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ELLIPTIC ALIQUOT CYCLES OF FIXED LENGTH

NATHAN JONES

Silverman and Stange define the notion of an aliquot cycle of length L for a
fixed elliptic curve E over QQ, and conjecture an order of magnitude for the
function which counts such aliquot cycles. In the present note, we combine
heuristics of Lang—Trotter with those of Koblitz to refine their conjecture
to a precise asymptotic formula by specifying the appropriate constant. We
give a criterion for positivity of the conjectural constant, as well as some
numerical evidence for our conjecture.

1. Introduction

Let E be an elliptic curve over Q and fix a positive integer L > 2. In analogy
with the classical notion of an aliquot cycle, Silverman and Stange [2011] define
an L-tuple (p1, p2, ..., pr) of distinct positive integers to be an aliquot cycle of
length L for E if each p; is a prime number of good reduction for E,

p1=1E(F,,)l and pi+1=|E(F,)| forallie{l,2,...,L—1},
which may be more succinctly written as
(1 piv1 =|E(F,)| forallieZ/LZ.

When L = 2, an aliquot cycle is also referred to as an amicable pair for E. As
observed in [Silverman and Stange 2011, Remark 1.5], there is an intimate connec-
tion between aliquot cycles for E and elliptic divisibility sequences, which relate
to generalizations of classical index divisibility questions about Lucas sequences
(see also [Gottschlich 2012], which studies some distributional aspects of elliptic
divisibility sequences).

It is of interest to know how common such aliquot cycles are, so we presently
consider the function which counts aliquot cycles of fixed length for a fixed elliptic
curve E over Q. More precisely, define an aliquot cycle (py, pa, ..., pr) to be
normalized if py =min{p; : 1 <i < L}, and then write

7g,1(x) == |{p1 <x:3 anormalized aliquot cycle (p1, pa, ..., pr) for E}|.
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The behavior of wg 1 (x) for large x depends heavily on whether or not E has
complex multiplication (CM), as the following conjecture indicates.

Conjecture 1.1 (Silverman—Stange). Let E be an elliptic curve over @ and L >2 a
fixed integer, and assume that there are infinitely many primes p such that |E(F )]
is prime. Then, as x — oo, one has
LV
" (ogx)*

~

if E has no CM,
e, (x)

gp—— 1if EhasCMand L =2,
(log x)?

where the implied constants in =< are both positive and depend only on E and L,
and Ag is a positive constant.

Remark 1.2. We may interpret the case L = 1 of (1) as describing primes p; for
which p; = |E(F,,)|. Such primes are called anomalous primes and have been
considered in [Mazur 1972]. The asymptotic count for anomalous primes up to x is
a special case of a conjecture of Lang and Trotter [1976].

Silverman and Stange [2011] focus on the intricacies of the CM case, proving that
if E has CM, jg # 0 and L > 3, then any normalized aliquot cycle (p1, p2, ..., pL)
for E must have p; < 5 (so, in particular, g 1 (x) = O(1)). The case jg =0 is
apparently more complicated, and no proof is given that g (x) = O(1) when
je=0and L > 3.

In this note, we refine Conjecture 1.1 to an asymptotic formula in the non-CM
case. Heuristics will be developed which lead to the following conjecture.

Conjecture 1.3. Let E be an elliptic curve over Q without complex multiplication
and L > 2 a fixed integer. Then there is a nonnegative real constant Cg ; > 0
(see (5) below) so that, as x —> 00,

X
1
g L(x)~C ——dt.
E.L(X) E,L/2 2 Villog 1)l
Remark 1.4. It is possible for the constant Cg ;, to be zero, in which case the limit

limy_, o g, 1. (x) is provably finite. Thus, in case Cg ; = 0, let us interpret the
above asymptotic to mean that lim,_, o g 1 (x) < 00.

Remark 1.5. By integration by parts, one has

* 1 W Vx
/2 2/1(log 1)L = (log x)* +0<(logx)“1)'

Thus, Conjecture 1.3 is consistent with Conjecture 1.1. In practice, the error term
! dt‘
2J/t(log 1)t

X
g (x) —Cg L /
2
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E x=10° x =10 x =100 x =102 x = 10"}
E:y’+y=x>—x 0 1 16 115 332
Ey:y?=x34+6x-2 0 5 32 208 564
Ey:y?=x>-3x+4 0 0 0 0 0

Table 1. Values of 7g 2(x).

o 7 |> just as in the case of the prime

_Jx
(log x)

should be smaller than |7g 1 (x) — Cg L
number theorem.

Consider Table 1, which lists the values of 7g >(x) for a few non-CM curves E
and various magnitudes x. Note that 7g, »(x) is larger than 7g, 2(x). This difference
is explained by the associated constants appearing in Conjecture 1.3. Indeed, a
computation shows that

Cra2 714

Eq,2

Also note that g, »(10'3) = 0. The additional fact that
{p<10": p is of good reduction for E3 and |E3(F,)| is prime}| =715, 698, 540

indicates that there probably are infinitely many primes p for which |E3(F),)]| is
prime, in which case the above data suggests that £3 might be a counterexample
to Conjecture 1.1. We will later see that Cg, » = 0, and that E3 is indeed a
counterexample, assuming a conjecture of Koblitz on the primality of |E([F,)].

Remark 1.6. The heuristics which lead to Conjecture 1.3 are in the style of Koblitz
and Lang-Trotter, whose conjectures have been proven “on average over elliptic
curves E” (see [Balog et al. 2011; David and Pappalardi 1999]). It might be
interesting to see if one could also prove an average version of Conjecture 1.3.

1.1. Positivity of Cg, 1. and a directed graph $g. In the interest of characterizing
the non-CM elliptic curves which have infinitely many aliquot cycles of length L,
we will state a graph-theoretic criterion for positivity of Cg ;. Recall that a di-
rected graph 9 is a pair (V', €), where V' = V(%) is an arbitrary set of vertices
and € = €(9) C V' x V is a subset of directed edges. The sequence of vertices
(v1, v2, V3, ..., Vy) is a closed walk of length n if and only if (v;, v;+1) € € for each
ieZ/nZ=1{1,2,3,...,n}. Note that closed walks may have repeated vertices.
For instance, if (v, v) € € for some vertex v (i.e., if % has a loop at a vertex v),
then % has closed walks of any length.

We will associate to an elliptic curve E a directed graph %g. First, consider the
n-th division field Q(E[n]) of E, obtained by adjoining to Q) the x and y-coordinates



356 NATHAN JONES

of the n-torsion E[n] of a given Weierstrass model of E. The extension Q(E[n])
is Galois over (Q, and once we fix a basis over Z/nZ of E[n], we may view

2 Gal(Q(E[n])/Q) € GLao(Z/nZ).

We will now attach to Gal(Q(E[n])/Q) a directed graph %g(n). Viewing Galois
automorphisms as 2 x 2 matrices via (2), the vertex set V'(n) of our graph Gg(n) is

V(n):={(t,d)€Z/nZx(Z/nZ)* :3g € Gal(Q(E[n])/Q) with trg=t, detg=d}.

We define the set €(n) € V'(n) x V'(n) of directed edges by declaring that (vy, vp) €
€(n) if and only if d| + 1 — t; = d,, where v; = (t;, d;) € V' (n).

Let mg denote the torsion conductor of E, which is defined as the smallest
positive integer m for which

Gal(Q(E[n])/Q) = =~ (Gal(Q(E[ged(m, n)])/@Q)) for all n € Z-y,

where 7 : GLy(Z/nZ) — GL,(Z/ gcd(m, n)Z) is the canonical projection. (The
existence of a torsion conductor m g for a non-CM elliptic curve E is a celebrated
theorem of Serre [1972].) Finally, we define the directed graph % to be the above
graph at level mpg:

Gg :=Gp(mE).

The following version of Conjecture 1.3 states a criterion for positivity of Cg 1,
in terms of the directed graph 9.

Conjecture 1.7. Let E be an elliptic curve over Q without complex multiplication
and L > 2 a fixed integer. Suppose that the directed graph g has a closed walk of
length L. Then there are infinitely many aliquot cycles of length L for E. More
precisely, there is a positive constant Cg ; > 0 so that, as x — oo,

1
——dt.
2/t(logt)L

Remark 1.8. If 4 does not have a closed walk of length L, then Cg ; = 0 and
there are at most finitely many aliquot cycles of length L for E (see Proposition 2.6).

X
g, (x) ~ CE,L/
2

In Section 2, we will write down the constant Cg , explicitly as an “almost Euler
product” and discuss its positivity in terms of the graph 4g. In Section 3, we will
develop the heuristics which lead to Conjecture 1.3. In Section 4, we will provide
some numerical evidence for Conjecture 1.3 by examining the order of magnitude

* 1
of mg 1 (x) —CEg,L f
2

———— dr for various elliptic curves E and L € {2, 3}.
2/t (log 1)k
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2. The constant

We now describe in detail the constant Cg ;. The next lemma allows us to interpret
(1) in terms of the Frobenius automorphisms' Frobgg)) (pi) € Gal(Q(E[n])/Q)
attached to the various primes p;. Recall the trace of Frobenius a,(E) € Z, which
satisfies the equation

|EFp)|l=p+1—ay(E)
as well as the Hasse bound
3 la,(E)| <2/p.

Lemma 2.1 [Serre 1968, IV-4-1V-5]. For any positive integer n and any prime p
of good reduction for E which does not divide n, p is unramified in Q(E[n]) and,
for any Frobenius automorphism Frobggp.)) (p) € Gal(Q(E[n])/Q), we have

tr(Frobo () (p)) = ap(E) modn  and  det(Frobgg(.))(p)) = p mod n.
For any subset G € GL,(Z/nZ), define
Glieyele = 1{(81, 82, ..., 1) € G*:Vi € Z/LZ, det(g; 1) =det(g;) +1—tr(g;) }.

Note that, by Lemma 2.1, if (py, p2, ..., pr) is an aliquot cycle of length L for E,
then

) (Frobazgay (1), Frobazgay (p2), - - - » Frobaeg (pL))
€ Gal(@(E[n])/@)éli-cycle'

Next, let ¢ (x) = %«/ 1 — x2 be the distribution function of Sato—Tate, which
(assuming E has no CM) conjecturally? satisfies

. }{pgx:‘g’ﬁ) el C[-1,1]}]
Jm, (p <)l :£¢“””

In other words, ¢ is the density function of a,(E)/2,/p, viewed as a random
variable. Denote by ¢ := ¢ x ¢ * - - - x ¢ the L-fold convolution of ¢ with itself,

IThe Frobenius automorphism in
Gal(Q(E[n])/Q)

attached to an unramified rational prime p is only defined up to conjugation in Gal(Q(E[n])/Q).
Here and throughout the paper, we understand Frobgg[,1)(p) to be any choice of such a Frobenius
automorphism.

2Assuming E has nonintegral j-invariant, the Sato—Tate conjecture is now a theorem of L. Clozel,
M. Harris, N. Shepherd-Barron, and R. Taylor (see [Taylor 2008] and the references therein).
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which (again assuming the Sato—Tate conjecture) is the density function of the
random variable

L
>
iR N
provided the various terms a,, (E)/2,/p; are “statistically independent.” Since the
primes pi, p2, ..., pr belonging to an aliquot cycle must be close to one another

(i.e., within ~ L./t of one another where p; & t, by the Hasse bound (3)), we
are really assuming statistical independence in short intervals of the various terms
ap, (E)/2./pi. Finally, for a positive integer k, put

nyg = l_[ pr.
p<k
In Section 3, we will develop heuristics which predict Conjecture 1.3, with

_ o) | Gal@ETD /D ey

5 CeL:
) Bl oo [Gal(@(E[n])/@)F]

2.1. The constant as a product. We will presently prove the following proposition,
which gives a more explicit expression of Cg 1 as a convergent Euler product. Recall
that m g denotes the torsion conductor of E, i.e., the smallest positive integer m for
which

Gal(Q(E[n])/Q) = =~ (Gal(Q(E[ged(m, n)])/Q)) for all n € Z-y,
where 7 : GLy(Z/nZ) — GLy(Z/ ged(m, n)Z) is the canonical projection.
Proposition 2.2. For a positive integer k, let ny :=[ | <k p*. Then one has

L[ Gal @B/ Q|
1m
k—oo  |Gal(Q(E[ni])/ Q)|

. mILE\Gal(@(E[mE])/@)zfli—cycle| l—[ lL|GL2([F1)§li—cycle|
|Gal@(Emeh /@ [GLa(F)*|
Furthermore,
1L |GLy(F)E. 1
(6) 0 < | 2801 a1 cycle| —1 +OL(_2>,
|GL2(F))*| !
IHOLa Py
so the infinite product "YEE converges absolutely.
[1 |GLa(F) |

IJ(mE

The proof of Proposition 2.2 involves the following two lemmas.



ELLIPTIC ALIQUOT CYCLES OF FIXED LENGTH 359

Lemma 2.3. Let ny and ny be relatively prime positive integers, and pick any
subgroups G| € GLy(Z/n1Z) and Gy C GLy(Z/ny7Z). Then, viewing G| x G, C
GL,(Z/nny7Z), one has

L L L
(G1 % G2)ali—cycle = (Gl)ali—cycle x (G2)a]i—cycle'

Proof. Let 1 : GLy(Z/n1Z) x GLy(Z/n2Z) — GLa(Z/n1nyZ) be the isomorphism
of the Chinese remainder theorem, and set G := (G| x G;). For each L-tuple
(gi)i € G, we have

detgi | =detg;+1—trg; (modniny) forallieZ/LZ

detgi =detg +1—trg (mod
clgip = detgit1—twrg modn)l e i ezyLz.
detg;y) =detg;+ 1 —trg; (modny)

This implies the conclusion of Lemma 2.3. ([

Lemma 2.4. Let n be a positive integer and n' any multiple of n such that, for
every prime number 1,1 |n' =1 | n. Let w : GLy(Z/n'Z) — GL,(Z/nZ) denote the
canonical projection and let G € GLy(Z/nZ) be any subgroup. Then one has

(7) <n/)L ’ (T[_] (G))ﬁli-cycle‘ _ nL }Géli-cycle’
|7~ 1(G)*] |G|

Proof. By induction, it suffices to check the case n’ = In, where [ is some prime
dividing n. In this case, since |7 ~1(G)| = I*|G|, (7) is equivalent to

-1 L 3L| L
(8) |(7T (G))ali-cycle| =1 |Ga1i—cycle|’
which we now show. Fix an element g = (g1, g2, ..., 8L) € GaLh_Cyde, and note that
any element g’ € 7~ !(g) has the form
g =gl g 8= (1 +nAD, (I +nAr), ..., g.(I+nAL)) en ' (g),

where for each i, g; is any fixed lift to GL,(Z/InZ) of g;, and A; € M,»(F)) is
arbitrary. We will presently determine the exact conditions on the A; which force

(gi5 géa e glL) € (7[_1 (G))alji_cycle' FirSt’ Since (glv g23 ] gL) € Géii_cyclea we
must have
)] gi (mod/) ¢{0,1} foreachieZ/LZ

and furthermore, the quantity

. detg;y; —detg; —1+trg; c

Vi

[
n

is well-defined. One checks that
(10) detg;,;=detg;+1—trg; modin
& y=—detgiy -trA;j;+detg; -trA; —tr(giA;) modl.
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The condition on the right-hand side is (affine) linear in the coefficients of A;
and A;. We consider the linear transformation

T FF ~ Moo (F)E — FE,
given by
L
(A, — (—detgiyi-trA; 41 +detg;-trA; —tr(giAi)),-zl-

In light of (10), the condition (8) will follow from the surjectivity of the above
linear transformation, which we now verify. Writing coordinates as

_ (% i (4 bi
8i = (Zi wi) and - 4; =: <Ci di)’

we have
T((A;)) = ((det g; —x;)a;+(det g;—w;)d; — yic;—zibj—det gi11a; 11 —det gy 1d;+1).

By (9), at least one of det g; — x;, det g; — w;, ¥; and z; must be nonzero modulo /,
and so

T ({0} x - - - x {0} X Maxa (F1) x {0} x - - - x {0}) = {0} x- - - x {0} x Fy x {0} x - - - x {0},

where the nonzero entries correspond to the same index i. In particular, the linear
transformation in question is surjective and we have verified (8), finishing the proof
of Lemma 2.4. (]

Proof of Proposition 2.2. Choose k large enough so that mg | ng, and write
ng = n,(cl) -n,(f), where n,(cl) is divisible by primes dividing m g and gcd(m g, n,(f)) =1.

By definition of m g, we then have

Gal(Q(E[n])/Q) ~ 7~ (Gal(@(E[m])/D)) x [] GLa(2/1*2).

1 ng
Itmg

where 7 : GLy(Z/n\"Z) — GLy(Z/mZ) is the canonical projection. By Lem-
mas 2.3 and 2.4, we have
nk|Gal(Q(Em]) /@)% oyerc|
|Gal(Q(E[nc]) /D)L |
_mli;|Gal(@(E[mE])/@)zﬁi-cycle| 1—[
T |Gal(Q(E[mg))/Q)E|

1| ng
Itmg

11| Gal(@(EN) /D)y

ali-cycle

|Gal(Q(E[I])/ Q)L |

Taking the limit as kK — oo, we arrive at the product representation of Cg ; stated
in Proposition 2.2. We leave the verification of (6) as an exercise. O
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2.2. Positivity of the constant. We will now discuss the positivity of Cg . The
following corollary of Proposition 2.2 is immediate.

Corollary 2.5. One has
Ce.r >0 < Gal(Q(E[me])/Q) 5 eyt # -

We will now prove the following proposition, which allows one to deduce
Conjecture 1.7 from Conjecture 1.3.

Proposition 2.6. For any non-CM elliptic curve E over Q, one has
(1D Cg.L >0 < % has a closed walk of length L.

Furthermore, if ‘g has no closed walks of length L, then there are only finitely
many aliquot cycles (p1, pa, ..., pr) of length L for E.

Proof. First we prove (11). By Corollary 2.5, we are reduced to showing that
(12)  Gal(Q(E[mE])/Q)gji cyere # @ <= G has a closed walk of length L.

The mapping
Gal(Q(E[mg])/Q) — V' (%E),

gr> (trg,detg)

induces a mapping Gal(Q(E[mEg])/ (I;D)Zfli_cyCle —> {closed walks of length L in $g}.
Thus, if Gal(GZD(E[mE])/@2)511_Cycle # & then 9g has a closed walk of length L.
Conversely, suppose 9g has a closed walk (v, v2, v3, ..., vr) of length L. Recall
that V' =Z/mgZ x (Z/mgZ)* and write v; = (t;, d;). Choosing any element g; €
Gal(Q(E[mEg])/Q) with tr g; = t; and det g; = d;, we have then constructed an ele-
ment (g1, &2, - - -, §1) € Gal(Q(E[m D) /D) i oyer 50 GAl(@(E[MED /D) i oyt 7#
@. By Corollary 2.5, we conclude the proof of (11).

To see why the nonexistence of closed walks of length L in %z implies that
limy_, o 7g 1 (x) < 00, note that, by (12), one has Gall(@(E[mE])/(I;D)th_Cycle =g.
But then (4) implies that lim,_, o, 7g 1. (x) < 00, and the proof of Proposition 2.6 is
complete. U

3. Heuristics

We will construct a probabilistic model in the style of [Koblitz 1988] and [Lang and
Trotter 1976]. We shall call the L-tuple (p1, p2, ..., pr) of distinct prime numbers
an aliquot sequence of length L for E if it satisfies

pis1=|E(F,)| forallie{l,2,...L—1}.

Thus, an aliquot cycle of length L is an aliquot sequence of length L which
additionally satisfies p; = |E(F,,)|. Suppose that (pi, p2, ..., pr) is an aliquot
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sequence of length L for E. By substituting p» = p; +1—a,, (E) into the equation
p3=p2+1—a,,(E), one finds that p3 = p1 +2—(a,, (E)+a,,(E)), and continuing
in this manner one obtains

L
(13) pi=IEF,)l < > a,(E)=L.
Jj=1

Thus, a given L-tuple (py, p2, ..., pr) of positive integers is an aliquot cycle of
length L for E if and only if the following conditions hold:

(1.) the L-tuple (p1, p2, ..., pr) is an aliquot sequence of length L for E;
(2,) one has Y-7_, ap, (E) = L.

Consider the following condition, which generalizes condition (2;) above by re-
placing L with an arbitrary fixed integer r:

(2}) one has Z]L.Zl ay (E)=r.

We now develop the heuristic “probability” that a given L-tuple (p1, p2, ..., pL)
of positive integers satisfies (17) and (2} ). First, we must gather some notation. Fix
a positive integer n and elements a, b € Z/nZ. For any subset S € GLy(Z/nZ), let

Sy—q:={g€S:det(g)+1—tr(g)=a}={geS:det({ — g) =a},
§9=b = (g € S:det(g) =b}, SV i= Sy, NS,

Finally, for L > 1 and G € GL,(Z/nZ), put

Géli—sequence = {(gl: g2,...,8L) € GL:
foralli € {1,2,..., L — 1}, det(g;+1) =det(g;) + 1 —tr(gl-)}.

Note that when L = 1, the defining conditions become empty and we have

Gélfséquence =G. Forageneral L > 1, note that any aliquot sequence (py, p2,...,pL)

for E will satisfy

(Frobagpnn (p1), Frobaga) (p2), - - . . Frobagm) (pL))
€ Gal(@(E[n])/@)aﬁi-sequence'

Finally, for a fixed integer r, define
5 L
L,) tr=r | L A .
Gali—sequence = {(81, 82,---,8L) € Gali—sequence : Ztr(gi) =r mod i’l}.
i=1
We will presently derive an expression for the probability

QP(IL).(Z’L)(t) = Prob((pl, P2, ..., pr) satisfies (17) and (2)), given that p; ~ t).
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Puttlngl@(lL)(t) for the probability that (py, p>, ..., pr) satisfies (1) above, and
@g,v ?n( L)(t) for the conditional probability that (pi, pa, ..., pr) satisfies (2)),
given that it satisfies (1), we have

(14) P =Papn®)- 25 @),

In Section 3.1 below, we will derive the probability formula

(15) P (1) ~ - |Gal(@(E[n])/@)el;li—sequence| 1
0 T Gal @ E D /@) (og Dl

Following this, in Section 3.2, we will derive

given (17)
(16) P50

| Gal@(ED/D) g e 1
NH~¢ ( ) e
|Gal(@(E[n])/@)an sequence\ 2\/;

Before deriving (15) and (16), we will now observe that, taken together, they
lead to Conjecture 1.3. Indeed, using (14), (15) and (16), one concludes

e ( ) nt|Gal@EMD/@5EST |
(11,2} 2 |Gal(Q(E[n])/Q)L| 2J/t(log )t

Just as with (13), one verifies that, for each (g1, g2, . .., g1) € GLa(Z/nZ)
one has

ali-sequence’

L

det(gr)+1—tr(gy) =detg; <— Ztr(gi) = L mod n.
i=1

It follows that Gal(@(E[n]) /@)% e = Gal(Q(E[n]) /@) k.

r = L, n = n; and taking the limit as kK — oo, one arrives at

( )1. nf|Gal@(EnD) /D eyere| I
2J1) k=oo |Gal(QED)/@F|  24/i(lognt

Thus, putting

Py =

Thus, using

1 X
gL (X))~ Z/ Py, () dt,
2

one arrives at Conjecture 1.3. The reason for the extra factor of L in the denominator
above is that g 1 (x) counts normalized aliquot cycles, whereas the heuristic
probabilities above do not take normalization into account. Also, since L is fixed,
one verifies that the estimation ¢; (L /(2+/1)) &~ ¢ (0) does not affect the asymptotic.
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3.1. The probability that (p1, p2, ..., pr) satisfies (1.). We will now derive a
refined probability formula which implies (15). Fix a vector @ = (a2, a3, ...,ar) €
((Z/nZ)*)E"1, and consider the probability

Ph,)®
:=Prob((p1, pa2, ... pr) satisfies (1.) and for all i € {2, 3, ..., L}, pi =a; modn)

and (for any subset G C GL,(Z/nZ)) the subset
L.,a L . :
G i equence = 1815 82, -+ -+ 81) € G sequence: TOr alli €{2, 3, ..., L}, det(g)) =a;}.

In case L = 1, the vector a € ((Z/nZ)*)° is nonexistent, and as before we interpret

the empty condition as Gall sequence = O~ Also note the decomposition

det=ay det=a3 det=a;_ det=aqay
(17 GEL: GN:aQXGN_a ><GN:a4 x---xGN:aL x G .

ali- sequence

L,a GL ,a
ali-sequence ali-sequence

Finally, note that if a; # ay, then G
disjoint union

= &, and so we have a

L,a
Gdll sequence — |_| Gali—sequence .

ae((Z/n2)*)-~!

For similar reasons, we have

Pan= Y P,
as((Z/nZ)*)L-!
Thus, (15) will follow from
|Gal(®(E[n )/@)ah sequence| 1
|Gal(Q(E[n])/Q)-| (log )

(18) PE (1)~

which we will now derive by induction on L.

Base case: L = 1. Suppose that p; is a positive integer of size about . One may
interpret the prime number theorem as the probabilistic statement that

1
P(1,_) () =Prob(p; is prime) ~ oat’
0g
which is base case L =1 of (18).

Induction step. Assume now that (18) holds for some fixed L > 1, and fix any
vector a = (az, asz,...,ar+1) € ((Z/nZ)X)L. Since the statement

(p1, p2, ..., pr+1) satisfies (1, +1) and foralli € {2,3,..., L+ 1}, p; =a; modn
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is equivalent to

(p1, p2, ..., pr) satisfies (1) and for all i € {2,3, ..., L}, p; =a; mod n,

prL+1:=prL+1—ap, (E)is prime, and p; 1 =ap41 mod n,
we see that

19 o) =)0

where P(¢) is the conditional probability that p; 41 := p; +1—a,, (E) is prime,
and that py 11 =ay 41 mod n, given that (1) holds. To estimate P(¢), let us assume
that (1,) holds. First note that, by the Hasse bound |a,(E)| < 2,/p, one has

L
pryi=pi+L- Zap,-(E) € [pl + L —2L/pmax, p1+L +2L\/pmax],

i=1
where pmax:=max{p;:i=1,2,..., L}. By induction we have pma.x =1+ O (\/1),

and so py 1 ~t, with an error of Oy (v/1). Now, if p; 1 were a positive integer of

size about ¢ selected independently of (p1, p2, ..., pr), then

1
(20) Prob(pr4 is prime and py41 =apy+) mod n) ¥ ————,
¢(n)logt

by the prime number theorem in arithmetic progressions. If the positive integer py 11
were chosen randomly and independently of the previous primes, then the probability
that p; +1 =ar+; mod n would be 1/n. However, py . is not chosen independently
of (p1, p2, ..., pr); itis related to p; by the formula p; 1 = pp +1—a,, (E).
Thus, the congruence py11 =ay+; mod n is really the demand that

Frobg ) (pr) € Gal(Q(E[n])/Q)x=a,,, -

Since we assume that (1) holds, we know that Frobgg[.)) (pr) € GL2(Z/ nz)det=ar
It is thus natural to multiply (20) by the correction factor

|Gal(Q(E[n])/Q){5" | /|Gal(@(E([n])/@)%et=ax |

N=ar+i
1/n ’
obtaining
Gal(Q(E[n])/Q)%= | /|Gal(Q(E Q)det=az
o1 9 ~ [CHQERD /@I |/|Cal@EDD /@]
I/n o(n)logt
 n|Gal@EMD/DYL" |1

|Gal(Q(E[n])/Q)| logt’
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By (17), we may rewrite (18) as

Gal(Q(E[n])/Q)x—a,| (= |Gal(@Q(E[n])/@)%"
@?]L)(Z)ML_I_\ al(Q(E[n])/Q)5 \.(1—[| N=ai1

|Gal(Q(E[n])/Q)| iy |Gal(@(E[n)/D)] )

|Gal@EmD/@)* =] 1
|Gal(@(E[n])/@)|  (logn)t

Plugging this expression and (21) into (19), and using the fact that

|Gal(Q(E[n])/@)*=* | = |Gal(Q(E[n])/@)*="+],
one concludes the induction step, completing the derivation of (18), and thus of (15).
Our analysis has motivated the following conjecture, wherein

ali-sequence

g1 x):= |{171 < x :J an aliquot sequence (pi, p2, ..., pr) for E}

ali-sequence nlf_l ’ |Gal(@(E[nk])/@)éli—sequence|
Cer = lim T
k=00 |Gal(Q(E[n])/ Q)" |

El

Conjecture 3.1. Let E be an elliptic curve over Q without complex multiplication
and L > 2 a fixed integer. Then, as x —> 00, one has

x
ali-sequence .~ (~ali-sequence
gL ()~ Cpp /;

Similarly to Proposition 2.6, one has

1
dt.
(log )t

Cp oo 5 0 «=> Gy has a (directed) walk of length L.

3.2. The conditional probability that (p1, p2, ..., pL) satisfies (22). We will
now derive (16), completing the heuristic derivation of Conjecture 1.3. Suppose that
(p1, p2, - .., pr) is an aliquot sequence of length L for E, i.e., that it satisfies (1 ).
What is the conditional probability that ZiL:ﬂp;(E) =r? Inthe case L =1,
condition (1) is empty, and our question becomes identical to the Lang—Trotter
conjecture for fixed Frobenius trace. In what follows, we will develop a probabilistic
model in the same style as theirs.

Fixing a level n, the number f,(r, p) > 0 will estimate the probability of the
event that ZiL:ﬂpi (E)=r, given that (p = p1, p2, ..., pr) is an aliquot sequence
of length L for E. We will model the situation by assuming that the vector

(22)  (Froba(ggmy (p1), Frobag(a)) (p2), - . . Frobaemy (pr))
€ Gal(Q(E[])/D)5i sequence

is randomly distributed according to counting measure, and we will assume that the
various ap, (E)/(2,/p;) are independent at infinity, i.e., that ¢, is the distribution
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function for their sum. We will also assume independence of the random variables
ZiLzla pi (E)/(2,/pi) and (22). Finally, in order to simplify our model, we will
also regard all of the various primes p; as having the same size, namely p. These
considerations lead us to the following assumptions about the probabilities f, (r, p):

Fon ) =0 if || > 2LJP,
, ) n|Gal@(EIn]) /@) |
N

. L . Cp
|Gal(@(E[n])/@)ali—sequence|

where ¢, is some constant chosen so that ZreZ fn(r, p) = 1. Then, similarly to

[Lang and Trotter 1976, pp. 31-32], one concludes that ¢, ~ #ﬁ’

leads to (16), completing the derivation of Conjecture 1.3.

S, p)=¢>L( if |r] <2L./p,

as p — oo. This

4. Examples
We will now give some numerical evidence for Conjecture 1.3.

4.1. Elliptic curves with Cg,;, > 0. Table 2 and Table 3 display some data for four
elliptic curves. In each table, the column labeled “predicted” lists the approximate
values of

c /10'3 dt
Bl 2Vidognt

“actual” lists the values of 7, £(10"3), and “% error” lists as a percentage the
approximate values of

1013
A E——
BLL aditognt T

c /1013 dt
BE)L 2JiGognt

The first and third curves were already considered in [Silverman and Stange 2011],
and are included here largely to show the contrast with the second curve. For each
of these curves, a detailed list of the aliquot cycles with p; < 10'> may be found in
an expanded version of this paper [Jones 2012].

E predicted actual % error

V4+y=x3—x 318.98 332 —4.08%
yi=x34+6x—2 54678 564 —2.97%
yi4+y=x>+x* 31897 328 —2.83%
y24+xy+y=x3—x> 31895 331 —3.78%

Table 2. Data on 7TE’2(1013) for various E.
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E predicted actual % error
yi4+y=x>—x 3.03 3 1.05%
y2=x3+6x-2 12.59 12 4.66%
y4+y=x3+x2 3.04 2 34.10%

V4xy+y=x3—x* 3.02 4 —-3248%

Table 3. Data on 7133(1013) for various E.

The four elliptic curves E under consideration satisfy
(23) [GLZ(Z/nZ) : Gal(@(E[n])/@)] <2

for each n > 1 (see [Serre 1972, pp. 309-311; Lang and Trotter 1976, p. 51]). As
shown in [Serre 1972, pp. 310-311], this is the smallest index that one can have for
general n when the elliptic curve E is defined over (). We call any elliptic curve
E satisfying (23) a Serre curve. Serre curves are thus elliptic curves for which
Gal(Q(E[n])/Q) is “as large as possible for all n,” and it has been shown that,
when ordered by height, almost all elliptic curves are Serre curves (see [Jones 2010;
Radhakrishnan 2008]). One can show that for any Serre curve E, one has Cg 1 > 0.
In fact, if we define the constant Cy by

_ o |Gl @ /D e $L0) I 1% |GLa (F1) i cyere|

=T T enam? [GLa(F)|

’

[ prime

then for any Serre curve E one has that Cr ; = Cp - f1(Asr(E)), where Agr(E)
denotes the square-free part of the discriminant of any Weierstrass model of E and
f1 1s a positive function which approaches 1 as |A¢(E)| approaches infinity. For
L =2 one has

U PIGLa(F)iyerel _ 8 I P4 =21 — 217 +31+3)
T2 A T enmr) T M e -y
prime prime
~ (0.077088124,

whereas for L = 3 one has

P|GLy (F))?
C3=¢33(0)1—[| 2(F)3icyete|

ali-cycle
[ prime

|GL,(F;)?|
_ $3(0) 7 P[1O=3P =31+ 145+ B+ x ()P — (1943 x (1) =10-3x ()]
B 1_[ [(>-DI-DP

[ prime

~ 0.019759298,
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E Ceo Cg3 Asr(E)

yi+y=x3—x ~0.077093 ~0.019841 37
yP=x>+6x—-2  ~0.132151 ~0.082365 -3
yi+y=x3+x*  ~0.077091 ~0.019861 —43
V24xy+y=x3—x* ~0.077088 ~0.019759 —53

Table 4. Values of Cg >, Cg 3 and Agp(E).

where x (I) = (_73) denotes the character of conductor 3. Table 4 gives the values
of Cg, Cg3 and Ar(E) for each of the four curves under consideration. The
reason the second curve has a larger value of Cg  is that |A;¢(E)| is smaller for
this curve than for the others.

4.2. An elliptic curve with Cg,;, =0. We will now discuss briefly the elliptic curve
(24) E:y*=x>-3x+4

which was mentioned in the introduction, for which g ; (x) = 0 and whose as-
sociated graph g contains no closed walks at all. We will presently describe the
Galois group Gal(Q(E[4])/Q), which is an index 4 subgroup of GL,(Z/47). First,
define the subgroup H (4) € GL,(Z/47Z) by

H ) :={((1) ?)(_01 _11)’(_11 _01)’<_01 _11)’<—11 —01>((1) é)}

We then have

00\ (11 10\ (01
(25) Gal(Q(E[4])/@) = H(4)- (1 +2{<0 0)’(0 1) ’ (1 1)’(1 0>D

(To see that the right-hand expression defines a subgroup of GL,(Z/47), note that

10)-(01)- () () £ wererm

is closed under addition and under GL,(Z/27)-conjugation.)

Even though Gal(Q(E[2])/Q) = GL,(Z/2Z), Gal(Q(E[4])/Q) is a proper sub-
group of GL,(Z/47), and so one has 4 | m g. Furthermore, in this case the restriction
map Gal(Q(E[mg])/Q) — Gal(Q(E[4])/Q) induces a graph morphism

(26) G =Yp(mg) — Ge(4),

which is surjective in the sense that it carries the vertex set V' (mg) onto V' (4) and
likewise carries €(m g) onto é(4).
On the other hand, using (25), one finds that the directed graph 9 (4) is:
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[ J @ < ® > ')
27 2,1 2,-1) -1, 1 0, —1)

Infinitely many primes p for which |E(F,)| is prime. The non-CM case of a con-
jecture of Koblitz (see [Koblitz 1988] and also [Zywina 2011]) expresses (in our
terminology) that for any non-CM elliptic curve E, the existence of a single directed
edge in 9 implies the existence of infinitely many primes p for which |E([F,)| is
prime. Taking E to be the elliptic curve given by (24), we see by the surjectivity
of (26) together with (27) that §g contains at least one directed edge. Thus, assuming
Koblitz’s conjecture, there are infinitely many primes p for which |E(F )| is prime.

Finitely many aliquot cycles for E. Continuing with the example (24), by the surjec-
tivity of (26) together with (27), we see that 9 contains no closed walks at all. By
Proposition 2.6, there are only finitely many aliquot cycles (p1, p2, ..., pr) for E.
This particular example may be explained as follows. Whenever p; = |E(F )| for
some prime pj, we see from (27) that (tr(Frobg g4y (p1)), det(Frobg(gay (p1))) =
(=1, 1) (otherwise, |E(F,,)| would be even). But then

(tr(Froba gy (p2)), det(Froba ey (p2))) € {(0, —1), (2, =D},

in which case |E ([ ,,)| must be even. One deduces that E has no aliquot cycles of
length L > 2, and indeed no aliquot sequences of length L > 3.

Remark 4.1. There is a modular curve X of level 4 and genus 0 with | X (Q)| =
0o, whose noncuspidal Q-rational points correspond to elliptic curves E’ for
which —Apg is a perfect square. For almost all such elliptic curves E’, one
may find an appropriate twist E of E’ for which (25) holds, and thus for which
limy_ 00 mg, 1 (x) < 00 for L > 2. The elliptic curve (24) is one such example.
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