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Let k be a field, let G be a finite group and let k(x, : g € G') be the rational
function field over k, on which G acts by the k-automorphisms defined by
h-xg = xpg for any g, h € G. Noether’s problem asks whether the fixed
subfield k(G):=k(x,:8€G )€ is k-rational, that is, purely transcendental
over k. If § n is the double cover of the symmetric group S, in which the
liftings of transpositions and products of disjoint transpositions are of order
4, Serre shows that @(§ 4) and @(§ 5) are not (QQ-rational. We will prove
that if & is a field such that char k # 2, 3, and k({3) is a cyclic extension of
k, then k(§ 4) is k-rational. If it is assumed furthermore that chark = 0,
then k(§ 5) is also k-rational.

1. Introduction

Let k be a field, and L be a finitely generated field extension of k. L is called
k-rational (or rational over k) if L is purely transcendental over k; that is, L is
isomorphic to some rational function field over k. L is called stably k-rational if
L(y1,...,ym) is k-rational for some y1, ..., yp, that are algebraically independent
over L. L is called k-unirational if L is k-isomorphic to a subfield of some k-
rational field extension of k. It is easy to see that

k-rational = stably k-rational = k-unirational.

A notion of retract rationality was introduced in [Saltman 1984] (see also [Kang
2012]). It is known that if k is an infinite field, then

stably k-rational = retract k-rational = k-unirational.

Let & be a field and G a finite group. Let G act on the rational function field
k(xg : g € G) by k-automorphisms defined by /- xg = xp, for any g, € G.
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Denote by k(G) the fixed subfield, that is, k(G) = k(xg : g € G)Y. Noether’s
problem asks under what conditions is the field k(G) k-rational.

Noether’s problem is related to the inverse Galois problem and the existence
of generic G-Galois extensions over k. For the details, see Swan’s survey paper
[Swan 1983]. The purpose of this paper is to study Noether’s problem for some
double covers of the symmetric group Sj,.

It is known that there are four different double covers of S, when n > 4, that
is, groups G that fit into a short exact sequence 1 - C, — G — S, — 1; see, for
example, [Serre 1984, p. 653].

Definition 1.1 [Garibaldi et al. 2003, pp. 58, 90; Hoffman and Humphreys 1992,
p. 18; Karpilovsky 1985, pp. 177-181]. Let C, = {£1} be the cyclic group of
order 2. When n > 4, the group §n is the unique central extension of S, by C»,
that is,

1—>C2—>§n—>S,,—>1,

satisfying the condition that the transposnlons and the product of two disjoint trans-
positions in S lift to elements of order 4 in Sn On the other hand, the group Sy
is the central extension

1—>C2—>§n—>S,,—>1,

such that a transposition in S, lifts to an element of order 2 of §n, but a product
of two disjoint transpositions in Sy, lifts to an element of order 4.

Note that we follow the notation of §n and S, adopted by Serre.

Theorem 1.2 (Serre [Garibaldi et al. 2003, p. 90]). Both Q(S4) and Q(Ss) are not
retract Q-rational. In particular, they are not Q-rational.

Serre proves this using cohomological invariants and trace forms over Q) — the e-
invariant method, in short. In pp. 89-90 of the same book, he proves that Rat(G/Q)
is false for G = §4 and S 5. Actually he proves a bit more. From Serre’s proof it is
easy to find that ®(§4) and @(§ 5) are not retract Q-rational (see [Kang 2012, Sec-
tion 1] for the relationship of the property Rat(G/ k) and the retract k-rationality of
k(G)). This is the reason why we formulate Serre’s theorem in the version above.
In fact, Theorem 1.2 can be perceived also from Serre’s own remark in [Garibaldi
et al. 2003, p. 13, Remark 5.8].

We don’t know whether Theorem 1.2 is valid for fields k other than the field
Q; for example, the field k satisfying the condition that k({g) is not cyclic over
k. In fact, in a private communication, Serre told us that the e-invariant method
remains valid (under the assumption that k({g) is not cyclic over k) if k is an
algebraic number field of odd degree over Q, or if k = Q(+/n), where n = 1
(mod 8). However, if k = Q(x, y) with x? + y2 = —1, the assumption that k({g)
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is not cyclic over k is valid while the e-invariant method doesn’t work any more
[Serre 2011].
On the other hand, we have:

Theorem 1.3 [Plans 2007; 2009]. (1) For any field k, k(§4) is k-rational. Thus,
if k is a field with char k = 0, k(S’s) is also k-rational.

(2) For any infinite field k with char k # 2 such that ~/—1 € k, both k(§4) and
k(Ss) are k-rational.

The main result of this article is the following rationality criterion for k(§4) and
k(Ss).

Theorem 1.4. Let k be a field with char k # 2 or 3, and (g be a primitive eighth
root of unity in some extension field of k. If k(Cg) is a cyclic extension of k, then
k(§4) is k-rational; if it is assumed furthermore that char k = 0, then k(§5) is also
k-rational.

When k is a field with chark = p > 0 and p # 2, the assumption that k(g) is a
cyclic extension of k is satisfied automatically. Thus k(§4) is k-rational provided
that k is any field with char k ;é 2 or 3.

Besides the groups S4 and S s, Serre shows that Q(G) is not retract QQ-rational if
G is any one of the groups SL,(F7), SLa2(F9) and the generalized quaternion group
of order 16; see [Garibaldi et al. 2003, p. 90, Example 33.27]. In case G is the
generalized quaternion group of order 16 and k({g) is cyclic over k, it is known
that £(G) is k-rational [Kang 2005]. We don’t know whether analogous results as
Theorem 1.4 are valid when the groups are SL,(F7) and SL;(Fo).

The main idea of the proof of Theorem 1.4 is to use the method of Galois descent,
namely we first enlarge the field k to k(Cg), solve the rationality of k(¢ 8)(§4), and
then descend the ground field to k.

The proof that k(¢ 8)(§4) is k(¢g)-rational requires at least two techniques. In
order to decrease the number of variables (by applying Theorem 2.2), we will
construct a 4-dimensional faithful representation V' of §4 defined over the field k.
It seems the representation and the idea to find it are not well-known. Once we
have this representation, we adjoin {3 to the field k and write m = Gal(k({s)/ k).
We will prove that k(g)(V)S+7) is k—ragional.

The rationality problem of k(¢g)(V)S#:7™) is not straightforward. In several
steps of computations we use computers to facilitate the process of symbolic com-
putation. However, we emphasize that computers play only a minor role; we don’t
use particular codes of data bases such as GAP.

On the other hand, we point out that the first several steps in proving that
k(¢ g)(V)<S4’” ) is k-rational are rather similar to those in [Kang and Zhou 2012,
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Section 5]. This seems unsurprising because the group S4 considered in [Kang
and Zhou 2012, Section 5] and the group §4 here have a common subgroup 24.

For the rationality problem of k(§ 5), we apply Theorem 2.5 of Plans, which
asserts that k(§5) is a rational extension of k(§4), whence the result.

We organize this paper as follows. We recall some preliminaries in Section 2
that will be used in the proof of Theorem 1.4. In Section 3, several low-dimensional
faithful representations of S4 over a field k with char k = 2 will be constructed
(the reader may find another explicit construction in [Karpilovsky 1985, p. 177—
179]). Theorem 1.4 will be proved in Section 4. In Section 5 we will consider the
rationality problem of k(Gy) (see Definition 5.1 for the group Gy).

Throughout this article, whenever we write k(xy, X3, X3, X4) or k(x, y) without
explanation, it is understood that it is a rational function field over k. We will
denote by (g (or simply by ¢) a primitive eighth root of unity.

2. Preliminaries

We recall several results that will be used in tackling the rationality problem.

Theorem 2.1 [Ahmad et al. 2000, Theorem 3.1]. Let L be any field, L(x) the
rational function field of one variable over L and G a finite group acting on L(x).
Suppose that for any 0 € G,o(L) C L and 6(x) = ag - X + by, where ag, by € L
and ag # 0. Then L(x)¢ = LY(f) for some polynomial f € Lx]. In fact, if
m = min{deg g(x) : g(x) € L[x]%, deg g(x) > 1}, any polynomial f € L[x]® with
deg [ = m satisfies the property that L(x)¢ = LY(f).

Theorem 2.2 [Hajja and Kang 1995, Theorem 1]. Let G be a finite group acting
on the rational function field L(x1, ..., Xy) of n variables over a field L. Suppose
that:

(1) Foranyo € G,o(L) C L.
(ii) The restriction of the action of G to L is faithful.
(iii) Forany o € G,

o(xy) X1

"N a2 + B0,

o (xn) Xn
where A(c) € GL,(L) and B(0) is a n x 1 matrix over L.

Then there exist elements z1,...,zy € L(x1,...,Xy) that are algebraically inde-
pendent over L and satisfy L(x1,...,xn) = L(z1,...,2zy) and 0(z;) = z; for any
oc€eGandl <i <n.
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Theorem 2.3 [Yamasaki 2009]. Let k be a field with char k # 2, let a € k\{0}, and
define a k-automorphism o of the rational function field k(x, y) by o(x) = a/x
and o(y) = a/y. Then k(x, y)®) = k(u,v), where u = (x — y)/(a — xy) and
v=_(x+y)/(a+xy).

Theorem 2.4 [Masuda 1955, Theorem 3; Hoshi and Kang 2010, Theorem 2.2]. Let
k be a field and let o be the k-automorphism of the rational function field k(x, y, z)
defined by 0 = x > y > z > x. Then k(x,y,2)'%) = k(sy,u,v) = k(s3,u,v),
where 51, Sy, S3 are the elementary symmetric functions of degree one, two and

three in x, y, z and u and v are defined by
x2y 4+ y%z+2z2x —3xyz xy?+yz2 +zx? =3xyz

u=
X242 422 —xy—yz—:zx

and v = .
x2 42422 —xy—yz—:zx

Theorem 2.5 [Plans 2009, Theorem 11]. Let n > 5 be an odd integer and let k be
a field with char k = 0. Then k(Sy) is rational over k(S ,—1).

Theorem 2.6 [Kang and Plans 2009, Theorem 1.9]. Let k be a field and let G| and
G, be two finite groups. If both k(G1) and k(G,) are k-rational, so is k(G x G3).

3. Faithful representations of §4

In this and the next section, the field k£ we consider is of char k # 2 or 3. We will
denote by g = (1 + +/—1)/+/2 a primitive eighth root of unity.

In [Springer 1977, p. 92] a generating set of Sy is given (where the group is
called the binary octahedral group): Sq = (a’, b, ¢) with relations a’® = b4 =6 =1,
ba'b=! = a7, ¢cbe™! =@’ and (d'c)? = —a'?b (here —1 is the element that is
equal to @’ f=p2= ). Note that we have a short exact sequence of groups

1—>{i1}—>§4£>S4—>1,

and that p(a’) = (1,2,3,4), p(b) = (1,4)(2,3) and p(c) = (1,2, 3). Note that
pbd’) = (1,4)(2,3)(1,2,3,4) = (1,3).

If {g € k, a faithful 2-dimensional representation P : §4 — GL,(k) is given in
[Springer 1977, p. 92] as follows (we write { = {3),

— 7 &7
s w=(5 2). s (1 ). 0= 5 (59)

Suppose that +/2 € k (but not necessarily that ~/—1 € k). We may obtain a
4-dimensional representation Sy — GL4(k) by making in (3-1) the substitutions

0 —1 a0
V—1|—>(1 0) and O“_)(Ooc)’
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where ky is the prime field of k and « € ko (~/2). This process is an easy application
of Weil’s restriction [Weil 1956; Voskresenskii 1998, p. 38]. Thus we get

1-1 -1 1 111

/ 111 1 1 N s T e B

(3-2) ai—>\/E 11 b= . cemal 1 1o
—11 1 —-1-1 11

Similarly, when +/—2 is in k (but possibly +/—1 is not in k), write +/—2 =
v/—1-+/2. Thus represent +/2 as —v/—1-+/—2 and ¢ = (1 + v/—1)/+/2 becomes
v/ —=2(1 — +/—1)/2. Make in (3-1) the substitutions

0 —1 a 0
\/—1|—>(1 O) and oz»—)(oa),

where kg is the prime field of £ and « € ko(+/—2). We get

—1 1111

1 1l=1 1=-1 1
—1 SRR T R
| -1 1 1

The same way, if ~/—1 € k (but possibly /2 ¢ k), make in (3-1) the substitutions

02 a 0
2|—>(1 0) and ou—>(0 oe)’

where kg is the prime filed of £ and « € ko(+/—1). We get

0 1++-1
1+«2ﬁ 0
a — ,
0 1-+v/-1
1—v/—1 0
2
(3-4)
}\/__1 0 (1—«2/: 0 I_E/jl 0
— 1-v/—1 1-v/—1
b— 0 : S 0 2 0 2
V=1 0 ’ —1—2ﬁ 0 1+E/j1 0
O ‘/_1 \ O —1—2\/j1 O 1+«2/—71

Finally, from (3-2) we may get a faithful 8-dimensional representation of §4 into
GLg(ko), where ky is the prime field of k. Explicitly, make in (3-2) the substitutions

02 a 0
«/§|—>(1 O) and ou—>(0 oc)’
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where o € ko. We get

(02 02
1 0-1 0
0 2 0 2
11 0o 1 0
a — — s
2 0 2 0 2
10 1 0
0-2 0 2
\ 1 0 1 0)
( -1 0)
0 -1
10
0 1
(3-5) bis — ,
0 -1
10
\0 1 )
(10 1 0[ 1 0 1 0)
1 0 10 1 0 1
1 0 1 01 0 1 0
1l o-1 0o 1l 0o-1 0 1
> =
1 0 1 o1 0-1 0
0-1 0 1|0 1 0-1
“1 0-1 0 1 0 1 0
\ 0-1 0-1] 0 1 0 1)

4. Proof of Theorem 1.4

By Theorem 2.5, in case chark = 0 and it is known that k(§4) is k-rational, it
follows immediately that k(§5) is also k-rational. Hence, in proving Theorem 1.4,
it suffices to prove the rationality of k(§4).

By assumption, k({s) is a cyclic extension of k. Hence at least one of ~/—1,

V2 or /=2 belongs to k.

Case 1: {3 € k. Since chark # 2 or 3, the group algebra k[§4] is semisimple.
Hence the 2-dimensional faithful representation provided by Equation (3-1) can be
embedded into the regular representation whose dual space is Vieg = Dy §4k -x(g),

where §4 acts on Vieg by 1-x(g) = x(hg) forany g, /1 € §4. By Theorem 2.2, we
find that k(S,4) = k(x(g) : g € S4)54 is rational over k(x, y)5*, where the actions
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given by Equation (3-1) are

a : x> x, y=y,

C x> =1y, y > /—lx,
¢t x> CTx+85y)/V2 vy Tx+0)/V2

Set z = x/y. Then k(x, y) = k(z,x). By applymg Theorem 2.1 we get that
k(z, x)S4 = k(z)S4(t) for some element ¢ fixed by S4 The field k(z)54 is k-
rational by Liiroth’s theorem. Hence & (z, x)S4 and k(S4) are k-rational.

Case 2: /2 € k but ~/—1 ¢ k. We will use the 4-dimensional faithful representation
of S4 over k provided by Equation (3-2). This representation provides an action
of S4 on k(x1, X3, X3, X4) given by

a o x> (x1+x2)/V2, X2 > (—=x1 +x2)/V/2,
x3 > (X3 —X4)/v/2, x4 > (X3 + x4)/ V2,
-1 b 1 X1 x4 —xq, Xy > —X3,
X3 = Xp,

¢ x> (xp—xa—x3—x4)/2, X2 (X1 + X2 +x3—Xx4)/2,
X3 (X1 =X+ Xx3+x4)/2, xa> (x1+x2—x3+x4)/2.

* Step 1. Apply Theorem 2.2 and use the arguments of Case 1. We find that k£§4)
is rational over k(x1, X2, X3, x4)54. It remains to show that k(x1, x5, X3, x4)54 is
k-rational.

e Step 2. Write m = Gal(k(v/—1)/k) = (p), where p(~/—1) = —+/—1. Extend the
actions of 7 and Sy on k(+~/—1) and k(xl,xz, X3,Xx4) to k(v/—1)(xq, x2,X3,X4)
by requiring that p(x;) = x; for 1 <i <4 and g(~/—1)=+—1forall g S4 It
follows that
(1, x2, x5, 50) 5 = (V1) (61, 62, x5, x0g) W} 0:)
= k(V=1)(x1, X2, X3, x4) @ 000),

Define y1, y2, y3, ya € k(¥ =1)(x1, X2, X3, X4) by
yi=~—-lx1+v—Ix2—x3+x4, Vo =—v—-Ix1+~vV—1x32+ x3+ x4,
y3=x1—xXa—~-lxz3—=~—=lxg, ya=x1+x2—-~V—-lx3+vV—Ix4.

Then
k(v —=1)(x1,x2,x3,X4) = k(V=1)(¥1, 2. V3, Y4)
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and the actions in (4-1) become

d oy (0 +2)/V2,
y3 > (03 +y4) /Y2,

y2 > (=y1 +12)/V2,
ya > (=y3 +4)/V2,

b : J’1'—>\/—_1y1, yzl—>—~/—_1y2,
V3= \/—_1y3, Y4 = —«/—_1)/4,
(4-2) c - yl,_>yl_—\/__1y2, yZHL\/—_lyz’
1++/~1 1++/~1
y3'_)J/3—~/—_1y4 y4'_>J/3+\/—_1J/4
14+ +/=1 14+ v=1
p i yi—v—=ly, y2 >~/ —=1ys,
V3= \/—_U/z, Y4 = _“/__U’l-

Note that the action of ' is given by

/

2
a 1>y =y, Vit Yab> —y3.

The reader might find interesting to compare the actions in (4-2) with those in
[Kang and Zhou 2012, Section 4]. It turns out that the formulae for b, a’ 2, c? are
completely the same as those for A, A,, ¢ in [Kang and Zhou 2012, Formula (4.3)].
As mentioned before, both the subgroups (b, d’ 2, c?) and (Aq, A,, o) are isomor-

phic to 24 (where IL = p~1(A4) in the notation of Section 3) as abstract groups.

e Step 3. Define zy = y1/y2, 22 = ¥3/ V4, 23 = ¥1/y3. By Theorem 2.1, we find
that

k(V=1)(r1. 2, 3. ya) 54T = k(V=1)(z1, 22, 23) (94) 547
= k( v _1)(21’22’23)(54,71)(20)’

where zg is fixed by the acti(lns of §4 and 7. There remains to show the k-ration-
ality of k(v/=1)(z1, 22, 23)54 ) is

Before we find k (v/—1)(z1, 22, z3) 5+ we will find k(v —1)(z1, 22, Z3)<b’“/2).
The method is the same as in Steps 3 and 4 in [Kang and Zhou 2012, Section 4].
We will write down the details for the convenience of the reader.

Define uy = Z]/Zz, Uy = Z1Zo2, U3 = Z3. Then

k(N=1)(z1,22,23) ) = k(V=1)(u1, uz, u3).

The action of a’* is given by

72

a’uy—>1/uy, uy>1/us, usz > uz/uy.
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Define

Uy —uj uy+uz ( 1)
Vp=——"—, UVp=———, vz=uz(l+—).
1—u1u2 1+M1M2

Then
k(V=1)(u1,uz, M3)(a/2) = k(v =1)(uy, uz, vs)wz) = k(v/=1)(v1, v2, v3)

by Theorem 2.3 (note that a’ 2(v3) = v3). In summary,
(V=) (1,22, 2) P9 = k(V=D) (w1, 13, v3).
e Step 4. The action of ¢ on vy, v;, v3 is given by
c:ivp>1/va, vav1/va, vz v3(vg )/ [va(1 + ).
Define X3 = v3(1 + vy +v3)/[(1 + v1)(1 + v3)]. Then ¢(X3) = X3 and
(V=D (1. v2,v3) = k(V=D (01, v2, X3).

Thus we may apply Theorem 2.4 (regarding vy, 1/vy, va/vy as x, y, z in its
statement). More precisely, define

— (33 L3 3 2,2y /(42 4t 2 2,3 2_ .3
X1 = (viv;y +v] +v; —3v7vy)/ (V] V5 + V5 + V] — V]V — VY — UV V2),

_ 4 4 2.2 42, 4, .2 2 3 2.3
X5 = (viv; +v1vp + ViV —307v5)/(ViVy + V5 + V] — ViV, —V1V; — V] V7).

By Theorem 2.4 we get k(~/—1)(v1, v2, X3)'¢ = k(vV/=1) (X1, X2, X3).
* Step 5. With the aid of computers, we find that the actions of @’ and p on X,
X», X3 are given by
2 A 7 X213 2 2
X—X1 X2+4X, X;i—X1Xo+ X5
> X2 . Xa> X ,
X2=X1 X+ X3 X2—X1 X+ X3

Cl,ZXll—)

X3 = X3,

1Y le X3I—>—2A/X3,

where A = g1g2g3_1 and

g1=0+X)*-Xa2(1 + X1) + X7,

g =(1+X)*—X{(1+X;) + X7,

G=1+X1+ X0+ X + X5 + X1 X,06X, Xo —2X7 —2X; +2) + X{ + X7

Note that p(g1) = g2/ (X7 — X1 Xo+ X7) and &/ (g1) = g1/ (X[} — X1 X2+ X3).
Define Y; :Xl/Xz, Y, =X, Y3 :X1X3/g1. We find that

d:Yi=Y), LY/ (Y(1-Y+YD), Y3 Yi.
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Thus
k(V=1)(X1, X2, X3)'9) = k(V=1)(Y1, Ya, Y3)'9) = k(V=1)(Z,, Z3, Z3),

where Z1 =Y, Z, =Y, +d/(Y2), Z3=17Y;.
» Step 6. Using computers, we find that the action of p is given by

p:Ziw 12y, ZyvwsZa)Zy, Zyw—2Z37[/(A'Z3),
where A’ is defined to be
—2Z34+Z\Zy+Z5+4Z; 272, Z5-2Z1+3Z7Z5+ Z1 2,22 25+ Z1 Z3.

Define Uy = Z,+p(Z3), Uy = v —=1(Z2—p(Z3)), Us = Z3+p(Z3) and Uy =
V=1(Z3 — p(Z3)). We see that k(vV—1)(Z1, Z5, Z3)\?) = k(Uy, U,, Us, Uy)
with a relation

Ui + U} +32(U +U;)/B =0,

where B = (U —3U7)* +4U; (UE —3U3) + 32U;.
Dividing this relation by 16(U12 + U22)2/Bz, we get

(BU3/(4U? +4U2))* + (BU, /(AU +4U2))* + 2B/ (U2 + U2) = 0.
Multiply this relation by U 12 + U22 and use the identity

(@® + B (> +6%) = (a8 + By)* + (ay — BS)*

to obtain the simplification

(4-3) Vi+Vi+2B=0,
where
U,U; + U,U. U Uy — UyU
y, = g3 T2t gy, e T s
4UE +4U7 AUZ +4U;

Note that k(Ul, U,,Us, U4) = K(U], U,, V3, V4)

Define wy = 8U; /(U —3U3), wy = 8U, /(U —3U3), w3 = V3/ (U =3U3),
Wy = V4/(U12 — 3U22) Then k(Uy,U,, V3, Vy) = k(wl,wz,wg,w4) and the
relation (4-3) becomes

w3 +w; +2+w; + w3 =0.

Hence wy € k(wy, w3, ws). Thus k(vV=1)(Z1, Z2, Z3)'P) = k(wy, w3, ws) is
k-rational.
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Case 3: ~/—2 € k but ~/—1 ¢ k. We use the 4-dimensional faithful representation
of S4 over k provided by (3-3). This representation provides an action of S4 on
k(x1,x7,x3,Xx4) given by

a o oxy e V=2(x1 —x2)/2, Xa > v/ =2(x1 +x2)/2,
X3 > v/=2(=x3—x4)/2, X4 > v/ =2(x3 = x4)/2,
b 1 x1 x4 —Xxq, Xy > —X3,
X3 = X»p,

¢ oxp (X —Xx2—Xx3—x4)/2, X2 (X1 + X2 +x3—2x4)/2,
X3t (X1 — X2+ x3+Xx4)/2, Xxab> (X1 +x23—x3+x4)/2.

The proof of this case is very similar to that of Case 2.

e Step 1. Apply Theorem 2.2. We see that k(§4) is rational over k(x1, x5, X3, x4)§4.
Hence the proof is reduced to proving that k(x1 X5, X3, X4)S4 is k-rational.

e Step 2. Write m = Gal(k(~/—1)/k) = (p), where p(+~/—1) = —+/—1. Extend
the actions of 7 and Sy to k(v/—1)(x1, x2, x3,x4) as in Step 2 of Case 2. We find
that

k(xl,xz,x3,x4)§4 = k(«/—_l)(xl,xz,X3,X4)("/’b’c’p).
Define 1, y2. 3. ya € k(v/=1)(x1, X2, X3, x4) by
Yy =—X1— x/_xz + x3 + «/_X4, V2 = x/—_lxl — X + \/—_1X3 — X4,
y3=x1—«/—_1xz+X3—«/—_1x4, y4=x/—_1x1+xz—\/—_IX3—
We get k(~/—1)(x1, X2, X3, X4) = k(v—1)(¥1, V2. ¥3. 4) and the actions are

d oy (=y1—02)/V2, a2 (1 —32)/ V2,
y3> (13 ya)/NV2. yar (=y3+ya)/V2,

b i oy ~—lyi, J/2'—>—«/—_1y2,
y3r—>x/—_1y3, —«/—_y4,
(4-4) ¢ - yl'_)yl—\/—_l)@’ N y1+x/_y2
1++/—1 TRV
y3'_>ﬂ’ Jab> y3+\/_y4
1++/—1 TV
p iy N—lys, y2 > —v/—1ys,
)/3'—>—\/—_1y2, y4|—>x/—_1y1.

Note that the action of a’? is

2
A7y i =1, Y3 pa> —ps.
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(Compare with (4-2) and (4-4).) The actions of a’ 2, b, ¢ in both cases are the same.
o Step 3. Define z; = y1/y2, z2 = ¥3/ 4,23 = y1/y3. Asin Step 3 of Case 2, it
suffices to prove that k(v/—1)(z1, 22, z3) 547} is k-rational.
Define uy, u,, us, vy, v3, V3, X1, X2, X3 by the same formulae as in Step 3 and
(b,a'*,c) _
Step 4 of Case 2. We find that k(~/—1)(z1, z2, 23)'??% ¢/ = k(v/—1)(X1, X3, X3).

* Step 4. The actions of @/, p on X7, X>, X3 are slightly different from Step 5 of
Case 2. In the present case, we have

d: X\ — X 7, Xk — X2 5 X3 —Xjs,
Xl —X1X2+X2 Xl —X1X2+X2
p X X X5 X X3 > —24/X;,

) 20 ) 20
X2 X, Xy + X X22X, Xy + X

where 4 = g1g2g3_1 and

g1=0+X)*-Xa2(1 + X1) + X7,

g =(1+X)* = X{(1+X;) + X7,

G=1+X1+ X0+ X + X5 + X1 X,06X, X, —2X7 —2X7 +2) + X + X7

Note that the action of p is the same as in Step 5 of Case 2.
Define Y1 = Xl/Xz, Y, =X,Y3= X1X3/g1. We get

d:Yi=Y, YLeY/(Hh(O-Y+Y}D), Y- -Yi.

Thus k(v=1) (X1, X2, X)) =k (V=D (1. 12, Y3)') =k(V=1)(Z1., Z5. Z5),
where Z, =Y1,Z, =Y, +a/(Y2), Z3=Y3(Y; —a/(Yz)).
e Step 5. Using computers, we find that the action of p is given by
p:Z1=>1/Zy, Zy—Zy/Zy, Z3—C/Zs,
where C is defined to be
2ZUAZI+Z3 -2\ Z3+ Z3Z3) /(1 = Z + Z?)
VAR YAVALVASRYAESYVAVAEIYAEKVAVAEVAVALIVAVAR YAV LS

Define Uy = Z,+p(Z3), Uy = v —=1(Z2—p(Z3)), Uy = Z3+p(Z3) and Uy =
V=1(Z3 — p(Z3)). We find that k(v/=1)(Z}. Z3. Z3)\P) = k(Uy, U,, Us, Uy)
with a relation

(4-5) U2+ U} =8(UE +U*(—16+ U} —3U3)/B(UE —3U3),

where B = (U} —3U37)* +4U (U} —3U3) + 32U;.
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Note that the above formula of B is identically the same as that in Step 6 of
Case 2. It remains to simplify the relation (4-5). Dividing both sides by (U 12 +
U22)2, we get

(Us/ (U2 + UD))? + (Us (U + UD)) =8(—16+ U2 —3U2)/ B(U2 — 3U2).

Divide both sides of the above identity by (2(U 12 — 3U22) /B)?. We get a relation

(4-6) VE+VE=2(1—-VE+3VH(1+V +2V5),
where " BU
Vi=_—— 1 2 V= 2 : 2 2’
U2 —3U] (U2 -3U2)(2U2 +2U2)
4U. BU.
Vo= - 7 Va= 2 : 2 N
U2 —3U] (U2 —3U2) (U2 +2U2)

Note that k(Uy, Uy, U3, Uy) = k(Vy, Vo, V3, Vy).

Define wy = 1/(1 + V1), wy = Vo/(1 + V1), w3 = V3/(1 + V1)?, wy =
Va/(1 4+ V)2, We get k(Vy, Vs, V3, Vy) = k(w;, wy, w3, ws) and the relation
(4-6) becomes

w% + wﬁ =2(—1+42w; + 3w%)(w1 + 2w§).

Divide the above identity by (wq + 2w§ 2. We get

(ws/(wy + 2w§))2 + (wa/(wy + 2w§))2 =2(—1 42w +3w3)/(w; +2w3).

Since 2(—1 42w + 3w§)/(w1 + 2u)§) is a “fractional linear transformation”
of wy and it belongs to k(w,, w3 /(wq + ng), wy/(wy + 2w§)), we find that wq
is in k(w,, w3 /(wy + 2w§), wya/(wy + 2w§)). Thus

k(wy, wa, w3, we) = k(wz, w3/ (wy +2w3), wa/(wy +2w3)).

We find that k(v—1)(Z;, Z, Z3)?) is k-rational.

Case 4: ~/—1 € k but +/2 ¢ k. This is similar to Cases 2 or 3, so the detailed
proof is omitted. In the case char k = 0, we may apply Plans’ result, Theorem 1.3.
O

5. Other double covers of S,

In this section we consider the rationality problem of G, which is a double cover
of the symmetric group and different from both §n and S,.

There are four double covers of the symmetric group S, when n > 4. The trivial
case is the split group S, x C,. The rationality problem of the group S, x C; is
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easy because we may apply Theorem 2.6. It remains to consider the non split cases:
they are Sj, Sy, and the group G, defined below.

Definition 5.1. For n > 3, consider the group G, such that the short exact sequence
1 —>{*+l}—> G,,iS,, — 1 is induced by the cup product &, Ue, € H*(Sy, {£1}),
(see, for example, [Serre 1984, page 654]) where ¢, : S, — {£1} is the signed
map, that is, e,(0) = —1 if and only if o € S is an odd permutation. Note that
the group G, is denoted by S, in [Plans 2009].

The group G, can be constructed explicitly as follows. Let
I 41— Cy = {1,210 2 (1) 1

be the short exact sequence defined by pg(+/—1) = —1. The group G, can be
realized as the pullback of the diagram

Sn
»Lb‘n
Co 2% 1£10.

Explicitly, as a subgroup of S, x Cy,
Gn = {(0, (V1)) € Sy x Cy : £2(0) = po(V=1)))}
= (Ay x{£1)U{(0, £V —1) € Sy x Cy:0 & A,}.

If k is a field with char k # 2, a faithful 2n-dimensional representation can be
defined as follows. Let X = (EBISiSn k -xl-) f23) (@lsisn k- yi) and let G, act on
X by, for1 <i <n,

t . Xib>—Xi, Yi > —Ji,
(5-1) T 1OXi X)) Vi = Vo—l16(i)>
0 1 Xjb> Y —Xx,

where t = (1,—1) € G, C Sy x Cy, T € A, and 7 is identified with (z, 1) € Gy,
o=(1,2)e S, and o = (0, v/—1) € Gp..

The next result was proved in [Plans 2009, Theorem 14(b)] under the assump-
tions that char k = 0 and ~/—1 € k. Our proof is different from Plans’ even in the
situation when chark = 0.

Theorem 5.2. Assume that k is a field that satisfies:
(i) Either chark = 0 or chark = p > 0 with p } 2n.
(i) vV—1e€k.

Then k(Gy) is k-rational for n > 3.
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Proof. The reader will find that (i) the assumption char k # 2 is used throughout
the proof; (ii) the assumption chark } n is used in Step 2; (iii) the assumption
~/—1 € k is used in Step 3.

e Step 1. Apply Theorem 2.2. We find that k(G,) is rational over
k(xi yi:1<i <)%,
where G, acts on the rational function field k(x;, y; : 1 <i <n) by (5-1).

o Step 2. Define ug = ) | <;j<, Xi» Vo = )_1<j<n Vi and u; = x;/ug, vi = yi/vo
for 1 <i <n. Note that k(x;,y; : 1 <i <n) =k(uj,vj : 0 < j < n) with the
relations ) ;< Ui = ) <;j<, Vi = 1. The action of Gy is given by

I . Uy —ug, Vo > —Vo, Ui = uj, Vi = Vg,
T . UgtH> U, Vg = Vg, Ui = U@y, Vi = Vg—l14(5)>
O . UyH> Vo> —Vg, Uj+> Vi Uj,

where 1 <i <n and ¢, t, ¢ are defined in (5-1).
Define wq = ugvg, wy = ug/vg. Then

ke(uj,vj:0< j <m" =k(ui,vi 11 <i <n)(wy,wy).

Note that t(w;) = w; for 1 <i <2, 6(wy) = —wy, o(wy) = —1/w,. By
Theorem 2.1,

Je(ui, vi s 1 <i <n)(wy, wp) /) = ke(ui, vi 01 <i < n)(wy) /O (w)

for some w’ fixed by the action of G, /(t). Moreover, we may identify G, /(t) with
Sy and identify & (modulo (¢)) with o.
Define U; = u; —(1/n), Vi =v; — (1/n) for 1 <i <n. We find that

> 6= 3 i
1<i<n 1<i<n

and the action of S, on k(U;, V; : 1 <i < n) becomes linear. We will consider
k(U;, Vi : 1 <i <n)(w,)5". The action of S, is given by

T Ul = U‘[(i)7 I/l = Vg_lro'(i)7 Wy = Wy,

5-2
62 Ui Vi Up. g+ 1wy,
where 1 <i <n,tr€Ady,0=(1,2)and ) ,.;,Ui=> <<, Vi=0.

e Step 3. Since v/ —1 € k, define w = (vV—1 —wy)/(v—1 + wy). We find that
7(w) = w for t € A, and o(w) = —w. Apply Theorem 2.1. We find that

k(ui,vi:1<i <n)(wy)>" =k(U;, Vi :1<i<n)>w")

for some w” fixed by the action of Sj,.
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It remains to show that k(U;, V; : 1 <i < n)S" is k-rational. The following
proof of this fact is due to the referee.
Define WijE = U; £ V4(;). Itis easy to verify that for ‘E(VVi:t) = erl.) for T € Ay;
and that for 0 = (1, 2), O‘(I/Vl-+) = W:Ei) and o (W;7) = —WU_(i).
Define subspaces W and W/ by W =3, ;- k- W,  and W' =3, ;. k- W,
Note that
Y kU ) kVi=WeWw.

1<i=<n 1<i=<n

Moreover, W is the standard representation of Sy, that is, W ~ ZISiSH k - s; with
Y i<i<nSi =0and A(s;) = sy forall A € Sy, forall 1 <i <n. On the other hand,
W’ is the representation space of the tensor product of the standard representation
and the linear character ¢, : S, — {£1}.

o Step 4. Apply Theorem 2.2 to k(U;, V; 1 1 <i < n)Sn. We find that

kUi, Vit 1<i <n)Sn=k(WeW)St = k(W 1<i <n—D5(t1, ... . ty-1),
where each ¢#; is fixed by S;,. Obviously the field k(WiJr 1<i<n—1)7%is
k-rational, whence the result. O

In the following theorem the assumption ~/—1 € k from Theorem 5.2 will be
dropped. The first part of the following theorem was proved by Plans [2009, The-
orem 14 (b)]; there he assumed that char k = 0.

Theorem 5.3. (1) If k is a field with char k # 2 or 3, then k(G3) is k-rational.

(2) If k is a field with char k # 2, then k(G4) is k-rational. Moreover, if chark =
0, then k(Gs) is also k-rational.

Proof. Case 1: n = 3. By Step 2 in the proof of Theorem 5.2, it suffices to
consider k(U;, Vi 1 1 <i <3)(w;,)53, where Y 1<i<3Ui=21<i<3 Vi=0. Define
7 =(1,2,3) € S3. The actions are given by

‘L’IU]I—>U2I—>—U1—U2, Vz&—)VlH—Vl—Vz,
O'ZU1<—>V1, U2<—>V2.

Define w3 = U1/ V,, wy = Uy / Vi, ws = Vi / V,. It follows that
kUi, Vi1 =i =3)(w2)> =k(wj:2=< j <5)(V1)S =k(wj :2= j < 5)% (wo)

for some wg by Theorem 2.1.
It remains to show that k(w; : 2 < j < 5)S3 is k-rational. Note that

Tiwy > wy, w3 > wg > (Wi +waws)/ (1 + ws),

o:wyt>—1/wy, w3t 1/wg, wat>1/wz, wst—> ws/(waws).
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Define wg = (w3 + waws)/(1 + ws). Note that k(ws, wy, ws) = k(ws, we, we)
and
T:W3k> Wyt W w3 and o :wg 1/wg.
Define w7 = (1—w3)/(1+w3), wg = (1—wq) /(1+wy), we = (1—ws) /(1 +ws).

Then k(LU3, Wy, U)6) = k(U)7, wg, UJ9) and

T.W7H Wg = We = Wy,

0:w7H —Wwg, Wghk>—W7, Wy —Wy.

By Theorem 2.4 we find that k(w;, w3, wq, ws){T = k(wy, X1, X», X3), where
X1 = w7 + wg + wg and

v w3ws + wiwe + wiws — 3wrwswo
2: 9
w% + w§ + wg —W7Wg — W7 W9 — WgWyg

v wrwg + wgwy + wow3 — 3wswswo
3 =

w%+w§+w§—w7wg—w7wg—w8w9
Moreover, the action of ¢ is given by
o:wy>—1/wy, Xi—-X1, Xob—X;3, X3 -—-X,.

Apply Theorem 2.2. We find that k (w,, X1, X2, X3)'%) = k(w;){9)(Y;, Y3, Y3)

for some Yi, Y,, Y3 fixed by o. Since k(wz)("> is k-rational, it follows that
k(wy, X1, X, X3)<") is k-rational.
Case 2: n = 4. Once again we use Step 2 in the proof of Theorem 5.2. It suffices
to consider k(U;, V; 1 1 <i < 4)(w,)54, where Doi<i<aUi=D1<i<a Vi=0. Set
At =(1,2)(3,4), 22 = (1,3)(2,4), p=(1,2,3) and 0 = (1, 2) as before. Then
S4 is generated by A1, A, p and 0.

Definety =U; 4+ Uy, tp, =Vi+ Vo, t3 =U 1+ Uz, t4 = Vo + V3,15 =U, + Us
and t¢ = V7 4 V3. The action of Sy is given by

Al 1, ty 1o, t30> —t3, 4> —tg, Il5+>—t5, tg> —Ilg,
M iti>—t], bLt>—l, 313, ty > g, ts > —ts, tg > —lg,
pili>is—>3=>1, Lt lg>li—1),

Ol <1, 31, [4<15.

It follows that k(7 : 1 <i < 6)(wy)<*142> = k(T; : 1 <i < 6)(w,), where
Ty = ti/ta, Tr = t3/14, T3 = t5/t6, Ty = tatg/ta, T5s = tatg/t2, Te = t2ts/ts.
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Moreover, the actions of p and ¢ are given by

,OCTll—>T3l—>T2|—>T1, T4l—>T5l—>T6l—>T4,
GIT1|—>1/T1, T2|—>1/T3, T3l—>1/T2,
Ty (T 12/ T3)Ts, Ts— (IxT3/T1)Ts, Ter> (T113/T2)T4.

By Theorem 2.2, it suffices to show that k(7 : 1 <i <3)(w,)~"?~ is k-rational.
Define w3 = (1-T1)/(1+T1), wa=(1-T2)/(1 + T2), ws =(1—T3)/(1 + T3).
Then we find

0 Wy > Wy, W3 k> Ws > Wy > W3,

0wy —1/wy, w3 —ws3, Wat>—ws, Ws5H>—Wy.

Use Theorem 2.4 to find that k(7; : 1 <i < 3)(w,)~P~. The remaining part of the
proof is very similar to the last part of Case 1. The details are omitted.

Case 3: n = 5. By [Plans 2009, Theorem 11], k(G's) is rational over k(Gy4). Since
k(Gy) is k-rational by Case 2, we are done. O
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