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In this article we pursue the problem of equality of Artin factors with those
defined on the representation theoretic (analytic) side by the local Lang-
lands correspondence. We propose a set of axioms for the factors on the
analytic side which allows us to prove the equality of the factors. In the case
of L-functions the equality can be proved in a number of cases appearing
in the Langlands—Shahidi method since one of the axioms, stability under
highly ramified twists, is already available for the L-functions coming from
this method.

Introduction

The local Langlands correspondence (LLC) for GL(n) is formulated through the
equality of the Artin factors attached to tensor products on the Galois side with
the factors defined on the representation theoretic side, namely those of Rankin—
Selberg product L-functions for GL(n) x GL(m) [Jacquet et al. 1983; Shahidi
1984]. The LLC, which was proved for GL(n) in [Harris and Taylor 2001; Henniart
2000], also suggests that other Artin (or arithmetic) factors should be equal to
their representation theoretic (or analytic) counterparts, if they exist. In fact, one
important fact about analytic objects is that they always correspond to a global
theory and thus are of automorphic significance. On the other hand so long as
the problem of global parametrization or the global Langlands correspondence, a
problem whose formulation is still unavailable [Langlands 2012], is not settled,
one cannot expect to produce a global theory of L-functions from those defined by
local Artin factors. The problem is thus to show the equality of Artin factors with
the corresponding analytic ones whenever LLC is available.

The purpose of this article is to formulate a set of axioms to be satisfied by the
objects on the analytic side attached to every representation r of the L-group so
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as to imply the equality of arithmetic (Artin) factors with analytic (representation
theoretic or automorphic) factors through LLC (Theorem 2.1). This formalizes and
generalizes some ideas of Harris [1998] as pursued later by Henniart [2010].
While the equality of y-functions requires the validity of stability (Axiom 2), our
Theorem 3.1 proves the equality of L-functions in certain special cases coming from
Langlands—Shahidi method [Shahidi 1990; 2010] through LL.C with no assumptions.
They include the cases of twisted exterior square L-functions for GL(n) as well as
twisted exterior cube for GL(6). This equality can be used to prove special cases of
the generic Arthur packet conjecture [Arthur 1984; Shahidi 2011] as we explain in
Section 3. Finally in Section 4 we address the issue of stability of y-factors within
our method and discuss the progress made on it and some of its consequences.

1. Axiomatic r-theory

Let G be a connected reductive algebraic group over a local field F' of characteristic
zero. Denote by £ G its L-group. Let Wy, be the Weil-Deligne group of F. Let
p:Wp— LG be an admissible homomorphism (see [Arthur 1984; Shahidi 20117).
Let r be an irreducible complex representation of “G on a finite dimensional
complex vector space V, i.e., r : “\G — GL(V) is an analytic homomorphism.
Then r - p : W — GL(V) defines a representation of W}, which we assume to be
Frobenius-semisimple.

Let us now assume we have a theory of L-functions attached to . More precisely,
assume that for each irreducible admissible representation 7w of G(F), there are
defined an L-function L(s, 7, r) and an e-factor e(s, 7, r, ¥r), where s € C and
Y F is a nontrivial additive character of F, satisfying (1) multiplicativity (additivity),
(2) stability under highly ramified character twists, (3) a global functional equation
whenever 7 becomes a local component of a global cusp form, and (4) archimedean
matching, each of which we shall now explain. It is best to formulate them in terms
of y-functions

y(s,m,r,wp)=¢e(s,m,r,yrp)L(1 —s,m,7)/L(s, m,r).

1) Multiplicativity. This basically expresses y-functions of a particular constituent
of an induced representation as a product of y-functions for the inducing data.
One special and important case of it is that of Langlands quotients [Langlands
1989; Silberger 1978]. If & is an irreducible admissible representation of G (F),
then Langlands classification determines a standard parabolic subgroup P with a
Levi decomposition P = M N and a quasitempered representation o of M (F), in
the “positive Weyl chamber”, such that # = J(P, o). Here J (P, o) is the unique
irreducible quotient of I (P, o), which is the representation of G (k) induced by
o. Note that fixing the minimal parabolic subgroup Py C P, making P standard,
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automatically determines the unique positive Weyl chamber. Now, let
vt LG

be the natural embedding. Let py : Wy, — LM be the parameter defining o (or its
L-packet), if known. Then p = ¢ - pys will be the parameter for 7. Let r be a finite
dimensional irreducible complex representation of ©G as before. Decompose

(1-1) ro=r
j

into its irreducible constituents. Multiplicativity in this case simply requires

(1-2) yG, 7y =]vG, o v,
J

(1-3) L(s.,r)=[[LGs.o.r}).
j

(1-4) (s, m,ryr) =] [ets. o r) vp).

J

In fact, this is how these factors are defined: One first defines the factors for
quasitempered but unitary data and then extends the unitary complex parameters
to all of the complex dual of the complex Lie algebra of the split component of
the center of M [Langlands 1989; Shahidi 1990]. When F is an archimedean field,
LLC was established by Langlands [1989] and the L-functions were defined to be
those of Artin attached to the parameter. They satisfy Equations (1-2)—(1-4).

When one restricts oneself to those representations r that appear in constant
terms of Eisenstein series (Langlands—Shahidi method [Langlands 1971a; 1976;
Shahidi 2010]), in which case G will be assumed to be quasisplit, then these
formulas play a central role. In fact, what is defined with no reservations is the y-
function y (s, 7, r/, ¥r), where r/ is any irreducible constituent of the adjoint action
of M’ on Ln’', the Lie algebra of the complex Lie group “N’ [Langlands 1971a;
Shahidi 1990; 2010]. The representation 7 is any irreducible admissible ¥ g -generic
representation of M'(F), where P’ = M'N’ is the defining parabolic subgroup for
the Eisenstein series which we may assume to be maximal. Here F' is a completion
of the number field defining the Eisenstein series. As explained in [Shahidi 1990;
2010], the knowledge of y-factors immediately defines the L-functions and e-factors
if 7 is also tempered. The extension to any irreducible admissible representation
(not necessarily generic) w of M'(F) is given by Langlands classification and
Equations (1-3) and (1-4) [Shahidi 1990]. In this case multiplicativity is valid
when 7 is the unique Y r-generic constituent of Ind%g))m F) 0 ®1, where P is
any standard parabolic subgroup of M’ defined over F and o is any irreducible
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admissible 1r-generic representation of M(F), P = MN. One then has the
appropriate version of (1-2) for each y-function y (s, 7, r/, ¥ ¢), where r/ is an
irreducible constituent of the adjoint action of Ly’ on v’ [Shahidi 1990; 2010].

Example. Assume G = GL(n; 4 n,) and M = GL(n;) x GL(n2). Let ry be A2,
the exterior square representation of GL(N, C) for any positive integer N. Then
one has

M = GL(n,, C) x GL(n,, C)

and

(1-5) Fryny |"M = T, @ Ty © (D) ® Piy),s

where py is the standard representation of GL(N, C). If r is the Langlands quotient
or the unique irreducible generic constituent of Indfl((?) NF) 01 @0 ® 1, where o;,
i =1, 2, is an irreducible generic representation of GL,,, (F'), which we will assume
to be quasitempered in the positive Weyl chamber if 7 is the Langlands quotient,
then

y(s, 7w, A2 Yr) =y (s, 01, A2, YRy (s, 02, A2, )y (s, 01 X 02, YF).

Here y (s, 01 x 02, ¥F) is the Rankin—Selberg product y-function defined in [Jacquet
et al. 1983]. It is also obtained from the Langlands—Shahidi method if we consider
M’ = GL(n) x GL(n,) inside G = GL(n| + ny); see [Shahidi 1984].

One simple way of seeing the branching rule (1-5) is to consider M’ = GL,;, 4,
as the Siegel Levi subgroup of G = SO(2n; + 2n,). Here one gets only one
irreducible representation r| of “M’ = GL(n| +n,, C) in v, r| = Aﬁl tn,- One
can then immediately see the restriction decomposition (branching rule) (1-5) if
one considers the adjoint action of Ly = GL,,(C) x GL,,(C) on Ly which is
isomorphic to (the second diagonal) skew-symmetric elements of complex matrices
of size n| + ns.

Finally we remark that if one knows LLC and lets p be the parameter of 7, and
further assume the equality

(1_6) )/(Saﬂ,’”,‘/fF):V(Sa”‘Ps‘//F),

where the factor on the right is that of Artin attached to the representation r - p,
then one immediately has

v, Yp) =y, r-p, Yr)
=y(s,r-t- pm, VF)
=y, @r}" - pm, ¥r)
=[1ve.r" om.vr) =]y or¥ vp),
J J
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where o is a member of the L-packet attached to pj,. This immediately implies
(1-2). The point is that even if one knows LLC, one would know the equality (1-6)
only for certain r [Langlands 1971a; Shahidi 1990; 2010] and not necessarily for
the family of L-functions attached to a given r. In practice one would need to know
multiplicativity for y-functions y (s, &, r, ¥r) on the representation theoretic side
in order to prove (1-6) for a given r.

2) Stability. This is again a local statement. Moreover, F' will need to be assumed
to be nonarchimedean. We also need to assume X (G)r # {1}, i.e., that G has a
nontrivial F-rational character. This clearly rules out G being semisimple. Choose
and fix 1 # v € X(G)r. Note that v(G(F)) C F* is of finite index and thus open.
Let x be a highly ramified character of F*. Then yx - v is what we call a highly
ramified character of G(F).

Let 7y and 7, be two irreducible admissible representations of G (F). Let wy,
denote the central character of 7r;, i = 1, 2. Stability requires:

Assume wy, = wy, = w. Then for every sufficiently highly ramified character x
of G(F) with the level of ramification depending on | and 1, one has

(1-7) v, Mm@, Yr) =y, mQx, 1, UF),
(1-8) Ls,mi@x,r)=L(s, m@x,r)=1,
and thus

(1'9) 8(S77T1®X,r,1ﬁF)=8(S,7T2®X»rs1/fF)-

By virtue of [Deligne 1973], stability is valid for all the Artin factors, and as in
multiplicativity, stability will also be true for our factors (see [Cogdell, Shahidi and
Tsai > 2012]) if LLC is valid and moreover our factors are equal to those of Artin.
But again stability is a tool which is needed to prove this equality which is known
in only a few cases.

At present this is the only result that needs to be established even in the context of
L-functions that come from the Langlands—Shahidi method [Shahidi 2002; 2010],
although special cases of it are available from either methods of L-functions. More
precisely, stability is known for the Rankin product factors y (s, | X 7w, ¥ ), where
71 and 7y are irreducible admissible representations of GL(n1, F) and GL(n,, F),
respectively [Jacquet and Shalika 1985], or of GL|(F) = F* and G (F), whenever
G is a group for which the derived group of “G? is a classical group [Cogdell et al.
2001; 2004; 2005; 2008; Kim and Krishnamurthy 2005; Asgari and Shahidi 2006;
2011].

On the other hand, in the context of L-functions in [Langlands 1989; Shahidi
1990; 2010], a stability statement for L-functions to the effect that
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L, m®x,ri)=1

for every L-function obtained from our method, and suitably highly ramified char-
acters x, was proved in [Shahidi 2000]. Thus it is the stability of y-functions
y (s, m, ri, ¥r) which needs to be proved in a given case. We will discuss this
problem shortly.

We conclude by pointing out that in the case of G x GL(1) discussed above
stability has been an important tool to prove functorial transfers from the generic
spectrum of G (Ay) to appropriate GL(N, Ay) [Cogdell et al. 2001; 2004; Kim and
Krishnamurthy 2005; Asgari and Shahidi 2006; 2011]. Here Ay is the ring of adeles
of a number field k.

3) Functional equations. The main reason for introducing local Artin root num-
bers (e-factors) in [Dwork 1956; Langlands 1970; 1971b; Deligne 1973] was to
decompose Artin’s global root numbers and e-factors into products of local objects.
Under the validity of LLC, these local Artin factors can be used to define local
factors attached to irreducible admissible representations (L-packets) of groups
over local fields. On the other hand if one considers cuspidal automorphic forms
over a global number field, then for each r one expects global functional equations
whose root numbers will have to be a product of local ones. One thus needs to
define a collection of local e-factors and L-functions within the same machinery
that establishes the global functional equations [Jacquet et al. 1983; Cogdell and
Piatetski-Shapiro 2004; Shahidi 1990; 2010]. It is thus by no means clear that these
factors are equal to those defined by Artin factors through LLC, and the challenge
is to show that they are in fact equal. This is done by using these global functional
equations, but for a very special class of cusp forms, those attached to certain
irreducible continuous representations of global Galois (or Weil) group. We now
formulate this as follows.

Let k be a global field whose ring of adeles is A, and let 1 = ), m, be an
automorphic cuspidal representation of G(Ay), where G is a connected reductive
group over k. Let r be an irreducible complex analytic representation (thus finite
dimensional and conversely) of ' G. Let n, : 'G,, — G be the natural map, where
LG, is the L-group of G as a group over k,. Write r, =r - n,. Let S be a finite set
of places of k such that for all v € S both the group G, as a group over k,, and m,
are unramified. Fix a complex number s. Let L(s, 7y, ry) and (s, wy, 1y, ¥y) be
the local L-function and root number attached to this data from our theory, where
¥ =@, Vv is a nontrivial additive character of A/ k with 1, unramified outside S.
Set

(1-10) L(s,m,r) =] LGs. 7. 1),
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and

(1-11) e(s,m.r) =] el o, ro. ),

v

where (1-10) converges absolutely for Re s > 0 while (1-11) is just a finite product.
Then

(1-12) L(s,m,r)=¢(s,m,r)L(1 —s,m, 7).

Here 1 denotes the contragredient of r. In terms of y -functions this can be written

as

(1-13) LS(s,m.r) =] [y (s o, ro. Y) LS = 5, 7. F),
ves

where

(1-14) LS(s,m.r) = [ LGs. 70, 1)

vegS

Here by an unramified group we mean a quasisplit group to split over an unramified
extension. It will then have a hyperspecial maximal compact subgroup with respect
to which m, has an invariant (one dimensional) subspace if w, is unramified.

There are a good number of cases where these functional equations are proved.
The most general results here are those in the Langlands—Shahidi method, using
Eisenstein series [Langlands 1989; Shahidi 1990; 2010]. On the other hand, they
are also proved using the method of integral representations in a number of cases,
most notably and completely by Jacquet, Piatetski—Shapiro and Shalika for Rankin
product L-functions for GL(n;) x GL(n;) as discussed earlier [Jacquet et al. 1983;
Cogdell and Piatetski-Shapiro 2004]. We refer to [Soudry 2006] for a survey of the
results obtained from the integral representations method for other groups.

4) Archimedean matching. When k is a number field one has the benefit of using
the Langlands classification [Langlands 1989; Silberger 1978] and thus LLC for real
groups to define local factors at archimedean primes to be those of Artin through
LLC. The theory must then require:

Let F be either R or C and, for each irreducible admissible representation
of G(F), let p : Wy — LG be the corresponding parameter. Then for each finite
dimensional irreducible complex representation r of “ G we have

v(s,r-p,¥p)=y(s,m,r,Yr).

We also have similar identities for root numbers and L-functions.



702 FREYDOON SHAHIDI

Again, the most general case of this is proved within the context of the Langlands—
Shahidi method [Shahidi 1990; 2010]. The work is carried on in [Shahidi 1985]
when “local coefficients” are expressed as Artin factors. We recall that the y-factors
within this method are defined inductively by these local coefficients.

We refer to [Jacquet and Shalika 1990; Cogdell and Piatetski-Shapiro 2004] for
the archimedean work within Rankin—Selberg theory for GL(n).

In the case of function fields, where no distinguished archimedean place stands
out, other techniques are needed to develop the theory. We refer to L. Lomeli’s
work in [Lomeli 2009; Henniart and Lomeli 2011], where the method is developed
at least for classical groups.

Definition 1.1. Let F be a local field together with a nontrivial additive character
Y and let G be a connected reductive group over F. Fix a (finite dimensional)
complex analytic representation r of “G. We will say we have a theory of L-
Jfunctions attached to r, or in short an r-theory, if there exist complex functions
L(s,m,r)and e(s, , r, ¥r) satisfying axioms 1-4.

2. Equality of Artin (arithmetic) and automorphic (analytic) factors

With notation as in the previous section, let
6:5G — GL(N,C) x W},
be a minimal embedding. Let r be a finite dimensional complex representation
r:GL(N,C) x W, — Aut V.

Letp: Wy, — LG be an admissible homomorphism and let 77 (p) be a fixed element
in the L-packet attached to p. Then

)/(S»”'Q'P,lﬁ)=V(S,7T(P)s”'9»1ﬁ)
=V(s777(9',0)’r»‘p)

if the middle factor y (s, w(p), r -0, ) is defined. Here 7 (6 - p) is the representation
of GL(N, F) attached to 6 - p as in [Harris and Taylor 2001; Henniart 2000]. In
particular, r-factors for GL(N, F) define r - 6-factors for G(F). We may therefore,
at least for r - O-factors of the group G, appeal to r-factors of GL(N).

Let us therefore concentrate on GL(/N), where LLC is already established [Harris
and Taylor 2001; Henniart 2000]. Assume our theory of y-factor axioms (1)—(4)
of the previous section. We thus consider a parameter p : W, — GL(N, C) and
let (p) be the corresponding irreducible admissible representation of GLy (F')
through LLC.
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If p; and p, are two homomorphisms (representations) of W,
pi : W = GL(n;, C),

we let r be a representation of GL(n| 4 1, C) and assume a branching rule of the
form

(2-D) r-(p1@p2)=r-p1®r-p2® R(p1, p2),

where R(p1, p2) is a representation of GL(n |, C) x GL(n3, C), n; =dim p;,i =1, 2,
in which r - p; and r - p, do not appear; or said in other terms, they appear in
r - (p1 @ pp) with multiplicity one. We can in fact write R(p1, p2) as the composite
of

R :GL(n;, C) x GL(n,, C) — GL(N, ©),
N =dim R, and
(p1, p2) : Wi = GL(n1, C) x GL(n2, C)
w = (pr(w), p2(w)).

We note that
01® p2: Wi = GL(n1, C) x GL(n3, C) < GL(n| + ny, C),

to which r can be applied. Here are some examples. Let r = A2, in which case
R(p1. p2) = p1 ® pa, or r = A3, for which R(p1, p2) = A%p1 ® p2 D p1 ® A%ps.
Similar examples can be given for Sym? or higher powers of both A and Sym [Fulton
and Harris 1991]. We recall that exterior powers are irreducible representations of
highest weight §;, fundamental weights of SL(N, C). We will then assume that we
also have

(2_2) V(S, R- (pla pZ)a WF) = ]/(S, (77(/)1)’ 7T(/02))’ R’ WF)’

which of course requires the validity of an R-theory for GL(n) x GL(n>).
Tracing through the tables in [Langlands 1971a; Shahidi 1988; 2010], it can be
seen that the existence of corresponding R-theories for A3 may be available within
the same machinery, at least for n < 6 as we explain in the next section.
Now, fix a representation r with an r-theory and assume one has an R-theory
for the representation R appearing in (2-1). We will briefly sketch how to show:

Theorem 2.1. Fix r satisfying branching rule (2-1). Assume the existence of an
r-theory and the corresponding R-theory for R satisfying (2-2). Then

)/(S,I"')O, WF):)/(S,TK(P)»”» ‘ﬁF)
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for every n-dimensional continuous complex Frobenius-semisimple representation p
of W4, where 7t (p) is the irreducible admissible representation of GL,,(F) attached
to p by LLC.

Proof. We pursue the ideas presented in [Harris 1998; Henniart 2010]. By Brauer’s
theorem p is a Z-linear combination of monomial representations. Thus monomial
representations, i.e., those induced from characters of subgroups of finite index in
W, form a basis for the Grothendieck ring of W,. Starting with a local monomial
representation p, one chooses a global monomial representation ¢ which has p as
p|Wr., where F =k, at one place of the global field k as in [Harris 1998; Henniart
2010; Cogdell, Shahidi and Tsai > 2012]. For each place w of k, let p,, = /5|W’w,
and consider 7 (p) := Q),, 7 (pw), Where 7 (p,,) is the representation of GL(n, k)
attached to p,, by LLC. (We remind the reader that there are serious restrictions
present in the choices of k and p as explained in [Harris 1998; Henniart 2010].)

Then 7 (p) is an automorphic representation of GL, (Ay), given by an automor-
phic induction from a grossencharacter. We then twist 7 (0) by a grossencharacter
X =@, Xw that is highly ramified at all finite places where 7 (/5,,) is ramified
except at v. By stability we get

Y, rw - (0w ® Xw), l;Zw) =y (s, 7T (Pw) @ Xws T'w, J/w)v

which can be seen by computing each side, using a principal series with the same
central character as 7 (0, ) on the representation theoretic side and [Deligne 1973]
on the Artin side.

We will assume x, = 1. By archimedean matching the factors are equal whenever
w = oo. Comparing functional equations for ¢ and 7w (p), we get

)/(S,I"-p, WF):V(SJT(P),”, WF)

for every member of a basis for the Grothendieck ring of Wy.. Here ¥r = ¢, for a
global nontrivial character ¥ = Q),, ¥, of k\Ay.

Next we appeal to our R-theory satisfying (2-2), and multiplicativity, to extend
the equality to the full Grothendieck ring. This completes our sketch of the proof. [J

3. Equality of L-functions through LL.C

While the equality of y-factors in Theorem 2.1 requires availability of stability for
them, stability for L-functions, expressed as Equation (1-8), is a lot less subtle. In
what follows, we will show the equality of L-functions defined by the Langlands—
Shahidi method with those of Artin in a number of cases previously not available.

A result like this has an interesting application in proving the generic A-packet
conjecture discussed in [Shahidi 2011]. This is a kind of converse to the tempered
L-packet conjecture, which asserts that every tempered L-packet of a quasisplit
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group has a generic member [Shahidi 1990; Vogan 1978]. On the other hand,
the generic A-packet conjecture states that if the L-packet attached to ¢y, the
Langlands parameter attached to an Arthur parameter ¥, has a generic member,
then ¢y, is tempered. We note that the elements of ¢y, are supposed to provide the
main nontempered members of ¥ (see [Arthur 1984]), i.e., those which have not
already appeared in other A-packets. The proof given in [Shahidi 2011] is based on
the matching of only L-functions for certain Levi factors through LLC.

The work of Y. Kim [2012], where he uses the matching for the twisted exterior
and symmetric square L-functions for GL(n) [Henniart 2010] and those of certain
Rankin product ones [Asgari and Shahidi 2006; 2011], has now established this
for split GSpin groups, generalizing the work of Ban [2006] and Liu [2011] for
classical groups. Moreover, the examples of A3 discussed below should handle
some cases of exceptional groups. More precisely, using [Shahidi 2011] the work
in [Kim 2012] proves that if i is an Arthur packet for GSpin(F'), where F is a
p-adic field, then the Langlands packet ¢y, attached to ¥ has a generic member
only if ¢y, is tempered. This clearly gives a converse to the tempered (or generic)
L-packet conjecture [Shahidi 1990; Vogan 1978]. For an archimedean field F' this
is proved in [Shahidi 2011] and follows from the equality of Artin factors with
those defined by the Langlands—Shahidi method [Langlands 1989; Shahidi 1985].
Here is now the matching theorem for L-functions:

Theorem 3.1. Let (G, M) be a pair of a quasisplit connected reductive group and
one of its maximal Levi subgroups defined over a local field F. Assume there
exists a homomorphism ¢ : M — GL(n) x GL(1) that is an isomorphism on
derived groups, i.e., Mp >~ SL(n). Let 1 = mo ® n be an irreducible admissible
representation of GL(n, F') x F* and consider it as one of M (F). Assume m = (p),
p: Wi — GL(n, C) x GL(1, C). Let r; be an irreducible constituent of the adjoint
action of *M on n, the Lie algebra of “ N. Using the dual map

(3.1.1) Ly :GL@#,C)x C* — M,
we then have
(3.1.2) L(s,w-@,ri)=L(s, 7, ri-Lo).

Assume r; - "¢ satisfies the branching rule (2-1). Moreover, assume the equality
(2-2), but only for L-functions, that is, the validity of

(3.1.3) L(s, R-(p1, p2)) = L(s, (w(p1), T(p2)), R).
Then

(314) L(S,r[.Lga.p)=L(S’7.[(p)’ri.L(p)‘
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Remark. The extension from generic representations to any irreducible admissible
one is rather routine as explained on page 322 of [Shahidi 1990].

Proof. We may assume F is p-adic. We again use Brauer’s theorem and prove
(3.1.4) for monomial representations as in Theorem 2.1. We choose k and p such
that ky = F, p|Wp = p and consider 7(p) := @), 7 (pw), where py, = p|W| . Wi
again twist 77 () by a grossencharacter ¥ = ), X that is highly ramified at all
finite places where 77 (0,,) is ramified except v, where we will assume x, = 1. Then
for each finite ramified w, w # v, stability for L-functions, i.e., (1-8), implies

(3.1.5) Y (s, 7T (Bw) ® Xus ivw - "0, YF) = cuwgy™”,

where ¢,, € C*, n,, € Z and g, is the cardinality of the residue field of k at w. Using
the equality at archimedean primes for y-functions we thus have

G.16) [T cwaa™ v (s. 7o) 71 Yo, r) = [ cha™ v (s.7i- - 0. vr).

where ¢, and n/,, are the corresponding objects on the Artin side and S is the set of
ramified finite primes, whenever p is monomial.

On the other hand, by equality (3.1.3) of L-functions for constituents of our
branching rule, we get an equality like (3.1.6) for every pair y (s, R - (01, p2), ¥F)
and y (s, ((p1), m(02)), R, ¥r). We can then extend (3.1.6) from monomial rep-
resentations, that is, a Z-basis for the Grothendieck ring of W, to the full ring.

We now assume p is bounded so that 7 (p) is tempered. We then have that
L(s,m(p), r; -Lgo) gives the zeros of y (s, w(p), r; -L(p) [Shahidi 1990; 2010]. The
same is true of L(s, r; - L(p -p) and y(s,r; - L(p - p). By standard properties of
L-functions, we then get the equality (3.1.4) for a bounded p. The case of arbitrary
p and 7 (p) now follows from Langlands classification upon which factors for 7 (p)
are defined [Langlands 1989; Shahidi 1990; 2010] as well as those of Artin. This
completes the proof of Theorem 3.1. ([l

Remark 3.2. One may replace Equation (3.1.3) with the equality of y-factors only
up to a monomial in ¢ —*, which is a much weaker statement than (2-2).

Example 3.3 (twisted exterior and symmetric square L-functions for GL(n)). The
pair in this case is G = GSpin and M is generated by all simple roots but the last
one, i.e., the Siegel parabolic of G. In the case of exterior squares the equality is

(3.3.1) L(s, A’py®n) = L(s, (o) ® 1, A* ® St)
= L(s, 0, A*®1),
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where the L-functions on the right are from [Shahidi 1990; 2010]. This was first
proved in [Henniart 2010]. The case of twisted symmetric square is similar. Here
St denotes the standard representation of GL(C).

Example 3.4 (twisted exterior cube for GL(6)). Here the pair is (E;¢, M%), where
M4 is the Levi subgroup generated by A — {a4}, A being the set of simple roots.
This is case (x) in [Langlands 1971a] or equally (E¢ ;) in [Shahidi 2010]. The
map ¢ is defined in 2.5.3 of [Kim 2005]. With notation as in Theorem 3.1 here

(3.4.1) ri-fp=r-Tp=A*®St,

and thus Theorem 3.1 should imply

(3.4.2) L(s, A’ po®n) = L(s,r1- " (0o ®n))
= L(s,7(p), 1 "p)

= L(s, m(po) ® n, A>® St)
= L(s, 0, A* ®1),

where 7 (pg) = g, T = 7o ®n and p = pg ® n, if we can show (2-2) and (3.1.3)
hold. We remark that in this case dimr, = 1 and there are no other constituents.
As discussed in Section 2, the branching rule (2-1) in this case reads

(3.4.3) R(p1, p2) = A2p1 @ pr ® p1 @ A% ps.

Dimensions n; =dim p;, i =1, 2, are a partition of 6, i.e., n| +n, = 6. By symmetry
we need to know the validity of

(3.4.4) L(s, A’p1 ® p2) = L(s, (w(p1), 7(p2)), A* ® St),

1 <n; <5, ny+ny =6, where St denotes the standard representation of GL(n,, C).
When 1 <n; <3, (3.4.3) is valid by [Harris and Taylor 2001; Henniart 2000].
For n; = 5 and thus ny = 1, (3.4.4) is Example 3.3. It remains to address the
case n; =4 and np, = 2. Equality (3.4.4) in this case follows from Kim’s work on
functoriality for A2 GL4(C) — GLg(C). In fact, (3.4.4) is equivalent to

(3.4.5) L(s, A?p1 ® p2) = L(s, m(A*p1) x 7(p2)),

by [Harris and Taylor 2001; Henniart 2000] in which A2p1 is a six dimensional
continuous representation of W,. What we need to verify is the equality

(3.4.6) L(s, A*p1 ® p2) = L(s, A*((p1) X 7(p2))
= L(s, ((p1), 7(02)), A* ® S1).
This is proved by Kim [2003]. We collect this as:
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Proposition 3.5. Let (p, w(p)) be a pair with p = po ® n a representation of W,
into GL(6, C) x GL(1, C). Let my = m(pg). Then

(3.5.1) L(s, Apo®n) = L(s, mo, A*®@1n)
= L(s, w(po) ® n, A’ ® St).

Remark 3.6. The pairs (E3°, M**) and (Eg, M**) give L(s,mo ® n, A3 ® St),
where n € F* and 7o is an irreducible admissible representation of either GL(7, F)
or GL(8, F), respectively [Langlands 1971a; Shahidi 2010]. To get equality (3.5.1)
in these cases requires equality (3.4.6) for n; = 5 and 6, respectively, which
unfortunately are not yet available.

4. Comments on stability of y-functions

As explained in Section 1, it is the stability of y-functions, condition (2) of our r-
theory, which is not available in any generality, even within the Langlands—Shahidi
method. On the other hand y-functions within this method are defined inductively
by means of “local coefficients” [Shahidi 1990; 2010]. These are complex functions
defined by means of standard intertwining operators and Whittaker functionals
for induced representations [Shahidi 2010]. Their definition clearly requires the
representation 7w of M (F) be generic. But y-functions defined through the method
can be extended even to cases where 7 is not generic. This is done by means of
Langlands classification (page 322 of [Shahidi 1990]).

It is thus enough to show that each local coefficient is stable under twists by
highly ramified characters. We shall now briefly explain how one expects to prove
stability.

As before, we assume (G, M) is a pair of a quasisplit connected reductive group
G and a Levi subgroup M of one of its maximal parabolics, P = M N, both defined
over F which we will assume to be a p-adic field of characteristic zero. We let «
denote the unique simple root in N. The method is now being developed for fields
of positive characteristic mainly by Luis Lomeli with some collaboration by Guy
Henniart (see [Lomeli 2009; Henniart and Lomeli 2011]).

With notation as in the previous section, we let “ M acton ‘n and letr;, 1 <i <m,
be its irreducible subrepresentations ordered as in [Shahidi 1990; 2010]. The y-
factors y (s, m, ri, YF), when 7 is an irreducible admissible generic representation
of M(F), satisfy

@1 C(s,m) =Cy(s,m) =heWr,wo) " [ vlis, 7 7 ¥p),

i=1
where C(s, ) is the corresponding local coefficient. Here 7 is assumed to be
generic with respect to the generic character of Uy, (F) defined by ¥r and a fixed
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F-splitting of G (and thus M). For simplicity we call = yr-generic, not men-
tioning the splitting. The factor A (Y r, wp) is a product of Langlands A-functions,
Hilbert symbols, and wy is the representative of the element w, a’zz_,zlw of Weyl group
W(G,T). Here B =TU is a fixed Borel subgroup over F, giving our splitting,
M>DT,U DN, Uy =UnNM. We recall that fixing the splitting leads to a choice
of a representative for any Weyl group element, wy representing that of w, ﬁ);’lM.
We refer to Chapter 8 of [Shahidi 2010], specifically Remarks 8.2.1 and 8.2.2, for a
complete discussion of these factors and their choices.

With notation as in Section 1, item 2 (stability), one can formulate stability for
C(s, ) as follows:

Conjecture 4.1. Given a pair of irreducible admissible \ p-generic representations
1 and my of M (F) with same central characters,

Cls,m@x)=C(s, 12® x),
where x is a suitably highly ramified character of M (F).

As experience has shown, at least in a number of important cases [Asgari and
Shahidi 2006; 2011; Cogdell et al. 2004; 2005; 2008; > 2012; Kim and Krishna-
murthy 2005], this can be proved by expressing C (s, 7) as a Mellin transform of a
Bessel function on M (F). This was attained by establishing an integral representa-
tion for C(s, )~ in [Shahidi 2002]. The formula is under the assumption that P
is self-associate. This means that N = woN wy I—nN ~, where N~ is the unipotent
subgroup opposed to N.

We first recall the partial Bessel function involved. Let w, be the central character
of 7 and define wo(w,)(z) = wy (wo_lzwo). Given s € C, set 1y = 7w @ ¢ & Hmn )
and define

(4.2) Wr,(2) = wy (2)q &M@,

We refer to [Shahidi 1988] for the definition of @. Fix a sufficiently large open
compact subgroup Ny C N. Let ¢ denote its characteristic function.
For almost all n € N(F),

4.3) wo_ln =mn'n,
me M(F),n € N(F),n € N(F). This sets up a densely defined map
nt— (m,n)

from N (F) into M(F) x N(F). While n — 7 is a bijection, n — m may not be
one; see [Shahidi 2002].
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Let W, be a Whittaker function in the space W (rr;) of m; such that W, (e) = 1.
Given z € Zy(F), we define the partial Bessel function

44 juelm,n,z2) = / Wy (mu~" @ (zunu™' 27 Yr ) du.
Umn (FO\Upm (F)

Let o be the unique simple root of T in U generating N.

We may assume H'(F, Zg) = 1, which we can attain by enlarging G without
changing its derived group. It will not affect our results. Lemma 5.2 of [Shahidi
2002] then implies existence of a map o from F* into Zg,l =Zg(F)\Zy (F) such
that o’ (aV (¢)) = ¢, t € F*, for any root o’ of T that restricts to .

We need to define a scalar x, defined by n. It is simply the «-coordinate of
wy 77wy € N by means of our fixed splitting.

Given y € F*, set

(4.5) JogM, T, Y) 1= jyo(m, 7, 0¥ (v - x0)),

whenever x, # 0.
We also let Zg,[UM(F) act on N (F) by conjugation and write ZglUM(F)\N(F)
for the corresponding quotient space.

Theorem 4.2 [Shahidi 2002, Theorem 6.2, second part]. Suppose w, (wow,, Y is
ramified. Fix yy € F such that ordp(yo) = —d — f, where d and f are conductors
of Yr and w ' - (wowy ), respectively. Then up to an abelian Tate y-factor attached
to wy - (woa);l) and Yp,

4.6) C(s,m)""

~f Jop(m, 70, yo)wy ! (xe) (Wows, ) (xg)q - Hu ™) gy
Z8,Un (F)\N(F)

Here x, is embedded in Zy;(F) through o™ and v =0 ® g*HmO) More precisely,
v is the vector in the space of 7w that goes to v in the space of 1.

We refer to [Shahidi 2009] for some of the geometric issues in analyzing the
integral in (4.6).

It is Equation (4.6) which has been the main tool in proving stability in a number
of important cases, all of significance in establishing functoriality [Cogdell and
Piatetski-Shapiro 1998; Cogdell et al. 2004; 2005; 2008; Kim and Krishnamurthy
2005; Asgari and Shahidi 2006; 2011].

What one has to do is to prove an asymptotic expansion for the partial Bessel
function j; ,,. In fact, in the cases of classical or GSpin groups, one basically needs
to deal with M = GL(1) x G, where G is one of these groups, as a maximal Levi
subgroup inside a larger group G of the same type.
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The philosophy of expressing y-functions as a Mellin transform of a partial
Bessel function goes back to Cogdell and Piatetski-Shapiro [1998] who proved such
a formula as well as the asymptotic expansion for the corresponding partial Bessel
functions when G| = SO(2n + 1). Using Equation (4.6), which was established in
[Shahidi 2002], the corresponding stability for other cases were proved in [Cogdell
et al. 2004; 2005; 2008; Kim and Krishnamurthy 2005; Asgari and Shahidi 2006].

In [Cogdell, Shahidi and Tsai > 2012], the authors study the case (G, M) =
(GSp(2n), GL(n)x GL(1)), where the y-factor y (s, 7, A?, V) appears. Using a
robust deformation argument which should apply more generally whenever LLC is
available, the equality

4.7 y(s, A% p,¥p) =y (s, w(p), A%, Y¥r)

is reduced to a proof of stability for only when p is irreducible and thus only when
m = w(p) is supercuspidal in [Cogdell, Shahidi and Tsai > 2012]. A proof of
stability in the supercuspidal case also seems to be within reach, using (4.6) and the
asymptotics of the full Bessel functions for GL(n) proved by Jacquet and Ye [1996].
In particular, it is shown that the asymptotics of the partial Bessel function j; , can
still be deduced from those of full Bessel functions and thus germ expansions in
[Jacquet and Ye 1996]. The case of symmetric squares

(4.8) y(s,Sym* -p, ¥p) = y (s, 7(p), Sym*, ¥r)
follows immediately from

(4.9) y (s, x 7, YF) =y (s, m, A%, Yp)y (s, m, Sym®, yp),
(4.10) y(s.p®p, Yr) =y (s, N> p, Yp)y (s, Sym* -p, ¥p),
and

(4.11) (s, p®p, Yr)=y(s,m(p) X(p), ¥F),

the last being part of LLC in [Harris and Taylor 2001; Henniart 2000]. The y-factors
y(s,m, A2, Yr)andy (s, 7, Symz, Y ) are those defined by the Langlands—Shahidi
method as special cases of the general definition given in [Shahidi 1990].

The case of Rankin product L-functions for GL(n) x GL(n) using this approach
has been addressed in [Tsai 2011]. The cases of non-self-associate maximal parabol-
ics are also being addressed, and an analogue of (4.6) for GL(n) x GL(m), n # m,
seems to be in hand. This seems to be the most complicated among the cases to be
considered.

For the record, we also refer to [Ramakrishnan 2000] and [Kim and Shahidi
2002], where the equality of certain triple product factors is proved, but using other
techniques such as base change, combined with functoriality.
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We should finally mention the possible application of (4.6), or rather its more
general form (6.38) or its initial form (6.55), both of [Shahidi 2002], in establishing
the local Langlands correspondence for GSp(4) over function fields through Deligne—
Kazhdan philosophy of close fields. If successful the problem is then reduced to
that of LLC for GSp(4) over number fields, already established in [Gan and Takeda
2011]. We refer to [Ganapathy 2012] for a discussion of this philosophy and the
treatment of LLC for GL(n) through this approach.

Acknowledgements

It is my pleasure to dedicate this article to the memory of my colleague and friend
Jonathan Rogawski for his untimely departure. Thanks are due to Don Blasius,
Dinakar Ramakrishnan and Raja Varadarajan for their invitation to contribute to
the volume for which this article was written.

References

[Arthur 1984] J. Arthur, “On some problems suggested by the trace formula”, pp. 1-49 in Lie group
representations, 11 (College Park, MD, 1982-1983), edited by R. Herb et al., Lecture Notes in Math.
1041, Springer, Berlin, 1984. MR 85k:11025 Zbl 0541.22011

[Asgari and Shahidi 2006] M. Asgari and F. Shahidi, “Generic transfer for general spin groups”,
Duke Math. J. 132:1 (2006), 137-190. MR 2007d:11055a Zbl 1099.11028

[Asgari and Shahidi 2011] M. Asgari and F. Shahidi, “Functoriality for general spin groups”, preprint,
2011. arXiv 1101.3467

[Ban 2006] D. Ban, “Symmetry of Arthur parameters under Aubert involution”, J. Lie Theory 16:2
(2006), 251-270. MR 2007d:22024 Zbl 1102.22013

[Cogdell and Piatetski-Shapiro 1998] J. W. Cogdell and I. I. Piatetski-Shapiro, “Stability of gamma
factors for SO(2n + 1)”, Manuscripta Math. 95:4 (1998), 437-461. MR 99d:11053 Zbl 0959.22011

[Cogdell and Piatetski-Shapiro 2004] J. W. Cogdell and I. I. Piatetski-Shapiro, “Remarks on Rankin—
Selberg convolutions”, pp. 255-278 in Contributions to automorphic forms, geometry, and number
theory, edited by H. Hida et al., Johns Hopkins Univ. Press, Baltimore, MD, 2004. MR 2005d:11075
Zbl 1080.11038

[Cogdell et al. 2001] J. W. Cogdell, H. H. Kim, L. I. Piatetski-Shapiro, and F. Shahidi, “On lifting from
classical groups to GLy ", Publ. Math. Inst. Hautes Etudes Sci. 93 (2001), 5-30. MR 2002i:11048
Zbl 1028.11029

[Cogdell et al. 2004] J. W. Cogdell, H. H. Kim, I. I. Piatetski-Shapiro, and F. Shahidi, “Functoriality
for the classical groups”, Publ. Math. Inst. Hautes Etudes Sci. 99 (2004), 163-233. MR 2006a:22010
Zbl 1090.22010

[Cogdell et al. 2005] J. W. Cogdell, I. I. Piatetski-Shapiro, and F. Shahidi, ‘“Partial Bessel functions
for quasi-split groups”, pp. 95-128 in Automorphic representations, L-functions and applications:
progress and prospects, edited by J. W. Cogdell et al., Ohio State Univ. Math. Res. Inst. Publ. 11, de
Gruyter, Berlin, 2005. MR 2007d:22025 Zbl 1101.22011

[Cogdell et al. 2008] J. W. Cogdell, I. I. Piatetski-Shapiro, and F. Shahidi, “Stability of y-factors for
quasi-split groups”, J. Inst. Math. Jussieu 7:1 (2008), 27-66. MR 2009¢:22016 Zbl 1175.11024


http://dx.doi.org/10.1007/BFb0073144
http://www.ams.org/mathscinet-getitem?mr=85k:11025
http://www.zentralblatt-math.org/zmath/en/search/?an=0541.22011
http://dx.doi.org/10.1215/S0012-7094-06-13214-3
http://www.ams.org/mathscinet-getitem?mr=2007d:11055a
http://www.zentralblatt-math.org/zmath/en/search/?an=1099.11028
http://arxiv.org/abs/1101.3467
http://www.ams.org/mathscinet-getitem?mr=2007d:22024
http://www.zentralblatt-math.org/zmath/en/search/?an=1102.22013
http://dx.doi.org/10.1007/s002290050040
http://dx.doi.org/10.1007/s002290050040
http://www.ams.org/mathscinet-getitem?mr=99d:11053
http://www.zentralblatt-math.org/zmath/en/search/?an=0959.22011
http://www.ams.org/mathscinet-getitem?mr=2005d:11075
http://www.zentralblatt-math.org/zmath/en/search/?an=1080.11038
http://dx.doi.org/10.1007/s10240-001-8187-z
http://dx.doi.org/10.1007/s10240-001-8187-z
http://www.ams.org/mathscinet-getitem?mr=2002i:11048
http://www.zentralblatt-math.org/zmath/en/search/?an=1028.11029
http://dx.doi.org/10.1007/s10240-004-0020-z
http://dx.doi.org/10.1007/s10240-004-0020-z
http://www.ams.org/mathscinet-getitem?mr=2006a:22010
http://www.zentralblatt-math.org/zmath/en/search/?an=1090.22010
http://dx.doi.org/10.1515/9783110892703.95
http://dx.doi.org/10.1515/9783110892703.95
http://www.ams.org/mathscinet-getitem?mr=2007d:22025
http://www.zentralblatt-math.org/zmath/en/search/?an=1101.22011
http://dx.doi.org/10.1017/S1474748007000163
http://dx.doi.org/10.1017/S1474748007000163
http://www.ams.org/mathscinet-getitem?mr=2009e:22016
http://www.zentralblatt-math.org/zmath/en/search/?an=1175.11024

EQUALITY OF FACTORS THROUGH LOCAL LANGLANDS CORRESPONDENCE 713

[Cogdell, Shahidi and Tsai > 2012] J. W. Cogdell, F. Shahidi, and T.-L. Tsai, “Local Langlands
correspondence and exterior and symmetric square root numbers for GL(n)”, In preparation.

[Deligne 1973] P. Deligne, “Les constantes des équations fonctionnelles des fonctions L”, pp. 501—
597 in Modular functions of one variable, Il (Antwerp, Belgium, 1972), edited by P. Deligne and W.
Kuyk, Lecture Notes in Math. 349, Springer, Berlin, 1973. MR 50 #2128 Zbl 0271.14011

[Dwork 1956] B. Dwork, “On the Artin root number”, Amer. J. Math. 78 (1956), 444-472. MR 18,
556a Zbl 0074.26601

[Fulton and Harris 1991] W. Fulton and J. Harris, Representation theory, Graduate Texts in Mathe-
matics 129, Springer, New York, 1991. MR 93a:20069 Zbl 0744.22001

[Gan and Takeda 2011] W. T. Gan and S. Takeda, “The local Langlands conjecture for GSp(4)”, Ann.
of Math. (2) 173:3 (2011), 1841-1882. MR 2012c¢:22019 Zbl 1230.11063

[Ganapathy 2012] R. Ganapathy, The Deligne—Kazhdan philosophy and the Langlands conjecture in
positive characteristic, thesis, Purdue University, 2012.

[Harris 1998] M. Harris, “The local Langlands conjecture for GL(n) over a p-adic field, n < p”,
Invent. Math. 134:1 (1998), 177-210. MR 99j:22024 Zbl 0921.11060

[Harris and Taylor 2001] M. Harris and R. Taylor, The geometry and cohomology of some simple
Shimura varieties, Annals of Mathematics Studies 151, Princeton University Press, Princeton, NJ,
2001. MR 2002m:11050 Zbl 1036.11027

[Henniart 2000] G. Henniart, “Une preuve simple des conjectures de Langlands pour GL(n) sur un
corps p-adique”, Invent. Math. 139:2 (2000), 439-455. MR 2001e:11052 Zbl 1048.11092

[Henniart 2010] G. Henniart, “Correspondance de Langlands et fonctions L des carrés extérieur et
symétrique”, Int. Math. Res. Not. 2010:4 (2010), 633-673. MR 2011¢:22028 Zbl 1184.22009

[Henniart and Lomeli 2011] G. Henniart and L. Lomeli, “Local-to-global extensions for GL, in
non-zero characteristic: a characterization of yg(s, 7, Symz, Y¥) and yp(s, w, AZ, v)”, Amer. J.
Math. 133:1 (2011), 187-196. MR 2012£:11101 Zbl 1219.11076

[Jacquet and Shalika 1985] H. Jacquet and J. Shalika, “A lemma on highly ramified e-factors”, Math.
Ann. 271:3 (1985), 319-332. MR 87i:22048 Zbl 0541.12010

[Jacquet and Shalika 1990] H. Jacquet and J. Shalika, “Rankin—Selberg convolutions: Archimedean
theory”, pp. 125-207 in Festschrift in honor of I. I. Piatetski-Shapiro on the occasion of his sixtieth
birthday, Part I (Ramat Aviv, Israel, 1989), edited by S. Gelbert et al., Israel Math. Conf. Proc. 2,
Weizmann, Jerusalem, 1990. MR 93d:22022 Zbl 0712.22011

[Jacquet and Ye 1996] H. Jacquet and Y. Ye, “Distinguished representations and quadratic base
change for GL(3)”, Trans. Amer. Math. Soc. 348 (1996), 913-939. MR 96h:11041 Zbl 0861.11033

[Jacquet et al. 1983] H. Jacquet, 1. I. Piatetskii-Shapiro, and J. A. Shalika, “Rankin—Selberg convolu-
tions”, Amer. J. Math. 105:2 (1983), 367-464. MR 85g:11044 Zbl 0525.22018

[Kim 2003] H. H. Kim, “Functoriality for the exterior square of GL4 and the symmetric fourth of
GL,”, J. Amer. Math. Soc. 16:1 (2003), 139-183. MR 2003k:11083 Zbl 1018.11024

[Kim 2005] H. H. Kim, “On local L-functions and normalized intertwining operators”, Canad. J.
Math. 57:3 (2005), 535-597. MR 2006a:11063 Zbl 1096.11019

[Kim 2012] Y. Kim, “Langlands—Shahidi L-funtions for GSpin groups and the generic Arthur L-
packet conjecture”, 2012. Submitted.

[Kim and Krishnamurthy 2005] H. H. Kim and M. Krishnamurthy, “Stable base change lift from
unitary groups to GL,,”, Int. Math. Res. Pap. 2005:1 (2005), 1-52. MR 2006d:22028 Zbl 1146.11314

[Kim and Shahidi 2002] H. H. Kim and F. Shahidi, “Functorial products for GL, x GL3 and
the symmetric cube for GL,”, Ann. of Math. (2) 155:3 (2002), 837-893. MR 2003m:11075
Zbl 1040.11036


http://www.ams.org/mathscinet-getitem?mr=50:2128
http://www.zentralblatt-math.org/zmath/en/search/?an=0271.14011
http://dx.doi.org/10.2307/2372524
http://www.ams.org/mathscinet-getitem?mr=18,556a
http://www.ams.org/mathscinet-getitem?mr=18,556a
http://www.zentralblatt-math.org/zmath/en/search/?an=0074.26601
http://dx.doi.org/10.1007/978-1-4612-0979-9
http://www.ams.org/mathscinet-getitem?mr=93a:20069
http://www.zentralblatt-math.org/zmath/en/search/?an=0744.22001
http://dx.doi.org/10.4007/annals.2011.173.3.12
http://www.ams.org/mathscinet-getitem?mr=2012c:22019
http://www.zentralblatt-math.org/zmath/en/search/?an=1230.11063
http://dx.doi.org/10.1007/s002220050262
http://www.ams.org/mathscinet-getitem?mr=99j:22024
http://www.zentralblatt-math.org/zmath/en/search/?an=0921.11060
http://www.ams.org/mathscinet-getitem?mr=2002m:11050
http://www.zentralblatt-math.org/zmath/en/search/?an=1036.11027
http://dx.doi.org/10.1007/s002220050012
http://dx.doi.org/10.1007/s002220050012
http://www.ams.org/mathscinet-getitem?mr=2001e:11052
http://www.zentralblatt-math.org/zmath/en/search/?an=1048.11092
http://dx.doi.org/10.1093/imrn/rnp150
http://dx.doi.org/10.1093/imrn/rnp150
http://www.ams.org/mathscinet-getitem?mr=2011c:22028
http://www.zentralblatt-math.org/zmath/en/search/?an=1184.22009
http://dx.doi.org/10.1353/ajm.2011.0006
http://dx.doi.org/10.1353/ajm.2011.0006
http://www.ams.org/mathscinet-getitem?mr=2012f:11101
http://www.zentralblatt-math.org/zmath/en/search/?an=1219.11076
http://dx.doi.org/10.1007/BF01456070
http://www.ams.org/mathscinet-getitem?mr=87i:22048
http://www.zentralblatt-math.org/zmath/en/search/?an=0541.12010
http://www.ams.org/mathscinet-getitem?mr=93d:22022
http://www.zentralblatt-math.org/zmath/en/search/?an=0712.22011
http://dx.doi.org/10.1090/S0002-9947-96-01549-8
http://dx.doi.org/10.1090/S0002-9947-96-01549-8
http://www.ams.org/mathscinet-getitem?mr=96h:11041
http://www.zentralblatt-math.org/zmath/en/search/?an=0861.11033
http://dx.doi.org/10.2307/2374264
http://dx.doi.org/10.2307/2374264
http://www.ams.org/mathscinet-getitem?mr=85g:11044
http://www.zentralblatt-math.org/zmath/en/search/?an=0525.22018
http://dx.doi.org/10.1090/S0894-0347-02-00410-1
http://dx.doi.org/10.1090/S0894-0347-02-00410-1
http://www.ams.org/mathscinet-getitem?mr=2003k:11083
http://www.zentralblatt-math.org/zmath/en/search/?an=1018.11024
http://dx.doi.org/10.4153/CJM-2005-023-x
http://www.ams.org/mathscinet-getitem?mr=2006a:11063
http://www.zentralblatt-math.org/zmath/en/search/?an=1096.11019
http://www.ams.org/mathscinet-getitem?mr=2006d:22028
http://www.zentralblatt-math.org/zmath/en/search/?an=1146.11314
http://dx.doi.org/10.2307/3062134
http://dx.doi.org/10.2307/3062134
http://www.ams.org/mathscinet-getitem?mr=2003m:11075
http://www.zentralblatt-math.org/zmath/en/search/?an=1040.11036

714 FREYDOON SHAHIDI

[Langlands 1970] R. P. Langlands, “On the functional equation of the Artin L-functions”, mimeo-
graphed notes, 1970, available at http://tinyurl.com/97hwa55.

[Langlands 1971a] R. P. Langlands, Euler products, Yale University Press, New Haven, Conn., 1971.
MR 54 #7387 Zbl 0231.20016

[Langlands 1971b] R. P. Langlands, “On Artin’s L-functions.”, Rice Univ. Stud. 56:2 (1971), 23-28.
7Zbl 0245.12011

[Langlands 1976] R. P. Langlands, On the functional equations satisfied by Eisenstein series, Lecture
Notes in Math. 544, Springer, Berlin, 1976. MR 58 #28319 Zbl 0332.10018

[Langlands 1989] R. P. Langlands, “On the classification of irreducible representations of real
algebraic groups”, pp. 101-170 in Representation theory and harmonic analysis on semisimple Lie
groups, edited by P. J. Sally, Jr. and D. A. Vogan, Jr., Math. Surveys Monogr. 31, Amer. Math. Soc.,
Providence, RI, 1989. MR 91e:22017 Zbl 0741.22009

[Langlands 2012] R. P. Langlands, “A prologue to ‘Functoriality and reciprocity, part I ”, Pacific J.
Math. 260:2 (2012), 583-663.

[Liu 2011] B. Liu, “Genericity of representations of p-adic Sp,,, and local Langlands parameters”,
Canad. J. Math 63:5 (2011), 1107-1136. MR 2012i:22026 Zbl 1227.22021

[Lomeli 2009] L. A. Lomeli, “Functoriality for the classical groups over function fields”, Int. Math.
Res. Not. 2009:22 (2009), 4271-4335. MR 2011¢:22033 Zbl 1210.22014

[Ramakrishnan 2000] D. Ramakrishnan, “Modularity of the Rankin—Selberg L-series, and multiplicity
one for SL(2)”, Ann. of Math. (2) 152:1 (2000), 45-111. MR 2001g:11077 Zbl 0989.11023

[Shahidi 1984] F. Shahidi, “Fourier transforms of intertwining operators and Plancherel measures for
GL(n)”, Amer. J. Math. 106:1 (1984), 67-111. MR 86b:22031 Zbl 0567.22008

[Shahidi 1985] F. Shahidi, “Local coefficients as Artin factors for real groups”, Duke Math. J. 52:4
(1985), 973—-1007. MR 87m:11049 Zbl 0674.10027

[Shahidi 1988] F. Shahidi, “On the Ramanujan conjecture and finiteness of poles for certain L-
functions”, Ann. of Math. (2) 127:3 (1988), 547-584. MR 89h:11021 Zbl 0654.10029

[Shahidi 1990] F. Shahidi, “A proof of Langlands’ conjecture on Plancherel measures; complementary
series for p-adic groups”, Ann. of Math. (2) 132:2 (1990), 273-330. MR 91m:11095 Zbl 0780.22005

[Shahidi 2000] F. Shahidi, “Twists of a general class of L-functions by highly ramified characters”,
Canad. Math. Bull. 43:3 (2000), 380-384. MR 2001g:22030 Zbl 1016.11016

[Shahidi 2002] F. Shahidi, “Local coefficients as Mellin transforms of Bessel functions: towards a
general stability”, Int. Math. Res. Not. 2002 (2002), 2075-2119. MR 2004h:11047 Zbl 1025.22014

[Shahidi 2009] F. Shahidi, “Complexity of group actions and stability of root numbers”, pp. 259-283
in Automorphic forms and L-functions Il. Local aspects, edited by D. Ginzburg et al., Contemp.
Math. 489, Amer. Math. Soc., Providence, RI, 2009. MR 2010j:22019 Zbl 1183.22010

[Shahidi 2010] F. Shahidi, Eisenstein series and automorphic L-functions, Amer. Math. Soc. Coll.
Publ. 58, Amer. Math. Soc., Providence, RI, 2010. MR 2012d:11119 Zbl 1215.11054

[Shahidi 2011] F. Shahidi, “Arthur packets and the Ramanujan conjecture”, Kyoto J. Math. 51:1
(2011), 1-23. MR 2784745 Zbl 1238.11060

[Silberger 1978] A.J. Silberger, “The Langlands quotient theorem for p-adic groups”, Math. Ann.
236:2 (1978), 95-104. MR 58 #22413 Zbl 0362.20029

[Soudry 2006] D. Soudry, “Rankin—Selberg integrals, the descent method, and Langlands functorial-
ity”, pp. 1311-1325 in International Congress of Mathematicians, vol. 2, edited by M. Sanz-Solé
et al., Eur. Math. Soc., Ziirich, 2006. MR 2007j:11068 Zbl 1130.11024


http://tinyurl.com/97hwa55
http://www.ams.org/mathscinet-getitem?mr=54:7387
http://www.zentralblatt-math.org/zmath/en/search/?an=0231.20016
http://www.zentralblatt-math.org/zmath/en/search/?an=0245.12011
http://www.ams.org/mathscinet-getitem?mr=58:28319
http://www.zentralblatt-math.org/zmath/en/search/?an=0332.10018
http://www.ams.org/mathscinet-getitem?mr=91e:22017
http://www.zentralblatt-math.org/zmath/en/search/?an=0741.22009
http://dx.doi.org/DOI: 10.2140/pjm.2012.260.583
http://dx.doi.org/10.4153/CJM-2011-017-2
http://www.ams.org/mathscinet-getitem?mr=2012i:22026
http://www.zentralblatt-math.org/zmath/en/search/?an=1227.22021
http://dx.doi.org/10.1093/imrn/rnp089
http://www.ams.org/mathscinet-getitem?mr=2011c:22033
http://www.zentralblatt-math.org/zmath/en/search/?an=1210.22014
http://dx.doi.org/10.2307/2661379
http://dx.doi.org/10.2307/2661379
http://www.ams.org/mathscinet-getitem?mr=2001g:11077
http://www.zentralblatt-math.org/zmath/en/search/?an=0989.11023
http://dx.doi.org/10.2307/2374430
http://dx.doi.org/10.2307/2374430
http://www.ams.org/mathscinet-getitem?mr=86b:22031
http://www.zentralblatt-math.org/zmath/en/search/?an=0567.22008
http://dx.doi.org/10.1215/S0012-7094-85-05252-4
http://www.ams.org/mathscinet-getitem?mr=87m:11049
http://www.zentralblatt-math.org/zmath/en/search/?an=0674.10027
http://dx.doi.org/10.2307/2007005
http://dx.doi.org/10.2307/2007005
http://www.ams.org/mathscinet-getitem?mr=89h:11021
http://www.zentralblatt-math.org/zmath/en/search/?an=0654.10029
http://dx.doi.org/10.2307/1971524
http://dx.doi.org/10.2307/1971524
http://www.ams.org/mathscinet-getitem?mr=91m:11095
http://www.zentralblatt-math.org/zmath/en/search/?an=0780.22005
http://dx.doi.org/10.4153/CMB-2000-045-1
http://www.ams.org/mathscinet-getitem?mr=2001g:22030
http://www.zentralblatt-math.org/zmath/en/search/?an=1016.11016
http://dx.doi.org/10.1155/S1073792802204171
http://dx.doi.org/10.1155/S1073792802204171
http://www.ams.org/mathscinet-getitem?mr=2004h:11047
http://www.zentralblatt-math.org/zmath/en/search/?an=1025.22014
http://dx.doi.org/10.1090/conm/489/09550
http://www.ams.org/mathscinet-getitem?mr=2010j:22019
http://www.zentralblatt-math.org/zmath/en/search/?an=1183.22010
http://www.ams.org/mathscinet-getitem?mr=2012d:11119
http://www.zentralblatt-math.org/zmath/en/search/?an=1215.11054
http://dx.doi.org/10.1215/0023608X-2010-018
http://www.ams.org/mathscinet-getitem?mr=2784745
http://www.zentralblatt-math.org/zmath/en/search/?an=1238.11060
http://dx.doi.org/10.1007/BF01351383
http://www.ams.org/mathscinet-getitem?mr=58:22413
http://www.zentralblatt-math.org/zmath/en/search/?an=0362.20029
http://www.ams.org/mathscinet-getitem?mr=2007j:11068
http://www.zentralblatt-math.org/zmath/en/search/?an=1130.11024

EQUALITY OF FACTORS THROUGH LOCAL LANGLANDS CORRESPONDENCE 715

[Tsai 2011] T. Tsai, Stability of y-factors for GL, x GL;, Ph.D. thesis, Purdue University, 2011.
MR 2949727

[Vogan 1978] D. A. Vogan, Jr., “Gel fand—Kirillov dimension for Harish-Chandra modules”, Invent.
Math. 48:1 (1978), 75-98. MR 58 #22205 Zbl 0389.17002

Received July 9, 2012.

FREYDOON SHAHIDI
DEPARTMENT OF MATHEMATICS
PURDUE UNIVERSITY

WEST LAFAYETTE, IN 47907
UNITED STATES

shahidi @math.purdue.edu


http://www.ams.org/mathscinet-getitem?mr=2949727
http://dx.doi.org/10.1007/BF01390063
http://www.ams.org/mathscinet-getitem?mr=58:22205
http://www.zentralblatt-math.org/zmath/en/search/?an=0389.17002
mailto:shahidi@math.purdue.edu

PACIFIC JOURNAL OF MATHEMATICS

http://pacificmath.org

Founded in 1951 by E. F. Beckenbach (1906-1982) and F. Wolf (1904-1989)

Don Blasius
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
blasius @math.ucla.edu

Robert Finn
Department of Mathematics
Stanford University
Stanford, CA 94305-2125
finn@math.stanford.edu

Alexander Merkurjev
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
merkurev@math.ucla.edu

EDITORS

V. S. Varadarajan (Managing Editor)

Department of Mathematics
University of California
Los Angeles, CA 90095-1555
pacific@math.ucla.edu

Vyjayanthi Chari
Department of Mathematics
University of California
Riverside, CA 92521-0135
chari@math.ucr.edu

Kefeng Liu
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
liu@math.ucla.edu

Sorin Popa
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
popa@math.ucla.edu

Daryl Cooper
Department of Mathematics
University of California
Santa Barbara, CA 93106-3080
cooper @math.ucsb.edu

Jiang-Hua Lu
Department of Mathematics
The University of Hong Kong
Pokfulam Rd., Hong Kong
jhlu@maths.hku.hk

Jie Qing
Department of Mathematics
University of California
Santa Cruz, CA 95064
qing@cats.ucsc.edu

Paul Yang
Department of Mathematics
Princeton University
Princeton NJ 08544-1000
yang @math.princeton.edu

PRODUCTION
Silvio Levy, Scientific Editor, pacific@math.berkeley.edu

SUPPORTING INSTITUTIONS

ACADEMIA SINICA, TAIPEI STANFORD UNIVERSITY UNIV. OF CALIF., SANTA CRUZ
CALIFORNIA INST. OF TECHNOLOGY UNIV. OF BRITISH COLUMBIA UNIV. OF MONTANA

INST. DE MATEMATICA PURA E APLICADA UNIV. OF CALIFORNIA, BERKELEY UNIV. OF OREGON

KEIO UNIVERSITY UNIV. OF CALIFORNIA, DAVIS UNIV. OF SOUTHERN CALIFORNIA
MATH. SCIENCES RESEARCH INSTITUTE UNIV. OF CALIFORNIA, LOS ANGELES UNIV. OF UTAH

NEW MEXICO STATE UNIV. UNIV. OF CALIFORNIA, RIVERSIDE UNIV. OF WASHINGTON

OREGON STATE UNIV. UNIV. OF CALIFORNIA, SAN DIEGO WASHINGTON STATE UNIVERSITY

UNIV. OF CALIF., SANTA BARBARA

These supporting institutions contribute to the cost of publication of this Journal, but they are not owners or publishers and have no
responsibility for its contents or policies.

See inside back cover or pacificmath.org for submission instructions.

The subscription price for 2012 is US $420/year for the electronic version, and $485/year for print and electronic.

Subscriptions, requests for back issues from the last three years and changes of subscribers address should be sent to Pacific Journal of
Mathematics, P.O. Box 4163, Berkeley, CA 94704-0163, U.S.A. Prior back issues are obtainable from Periodicals Service Company,
11 Main Street, Germantown, NY 12526-5635. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt
MATH, PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and the Science Citation Index.

The Pacific Journal of Mathematics (ISSN 0030-8730) at the University of California, c/o Department of Mathematics, 969 Evans
Hall, Berkeley, CA 94720-3840, is published monthly except July and August. Periodical rate postage paid at Berkeley, CA 94704,
and additional mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O. Box 4163, Berkeley, CA
94704-0163.

PJM peer review and production are managed by EditFlow® from Mathematical Sciences Publishers.
PUBLISHED BY
:I mathematical sciences publishers
http://msp.org/
A NON-PROFIT CORPORATION
Typeset in IATEX
Copyright © 2012 Pacific Journal of Mathematics


http://pacificmath.org/
mailto:blasius@math.ucla.edu
mailto:finn@math.stanford.edu
mailto:merkurev@math.ucla.edu
mailto:pacific@math.ucla.edu
mailto:chari@math.ucr.edu
mailto:liu@math.ucla.edu
mailto:popa@math.ucla.edu
mailto:yang@math.princeton.edu
mailto:cooper@math.ucsb.edu
mailto:jhlu@maths.hku.hk
mailto:qing@cats.ucsc.edu
mailto:pacific@math.berkeley.edu
http://pacificmath.org/
http://www.periodicals.com/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.emis.de/ZMATH/
http://www.inist.fr/PRODUITS/pascal.php
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://www.isinet.com/products/citation/wos/
http://msp.org
http://msp.org/

A relative trace formula for PGL(2) in the local setting
BROOKE FEIGON
On the degrees of matrix coefficients of intertwining operators
ToBIAS FINIS, EREZ LAPID and WERNER MULLER
Comparison of compact induction with parabolic induction
GUY HENNIART and MARIE-FRANCE VIGNERAS
The functional equation and beyond endoscopy
P. EDWARD HERMAN
A correction to Conducteur des Représentations du groupe linéaire
HERVE JACQUET
Modular L-values of cubic level
ANDREW KNIGHTLY and CHARLES LI
On occult period maps
STEPHEN KUDLA and MICHAEL RAPOPORT
A prologue to “Functoriality and reciprocity”, part I
ROBERT LANGLANDS
Truncation of Eisenstein series
EREZ LAPID and KEITH OUELLETTE
Some comments on Weyl’s complete reducibility theorem
JONATHAN ROGAWSKI and V. S. VARADARAJAN
On equality of arithmetic and analytic factors through local Langlands
correspondence
FREYDOON SHAHIDI

395

433

457

497

515

527

565

583

665

687

695



	Introduction
	1. Axiomatic r-theory
	2. Equality of Artin (arithmetic) and automorphic (analytic) factors
	3. Equality of L-functions through LLC
	4. Comments on stability of -functions
	Acknowledgements
	References
	
	

