioned before, the ODE is greatly
simplified when we use treadmill sled coordinates.

Proposition 3.1. The immersions given by (1-1) have mean curvature 1 if and only
if the functions & and &, defined in Theorem 2.1 satisfy the ordinary differential

equations §{(s) = f1(§1(s), §2(s)) and &,(s) = f2(51(s), §2(5)), where
—w?xy +2(1 + w?x})3/?
1+ w2(x] +x3)
wlxy —2(1 +w?x?)3/2
1+ w2(x? +x3)

S1(x1, x2) = X2 +1,

(3-1)

flxi,x) =

X1.

Moreover, the function h,, is constant along all solutions (&1(s), &(s)).
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Proof. Since the curve (x(s), z(s)) is parametrized by arc length, we can consider
a function 6 (s) such that
x'(s) =cosO(s) and Z'(s) =sinO(s).
Let us define the functions & (s) and &,(s) by
& =xcosf+zsinf and & = —xsinf +zcosH.
A direct verification shows that
(3-2) x=¢& cosO—&sinh, z=§&sinf+&coshd, 0 =x'7"—7x".
Moreover, it is not difficult to check that
E=06+1, &=—0%, E+&=x"+7"
A direct verification shows that the first fundamental form of ¢ is given by
E=(¢s.b5) =1, F={(¢s, ) =wzx'—x7)=wk,
G = (¢, ¢) = 1+ w (@’ +2) = 1+ w(E +&).
and therefore,
EG—-F*=14+w(¢ +8) —w'es = 1+ wE].

. . .. 1 .
The Gauss map of the immersion ¢ is given by v = ———— ¢, X ¢;. A direct
p ¢ g y m ¢S ¢l

verification shows that
I S
V1+w?Ed(s)

A direct verification shows that the second fundamental form of ¢ is given by

(s, 1) = (sin(wr — 6(s)), w&;, cos(wr — 6(s))).

6’ —w

€=<¢~-,V>= ) f=<¢fl"v>= )
” V14wl S V1+ w2l
(i1, v) s
g = . V) = .
" 1+ wzélz
Therefore, if we assume that the mean curvature —ecz?(—EZé’ f;—zg)E equals 1, we

obtain the ODE
—w?E +2(1 + w?g)3?
14+ w2(E2+£2)

(3-3) 0" =

Using this expression for 6’ in the equations &{ = 0'&; 4+ 1 and &) = —0'&;, we
obtain that &, and &; satisfy the ODE

3-4) £ = fid1, &), & = fra(x1, x2),



DYNAMICAL INTERPRETATION OF PROFILE CURVES OF CMC TWIZZLERS 467

where 5 2232
—wxy +2(1 +wxy)
X1, X)) = xr+1,
fi(x1, x2) (oGl + D) 2
2 2.243/2
wxy —2(1 4+ wx?)
folx1, x2) = L= x.

1+ w2(x? +x3)
A direct verification shows that if we define 4, : R> — R as

X2 2 2
hy(x1, x2) = s +Xi X3,

V14 w2x1
then &, is a first integral of the ODE for & and &;; that is, for any solution & (s)
and &, (s) of this system, we have that 1, (£, (s), §2(s)) = M, where M is a constant.
This completes the proof of the proposition. U

As a consequence of the previous proposition, we have:

Theorem 3.2. The treadmill sled of the profile curve of a twizzler with constant
mean curvature 1 is a heart-shaped curve —h;l (M) for some M > —i. The value
M= —% is achieved by a cylinder of radius %

Figure 6 shows the profile curve of a twizzler and the heart-shaped curve asso-
ciated with it. Figure 7 illustrates that, for this twizzler, the treadmill sled of the
profile curve is indeed the negative of the heart-shaped curve.

Figure 6. Profile curve, surface, and heart-shaped curve associ-
ated to a twizzler.

Figure 7. Treadmill sled of the profile curve of a twizzler.
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4. Treadmill sled coordinates on flat surfaces

The following theorem gives us another application of the treadmill sled.

Theorem 4.1. A surface of the form (1-1) is flat if and only if either the treadmill
sled of the profile curve is a point in the y-axis other than the origin (in this case
the surface is a cylinder) or the treadmill sled of the profile curve is contained in
a vertical half-line that starts at a point in the x-axis other than the origin. The
functions x and z can be explicitly computed:

x(s) = % cos

2AED | Jas T bsin 2VOEL,

z(s) =~/as +bcos Z—"CZH_b — % sin 2—vczs—|—b‘
Proof. If we define the functions 6, &;, and &, as in the previous theorem, then the
equation for Gauss curvature equal to zero, eg — f2> = 0, reduces to 8’ = —1/&,.
Substituting this equation in the equations &£ = 6'&, + 1 and &} = —6'&;, we obtain
that £; and &; satisfy the ODE

_&
)
It follows that &;(s) = a/2 for some real number a. If a = 0, then &; is also a

constant other than zero, and the surface ¢ is a cylinder. In the case that a is not
zero, then & = ++/as + b and 6(s) = F2+/as + b/a. This completes the proof. []

(4-1) § =0 &

Figure 8 illustrates that the treadmill sled of the profile curve of a flat helicoidal
surface is a vertical half-line.

Figure 8. A surface with helicoidal symmetry is flat when its
treadmill sled is a vertical half-line.
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5. Treadmill sled coordinates on Delaunay surfaces

Extending the parallel between twizzlers and Delaunay surfaces, we now describe
all Delaunay surfaces with CMC 1 using treadmill sled coordinates, and we provide
an expression for the quotient of the maximum and minimum values of the Gauss
curvature. We use this ratio to find out which unduloid-nodoid pairs are isometric.

Theorem 5.1. For every nonzero real number M € (_Al,’ 00), the Delaunay sur-
face (M) generated by the conic {(x, y) : 4x*> — y>/M = 1} has constant mean
curvature 1. The quotient between the maximum value of the Gauss curvature and
the minimum value of the Gauss curvature of D(M) is given by

1—«/1+4M>2
1+V/1+4M )

Proof. Let us assume that (M) is parametrized as

rs(M) = —(

¢ (s, 1) = (x(s), z(s) sint, z(s) cost),

where the profile curve (x(s), z(s)) is parametrized by arc length. A direct veri-
fication shows that if 8(s) is a continuous function such that x’(s) = cos 8(s) and
Z/(s) = sin 0 (s), then the mean curvature of D(M) is

1( o _ cosB(s)
2(9 20 )

Since the mean curvature of D(M) is 1, the functions 6(s) and z(s) satisfy

cos

0 =2+ and 7 =siné.

This ODE has as a first integral the function A (z, 8) = z(cos 8 + z). Recall that
the function z(s) is always positive. Since the minimum of the function # is —}L,
it follows that there exists a nonzero constant k > —}l such that 2 (z(s), 6(s)) = k.
When k < 0, the level sets of /(z, 8) are bounded, and therefore (M) represents
an unduloid. When k > 0, the level sets are not bounded, and D(M) represents a
nodoid. In any case, the z-values of the level sets of /(z, 8) are bounded. A direct
computation shows that the maximum and minimum of the z-values of the level
set h(z,0) =k are

14+/1+4k
f and

1—+/1+4k

7 .
We can prove that k£ must be equal to M by comparing these critical values of
z(s) with the maximum and the minimum values of the profile curve viewed as
the trace of the focus of a conic when it is rolled on a line. A direct computation
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shows that the Gauss curvature is —(0’ cos0)/z, and since 8’ = 2 + (cos 0)/z, the
Gauss curvature reduces to

c0s0(2z +cos )
_ 5 )

<

Using the Lagrange multiplier method, we see that the maximum and the minimum
of the Gauss curvature subject to the constraint h(z, 8) = k are

4/1+ 4k d 41+ 4k
————— an — ,
(1+/1+4k)? (—1+1+4k)?

respectively. It follows that the quotient between the maximum of the Gauss cur-
vature and the minimum of the Gauss curvature is

(—1+«/1+4k>2
1+V1+4k )

Since k = M, the theorem follows. |

The function rs defines a bijection between the intervals —Alf, 0) and (0, 1),
and it also defines a bijection between the intervals (0, oo) and (0, 1). On the other
hand, each unduloid is isometric to a nodoid [do Carmo and Dajczer 1982]. As a
consequence of Theorem 5.1, we have:

Corollary 5.2. Two Delaunay surfaces with CMC 1 are isometric if and only if
the quotients of the maximum and minimum values of the Gauss curvatures are
the same. In particular, for any u € (0, 1), the unduloid D(—/u/(1+ /u)?) is
isometric 1o the nodoid D(y/u/(1 — /u)?).

6. Moduli space for twizzlers

If we exclude the cylinder and the value M = _le’ Theorem 3.2 establishes a 1:1
correspondence between pairs (M, w) with M > —% and w > 0 and twizzlers with
mean curvature 1. Therefore, so far we have that the moduli space of all twizzlers
with CMC 1 other than the cylinder is the set {(M, w): M > —1, w > 0}. In order
to visualize better the boundary of the moduli space of twizzlers, we replace the
parameter w with the bounded parameter v = 1/(1+w?). Therefore, the parameter
v moves from O to 1 when w moves from oo to 0. Figure 9 shows pictures from an
animation that produces a piece of the twizzler associated with values of M and v.
We refer to this twizzler as T (M, v) when the dependence of M and v is needed.

In [Perdomo 2011], a formula for the inverse of the treadmill sled of a curve
is provided. Therefore we can get a parametrization for all twizzlers if we have a
parametrization for all heart-shaped curves.
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Figure 9. Moduli space of twizzler with mean curvature one.

Lemma 6.1. For any M > —}1 and w > 0, the curve a(t) = (p1(t), p2(t)) defined
on the interval [0, 2] and given by

-1 14+4M 4+ B cos? u si
P1 (Lt) = Acosu and 02 (Ll) — + \/ + + Bcos“usinu ’
2714+ w2A2cos2u

where

\/—1+Mw2+J1+(1+2M)w2+M2w4
A= ,
\/Ew

B 24 2M2w* + w2 +2(Mw? — 1)1+ (1 +2M)w? + M2w*
— . ,

w
is a closed simple regular curve that parametrizes the heart-shaped curve h;l (M).
Proof. 1t is a direct verification. O

Since the maximum and minimum distances from a curve « to the origin agree
with the maximum and minimum distances from its treadmill sled to the origin
[Perdomo 2011], we have the following proposition.

Proposition 6.2. The maximum distance from a special twizzler with CMC 1 to its
axis of symmetry is 1. More generally, the maximum and minimum distances from
the twizzler $(M, v) to its axis of symmetry are given by

‘ 1+4M—1 1+4M+1
> .

ri(M) = 2

and ry(M) =

Proof. Since the maximum and minimum distances from a twizzler to its axis of
symmetry are the same as the maximum and minimum distances from its profile
curve to the origin, we only need to show that for any M > —%, the minimum
and maximum distances from the origin to the heart-shaped curve h;l(M ) are

ri(M) = |(V1+4M —1)/2| and ry(M) = (v/1+4M + 1)/2, respectively. We
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Figure 10. The maximum and minimum distances from the origin
to the profile curve of €(M, v) change with respect to M.

prove this by using the method of Lagrange multipliers to find the maximum and
minimum values of the function R(xy, x) = xl2 + x22, subject to the restriction
hy = M. A direct verification shows that if (x, x2) and A; satisfy the Lagrange
multiplier equations

then x; = 0. Once we know that x; must be zero, we obtain from the equation
hy = M that x; is either —(»/1+4M +1)/2 or (+/1+4M —1)/2. Now the result
easily follows. U

Remark 6.3. From this proposition we can understand the twizzlers in the moduli
space that are near the boundary line M = —}l. Since the limit when M goes to
—}1 of the functions r1 (M) and r, (M) is % (see Figure 10), then we have that when
M 1is near —}L, the twizzlers T (M, v) are near the cylinder of radius %

7. Fundamental piece of the profile curve of a twizzler
and the immersed versus dense property

The fact that the treadmill sled of the profile curve of a twizzler is a closed curve
allows us to define a fundamental piece of the profile curve as a connected piece
of profile curve with the property that the treadmill sled motion of this piece goes
exactly once over the heart-shaped curve. It is not difficult to see that the whole
profile curve is the union of fundamental pieces. Figure 11 shows the fundamental
piece of the profile curve of a properly immersed twizzler, along with the whole
profile curve made up of four pieces in this case and the graph of the twizzler.

For the sake of comparison, for an unduloid we could define a fundamental piece
as the trace of the focus of the ellipse when this ellipse rolls once. It is clear that
the whole profile curve is the union of fundamental pieces, and therefore Z acts on
the group of isometries of the unduloid in the form of translations. Theorem 7.2
shows that the group Z also acts on the set of isometries of twizzlers.



DYNAMICAL INTERPRETATION OF PROFILE CURVES OF CMC TWIZZLERS 473

Figure 11. Fundamental piece of the profile curve.

Using the parametrization for the heart-shaped curve in Lemma 6.1, we get the
following formula for the length of a fundamental piece of a twizzler. (This formula
was used in the production of Figure 11.)

Lemma 7.1. The length of the fundamental piece of the twizzler T(M, v) is
2
VA/udu,
0

2 2
where () = (22) 4 (22" and po(u) = £ (o1 ). p20) + £3 (01 (), p20).

The functions p1, p2, f1, and f; are defined in Lemma 6.1 and Proposition 3.1.
Recall that w and v are related by the equation v = 1/(1 + w?).

Proof. The proof is straightforward, and is actually included in the proof of the
next result, Theorem 7.2. O

In [Perdomo 2011] we showed that two curves with the same treadmill sled differ
only by a rotation about the origin. With this in mind, we have that two consecutive
fundamental pieces of the same twizzler differ by a rotation about the origin, and
therefore the whole profile curve is either a closed curve made out of a finite union
of fundamental pieces or the union of infinitely many disjoint fundamental pieces.
When the latter happens, it is not difficult to see that the profile curve is either
dense in a circle or dense in an annulus depending on whether or not the profile
curve passes through the origin. In order to better understand this property, given a
twizzler, without loss of generality, let us consider a fundamental piece starting at
a point p; other than the origin and ending in a point p,. We have that |p;| = | p2|,
so in polar coordinates p; =re’ and p, =re®. We prove that if 6, —0; is a rational
multiple of m, then the profile curve is a closed curve and the twizzler is properly
immersed, for otherwise the twizzler is dense in either the region bounded by two
concentric cylinders or dense in the region bounded by a cylinder.

The next theorem, along with Theorem 8.2 and Theorem 8.4, gives a precise
picture of the moduli space for twizzlers.
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Theorem 7.2. The angle between the final and initial points of a fundamental piece
of the twizzler $(M, v) is given by 6y = fozn vdu, where

) —w?pa () +2(1 + w?pi()** [ i(u)
u) = .
1+ w2(p7 () + p3 (u)) ()
T(M, v) is invariant under a group of rotations of the form {R(n6y) : n € Z}.
If R(mBy) = R(6y) for some integer m, then the twizzler is properly immersed,

otherwise it is dense in the interior of a cylinder of radius 1 when M = 0, or dense
in the region bounded by two concentric cylinders of radii

l«/1+4M—1‘ VIF4M +1
2

ri(M)= and 1ry(M)= 7

when M # 0. More precisely, we have that (M, v) is a properly immersed surface
with a profile curve consisting of b fundamental pieces if and only if 6y = 2w (a/b),
with a and b positive relatively prime integers. We also have another type of
density: the set of points (M, v) associated with properly immersed twizzlers is
uncountable and dense.

Proof. That the twizzler is bounded by a cylinder follows from Proposition 6.2.
Let us assume that (x(s), y(s)) are such that the surface (1-1) has constant mean
curvature 1. Since the curve (o1, p») defined in Lemma 6.1 is regular, we see that

o= () + ()

is a periodic positive function. Likewise, since f](xy, x2) and f>(x, x2) only van-
ish simultaneously at (x1, x3) = (0, —%), we see that

() = o1, paw) + f5 (o1 (), p2(u))

is a positive periodic function. Notice that &(s) = 0 and & (s) = —% is the only
constant solution of the system (3-4). For any other solution, since 4, is a first
integral of the system, there exist M > —% and a function o (s) such that

§1(s) =p1(a(s)) and  &(s) = pa(0 (5))
is a solution of the system (3-4). From the equations above, we have
(7-1) 5152 +85()* = Mo () o' ().
On the other hand,

£1(s) = f1(€1(9), &2(9)) = fi(p1(0(5)), p2(s5)),
£(5) = f2(E1(5), §2(9)) = f2(p1 (0 (5)), p2(s)).
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It follows that o is either strictly increasing or strictly decreasing; without loss
of generality, we can assume that o is strictly increasing. Therefore we get

/ u(o(s))
a'(s) = .
Ao (s))

If k (u) is the inverse of the function o (s), we have that

. S R PN )
(72 K=k~ rw

If we change from the variable s to the variable u, that is, if we consider the
functions

Ow)=0(k@)),  Ew=&kw), &) =E&Kw)),
xX(u) = x(ku)), Z(u) = z(k (u)),
it follows from (7-2) and (3-3) that &’ () = ¥ (1), where

) = —w’p () +2(1 +w’pi@)*? [ r(w)
1+ w2(p7 () + p3(w)) p(u)’
Since the right side of this equation is a periodic function with period 27, it

follows by the existence and uniqueness theorem of ODEs that if 6 (27 ) = 6, then
for any integer j,

(7-3) Ou—+2jm)=jbo+6).
Since |(x(s), z(s)| = | €1 (s), &(5))

Ctp = Cundamental piece = {(x(w), z(w)) :u € [0, 27 ]}

, the piece of profile curve

also satisfies (M) = min{|q| : ¢ € Cgy} and r2(M) = min{|q| : g € C,}. Using
(3-2) and (7-3), we get

(7-4) <)Z(u+2j7r)> _ Ré-o(i(u)>’ where Ry, = (cos@o —sineo)‘

Z(u+2jm) Z(u) sinfy  cos6y
This equality implies that the image of the profile curve can be viewed as the
orbit of the group { R'éo} jez acting on Cyy, that s,
(7-5) C={(x@),z(1):teR}= {Réop :j € Z and p € Cryndamental piece}-

It follows from this equation that if 6y/27 is a rational number, then C is a
properly immersed curve, and if 6y /27 is irrational, then C is dense in the annulus

{Ger,x2) 1 (M) < \/xF 453 < (M)}
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when M # 0, or dense in the circle of radius 1 when M = 0. Therefore, twizzlers
with constant mean curvature 1 have the following property: they are properly
immersed, or they are dense in the region contained between two concentric cylin-
ders, or they are dense in the interior of a cylinder of radius 1. We can prove that
a surface corresponding to an irrational value 6y/2m is dense by showing that the
profile curve is dense, and we can prove that the profile curve is dense by showing
that the intersection of this curve with a circle centered at the origin is either the
empty set or dense in the circle. The problem of proving this last statement reduces
to that of showing that for any irrational number ¢, the set {t — [nt] : n € Z} is dense
in the interval [0, 1], which is a known fact. To finish, we notice that since the
function (x(s), z(s)) is parametrized by arc length, the length of the fundamental

piece is o
kQ2m) = ; VA)/ u(u)du.

Also, since 6’ (u) =y (1), we have that
60y = Yv(u)du. O
0

For twizzlers that do not contain the axis of symmetry, the “properly immersed
versus dense” property established in Theorem 7.2 was proved in [Hitt and Roussos
1991]. By numerically solving the equation fozn Ydu = 2mn(a/b) in that theorem,
we can graph profile curves of twizzlers with any desired property.

In Figure 12, we solve the numerical equation f027r Ydu=2m(a/b), fixing M =0
and taking several integer values for a and b. Since M = 0, these profile curves

Figure 12. Profile curves of properly immersed twizzlers that
contain the axis.
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Figure 13. Profile curves of properly immersed twizzlers that do
not contain their axis.

represent twizzlers that contain the axis of symmetry. In Figure 13, we take several
values for M # 0 and a and b integers to produce properly immersed twizzlers that
do not contain the axis of symmetry. In Figure 14, we take a and b such that a/b
is not rational, so that the twizzler is not properly immersed. In Figure 15, we take
a =25, b =4 and 4 values of M in order to produce properly immersed examples;
we also show the points (M, w) associated with these twizzlers.

8. Isometric associate family of surfaces

As pointed out before, each nodoid is isometric to an unduloid, and therefore we
can replace the word Delaunay by either the word unduloid or nodoid in the result
proved in [do Carmo and Dajczer 1982]; that is, we can say that each twizzler is
isometric to either a nodoid or an unduloid. Another family of surfaces that holds
the same property is the set of twizzlers that contain the axis of symmetry, that is,
the set of twizzlers corresponding to M = 0 in the moduli space. We call these
surfaces special twizzlers and we denote them by ST (v); that is, ST(v) = %(0, v).
Due to a singularity problem on the coordinates used so far to study helicoidal
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Figure 14. Profile curves of nonproperly immersed twizzlers.
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Figure 15. Profile curves of twizzlers consisting of four funda-
mental pieces and their corresponding values M and w.

surfaces, twizzlers that contain the axis of symmetry have been overlooked until
now. The following theorem gives us the quotient of the maximum value and the
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minimum value of the Gauss curvature for special twizzlers. Figure 16 shows two
sets of isometric nodoid-unduloid-special twizzler surfaces.

v

o
! :

{3

| EDFIEFIE]

Figure 16. Isometric nodoid, unduloid and special twizzler.



480 OSCAR M. PERDOMO

Theorem 8.1. For every nonzero real number v € (0, 1), the quotient between the
maximum value of the Gauss curvature and the minimum value of the Gauss cur-
vature of the special twizzler surface ST(v) is —v. Moreover, ST(v) is isometric
to the unduloid D(—/v/(1 + /v)?) and the nodoid D(/v/(1 — {/v)?).

Proof. The proof is contained in the proof of Theorem 8.2. U
We can generalize Theorem 8.1 as follows:

Theorem 8.2. If v = 1/(1 + w?), then the quotient between the maximum and
minimum values of the Gauss curvature of the twizzler surface (M, v) is

24+ (142M — J1+4M) w?

24 (1 +2M + V1AM w?
Moreover, fixing ¢ € (0, 1), all the twizzlers in the set

{T(M J14+4M -1 —2M+c(«/1+4M+1+2M))
"VIHAM +1-2M + c(VT+4M — 1 +2M)

\Tarver a-yer
ot o)

are isometric.

Proof. Using the same notation as in the proof of Proposition 3.1, we see that the
Gauss curvature K satisfies

Ceg—f2 w140 w428/ 1+wE)

TEG-F2 (1+w)? (1+wlED)(EX+ED)

Taking p;(u#) and po(u) as in Lemma 6.1, we get the following expression for
the Gauss curvature in terms of the parameter u:

—4w3/14+4M + B cos? u sinu

(4+w?+4A%*w* cos* u — 2w/ 1+ 4M + B cos? u sinu
+ (1 +4M)w? sin® u + w?(8A% + B sin” u) cos® u)

A direct computation shows that the derivative of the function K = K (u) is of the
form cos u po(u), where po(u) is a positive function, and therefore the maximum
of the Gauss curvature occurs when u = 3 /2 and is equal to

2w3/1+4M
24+ (1 +2M + T+ 4M)w?’

and the minimum of the Gauss curvature occurs when u = /2 and is equal to

2w3J/1+4M
24+ (142M — JT+4M)w?
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We conclude that the quotient of the maximum value of the Gauss curvature and
the minimum value of the Gauss curvature is

24+ (142M — J/1+4M) w?
24+ (1 +2M+JT+4M) w?

This expression in terms of v transforms into

142M — /1 4+4M +v—-2Mv+v+/1+4M
14+2M +/T+4M +v—2Mv—v/1+4M

A direct verification shows that this expression reduces to —c when we replace

v by
VT1+4AM — 1 =2M 4+ ¢c(VT+4M +1+2M)
VI+4M +1-2M +c(WT1+4M —1+2M)’

and therefore, for any ¢ € (0, 1), all the twizzlers

{z(zw «/1+4M—1—2M—|—c(«/1+4M—|—1+2M))

"VTHAM +1-2M +c(VT+4M — 1 +2M)
. G NG
‘Me(_<1+ﬁ>2’<1—ﬁ>2>}

must be isometric. This follows because every twizzler with CMC 1 must be in

the isometric associated family of a Delaunay surface [Lawson 1970], and it can
be shown that the family of curves

o _ {(M «/1+4M—1—2M+c(«/1+4M+1+2M))
o "VTH4AM 41 -2M +c(VT+4M — 1 +2M)

:M€<_<1£E>2’<1:(C/E>2)}

for ¢ € (0, 1) defines a partition of the set (—‘l‘, o0) x (0, 1). Figure 17 shows these
curves 2. for different values of ¢c. We know that two twizzlers corresponding

to two points in different curves 2. cannot be isometric because their ratios of
maximum to minimum Gauss curvatures are different. Using the continuity of
the curve €2, and the fact that the 2 -periodic isometric family is continuous (see
Remark 1.1), we see that all the isometric surfaces of the 2 -periodic associated
family must be contained in a single 2. curve, and therefore all twizzlers there are

M 7

}

EPFHEEE EPEEEE

Figure 17. Points in the moduli space that represent isometric twizzlers.
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isometric. As pointed out in the proof of Theorem 5.1, there are only two isometric
Delaunay surfaces whose quotient between maximum and minimum values of the
Gauss curvature is —c; they are the unduloid D(—+/c/(1 4+ /c)?) and the nodoid
D(/c/(1 — /c)?), and they correspond to the limit surfaces of the twizzlers that
are in .. O

Remark 8.3. Helicoidal surfaces in the deformation helicoid-catenoid shown in
Figure 3 are only a quarter of the whole 2w -periodic isometric family. All other
elements in the 2w -periodic family are, up to a rigid motion, contained in the
deformation shown in Figure 3. The same situation happens with twizzlers; the
family of twizzlers given by points in €2, are only a quarter of the whole 2x-
periodic isometric family. All other elements in the 27 -periodic family are, up to
a rigid motion, contained in the twizzlers given in €2..

Since the curve

«/1+4M—1—2M—|—c(«/1+4M+1—|—2M))
V1AM +1-2M +c(VT+4M — 1 4+2M)

satisfies that o (—+/c/(1+/0)?) = (—v/c/(14+ /)%, 0), ac(0) = (0, c), and
ac(ve/(1=/0)?) = (Ve/(1 = /c)?,0), as a corollary of Theorems 8.1 and 8.2
and Remark 1.1, we have:

o.(M) = (M

Theorem 84. Let Q={M+iveC: M > -1 M #0 and 0 <v < 1}. The function
o from Q to the set of immersions in R given by
p(M +iv) = T(M, v) for any v > 0 and M # — 71,
p(M)=0D(M) forany M # 0 and M # —
,0(—}‘ +iv) ={(x,y,2) eR* 1 x* + 72 = %}

1
4’

is continuous in the sense that for every point p in Q, there exist a neighborhood U
of p in Q and a continuous function f : U x R*> — R3 such that for any M +iv € U,
the map (s, t) — f(M+iv, s, t) defines a parametrization of the surface p (M +iv).
Moreover, the function p is one-to-one in the interior of S2.

The continuity at the points of form —% +iv follows from Theorem 7.2, because
each twizzler (M, v) is contained in the region bounded by the two concentric
cylinders of radii r{(M) = |(v/14+4M — 1)/2| and ry(M) = (/1 +4M + 1)/2.

Figure 17 shows the trace of the curve o, for several values of c.

Summary. We collect some important facts on helicoidal surfaces with constant
mean curvature one. Figure 18 shows a picture of the moduli space.
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All points in this segment
correspond to the cylinder

Points in this segment correspond to special twizzlers,
those that contain the axis of symmetry

Points along this curve correspond to

helicoidal surfaces that are isometric. The
/ curve starts with an unduloid, passes by a

special twizzler and ends with a nodoid

The origin corresponds
to a union of tangent

spheres
Points in this half-line that
Points along this segment starts at the origin correspond
correspond to unduloids to nodoids

Figure 18. Moduli space of twizzler with CMC 1 and its boundary.

Dynamical interpretation of Delaunay surfaces. The trace of the focus of each
conic 4x? — y2/M =1 with M € (=, 0) U (0, 00), when it is rolled on a line,
produces the profile curve of a Delaunay surface with constant mean curvature
one. Moreover, every Delaunay surface with CMC 1 but the cylinder corresponds
with one of these conics.

Dynamical interpretation of twizzlers. The treadmill sled of the profile curve of a
twizzler with CMC 1 other than a cylinder is the closed curve

x2+y2—+=M

V14 w2x?
for some M > _le and w > 0.
Moduli space of twizzlers. Denote by p(M, v) the twizzler whose treadmill sled
of its profile curve lies on the heart-shaped curve
Y

2,2 Yy
ey v1+w2x2_M’

where v = 1/(1 + w?). Then p generates a one-to-one correspondence between

the half-strip
Q={M,v):M>—7and0<v <1}

and all twizzlers with CMC 1 but the cylinder.
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Boundary of the moduli space of twizzlers. When M goes to —‘—11, the surfaces
p(M, v) converge to a cylinder. When v goes to zero, the surfaces p(M, v) con-
verge to the Delaunay surface whose profile curve is traced by the focus of the
conic 4x2 —y?/M = 1. When M goes to zero, the Delaunay surface whose profile
curve is traced by the focus of the conic 4x? — y?/M = 1 converges to a union of
infinitely many tangent spheres [Kapouleas 1990, Appendix A].

Fundamental piece of the profile curve. For every twizzler other than a cylinder,
we can define the fundamental piece of the profile curve as a connected part of
the profile curve whose treadmill sled goes exactly once over the closed curve
x24y2—y/+/1+ w2x2= M. The function (M, v) given in Theorem 7.2 provides
a formula for the angle between the initial and final positions of the fundamental
piece of the profile curve. The function 8y defined on €2 is given in terms of an
integral of an expression involving only sine and cosine functions.

Properties of twizzlers. If M is nonzero, then the twizzler p (M, v) lies in the re-
gion C,,, bounded by two concentric cylinders of radii r{ (M) = |(+/1 +4M —1) /2|
and (M) = (V1+4M + 1)/2; also, p(M, v) is properly immersed if and only
if 6p(M, v)/2m is a rational number, and otherwise it is dense in Cy,,. If M =0,
then, the twizzler p (M, v) contains the axis of symmetry and lies inside a cylinder
of radius 1; moreover, p(M, v) is properly immersed if and only if 6y(M, v)/2x
is a rational number, and otherwise it is dense in the interior of this cylinder.

Isometric surfaces. Theorem 8.2 provides an explicit formula for a foliation of the
moduli space Q2 by curves with the property that all the twizzlers in each curve
are isometric. Each one of these curves starts with an unduloid, passes through a
special twizzler (a twizzler that contains the axis of symmetry), and ends with a
nodoid. In particular, every twizzler different other than cylinder is isometric to a
twizzler that contains the axis of symmetry.
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CLASSIFICATION OF ISING VECTORS IN
THE VERTEX OPERATOR ALGEBRA VI:"

HIROKI SHIMAKURA

Let L be an even lattice without roots. In this article, we classify all Ising
vectors in the vertex operator algebra VZ’ associated with L.

Introduction

In vertex operator algebra (VOA) theory, the simple Virasoro VOA L(%, 0) of
central charge % plays important roles. In fact, for each embedding, an automor-
phism, called a t-involution, is defined using the representation theory of L(%, 0)
[Miyamoto 1996]. This is useful for the study of the automorphism group of a
VOA. For example, this construction gives a one-to-one correspondence between
the set of subVOAs of the moonshine VOA isomorphic to L(%, 0) and that of
elements in certain conjugacy class of the Monster [Miyamoto 1996; Hohn 2010].

Many properties of t-involutions are studied using Ising vectors, which are ele-
ments of weight 2 generating L(%, 0). For example, the 6-transposition property of
T-involutions was proved in [Sakuma 2007] by classifying the subalgebra gener-
ated by two Ising vectors. Hence it is natural to classify Ising vectors in a VOA. For
example, this was done in [Lam 1999; Lam et al. 2007] for code VOAs. However,
in general, it is hard to even find an Ising vector.

Let L be an even lattice and V; the lattice VOA associated with L. Then the
subspace VLJr fixed by a lift of the —1-isometry of L is a subVOA of V. There are
two constructions of Ising vectors in VLJr related to sublattices of L isomorphic to
V2A| [Dong et al. 1994] and +/2Eg [Dong et al. 1998; Griess 1998].

The main theorem of this article is this:

Theorem 2.3. Let L be an even lattice without roots and e an Ising vector in VL+ .
There is a sublattice U of L isomorphic to \/EAI or \/EEg and such that e € VJ .

This theorem was conjectured in [Lam et al. 2007], and proved there and in [Lam
and Shimakura 2007] in the case that L/ «/5 is even and L is the Leech lattice. We

H. Shimakura was partially supported by Grants-in-Aid for Scientific Research (grant number
23540013), JSPS.

MSC2010: 17B69.

Keywords: vertex operator algebra, lattice vertex operator algebra, Ising vector.
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note that if L has roots then the automorphism group of VLJr is infinite, and VLJr
may have infinitely many Ising vectors.

In this article, we prove Theorem 2.3, and hence we classify all Ising vectors in
VL+ . Our result shows that the study of T-involutions of VLJr is essentially equivalent
to that of sublattices of L isomorphic to \/EEg (see [Griess and Lam 2011; 2012]).

The key is to describe the action of the t-involution on the Griess algebra B of
VL+ . Let e be an Ising vector in VLJr and L(4; e) the norm 4 vectors in L which
appear in the description of e with respect to the standard basis of (VLJr )2 (see
Section 2 for the definition of L(4;e)). By [Lam and Shimakura 2007], the t-
involution 7, associated to e is a lift of an automorphism g of L. We show in
Lemma 2.1 that g is trivial on {{£v} | v € L(4; e)}. This lemma follows from
the decomposition of B with respect to the adjoint action of e [Hohn et al. 2012],
the action of 7, on it [Miyamoto 1996] and the explicit calculations on the Griess
algebra [Frenkel et al. 1988]. By this lemma, we can obtain a VOA V containing e
on which t, acts trivially. By [Lam et al. 2007] e is fixed by the group A generated
by t-involutions associated to elements in L (4; ). Hence e belongs to the subVOA
VA of V fixed by A. Using the explicit action of A, we can find a lattice N
satisfying e € VI\J,r and N /+/2 is even. This case was done in [Lam et al. 2007].

1. Preliminaries

VOAs associated with even lattices. In this subsection, we review the VOAs V.
and V," associated with even lattice L of rank n and their automorphisms. Our
notation for lattice VOAs here is standard (see [Frenkel et al. 1988]).

Let L be a (positive-definite) even lattice with inner product (-, -). Let also
H = C®gz L be an abelian Lie algebra and H=H® C[t, t~ '] ® Cc be its affine
Lie algebra. Let H =H® t~'C[r "] and let S (I:I ~) be the symmetric algebra of
H~. Then My (1) =S(H™) ZC[h(m) | h € H, m <0]-1 is the unique irreducible
H-module such that h(m)-1=0forhe H,m>0and c =1, where h(m) =hQ1t™.
Note that Mg (1) has a VOA structure.

The twisted group algebra C{L} can be described as follows. Let (k) be a
cyclic group of order 2 and 1 — (k) — L — L — 1 a central extension of
L by (k) satisfying the commutator relation [e®, e] = k@) for a, B € L. Let
L — L,a > e* be a section and e(,): L x L — (k) the associated 2-cocycle,
that is, e%e? = e(a, B)e*T#. We may assume that &(«, @) = K @®/2 and () is
bilinear by [Frenkel et al. 1988, Proposition 5.3.1]. The twisted group algebra is
defined by

C{L}=C[L)/(k + 1) = Spanp{e® |« € L},

where C[L] is the usual group algebra of the group L. The lattice VOA V. asso-
ciated with L is defined as My (1) ® C{L} [Borcherds 1986; Frenkel et al. 1988].
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For any sublattice E of L, let C{E} = Spanc{e* | « € E} be a subalgebra of
C{L} and let Hg = C ®z E be a subspace of H = C ®z L. Then the subspace
S(H ) ®C{E} forms a subVOA of V; and it is isomorphic to the lattice VOA V.

Let O(L) be the subgroup of Aut L induced by Aut L. By [Frenkel et al. 1988,
Proposition 5.4.1] there is an exact sequence of groups

1 — Hom(L, Z/27) —> O(L) => AutL —> 1.
Note that for f € 0(£),
(1-1) f(e%) € [£e/ @),

By [Frenkel et al. 1988, Corollary 10.4.8], f € O(i) acts on V; as an automor-
phism by

(1-2)  f(hi,(n)hiy(n2) .. hy (1) ® €%)
= f(hi)(n1) f(hi)(2) ... f(hy) () ® f(e%),

where n; € Z_.9 and a € L. Hence O(I:) is a subgroup of Aut V.

Let 6 be the automorphism of L defined by 6(e*) = ¢7* for « € L. Then
6 = —1 € Aut L. Using (1-2) we view 6 as an automorphism of V. Let VLJr be
the subspace {v € Vi | 8(v) = v} of V fixed by 6. Then VLJr is a subVOA of V;.
Since 6 is a central element of O (L), the quotient group o(L) /(60) is a subgroup
of Aut VLJr . Note that VL+ is a simple VOA of CFT type.

Later, we will consider the subVOA of VLJr generated by the weight 2 subspace.

Lemma 1.1 [Frenkel et al. 1988, Proposition 12.2.6]. Let L be an even lattice
without roots. Let N be the sublattice of L generated by L(4). Then the subVOA
of V" generated by (V, )z is (Vy @ Mp(1)) ", where H' = ((N)¢)* in (L)c.

Ising vectors and t-involutions. In this subsection, we review Ising vectors and
corresponding t-involutions.

Definition 1.2. A weight 2 element e of a VOA is called an Ising vector if the
vertex subalgebra generated by e is isomorphic to the simple Virasoro VOA of
central charge % and e is its conformal vector.

For an Ising vector e, the automorphism t,, called the t-involution or Miyamoto
involution, was defined in [Miyamoto 1996, Theorem 4.2] based on the represen-
tation theory of the simple Virasoro VOA of central charge % [Dong et al. 1994].

Let V be a VOA of CFT type with V| =0. The first product (a, b) — a-b=ab
provides a (nonassociative) commutative algebra structure on V5. This algebra V,
is called the Griess algebra of V, and t, acts on it as follows:
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Lemma 1.3 [Hohn et al. 2012, Lemma 2.6]. Let V be a simple VOA of CFT type
with Vi = 0 and e an Ising vector in V. Then B = V; has the decomposition

B=Ce® B*(0)® B°(}) ® B (%)

with respect to the adjoint action of e, where B°(k) = {v € B | e-v = kv}. The
automorphism t, acts on B as

Lon Ce® B°(0)® B°(3) and —1on B(yp).
In the proof of our main theorem, we need:

Lemma 1.4 [Lam et al. 2007, Lemma 3.7]. Let V be a VOA of CFT type with
Vi = 0. Suppose that V has two Ising vectors e, f and that T, =id on V. Then e
is fixed by Ty, namely e € V'/.

Let L be an even lattice of rank n without roots, that is,
LR2)={velL|{(v,v)=2}=0.

Then (VLJr )1 =0, and we can consider the Griess algebra B = (VLJr )2 of VLJr . Let
{hi | 1 <i <n} be an orthonormal basis of the vector space H =C®z L = (L)¢. Set
L@)={veL|(v,v)=4}. Forl<i<j<nandae€L(4),seth;j=h;(—=Dh;(—D1
and x, = e+ e * =e“+60(e”). Note that x, = x_g,.

Lemma 1.5 [Frenkel et al. 1988, Section 8.9]. (1) The set
{hij, xa |1 =i <j <n, {£a} CL#)}
is a basis of B.
(2) The products of the basis vectors of B given in (1) are
hij - hig = Sikhji + Sith jx + 8 jihii + 8 j1hi,
hij - xq = (hi, a)(hj, a)xq,

e(a, Bxgxp if (o, B) = F2,
Xoxp = 3 a(—1)%1 ifa =48,
0 otherwise.

Let o € L(4). Then the elements o™ («) and o™ () of VL+ defined by
(1-3) T (@) = fea (=D 1+ xq
are Ising vectors [Dong et al. 1994, Theorem 6.3]. The following lemma is easy:

Lemma 1.6. The automorphisms T+ (o) of VL+ act by

uURxg > (—1)<°"ﬂ>u®x,3 forue My(1) and B € L.
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More generally:

Proposition 1.7 [Lam and Shimakura 2007, Lemma 5.5]. Let L be an even lattice
without roots and e an Ising vector in VL+. Then t, € O(L)/{0).

When L/+/2 is even, our main theorem reduces to something proved earlier:

Proposition 1.8 [Lam et al. 2007, Theorem 4.6]. Let L be an even lattice and e an
Ising vector in VLJr . Assume that the lattice L/~/2 is even. There is a sublattice U
of L isomorphic to \/EAI or \/EEg and such that e € VJ.

2. Classification of Ising vectors in V,:"

Let L be an even lattice of rank n without roots and e an Ising vector in VL+ . Then
by Lemma 1.5(1),

-1 e=D cihiy + ) disapte
i<j {(£a}CL4)
where ¢¢

lj,dfia} € C. Set L4;e) ={ax e L&) | d{eia} # 0}, HH = (L(4; e))¢c
and H, = HlL in H. Note that if « € L(4; e) then —a € L(4; e). Without loss
of generality, we may assume that h; € H; if 1 <i < dim H;. Then we have
H, = Spanc{h; |dim H; +1 < j <nj.

By Proposition 1.7, 7, € 0(1:)/(0). Since e € V;, we regard 7, as an automor-
phism of V;. Then 7, € O(i), and set g =7, € Aut L. Since 7, is of order 1 or 2,
so is g. We now state the key lemma in this article:

Lemma 2.1. Let 8 € L(4; e). Then g(B) € {£8}.
Proof. By (1-1) and (1-2),
(2—2) ‘L'e(x,g) € {:I:xg(,g)}.

On the other hand, 7.(e) = ¢, (1-2) and (2-1) show that

(2-3) Te(disp)Xp) = disg(p))¥s(p)-
By (2-2) and (2-3),
(2-4) disgpy/dispy € (£1}.

Suppose g(B) ¢ {£B}. Then xg — 7.(xp) is nonzero, and it is an eigenvector of
7, with eigenvalue —1. By Lemma 1.3, we have

(2-5) e (xp — Te(xp)) = 15 (xp — Te(xp)).

We calculate the image of both sides of (2-5) under the canonical projection
w: (VL+)2 — Spang{h;; | 1 <i < j < n} with respect to the basis given in
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Lemma 1.5(1). By (2-2) the image of the right side of (2-5) under u is
(2-6) 1 (75 (xp — Te(xp))) = 0.
Let us discuss the left side of (2-5). By Lemma 1.5(2) and (2-4), we have

e (xp—To(xp)) = (Z ciihij+ Z d{eia}xa) (xp — Te(xp))

i<j {£a}cL4)
e df,g (B(—1*1—g(B)(—1)*1) + Spanc{x, | {£y} C L#)}.
Thus
(e (xp — o(xp))) =df g (B(—1)1—g(B)(—1)*1)
=df 4 (B—g(B) (=D(B+g(B)(-DL.

This is not zero since g(B) ¢ {6}, which contradicts (2-5) and (2-6). Therefore
g(B) € {=B}. O

For ¢ € {1}, set
L4e,e)={velde)|gv)=cv}, L% =(L(4e )z, Hj=(L")c.

Since g preserves the inner product, H; = H1+ 1 H; and g acts on H, = HIL. Let
H2i be £1-eigenspaces of g in H,. For ¢ € {£}, let W¢ be a lattice of full rank in
Hj isomorphic to an orthogonal direct sum of copies of 2A;. Then

2-7) Mps (1) C Ve,
Lemma 2.2. The Ising vector e belongs to the VOA
+ +

VL(’,+@W+ ® V e—pWw—>
and t, = id on this VOA.
Proof. By Lemma 2.1, L(4; e)=L(4; e, +)UL(4; e, —). Hence, by (2-1) and (2-7),
(2-8) e€ (Vier @My ()@ Viem @ My CViiguiareow-
Since g acts by &1 on L&* @ W, the subspace of (2-8) fixed by T, is

VLtv+eaW+ ® VLt‘GBW"
Since e is fixed by t,, we have the desired result. (]

We now prove the main theorem.

Theorem 2.3. Let L be an even lattice without roots and e an Ising vector in VL+ .
There is a sublattice U of L isomorphic to ~/2A, or ~/2Eg and such that e € VJ .
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Proof. Set V = VLJC,,+®W+ ® Vt,_®W_. By Lemma 2.2, e belongs to V and 7, = id
on V. Let A= (1,+) | B € L(4;e)). By Lemma 1.4, e belongs to the subVOA
VA of V fixed by A. Since e is a weight 2 element, it is contained in the subVOA

generated by (V4),. By Lemmas 1.1 and 1.6 and (2-7) (see (2-8)),
ec V;/r+@1<+ ® V/ifr*eak* CVy,

where for ¢ € {£}, N°* = Span,{v e L(4;e,¢) | (v, L(4; e)) € 27}, K? is a lattice
of full rank in ((N¢)¢)+ N (H{ @ H;) isomorphic to an orthogonal direct sum of
copies of 2A;, and N = NT @ K+ ® N~ @& K. Since N is generated by norm
4 and 8 vectors, and the inner products of the generator belong to 27, the lattice
N/+/2 is even. By Proposition 1.8, there is a sublattice U of N isomorphic to
V2A, or ~/2Eg such that e € V. It follows from K*(4) = K~ (4) = & that
N@4)=NT4)UN-4) c L. Since V2A; and \/EEg are spanned by norm 4
vectors as lattices, we have U C L. Hence VJ is a subVOA of VLJr . O

As an application of the main theorem, we count the total number of Ising vec-
tors in VLJr for even lattice L without roots.

Let us describe Ising vectors in V;". The Ising vector ® (a) associated to & in
L(4) was described in (1-3) as

0T (0) = fea (=D 1+ Lxg.

Let E be an even lattice isomorphic to V2Eg and {u; | 1 <i < 8} an orthonormal
basis of C ®z E. We consider the trivial 2-cocycle of C{E} for V. Then for
¢ e Hom(E, Z/27)(= (Z)27)%),

1

3 (=) x

8
1
o(E.¢) =35 ) jui(=1)7 1+
i=1 {+a}CE@4)

is an Ising vector in Vg [Dong et al. 1998; Griess 1998]. Since E(4) spans E as a
lattice, w (E, ¢) = w(E, ¢') if and only if ¢ = ¢’. Hence VE+ has 256 Ising vectors
of form w(E, ¢). Thus V~/+§A1 and V«/+§Es have exactly 2 and 496 Ising vectors,
respectively [Lam et al. 2007, Propositions 4.2 and 4.3].

Corollary 2.4. Let L be an even lattice without roots. Then the number of Ising
vectors in VL+ is

IL(4)|+256 x [{U C L | U= 2Es}|.

Proof. Setm =|L(4)|+256 x {ECL|E= ﬁEg}l. Theorem 2.3 shows that the
number of Ising vectors in VLJr is less than or equal to m. Let us show that there
are exactly m Ising vectors in V", that is, the Ising vectors o™ (a) and w (E, ¢) are
distinct. By Lemma 1.5(1), o (o) = ’(B) if and only if « =  and ¢ = §. Also
(@) Zw(E, @) forala e L(4),LDE= V2Eg and ¢ € Hom(E, Z/27).
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Let E;, E, be sublattices of L such that E; = E, = \/EEg. Let p;,i =1,2,
be two elements of Hom(E;, Z/2Z). Then it follows from Lemma 1.5(1) and
(E;i(4))z = E; that w(E1, ¢1) = w(E3, ¢) if and only if E; = E; and ¢; = ¢».
Therefore, there are exactly m Ising vectors in VLJr . (]
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HIGHEST-WEIGHT VECTORS FOR THE ADJOINT ACTION
OF GL, ON POLYNOMIALS

RUDOLF TANGE

Let G =GL,, be the general linear group over an algebraically closed field %,
and let g = gl,, be its Lie algebra. Let U be the subgroup of G that consists
of the upper unitriangular matrices. Let k[g] be the algebra of polynomial
functions on g, and let k[g]® be the algebra of invariants under the con-
jugation action of G. For certain special weights, we give explicit bases for
the k[g]¢-module k[g]i’ of highest-weight vectors of weight A. For five of
these special weights, we show that this basis is algebraically independent
over k[g]® and generates the k[g]®-algebra @, k[gll,. Finally, we for-
mulate the question whether in characteristic zero, k[g]G-module genera-
tors of k[g]i’ can be obtained by applying one explicit highest-weight vector
of weight A in the tensor algebra T (g) to varying tuples of fundamental
invariants.

Introduction

Let GL, be the general linear group over an algebraically closed field &, and let
gl, be its Lie algebra. We are interested in explicit formulas for highest-weight
vectors in the ring k[gl,] of polynomial functions on gl, under the conjugation
action. It is natural to take into account the fact that the highest-weight vectors of
a given weight form a module over the invariant algebra k[gl,]%. A crude method
would be to map the highest-weight vectors in the tensor algebra 7'(gl,,) (see, for
example, [Benkart et al. 1994]) into the symmetric algebra S(gl,,), which is GL,-
equivariantly isomorphic to k[gl,]. Mostly one will be projecting to zero. For
example, in [Premet and Tange 2005, Section 5, Corollary 2], it was shown that
the lowest degree in k[gl,] where the irreducible of highest weight nw| occurs
is n(n — 1)/2. But the lowest degree in 7 (gl,) where this irreducible occurs is
n—1. Our method involves differentiation of the fundamental invariants and applies
to any relevant weight, although we can only prove that it provides a k[gl,]%-
module basis for a special family of weights.

This research was funded by a research grant from The Leverhulme Trust.

MSC2010: primary 13A50; secondary 16W22, 20G05.

Keywords: highest-weight vectors, semi-invariants, adjoint action.

497



498 RUDOLF TANGE

Kostant [1963] showed that, for any reductive group G over C, the coordinate
rings of the fibres of the adjoint quotient are all isomorphic as G-modules to
the space H of harmonic functions, and determined the multiplicities of the ir-
reducibles in H. Hesselink [1980] obtained a completely general formula for the
graded character of H (or the coordinate ring of the nilpotent cone). For more
results on multiplicities in the tensor, symmetric and exterior algebra of the Lie
algebra we refer the reader to [Hanlon 1985; Stembridge 1987; Gupta 1987; Brylin-
ski 1989; Reeder 1997; Bazlov 2001] and the references in there.

The paper is organised as follows. In Section 1, we introduce some basic nota-
tion and recall some results from the literature. Section 2 contains the main results:
Theorem 1 gives explicit k[gl,]%"-module bases for the space of highest-weight
vectors for a family of 2(n — 1) — 1 weights, and Theorem 2 extends this to all
the multiples of 5 of these weights. Theorems 1 and 2 generalise the results in
[Premet and Tange 2005, Section 5] for the weight nw. See also [Dixmier 1976,
lemme 3.4] for the case of the universal enveloping algebra of sl,. In Section 3,
we briefly consider the example GLj3. Here one can actually determine k[gl, ] -
module bases for the space of highest-weight vectors for all relevant weights; that
is, one can completely determine the algebra k[g[n]U", where U,, consists of the
upper unitriangular matrices. In Section 4, we formulate the question whether
in characteristic zero, k[g[,,]GL” -module generators of k[g[n]f\] can be obtained by
applying one explicit highest-weight vector of weight A in the tensor algebra 7 (gl,,)
to varying tuples of fundamental invariants.

1. Preliminaries

Throughout this paper k is an algebraically closed field and G = GL,;, n > 2, is the
general linear group of invertible n xn matrices. Its natural module is V = k" and
its Lie algebra is g = gl,, = V ® V*. The standard basis elements of V are denoted
by ey, ..., e, and the dual basis elements are denoted by e7, ..., e;. We identify
g = gl,, with End(V), the endomorphisms of the vector space V. We denote by E;;
the matrix which is 1 on position (7, j) and O elsewhere. Under the isomorphism
g=V®V*, E;; corresponds to ¢; ® ejf. The elements of the dual basis of E;; are
denoted by &;;. So the algebra k[g] of polynomial functions on g is a polynomial
algebra in the &;;. The group G acts on g via the adjoint action (conjugation) and
therefore also on k[g]. For any group H and any kH-module W we denote the
space of H-fixed vectors in W by W¥.

The Borel subgroup of G which consists of the invertible upper triangular ma-
trices is denoted by B and its unipotent radical, which consists of the upper unitri-
angular matrices, by U. We denote by 7' the maximal torus of G which consist of
the invertible diagonal matrices. The character group of T is denoted by X and its
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standard basis elements are denoted by ¢y, ..., &,. Recall that the positive roots
relative to B are the roots ¢; —¢; fori < j, and that A € X is dominant if and only
if A} > Ay >---> A,. Furthermore, X € X occurs in the root lattice if and only if its
coordinate sum is 0. The all-zero and the all-one vector in X are denoted by 0 and
1 respectively. Fori € {1, ..., n — 1} the i-th fundamental weight w; € Q ®z X is
defined by

The Z-span of the fundamental weights contains the root lattice. For A € X and W
a T-module the weight space W, is defined by

Wio={xeW]l|t-x=A(t)xforallt € T}.

We denote the irreducible GL,(C)-module of highest weight A by Lc(A). The
Weyl group of G relative to T is the symmetric group Sym, which permutes the
coordinates. We denote the longest Weyl group element by wg. We have wg(g;) =
&n—i+1, put differently, wo(2) is the reversed tuple of A.

Fori € {1,...,n} we define s; € k[g] by

si(x) =tr A (x),

where N (x) denotes the i-th exterior power of x. Then the s; are up to sign
the coefficients of the characteristic polynomial. Note that s; = tr and s, = det.
Furthermore, the s; are algebraically independent generators of k[g]®. See, e.g.,
[Jantzen 2004, Section 7].

The reader who only wants to understand the precise statements of the main
results can now continue to Section 2, read definitions (1) and (2) and then Theo-
rems 1 and 2.

We now state some auxiliary results that will be needed for the proofs of the
main results. The result below was mentioned to me by S. Donkin.

Lemma 1. dimk[g]Y =dimB =n(n+1)/2.
Proof. Form € {1, ..., n} put

SI=R, 1= >

Then A,, € k[g]V forall m € {1,...,n} and k[gl[A]", ..., A; '] = k[BwoB]. It
follows that
klglV1ATY, ..., A7 = k[BwyB)Y

n

and dimk[g]Y = dimk[BwoB]Y. Now k[BwyB]Y = k[B] via the isomorphism
that sends f € k[ B] to the function uwob — f(bu). |
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We recall the graded Nakayama lemma. For its proof we refer to [Passman
1991, Chapter 13], Lemma 4, Exercise 3, Lemma 3.

Lemma 2 [Passman 1991, Chapter 13]. Let S = @izo S’ be a positively graded
ring with S° a field, let M be a graded S-module and let (x;)ic; be a family of
homogeneous elements of M. Put ST =D, _, St

() If the images of the x; in M /St M span the vector space M/STM over S°,
then the x; generate M.

(i) If M is projective and the images of the x; in M/STM form an S°-basis of
M /ST M, then (x;);c; is an S-basis of M.

The closed subvariety of g which consists of the nilpotent matrices is denoted by
N. Since N is G-stable, G acts on the algebra k[N of regular functions on N. The
two results below are actually valid, under some mild assumptions, for arbitrary
reductive groups, but we will not need this generality.

Proposition 1 [Kostant 1963, Theorem 11; Jantzen 2004, Section 7; Donkin 1988,
Theorem 2.2; Donkin 1990, Proposition 1.3b(i)].

(i) The vanishing ideal of N in k[g] is generated by s1, . .., s, and for each X\ the
restriction k[g]ij — k[N]g is surjective and has kernel (k[g]G)Jrk[g]i].

(i) We have k[g]}’{ # 0 if and only if A is dominant and lies in the root lattice.

(ii1) If A is dominant and lies in the root lattice, then dim k[N ]g{ =dim L¢c(A)g and
k[g]ij is a free k[g]®-module of rank dim L¢ ().

Note that dim L¢ (1) = dim Le(—wo (X))o, since the nondegenerate pairing be-
tween Lo(A) and Le(—wo(A)) = Le(A)* restricts to one between L¢ (A1) and
Le(—wo(A))o-

We will call a weight A € X primitive if it is nonzero, dominant, occurs in the
root lattice and cannot be written as the sum of two such weights. Note that k[g]
is a unique factorisation domain, since it is isomorphic to a polynomial ring.

Lemma 3. Let u € k[g] be nonzero. Assume that its top degree term does not
vanish on N and is a B-semi-invariant of primitive weight A. Then u is irreducible.

Proof. 1f the top degree term of u is irreducible, then so is #. So we may assume that
u is homogeneous. We now finish with the arguments from part 3 of the proof of
[Premet and Tange 2005, Proposition 3]. Let u = u}"" - - - u'" be the factorisation
of u into irreducibles. Then the u; are homogeneous. By a standard argument
using the uniqueness of the prime factorisation and the connectedness of B, we
get that the u; are B-semi-invariants. Let Aq, ..., A, be their weights. Then these
are dominant by [Jantzen 2003, Proposition 11.2.6] and we have A = Zle mik;.
So, by the primitivity of A, we get that for precisely one i, A; # 0 and for this i
we have m; = 1. We may assume i = 1. Then Ay =Aand A, =--- =X, =0. So
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us, ..., u, are B-invariants and therefore G-invariants. Since u is nonzero on N,
we have by Proposition 1(i) that r = 1. [l

2. The basic semi-invariants

Fort € {l1,...,n— 1} we define the weights

M:Z (e1—&)=(,0,...,0,—1,...,—1),
i=n—t+1
t
W=> (ei—e)=(1,...,1,0,...,0,—1).

i=1

(D

Note that A’ and u! are dominant and in the root lattice. We have A! = u! =¢; —¢,
and p! = —wg(A?). Furthermore, we have A! =tw | +w@,_; and ' = w; +tw,_1.
A weight Z?:_ll m;w; occurs in the root lattice if and only if 7 | Z?:_ll im;. From
this we easily deduce that A’ and ' are primitive.

All (Young) tableaux that we consider will have entries in {1, ..., n}. Recall
that a tableaux is called standard if the entries in the rows are increasing (i.e., non-
decreasing) from left to right and if the entries in the columns are strictly increasing
from top to bottom.

Lemmad. Let t{1,...,n—1}.

(i) We have dimk[N1Y = dimk[N1Y, = ("}").

t
(ii) Assume t =1orn >3 andt € {l,n—2,n—1}, letr > 0 be an integer and
put s = (","). Then dimk[N1Y, = dimk[N]",, = (""7").

r

Proof. (i) We only have to consider the case of A’. The given dimension is by
Proposition 1 equal to dim L@(K’)Q. Putv:i=A+1=@¢+1,1,...,1,0,...,0),
where the number of zeros is . Then Lo (v) =det @ Le(A'). So it suffices to show
that dim L¢(v)) = (" :1) This dimension is well-known to be equal to the number
of standard tableaux of shape v and weight 1, that is, each integer in {1, ..., n}
must occur precisely once. The shape v is a hook diagram as shown:

t + 1 boxes
—_——

. ]

boxes —

(]
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Clearly the box in the top left corner must contain 1 and the tableaux is completely
determined by the choices for the other boxes in the first column. So our standard
tableaux are in one-one correspondence with the n — ¢ — 1-subsets of {2, ..., n}.

(i) We only have to consider the case of A’. By the same arguments as in (i), it
suffices to show that the number of standard tableaux of shape v and weight r1 is

(r+‘;_l), where v :=rA’ +rl. So each integer in {1, ..., n} must occur precisely r

times. First assume ¢ = 1. Then s =n — 1 and the shape v is a diagram as shown:

2r boxes

n—1 _

boxes : :
1]

r boxes

Clearly the first » boxes in the top row must contain 1. If we ignore the first row,
then each column is a strictly increasing subsequence of {2, ..., n} of length n —2.
So it is determined by an integer from {2, ..., n} (the one that does not occur). If
we write these in the order of the columns, then the standardness implies that we
get an increasing sequence. This sequence is what goes in the final  boxes in the
first row and it determines the tableaux completely. The number of such sequences
is the same as the number of monomials of degree r in n — 1 variables, so it equals
(n+r—2)

. )

Now assume that t = n — 2. Then s = n — 1 and the shape v is a diagram as

shown below.
(n—1) r boxes

L] ]

| —
r boxes

Again the first r boxes in the top row must contain 1. Now the diagram is com-
pletely determined by the second row, which is an increasing subsequence of

{2,...,n}. So again we get (""" 7?) standard tableaux. The case t = n — 1 is
trivial, since the shape v is then a single row of length nr. U

We now define some basic B-semi-invariants in k[g]. Forr € {1,...,n—1} and
I C{2,...,n}with |I| =t we define

ur, 1 = det((01:8)n—r+1<i<n, jer ),

v = det((9nS ) 1<i<r, jer)-

2
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Here the indices from I are taken in their natural order and 9;; is the partial deriv-
ative 9/0&;;. Note that u, ; and v, ; are homogeneous of degree (Zje] j)—t.

Define the involution ¢ of the vector space g by ¢(A) = PAT P, where P is
the permutation matrix corresponding to wo and A7 denotes the transpose of A.
Then (g - A) = P(g~HT P - ¢(A), where the dot denotes conjugation action. If
we denote the corresponding automorphism of k[g] also by ¢, then this formula
also holds with A replaced by f € k[g]. So (p(k[g]g) = k[g]gwo(k). In accordance
with this we have ¢(u; ;) = v, ;.

We set up some notation which will give another, more general, way to construct
the elements u; ; and v, ;. This will make clear why they are B-semi-invariants
(see the proof of Theorem 1(ii) below). If A is a partition, then we denote its length
by I[(A). For AT, A~ € X we put [AT, A7]:= A" —wp(A 7). It is easy to see that for
any A € X dominant there exist unique partitions AT and A~ with [((AT)+I(A7) <n
and A = [A", A7]. In the sequel, when A" and A~ are introduced after A, they are
supposed to have these properties. Let A be a partition of . We define the tableau
T, of shape A by T3.(i, j) = (3jZ| &)+ j. Furthermore we define the subgroup C;
of the symmetric group Sym, as the column stabiliser of 7;. Define the element A,
in the group algebra k(Sym,) by A; =) sgn(rr)7. Finally, define e, € V&'
and e} € V*® by

JTGC}L

1) 1)

_ ®A; * * ®A;
e = ® e; and e, = ® € il -
i=1

i=1

Then, as is well-known (see, e.g., [Benkart et al. 1994]), A, - e, and A; - e} are
highest-weight vectors of weight A and —wg()) respectively.

Now let A, = [AT, A~] be dominant and in the root lattice. Then At and A~
are partitions of the same number, ¢ say and we define E; € g®'
corresponding to A+ - €+ ® Ay~ - e € VO @ V*® under the isomorphism
g® = V® g V*® By the above, E; is a highest-weight vector of weight A.

For each x € g we can extend the evaluation at x, considered as a linear map
g* — k Ck[g], to a derivation of degree — 1 of the algebra k[g]. Then the evaluation
at E;; extends to the derivation 9;;. So we obtain a G-equivariant linear map
g — End(k[g]) and therefore also a G-equivariant linear map

as the element

¥ g% — End(k[g]®").
We denote the G-equivariant multiplication map k[g]®' — k[g] by .
Theorem 1. Lett € {1,...,n— 1} andlet \', ', u; 1, vy, be given by (1) and (2).

(1) Theusy, 1 C{2,...,n}with |I|=t, form a basis of the k[g1¢-module k[g]%.
The same holds for the v; ; and |'.
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(ii) Any nontrivial k-linear combination of the u; ;, I C{2,...,n} with |I| =t,
is an irreducible B-semi-invariant of weight A'. The same holds for the v,
and u'.

Proof. (i) Using the involution ¢ we see that we only have to prove the assertion
for u' and the v, ;. By Proposition 1 and Lemmas 2 and 4(i) it suffices to show that
the restrictions of the v; ; to N are linearly independent. For Ay, A, € {1,...,n}
and A = (a;j)1<i,j<n €9 S€t Ap, A, =(aij),j)er, x Ar,» Where the indices are taken
in their natural order. Furthermore, put & = (§;;)1<; j<n. If [A1] = |A2|, then we
have, as in [Premet and Tange 2005], the following basic fact which follows from
the Laplace expansion formulae for the determinant:

:I:det(%l\l\{i}, Az\{j}) when (i, j) € A1 X Ao,

B) B(det®a,.n)) = {o when (i, /) ¢ Aj x Aa.

For I <n we have s; = ), det(¥,, o) where the sum ranges over all /-subsets A
of {1,...,n}.

For a sequence o0 = (07q, . .., 0;) of distinct integers in {1, ..., n} we define A, €
End(V) by Ay(es,) = €5, fori €{2,...,s} and As(e;) =0fori ¢ {0, ..., o5}
Then A, is nilpotent and its restriction to the span of the e, 1 <i <, is regular.

If Ai, Ay C{1,...,n} with |[A{| =|A2| > 0 and det(¥, a,)(As) # 0, then

e Ay C{oy,...,051}and Ay C{oy, ..., 04},
4) eoje ANi=0jy1€Nyforall je{l,...,s—1},
eo;c Ny=o0j_1€Aforall je{2,...,s}

Let o be as above with 6 = n. Leti € {1,...,n}, let A C {1,...,n} with
|A| =1 and assume that (9;, det(%s, »))(Ao) # 0. Then it follows from (3) and
(4) that i = oy, that A = {07, ..., 07} and that (9;, det(¥a, 2))(As) = 1. So for
such a o we have (9;,51)(Ays) #0=1<s,i =0y and (9;,81)(As) = £1.

So for ¢ = (01, ...,0,) and T = (71, ..., T;) sequences of distinct integers in
{I1,...,n} and & € Sym, with o1 =n and (0x,,5¢,) - - - (Ox,n57,)(As) 7 0 we have

(@) iy <sforallie{l,..., 1},

(b) oot =,

(©) (anlnsrl) te (an,nsr,)(Aa) ==+l1.

Note that (a) implies that o ({ty, ..., ;}) = {1, ..., ¢}, so the set {ry, ..., T/} is
determined by o.
Now we choose for each subset I = {i; > --- > i;} of {2,...,n} a sequence

o(I) of iy > t+1 distinct integers in {1, ..., n} with o (/); =n and o), =] for



HIGHEST-WEIGHT VECTORS FOR THE ADJOINT ACTION OF GL,, ON POLYNOMIALS 505

all j e{l,...,t}. Then we get for I, J € {2,...,n} with |I| =|J| =t that

+1 ifl=1J

Ut,I(AG(J)) = { 0 otherwise

So the linear map f +— f(As())s 1 k[N]— k(n;l) sends the family (v; 7|x); to
a basis and therefore the restrictions of the v, ; to N are linearly independent.

(i) Let I € {2,...,n} with |I| =t and write I = {i; < --- < i;}. Then it follows
immediately from the definitions that u, ; = 9 (¥ (F) - s;, ® - - - @ s;,), where

F= ngn(ﬂ) El,n,,_,_H - '®E1’77n’
b4

the sum over all permutations m € Sym({n — ¢+ 1,...,n}). Now k+ = tsl and
Ar = 81 +---+6.S0 A+ =idand A~ Znesym sgn(m) 7 for e, + = e and
e-=er 1 ® @ It follows that under the isomorphism g®’ = Ve @ Ve
F corresponds to A)j €r QA - . So F = E;:. Similarly, we get v;; =
(Y (Eyr) - siy - ® i) Slnce the s; are invariants, this shows that u; ; and
vy, are B-semi-mvarlants of the given weights. Since A; and u, are primitive, the
assertion follows from Lemma 3 and the linear independence proved in (i). (Il

Remarks 1. 1. Kostant [1963, Remark 26] gave an explicit basis for the isotypic
component of the space of harmonics H corresponding to the highest root. So the
statement of Theorem 1 in the case of A! extends to all complex reductive groups.

2. Assume k =C, let <s and let A =11, A~] be dominant and in the root lattice
with AT and A~ partitions of #. Then

(g®S)§L/ o~ (V®S ® V*®S)§\]

is a simple module for the walled Brauer algebra *B; ;(n), see [Benkart et al. 1994].
Note that in the definition of the vectors f; ,, , in Definition 2.4 of that reference,
the symmetrisation can be omitted. Above we only considered the case s = ¢, the
lowest tensor power of g which contains L¢(A). Then (g@)AU is an irreducible
Sym, x Sym,-module and the ideal of B, ;(n) spanned by the diagrams with at
least one horizontal edge acts as 0.

3. Another natural definition of e, and ej is

1) 5 1)

where A’ denotes the partition of  whose shape is the transpose of that of A. In
the definition of A; one then has to replace 7) by its transpose (or C;, by the row
stabiliser R;). Then A, - e, and Aj - e} are again highest-weight vectors of weight
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A and —wg(X) and one can define E, as before. Note that this £} is Sym, x Sym,-
conjugate to the original one.

4. Assume k = C. Theorem | answers the so-called first occurrence question
for k[g] and the weights A" and u': The lowest degree where Lc(A') (or Le(u'))
occurs in k[gl is (X125 1) —1 =t(t +1)/2.

Theorem 2. Assume t =1 orn >3 andt € {1,n —2,n — 1}. Then the u;,
I C{2,...,n}with|I| =t, are algebraically independent over k[g|® and generate
the k[g]G-algebra EBrzO k[g]%,. Furthermore, the same holds for the v, ; and |'.

Proof. Using the involution ¢ we see that we only have to prove the assertion
for u' and the v, ;. By Proposition 1 and Lemmas 2 and 4(ii) it suffices to show
that the restrictions of the v; ; to N are algebraically independent. If t = n — 1,
then this follows from the fact that v,_1 {2 .|y is nonzero by Theorem 1(i) and
of degree > 0. Now we observe the following. If fi,..., f; € k[N], then the
morphism (fi, ..., f;) : N — k' is dominant if and only if the f; are algebraically
independent and its differential at a point x € N is surjective if and only if the
differentials at x of the f; are linearly independent. So, by [Borel 1991, AG 17.3],
it suffices to show that the differentials of the v; |y are linearly independent at
some smooth point x € N. For x € N we have that T, (XN) is the intersection of
the kernels of the differentials d,s; and x is a smooth point of N if and only if the
d,s; are linearly independent. So it suffices to show that the differentials of the s;
and the v; ; at some nilpotent element x are together linearly independent. We will
take x = A = A,, where 0 = (n,n—1, ..., 1) and the notation is as in the proof
of Theorem 1(i). Put

a=(11,....(L,n), (n,D,...,(n,n—=2), (2, 1)).

Let M be the Jacobian matrix of sy, ..., s, and the v; ; and let M, be the (2n—1)-
square submatrix of M consisting of the columns with indices from «. We will
show that det(M,)(A) = £1. This will prove the required linear independence.

From (3) and (4) we deduce easily that (9,;5;)(A) = 0 and (3215;)(A) =0
forall i € {1,...,n—2}and j € {1,...,n} and that (9y;5;)(A) = £4;; for all
i,je{l,...,n}. Soit suffices to show that the matrix (9y,vs,7)(A)n+1<i<2n—1.J
is diagonal with the diagonal entries equal to =1, when the subsets J are suitably
ordered.

Assume r =n—2. For j € {2,...,n} put w; =v; 2 .\ Put

()=Q,...,j—1Lj+1,....n).
Then we have

(5) ac(m wJ = aam Z :I:(aﬂlynsr(j)l) e (a”nf%nsr(j)an) )
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where the sum is over all 7 € Sym({1, ..., n —2}). We can expand this further by
applying the product rule for differentiation. Then each term in (5) produces n —2
terms, the differentiation d,,, being applied to each factor in turn. As in the proof
of Theorem 1 we have

(6) Bins)(A) #0 = @ims)(A)==%1 and i =0y =n—1+1.

Now assume j > 3, i.e., 0; <n — 2. Then o(j), = 02 =n — 1. Since 7 never
takes the value n — 1, the only term in the expanded form of

@) ey (O nSz(j)1) (O 0 nST(j)ns))

that can be nonzero at A is (8o,m (anl,nsz))(am,nst(‘,)z) “++ (On,_,n87(j)nn)- BY (6)
we must then have ; = o), foralli € {2,...,n —2} and 7| = o0;. Finally (3)
and (4) give us then that «,, = (n, 0;) and that the value of the term is £1.

Now assume that j = 2. Then 7(2) = (3, ..., n). So for a term in the expanded
form of (7) to be nonzero at A we must, by (6), have m; = 0(2), for all but one
and therefore for alli € {1,...,n—2}. Somr = (n—2,...,1). Now we check
that (anl(a,,,,ns,(g)i))(A) =0 forall /,i € {1,...,n — 2} by considering a term
det(Aa\(z;.n), A\,ny) for A € {1, ..., n} with |[A] = 1(2); =i+ 2. Assume first
1 € A. Then m; = 1, since otherwise the first row of Aa\(x, 1}, A\(1,n) Would be
zero. Soi =n—2and A ={1,...,n}. But then the column of index n — 1 in
AA\(zi,n), A\[1,n) 18 zero. So 1 ¢ A. The cases | < m; and [ = 7; are now easily
dealt with using (3) and (4). So assume 7; < [. Then we get, using (3) and (4),
A={m,....I,n}. Theni +2=|A|=1—n+i+3,s0l =n—1, which is
impossible. Finally we check that (95,1 (0x,,n5i+2))(A) = £3; ,—2, by considering
a term det(Aa\(2,7;}, a\(1,n)) Tor A € {1,...,n} with [A] =i +2. Since 1 € A

we must have 7; = 1,s0i =n—2and A = {1, ..., n}. The value of this term is
then %1.
In conclusion we have shown that, form € {n+1,...,2n—1}and j€{2, ..., n},

(aamwj)(A) = :i:‘smfn,wo(j)'

Now assume ¢t = 1. Then we put w; = v; (;; = 91,,5; and we show that, for
me{n+1,...,2n—1}and j € {2,...,n}, (0y,w;)(A) = £8,,_,, j—1. Since this
case is much easier we leave it to the reader. O

Remarks 2. 1. Assume k =C, lett € {1,n —2,n — 1} and let » > 0. Then,
by Theorem 2, the lowest degree where L¢(rA') (or Le(ru')) occurs in k[g] is
(S —1)=rtt+1))2.

2. Computer calculations suggest that, for r ¢ {1,n —2,n — 1} and r > 2,
dimk[N]Y, < (’+i_1), where s = dimk[N1Y. So for such ¢ one cannot expect
the u, ; to be algebraically independent over k[g]®, but one could still conjecture
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that they generate the k[g]®-algebra @riok[g]%,. Similar remarks apply to u’
and the v, ;.

3. With a bit more effort one can show that the matrix M, (A) from the proof of
Theorem 2 is diagonal with the diagonal entries equal to £1.

3. The case of GL3

In this section we describe the algebra k[g]V in the case of GL3. So throughout
this section n =3, G = GL3 and g = gl;. We have M=pu'=w+ws, 22 =3w =
(2, —1, —1) and u?> = 3w, = (1, 1, —2). Note that a weight [y 4+ b, is in the
root lattice if and only if 3 | (/1 — ). Put ¥ = (§;;)1<;,j<3. For i, j € {1,2, 3} we
denote by ¥(-/) the matrix % with the i-th row and j-th column omitted and we
denote its determinant by |%¢/)|. We put

dy = &3 |21 | 4 £31 1212 | = —U2,(2,3} »
dr = &1 X Y| + £ |21V = va 03 .

Lemma 5. Let A = [yw + bhwy be dominant and in the root lattice. Put a =
min(/y, ). Then dim Lc(A)o =a + 1.

Proof. Putb = (1 +2h)/3 and v = A+ bl = (I1 +12,[5,0). Then Lc(v) =
det” ®Lc (). So it suffices to show that there are a 4 1 standard tableaux of shape
v and weight b1. This we leave as an exercise for the reader. One has to distinguish
the cases [; > I, and [, > [;. |

Proposition 2. (i) Let A =l + @, be dominant and in the root lattice and put
a=min(ly, ). Putd =d" 7" if 1l > I and put d = d\* """ otherwise. Then
the elements d S;l I%(1’3) |“=i,0<i<a, form a basis of the k[g]G-module k[g]i].

(ii) The k-algebra k[g]U is generated by s1, s3, §3, 31, |95(1,3) |, dy and d. A defin-
ing relation is given by

didy — |2 P — 31|20V 2sy — 51XV |52 — £33 =0

Proof. (i) By Proposition 1 and Lemmas 2 and 5 it suffices to show that the given
elements are independent on N'. Since they all have different degrees, it suffices to
show they are nonzero on N. One easily checks that they are all nonzero on

000
100
110

(i) By (i) the 7 given elements generate k[g1Y and by Lemma 1 dim k[glY =6. A
straightforward computation shows that the given equation holds and it is clearly
irreducible (by Gauss’s lemma, for instance). (]
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Remark 3. Proposition 2 also shows that the k-algebra k[N']V is generated by &3,
1213, d; and d» with defining relation dyd, — |13 > = 0.

4. The method in general

As the reader may have noticed after reading the proof of Theorem 1(ii) our method
for producing highest-weight vectors applies to any dominant weight in the root
lattice. So one may wonder whether we always get k[g]®-module generators. We
formulate this as a question. We assume that k = C and use the notation of Section 2
before Theorem 1.

Question. Let A = [AT, A~] be dominant and in the root lattice with A and A~
partitions of 7. Do the elements 19(10,(E;\) S Q- ®sl~1) for2 <iy,....i; <n
generate the k[g]¢-module k[g]ij? Equivalently, do their restrictions to N span
k[N1Y?2

Note that the only thing that varies here is the tuple (i, ..., ;). Note also that
we allow repetitions in the arguments s;,. As an example we consider the case n =4
and A =2wmy = (1, 1, —1, —1), a primitive weight. Then the Hesselink—Peterson
formula [Hesselink 1980] shows that k[N ]g has dimension 2 with a generator in
degree 2 and one in degree 4. We have

ﬁ(Wt(Ek) . Si] ® Siz) = :|: Z Sgn(a) Sgn(f) 80'1 ‘E3Si] 8(72‘[4Si2 ’

where the sum is over all o € Sym({1, 2}) and all T € Sym({3, 4}). It follows that
2 (lﬁt (Ey) 52 ®S2) =42 det(%{3,4},{1,2}), where %{3,4},{1,2} is defined as in the proof
of Theorem 1. Clearly this is nonzero on the nilpotent cone. Note that the choice
(s2, 52) is the only choice that gives the degree 2 generator. One can check that
(s3, 53) and (s2, s4) both produce semi-invariants of degree 4 that are nonzero on
N. In the case (s2, s4) it is nonzero on N in any characteristic.

By Theorem 1 the answer to our question is affirmative for the weights A, and ;.
The basis elements of the spaces k[g]rU/\, and k[g]ﬁju,, r>landtre{l,n—2,n—1},
from Theorem 2 are not formed in accordance with our question.

One can probably formulate a more complicated question for k of arbitrary char-
acteristic, where one divides the expression 19(1lrt(E 2) S ®- - -®s,~,) by a suitable
integer in case of repeated arguments.
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