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KLEIN FOUR-SUBGROUPS OF
LIE ALGEBRA AUTOMORPHISMS

JING-SONG HUANG AND JUN YU

We classify the Klein four-subgroups I' of Aut(uy) for each compact simple
Lie algebra uy up to conjugation, by calculating the symmetric subgroups
Aut(uy)? and their involution classes. This leads to a new approach to the
classification of semisimple symmetric pairs and Z, x Z,-symmetric spaces.
We also determine the fixed point subgroups Aut (i)'

1. Introduction

Riemannian symmetric pairs were classified by Elie Cartan (see [Carter 1993],
for example) and the more general semisimple symmetric pairs were classified by
Marcel Berger [1957]. The algebraic structure of semisimple symmetric spaces
is even more interesting for geometric and analytic reasons. Some of the recent
works are Oshima and Sekiguchi’s classification [1984] of reduced root systems
and Helminck’s classification [1988] for algebraic groups. Most recently some new
approaches to the classification and the parametrization of semisimple symmetric
pairs were given in [Huang 2002] by using admissible quadruplets and in [Chuah
and Huang 2010] by using double Vogan diagrams.

In this paper we study semisimple symmetric spaces from a different point of
view — by determining the Klein four-subgroups in Lie algebra automorphisms.
Let up be a compact simple Lie algebra and g be its complexification. Denote
by Aut(ug) the automorphism group of 1. For any involution 6 in Aut(uyg), we
first determine the centralizer Aut(u)? of @, which is a symmetric subgroup. By
understanding the conjugacy classes of involutions in Aut(ug)?, we proceed to
classify Klein four-subgroups I' of Aut(ug) up to conjugation. This gives a new
approach to the classification of commuting pairs of involutive automorphisms
of up or g. We note that the ordered commuting pairs of involutions correspond to
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Berger’s classification of semisimple symmetric pairs.

If I' is a finite abelian subgroup of the automorphism group of a Lie group G,
then the homogeneous space G/H is called a I'-symmetric space provided that
(G € H € G; see [Lutz 1981]. In the case of I' = Z, this is a symmetric space
and in the case of I' = Z; it is the k-symmetric space studied in [Wolf and Gray
1968]. In the case of I' = Z, x Z; it is the Klein four-group; Z, x Z,-symmetric
spaces were studied in [Bahturin and Goze 2008; Kollross 2009]. This paper
contains a complete list of all Z, x Z,-symmetric pairs and our method is very
different from theirs. Finally, we determine the fixed point subgroups Aut(i)".

2. Preliminaries

2A. Complex semisimple Lie algebras and Dynkin diagrams. Let g be a com-
plex semisimple Lie algebra and h a Cartan subalgebra. Then g has a root-space
decomposition
g=ho ( D ga),
a€A

where A = A(g, ) is the root system of g and g, is the root space of the root o € A.
Let B be the Killing form on g. It is a nondegenerate symmetric form. The restriction
of B to h is also nondegenerate. For any A € h*, let H, € b be determined by

B(H,, H)=A(H) forall H €.

For any A, u € b*, define (A, u) := B(Hy, H,).
For any root «, we have

(D) H, eh.

Define

2) H = LH
* T a(Hy) Y

which is called a coroot; let

3) 0# Xo € 9o
be any nonzero vector (recall that dim g, = 1), which is called a root vector of the
root . The notation H,, H,,, X, will be used frequently in this paper.
Note that, for any «, 8 € A,
(a, B) = B(Hy, Hg) = B(Hy) = a(Hp) € R,
(O{, a) = B(HO!’ HO{) = Ol(HOl) # Oa

and 2{a, B)/(B, B) € Z. We also note that spang{c | @ € A} C h* is a real vector
space of dimension equal to r = rank g = dimc b; see [Knapp 2002, pp. 140-162].
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We set Ag5 = 2(a, B)/(B. B) = a(H}). Then

(H., X5] = B(H) X5 = %xﬁ = AgoXs.

Choose a lexicography order of spangf{a | @ € A} to get a positive system AT
and a simple system IT. Let

(4) HI{OQ,O(Q,...,O{,}.
For brevity, we write
®) H;, H!

instead of Hy,, Ho/ll_ for a simple root «;.

Draw A, gAg o edges to connect any two distinct simple roots « and 8, and
draw an arrow from « to g if (o, o) > (B, B); this gives us a graph. This graph is
connected if and only if g is a simple Lie algebra; in this case it is called the Dynkin
diagram of g. In this paper, we always follow Bourbaki numbering to order the
simple roots; see [Bourbaki 2002, pp. 265-300]. The following are all the possible
(connected) Dynkin diagrams.'

A, O e O O
o] o2 Qp—1 (67
B, O —0
ag o as Qp—1 Qp
C, O O O O
03] %) o3 Up—1 Oy
O
D O O/Xn—l
n o] [2%) o3 op—3 an7N
O
Qp
O O O
o] a3 oy as o6
Eq
O«
O O
o o3 oy o5 o6 o7
E7
Ox
O O O
o o3 oy o5 o6 o7 oy
Eg
O
F4 O—0O0—>0—"70
o o2 a3 oy
Gy O=0
o o)

IThese diagrams are drawn by using a Latex package of Professor Jiu-Kang Yu. We are grateful to
him for the kind permission to use this package.
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Let Aut(g) be the group of all complex linear automorphisms of g and Int(g) be
the subgroup of inner automorphisms. We define

Out(g) := Aut(g)/ Int(g).
The exponential map exp : g — Aut(g) is given by
exp(X) =exp(ad(X)) forall X € g=Lie(Aut(g)).

2B. A compact real form. One can normalize the root vectors {X,, X_,} so that
B(Xo, X_o) =2/a(Hy). Then [Xy, X_4] = H],. Moreover, one can normalize
{X,} appropriately, such that

6) uo = spang{Xe — X o, i(Xg +X_4), iHy:a € AT}
is a compact real form of g [Knapp 2002, pp. 348-354]. Define
0(X+iY):=X—iY forall X,Y €uy.

Then 6 is a Cartan involution of g (as a real semisimple Lie algebra) and uy = g is
a maximal compact subalgebra of g. Any other compact real form of g is conjugate
to ug. Below, whenever we discuss a compact real form of g, we always use this
compact real form ug in (6).

Let Aut(up) be the group of automorphisms of uy and Int(u) be the subgroup of
inner automorphisms. Any automorphism of ug extends uniquely to a holomorphic
automorphism of g, so Aut(ug) C Aut(g). Similarly, Int(ug) C Int(g). Define

O(f):=0f0~" forall fe Aut(g).

Then it is a Cartan involution of Aut(g) with differential 8. It follows that Aut(ug) =
Aut(g)® and Int(ug) =Int(g)® are maximal compact subgroups of Aut(g) and Int(g),
respectively. We also have

Out(ug) := Aut(ug)/ Int(up) = Out(g) = Aut(I1),

where Aut(I1) is the symmetry group of the graph IT consisting of permutations of
vertices preserving the multiples of edges and directions of arrows.

2C. Notation. We denote by e¢g the compact simple Lie algebra of type Eg. Let
Eg be the connected and simply connected Lie group with Lie algebra e¢. Let
¢6(C) and E¢(C) denote their complexifications. Similar notation will be used for
other types.

Let Z(G) and 3(g) denote the center of a group G and a Lie algebra g, respectively,
and G denote the connected component of G containing identity element. For Lie
groups H C G, let Zg(H) denote the centralizer of H in G, and for Lie algebras
b C g, let Zy4(h) denote the centralizer of b in g. Let N (H) denote the normalizer
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of H in G. For any two elements x, y € G, we write x ~ y to mean x, y are
conjugate in G, that is, y = gxg~! for some g € G and x ~y y to mean y = gxg ™!
for some g € H.

In the case of G = Eg or E7, let ¢ denote a nontrivial element in Z(G).

In the case of uy = ey, let

H,+ H.+ H,
Hé = % €iey C e7(C).

Let Pin(n) (Spin(n)) be the Pin (Spin) group in degree n. Write
c=ejey---e, € Pin(n).

Then c is in Spin(n) if and only if n is even; in this case ¢ € Z(Spin(n)). If n is
odd, then Spin(n) has a spinor module M of dimension 2*~1/2_If n is even, then
Spin(n) has two spinor modules M, M_ of dimension 2"=2/2, We distinguish
M, and M_ by requiring that ¢ acts on M as the identity when 4 |n and as
multiplication by —i when 4 | n — 2 (and thus ¢ acts on M_ as multiplication by
—1 and i, respectively, in the same two cases).

We define the matrices

0 I (-1, 0
w= (G 6) = (0 0)

-1, 0 0 0 0 I, 0 0
I,_01q00 J_—Ipooo
rpa— 0 0-,0| P71 o0 0 0 L]

0 0 0 I, 0 0 -1, 0

0 0 0 I,
0 0 -1, 0
K, = P )
P 0 I, 0 O
-1, 0 0 0

and the groups
Zy = {Mpu | A" =1},

Z' ={(e1, €2, €3, €4) | € = £1, €1€263€4 = 1},

—1, 0 00\ (-1, 0 0 0

- _< 0 -1, 00 0 I, 0 0 >

rars=\l o o r,ofl | o o-5olf
0 0 01 0 0 0 I
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3. Involutions

The classical compact simple Lie algebras are as follows. For F = R, C, H, let
M, (F) be the set of n x n matrices with entries in F', and

son)={XeM,(R)| X+ X" =0},
su(n) = {X € M,(C) | X+ X* =0, tr X =0},
sp(n) ={X e M,(H) | X + X" =0}.

Then {su(n):n >3}, {so2n+1):n> 1}, {sp(n) : n > 3}, {so(2n) : n > 4} represent
all isomorphism classes of compact classical simple Lie algebras.

Let ug be a compact simple Lie algebra and g = (up) ®g C be its complexification.
Note that the conjugacy classes of involutions in Aut(up) are in one-to-one corre-
spondence with isomorphism classes of noncompact real forms of g, and are also
in one-to-one correspondence with isomorphism classes of irreducible Riemannian
symmetric pairs (i, £9) of compact type or (go, £9) of noncompact type; see [Huang
2002; Helminck 1988] and references therein. One direction of this correspondence
is as follows: let 6 be an involutive automorphism of a compact real simple Lie
algebra ug, and extend it to a holomorphic automorphism of g. Let £y C ug and
ipo C up (so po C iug) be the +1, —1 eigenspaces of 6 on uy, respectively. Let

go =8t D po

(this is also the Cartan decomposition of gg). Then gg is a real simple Lie algebra
(that is, a real form of g), (ug, €p) is a Riemannian symmetric pair of compact
type and (go, €o) is a Riemannian symmetric pair of noncompact type. The other
direction of this correspondence needs a sophisticated argument.

These objects were classified by Elie Cartan in 1926. We list this classification
here. Our presentation below is mainly from [Knapp 2002, pp. 408—-426; Helgason
2001, pp. 515-518]. In each case, we also define a specific involution in each
conjugacy class of involutions in Aut(uty), which corresponds to a real simple Lie
algebra or symmetric space. In the exceptional simple Lie algebras case, these
involutions are labeled as o1, 07, 03, 04, 0 and T = o3 (this is used only in the E¢
case). We will use this notation for involutions frequently in the rest of this paper.

The notation AI-G is Cartan notation and the notation eg 7, etc., is Helgason
notation (with a little difference). For a real simple Lie algebra go with a Cartan
decomposition go = £y @ po and whose complexified Lie algebra g is an exceptional
simple Lie algebra, Helgason [2001, pp. 517-518] made an interesting observation:
the isomorphism type of gy is distinguished by the type of g (or its compact real
form up) and the integer dim £o —dim pg. For example, the notation eg _» (Written by
Helgason as eg(2), as he used the integer dim po —dim &) instead) means the compact
real form of the complexified Lie algebra has type ¢s and dim £y — dimpy = —2.
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The elements (coroots) Hi’ are defined in (2) and (5).

i) Type A. For up = su(n), n > 3, {Ad(I,,—p) | 1 < p < n/2} (type AIID),
{t = complex conjugation} (type Al), {tr o Ad(J,,2)}} (type AII) represent all
conjugacy classes of involutions in Aut(uy). The corresponding real forms are
su(p,n— p), slin, R), sl(%, H).

ii) Type B. For up =s0(2n+1), n > 1, {Ad(/ 2041-p) | 1 < p <n} (type BI)
represent all conjugacy classes of involutions in Aut(up). The corresponding real
forms are so(p, 2n+ 1 — p).

iii) Type C. For uy =sp(n),n > 3, {Ad(/,,—p) | 1 < p <n/2} (type CII) and
{Ad(@l)} (type CI) represent all conjugacy classes of involutions in Aut(ug). The
corresponding real forms are sp(p, n — p), sp(n, R).

iv) Type D. For uy = s0(2n),n > 4, {Ad(I, 2,—p) | 1 < p < n} (type DI) and
{Ad(J,)} (type DIII) represent all conjugacy classes of involutions in Aut(ug). The
corresponding real forms are so(p, 2n — p), s0*(2n, R).2

v) Type Eg. For 1y = ¢¢, let T be a specific diagram involution defined by

T(Hy,) = Hy,, T(Hy,) = Hy,, T(Hy,) = Hy
T(Hys) = Hgs, T(Hy,) = Hy,, T(He,) = Hy,,
T(Xia) = Xtagy T(Xaog) = Xaoy,  T(Xtos) = Xaass
T(Xios) = Xtasy T(Xaoy) = Xioy, T(Xigy) = Xigy-

Let 0 = exp(wiH}), 02 = exp(wi(H| + HY)), 03 = T, 04 = T exp(i Hj). Then
o1, o2, 03, 04 represent all conjugacy classes of involutions in Aut(ug), which
correspond to Riemannian symmetric pairs of type EII, EIII, EIV, EI and the
corresponding real forms are ¢s 2, €614, ¢6.26, ¢6,—6. AlSO, 01, 07 are inner auto-
morphisms and o3, o4 are outer automorphisms.

vi) Type E5. For ug = ¢7, let

59

o) =exp(niHj),

H)+ H.+ H,
azzexp(ni%),

( _H2’+Hg+H7/+2H{>
o3 =exp| mi .

2

Then o1, 07, 03 represent all conjugacy classes of involutions in Aut(ig), which
correspond to Riemannian symmetric pairs of type EVI, EVIL, EV and the corre-
sponding real forms are ¢7 5, ¢7.25, ¢7,_7.
vii) Type Eg. For ug = eg, let
o1 =exp(wiH)), o, =exp(wi(Hy+ H)).

2When n = 4, we have Ad(Ip 6) ~ Ad(Jy), and 50(2, 6) = 50%(8).
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Then o1, o, represent all conjugacy classes of involutions in Aut(ug), which corre-
spond to Riemannian symmetric pairs of type EIX, EVIII and the corresponding
real forms are eg 24, €3 3.

viii) Type F4. For up = {4, let

o) =exp(niH|), o, =exp(wiH,).

Then o1, o, represent all conjugacy classes of involutions in Aut(ug), which corre-
spond to Riemannian symmetric pairs of type FI, FII and the corresponding real
forms are f4,_4, f4,20.

ix) Type G3. For uy = g», let 0 = exp( H,), which represents the unique conju-
gacy class of involutions in Aut(itp) and corresponds to a Riemannian symmetric
pair of type G and the corresponding real form is g, _».

4. Centralizer of an automorphism

In this section we prove a property of the centralizer G* of an element x in a
complex or compact Lie group G. First, we recall a theorem of Steinberg [Carter
1993, pp. 93-95].

Proposition 4.1 (Steinberg). Let G be a connected and simply connected semisim-
ple complex (or compact) Lie group. Then the centralizer G* for any x € G
is connected.

For an element x in a group, we write o(x) for the order of x. The notation
(7 Int(g)g
in this paper always means (Int(g)?)o, not (Int(g)o)?. Similarly for
®) Int(up)), Aut(ug)), Aut(g)j.

Proposition 4.2. Let g be a complex simple Lie algebra. Suppose that the order
of an element 6 € Aut(g) is equal to the order of the coset element 0 Int(g) in
Out(g) = Aut(g)/ Int(g), that is, 0(6) = 0(0 Int(g)). Then Zng) (Int(g)g) =1

Proof. By the assumption, 6 is a diagram automorphism; this means there exists
a Cartan subalgebra t which is stable under 6 and 6 maps A™ to itself, where
A = A(g, t) and AT is a positive system. For any o € A, let 8(Xy) = aq Xoq
with a, # 0.

Let k = 0(0) = 0(0 Int(g)). Then, for any o € A,

Xo =05(Xy) = ( I1 ag,-a>xgka.

0<j<k—1



KLEIN FOUR-SUBGROUPS OF LIE ALGEBRA AUTOMORPHISMS 405

It follows that

1_[ Agjy = 1

0<j<k—1

Let L = Int(g)g, s=t,T= exp(adt) and S = exp(ads). It is clear that S C L.

We first show that Zjyg)(S) = T. It is clear that t C Zy(s). Suppose that
Xy € Zy(s) for some o« € A, Since 6% = 1, we have Yo<j<k 10/ (H) €t =5
for any H € t. Then [ZOgjgk—l 0/ (H), X(x] =0.

For any j, we have

[0/ H, Xo] =67 (LH, 0"/ Xo]) =67 (( [1 aez-a> (0" T a)H) - Xek-_,-a>

0<i<k—j—1

= ( 1_[ agia) . ((Hk_ja)H)- ( 1_[ aek—i+ia)Xa

0<i<k—j—1 O<i<j-—1

=( [ aez-a)-((0"‘fa>H>-Xa=<<e"-fa>H>-xa.
0<i<k—1

Hence 0= Y107 (H), Xo] = ((Xo<j<x_1 0" /@) H) - X,. This implies

6’a =0,
0<j<k—1

which contradicts that all 8/« are positive roots. So Z4(s5) = t. Since Zyyg)(S)
is connected (by Corollary 4.51 of [Knapp 2002, p. 260], which also applies to
complex semisimple groups), Zing)(S) =T.

Now we show that Zng) (L) = 1. Suppose that 1 # T € Znq) (L). By the above,
we have Zing) (L) C Znyg)(S) =T, then T = exp(ad H) for some H € t. For any
@EN Yo 67 (Xy) € g? (since 6% = 1), so

> ef(xa)=r< > 9f'<Xa>)= Y r@ Xa)= Y 00l (X,).

0<j<k—1 0<j<k—1 0<j<k—1 0<j<k—1

Since each 6/(Xy) is of the form 6/(X,) = bjXyi, for some b; # 1, the last
equality implies 7(X,) = X, if {#/a, 0 < j < k — 1} are distinct.

Claim 4.3. Those a € A with roots in {6/, 0 < Jj <k — 1} pairwise different
generate A (as a root system,).

Since 7(X4) = X, When the elements 6/« are distinct for 0 < j < k — 1, by
Claim 4.3, we have t(X,) = X, for any « € A. Hence 7 = 1, which is to say,
ZInt(g) (Iﬂt(g)g) =1L O
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Proof of Claim 4.3. Note that & maps A™ to itself, so it maps the simple system
IM={a,...,«qa} toitself. We have four cases to consider, that is, A = A,, (n > 2),
D, (n > 4), E¢ and 0 is an automorphism of order 2, or A = D4 and 6 is an
automorphism of order 3. We give the proof when A = Ay, (n > 1) and 0(9) = 2.
The proof for other cases is similar.

When A=Ay, (n>1)and 0(0) =2, we have 0(«;) = oo +1—; and (a2 4+1—;i) =
a; forany i, 1 <i <n.For1<i<n,let

Bi = Z aj and Bj= Z C2nt1—j-

l<j=<i I<j=<i
Then 6 (£8;) # +6i, Q(j:,Bl.’) %~ j:ﬁl./ and {£+8;, j:ﬂl.’ :1<i<n}generate A. [

Corollary 4.4. Let ug be a compact simple Lie algebra. If 0 € Aut(ugy) satisfies the
condition 0(0) = o(6 Int(uy)), then Zlm(uo)(lnt(uo)g) =1

Corollary 4.4 indicates that if G is a compact (simple) Lie group of adjoint type
and x is of minimal possible order among all elements in the connected component
containing it, then (G*)y is also of adjoint type and the conjugation action of any
element y € G* — (G*)g on (G")y is an outer automorphism.

5. Symmetric subgroups of Aut(1)

Let up be a compact simple Lie algebra. For each conjugacy class of involutions in
Aut(up), we choose a representative 6 as in Section 3 and determine the symmetric
subgroup Aut(ug)?.

When uy is a classical simple Lie algebra nonisomorphic to so(8) or 1y = s0(8)
but 6 % Ad(l44), we can use matrices to represent involutions 6 and calculate
the corresponding Aut(1)?. In the case of § = Ad(l44) € Aut(so(8)), we have
6 ~ exp(mi H,). Then

Int(so(8))’ = (Sp(1)*/Z") x D,

where Z' = {(€1, €2, €3, €4) | € = 1, €1€3€3¢4 = 1}, and D C Sy is the (unique)
normal order four subgroup of S, with conjugation action on (Sp(1)*)/Z’ by per-
mutations. Then we observe that there exists a subgroup of Aut(so(8)) that projects
isomorphically to Aut(so(8))/ Int(so(8)) = S3 and is contained in Aut(so(8))’. A
little more argument shows

Aut(s0(8))? = (Sp(1)*/Z') % S4.

When uy is an exceptional simple Lie algebra, we first determine the symmetric
subalgebra £y = ug and the highest weights of the isotropic space po = u, ¥ asa
£y-module. The results are summarized in Table 1. The coroots Hl.’ are defined in
(2) and (5) and the involutions are defined in Section 3.



KLEIN FOUR-SUBGROUPS OF LIE ALGEBRA AUTOMORPHISMS 407

0 1) p
EI o4 = T exp(mi H)) sp(4) Voo
EII o1 = exp(i H}) su(6) D sp(1) NCS C?
EIll o, =exp(ni(H| +H}) s0(10®iR M @DH®M_®1)
EIV o3=1 4 Vi,
EV o3 =exp(wi(H| + H))) su(8) N
EVI o1 = exp(wi H,) s50(12) @ sp(1) M, ®C?
EVII 0y = exp(i HY) 6 ® iR Vi @D B (Ve ® 1)
EVII o, =exp(wi(H| + H})) 50(16) M,
EIX o1 = exp(wiH|) e7 ®sp(l) Vo, ® C?
FI o1 = exp(wiH|) sp(3) @ sp(1) Vi, ® C?
FII oy =exp(i Hy) 50(9) M
G o =exp(wiH|) sp(1) @ sp(l) Sym?® C? ® C?

Table 1. Symmetric pairs and isotropic modules (exceptional Lie
algebras case).

Since any element of Aut(up)? which acts trivially on both €; and py must be
trivial, the isomorphism type of £y and its isotropic module p determine Aut(uo)g
completely. We may get Aut(uo)g in the following way. Start with a compact
connected Lie group H of the form H = A x H; with A=Z (Aut(uo)g)o a connected
torus (A = U(1)* with s = dim 3(y)) and H, a connected and simply connected
compact Lie group with Lie Hy; = [p, €] (then Lie H = ¢y = ug). Then we have a
surjective homomorphism

7 H — Aut(ug)

determined by g as a £p-module. With this construction, it is clear that Im(w) =
Aut(uo)g and ker 7 is determined by £y and its module p (as described in Table 1). By
Proposition 4.1 and Corollary 4.4, we can also determine the number of connected
components of Aut(ug)?. Then we could find elements outside Aut(uo)g to generate
Aut(ug)? together with Aut(uo)g. We show the detailed argument in most cases
below. The results about the symmetric subgroups Aut(u)? are given in the last
column of Table 2. The information about the first three columns of Table 2 is
contained in [Knapp 2002, pp. 408—426]. The fourth column is from Section 3.

5A. Type E¢. Now uy = ¢g. Consider an outer automorphism 6 = o3 or o4. By
Corollary 4.4, any element in Int(ug)? — Aut(uo)g acts on ug as an outer auto-
morphism. Note that ug = sp(4) or f4, so it has no outer automorphisms. By
Corollary 4.4, it follows that Int(ug)? = Aut(ug)g and Aut(up)? = Aut(uo)g x (0).

Moreover, Aut(uo)g is of adjoint type by Corollary 4.4.
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Type (ug, £o) rank 0 symmetric subgroup Aut(up)?
Al (su(n),so(n)) n-1 X (Om)/(—1))x(6)
All (su(2n),sp(n)) n—1 J,XJ! (Sp(n)/(—1))x(6)
AL (su(p+q).s(u(p)+u(@)) p 1p4X1p4 SW(pIxU(@))/Zp+qg)*(T)
p<q Ad(t) = complex conjugation
AL (su@p),sw(p)+u(p)) p 1 p X1y,  (SW(P)XU(P))/Z2p)*(T, Jp)
p=q Ad(J,)(X,Y) = (,X)
O 0(pt).s0(py+so@) P IpgXpg  (OPIXO@)/(~1p=1y)
DI (s0(2p).s0(p)+so(p)) p 1p X1, ((O(p)xO(p)/{(=1p,—1p)))x(Jp)
p>4 Ad(J,)(X,Y) = (Y,X)
DI (s0(8),50(d)+s0(4)) 4 IaXlya ((Sp()*H/Z")xS4
p=4 S, acts by permutations
DIII (so(2n),u(n)) n J,XJ! U m) {==IDx(Ly )
Ad(1, ) = complex conjugation
C1 (sp(n),u(n)) n(ADXGN™! (U m) A{£IH>GI)

Ad(jI) = complex conjugation

O, D SpIEp@) P IpgXlpy  (SPPIXSPE@N/ (T =1)

CII  (sp(Zp).sp(p)+sp(p)) p IppXIp, ((Sp(P)XSp(p)/{(—1p,—1,)))X(Jp)

rP=q Ad(Jp)(X,Y) = (Y, X)
El (¢6, 5p(4)) 6 04 (Sp#)/(=1))x(0)
EIl (e, 51(6)+sp(1)) 4 o1 (SU(6)xSp(1)/((e%I, D), (—1,—1)))x(t)
& = sp(3)@sp(l)
EIIL (e, 50(10)+iR) 2 Iop) (Spin(10)x U (1) /{(c,i)))x(T)
£, =50(9)
EIV (6, f4) 2 03 Fyx(0)
EV (e7, su(8)) 7 03 (SU®)/(il))x{w)
£y =sp(4)
EVI (e7,50(12)+sp(1)) 4 o] (Spin(12)xSp(1))/{(c,1),(—1,-1))
EVII (e7, eo+ilR) 3 op) (EsxU(1)/((c,e 3)))x()
E =14
EVIII (eg, 50(16)) 8 g3 Spin(16)/{c)
EIX (eg, e7+sp(1)) 4 oy E7xSp(1)/{(c,—1))
FI (fa. 5p(3)+sp(l)) 4 o (Sp3)xSp(1))/{(=1,-1))
FII (4, 50(9)) 1 07 Spin(9)
G (g2, sp(D+sp(1)) 2 o (Sp(H)xSp(1))/{(=1,-1))

Table 2. Symmetric pairs and symmetric subgroups. (When n =4,
DIII is identical to BDI when p =2 and ¢ = 6.)
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Consider an inner automorphism 6 = o or 0. Let 6’ € Eg be an involution
which maps to 6 under the covering 7 : Es — Int(es). We have

Int(es)’ = {g € Bo | 0'g0’ g™ € Z(Ee)}/Z(Eo),
Int(ee)y = {g € Be | 0'g0’ "¢ = 1}/ Z(Ee),

(use Proposition 4.1 here). If {g € Eg | 0'g0'"'g~! € Z(E¢)} # EY, then there
exists g € Eg such that 6'g8’~'g~! = ¢ € Z(Es). Then go'g~! = 6'c~!. But
0(0)=2#6=0(0'c™"). Sog0'g~ ! #6'c™!. Then{g €Eq|0(g)g "' € Z(Ee)} =E¢
and so Int(eg)? = Int(e6)8. Since o1, o, commutes with 7,

Aut(eg)? = Int(eg)§ x (T).
The conjugation action of T on Int(e6)8 is determined by its action on ¢y = ug, and

(eg)" =sp) @sp(l), (¢g)" =50(9).

5B. Type E;. Now uy=-¢7 and Aut(ey) =Int(e7) is connected. Let 7 : E; — Aut(e7)
be the adjoint homomorphism, which is a 2-fold covering. Let

o] =exp(miH,) € E7,

H,+ H.+ H;
02’=exp<m'¥> e Ey,
2H{+ H,+ H;+ H,
o} =exp(ni 1 22 2 7) €E;.

Then 7 (o)) = 0y, 0(0{) =2, 0(03) =4 and o(0}) = 4. One has
Aut(e7)” = {g € By | go/g "o/ € Z(E7)}/ Z(Ey),
Aut(e7)] ={g €E7 | golg o/ =1}/Z(Ey)

(use Proposition 4.1 here), where Z(E7) = (exp(wi(H, + H, + Hy))) = Z/2Z is
the center of E7.
For 6 = o, suppose that there exists g € E; such that

goig o))" = exp(mi(H} + H.+ H3)).

Then gexp(yrin/)g_1 = exp(wi(H; + H;)). Then there exists w € W such
that w(exp (i H,)) = exp(mwi(Hs + Hy)). Since w(exp(rwiH,,)) = exp(rriH;(az)),
we get exp(niH];(az)) =exp(wi(H; + H;)). Then

w(az) € (a5 +a7) +2spany{ay, az, a3, a4, a5, ag, A7}

There are no roots in (s + a7) 4+ 2 spany{a;, a2, o3, a4, @5, a6, 7}, SO there are
no g € E7 such that (go{g~ o]~ = exp(wi(H; + H, + H})). Then

’
9]

{g€Ey|(gojg Ho ' € Z(Ey)) =E7'.



410 JING-SONG HUANG AND JUN YU

So Aut(e7)”" = Aut(e7)g'.
For 6 = o, or o3, let

_ T[(Xotz - X*az) T[(Xots - X*tx5) T[(Xon - X,a7)
w = exXp f exXp f exXp f .

Then

woyw ' =057 = oy exp(mi(Hy + H, + H7)),

wojw ™' =0} = o} exp(ni(Hy + Hi+ Hy)),
and w? = 1. Then Aut(e7)? = Aut(e7)8 x (w). The conjugation action of w on
Aut(e7)8 is determined by its action on €y = ug, and we have

() =4, () =sp(4).

Further, w acts on § as sq,5q4554;, Where s, in the Weyl group is the reflection
corresponding to the root «.

SC. Types Eg, F4, Ga. If uy = eg, f4, 92, then Aut(up) is connected and simply
connected. By Proposition 4.1, Aut(u)? is connected. Then they are determined
by ug and p=g~’.

6. Klein four-subgroups of Aut ()

In this section, we classify Klein four-subgroups I' (called simply Klein subgroups)
in Aut(u) up to conjugation. We also determine the fixed-point subgroups Aut(ug)’.
Note that such a I' is equal to {1, 8, 0, 8o} for two commuting involutions 6 # o.
Fix an involution #; the conjugacy class of I" is determined by the conjugacy classes
of the involution o (# 6) in Aut(ug)?.

6A. Ordered commuting pairs of involutions and semisimple symmetric pairs.
For a compact simple Lie algebra ug and its complexification g, the isomorphism
classes of semisimple symmetric pairs (go, ho) with go a real form of g and ho (£ go)
noncompact are in one-to-one correspondence with the conjugacy classes of ordered
commuting pairs of involutions (6, o) in Aut(ug) with 6 # o. One direction of
this correspondence is as follows: let u; ; (i, j = 0 or 1) be the joint eigenspace
of # and o where 6 acts on it as (—1) and o acts on it as (—1)/. Then we have
a decomposition
g =up,0 DUp,1 DUroDuy,1.

Then £y = ug =up o Pup,; and ipg = uae =u;0®Puy,1. Extend 6, o to holomorphic
automorphisms of g and let

go="%t+po=upo+uo1+i(uo+u) and bo=gg=ugo+iuo.
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Up I [ozugi Type
su(p+q) Lpo=(t,1,4) so(p)+so(q) AI-AI-AIIL S
su2p) r,=(z,J,) u(p) AI-AII-AIIL, N
sup42q) T, =(tJpiq.1),) sp(p)+sp(q) AII-AII-AIIL S
su(p+q+r+s) Cpgrs s(u(p)+u(g)+u(r)+u(s)) AII-AIII-AIIL NSV
su2p) T,=(I,,,J,) su(p) AII-AIII-ATIL, V
so(p+q-+r-+s) Cpars so(p)+so(g)+so(r)+so(s)) BDI-BDI-BDI, NSV
s0(2p) L,=(Jp.1,,) so(p) DI-DI-DIII, S
502p+2q) Tpy=(Tpig.1),) u(p)+u(q) DI-DIII-DIII, S
so(4p) T, =(Jp.K,) sp(p) DIII-DIII-DIII, V
sp(p) r,=(il,jI) so(p) CI-CI-CL, V
sp(p+q) L, ,=0l1,,) u(p)+u(g) CI-CI-CIIL, S
sp(2p) T =(il.jJ,) sp(p) CI-CII-CIL S
sp(p+q+r+s) Tpgrs sp(p)+sp(q)+sp(r)+sp(s) CII-CII-CII, NSV

Table 3. Klein subgroups in Aut(ug) for the classical cases. (When
p=1,qg=3,T'| 3 is very special since Ad(/2,6)~Ad(Js).)

Then go is a real form of g and (go, ho) is a semisimple symmetric pair with
ho # go and noncompact. The other direction of this correspondence needs a more
sophisticated argument.

When 6 is fixed, the conjugacy classes of the pairs (6, o) in Aut(up) are in
one-to-one correspondence with the Aut(u)?-conjugacy classes of involutions in
Aut(ug)? — {6).

For an exceptional compact simple Lie algebra uy and any representative 6 of
involution classes in Section 3, we give the representatives of classes of involutions
in Aut(ug)? — {6} and identify their classes in Aut(ug). For any classical compact
simple Lie algebra ug and a representative 8 of an involution class, we have a similar
classification of involutions in Aut(ug)? — {6}; we omit it here but remark that the
representatives can be constructed from Table 3. This gives a new proof to Berger’s
classification of semisimple symmetric pairs.

In most cases the symmetric subgroup Aut(1)? is a product of classical groups
with some twisting, for which we can classify their involution classes by matrix
calculations. In the remaining cases, ug = 50 @ 3 for an exceptional simple Lie
algebra sp and an algebra 3 =0, iR or sp(1). We have a homomorphism

P Aut(ug)? — Aut(sg).

Then what we need to do is to classify involutions in p~! (o) for o € Aut(so) an
involution or the identity element, which is not hard in general.

For an exceptional compact simple Lie algebra 1, the conjugacy class of an
involution o € Aut(u) is determined by dim g°. (This is an accidental phenomenon
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observed by Helgason [2001, pp. 517-518].) For any involution o € Aut(up)? — {8},
the class of o in Aut(ug) is determined by dim g° = dim€° + dim p° and the
dimensions dim £?, dim p° can be calculated from the class of o in Aut(ug)?. The
coroots H/ are defined in (2) and (5) and the involutions o;, o, T are defined in
Section 3.

Type Eg. Now ug =¢4. For0 =0 = exp(m’Hz’), one has
Aut(ug)® = (SU(6) x Sp(1)/{(e™™ 1, 1), (=1, = 1)) x (1),
o1 = (I, —1) = (=1, 1), where Ad(z)(X, Y) = (J3XJ; ', ¥). Then, in Aut(uy),

—l 0 1) ~o —5 0 1)~o
0 12 9 2’ 0 14 9 1’

ils 0\ ) _ i 0\ )
0 —in)"') 0 —iry)') "

T ~ 03, TO1 ™~ 04, 7(J3,1) ~ 04.

These elements represent all the conjugacy classes of involutions in Aut(ug)? — {#}.
For 6 = 0, = exp(wi(H| + H()), one has

Aut(up)” = ((Spin(10) x U(1))/{(c, ))) x (t), o2 = (=1, 1) = (1, =1),

where c =ejes - - - ejp and Ad(7)(x, 2) = ((e1e2 - - - e9)x(eres - - - e9) "', z~1). Then,
in Aut(uy),

(e1e2e3e4,1) ~ 01, (erer---eg,1) ~ oo,

(8 1+i) < 5 1+i)
, ~ 03, —O0, ~ 0oy,
V2 ? V2 ]

T~03, Tt(ejezezeq, 1)~ oy,

where
_I+eer 1+ezes  1+egero

== & A

These elements represent all the conjugacy classes of involutions in Aut(ug)? — {6}.

For 6 = 03 = t, one has Aut(uy)? =F4 x(t). Let 7, 15 be involutions in F4 with
Y ZEsp3) @sp(l), 7 =s0(9).

Then, in Aut(ug),
71 ~ 01, T27 02,

0371 ~ 04, 0372~ 03,

these elements represent all the conjugacy classes of involutions in Aut(i)? — {6}.
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For 0 = 04 = T exp(i H,), one has Aut(u)® = (Sp(4)/(—1)) x (04). Let

T11=1il, ©m= <_12 0), T3 = (_1 O).
0 b 0 &L
Then, in Aut(uyg),
T ~olL, Yoy, 3o,

O4T| ~ 04, 04Ty ™~ 04, O4T3 "~ 03.
These elements represent all the conjugacy classes of involutions in Aut(ug)? — {6}.
Type E7. Now ug =¢7. For0 =0 = exp(m’Hz’), one has

Aut(up)”" = (Spin(12) x Sp(1))/((c, 1), (=1, =1)),

where oy = (—1,1) = (1, —1), c =ejey - - - e13. Let

_lteer 1+ezes  THepen

S V2 V2 2

Then, in Aut(uy),
(e1erezeq, 1) ~ o1, (ejer,i) ~02, (ejey---eg,1) ~ 03,
6,1)~o02, (=6,1)~o03, (e1der, i) ~ o1.

These elements represent all conjugacy classes of involutions in Aut(ug)? — {6}.
Moreover,

(o1, (e1e2e3e4, 1)) ~ F», (o1, (e1dey, 1)) ~ Fi.
H}+ H,+ H,

For =0, =1 = exp(nzf) one has

2mi
Aut(ug)g” = ((Es x U(1))/((c, e3))) x (),
where ¢ is a nontrivial central element of Eg with o(c¢) = 3, o, = (1, —1) and
(e ®iIR)® =§4 @ 0. Let 71, 7» be involutions in Eg with
¢e Zsu(6) dsp(l), e Zs0(10) DR
Then, in Aut(uyg),
T ~ 01, T2~ 01,
T102 ~ 03, 1202 ™~ 02,
w ™~ 027 wr] ~ 03’

where n € F4 = E¢ is an involution with (f4)7 = sp(3) ® sp(1). These elements
represent all the conjugacy classes of involutions in Aut(ug)? — {8}.
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For H 4+ H!.+H +2H/
9:0’3:6Xp<7‘[i 2 3 ) ! 1)’
one has
o . 141
Aut(ug),® = (SU®)/(il)) X (w), 03 =—=1,

_ 2
where Ad(w)X = J4XJ4_1. Let ) = (_12 16), = (_14 14). Then, in Aut(uyg),

Ty~ 01, T~ 0], T1037~ 02, Tp03703,

w~ 0oy, wo3z~0o3 wJy~o3.
These elements represent all conjugacy classes of involutions in Aut(u)? — {6}.
Type Eg. Now ug=r¢g. For0 =0 = exp(m’Hz’), one has
Aut(up)” = (E7 x Sp(1))/((c, —=1)),
2

where o1 = (1, —1) = (c, 1). Let 7y, 7 denote the elements in E; with ‘L'12 =T1,=cC
and ¢ = e D IR, 7 = s5u(8). Let 13, 74 be involutions in E; such that there exist
Klein subgroups I', I'" C E7 with three nonidentity elements in I" all conjugate to
73, three nonidentity elements in I'’ all conjugate to t4, and eg = 5u(6) @ (iR)?,
e’ = 50(8) @ (sp(1))°. Then, in Aut(uy),

(t1,1) ~o1, (12,0)~02, (13,1)~o01, (14,1)~00.

These elements represent all conjugacy classes of involutions in Aut(19)? — {6}.
For 0 = 0, = exp(wi(H, + H{)), one has Aut(u)® = Spin(16)/(c), where
op=—1,c=ejey---e16. Let

5= 14+e1ex 14 e3eq 1+eiseis
V2 V2 N/

T1 = e1epe3eéy, Tp = ejexes3 - --eg, 3 =5, ‘E4=—5.

Then, in Aut(uy),
T ~0], T)~02, T3~0], T4~0;.
These elements represent all the conjugacy classes of involutions in Aut(ug)? — {6}.
Type F4. When uy = f4, for 0 = o1 = exp(wiH)),
Aut(ug)” = Sp(3) x Sp(1)/((—1, —=1)),
where o1 = (—1,1) = (I, —1). Let

1 1 0

-100 — 0
1= 0 10],1], m= 0 —-10]),1}), wu=dadlLi.
0 01 0 01
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Then, in Aut(uy),
71~ 01, T2~ 02, 713701

These elements represent all conjugacy classes of involutions in Aut(ug)? — {6}.
For 6 = o0, = exp(m’Hé), one has Aut(up)®? = Spin(9), oo = —1. Let 71 =

ejerezey, Tp = e1ezes - - - eg. Then, in Aut(ug), we have t; ~ o1 and 1, ~ 0». These

elements represent all conjugacy classes of involutions in Aut(ug)? — {6}.

Type G3. When up = g» and 6 = o = exp(i H|), one has
Aut(up)” = Sp(1) x Sp(1)/{(—1, =1)),

where o1 = (—1, 1) = (1, —1). Denote t = (i, i). Then, in Aut(ug), we have T ~ o,
and 7 represents the unique conjugacy class of involutions in Aut(ug)? — {#}.

By the above, we have reproved Berger’s classification of semisimple symmetric
pairs. The next proposition is an immediate consequence of this classification.

Proposition 6.1. There are 23, 19, 8, 5, and 1 isomorphism classes of nontrivial
(that is, Ho # go) semisimple symmetric pairs (go, ho) with go noncompact and
g = go ®r C a complex simple Lie algebra of types Eg, E7, Eg, Fy, and G,
respectively.

6B. Klein subgroups, speciality, regularity and centralizers. For a Klein group
" C Aut(up), we call the conjugacy classes of the involutions in I" the involution type
of I', and the classes of Riemannian symmetric pairs corresponding to the involutions
in I' the symmetric space type of I'. Since there is a one-to-one correspondence
between these two types, we simply say fype of I' for either involution type or
symmetric space type.

For a compact simple Lie algebra v, a Klein subgroup I' of Aut(uy) is called
regular if any two distinct conjugate (in Aut(up)) elements o, 6 € I' are conjugate
by an element g € Aut(ug) commuting with fo (that is, g € Aut(ug)??).

A Klein subgroup I' C Aut(uyg) is called special if there are two (distinct) elements
of I which are conjugate in Aut(ug). It is called very special if three involutions
of I' are pairwise conjugate in Aut(up). Otherwise it is called nonspecial. The
definition of special is due to [Oshima and Sekiguchi 1984].

In Tables 3 and 4, we list some Klein subgroups I'; C Aut(ug) for each compact
simple Lie algebra 1 together with their symmetric space types (when 1y is classical)
or involution types (when ug is exceptional). These subgroups are not conjugate to
each other since their fixed point subalgebras ug[ are nonisomorphic. In the last
column we also indicate whether they are special or not. For brevity, we write N to
mean nonspecial, S to mean special but not very special, V to mean very special.
The speciality of the subgroups I';, , s depends on the parameters. In general they
can be nonspecial, special or very special; in this case we use NSV to denote their
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U T lh= ug[ Type

e6 'y = (exp(wiH}), exp(wi H})) suB)*d(ER)?* (01,01,01),V
g L= (exp(rriHA{), exp(n’i(Hé—i—H‘H—HS/))) 5u(4)€B(5p(1))269iR (01, 01,02), S
¢ '3 = (exp(mi(H}+H))), exp(mwi(H,+H])) su(5)®(R)> (01,02,02), S
¢6 Ta= (exp(mi(H|+H)), exp(mi(H;+H))) 50(8)®(R)> (02,02,02), V
¢ I's = (exp(niH,;), T) sp(3)Dsp(1) (01,03,04),N
¢6 Ie = (exp(mwi Hy), T exp(wi H})) 50(6)DiR (01, 04,04), S
e ['7 = (exp(wi(H|+Hy))), T) 50(9) (02,03,03), S
¢6 I'g = (exp(mwi(H|{+Hy)), T exp(wi H})) 50(5)Pso(5) (02, 04,04), S
7 Iy = (exp(wi H}), exp(mi Hy)) su(6)D(IR)? (01,01,01), V
e7 'y = (exp(i H,), exp(rwi Hy)) 50(8)®(sp(1))>  (01,01,01), V
e7 I'; = (exp(m’Hz’), T) 50(10)69(1'R)2 (01, 02,02), S
7 Iy = (exp(wiH)), 1) su(6)@sp(1)PIR (01, 02,03), N
¢7 I's = (exp(wi H}), T exp(wi H})) su(@d)dsu@)®diR (o1, 03,03), S
e7 s = (7, w) fa (02,02,02), V
e7 ['7 = (tr, wexp(ni H))) sp(4) (02,03,03), S
¢7 I's = (v exp(mwi H{), wexp(wi H;)) 50(8) (03,03,03), V
eg [y = (exp(wiHy), exp(mwiHy)) ee®(IR)? (o1,01,01), V
eg [y = (exp(rwi Hy), exp(mi H))) 50(12)®(sp(1))*  (01,01,02), S
eg I3 = (exp(wiHy), exp(mwi(H{+H,))) su(8)@iR (01, 02,02), S
es [y = (exp(wi(H,+H))), exp(wi(H{+H{)))  s0(8)Pso(8) (02,02,02), V
Ty I\ = (exp(i H}), exp(ri H)) uBDER? (1, 01,00, V
fa [’y = (exp(ri Hy), exp(ri H,)) s0(5)®(sp(1)*  (01,01,02), S
Ty I = (exp(i H}), exp(ri HY) 50(8) (02,02, 0), V
9 I' = (exp(wi H|), exp(rwi H})) (iR)? (0,0,0),V

Table 4. Klein four-subgroups in Aut(up) for the exceptional cases.

speciality. The reader can determine for which parameters they are nonspecial,
special or very special. The notation I, 4, J,, etc. is defined in Section 2C.

Theorem 6.2. For a compact simple Lie algebra uy, any Klein subgroup I' C Aut(ug)
is conjugate to one in Table 3 or Table 4 and they are all regular.

Proof. When uy is a classical compact simple Lie algebra, we can do matrix calcula-
tion to show Table 3 is complete and any Klein subgroup is regular. When ug is an
exceptional compact simple Lie algebra, from Klein subgroups we get nonconjugate
commuting pairs of involutions (6, 6,) distinguished by the isomorphism type of
u(()@.,ez) or the distribution of the classes of the (ordered) tuples (61, 6>, 63). When
ug is of type Eg, E7, Eg, Fy4, or G, we get (at least) 23, 19, 8, 5, or 1 nonconjugate
commuting pairs, respectively. By Proposition 6.1, they represent all conjugacy
classes of commuting pairs of involutions. So Table 4 is complete.
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For an exceptional simple Lie algebra ug, suppose that some Klein subgroup
fails to be regular. Then we can construct nonconjugate commuting pairs (61, 6»)
and (0;, 65) (= (62, 61)) with (01, 62) = (0], 05), 61 ~ 0], 02 ~ 6, 610, ~ 06,. Then
there should exist more isomorphism classes of semisimple symmetric pairs. But it
is not the case, and it follows that any Klein subgroup is regular. (]

Another way of proving all Klein subgroups of Aut(u) are regular is as follows.
First we just need to check for any commuting pair of involutions 6y, 6, € Aut(ug)
with 6 ~ 6, (in Aut(up)), 61, 6> are conjugate in Aut(uy)?, where # = 6,6,. Fix 0
as a representative in Section 3, when ug is an exceptional simple Lie algebra. This
was already checked in the last subsection; when uy is a classical simple Lie algebra,
we can check this from the data in Table 3 (list of Klein groups with symmetric
space type) and Table 2 (symmetric subgroups).

A statement equivalent to the regularity of all Klein subgroups (Theorem 6.2) is
that two commuting pairs of involutions (6, o) and (6’, o) are conjugate in Aut()
if and only if

0~0', o~ad, Oo~0¢c

and the Klein subgroups (@, o), (0’, o’} are conjugate. This statement clearly implies
the second statement in Theorem 6.2. To derive this statement from Theorem 6.2,
give two pairs (0, o) and (0, ") withd ~6',0 ~0',00 ~0'c"and (0, o) ~ (0', 0’).
After replacing (6’, o’) by a pair conjugate to it, we may assume (0, o) = (f’, o'},
that is, (9, o) and (0’, 0’) generate the same Klein subgroup. By Theorem 6.2,
(0, o) is regular, so (9, o) and (0’, o’) are conjugate. Since any Klein subgroup of
Aut(up) is regular, a conjugacy class of Klein subgroups gives 6, 3, or 1 isomorphism
types of semisimple symmetric pairs when it is nonspecial, special but not very
special, or very special, respectively.

The fact that all Klein subgroups in Aut(ug) are regular is an interesting phenom-
enon. The property of regularity can be generalized to closed subgroups of any Lie
group; a vast array of examples of nonregular subgroups is given in [Larsen 1994].

From Tables 1 and 4, we can abstract the following facts.

Proposition 6.3. When g is an exceptional compact simple Lie algebra, any
two classes of involutions have commuting representatives; for any Klein group
I' C Aut(ug) the centralizer Aut(ug)" intersects of Aut(ug).

For classical compact simple Lie algebras, both statements of the above proposi-
tion fail in general. For example, in Aut(su(2n)) and foran odd p with 1 <p <n—1,
7 0 Ad(/, ) (t = complex conjugation) doesn’t commute with any involution con-
jugate to Ad(I2,—p); in Aut(s0(4n)), Aut(so(4n))'" C Int(so(4n)) (see Table 3
for the definition of T'};).

For each Klein subgroup I' listed in Table 3 or 4 with two generators 6, o €
Aut(ug), we get the centralizer Aut(up)" by calculating (Aut(up)?)?. The results
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about Aut(ug)" are listed in Table 5 for classical compact simple Lie algebras and
in Table 6 for exceptional compact simple Lie algebras.
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U [; L = Aut(ug)"
su(p+q),p#q Tpy ((O(p)x O(g)/{(=1p,—1y))) x(7)
su(2p) Cpp ((O(P)x O(P)/{(—1p,—1p))) x (T, Jp),
Ad(J,)(X,Y) = (Y,X), Ad(r) = |
su(2p) r, WU(p)/{=1p))»x(r,2), Ad(z) = 1
su2p+2q).p#q T, ((Sp(p) xSp(g) /{(=1p, —I)) X (T Jp+q)
su(4p) r,, ((Sp(p) xSp(P) /(= 1, =1,))) X (T J2p, Jp),

Ad(J,)(X,Y) = (Y, X), Ad(z Jp,) =1

su(p+q+r+s)  Tpgrs

((SWU(p)xU(q) x U, xUg) [{Z pyg4r+5)) ¥(T)
Ad(t) = complex conjugation

su@p+2r).p#r Tpprr (SWp)xUp)xU, xU,) [{Z2p12r)) X(T, I ps)
Ad(J, ) (X1, X2, X3, X4) = (X2, X1, X4, X3)
su(4p) Lpppp (SWP)XUp)XxU(p)xU(p)/{Zap)) ¥ (T, J2p, Jpp)
Ad(J2p) (X1, X2, X3, X4) = (X3, X4, X1, X2)
su(2p) r, PSU(p)x(F,,t)
Ad(7) = complex conjugation, Ad(F,) =1
S0p+g+r ) Tpgrs (0(P) X 0(@) X O() X 0N/ (—Lprgirss)

s0Q2p+2r),p#r Tpprr

((O(P)xO(p)xOr)xO))/{—Lps2r))) X {Jp 1)
Ad(J, ) (X1, X2, X3, X4) = (X2, X1, X4, X3)

50(417)’17#2 F[J,p,p,p ((0(p))4/(_14p>)>4<-]2pv Jp,p)
Ad(J2,) (X1, X2, X3,X4) = (X3, X4,X1,X0)
50(8) 222 (U(1)*/Z') % (€12, €1,3.€1.4, Sa)
Ad(e12) (X1, X2, X3, X4) = (— X1, — X2, X3, X4g)etc
Sy acts by permutations
s0(2p) Iy (O(p)/(=1p) X F)p
s0(2p+29).p#q T4 (U p)xU(g))/{(—1p,—1y))) % (T)
Ad(t) = complex conjugation
s0(dp) T (U <UL =) 5 (2. T,),
Ad(J,)(X,Y) = (Y, X)
50(4p) I (Sp(p)/(—1p)) X F,
sp(n) r, (Om)/(~1.) xF,
p(p+a).p#£4  Tpg (U ) xU@)/(=1,.— 1)) x(7)
sp2p) Ty (U <UL =L)X (T T,),
Ad(t) = complex conjugation, Ad(J,)(X,Y) = (¥, X)
sp(2p) I (Sp(p)/(—1p)) X F,
5P(P+61 +r +S) 1—‘p,q,r,s (SP(P) X SP(CI) X SP(T) X Sp(s))/<_1p+q+r+s>

spQ2p+2r),p#r Tpprr

((Sp(p) xSp(p) X Sp(r) X Sp(r)) /{—L2p+2r)) X {Jp.r)
Ad(J, ) (X1, X2, X3, X4) = (X2, X1, X4, X3)

((SP(P))4/(—I4p>) X (-]2[)7 -]p,p)
Ad(JZ[?)(X17X27X3ﬂX4) = (X37X47X17X2)

Table 5. Fixed point subgroups of Klein four-subgroups: classical cases.
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uy I; L = Aut(uy)’i
6 T1 (SUGYXSUG) UM xUW) /(e 31, 1,e3 1), (Ie T e 5 ,1))x(z 1),
Ad(D)(X, Y, A1) = Y, X, A, 1), Ad)(X, Y, A, 1) = (Y, X, A
¢ Iy (SU@) xSp()xSp()xU (1)) /(G 1,—1,1,i),(I,—1,—1,—1)))x(z),
Ad(D)(X,y,z,0) = (LX(H) " y.z, A7)
¢ I3 SUG)xU(MxU)x(r), AdT)X,r,pw) =X, 1 Luh
¢ Iy (Spin@®)xU () xU (1)) /{(=1,=1,1),(c,1,=1)))x(z),
Ad(T)(x, A, ) = (x, 27w
¢ I's ((Sp(3)xSp(1))/{(=1,—1))) x(T)
¢ g ((SOO)xUM)/{(=1,=D))»(t',z),
Ad(z)(X,0) = (133X 133,47 "), Ad(t)) = 1
e Iy Spin(9) x (1)
¢ I'g ((Spin(5) xSpin(5)) /((=1. =) x(7".2), AdR)(x.y) = (.x)
¢e7 T (SUO)xU()xU M) /(e Le 3 1), (=1,1,D)x(z),
AdR) (X, A, 1) = (X I a7 wh
e7 Ty (Spin(8)xSp(1)*)/((c,—1,1,1),(1,—1,—1,—1),(—1,—1,—1,1))
e7 I'3 (Spin(10)xU (1) x U (1)) /{(c,i,1))) % (z),
Ad(2)(x, A, 1) = (erxe; A7 n™h)
e Ty (SU®)xSp(DxU(1)/((eF 1,1, 3, (=1, —1, D)% (2),
Ad(@)(X.y, 1) = (X JT7 Ly
¢7 Ts ((Spin(6) xSpin(6) x U (1)) /((c,c’, 1), (1,—1,=1))) x(z1,22),
Ad(z)(x,y.0) = (y,x,27"), Ad(z2) (x,y. 1) = (erxe; ' erye; ' A7)
e7 I Fix(t,w)
¢7 Iy (Sp@) /(1)) x(r,)
¢e7 Ig (SO®)/(=1)x(t,0')
eg Iy (EsxU()xU(1)/{(c,e”S , D))x(z), [y = f2®080
eg Iy (Spin(12) xSp(1)xSp(1))/{(c,—1,1),(=1,—1,-1))
eg I3 ((SUR)xUM)/{((=1,1),(1,=1)))x(z), [5=s5p(4D0
eg Iy ((Spin(8) xSpin(8))/((=1,—1). (c.c))) % (z). Ad(z)(x,y) = (y.x)
b Ty (SUGXUMxUM)/{eF 1e 3 D)xz), E=50(3)@000
fa Ty (Sp2)xSp(1) xSp(1))/((=1,—1,—1))
fa T3 Spin(8)
g T UMxU1)x(z), Ad@)h,pu)=A"" u™")
Table 6. Fixed point subgroups of Klein four-subgroups: excep-
tional cases.
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