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FIXED POINTS OF ENDOMORPHISMS
OF VIRTUALLY FREE GROUPS

PEDRO V. SiLvA

A fixed point theorem is proved for inverse transducers, which leads to an
automata-theoretic proof of the fixed point subgroup of an endomorphism
of a finitely generated virtually free group being finitely generated. If the en-
domorphism is uniformly continuous for the hyperbolic metric, it is proved
that the set of regular fixed points in the hyperbolic boundary has finitely
many orbits under the action of the finite fixed points. In the automorphism
case, it is shown that these regular fixed points are either exponentially sta-
ble attractors or exponentially stable repellers.

1. Introduction

Throughout the paper, the ambient groups are assumed to be finitely generated.

Gersten [1987] proved that the fixed point subgroup of a free group automorphism
@ is finitely generated. Using a different approach, Cooper [1987] gave an alternative
proof, proving also that the fixed points of the continuous extension of ¢ to the
boundary of the free group is, in some sense, finitely generated. Bestvina and
Handel [1992] achieved a major breakthrough with their innovative train track
techniques, bounding the rank of the fixed point subgroup and the generating set
for the infinite fixed points. Their approach was pursued by Maslakova [2003],
who considered the problem of effectively computing a basis for the fixed point
subgroup. The paper turned out to contain some errors, and subsequently a new
paper by Bogopolski and Maslakova [2012] was posted on arXiv with the purpose
of correcting these errors.

Gersten’s result was generalized to further classes of groups and endomorphisms
in subsequent years. Goldstein and Turner extended it to monomorphisms of free
groups [1985] and to arbitrary endomorphisms [1986]. Collins and Turner extended
it to automorphisms of free products of freely indecomposable groups [1994];
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see the survey by Ventura [2002]. With respect to automorphisms, the widest
generalization is to hyperbolic groups and is due to Paulin [1989].

Sykiotis [2002] extended Collins and Turner’s result to arbitrary endomorphisms
of virtually free groups using symmetric endomorphisms; see also [Sykiotis 2007]
for further results on symmetric endomorphisms. In [Silva 2012], we generalized
Goldstein and Turner’s automata-theoretic proof to arbitrary endomorphisms of free
products of cyclic groups. In the present paper, this result is extended to arbitrary
endomorphisms of virtually free groups, providing an automata-theoretic alternative
to Sykiotis’ result.

This is done by reducing the problem to the rationality of some languages
associated to a finite inverse transducer, and subsequent application of Anisimov
and Seifert’s theorem.

Infinite fixed points of automorphisms of free groups were discussed by Gaboriau,
Jaeger, Levitt, and Lustig [Gaboriau et al. 1998], where it is remarked in particular
that some of the results would hold for virtually free groups with some adaptations.

In [Silva 2010], we discussed infinite fixed points for monomorphisms of free
products of cyclic groups, the group case of a more general setting based on the
concept of special confluent rewriting system. These results are now extended to
endomorphisms with finite kernel of virtually free groups (which are precisely the
uniformly continuous endomorphisms for the hyperbolic metric), and we discuss the
dynamical nature of the regular fixed points in the automorphism case, generalizing
the results of [Gaboriau et al. 1998] on free groups.

The paper is organized as follows. Section 2 is devoted to preliminaries on
groups and automata. We discuss inverse transducers in Section 3, proving a
useful fixed point theorem. In Section 4 we prove that the fixed point subgroup is
finitely generated for arbitrary endomorphisms of a (finitely generated) virtually
free group G.

In Section 5 we get a rewriting system with good properties to represent the
elements of G, and in Section 6 we use it to construct a simple model for the hyper-
bolic boundary of G. We study uniformly continuous endomorphisms in Section 7
and in Section 8 we prove that the infinite fixed points of such endomorphisms are,
in some sense, finitely generated.

The classification of the infinite fixed points of automorphisms is performed in
Section 9, and Section 10 includes an example and some open problems.

2. Preliminaries

Throughout the paper, we assume alphabets to be finite. We start with some group-
theoretic definitions. Given an alphabet A, we denote by A~! a set of formal
inverses of A, and write A = AU A~!. We extend the mapping a — a~! to an
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involution of the free monoid A* in the obvious way. As usual, the free group on A
is the quotient of A* by the congruence generated by the relation {(aa™", 1) :a € A}.
We denote by 6 : A* — F4 the canonical morphism.

Let
Ry = A"\ (U A*aa_lA*)

aeA

be the subset of all reduced words in A*. Tt is well known that, for every g € Fy,
g0~ ! contains a unique reduced word, denoted by g. We also write it = uf for
every u € A*. Note that the equivalence u6 = v < u = v holds for all u, v € A*.

A group G is virtually free if G has a free subgroup F of finite index. In view
of Nielsen’s theorem, it is well-known that F' can be assumed to be normal, and is
finitely generated if G is finitely generated itself. Therefore every finitely generated
virtually free group G admits a decomposition as a disjoint union

G=FUFbU..-UFb,,

where F' 4G is a free group of finite rank and by, ..., b, € G.

We shall need also some basic concepts from automata theory.

Let A be a (finite) alphabet. A subset of A* is called an A-language. We say
that 4 = (Q, qo, T, 8) is a (finite) deterministic A-automaton if

e ( is a (finite) set,
*qgoeQandT C O,
e §:0 xA— Q is apartial mapping.
We extend § to a partial mapping Q x A* — Q by induction through

(g, )6=¢q, (q,ua)é=((q,u)d,a)s umeA* acAl).

When the automaton is clear from the context, we write qu = (g, u)5. We can
view o as a directed graph with edges labeled by letters a € A by identifying
(p, a)é = g with the edge pi>q. We denote by E(sf) C Q x A x Q the set of all
such edges.

A finite nontrivial path in « is a sequence

ap ap ay
Po—>P1—> - —> Dy

with (p;—1, a;, p;) € E(dA) fori =1, ...,n. Its label is the word a; - - - a, € A*. It
is said to be a successful path if pg = qo and p,, € T. We also consider the trivial
path p—1>p for p € Q. Itis successful if p=¢qo e T.

The language L(A) recognized by s is the set of all labels of successful paths
in &{. Equivalently, L(d) = {u € A*: qou € T}. If (p;_1, a;, p;) € E(sA) for every
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i € N, we may also consider the infinite path
aj a as
po——>p1——>p2—> .

Its label is the (right) infinite word ajazas ---. We denote by A® the set of all
(right) infinite words on the alphabet A, and also write A® = A* U A“. We denote
by L, () the set of labels of all infinite paths gg— - - - in A.

Given u € A* and o € A, we say that u is a prefix of & and write u <« if « = up
for some B € A*. By convention, this includes the case @ < « for « € A“. For
every n € N, we denote by a!"! the prefix of length n of «, applying the convention
that a = o if n > |a|.

It is immediate that (A°°, <) is a complete A-semilattice: given o, B € A, a A B
is the longest common prefix of « and g (or « if @ = 8 € A?®). The A operator will
play a crucial role in later sections of the paper.

The star operator on A-languages is defined by

L*:UL”,

n>0

where L? = {1}. An A-language L is said to be rational if L can be obtained from
finite A-languages using finitely many times the union, product, and star operators
(this is called a rational expression). Alternatively, by Kleene’s theorem [Berstel
1979, Section III], L is rational if and only if it is recognized by a finite deterministic
A-automaton &. The definition through rational expressions generalizes to subsets
of an arbitrary group in the obvious way. Moreover, if we fix a homomorphism
7 : A* — G, the rational subsets of G are the images by 7 of the rational A-languages.
For obvious reasons, we shall be dealing mostly with matched homomorphisms.
A homomorphism 7 : A* = G is said to be matched if a~'w = (am)~" for every
a € A. For details on rational languages and subsets, the reader is referred to
[Berstel 1979; Sakarovitch 2003].
We shall need also the following classical result of Anisimov and Seifert.

Proposition 2.1 [Sakarovitch 2003, Proposition 11.6.2]. Let H be a subgroup of a
group G. Then H is a rational subset of G if and only if H is finitely generated.

We end this section with an elementary observation that helps us to establish
that fixed point subgroups are finitely generated.

Proposition 2.2. Let 7 : A* — G be a matched epimorphism and let X C G. Let
A be a finite A-automaton such that

(i) L(sh) € X!,
(i) L(st) Nxm~' # @ for every x € X.

Then X is a rational subset of G.
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Proof. 1t follows immediately that X = (L(sd))7m, so X is a rational subset of G. [

3. Inverse transducers

Given a finite alphabet A, we say that 7 = (Q, qo, §, 1) is a (finite) deterministic
A-transducer if

e Q is a (finite) set,

*qo€ 0,
e §:0xA— QandA: Q x A— A" are mappings.

As in the automaton case, we may extend & to a mapping Q x A* — Q. Similarly,
we extend A to a mapping Q x A* — A* through

(g, Dr=1, (q,ua)r=(q,u)r((g,u)d,a)r (ue A*, ac A).

When the transducer is clear from the context, we write ga = (g, a)§. We can
view J as a directed graph with edges labeled by elements of A x A* (represented
in the form a|w) by identifying (p, a)é = ¢, (p, a)r = w with the edge p—|>q.
The set of all such edges is denoted by E(9) € Q x A x A* x Q. If pu = ¢ and
(p, u)A = v, we also write pu—|v>q and call it a path in J.

It is immediate that given u € A*, there exists exactly one path in J of the form
qo—‘>q. We write uJ = v, thus defining a mapping J : {\v* — A*.

Assume now that & = (Q, qo, 6, A) is a deterministic A-transducer such that
-1y, -1
pa—|u>q is an edge of J if and only if q—|>p is an edge of I

Then J is said to be inverse.
Proposition 3.1. Let T = (Q, qo, §, 1) be an inverse A-transducer. Then

(1) 6: 0 x A — Q induces a mapping S OxFy— Qby(q, u@)g = (q, u)é,
(ii) T : A* — A* induces a mapping T Fo— Fa by udJ = uJo.
Proof. (i) Since the free group congruence ~ is generated by the palrs (aa™', 1), it
suffices to show that (¢, vaa™ lw)s = (g,vw)d forallg e Q; v, w € A*and a € A.

Since § is a full mapping, we have a path

v|v alu a '\ wlw’
() q—q1—>q2——>q3—>q4

-1

J. Since T is inverse (in particular deterministic), we must have u’ = u~" and

q3 = q1. Hence we also have a path

and so (g, vaa™'w)8 = g4 = (¢, vw)$ as required.
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(i1) Similarly to part (i), it suffices to show that (vaa‘lw)?f@ = (vw)@:@ for all
v,we€ A*and a € A.
We consider the path (1) for ¢ = go. Since ' = u~! and g3 = ¢, we get
(vaa 'w)T0 = Wuu""'w"o = WO = (vw)T6,
as required. U

We now prove one of our main results, generalizing Goldstein and Turner’s proof
[1986] to mappings induced by inverse transducers.

Theorem 3.2. Let T be a finite inverse A-transducer and let 7 € Fy. Then
L={geFy:¢T =gz}

is rational.
Proof. Write T = (Q, qo, 8, 1). For every g € Fy4, let P1(g) = g_l(gg) € F4 and
write gog = (qo, g)8, P(g) = (P1(g), gog). Note that g € L if and only if P;(g) =z.
We define a deterministic A-automaton g = (P, (1, q¢), S, E) by

P={P(g): g€ Fak;

S=PN{z} x Q)

E={(P(g),a, P(ga)): g € Fa, a € A}.

Clearly, &dg is a possibly infinite automaton. Note that, since J is inverse, we
have gaa=! =q forallg € Q and a € A. Tt follows that, whenever (p,a,p) €E,
(p',a~', p) € E. We say that such edges are the inverses of each other.

Since every w € A* labels a unique path P(1)—=> P(w0), it follows that

L(dg)=Lo"".

In view of Proposition 2.2, to prove that L is rational it suffices to construct a finite
subautomaton Bg of slg such that L € L(%Bg).
We now fix

M =max{|(g,a)A|: ¢ € O, ac A}, N=max{2M +1, |z|}

and
P'={P(g) € P:|Pi(g)| < N}.

Since A and 7 are finite, so is P’. However, infinitely many g € F4 may yield the
same state P(g).

Given g € Fy, write gt = g'!!. Given p = (g, q) € P, we also write pt = gt. We
say that an edge (p1, a, p2) € E is

e central if py, pr € P/,

o compatible if it is not central and pjt = a.
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Lemma 3.3. (i) There are only finitely many central edges in dg.

(i) If (p1, a, p2) € E is not central, either (p1, a, p2) or (p2, a™', p1) is compati-
ble.

(iii) For every p € P, there is at most one compatible edge leaving p.

Proof. (i) A and P’ are both finite.

(i) Assume that (pi, a, p2) is neither central nor compatible. Write p; = (g1, q1)
and py = (g2, ¢2). Suppose that g = 1. Then g» = Pi(a) = ail(aﬁ) and so
|g2] <14+ M < N, in contradiction with (p1, a, p>) being noncentral.

Thus g; = bu for some b € AV\ {a} and u € R4. On the other hand, we have
g =a"'gi(q1, a)}, and so

g2 =a"'bu(g, a)x.
If [u| < M, then |g1], |g2| <2M +1 < N and (py, a, py) is central, a contradiction.
Thus |u| > M > |(q1, a)A| and so got =a~'. Thus (ps,a™", p1) is compatible.

(i) Any compatible edge leaving p must be labeled by pt, and g is deterministic.
(]

A (possibly infinite) path qoin]l s indy is
o central if all the vertices in it are in P/,

o compatible if all the edges in it are compatible and no intermediate vertex is
in P’.

Lemma 3.4. Let u € L. Then there exists a path
—1 1
(1.40) = ph—> p =5 p1—> pi =5 - > pu s ph = pl € S

in Aq such that
(1) u= uovlwflul e vnwrjlun,
(ii) the paths p;l> p| are central,
(iii) the paths p;./_ll pj and p;g p;j are compatible,
(iv) pj ¢ P’ if bothv; and w; are nonempty.
Proof. Since S € P’ by definition of N, there exists a path
) (1. g0) = py=—> py—> Pl —> - - = p,—">p, € S

in g such that u = ugxu; - - - x,u, and the paths p QRN p ! (which may be trivial)
collect all the occurrences of vertices in P’ (and are therefore central).
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By Lemma 3.3(ii), if (p, a, r) occurs in a path p;./_]i>p;., either (p, a,r) or
(r,a™', p) is compatible. 9n the other hand, since x; is reduced, it follows from
Lemma 3.3(iii) that p;.’fl—/> p;- can be factored as

—1
v;j wj

Pj_1—>pj—>P)]
with P;'Ll R p;and p;. N p; compatible. Clearly (iv) holds since no intermediate
vertex of p;./_l — p;. belongs to P’ by construction. O

We say that a compatible path is maximal if it is infinite or cannot be extended
(to the right) to produce another compatible path.

Lemma 3.5. For every p € P’, there exists in Ag a unique maximal compatible
path M, starting at p.

Proof. Clearly, every compatible path can be extended to a maximal compatible
path. Uniqueness follows from Lemma 3.3(iii). ([

We now define
P ={p € P': M, has finitely many distinct edges }

and P; = P'\ P|. Hence M/, contains no cycles if p € P;. By Lemma 3.5, if M,
and M, intersect at vertex r,, they coincide from r,,  onwards. In particular, if
M, and M intersect, then p € P| if and only if p’ € P|. Let

Y ={(p,p') € Py x P;: M, intersects M}.

For every (p, p') € Y, let M,,\ M,y denote the (finite) subpath p—>r, of M,. In
particular, if p’ = p, M, \ M, is the trivial path at p.
Let B4 be the subautomaton of sy containing

« all vertices in P’ and all central edges,
« all vertices and edges in the paths M, (p € P;) and their inverses,
« all vertices and edges in the paths M, \ M, ((p, p') € Y) and their inverses.

It follows easily from Lemma 3.3(i) and the definitions of P and M, \ M, that
RBg is a finite subautomaton of #g. As remarked before, it suffices to show that
L C L(Rg).
Let u € L. Since B contains all the central edges of g, it suffices to show
that all subpaths .
" vj wj /
Pji-1—>Pj—P;j
appearing in the factorization provided by Lemma 3.4 are paths in %Bg.
Without loss of generality, we may assume that v; # 1. If w; =1, p;.L | € P/
and we are done. Hence we may also assume that w; # 1. Now, if one of the
vertices p;./ 1 p} is in P/, so is the other and we are done, since B4 contains all
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the edges in the paths M, (p € P|) and their inverses. Hence we may assume that
p;/ 1 pj € P,. It follows that p; =r P, (Svmce vjw e Ry, the paths M "

and M, cannot meet before p;.) Thus p] 1—>pJ is M % \M + and pJ—>pJ
is M, \M » , and so these are also paths in B as requ1red (]

4. The fixed point subgroup
We can now produce an automata-theoretic proof to Sykiotis’ theorem.

Theorem 4.1 [Sykiotis 2002, Proposition 3.4]. Let ¢ be an endomorphism of a
finitely generated virtually free group. Then Fix ¢ is finitely generated.

Proof. We consider a decomposition of G as a disjoint union
3) G=FbyUFbyU---UFb,,,

where F' = F4 <G is a free group with A finite and by, ..., b,, € G with by = 1.
Letgg: Fyx — Fpaand nn: F4 — {0, ..., m} be defined by

<P=(8<P0)bgn (ge Fy).

Since the decomposition (3) is disjoint, ggo and gn are both uniquely determined
by g¢, and so both mappings are well defined.

Write Q ={0,...,m}. Foralli € Q and a € Z, we have b;(ap) = hi b a)s
for some (unique) h; , € F4 and (i,a)d € Q. It follows that, for every j € O,
dA;=(0,0, j,d) is a well-defined finite deterministic A-automaton. We deﬁne
also a finite deterministic A-transducer J = =(Q,0,4, 1) by taking (i, a)A = h; 4
foralli e QandaeA.

Assume that

. alhla
i——(,a)d§=j

is an edge of J. Then b; (ap) = h; ,b; and so
bi =biap)(a~'9) = hiabj(a™' ) = hiahja1b( a1y

This yields %; 4hj ,~1 =1 and (j, a~1)6 =i. Thus there is an edge
l‘hla ! -1 .
" (,a s =i

in J and so 7 is an inverse transducer. We claim that J = @o. Indeed, letg=ay; - - - a,
(a; € A ). Then there exists a (unique) path in J of the form

o alhige, . @lhija, aplhi,_j.an
0=1ip i In.
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Moreover, i; = (ij_1,a;)é for j =1, ..., n. It follows that

gp =biy(ar1¢) - - - (anp) = hjy q,bi\ (@29) - - - (an )

= hio,alhil,azbiz(a3(p) o (an(p) == hio,a1 o hinfl,a,,bi,,
and so
g¢0 = hio,al e hin,l,u” = (hio,ul e hinfl,a,,)e = g@
Thus J = 0.
Note that we have also shown that gn =i, = (0, a; - - - a,)5. Hence
) L(sAj)={ue A" :ubn=j).
Next let

Y ={@,)j) € Ox Q:b;j(bip) € Fab;}.
For every (i, j) € Y, let z; j € Fa be such that b;(b;¢) = z; ;jb; and define
X, j=1{g € Fs:gb; €eFixp and gn = j}.

We claim that X; ; is a rational subset of F4 for every (i, j) € Y. Indeed, (gb;)p =
(gp)(bip) = (gpo)bg, (bip). Hence

Xi,j={g € Fa:(gpo)b;(ip) =gb; and gn = j}
={g € Fa:(gp0)zi jbi = gb; and gn = j}
={g € Fa:gpo=gz }N{g€Fa:gn=j}
Writing
Lij={g€Fa:gpo =ng~f}},

it follows from (4) that X; ; = L; j N (L(s4;))6. Since ¢y = 7, it follows from
Theorem 3.2 that X; ; is an intersection of two rational subsets of F4, and is hence
rational itself; see [Berstel 1979, Corollary I11.2.10].

Now it is easy to check that

(5) Fixo = U (UlXi; : G, j) € Y})bi.

ieQ
Indeed, forevery (i, j) € Y, we have X; jb; C Fix ¢ by definition of X; ;. Conversely,
let gb; € Fix ¢ for some g € Fy and i € Q. Then gb; = (gb;)¢ = (g90)bgy(bip)
and so b, (bip) € Fab;. Hence (i, gn) € Y. Since g € X; 4y, (5) holds. Since the
X, j are rational subsets of F4 and therefore of G, it follows that Fix ¢ is a rational
subset of G and is thus finitely generated by Proposition 2.1. U
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Unfortunately, our approach does not lead directly to an algorithm to compute a
basis of Fix ¢ (see [Bogopolski and Maslakova 2012]) because it is not clear how
to decide in Section 3 whether p € P’ belongs to P| or P, and how to compute the
paths M, and M, \ M.

5. A good rewriting system

We recall that a (finite) rewriting system on A is a (finite) subset R of A* x A*.
Given u, v € A*, we write u—> g if there exist (r, s) € % and x, y € A* such that
u=xry and v = xsy. The reflexive and transitive closure of —> g, is denoted by
H*
5
We say that R is

o length-reducing if |r| > |s| for every (r, s) € R,
o length-nonincreasing if |r| > |s| for every (r, s) € R,

« noetherian if, for every u € A*, there is a bound on the length of a chain
U—RVI—R " — > RUn,

o confluent if, whenever u—7,v and u— J, w, there exists some z € A* such
that v— 7%,z and w—7,z.

A word u € A* is irreducible if no v € A* satisfies u—>qv. We denote by Irr R
the set of all irreducible words in A* with respect to R.

We introduce now some basic concepts and results from the theory of hyperbolic
groups. For details on this class of groups, the reader is referred to [Ghys and de la
Harpe 1990].

Let 7 : A* — G be a matched epimorphism with A finite. The Cayley graph
'4(G) of G with respect to 7w has vertex set G and edges (g, a, g(am)) for all
geGandace A. We say that a path pi>q in I'4(G) is a geodesic if it has shortest
length among all the paths connecting p to g in "4 (G). We denote by Geo 4 (G) the
set of labels of all geodesics in I'4(G). Note that, since I'4 (G) is vertex-transitive,
it is irrelevant whether or not we fix a basepoint.

The geodesic distance di on G 1is defined by taking d; (g, /) to be the length of
a geodesic from g to k. Given X € G nonempty and g € G, we define

di(g, X) =min{d,(g,x) : x € X}.
A geodesic triangle in I" 4 (G) is a collection of three geodesics

Pi:gi—g, Pr:g2—g3, P3igi—g
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connecting three vertices g1, g2, g3 € G. Let V(P;) denote the set of vertices
occurring in the path P;. We say that ['4(G) is §-hyperbolic for some § > 0 if

Vg e V(P):di(g, V(P)UV(P3)) <6

for every geodesic triangle { Py, P, P3} in I'4(G). If this happens for some §, we
say that G is hyperbolic. It is well known that the concept is independent from both
alphabet and matched epimorphism, but the hyperbolicity constant § may change.
Virtually free groups are among the most important examples of hyperbolic groups.

We now use a theorem of Gilman, Hermiller, Holt, and Rees [Gilman et al. 2007]
to prove the following result.

Lemma 5.1. Let G be a finitely generated virtually free group. Then there exist a
finite alphabet A, a matched epimorphism ©w : A* — G, and a positive integer Ny
such that, for all u € Geos(G) and v € A*,

(1) there exists some w € Geos(G) such that wr = (uv)m and
lu Aw| > |ul — Nolvl;

(i1) there exists some 7 € Geos(G) such that zm = (vu)mw and |u‘1 A z‘ll >
lu| — Nolv|.

Proof. (i) By [Gilman et al. 2007, Theorem 1], there exists a finite alphabet A, a
matched epimorphism 7 : A* = G, and a finite length-reducing rewriting system R
such that Geos (G) = Irr . The authors also prove that this property characterizes
(finitely generated) virtually free groups.

Let No =2 max{|r|: (r, s) € R}. Suppose that

UV = Wy—qW1—>R * - —>qW, = W

is a sequence of reductions leading to a geodesic w. Then (wv™")7 = um and since
u is a geodesic we get |u| < |v|+|w| and so |u| —|w| < |v|. On the other hand, since
R is length-reducing, we get |u|+|v| = |uv| > |w|+n and so n—|v| < |u|—|w| < |v].
Thus n < 2|v].

Trivially, |u A wo| > |u|. Since u A w;—; € Geos(G), it is immediate that
lu Aw;| > |uAw;_1| — No/2 and so

Ny
lu ANw| = fuANwy| = ul —nz lul = Nolv].
(ii) The inverse of a geodesic is still a geodesic. By applying (i) to ! and v™!, we

get (u~ v = x7 for some x € Geou (G) satisfying [u~'Ax| > |u~'|— Nolv~!|.
Then we take z = x . ([l

We assume for the remainder of the paper that G is a finitely generated virtually
free group, 7 : A* — G a matched epimorphism, and Ny a positive integer satisfying
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the conditions of Lemma 5.1. Since G is hyperbolic, it follows from [Epstein et al.
1992, Theorem 3.4.5] that Geo 4 (G) is an automatic structure for G with respect to
7 (see [Epstein et al. 1992] for definitions), and so the fellow traveler property holds
for some constant Ky > 0 (which can be taken as 2(§ + 1), if § is the hyperbolicity
constant). This amounts to saying that

Yu, v € Geoa(G) : dy(um, vrr) <1 = VneN:d"r, v"l7) < Ko).
We fix a total ordering of A. The shortlex ordering of A* is defined by

o Jlul <|v|, or
u <g v if , ;. .~
|u| = |v| and u = wau’, v=wbv’ witha < b in A.

This is a well-known well-ordering of A*, compatible with multiplication on the
left and on the right. Let

(6) L ={ue€Geos(G):u <y v for everyveumril}.

By [Epstein et al. 1992, Theorem 2.5.1], L is also an automatic structure for G
with respect to &, and therefore rational. We note that L is factorial (a factor of a
word in L is still in L).

Given g € G, let g denote the unique word of L representing g. This corresponds
precisely to free group reduction if G = F4 and w = 6. Since we shall not need free
group reduction from now on, we also write i = um for every u € A* to simplify
notation.

Theorem 5.2. Consider the finite rewriting system R’ on A defined by
R ={(u,i):uecA* |ul <KoNo+1, u#i).
Then

(1) R’ is length-nonincreasing, noetherian and confluent,
(i) IrrR’ = L.

Proof. (i) R’ is trivially length-nonincreasing, and that it is noetherian follows from

) (u, ) R = u>yu

and A* being well-ordered by <j;, plus compatibility of <;; with multiplication.
Next we show that

) u—> . holds for every u € A*,

We use induction on |u|. The case |u| < KogNg + 1 follows from the definition
of ®*'. Hence assume that |u| > KoNg -+ 1 and (8) holds for shorter words. Write
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u = avb with a, b € A. If av ¢ L, we have u—>p,avb and u = avb. Hence
u—> i follows from %b—)}/ﬁ. Hence we may assume that av € L.

Suppose that u ¢ Geos(G). By Lemma 5.1(i), there exists some w € Geo(G)
such that wmr = (avb)m and |av Aw| > |av]|— No > KgNo+1— Ny > 0. Hence we
may write w = aw’ and we get (vb)m = (a~'w)m = w'm. Since |w’'| < |vh| due to
u ¢ Geoy (G), we get |vb| < |vb|, and so we may apply the induction hypothesis
twice to get o —

u = avb—s pavb—s pavb =i.
Thus we may assume that u € Geo 4 (G). We claim that #!!l =a. Let p = KoNo+1 <
|u]. Since u,u € Geos(G) and umr = um, the fellow traveler property yields
di (P, iPl7) < Ko, and so ulPlw = (a!Plx)7 for some x of length < K. Thus,
by Lemma 5.1(i), there exists some w € Geo, (G) such that wrr = (u!Plx)m = ulPlx
and
@' Aw| = 1@ = Nolx| = p — KoNo = 1.

Hence 'l = w!!l, Now av € L by assumption; hence u!?! € L, and so u!? = ulpl,
Since wrr = uPlr and w € Geou (G), we geta = ulllh <t =7l i (Z, <). On
the other hand, u <y u yields i <qain (Z, <), and so il = a as claimed.

Now it follows easily that it = aa—'u = avb and the induction hypothesis yields
vb—>’;,w and therefore u = avb—>}§,aﬁ = u. Therefore (8) holds.

Assume now that u—7%v and u— 7% w. By (8), we get v—>7%,v = u and

w—> % w = u. Hence R’ is confluent.

>ii) It follows from (8) that Irr®’ C L. The converse inclusion follows from the

implication
U—>RV=U>g U,

which follows in turn from (7). O
We now establish some technical results which are useful in later sections.

Lemma 5.3. Letu,ve L andlet w € A* be such that vw € Geo (G) and (vw)m =
urw. Then |[u Av| > |v] — KoNp.

Proof. Let k = |v| and write u = u'®y’. Since v = (vw)™, it follows from the fellow
traveler property that d; (v, u*'7) < K. Hence we may write v = (u/¥1z)7r with
|z] < Kp. Since ulkl is itself a geodesic, it follows from Lemma 5.1(i) that there
exists a geodesic ulPlz’ satisfying (u!?1z")m = (u'¥1z)m = v and

p = Aul?lZ| > [u¥| — Nolz| > [v] — KoNo.

Now v € L yields v <g ulPlz’ and so v!?1 <, ulPl. On the other hand, u € L yields
u < vw, and so ul?! <, v!P!, Thus u!P! = v!P] and so |u Av| > p=>|v|—KoNy. O

Proposition 5.4. (i) Letuv € L and let w € A* be such that |v| > KoNo+ No|w].
Then uvw = uvw.
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(1) Letu € A* and let vw, vw’ € L. Then |uvw A uvw’| > |v| — KogNg — No|u|.

Proof. (1) Write v = vjvy with |vp| = No|w|. By Lemma 5.1(i), there exists some
uv1z € Geos(G) such that (uviz)r = (uvw)m. Let x = yvw. By Lemma 5.3,
we get |x Auvy| > |uvy| — KoNy. Since |vy| = |v| — |v2] = KoNg, u < x and we
may write x = uy for some y. Since L is factorial, we have y € L. In view of
yr = 'x)m = (vw)m, we get y = vw and so wow = uvw.

(i1)) We may assume that |v| > KoNg + Nolu|. Write v = vivy with |v1| = Np|u|.
Let x = uv; and write p = |x| 4 |vz|. By the proof of Lemma 5.1, we have
xw, xvow’ € Geoy (G).

Let y =uvw. Since (xvow)m = ym, it follows from the fellow traveler property
that d; ((xv2)7, Y1) < K. Hence we may write (xvy)m = (y!Pls)m with |s| < K.
Since y!P! is itself a geodesic, it follows from Lemma 5.1(i) that there exists a
geodesic ylP~KoNolg/ satisfying (ylP—KoNolg"\r = (ylPls)m = (xv2)7. To complete
the proof, it suffices to show that

(©)) |y AXv2] = p — KoNo.
Indeed, together with the corresponding inequality for y’ = uvw’, this implies
[uvw Auvw’| > p — KoNo > |v2] — KoNo = |v| — KoNo — Nolu|

and we obtain the desired inequality.

To prove (9), we consider the geodesic y!P~KoNolg’  Since (ylP—KoNolgyg =
(xvo)m, we get xv; <y ylP—KoNolg’ and so xv,lP~KoMNol <, ylp—KoNol - Op the
other hand, xvow is also a geodesic. Hence y = uvw = xv,w <y Xvpw yields
ylP=KoNol <, 5p,1P=KoNol Therefore ylP—KoNol = xg,P=KoNol 56 (9) holds. O

6. A new model for the boundary

We can now present a new model for the boundary of a finitely generated virtually
free group which proves useful in studying infinite fixed points. The notion of
boundary is indeed one of the important features associated to hyperbolic groups. To
present it, we define a second distance in G by means of the Gromov product (taking
1 as basepoint). We keep all the notation introduced in Section 5. In particular, G
is a finitely generated virtually free group and L = Irr ®’.

Given g, h € G, we define

(glh) = 3(di(1, &) +di (1, h) — di (g, h)).

Fix ¢ > 0 such that €6 < 1/5, where § is the hyperbolicity constant from Section 5.
Write z = ¢® and define

7z~ (8l if g #h,

0 otherwise

p(g, h)= {
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for all g, h € G. In general, p is not a distance because it fails the triangular
inequality. This problem is overcome by defining

dr(g, h) =1inf{p(go, g1) + -+ p(8n-1,81):80=28, 8. =N; 81...., 8n—1 € G}.

By [Viisild 2005, Proposition 5.16] (see also [Ghys and de la Harpe 1990, Propo-
sition 7.10]), d; is a distance on G and the inequalities

(10) 50(g.h) <da(g. h) < p(g. h)

hold for all g, h € G.

In general, the metric space (G, d») is not complete. Its completion (G, dy) is
essentially unique, and G = G \ G is the boundary of G. The elements of the
boundary admit several standard descriptions, such as equivalence classes of rays
(infinite words whose finite factors are geodesics) where two rays are equivalent
if the Hausdorff distance between them is finite [Ghys and de la Harpe 1990,
Section 7.1]. We won’t need precise definitions for these concepts or d since, as
we shall see next, we can get a simpler description of G for virtually free groups.

Lemma 6.1. There exists some My > O such that, forall g, h € G,

(i) 18] <1& A ghl + KoNo + Nolhl,

y 18— 1§ A Al

(i) di(g. )= B0 g,

No

(iii) 1§ AR| < (8lh) <18 AR|+ Mo.
Proof. (i) By applying Lemma 5.1 to the product gh, there exists some factorization
g = vz and some geodesic vw € (gh)7~! such that [v| > |g| — No|h|. Now we
apply Lemma 5.3 to u = gh and vw to get |u A v| > |v| — KoNy. Hence

1§ A ghl=uAv|>|v]— KoNo > |g| — Nolh| — KoNo.

(i) Let u = g A h. Applying (i) to g and g~ !4, and in view of d; (g, h) = |g~1h|,
we get . o

1&gl <18 Ahl+ KoNo+ Nodi(g, h).
(ii1) We define My =486+ (25+14+Ky)No—1/2, assuming that I" 4 (G) is 5-hyperbolic.
Let u = g A h, and write g = uv, h = uw. It is easy to check that

(glh)=3(d(1,8)+d(1,h)—dy(g,h))=5 (|u|-+d; (ur, g)+|ul+d) (um,h)—d (g, h)).

Since di (g, h) < d\(g, umw) +di(um, h), we get |g Ah| = |u| < (g]h).
Consider now the geodesic triangle determined by the paths

g h
Plzun—v>g, Pzzzm—w>h, P3:gg—>h.
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Since I'4 (G) is 8-hyperbolic,

(11) di(q, V(P)UV(P)) < forevery g € V(P3).

Assume that P3 : g = q0i> ce &qn = h with g; € A. Since
di(qo, V(P1))=0<é and di(gs, V(P2))=0<3,

it follows from (11) that there exist some j € {0,...,n — 1} and p; € V(Py),
p2 € V(P,) such that dy(q;, p1), di(qj+1, p2) < 4. Since Py and P, are geodesics,
we get

(glh) = 3(di(1, 8) +di(1, h) —dy(g. h))
= 1(ul+d\(um, p)+di(p1.8)
+ |ul +di (um, p2) +di(p2, h) —di (g, q;) — 1 —di(gj+1, h))
=g ARl + 3(dy(u, p1) +d (ur, p))
+1(di(p1.8) —di(8.q)) + 3(di1(p2, h) —dy(gj11. b)) — 3.
Since di(p1, 8) <di(p1,q;) +di(qj, 8) <d+di(g;, 8), we have

Ldi(pr,9) —dig,4) < 5.

Similarly,

NSRS

1@di(p2, ) —di(qj41, h) <

Out of symmetry, it suffices to show that d; (um, p;) < (26 + 1 + Ko) No.
Applying (ii) to p; and p,, we get
Pil— [PiApal

Ko.
No 0

di(p1, p2) >

Since pp (respectively py) is a prefix of g (respectively h), it follows easily that
P1AP2=uand |p1| — |p1 A p2|l =di(um, p1). Hence

di(um, p1)
< (di1(p1, p2) + Ko)No < (d1(p1,q;) +di(qj,qj+1) +di(gj+1, p2) + Ko)No
<25+ 1+ Kp)Ny. O

The language L introduced in (6) was noted to be rational. We recall that an
automaton is said to be trim if every vertex occurs in some successful path. Let
A =(0,qo, T, E) be a finite trim deterministic A-automaton recognizing L (for
example, the minimal automaton of L; see [Berstel 1979]). Since L is factorial, we
must have T = Q. Let

oL ={a € A? ol e [ for every n € N}.
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Equivalently, since o is trim and deterministic and T = Q, we have 0L = L, ().
Write L = L UJL. We define a mapping d3 : L x L — R/ by

2Bl if o £ B,

0 otherwise.

d3(a, B) = {

It is immediate that d3 is a distance in L. Indeed, an ultrametric distance since
lo Ayl = min{la A B, [BA Y}

holds for all o, B, y € L. We commit a slight abuse of notation by also denoting by
d; the restriction of d3 to L x L.

Proposition 6.2. (1) The mutually inverse mappings (G, dy) — (L,d3) : g+ &
and (L, d3) — (G, dy) : u — um are uniformly continuous;

(ii) (f,, dy) is the completion of (L, d3);

(iii) (0L, d3) is homeomorphic to the boundary of G.

Proof. (1) In view of (10), it suffices to show that
VM >0 3N >0:((glh)>N=|gAh|> M),
VM >0 3N >0:(gAh|>N= (glh) > M).

Now we apply Lemma 6.1(iii).

(i1) Let («;,), be a Cauchy sequence in (i, dz). For every k € N, the sequence
(a,[lk])n stabilizes when n — 400. Moreover, lim,_, 4 a,[lk] is a prefix of

[k+1]

lim «, .

n——+0o00o
Let B € A™ be the unique word satisfying ¥ = lim,,_, 4o al¥! for every k € N. It
is immediate that 8 € L and 8 = lim,,_, ;o o,. Hence (L, d3) is complete. Since
o = lim,_, 4o a™ for every @ € 9L, (L, d3) is the completion of (L, d3).

(ii1) By (i) and (ii), the uniformly continuous mappings (G, dy) — (L,d3): g+ g
and (L,d3) — (G, d>) : u — umr admit (unique) continuous extensions to their
completions (see [Dugundji 1966, Section XIV.6]), say

@:6—>ﬁ, v:IL-G.

Hence ®W is a continuous extension of the identity on G to its completion G. Since
such an extension is unique, ®W must be the identity mapping on G. Similarly,
W® must be the identity mapping on L, and so ® and ¥ are mutually inverse
homeomorphisms. Therefore the restriction ®|36 : dG — dL must also be a
homeomorphism. 0
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We have just proved that our construction of L constitutes a model for the
hyperbolic completion of G. But we must also import to L the algebraic operations
of G since we shall be considering homomorphisms soon. Clearly, the binary
operation on L is defined as

LxL—L:(u,v)+— uv,

so that (G,d>) — (L,d3) : g — g is also a group isomorphism. But there is
another important algebraic operation involved. Indeed, for every g € G, the left
translation 7, : G — G : x > gx is uniformly continuous for d> and so admits a
continuous extension T, : G — G. It follows that the left action of G in its boundary,
G x 3G — 3G : (g, ) — aTy, is continuous. We can also replicate this operation
in L as follows.

Proposition 6.3. Letu € L. Thent, : L — L : v+ uv is uniformly continuous.

Proof. 1t suffices to show that
VM >0 3dN >0:(lvAw|> N = |uv Auv| > M).

By Proposition 5.4(ii), we can take N = M + KoNg + No|u|. O

Therefore 7, admits a continuous extension 7, : I — [ and the left action
L xdL — 0L : (u, o) — at, is continuous. Write ua = a7,. For every « € 9L,
we have [ — J—
ne=u lim o= lim wal"l,
n—-+o0o n—+00
Hence (L, d3) serves as a model for (6 , d») both topologically and algebraically.
From now on, we pursue our work within (L, d3).

7. Uniformly continuous endomorphisms

We keep all the notation introduced in Section 5. In particular, G is a finitely
generated virtually free group and L = Irr ®’. Following the program announced
above, we work within (i, d3).

Given an endomorphism ¢ of G, we denote by ¢ the corresponding endomor-
phism of L for the binary operation induced by the product in G, thatis, u¢ = (um)e.
To simplify notation, we often write u¢ instead of um¢ for u € A*.

We say that ¢ satisfies the bounded cancellation property if

{lugl — lug A (uv)g| :uv € L}

is bounded. In that case, we denote its maximum by B,. This property was
considered originally for free group automorphisms by Cooper [1987].

We also fix the notation D, = max{|ag|:a € Z} and recall that a homomorphism
with finite kernel is called virtually injective.
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Theorem 7.1. Let ¢ be a virtually injective endomorphism ¢ of G. Then ¢ satisfies
the bounded cancellation property.

Proof. Suppose that ¢ does not satisfy the bounded cancellation property. Then
Vm eN Ju,,vy, € L um@| — |um@ A ()@ > m.

Let Xg = (Ko + Dy)No. We claim that

(12) VmeN Ju, v, €L:(|u,p|—|u,v,)¢| >m

and |(u,,v,,)@| — [, @ A (uy,0,,)@| < Xo).

m-m

Indeed, let m € N. Take n = m + X¢ and write v, = aj---a; (a; € Z). For
i=0,...,k, letw; = (uyay ---a;)p. Let j denote the smallest i such that

[ A wi| < |upg A (upvn)@l.
Take u,, = u, and v, =a;---aj_; (since j > 0). Since L is factorial, we have
u,v, €L.
Now, by the minimality of j, we get

lun@ Awj—1] > [un@ A (Unvn)@|.
Since |u,@ Awj| < |u,@ A (u,v,)@|, it follows that

lwj—1 Aw;| < [up@ A (uyvn)@l.
Applying Lemma 6.1(i) to w; ;7 and a;¢, we get

lwj—1| < |wj—1 Aw;|+ KoNo + Nolajo| < |w;j—1 Aw;|+ Xo
< un@ A (Upvn)9| + Xo < [un@| —n+ Xo = lupp| —m,
and so [u,, @| — [(uy,v,)@| = lup@| — [w;—1| > m.
Suppose that |w;_1| — |u,¢ A w;j_1| > Xo. Since we have seen above that

lwj—1] < |wj_1 Aw;|+ Xo, we get |u,¢ Awj_1| < |wj_1 Aw;jl, in contradiction
with w1 Aw;| < |u@ A (Uyv,)@| < luy@ Aw;_1|. Thus

|Gty V) @1 — [, @ A (103, 0,) @] = |wj—1| = [un@ Awj—1] < Xo,

and so (12) holds.
We prove that

(13) Vm € N Ju, v, €L |u,@| >m and |(u,,v,)¢| < Xo+ NoD,.

m Um
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Indeed, let m € N. We have in ['4 (G) geodesics

~

(U V)@,

1 P g

/
u m w

where pg = um<p, pr = (u,,v,)¢, and p = u,,@ A (u,,v,)¢. Assume that u, =
-ay (a; € A) Let

I ={ie{0,...,k}: there exists a geodesic (a; - - -ai)(/)—>gi>u;n(p in 4 (G)}.
Clearly, 0 € I. We claim that
(14) (i —lelandd|((a;---ai—1)ep, g) > NOD(p) =iel

holds fori =1, ..., k. Indeed, assume i —1 € I and (a; - - -ai_l)(p—y>g—q>u,’n(p is
a geodesic with y € L. Applying Lemma 5.1(ii) to the word a; 1% and the geodesic
u = yq, it follows that there exists some geodesic (aj - - -a,')goimjn(p such that
z and u share a suffix of length > |yg| — Nolai_]</3| > |ygl — NoDy, > |q|. Since
['4(G) is deterministic, our geodesic (a; - - -a,')(p—zm,/n(p factors through g, and
so (14) holds.

Since k ¢ I due to |g| > 0, it follows from (14) that dy ((a; - - - a;)e, g) < NoD,
for some i e {1,..., k}. Let j denote the smallest such i. We define u,, =a ;i - - - ax
and v, = Slnce L is factorial and u),v,, € L, we also have u,,v,, € L.

By mlnlmahty of j, wehaved|((a ---a;)¢, g) > NoD,, fori _O, ...,j—1.By
(14), we get 1, ..., j € I and so there exists a geodesic (a; - - -a.,-)go—>gi>u;n<p
in I'4(G). Hence

|t @l = di (1, up,0) = di((a1 -+~ aj)@, u, @) > |q| > |uy,@| — |(uy,v,)@| > m.
Finally,
|y v @l = di (1, (u,v,)9) = di (@1 - - - a )@, (i, v,,)9)
<di((ar---aj)e, &) +di(g, (u,v,)p) < NoDy, + |r|
= NoD, + |(umvm)(p| — |um(p A (umvm)(p| < NoD,+ Xo

and so (13) holds.

Now, since |(u), v/, )@| is bounded, u)) v/, € L, and Ker ¢ is finite, |u/, v/ | must
be bounded and so must be |u),|. This 1mphes that |u/) ¢| must be bounded, contra-
dicting |u,,@| > m. Thus ¢ satisfies the bounded cancellation property. (]

4 //

Proposition 7.2. The following conditions are equivalent for a nontrivial endomor-
phism ¢ of G-
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(1) ¢ is uniformly continuous for dy;
(i1) ¢ is virtually injective.

Proof. (i) = (ii). Suppose that Ker ¢ is infinite. In view of (10), it suffices to show
that there exists some 1 > 0 such that

VE>03g.heG:(p(g h) <& and p(gp, hp) = n).
By (10), we only need to show that there exists some M € N such that
VN eN 3g,h € G:((glh) > N and g # hg and ((g)|(hp)) < M).
Take M = (gop|1) =0 and fix go € G \ Ker ¢. We prove the claim by showing that
(15) VN €N 3h e Kerg : ((hgo)|h) > N.

Let N e N. By Lemma 6.1(iii), we have lhgoAh| < ((hgo)|h) for every h € G; hence
we only need to find out / € Ker ¢ satisfying |hgo A h| > N. By Lemma 6.1(i), we
have |hgoAh| > |h|—KoNo— No|go|. Hence it suffices that || > N 4+ KoNo~+ No|go|
for some h € Ker ¢, and that is ensured by Ker ¢ being infinite. Thus (15) holds as
required.

(i) = (i). Suppose that ¢ is not uniformly continuous for ;. In view of (10),
there exists some 1 > 0 such that

V& >03g,heG:(p(g, h) <& and p(ge, he) = n).
Hence, by (10), there exists some M € N such that
VN eN 3g,h € G:((glh) > N and g # he and ((g9)|(hp)) < M).
In view of Lemma 6.1(iii), we have that
VYneN Ju,, v, €L:(luy Avy| >nand u,@ # v,@ and |u,@ A v,@| < M).

Let w, = u, Av, € L. Then either w,¢ # u,¢ or w,¢ % v,@. Without loss of
generality, we may assume that w,¢ # u,¢. Suppose that |w,¢| > M + B,. By
definition of By, we get |w,¢| — [w,@ A u,@| < By, and so |w,¢ Au,p| > M.
Similarly, |w,@ A v,@| > M, and so |u, A v,@| > M, a contradiction. Therefore
|lw,¢| < M + B, for every n. Since |w,| > n and L is a cross-section for 7, it
follows that Ker ¢ is infinite. ([l

Given a uniformly continuous endomorphism ¢ of (G, d»), ¢ : L — L is uni-
formly continuous for d3. Since L is the completion of (L, d3), ¢ admits a unique
continuous extension ® : L — L. By continuity, we have

(16) a®=( lim o«"H® = lim og.

n——+00 n—+00
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Corollary 7.3. Let ¢ be a uniformly continuous endomorphism of G and uo € L.
Then lug| — lug A (ua)®| < B,,.

Proof. We have (ua)® = lim,,_, 40 (@ by (16). In view of Proposition 7.2,
we have lim,_, 1o |(ua@| = +00. Hence |[ug A (ua)®| = |[u@g A (ua™M@| for
sufficiently large m. Since ua!™ € L, the claim follows by definition of B,. U

8. Infinite fixed points

Keeping all the notation and assumptions introduced in the preceding sections, we
fix now a uniformly continuous endomorphism ¢ of the finitely generated virtually
free group G. We adapt notation introduced in [Ladra and Silva 2011] for free
groups, and the proofs are adaptations of proofs in [Silva 2010].

Given u € L, let uo = u Au¢ and write

u=uo)ur), up=wo)(up).

Also define
uo' = Nuv)o :uv e L)
and write uo = (uo’)(uo").
Lemma 8.1. Let uv € L. Then
(i) luo”| < By,

(ii) luo|—luo A (uv)g| < |uc”|,
(iil) (wv)§ = (uo")(uo”)(up)(ve),
(iv) wv)o' = wo’)( N\ (uo")(up)((v2)@) A (uo")(ut)vz)).

uvzel

Proof. (i) We may assume that |uo| > B,. Let v denote the suffix of length B, of
uo and write uo = u’v. Suppose that uw € L. It suffices to show that u’ is a prefix
of (uw)g, and this follows from

lu'v(up)| — |u'v(ut) A (uw)@| = ug| — [ug A (uw)@| < By,
and |[v| = B,.
(ii) uo’ is a prefix of uo A (uv)g@.
(iii) uo’ is a prefix of (uv)@ and both sides of the equality are equivalent in G.
(iv) uo’ is a prefix of (uv)o’ by (iii). O
For every u € L, we define
ué = (o’ , ut, up, qou).

Note that there exists precisely one path of the form qo—u>qou in A.
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Lemma 8.2. Let u, v € L be such that ué = vé and let a € A, a € A%, Then

(1) ua € L ifand only if va € L;
(ii) ifua € L, (ua)§ = (va)§;
(iii) uv—" € Fix ¢;
(iv) ua € L if and only if va € L;
(v) ua € Fix ® if and only if va € Fix ®;

(i) ifa € L, @ = limy_s o0 /.

Proof. (1) u& = vé implies gou = qov.

(i) Clearly, gou = gov yields goua = ggva. Considering v =a in Lemma 8.1(iii), we
may write (ua)o = (uo’)u’ and deduce that u’, (ua)t, and (ua)p are all determined
by u&. Hence (ua)t = (va)t, (ua)p = (va)p, and u’ =v'.

Finally, since gou = gov, we have uaz € L if and only if vaz € L. It follows
from Lemma 8.1(iv) that there exists a word x € L which satisfies both (ua)o’ =
(uo)x and (va)o’ = (vo)x. Now (uo\u' = (ua)o = ((ua)o’)(ua)o”) =
(uox((ua)o”). Hence u’ = x((ua)o”). Similarly, v’ = x((va)o”). Since u’ = v/,
we get (ua)o” = (va)o”, and so (na)é = (va)§.

(i) (uv=Ne = we)(ve)~! = (o) (up) (o)~ (vo)~! = (uo)(vo)!

= wo)(ut)(vr) l(vo)  =uv-1.
(iv) We have ua € L if and only if ua!™ € L for every n € N. Now we use (i) and
induction on n.

(v) We have ua = (uo")(uo”)(ut)a and, in view of Corollary 7.3 and (16), also

(ua)® = (uo’) lim | (ua”)(up) (@)

Hence ua € Fix @ depends just on u§ and «.

(vi) Let m = KqNo + No|u|. By Lemma 6.1(i), we have |a!"! A a"lu| > n —m for
every n. Hence a = lim,,_, 1 oo "™ = lim,,_, o o™l 0

Given X C A, write

Pref X = {u € A* : ua € X for some a € A®}.
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Recall the finite trim deterministic A-automaton s = (0, q0, O, E) recognizing L.
We build a (possibly infinite) A-automaton o/, = (Q', gy, T’, E’) by taking

Q' = {ué& : u € PrefFix ®},

q0 = 18,

T'={ué € Q :ut =up =1},

E'={(u€, a,v€) e Q' x A x Q' : v =ua € Pref Fix ®}.

We note that &ifp is deterministic by Lemma 8.2(ii) and is also accessible: if
u € Pref Fix @, there exists a path q()—umé , and so every vertex can be reached
from the initial vertex.

Let S denote the set of all vertices g € Q' such that there exist at least two edges
in %, leaving g. Let Q" denote the set of all vertices ¢ € Q' such that there exists
some path g—>p € SUT'. We define ) = (Q", qo, T", E") by taking q; = g,
T"=T,and E"=E'N(Q" x A x Q").

Lemma 8.3. S is finite.
Proof. In view of Lemma 8.1, the unique components of u& that may assume
infinitely many values are ut and up. Moreover, we claim that

17 ut #1=|up| < B,

holds for every u € PrefFix ®. Indeed, suppose that ut # 1 and |up| > B,.
Write o = up for some o € Fix ®. In view of Corollary 7.3, |up| > B, yields
|(uB)® Augp| > |uo| and now ut # 1 yields (uB)® Aup) = (up Au) =uo. Since
B # 1, this contradicts « € Fix ®. Therefore (17) holds.

It is also easy to see that

(18) lup| > By = ué§ ¢ S

for every u € Pref Fix ®. Indeed, if |up| > B, and a is the first letter of up, then,
by definition of By, (uo)a is a prefix of (ua)® whenever ua € Fix ®. Therefore
any edge leaving u& in &i;) must have label a, and so (18) holds.

In view of Proposition 7.2, we can define

Wo=max{|u|:u € L, |up| <2(B, + D, — 1)}.
Let Zo = B, + No(Ko + Wo) D, To complete the proof, it suffices to prove that
(19) lut| > Zo=>ué ¢S

for every u € Pref Fix ®.
Suppose that |ut| > Zy and

(u, a, (ua)é), ué, b, (b)) € E'
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for some u € Pref Fix ®, where a, b € A are distinct. We have (ua)¢ = vé for some
v € PrefFix ®. By Lemma 8.2(v), we get uax € Fix ® for some « € L. By (16),
we get uao = lim,_, 4o (uaa™)@, and so |(uaa™)@| > |u| for sufficiently large
n. Let

p=min{n € N : |(uaa™)@| > |ul}.

Note that p > 0 since |ut| > Zg and by (17). Since l(uac'?~" M| < |ul by the
minimality of p, we get

(20) |(uaa'™)@| < |(waa?M@| + D, < |u| + D,.
On the other hand,
1) jul — |(uaa'?)g A u| < B,.

Otherwise, by definition of B, uaa and (uaa)® would differ at position
|(wac™)@ A u| +1.
Similarly, ubf € Fix ® for some § € L. Defining

g =min{n € N : |(ubp"™)@| > |ul},

we get

(22) |ubg'H@| < |u| + Dy
and

(23) lul — |(ubB'@ Au| < B,.

Write u =uu, with |uz| = B,. Then by (20) and (21) we may write (uaa'”)g=u;x
for some x such that |x| < B, + D,,. Similarly, (22) and (23) yield (ubBl4)g =u;y
for some x such that |x| < B, + D,. Writing w = (Bl41)~1b=laalr], it follows
that we = (y~'x)7, and so |w@| < 2(By, + Dy — 1). Hence |w| < Wy. Applying
Lemma 6.13) to g = (ubB9))r and h = wr, we get

ubB)| < lubBl? Auac'?'| + No(Ko + [w]) < Ju| + No(Ko + Wo),
and so g < No(Ko+ Wp). Hence, in view of (17), we get

lut| = |u| — luo| < |wbpNG| — |uo| < |ug| + (BRG] — |uc|
< lup|+ No(Ko + Wo)Dy < By, + No(Ko + Wo) Dy,

contradicting |ut| > Zg. Thus (19) holds and the lemma is proved. U
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We say that an infinite fixed point « € Fix ® N dL is singular if o belongs to
the topological closure (Fix ¢)¢ of Fix ¢. Otherwise, « is said to be regular. We
denote by Sing ® (respectively Reg ®) the set of all singular (respectively regular)
infinite fixed points of ®.

Theorem 8.4. Let ¢ be a uniformly continuous endomorphism of a finitely gener-
ated virtually free group G. Then

(1) the automaton &ﬁ;ﬁ is finite;

(i) L(sdy) = Fix ¢;
(iii) Lw(&dg) = Sing .
Proof. (i) The set T’ is finite and S is finite by Lemma 8.3. On the other hand, by
definition of S, there are only finitely many paths in s, of the form v; : p'—>¢’
with p’, ¢" € SUT"U{g/)} and no intermediate vertex in SUT"U{q)}. Now recall
that 5&’ is acces51ble Hence every path of the form ¢ SN p € SUT’ can be extended

to some path q0—>q—> p € SUT’ which is itself a concatenation of the finitely
many paths v;. Therefore Q" is finite and so is 7.

(i1) Every u € L labels at most a unique path q,=1% —”>u§ out of the initial vertex
in &ﬂ’ On the other hand if gy = 1& —>q is a path in s/, the fourth component
of & ylelds a path q0—>q in s, and so u € L. Hence

L(sdy))={ueL:ut €Ty ={ueL: ut =up=1}=Fixy.
Since L(&ﬂ”) = L(&ﬁ/ ), (i1) holds.

(iii) Let o € Lw(sﬁ”) Then there exists some g” € Q" and some infinite sequence
(in)n such that g —>q is a path in &i” for every n. Write u = o'l and let

v, = alily=1. By Lemma 8.2(iii), we have v, € Fix ¢ for every n. It follows from
Lemma 8.2(vi) that ¢ = lim,,—s 4 v,,. Thus « € Sing .

Conversely, let ¢ € Sing ®. Then we may write o« = lim,_, o0 U, for some
sequence (v,), in Fix ¢. Let k € N. For large enough n, we have /¥l = v*! and
so there is some path

alkl
q(/)/ qk tk c T//,

where a"'w = v,. Thus « € Lw(&ig) as required. ([l

Recall now the continuous extensions 7, : L — L of the uniformly continuous
mappings 7, : L — L : v — uv defined for each u € L (see Proposition 6.3). As
remarked before, this is equivalent to saying that the left action

Lx0L— 0L :(u,a)— ua

is continuous. Identifying L with G and d L with dG, we have a continuous action
(on the left) of G on dG. Clearly, this action restricts to a left action of Fix ¢ on
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Fix®NoG: if g e Fixgp and o € Fix ® NG with o = lim,,, 1o g, (g1 € G),
(ga)®=(g lim g,)®=(lim gg,)®= lim (gg.)¢
n——+o00 n—+00 n—+00
= lim (gp)(gnp) = (gp) lim g,o =g( lim g,)P
n——+o00o n——+00 n——+4o0o
=g(a®d) = ga.

Moreover, the (Fix ¢)-orbits of Sing ® and Reg ® are disjoint: if « € Sing ®, we
can write @ = lim,,_, 1 g, With the g, € Fix ¢ and get go = lim,,_, 1 »c ggn With
ggn € Fix ¢ for every n; hence « € Sing ® = ga € Sing ® and the action of g~!
yields the converse implication.

We can now prove the main result of this section.

Theorem 8.5. Let ¢ be a uniformly continuous endomorphism of a finitely gener-
ated virtually free group G. Then Reg ® has finitely many (Fix ¢)-orbits.

Proof. Let P be the set of all infinite paths s(’)imi ... in , such that
so € SU{qo}, s, & SU{qo} foreveryn >0, s, #s, whenever n # m.

By Lemma 8.3, there are only finitely many choices for s;,. Since A is finite and &ﬂfp
is deterministic, there are only finitely many choices for s{, and from that vertex
onwards, the path is uniquely determined due to s, ¢ S (n > 1). Hence P is finite,

and we may assume that it consists of paths plfi> .- fori=1,...,m. Fix a path
q6i>plf for eachi and let X = {uq«q, ..., upmoy,} € 0L. We claim that X CReg ®.
Leti € {l1,...,m} and write 8 = u;«;. To show that 8 € Fix ®, it suffices to

show that lim,,_, ; o, B""@ = B. Let k € N. We must show that there exists some
r € N such that

(24) n>r=|p"pnABl >k
In view of Proposition 7.2, there exists some » > k such that
n>r= "¢ >k+B,.

Suppose that |8"1¢ A B| < k for some n > r. Then |8"o| < k. Since k <r <n,
it follows that 8”1z £ 1. On the other hand, since |8"!@| > k + By, we get
18" p| > B,. In view of (17), this contradicts 8 ["lg € Q. Therefore (24) holds for
our choice of r and so X C Fix ®. Since the path

;B
qo—> -

can visit only finitely often a given vertex, § ¢ La,(&ﬂ;;), and so X € Reg @ by
Theorem 8.4(iii).
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By the previous comments on (Fix ¢)-orbits, the (Fix ¢)-orbits of the elements
of X must be contained in Reg ®. We complete the proof of the theorem by proving
the opposite inclusion.

Let 8 € Reg ®. By Theorem 8.4(iii), we have ¢ Lw(sﬁg), and so there exists a
factorization 8 = ua and a path

;u ;) o
qo_)p_)

in sy, such that p’ signals the last occurrence of a vertex from S U {g,}. We claim
that no vertex is repeated after p’. Otherwise, since no vertex of S appears after p’,
we would get a factorization of p’ s as

;v yweooyw
p—49 —qg—>"
and by Lemma 8.2(iii) and (iv) we would get (uvw"v~'u=N7 e Fix ¢ and

B= lim wvw'v-lu-!,

n—+o00
contradicting B € Reg ®. Thus no vertex is repeated after p’, and so we must
have p’ = plf and o« = «; for some i € {1, ..., m}. It follows that 8 = uc;. By

Lemma 8.2(iii), we get

—1 R
uu; € Fix g,
and we are done. |

Theorem 8.5 is somehow a version for infinite fixed points of Theorem 4.1,
which we proved before for finite fixed points. Note however that Sing ® does not
in general have finitely many (Fix ¢)-orbits since Sing ® may be uncountable (take
for instance the identity automorphism on a free group of rank 2).

Since every finite set is closed in a metric space, we obtain the following corollary
from Theorem 8.5.

Corollary 8.6. Let ¢ be a uniformly continuous endomorphism of a finitely gener-
ated virtually free group G with Fix ¢ finite. Then Fix ® is finite.

9. Classification of the infinite fixed points

We can now investigate the nature of the infinite fixed points of ® when ¢ is an
automorphism. Since, by Proposition 7.2, both ¢ and ¢~! are then uniformly
continuous, they extend to continuous mappings ¢ and W which turn out to
be mutually inverse in view of the uniqueness of continuous extensions to the
completion. Therefore @ is a bijection. We say that o« € Reg ® is

e an attractor if 3¢ > 0 VP € L: (d3(a, B) < & = limy— 100 P = );
e arepellerif 3& >0VB € L : (d3(ar, B) < & = limy_y 100 B " = ).
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The latter amounts to saying that « is an attractor for ®~!. There exist other types,
but they do not occur in our context as we shall see.
We say that an attractor o € Reg ® is exponentially stable if

ek, £>0VB e L VneN: (ds(, B) <& = ds(a, BO") < k2™ dy(a, B)).
This is equivalent to saying that
(25) AM,N,£>0VBe L VneN:
(JeABl>M = |la ABD"|+ N > Ltn+|anBl).

A repeller o € Reg @ is exponentially stable if it is an exponentially stable
attractor for &1

Theorem 9.1. Let ¢ be an automorphism of a finitely generated virtually free group
G. Then Reg ® contains only exponentially stable attractors and exponentially
stable repellers.

Proof. Let o € Reg ® and write @ = aja - -+ witha; € A. Then there exists a path
| PN L N 1T SN
in &i;). Let Yo = By(Dy-1 + 1) + B,-1(Dy, + 1) and let
V ={ué e Q :lut|> Yyor|up| > Yo).

It is easy to see that Q' \ V is finite. We saw in the proof of Theorem 8.5 that there
are only finitely many repetitions of vertices in a path in &ﬁ;) labeled by a regular
fixed point. Hence there exists some np € N such that

(26) a™g e V for every n > ny.
Now we consider two cases.

Case I: '™t = 1. We claim that

27 o™t =1 for every n > ny.

The case n = ng holds in Case I, so assume that o1z = 1 for some n > ng. Then
alMg € vV, and so o™ p| > Yy > 2B,,. Since |a"1g| > |a"g| — B, by definition
of By,
|Ol[n+l],0| > |a[l’l+l]¢| _ |a[l’l+1]| > |O[[n]¢| _ B(p . |O[[n]| — 1= |Ol[n],0| _ B(p —1
>Yy—By,—1> B,.
By (17), we get o"T!lz = 1, and so (27) holds.

Next we show that

(28) (@) @)+l = gl
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if n > ng and a!"ly € L. Indeed, by (27) we have a!g = a!" (" p) and | p| >
Yo > B,. By the definition of B, and Corollary 7.3, we get ((@!y)®)I" 1 =
a" (" p)1 Considering the particular case y = a,,1, we also get

(aln+11¢)[n+ll — alnl(alﬂlp)lll — ((alnly)qD)[ﬂ-HJ.

Since a"*!7 = 1 by (27), we have (a"1@)" 11 = ¢["*+11 "and so (28) holds.

Hence we may write (a«["ly)® = a/"*11)/ whenever a!"ly € L. Iterating, it
follows that, for all k > ng and n € N, oy € L implies (a*y)®d" = oF+11y7 for
some y’. By considering 8 = a¥ly and a*! = « A B, we deduce that

o ABl=no= |l ABD"|=n+|aAp|

holds for all B € L and n € N. Therefore (25) holds, and so « is an exponentially
stable attractor in this case.

Now, if |a!'l7| = 1 for some ¢ > ng, we can always replace ng by ¢ and deduce
by Case I that o is an exponentially stable attractor. Thus we may assume the

following.

Case II: o™t £ 1 for every n > ng. By replacing ng by a larger integer if necessary,
we may assume that (26) is also satisfied when we consider the equivalents of &
and V for ¢!

Since ¢ is injective, there exists some n; > ng such that
™| = no + By

Since a1t # 1, it follows from (17) that |a™1p| < B,; hence amlg = ol for
some ny > ng. Write x = a"lp. Then a"lg = al™lx yields

ol = (@l (xp™h),
and so
= || < jal™lp=1 + |xp~1| < [« =1 + B, Dy 1.

On the other hand, |a"1p| < By, <Yy and a"lev together yield Yy < lollz| =
np —nsy, and so

n, + Bélfl <n;—Yo+ qu—l <ni— B¢D¢71 < |a["2]F|.

In view of (17), we can apply Case I to ¢~!. Hence « is an exponentially stable

attractor for ¢! and, therefore, an exponentially stable repeller for ¢. ]

10. Example and open problems

We include a simple example which illustrates some of the constructions introduced
earlier.
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Example. Let G =7 x7Z; and let A ={a, b, c}. We note that this is not the canonical
set of generators, which would not work. Then the matched homomorphism
. A* — G defined by

ar =(1,0), br=(0,1), cr=(,1)
yields
Geos(G) = (@Uc)* U@ 'ue H*u(p, b1y,
and we can take
R={(xx"", 1):x e AyU{@D’, %), (Ba®, ), (PP, a®), (B°c?, a®): 8, e = +1)}
U{(ac™",b), (c'a,b), (@ 'e,b), (ca™ ', b), (%, 1), (b2, 1)}

V<V <b<b!, we get

to get Geoy (G) = Irr R. Ordering A bya<c<a™
L=a*(1Uc)U@ H*auecHup,

recognized by the automaton s{ depicted by

q0 q1

j b,c,c”! l
a*l Cc

q2 q3

a!

Hence 9L = L, (sd) = {a®, (a~")*}.

Let ¢ be the endomorphism of G defined by (m, n)p = (2m,n). Then ¢ is
injective and therefore uniformly continuous, admitting a continuous extension &
to L. Since B, =0, it is easy to check that 5% is the automaton

bE ——

)

a g - 1€

-1 -1 -1 a

and

1E=(1,1,1,90), b§=(1,1,1,93), a"§=(1,1,a",q1), a"§=(1,1,a"", q2)

for n > 1. Note that, in general, we ignore how to compute s/, our proofs being
far from constructive!

It is immediate that Fix ® = {1, b, a®, (¢~')®}. Moreover, the regular infinite
fixed points a® and (a~")® are both exponentially stable attractors.
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Finally, we end the paper with some easily predictable open problems.

Problem 10.1. Is it possible to generalize Theorems 4.1, 8.5, and 9.1 to arbitrary
finitely generated hyperbolic groups?

Paulin proved [1989] that Theorem 4.1 holds for automorphisms of hyperbolic
groups.

Problem 10.2. Is Fix ¢ effectively computable when ¢ is an endomorphism of a
finitely generated virtually free group?

For the moment, only the case of free group automorphisms is known; see
[Bogopolski and Maslakova 2012].

Another natural question to ask in this context is whether similar results hold for
equalizers. Given homomorphisms ¢, ¥ : G — G/, let

Eq(p, ¥) ={x € G:xp =xy}.

Problem 10.3. Given homomorphisms ¢, ¥ : G — G’ of finitely generated virtually
free groups with ¢ injective, is Eq(p, ¥) finitely generated?

This question has been solved by Goldstein and Turner for free groups [1986].
The restriction to the case where at least one of the homomorphisms is injective
is required even in the free group case (see [Gersten 1987] and [Ventura 2002,
Section 3] for counterexamples).
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