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Let F be a nonarchimedean locally compact field of residual characteris-
tic p, let G be a connected reductive F-group, and let K be a special para-
horic subgroup of G(F). We choose a parabolic F-subgroup P of G with
Levi decomposition P = MN in good position with respect to K. Let C be an
algebraically closed field of characteristic p, and V an irreducible smooth
C-representation of K. We investigate the natural intertwiner from the com-
pact induced representation c-Indg(F) V to the parabolic induced represen-
tation Indﬁfg (c-Ind%EQn « Vank). Under a regularity condition on V,
we show that the intertwiner becomes an isomorphism after localization at
a specific Hecke operator. When F has characteristic 0, G is F-split and K
is hyperspecial, the result was essentially proved by Herzig. We define the
notion of K -supersingularity for an irreducible smooth C-representation of
G (F) which extends Herzig’s definition for admissible irreducible represen-
tations and we give a list of irreducible representations which are neither
supercuspidal nor K-supersingular.
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1. Introduction

Let F be a nonarchimedean locally compact field of residual characteristic p, let
G be a reductive connected F-group, and let C be an algebraically closed field
of characteristic p. We are interested in smooth admissible C-representations of
G (F). Two induction techniques are available: compact induction c- Ind%“ from
a compact open subgroup K of G(F) and parabolic induction In ﬁ) from a
parabolic subgroup P (F) with Levi decomposition P(F) = M(F)N (F ) Here we
want to investigate the interaction between the two inductions.
More specifically, assume that G(F) = P(F)K and

P(F) NK=WM((F)NK)(N(F)NK).

We construct (Definition 2.1), for any finite-dimensional smooth C-representation
V of K, a canonical intertwiner

G(F G(F M(F)
Iy :c-Indy By IndPEF; (C IndMEF)mK VN(F)mK)

where Vi (r)nk stands for the N (F) N K-coinvariants in V, and a canonical algebra
homomorphism

S H(G(F), K, V)= H(M(F), M(F)NK, VN(r)nk )

where, as in [Henniart and Vigneras 2011], the Hecke algebra #(G(F), K, V) is
Endg(r) c—Indg(F) V seen as an algebra of double cosets of K in G, and similarly

for
H(M(F), M(F)NK, VNF)nk)-

By construction,

(Iv(@(f))(g) =F (@) (Iv(f)(2)),
for f € c-nd§" vV, ® € #(G(F), K, V), g € G(F).
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Let V* be the contragredient representation of V. We constructed in [Henniart
and Vigneras 2011] a Satake homomorphism

S HG(F),K,V*) — %(M(F), M(F)NK, (V*)N(F)OK).

Here we show that ¥’ and & are related by a natural anti-isomorphism of Hecke
algebras (Proposition 2.3).

We study Iy further in the particular case where K is a special parahoric subgroup
and V is irreducible. Such a V is trivial on the pro-p-radical K, of K. The
quotient K /K is the group of k-points of a connected reductive k-group Gy,
so that we can use the theory of finite reductive groups in natural characteristic.
We write K /K, = G (k). The image of P(F)N K = Py in G (k) is the group of
k-points of a parabolic subgroup of G. We write Py/PyN K, = P(k), and we
use similar notations for M and N, for the opposite parabolic subgroup P = MN
(Section 4A), and for a minimal parabolic F-subgroup B of G contained in P, of
Levi decomposition B = ZU.

We say that V is P-regular when the stabilizer Py (k) in G (k) of the line VU ®
is contained in P (k) (this does not depend on the choice of B). An equivalent
definition is that, for # € K which does not belong to Py Py, the kernel of the
quotient map V — Vi) contains 2V™® (Definition 3.6 and Corollary 3.19).

We choose a maximal F-split torus S in M such that K stabilizes a special vertex
in the apartment of G (F) associated to S. We choose an element s € S(F’) which is
central in M (F) and strictly N-positive, in the sense that conjugation by s strictly
contracts the compact subgroups of N (F'). There is a unique Hecke operator Ty in
(M (F), Mo, V) with support in Mos and value at s the identity morphism of
V). We prove (Proposition 4.5):

Proposition 1.1. The map &' is a localization at Ty.
This means that ¥ is injective, that Tj; belongs to the image of ¥’ and is central
and invertible in %(M (F), My, VN(k)), and that
W(M(F), Mo, Vvw) =¥ (3(G(F), K, V))IT,,'1.

This is a consequence of the analogous property of & proved in [Henniart and
Vigneras 2011].

In this particular case, following a suggestion of Abe, we show that [y is injective.
We introduce the localization ® of Iy at Tjs. As Iy is injective, its localization ®
is injective. Our main theorem is this:

Theorem 1.2 (Theorem 4.6). The map
©: (M (F). Mo, Vi) ®3G (). k.vy.e-Indg "V — Ind 35 (c-Ind ) 4 Vi)

is bijective if V is P-regular:
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The special case when F' has characteristic 0, G is F-split, and K is hyperspecial
was proved in [Herzig 2011] (see also [Abe 2011]). In this case the Hecke algebras
are commutative.

Writing Z (V) for the center of #(G(F), K, V) and %y (Vy)) for the center
of %(M (F), M(F)NK, VN(k)), the theorem implies by specialization:

Corollary 1.3. If V is P-regular, for any right % M (Vn))-module x, the represen-
tations of G(F)
G(F G(F M(F
X ®%G(V),9” C-IndK( ) V  and IndPEF% (X ®G$M(VN(k)) C_IndMEF;ﬂK VN(k))
are isomorphic.

To prove the theorem, we follow the method of Herzig and decompose Iy as the
composite Iy = ¢ o & of two G (F)-equivariant maps: the natural inclusion & of
c—Indg(F) V in c—Indg(F) (C-Indggllg V() and the natural map

G(F Gk G(F M(F
e :c—IndK( )(C-IndPEkg VN(k)) — IndPEF; (c-IndMEF;nK VN(k)),
associated to the quotient map c—Indggg VN — Vv (see (2) below). We write
% for the parahoric subgroup inverse image of P (k) in K and Ty for the Hecke
operator in (G (F), P, Vnx)) with support Ps? and value at s the identity of
V). With no regularity assumption on V, we prove

KOT@=TMO§'.

Seeing c—Indg(F) (C—Indggllg V) = c—Indg(F) VN and Indgg; (c—Ind%Egﬂ K VN(k))
as C[T ]-modules via T3 and T}y, the map ¢ is C[T ]-linear, and using Corollary 6.5

we prove:
Theorem 1.4. The localization at T of ¢ is an isomorphism.

To study &, we consider the Hecke operator 7 in #(G (F), K, V) with support
KsK and value at s the natural projector V — VN®  and the Hecke operator Tg ¢
from c—Indg(F) VN to c—Indg(F) V with support Ks% and value at s given by
the natural isomorphism Vi, — V¥® . With no regularity assumption on V, we
prove

Tk go& =Tg.

Assuming that V is P-regular, we prove
§oTk o =Ty,
S (Tg) =Tu.

Seeing c—Indg(F) V as a C[T]-module via Tg = (¥') "1 (Ty), the map & is C[T]-
linear and:
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Theorem 1.5. The localization at T of & is an isomorphism when V is P-regular.
These two theorems imply that ® is an isomorphism when V is P-regular.
Following Herzig and Abe, we define the notion of K -supersingularity.

Definition 1.6. We say that an irreducible smooth C-representation w of G(F) is
K -supersingular when

H(M(F), Mo, V) @G (F).k,v).9 Homgr) (c-Indi(F) V,r)=0

for any irreducible smooth C-representation V of K and any standard Levi subgroup
M #£G.

If 7 is a smooth irreducible C-representation of G(F), we say that 7 is super-
cuspidal if 7 is not a subquotient of a proper parabolically induced representation
Indggg 7, P # G, from an irreducible smooth C-representation 7. Note that for
an admissible 7, our requirement for supercuspidality is stronger than the one
used in [Herzig 2011, Definition 9.12]: he only asks that 7 not be a subquotient
of a proper parabolically induced representation from an irreducible admissible
C-representation. In their context and with Herzig’s definition, Herzig and Abe
[Abe 2011, Corollary 5.10] show that, for admissible 7, K-supersingularity is
equivalent to supercuspidality. We expect that the same is true, for admissible 7, in
our more general context and with our definition. Here are the partial results we
have in that direction:

Theorem 1.7. Let w be an irreducible smooth C-representation of G (F).

i. If w is isomorphic to a subrepresentation or is an admissible quotient of
nd$S'5) © as above, then t is not K -supersingular.
p(F) T as above, then 1 is not K -supersingular.

ii. If  is admissible and
(1) FE(M(F), Mo, V) ®uG(F) k,v),9 Homg(r) (c—Indﬁ(” V,m)#0

for some Q-regular irreducible subrepresentation V of 7| g and some standard
parabolic subgroups P = MN C Q = LN’ # G, then m is a quotient of
Indg((g T for an admissible irreducible smooth C-representation t of L(F).

2. Generalities on the Satake homomorphisms

In this chapter we give a functorial construction of Herzig’s Satake transform &’
in a rather general situation. Let C be a field, G a locally profinite group, K
an open subgroup of G, and P a closed subgroup of G satisfying the “Iwasawa
decomposition” G = K P. We choose a smooth C[K]-module V. As in [Henniart
and Vigneras 2011], we assume that P is the semidirect product of a closed normal
subgroup N and of a closed subgroup M, and that K N P is the semidirect product
of NN K by M N K. We also impose:
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A1) Each double coset KgK in G is the union of a finite number of cosets K g’
and the union of a finite number of cosets g” K (the first condition for g is
equivalent to the second for g~ !).

A2) V is a finite-dimensional C-vector space.

The smooth C[K]-module V gives rise to a compactly induced representation
c—Indg V and a smooth C[P]-module W gives rise to the full smooth induced
representation Ind§ W. We consider the space of intertwiners

$ :=Homg (c-Ind% V, Ind§ W).

By Frobenius reciprocity for compact induction (as K is open in G), the C-module
$ is canonically isomorphic to HomK(V, Resg Indg W); to an intertwiner / we
associate the function v — I[1, v]g, where [1, v]g is the function in c—Indg V with
support K and value v at 1. By the Iwasawa decomposition and the hypothesis that K
is open in G, we get by restricting functions to K an isomorphism of C[K ]-modules
from Res§ Ind$ W onto Ind% -, (Resb . W). Using now Frobenius reciprocity for
the full smooth induction Ind% ., from P N K to K, we finally get a canonical
C-linear isomorphism

$ >~ Hompng (V, W)

(we now omit mentioning the obvious restriction functors in the notation); this map
associates to an intertwiner I the function v — (I[1, v]g)(1).

We could have proceeded differently, first applying Frobenius reciprocity to
Indg W, getting $ >~ Homp (C—Indg v, W), then identifying Resg c—Indg V with
c—Ind,f;m x V., and finally applying Frobenius reciprocity to c—Ind’;m x V. In this
way we also obtain an isomorphism of $ onto Hompnx (V, W), which is readily
checked to be the same as the preceding one.

Assume also that W is a smooth C[M ]-module, seen as a smooth C[P]-module
by inflation. Then Indg W is the parabolic induction of W, and Hompng (V, W)
identifies with Hompynx (Vnnk, W), where Vyni is the space of coinvariants of
NNK in V. With that identification, an intertwiner / is sent to the map from Vynx
to W sending the image v of v € V in Vyng to (I[1, v]g)(1). By Frobenius reci-
procity again, Homy;ng (Vynk, W) is isomorphic to Homy, (c—Ind%nK Vnnk, W),
so overall we obtain an isomorphism

(2) Jj:%=Homg (C—Indg V, Ind$ W) — Homy (c—Ind%nK Vg, W),

which associates to I € $ the C[M]-linear map sending [1, v]ynx to (I[1, v]x)(1).
The reciprocal isomorphism sends I’ € Homy, (C—Ind%m x VNOK, W) to the element
in Homg (c—Indg V, Ind§ W) which, for v € V, sends [1, v]k to the unique function
with value I'([1, kv]ynk) atk € K.
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For W = c—Ind%n x Vnnk, the isomorphism j is written jy:
jv : Homg (c-Ind§ V, Ind§ (c-Ind}y{x Vnnk)) — Endy (c-Indyfrx Vink).

Definition 2.1. We define Iy in Homg (c-Ind{ V, Ind§ (c-Ind}j~x Vink)) such
that jy (Iy) is the unit element of Endy, (c—Ind%m x VNN K). The intertwiner Iy is
determined by the condition

3) (Iv[1, vlg)(D) =1, vlmnk
forallveV.
The isomorphism j is natural in V and W. The functor
Fy : W Homg (c-Ind§ V, Ind§ W)

from the category of smooth C[M ]-modules to the category of sets is representable
by c-Ind)x Vnnk. Let now V' be another finite-dimensional smooth C[K]-
module. Any G-intertwiner

b:c-Ind$ V — c-Ind§ v/

gives a morphism of functors &y — %y . By the representability of %y and Fy,
there is then a unique C[M ]-morphism

&' (b) : c-Indyf g Vg — c-Indyfrx Ving

such that the diagram

Homg (c-Ind§ V', Ind§ W) . Homy (c-Ind}jrx Viaks W)
4) I’r—)I’obl I’Hl’off’(b)l
Homg (c-Ind§ V, Ind§ W) —— Homy (c-Ind}jx Vnk, W)
is commutative for all smooth C[M]-modules W (the horizontal maps are the

canonical isomorphisms constructed above, and the vertical maps are given by
composition with b or with #'(b)). Taking W = c-Ind}} x Vvrx, we get

(&) F'(b) = jly ob),

when Vyng = Vz(/m x as arepresentation of MNK. If V' is a third finite-dimensional
smooth C[K ]-module and

b :c-nd§ V' — c-Ind$ V"
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is a G-intertwiner, then b’ o b : c-Ind% V — c-Ind§ V” is a G-intertwiner and we
have obviously

(6) S ob)y=F(b")oF (b).
Taking V = V' = V", we get an algebra homomorphism
¢ :Endg(c-Ind§ V) — Endy (c-Ind})jx Vivok)

such that
job)=j(I)o¥ (b)

for I in Homg (c—Indg Vv, Indg W).
By the naturality of j in W, for any homomorphism « : W' — W of smooth
C[M]-modules, we have a commutative diagram

Homg (c-Ind§ V, Tnd§ W’) —> Homy (c-Ind¥ x Vi, W')

llnd(a) la

Homg (c-Ind§ V, Ind§ W) — Homyy (c-Ind}f ¢ Vv, W)

for any V. For W = W', we obtain j((Indg a)o I) =ao j(I) for o € Endy (W).
We have
j(nd§ a)oly) =«

for all o in Homy, (C—Ind%m{ VNAk s W). For W = W' = c—Ind%ﬂK VNnk, We
deduce
Iy ob = (Ind§ ¥ (b)) o Iy

for b € Endg (c—Indg V), by applying j,, Yo (5).

We now want to interpret the previous results in terms of actions of Hecke
algebras. By Frobenius reciprocity, Homg (c-Indg v, c—Indg V’) identifies with
HomK(V, Resg c-Indg V’), as a C-module; to a G-intertwiner b we associate the
map v — b, := b([1, v]g). From such a b, we get a map

®,: G — Home(V, V'), g (vi> by(g)).

Thus we identify Homg (c-Ind§ V, c-Ind§ V') with the space #(G, K, V, V') of
functions ® from G to Hom¢(V, V') such that:

(1) ®k'gk) =k'o®(g)ok fork, k' in K, g in G, where we have written k, k" for
the endomorphisms v + kv, v’ > k’v’ of V and of V’;

(i) The support of @ is a finite union of double cosets KgK.
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The natural map (G, K, V, V') x c-Ind§ V — c-Ind§ V' is given by convolu-
tion

@xf)(@)= Y OM(f(h'g)= Y D(gh )(fh).

heG/K hek\G

The composition
H(G, K,V ,VYXH(G,K,V,V')—> HG,K,V, V"

corresponding to the composition of intertwiners is given by convolution

(@xW)(g)= Y PMW(Hh 'g)= Y d(gh HW(h)

heG/K heK\G

(the term & (h)W(h~'g)(v) vanishes, for fixed g € G and v € V, outside finitely
many cosets K £, so that the sum makes sense). The map

Homg (c-Ind§ V, c-Ind§ V') — Homy (c-Ind}f g Vvnk, c-Indngx Vi)
taking b to ¥'(b) translates into a map
I HG,K,V, V)= HM,MNK, Vyak, Virg)-
The next proposition shows that our definition of &’ is equivalent to Herzig’s.
Proposition 2.2. The homomorphism
S H(G,K,V,V)—> #(M,MNK, VN, Vink)
is given by

F@)m@) = > dmm)v) formeMveV,
ne(NNK)\N

where bars indicate the image in Vyng of elements in V and similarly for V'.

Proof. Let b € Homg (C—Indg v, C—Indg V’) and ®, € #(G, K, V, V') correspond-
ing to b. We have, by (5),

F'(®p) = Pyrp) = Pjj(110h)-
Forge G,veV,me M, we have ®,(g)(v) = b([1, v]g)(g) in V' and
F'(@p)(m)(@) = (j Uy 0 b)) ([1, Vlunk) (m) = ((Iyr 0 b)([1, v1g)(1)) (m)
in V- Using the Iwasawa decomposition, we write in c-Ind§ V

b([1,vlk) =Y h7'1, @p(h)(0)]k
h

for h running over a system of representatives of (P N K)\ P.
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We compute now the element Iy (h~'[1, ®,(h)(v)1x)(1) of c-Ind}jx Viing-
As Iy is G-equivariant, we have in Ind§ (c-Ind}j~x Vyng)

Iy (h™'[1, @ (W) )1k ) = b~ Ty ([1, @p(h) (v)]k).
Taking the value at the unit element 1 of G, we obtain
(R Iy (I1, @5 (h)(0)1x)) (1) = Iy ([1, @p(R)(0)]k ) (")
=h~(Iv([1, @(h) ()])(D)).
Recalling (3), this is equal to
h=' 1, (R (W) mnk = my-1[1, @p(R) (W) 1k = my, ' [1, @p(h) ()] unk »
where m, is the image of 4 in M. We deduce

(Iy o b)([1, vlg)(1) = Zmljl[l, @5, (h) (V) Imnk -
h

For m in a system of representatives of (M N K)\M, and n in a system of repre-
sentatives of (N N K)\N, the elements nm form a system of representatives of
(PN K)\P. We obtain

Uyob)(L vl = > m [, walunk,

me(MNK)\M

Wy = Z ®,(nm) (v). O

ne(NNK)\N
In [Henniart and Vigneras 2011] we constructed a Satake homomorphism
S:H(G, K, V, V)= HM, MNK, VNE yNOKy,
F@)(m@)= Y D(mn)(),

neN/(NNK)

for v e VN™K To compare &’ with & we need to take the dual. Remark that K acts
on the dual space V* = Hom¢(V, C) of V via the contragredient representation,
and that the dual of V* is isomorphic to V by our finiteness hypothesis on V. It is
straightforward to verify that the map

CH(GL K,V VE) = (G, KV, V), u(@)(9) = (@),
where the upper index ¢ indicates the transpose, is a C-isomorphism, and satisfies
(D W) = (V) *1(D)

for ® € #(G, K, V'™*,V*), W e #(G, K, V"™*, V™).
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The linear forms on V which are (N N K)-fixed identify with the linear forms

on Vynk, VK
(Vnng)* o= (VHNDE

and similarly for V'’ and V”. This leads to a natural C-linear isomorphism
e WM, MNK, (VHNK (vHNOE) S og9e¢(M, MO K, Vivak, Vik)-

The following proposition describes the relation between the Satake homomor-
phisms & attached to V"*, V* and ¥ attached to V, V'.

Proposition 2.3. The following diagram is commutative:

(G, K, V'™, V¥ _J %(M, MNK, (V*NOK, (V*)Nm{)

L LML

H(G. K, V., V') —L—=%(M, MO K, Vyng, Virg)-

Proof. For ® e #(G, K, V'*, V*), m € M and v € V of image v in Vyng, we have:
((tpr 0 NP (m) (V) = (Ef(@)(m_]))t(i)
= Z (@(m*ln))t(v)

neN/(NNK)

= > (®mmhH) ©

ne(NNK)\N

= Y (@®mm@) =(on®)m®). O
ne(NNK)\N

By this proposition, the Satake map & is injective if and only if the map ¥’ is
injective because the maps ¢ and ¢, are isomorphisms.

Proposition 2.4. Let V be a finite-dimensional smooth C-representation of K.
If the homomorphisms &' : #(G, K, V', V) — %(M, MNOK, Viqg VN(]K) are
injective for all irreducible C-smooth representations V' of K, then the intertwiner

Iy : ¢-Ind§ V — Ind$ (c-Ind}) 4 Vivnk)
is injective.
Proof. Assume that Iy is not injective. Then the kernel of Iy is a nonzero subrepre-

sentation of c—Indg V, and contains an irreducible smooth C[K ]-representation V'.
By Frobenius reciprocity, we get a nonzero intertwiner

b € Homg (c-Ind§ V', c-Ind% V)
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such that Iy o b = 0. By assumption, the map
S HG, K, V., V)—> H(M, MNK, Vg, Vink)
is injective. By the relation (5), this means that the map
Homg (c-Ind% V', c-Ind§ V) — Homy (c-Ind}j g Vink c-Ind}ix Vvnk)
taking b to j(Iy o b) is injective, which gives a contradiction. U

This criterion for the injectivity of Iy was communicated to us by Noriyuki Abe.

3. Representations of G (k)

Let C be an algebraically closed field of positive characteristic p, let k be a finite
field of the same characteristic p and of cardinality ¢, and let G be a connected
reductive group over k. We fix a minimal parabolic k-subgroup B of G with
unipotent radical U and maximal k-subtorus 7. Let S be the maximal k-split
subtorus of 7', let W = W = W(S, G) be the Weyl group, let & = & be the
roots of S with respect to U (called positive), and let A C & be the subset of
simple roots. For a € ®, let U, be the unipotent subgroup denoted in [Bruhat and
Tits 1984, 5.1] by U(,. A parabolic k-subgroup P of G containing B is called
standard, and has a unique Levi decomposition P = MN with Levi subgroup M
(called standard) containing 7. The standard parabolic subgroup P = MU = UM
is determined by M. There exists a unique subset A C A such that M is generated
by T, U,, U_, for a in the subset ®,; of ® generated by A,,. This determines a
bijection between the subsets of A and the standard parabolic k-subgroups of G.

Let B = TU be the opposite of B =TU, and P = MN the opposite of P. We
have B = woBwgy ! where wo = Wy Uis the longest element of W. The roots of S
with respect to U, that is, the positive roots for U, are the negative roots for U. The
simple roots for U are the roots —a for a € A.

Fora € A, let G, x C G(k) be the subgroup generated by the unipotent subgroups
Uy(k) and U_,(k), and let T,  := G4, N T (k).

Definition 3.1. Let v : T (k) — C* be a C-character of T (k). We denote by
Ay ={aeA|Y(Tex) =1}
the set of simple roots a such that v is trivial on 7, .

Example 3.2. G =GL(n) and S is the diagonal group. Then 7 = S and the groups
T, for a € A are the subgroups 7; C T for 1 <i <n — 1, with coefficients x; = xij:1
and x; = 1 otherwise. When k = [, is the field with 2 elements, T (k) is the trivial

group.
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Let V be an irreducible C-representation of G (k). When P = MN is a standard
parabolic subgroup of G, we recall that the natural action of M (k) on VN® ig
irreducible [Cabanes and Enguehard 2004, Theorem 6.12]. In particular, taking
the Borel subgroup B = TU, the dimension of the vector space VU® is 1 and the
group T (k) acts on VU ® by a character iy .

Proposition 3.3. The stabilizer in G (k) of the line vU® is Py (k), where Py =
My Ny is a standard parabolic subgroup of G associated to a subset Ay C Ay, .

Proof. The stabilizer of VY® contains B(k), and hence is of the form Py (k) for
a standard parabolic subgroup Py of G associated to the set Ay of simple roots
a € A such that U_, (k) acts trivially on VY®_ When U_, (k) acts trivially on
VU® 5o does G,k by definition of this group, implying that a belongs to Ay,
by definition of this set. ([

Corollary 3.4. The dimension of V is 1 if and only if Py = G.

Proof. If the dimension of V is 1, then V = vU® and Py = G. Conversely, if
Py = G, the line VY® is stable by G (k), and hence is equal to V because V is
irreducible. ]

Corollary 3.5. When P = MN is a standard parabolic subgroup of G, the dimen-
sion of VN is equal to 1 if and only if P C Py.

The group Py measures the irregularity of V. A 1-dimensional representation V
is as little regular as possible (Py = G), and in general V is as regular as possible
when Py = B.

Definition 3.6. Let P be any parabolic k-subgroup of G. We say that V is P-
regular when the stabilizer in G (k) of the line VvU® is contained in P (k), where
U is the unipotent radical of a minimal parabolic k-subgroup of G contained in P.

The definition depends only on P and not on the choice of U. The reason is that
for a parabolic k-subgroup P’ C P of G and g € G(k), we have gP'g~! C P if
and only if g € P (k). As in the proof of [Borel and Tits 1965, Proposition 4.4 a)],
the inclusion P’ C g~!PgN P implies g~' Pg = P, and g € P (k) because P is
equal to its own normalizer and is conjugate to a unique k-subgroup containing P’.

We recall the classification of the irreducible C-representations V of G (k).

Theorem 3.7. The isomorphism class of V is characterized by Yy and Ay C Ay,,.
For each C-character  of T (k) and each subset J C Ay, there exists a C-irre-
ducible representation V of G (k) such that Yy =¥, Ay = J.

Proof. [Curtis 1970, Theorem 5.7]. O

Definition 3.8. (v, Ay) are called the standard parameters of V.
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Example 3.9. The irreducible representations V with ¥y = 1 are classified by
the subsets of A. They are sometimes called the special representations or the
generalized Steinberg representations. We denote by Spp the representation such
that Ay = Ay for a standard parabolic group P = MN. The representation Sp; is
the trivial character and Spj is the classical Steinberg representation.

Let P = MN be a standard parabolic k-subgroup of G. For V an irreducible
C-representation of G (k) with standard parameters (v, Ay), the C-representation
VN® of M (k) is irreducible of standard parameters (Y¥y, Ay N Ajys) [Henniart and
Vigneras 2011, 5.7(1)].

Proposition 3.10. The P-regular irreducible C-representations V of G (k) are in
bijection with the irreducible representations of M (k) by the map V +— VN®,
Those representations V with My = M correspond to the characters of M (k).

Proof. Fix an irreducible representation W of M (k) with standard parameters
(Yrw, Aw). For an irreducible representation V of G (k) with standard parameters
(Yv, Ay), we have VN® ~ W if and only if ¥y = ¢ and Ay = Ay N Ay.
Moreover, V is P-regular if and only if Ay C Ay This implies the first claim,
and the second one follows from Corollary 3.5. ]

If instead of choosing B, we choose the Borel subgroup B opposite to B, then
V has other parameters that we call antistandard and write (Wv, Avy).

Lemma 3.11. The antistandard parameters of V are Wv =wo(Yy), Ay =wo(Avy).

Proof. As B = woBw,, 1, the torus 7 (k) acts by the character wg(¥y) on the line
VU® and Py = woPy Wy !'is the stabilizer of the line VV®, Hence, the subset
Ay of simple roots is equal to wo(Ay) C —A. O

The contragredient representation V* of V is irreducible and its standard param-
eters are:

Lemma 3.12. ¥y« = wo(¥y) ™!, Ay = —wo(Avy).

Proof. By Lemma 3.11, it is equivalent to describe the antistandard parameters
(%V*, Avy+) of V*. The direct decomposition V = VU g (1 - l7(k))V (see
Proposition 3.14 below) gives a T (k)-equivariant isomorphism:

The group T (k) acts on the line VU® by the character ¥y and on (VU®)* by the
character v, ! Hence Yye = Yy I

The space (V*)U(k) is the subspace of elements on V* vanishing on (1—U (k))V.
This space is stable by My (k) because the direct decomposition of V for B is
the same as for Py (Remark 3.15 below). Hence MyU C Py-, or equivalently,
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—Ay CAy-=wo(Ay=). As V is isomorphic to the contragredient of V* and —wy
is an involution on A, we have also the inclusion in the other direction. ([l
Remark 3.13. In general, —wo does not act trivially on A (for example for G =
GL(3)), and hence the stabilizer Py of VU® in G (k) is not the opposite of Py, and

the P-regularity of V is not equivalent to the P-regularity of V. The P-regularity
of V is equivalent to the P-regularity of V*.

For a subgroup H C G (k) and a subspace W C V, the notation (1 — H)W
denotes the subspace of V linearly generated by the elements v — hv for all h € H
andve W.

Proposition 3.14. We have the M (k)-equivariant direct decomposition
V=V e U -Nk)V"® =v"P g1 -Nrk)V,

which gives an M (k)-isomorphism VN® — V5w

Proof. [Cabanes and Enguehard 2004, Theorem 6.12]. U

Remark 3.15. The decompositions of V for P = Py and for P = B are the same,

because VU® = yNv®) by the definition of Py .

Proposition 3.16. For g € G(k), the image of gVU® in V¥ is not 0 if and only

if g € P(k) Py (k).

Proof. 1t is clear that the nonvanishing condition on g depends only on P(k)g Py (k)

and that the image is not O when g =1as VV® c yN®) ~ V) (Proposition 3.14).

We prove that the image of gVV® in Vi@ 1s 0 when g does not belong to

P (k) Py (k). For convenience, we write in this proof Py = P’ = M'N’.

a) We reduce to the case where G is simply connected by choosing a z-extension

defined over k,
1 R—->G,—>G—1,

where R C G is a central induced k-subtorus and G is a connected reductive
k-group with G 4er simply connected. The sequence of rational points

1— R(k)—> Gi(k) > Gk) —> 1

is exact. The parabolic subgroups of G, inflated from P, P’ are P, = M|N,
P{=M{N', wherel > R - M; —- M —land1 - R— M| — M' — 1 are
z-extensions defined over k. We consider V as an irreducible representation of
G (k) where R(k) acts trivially. The image of G(k) — P 1(k)P1’ (k) in G(k) is
G(k) — P(k)P'(k). For g1 € G (k) — Py (k) P|(k) of image g € G (k) — P (k) P'(k),
the image of g; VV'® in Vg, is 0 if and only if the image of gV'® in Vi, is 0.
b) The proposition can be reformulated in terms of Weyl groups because the equality
depends only on the image of g in P(k)\G(k)/P'(k) = Wy \W/Wpy. We denote
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by w a representative of w € W in G (k). The proposition says that the image of
wVN'® ip Vi@ is 0 if w € W does not belong to Wy Wy

c) Given a), we now suppose that G4, is simply connected. In this case, V is the
restriction of an irreducible algebraic representation F'(v) of G with highest weight
v equal to a g-restricted character of T [Herzig 2009, Appendix 1.3]. The stabilizer
W, of vin W is Wy, the irreducible algebraic representation F'(v) of M with
highest weight v is F(v)", and F(v)" is equal to the sum of all weight spaces
FW), withv —u € Z&y; for w € W, wv is a weight of F ()N if and only if
w € Wy Wy [Herzig 2011, Lemma 2.3, and proof of Lemma 2.17 in the split case].
The quotient map ¢ : F(v) — F(v)y restricts to an M-equivariant isomorphism
F)N — F(v) 5. We deduce that the weights of F(v)y are the weights of F(w)N
and are disjoint from the weights of the kernel of the quotient map ¢. In particular,
for w € W, the space w(F()Y) is not in the kernel of 7 if and only if w e Wy Wyy.

The space VN () is the restriction to M (k) of F(v)" and the space V]V(k) is the
restriction to M (k) of F(v)g. This implies the proposition under the form given in
b). O

Corollary 3.17. Let P’ = M'N’ be another standard parabolic subgroup. The
image ongN/(k) in Vi isnot 0 if and only if g € P (k) Py (k) P’ (k).

Proof. We have VN'® =%, . hVV® because the right-hand side is N'(k)-
stable and VV'® ig an irreducible representation of M’ (k). O

Remark 3.18. The equality P Py P’ = P P’ is equivalent to Py C P P’. The latter
inclusion is obviously true when V is P-regular or P’-regular.

In our study of Hecke operators, we will use the following particular case:

Corollary 3.19. For g € G(k), the image of g VN® V) is not 0 if and only if
g € P(k) Py (k)P (k).

4. Representations of G (F)

4A. Notation. Let C be an algebraically closed field of positive characteristic p,
let F be a local nonarchimedean field of finite residue field k of characteristic p and
of cardinality ¢, of ring of integers or and uniformizer pr, and let G be a reductive
connected group over F. We fix a minimal parabolic F-subgroup B of G with
unipotent radical U and maximal F-split F-subtorus S. The group B has the Levi
decomposition B = ZU, where Z is the G-centralizer of S. Let ®(S, U) be the
set of roots of S in U (called positive for U) and let A C ®(S, U) be the subset of
simple roots. A parabolic k-subgroup P of G containing B is called standard (for U),
and has a unique Levi decomposition P = MN with Levi subgroup M containing
Z (called standard), and unipotent radical N. The group (M N B) = Z(M NU)
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is a minimal parabolic F-subgroup of M, and Ay = AN O(S, M NU) is the set
of simple roots of ®(S, M NU). This procedure determines bijections between
the subsets of A, the standard parabolic k-subgroups of G, and their standard Levi
subgroups.

The natural homomorphism v : S(F) — Hom(X™*(S), Z), where X*(S) is the
group of F-characters of §, extends uniquely to a homomorphism v : Z(F) —
Hom(X*(S), Q); its kernel is the maximal compact subgroup of Z(F). For a
standard Levi subgroup M, we denote by Z(F)*" the monoid of elements z in
Z(F) which are N-positive, that is,

a(vz(z)) >0 forallae A—Ay.

When these inequalities are strict, z is called strictly N-positive. We denote by
Z(F)*™VN the monoid of elements in Z(F) which are N -positive, that is, N-negative,

a(vz(z)) <0 forallae A— Ay.

When N = U, we write Z(F)* := Z(F)*Y and Z(F)™ := Z(F)*Y, and if the
inequalities are strict, z is called strictly positive or strictly negative. These notations
extend to M; we write Z(F)™ = Z(F)TUNM),

In the building of the adjoint group G,q over F, we choose a special vertex in
the apartment attached to S and we write K for the corresponding special parahoric
subgroup, as in [Henniart and Vigneras 2011, 6.1]. The quotient of K by its
pro-p-radical K is the group of k-points of a connected reductive k-group Gy.
The group K /K, is Gy (k). For H =B, S,U, Z, P, M, N, the image in G (k) of
H(F)NK is the group of k-points of a connected k-group Hi. Note that By is a
minimal parabolic subgroup of Gy, Sk is a maximal k-split torus in By, Z; (being
the centralizer of S; in Gj) is a maximal k-subtorus of By, and B, = Z; Uy is a
Levi decomposition; moreover, there is a bijection between A and the set Ay of
simple roots of Sy (with respect to Uy), Py is a standard parabolic subgroup of G
of standard Levi subgroup M} and unipotent radical Ny, and the set Ay p, of simple
roots of Sy in My is the image of A, by the bijection above. We shall usually
suppress the indices k from the notation, write Hy = H(F) N K, and identify a
character of Z(k) (with the notations in the chapter on representations of G (k) we
have T (k) = Z(k)) with a smooth character of Z.

We now fix an irreducible C-representation V of G (k) with parameters (v, Ay)
(Definition 3.8), a proper standard parabolic subgroup P = MN of G, and an
element s € S(F) central in M (F) and strictly N -positive (and hence U -positive).

4B. &' is a localization. We also see V as a smooth C-representation of K, trivial
on K. We apply the generalities of the Satake homomorphisms to the group G(F),
the compact subgroup K, and the closed subgroup P(F) = M(F)N(F). As K is a
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special parahoric subgroup, the Iwasawa decomposition G(F) = P(F)K is valid.
We have a G (F)-equivariant linear map (Definition 2.1)

7 Iy ¢ o-Indg ™V — Indp(f) (c-Indy™ Viyey)
and an algebra homomorphism (Proposition 2.2)
(8) S =Sy #(GF), K, V) — H(M(F), My, V).

related by Iy (bf) = ¥ (b) Iy (f) for b € #(G(F), K, V) and f in c-Ind3" V.
Proposition 4.1. The intertwiner Iy and the algebra homomorphism &' are injec-

tive.

Proof. Apply Proposition 2.4 and [Henniart and Vigneras 2011, 7.9], giving the
injectivity of the Satake homomorphism & appearing in Proposition 2.3 when V, V'
are irreducible smooth representations of K over a field of characteristic p. (]

We write ; = H)’Z’G and denote by ¥ the corresponding Satake homomor-
phisms appearing in Proposition 2.3 when M = Z. We analogously define ¥}, and
Sy with a commutative diagram of algebra homomorphisms:

(M. Mo, (VHN®) L 56z, Z4, (VU ®)

0
Iu

H(M, Mo, V)" W(Z, Zo, Vo)

where (1, (®))(g) = ®(g~ ") for x = M or Z (definition before Proposition 2.3).
In this diagram, A° denotes the opposite of an algebra A and f°: A — B is the
algebra homomorphism a — f%(a) = f(a) associated to an algebra homomorphism
f : A — B. By the transitivity relation of the Satake homomorphisms [Henniart
and Vigneras 2011, Proposition 2.8] and by Proposition 2.3, we have

()] So=Fyod.

Recalling the standard parameters (Yy+, Ay+) of V*, we identify {ry» with a
smooth character of Zj, and we denote by

Zys ={z € Z(F) | Yry=(zxz~ ") = ¢y« (x) for all x € Zy}

the stabilizer of Yy« in Z(F). As ¥y = wo(¥y)~! (Lemma 3.12), we have
Zy==wo(Zy).

Proposition 4.2. The image of the map
PG : H(G(F), K, V) = H(Z(F), Zo, Vuxy)
is equal to H(Z(F)* 0 Zy+, Zo, Vuw))-
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Proof. The support of a Hecke operator in %(Z(F), Zo, (V*)V®) is contained
in Zy«. By [Henniart and Vigneras 2011, Theorem 1.8], the image of ¥ consists
of the Hecke operators with negative support, that is, with support contained in
Z(F)~ N Zy+. The image of tz o ¥ consists of the Hecke operators with positive
support, that is, of support in Z(F)™ N Zy+, because the inverse map permutes the
monoids Z(F)"™ and Z(F)~ and respects Zy+. O

Analogously, the image of Ef”M is %(Z(F)*M NZy«, Zy, VU(k)).
Definition 4.3. A ring morphism f : A — B is a localization at b € B if f is
injective, b € f(A) is central and invertible in B, and B = U,y f(A)D™".

There exists a unique Hecke operator Tz central in %(Z (F)*' N Zy«, Zy, VU(k))
with support Zys such that 7z(s) = 1, because s is U-positive and belongs to S(F’)
contained in Zyx.

The algebra %(Z(F)*™ N Zy+, Zy, Vy) is the localization of

H(Z(F)*' N Zy+, Zo, Vo)

at Tz because, for any U N M-positive element z € Z(F), there exists a positive
integer n such that 5"z belongs to Z(F)™, because s € S(F) is strictly N-positive.

Definition 4.4. As s is central in M (F') and contained in Zy+, there exists a unique
Hecke operator Ty, in #(M(F), Mo, Vn)) with support Mys with value idy,,,,
ats.

The Hecke operator T}, is central and invertible in #(M (F), My, Vn«)); it acts
on c—Ind%(fF) Vﬁ(k) by Ty ([1, Vlpm,) = s, U]y, for v € V. We also denote by
Ty the G (F)-endomorphism of

G(F) M(F)
Indp ) (C—Ind Mo VN®))

such that Ty (f)(g) = Tu (f(8)) for f € Inds1) (c-Ind}y'" Viygy) and g € G(F).
Using Proposition 2.2, we see that

(10) Py (Tu) =Tz,

because (UNM)(F)zNMos = ((UNM)(F)zs~'NMo)s = (UoNMo)z if zs~' € Zy
and is 0 otherwise. The Hecke operator Tj; belongs to the image of ¥, because T
belongs to the image of S’/G by construction, ¥’ is injective, and we have (10), (9).
We have shown:

Proposition 4.5. The map &' is a localization at Ty.

In (7), we consider the map Iy as a C[T ]-linear map, 7" acting on the left side
by (¥')~!(Ty) and on the right side by T);. By Proposition 4.5, the localization of
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Iy at T is the (G(F), %(M(F), Mo, Vy)))-equivariant map
G
(1) ©:H(M(F), Mo, VNw) ®*G(F).K.V).9 C-IndK(F) 14
— Indggg; (C—Ind%(fF) VN(k))-

The map © is injective because Iy is injective (Proposition 4.1). Our main theorem
is:

Theorem 4.6. © is surjective if V is P-regular.

The theorem will follow from Corollary 6.5 and Proposition 5.4.

4C. Decomposition of the intertwiner. Following Herzig, we write the intertwiner
Iy as a composite of two G (F)-equivariant linear maps

G(F)
C-Ind@ VN(k)

/ \
(12)

c-Ind§" v Ind%i (C-Ind%(fF) V)

Iy

which we now define. In this diagram, % is the inverse image in K of P (k). The
image of % in G (k) is P (k) by [Bruhat and Tits 1984, 5.1.22]; % is a parahoric
subgroup of G(F).

Lemma 4.7. The parahoric subgroup % admits an Iwahori decomposition with
respect to M,

(13) P =NoMoNoy, Noy:=N(F)NKy,
with any order of the factors.

Proof. This decomposition is well known, but at the referee’s suggestion, we outline
a proof. By [Bruhat and Tits 1984, 4.6.4 and 5.1.31], K, = Uy, Zo+Ugy, with
the sign + indicating the intersection with K as above. As My is the parahoric
subgroup of M (F) fixing our special point, we have Mo, = (Ugy N Mo)Zoy (Ugy N
My). Tt follows that K, = No. Mo No,. From [Henniart and Vigneras 2011,
Theorem 6.5], we have P = NgMyK 4, and so P = NoMoNo My Noy. As My
normalizes Ny, N and K, it normalizes also Ny and N o+, and we have the
decomposition ¥ = NoMoN o+ Wwith any order of the factors. O

The transitivity of compact induction implies that

(14) c-Ind5 " Viy ey = e-Ind g™ (c-Ind 5 ) Vivao)-
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Definition 4.8. The map £ is the image by the compact induction functor c—Indg
of the natural embedding V — c—Indggg VN®)-

For v e V, £([1, v]k) is the function in c—Indg(F) V&) with support contained
in K and value kv atk € K.

Proposition 4.9. There is a unique G (F)-equivariant map
’: C—Indg(F) VNt — Indggg (c-Ind%(fF) VN(k)),
which for v € V, sends [1, v]g to the function fy with support contained in
P(F)® = P(F)Ny. .
and constant value [1, V], on N0,+-

Proof. The uniqueness is clear because the functions [1, v]g for v € V generate the
representation C—Indg (F) V). The existence can be proved directly, but we can
also apply the considerations of the beginning of Section 2 with V' := c—Indg (VNw)
instead of V and W = c-Ind%(fF) VN®)-

The value at 1 from V' to Vi) factorizes through the quotient map v’ > v’
from V' to VI’\,(k) and defines an My-equivariant map r : V](l(k) — VN, such that
r(v") =v'(1) for all v" € V’'. The image of r by the compact induction functor from
My to M(F) is an element in

Homyyr) (c—Ind%(fF) Vl(,(k), c-Ind%(fF) VN(k))
which corresponds by the isomorphism (2) to an element in
Homg r) (C—Indg(F) v/, Indggg (c—Ind%{fF) VN(k))),
sending [1, v']k to the unique function ¢,, with value on k € K equal to
(L r (k) ]aty = [1, V() Ly

for all v € V'. Applying the transitivity of the compact induction functor to
c—Indi(F) V', we obtain the element

G G
{ (S Hom(;(p) (C-Ind@(F) VN(k), Indpfg (C-Ind%éF) VN(k)))

of the proposition. For v € V with image v in Ny ), the morphism ¢ sends [1, v]p
to ¢, where v’ € V' is the function on K of support % and equal to v at 1. It
remains to check that ¢,/ is equal to the function f; given in the proposition. Indeed,
the support of the function ¢, € c—Indg (F) VN 1s contained in P (F)%, we have
P(F)? = P(F)Ny + by the Iwahori decomposition of %, and for k € No . we
have v/ (k) = v. O
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Remark 4.10. Later we will use that, for g € G(F), ¢(g~'[1, v]p) has support in
P(F)%g which contains 1 if and only if g € ? P(F'). Thus, for f € c—Indg(F) VN,
the element ¢ (f)(1) depends only on the restriction of f to PP (F).

Lemma 4.11. Iy =¢ o&.

Proof. This is clear from the definitions of Iy, &, ¢. ([

Remark 4.12. The map £ is injective because Iy is injective (Proposition 4.1).
We can give a direct proof: As V is irreducible and Vy ) # O, the map V —
c-Ind%¢ P(k) VN(k) is injective. As the functor c- Ind is exact the map £ is injective.

The map & is not surjective because the map V — c- Ind§! P(k) VN(k) is not surjective,
as P # G by our running hypothesis. This can be seen by taking fixed points under
U(k).

5. Hecke operators

In this chapter, we introduce some Hecke operators associated to our fixed element
s € S(F) central in M (F) and strictly N-positive, and we show the compatibility
of these Hecke operators with the maps &, ¢, ¥’ (sometimes we need to suppose
that V is P-regular).

The space of G (F)-equivariant homomorphisms from c—Indg(F) V to

C—Il’ldg(F) VN(k),
is isomorphic to the space %#(G(F), K, ®, V, Vy)) of functions ® : G(F) —
Hom¢(V, VN(k)) satisfying
() ®(jgj)=jod(g)oj for jeP, j €K,
(i) @ vanishes outside finitely many double cosets PgK.

We call @ a Hecke operator. We shall usually use the same notation for the Hecke
operator and for the corresponding G (F')-equivariant homomorphism, defined by:
forallveV,

(15) [Lolk— ) g ', 2@ ®)ls.
geP\G(F)

The map & corresponds to the Hecke operator with support K and value at 1 the
projection V — Vi) given by v — v.
In the same way, the space of G (F)-equivariant homomorphisms
C- Il’ld G(F) VN(k) — C- Ind G(F) |4
corresponds to a space %(G(F ), P, K, VN, V) of functions from G(F) to

Homc (VN(k) s V).



480 GUY HENNIART AND MARIE-FRANCE VIGNERAS

5A. Definition of Hecke operators. Recall (Proposition 3.14) that the quotient
map v > v from V to Vy) induces an isomorphism V¥® — V. We write
©: Vg — VN® for the reciprocal isomorphism. Since s € S(F) is U-positive
and belongs to Zy+, we deduce from [Henniart and Vigneras 2011, 7.3 Lemma 1]:

Proposition 5.1. There exists a unique Hecke operator Tg in #(G(F), K, V) with
support KsK such that Tg(s) € Endc (V) sends v € V to ¢(v).

The Hecke operator Ty, (Definition 4.4) could have been defined in the same
way. We shall prove later that ¥'(T) = Ty when V is P-regular. We define now
Hecke operators T3 and Tk ¢ generalizing T and T)y.

Proposition 5.2. (i) There is a unique Hecke operator Ty in %(G(F ), P, VN(k))
with support PsP and value at s the identity of V).

(i1) There is a unique Hecke operator Tk o in %(G(F), P, K, Vnw, V) with
support Ks% such that Tk 3 (s) : VN — V sends v to ¢(v).

Proof. (1) By the condition (i) for Hecke operators, we have to check that for
h,h' € P, the relation h’'s = sh implies that the actions of 4 and of A" on Vi) are
the same. We use the Iwahori decomposition (13):

P = NopMoNo.

1 1

msns~ ', since s is central in M (F).

le

Decomposing h = nmn, we have h' = sis~
Because s is N-positive, sns~! € Ny and the condition 1’ € P means that siis~
N o+. Consequently, both & and i’ act as m on Vy ).

(ii) We now have to check that for 2’ € K, h € P, the relation h's = sh implies that
h' @) = @(hv) for all v € V. Writing as above h = iimn, the condition 4’ € K
means siis~' € N(F) N K = Ny, so that 7 belongs to No because s is strictly
N-positive. Then ¢ (hv) = @(mnv) = me(v) =me(v). But sns~! is in Ny, again
because s is strictly N-positive and h'¢(v) = me(v) too. U

Remark 5.3. We note that, forv € V:

e Ty ([1, v]p) is the function in c-Indg ) V) with support Ps% and value v
on S]V()+ .

e Tx.o([1, v]p) is the function in C—Indg(F) V with support K s% and value ¢ (v)
on SN(H_ .

o T ([1, v]g) is the function in C—Indg(F) V with support contained in Ks K and
value go(%) onsh forallh e K.

5B. Compatibilities between Hecke operators. In this section, following Herzig’s
method, we prove:
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Proposition 5.4. (i) The diagram on the left

£
c—Indg(F) V— c—Indg(F) VN(k) c—Indg(F) VN(k)
Tk g Tk .9
(1 6) To L K.® / LT@
c—Indg(F) Vv c-Indg(F) Vv 5 c—Indg(F) V)

is commutative; the diagram on the right is commutative when V is P-regular.

(ii) The diagram

G(F § G(F) M( )
C—Ind@( ) VN(k) —_— Il‘ldP(F) (C Ind VN(k))

T@j lm

G(F G(F) M( )
c—Ind@( ) VN(k) —{> IndP(F) (C Ind VN(k))

is commutative.
(iii) ¥ (Tg) = Ty when V is P-regular.
By (15), the G(F)-homomorphisms corresponding to &, T, Tp and Tk ¢ are

characterized by the following formulas, for v € V:

£l vk > Y g 1, 2vls,

geP\K

To:[Lvlk—> Y ¢ 'l To(@) W]k

geK\KsK

Tp:[1,0lp > Y g '[1, Tp()®)]s,

gEP\PsP

Tk o :[Lolp—> Y g ', Tkp()(®)]k.
geK\KsP

To prove the proposition, it is useful first to simplify these formulas.

Lemma 5.5. We have

(17) Typ:[Lolp—> > 7 's7'[L 3,
ines ' Noys\Nos

(18) Teo: [Lolp> > 7 's7Lo®k,
nes~!Nos\Noy

(19) To: (Lol > h7' Y i s p(v)lk.

heP\K iies~ I Nos\Noy



482 GUY HENNIART AND MARIE-FRANCE VIGNERAS

Proof. By the Iwahori decomposition % = NgMoNo, , we get that PsP = PsNo.,
because s Nos~! C Ny and s Mys~! = M. Consequently, the map 7 — sn induces
a bijection of s 7! No,s\ Ny onto P\PsP. Since No. acts trivially on VN, we
get the formula for 7.

A similar reasoning gives that K s% = K s N, and that 71 — s7 induces a bijection
of s—lﬁos\ﬁ0+ onto K\ Ks%. This implies the formula for Tk g.

To simplify the formula for 75, we note that the map 4 — sh induces a bijection
from (KNs~'Ks)\K onto K\KsK. But KNs~!' K is contained in % by [Henniart
and Vigneras 2011, Proposition 6.13], so that we can perform the sum in 7 as a
sum over (K Ns~'Ks)\% followed by a sum over P\ K. By what we said in the
previous paragraph, the inclusion No, C % induces a bijection of s ™' Nos\Ng 4
onto (K Ns~!Ks)\P, so that we finally get the formula for 7. O

We now give the proof of Proposition 5.4.

Proof. From the formulas for T, Tk o in Lemma 5.5 and the formula for &, we
immediately get

(20) T =Tk ,p 0k,

so that the left diagram in Proposition 5.4(i) is indeed commutative.

The elements [1, v]g for v € V generate the representation c—Indg(F) V), and
to prove the commutativity of the diagram in Proposition 5.4(ii), it thus suffices to
prove for v € V the equality

(Ty o 0)([1,vlp) = (L o Tp)([1, VIp).

From the value of ¢([1, v]g) for v € V given in Proposition 4.9 and from

Tu (1, 01p,) = s [1, Ul

we see that the function (737 0 £)([1, v]p) vanishes outside PN o+ and has constant
value s~![1, 7] M, on Noy. From the formula for 7 in Lemma 5.5, we have

CoTy)(Lvlp)= Y @ 's7'¢((1 vly),

56571N0+S\N0+

and with the value of {([1, v]g), we see that this function is indeed the function
(T 0 ¢)([1, v]p) described above, so that the diagram in Proposition 5.4(ii) is
commutative.

Let us turn to the proof of the commutativity of the diagram on the right in
Proposition 5.4(i). We now assume that V is P-regular. From the formulas for
Tk .o in Lemma 5.5, we have, forv e V,

EoTkp:[Lulpr> Y  a's™' Y 'L hp®)ls.

es~ Nos\No+ heP\K



COMPARISON OF COMPACT INDUCTION WITH PARABOLIC INDUCTION 483

We have seen that for i € K, the image of hVN® in Vi is 0 unless / belongs to
PP (Corollary 3.19), so that the inner sum can be restricted to & € N 0,+\1V 0. Now
nls7!h ' =n~"ls~'h~'ss~! and s~'hs runs through s_ll\_foers\s_l]Vos, which
gives the result

§o Tk o([1,v]lp) = Tp([1, V]p).

We finally prove &' (Tg) = T, still assuming that V is P-regular. We have
just proved & o Tx ¢ = Ty and previously we got Tx o 0 & = T, so we deduce
EoTg =1Tpo&. We also proved ¢ o Tp = Ty 0 £, so we obtain

(okoTg=C(0Tpoé =Tyolok,

thatis, Iy oTg = Tyoly. Applying jy and Definition 2.1, this implies ' (Tg) = Ty.
O

Note that the trivial representation V is not P-regular, as M # G by our running
hypothesis; however, we can still have ¥'(Tg) = Ty, when the representation V is
the trivial representation. We now present some examples of that phenomenon (the
referee remarks that even more examples result from [Herzig 2011, Proposition 5.1]).

Example 5.6. Take G =GL(2, —), Z the center, M the diagonal group, B=NM
the upper triangular subgroup, K = GL(2, of), and

pr 0
()

The monoid of strictly positive elements in M (F) is Unzls;’,ZG(F YMy, where
Mo= M (F)NK. Anirreducible smooth C-representation V of K is B-regular if and
only if it is B-regular if and only if it is not 1-dimensional. For g € G(F), we denote
by T, the characteristic function of K g K in the Hecke C-algebra #(G(F), K, C) =~
C[K\G(F)/K] of (the trivial C-representation of) K in G(F). For t € M(F'), we
denote by t; the characteristic function of ¢ My in the Hecke algebra

H(M(F), My, C) = CIM(F)/My].

Claim. When s € M(F) is strictly positive, we have ¥ (Ty) = t; if and only if
S ES) ZcM,.

Proof. By [Barthel and Livné 1994, Proposition 8], the characteristic function 7,, of
ZG(F)Ks)K in the Hecke algebra %(G(F), Zg(F)K, C) satisfies the relations

1) T,=T'—T'* forn>2.
The natural surjective G (F)-equivariant map

o: c—Indg(F) C — c—Indgg})K C, lgrlzk,
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satisfies 0 0 Ty, = T,, 00 when s € sZpIZ,GMO, n>1.
Indeed, we write KsK as a disjoint union of cosets K b; p, where s € s7 pf- My
and b; € B(F). For f € c—Indi(F) C, we have

T(f)=Y_ pi'b;'f and (ooT)(f)=) b 'a(f).

The double coset Zg(F)K s;‘,K is the union of the cosets Z; (F)Kb;. The union
remains disjoint because the equality of cosets Zg (F)Kb; = Zg(F)K b}, equivalent
to bjbl._lk = z for some z € Zg(F), k € K, implies that the determinant of z is a
unit. When this holds, z € Mo N Zg and Kb; = Kb;. For ¢ € c—Ind(Z;éZ)p)K C, we

have

Tu@) =) b'¢ and (T,00)(f)=) b 'o(f).

We deduce o o Ty = T;, o o. Then the relation (21) implies that TS; is different from
TS’; when n > 2.

The value of &' (Ty) at t € M(F) is the image in C of the number of b € F/op
such that n,t € KsK, where
_(1b
e (19).

The double coset K5, K is the disjoint union of K's, and of K (g 5. ) fora ina
system of representatives of og/pror. The characteristic of C being p, we deduce
that #'(T;,) = 75,. Then we obtain ¥’ (Tyn) # T when n > 2, because Y is an
injective algebra homomorphism and Ty #* Ts’; . Our claim is proved for s = s,
and n > 1. The general case s = s;’, prto with r € Z, ty € M, reduces easily to this

case. O

Example 5.7. Let D be a quaternion division algebra over F. We write O for the
ring of integers of D, and v for its normalized valuation; we choose a uniformizer
pp of D such that p% = pr is a uniformizer of F’; the residue field kp of O is a
quadratic extension of the residue field £ of F. We take for G the group such that
G(F)=GL(2, D), for S the group such that S(F) is the group of diagonal matrices
with coefficients in F*, and for B = MN the groups such that M (F) is the group
of diagonal matrices and B(F) is the upper triangular subgroup of GL(2, D).

Let K = GL(2, 0); the quotient of K by its pro-p-radical is isomorphic to
GL(2, kp). The Cartan decomposition says that G(F) is the disjoint union of
the double cosets Kd, K, for integers a, b € Z with a > b, where d, j is the
diagonal matrix with entries p7, and pll’) down the diagonal. The strictly positive
elements of M (F) are those of the form s = mod, 5, for a, b € Z with a > b and
moe Mo=M(F)NK.
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An irreducible C-representation of GL(2, kp) which is not B-regular has di-
mension 1 and is given by a character g — (€ odet)(g), where € : kK, — C*is a
character. We identify € o det with an irreducible smooth C-character of K and ¢
with a smooth C-character of 0.

The reduction of the conjugation by pp on O induces the nontrivial automorphism
o of kp/k. The character € of 0* extends to a character of D* exactly when € is
invariant under o. In that case, the Hecke algebra ¢(D*, 0*, €) has support D*
(the support of the Hecke algebra is the union of the supports of its elements). This
implies that the Hecke algebra %(M (F), My, e ® e) has support M (F), and by
the Satake isomorphism, that the Hecke algebra %(G(F ), K,€eo det) has support
G(F).

Assume now that € is not invariant under o. Then the support of the Hecke
algebra #(D*, 0%, €) is the set of elements in D* of even normalized valuation.
This implies that the support of % (M (F), Mo, € ® €) is the union of the cosets
Moda, 21 for a, b € Z, and that the support of the Hecke algebra %(G(F ), K, € odet)
is the union of the double cosets Kdy, 2, K, fora,b € Z and a > b.

For a positive element s in the support of #(M (F), My, € Q €), let 7, be the
Hecke operator in %(M (F), My, e® e) of support Mys and value 1 at s, and let T
be the Hecke operator in %(G(F ), K,€o0 det) of support KsK and value 1 at s.

Claim. ¥'(Ty) = 1, for any choice of strictly positive s € S(F).

Proof. It suffices to prove the claim for s = dp, 2, € S(F) with a > b. We compute
S (Ty) on dry 2p Witha > B in Z,

, 1 x\(pF O
S (Ty)(drapp) = Y Ts((o 1)( oF pﬁ))'

xeD/0

(o )T )= (0
01/\0 pﬁi 0 ph

belongs to Kd, 25K when x € 0.
If x ¢ O, then putting v(x) = —y, y > 0, we have

()= R )
= _ — p— — o— 9
0 P',i —x lpDV p}/) 0 pDﬁ 14 X IPF 1

which consequently belongs to Kday4y.26—y K.

If 2a, 2B) = (2a, 2b), we see that only x € O contributes to ¥’ (T)(d2a,2p) and
that this contribution is 1. Hence ¥ (7)(d2q,28) = 1.

If Qu,28) = 2a—1y,2b+y) with y > 0, we see that the only x contributing to
F'(T;)(d2q,2p) are those with v(x) = —y and that this contribution is 1. Therefore

The matrix
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F'(T;)(drq,2p) is the number of x € D /0 of valuation —y, and hence
S (T)(dra2p) = %7 —q*7 .

However, y has to be even, so that ¥'(T;)(d24,28) = 0.
For the other values of «, 8 in Z, we see that ¥'(T) (daa,28) = 0. [l

6. Proof of the main theorem

We give three lemmas which will help us to study the map ¢ (Proposition 4.9).

Lemma 6.1. The map ¢ is injective on the set of functions f € C—Indg ) VN with
support in PZ(F)*™VK.

Proof. Let f be such that ¢ (f) = 0 with support in PZ(F)*N K. We claim that
f =0o0n PP(F). This implies that f = 0, because G(F) = P(F)K and for
k € K, the function k~! f satisfies the same conditions as f. To prove the claim,
we use only that ¢(f)(1) =0in c—Ind%(fF) VN As ¢(f)(1) depends only on the
restriction of f to P P(F) (Remark 4.10), we assume, as we may, that the support
of f is contained in  P(F). The support of f is a finite disjoint union of Pz;k;
for z; € Z(F)™ and k; € K, with z;k; € P P(F). We have P P(F) = ]VOHFP(F),
and hence k; € zl-_lﬁo,JrziP(F). As z; is positive, zi_llvo,Jrzi C ]Vo,+. This implies
that we can suppose k; € P(F)N K. As P(F)N K = NoMj and z; is positive, we
can suppose k; € My. We proved that the support of f is a finite disjoint union of
Pzik; for z; € Z(F)*N and k; € M. Taking the intersection with M (F), the sets
M (F)N%z;k; are also disjoint. Writing

£=Y @k) L Bls.

we have ¢(f)(1) =), (ziki) "1, V;]1m,, and ¢(f)(1) =0 is equivalent to v; =0
for all i. U

Lemma 6.2. (i) A compact space P(F)\G(F) is given by the G(F)-translates
of P(F)\P(F)Ng_s", foralln € N.

(ii) For any subset X C G(F) with finite image in P\G (F), there exists a large
integer n € N such that s"X C PZ(F)*VNK.

Proof [Herzig 2011, Lemma 2.20]. (i) The compact space P (F)\G(F) is the union
of the right G (F)-translates of the big cell P(F)\P(F YN (F), which is open, and
the s "N 45" for n € N form a decreasing sequence of open subgroups of N (F)
converging to 1.

(i1) Let N be the normalizer of S in G and let % be the inverse image of B(k) in K
(an Iwahori subgroup). Then (G (F), B, N(F)) is a generalized Tits system [Morris
1993, 3.12]. We have:
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a) G(F) = BN(F)%.

b) For v € N(F), there is a finite subset X,, in N'(F) such that, for all v € N'(F),
we have
VBV C Uyex, BV xB.

c) As the parahoric group K is special, it contains representatives of the Weyl
group, so for any v € N(F), there exists z € Z(F) such that vK = zK.

We deduce from a) and c) that G(F) = BZ(F)K. We may assume that X is a
finite union X = U;Pz;k; with z; € Z(F), k; € K. We deduce from b) that, for any
index i, there are finitely many n; ; € N(F) such that zRBz; C U;Bzn; ;R for all
z € Z(F). It follows that for n € N and z = 5", we have

2Pzik; C PozNo yziki CU;Pzn; jK

as ]Vo,Jr C B. We choose z; ; € Z(F) such that z; ;K = n; ;K, as we may
by c). There exists n € N such that s"z; ; € Z(F)*VN for all i, j. Hence s"X C
U;®Ps"z; ;K CPZ(F)T™K. O

Let o be a smooth C-representation of M (F). For any nonzero vector y in
the space of o, there exists a function f, € Indggg o with support P(F)No
and value y on N o+ because the multiplication P(F) x N o+ — P(F YN 0+ 1sa
homeomorphism.

Lemma 6.3. Let o be a smooth C-representation of M (F') generated by an element
x. Then the representation Ind PEFi o is generated by the functions fg-n,,n € Z,
with support P(F)No + and value s™"x on N

Proof. By Lemma 6.2, it is enough to show that any function f,, ,,,x € Indggg

with support contained in P(F)N 0.+s" and value mx on No.s", for n € N and
m € M(F), is contained in the subrepresentation generated by f-, for all r € Z.
The function m_lfn’mx has support in P(F)\P(F)]Vo+s”m and value s "x on
the compact open subset m ~'s ™" N, s"m of N(F); for some n’ € N, this set is a
disjoint union of s~ N¢ys" 1 for i running through a finite subset of N (F). For
a nonzero y in the space of o, the functlon (s" i)~ fy €Ind PE F; o has support
P(F)No+s '71 and value s~ y ons™" No+s '7i. The sum over 71 of (s" n) lfn ny
is equal to m™ fn,mx. O

Proposition 6.4. (i) The image of & contains Ty (C—Indg(F) VN(k)) when V is
P-regular.

(i) The kernel of the map ¢ is the T, -torsion part of C—Indg(F) VN, and the

representation
G(F M
C- IndPEF; (C Ind ( ) VN(k))
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is generated by
(Ty," 0o O)([1,V]p), forallneZ,

for any fixed nonzero element v € Vy ).
Proof. (i) This follows from Proposition 5.4(i).

(i) We fix a nonzero v € Vy); then x = [1, v]y, generates the representation
o= c—Ind%éF) VN@&)- We note that for n € Z, by Definition 4.4 and 4.8,

(TAZ o &)([1, 1_1]@) = fy-nx.

We obtain by Lemma 6.3 that the representation Indgég (C—Ind%(fF) VN(k)) is gen-

erated by the elements (7}, o £)([1, v]z), when 7 runs through Z.

We now consider an element f in the kernel of {. The function f vanishes
outside of a compact set X with finite image in %\ G (F). We choose an integer
n € N such that s"X C PZ(F)™ K (Lemma 6.2(ii)). The support of T; is Ps"P
by (13) and the positivity of s. The support of T;;(f) is contained in %s" X, and
hence in ?Z(F)*V K. By Lemma 6.1, we conclude that T;(f) =0. The converse
follows from Proposition 5.4(ii). O

In the diagram (12), the representations are C[T ]-modules, where T acts as
on the middle space by Tk ¢, on the right space by T, and on the left space by
(N (Twy). Proposition 5.4 tells us that:

e The map ¢ is C[T]-linear.

e When V is Is—regular, the map & is C[T']-linear and (" NTy) =Tg.
Corollary 6.5. (i) The T-localization ¢t of ¢ is an isomorphism.
(ii) When V is P-regular, the T -localization &7 of & is an isomorphism.

The map © is the T -localization of Iy = ¢ o &. By Corollary 6.5(ii), the map
© = ¢7 o &7 is surjective when V is P-regular.

Remark 6.6. We suppose that V is given by a character € of K, and that there
exists a character €y, of M (F) equal to € on My (such a character €); does not
always exist). We consider the composite of Iy with the surjective natural map

. G(F) M(F) G(F)
¥ Indp ) (C—IndM0 €) —> Indp ) €um-

If €); extends to a character € of G (F), the image of 1 oIy is the subrepresentation
€g of dimension 1 of Indggg €y, and the map ¥ o ® is nonsurjective.

But in the case where €,; does not extend to a character € of G(F'), the map
¥ o ® can be surjective. For example, ¢ o ® is surjective when Indggg €y 1S
irreducible. This is the case, for any choice of €y, when G = U (2, 1) with respect

to an unramified quadratic extension of F', B is a Borel subgroup, and K is a special
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nonhyperspecial parahoric subgroup [Abdellatif 2011]; this is also the case when
G(F)=GL(2, D) with D a quaternion skew field over F', B is the upper triangular
subgroup, and K = GL(2, Op) [Ly > 2012].

7. Supersingular representations of G (F)

We introduce first the notion of K-supersingularity for an irreducible smooth
representation 7w of G (F). Then we recall the notion of supercuspidality [Henniart
and Vigneras 2011, 1.7 footnote]. We expect that supercuspidality is equivalent
to K-supersingularity, at least for admissible representations. We will give some
partial results in this direction. Finally, when 7 is admissible, we give an equivalent
definition of K -supersingularity which coincides with the definition given by Herzig
and Abe when G is F-split, K is hyperspecial, and the characteristic of F is 0.

Let w be an irreducible smooth C-representation of G(F). For any smooth
irreducible C-representation V of K, we consider

HOl’Ilc;(F) (C-Indg(F) v, TL’)

as a right module for the Hecke algebra #(G(F), K, V).

Remark 7.1. Given , there exists an irreducible representation V of K such that
Homg r) (C—Indg(m v, 71) # 0. Indeed, a nonzero element v € 7 being fixed by an
open subgroup of K generates a K -stable subspace W of finite dimension; if V is
an irreducible subrepresentation of W, we have Homg (V, ) # 0, and hence the
result by Frobenius reciprocity.

For any standard parabolic subgroup P = MN, we consider the Satake map
S =Fyc  #(GF),K,V)— H(M(F), Mo, V).
We recall that &’ is a localization at some element Ty, (Proposition 4.5).

Definition 7.2. An irreducible smooth C-representation w of G(F) is called K-
supersingular when

H(M(F), Mo, V@) @G (F).k.v).9 Homg(r) (c—Indﬁ(” V,m)=0,

for all irreducible smooth C-representations V of K and all standard Levi subgroups
M #£G.

The condition means that the localization of the right #(G (F), K, V)-module
HOl’IlG(F) (C-Indg(F) V, TL’)
at Ty is O, that is, for any nonzero f € Homgr) (C—Indg(F) vV, 71), there is n € N such

that ¥/~ (Ty)(f)=0. If the space Homgr) (C—Indg(F) v, yr) is finite-dimensional,
this means that the eigenvalues of &’ ~!(Ty) on this space are 0, or equivalently,
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that the characters of (G (F), K, V) appearing in
Homgr) (C—Indi(F) Vv, n)

vanish at &'~ ( Tyr). For admissible representations, our definition is equivalent to
the one given by Herzig [2011, Definition 4.7] and Abe [2011, Definition 5.1].

Definition 7.3. An irreducible smooth C-representation = of G(F) is called super-
cuspidal if 7 is not isomorphic to a subquotient of C—Ind?é?; t for a proper standard
parabolic subgroup P = MN of G and for an irreducible smooth C-representation

T of M(F).

The definition, which is valid for any field C, does not depend on the minimal
parabolic F-subgroup B of G used to define the standard parabolic subgroups, as
all such B’s are conjugate in G (F). Consequently, we get an equivalent definition
if we let P be any parabolic subgroup different from G.

Let V be an irreducible smooth C-representation of K, let P = MN be a proper
standard parabolic subgroup of G, and let o be a smooth C-representation of M (F).
Our first result concerns the T),-localization of the right #(G (F), K, V)-module

Homg r) (C—Indg(F) Vv, Indggg o).

Proposition 7.4. (i) V  (Ind(7) o)|k if and only if Vg C o |,

(ii) In this case, the action of '~ (Ty) on Homg r) (C—Indg(n V, Indgg; o) is
invertible.

Proof. (See [Herzig 2011, p. 416].) (i) This follows from the isomorphism (2).
(ii) By (4), we have isomorphisms of #(G(F), K, V)-modules

G G G
Homg r) (c—IndK(F) vV, Indpgg 0) ~ HomK(V, Indpgg o) >~ Hompu, (VN ), 0).

where #(G(F), K, V) acts on the final term by ¥'; the last isomorphism follows
from Frobenius reciprocity and K N P(F) = (K N M (F))(K N N(F)). The claim
follows since ¥’ is a localization map at T),, by Proposition 4.5. (]

Our results on the comparison between non-K -supersingular and nonsupercuspi-
dal irreducible smooth C-representations of G (F) are:

Proposition 7.5. Let t be an irreducible smooth C-representation of M (F).
(1) An irreducible subrepresentation of Indggg T is not K -supersingular.

(i) An admissible irreducible quotient of Indgﬁg T is not K -supersingular.
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This proposition claims that certain nonsupercuspidal irreducible representations
of G(F) are non-K -supersingular. The next proposition claims that certain non-KX -
supersingular admissible irreducible representations of G (F') are nonsupercuspidal.

Proposition 7.6. Let w be an admissible irreducible smooth C-representation of
G(F),let P=MN C Q = LN’ be two standard parabolic F-subgroups different
from G, and let V be a Q-regular irreducible smooth C-representation of K such
that the localization of the right #(G(F), K, V)-module

Homg r) (C—Indg(F) V, )
G(F)

at Ty is not 0. Then m is a quotient of IndQ( ne for an admissible irreducible
smooth C-representation T of L(F).

Proof of Proposition 7.5. (i) Proposition 7.4 implies that an irreducible subrepresen-
. G(F) _ . .
tation of Ind ) 7 is not K-supersingular.

(i1) Let 7 be an irreducible quotient of Indggg 7. We choose an irreducible smooth

C-representation W of My such that the irreducible representation t is a quotient
of C—Ind%(fF) W. Then ki is a quotient of Indggg (c—Ind%(fF) W). We consider
the unique irreducible P-regular representation V of G (k) such that Vyg)y =~ W
(Proposition 3.10). By our main theorem (Theorem 4.6),

Ind{y 1) (c-Indy 1) W) 2 (M (F), Mo, Vi) ®G(r).x.v).o c-Indg " V.
We deduce:
Homg ) (H(M(F), Mo, V) @G k.v).9 c-Indg ") V, ) #0.
If 7 is admissible, we will show
22)  H(M(F), Mo, V) @G (r).k,v),9 Homgr) (c-Indg" v, ) # 0.

This implies that 7 is not K -supersingular.
To prove (22), we write X := c-Indg(F) V, T:=TyeA:=#GF), K, V),
B = A[T~']. Our assumption is

Homg(B®a X, ) #0,

and we want to prove that B ® 4 Homg (X, ) # 0, provided that Homg (X, ) is
finite-dimensional (which is the case if 7 is admissible).
We consider the natural linear map

r:Homg(B®a X, 1) > Homg (X, ), ¢+ (x — (1 ®x)).
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The space Homg (B ®4 X, ) is naturally a right B-module, and hence a right
A-module by restriction. The map r is A-linear:

r(ga)(x) = (pa)(1®x) =p(a®x) =¢(1 ®ax) =r(p)(ax) = (r(p)a)(x),

forae A, x € X, ¢ € Homg(B ®4 X, w). Consequently, the image Im(r) is an
A-submodule of Homg (X, 7). We remark that Im(r)7T = Im(r) because r(¢) =
r(@T T for ¢ € Homg(B ®4 X, 7).

We show now that our hypothesis implies that Im(r) is not 0. Indeed, let ¢ # 0 in
Homg (B ®4 X, ). There exist b € B and x € X such that (b ® x) # 0. Writing
b=T"awithneNandaec A, weget (T "a®x)=¢T "(1®ax) #0 so that
r(eT™") #0.

Assume now that Homg (X, ) is finite-dimensional. Then Im(7) is also finite-
dimensional and as Im(r)7T = Im(r), T induces an automorphism of Im(r) so that
B ®4 Im(r) # 0. The localization being an exact functor, we have

B ®4 Homg (X, w) #0. O

We state a useful general lemma before proving Proposition 7.6.

Let R be a commutative ring, let % be an R-algebra, let W be a left #-module with
a smooth #-linear action of M (F), and let N’ be a right #-module. Then N ®g W
is a smooth R-representation of M (F') and we can form Indggg (N ®y% W). We can
also form N ®y IndgEg(W), where the structure of left 7-module on Indgzg(W)

is given by (h, f) — hf : g — h(f(g)). The canonical map
Lt N @ Ind 3 1) (W) — Ind 5 () (N @3¢ W)

is clearly G (F)-equivariant.

Lemma 7.7. The map 1y is an isomorphism.

Proof. 1t is well known that the quotient map G(F) — P(F)\G(F) admits a
continuous section and that the module C*° IQP(F NG (F), R) is free. This implies
that the parabolic induction functor Indgg F; — for smooth R-representations is
exact and commutes with infinite direct sums, and that Indgég (W) identifies with
Cc C>o(G(F )/ P(F), R) ® W as R-modules, for any smooth R-representation W of
M(F).

We choose a resolution of N’ by free right #-modules

F1—> Fog—> N—>0.

We have a commutative diagram
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F1 ®s Indjy 1) (W) — Fo @y Ind§{ 1) (W) ——= N @y Ind 1) (W) —= 0

lF, l &N l td\‘l

d§ ) (F) @3 W) —— Ind G4 (Fo @3 W) —— Ind G4 (N @ W) —— 0,

where the lines are exact, the second one because Indgég is an exact functor.

The functor Indggg being compatible with direct sums, the maps g, and (g, are
isomorphisms. It follows that ¢y is an isomorphism. U

Remark 7.8. When 7 is an admissible smooth C-representation of G, then
Homc;(p) (C-Indg(F) V, 7'[)

is finite-dimensional, and hence it is 0 or contains a simple #(G (F), K, V)-module.
An irreducible smooth C-representation 7w of G (F) such that

Homc;(p) (c—Indg(F) V, 7'[)

contains a simple #(G(F), K, V)-module N has a central character. This follows
from:

1. The center of #(G(F), K, V) acts on N by a character [Vigneras 2007].

2. m is a quotient of N QG (r),k.v) c—Indg(F) V.
Proof of Proposition 7.6. Put

Hr.v.x = H(L(F), Lo. Vo) @G k. vy, , Homgr) (c-Indg ™ v, ),
and similarly define 3y v . From the transitivity &), ; =¥}, ; oS} , we deduce

Hon,v.x = H(M(F), Mo, Vi) QH(L(F), Lo, Viyrg) Ly . LV
Hence ¥ v . is not 0, because ¥y v » # 0. The space
HOH]G(F) (C-Il’ldg(F) V, 7'[)

is finite-dimensional because 7 is admissible, and we have just seen that its lo-
calization at 7y is not 0. Therefore 7 has a nonzero eigenvalue «. The cor-
responding eigenspace is a nonzero %(G(F ), K, V)—submodule, and hence con-
tains a simple right %(G(F ), K, V)—submodule N, which we consider as a simple
%(L(F ), Lo, VN/(k))-module with Ty acting by «. The irreducible representation
7 is a quotient of

(23) N ®uG(F),k,v) c-Indg(F) V.
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As V is Q-regular, the representation (23) is isomorphic to

(24) N ®(L(F).Lo. Vi) IndQE?) (c-Ind} "™ Vi)

by Theorem 4.6. By Lemma 7.7, this last representation is isomorphic to Indcgg

where
L(F
(25) o =N ®L(F),Lo,Vyr) C-IndeJ " Vv

is a smooth representation of L(F’). The center of L(F) embeds naturally in the
center of the Hecke algebra %(L(F ), Lo, VN/(k)) and acts by a character on the
simple %(L(F ), Lo, VNr(k))—module N. Hence o has a central character.

The admissible irreducible representation r is a quotient of Inng; o, where o
has a central character. By Proposition 7.9 below, 7 is a quotient of Ind Q(R T for

an admissible irreducible smooth C-representation t of L(F). [l

Proposition 7.9. Let w be an admissible irreducible smooth C-representation of
G (F) which is a quotient ofIndgEg o for a smooth C-representation o of M (F)
with a central character. Then there exists an admissible irreducible smooth C-

representation T of M (F) such that w is a quotient of Indggg

When the characteristic of F is 0, Herzig [2011, Lemma 9.9] proved this propo-
sition using the P-ordinary functor Ord p introduced by Emerton [2010]. His proof
contains four steps:

1. As o is locally Zy,-finite, we have
Hom(IndgEg o, 71) ~ Homy () (o, Ordpm).

2. As m is admissible, Ord 7 is admissible.
3. As Ordpr is admissible and nonzero, it contains an admissible irreducible
subrepresentation .

4. As Ordp is the right adjoint of Ind%! P F) in the category of admissible represen-

tations, 7 is a quotient of Indgig

The proof is valid without hypothesis on the characteristic of F: we checked
carefully that Emerton’s proof of steps 1, 2, 4 never uses the characteristic of F.
Only the proof of step 3 given by Herzig has to be replaced by a characteristic-free
proof.

Lemma 7.10. A nonzero admissible smooth C-representation of G(F) contains an
admissible irreducible subrepresentation.

Proof. Let m be a nonzero admissible smooth C-representation of G(F), and H an
open pro-p-subgroup of G(F). The dimension of 7 is a positive integer. Choose
a subrepresentation 7r; of 7 such that an has minimal positive dimension; then the
subrepresentation generated by 7T1H is irreducible. U
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This ends the proof Proposition 7.9, and hence of Proposition 7.6.
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